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EuqaristÐec

KatĹ thn diĹrkeia thc ekpìnhshc autăc thc didaktorikăc diatribăc, qreiĹsthka suqnĹ thn

boăjeia kai upostărixh arketÿn anjrÿpwn, touc opoÐouc ja ăjela na euqaristăsw idiaitèrwc.

DikaiwmatikĹ kai ousiastikĹ ja euqaristăsw prÿto ton sÔmboulo kajhghtă kai dĹska-

lo mou, IwĹnnh SaridĹkh o opoÐoc mou pareÐqe thn Ĺrtia episthmonikă kajodăghsh gia thn

oloklărwsh thc paroÔsac diatribăc. Gia tic amètrhtec ÿrec pou mou afièrwse.

Thn kajhgătria mou kurÐa ’Elena PapadopoÔlou gia thn episthmonikă kai hjikă upostărixh

thc. Gia to ìti se krÐsimec stigmèc mou èdwse to kourĹgio na suneqÐsw thn paroÔsa diatribă.

Ton kajhghtă AjanĹsio FwkĹ (kai empneustă thc mejìdou pĹnw sthn opoÐa eÐnai basismènh

h ergasÐa) gia tic polÔtimec sumboulèc kai kateujÔnseic pou mou èdwse.

Ton kajhghtă Jeìdwro Papajeodÿrou gia thn upostărixh kai emyÔqwsh tou katĹ thn

diĹrkeia thc prÿthc mou omilÐac se diejnèc sunèdrio.

Ton kajhghtă mou sto Panepistămio Krăthc kajhghtă Apìstolo Qatzhdămo o opoÐoc

me mia kai mìno frĹsh tou me odăghse sto na apofasÐsw na akoloujăsw ton drìmo twn

metaptuqiakÿn spoudÿn.

Ton PrÔtanh tou PoluteqneÐou Krăthc kajhghtă IwakeÐm GruspolĹkh pou parìlo to fìrto

ergasÐac tou mpìrese na summetĹsqei sthn eptamelă epitropă.

Ton lèktora Emmanouăl MajioudĹkh, gia thn eilikrină boăjeiĹ tou pĹnw sta upologisti-
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kĹ sustămata tou ErgasthrÐou Efarmosmènwn Majhmatikÿn kai Upologistÿn. QwrÐc thn

boăjeia tou den ja mporoÔsa na asqolhjÿ me thn parĹllhlh epexergasÐa.

Ton lèktora AnĹrguro Delă, gia tic episthmonikèc suzhtăseic pou eÐqame kai tic pĹnta

eÔstoqec parathrăseic tou.

To proswpikì kai ton dieujuntă (kajhghtă IwĹnnh SaridĹkh) tou ergasthrÐou Efarmosmè-

nwn Majhmatikÿn kai Upologistÿn, gia thn dunatìthta qrhsimopoÐhshc ìlwn twn pìrwn tou

ergasthrÐou kai thn filoxenÐa pou mou pareÐqan katĹ thn diĹrkeia twn metaptuqiakÿn spoudÿn

mou.

Den mporÿ bebaÐwc se kamÐa perÐptwsh na xeqĹsw na euqaristăsw touc sunadèlfouc mou

metaptuqiakoÔc foithtèc tou tomèa Majhmatikÿn kai idiaÐtera thn kurÐa MariĹnna Papadoma-

nwlĹkh, gia thn hjikă sumparĹstash touc kai to kourĹgio pou mou èdinan ìla autĹ ta qrìnia.

Ja ăjela epÐshc na euqaristăsw thn kurÐa Tìnia SgouromĹllh kai thn kurÐa Dwrojèa

FragkomiqelĹkh apì thn grammateÐa tou GenikoÔ Tmămatoc tou PoluteqneÐou Krăthc gia thn

ìlh upostărixh, dioikhtikă kai anjrÿpinh, katĹ thn diĹrkeia twn metaptuqiakÿn spoudÿn mou

kai thn kurÐa Dèspoina PantelĹkh apì ton Eidikì Logariasmì KondulÐwn ’Ereunac gia thn

boăjeia thc me to prìgramma HrĹkleitoc.

Tèloc, afierÿnontac thn diatribă aută sthn oikogèneiĹ mou, jèlw na euqaristăsw kai na

ekfrĹsw thn eugnwmosÔnh mou prÿton stouc goneÐc mou Geÿrgio kai IwĹnna gia thn amèristh,

kĹje eÐdouc kai Ĺneu ìrwn, upostărixh kai sumparĹstash pou mou pareÐqan pĹnta, qwrÐc ta

opoÐa den ja mporoÔsa èqw oloklhrÿsei tic spoudèc mou, kai deÔteron tic adelfèc mou RwxĹnh

kai Basilikă (kai thn oikogèneia thc) gia thn sumparĹstasă touc kai thn upomonă pou epèdeixan

sthn antimetÿpish twn duskoliÿn pou sunĹnthsa.
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PerÐlhyh

H epÐlush problhmĹtwn sunoriakÿn timÿn gia merikèc diaforikèc exisÿseic (PDEs) ka-

tèqei kentrikă jèsh sta efarmosmèna majhmatikĹ. Analutikèc mèjodoi (p.q. qwrizìmenwn

metablhtÿn kai teqnikèc metasqhmatismÿn) parĹgoun akribeÐc lÔseic kai mac dÐnoun kai mia

isqură aÐsjhsh gia thn diaforikă exÐswsh. ’Omwc to fĹsma twn problhmĹtwn pou lÔnoun eÐ-

nai periorismèno. Arijmhtikèc mèjodoi (p.q. peperasmènwn stoiqeÐwn, peperasmènwn diaforÿn

kai fasmatikèc) eÐnai ikanèc na epilÔsoun èna eurÔtero fĹsma problhmĹtwn allĹ mìno pro-

seggistikĹ. Merikèc mèjodoi (p.q. boundary integral methods) sunduĹzoun sugkekrimènec

analutikèc plhroforÐec gia thn lÔsh mazÐ me arijmhtikèc proseggÐseic. H paroÔsa ergasÐa

asqoleÐtai me mia mèjodo pou anăkei sthn teleutaÐa aută kathgorÐa.

Prìsfata mia nèa analutikă mèjodoc gia thn melèth problhmĹtwn sunoriakÿn timÿn gia

grammikèc kai gia oloklhrÿsimec mh grammikèc PDEs se duo diastĹseic eisăqjh apì ton ka-

jhghtă FwkĹ (bl. [FOK97, FOK01]). Aută h mèjodoc èqei qrhsimopoihjeÐ gia thn epÐlush

grammikÿn Elleiptikÿn Merikÿn Diaforikÿn Exisÿsewn se kurtĹ polugwnikĹ qwrÐa [FOK01]

parĹgontac analutikèc lÔseic se periptÿseic mh antimetwpÐshmec apì tic klasikèc teqnikèc

metasqhmatismÿn. KleidÐ se aută thn mèjodo eÐnai h olikă sunjăkh [PGA99] h opoÐa sundèei

gnwstèc kai Ĺgnwstec timèc thc lÔshc ă twn paragÿgwn thc lÔshc sto sÔnoro tou qwrÐou.

Se periptÿseic ìpou h olikă sunjăkh mporeÐ na lujeÐ analutikĹ h mèjodoc parĹgei thn lÔsh

se kleistă morfă genikeÔontac ètsi tic klassikèc mejìdouc metasqhmatismÿn (p.q. Fourier

kai Bessel). Sthn genikă ìmwc perÐptwsh sunoriakÿn problhmĹtwn h olikă sunjăkh prèpei na

lujeÐ arijmhtikĹ.

H paroÔsa diatribă asqoleÐtai me thn anĹptuxh kai thn melèth apodotikÿn arijmhtikÿn

mejìdwn tìso gia thn arijmhtikă prosèggish thc olikăc sunjăkhc ìso kai gia thn epÐlush tou

diakritopoihmènou analìgou thc. Pio sugkekrimèna:

• Sto 1o kefĹlaio parajètoume to basikì majhmatikì upìbajro pou qrhsimopoioÔme. KĹ-

noume mia mikră anaskìphsh stic epanalhptikèc mejìdouc epÐlushc grammikÿn susthmĹ-

twn, anafèroume thn ènnoia thc prorÔjmishc kai dÐnoume touc orismoÔc kai tic basikèc

idiìthtec twn circulant pinĹkwn kai twn Diakritÿn Metasqhmatismÿn Fourier.

• Sto 2o kefĹlaio perigrĹfoume thn mèjodo tou kajhghtă FwkĹ gia thn epÐlush thc exÐ-

swshc Laplace se kurtĹ polugwnikĹ qwrÐa dÐnontac èmfash sthn arijmhtikă ulopoÐhsh

thc. ExetĹzoume touc bajmoÔc eleujerÐac thc mejìdou, dhladă poia shmeÐa mporoÔme na
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allĹxoume sthn arijmhtikă ulopoÐhsh ètsi ÿste na epitÔqoume kalÔterh arijmhtikă sum-

periforĹ. Akìma aitiologoÔme thn epilogă thc genikăc morfăc twn shmeÐwn taxijesÐac

(collocation points), dhladă twn shmeÐwn tou migadikoÔ epipèdou pĹnw sta opoÐa apoti-

moÔme mia genikeumènh sunjăkh gia na parĹxoume èna sÔsthma grammikÿn exisÿsewn to

opoÐo ja mac odhgăsei sthn epÐlush thc exÐswshc tou Laplace, èqontac wc gnÿmona touc

periorismoÔc pou parousiĹzontai sta sÔgqrona upologistikĹ peribĹllonta.

• Sto 3o kefĹlaio exetĹzoume thn upĹrqousa epilogă twn collocation shmeÐwn kai parĹl-

lhla proteÐnoume mia diaforetikă epilogă shmeÐwn gia thn epÐlush thc olikăc sunjăkhc

se kurtĹ polugwnikĹ qwrÐa, h opoÐa odhgeÐ se pÐnaka suntelestÿn twn agnÿstwn tou

opoÐou ta diagÿnia mplok eÐnai shmeiakoÐ diagÿnioi pÐnakec.

• Sto 4o kefĹlaio sugkrÐnoume, arijmhtikĹ, tic duo epilogèc twn collocation shmeÐwn kai

sumperaÐnoume ìti h nèa epilogă odhgeÐ se aÔxhsh tou rujmoÔ sÔgklishc thc mejìdou

(tetragwnikă sÔgklish) kai se pÐnaka suntelestÿn tou grammikoÔ sustămatoc me polÔ

mikrìtero deÐkth katĹstashc.

• Sto 5o kefĹlaio exetĹzoume thn sumperiforĹ twn epanalhptikÿn mejìdwn gia thn epÐlush

tou grammikoÔ sustămatoc me thn nèa epilogă twn collocation shmeÐwn, gia kanonikĹ kai

mh kanonikĹ kurtĹ polÔgwna.

• Sto 6o kefĹlaio exetĹzoume, jewrhtikĹ, thn domă kai tic idiìthtec tou collocation pÐnaka.

• Sto 7o kefĹlaio qrhsimopoioÔme tic idiìthtec tou collocation pÐnaka, ìpwc parousiĹsth-

kan sto 6o kefĹlaio (p.q. block-circulant), gia thn apodotikă (mèsw Taqèwn Metasqh-

matismÿn Fourier) epÐlush tou collocation sustămatoc.

• Sto 8o kefĹlaio epilÔoume to collocation sÔsthma se parĹllhla upologistikĹ sustă-

mata. ParousiĹzoume kai analÔoume èna algìrijmo gia thn parĹllhlh epÐlush genikÿn

block-circulant grammikÿn susthmĹtwn.

• Sto 9o kefĹlaio proteÐnoume mia nèa epilogă sunartăsewn bĹshc (Chebyshev) h opoÐa

odhgeÐ se, sqedìn, ekjetikoÔc rujmoÔc sÔgklishc thc arijmhtikăc mejìdou.

• Sto 10o kefĹlaio anakefalaiÿnoume kai anafèroume ta anoiqtĹ zhtămata pou proèkuyan

kai ja mac apasqolăsoun sto mèlon.

Tèloc sto parĹrthma parajètoume tic ergasÐec mac:

1. A. G. Sifalakis, A. S. Fokas, S. Fulton, and Y. G. Saridakis, The Generalized Dirichlet-

Neumann Map for Linear Elliptic PDEs and its Numerical Implementation,

Journal of Computational and Applied Mathematics, (in press).
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2. A. G. Sifalakis, E. P. Papadopoulou and Y. G. Saridakis, Numerical Study of Ite-

rative Methods for the Solution of the Dirichlet-Neumann Map for Linear

Elliptic PDEs on Regular Polygon Domains, International Journal of Applied

Mathematics and Computer Sciences,4(3), 2007.

3. A. G. Sifalakis, S. Fulton, E. P. Papadopoulou and Y. G. Saridakis, Direct and Itera-

tive Solution of the Generalized Dirichlet-Neumann Map for Elliptic PDEs

on Square Domains, J. Comp. and Appl. Math., (submitted).

4. Y. G. Saridakis, A. G. Sifalakis and E. P. Papadopoulou, Efficient Numerical Solu-

tion of the Generalized Dirichlet-Neumann Map for Linear Elliptic PDEs in

Regular Polygon Domains, IMA Journal of Numerical Analysis, (submitted).

pou èqoun dhmosieujeÐ ă èqoun upoblhjeÐ proc dhmosÐeush se diejnă episthmonikĹ periodikĹ.



x PerÐlhyh



KefĹlaio 1

Basikèc ’Ennoiec

1.1 Eisagwgă

Se autì to kefĹlaio ja ekjèsoume to basikì majhmatikì upìbajro thc paroÔshc ergasÐac.

Pio sugkekrimèna, ja exetĹsoume tic basikèc (stationary) epanalhptikèc mejìdouc, dÐnontac

èmfash stouc p−kuklikoÔc (p-cyclic) pÐnakec [VAR00, HYO81, YOU81, HAD00] kajÿc kai

tic Krylov epanalhptikèc mejìdouc [SAA00, VOR03, KEL95, GRE97, DEM96, DDS98, TEM,

TBA97]. Katìpin ja milăsoume gia thn teqnikă thc prorÔjmishc kai ja anafèroume touc

prorujmistèc pou prokÔptoun apì tic stationary epanalhptikèc mejìdouc. Sthn sunèqeia ja

anaferjoÔme stouc TaqeÐc MetasqhmatismoÔc Fourier [LOA92, HIG96, GCL96] kai sthn eidikă

kathgorÐa twn circulant pinĹkwn [DAV79, TIA00].

1.2 Klassikèc Epanalhptikèc Mèjodoi

Gia thn arijmhtikă epÐlush mh idiìmorfwn grammikÿn susthmĹtwn thc morfăc

Ax = b , A ∈ Rn,n , b ∈ Rn \ {0} (1.1)

jewroÔme mia diĹspash tou pÐnaka A

A = M −N (1.2)

me periorismoÔc

(a) O pÐnakac M na eÐnai antistrèyimoc, kai

(b) ’Ena grammikì sÔsthma me pÐnaka suntelestÿn agnÿstwn M na lÔnetai me polÔ ligìterec

prĹxeic apì èna Ĺllo me pÐnaka suntelestÿn agnÿstwn A.

O pÐnakac M eÐnai gnwstìc wc pÐnakac diĹspashc (splitting matrix). Qrhsimopoiÿntac thn

(1.2) sthn (1.1) kai anadiatĹssontac èqoume

x = Tx + c , T := M−1N = I −M−1A , c = M−1b (1.3)
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H teleutaÐa exÐswsh eÐnai isodÔnamh me thn (1.1) kai upodeiknÔei thn kataskeuă tou algorÐjmou

xm+1 = Txm + c , k = 0, 1, 2, . . . , (1.4)

me x(0) ∈ Rn tuqaÐo diĹnusma ă, opotedăpote dunatìn, arqikă prosèggish thc monadikăc lÔshc

x = A−1b tou sustămatoc (1.1).

O pÐnakac T onomĹzetai epanalhptikìc pÐnakac tou algorÐjmou (ă thc mejìdou). O algìrijmoc

(1.4) parĹgei mia akoloujÐa dianusmĹtwn

{
x(m)

}∞
m=0

.

h opoÐa kĹtw apì sugkekrimènec proôpojèseic sugklÐnei sthn monadikă lÔsh x = A−1b tou

grammikoÔ sustămatoc (1.3).

Jeÿrhma 1.1 AnagkaÐa kai ikană sunjăkh gia thn sÔgklish thc akoloujÐac twn paragìmenwn

apì ton algìrijmo (1.4) dianusmĹtwn sthn lÔsh x = A−1b tou sustămatoc (1.3) eÐnai h

p(T ) < 1, (1.5)

ìpou p(·) h fasmatikă aktÐna (to mètro thc mègisthc katĹ mètro idiotimăc).

Oi klasikèc epanalhptikèc mèjodoi basÐzontai sthn akìloujh, monosămanth, diĹspash tou

pÐnaka suntelestÿn agnÿstwn A

A = DA − LA − UA, (1.6)

ìpou DA = diag(A),dhladă, diagÿnioc pÐnakac me diagÿnia stoiqeÐa ta antÐstoiqa tou A, LA

austhrĹ kĹtw trigwnikìc kai UA austhrĹ Ĺnw trigwnikìc. Anakalÿntac tÿra thn diĹspash

tou pÐnaka A apì thn (1.2) èqoume

Mèjodoc M N T

Jacobi DA LA + UA D−1
A (LA + UA)

Gauss-Seidel DA − LA UA (DA − LA)−1 UA

SOR
1

ω
(DA − ωLA) (

1

ω
− 1)DA + UA (DA − ωLA)−1 [(1− ω) DA + ωUA]

O epanalhptikìc pÐnakac tou Jacobi sumbolÐzetai, sunăjwc, me J kai o epanalhptikìc pÐna-

kac thc SOR me Lω. Sthn SOR to ω ∈ C \ {0} kaleÐtai parĹmetroc thc uperqalĹrwshc

(overrelaxation). Parathrăste ìti gia ω = 1 h SOR tautÐzetai me thn mèjodo GS.
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Oi parapĹnw treic mèjodoi kaloÔntai point (shmeiakèc) se antidiastolă me tic block. Gia

tic teleutaÐec jewroÔme mia diamèrish tou A sthn akìloujh block morfă :

A =




A11 A12 · · · A1p

A21 A22 · · · A2p

...
...

. . .
...

Ap1 Ap2 · · · App




, (1.7)

ìpou Aii ∈ Rni,ni , i = 1(1)p kai
∑p

i=1ni = n. An orÐsoume DA = diag(A11, A22, . . . , App)

jewrÿntac ìti det(Aii) 6= 0, i = 1, 2, . . . , p kai

A = DA − LA − UA, (1.8)

me touc LA kai UA na eÐnai austhrĹ kĹtw kai Ĺnw trigwnikoÐ pÐnakec tìte oi block Jacobi, block

Gauss-Seidel kai block SOR mèjodoi orÐzontai apì ta Ðdia epanalhptikĹ sqămata ìpwc kai ta

point zeugĹria touc.

Paratărhsh 1.1 O epanalhptikoÐ pÐnakec twn klassikÿn epanalhptikÿn mejìdwn grĹfontai

kai wc

T = I −M−1A. (1.9)

Dhladă

Jacobi: TJ = I −D−1
A A

Gauss-Seidel: TGS = I − (DA − LA)−1 A

SOR: TSOR = I − ω (DA − ωLA)−1 A

(1.10)

1.2.1 SOR

H SOR apoteleÐ mia monoparametrikă genÐkeush thc Gauss-Seidel, afoÔ gia ω = 1 h SOR

eÐnai h Gauss-Seidel. H SOR den sugklÐnei gia kĹje ω ∈ C \ {0}. To parakĹtw jeÿrhma mac

bohjĹei na diatupÿsoume mia anagkaÐa sunjăkh gia thn sÔgklish thc SOR pou eÐnai anexĹrthth

tou pÐnaka suntelestÿn twn agnÿstwn.

Jeÿrhma 1.2 ’Estw Lω o epanalhptikìc pÐnakac thc SOR mejìdou. Gia opoiodăpote ω ( prag-

matikì ă migadikì ) isqÔei h sqèsh :

p (Lω) ≥ |ω − 1| . (1.11)

’Amesh sunèpeia tou Jewrămatoc 1.2 eÐnai to parakĹtw pìrisma.
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Pìrisma 1.1 (Kahan ) AnagkaÐa sunjăkh gia thn sÔgklish thc SOR eÐnai h

|ω − 1| < 1 , ω ∈ C =⇒ ω ∈ (0, 2) , ω ∈ R. (1.12)

Orismìc 1.3 (TaqÔthta sÔgklishc) ’Estw A,B ∈ Cn,n. An gia kĹpoio jetikì akèraio k

kai gia mia fusikă nìrma ‖·‖β eÐnai
∥∥Ak

∥∥
β

< 1, tìte h posìthta

R (
Ak

)
= − ln

(∥∥Ak
∥∥ 1

k

β

)
= −1

k
ln

∥∥Ak
∥∥

β
(1.13)

kaleÐtai mèsh taqÔthta sÔgklishc gia k epanalăyeic. An
∥∥Bk

∥∥
β

< 1 kai R (
Ak

)
< R (

Bk
)
,

tìte o B eÐnai epanalhptikĹ taqÔteroc tou A gia k epanalăyeic.

’Otan k →∞ mporeÐ na apodeiqjeÐ ìti

R∞ (A) = lim
k→∞

R (
Ak

)
= − ln(p (A)). (1.14)

H R∞ (A) kaleÐtai mèsh asumptwtikă taqÔthta sÔgklishc. Dhladă to pìso grăgora sugklÐnei

h mèjodoc (1.4) eÐnai sunĹrthsh mìno thc p(T ). MĹlista isqÔei h parakĹtw prìtash :

’Oso mikrìterh eÐnai h fasmatikă aktÐna tou epanalhptikoÔ pÐnaka T tìso
taqÔtera (asumptwtikĹ) h akoloujÐa

{
x(m)

}∞
m=0

sugklÐnei sthn lÔsh tou
Ax = b.

En gènei h eÔresh tou ωopt (tou ω gia to opoÐo h fasmatikă aktÐna tou Lω gÐnetai elĹqisth)

eÐnai prìblhma dÔskolo. PĹntwc, gia mia kathgorÐa pinĹkwn (touc (block) 2-cyclic consistently

ordered [VAR00] ă èqontec thn idiìthta A (Young) ) èqoun paraqjeÐ pollĹ apotelèsmata gia

thn antimetÿpish touc ( p.q. [YOU54, YEI70, HPS88, SPA89, HSA92, SIF02]). ParakĹtw ja

anafèroume ta basikĹ stoiqeÐa thc jewrÐac autÿn twn pinĹkwn.

Orismìc 1.4 ’Estw A ∈ Rn,n. O A onomĹzetai weakly cyclic of index k (k > 1) an upĹrqei

metajetikìc pÐnakac P ∈ Rn,n tètoioc ÿste

PAP t =




0 0 · · · 0 A1k

A21 0 · · · 0 0

0 A32
. . .

...
...

...
...

. . . 0 0

0 0 · · · Ak(k−1) 0




, (1.15)

ìpou oi diagÿnioi mhdenikoÐ pÐnakec eÐnai tetragwnikoÐ.
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Jeÿrhma 1.5 (Romanovsky 1936) An o A ∈ Rn,n eÐnai weakly cyclic of index k (k > 1)

isqÔei ìti

φ (λ) = det (λI − A) = λm

r∏
i=1

(
λk − σk

i

)
, (1.16)

ìpou m + rk = n kai σi mh mhdenikă idiotimă tou A.

Pìrisma 1.2 Oi mh mhdenikèc idiotimèc enìc weakly cyclic of index 2 pÐnaka emfanÐzontai se

antÐjeta zeÔgh.

Orismìc 1.6 EĹn o epanalhptikìc pÐnakac tou Jacobi pou antistoiqeÐ ston pÐnaka A, me thn

diamèrish pou faÐnetai sthn (1.7), eÐnai weakly cyclic of index 2 tìte o pÐnakac A onomĹzetai

p-cyclic (anaforikĹ pĹnta me thn diamèrish (1.7) ).

Orismìc 1.7 ’Estw ìti o A eÐnai (anaforikĹ me thn diamèrish (1.7) ) p-cyclic kai AD, AL, AU

ìpwc orÐzontai sthn (1.8). O A onomĹzetai sunepÿc diatetagmènoc (consistently ordered) an to

σ(αLA + α−(p−1)UA)

eÐnai anexĹrthto tou α gia kĹje α 6= 0. To σ(·) sumbolÐzei to fĹsma (to sÔnolo twn idiotimÿn).

Pìrisma 1.3 KĹje block tridiagÿnioc pÐnakac, me touc diagÿniouc block upopÐnakec tou na

eÐnai mh idiìmorfoi (omaloÐ), eÐnai 2-cyclic consistently ordered dhladă consistently ordered kai

2-cyclic tautìqrona.

To basikìtero jeÿrhma pou aforĹ stouc 2-cyclic consistently ordered pÐnakec eÐnai to

parakĹtw to opoÐo sundèei tic idiotimèc tou epanalhptikoÔ pÐnaka tou Jacobi (J) me tic idiotimèc

tou epanalhptikoÔ pÐnaka thc SOR (Lω) [YOU81].

Jeÿrhma 1.8 ’Estw ìti o A eÐnai 2-cyclic consistently ordered pÐnakac. An µ ∈ σ(J) kai λ

ikanopoieÐ thn sqèsh

(λ + ω − 1)2 = ω2µ2λ (1.17)

tìte λ ∈ σ(Lω). AntÐstrofa, an λ ∈ σ(Lω) \ {0} kai µ ikanopoieÐ thn (1.17) tìte µ ∈ σ(J).

Sumpèrasma 1.9 EĹn o A eÐnai 2-cyclic consistently ordered tìte ρ(TGS) = (ρ(J))2. Dhladă

h mèjodoc GS eÐnai duo forèc pio grăgorh apì thn mèjodo tou Jacobi - an fusikĹ h mèjodoc

tou Jacobi sugklÐnei.

Jeÿrhma 1.10 ’Estw ìti o A eÐnai 2-cyclic consistently ordered pÐnakac, o epanalhptikìc

pÐnakac tou Jacobi èqei pragmatikèc idiotimèc kai ìti µ̄ = ρ(J) < 1. Tìte h bèltisth timă thc

paramètrou ω gia thn SOR mèjodo dÐnetai apì thn sqèsh

ωopt =
2

1 +
√

1− µ̄2
,
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kai h fasmatikă aktÐna thc bèltisthc SOR isoÔtai me

ρ
(Lωopt

)
= ωopt − 1 =

µ2

(
1 +

√
1− µ̄2

)2 .

EpÐshc isqÔei

ρ (Lω) =





ω − 1, ωopt ≤ ω ≤ 2

1− ω + 1
2
ω2µ̄2 + ωµ̄

√
1− ω + 1

4
ω2µ̄2, 0 < ω ≤ ωopt

.

1.3 Mèjodoi Probolăc (Projection methods).

’Estw ìti èqoume na lÔsoume to akìloujo grammikì sÔsthma

Ax = b, (1.18)

ìpou A ∈ Rn,n kai b ∈ Rn. Ac upojèsoume epÐshc ìti o A eÐnai antistrèyimoc.

Me tic direct (Ĺmesec) mejìdouc upologÐzoume thn lÔsh x ∈ Rn apeujeÐac apì thn sqèsh

x = A−1b (qwrÐc bèbaia na upologÐzoume ton A−1). H idèa twn mejìdwn probolăc eÐnai na

anazhtăsoume mia proseggistikă lÔsh (x̃ ≈ A−1b) ìqi se olìklhro ton Rn allĹ se kĹpoion

upìqwro tou K diĹstashc m ≤ n apaitÿntac to b−Ax̃ (upìloipo ă residual) na eÐnai kĹjeto

se èna upìqwro L tou Rn diĹstashc m. Dhladă èqoume na lÔsoume to prìblhma :

Brèc x̃ ∈ K tètoio ÿste b− Ax̃ ⊥ L. (1.19)

An K ≡ L h mèjodoc onomĹzetai orthogonal alliÿc onomĹzetai oblique. An xèroume ìti to

x0 ∈ Rn brÐsketai ”kontĹ” sthn lÔsh A−1b eÐnai logikì na yĹqnoume proseggÐseic thc lÔshc

ston qÿro x0 +K opìte to prìblhma (1.19) metasqhmatÐzetai sto exăc:

Brèc x̃ ∈ x0 +K tètoio ÿste b− Ax̃ ⊥ L. (1.20)

To x0 ja kaleÐtai efexăc arqikă prosèggish. ’Estw tÿra ìti ta dianÔsmata {vi}m
i=1 kai {wi}m

i=1

apoteloÔn bĹseic twn qÿrwn K kai L antÐstoiqa. Gia na suneqÐsoume orÐzoume touc n ×m

pÐnakec

V =




| | |
| | |
v1 v2 · · · vm

| | |
| | |




kai W =




| | |
| | |

w1 w2 · · · wm

| | |
| | |



.
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H proseggistikă lÔsh mporeÐ tÿra na grafeÐ wc

x̃ = x0 + V y, (1.21)

ìpou y diĹnusma stălhc tou Rm. OrÐzontac r0 = b−Ax0 kai lambĹnontac upìyin thn sunjăkh

kajetìthtac, diadoqikĹ èqoume :

b− Ax̃ ⊥ L ⇔
b− A (x0 + V y) ⊥ L ⇔

(b− Ax0)− AV y ⊥ L ⇔
r0 − AV y ⊥ L ⇔

r0 − AV y ⊥ w1

r0 − AV y ⊥ w2

...

r0 − AV y ⊥ wm





⇔

< r0 − AV y , w1 > = 0

< r0 − AV y , w2 > = 0
...

< r0 − AV y , wm > = 0





⇔

< AV y , w1 > = < r0, w1 >

< AV y , w2 > = < r0, w2 >
...

< AV y , wm > = < r0, wm >





⇔

W tAV y = W tr0 ⇔
(
an upĹrqei o

(
W tAV

)−1
)

y =
(
W tAV

)−1
W tr0 ,

kai epomènwc

x̃ = x0 + V
(
W t AV

)−1
W t r0. (1.22)

Gia tic mejìdouc, me tic opoÐec ja asqolhjoÔme den eÐnai aparaÐthtoc o sqhmatismìc tou

(W t AV )
−1. Akìma, prèpei na shmeiwjeÐ ìti, h Ôparxh tou antistrìfou tou A den sune-

pĹgetai anagkastikĹ kai thn Ôparxh tou antistrìfou tou W tAV .
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Paratărhsh 1.2 Duo parathrăseic sqetikĹ me thn genikìthta twn projection mejìdwn.

1. H projection mèjodoc me K ≡ L ≡ Rn eÐnai Ĺmesh. Autì faÐnetai apì thn sqèsh (1.22)

an jèsoume W = V = I opìte kai paÐrnoume x̃ = A−1b pou eÐnai h akribăc lÔsh thc

(1.18).

2. H projection mèjodoc me K ≡ L = < ei >1 kai x0 = x(k), ìpou x(k) h proseggistikă lÔsh

thc mejìdou Gauss-Seidel sto k băma, parĹgei th i-ostă sunistÿsa thc proseggistikăc

lÔshc thc Gauss-Seidel sto k+1 băma. Epomènwc an efarmìsoume thn projection mèjodo

diadoqikĹ gia i = 1, . . . , n parĹgoume ìlh thn lÔsh x(k+1).

1.3.1 Krylov Subspace Mèjodoi.

Mia megĹlh kathgorÐa (kai Ðswc h plèon anaptussìmenh stic mèrec mac) twn mejìdwn

probolăc eÐnai oi mèjodoi upoqÿrwn Krylov (Krylov subspace).

Orismìc 1.11 ’Estw A ∈ Rn×n kai u ∈ Rn. Wc Krylov (upo)qÿro tou A se sqèsh me to diĹnu-

sma u orÐzoume ton upìqwro tou Rn pou parĹgetai apì ta dianÔsmata {u,Au,A2u, . . . , Am−1u}
dhladă

Km := Km(A, u) = < u,Au, A2u, . . . , Am−1u > . (1.23)

O Km èqei diĹstash to polÔ m. Krylov subspace mèjodoi onomĹzontai oi projection mèjodoi

stic opoÐec K ≡Km(A, r0). Profanÿc xm = x0+−→w , ìpou −→w eÐnai ènac grammikìc sunduasmìc

twn dianusmĹtwn paragwgăc, kai epomènwc

A−1b ≈ x̃ = xm = x0 + qm−1 (A) r0, (1.24)

ìpou qm−1 eÐnai kĹpoio poluÿnumo tou pÐnaka A bajmoÔ to polÔ m − 1. An gia arqikă pro-

sèggish pĹroume to x0 = 0 h sqèsh (1.24) aplopoieÐtai sthn :

A−1b ≈ x̃ = xm = qm−1 (A) b. (1.25)

GiatÐ ìmwc o Km(A, b) eÐnai ènac qÿroc o opoÐoc perièqei thn akribă lÔsh A−1b ă
èstw mia kală prosèggish thc;

Ac to doÔme gia thn perÐptwsh x0 = 0 kai gia tuqaÐo deÔtero mèloc b. ArkeÐ na upĹrqei

poluÿnumo qm−1 tètoio ÿste : qm−1 (A) b = A−1b gia kĹje diĹnusma b. Dhladă arkeÐ o A−1

na grĹfetai wc grammikìc sunduasmìc dunĹmewn tou A. Xèroume ìti se kĹje pÐnaka A ∈ Rn×n

1 Με < ei > συµβοlίζουµε τον υπόχωρο που παράγεται από το ei.
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antistoiqeÐ èna monadikì poluÿnumo r(A) bajmoÔ t ≤ n tètoio ÿste r(A) = 0, to onomazìmeno

elĹqisto 2 (minimal) poluÿnumo tou A :

r (A) = a0I + a1A + a2A
2 + · · ·+ atA

t = 0. (1.26)

An o A eÐnai antistrèyimoc a0 6= 0 kai h parapĹnw exÐswsh grĹfetai

A−1 = − 1

a0

t−1∑
j=0

aj+1 Aj. (1.27)

’Ara isqÔei to parakĹtw jeÿrhma :

Jeÿrhma 1.12 An to elĹqisto poluÿnumo enìc antistrèyimou pÐnaka eÐnai bajmoÔ t, tìte h

lÔsh tou Ax = b perièqetai ston qÿro Kt(A, b).

Epomènwc, ìqi mìno eÐmaste sÐgouroi ìti h lÔsh pou yĹqnoume upĹrqei ston Krylov qÿro

allĹ gia katĹllhlouc pÐnakec mporoÔme na perimènoume ìti o qÿroc autìc èqei mikră diĹstash

me apotèlesma sqetikĹ grăgorh sÔgklish twn mejìdwn.

1.3.2 Kataskeuă orjokanonikăc bĹshc tou qÿrou Km(A, r0).

AfoÔ ja proseggÐsoume thn lÔsh apì ton upìqwro Km(A, r0) ja prèpei na xèroume mia

bĹsh tou. Diadedomènh lÔsh se aută thn kateÔjunsh apoteleÐ h orjokanonikopoÐhsh twn

dianusmĹtwn paragwgăc {r0, A r0, . . . , A
m−1 r0} tou Km(A, r0). PolÔ gnwstèc diadikasÐec

orjokanonikopoÐhshc apoteloÔn oi mèjodoi (modified) Gram-Schmidt kai Householder. O

algìrijmoc pou qrhsimopoieÐtai sunăjwc gia thn paragwgă bĹshc upìqwrwn Krylov eÐnai o

modified Gram-Schmidt(MGS) kai h diadikasÐa eÐnai gnwstă me to ìnoma Arnoldi MGS.

Algìrijmoc 1.1 (Arnoldi - MGS )

2 Το εlάχιστο ποlυώνυµο είναι το ποlυώνυµο εlάχιστου βαθµού από όlα τα ποlυώνυµα p τα οποία ικανοποιούν

την σχέση p(A) = 0.
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1 DiĹlexe diĹnusma u1 tètoio ÿste ‖u1‖2 = 1 ( u1 = r0/ ‖r0‖2 )

2 For j = 1 to m

3 wj = A uj

4 For i = 1 to j

5 hij = (wj, ui)

6 wj = wj − hijui

7 End

8 hj+1,j = ‖wj‖2

9 If hj+1,j = 0 STOP

10 uj+1 = wj / hj+1,j

11 End

O algìrijmoc termatÐzei ìtan dhmiourgăsei mia orjokanonikă bĹsh tou Km(A, r0) Ĺsqeta me

to an termatÐsei sto j băma opìte h diĹstash tou Km(A, r0) eÐnai j kai ìqi m.

Jeÿrhma 1.13 An sumbolÐsoume me Vm ton n×m pÐnaka me stălec ta dianÔsmata u1, u2, . . . , um

me H̄m ton (m + 1) × m Ĺnw Hessenberg pÐnaka me mh mhdenikĹ stoiqeÐa tou ta hij kai me

H ton m × m pÐnaka pou prokÔptei apì ton H̄m an afairèsoume thn teleutaÐa tou grammă

prokÔptoun oi parakĹtw sqèseic

A Vm = Vm Hm + wm et
m, (1.28)

A Vm = Vm+1 H̄m, (1.29)

V t
m A Vm = Hm. (1.30)

Paratărhsh 1.3 O algìrijmoc tou Arnoldi, ìpwc faÐnetai apì thn sqèsh (1.28), mporeÐ na

qrhsimopoihjeÐ kai gia ton upologismì merikÿn idiotimÿn tou pÐnaka A (gia autìn ton lìgo

exĹllou dhmiourgăjhke). Oi idiotimèc tou Hessenberg pÐnaka pou parĹgei (ritz values tou A)

eÐnai proseggÐseic twn idiotimÿn tou A. Autì isqÔei akìma kai gia mikrèc timèc tou m opìte oi

ritz values eÐnai proseggÐseic twn pio perifereiakÿn idiotimÿn tou A.

1.3.3 Generalized Minimum Residual Method (GMRES)

EÐnai h projection mèjodoc me
{
K ≡ Km(A, r0)

L ≡ A K , (1.31)
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ìpou ston algìrijmo tou Arnoldi epilègoume u1 = r0 / ‖r0‖2.

Jeÿrhma 1.14 ’Estw x̃ ∈ x0 + Km h lÔsh pou dÐnei h GMRES . IsqÔei ìti :

‖b− Ax̃‖2 = min
x∈x0+Km

‖b− Ax‖2 . (1.32)

Dhladă h GMRES elaqistopoieÐ thn eukleÐdia nìrma tou upìloipou b− Ax̃ pĹnw ston qÿro

x0 + Km.

SÔmfwna me thn sqèsh (1.21) kĹje diĹnusma x ∈ x0 + Km grĹfetai wc x = x0 + Vmy me

V = Vm orjogÿnio pÐnaka, afoÔ ta dianÔsmata ui eÐnai apì kataskeuăc orjokanonikĹ. Akìma

orÐzoume thn sunĹrthsh

J (y) = ‖b− Ax‖ 2 = ‖b− A (x0 + Vmy)‖2 . (1.33)

’Omwc :

b− Ax =

= b− A (x0 + Vmy)

= r0 − AVmy

= βu1 − Vm+1H̄my (β = ‖r0‖2 , (1.29 ))

= βVm+1e1 − Vm+1H̄my

= Vm+1

(
βe1 − H̄my

)
.

’Ara

‖b− Ax‖2 =

=
∥∥Vm+1

(
βe1 − H̄my

)∥∥
2

= ‖Vm+1‖2

∥∥βe1 − H̄my
∥∥

2

=
∥∥βe1 − H̄my

∥∥
2
. (1.34)

Epomènwc h J (y) elaqistopoieÐtai gia

ym = min
y

∥∥βe1 − H̄my
∥∥

2
.

H eÔresh tou ym apaiteÐ thn lÔsh enìc (m + 1) × m problămatoc elĹqistwn tetragÿnwn

pou eÐnai eÔkolo na lujeÐ (ìtan to m eÐnai sqetikĹ mikrì). TelikĹ h proseggistikă lÔsh pou

parĹgei h GMRES eÐnai h

x̃ = x0 + Vmym. (1.35)

SÔmfwna me ìsa èqoume pei wc tÿra o algìrijmoc thc GMRES ja eÐnai :
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Algìrijmoc 1.2 (GMRES)

1 For m = 1, 2, . . .

2 băma m tou Arnoldi

3 Brec to y pou elaqistopoieÐ thn
∥∥βe1 − H̄my

∥∥
2

4 xm = x0 + Vmy

6 check convergence (||xm − xm−1|| < ε

7 End

To prìblhma elĹqistwn tetragÿnwn mporeÐ na lujeÐ me paragontopoÐhsh QR me kìstoc

O(m2). PĹntwc an qrhsimopoiăsoume peristrofèc Givens (Givens rotations) mporoÔme na

paÐrnoume suneqÿc thn QR paragontopoÐhsh tou H̄m apì thn QR paragontopoÐhsh tou H̄m−1.

Me aută thn prosèggish to kìstoc pèftei se O(m) kai epiplèon èqoume mia aplă sqèsh gia

to upìloipo b− Ax̃ pou mac dÐnei èna kritărio gia to pìte ja stamatăsoume thn epanalhptikă

diadikasÐa. Gia perissìterec leptomèreiec [TBA97, SAA00].

Kajÿc proqwrĹme stic epanalăyeic oi apaităseic se mnămh (H̄m kai Vm) allĹ kai se upolo-

gistikì kìstoc (orjokanonikopoÐhsh) auxĹnontai apagoreutikĹ. Mia profanăc lÔsh eÐnai na

epanekkinoÔme ton algìrijmo kĹje k bămata [DDS98]. Autì mporeÐ na ephreĹzei arnhtikĹ thn

sÔgklish (qreiazìmaste perissìterec epanalăyeic) allĹ kĹnei thn mèjodo praktikĹ efarmìsi-

mh. H parallagă aută thc mejìdou lègetai GMRES(restart=k) se antidiastolă me thn full

GMRES (qwrÐc epanekkÐnhsh). Na shmeiwjeÐ ìti den mporoÔme na xèroume ek’ twn protèrwn

thn bèltisth timă tou k h opoÐa exartĹtai apì to prìblhma pou èqoume na lÔsoume (ton pÐnaka

twn suntelestÿn A) kajÿc kai apì thn upologistikă isqÔ (mnămh) pou èqoume sthn diĹjesh

mac.

SÔgklish thc GMRES

’Estw xm h proseggistikă lÔsh pou dÐnei h GMRES sthn epanĹlhyh m. OrÐzoume rm =

b− Axm to upìloipo (residual).

Jeÿrhma 1.15 H GMRES sugklÐnei monìtona upì thn ènnoia ìti :

‖ rm+1 ‖2 ≤ ‖ rm ‖2 . (1.36)

Jeÿrhma 1.16 ’Estw Pm = {poluÿnuma pinĹkwn p, bajmoÔ to polÔ m : p (0) = I }.

To prìblhma eÔreshc thc proseggistikăc lÔshc xm thc GMRES me arqikă prosèggish

x0 eÐnai isodÔnamo me to prìblhma :

Brèc poluÿnumo pm ∈ Pm tètoio ÿste h ‖ pm (A) r0 ‖2 na gÐnetai elĹqisth. (1.37)
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En gènei to deÔtero mèloc b (upìloipo r0 = b − Ax0) den èqei kĹpoia idiaÐterh domă kai

epomènwc h sÔgklish thc GMRES kajorÐzetai apì thn ‖ pm (A) ‖2. Poièc ìmwc idiìthtec tou

pÐnaka A kajorÐzoun thn ‖ pm (A) ‖2 ; H katĹstash den eÐnai xekĹjarh eidikĹ gia touc mh nor-

mal pÐnakec 1. PĹntwc polÔ genikĹ mporoÔme na poÔme ìti h GMRES sugklÐnei (asumptwtikĹ)

taqÔtera ìso mikrìterh eÐnai h aktÐna thc sustĹdac (cluster) twn idiotimÿn tou pÐnaka A kai

ìso pio makriĹ brÐsketai to mhdèn apì to kèntro autăc thc sustĹdac [CIK95].

1.3.4 Biorthogonalization methods

Sthn GMRES (full) ìso auxĹnei h diĹstash tou Krylov upoqÿrou tìso auxĹnontai kai

oi apaităseic gia mnămh kai upologistikì kìstoc. Autì ofeÐletai sthn epilogă thc bĹshc

tou Krylov upìqwrou (orjokanonikă). An qalarÿsoume thn orjokanonikìthta thc bĹshc

mporoÔme na pĹroume mejìdouc pou to kìstoc touc se mnămh kai prĹxeic, anĹ epanĹlhyh, eÐnai

anexĹrthto tou arijmoÔ twn epanalăyewn. Mia tètoia (mh orjokanonikă) bĹsh mac dÐnei o

parakĹtw algìrijmoc.

Algìrijmoc 1.3 (Lanczos biorthogonalization)

1 DiĹlexe duo dianÔsmata u1, w1 tètoia ÿste < u1, w1 >= 0

2 Jese β1 = δ1 = 0 , w0 = u0 =
−→
0

3 For j = 1, 2, . . . , m

4 αj = < Auj, wj >

5 ûj+1 = Auj − αjuj − βjuj−1

6 ŵj+1 = Atwj − αjwj − δjwj−1

7 δj+1 = |< ûj+1, ŵj+1 >|1 / 2 If δj+1 = 0 STOP

8 βj+1 = < ûj+1, ŵj+1 > / δj+1

9 wj+1 = ŵj+1 / βj+1

10 uj+1 = ûj+1 / δj+1

11 End

O Ĺnw Hessenberg pÐnakac Hm tou Arnoldi èqei dÿsei thn jèsh ston tridiagÿnio pÐnaka Tm

1 ΄Εναc, πραγµατικόc, πίνακαc ονοµάζεται normal αν αντιµετατίθεται µε τον ανάστροφο του, δηlαδή αν ικανοποιεί

την σχέση AAT = AT A.
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ìpou

Tm =




α1 β2

δ2 α2 β3

. . . . . . . . .

δm−1 αm−1 βm

δm αm




. (1.38)

O algìrijmoc (1.3) kataskeuĹzei èna zeÔgoc biorthogonal bĹsewn

{ui}m
i=1 , {wj}m

j=1 , (1.39)

twn qÿrwn Km(A, u1) kai Km(At, w1) antÐstoiqa. Dhladă < ui, wj > = δij ă se morfă

pinĹkwn

W t
mVm = V t

mWm = I. (1.40)

Akìma isqÔoun oi sqèseic [SAA00]:

AVm = VmTm + δm+1um+1e
t
m (1.41)

AWm = WmT t
m + βm+1wm+1e

t
m (1.42)

W t
mAVm = Tm. (1.43)

Paratărhsh 1.4 (KatĹreush - Breakdown)
An parathrăsoume ton algìrijmo (1.3) blèpoume ìti sthn grammă 8 upĹrqei mia diaÐresh me

to δj+1. An δj+1 = 0 eÐmaste anagkasmènoi na stamatăsoume thn diadikasÐa (breakdown).

Autì mporeÐ na sumbeÐ an kĹpoio apì ta ûj+1, ŵj+1 (ă kai ta duo) eÐnai mhdèn ă akìma kai

ìtan kanèna apì ta ûj+1,ŵj+1 den eÐnai mhdèn. Sthn prÿth perÐptwsh an ûj+1 = 0 èqoume

ftĹsei se mia bĹsh tou Km(A, u1) enÿ an ŵj+1 = 0 èqoume ftĹsei se mia bĹsh tou Km(At, w1).

Tìte lème ìti èqoume kanonikì termatismì (regular termination) ă tuqeră katĹreush (lucky

breakdown). Sthn deÔterh perÐptwsh eÐnai adÔnaton na kataskeuĹsoume tic zhtoÔmenec bĹseic

(serious breakdown).

Epeidă douleÔoume se arijmhtikă peperasmènhc akrÐbeiac prèpei na jewrăsoume kai thn pija-

nìthta na èqoume δj+1 ≈ 0 (near breakdown).

1.3.5 Biconjugate Gradient Algorithm (BCG)

EÐnai h projection mèjodoc me
{
K ≡< u1, Au1, . . . , A

m−1u1 >

L ≡< w1, Aw1, . . . , A
m−1w1 >

. (1.44)
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me sunhjèsterec epilogèc u1 = r0/ ‖r0‖ kai w1 = u1 an kai opoiodăpote w1 me < u1, w1 > 6= 0

ja ătan katĹllhlo. ’Estw Tm = LmUm h LU paragontopoÐhsh tou Tm. Apì thn exÐswsh

(1.22) èqoume gia thn proseggistikă lÔsh xm :

xm = x0 + Vm (W t
mAVm)

−1
W t

mr0

xm = x0 + VmT −1
m W t

mr0 (1.43)

xm = x0 + VmT −1
m βe1 (ui, wj biorthogonal)

xm = x0 + VmU −1
m L −1

m βe1

xm = x0 + PmL −1
m βe1 (Pm = VmU −1

m ) ,

To ìti h parapĹnw sqèsh mporeÐ na ulopoihjeÐ wc epanalhptikìc algìrijmoc eÐnai sunèpeia

tou ìti oi pÐnakec Um kai Lm eÐnai trigwnikoÐ.

Algìrijmoc 1.4 (BCG)

1 r0 = b− Ax0. Dialexe r∗0 tètoio ÿste < r0, r
∗
0 > 6= 0 (sunhjwc r∗0 = r0)

2 p0 = r0 , p ∗
0 = r∗0

3 For j = 1, 2, . . . do

4 aj = < rj, r
∗
j > / < Apj, p

∗
j >

5 xj+1 = xj + ajpj

6 rj+1 = rj − ajApj

7 r∗j+1 = r∗j − ajA
tp∗j

8 βj = < rj+1, r
∗
j+1 > / < rj, r

∗
j >

9 pj+1 = rj+1 + βjpj

10 p∗j+1 = r∗j+1 + βjp
∗
j

11 End

H mèjodoc BCG èqei, ektìc thc perÐptwshc tou breakdown , duo akìma meionektămata : Thn

anĹgkh pollaplasiasmoÔ me ton At (se merikĹ problămata den èqoume tètoia dunatìthta) kai

suqnĹ mia mh omală (erratic) sumperiforĹ tou upìloipou (pou parìlo sto tèloc faÐnetai na

mhn dhmiourgeÐ prìblhma sthn sÔgklish mporeÐ se kĹpoiec periptÿseic na eÐnai aitÐa sobarÿn

sfalmĹtwn stoggÔleushc [VOR03]). Apì thn dekaetÐa tou 80 arqÐzoun na emfanÐzontai diĹ-

forec paralagèc thc BCG oi opoÐec prospajoÔn na jerapeÔsoun autĹ ta meionektămata. Ja
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asqolhjoÔme me tèsseric apì autèc tic mejìdouc Conjugate Gradients Squared (CGS), BCG

Stabilized (BICGSTAB) , BCG Stabilized(2) (BICGSTAB(2)) kai Transpose Free QMR

(TFQMR)

CGS O Sonneveld [SON89] apèfuge touc pollaplasiasmoÔc me ton At sthn mèjodo BCG

”tetragwnÐzontac” to poluÿnumo φm(A) ìpou

b− AxBCG
m = φm (A) (b− Ax0) , (1.45)

kai parĹgontac proseggÐseic thc lÔshc pou ikanopoioÔn thn sqèsh

b− AxCGS
2m = (φm (A))2 (b− Ax0) . (1.46)

Se pollèc periptÿseic faÐnetai h CGS na sugklÐnei taqÔtera apì thn BCG. PĹntwc, se

arketèc periptÿseic, parathreÐtai h epideÐnwsh thc ădh erratic sumperiforĹc thc BCG.

BICGSTAB O Vorst [VOR92] kataskeÔase mia parallagă thc CGS ìpou èqei antikata-

stăsei to (φm (A))2 me to ψm (A) φm (A), ìpou to ψm (A) èqei skopì na elattÿsei thn

erratic sumperiforĹ thc CGS me apotèlesma omalìterh sÔgklish.

BICGSTAB(2) Oi Fokkema kai Sleijpen [SFO93] dhmosÐeusan mia genÐkeush thc BICG-

STAB thn BICGSTAB(l) sthn opoÐa èqoun antikatastăsei to poluÿnumo ψm (A) me èna

akribèstero (megalÔterou bajmoÔ). Bèbaia ìso megalÔtero eÐnai to l tìso auxĹnetai

kai to upologistikì kìstoc thc mejìdou. Apì aută thn omĹda ja qrhsimopoiăsoume thn

BICGSTAB(2).

TFQMR Eisăqjh apì ton Freund sto [FRE93] kai eÐnai Ĺllh mia parallagă thc CGS

pou prospajeÐ na beltiÿsei thn erratic sumperiforĹ thc CGS elaqistopoiÿntac kĹpoia

”kontină” thc ‖b− Axm‖2 posìthta.

Paratărhsh 1.5 (Look ahead Lanczos)
UpĹrqoun teqnikèc pou ìtan o algìrijmoc tou Lanczos brÐsketai mprostĹ apì pijanì breakdown

ulopoioÔn duo (sthn arqikă touc morfă), ă ìsa qreiastoÔn, bămata mazÐ me apotèlesma na

parakĹmptoun to breakdown qalarÿnontac thn biorthogonal idiìthta twn bĹsewn se block

biorthogonal . Tètoiec teqnikèc onomĹzontai look ahead. Oi algìrijmoi pou qrhsimopoioÔme edÿ

den qrhsimopoioÔn tètoiec teqnikèc.

Paratărhsh 1.6 (Quasi-Minimal Residual)
H suqnĹ erratic sumperiforĹ twn Biorthogonalization mejìdwn ofeÐletai sto ìti autèc oi mèjo-

doi den elaqistopoioÔn to ‖b− Axm‖2 ( ìpwc p.q. h GMRES ) se kĹpoion upìqwro. Aută h ela-

qistopoÐhsh eÐnai upologistikĹ asÔmforh kai antÐ autăc mèjodoi ìpwc h QMR elaqistopoioÔn

kĹpoia paraplăsia (problem depended) posìthta thc ‖b− Axm‖2, kai gia autì apantÿntai wc

Quasi-Minimal Residual mèjodoi.
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Paratărhsh 1.7 An kai èqoun efeurejeÐ pollèc mèjodoi pou prospajoÔn na exaleÐyoun ta

trÐa meionektămata thc BCG kamiĹ, mèqric stigmăc, den faÐnetai na ta katafèrnei exÐsou ika-

nopoihtikĹ kai sta trÐa tautìqrona.

Paratărhsh 1.8 Gia genikoÔc pÐnakec, krităria gia thn epilogă thc taqÔterhc Krylov epa-

nalhptikăc mejìdou den upĹrqoun. To mìno pou gnwrÐzoume, blèpe [DDS98], apì peiramatikĹ

apotelèsmata kai mìno, eÐnai èna kritărio pou aforĹ sthn mikrìterh èlleiyh pou perièqei tic

idiotimèc tou pÐnaka: An o kÔrioc Ĺxonac autăc thc èlleiyhc brÐsketai pĹnw ston pragmatikì

Ĺxona tìte qrhsimopoioÔme thn Bicgstab enÿ an brÐsketai pĹnw ston fantastikì Ĺxona qrh-

simopoioÔme thn Gmres. Se periptÿseic ìpou to fantastikì mèroc twn idiotimÿn tou A eÐnai

sqetikĹ megĹlo h Bicgstab(l > 1) teÐnei na sumperifèretai kalÔtera apì thn Bicgstab [SFO93].

EidikĹ, tÿra, sthn perÐptwsh mh normal pinĹkwn oi idiotimèc tou A Ðswc na mhn paizoun rìlo

sthn sÔgklish twn mejìdwn [SSZ07]. ’Eqei deiqjeÐ apì touc Greenbaum, Ptàk kai Strakoš

sta [GPS96, GST94] ìti to fĹsma tou A apì mìno tou mporeÐ na odhgăsei se paraplanhtikèc

plhroforÐec sthn mh normal perÐptwsh. O sunduasmìc tou dexioÔ mèlouc kai twn invariant

upoqÿrwn pou sqetÐzontai me ton A faÐnetai na parèqei pio qrăsimec plhroforÐec apì ìti to

fĹsma tou A [SSZ05].

1.4 ProrÔjmish (Preconditioning).

’Estw ìti jèloume na lÔsoume to grammikì sÔsthma

Ax = b (1.47)

me mia epanalhptikă mèjodo. H taqÔthta sÔgklishc thc mejìdou èqei Ĺmesh sqèsh me kĹpoiec

(sunăjwc fasmatikèc) idiìthtec tou pÐnaka A. H idèa thc prorÔjmishc (preconditioning) eÐnai

antÐ tou arqikoÔ (1.47) na lÔsoume to prorujmismèno grammikì sÔsthma

M−1Ax = M−1b, (1.48)

ètsi ÿste o pÐnakac M−1A na èqei kalÔterec idiìthtec apì ton arqikì pÐnaka A. O pÐnakac

M onomĹzetai prorujmistăc (preconditioner). H poiìthta tou prorujmistă exartĹtai apì to

pìso kalĹ mporeÐ na proseggÐsei ton A. En gènei, ìso poiotikìteroc eÐnai o prorujmistăc

tìso kai pio upologistikĹ akribìc eÐnai p.q. an M = A to sÔsthma èqei metasqhmatisteÐ sto

Ix = b allĹ o upologismìc tou M−1 eÐnai toulĹqiston tìso dapanhrìc ìso h epÐlush tou

arqikoÔ problămatoc, enÿ an M = I o upologismìc tou M−1 den kostÐzei tÐpota allĹ kai

kajìlou den beltiÿnei thn sÔgklish tou arqikoÔ sustămatoc. Tic perissìterec forèc, gia na

eÐnai apotelesmatikèc oi Krylov mèjodoi, h prorÔjmish eÐnai aparaÐthth.

’Enac kalìc prorujmistăc gia mia mèjodo den eÐnai aparaÐthta kalìc kai gia mia diaforetikă

mèjodo.
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An grĹyoume ton prorujmistă pÐnaka wc ginìmeno duo mh idiìmorfwn pinĹkwn M = M1M2

mia genikă ulopoÐhsh thc prorÔjmishc eÐnai h akìloujh :

M−1
1 AM−1

2 z = M−1
1 b , ìpou z = M2x. (1.49)

An pĹroume M2 = I èqoume

M−1
1 Ax = M−1

1 b (Left preconditioning) (1.50)

enÿ an M1 = I èqoume

AM−1
2 (M2x) = b (Right preconditioning). (1.51)

Sta arijmhtikĹ paradeÐgmata qrhsimopoioÔme left preconditioning. Edÿ prèpei na shmeiwjeÐ

ìti den qreiĹzetai na pollaplasiĹsoume ex’ arqăc ton pÐnaka A me ton M−1 allĹ kĹnoume tic

exăc allagèc stic mh prorujmismènec mejìdouc :

AntikajistoÔme to me to

b bnew ìpou : M bnew = b

y = Ax ynew ìpou : M ynew = Ax

TreÐc dhmofileÐc prorujmistèc prokÔptoun apì thn diĹspash A = D − L − U enìc pÐnaka A

ìpou o D eÐnai diagÿnioc, o L eÐnai kĹtw trigwnikìc kai o U eÐnai Ĺnw trigwnikìc.

Jacobi O prorujmistăc pÐnakac eÐnai o

MJAC = D. (1.52)

GS O prorujmistăc pÐnakac eÐnai o

MGS = (D − L) . (1.53)

SSOR O prorujmistăc pÐnakac eÐnai o

MSSOR =
1

ω (2− ω)
(D − ωL) D−1 (D − ωU) . (1.54)

An jèsoume ω = 1 èqoume ton SGS prorujmistă

MSGS = (D − L) D−1 (D − U) , (1.55)

o opoÐoc qrhsimopoieÐtai perissìtero dedomènou ìti (a) o bèltisto ω den eÐnai gnwstì

kai (b) h epilogă tou ω sthn perioqă thc monĹdac den faÐnetai na ephreĹzei kai tìso

thn poiìthta tou prorujmistă, toulĹqiston gia kĹpoiec kathgorÐec 2-cyclic pinĹkwn.

[MPS98, MPS06, EVA93].
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1.5 O TaqÔc Metasqhmatismìc Fourier (FFT)

1.5.1 O Diakritìc Metasqhmatismìc Fourier (DFT)

ODiakritìc Metasqhmatismìc Fourier (DFT) ston Cn eÐnai èna ginìmeno pÐnaka-dianÔsmatoc.

An y = [y0, y1, . . . , yn]T o DFT tou dianÔsmatoc x = [x0, x1, . . . , xn]T tìte isqÔei

yk =
n−1∑
j=0

ωkj
n xj, k = 0, 1, . . . , n− 1, (1.56)

ìpou

ωn = e−i 2π
n = cos

2π

n
− i sin

2π

n
. (1.57)

O antÐstrofoc Diakritìc Metasqhmatismìc Fourier (IDFT) tou dianÔsmatoc y eÐnai to diĹ-

nusma x. Parathrăste ìti h ωn eÐnai mia n−ostă rÐza thc monĹdoc (ωn
n=1) thn opoÐa ja

sumbolÐzoume kai me ω, qwrÐc ton deÐkth, ìtan den upĹrqei perÐptwsh sÔgqushc.

Sthn glÿssa twn pinĹkwn o DFT perigrĹfetai apì thn sqèsh

y = Fnx, (1.58)

ìpou

Fn = [fpq]
n−1
p,q=0 , fpq = ωpq

n = e−i 2π
n

pq, (1.59)

eÐnai o n× n DFT pÐnakac. P.q.

F1 = [1] , F2 =

[
1 1

1 −1

]
, F4 =




1 1 1 1

1 −i −1 i

1 −1 1 −1

1 i −1 −i


 ,

kai genikĹ

Fn =




1 1 1 1 1 · · · 1

1 ω ω2 ω3 ω4 · · · ω(n−1)

1 ω2 ω4 ω6 ω8 · · · ω2(n−1)

1 ω3 ω6 ω9 ω12 · · · ω3(n−1)

1 ω4 ω8 ω12 ω16 · · · ω4(n−1)

...
...

...
...

...
. . .

...

1 ω(n−1) ω2(n−1) ω3(n−1) ω4(n−1) · · · ω(n−1)(n−1)




. (1.60)

Sqìlio 1.17 Se pollĹ biblÐa h n−ostă rÐza thc monĹdoc pou qrhsimopoieÐtai eÐnai h ωn =

ei 2π
n . Akìma o Diakritìc Metasqhmatismìc Fourier eÐnai kanonikopoihmènoc (pollaplasiasmè-

noc me to 1/n). Sthn paroÔsa ergasÐa o DFT pÐnakac ja anafèretai kai wc Fourier pÐnakac.

Jeÿrhma 1.18 Gia ton pÐnaka Fn ìpwc orÐsthke sthn (1.59) isqÔoun
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• O pÐnakac Fourier eÐnai summetrikìc

F t
n = Fn (1.61)

• O pÐnakac 1√
n
Fn eÐnai orjomonadiaÐoc (unitary), dhladă

F ∗
nFn = nI (1.62)

ìpou F ∗
n := F t.

• O antÐstrofoc tou pÐnaka Fourier eÐnai o suzugoanĹstrofoc tou (pollaplasiasmènoc me

to 1/n).

F−1
n = 1

n
F ∗

n = 1
n
Fn (1.63)

1.5.2 FFT

To kìstoc tou upologismoÔ tou DFT me ton profană trìpo (apeujeÐac pollaplasiasmìc

tou pÐnaka Fn me to diĹnusma x) eÐnai thc tĹxewc O(n2). O TaqÔc Metasqhmatismìc Fourier

(FFT) eÐnai ènac trìpoc na upologÐsoume ton DFT me kìstoc O(n log2 n). Den ja dÿsoume

peraitèrw leptomèreiec gia ton trìpo ulopoÐhshc tou FFT ektìc apì to parakĹtw ”diĹshmo”

jeÿrhma twn Cooley-Tukey gia thn perÐptwsh ìpou h diĹstash tou Fourier pÐnaka eÐnai dÔnamh

tou 2.

Jeÿrhma 1.19 (Cooley-Tukey radix 2 factorization) An n = 2r tìte o pÐnakac Fourier

Fn mporeÐ na paragontopoihjeÐ wc exăc:

Fn = At . . . A1Pn, (1.64)

ìpou o Pn eÐnai ènac metajetikìc pÐnakac kai

Ak = I2t−k ⊗B2k , B2k =

[
Ir Ωr

Ir −Ωr

]
, r = 2k−1

Ωr = diag
(
1, ωk, . . . , ω

r−1
k

)
, ωk = e−2πi/2k

.

To parapĹnw jeÿrhma mac lèei ìti mporoÔme na grĹyoume to y = Fnx sthn morfă

y = At . . . A1Pnx

to opoÐo eÐnai mia akoloujÐa apì pollaplasiasmoÔc pÐnaka-dianÔsmatoc. H poluplokìthta

O(n log2 n) proèrqetai apì to gegonìc ìti oi pÐnakec Ak eÐnai araioÐ (duo mh-mhdenikĹ stoiqeÐa

anĹ grammă).
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Sqìlio 1.20 O antÐstrofoc DFT mporeÐ na paraqjeÐ apì èna eujÔ FFT antikajistÿntac ìlec

tic rÐzec thc monĹdac me tic suzugoanĹstrofec touc kai pollaplasiĹzontac me èna parĹgonta

1/n sto tèloc.

Sqìlio 1.21 Pollèc forèc ja anafèroume san FFT(n) ă FFT megèjouc n ton TaqÔ Metasqh-

matismì Fourier gia ton upologismì tou DiakritoÔ MetasqhmatismoÔ Fourier enìc dianÔsmatoc

n jèsewn.

Sqìlio 1.22 Pìso kalÔtero ìmwc eÐnai to O(n log2 n) apì to O(n2); Ac kĹnoume, thn aploðkă,

eikasÐa ìti o kanonikìc pollaplasiasmìc qreiĹzetai n2 prĹxeic kai o FFT qreiĹzetai n log2 n kai

ac kataskeuĹsoume èna pÐnaka me thn analogÐa n2 proc n log2 n gia diĹfora măkh dianusmĹtwn.

n n2/(n log2 n)

200 ≈ 27

2 000 ≈ 183

20 000 ≈ 1 400

200 000 ≈ 11 358

2 000 000 ≈ 95 550

Apì ton parapĹnw pÐnaka blèpoume ìti an o FFT megèjouc 2 000 000 1 qreiĹzetai èna deuterì-

lepto o sumbatikìc pollaplasiasmìc ja apaitoÔse pĹnw apì mÐa olìklhrh mèra!

1.6 Circulant PÐnakec

Orismìc 1.23 ’Enac n×n pÐnakac T onomĹzetai (shmeiakìc) Toeplitz an èqei stajerĹ stoiqeÐa

katĹ măkoc kĹje diagwnÐou, an dhladă èqei thn parakĹtw morfă

T :=




t1 t2 t3 · · · tn

t−2 t1 t2
. . .

...

t−3 t−2 t1
. . . t3

...
. . . . . . . . . t2

t−n · · · t−3 t−2 t1




. (1.65)

Sthn perÐptwsh pou ta t1, t2, t3, . . . , tn, t−2, t−3, . . . , t−n den eÐnai arijmoÐ allĹ tetragwnikoÐ

pÐnakec o pÐnakac T onomĹzetai block Toeplitz.

Orismìc 1.24 ’Enac n×n pÐnakac C onomĹzetai shmeiakìc Circulant, ă aplĹ Circulant, tĹxewc

n an èqei stajerĹ stoiqeÐa katĹ măkoc kĹje diagwnÐou tou kai ta stoiqeÐa thc kĹje, pèran thc

1 ΄Ενα τέτοιου µεγέθουc διάνυσµα είναι σύνηθεc στουc σηµερινούc υποlογισµούc αφού αν είναι µιγαδικό και

διπlήc ακρίβειαc σε ένα pc µπορεί να αποθηκευθεί σε ένα κlάσµα τηc µνήµηc RAM (≈ 31MB).
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arqikăc, grammăc tou eÐnai ta stoiqeÐa thc prohgoÔmenhc grammăc kuklikĹ metatopismèna

katĹ mia jèsh proc ta dexiĹ, an dhladă èqei thn parakĹtw morfă

C :=




c1 c2 c3 · · · cn

cn c1 c2
. . .

...

cn−1 cn c1
. . . c3

...
. . . . . . . . . c2

c2 · · · cn−1 cn c1




. (1.66)

’Enac Circulant pÐnakac thc morfăc (1.66) sumbolÐzetai me

C = circ(c1, c2, . . . , cn)

Orismìc 1.25 ’Estw C1, C2, . . . , CN tetragwnikoÐ pÐnakec tĹxewc n. ’Enac pÐnakac C, thc

morfăc

C :=




C1 C2 C3 · · · Cn

Cn C1 C2
. . .

...

Cn−1 Cn C1
. . . C3

...
. . . . . . . . . C2

C2 · · · Cn−1 Cn C1




, (1.67)

onomĹzetai block-circulant pÐnakac kai sumbolÐzetai me

C = bcirc(C1, C2, . . . , Cn).

Oi circulant pÐnakec mporoÔn na oristoÔn monosămanta apì thn prÿth grammă (ă stălh)

touc. To Ðdio isqÔei kai gia touc (block-circulant) oi opoÐoi orÐzontai monosămanta mìno apì thn

prÿth block grammă (ă stălh) touc. Gia touc circulant pÐnakec isqÔoun oi parakĹtw basikèc

idiìthtec

Jeÿrhma 1.26 EĹn A kai B eÐnai circulant pÐnakec tĹxewc n kai a1, a2 eÐnai bajmwtèc posì-

thtec tìte

• Oi pÐnakec At, A∗, a1A + a2B kai AB eÐnai circulant.

• Oi pÐnakec A,B antimetatÐjentai dhladă AB = BA.

• EĹn o A eÐnai antistrèyimoc tìte o antÐstrofoc tou eÐnai circulant.

• Oi idiotimèc {λk}n
k=1 tou A = circ(c1, cn, cn−1, . . . , c2) dÐnontai apì thn sqèsh




λ1

...

λn


 = Fn




c1

...

cn
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• O pÐnakac A diagwnopoieÐtai apì ton Fourier pÐnaka Fn dhladă

A = F−1
n




λ1

. . .

λn


 Fn
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KefĹlaio 2

H Mèjodoc FwkĹ

Prìsfata mia nèa analutikă mèjodoc gia thn melèth problhmĹtwn sunoriakÿn timÿn gia

oloklhrÿsimec PDEs se duo diastĹseic eisăqjh apì ton kajhghtă FwkĹ (bl. [FOK97,

FOK01]). Sto parìn kefĹlaio ja perigrĹyoume aută thn mèjodo èqontac wc prìblhma-montèlo

thn exÐswsh tou Laplace se èna kurtì polugwnikì qwrÐo. Ja embajÔnoume kurÐwc se jèmata

pou aforoÔn sthn arijmhtikă ulopoÐhsh thc mejìdou. Se pijanĹ problămata pou mporeÐ na

antimetwpÐsoume sthn ulopoÐhsh (overflows-underflows) kajÿc kai se pijanèc parallagèc thc

basikăc arijmhtikăc mejìdou, ìpwc diaforetikèc sunartăseic bĹshc - diaforetikă epilogă twn

collocation shmeÐwn, pou protĹjhke sto [FFX03].

2.1 H Mèjodoc FwkĹ

Mia diaforikă exÐswsh se duo diastĹseic (x, y) onomĹzetai oloklhrÿsimh (integrable) an

kai mìno an mia sqetizìmenh diaforikă morfă-1 W (x, y, k), k ∈ C eÐnai kleistă, gia parĹdeigma

dW = 0 (mia eisagwgă stic diaforikèc morfèc mporeÐ na brejeÐ sto [MTR92]). ParadeÐgmata

oloklhrÿsimwn exisÿsewn apoteloÔn oi grammikèc merikèc diaforikèc exisÿseic me stajeroÔc

suntelestèc kai oi mh-grammikèc Schrödinger kai Korteweg-de Vries exisÿseic. Merikèc forèc,

gia elleiptikèc exisÿseic eÐnai, bolikì na antikajistoÔme tic kartesianèc metablhtèc (x, y) me

tic migadikèc (z, z̄) = (x + iy, x − iy). To epìmeno lămma mac parèqei thn isodÔnamh exÐswsh

tou Laplace sto migadikì epÐpedo.

Lămma 2.1 H exÐswsh tou Laplace

qxx (x, y) + qyy (x, y) = 0 (2.1)

sto kartesianì epÐpedo mporeÐ na grafeÐ sto migadikì epÐpedo wc

qzz̄ (z, z̄) = 0. (2.2)
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Apìdeixh. Oi migadikèc metablhtèc z, z̄ orÐzontai wc

{
z = x + iy

z̄ = x− iy
.

DiadoqikĹ èqoume





∂

∂x
=

∂

∂z

∂z

∂x
+

∂

∂z̄

∂z̄

∂x

∂

∂y
=

∂

∂z

∂z

∂y
+

∂

∂z̄

∂z̄

∂y

⇔





∂

∂x
=

∂

∂z
+

∂

∂z̄

∂

∂y
= i

∂

∂z
− i

∂

∂z̄

⇔





∂2

∂x2
=

(
∂

∂z
+

∂

∂z̄

)(
∂

∂z
+

∂

∂z̄

)

∂2

∂y2
=

(
i

∂

∂z
− i

∂

∂z̄

)(
i

∂

∂z
− i

∂

∂z̄

) ⇔





∂2

∂x2
=

∂2

∂z2
+ 2

∂2

∂zz̄
+

∂2

∂z̄2

∂2

∂y2
= −∂2

∂z
+ 2

∂2

∂zz̄
− ∂2

∂z̄2

⇔

∂2

∂x2
+

∂2

∂y2
= 4

∂2

∂zz̄
. (2.3)

’Ara qxx + qyy = 0 ⇔ qzz̄ = 0 ¤

Sunepÿc apì to lămma (2.1) xèroume ìti h migadikă morfă thc Laplace eÐnai

qzz̄ (z, z̄) = 0. (2.4)

Ac upojèsoume ìti h sunĹrthsh duo migadikÿn metablhtÿn q(z, z̄), me sÔnolo timÿn to R,
ikanopoieÐ thn (2.4) se èna aplì sunektikì qwrÐo D me sÔnoro to ∂D. H (2.4) eÐnai isodÔnamh

me thn (
e−ikzqz

)
z̄

= 0, gia kĹje tuqaÐo k ∈ C, (2.5)

kai epomènwc ∮

D

(
e−ikzqz

)
z
dz = 0. (2.6)

Efarmìzontac thn migadikă morfă tou jewrămatoc tou Green paÐrnoume thn sqèsh

∫

∂D

e−ikzqzdz = 0 (2.7)

thn opoÐa kai onomĹzoume olikă sunjăkh-sqèsh (Global Relation) gia thn exÐswsh Laplace.

’Estw ìti to qwrÐo D eÐnai èna (kleistì) kurtì polÔgwno me n korufèc

z1, z2, . . . , zn, zn+1 ≡ z1,
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arijmhmènec antÐjeta me thn forĹ twn deiktÿn tou rologioÔ. H zn+1 eÐnai eikonikă korufă

pou tautÐzetai me thn z1. ’Estw akìma ìti Sj h pleurĹ tou polugÿnou apì thn korufă zj èwc

thn korufă zj+1 mh sumperilambanomènwn twn korufÿn autÿn. Tmăma autoÔ tou polugwnikoÔ

qwrÐou faÐnetai sto sqăma (2.1).

zj

zj+1

zj−1

Sj

Sj−1

D

Sqăma 2.1: Tmăma tou (kleistoÔ) kurtoÔ polugÿnou me korufèc zj , pleurèc Sj , kai eswterikì D.

Epomènwc h Global Relation gia to polugwnikì autì qwrÐo grĹfetai
n∑

j=1

∫

Sj

e−ikzq(j)
z dz = 0. (2.8)

OrÐzoume wc

αj = arg(zj+1 − zj) (2.9)

thn gwnÐa pou sqhmatÐzei h pleurĹ Sj me ton Ĺxona twn pragmatikÿn arijmÿn, sto migadikì

epÐpedo, katĹ thn orjă forĹ. ’Estw ìti h g(j) sumbolÐzei thn parĹgwgo thc q sthn kateÔjunsh

pou sqhmatÐzei gwnÐa βj, 0 ≤ βj ≤ π me thn pleurĹ Sj. Dhladă (blèpe sqăma 2.2)

g(j) = cos(βj)q
(j)
s + sin(βj)q

(j)
n , (2.10)

ìpou qj
s kai qj

n sumbolÐzoun thn efaptomenikă kai thn kĹjeth (proc ta èxw) sunistÿsa thc

qz sthn pleurĹ Sj antÐstoiqa. ’Estw akìma ìti h f (j) sumbolÐzei thn parĹgwgo thc q sthn

kateÔjunsh pou eÐnai kĹjeth sthn prohgoÔmenh. Dhladă

f (j) = − sin(βj)q
(j)
s + cos(βj)q

(j)
n . (2.11)

To sqăma (2.2) deÐqnei thn gwnÐa βj kai tic kateujÔnseic pĹnw stic opoÐec èqoume tic g(j), f (j)

gia thn pleurĹ Sj.

Apì tic (2.10) kai (2.11) paÐrnoume tic
{

q
(j)
n = sin (βj) g(j) + cos (βj) f (j)

q
(j)
s = cos (βj) g(j) − sin (βj) f (j)

. (2.12)

To epìmeno lămma mac dÐnei thn sqèsh thc merikăc paragÿgou thc q (z, z̄) ÿc proc z me tic

posìthtec q
(j)
n kai q

(j)
s .
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90
o

g(j)

f (j)

βj

αj

zj

zj+1

Sqăma 2.2: Oi kateujÔnseic twn g(j), f (j) gia thn pleurĹ Sj .

Lămma 2.2 H merikă parĹgwgoc wc proc z, thc sunĹrthshc q (z, z̄) mporeÐ na grafeÐ wc

q(j)
z =

1

2
e−iαj

(
q(j)
s + iq(j)

n

)
, z ∈ Sj, (2.13)

ìpou q
(j)
s h katĹ kateÔjunsh parĹgwgoc thc q sthn kateÔjunsh tou dianÔsmatoc−→µs = (cos αj, sin αj)

kai q(j)
n h katĹ kateÔjunsh parĹgwgoc thc q sthn kateÔjunsh tou dianÔsmatoc−→µn = (sin αj,− cos αj).

Apìdeixh. Apì ton orismì thc katĹ kateÔjunsh paragÿgou èqoume





q
(j)
s = −→µ s · ∇q(j) = (cos αj, sin αj) ·

(
q
(j)
x , q

(j)
y

)
= q

(j)
x cos αj + q

(j)
y sin αj

q
(j)
n = −→µ n · ∇q(j) = (sin αj,− cos αj) ·

(
q
(j)
x , q

(j)
y

)
= q

(j)
x sin αj − q

(j)
y cos αj

⇔

[
q
(j)
s

q
(j)
n

]
=

[
cos αj sin αj

sin αj − cos αj

][
q
(j)
x

q
(j)
y

]
⇔

[
q
(j)
x

q
(j)
y

]
=

[
cos αj sin αj

sin αj − cos αj

][
q
(j)
s

q
(j)
n

]
.

AllĹ xèroume ìti

q(j)
z =

1

2

(
q(j)
x − iq(j)

y

)
, (2.14)

kai epomènwc

q
(j)
z = 1

2

(
q
(j)
s cos αj + q

(j)
n sin αj − iq

(j)
s sin αj + iq

(j)
n cos αj

)

q
(j)
z = 1

2

[
(cos αj − i sin αj) q

(j)
s + (sin αj + i cos αj) q

(j)
n

]

q
(j)
z = 1

2
(cos αj − i sin αj)

(
q
(j)
s + iq

(j)
n

)

q
(j)
z = 1

2
e−iαj

(
q
(j)
s + iq

(j)
n

)
¤
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Qrhsimopoiÿntac tic (2.12) mazÐ me to lămma (2.2) paÐrnoume thn parakĹtw sqèsh gia thn

q
(j)
z

q(j)
z = 1

2
e−i(αj−βj)

(
g(j) + if (j)

)
, (2.15)

thn opoÐa kai antikajistoÔme sthn Global Relation (2.8) paÐrnontac thn parakĹtw isodÔnamh

morfă thc
n∑

j=1

∫

Sj

e−ikze−i(αj−βj)
(
g(j)(z) + if (j)(z)

)
dz = 0, (2.16)

thn opoÐa kai onomĹzoume ”Genikeumènh Dirichlet-Neumann Apeikìnish” (Generalized Dirichlet-

Neumann Map).

Epomènwc mporoÔme na doÔme thn genikeumènh Dirichlet-Neumann apeikìnish wc mia sqèsh

metaxÔ duo kĹjetwn sunistwsÿn thc paragÿgou thc q sto sÔnoro tou polugwnikoÔ qwrÐou.

Aută h sqèsh mac dÐnei thn dunatìthta gnwrÐzontac thn parĹgwgo thc lÔshc se mia
tuqaÐa kateÔjunsh (g) na mporoÔme na upologÐsoume thn parĹgwgo thc lÔshc se
mia kateÔjunsh kĹjeth proc thn prohgoÔmenh (f) qwrÐc na lÔsoume sto eswterikì
tou qwrÐou.

Apì edÿ kai sto exăc ja jewroÔme thn sunĹrthsh g(z) wc gnwstă sunoriakă sunjăkh kai

thn sunĹrthsh f(z) wc thn Ĺgnwsth sunistÿsa thc lÔshc thn opoÐa kai anazhtoÔme.

Paratărhsh 2.1

(a) H gnÿsh twn g(z), f(z) sto sÔnoro tou polugÿnou eÐnai ikană na mac dÿsei thn lÔsh

thc Laplace sto sÔnoro tou polugÿnou mèsw thc genikeumènhc Dirichlet-Neumann apei-

kìnishc, kai kat’ epèktash kai sto eswterikì tou polugÿnou (blèpe [KAN06] gia mia

arijmhtikă ulopoÐhsh). Dhladă, milÿntac genikĹ, èqoume katafèrei na anĹgoume èna

disdiĹstato prìblhma (Laplace sto qwrÐo) se èna monodiĹstato (Laplace sto sÔnoro tou

polugÿnou).

(b) Basikì stoiqeÐo gia thn arijmhtikă epÐlush thc Dirichlet-Neumann apeikìnishc apote-

leÐ to gegonìc ìti h Dirichlet-Neumann apeikìnish isqÔei gia kĹje migadikă timă thc

paramètrou k.

(g) An jewrăsoume βj = 0 èqoume Dirichlet sunoriakèc sunjăkec enÿ an βj = π/2 èqoume

Neumann sunoriakèc sunjăkec. Diaforetikèc timèc thc gwnÐac βj odhgoÔn se meiktèc

(Poincaré) sunoriakèc sunjăkec.

2.2 H Arijmhtikă Mèjodoc

Parathrÿntac thn (2.16) blèpoume ìti èqoume n Ĺgnwstec, migadikèc, sunartăseic
{
f (j)(z)

}n

j=1
.

UpenjumÐzoume ìti h Dirichlet-Neumann apeikìnish isqÔei gia kĹje k ∈ C epomènwc mporoÔme,
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epilègontac n diaforetikèc timèc gia to k, na kataskeuĹsoume èna sÔsthma n oloklhrwtikÿn

exisÿsewn tou opoÐou h lÔsh ja eÐnai oi Ĺgnwstec sunartăseic
{
f (j)(z)

}n

j=1
.

Gia na proqwrăsoume sthn kataskeuă thc arijmhtikăc mejìdou ja qrhsimopoiăsoume mia

parametropoÐhsh gia tic pleurèc tou polugÿnou ètsi ÿste na upologÐsoume eukolìtera ta

oloklhrÿmata pou emfanÐzontai sthn Dirichlet-Neumann apeikìnish .

2.2.1 ParametropoÐhsh

O skopìc mac eÐnai na apeikonÐsoume thn kĹje pleurĹ Sj tou polugÿnou sto diĹsthma

[−π, π] ètsi ÿste

(a) Oi migadikèc sunartăseic f (j)(z) kai g(j)(z) na antistoiqhjoÔn se pragmatikèc sunartăseic

kai

(b) h oloklărwsh na gÐnetai pĹnw sto [−π, π] kai ìqi pĹnw sto [zj, zj+1].

Jètoume

mj =
zj+1 + zj

2
(2.17)

kai

hj =
zj+1 − zj

2π
. (2.18)

Amèswc èpetai ìti gia z ∈ Sj isqÔei

z = mj + shj, s ∈ (−π, π) . (2.19)

Akìma isqÔoun

hj = |hj| eiαj , (2.20aþ)

s = −π → z = zj, (2.20bþ)

s = π → z = zj+1, (2.20gþ)

dz

ds
= hj → dz = hjds. (2.20dþ)

Xekinÿntac apì thn (2.16) kai efarmìzontac thn parapĹnw parametropoÐhsh diadoqikĹ, èqoume
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n∑
j=1

∫

Sj

e−ikze−i(αj−βj)
(
g(j) (z) + if (j) (z)

)
dz = 0 ⇔

n∑
j=1

zj+1∫

zj

e−ikze−i(αj−βj)
(
g(j) (z) + if (j) (z)

)
dz = 0 ⇔

n∑
j=1

π∫

−π

hje
−ik(mj+shj)e−i(αj−βj)

(
g(j) (s) + if (j) (s)

)
ds = 0 ⇔

n∑
j=1

hje
−ikmje−i(αj−βj)

π∫

−π

e−ikshj
(
g(j) (s) + if (j) (s)

)
ds = 0 ⇔

n∑
j=1

|hj| eiαje−ikmje−i(αj−βj)

π∫

−π

e−ikshj
(
g(j) (s) + if (j) (s)

)
ds = 0 ⇔

n∑
j=1

|hj| eiβje−ikmj

π∫

−π

e−ikshj
(
g(j) (s) + if (j) (s)

)
ds = 0 ⇔

n∑
j=1

|hj| ei(βj−kmj)

π∫

−π

e−ikshj
(
f (j) (s)− ig(j) (s)

)
ds = 0 (2.21)

Ac stajoÔme lÐgo edÿ. H teleutaÐa morfă thc genikeumènhc Dirichlet-Neumann apeikìni-

shc (2.21) mac deÐqnei ìti plèon to prìblhma mac èqei gÐnei h eÔresh n to plăjoc pragmatikÿn

sunartăsewn
{
f (j) (s)

}n

j=1
. H (2.21) mporeÐ na eidwjeÐ san mia gennătria exisÿsewn: epilè-

goume mia timă gia to k kai paÐrnoume mia exÐswsh, epilègoume diaforetikă timă gia to k kai

paÐrnoume mia diaforetikă exÐswsh k.o.k. .

2.2.2 H Epilogă tou k

H (2.21) isqÔei gia kĹje migadikă timă tou k. EmeÐc qreiazìmaste èna peperasmèno plăjoc

exisÿsewn thc morfăc (2.21) Ĺra kai èna peperasmèno plăjoc apì k. To erÿthma pou tÐjetai

eÐnai: PoiĹ k prèpei na epilèxoume; To ìti èqoume èna polÔgwno me n pleurèc mac wjeÐ

na epilèxoume n oikogèneiec apì k : thn oikogèneia k1 pou susqetÐzoume me thn f (1) (ă alliÿc

me thn pleurĹ S1), thn oikogèneia k2 pou susqetÐzoume me thn f (2) (ă alliÿc me thn pleurĹ

S2) kai genikĹ thn oikogèneia kp pou susqetÐzoume me thn f (p) (ă alliÿc me thn pleurĹ Sp). H

kĹje oikogèneia mporeÐ na apoteleÐtai apì ìsa k mac qreiĹzontai.

’Ara h (2.21) gÐnetai




n∑
j=1

|hj| ei(βj−kpmj)

π∫

−π

e−ikphjs
(
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

(2.22)



32 H Mèjodoc FwkĹ

Diairÿntac me ton suntelestă tou p−ostoÔ ìrou thc (2.22) paÐrnoume





n∑
j=1

|hj| ei(βj−kpmj)

|hp| ei(βp−kpmp)

π∫

−π

e−ikphjs
(
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

⇔





n∑
j=1

|hj|
|hp|e

i(βj−βp)eikp(mp−mj)

π∫

−π

e−ikphjs
(
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

. (2.23)

Sthn arijmhtikă ulopoÐhsh thc mejìdou eÐnai pijanìn na antimetwpÐsoume èna shmantikì

prìblhma: H kataskeuă tou telikoÔ algebrikoÔ sustămatoc mporeÐ na eÐnai dÔskolh
ă akìma kai adÔnath exaitÐac twn ekjetikÿn paragìntwn. H duskolÐa sthn kataskeuă

ègkeitai sto gegonìc ìti kajÿc to k apomakrÔnetai apì thn arqă twn axìnwn (auxĹnei to

mètro tou) oi ekjetikoÐ ìroi mporeÐ na xefeÔgoun apì to, peperasmèno, eÔroc twn arijmÿn thc

mhqanăc. Ac mhn xeqnĹme ìti to k mporeÐ na eÐnai opoiosdăpote migadikìc arijmìc. Oi duo

”upologistikĹ” epikÐndunoi ìroi thc (2.23) eÐnai oi:

π∫

−π

e−ikphjs
(
f (p) (s)− ig(p) (s)

)
ds (2.24)

kai

eikp(mp−mj). (2.25)

’Estw ìti

kp = |kp| eiφp (2.26)

ìpou |kp| kai φp sumbolÐzoun to mètro kai to prwteÔon ìrisma tou kp antÐstoiqa.

Ac exetĹsoume ton kĹje ìro xeqwristĹ:

O ìroc

π∫

−π

e−ikphps
(
f (p) (s)− ig(p) (s)

)
ds.

EÐnai thc morfăc
π∫
−π

e−ikphjsw (s) ds me w(s) mia pragmatikă sunĹrthsh. DiadoqikĹ èqoume

π∫
−π

e−ikphjs w (s) ds =

π∫
−π

e−i|kp||hj |eiφpeiaj s w (s) ds =

π∫
−π

e−i|kp||hj |ei(φp+aj)s w (s) ds =

π∫
−π

e−i|kp||hj | cos(φp+aj)se|kp||hj | sin(φp+aj)s w (s) ds

O ìroc e−i|kp||hj | cos(φp+aj)s eÐnai fragmènoc kai epomènwc, gia na eÐnai h proc oloklărwsh
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posìthta fragmènh, arkeÐ to sin(φp + αj) na eÐnai arnhtikì. Sthn genikă perÐptwsh den

mporoÔme na upojèsoume ìti

sign (sin (φp + aj)) = sign (sin (φp + at))

gia kĹje zeugĹri (j, t) kai ètsi den eÐmaste se jèsh na epilèxoume èna tètoio φp pou na

mac exasfalÐzei arnhtikì sin (φp + aj) gia kĹje j kai epomènwc ìqi sqetikĹ megĹlec timèc

gia thn oloklhrÿsimh posìthta ìtan |k| → ∞. Dhladă sthn sthn genikă perÐptwsh gia

kĹje k ja upĹrqei toulĹqiston èna j tètoio ÿste e−ikphj →∞ ìtan |kp| → ∞.

O ìroc eikp(mp−mj). AnalÔontac autìn ton ìro diadoqikĹ èqoume:
e−ikp(mj−mp) =

e−i|kp||mj−mp|eiφpe
i arg(mj−mp)

=

e−i|kp||mj−mp|ei(φp+arg(mj−mp))
=

e−i|kp||mj−mp| cos(φp+arg(mj−mp))e|kp||mj−mp| sin(φp+arg(mj−mp))

’Ara prèpei na epilèxoume èna φp tètoio ÿste sin (φp + arg (mj −mp)) < 0. To epìmeno

lămma mac eÐnai aparaÐthto.

Lămma 2.3 H anisìthta sin (φp + arg (mj −mp)) < 0 isqÔei an kai mìno an φp = π−αp.

Apìdeixh. DouleÔoume se èna kurtì polÔgwno epomènwc gia kĹje zeÔgoc p, j isqÔoun

diadoqikĹ oi sqèseic

αp < arg (mj −mp) < αp + π [sqăma (2.3)] ⇔
0 < −αp + arg (mj −mp) < π ⇔
π < (π − αp) + arg (mj −mp) < 2π ⇔
−1 < sin [(π − αp) + arg (mj −mp)] < 0

¤

Epomènwc h katĹllhlh epilogă gia to φp eÐnai

φp = π − αp. (2.27)

H xeqwristă anĹlush twn duo upologistikĹ ìrwn thc (2.23) mac deÐqnei ìti nai men gia

to oloklărwma (2.24) den upĹrqei katĹllhlh epilogă gia to kp allĹ gia ton ìro (2.24), o

opoÐoc pollaplasiĹzei to oloklărwma, upĹrqei epilogă pou odhgeÐ se ekjetikoÔc ìrouc pou

den teÐnoun sto ∞ ìso megĹlo kai na eÐnai to mètro tou kp. An dhladă epilèxoume

kp = |kp| ei(π−αp), (2.28)



34 H Mèjodoc FwkĹ

zp

zp+1

zj

zj+1

mp

mj

αp

arg(mj − mp)
ap + π

Sqăma 2.3: Sqăma sto opoÐo apodukneÐetai grafikĹ h sqèsh αp < arg (mj −mp) < αp + π.

oi ìroi thc (2.23) ja eÐnai en gènei thc morfăc

(small value) ∗
∫ π

−π

( large value) =

∫ π

−π

(small value) ∗ ( large value)

to opoÐo, ìpwc arijmhtikĹ èqoume parathrăsei, odhgeÐ se

∫ π

−π

(normal value ă small value) .

Epomènwc kĹnoume thn exăc epilogă gia ta k: Epilègoume n oikogèneiec apì k. H oikogèneia

kj antistoiqeÐ sthn pleurĹ Sj. To kĹje k pou anăkei sthn oikogèneia kj brÐsketai sthn

hmieujeÐa pou xekinĹei apì thn arqă twn axìnwn kai sqhmatÐzei gwnÐa π − αj me ton jetikì

hmiĹxona twn pragmatikÿn arijmÿn.

Me thn parapĹnw epilogă gia ta k h Dirichlet-Neumann apeikìnish (2.23) grĹfetai





n∑
j=1

|hj|
|hp|e

i(βj−βp)ei|kp|ei(π−αp)(mp−mj)

π∫

−π

e−i|kp|ei(π−αp)hjs
(
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

⇔

(2.29)





n∑
j=1

|hj|
|hp|e

i(βj−βp)e−i|kp|e−iαp (mp−mj)

π∫

−π

ei|kp|e−iαphjs
(
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

. (2.30)

To mètro tou kĹje k ja to upologÐsoume me thn exăc logikă: Ac kĹnoume ton p-ostì ìro thc
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p-ostăc exÐswshc thc (2.30) ìso pio aplì mporoÔme. MoiĹzei kĹpwc aujaÐreto allĹ den mac

periorÐzei kajìlou ìpwc ja faneÐ parakĹtw. O parapĹnw ìroc eÐnai o

π∫

−π

ei|kp|e−iαphps
(
f (j) (s)− ig(j) (s)

)
ds.

EmeÐc mporoÔme na ephreĹsoume mìno ton ekjèth

i |kp| e−iαphps = i |kp| e−iαp |hp| eiαps = i |kp| |hp| s.

H profanăc epilogă gia to mètro tou kp eÐnai loipìn |kp| =
l

|hp| , ìpou l ∈ R+. Dhladă h

telikă epilogă gia ta kp ja eÐnai

kp =
−l

hp

. (2.31)

’Opwc proeÐpame h epilogă gia to mètro tou kĹje k den eÐnai perioristikă kajÿc to mètro mporeÐ

na eÐnai opoiosdăpote jetikìc arijmìc.

Plèon h Dirichlet-Neumann apeikìnish èqei pĹrei thn morfă




n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s (
f (j) (s)− ig(j) (s)

)
ds = 0





p=1,...,n

. (2.32)

Paratărhsh 2.2 GiatÐ h arijmhtikă mèjodoc pijanìn na èqei prìblhma ìtan prèpei na upolo-

gÐsoume posìthtec thc morfăc ex ìtan o x eÐnai sqetikĹ megĹloc arijmìc;Me thn upĹrqousa

teqnologÐa o kĹje upologistăc mporeÐ na anaparastăsei kai na ektelèsei arijmhtikèc prĹxeic

me èna peperasmèno uposÔnolo Ω tou C 1. Sunartăseic tÿra ìpwc h ex gia na upologistoÔn

swstĹ prèpei ex ∈ Ω gegonìc to opoÐo sunepĹgetai ìti to x prèpei na anăkei se èna akìma

mikrìtero uposÔnolo tou C. P.q. to 100.000 eÐnai ènac sqetikĹ megĹloc arijmìc ton opoÐo ìloi

oi sÔgqronoi H/U mporoÔn na ”antimetwpÐsoun”. An prospajăsoume ìmwc na upologÐsoume

ton e100.000, mĹllon den ja ta katafèroume ă an akìma kai an ta katafèroume tìte ja upĹrqei

prìblhma me ton ee100.000
. Dhladă sthn sÔgqronh arijmhtikă antimetÿpish twn diafìrwn pro-

blhmĹtwn eÐmaste anagkasmènoi na douleÔoume me èna peperasmèno uposÔnolo twn arijmÿn

pou gnwrÐzoume. Autìc eÐnai kai o lìgoc pou mac anagkĹzei na epilèxoume tic timèc tou k pou ja

qrhsimopoiăsoume. Jèmata sqetikĹ me thn arijmhtikă twn upologistÿn ă alliÿc twn arijmÿn

kinhtăc upodiastolăc (floating point arithmetic) pragmateÔontai sto [SUN94].

Paratărhsh 2.3 ’Ena aplì kÐnhtro [FFX03, SFFS] gia thn epilogă tou kp ìpwc sthn (2.31)

eÐnai to exăc: Upojèste ìti upĹrqei mìno mÐa Ĺgnwsth sunĹrthsh h f (p)(s). Tìte profanÿc ja

1 Υπάρχουν διάφορα συµβοlικά πακέτα υποlογισµών (π.χ. Maple, Mathematica, ...) τα οποία είναι ικανά να

εκτεlέσουν υποlογισµούc σε όlο το C όµωc δεν χρησιµοποιούνται για την αριθµητική επίlυση προβlηµάτων

lόγω τηc µειωµένηc απόδοσηc τουc.
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epilègame to k me tètoio trìpo ÿste to khp na eÐnai pragmatikìc, dhladă khp = l ă khp = −l.

H teleutaÐa epilogă eÐnai sumbată me thn analutikă anaparĹstash thc lÔshc [FOK01].

2.2.3 DiakritopoÐhsh

Oi Ĺgnwstec sunartăseic f (j) orÐzontai sto diĹsthma [−π, π]. Oi timèc touc sta Ĺkra

autoÔ tou diastămatoc mporoÔn na upologistoÔn, analutikĹ, apì tic sunjăkec sunèqeiac pou

ikanopoieÐ h qz stic korufèc tou polugÿnou. PrĹgmati, jètwntac δj = αj−βj kai upojètontac

ìti δj 6= δj−1 [FFX03] mporoÔme na apodeÐxoume to parakĹtw lămma.

Lămma 2.4 An δj 6= δj−1 tìte isqÔei ìti





f (j) (π) =
cos (δj+1 − δj) g(j) (π)− g(j+1) (−π)

sin (δj+1 − δj)

f (j) (−π) =
g(j−1) (π)− cos (δj − δj−1) g(j) (−π)

sin (δj − δj−1)

. (2.33)

Apìdeixh. Se kĹje korufă zj oi q
(j−1)
z (zj) kai q

(j)
z (zj) anaparistoÔn thn Ðdia posìthta epo-

mènwc eÐnai Ðsec.

q(j−1)
z (zj) = q(j)

z (zj) (2.34)

DiadoqikĹ èqoume

1

2
e−i(αj−1−βj−1)

(
g(j−1) (zj) + if (j−1) (zj)

)
=

1

2
e−i(αj−βj)

(
g(j) (zj) + if (j) (zj)

) ⇔
e−iδj−1

(
g(j−1) (zj) + if (j−1) (zj)

)
= e−iδj

(
g(j) (zj) + if (j) (zj)

) ⇔
e−iδj−1

(
g(j−1) (π) + if (j−1) (π)

)
= e−iδj

(
g(j) (−π) + if (j) (−π)

) ⇔
(cos δj−1 − i sin δj−1)

(
g(j−1) (π) + if (j−1) (π)

)
= (cos δj − i sin δj)

(
g(j) (−π) + if (j) (−π)

) ⇔

cos δj−1g
(j−1) (π) + i cos δj−1f

(j−1) (π)− i sin δj−1g
(j−1) (π) + sin δj−1f

(j−1) (π) =

cos δjg
(j) (−π) + i cos δjf

(j) (−π)− i sin δjg
(j) (−π) + sin δjf

(j) (−π) ⇔
(
cos δj−1g

(j−1) (π) + sin δj−1f
(j−1) (π)

)
+ i

(
cos δj−1f

(j−1) (π)− sin δj−1g
(j−1) (π)

)
=(

cos δjg
(j) (−π) + sin δjf

(j) (−π)
)

+ i
(
cos δjf

(j) (−π)− sin δjg
(j) (−π)

) ⇔

{
cos δj−1g

(j−1) (π) + sin δj−1f
(j−1) (π) = cos δjg

(j) (−π) + sin δjf
(j) (−π)

cos δj−1f
(j−1) (π)− sin δj−1g

(j−1) (π) = cos δjf
(j) (−π)− sin δjg

(j) (−π)
⇔
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{
sin δj−1f

(j−1) (π)− sin δjf
(j) (−π) = − cos δj−1g

(j−1) (π) + cos δjg
(j) (−π)

cos δj−1f
(j−1) (π)− cos δjf

(j) (−π) = sin δj−1g
(j−1) (π)− sin δjg

(j) (−π)
.

IsodÔnama, se morfă pinĹkwn

[
sin δj−1 − sin δj

cos δj−1 − cos δj

] [
f (j−1) (π)

f (j) (−π)

]
=

[
− cos δj−1 cos δj

sin δj−1 − sin δj

][
g(j−1) (π)

g(j) (−π)

]
⇔

[
f (j−1) (π)

f (j) (−π)

]
=

[
sin δj−1 − sin δj

cos δj−1 − cos δj

]−1 [
− cos δj−1 cos δj

sin δj−1 − sin δj

][
g(j−1) (π)

g(j) (−π)

]
⇔

[
f (j−1) (π)

f (j) (−π)

]
=

1

sin (δj − δj−1)

[
cos (δj − δj−1) −1

1 − cos (δj − δj−1)

][
g(j−1) (π)

g(j) (−π)

]
⇔





f (j−1) (π) =
cos (δj − δj−1) g(j−1) (π)− g(j) (−π)

sin (δj − δj−1)

f (j) (−π) =
g(j−1) (π)− cos (δj − δj−1) g(j) (−π)

sin (δj − δj−1)

. (2.35)

Epeidă h parapĹnw sqèsh isqÔei gia kĹje j èqoume





f (j) (π) =
cos (δj+1 − δj) g(j) (π)− g(j+1) (−π)

sin (δj+1 − δj)

f (j) (−π) =
g(j−1) (π)− cos (δj − δj−1) g(j) (−π)

sin (δj − δj−1)

. (2.36)

¤

Paratărhsh 2.4 Parathrăste ìti g(j−1)(π) 6= g(j)(−π) to opoÐo parabiĹzetai mìno an αj−1−
βj−1 = αj − βj ⇔ δj−1 = δj. Ac jumhjoÔme ìti h g(j) eÐnai h parĹgwgoc thc qz se kĹpoia

sugkekrimènh kateÔjunsh ÿc proc thn pleurĹ Sj kai ìqi wc proc ton Ĺxona twn pragmatikÿn.

FusikĹ isqÔei kai to antÐstoiqo f (j−1)(π) 6= f (j)(−π).

Gia thn anĹptuxh arijmhtikăc mejìdou prosèggishc twn Ĺgnwstwn sunartăsewn f (j) jewroÔme

ìti f (j) ≈ f
(j)
Nj

ìpou

f
(j)
Nj

(s) = f (j)
∗ (s) +

Nj∑
r=1

U j
r ϕ

(j)
r (s) , (2.37)
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me f
(j)
∗ (s) grammikă sunĹrthsh (poluÿnumo 1ou bajmoÔ) pou ikanopoieÐ

{
f

(j)
∗ (−π) = f (j) (−π)

f
(j)
∗ (π) = f (j) (π)

,

kai
{

ϕ
(j)
r (s)

}Nj

r=1
mia bĹsh sunartăsewn enìc upoqÿrou

S tou C0 [−π, π] diĹstashc Nj , (2.38)

ìpou C0 [−π, π] eÐnai to sÔnolo twn, pragmatikÿn, suneqÿn sunartăsewn sto diĹsthma [−π, π].

Ta U j
r eÐnai pragmatikoÐ arijmoÐ kai eÐnai oi Ĺgnwstoi mac plèon. Analutikìc tÔpoc gia thn

f
(j)
∗ (s) upologÐzetai apì tic sqèseic





f
(j)
∗ (s) = As + B

f
(j)
∗ (−π) = f (j) (−π)

f
(j)
∗ (π) = f (j) (π)

,

opìte diadoqikĹ èqoume

{
f

(j)
∗ (−π) = f (j) (−π)

f
(j)
∗ (π) = f (j) (π)

⇔
{
−Aπ + B = f (j) (−π)

Aπ + B = f (j) (π)
⇔

{
−Aπ + B = f (j) (−π)

2B = f (j) (−π) + f (j) (π)
⇔





A = −f (j) (−π)

π
+

f (j) (−π) + f (j) (π)

2π

B =
f (j) (−π) + f (j) (π)

2

⇔





A =
f (j) (π)− f (j) (−π)

2π

B =
f (j) (−π) + f (j) (π)

2

.

’Ara

f (j)
∗ (s) =

f (j) (π)− f (j) (−π)

2π
s +

f (j) (−π) + f (j) (π)

2
,

ă

f (j)
∗ (s) =

1

2π

[
(s + π) f (j) (π)− (s− π) f (j) (−π)

]
. (2.39)

Ac shmeiwjeÐ ìti gia oi sunartăseic bĹshc prèpei na mhdenÐzontai sta Ĺkra tou diastămatoc

[−π, π], dhladă

φ(j)
r (−π) = φ(j)

r (π) = 0, (2.40)
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afoÔ mìno ètsi ja isqÔei h sqèsh

f
(j)
Nj

(s) = f (j)
∗ (s) .

H parapĹnw prosèggish thc f (j)(s) (2.37) optikopoieÐtai sto sqăma (2.2.3).

−π π

f (j)(−π)

f (j)(π)f (j)
∗

f
(j)
Nj

(s) = f (j)
∗

(s) +
Nj∑

r=1

U j
r ϕ

(j)
r (s)

s

Sqăma 2.4: Prosèggish thc f (j)(s) apì mia grammikă sunĹrthsh f
(j)
∗ (s) kai èna grammikì sundua-

smì sunartăsewn bĹshc.

H enswmĹtwsh thc (2.37) sthn (2.32) odhgeÐ sthn parakĹtw, proseggistikă plèon, morfă gia

thn Dirichlet-Neumann apeikìnish .





n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s





f (j)

∗ (s) +

Nj∑
r=1

U j
r ϕ

(j)
r (s)


− ig(j) (s)


 ds = 0





p=1,...,n

(2.41)

QwrÐzontac gnwstoÔc apì agnÿstouc èqoume




n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
Nj∑
r=1

U j
r ϕ

(j)
r (s) ds =

n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
[
−f

(j)
∗ (s) + ig(j) (s)

]
ds





p=1,...,n
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kai anakatatĹssontac touc ìrouc katalăgoume sthn





n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

Nj∑
r=1

U j
r

π∫

−π

e
il

hj
hp

s
ϕ(j)

r (s) ds = Gp (l)





p=1,...,n

, (2.42)

ìpou

Gp (l) = i

n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s (
g(j) (s) + if (j)

∗ (s)
)

ds. (2.43)

To prìblhma mac plèon èqei gÐnei h eÔresh twn Ĺgnwstwn suntelestÿn U j
r . Se kĹje

sunĹrthsh f (j) antistoiqoÔn Nj Ĺgnwstoi. To sunolikì plăjoc twn agnÿstwn eÐnai

N1 + N2 + · · ·+ Nn =
n∑

r=1

Nj. (2.44)

2.3 Sqìlia

(a) H mèjodoc mporeÐ na jewrhjeÐ ìti anăkei sthn kathgorÐa twn collocation mejìdwn upì

thn ènnoia ìti èqoume mia sunjăkh (thn Dirichlet-Neumann apeikìnish ) pou perièqei tic

Ĺgnwstec posìthtec (touc U j
r ) h opoÐa apaitoÔme na isqÔei se sugkekrimèna collocation

points (ta k). PĹntwc ta collocation points den eÐnai shmeÐa sta opoÐa ikanopoieÐtai

h diaforikă exÐswsh allĹ ekteÐnontai se ìlo to C kai èqoun sqèsh me mÐa aujaÐreth

parĹmetro k, xènh proc thn diaforikă exÐswsh. ’Etsi ja anafèroume to telikì grammikì

sÔsthma pou ja prokÔyei apì thn diakritopoÐhsh thc Dirichlet-Neumann apeikìnishc wc

collocation sÔsthma kai ton pÐnaka suntelestÿn twn agnÿstwn wc collocation pÐnaka.

(b) H (2.42) parĹgei migadikèc exisÿseic enÿ oi Ĺgnwstoi mac eÐnai pragmatikoÐ arijmoÐ. Epo-

mènwc èqoume thn dunatìthta na epilèxoume N/2 to plăjoc diaforetikĹ k paÐrnontac N/2

migadikèc exisÿseic apì tic opoÐec mporoÔme na exagĹgoume N pragmatikèc exisÿseic.

(g) MporoÔme na poÔme ìti h mèjodoc èqei duo bajmoÔc eleujerÐac. ’Eqoume euqèreia kai sthn

epilogă twn sunartăsewn bĹshc ϕ
(j)
r kai sthn epilogă twn k (tou mètrou twn k sthn

pragmatikìthta efìson epilègoume k thc morfăc (2.31) ). MĹlista lìgw thc dunatìthtac

pou èqoume apì kĹje migadikă exÐswsh na parĹxoume duo pragmatikèc exisÿseic mporoÔme

me ta Ðdia collocation points na parĹgoume diaforetikĹ sÔnola pragmatikÿn exisÿsewn.
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’Opwc proanafèrame to arijmhtikì anĹlogo thc mejìdou tou kajhghtă FwkĹ èqei duo baj-

moÔc eleujerÐac. Diaforetikèc epilogèc sunartăsewn bĹshc kajÿc kai diaforetikèc epilogèc

twn collocation points odhgoÔn se diaforetikèc parallagèc thc mejìdou. Sthn bibliografÐ-

a upĹrqei mia mìno prìtash gia thn epilogă twn collocation points. EÐnai aută twn Fulton,

FwkĹ, Xenofÿntoc sto [FFX03] kai ja anaferìmaste sthn paragìmenh mèjodo me thn sunto-

mografÐa FFX. Sthn paroÔsa ergasÐa proteÐnoume mia diaforetikă epilogă gia ta collocation

points [SFFS]. Ja anaferìmaste se aută thn nèa epilogă me thn suntomografÐa SFFS. Ja

apodeÐxoume ìti h nèa epilogă gia ta collocation points odhgeÐ se èna grammikì sÔsthma me

pÐnaka suntelestÿn twn agnÿstwn pou èqei point-diagonal diagÿnia mplok.

3.1 ArÐjmhsh twn Exisÿsewn/Agnÿstwn

H exÐswsh (2.42) eÐnai gennătria exisÿsewn. ’Eqoume jewrăsei n oikogèneiec apì k tic

{kj}j=1,...,n. H oikogèneia kj parĹgei exisÿseic pou antistoiqoÔn sthn j pleurĹ. To plăjoc

twn stoiqeÐwn kĹje oikogèneiac mporeÐ na kumaÐnetai metaxÔ Nj/2 kai Nj. To kĹje stoiqeÐo

thc kĹje oikogèneiac qarakthrÐzetai apì ènan jetikì pragmatikì arijmì ton lt kai eÐnai to

k
(t)
j = −lt

hj
. JewroÔme ìti lti < ltj an ti < tj kai qrhsimopoioÔme ton parakĹtw algìrijmo gia

thn paragwgă twn migadikÿn exisÿsewn.

for p = 1, 2, . . . , n

for t = t1, t2, . . .

qrhsimopoÐhse to klt
p sthn (2.42)

end

end

Me autìn ton trìpo parĹgoume p oikogèneiec apì migadikèc exisÿseic. H arÐjmhsh twn agnÿ-
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stwn se kĹje migadikă exÐswsh eÐnai h akìloujh:

U1
1 , U2

1 , . . . , UN1
1 , U1

2 , U2
2 , . . . , UN2

2 , . . . , U1
j , U2

j , . . . , U
Nj

j , . . . , U1
n, U2

n, . . . , UNn
n . (3.1)

Me tic parapĹnw arijmăseic, twn exisÿsewn kai twn agnÿstwn, parĹgetai èna grammikì sÔsth-

ma tou opoÐou o pÐnakac, twn migadikÿn, suntelestÿn èqei mia fusikă mplok morfă. To (p, j)

mplok tou, perièqei tic exisÿseic pou antistoiqoÔn sthn p pleurĹ kai emplèkei touc agnÿstouc

pou antistoiqoÔn sthn j pleurĹ.

Oi migadikèc exisÿseic pou parĹgontai apì thn (2.42) èqoun thn genikă morfă

N∑
j=1

(aj + ibj) xj = (cj + idj) , (3.2)

ìpou oi a, b, c, d ∈ R eÐnai oi gnwstoÐ suntelestèc kai x ∈ R eÐnai oi Ĺgnwstoi. Apì thn (3.2)

mporoÔme na exagĹgoume duo pragmatikèc exisÿseic, tic

N∑
j=1

ajxj = cj (3.3aþ)

kai
N∑

j=1

bjxj = dj. (3.3bþ)

Sthn paroÔsa ergasÐa, qĹrin aplìthtac, jewroÔme to Ðdio sÔnolo sunartăsewn bĹshc kai to

Ðdio plăjoc touc, Nj, se kĹje pleurĹ1. Ja sumbolÐzoume me N autì to plăjoc twn sunartăsewn

bĹshc se kĹje pleurĹ. Se autì to kefĹlaio wc sunartăseic bĹshc ja qrhsimopoiăsoume

hmitonohdeÐc, thn fusikă epilogă, sunartăseic kai ja onomĹsoume thn sugkekrimènh bĹsh sine

bĹsh.

3.2 Hmitonoeidăc BĹsh

Wc sunartăseic bĹshc qrhsimopoioÔntai oi hmitonohdeÐc sunartăseic

ϕr (s) = sin

(
r
s + π

2

)
. (3.4)

ParathroÔme ìti oi sunartăseic mhdenÐzontai sta shmeÐa −π, π, ìpwc Ĺllwste apaiteÐ o perio-

rismìc (2.40). To sqăma (3.1) deÐqnei tic 5 arqikèc (r = 1, 2, 3, 4, 5) sunartăseic bĹshc.

1 Εν γένει δεν έχουµε κάποιο ιδιαίτερο lόγο να επιlέξουµε διαφορετικέc συναρτήσειc βάσηc σε κάθε πlευρά.

Μια adaptive παραllαγή τηc µεθόδου θα µπορούσε κάllιστα να κάνει χρήση τηc δυνατότηταc διαφορετικών

συναρτήσεων βάσηc ή/και διαφορετικήc διάστασηc του υποχώρου S (2.38).
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 0  

−1

0

1

s−π π

ϕ1

ϕ2

ϕ3

ϕ4

ϕ5

Sqăma 3.1: Oi hmitonohdeÐc sunartăseic bĹshc ϕr (s) = sin
(

r
s + π

2

)
. Parathrăste ìti ìso auxĹnei

to r tìso meiÿnetai h perÐodoc twn sunartăsewn.

3.3 H mèjodoc FFX

H epilogă twn collocation points kai twn exisÿsewn.
H mèjodoc FFX prokÔptei apì thn sugkekrimènh epilogă thc paramètrou l ston tÔpo (2.31).

Gia kĹje pleurĹ Sj epilègontai ta parakĹtw l

l = 1, 2, 3, . . . , N/2. (3.5)

Sthn sunèqeia apì kĹje migadikă exÐswsh thc (2.42) ja pĹroume san mia pragmatikă exÐswsh

to pragmatikì mèroc kai san mia Ĺllh pragmatikă exÐswsh to fantastikì mèroc.

Me tic parapĹnw epilogèc h sqèsh (2.42) gÐnetai









n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

Nj∑
r=1

U j
r

π∫

−π

e
il

hj
hp

s
sin

(
r
s + π

2

)
ds = Gp (l)





l=1,2,...
Nj
2





p=1,...,n

,

(3.6)

ìpou Gp(l) orÐzontai sthn (2.43).

H sqèsh (3.6) apoteleÐtai apì (N ∗ n)/2 migadikèc exisÿseic apì tic opoÐec mporoÔme na kata-

skeuĹsoume èna grammikì sÔsthma me n ∗N pragmatikèc exisÿseic kai n ∗N agnÿstouc U j
r .
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Gia kĹje p kai j, me p, j = 1, 2, . . . , N

me Cj
p sumbolÐzoume ton migadikì pÐnaka diĹstashc N

2
×N me stoiqeÐa

cj
p (l, r) :=

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
sin

(
r
s + π

2

)
, l = 1, 2, . . . , N/2, r = 1, 2, . . . , N,

(3.7)

me Xp to pragmatikì diĹnusma diĹstashc N me stoiqeÐa

xp (r) := Up
r , r = 1, 2, . . . , N (3.8)

kai me Tp to migadikì diĹnusma diĹstashc N
2

me stoiqeÐa

tp (l) = i

n∑
j=1

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s (
g(j) (s) + if (j)

∗ (s)
)
ds , l = 1, 2, . . . , N/2. (3.9)

’EĹn oi pÐnakec C,X, T eÐnai tètoioi ÿste

C =




C1
1 Cn

1

. . .

C1
n Cn

n


 ∈ RnN/2×nN , X =




X1

...

Xn


 ∈ RnN×1, T =




T1

...

Tn


 ∈ RnN/2×1, (3.10)

tìte h (3.6) eÐnai isodÔnamh me to sÔsthma

CX = T. (3.11)

To sÔsthma (3.11) mporeÐ na metasqhmatisteÐ se èna amigÿc pragmatikì grammikì sÔsthma

AX = B (3.12)

ìpou oi pragmatikoÐ pÐnakec A,B diĹstashc nN × nN kai nN × 1, antÐstoiqa orÐzontai wc

exăc

A (row, :) : =

{
Re

[
C

(
row+1

2
, :

)]
, an row : perittìc

Im
[
C

(
row
2

, :
)]

, an row : Ĺrtioc
(3.13)

kai1

B (row) :=

{
Re

[
T

(
row+1

2

)]
, an row : perittìc

Im
[
T

(
row
2

)]
, an row : Ĺrtioc

(3.14)

ìpou me Re(v) kai Im(v) sumbolÐzoume to pragmatikì mèroc kai to migadikì mèroc tou dianÔ-

smatoc v antÐstoiqa. Epomènwc, eĹn Aj
p sumbolÐzei ton pragmatikì pÐnaka N ×N me stoiqeÐa

aj
p (l, r) =

{
Re

[
cj
p (l, r)

]

Im
[
cj
p (l, r)

]

1 Ο συµβοlισµόc A(i, :) δηlώνει την i-οστή γραµµή του πίνακα A και είναι δανεισµένοc από το Matlab.
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kai Bp sumbolÐzei ton pragmatikì pÐnaka N × 1 me stoiqeÐa

bp (l) =

{
Re [tp (l)]

Im [tp (l)]
,

tìte

A =




A1
1 An

1

. . .

A1
n An

n


 ,

kai

B =




B1

...

Bn


 .

ParathreÐste ìti ìla ta diagÿnia mplok A1
1, . . . , A

n
n eÐnai Ðsa metaxÔ touc afoÔ cp

p (l, r) :=
π∫
−π

eils sin

(
r
s + π

2

)
, anexĹrthto tou p gia kĹje l = 1, 2, . . . , N/2, r = 1, 2, . . . , N .

Orismìc 3.1 (FFX) H arijmhtikă mèjodoc pou prokÔptei apì thn diakritopoÐhsh thc Dirichlet-

Neumann apeikìnishc me thn parakĹtw epilogă collocation points

kp :=

{−l

hp

}

l=1,...,N/2

=

{−1

hp

,
−2

hp

,
−3

hp

, . . . ,
−N/2

hp

}
(3.15)

kai epilogă exisÿsewn: to pragmatikì kai to fantastikì mèroc thc kĹje miac apì tic exisÿseic

thc sqèshc (2.42), gia l = 1, . . . , N/2 onomĹzetai FFX.

To sqăma (3.2) mac bohjĹei na katalĹboume tic parapĹnw epilogèc. Anafèretai se kĹje tuqaÐo

mplìk diĹstashc (N ×N) me N = 8 tou A.

3.4 H mèjodoc SFFS

H prosektikă paratărhsh kai h melèth thc domăc tou pÐnaka tou grammikoÔ sustămatoc thc

FFX mejìdou mac èdwse to ènausma gia thn anazăthsh miac kalÔterhc epilogăc twn collocation

points. Pio sugkekrimèna h domă twn diagwniÿn mplok. Sto sqăma (3.3) apeikonÐzetai to prÿto

diagÿnio mplok tou pÐnaka A thc (3.12) gia thn perÐptwsh tou isìpleurou trigÿnou me N = 8.

Apì to grĹfhma faÐnetai ìti oi Ĺrtiec grammèc èqoun mh-mhdenikì mìno to diagÿnio
stoiqeÐo touc. Oi Ĺrtiec grammèc proèrqontai apì to fantastikì mèroc thc kĹje exÐswshc

thc (3.6) gia l = 1, 2, . . ..

Erÿthsh 3.2 Măpwc mporoÔme, kratÿntac tic Ĺrtiec grammèc tou pÐnaka A, na broÔme kĹ-

poio kainoÔrgio sÔnolo apì l (Ĺlla collocation points sthn pragmatikìthta) ta opoÐa ja mac

odhgăsoun se èna pÐnaka me diagÿnia mplok pou ja eÐnai diagÿnioi pÐnakec;
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Re(l = 1)

Im(l = 1)

Re(l = 2)

Im(l = 2)

Re(l = 3)

Im(l = 3)

r
=

1

r
=

2

r
=

3

r
=

4

Sqăma 3.2: Optikă epÐdeixh tou Aj
p mplok thc mejìdou FFX, sthn perÐptwsh ìpou to plăjoc twn

sunartăsewn bĹshc eÐnai 8 (N = 8).

Re(l = 1)

Re(l = 2)

Im(l = 2)

Re(l = 3)

Re(l = 4)

Im(l = 3)

Im(l = 4)

Im(l = 1)

Sqăma 3.3: H domă tou prÿtou diagÿniou mplok thc FFX gia isìpleuro trÐgwno me 8 sunartăseic

bĹshc anĹ pleurĹ.
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H apĹnthsh eÐnai nai. Kai mĹlista gia sunartăseic bĹshc tic (3.4) h epilogă twn collocation

points, pou odhgoÔn se pÐnaka me ta diagÿnia tou mplok na eÐnai diagÿnia, eÐnai monadikă.

Lămma 3.1 ’Estw r fusikìc diĹforoc tou mhdenìc kai k jetikìc pragmatikìc arijmìc. Sum-

bolÐzontac IR kai II to pragmatikì kai to fantastikì mèroc tou oloklhrÿmatoc

I = I(k, r) =

π∫

−π

eiks sin

(
r
s + π

2

)
ds

antÐstoiqa, èqoume tic parakĹtw periptÿseic.

k =
r

2

(α) r = 1, 5, 9, . . . IR = π II = 0

(β) r = 2, 6, 10, . . . IR = 0 II = −π

(γ) r = 3, 7, 11, . . . IR = −π II = 0

(δ) r = 4, 8, 12, . . . IR = 0 II = π

r perittìc, k 6= r

2

(α) k =
1

2
,
3

2
,
5

2
, . . . IR = 0 II = 0

(β) k perittìc IR =
4r

4k2 − r2
II = 0

(γ) k Ĺrtioc IR =
−4r

4k2 − r2
II = 0

(δ) diaforetikĹ IR =
−4r

4k2 − r2
cos (kπ) II = 0

r Ĺrtioc, k 6= r

2

(α) k akèraioc IR = 0 II = 0

(β) k =
1

2
,
5

2
,
9

2
, . . . IR = 0 II =

4r

4k2 − r2

(γ) k =
3

2
,
7

2
,
11

2
, . . . IR = 0 II =

−4r

4k2 − r2

(δ) diaforetikĹ IR = 0 II =
4r

4k2 − r2
sin (kπ)

Apìdeixh. PaÐrnoume periptÿseic gia to k

PERIPTWSH I ( k 6= r

2
)

I =

π∫

−π

eiks sin

(
r
s + π

2

)
ds

=
1

ik

π∫

−π

(
eiks

)′
sin

(
r
s + π

2

)
ds

=
1

ik

[
eiks sin

(
r
s + π

2

)]π

−π

− r

i2k

π∫

−π

eiks cos

(
r
s + π

2

)
ds

=
r

2k2

[
eiks cos

(
r
s + π

2

)]π

−π

+
r2

4k2

π∫

−π

eiks sin

(
r
s + π

2

)
ds.
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’Ara
4k2 − r2

4k2
I =

r

2k2

[
eiks cos

(
r
s + π

2

)]π

−π

.

Dhladă

I =
2r

4k2 − r2

[
eiks cos

(
r
s + π

2

)]π

−π

=
2r

4k2 − r2

[
eikπ (−1)r − e−ikπ

]

=
2r

4k2 − r2
[((−1)r − 1) (cos kπ) + i ((−1)r + 1) (sin kπ)].

DiakrÐnontac to r se perittì ă Ĺrtio paÐrnoume antÐstoiqa

r perittì

I =
−4r

4k2 − r2
(cos kπ) ⇔

I =





0 , k = 1
2
, 3

2
, 5

2
, . . .

4r

4k2 − r2
, k perittì

−4r

4k2 − r2
, k Ĺrtio

−4r

4k2 − r2
cos (kπ) , diaforetikĹ

r Ĺrtio

I = i
4r

4k2 − r2
(sin kπ) ⇔

I =





0 , k fusikìc

i
4r

4k2 − r2
, k =

1

2
,
5

2
, . . .

i
−4r

4k2 − r2
, k =

3

2
,
7

2
, . . .

i
4r

4k2 − r2
sin (kπ) , diaforetikĹ

.

PERIPTWSH II ( k =
r

2
)

I =
π∫
−π

ei r
2
s sin

(
r
s + π

2

)
ds

=
π∫
−π

cos
(r

2
s
)

sin

(
r
s + π

2

)
ds + i

π∫
−π

sin
(r

2
s
)

sin

(
r
s + π

2

)
ds

= π sin
(πr

2

)
+ iπ cos

(πr

2

)

Dhladă

I =





π , r = 1, 5, 9, . . .

−iπ , r = 2, 6, 10, . . .

−π , r = 3, 7, 11, . . .

iπ , r = 4, 8, 12, . . .

.



3.4 H mèjodoc SFFS 49

¤

Jeÿrhma 3.3 Gia sunartăseic bĹshc tic ϕ
(j)
r (s) = sin

(
r
s + π

2

)
mìno h epilogă l =

r

2
twn

collocation points èqei wc apotèlesma o pÐnakac tou telikoÔ paragìmenou grammikoÔ sustămatoc

na èqei diagÿnia mplok pou eÐnai diagÿnioi pÐnakec.

Apìdeixh. Anakalÿntac touc sumbolismoÔc thc paragrĹfou 3.3 kai qrhsimopoiÿntac to

lămma (3.1) parathroÔme ìti: Se kĹje grammă tou Cj
p to t-ostì stoiqeÐo (dhladă o suntelestăc

tou agnÿstou U t
p) ja eÐnai to pragmatikì ă to fantastikì mèroc tou oloklhrÿmatoc

J (t) :=

∫ π

−π

eils sin

(
t
s + π

2

)
ds. (3.16)

YĹqnoume to katĹllhlo l, pou antistoiqeÐ sthn r-ostă exÐswsh tou mplok Cj
p, tètoio ÿste

to r-ostì stoiqeÐo thc r-ostăc grammăc na eÐnai to mìno mh-mhdenikì stoiqeÐo thc grammăc.

Dhladă an orÐsoume

Jr := J (t = r) =

∫ π

−π

eils sin

(
r
s + π

2

)
ds (3.17)

Jt := J (t 6= r) =

∫ π

−π

eils sin

(
t
s + π

2

)
ds (3.18)

yĹqnoume tètoio l ÿste toulĹqiston mÐa apì tic parakĹtw duo protĹseic na isqÔei.

Prìtash I :
Re (Jr) 6= 0 ∧ Re (Jt) = 0

(sunjăkh I) (sunjăkh II)

Prìtash II :
Im (Jr) 6= 0 ∧ Im (Jt) = 0

(sunjăkh III) (sunjăkh IV)

1 (3.19)

’Estw n ∈ N (sumperilambanomènou tou mhdenìc). Tìte èqoume duo periptÿseic gia to r.

PerÐptwsh 1 (r : perittìc)

An l =
r

2
=⇒





Jr = ±π

Jt =





0 , t perittìc

±i
4t

4l2 − t2
, t Ĺrtioc

Tìte h Prìtash I eÐnai alhjăc.

1 Το σύµβοlο ∧ αναπαριστά το lογικό ”και”.
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An l 6= r

2
=⇒





Jr =
−4r

4l2 − r2
cos lπ

Jt =





−4t

4l2 − t2
cos lπ , t perittìc

i
4t

4l2 − t2
sin lπ , t Ĺrtioc

Tìte h sunjăkh III parabiĹzetai kai h prìtash II eÐnai yeudăc. EpÐshc para-

throÔme ìti an h sunjăkh I eÐnai alhjăc tìte cos lπ 6= 0 pou sunepĹgetai ìti h

sunjăkh II parabiĹzetai kai epomènwc kai h prìtash I eÐnai yeudăc.

PerÐptwsh 2 (r : Ĺrtioc)

An l =
r

2
=⇒





Jr = ±iπ

Jt =




± 4t

4l2 − t2
, t perittìc

0 , t Ĺrtioc

H prìtash II eÐnai alhjăc.

An l 6= r

2
=⇒





Jr = i
4r

4l2 − r2
sin lπ

Jt =





−4t

4l2 − t2
cos lπ , t perittìc

i
4t

4l2 − t2
sin lπ , t Ĺrtioc

Tìte h sunjăkh I parabiĹzetai ètsi kai h prìtash I eÐnai yeudăc. EpÐshc pa-

rathroÔme ìti an h sunjăkh III eÐnai alhjăc tìte sin lπ 6= 0 pou sunepĹgetai ìti h

sunjăkh IV parabiĹzetai kai epomènwc kai h prìtash II eÐnai yeudăc.

To sumpèrasma eÐnai ìti gia kĹje r paÐrnoume l =
r

2
kai dialègoume to pragmatikì mèroc thc

antÐstoiqhc exÐswshc eĹn to r eÐnai perittìc kai to fantastikì mèroc eĹn to r eÐnai Ĺrtioc. H

epilogă aută mĹlista, lìgw thc kataskeuastikăc morfăc thc apìdeixhc, eÐnai monadikă. ¤

Orismìc 3.4 (SFFS) H arijmhtikă mèjodoc pou prokÔptei apì thn diakritopoÐhsh thc Dirichlet-

Neumann apeikìnishc me thn parakĹtw epilogă collocation points

kp :=

{−l

hp

}

l= 1
2
,1, 3

2
,...,Nj/2

=

{−0.5

hp

,
−1

hp

,
−1.5

hp

, . . . ,
−Nj/2

hp

}
(3.20)

kai epilogă exisÿsewn: to pragmatikì mèroc gia l = 0.5, 1.5, . . . kai to fantastikì mèroc gia

l = 1, 2, . . . thc kĹje miac apì tic exisÿseic thc sqèshc (2.42), onomĹzetai SFFS.
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Re(l = 0.5)

Im(l = 1)

Re(l = 1.5)

Im(l = 2)

Re(l = 2.5)

Im(l = 3)

r
=

1

r
=

2

r
=

3

r
=

4

Sqăma 3.4: Optikă epÐdeixh tou Aj
p mplok thc mejìdou SFFS, sthn perÐptwsh ìpou to plăjoc twn

sunartăsewn bĹshc eÐnai 8 (N = 8).

To sqăma (3.4) mac bohjĹei na katalĹboume tic parapĹnw epilogèc. Anafèretai se kĹje tuqaÐo

mplok diĹstashc (N ×N) me N = 8 tou A..

3.5 Diamèrish tou Collocation PÐnaka

Wc collocation pÐnaka jewroÔme ton pÐnaka tou telikoÔ grammikoÔ sustămatoc pou prokÔ-

ptei metĹ thn diakritopoÐhsh thc Dirichlet-Neumann apeikìnish . Ac shmeiwjeÐ ìti eÐnai dunată

h diaÐresh thc kĹje grammăc tou pÐnaka A(row, :) me to diagÿnio stoiqeÐo thc A(row, row). Fu-

sikĹ me to Ðdio stoiqeÐo prèpei na diairejeÐ kai to antÐstoiqo stoiqeÐo tou dexioÔ mèlouc. Aută

h diaÐresh gÐnetai me skopì ta diagÿnia mplok tou pÐnaka thc sine-SFFS 1 na eÐnai monadiaÐoi

pÐnakec. Thn Ðdia praktikă mporoÔme na akoloujăsoume kai gia thn sine-FFX. Gia eukolìterh

1 Lέγονταc sine-SFFS θα εννοούµε ότι χρησιµοποιούµε τιc ηµιτονοειδείc συναρτήσειc (3.4) ωc συναρτήσειc βάσηc

και την µέθοδο SFFS για την επιlογή των collocation σηµείων.
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anaforĹ ston collocation pÐnaka A jewroÔme thn parakĹtw mplok morfă tou

A =




A1
1 An

1

. . .

A1
n An

n


 (3.21)

To kĹje mplok eÐnai diĹstashc N×N . To mplok Aj
p sundèei tic pleurèc p kai j tou polugÿnou

upì thn exăc ènnoia: Sto mplok Aj
p ta collocation shmeÐa (−l/hp) ”anăkoun” sthn pleurĹ p

enÿ oi Ĺgnwstoi (U j
r ) anafèrontai sthn pleurĹ j.

3.6 Asumptwtikă SumperiforĹ tou Collocation PÐnaka

Sthn anĹlush pou dÿsame sthn parĹgrafo (2.2.2) eÐqame katalăxei sto sumpèrasma ìti

gia kp = −l
hp

oi posìthtec pou emfanÐzontai sto aristerì mèloc thc Dirichlet-Neumann apeikì-

nishc (ta stoiqeÐa tou collocation pÐnaka) teÐnoun sto mhdèn ìso auxĹnei to mètro tou k, ìso

megalÔtera l dhladă qrhsimopoioÔme. Aută h sumperiforĹ perimènoume na faÐnetai, se genikèc

grammèc, kai ston collocation pÐnaka gia thn sine-SFFS. Gia na tonÐsoume tic diaforèc sto

”mègejoc” tou kĹje stoiqeÐou ja qrhsimopoiăsoume mia metablhtă threshold kai ja jewroÔme

ìla ta stoiqeÐa tou pÐnaka pou eÐnai, katĹ apìluth timă, mikrìtera tou threshold mhdenikĹ.

Sto sqăma (3.6) faÐnetai h grafikă anaparĹstash tou collocation pÐnaka) gia èna kanonikì

exĹgwno me 64 sunartăseic bĹshc anĹ pleurĹ, gia diĹforec timèc tou threshold.

Blèpontac to grĹfhma (3.6) mporoÔme na parathrăsoume:

• Ta diagÿnia mplok tou pÐnaka eÐnai diagÿnioi pÐnakec. Autì ofeÐletai sthn epilogă twn

collocation points sthn sine-SFFS.

• Ta megalÔtera, katĹ apìluth timă, stoiqeÐa tou kĹje mplok, pèra twn diagwnÐwn, brÐ-

skontai stic prÿtec grammèc tou kĹje mplok. Oi grammèc autèc antistoiqoÔn sta mikrì-

tera l.

• Mplok pou sundèoun parĹllhlec pleurèc tou exagÿnou, A4
1, A

5
2, . . ., èqoun polÔ mikrìte-

ra stoiqeÐa apì ta upìloipa. Ac koitĹxoume to grĹfhma (??) pou deÐqnei thn sumperiforĹ

thc
e−x

x
se se sqèsh me tic Ĺllec sunartăseic kai ac jumhjoÔme ìti sthn apìdeixh tou

jewrămatoc (??) deÐxame ìti gia sin(αj − α) = 0 (dhladă gia parĹllhlec pleurèc p, j) to

M teÐnei sto mhdèn tìso grăgora ìso h
e−x

x
kajÿc to x teÐnei sto ∞.

An diplasiĹsoume to plăjoc twn sunartăsewn bĹshc (apì N se 2N) pÿc ja allĹxei o
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Sqăma 3.5: Grafikă anaparĹstash tou collocation pÐnaka gia diĹforec timèc tou threshold. To

anoiktì galĹzio dhlÿnei mhdenikì stoiqeÐo. Ta grafămata èginan me thn entolă

imagesc(log10(abs(A))) tou Matlab.

pÐnakac thc sine-SFFS (apì AN se A2N); Ja to deÐxoume sqhmatikĹ gia èna trÐgwno.

An AN =




I A2
1 A3

1

A1
2 I A3

2

A1
3 A2

3 I


 , tìte A2N =




I 0 A2
1 × A3

1 ×
0 I × × × ×
A1

2 × I 0 A3
2 ×

× × 0 I × ×
A1

3 × A2
3 × I 0

× × × × 0 I




(3.22)

opoÔ × ta nèa mplok pou emfanÐzontai.

Paratărhsh 3.1 ’Iswc kĹpoioc anarwthjeÐ: Dedomènou ìti (a) èqoume èna trìpo na epilè-

goume ta collocation points ètsi ÿste ta diagÿnia mplok na eÐnai diagÿnioi pÐnakec (l = r
2
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bl. sine-SFFS) kai (b) ta stoiqeÐa twn upoloÐpwn mplok teÐnoun sto mhdèn ìso auxĹnei to l

giatÐ na mhn epilèxoume ÿc sunartăseic bĹshc tic sin

(
(M + r)

s + π

2

)
ìpou M ènac arketĹ

megĹloc akèraioc ètsi ÿste o collocation pÐnakac na eÐnai praktikĹ diagÿnioc kai to sÔsthma

na lÔnetai Ĺmesa; Autì dustuqÿc den eÐnai upologistikĹ efiktì diìti oi sunartăseic bĹshc

sin

(
(M + 1)

s + π

2

)
, . . . , sin

(
(M + Nj)

s + π

2

)
eÐnai polÔ qeirìterh epilogă, ÿc arijmhtikă

bĹsh, apì tic sin

(
1
s + π

2

)
, . . . , sin

(
Nj

s + π

2

)
kai o arijmhtikìc upologismìc twn posotătwn

Gp(l = M + r) ja ătan exairetikĹ astajăc gia polÔ megĹla M .



KefĹlaio 4

SÔgkrish Mejìdwn SFFS kai FFX

Se autì to kefĹlaio ja sugkrÐnoume, arijmhtikĹ, tic duo mejìdouc sine-SFFS kai sine-

FFX. Ta duo krităria gia thn sÔgkrish ja eÐnai o rujmìc sÔgklishc twn duo mejìdwn kajÿc

kai o deÐkthc katĹstashc twn duo collocation pinĹkwn. Ja meletăsoume duo kathgorÐec polu-

gÿnwn: kanonikĹ kai mh kanonikĹ. Ta kanonikĹ eÐnai ta Ðdia pou eÐqan qrhsimopoiăsei kai oi

Fulton, FwkĹc, Xenofÿntoc sto [FFX03] enÿ gia mh kanonikĹ èqoume epilèxei mia nèa klĹsh

polugÿnwn: polÔgwna me korufèc pĹnw se mia sugkekrimènh èlleiyh. Mèsw twn arijmhtikÿn

paradeigmĹtwn ja faneÐ h anwterìthta thc nèac mejìdou ìso aforĹ sthn tĹxh sÔgklishc kai

ton deÐkth katĹstashc tou collocation pÐnaka [SFFS].

4.1 To Arijmhtikì Prìblhma - Montèlo

Gia thn arijmhtikă melèth twn mejìdwn SFFS kai FFX ja epilÔsoume thn exÐswsh tou

Laplace se mia poikilÐa polugwnikÿn qwrÐwn kanonikÿn kai mh, me Dirichlet, Neumann kai

Mixed(β = π
3
) sunoriakèc sunjăkec. Eidikìtera ta polÔgwna pou ja qrhsimopoiăsoume eÐnai

ta

KanonikĹ: BrÐskontai pĹnw ston kÔklo me aktÐna ρ =
√

2. Oi korufèc tou kanonikoÔ n-

gÿnou z1, z2, . . . , zn dÐnontai apì ton tÔpo

zk =
√

2ei[2(k−1) π
n
− 1

5 ] (4.1)

Mh-kanonikĹ: EÐnai polÔgwna me korufèc pĹnw sthn èlleiyh

x2

5
+

y2

2
= 1 (4.2)

strammèna katĹ 0.2 (katĹ thn jetikă forĹ). Oi tetmhmènec touc, prin th strofă, kai

arijmÿntac katĹ thn jetikă forĹ, eÐnai
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TrÐgwno x = −4,−1, 3

TetrĹpleuro x = −4, 4, 4, 1

PentĹgwno x = −5,−2, 4, 3, 0

ExĹgwno x = −4,−1, 2, 4.5, 1,−4.5

OktĹgwno x = −5,−4,−1, 2, 3, 1,−2,−3

(4.3)

Ta polÔgwna faÐnontai sto sqăma (4.1).

Se ìlec tic periptÿseic h akribăc lÔsh thc exÐswshc tou Laplace dÐnetai apì

q (x, y) = sinh (3x) sin (3y) (4.4)

GnwrÐzontac thn akribă lÔsh oi sunoriakèc sunjăkec kai oi sunartăseic

{
f (j) (s)

}n

j=1
,

{
g(j) (s)

}n

j=1

mporoÔn na paraqjoÔn analutikĹ.

To sqetikì sfĹlma E∞ pou qrhsimopoioÔme gia thn axiolìghsh thc mejìdou dÐnetai apì

E∞ =
‖f − fN‖∞
‖f‖∞

(4.5)

ìpou

‖f‖∞ = max
1≤j≤n

{
max

−π≤s≤π

∣∣f (j) (s)
∣∣
}

kai

‖f − fN‖∞ = max
1≤j≤n

{
max

−π≤s≤π

∣∣∣f (j) (s)− f
(j)
N (s)

∣∣∣
}

H nìrma apeÐrou upologÐzetai pĹnw se mia puknă diamèrish tou [−π, π].

4.2 Arijmhtikă UlopoÐhsh

’Oloi oi arijmhtikoÐ upologismoÐ èginan me arijmhtikă diplăc akrÐbeiac sthn glÿssa pro-

grammatismoÔ Fortran [MRE00]. O deÐkthc katĹstashc upologÐsthke me thn Matlab. O upolo-

gismìc twn oloklhrwmĹtwn sto prÿto mèloc thc (2.42) gÐnetai analutikĹ kĹnontac qrăsh tou

lămmatoc (3.1). Gia ton upologismì twn oloklhrwmĹtwn sto deÔtero mèloc qrhsimopoiăsame

thn routÐna dqawo tou pakètou programmĹtwn QUADPACK [QUADPACK]. H sugkekrimènh

routÐna sthrÐzetai sthn teqnikă Clenshaw-Curtis gia na upologÐzei orismèna oloklhrÿmata
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(aþ) Τρίγωνο (bþ) Τετράπlευρο

(gþ) Πεντάγωνο (dþ) Εξάγωνο

(eþ) Οκτάγωνο

Sqăma 4.1: Ta mh-kanonikĹ polÔgwna pou qrhsimopoioÔme gia thn sÔgkrish twn mejìdwn SFFS kai

FFX .
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thc morfăc cos(ωx)F (x) kai sin ωx)F (x). H upologistikă duskolÐa ston upologismì tètoiou

eÐdouc oloklhrwmĹtwn, lìgw tou ekjetikoÔ pou upĹrqei mèsa sto oloklărwma (2.43), ègkeitai

sto gegonìc ìti h proc oloklărwsh posìthta parousiĹzei polÔ megĹlec diakumĹnseic.

O (arijmhtikìc) rujmìc sÔgklishc, pou parousiĹzoume stouc pÐnakec (O.o.C.) orÐzetai

sÔmfwna me thn parakĹtw logikă. ’Estw Ex to sfĹlma ìtan qrhsimopoioÔme x sunartăseic

bĹshc anĹ pleurĹ kai Ey to sfĹlma ìtan qrhsimopoioÔme y (> x) sunartăseic bĹshc anĹ

pleurĹ. ’Estw ìti h mèjodoc èqei rujmì sÔgklishc Ðso me t. Tìte upĹrqei stajerĹ c tètoia

ÿste Ey = cht ìpou to h, qwrÐc blĹbh thc genikìthtac, eÐnai
1

y
. ’Ara

Ex

Ey

=

c

(
1

x

)t

c

(
1

y

)t =
(y

x

)t

⇒

t = logy/x

Ex

Ey

.

4.3 ArijmhtikĹ Apotelèsmata

Oi pÐnakec (4.1)-(4.5) deÐqnoun to sqetikì sfĹlma (E∞) kai ton rujmì sÔgklishc (O.o.C.)

wc proc to plăjoc twn sunartăsewn bĹshc (N) anĹ pleurĹ twn mejìdwn SFFS kai FFX gia

èna isìpleuro trÐgwno, èna tetrĹgwno, èna kanonikì pentĹgwno, èna kanonikì exĹgwno kai

gia èna kanonikì oktĹgwno antÐstoiqa. Se kĹje perÐptwsh oi sunoriakèc sunjăkec (BC) eÐnai

Ðdiec se ìlec tic pleurèc tou polugÿnou enÿ èqoume qrhsimopoiăsei Dirichlet, Neumann kai

Mixed(β = π
3
) sunoriakèc sunjăkec se ìla ta polÔgwna.

Ta sqămata (4.2)-(4.7) apeikonÐzoun to sqetikì sfĹlma twn mejìdwn SFFS kai FFX gia

sunoriakèc sunjăkec Dirichlet, Neumann kai Mixed(β = π
3
) antÐstoiqa. Oi diakekommènec

grammèc sta sqămata eÐnai oi eujeÐec y = 1
N

x,y =
(

1
N

)2
x kai y =

(
1
N

)3
x.

AnĹlogoi pÐnakec ( (4.6)-(4.10) ) kai anĹloga sqămata ( (4.8)-(4.13) ) upĹrqoun kai gia ta

mh kanonikĹ polÔgwna.

Me episkìpish twn parapĹnw pinĹkwn kai sqhmĹtwn mporoÔme na sumperĹnoume ta exăc:

• Kai oi duo mèjodoi sugklÐnoun.

• To sfĹlma thc SFFS mejìdou eÐnai pĹnta mikrìtero apì to sfĹlma thc FFX mejìdou.

MĹlista upĹrqoun periptÿseic ìpou to sfĹlma thc SFFS eÐnai mikrìtero sqedìn katĹ mÐa

tĹxh megèjouc sta mh kanonikĹ polÔgwna (p.q. TetrĹpleuro N = 256) ă kai parapĹnw

apì mia tĹxh megèjouc sta kanonikĹ polÔgwna (p.q. PentĹgwno N = 256).

• O rujmìc sÔgklishc thc FFX den eÐnai stajerìc allĹ kumaÐnetai apì 1 (tetrĹgwno-Mixed

BC) èwc kai 2 (p.q. exĹgwno-Mixed BC).
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• O rujmìc sÔgklishc thc FFX, stic perissìterec periptÿseic, eÐnai sunĹrthsh tou po-

lugÿnou kai den faÐnetai na eÐnai isqurĹ exartÿmenoc apì tic sunoriakèc sunjăkec pou

qrhsimopoioÔntai (p.q. sto isìpleuro trÐgwno eÐnai 1.5 gia ìlec tic sunoriakèc sunjă-

kec).

• H SFFS mèjodoc èqei stajerĹ tetragwnikă sÔgklish gia ìla ta polÔgwna (kanonikĹ kai

mh) kai gia ìlec tic sunoriakèc sunjăkec.

Stouc pÐnakec (4.11) kai (4.12) parousiĹzoume ton deÐkth katĹstashc tou pÐnaka twn sun-

telestÿn tou grammikoÔ sustămatoc gia kanonikĹ kai mh kanonikĹ polÔgwna antÐstoiqa. Oi

deÐktec katĹstashc faÐnontai kai sto sqăma (4.14) kathgoriopoihmènoi anĹ mèjodo kai anĹ

kathgorÐa polugÿnwn 1 .

SqetikĹ me ton deÐkth katĹstashc mporoÔme na parathrăsoume ta exăc:

• O deÐkthc katĹstashc eÐnai aÔxousa sunĹrthsh tou plăjouc twn sunartăsewn bĹshc (N)

anĹ pleurĹ kai gia tic duo mejìdouc kai gia tic duo kathgorÐec polugÿnwn. ExaÐresh

apoteleÐ to tetrĹgwno gia thn SFFS mèjodo ìpou o deÐkthc katĹstashc eÐnai stajerìc

kai anexĹrthtoc tou N .

• Sthn SFFS o rujmìc aÔxhshc tou deÐkth katĹstashc wc proc N eÐnai polÔ mikrìteroc

apì ìti sthn FFX ektìc apì thn perÐptwsh tou mh kanonikoÔ oktagÿnou kai gia N = 4.

• Sthn SFFS mèjodo kai sto mh kanonikì oktĹgwno parathroÔme mia ragdaÐa aÔxhsh tou

deÐkth katĹstashc se sqèsh me ta upìloipa mh kanonikĹ polÔgwna. Kai se aută thn

perÐptwsh ìmwc gia megĹla N o deÐkthc katĹstashc thc SFFS eÐnai arketĹ mikrìteroc

apì autìn thc FFX.

4.3.1 SfĹlma - KanonikĹ PolÔgwna

1 Στην περίπτωση που χρησιµοποιούµε τιc ίδιεc συνοριακέc συνθήκεc σε όlεc τιc πlευρέc ο collocation πίνακαc

είναι ανεξάρτητοc του τύπου των συνοριακών συνθηκών. Αυτό θα φανεί καθαρά σε επόµενο κεφάlαιο όπου και

εξετάζουµε lεπτοµερέστερα τιc ιδιότητεc του collocation πίνακα.
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reg Dirichlet BC Neumann BC Mixed BC (π/3)
n=3 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 6.94E-02 2.48E-01 1.72E-02 6.88E-02 5.18E-02 1.93E-01

8 2.04E-02 1.77 9.83E-02 1.33 4.03E-03 2.09 2.55E-02 1.43 1.33E-02 1.97 7.45E-02 1.37

16 5.44E-03 1.90 3.61E-02 1.44 1.06E-03 1.92 9.21E-03 1.47 3.39E-03 1.97 2.73E-02 1.45

32 1.40E-03 1.95 1.30E-02 1.48 2.72E-04 1.97 3.29E-03 1.48 8.67E-04 1.97 9.80E-03 1.48

64 3.56E-04 1.98 4.61E-03 1.49 6.86E-05 1.99 1.17E-03 1.49 2.19E-04 1.98 3.49E-03 1.49

128 8.96E-05 1.99 1.64E-03 1.50 1.72E-05 1.99 4.15E-04 1.50 5.51E-05 1.99 1.24E-03 1.49

256 2.25E-05 2.00 5.79E-04 1.50 4.31E-06 2.00 1.47E-04 1.50 1.38E-05 2.00 4.38E-04 1.50

PÐnakac 4.1: Sine-collocation: Isìpleuro TrÐgwno.

reg Dirichlet BC Neumann BC Mixed BC (π/3)
n=4 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 3.94E-02 2.59E-01 3.20E-02 4.51E-02 4.23E-02 1.54E-01

8 1.04E-02 1.93 1.27E-01 1.03 9.78E-03 1.71 1.53E-02 1.56 1.24E-02 1.76 7.55E-02 1.03

16 2.70E-03 1.94 6.34E-02 1.00 2.66E-03 1.88 7.04E-03 1.12 3.35E-03 1.89 3.78E-02 1.00

32 6.91E-04 1.97 3.19E-02 0.99 6.88E-04 1.95 3.53E-03 0.99 8.64E-04 1.95 1.91E-02 0.99

64 1.75E-04 1.98 1.60E-02 0.99 1.75E-04 1.98 1.77E-03 0.99 2.19E-04 1.98 9.58E-03 0.99

128 4.40E-05 1.99 8.05E-03 0.99 4.40E-05 1.99 8.90E-04 1.00 5.52E-05 1.99 4.81E-03 1.00

256 1.10E-05 1.99 4.03E-03 1.00 1.10E-05 1.99 4.46E-04 1.00 1.39E-05 1.99 2.41E-03 1.00

PÐnakac 4.2: Sine-collocation: TetrĹgwno.

reg Dirichlet BC Neumann BC Mixed BC (π/3)
n=5 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 2.26E-02 3.83E-02 3.09E-02 4.15E-02 2.85E-02 4.04E-02

8 5.96E-03 1.92 1.21E-02 1.67 8.89E-03 1.80 1.18E-02 1.81 7.99E-03 1.83 1.19E-02 1.77

16 1.61E-03 1.89 4.31E-03 1.48 2.38E-03 1.90 3.26E-03 1.86 2.12E-03 1.91 3.24E-03 1.87

32 4.15E-04 1.95 1.63E-03 1.40 6.13E-04 1.96 1.20E-03 1.44 5.46E-04 1.96 8.49E-04 1.93

64 1.05E-04 1.98 6.28E-04 1.38 1.56E-04 1.98 4.48E-04 1.42 1.39E-04 1.98 2.18E-04 1.96

128 2.66E-05 1.99 2.43E-04 1.37 3.92E-05 1.99 1.68E-04 1.42 3.49E-05 1.99 7.22E-05 1.59

256 6.67E-06 1.99 9.42E-05 1.37 9.84E-06 1.99 6.31E-05 1.41 8.76E-06 1.99 2.57E-05 1.49

PÐnakac 4.3: Sine-collocation: Kanonikì PentĹgwno.

reg Dirichlet BC Neumann BC Mixed BC (π/3)
n=6 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 4.52E-03 6.72E-03 2.38E-02 3.04E-02 1.73E-02 2.25E-02

8 1.30E-03 1.80 1.94E-03 1.79 6.64E-03 1.84 8.95E-03 1.77 4.76E-03 1.86 6.49E-03 1.79

16 3.47E-04 1.90 5.27E-04 1.88 1.77E-03 1.91 2.43E-03 1.88 1.26E-03 1.92 1.75E-03 1.89

32 8.94E-05 1.96 1.38E-04 1.94 4.56E-04 1.96 6.33E-04 1.94 3.25E-04 1.96 4.56E-04 1.94

64 2.27E-05 1.98 3.50E-05 1.97 1.16E-04 1.98 1.62E-04 1.97 8.24E-05 1.98 1.16E-04 1.97

128 5.71E-06 1.99 8.87E-06 1.98 2.92E-05 1.99 4.02E-05 2.00 2.08E-05 1.99 2.90E-05 2.00

256 1.43E-06 1.99 2.10E-06 2.08 7.32E-06 1.99 9.83E-06 2.03 5.21E-06 1.99 7.07E-06 2.04

PÐnakac 4.4: Sine-collocation: Kanonikì ExĹgwno.
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n=8 SFFS FFX SFFS FFX SFFS FFX
N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 6.09E-03 1.19E-02 1.19E-02 1.59E-02 1.10E-02 1.56E-02

8 1.81E-03 1.75 4.37E-03 1.44 3.51E-03 1.77 4.53E-03 1.81 3.25E-03 1.76 4.64E-03 1.75

16 4.93E-04 1.88 1.47E-03 1.57 9.59E-04 1.87 1.21E-03 1.90 8.88E-04 1.87 1.28E-03 1.86

32 1.28E-04 1.94 4.79E-04 1.62 2.51E-04 1.93 3.14E-04 1.95 2.33E-04 1.93 3.66E-04 1.80

64 3.26E-05 1.98 1.54E-04 1.64 6.43E-05 1.97 9.30E-05 1.76 5.95E-05 1.97 1.14E-04 1.68

128 8.22E-06 1.99 4.88E-05 1.65 1.63E-05 1.98 2.88E-05 1.69 1.51E-05 1.98 3.59E-05 1.67

256 2.06E-06 1.99 1.54E-05 1.66 4.09E-06 1.99 9.01E-06 1.68 3.78E-06 1.99 1.13E-05 1.67

PÐnakac 4.5: Sine-collocation: Kanonikì OktĹgwno.

PSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Dirichlet BC (SFFS)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.2: SfĹlma thc mejìdou SFFS gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Dirichlet sunoriakèc sunjăkec.



62 SÔgkrish Mejìdwn SFFS kai FFXPSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Dirichlet BC (FFX)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.3: SfĹlma thc mejìdou FFX gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc kai

Dirichlet sunoriakèc sunjăkec.PSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Neumann BC (SFFS)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.4: SfĹlma thc mejìdou SFFS gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Neumann sunoriakèc sunjăkec.
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Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Neumann BC (FFX)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.5: SfĹlma thc mejìdou FFX gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc kai

Neumann sunoriakèc sunjăkec.PSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Mixed (π/3) BC (SFFS)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.6: SfĹlma thc mejìdou SFFS gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Mixed (π/3) sunoriakèc sunjăkec.
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Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Mixed (π/3) BC (FFX)

Kanonikì Okt�gwno
Isìpleuro TrÐgwnoTetr�gwnoKanonikì Pent�gwnoKanonikì Ex�gwnoKanonikì Okt�gwno

100 101 102 103
10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Sqăma 4.7: SfĹlma thc mejìdou FFX gia kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc kai

Mixed (π/3) sunoriakèc sunjăkec.

4.3.2 SfĹlma - Mh KanonikĹ PolÔgwna

irr Dirichlet BC Neumann BC Mixed BC (π/3)
n=3 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 2.47E-01 3.02E-01 5.97E-01 6.51E-01 4.86E-01 5.52E-01

8 7.22E-02 1.77 9.77E-02 1.63 3.23E-01 0.89 3.81E-01 0.77 2.21E-01 1.13 2.70E-01 1.03

16 1.38E-02 2.39 1.93E-02 2.34 1.08E-01 1.58 1.49E-01 1.35 6.70E-02 1.72 8.48E-02 1.67

32 2.84E-03 2.28 3.99E-03 2.28 2.95E-02 1.88 5.31E-02 1.49 1.76E-02 1.93 2.84E-02 1.58

64 6.61E-04 2.10 9.31E-04 2.10 7.56E-03 1.97 1.83E-02 1.54 4.46E-03 1.98 9.70E-03 1.55

128 1.63E-04 2.02 2.29E-04 2.02 1.91E-03 1.98 6.12E-03 1.58 1.12E-03 1.99 3.25E-03 1.58

256 4.07E-05 2.00 5.54E-05 2.05 4.79E-04 1.99 2.03E-03 1.59 2.82E-04 1.99 1.08E-03 1.59

PÐnakac 4.6: Sine-collocation: TrÐgwno.
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irr Dirichlet BC Neumann BC Mixed BC (π/3)
n=4 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 2.70E-01 3.33E-01 2.47E-01 3.90E-01 8.00E-02 2.19E-01

8 1.35E-01 1.00 1.81E-01 0.88 1.02E-01 1.28 1.85E-01 1.08 2.58E-02 1.63 7.57E-02 1.53

16 4.79E-02 1.50 7.14E-02 1.34 3.10E-02 1.72 6.47E-02 1.51 8.62E-03 1.58 2.39E-02 1.66

32 1.36E-02 1.81 2.32E-02 1.62 8.22E-03 1.91 2.23E-02 1.54 2.41E-03 1.84 7.75E-03 1.62

64 3.56E-03 1.94 8.05E-03 1.52 2.10E-03 1.97 7.99E-03 1.48 6.24E-04 1.95 2.74E-03 1.50

128 9.05E-04 1.98 2.90E-03 1.47 5.28E-04 1.99 2.83E-03 1.50 1.58E-04 1.98 9.50E-04 1.53

256 2.28E-04 1.99 1.00E-03 1.53 1.33E-04 1.99 9.70E-04 1.54 3.97E-05 1.99 3.23E-04 1.56

PÐnakac 4.7: Sine-collocation: TetrĹpleuro.

irr Dirichlet BC Neumann BC Mixed BC (π/3)
n=5 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 1.03E-01 1.65E-01 4.19E-01 7.01E-01 2.74E-01 4.33E-01

8 1.73E-02 2.57 3.16E-02 2.39 1.65E-01 1.35 3.15E-01 1.15 9.41E-02 1.54 1.74E-01 1.31

16 4.15E-03 2.06 1.26E-02 1.33 4.77E-02 1.79 1.04E-01 1.59 2.56E-02 1.88 5.44E-02 1.68

32 1.03E-03 2.01 4.16E-03 1.60 1.25E-02 1.93 3.16E-02 1.73 6.57E-03 1.96 1.62E-02 1.75

64 2.57E-04 2.00 1.30E-03 1.68 3.19E-03 1.97 9.40E-03 1.75 1.66E-03 1.98 4.82E-03 1.75

128 6.46E-05 1.99 4.03E-04 1.69 8.03E-04 1.99 3.09E-03 1.60 4.18E-04 1.99 1.74E-03 1.47

256 1.62E-05 2.00 1.25E-04 1.69 2.02E-04 1.99 1.12E-03 1.46 1.05E-04 2.00 6.27E-04 1.47

PÐnakac 4.8: Sine-collocation: PentĹgwno.

irr Dirichlet BC Neumann BC Mixed BC (π/3)
n=6 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 1.33E-01 3.30E-01 2.16E-01 4.00E-01 2.51E-01 4.96E-01

8 3.67E-02 1.86 1.17E-01 1.50 9.04E-02 1.26 2.14E-01 0.91 9.56E-02 1.39 2.39E-01 1.06

16 8.52E-03 2.10 3.47E-02 1.75 2.77E-02 1.71 8.22E-02 1.38 2.80E-02 1.77 8.74E-02 1.45

32 2.06E-03 2.05 1.07E-02 1.70 7.41E-03 1.90 2.72E-02 1.59 7.37E-03 1.92 2.86E-02 1.61

64 5.10E-04 2.01 3.36E-03 1.67 1.90E-03 1.97 8.61E-03 1.66 1.88E-03 1.97 9.04E-03 1.66

128 1.28E-04 2.00 1.09E-03 1.63 4.79E-04 1.99 2.67E-03 1.69 4.74E-04 1.99 2.81E-03 1.68

256 3.20E-05 2.00 3.64E-04 1.58 1.20E-04 1.99 8.22E-04 1.70 1.19E-04 1.99 8.69E-04 1.69

PÐnakac 4.9: Sine-collocation: ExĹgwno.

irr Dirichlet BC Neumann BC Mixed BC (π/3)
n=8 SFFS FFX SFFS FFX SFFS FFX

N E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C E∞ O.o.C

4 6.38E-02 1.04E-01 7.23E-02 1.82E-01 2.76E-02 8.27E-02

8 2.01E-02 1.66 3.79E-02 1.46 1.81E-02 2.00 5.34E-02 1.77 7.86E-03 1.81 2.12E-02 1.97

16 5.48E-03 1.88 1.16E-02 1.71 4.61E-03 1.97 1.57E-02 1.77 2.10E-03 1.91 6.11E-03 1.79

32 1.42E-03 1.95 3.41E-03 1.77 1.17E-03 1.98 4.62E-03 1.76 5.40E-04 1.96 1.82E-03 1.75

64 3.60E-04 1.98 9.85E-04 1.79 2.96E-04 1.98 1.35E-03 1.78 1.37E-04 1.98 5.42E-04 1.75

128 9.07E-05 1.99 2.83E-04 1.80 7.45E-05 1.99 3.91E-04 1.79 3.45E-05 1.99 1.61E-04 1.75

256 2.28E-05 1.99 8.08E-05 1.81 1.87E-05 2.00 1.13E-04 1.79 8.66E-06 1.99 4.78E-05 1.75

PÐnakac 4.10: Sine-collocation: OktĹgwno.
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Sqăma 4.8: SfĹlma thc mejìdou SFFS gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Dirichlet sunoriakèc sunjăkec.PSfrag replacementc
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Sqăma 4.9: SfĹlma thc mejìdou FFX gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Dirichlet sunoriakèc sunjăkec.
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Sqăma 4.10: SfĹlma thc mejìdou SFFS gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic

bĹshc kai Neumann sunoriakèc sunjăkec.PSfrag replacementc
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Sqăma 4.11: SfĹlma thc mejìdou FFX gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Neumann sunoriakèc sunjăkec.
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Sqăma 4.12: SfĹlma thc mejìdou SFFS gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic

bĹshc kai Mixed (π/3) sunoriakèc sunjăkec.PSfrag replacementc
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Sqăma 4.13: SfĹlma thc mejìdou FFX gia mh kanonikĹ polÔgwna me hmitonoeidă sunartăseic bĹshc

kai Mixed (π/3) sunoriakèc sunjăkec.
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4.3.3 DeÐkthc KatĹstashc

KanonikĹ PolÔgwna me Dirichlet, Neumann and Mixed(π/3) BC
reg N = 4 N = 8 N = 16 N = 32 N = 64 N = 128 N = 256

n SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX

3 2.57 33.80 2.85 143.77 3.00 536.60 3.15 1 879.99 3.30 6 350.58 3.51 20 934.22 3.71 67 755.87

4 1.09 62.19 1.09 349.88 1.09 1 806.44 1.09 8 909.85 1.09 42 604.39 1.09 198 999.00 1.09 912 320.22

5 2.04 55.79 2.28 272.01 2.54 1 163.71 2.81 4 626.31 3.10 17 556.28 3.40 64584.31 3.72 232 458.57

6 3.64 46.99 4.29 198.22 5.00 778.92 5.77 2 837.29 6.59 9 841.61 7.47 33 003.16 8.40 107 984.30

8 9.19 36.08 11.63 153.24 14.26 548.78 17.12 1 801.57 20.20 5 618.93 23.52 16 933.95 27.07 49 773.99

PÐnakac 4.11: O deÐkthc katĹstashc, tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc, gia

ta kanonikĹ polÔgwna, upologismènoc me thn entolă cond(A,inf) thc Matlab.

Mh KanonikĹ PolÔgwna me Dirichlet, Neumann and Mixed(π/3) BC
irr N = 4 N = 8 N = 16 N = 32 N = 64 N = 128 N = 256

n SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX SFFS FFX

3 13.06 37.11 15.65 139.86 17.30 522.74 18.81 1 789.44 20.23 5 818.26 21.73 18 364.32 24.70 56 517.95

4 7.63 35.91 9.03 180.76 10.46 797.20 11.98 3 104.16 13.60 10 995.07 15.32 36 571.76 17.15 116 490.00

5 11.46 46.46 14.08 217.68 17.50 919.57 22.50 3 434.11 28.14 11 938.38 34.42 39 698.21 41.35 128 180.63

6 19.10 61.83 22.80 257.92 26.24 1 000.48 32.04 3 715.31 38.33 12 752.55 45.13 41 306.55 52.47 12 846.52

8 199.54 98.03 393.38 486.42 637.14 2 268.98 921.64 8 242.33 1 313.77 26 741.55 1 757.73 80 850.83 2 252.60 232 522.37

PÐnakac 4.12: O deÐkthc katĹstashc, tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc, gia

ta mh kanonikĹ polÔgwna, upologismènoc me thn entolă cond(A,inf) thc Matlab.
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(bþ) FFX - Κανονικά Ποlύγωνα

SFFS - Mh KanonikĹ PolÔgwna
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(gþ) SFFS - Μη Κανονικά Ποlύγωνα

FFX - Mh KanonikĹ PolÔgwna
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(dþ) FFX - Μη Κανονικά Ποlύγωνα

Sqăma 4.14: O deÐkthc katĹstashc tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc wc proc

thn nìrma apeÐrou. Ta grafămata (a’) kai (b’) aforoÔn sta kanonikĹ polÔgwna enÿ ta

grafămata (g’) kai (d’) sta mh kanonikĹ polÔgwna.



4.4 SumperĹsmata 71

4.4 SumperĹsmata

Sta arijmhtikĹ paradeÐgmata tou kefalaÐou fĹnhke xekĹjara ìti h mèjodoc SFFS eÐnai

safèstata kalÔterh mèjodoc apì thn FFX. Autì sthrÐzetai sto ìti:

• ParousiĹzei omalìterh sÔgklish apì thn FFX me stajerì tetragwnikì rujmì sÔgklishc

se ìlec tic periptÿseic.

• To sfĹlma thc eÐnai pĹnta kalÔtero apì autì thc FFX.

• O deÐkthc katĹstashc tou collocation pÐnaka, auxĹnei exairetikĹ pio argĹ apì ìti o

antÐstoiqoc sthn FFX mèjodo.

H parapĹnw anĹlush mac odhgeÐ sto sumpèrasma ìti h mèjodoc SFFS pou proteÐnoume,

eÐnai h mèjodoc pou prèpei na qrhsimopoieÐtai katĹ thn arijmhtikă epÐlush thc genikeumènhc

Dirichlet-Neumann apeikìnishc.
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KefĹlaio 5

Arijmhtikă Melèth kai SumperiforĹ

Epanalhptikÿn Mejìdwn

O collocation pÐnakac pou antistoiqeÐ sthn mèjodo SFFS, me hmitonoeideÐc sunartăseic bĹ-

shc, èqei ek kataskeuăc diagÿnia mplok pou eÐnai point diagÿnioi pÐnakec. Autì eÐnai èna

exairetikì sugkritikì pleonèkthma thc mejìdou ìso aforĹ sthn epanalhptikă epÐlush tou

collocation sustămatoc me Krylov mejìdouc [SPS]. O pÐnakac eÐnai ădh mplok Jacobi proruj-

mismènoc me apotèlesma shmantikă meÐwsh tou qrìnou epÐlushc ìqi mìno sthn perÐptwsh pou

qrhsimopoioÔme mplok Jacobi prorÔjmish allĹ kai ìtan o prorujmistăc mac eÐnai o Gauss-

Seidel ă o SGS. Autì sumbaÐnei diìti (bl. parĹgrafo 1.4) h epÐlush twn susthmĹtwn Mx = y

pou emplèkontai sthn prorÔjmish gÐnetai plèon polÔ grăgora.

Se autì to kefĹlaio ja meletăsoume thn sumperiforĹ twn basikÿn epanalhptikÿn stati-

kÿn (stationary) kai Krylov mejìdwn gia thn epÐlush tou collocation sustămatoc (Ax = b).

H mèjodoc epilogăc twn collocation shmeÐwn eÐnai h SFFS kai wc sunartăseic bĹshc ja qrh-

simopoiăsoume tic hmitonohdeÐc. Se ìla ta polÔgwna jewroÔme tic Ðdiec sunoriakèc sunjăkec

(Dirichlet).

Ja epilÔsoume thn exÐswsh tou Laplace se 6 kanonikĹ polÔgwna (sugkekrimèna gia plăjoc

pleurÿn 8, 12, 19, 24, 31 kai 36) kai se 5 mh kanonikĹ polÔgwna kai gia plăjoc sunartăsewn

bĹshc N = 8, 16, 32, 64 gia ta kanonikĹ kai N = 32, 64 gia ta mh kanonikĹ. Oi korufèc twn

kanonikÿn polugÿnwn pou ja qrhsimopoiăsoume dÐnontai apì ton tÔpo (4.1) enÿ ta mh kanonikĹ

polÔgwna eÐnai autĹ pou faÐnontai sto sqăma (4.1). H akribăc lÔsh thc diaforikăc exÐswshc,

kajÿc kai to sqetikì sfĹlma E∞ orÐzontai ìpwc sthn parĹgrafo (4.1). Prin thn efarmogă twn

mejìdwn epÐlushc tou collocation sustămatoc èqoume diairèsei thn kĹje grammă tou collocation

pÐnaka me to diagÿnio stoiqeÐo thc (kai antÐstoiqa to deÔtero mèloc). ’Etsi ta diagÿnia mplok

tou collocation pÐnaka eÐnai Ðsa me ton monadiaÐo pÐnaka diĹstashc N kai o pÐnakac eÐnai ădh

mplok-Jacobi prorujmismènoc. H prorÔjmish gÐnetai katĹ mplok ìpwc autĹ orÐzontai apì thn

diamèrish (3.21). Gia thn epanalhptikă mèjodo Gmres h parĹmetroc epannekÐnhshc èqei oristeÐ

se 10. O mègistoc arijmìc epanalăyewn pou epitrèpoume eÐnai 200 kai h anoqă tou krithrÐou
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termatismoÔ (tolerance) se ìlec tic mejìdouc eÐnai to 1.0E − 06 1 . H arqikă prosèggish

isoÔtai me to deÔtero mèloc tou grammikoÔ sustămatoc (dhladă x(0) = b). ’Ola ta peirĹmata

ektelèsthkan se èna poluqrhstikì SUN V240 me thn qrăsh enìc epexergastă. Wc glÿssa

programmatismoÔ qrhsimopoiăsame thn Fortran kai ìloi oi upologismoÐ èginan me arijmhtikă

diplăc akrÐbeiac. Parajètoume, ektìc apì tic epanalhptikèc mejìdouc, kai apotelèsmata gia

thn Ĺmesh mèjodo epÐlushc Dgesv2 tou pakètou Lapack [LAPACK].

5.1 KanonikĹ PolÔgwna

Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 1.81E-03  2.62E-03 4.93E-04  2.26E-02 1.28E-04  1.87E-01 3.26E-05  1.83E+00

 Jacobi 1.81E-03 40 5.83E-03 4.92E-04 41 1.75E-02 1.28E-04 42 5.68E-02 3.20E-05 42 3.93E-01

 GS 1.81E-03 24 3.97E-03 4.92E-04 24 1.04E-02 1.28E-04 24 3.49E-02 3.24E-05 25 2.20E-01

Bicgstab 1 81E-03 6 9 67E-04 4 93E-04 6 1 54E-03 1 29E-04 6 3 43E-03 3 67E-05 6 2 09E-02

 !"#"$%& 8-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 1.81E-03 6 9.67E-04 4.93E-04 6 1.54E-03 1.29E-04 6 3.43E-03 3.67E-05 6 2.09E-02

 Gmres 1.81E-03 10 1.40E-03 4.92E-04 10 2.13E-03 1.28E-04 11 4.81E-03 3.27E-05 12 2.55E-02

 Bicgstab2 1.81E-03 4 9.75E-04 4.92E-04 4 1.53E-03 1.28E-04 4 3.53E-03 3.29E-05 4 2.08E-02

 CGS 1.81E-03 6 9.63E-04 4.93E-04 7 1.72E-03 1.27E-04 7 3.90E-03 2.96E-05 7 2.56E-02

 Tfqmr 1.81E-03 8 1.33E-03 4.93E-04 7 2.20E-03 1.28E-04 8 4.64E-03 3.25E-05 9 2.98E-02

 Bicgstab (GS) 1.81E-03 7 2.15E-03 4.93E-04 7 5.09E-03 1.28E-04 7 1.47E-02 3.26E-05 7 1.00E-01

 Gmres (GS) 1.81E-03 10 2.13E-03 4.93E-04 10 4.56E-03 1.28E-04 10 1.28E-02 3.26E-05 10 8.28E-02

 Bicgstab2 (GS) 1.81E-03 6 2.63E-03 4.93E-04 6 6.05E-03 1.28E-04 6 1.79E-02 3.26E-05 6 1.27E-01

 CGS (GS) 1.81E-03 7 2.53E-03 4.93E-04 7 6.30E-03 1.28E-04 7 1.94E-02 3.25E-05 7 1.37E-01

 Tfqmr (GS) 1.81E-03 7 3.06E-03 4.93E-04 7 5.18E-03 1.28E-04 7 1.50E-02 3.25E-05 7 1.02E-01

 Bicgstab (SGS) 1.81E-03 3 1.91E-03 4.93E-04 3 4.35E-03 1.28E-04 4 1.65E-02 3.26E-05 5 1.26E-01

 Gmres (SGS) 1.81E-03 6 2.18E-03 4.93E-04 6 4.84E-03 1.28E-04 7 1.88E-02 3.26E-05 7 1.17E-01

 Bicgstab2 (SGS) 1.81E-03 2 2.38E-03 4.93E-04 2 5.91E-03 1.28E-04 2 1.81E-02 3.26E-05 4 1.83E-01

 CGS (SGS) 1.81E-03 4 2.66E-03 4.93E-04 4 6.80E-03 1.28E-04 5 2.57E-02 3.26E-05 5 1.74E-01

 Tfqmr (SGS) 1.81E-03 4 2.20E-03 4.93E-04 5 5.82E-03 1.28E-04 5 1.84E-02 3.26E-05 5 1.28E-01

PÐnakac T1: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

8-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).

H sumperiforĹ twn epanalhptikÿn mejìdwn allĹzei ìso allĹzei to plăjoc twn pleurÿn

tou polugÿnou. ’Etsi ja jewrăsoume treÐc basikèc kathgorÐec polugÿnwn: ta mikrĹ (mikrì

plăjoc pleurÿn), ta mètria (mètrio plăjoc pleurÿn) kai ta megĹla (megĹlo plăjoc pleurÿn).

Ja apofÔgoume na orÐsoume epakribÿc ta ìria metaxÔ autÿn twn kathgoriÿn epitrèpontac mia

kĹpoia reustìthta.

• O arijmìc twn epanalăyewn auxĹnei ìso auxĹnei kai to plăjoc twn pleurÿn tou polu-

gÿnou gia ìlec tic kathgorÐec twn polugÿnwn.

1 Συζητήσειc περί των διαφόρων κριτηρίων τερµατισµού των επαναlηπτικών µεθόδων γίνονται στα [SSZ07, TEM]

.
2 Η συγκεκριµένη υπορουτίνα επιlύει το γραµµικό σύστηµα χρησιµοποιώνταc την διάσπαση A = LU µε µερική

οδήγηση.
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Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 1.43E-03  9.74E-03 3.94E-04  7.92E-02 1.04E-04  6.30E-01 2.64E-05  9.65E+00

 Jacobi 1.49E-03 200 5.63E-02 9.86E-04 200 1.79E-01 9.63E-04 200 8.12E-01 9.61E-04 200 8.08E+00

 GS 1.43E-03 87 2.46E-02 3.95E-04 94 8.43E-02 1.04E-04 98 3.91E-01 2.69E-05 100 3.88E+00

Bicgstab 1 43E-03 10 1 50E-03 3 95E-04 10 3 15E-03 1 04E-04 12 1 63E-02 2 72E-05 11 4 97E-01

 !"#"$%& 12-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 1.43E-03 10 1.50E-03 3.95E-04 10 3.15E-03 1.04E-04 12 1.63E-02 2.72E-05 11 4.97E-01

 Gmres 1.43E-03 19 2.55E-03 3.94E-04 21 5.44E-03 1.04E-04 21 2.10E-02 2.68E-05 21 4.95E-01

 Bicgstab2 1.43E-03 8 1.54E-03 3.96E-04 8 3.19E-03 1.04E-04 10 1.78E-02 2.64E-05 10 5.41E-01

 CGS 1.43E-03 11 1.69E-03 3.94E-04 13 4.05E-03 1.03E-04 12 1.76E-02 2.65E-05 12 5.47E-01

 Tfqmr 1.43E-03 12 2.08E-03 3.94E-04 13 4.80E-03 1.04E-04 13 1.84E-02 2.65E-05 13 5.84E-01

 Bicgstab (GS) 1.43E-03 13 5.64E-03 3.94E-04 13 1.59E-02 1.03E-04 13 7.81E-02 2.63E-05 13 1.17E+00

 Gmres (GS) 1.43E-03 29 7.77E-03 3.95E-04 29 2.19E-02 1.04E-04 30 1.16E-01 2.68E-05 30 1.42E+00

 Bicgstab2 (GS) 1.43E-03 12 6.68E-03 3.94E-04 12 1.98E-02 1.04E-04 12 9.53E-02 2.65E-05 12 1.41E+00

 CGS (GS) 1.43E-03 14 7.52E-03 3.94E-04 14 2.39E-02 1.04E-04 14 1.08E-01 2.63E-05 14 1.53E+00

 Tfqmr (GS) 1.43E-03 14 6.51E-03 3.94E-04 16 2.04E-02 1.04E-04 16 8.91E-02 2.64E-05 16 1.39E+00

 Bicgstab (SGS) 1.43E-03 7 5.84E-03 3.94E-04 7 1.62E-02 1.04E-04 7 7.64E-02 2.65E-05 7 9.69E-01

 Gmres (SGS) 1.43E-03 12 5.93E-03 3.94E-04 12 1.77E-02 1.04E-04 12 8.04E-02 2.65E-05 13 9.75E-01

 Bicgstab2 (SGS) 1.43E-03 6 7.09E-03 3.94E-04 6 2.12E-02 1.04E-04 6 1.03E-01 2.64E-05 6 1.25E+00

 CGS (SGS) 1.43E-03 7 7.40E-03 3.94E-04 8 2.58E-02 1.04E-04 8 1.23E-01 2.67E-05 9 1.60E+00

 Tfqmr (SGS) 1.43E-03 8 6.34E-03 3.94E-04 8 1.80E-02 1.04E-04 8 9.18E-02 2.65E-05 10 1.36E+00

PÐnakac T2: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

12-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).

Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 8.41E-04  3.94E-02 2.21E-04  3.14E-01 5.66E-05  3.32E+00 1.42E-05  8.18E+01

 Jacobi × × × × × × × × × × × ×

 GS 8.51E-04 200 1.44E-01 4.89E-04 200 4.37E-01 6.76E-04 200 2.70E+00 8.06E-04 200 4.69E+01

Bicgstab 8 41E-04 11 2 44E-03 2 20E-04 11 6 40E-03 5 88E-05 11 5 52E-02 2 02E-05 11 4 38E+00

 !"#"$%& 19-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 8.41E-04 11 2.44E-03 2.20E-04 11 6.40E-03 5.88E-05 11 5.52E-02 2.02E-05 11 4.38E+00

 Gmres 8.39E-04 20 3.93E-03 2.20E-04 23 1.04E-02 5.60E-05 24 7.09E-02 1.39E-05 24 4.92E+00

 Bicgstab2 8.40E-04 8 2.35E-03 2.19E-04 10 7.09E-03 5.43E-05 12 7.08E-02 1.38E-05 12 5.56E+00

 CGS 8.40E-04 14 3.03E-03 2.20E-04 14 8.49E-03 5.58E-05 15 7.30E-02 1.47E-05 14 5.52E+00

 Tfqmr 8.40E-04 14 3.69E-03 2.20E-04 15 9.86E-03 5.59E-05 16 7.42E-02 1.41E-05 15 5.94E+00

 Bicgstab (GS) 8.41E-04 35 3.06E-02 2.18E-04 35 9.29E-02 5.66E-05 36 6.62E-01 1.52E-05 36 2.36E+01

 Gmres (GS) 8.38E-04 105 5.72E-02 2.17E-04 130 2.14E-01 5.80E-05 157 1.73E+00 1.96E-05 171 5.81E+01

 Bicgstab2 (GS) 8.41E-04 34 3.75E-02 2.21E-04 34 1.16E-01 5.66E-05 34 7.82E-01 1.52E-05 34 2.60E+01

 CGS (GS) 8.41E-04 36 4.42E-02 2.21E-04 40 1.55E-01 5.69E-05 40 1.06E+00 1.44E-05 41 3.12E+01

 Tfqmr (GS) 8.41E-04 40 3.63E-02 2.21E-04 41 1.16E-01 5.66E-05 41 8.18E-01 1.44E-05 42 2.66E+01

 Bicgstab (SGS) 8.41E-04 15 2.44E-02 2.21E-04 16 8.01E-02 5.64E-05 18 6.07E-01 1.44E-05 18 1.67E+01

 Gmres (SGS) 8.41E-04 34 3.33E-02 2.21E-04 40 1.17E-01 5.57E-05 52 1.01E+00 1.56E-05 54 2.56E+01

 Bicgstab2 (SGS) 8.41E-04 14 3.07E-02 2.21E-04 18 1.21E-01 5.65E-05 18 8.30E-01 1.37E-05 16 1.89E+01

 CGS (SGS) 8.41E-04 19 4.42E-02 2.21E-04 20 1.50E-01 5.65E-05 22 1.11E+00 1.42E-05 23 2.61E+01

 Tfqmr (SGS) 8.41E-04 19 3.15E-02 2.21E-04 22 1.09E-01 5.66E-05 23 7.93E-01 1.43E-05 24 2.09E+01

PÐnakac T3: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

19-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).
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Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 5.36E-04  7.93E-02 1.40E-04  6.41E-01 3.58E-05  9.89E+00 9.04E-06  1.59E+02

 Jacobi × × × × × × × × × × × ×

 GS 2.05E-03 200 2.03E-01 3.06E-03 200 9.11E-01 3.77E-03 200 9.01E+00 4.15E-03 200 6.45E+01

Bicgstab 5 37E-04 15 4 17E-03 1 41E-04 14 1 77E-02 3 71E-05 15 8 76E-01 9 96E-06 16 8 52E+00

 !"#"$%& 24-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 5.37E-04 15 4.17E-03 1.41E-04 14 1.77E-02 3.71E-05 15 8.76E-01 9.96E-06 16 8.52E+00

 Gmres 5.37E-04 28 6.71E-03 1.41E-04 29 2.50E-02 3.66E-05 31 9.00E-01 9.74E-06 32 8.77E+00

 Bicgstab2 5.36E-04 14 4.47E-03 1.41E-04 12 1.75E-02 3.74E-05 12 8.21E-01 9.81E-06 14 8.64E+00

 CGS 5.36E-04 15 4.65E-03 1.40E-04 16 2.06E-02 3.62E-05 15 8.35E-01 1.59E-05 15 7.71E+00

 Tfqmr 5.36E-04 16 5.60E-03 1.40E-04 17 2.37E-02 3.59E-05 18 1.16E+00 9.30E-06 18 9.24E+00

 Bicgstab (GS) 5.36E-04 60 7.71E-02 1.39E-04 63 3.64E-01 4.71E-05 65 7.96E+00 9.79E-06 68 6.38E+01

 Gmres (GS) 5.51E-04 200 1.64E-01 2.81E-04 200 6.79E-01 7.12E-04 200 1.07E+01 1.12E-03 200 9.10E+01

 Bicgstab2 (GS) 5.35E-04 52 8.41E-02 1.41E-04 64 4.47E-01 3.58E-05 66 9.91E+00 8.80E-06 66 7.14E+01

 CGS (GS) 5.36E-04 70 1.34E-01 1.40E-04 72 5.84E-01 3.58E-05 74 9.50E+00 9.03E-06 77 7.93E+01

 Tfqmr (GS) 5.36E-04 70 9.85E-02 1.40E-04 72 4.38E-01 3.58E-05 76 7.98E+00 9.04E-06 79 6.72E+01

 Bicgstab (SGS) 5.39E-04 21 5.02E-02 1.40E-04 25 2.60E-01 3.47E-05 24 4.12E+00 1.15E-05 25 3.21E+01

 Gmres (SGS) 5.37E-04 50 7.34E-02 1.43E-04 78 4.64E-01 3.90E-05 102 8.21E+00 2.30E-05 114 7.29E+01

 Bicgstab2 (SGS) 5.36E-04 20 6.30E-02 1.40E-04 22 3.00E-01 3.60E-05 24 5.25E+00 9.07E-06 30 4.80E+01

 CGS (SGS) 5.36E-04 32 1.15E-01 1.40E-04 33 5.13E-01 3.58E-05 33 7.15E+00 9.19E-06 34 5.34E+01

 Tfqmr (SGS) 5.36E-04 32 8.09E-02 1.40E-04 33 3.63E-01 3.58E-05 33 5.48E+00 9.05E-06 35 4.21E+01

PÐnakac T4: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

24-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).

Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 3.53E-04  1.72E-01 9.03E-05  1.50E+00 2.28E-05  3.39E+01 5.73E-06  4.47E+02

 Jacobi × × × × × × × × × × × ×

 GS 1.26E-03 200 3.57E-01 1.41E-03 200 1.87E+00 1.52E-03 200 3.07E+01 1.58E-03 200 1.33E+02

Bicgstab 3 53E-04 23 8 29E-03 9 03E-05 27 7 57E-02 2 30E-05 24 5 42E+00 5 61E-06 31 3 25E+01

 !"#"$%& 31-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 3.53E-04 23 8.29E-03 9.03E-05 27 7.57E-02 2.30E-05 24 5.42E+00 5.61E-06 31 3.25E+01

 Gmres 3.54E-04 91 2.79E-02 9.09E-05 89 1.60E-01 2.34E-05 85 1.13E+01 6.27E-06 87 4.98E+01

 Bicgstab2 3.53E-04 22 8.83E-03 9.04E-05 24 7.20E-02 2.30E-05 24 5.74E+00 5.81E-06 24 2.73E+01

 CGS 3.53E-04 29 1.06E-02 9.04E-05 30 8.90E-02 2.28E-05 40 9.01E+00 5.86E-06 32 3.33E+01

 Tfqmr 3.53E-04 31 1.42E-02 9.03E-05 35 9.77E-02 2.28E-05 41 9.11E+00 5.73E-06 43 4.59E+01

 Bicgstab (GS) 3.53E-04 98 2.07E-01 9.12E-05 106 1.27E+00 5.27E-05 109 3.91E+01 1.13E-04 114 2.01E+02

 Gmres (GS) 5.46E-04 200 2.62E-01 7.38E-04 200 1.40E+00 1.02E-03 200 4.31E+01 1.20E-03 200 1.90E+02

 Bicgstab2 (GS) 3.53E-04 100 2.65E-01 9.09E-05 112 1.53E+00 2.56E-05 112 4.50E+01 2.22E-05 128 2.60E+02

 CGS (GS) 3.53E-04 120 3.72E-01 9.07E-05 133 2.18E+00 2.47E-05 140 6.19E+01 5.70E-06 195 4.05E+02

 Tfqmr (GS) 3.53E-04 121 2.61E-01 9.03E-05 164 2.02E+00 2.27E-05 181 6.52E+01 5.73E-06 200 3.47E+02

 Bicgstab (SGS) 3.54E-04 45 1.73E-01 9.01E-05 52 1.11E+00 2.69E-05 56 2.81E+01 5.64E-06 67 1.65E+02

 Gmres (SGS) 3.57E-04 128 2.90E-01 9.65E-05 177 2.21E+00 3.00E-05 178 5.44E+01 6.58E-04 200 2.66E+02

 Bicgstab2 (SGS) 3.53E-04 48 2.38E-01 9.04E-05 52 1.37E+00 2.28E-05 64 3.77E+01 5.72E-06 66 1.92E+02

 CGS (SGS) 3.53E-04 59 3.38E-01 9.03E-05 65 2.09E+00 2.28E-05 69 4.66E+01 5.73E-06 71 2.21E+02

 Tfqmr (SGS) 3.53E-04 54 2.12E-01 9.03E-05 65 1.43E+00 2.28E-05 69 3.61E+01 5.73E-06 72 1.75E+02

PÐnakac T5: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

31-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).
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Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

 Dgesv 2.85E-04  2.66E-01 7.12E-05  2.54E+00 1.77E-05  6.63E+01 4.41E-06  6.30E+02

 Jacobi × × × × × × × × × × × ×

 GS 2.70E-03 200 4.82E-01 3.37E-03 200 2.64E+00 3.77E-03 200 4.17E+01 3.98E-03 200 1.54E+02

Bicgstab 2 85E-04 34 1 51E-02 7 13E-05 39 1 49E-01 1 77E-05 38 1 25E+01 4 50E-06 37 4 37E+01

 !"#"$%& 36-'("#

N = 8 N = 16 N = 32 N = 64

 Bicgstab 2.85E-04 34 1.51E-02 7.13E-05 39 1.49E-01 1.77E-05 38 1.25E+01 4.50E-06 37 4.37E+01

 Gmres 2.87E-04 200 7.31E-02 2.08E-04 200 4.71E-01 1.42E-04 200 3.58E+01 1.89E-04 200 1.26E+02

 Bicgstab2 2.85E-04 30 1.43E-02 7.12E-05 36 1.59E-01 1.77E-05 38 1.35E+01 4.62E-06 34 4.33E+01

 CGS × × × × × × × × × × × ×

 Tfqmr 5.49E-03 200 1.02E-01 5.64E-03 79 3.38E-01 5.19E-03 200 6.35E+01 5.93E-03 200 1.73E+02

 Bicgstab (GS) 2.85E-04 132 3.68E-01 7.51E-05 136 2.35E+00 2.38E-05 148 8.53E+01 3.72E-05 148 3.18E+02

 Gmres (GS) 3.50E-04 200 3.46E-01 4.62E-04 200 2.03E+00 6.35E-04 200 5.87E+01 7.61E-04 200 2.15E+02

 Bicgstab2 (GS) 2.86E-04 144 4.79E-01 7.22E-05 148 3.04E+00 2.17E-05 154 1.01E+02 1.41E-05 160 3.90E+02

 CGS (GS) 2.86E-04 170 7.06E-01 7.15E-05 181 4.38E+00 1.86E-05 200 1.31E+02 1.89E-05 200 4.95E+02

 Tfqmr (GS) 2.85E-04 200 5.65E-01 7.19E-05 200 3.43E+00 7.07E-05 200 1.09E+02 1.02E-04 200 4.11E+02

 Bicgstab (SGS) 2.85E-04 68 3.55E-01 7.66E-05 75 2.32E+00 1.87E-05 92 7.21E+01 4.02E-05 94 2.79E+02

 Gmres (SGS) 2.93E-04 200 6.16E-01 8.15E-05 200 3.53E+00 1.10E-03 200 8.22E+01 3.76E-03 200 3.04E+02

 Bicgstab2 (SGS) 2.86E-04 68 4.29E-01 7.11E-05 76 2.96E+00 2.03E-05 90 8.27E+01 4.86E-06 96 3.35E+02

 CGS (SGS) 2.85E-04 76 5.88E-01 7.12E-05 90 4.11E+00 1.77E-05 95 9.15E+01 4.42E-06 105 3.82E+02

 Tfqmr (SGS) 2.85E-04 77 3.89E-01 7.12E-05 91 2.79E+00 1.77E-05 97 7.25E+01 4.41E-06 101 2.81E+02

PÐnakac T6: Epanalhptikèc mèjodoi gia thn epÐlush tou sine-collocation sustămatoc se èna kanonikì

36-gwno. Ston pÐnaka faÐnontai to sqetikì sfĹlma (Error oo), o arijmìc twn epanală-

yewn (Iter.) kajÿc kai o qrìnoc epÐlushc tou grammikoÔ sustămatoc se deuterìlepta

(Time).

• H mèjodoc Jacobi sugklÐnei gia mikrĹ polÔgwna enÿ apoklÐnei gia mètria kai megĹla

polÔgwna (parathrăste kai ta sqămata (5.2bþ,5.3).

• H mèjodoc GS sugklÐnei se ìlec tic periptÿseic allĹ gia mètria kai megĹla polÔgwna

sugklÐnei polÔ argĹ. EÐnai axioperÐergo ìti h fasmatikă aktÐna tou epanalhptikoÔ pÐnaka

thc GS an kai auxĹnei ìso auxĹnei to plăjoc twn pleurÿn tou polugÿnou potè den gÐnetai

1 allĹ plhsiĹzei asumptwtikĹ thn monĹda, ìpwc faÐnetai kai apì to sqăma (5.3).

• Oi mèjodoi Bicgstab kai Bicgstab2 sugklÐnoun se ìlec tic periptÿseic sqetikĹ grăgora.

MĹlista oi dÔo autèc mèjodoi èqoun sqedìn thn Ðdia sumperiforĹ. Sta grafămata (5.1)

blèpoume ìti h mh prorujmismènh Bicgstab sugklÐnei omalĹ gia ìla ta polÔgwna.

• H mèjodoi Gmres, CGS kai Tfqmr sugklÐnoun gia mikrĹ kai mètria polÔgwna allĹ se

megĹla sugklÐnoun polÔ argĹ. MĹlista h CGS apoklÐnei gia to 36-gwno.

• H prorÔjmish me SGS beltiÿnei to rujmì sÔgklishc perissìtero apì ìti h prorÔjmish

me GS.

• Gia mikrĹ polÔgwna h prorÔjmish me SGS beltiÿnei to rujmì sÔgklishc twn mejìdwn,

gia mètria polÔgwna oi mh prorujmismènec mèjodoi sugklÐnoun taqÔtera enÿ gia megĹla

polÔgwna h prorÔjmish me SGS katafèrnei na beltiÿsei mìno thn mèjodo Tfqmr.

• H mèjodoc GS eÐnai taqÔterh apì thn Ĺmesh gia megĹla N allĹ gia mètria kai megĹla

polÔgwna den sugklÐnei sthn epijumhtă lÔsh.



78 Arijmhtikă Melèth kai SumperiforĹ Epanalhptikÿn Mejìdwn

PSfrag replacementc

Arijmìc Epanal yewn
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(aþ) Κανονικό 8-γωνο.
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(bþ) Κανονικό 12-γωνο.
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Arijmìc Epanal yewn
SqetikìSf�
lmaE ∞

MeÐwsh tou SqetikoÔ Sf�lmatoc se èna Kanonikì 19-gwno
Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

00.10.20.30.40.50.60.70.80.91

100 101 102

00.10.20.30.40.50.60.70.80.91
10−5

10−4

10−3

10−2

10−1

100

101

(gþ) Κανονικό 19-γωνο.

PSfrag replacementc

Arijmìc Epanal yewn
SqetikìSf�
lmaE ∞

MeÐwsh tou SqetikoÔ Sf�lmatoc se èna Kanonikì 24-gwno
Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

00.10.20.30.40.50.60.70.80.91

100 101 102

00.10.20.30.40.50.60.70.80.91
10−5

10−4

10−3

10−2

10−1

100

(dþ) Κανονικό 24-γωνο.

PSfrag replacementc

Arijmìc Epanal yewn
SqetikìSf�
lmaE ∞

MeÐwsh tou SqetikoÔ Sf�lmatoc se èna Kanonikì 31-gwno
Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

00.10.20.30.40.50.60.70.80.91

100 101 102

00.10.20.30.40.50.60.70.80.91
10−5

10−4

10−3

10−2

10−1

100

101

(eþ) Κανονικό 31-γωνο.

PSfrag replacementc

Arijmìc Epanal yewn
SqetikìSf�
lmaE ∞

MeÐwsh tou SqetikoÔ Sf�lmatoc se èna Kanonikì 36-gwno

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101 102
10−5

10−4

10−3

10−2

10−1

(˚þ) Κανονικό 36-γωνο.
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Sqăma 5.1: H meÐwsh tou sqetikoÔ sfĹlmatoc E∞, katĹ thn epÐlush tou collocation grammikoÔ

sustămatoc se kanonikĹ polÔgwna, sunartăsei twn epanalăyewn gia tic epanalhptikèc

mejìdouc Jacobi, GS, Biscstab, Gmres, Bicgstab(SGS) kai Gmres(SGS). To plăjoc twn

sunartăsewn bĹshc eÐnai 32 anĹ pleurĹ.

N --> 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64

 Jacobi 40 41 42  200 200 200 200 × × × × × × × × × × × × × × × ×

 GS 24 24 24 25 87 94 98 100 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200

 Bicgstab 6 6 6 6 10 10 12 11 11 11 11 11 15 14 15 16 23 27 24 31 34 39 38 37

Gmres 10 10 11 12 19 21 21 21 20 23 24 24 28 29 31 32 91 89 85 87 200 200 200 200

 !"#"$%& '#()*+"! - , -.$/012 3+" 45!"!(678+"

8- !"# 12- !"# 19- !"# 24- !"# 31- !"# 36- !"#

 Gmres 10 10 11 12 19 21 21 21 20 23 24 24 28 29 31 32 91 89 85 87 200 200 200 200

 Bicgstab2 4 4 4 4 8 8 10 10 8 10 12 12 14 12 12 14 22 24 24 24 30 36 38 34

 CGS 6 7 7 7 11 13 12 12 14 14 15 14 15 16 15 15 29 30 40 32 × × × ×

 Tfqmr 8 7 8 9 12 13 13 13 14 15 16 15 16 17 18 18 31 35 41 43 200 79 200 200

 Bicgstab (GS) 7 7 7 7 13 13 13 13 35 35 36 36 60 63 65 68 98 106 109 114 132 136 148 148

 Gmres (GS) 10 10 10 10 29 29 30 30 105 130 157 171 200 200 200 200 200 200 200 200 200 200 200 200

 Bicgstab2 (GS) 6 6 6 6 12 12 12 12 34 34 34 34 52 64 66 66 100 112 112 128 144 148 154 160

 CGS (GS) 7 7 7 7 14 14 14 14 36 40 40 41 70 72 74 77 120 133 140 195 170 181 200 200

 Tfqmr (GS) 7 7 7 7 14 16 16 16 40 41 41 42 70 72 76 79 121 164 181 200 200 200 200 200

 Bicgstab (SGS) 3 3 4 5 7 7 7 7 15 16 18 18 21 25 24 25 45 52 56 67 68 75 92 94

 Gmres (SGS) 6 6 7 7 12 12 12 13 34 40 52 54 50 78 102 114 128 177 178 200 200 200 200 200

 Bicgstab2 (SGS) 2 2 2 4 6 6 6 6 14 18 18 16 20 22 24 30 48 52 64 66 68 76 90 96

 CGS (SGS) 4 4 5 5 7 8 8 9 19 20 22 23 32 33 33 34 59 65 69 71 76 90 95 105

 Tfqmr (SGS) 4 5 5 5 8 8 8 10 19 22 23 24 32 33 33 35 54 65 69 72 77 91 97 101

PÐnakac T7: O arijmìc twn epanalăyewn gia tic epanalhptikèc mejìdouc se ìla ta kanonikĹ polÔ-

gwna.

N --> 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64

 Jacobi 223 77 30 21 578 226 129 84 × × × × × × × × × × × × × × × ×

 GS 152 46 19 12 253 106 62 40 365 139 81 57 256 142 91 41 208 125 91 30 181 104 63 24

 Bicgstab 37 7 2 1 15 4 3 5 6 2 2 5 5 3 9 5 5 5 16 7 6 6 19 7

Gmres 53 9 3 1 26 7 3 5 10 3 2 6 8 4 9 6 16 11 33 11 27 19 54 20

 !"#"$%& '#()*+"! - , -./"#0 123(4560 7+" 12!"!(627$%8" 9:;/<+" 2.#0 7# -./"# 123(4560 760 =>:560 9:;/<#4 (%)

8- !"# 12- !"# 19- !"# 24- !"# 31- !"# 36- !"#

 Gmres 53 9 3 1 26 7 3 5 10 3 2 6 8 4 9 6 16 11 33 11 27 19 54 20

 Bicgstab2 37 7 2 1 16 4 3 6 6 2 2 7 6 3 8 5 5 5 17 6 5 6 20 7

 CGS 37 8 2 1 17 5 3 6 8 3 2 7 6 3 8 5 6 6 27 7 × × × ×

 Tfqmr 51 10 2 2 21 6 3 6 9 3 2 7 7 4 12 6 8 7 27 10 38 13 96 27

 Bicgstab (GS) 82 23 8 5 58 20 12 12 78 30 20 29 97 57 80 40 120 85 115 45 138 93 129 50

 Gmres (GS) 81 20 7 5 80 28 18 15 145 68 52 71 207 106 108 57 152 93 127 43 130 80 89 34

 Bicgstab2 (GS) 100 27 10 7 69 25 15 15 95 37 24 32 106 70 100 45 154 102 133 58 180 120 152 62

 CGS (GS) 97 28 10 7 77 30 17 16 112 49 32 38 169 91 96 50 216 145 183 91 265 172 198 79

 Tfqmr (GS) 117 23 8 6 67 26 14 14 92 37 25 33 124 68 81 42 152 135 192 78 212 135 164 65

 Bicgstab (SGS) 73 19 9 7 60 20 12 10 62 26 18 20 63 41 42 20 101 74 83 37 133 91 109 44

 Gmres (SGS) 83 21 10 6 61 22 13 10 85 37 30 31 93 72 83 46 169 147 160 60 232 139 124 48

 Bicgstab2 (SGS) 91 26 10 10 73 27 16 13 78 39 25 23 79 47 53 30 138 91 111 43 161 117 125 53

 CGS (SGS) 102 30 14 10 76 33 20 17 112 48 33 32 145 80 72 34 197 139 137 49 221 162 138 61

 Tfqmr (SGS) 84 26 10 7 65 23 15 14 80 35 24 26 102 57 55 26 123 95 106 39 146 110 109 45

PÐnakac T8: O qrìnoc epÐlushc twn epanalhptikÿn mejìdwn proc ton qrìno epÐlushc thc Ĺmeshc

mejìdou wc posostì epÐ toic ekatì.
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N --> 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64

Dgesv 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100

 Jacobi 223 77 30 21 578 226 129 84 × × × × × × × × × × × × × × × ×

 GS 152 46 19 12 253 106 62 40 365 139 81 57 256 142 91 41 208 125 91 30 181 104 63 24

Bicgstab 37 7 2 1 15 4 3 5 6 2 2 5 5 3 9 5 5 5 16 7 6 6 19 7

 !"#"$%& '#()*+"! - ,$ -$# ./0*#/12 %!$ #$ -$# 3/*42 546#7#$

8- !"# 12- !"# 19- !"# 24- !"# 31- !"# 36- !"#

 Bicgstab 37 7 2 1 15 4 3 5 6 2 2 5 5 3 9 5 5 5 16 7 6 6 19 7

 Gmres 53 9 3 1 26 7 3 5 10 3 2 6 8 4 9 6 16 11 33 11 27 19 54 20

 Bicgstab2 37 7 2 1 16 4 3 6 6 2 2 7 6 3 8 5 5 5 17 6 5 6 20 7

 CGS 37 8 2 1 17 5 3 6 8 3 2 7 6 3 8 5 6 6 27 7 × × × ×

 Tfqmr 76 12 3 2 33 8 4 6 13 4 2 7 9 5 12 6 10 8 27 10 49 14 95 28

 Bicgstab (GS) 82 23 8 5 58 20 12 12 78 30 20 29 97 57 80 40 120 85 115 45 138 93 129 50

 Gmres (GS) 81 20 7 5 80 28 18 15 145 68 52 71 207 106 108 57 152 93 127 43 130 80 89 34

 Bicgstab2 (GS) 100 27 10 7 69 25 15 15 95 37 24 32 106 70 100 45 154 102 133 58 180 120 152 62

 CGS (GS) 97 28 10 7 77 30 17 16 112 49 32 38 169 91 96 50 216 145 183 91 265 172 198 79

 Tfqmr (GS) 117 26 9 6 81 28 16 15 133 40 25 33 129 72 81 43 161 137 191 77 231 139 164 65

 Bicgstab (SGS) 73 19 9 7 60 20 12 10 62 26 18 20 63 41 42 20 101 74 83 37 133 91 109 44

 Gmres (SGS) 83 21 10 6 61 22 13 10 85 37 30 31 93 72 83 46 169 147 160 60 232 139 124 48

 Bicgstab2 (SGS) 91 26 10 10 73 27 16 13 78 39 25 23 79 47 53 30 138 91 111 43 161 117 125 53

 CGS (SGS) 102 30 14 10 76 33 20 17 112 48 33 32 145 80 72 34 197 139 137 49 221 162 138 61

 Tfqmr (SGS) 100 29 10 8 73 24 15 14 86 38 25 26 101 60 56 27 129 97 106 39 159 114 110 45

PÐnakac T9: Oi pio grăgorec kai oi pio argèc mèjodoi gia ta kanonikĹ polÔgwna. Ta noÔmera pou

anagrĹfontai eÐnai oi qrìnoi epÐlushc twn epanalhptikÿn mejìdwn proc ton qrìno epÐ-

lushc thc Ĺmeshc mejìdou wc posostì epÐ toic ekatì. ’Eqoume epitrèyei mia anoqă +4%

se ìti aforĹ to poiĹ eÐnai h taqÔterh mèjodoc.

PSfrag replacementc

Real Axis

σ(A)

-1 0 1 2 3 436-gwno31-gwno24-gwno19-gwno12-gwno8-gwno

(aþ) Κανονικό 8-γωνο.

PSfrag replacementc

Real Axis

σ(J)

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.536-gwno31-gwno24-gwno19-gwno12-gwno8-gwno

(bþ) Κανονικό 12-γωνο.

Sqăma 5.2: To fĹsma tou collocation pÐnaka (aristerĹ) kai tou epanalhptikoÔ pÐnaka tou Jacobi
(dexiĹ) gia N = 16 kai gia ìla ta kanonikĹ polÔgwna pou qrhsimopoiăsame. Parathrăste

ìti ìlec oi idiotimèc eÐnai pragmatikèc.
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PSfrag replacementc
Pl joc Pleur¸n Polug¸nou

Fasmatik A
ktÐna

8 12 19 24 31 36
1
2

Sqăma 5.3: Oi fasmatikèc aktÐnec twn epanalhptikÿn pinĹkwn twn mejìdwn Jacobi (mplè) kai GS
(kìkkino) ÿc sunĹrthsh tou plăjouc twn pleurÿn tou polugÿnou. Sthn perÐptwsh thc

GS h fasmatikă aktÐna plhsiĹzei asumptwtikĹ thn eujeÐa y = 1.

• Gia mikrĹ polÔgwna an kai h prorÔjmish me SGS beltiÿnei to rujmì sÔgklishc den odhgeÐ

se taqÔterec mejìdouc.

• Gia ìla ta polÔgwna kai gia N = 64 h Ĺmesh mèjodoc eÐnai h pio argă. Stic upìloipec

periptÿseic, gia mikrĹ polÔgwna oi pio argèc mèjodoi eÐnai h Ĺmesh kai h Jacobi enÿ

gia mètria polÔgwna kai gia mikrì plăjoc sunartăsewn bĹshc (N = 8, 16) h pio argă

mèjodoc eÐnai h GS. Gia to 24-gwno kai gia N = 32 h pio argă mèjodoc eÐnai h Gmres

me GS prorÔjmish. Gia to 31-gwno kai plăjoc sunartăsewn bĹshc N = 32 h pio argă

mèjodoc eÐnai h Tfqmr me GS prorÔjmish. Gia to 36-gwno kai gia N = 16, 32, 64 h pio

argă mèjodoc eÐnai h CGS me GS prorÔjmish.

• Gia ìla ta polÔgwna oi pio grăgorec mèjodoi eÐnai oi epanalhptikèc qwrÐc prorÔjmish.

Gia megĹla polÔgwna pio grăgorec eÐnai oi Bicgstab kai Bicgstab2.

• Gia to 36-gwno oi mìnec epanalhptikèc mèjodoi pou sugklÐnoun sthn akribă lÔsh upì

ton periorismì twn 200 epanalăyewn eÐnai oi Bicgstab kai Bicgstab2.
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5.2 Mh KanonikĹ PolÔgwna

Meletăsame, wc proc thn sÔgklish, tic epanalhptikèc mejìdouc Jacobi, GS, Biscstab,

Gmres, Bicgstab(SGS) kai Gmres(SGS) gia mă kanonikĹ polÔgwna me plăjoc pleurÿn 3,4,5,6

kai 8. UpenjumÐzoume ìti o collocation pÐnakac thc mejìdou sine-SFFS èqei diagÿnia mplok

pou eÐnai point diagÿnioi pÐnakec kai sthn perÐptwsh twn mh kanonikÿn polugÿnwn.

O pÐnakac (T10) deÐqnei twn arijmì twn epanalăyewn kai ton qrìno epÐlushc tou collocation

sustămatoc gia plăjoc sunartăsewn bĹshc N = 32 kai N = 64. Sto sqăma (5.2) parousiĹ-

zoume thn meÐwsh tou sqetikoÔ sfĹlmatoc wc proc twn arijmì twn epanalăyewn gia N = 32.

Meletÿntac ta apotelèsmata mporoÔme na sumperĹnoume ta exăc:

• ’Olec oi mèjodoi sugklÐnoun omalĹ se ìla ta polÔgwna.

• O arijmìc twn epanalăyewn faÐnetai na eÐnai anexĹrthtoc apì to plăjoc twn sunartă-

sewn bĹshc se ìlec tic mejìdouc kai gia ìla ta polÔgwna.

• H mèjodoc Jacobi sugklÐnei se ìla ta polÔgwna an kai gia to 8-gwno den katafèrnei

epitÔqei to epijumhtì sfĹlma upì ton periorismì twn 200 epanalăyewn.

• H mèjodoc GS faÐnetai na akoloujeÐ thn sumperiforĹ thc Jacobi apaitÿntac ìmwc tic

misèc epanalăyeic apì thn Jacobi. H GS sugklÐnei, sto epijumhtì sfĹlma, kai sto

8-gwno.

• ’Olec oi Krylov mèjodoi sugklÐnoun pio grăgora apì tic stationary.

• H Gmres apaiteÐ sqedìn tic diplĹsiec epanalăyeic apì thn Bicgstab gia na epitÔqei to

Ðdio sfĹlma. To Ðdio isqÔei kai gia ta prorujmismèna zeugĹria touc.

• H prorÔjmish beltiÿnei shmantikĹ thn sÔgklish. Oi prorujmismènec mèjodoi sugklÐnoun

stic misèc epanalăyeic apì ìti oi mh prorujmismènec.

• O qrìnoc twn Krylov epanalhptikÿn eÐnai mikrìteroc apì ton qrìno thc Ĺmeshc mejìdou

akìma kai stic mikrèc periptÿseic.

• An kai h prorÔjmish beltiÿnei ton rujmì sÔgklishc auxĹnei pĹnta to upologistikì kì-

stoc.

• H taqÔterh mèjodoc, se ìlec tic periptÿseic, eÐnai h mh prorujmismènh Bicgstab.
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Arijmìc Epanalăyewn

S
q
et
ik
ì
S
f
Ĺl
m
a

E
∞

MeÐwsh tou SqetikoÔ SfĹlmatoc se èna Mh Kanonikì 3-gwno

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101
10−3

10−2

10−1

100

(aþ) Μη κανονικό 3-γωνο.

Arijmìc Epanalăyewn

S
q
et
ik
ì
S
f
Ĺl
m
a

E
∞

MeÐwsh tou SqetikoÔ SfĹlmatoc se èna Mh Kanonikì 4-pleuro

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101
10−2

10−1

100

(bþ) Μη κανονικό 4-πlευρο.

Arijmìc Epanalăyewn

S
q
et
ik
ì
S
f
Ĺl
m
a

E
∞

MeÐwsh tou SqetikoÔ SfĹlmatoc se èna Mh Kanonikì 5-gwno

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101
10−3

10−2

10−1

100

(gþ) Μη κανονικό 5-γωνο.

Arijmìc Epanalăyewn

S
q
et
ik
ì
S
f
Ĺl
m
a

E
∞

MeÐwsh tou SqetikoÔ SfĹlmatoc se èna Mh Kanonikì 6-gwno

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101 102
10−3

10−2

10−1

(dþ) Μη κανονικό 6-γωνο.

Arijmìc Epanalăyewn

S
q
et
ik
ì
S
f
Ĺl
m
a

E
∞

MeÐwsh tou SqetikoÔ SfĹlmatoc se èna Mh Kanonikì 8-gwno

Bicgstab

Gmres

Bicgstab (SGS)

Gmres (SGS)

GS

Jacobi

100 101 102
10−3

10−2

10−1

100

(eþ) Μη κανονικό 8-γωνο.
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Sqăma 5.4: H meÐwsh tou sqetikoÔ sfĹlmatoc E∞, katĹ thn epÐlush tou collocation grammikoÔ su-

stămatoc se mh kanonikĹ polÔgwna, sunartăsei twn epanalăyewn gia tic epanalhptikèc

mejìdouc Jacobi, GS, Bicgstab, Gmres, Bicgstab(SGS) kai Gmres(SGS). To plăjoc twn

sunartăsewn bĹshc eÐnai 32 anĹ pleurĹ.

3- !"# 4-$%&'(# 5- !"# 6- !"# 8- !"# 3- !"# 4-$%&'(# 5- !"# 6- !"# 8- !"#

 =32

 Dgesv 9.16E-03 2.22E-02 4.36E-02 7.83E-02 1.86E-01

 Jacobi 42 23 30 55 200 7.70E-03 7.87E-03 1.60E-02 4.03E-02 2.61E-01

 GS 19 12 15 28 131 4.11E-03 4.78E-03 8.67E-03 2.12E-02 1.69E-01

 Bicgstab 9 6 7 10 15 1.53E-03 1.54E-03 2.04E-03 3.05E-03 6.62E-03

 Gmres 17 10 14 18 38 2.31E-03 2.29E-03 3.09E-03 4.65E-03 1.36E-02

 Bicgstab (SGS) 5 3 4 5 8 3.19E-03 3.80E-03 6.49E-03 1.09E-02 2.81E-02

 Gmres (SGS) 8 6 7 8 14 3.23E-03 3.90E-03 6.48E-03 9.85E-03 2.76E-02

 =64

 Dgesv 7.51E-02 1.81E-01 3.79E-01 6.11E-01 1.49E+00

 Jacobi 42 23 30 56 200 2.48E-02 2.67E-02 5.52E-02 1.92E-01 2.29E+00

 GS 19 12 16 29 139 1.22E-02 1.57E-02 3.16E-02 1.03E-01 1.59E+00

 Bicgstab 9 6 7 10 16 3.15E-03 3.52E-03 5.84E-03 1.34E-02 1.29E-01

 Gmres 17 10 14 18 40 4.57E-03 4.56E-03 8.26E-03 1.65E-02 1.94E-01

 Bicgstab (SGS) 5 3 4 5 9 9.40E-03 1.19E-02 2.52E-02 5.99E-02 3.28E-01

 Gmres (SGS) 8 6 7 8 17 8.67E-03 1.24E-02 2.29E-02 4.91E-02 3.25E-01

! "#$%&' ()*+,-.' /&, 0,-/123/&'

4. 53%&%678 9&+:;<%3

! =#6>2$' /<% ()3%3+1?@<%

PÐnakac T10: O arijmìc twn epanalăyewn (aristerĹ) kai o qrìnoc epÐlushc tou collocation sustă-

matoc (dexiĹ) gia mh kanonikĹ polÔgwna kai gia tic epanalhptikèc mejìdouc Jacobi,
GS, Bicgstab, Gmres, Bicgstab(SGS) kai Gmres(SGS). ’Eqoume qrhsimopoiăsei 32

(pĹnw) kai 64 (kĹtw) sunartăseic bĹshc anĹ pleurĹ.



5.3 SumperĹsmata 85

5.3 SumperĹsmata

To telikì sumpèrasma pou bgaÐnei apì thn prohghjeÐsa anĹlush eÐnai ìti h mh prorujmismè-

nh Bicgstab eÐnai h asfalèsterh kai pio apodotikă mèjodoc gia thn epÐlush thc genikeumènhc

Dirichlet to Neumann apeikìnishc se kanonikĹ polÔgwna me tic Ðdiec Dirichlet, Neumann ă

Mixed sunoriakèc sunjăkec se ìlec tic pleurèc.

Sthn perÐptwsh twn mh kanonikÿn polugÿnwn, an kai parathroÔme parìmoia sumperiforĹ

me ta kanonikĹ polÔgwna, eÐnai prìwro na bgĹloume èna genikì sumpèrasma parìmoio me au-

tì twn kanonikÿn polugÿnwn. Oi poikÐlec morfèc enìc n−gÿnou, kajÿc kai oi diaforetikoÐ

trìpoi prosèggisăc tou, eÐnai duo apì touc polloÔc parĹgontec pou sunhgoroÔn se aută thn

kateÔjunsh. SÐgoura to jèma autì ja mac apasqolăsei sto mèllon. PĹntwc, gia thn klĹsh

twn polugÿnwn pou exetĹsame mporoÔme na poÔme ìti h mh prorujmismènh Bicgstab eÐnai h

pio apodotikă mèjodoc gia thn epÐlush thc genikeumènhc Dirichlet-Neumann apeikìnishc. Se

epèktash autoÔ tou sumperĹsmatoc, mporoÔme na isquristoÔme ìti, se periptÿseic mh kano-

nikÿn polugÿnwn pou èqoun proèljei apì mikrèc diataraqèc sthn gewmetrÐa twn kanonikÿn

polugÿnwn, h sumperiforĹ sÔgklishc twn epanalhptikÿn mejìdwn ja eÐnai parìmoia me aută

pou parathrăsame sta kanonikĹ polÔgwna.
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KefĹlaio 6

Domă kai Idiìthtec tou Collocation

PÐnaka

GnwrÐzoume ìti o collocation pÐnakac thc sine-SFFS èqei mia idiaÐterh domă: ta diagÿnia

tou mplok eÐnai point diagÿnioi pÐnakec [SFFS]. Aută h domă èqei proèljei ek’ kataskeuăc

thc SFFS mejìdou. ’Omwc h genikă domă tou collocation pÐnaka exartĹtai Ĺmesa apì (a) thn

gewmetrÐa tou polugÿnou (b) tic sunoriakèc sunjăkec pou qrhsimopoioÔme se kĹje pleurĹ kai

(g) tic sunartăseic bĹshc. AllĹzontac autèc tic paramètrouc allĹzei, en gènei, kai h domă tou

pÐnaka [SSP, SFPS].

Sto parÿn kefĹlaio ja meletăsoume diexodikĹ thn domă kai tic idiìthtec tou collocation

pÐnaka.

6.1 KanonikĹ PolÔgwna me ’Idiec Sunoriakèc Sunjăkec

se ’Olec tic pleurèc

Se aută thn parĹgrafo ja meletăsoume thn domă kai tic idiìthtec tou collocation pÐnaka

sthn perÐptwsh sthn opoÐa to polugwnikì qwrÐo D, pĹnw sto opoÐo lÔnoume thn diaforikă

exÐswsh, eÐnai èna kanonikì polÔgwno kai oi sunoriakèc sunjăkec eÐnai Ðdiec (βj = β) se ìlec

tic pleurèc tou polugÿnou.

QwrÐc blĹbh thc genikìthtac ja jewrăsoume ìti to kèntro tou polugÿnou brÐsketai sthn

arqă twn axìnwn kai ìti h korufă z1 brÐsketai pĹnw ston xx
′
Ĺxona1. Epeidă to polÔgwno eÐnai

kanonikì ja isqÔei ìti αj+1 = αj + φ ìpou αj = arg(zj+1 − zj) kai φ mia gwnÐa pou exartĹtai,

apokleistikĹ, apì to plăjoc twn pleurÿn tou polugÿnou kai isoÔtai me 2π/n. H gewmetrÐa

twn kanonikÿn polugÿnwn gia thn perÐptwsh enìc kanonikoÔ oktagÿnou faÐnetai sto sqăma

(6.1). Ja parakoloujăsoume touc sumbolismoÔc tou 1ou kefalaÐou orÐzontac epiplèon tic exăc

1 Σε επόµενη παράγραφο θα αποσαφηνίσουµε το γιατί αυτοί οι δυο περιορισµοί δεν περιορίζουν την γενικότητα.
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posìthtec:

M := |mj| kai H := |hj| ,
oi opoÐec eÐnai anexĹrthtec tou j.

z1

z7

z6

z5

z4

z3

z2

z8

α1

α1 + φ

α1 + 2φ

α1 + 3φ

α1 + 7φ

α1 + 6φ

α1 + 5φ

α1 + 4φ

(0, 0)

Sqăma 6.1: GewmetrÐa enìc kanonikoÔ 8-gÿnou.

To mplok Aj
p (3.21) tou collocation pÐnaka gia thn SFFS mèjodo kai gia opoiodăpote sÔnolo

sunartăsewn bĹshc ϕr(s) ja eÐnai to

Aj
p =




Re
[
cj
p

(
1
2
, 1

)]
Re

[
cj
p

(
1
2
, 2

)]
Re

[
cj
p

(
1
2
, 3

)]
Re

[
cj
p

(
1
2
, 4

)]
Re

[
cj
p

(
1
2
, 5

)] · · ·
Im

[
cj
p (1, 1)

]
Im

[
cj
p (1, 2)

]
Im

[
cj
p (1, 3)

]
Im

[
cj
p (1, 4)

]
Im

[
cj
p (1, 5)

]

Re
[
cj
p

(
3
2
, 1

)]
Re

[
cj
p

(
3
2
, 2

)]
Re

[
cj
p

(
3
2
, 3

)]
Re

[
cj
p

(
3
2
, 4

)]
Re

[
cj
p

(
3
2
, 5

)]

Im
[
cj
p (2, 1)

]
Im

[
cj
p (2, 2)

]
Im

[
cj
p (2, 3)

]
Im

[
cj
p (2, 4)

]
Im

[
cj
p (2, 5)

]

Re
[
cj
p

(
5
2
, 1

)]
Re

[
cj
p

(
5
2
, 2

)]
Re

[
cj
p

(
5
2
, 3

)]
Re

[
cj
p

(
5
2
, 4

)]
Re

[
cj
p

(
5
2
, 5

)]

Im
[
cj
p (3, 1)

]
Im

[
cj
p (3, 2)

]
Im

[
cj
p (3, 3)

]
Im

[
cj
p (3, 4)

]
Im

[
cj
p (3, 5)

]
...

. . .




(6.1)

ìpou

cj
p (l, r) :=

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds. (6.2)

Sthn (6.2) oi parĹgontec |hj| / |hp| kai ei(βj−βp) mporoÔn na apaleifjoÔn afoÔ |hj| = |hp|
(Ðso măkoc pleurÿn) kai βj = βp (Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc) antÐstoiqa.

Epomènwc h sqèsh (6.2) isodÔnama grĹfetai

cj
p (l, r) := e

−il
mp−mj

hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds. (6.3)
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Lămma 6.1 ’Estw kanonikì polÔgwno me n korufèc kai kèntro tou thn arqă twn axìnwn. Tìte

isqÔoun ta parakĹtw

(a)
arg (mj) = αj − π

2
(6.4)

(b)
M

H
= cot

(π

n

)
π (6.5)

(g)
mp −mj

hp

= −iπ cot
(π

n

) (
1− ei(αj−αp)

)
. (6.6)

Apìdeixh.

(a) To diĹnusma mj eÐnai kĹjeto, proc ta èxw, sthn pleurĹ Sj (sqăma 6.2). ’Ara

arg(mj) = arg(hj)− π

2
= αj − π

2

(b) Jètontac ω =
2π

2n
ìpwc sto sqăma (6.3) èqoume

tan (ω) =
πH

M
⇔

tan (ω)

π
=

H

M
⇔

M

H
= cot (ω) π

Dhladă
M

H
= cot

(π

n

)
π.

(g) Qrhsimopoiÿntac ta (a) kai (b) kajÿc kai th sqèsh hp = |hp|eiαp èqoume

mp −mj

hp

=
Mei(αp−π

2 ) −Mei(αj−π
2 )

Heiαp

=
M

H

ei(−π/2)eiαp − ei(−π/2)eiαj

eiαp

= −i
M

H

eiαp − eiαj

eiαp

= −i
M

H

(
1− ei(αj−αp)

)

= −iπ cot
(π

n

) (
1− ei(αj−αp)

)
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zj

zj+1

mj

2πhj
arg(mj)

arg(hj)

Sqăma 6.2: KanonikĹ polÔgwna: arg(mj) = αj − π/2.

zj

zj+1

ω = 2π
2n

H
2

M

Sqăma 6.3: KanonikĹ polÔgwna: M
H = cot

(
π
n

)
π.
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¤

Me thn qrăsh tou Lămmatoc 6.1 h sqèsh (6.3) diadoqikĹ grĹfetai:

cj
p(l, r) = e

−il
mp−mj

hp

π∫

−π

e
il

hj
hp

s
ϕr (s) ds

= e
−il

"
−iπ cot(π

n)
 

1−e
i(αj−αp)

!#
π∫

−π

eile
i(αj−αp)sϕr (s) ds

= e−lπ cot(π
n)elπ cot(π

n)e
i(αj−αp)

π∫

−π

eile
i(αj−αp)sϕr (s) ds

= e−lπ cot(π
n)

π∫

−π

elπ cot(π
n)e

i(αj−αp)
eile

i(αj−αp)sϕr (s) ds.

Dhladă

cj
p(l, r) = e−lπ cot(π

n)
π∫

−π

e[π cot(π
n)+is]le

i(αj−αp)
ϕr (s) ds. (6.7)

’Omwc

αj − αp = [α1 + (j − 1) φ]− [α1 + (p− 1) φ] = (j − p) φ.

’Ara

cj
p = e−lπ cot(π

n)
π∫

−π

e[π cot(π
n)+is]lei(j−p)φ

ϕr (s) ds. (6.8)

Jeÿrhma 6.1 Sthn perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec sunoriakèc sunjăkec se

ìlec tic pleurèc o collocation pÐnakac A thc SFFS eÐnai block-Toeplitz gia opoiodăpote sÔnolo

sunartăsewn bĹshc.

Apìdeixh. ArkeÐ na deÐxoume ìti gia kĹje tetrĹda fusikÿn arijmÿn p1, p2, j1, j2 metaxÔ tou

1 kai tou n me p1 − j1 = p2 − j2 na isqÔei, gia ta mplok tou pÐnaka A, ìti:

Aj1
p1

= Aj2
p2

. (6.9)

Ta stoiqeÐa tou mplok Aj
p dÐnontai apì to pragmatikì ă to fantastikì mèroc twn posotătwn

cj
p(l, r), ìpwc autèc orÐzontai sthn (6.8). Epomènwc arkeÐ na deÐxoume ìti gia kĹje l, r

cj1
p1

(l, r) = cj2
p2

(l, r) ,
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ă isodÔnama

e−lπ cot(π
n)

π∫

−π

e[π cot(π
n)+is]lei(j1−p1)φ

ϕr (s) ds = e−lπ cot(π
n)

π∫

−π

e[π cot(π
n)+is]lei(j2−p2)φ

ϕr (s) ds

pou profanÿc isqÔei afoÔ j1 − p1 = j2 − p2. ¤

Jeÿrhma 6.2 Sthn perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec sunoriakèc sunjăkec se

ìlec tic pleurèc o collocation pÐnakac A thc SFFS eÐnai block-circulant gia opoiodăpote sÔnolo

sunartăsewn bĹshc.

Apìdeixh. SÔmfwna me to jeÿrhma (6.1) o pÐnakac A eÐnai block-Toeplitz. Epomènwc ikană

sunjăkh gia na eÐnai kai block-circulant eÐnai h

A1
j = A n−j+2

1 ,

gia kĹje j = 2, 3, . . . , n. ArkeÐ na deÐxw loipìn ìti gia kĹje l, r

c1
j (l, r) = cn−j+2

1 (l, r) ,

ă isodÔnama

e−lπ cot(π
n)

π∫

−π

e[π cot(π
n)+is]lei(1−j)φ

ϕr (s) ds = e−lπ cot(π
n)

π∫

−π

e[π cot(π
n)+is]lei(n−j+2−1)φ

ϕr (s) ds.

ArkeÐ loipìn na deÐxw ìti

ei(1−j)φ = ei(n−j+1)φ ă einφ = 1.

’Estw ω h kĹje eswterikă gwnÐa tou polugÿnou. Parathrÿntac tÿra tic gwnÐec sthn korufă

z2 tou polugÿnou sto sqăma (6.1) kai èqontac upìyin ìti to Ĺjroisma twn eswterikÿn gwniÿn

enìc n−gÿnou isoÔtai me (n− 2)π èqoume

ω + φ = π ⇒
nω + nφ = nπ ⇒

(n− 2) π + nφ = nπ ⇒
nφ = 2π.

Epomènwc einφ = 1. ¤

Ta epìmena lămmata ja mac faneÐ qrăsima
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Lămma 6.2 Melèth thc sin r s+π
2

H sunĹrthsh sin r s+π
2

eÐnai Ĺrtia an to r eÐnai perittì kai perittă an to r eÐnai Ĺrtio.

Apìdeixh. Ja pĹroume periptÿseic gia to r.

• ’Estw ìti r = 1, 3, 5, . . . (r = 2k + 1, k = 0, 1, 2, . . .)

sin
(
r s+π

2

)
= sin

[
(2k + 1) s+π

2

]
= sin

(
ks + kπ + 1

2
s + 1

2
π
)

= cos
(
ks + kπ + 1

2
s
)

={
cos

[(
k + 1

2

)
s
]
, an k = 0, 2, 4, . . .

− cos
[(

k + 1
2

)
s
]
, an k = 1, 3, 5, . . .

.

’Ara h sin r s+π
2

eÐnai Ĺrtia.

• ’Estw ìti r = 2, 4, 6, . . . (r = 2k, k = 0, 1, 2, . . .)

sin
(
r s+π

2

)
= sin

(
2k s+π

2

)
= sin (ks + kπ) =

{
sin (ks) , an k = 0, 2, 4, . . .

− sin (ks) , an k = 1, 3, 5, . . .
.

’Ara h sin r s+π
2

eÐnai perittă.

¤

Lămma 6.3 ’Estw ìti

M j
p (l, r) := e

−il
mp−mj

hp ,

kai

Ij
p (l, r) :=

π∫

−π

e
il

hj
hp

s
sin r s+π

2
ds.

Tìte isqÔoun ta parakĹtw

(a)

Re
[
Mp

j (l, r)
]

= Re
[
M j

p (l, r)
]

(6.10)

(b)

Im
[
Mp

j (l, r)
]

= Im
[
M j

p (l, r)
]

(6.11)

(g)

Re
[
Ip
j (l, r)

]
=

{
Re

[
Ij
p (l, r)

]
, an r perittìc

−Re
[
Ij
p (l, r)

]
, an r Ĺrtioc

(6.12)

(d)

Im
[
Ip
j (l, r)

]
=

{
− Im

[
Ij
p (l, r)

]
, an r perittìc

Im
[
Ij
p (l, r)

]
, an r Ĺrtioc

. (6.13)
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Apìdeixh. ParathroÔme ìti

M j
p (l, r) = e−lπ cot

π
n

e
i(αj−αp)

=

= e−lπ cot
π
n

[cos(αj−αp)+i sin(αj−αp)] =

= e−lπ cot
π
n

cos(αj−αp)e−ilπ cot
π
n

sin(αj−αp) =

= e−lπ cot
π
n

cos(αj−αp)
[
cos

(−lπ cot π
n

sin (αj − αp)
)

+ i sin
(−lπ cot π

n
sin (αj − αp)

)]
.

Dhladă

{
Re

[
M j

p (l, r)
]

= cos
(−lπ cot π

n
sin (αj − αp)

)
e−lπ cot

π
n

cos(αj−αp)

Im
[
M j

p (l, r)
]

= sin
(−lπ cot π

n
sin (αj − αp)

)
e−lπ cot

π
n

cos(αj−αp)
. (6.14)

EpÐshc

Ij
p =

π∫

−π

eile
i(αj−αp)s sin r s+π

2
ds =

=

π∫

−π

eil[cos(αj−αp)+i sin(αj−αp)]s sin r s+π
2

ds =

=

π∫

−π

eil cos(αj−αp)se−l sin(αj−αp)s sin r s+π
2

ds =

=

π∫

−π

e−l sin(αj−αp)s [cos (l cos (αj − αp) s) + i sin (l cos (αj − αp) s)] sin r s+π
2

ds,

dhladă 



Re
[
Ij
p (l, r)

]
=

π∫

−π

e−l sin(αj−αp)s cos (l cos (αj − αp) s) sin r s+π
2

ds

Im
[
Ij
p (l, r)

]
=

π∫

−π

e−l sin(αj−αp)s sin (l cos (αj − αp) s) sin r s+π
2

ds

. (6.15)

(a), (b) SunepĹgontai Ĺmesa apì thn (6.15) afoÔ (αp−αj) = −(αj−αp) , cos(−A) = cos(A)

kai sin(−A) = − sin(A).

(g) Gia r perittì èqoume
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Re
[
Ij
p (l, r)

]− Re
[
Ip
j (l, r)

]
=

π∫

−π

e−l sin(αj−αp)s cos (l cos (αj − αp) s) sin r s+π
2

ds− ·
π∫

−π

e−l sin(αp−αj)s cos (l cos (αp − αj) s) sin r s+π
2

ds =

π∫

−π

[
e−l sin(αj−αp)s cos (l cos (αj − αp) s)− e−l sin(αp−αj)s cos (l cos (αp − αj) s)

]
sin r s+π

2
ds =

π∫

−π

[
el sin(αp−αj)s − e−l sin(αp−αj)s

]
cos (l cos (αp − αj) s) sin r s+π

2
ds =

2

π∫

−π

sinh [l sin (αp − αj) s] cos (l cos (αp − αj) s) sin r s+π
2

ds = 0

afoÔ to sinh eÐnai perittă sunĹrthsh kai ta cos kai sin eÐnai Ĺrtiec sunartăseic (bl. Lămma

6.2).

’Ara

Re
[
Ij
p (l, r)

]
= Re

[
Ip
j (l, r)

]
, an r perittìc.

Gia r Ĺrtio èqoume

Re
[
Ij
p (l, r)

]
+ Re

[
Ip
j (l, r)

]
=

2

π∫

−π

cosh [l sin (αp − αj) s] cos (l cos (αp − αj) s) sin r s+π
2

ds = 0,

afoÔ ta cosh kai cos eÐnai Ĺrtiec sunartăseic enÿ to sin eÐnai perittă sunĹrthsh (bl. Lăm-

ma 6.2).

’Ara

Re
[
Ij
p (l, r)

]
= −Re

[
Ip
j (l, r)

]
, an r Ĺrtioc.

(d) ’Omoia me to (g)

¤

Jeÿrhma 6.3 Sthn perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec sunoriakèc sunjăkec se

ìlec tic pleurèc ta summetrikĹ mplok Aj
p kai Ap

j tou collocation pÐnaka thc sine-SFFS èqoun

thn idiìthta

Ap
j = WAj

pW, (6.16)
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ìpou W diagÿnioc pÐnakac ston RN×N

W = diag (1,−1, . . . 1,−1) .1 (6.17)

Apìdeixh. Katarqăn ac doÔme thn drĹsh tou metasqhmatismoÔ WBW se èna tuqaÐo pÐnaka

B. An

B =




a11 a12 a13 a14 · · ·
a21 a22 a23 a24 · · ·
a31 a32 a33 a34 · · ·
a41 a42 a43 a44 · · ·
...

...
...

...
. . .




tìte

WBW =




a11 −a12 a13 −a14 · · ·
−a21 a22 −a23 a24 · · ·

a31 −a32 a33 −a34 · · ·
−a41 a42 −a43 a44 · · ·

...
...

...
...

. . .




Epomènwc, gia thn apìdeixh tou jewrămatoc, arkeÐ na deÐxoume ìti gia kĹje p, j, l, r isqÔei




Re
[
cp
j (l, r)

]
=

{
Re

[
cj
p (l, r)

]
, an r perittìc

−Re
[
cj
p (l, r)

]
, an r Ĺrtioc

Im
[
cp
j (l, r)

]
=

{
− Im

[
cj
p (l, r)

]
, an r perittìc

Im
[
cj
p (l, r)

]
, an r Ĺrtioc

.

IsqÔei ìti

cj
p(l, r) = M j

p (l, r)Ij
p(l, r),

ìpou M j
p (l, r) kai Ij

p(l, r) ìpwc orÐsthkan sto lămma (6.3) ’Estw ìti, gia stajerĹ l kai r,

R1 := Re[M j
p (l, r)]

I1 := Im[M j
p (l, r)]

R2 := Re[Ij
p(l, r)]

I2 := Im[Ij
p(l, r)].

Apì to lămma (6.3) xèroume ìti

Mp
j = R1 − iI1,

1 Ο συµβοlισµόc D = diag (d1, d2, . . . , dn) σηµαίνει ότι ο πίνακαc D είναι διαγώνιοc και τα διαγώνια στοιχεία

του είναι, µε την σειρά που αναγράφονται, τα d1, d2, d3, . . . , dn.
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kajÿc kai ìti

Ip
j =

{
R2 − iI2 , an r = 1, 3, 5, . . .

−R2 + iI2 , an r = 2, 4, 6, . . .

Epomènwc diakrÐnontac duo periptÿseic gia to r èqoume

Gia r perittì

cj
p (l, r) = (R1 + iI1) (R2 + iI2) = (R1R2 − I1I2) + i (R1I2 + I1R2) kai

cp
j (l, r) = (R1 − iI1) (R2 − iI2) = (R1R2 − I1I2)− i (R1I2 + I1R2).

Dhladă

{
Re

(
cp
j (l, r)

)
= Re

(
cj
p (l, r)

)

Im
(
cp
j (l, r)

)
= − Im

(
cj
p (l, r)

) (6.18)

Gia r Ĺrtio

cj
p (l, r) = (R1 + iI1) (R2 + iI2) = (R1R2 − I1I2) + i (R1I2 + I1R2) kai

cp
j (l, r) = (R1 − iI1) (−R2 + iI2) = − (R1R2 − I1I2) + i (R1I2 + I1R2).

Dhladă {
Re

(
cp
j (l, r)

)
= −Re

(
cj
p (l, r)

)

Im
(
cp
j (l, r)

)
= Im

(
cj
p (l, r)

)
.

(6.19)

¤

Paratărhsh 6.1 Gia na gÐnei pio katanohtă h morfă tou pÐnaka, thc sine-collocation sthn

perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc, para-

jètoume ton collocation pÐnaka gia duo periptÿseic n = 6 kai n = 7.

Gia n = 6

A =




D B C E C̃ B̃

B̃ D B C E C̃

C̃ B̃ D B C E

Ẽ C̃ B̃ D B C

C Ẽ C̃ B̃ D B

B C Ẽ C̃ B̃ D




(6.20)
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Gia n = 7

A =




D B C E Ẽ C̃ B̃

B̃ D B C E Ẽ C̃

C̃ B̃ D B C E Ẽ

Ẽ C̃ B̃ D B C E

E Ẽ C̃ B̃ D B C

C E Ẽ C̃ B̃ D B

B C E Ẽ C̃ B̃ D




(6.21)

ìpou D diagÿnioc pÐnakac kai X̃ = WXW me ton W ìpwc orÐsthke sto jeÿrhma (6.3).

Paratărhsh 6.2 Anaferìmenoi sto jeÿrhma (6.3) mporoÔme na parathrăsoume ìti ta sum-

metrikĹ mplok tou collocation pÐnaka èqoun

• To Ðdio fĹsma kai

• Thn Ðdia orÐzousa.

Autì prokÔptei apì to gegonìc ìti W−1 = W opìte o metasqhmatismìc pou sundèei ta sum-

metrikĹ mplok eÐnai metasqhmatismìc omoiìthtac.

6.2 Genikìterec Periptÿseic

Ektìc apì thn perÐptwsh twn kanonikÿn polugÿnwn me tic Ðdiec sunoriakèc sunjăkec se

ìlec tic pleurèc mporoÔme na exagĹgoume sumperĹsmata ìqi gia thn morfă, allĹ gia to pÿc

metabĹlletai o collocation pÐnakac ìtan metafèroume, strèyoume ă megejÔnoume to polÔgwno.

Akìma mporoÔme na sumperĹnoume thn mh metabolă tou collocation pÐnaka kajÿc allĹzoume

omoiìmorfa tic sunoriakèc sunjăkec se ìlec tic pleurèc. Sthn perÐptwsh de pou èqoume

diaforetikèc sunoriakèc sunjăkec se kĹje pleurĹ upĹrqei trìpoc na grĹyoume ton collocation

wc sunduasmì duo ”aploÔsterwn” pinĹkwn.

6.2.1 MetaforĹ, Strofă kai Megèjunsh tou Polugÿnou

To erÿthma pou tÐjetai proc diereÔnhsh se aută thn parĹgrafo eÐnai to pÿc ja allĹxei, o

collocation pÐnakac an metafèroume, strèyoume kai megejÔnoume to arqikì mac polÔgwno. Ja

anaferìmaste sto arqikì polÔgwno me Π kai sto metasqhmatismèno me Π̃. Thn Ðdia praktikă ja

akoloujăsoume kai gia ta Ĺlla stoiqeÐa tou metasqhmatismènou polugÿnou (ja topojetoÔme

mia ”tÐlnta” pĹnw sto kĹje stoiqeÐo) gia na ta xeqwrÐzoume apì ta stoiqeÐa tou arqikoÔ

polugÿnou. ’Estw loipìn ìti to metasqhmatismèno polÔgwno èqei megejunjeÐ katĹ λ, èqei

strafeÐ jetikĹ katĹ gwnÐa θ (rad) kai (to kèntro tou) èqei metaferjeÐ katĹ C0. Ta dÔo

polÔgwna faÐnontai, gia thn perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec sunoriakèc sunjăkec

se ìlec tic pleurèc kai gia n = 6, sto sqăma (6.4).
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C0

R

λR
θ

z1

z̃1

(0, 0)

Π

˜
Π

Sqăma 6.4: MetaforĹ, strofă kai megèjunsh enìc kanonikoÔ exagÿnou me kèntro thn arqă twn

axìnwn kai aktÐna R.

Jeÿrhma 6.4 O collocation pÐnakac gia thn SFFS mèjodo paramènei ametĹblhtoc an meta-

fèroume, strèyoume ă megejÔnoume èna polÔgwno (kanonikì ă mh) gia opoiodăpote sÔnolo

sunartăsewn bĹshc.

Apìdeixh. ’Estw ìti xekinĹme apì èna arqikì polÔgwno Π me kèntro thn arqă twn axìnwn

to opoÐo metasqhmatÐzoume se èna nèo polÔgwno Π̃ metafèrontac to kèntro tou sto shmeÐo C0

megejÔnontac to katĹ λ kai strèfontac to jetikĹ katĹ gwnÐa θ. Dhladă h kĹje korufă tou

arqikoÔ polugÿnou zj ja metasqhmatisteÐ sthn z̃j ìpou

z̃j = C0 + λeiθzj (6.22)

To mplok Aj
p tou collocation pÐnaka gia to arqikì polÔgwno ja eÐnai to (6.1) ìpou ta stoiqeÐa

cj
p(l, r) orÐzontai sthn (6.2). Ta antÐstoiqa stoiqeÐa c̃ j

p(l, r) gia to metasqhmatismèno polÔgwno

orÐzontai ìpwc

c̃ j
p(l, r) :=

∣∣∣h̃j

∣∣∣
∣∣∣h̃p

∣∣∣
ei(βj−βp)e

−il
emp− emj

ehp

π∫

−π

e
il
ehj

ehp

s
ϕr(s)ds 1 (6.23)

Gia na deÐxoume thn isìthta twn duo collocation pinĹkwn pou antistoiqoÔn sta polÔgwna Π

kai Π̃ antÐstoiqa arkeÐ na deÐxoume ìti gia kĹje p, j, l, r isqÔei

cj
p(l, r) = c̃ j

p(l, r)

1 Οι συνοριακέc συνθήκεc (βj) δεν επηρεάστηκαν από αυτό τον µετασχηµατισµό.
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ă isodÔnama

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds =

∣∣∣h̃j

∣∣∣
∣∣∣h̃p

∣∣∣
ei(βj−βp)e

−il
emp− emj

ehp

π∫

−π

e
il
ehj

ehp

s
ϕr(s)ds ⇔ (6.24)

|hj|
|hp|e

−il
mp−mj

hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds =

∣∣∣h̃j

∣∣∣
∣∣∣h̃p

∣∣∣
e
−il

emp− emj

ehp

π∫

−π

e
il
ehj

ehp

s
ϕr(s)ds (6.25)

’Omwc





h̃j :=
z̃j+1 − z̃j

2π
=

C0 + λeiθzj+1 −
(
C0 + λeiθzj

)

2π
= λeiθ zj+1 − zj

2π
= λeiθhj

m̃j :=
z̃j+1 + z̃j

2
=

C0 + λeiθzj+1 +
(
C0 + λeiθzj

)

2
= C0 + λeiθ zj+1 + zj

2
= C0 + λeiθmj

kai





h̃j

h̃p

=
λeiθhj

λeiθhp

=
hj

hp

m̃p − m̃j

h̃p

=
C0 + λeiθmp −

(
C0 + λeiθmj

)

λeiθhp

=
λeiθ (mp −mj)

λeiθhp

=
mp −mj

hp

Epomènwc h (6.25) fanerĹ isqÔei. ¤

Paratărhsh 6.3
O collocation pÐnakac pou antistoiqeÐ sto prÿto mèloc thc Dirichlet-Neumann apeikìnishc pa-

ramènei ametĹblhtoc se metaforèc, strofèc kai megejÔnseic tou polugÿnou gegonìc to opoÐo

den isqÔei gia to deÔtero mèloc thc Dirichlet-Neumann apeikìnishc to opoÐo metabĹletai. Dh-

ladă an h diakritopoÐhsh thc Dirichlet-Neumann apeikìnishc gia èna sugkekrimèno polÔgwno

mac odhgăsei se èna grammikì sÔsthma Ax = b h diakritopoÐhsh thc Dirichlet-Neumann

apeikìnishc gia èna metasqhmatismèno polÔgwno ja mac odhgăsei se èna grammikì sÔsthma

Ax = b̃ me Ðdio ton pÐnaka twn suntelestÿn twn agnÿstwn allĹ diaforetikì deÔtero mèloc.

6.2.2 Omoiìmorfh Metabolă twn Sunoriakÿn Sunjhkÿn

Jeÿrhma 6.5 ’Estw A o collocation pÐnakac pou prokÔptei gia èna sugkekrimèno sÔnolo suno-

riakÿn sunjhkÿn {βj}n
j=1. An metabĹloume omoiìmorfa to sÔnolo twn sunoriakÿn sunjhkÿn

se ìlec tic pleurèc, an dhladă
{

β̃j

}n

j=1
= {βj + γ}n

j=1 , (6.26)

o collocation pÐnakac paramènei ametĹblhtoc.



6.2 Genikìterec Periptÿseic 101

Apìdeixh. O collocation pÐnakac parĹgetai apì to prÿto mèloc thc Dirichlet-Neumann apei-

kìnish (2.42). Parathrÿntac prosektikĹ thn Dirichlet-Neumann apeikìnish blèpoume ìti oi

sunoriakèc sunjăkec emfanÐzontai, sto prÿto mèloc, sthn morfă ei(βj−βp). EÐnai profanèc ìti

an β̃j = βj + γ o parĹgontac ei(eβj−eβp) isoÔtai me ei(βj−βp). ¤
’Amesh sunèpeia tou prohgoÔmenou jewrămatoc eÐnai to epìmeno sumpèrasma.

Sumpèrasma 6.6 An qrhsimopoiăsoume tic Ðdiec sunoriakèc sunjăkec se kĹje pleurĹ tou

polugÿnou (βj = β), o collocation pÐnakac gia thn SFFS mèjodo eÐnai anexĹrthtoc thc timăc

tou β gia opoiodăpote sÔnolo sunartăsewn bĹshc.

Paratărhsh 6.4 To deÔtero mèloc tou grammikoÔ sustămatoc, pou prokÔptei apì thn dia-

kritopoÐhsh thc Dirichlet-Neumann apeikìnishc , den eÐnai anexĹrthto apì thn epilogă twn

sunoriakÿn sunjhkÿn Ĺsqeta me to an èqoume tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc.

Autì ofeÐletai stic sunartăseic g(j) oi opoÐec emfanÐzontai sto deÔtero mèloc kai exartÿntai

Ĺmesa apì tic sunoriakèc sunjăkec (βj).

6.2.3 Diaforetikèc Sunoriakèc Sunjăkec se KĹje PleurĹ

Se aută thn parĹgrafo ja jewrăsoume (a) ton collocation pÐnaka gia èna polÔgwno me

tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc kai (b) ton collocation pÐnaka gia to Ðdio

polÔgwno allĹ me diaforetikèc sunoriakèc sunjăkec se kĹje pleurĹ kai ja deÐxoume thn

sqèsh metaxÔ touc.

JewroÔme thn posìthta

cj
p (l, r) :=

|hj|
|hp|e

i(βj−βp)e
−il

mp−mj
hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds (6.27)

kajÿc kai to migadikì diĹnusma

Ej
p (l) :=

[
cj
p (l, 1) cj

p (l, 2) · · · [cj
p (l, Nj)

]
(6.28)

’Opwc gnwrÐzoume akoloujoÔme to exăc sqăma gia thn kataskeuă, twn grammÿn, tou mplok Aj
p

tou collocation pÐnaka A gia thn SFFS:

1η grammă tou Aj
p 7−→ Re

[
Ej

p

(
l = 1

2

)]

2η grammă tou Aj
p 7−→ Im

[
Ej

p (l = 1)
]

3η grammă tou Aj
p 7−→ Re

[
Ej

p

(
l = 3

2

)]

4η grammă tou Aj
p 7−→ Im

[
Ej

p (l = 2)
]

...

N η
j−1 grammă tou Aj

p 7−→ Re
[
Ej

p

(
l =

Nj−1

2

)]

N η
j grammă tou Aj

p 7−→ Im
[(

Ej
p (l = Nj/2)

)]
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Tautìqrona ja jewrăsoume kai èna deÔtero pÐnaka B, ton opoÐo ja onomĹsoume ”suggenă

collocation pÐnaka”, tou opoÐou ta mplok Bj
p kataskeuĹzontai entelÿc anĹloga me autĹ tou

collocation pÐnaka A ìpwc parakĹtw:

1η grammă tou Bj
p 7−→ Im

[
Ej

p

(
l = 1

2

)]

2η grammă tou Bj
p 7−→ Re

[
Ej

p (l = 1)
]

3η grammă tou Bj
p 7−→ Im

[
Ej

p

(
l = 3

2

)]

4η grammă tou Bj
p 7−→ Re

[
Ej

p (l = 2)
]

...

N η
j−1 grammă tou Bj

p 7−→ Im
[
Ej

p

(
l =

Nj−1

2

)]

N η
j grammă tou Bj

p 7−→ Re
[(

Ej
p (l = Nj/2)

)]

Paratărhsh 6.5
Kai o collocation pÐnakac kai o suggenăc collocation pÐnakac eÐnai pragmatikoÐ kai proèrqontai

apì ton Ðdio migadikì pÐnaka. O suggenăc collocation pÐnakac B ja mporoÔse na jewrhjeÐ wc

o collocation pÐnakac, ìqi thc SFFS allĹ miac Ĺllhc mejìdou pou ja mporoÔse kĹllista na

onomasteÐ ”suzugăc-SFFS” lìgw thc stenăc thc sqèshc me thn SFFS.

’Estw loipìn ìti èqoume kataskeuĹsei ton collocation pÐnaka (A) kajÿc kai ton suggenă

collocation pÐnaka (B) gia èna polÔgwno jewrÿntac tic Ðdiec sunoriakèc sunjăkec se kĹje

pleurĹ. ’Estw tÿra ìti jèloume na kataskeuĹsoume ton collocation pÐnaka K gia thn perÐptwsh

pou èqoume diaforetikèc sunoriakèc sunjăkec βj se kĹje pleurĹ j.

QĹrin aplìthtac kai anaferìmenoi sta mplok (p, j) twn collocation pinĹkwn orÐzoume,gia thn

perÐptwsh twn idÐwn sunoriakÿn sunjhkÿn se kĹje pleurĹ, thn posìthta

γj
p(l, r) := cj

p(l, r) =
|hj|
|hp|e

−il
mp−mj

hp

π∫

−π

e
il

hj
hp

s
ϕr(s)ds

ParathroÔme ìti oi posìthtec cj
p(l, r) pou qreiazìmaste gia thn kataskeuă twn mplok tou K

sqetÐzontai Ĺmesa me tic posìthtec γj
p(l, r) pou èqoume qrhsimopoiăsei, antÐstoiqa, gia thn

kataskeuă twn mplok tou A. Eidikìtera milÿntac gia ta mplok (p, j) kai mh qrhsimopoiÿntac

touc autonìhtouc deÐktec ja èqoume

c (l, r) = ei(βj−βp)γ (l, r) =

= (cos (βj − βp) + i sin (βj − βp)) (Re (γ (l, r)) + i Im (γ (l, r))) =

= [cos (βj − βp) γR (l, r)− sin (βj − βp) γI (l, r)] + i [cos (βj − βp) γI (l, r) + sin (βj − βp) γR (l, r)]
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Epomènwc gia thn kataskeuă twn grammÿn tou Kj
p blèpoume ìti

perittèc grammèc 7−→ cos (βj − βp) γR (l, r)− sin (βj − βp) γI (l, r)

Ĺrtiec grammèc 7−→ cos (βj − βp) γI (l, r) + sin (βj − βp) γR (l, r)

’Omwc oi posìthtec γR gia tic perittèc grammèc kai γI gia tic Ĺrtiec grammèc eÐnai autèc pou

qrhsimopoiăsame sthn kataskeuă tou A enÿ oi γI gia tic perittèsc grammèc kai γR gia tic Ĺrtiec

grammèc qrhsimopoiăjhkan gia thn kataskeuă tou B. OrÐzontac diagÿnio pÐnaka MN ∈ RN×N
tètoio ÿste

MN = diag(−1, 1,−1, 1, . . . ,−1, 1)

mporoÔme na poÔme ìti

Kj
p = cos(βj − βp)A

j
p + sin(βj − βp)MNBj

p (6.29)

Dhladă isqÔei ìti

K = K1 + K2

ìpou

K1 =




cos (β1 − β1) A1
1 cos (β2 − β1) A2

1 cos (β3 − β1) A3
1 · · ·

cos (β1 − β2) A1
2 cos (β2 − β2) A2

2 cos (β3 − β2) A3
2 · · ·

cos (β1 − β3) A1
3 cos (β2 − β3) A2

3 cos (β3 − β3) A3
3 · · ·

...
...

...
. . .




kai

K2 =




sin (β1 − β1) MNB1
1 sin (β2 − β1) MNB2

1 sin (β3 − β1) MNB3
1 · · ·

sin (β1 − β2) MNB1
2 sin (β2 − β2) MNB2

2 sin (β3 − β2) MNB3
2 · · ·

sin (β1 − β3) MNB1
3 sin (β2 − β3) MNB2

3 sin (β3 − β3) MNB3
3 · · ·

...
...

...
. . .




.

Me thn qrăsh thc tautìthtac cos(a − b) = cos a cos b − sin a sin b mporoÔme na analÔsoume

peraitèrw ton K1. Gia autăn thn anĹlush orÐzoume epiplèon touc kĹtwji diagÿniouc pÐnakec

Cn, Sn kai IN

Cn =




cos β1

. . .

cos βn


 , Sn =




sin β1

. . .

sin βn


 , IN := MonadiaÐoc ston RN×N

(6.30)
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’Etsi o K1 grĹfetai

K1 =

2
66664

(cos β1 cos β1 + sin β1 sin β1) A1
1 (cos β2 cos β1 + sin β2 sin β1) A2

1 (cos β3 cos β1 + sin β3 sin β1) A3
1 · · ·

(cos β1 cos β2 + sin β1 sin β2) A1
2 (cos β2 cos β2 + sin β2 sin β2) A2

2 (cos β3 cos β3 + sin β3 sin β2) A3
2 · · ·

(cos β1 cos β3 + sin β1 sin β3) A1
3 (cos β2 cos β3 + sin β2 sin β3) A2

3 (cos β3 cos β3 + sin β3 sin β3) A3
3 · · ·

...
...

...
. . .

3
77775

=

2
66664

cos β1 cos β1 A1
1 cos β2 cos β1 A2

1 cos β3 cos β1 A3
1 · · ·

cos β1 cos β2 A1
2 cos β2 cos β2 A2

2 cos β3 cos β3 A3
2 · · ·

cos β1 cos β3 A1
3 cos β2 cos β3 A2

3 cos β3 cos β3 A3
3 · · ·

...
...

...
. . .

3
77775

+

2
66664

sin β1 sin β1 A1
1 sin β2 sin β1 A2

1 sin β3 sin β1 A3
1 · · ·

sin β1 sin β2 A1
2 sin β2 sin β2 A2

2 sin β3 sin β2 A3
2 · · ·

sin β1 sin β3 A1
3 sin β2 sin β3 A2

3 sin β3 sin β3 A3
3 · · ·

...
...

...
. . .

3
77775

=

2
66664

cos β1 A1
1 cos β1 A2

1 cos β1 A3
1 · · ·

cos β2 A1
2 cos β2 A2

2 cos β3 A3
2 · · ·

cos β3 A1
3 cos β3 A2

3 cos β3 A3
3 · · ·

...
...

...
. . .

3
77775

(Cn ⊗ IN ) +

2
66664

sin β1 A1
1 sin β1 A2

1 sin β1 A3
1 · · ·

sin β2 A1
2 sin β2 A2

2 sin β2 A3
2 · · ·

sin β3 A1
3 sin β3 A2

3 sin β3 A3
3 · · ·

...
...

...
. . .

3
77775

(Sn ⊗ IN )

= (Cn ⊗ IN )

2
66664

A1
1 A2

1 A3
1 · · ·

A1
2 A2

2 A3
2 · · ·

A1
3 A2

3 A3
3 · · ·

...
...

...
. . .

3
77775

(Cn ⊗ IN ) + (Sn ⊗ IN )

2
66664

A1
1 A2

1 A3
1 · · ·

A1
2 A2

2 A3
2 · · ·

A1
3 A2

3 A3
3 · · ·

...
...

...
. . .

3
77775

(Sn ⊗ IN ) .

Dhladă

K1 = (Cn ⊗ IN) A (Cn ⊗ IN) + (Sn ⊗ IN) A (Sn ⊗ IN) . (6.31)

Me entelÿc anĹlogo trìpo mporoÔme na deÐxoume ìti

K2 = (Cn ⊗ IN) MB (Sn ⊗ IN)− (Sn ⊗ IN) MB (Cn ⊗ IN) , (6.32)

ìpou

M = MN ⊗ In = diag (−1, 1,−1, 1, . . . ,−1, 1) . (6.33)

Epomènwc èqoume apodeÐxei to parakĹtw jeÿrhma

Jeÿrhma 6.7 Gia thn SFFS mèjodo kai gia opoiodăpote sÔnolo sunartăsewn bĹshc, o col-

location pÐnakac K, sthn perÐptwsh pou èqoume diaforetikèc sunoriakèc sunjăkec se kĹje

pleurĹ enìc polugÿnou, grĹfetai wc sunduasmìc tou collocation pÐnaka A gia thn perÐptwsh

pou èqoume Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc enìc polugÿnou kai tou suggenă

collocation pÐnaka B wc exăc

K = (Cn ⊗ IN) A (Cn ⊗ IN) + (Sn ⊗ IN) A (Sn ⊗ IN) + (6.34)

+ (Cn ⊗ IN) MB (Sn ⊗ IN)− (Sn ⊗ IN) MB (Cn ⊗ IN) , (6.35)

ìpou Cn, Sn kai IN ìpwc èqoun oristeÐ sthn (6.30).

6.3 TetrĹgwno

Sthn perÐptwsh pou to polugwnikì qwrÐo, sthn perÐptwsh twn kanonikÿn polugÿnwn

me Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc, èqei tèsseric pleurèc (tetrĹgwno) tìte
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emfanÐzontai epiplèon idiìthtec ìso aforĹ ston collocation pÐnaka, oi opoÐec mac epitrèpoun

thn analutikă eÔresh tou fĹsmatoc autoÔ.

Lămma 6.4 Se èna tetrĹgwno me Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc ta mplok tou

collocation pÐnaka thc SFFS pou antistoiqoÔn se kĹjetec pleurèc eÐnai mhdenikĹ gia opoiodăpote

sÔnolo sunartăsewn bĹshc.

Apìdeixh. ’Estw ìti oi pleurèc p, j eÐnai kĹjetec. Ta stoiqeÐa tou mplok Aj
p dÐnontai apì to

pragmatikì ă to fantastikì mèroc twn posotătwn cj
p(l, r) (6.7) oi opoÐec grĹfontai wc

cj
p(l, r) = e−lπ

π∫

−π

e(π+is)le
i(αj−αp)

ϕr (s) ds (6.36)

afoÔ gia n = 4 ⇒ cot(π/n) = 1. QwrÐc blĹbh thc genikìthtac upojètoume ìti j > p. Tìte

isqÔei

αj − αp =
(
αp +

π

2

)
− αp =

π

2
(6.37)

kai h sqèsh (6.36) diadoqikĹ grĹfetai

cj
p (l, r) = e−lπ

π∫

−π

e(π+is)leiπ/2

ϕr (s) ds

= e−lπ

π∫

−π

eilπe−lsϕr (s) ds

= eilπ

π∫

−π

e−lπe−lsϕr (s) ds.

’Omwc to

π∫

−π

e−lπe−lsϕr (s) ds eÐnai ènac pragmatikìc arijmìc èstw R (l, r). ’Ara

cj
p(l, r) = eilπR (l, r) , (6.38)

kai epomènwc 



Re[cj
p(l, r)] = cos (lπ) R (l, r)

Im[cj
p(l, r)] = sin (lπ) R (l, r)

. (6.39)

Oi perittèc grammèc−exisÿseic, tou mplok Aj
p, dÐnontai apì to pragmatikì mèroc tou cj

p(l, r)

gia l = 1
2
, 3

2
, 5

2
, . . .. ’Omwc gia autĹ ta l isqÔei

Re[cj
p(l, r)] = cos (lπ) R (l, r) = 0

Dhladă ìlec oi perittèc grammèc sto mplok Aj
p eÐnai mhdenikèc.
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Oi Ĺrtiec grammèc−exisÿseic, tou mplok Aj
p, dÐnontai apì to fantastikì mèroc tou cj

p(l, r)

gia l = 1, 2, . . .. ’Omwc gia autĹ ta l isqÔei

Im[cj
p(l, r)] = sin (lπ) R (l, r) = 0

Dhladă kai ìlec oi Ĺrtiec grammèc sto mplok Aj
p eÐnai mhdenikèc. ¤

Paratărhsh 6.6 To na mhdenÐzetai teleÐwc èna mplok tou collocation pÐnaka isqÔei, mìno gia

tetrĹgwna afoÔ to cot(π/n) den eÐnai akèraioc toulĹqiston gia timèc tou n <= 100000.

Sumpèrasma 6.8 Se èna tetrĹgwno, me tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc, ta

summetrikĹ mplok tou collocation pÐnaka, thc SFFS eÐnai Ðsa gia opoiodăpote sÔnolo sunartă-

sewn bĹshc.

Apìdeixh. EÐnai Ĺmesh sunèpeia tou lămmatoc (6.4) dedomènou ìti o pÐnakac eÐnai block-

circulant. ¤

Jeÿrhma 6.9 Se èna tetrĹgwno me tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc o col-

location pÐnakac thc sine-SFFS èqei thn parakĹtw mplok morfă gia opoiodăpote sÔnolo su-

nartăsewn bĹshc:

A =




A1 0 DA1 0

0 A1 0 DA1

DA1 0 A1 0

0 DA1 0 A1


 , (6.40)

ìpou D diagÿnioc pÐnakac

D := diag(e−1π,−e−2π, e−3π,−e−4π . . . e−(Nj−1)π,−e−Njπ). (6.41)

Apìdeixh. ArkeÐ na broÔme thn sqèsh tou kĹje stoiqeÐou tou mplok A3
1(=: A3) me to antÐ-

stoiqo stoiqeÐo tou mplok A1
1(=: A1).

Ta stoiqeÐa twn mplok A1 kai A3 dÐnontai apì to pragmatikì ă to fantastikì mèroc twn

posotătwn

c1
1(l, r) := e−lπ

π∫

−π

e(π+is)lei(α1−α1)

ϕr (s) ds (6.42)

kai

c3
1(l, r) := e−lπ

π∫

−π

e(π+is)lei(α3−α1)

ϕr (s) ds (6.43)
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antÐstoiqa.

Dedomènou ìti α1 − α1 = 0 kai α3 − α1 = π oi parapĹnw sqèseic grĹfontai

c1
1(l, r) =

π∫

−π

eilsϕr (s) ds (6.44)

kai

c3
1 (l, r) = e−lπ

π∫

−π

e(π+is)leiπ

ϕr (s) ds = e−lπ

π∫

−π

e−l(π+is)ϕr (s) ds = e−2lπ

π∫

−π

e−ilsϕr (s) ds (6.45)

antÐstoiqa.

Apì tic dÔo sqèseic (6.44) kai (6.45) eÔkola sumperaÐnoume ìti





Re [c3
1 (p, l)] = e−2lπ Re [c1

1 (p, l)]

Im [c3
1 (p, l)] = −e−2lπ Im [c1

1 (p, l)]

. (6.46)

Oi perittèc grammèc−exisÿseic, twn mplok A1 kai A3, oi opoÐec antistoiqoÔn sto pragmatikì

mèroc twn posotătwn c1
1(l, r) kai c3

1(l, r) antÐstoiqa, dÐnontai gia l = 1
2
, 3

2
, 5

2
, . . . enÿ oi Ĺrtiec

grammèc−exisÿseic, oi opoÐec antistoiqoÔn sto fantastikì mèroc twn posotătwn c1
1(l, r) kai

c3
1(l, r) antÐstoiqa, dÐnontai gia l = 1, 2, 3, . . .. Epomènwc gia ton pÐnaka A3 isqÔei

A3 =




e−1πA1 (1, :)

−e−2πA1 (2, :)

e−3πA1 (3, :)

−e−4πA1 (4, :)
...

e−(Nj−1)πA1 (Nj − 1, :)

−e−NjπA1 (Nj, :)




= DA1 (6.47)

¤

Paratărhsh 6.7 Se èna tetrĹgwno o collocation pÐnakac thc SFFS epidèqetai thn exăc pa-

ragontopoÐhsh

A = GT :=




I 0 D 0

0 I 0 D

D 0 I 0

0 D 0 I







A1 0 0 0

0 A1 0 0

0 0 A1 0

0 0 0 A1


 (6.48)

gia opoiodăpote sÔnolo sunartăsewn bĹshc. O pÐnakac D eÐnai o diagÿnioc pÐnakac pou orÐzetai
sthn (6.41), epomènwc o pÐnakac G eÐnai anexĹrthtoc twn sunartăsewn bĹshc enÿ o pÐnakac T



108 Domă kai Idiìthtec tou Collocation PÐnaka

exartĹtai apokleistikĹ apì tic sunartăseic bĹshc. Eidikìtera ta diagÿnia mplok tou T eÐnai

A1 =




Re
(∫ π

−π

ei 1
2 sϕ1 (s) ds

)
Re

(∫ π

−π

ei 1
2 sϕ2 (s) ds

)
· · · Re

(∫ π

−π

ei 1
2 sϕNj

(s) ds

)

Im
(∫ π

−π

ei 2
2 sϕ1 (s) ds

)
Im

(∫ π

−π

ei 2
2 sϕ2 (s) ds

)
· · · Im

(∫ π

−π

ei 3
2 sϕNj (s) ds

)

Re
(∫ π

−π

ei 3
2 sϕ1 (s) ds

)
Re

(∫ π

−π

ei 3
2 sϕ2 (s) ds

)
· · · Re

(∫ π

−π

ei 3
2 sϕNj (s) ds

)

Im
(∫ π

−π

ei 4
2 sϕ1 (s) ds

)
Im

(∫ π

−π

ei 4
2 sϕ2 (s) ds

)
· · · Im

(∫ π

−π

ei 4
2 sϕNj

(s) ds

)

...

Re
(∫ π

−π

ei
Nj−1

2 sϕ1 (s) ds

)
Re

(∫ π

−π

ei
Nj−1

2 sϕ2 (s) ds

)
· · · Re

(∫ π

−π

ei
Nj−1

2 sϕNj
(s) ds

)

Im
(∫ π

−π

ei
Nj
2 sϕ1 (s) ds

)
Im

(∫ π

−π

ei
Nj
2 sϕ2 (s) ds

)
· · · Im

(∫ π

−π

ei
Nj
2 sϕNj (s) ds

)




(6.49)

Jeÿrhma 6.10 Se èna tetrĹgwno o epanalhptikìc pÐnakac thc mplok-Jacobi epanalhptikăc

mejìdou pou antistoiqeÐ ston collocation pÐnaka thc SFFS èqei to Ðdio fĹsma gia opoiodăpote

sÔnolo sunartăsewn bĹshc.

Apìdeixh. OrÐzoume pÐnaka

BJ :=




0 0 D 0

0 0 0 D

D 0 0 0

0 D 0 0


 , (6.50)

ìpou D diagÿnioc pÐnakac, ìpwc orÐzetai sthn (6.41). SÔmfwna me thn paratărhsh (1.1) o

epanalhptikìc pÐnakac tou Jacobi mporeÐ na grafeÐ kai wc J = I − D−1
A A. Me apeujeÐac

upologismì tou J , lambĹnontac upìyin th domă tou A sÔmfwna me to jeÿrhma (6.9), èqoume

J = I −D−1
A A =

=




I 0 0 0

0 I 0 0

0 0 I 0

0 0 0 I


−




A−1
1 0 0 0

0 A−1
1 0 0

0 0 A−1
1 0

0 0 0 A−1
1







A1 0 DA1 0

0 A1 0 DA1

DA1 0 A1 0

0 DA1 0 A1


 =

=




0 0 A−1
1 DA1 0

0 0 0 A−1
1 DA1

A−1
1 DA1 0 0 0

0 A−1
1 DA1 0 0


 =
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=




A−1
1 0 0 0

0 A−1
1 0 0

0 0 A−1
1 0

0 0 0 A−1
1







0 0 D 0

0 0 0 D

D 0 0 0

0 D 0 0







A1 0 0 0

0 A1 0 0

0 0 A1 0

0 0 0 A1


 .

Dhladă

J = D−1
A BJDA. (6.51)

Epomènwc o J èqei to Ðdio fĹsma me ton BJ (ìmoioi pÐnakec) pou eÐnai anexĹrthtoc thc bĹshc. ¤

Jeÿrhma 6.11 Se èna tetrĹgwno o epanalhptikìc pÐnakac tou mplok-Jacobi pou antistoiqeÐ

ston collocation pÐnaka thc SFFS, gia opoiodăpote sÔnolo sunartăsewn bĹshc, èqei tic exăc

idiotimèc {±e−rπ
}Nj

r=1
(6.52)

algebrikăc pollaplìthtac 2 èkasth. H fasmatikă aktÐna tou eÐnai anexĹrthth tou plăjouc

twn sunartăsewn bĹshc kai eÐnai Ðsh me e−π ≈ 0.0432.

Apìdeixh. Ja upologÐsoume tic idiotimèc tou pÐnaka Bj ìpwc orÐzetai sthn (6.50) me touc

upopÐnakec D ìpwc orÐzontai sthn (6.41). O pÐnakac

P =




I −I 0 0

0 0 I −I

I I 0 0

0 0 I I




eÐnai antistrèyimoc me ton antÐstrofo tou na eÐnai o

P−1 =
1

2




I 0 I 0

−I 0 I 0

0 I 0 I

0 −I 0 I


 .

ParathroÔme ìti

P−1BjP =




D 0 0 0

0 −D 0 0

0 0 D 0

0 0 0 −D


 . (6.53)

Epomènwc

σ (Bj) = {σ (D) , σ (−D) , σ (D) , σ (−D)} = (6.54)

=
{±e−rπ

}Nj

r=1
∪ {±e−rπ

}Nj

r=1
. (6.55)
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H mègisth, katĹ apìluth timă, idiotimă tou Bj eÐnai h e−π h opoÐa kai mac dÐnei kai thn fasmatikă

aktÐna. ¤

O collocation pÐnakac thc SFFS eÐnai 2-cyclic consistently ordered (blèpe pìrisma (1.3) )

epomènwc Ĺmesh sunèpeia tou porÐsmatoc (1.9) kai tou jewrămatoc (1.10) se sunduasmì me to

jeÿrhma (6.11) eÐnai ta parakĹtw duo porÐsmata

Pìrisma 6.1 Se èna tetrĹgwno o epanalhptikìc pÐnakac thc mplok-GS pou antistoiqeÐ ston

collocation pÐnaka thc SFFS èqei fasmatikă aktÐna

ρ (TGS) = e−2π ≈ 0.0019

anexĹrthth tou plăjouc twn sunartăsewn bĹshc, gia opoiodăpote sÔnolo sunartăsewn bĹshc.

Pìrisma 6.2 Se èna tetrĹgwno h bèltisth mplok-SOR epanalhptikă mèjodoc pou antistoiqeÐ

ston collocation pÐnaka thc SFFS dÐnetai gia

ωopt =
2

1 +
√

1− e−2π
≈ 1.0005

kai èqei fasmatikă aktÐna

ρ
(Lωopt

)
= ωopt − 1 =

1−√1− e−2π

1 +
√

1− e−2π
≈ 0.0005

anexĹrthta apì to plăjoc twn sunartăsewn bĹshc, kai gia opoiodăpote sÔnolo sunartăsewn

bĹshc.

Paratărhsh 6.8 Sthn mèjodo sine-SFFS oi shmeiakèc kai oi mplok klasikèc epanalhptikèc

mèjodoi tautÐzontai. Autì ofeÐletai sto ìti ta diagÿnia mplok tou collocation pÐnaka eÐnai

diagÿnioi pÐnakec. Epomènwc to jeÿrhma (6.11) kai ta porÐsmata (6.1) kai (6.2) isqÔoun wc

èqoun kai gia tic point epanalhptikèc mejìdouc.

Paratărhsh 6.9 Gia thn mèjodo sine-SFFS, lìgw tou ìti o collocation pÐnakac apoteleÐtai

apì treÐc diagwnÐouc, o antÐstrofoc tou (6.40) eÐnai o

A−1 =




C 0 F 0

0 C 0 F

F 0 C 0

0 F 0 C


 ,

ìpou 



C (i) =
1

A1 (i) [1−D2 (i)]

F (i) = −D (i) C (i)

,

Autì ofeÐletai sto ìti ta diagÿnia mplok tou collocation pÐnaka eÐnai diagÿnioi pÐnakec. Epo-

mènwc to collocation sÔsthma mporeÐ na lujeÐ Ĺmesa me kìstoc thc tĹxewc tou O(N).
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6.4 SumperĹsmata

Se autì to kefĹlaio meletăsame thn domă kai tic idiìthtec tou collocation pÐnaka pou

proèrqetai apì thn diakritopoÐhsh thc Dirichlet to Neumman sunjăkhc me thn mèjodo SFFS.

Katalăxame se orismèna sumperĹsmata pou mporoÔn na bohjăsoun sthn kateÔjunsh thc apo-

dotikìterhc epÐlushc tou collocation sustămatoc.

To basikì sumpèrasma eÐnai ìti sthn perÐptwsh twn kanonikÿn polugÿnwn me Ðdiec suno-

riakèc sunjăkec se ìlec tic pleurèc o collocation pÐnakac eÐnai block-circulant. EpÐshc para-

thrăsame mia epiplèon, kĹpwc idiìtuph, morfă summetrÐac anĹmesa sta mplok pou ”isapèqoun”

apì to kentrikì mplok thc prÿthc (mplok) grammăc tou pÐnaka.

O collocation pÐnakac den ephreĹzetai katĹ thn metaforĹ, strofă ă megèjunsh tou po-

lugÿnou ă akìma kai katĹ thn omoiìmorfh metabolă twn sunoriakÿn sunjhkÿn se ìlec tic

pleurèc.

O collocation pÐnakac eÐnai anexĹrthtoc twn sunoriakÿn sunjhkÿn an autèc eÐnai Ðdiec se

ìlec tic pleurèc.

’Otan to polugwnikì qwrÐo sto opoÐo lÔnoume thn exÐswsh tou Laplace eÐnai to tetrĹgwno

o collocation pÐnakac eÐnai, me thn fusikă tou diamèrish, 2-cyclic. Autì se sunduasmì me to

gegonìc ìti èqei idiaÐtera aplă morfă mac epètreye thn analutikă eÔresh twn idiotimÿn twn

epanalhptikÿn pinĹkwn twn mejìdwn Jacobi, GS kai SOR kai ton prosdiorismì thc bèltisthc

overrelaxation paramètrou thc SOR.

Sthn perÐptwsh pou douleÔoume me diaforetikèc sunoriakèc sunjăkec se kĹje pleurĹ o col-

location pÐnakac mporeÐ na grafeÐ ÿc sunduasmìc duo aploÔsterwn block-circulant collocation

pinĹkwn.
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KefĹlaio 7

EpÐlush thc Dirichhlet to Neumann

Apeikìnishc me Qrăsh FFT

Sto kefĹlaio (6) deÐxame ìti o collocation pÐnakac pou prokÔptei apì thn diakritopoÐhsh

thc genikeumènhc Dirichlet to Neumann Map, sthn perÐptwsh twn kanonikÿn polugÿnwn me

tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc, eÐnai block-circulant. Aută h idiaÐterh domă

mporeÐ na mac odhgăsei se taqÔterec mejìdouc gia thn epÐlush tou collocation sustămatoc. Se

autì to kefĹlaio exetĹzoume trìpouc beltÐwshc twn Ĺmeswn kai twn epanalhptikÿn mejìdwn

qrhsimopoiÿntac taqÔc metasqhmatismoÔc Fourier pou eÐnai stenĹ sundedemènoi me thn block-

circulant idiìthta tou collocation pÐnaka [SSP, SFPS, VES97, MGE83].

7.1 Block−Circulants kai FFT

’Estw A ènac block-circulant pÐnakac

A =




A1 A2 · · · An

An A1 · · · An−1

...
...

. . .
...

A2 A3 · · · A1




, (7.1)

ìpou Ai ∈ RN×N . EÐnai gnwstì [TIA00] ìti gia kĹje block-circulant pÐnaka isqÔei h parakĹtw

sqèsh

(Fn ⊗ IN)∗A(Fn ⊗ IN) = nJ (7.2)

ìpou

J =




J1

J2

. . .

Jn




, (7.3)
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kai

Jt = A1 + ω(t−1)A2 + ω(t−1)2A3 + ω(t−1)3A4 + · · ·+ ω(t−1)(n−1)An, t = 1, . . . , n. (7.4)

me

ωn = e−i 2π
n = cos

2π

n
− i sin

2π

n
(7.5)

’Eukola mporeÐ na parathrăsei kaneÐc ìti




J1

J2

...

Jn




= (Fn ⊗ IN)




A1

A2

...

An




. (7.6)

Apì thn sqèsh (7.2) prokÔptei h sqèsh

A =
1

n
(Fn ⊗ IN) J (Fn ⊗ IN)∗ . (7.7)

Edÿ prèpei na parathrăsoume ìti kai h sqèsh (7.6) gia ton upologismì twn Jt kai h sqèsh

(7.7) perièqoun pollaplasiasmoÔc me ton pÐnaka (Fn ⊗ IN) 1 . To epìmeno lămma ja mac dÿsei

ènan upologistikĹ apodotikì trìpo upologismoÔ tètoiwn pollaplasiasmÿn.

Lămma 7.1 Gia kĹje fusikì n kai gia kĹje Ĺrtio fusikì N upĹrqei metajetikìc pÐnakac P

tètoioc ÿste

Fn ⊗ IN = P t

(
N⊕

r=1
Fn

)
P (7.8)

kai

(Fn ⊗ IN)∗ = P t

(
N⊕

r=1
F ∗

n

)
P. (7.9)

Apìdeixh. OrÐzw ton metajetikì pÐnaka wc exăc

P =




P1

...

Pr

...

PN




, Pr = In ⊗ eT
r ∈ Rn×nN , r = 1, . . . , n, j = 1, . . . , n,

1 Και µε τον συζυγοανάστροφο του.
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ìpou to er sumbolÐzei to r−ostì monadiaÐo diĹnusma tou RN×1. ParathroÔme ìti h (7.8) isqÔei

afoÔ

P (Fn ⊗ IN) P T =




In ⊗ eT
1

...

In ⊗ eT
N


 (Fn ⊗ IN) (In ⊗ e1 · · · In ⊗ eN)

=




In ⊗ eT
1

...

In ⊗ eT
N


 (Fn ⊗ e1 · · · Fn ⊗ eN)

=




Fn 0 · · · 0

0 Fn · · · 0
...

...
. . .

...

0 0 · · · Fn




=
N⊕

k=1
Fn.

An sthn prohgoÔmenh sqèsh antÐ gia ton Fn qrhsimopoiăsoume ton F ∗
n apodeiknÔetai kai h

(7.9). ¤

To kèrdoc pou apokomÐzoume apì to prohgoÔmeno lămma eÐnai ìti èqoume meiÿsei to kìstoc

twn ginomènwn thc morfăc (Fn ⊗ IN)−→x apì O(n2N2) se O(Nn log n) 1 2.

7.1.1 FFTmul

H paragontopoÐhsh (7.7) tou pÐnaka A mporeÐ na grafeÐ wc

A = nP t

(
N⊕

r=1
Fn

)
PJP t

(
N⊕

r=1
F ∗

n

)
P. (7.10)

H teleutaÐa sqèsh mporeÐ na qrhsimopoihjeÐ stic Krylov epanalhptikèc mejìdouc gia thn meÐw-

sh tou kìstouc touc. Ac jumhjoÔme ìti se aută thn kathgorÐa twn mejìdwn to kurÐwc kìstoc

proèrqetai apì ton pollaplasiasmì tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc

me dianÔsmata. O pÐnakac (T11) mac deÐqnei thn diaforĹ ston qrìno epÐlushc me epanalhptikèc

mejìdouc, qwrÐc prorÔjmish, me touc duo trìpouc upologismoÔ twn ginomènwn A−→x : me apeu-

jeÐac upologismì me qrăsh tou pÐnaka A (Mvmul) kai me qrăsh thc paragontopoÐhshc (7.10)

(FFTmul). Apì autìn ton pÐnaka blèpoume kajarĹ ìti se megĹlec periptÿseic h meÐwsh tou

qrìnou, qrhsimopoiÿntac taqeÐc metasqhmatismoÔc Fourier, xepernĹei to 95%.

1 Θεωρούµε ότι το κόστοc των µεταθέσεων είναι µηδαµινό ωc προc το κόστοc των πράξεων. 2 Σε αυτό το

κεφάlαιο θεωρούµε ότι log := log2.
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diff % diff % diff % diff % diff % diff %

N = 32 N = 64 N = 128N = 128

FFTmul vs Mvmul

 !"#"$%& 8-'("#  !"#"$%& 24-'("#

N = 32 N = 64

 Bicgstab -0.008 318 -0.015 169 0.338 38  Bicgstab 0.822 7 8.196 4 28.500 4

 Gmres -0.008 263 -0.015 160 0.369 38 Gmres 0.817 9 8.432 4 31.490 5

diff % diff % diff % diff % diff % diff %

 Bicgstab -0.007 143 0.413 16 5.598 9  Bicgstab 5.102 6 31.100 4 92.540 5

 Gmres -0.007 134 0.408 18 5.209 9 Gmres 10.753 5 47.950 4 157.680 4

diff % diff % diff % diff % diff % diff %

 Bicgstab -0.014 124 4.074 8 18.040 7 Bicgstab 12.297 2 42.960 3 145.720 3

N = 32 N = 64 N = 128

N = 32 N = 64 N = 128N = 32 N = 64 N = 128

N = 32 N = 64 N = 128

 !"#"$%& 12-'("#  !"#"$%& 31-'("#

 !"#"$%& 19-'("#  !"#"$%& 36-'("#

g g

 Gmres -0.013 119 4.598 7 17.370 8 Gmres 35.225 2 123.930 2 385.900 3

PÐnakac T11: FFTmul vs Mvmul: DiaforĹ ston qrìno epÐlushc tou grammikoÔ sustămatoc me epa-

nalhptikèc mejìdouc (a) qrhsimopoiÿntac apeujeÐac pollaplasiasmì pÐnaka epÐ diĹnu-

sma (Mvmul) kai (b) qrhsimopoiÿntac taqeÐc metasqhmatismoÔc Fourier (FFTmul)
gia ton pollaplasiasmì pÐnaka epÐ diĹnusma. Se kĹje perÐptwsh h prÿth stălh (diff)

deÐqnei thn diaforĹ stouc qrìnouc epÐlushc se deuterìlepta dhladă diff = o qrìnoc

epÐlushc qrhsimopoiÿntac Mvmul meÐon to qrìno epÐlushc qrhsimopoiÿntac FFTmul,
enÿ h deÔterh stălh deÐqnei ton lìgo tou qrìnou epÐlushc me FFTmul proc ton qrìno

epÐlushc me Mvmul ekfrasmèno wc posostì epÐ toic ekatì.

7.1.2 FFTinv

Qrhsimopoiÿntac thn sqèsh (7.7) mporoÔme na parĹxoume mia Ĺmesh mèjodo gia thn epÐlush

genikÿn block circulant grammikÿn susthmĹtwn. ’Estw loipìn ìti zhtĹme thn lÔsh tou block

circulant sustămatoc A−→x =
−→
b .

A−→x =
−→
b ⇔

1

n
(Fn ⊗ IN) J (Fn ⊗ IN)∗ −→x =

−→
b ⇔

(Fn ⊗ IN) J (Fn ⊗ IN)∗ −→x = n
−→
b ⇔

J (Fn ⊗ IN)∗ −→x = n (Fn ⊗ IN)−1 −→b ⇔
J (Fn ⊗ IN)∗ −→x = n

(
F−1

n ⊗ IN

) −→
b ⇔

J (Fn ⊗ IN)∗ −→x = n

(
1

n
F ∗

n ⊗ IN

) −→
b ⇔

J (Fn ⊗ IN)∗ −→x = n

(
1

n
Fn ⊗ IN

)∗ −→
b ⇔

J (Fn ⊗ IN)∗ −→x = (Fn ⊗ IN)∗
−→
b .
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Epomènwc o algìrijmoc pou proteÐnoume (FFTinv) gia thn lÔsh block circulant grammikÿn

susthmĹtwn thc morfăc 


A1 A2 · · · An

An A1 · · · An−1

...
...

. . .
...

A2 A3 · · · A1



−→x =

−→
b (7.11)

mporeÐ na perigrafeÐ wc exăc:

Algìrijmoc 7.1 (FFTinv)

1 Upolìgise ta Jt apì thn sqèsh




J1

...

Jn


 = P t

(
N⊕

k=1
Fn

)
P




A1

...

An




2 Jèse −→c = 1
n
P t

(
N⊕

k=1
F ∗

n

)
P
−→
b

3 LÔse (Ĺmesa)




J1

. . .

Jn


 −→y = −→c

4 −→x = P t

(
N⊕

k=1
Fn

)
P −→y

To basikì kìstoc, se prĹxeic, thc mejìdou autăc (FFTinv) eÐnai O(N2n log n) gia thn kata-

skeuă tou pÐnaka J (băma 1) kai O(nN3) gia thn epÐlush twn n migadikÿn susthmĹtwn (băma

3) 1. Dhladă to sunolikì kìstoc eÐnai O(N2n log n + nN3). To kìstoc sthn perÐptwsh thc

Ĺmeshc epÐlushc tou grammikoÔ sustămatoc (dgesv) eÐnai O(n3N3). Gia na diapistÿsoume,

qondrikĹ, to mègejoc thc diaforĹc se prĹxeic metaxÔ twn duo autÿn mejìdwn parajètoume èna

aplì pÐnaka pou deÐqnei ton lìgo r =
N2n log n + nN3

n3N3
epÐ toic ekatì gia diĹforec timèc twn

n,N .

1 Θεωρούµε ότι η, αριθµητική, επίlυση των γραµµικών συστηµάτων γίνεται µε την άµεση µέθοδο zgesv του

πακέτου Lapack
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N = 16 N = 128

n = 8 1.85 1.60

n = 16 0.48 0.40

n = 24 0.22 0.18

n = 32 0.13 0.10

n = 40 0.08 0.07

n = 48 0.06 0.05

Bèbaia prèpei na prosjèsoume ìti oi prĹxeic pou apaitoÔntai sthn FFTinv eÐnai metaxÔ mi-

gadikÿn arijmÿn kai autì ja auxăsei ton lìgo r (katĹ mia stajerĹ megalÔterh apì 1 kai

mikrìterh apì 4 anĹloga me thn arqitektonikă tou epexergastă) allĹ kai pĹli perimènoume

shmantikă beltÐwsh ston qrìno. ’Ena Ĺllo pleonèkthma thc FFTinv eÐnai ìti qreiazìmaste

èna klĹsma mìno tou qÿrou pou apaiteÐtai gia thn apojăkeush tou pÐnaka twn suntelestÿn

A se sqèsh me thn dgesv afoÔ kat’ ousÐan qrhsimopoioÔme mìno thn prÿth mplok grammă tou

pÐnaka A1, . . . , An. 1. O pÐnakac (T12) deÐqnei touc qrìnouc epÐlushc me tic duo mejìdouc gia

diĹforec periptÿseic twn n kai N . Apì autìn ton pÐnaka eÔkola blèpoume ìti akìma kai stic

mikrèc periptÿseic (p.q. n = 8, N = 16) to kèrdoc apì thn qrăsh thc FFTinv eÐnai shmantikì.

Stic megĹlec periptÿseic bèbaia faÐnetai kajarĹ h anwterìthta thc FFTinv. Gia na gÐnei pio

katanohtă h diaforĹ stouc qrìnouc aplĹ anafèroume ìti an gia kĹpoion upologistă h epÐlush

tou collocation sustămatoc gia to 48-gwno me 128 sunartăseic bĹshc anĹ pleurĹ diarkeÐ 15

deuterìlepta me thn mèjodo FFTinv me thn mèjodo dgesv ja diarkoÔse mia olìklhrh mèra!

Dgesv FFTinv % Dgesv FFTinv %

 !"#"$%& 8-'("# 0.023 0.002 8.63 26 0.345 1.35

 !"#"$%& 16-'("# 0.184 0.004 2.01 470 0.742 0.16

 !"#"$%& 24-'("# 0.622 0.006 0.99 1540 1.15 0.07

 !"#"$%& 32-'("# 1.490 0.008 0.54 4390 1.57 0.04

 !"#"$%& 40-'("# 3.090 0.010 0.33 7560 1.99 0.03

 !"#"$%& 48-'("# 9.180 0.013 0.14 13900 2.61 0.02

FFTinv vs Dgesv

) = 16 ) = 128

PÐnakac T12: FFTinv vs Dgesv: Oi qrìnoi epÐlushc tou collocation sustămatoc gia diĹfora kanonikĹ

polÔgwna kai gia N = 16, 128 (a) me thn Dgesv tou pakètou Lapack kai (b) me thn

FFTinv. H trÐth stălh deÐqnei ton lìgo tou qrìnou epÐlushc thc FFTinv proc ton

qrìno epÐlushc thc Dgesv ekfrasmèno wc posostì epÐ toic ekatì.

1 Οι µεταβlητέc Jt και At µπορούν να αποθηκευτούν στον ίδιο, µιγαδικό, χώρο αποθήκευσηc.
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7.1.3 FFTinv(Iterative)

H mèjodoc FFTinv eÐnai Ĺmesh diìti sto băma 3 ìpou epilÔontai ta n migadikĹ grammikĹ su-

stămata qrhsimopoioÔme mia Ĺmesh mèjodo. EÐnai sthn diakritikă mac euqèreia na mhn qrh-

simopoiăsoume Ĺmesh mèjodo gia thn epÐlush autÿn twn migadikÿn susthmĹtwn allĹ kĹpoia

epanalhptikă. Se aută thn perÐptwsh h FFTinv mèjodoc mporeÐ na eidwjeÐ wc epanalhptikă.

Eidikìtera èstw Ax = b to kĹje èna apì ta n migadikĹ sustămata pou èqoume na epilÔsoume

sto trÐto băma tou algorÐjmou (7.1). Dhladă èstw ìti jèloume na epilÔsoume to migadikì

sÔsthma

Ax = b, A ∈ CN×N , x ∈ CN×1, b ∈ CN×1. (7.12)

Gia na metatrèyoume to migadikì sÔsthma (7.12) se èna isodÔnamo pragmatikì jewroÔme tic

parakĹtw diaspĹseic twn A, x kai b sto pragmatikì kai to fantastikì touc mèroc
{

AR = Re (A)

AI = Im (A)
,

{
xR = Re (x)

xI = Im (x)
,

{
bR = Re (b)

bI = Im (b)
.

Epomènwc to migadikì sÔsthma (7.12) eÐnai isodÔnamo me to

(AR + iAI) (xR + ixI) = bR + ibI , (7.13)

ă {
ARxR − AIxI = bR

AIxR + ARxI = bI

,

ă [
AR −AI

AI AR

][
xR

xI

]
=

[
bR

bI

]
. (7.14)

Opìte h epÐlush tou migadikoÔ grammikoÔ sustămatoc (7.12) eÐnai isodÔnamh me thn epÐlush

tou pragmatikoÔ (7.14). Edÿ prèpei na parathrăsoume ìti to pragmatikì sÔsthma (7.14) eÐnai

diĹstashc 2N × 2N enÿ to migadikì (7.12) ătan diĹstashc N ×N . 1 .

O pÐnakac (T13) deÐqnei touc qrìnouc epÐlushc tou collocation sustămatoc me thn mèjodo

FFTinv qrhsimopoiÿntac, gia to 3o băma tou algorÐjmou (a) Ĺmesh epÐlush twn migadikÿn

susthmĹtwn kai (b) epanalhptikă epÐlush mèsw thc sqèshc (7.13), gia diĹforec periptÿseic

twn n kai N . ParathroÔme ìti gia thn perÐptwsh N = 16 h epanalhptikă mèjodoc qreiĹzetai

ton diplĹsio qrìno apì thn Ĺmesh enÿ gia N = 128 qreiĹzetai ton misì qrìno. Dhladă gia

megĹla N h qrăsh epanalhptikÿn mejìdwn mporeÐ na beltiÿsei thn taqÔthta thc FFTinv. Edÿ

prèpei na shmeiÿsoume ìti upĹrqoun perijÿria beltÐwshc thc epanalhptikăc diadikasÐac eÐte

me thn qrăsh complex Krylov mejìdwn eÐte me thn qrăsh katĹllhlwn prorujmistÿn.

1 Η µετατροπή στο πραγµατικό σύστηµα (7.14) δεν είναι ο µοναδικόc τρόποc επίlυσηc ενόc µιγαδικού συστήµατοc

τηc µορφήc (7.12). Υπάρχουν και άllα ισοδύναµα πραγµατικά συστήµατα [DHE01] ακόµα και υlοποιήσειc των

Krylov επαναlηπτικών µεθόδων που επιlύουν µιγαδικά συστήµατα.
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Bicgstab Zgesv % Bicgstab Zgesv %

 !"#"$%& 8-'("# 0.005 0.002 252.85 0.13 0.36 37.05

 !"#"$%& 16-'("# 0.008 0.004 225.14 0.30 0.74 40.54

 !"#"$%& 24-'("# 0.013 0.006 208.20 0.51 1.17 43.68

 !"#"$%& 32-'("# 0.016 0.008 202.99 0.72 1.57 45.54

 !"#"$%& 40-'("# 0.021 0.010 204.81 0.94 1.99 47.39

 !"#"$%& 48-'("# 0.026 0.013 202.34 1.35 2.59 52.12

FFTinv (Iterative) vs FFTinv (Direct) 

) = 16 ) = 128

PÐnakac T13: FFTinv(Iterative) vs FFTinv(Direct): Oi qrìnoi epÐlushc tou collocation sustămatoc

gia diĹfora kanonikĹ polÔgwna kai gia N = 16, 128 me thn mèjodo FFTinv epilÔontac

ta migadikĹ sustămata Jt y = c (a) me thn zgesv tou pakètou Lapack kai (b) me thn

epanalhptikă mèjodo Bicgstab qwrÐc prorÔjmish. H trÐth stălh, se kĹje perÐptwsh,

deÐqnei ton lìgo tou qrìnou epÐlushc qrhsimopoiÿntac thn epanalhptikă mèjodo proc

ton qrìno epÐlushc qrhsimopoiÿntac thn Ĺmesh mèjodo ekfrasmèno wc posostì epÐ

toic ekatì.

7.1.4 FFT gia Diaforetikèc Sunoriakèc Sunjăkec se KĹje PleurĹ

Se aută thn parĹgrafo ja exetĹsoume thn dunatìthta qrăshc FFTs sthn epÐlush colloca-

tion susthmĹtwn pou prokÔptoun apì thn diakritopoÐhsh thc Dirichlet-Neumann apeikìnish se

kanonikĹ polÔgwna me diaforetikèc sunoriakèc sunjăkec se kĹje pleurĹ. Sthn trèqousa pa-

rĹgrafo ja parakoloujăsoume touc sumbolismoÔc thc paragrĹfou (6.2.3).

Sthn parĹgrafo (6.2.3) eÐdame èna trìpo grafăc tou collocation pÐnaka (K) sthn perÐptwsh

twn diaforetikÿn sunoriakÿn sunjhkÿn se kĹje pleurĹ sunartăsei tou collocation pÐnaka (A)

sthn perÐptwsh twn Ðdiwn sunoriakÿn sunjhkÿn kai tou suggenă tou collocation pÐnaka (B).

UpenjumÐzoume autăn thn sqèsh (6.34)

K = (Cn ⊗ IN) A (Cn ⊗ IN) + (Sn ⊗ IN) A (Sn ⊗ IN) + (7.15)

+ (Cn ⊗ IN) MB (Sn ⊗ IN)− (Sn ⊗ IN) MB (Cn ⊗ IN) (7.16)

H parapĹnw diĹspash tou collocation pÐnaka (7.15) mporeÐ na qrhsimopoihjeÐ gia na eisĹgoume

FFTs sthn perÐptwsh twn Krylov epanalhptikÿn mejìdwn afoÔ kai oi dÔo pÐnakec A kai B

eÐnai block-circulant. Gurnÿntac ìmwc lÐgo pÐsw sthn parĹgrafo (2.2) ìpou kataskeuĹsame

thn arijmhtikă mèjodo kai pio sugkekrimèna sthn sqèsh (2.42) parathroÔme ìti apì kĹje

exÐswsh mporeÐ na apaleifjeÐ o ìroc e−iβp . H sqèsh (6.29)

Kj
p = cos (βj − βp) Aj

p + sin (βj − βp) MNBj
p,

apaleÐfontac ton ìro βp, grĹfetai wc

Kj
p = cos (βj) Aj

p + sin (βj) MNBj
p
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Dhladă isqÔei ìti

K =




cos β1A
1
1 cos β2A

2
1 · · · cos βnA

n
1

cos β1A
1
2 cos β2A

2
2 · · · cos βnA

n
2

...
...

. . .
...

cos β1A
1
n cos β2A

2
n · · · cos βnA

n
n




+




sin β1MNB1
1 sin β2MNB2

1 · · · sin βnMNBn
1

sin β1MNB1
2 sin β2MNB2

2 · · · sin βnMNBn
2

...
...

. . .
...

sin β1MNB1
2 sin β2MNB2

n · · · sin βnMNBn
n



⇔

K =




A1
1 A2

1 · · · An
1

A1
2 A2

2 · · · An
2

...
...

. . .
...

A1
n A2

n · · · An
n







cos β1

cos β2

. . .

cos βn




+ •

+




MNB1
1 MNB2

1 · · · MNBn
1

MNB1
2 MNB2

2 · · · MNBn
2

...
...

. . .
...

MNB1
2 MNB2

n · · · MNBn
n







sin β1

sin β2

. . .

sin βn



⇔

K =




A1
1 A2

1 · · · An
1

A1
2 A2

2 · · · An
2

...
...

. . .
...

A1
n A2

n · · · An
n




(Cn ⊗ IN) + (MN ⊗ IN)




B1
1 B2

1 · · · Bn
1

B1
2 B2

2 · · · Bn
2

...
...

. . .
...

B1
2 B2

n · · · Bn
n




(Sn ⊗ IN) ⇔

K =




A1
1 A2

1 · · · An
1

A1
2 A2

2 · · · An
2

...
...

. . .
...

A1
n A2

n · · · An
n




(Cn ⊗ IN) + (MN ⊗ IN)




B1
1 B2

1 · · · Bn
1

B1
2 B2

2 · · · Bn
2

...
...

. . .
...

B1
2 B2

n · · · Bn
n




(Sn ⊗ IN)

Dhladă o ”apallagmènoc apì ton ìro e−iβp” collocation pÐnakac K mporeÐ na grafeÐ wc

K = A (Cn ⊗ IN) + MB (Sn ⊗ IN) (7.17)

H sqèsh (7.17) eÐnai protimìterh apì thn (7.15) wc proc th qrăsh FFTs diìti perièqei duo

mìno ìrouc se antÐjesh me thn (7.15) h opoÐa perièqei tèsseric ìrouc. Epomènwc to ginìmeno

tou collocation pÐnaka K me èna diĹnusma mporeÐ na grafeÐ wc exăc

−→y = K −→x ⇔
−→y = (A (Cn ⊗ IN) + B (Sn ⊗ IN)) −→x ⇔





1. −→y1 = (Cn ⊗ IN) −→x
2. −→y2 = (Sn ⊗ IN) −→x
3. −→y1 = A −→y1

4. −→y2 = B −→y2

5. −→y = −→y1 +−→y2

(7.18)
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ìpou ston pÐnaka B èqoume enswmatÿsei kai ton pÐnaka M (dhladă B ← MB). Ta bămata 3

kai 4 tou parapĹnw trìpou pollaplasiasmoÔ mporoÔn na ulopoihjoÔn me thn qrăsh FFTs afoÔ

kai oi duo pÐnakec A kai B eÐnai block-circulant. O pollaplasiasmìc autìc mporeÐ na qrhsi-

mopoihjeÐ mìno stic Krylov epanalhptikèc mejìdouc gia thn beltÐwsh tou qrìnou ektelèsewc

twn mejìdwn. ’Amesh mèjodo, anĹlogh thc FFTinv, ìpwc eÐqame sthn perÐptwsh twn Ðdiwn

sunoriakÿn sunjhkÿn den mporoÔme na èqoume. Ston pÐnaka (T14) blèpoume ta apotelèsmata

thc epÐlushc tou collocation sustămatoc gia diĹfora kanonikĹ polÔgwna me diaforetikèc su-

noriakèc sunjăkec se kĹje pleurĹ qrhsimopoiÿntac apeujeÐac pollaplasiasmì (Mvmul) kai

qrhsimopoiÿntac thn sqèsh (7.18) me qrăsh twn FFTs (FFTmul). Oi sunoriakèc sunjăkec se

kĹje pleurĹ Sj dÐnontai apì ton anadromikì tÔpo

βj = βj−1 +
π

n
, β1 = π (7.19)

Apì ton pÐnaka mporoÔme na sumperĹnoume (T14) ìti

• Gia mikrĹ polÔgwna h qrăsh twn FFTs auxĹnei to qrìno epÐlushc twn grammikÿn su-

sthmĹtwn se ìlec tic mejìdouc. Autì ofeÐletai sto ìti o pÐnakac K èqei sqetikĹ mikră

diĹstash (p.q. 4× 128).

• Sta mètriou megèjouc polÔgwna (8-gwno, 16-gwno kai 24-gwno) oi prorujmismènec mè-

jodoi eÐnai pĹnta taqÔterec me thn qrăsh FFTs enÿ oi mh-prorujmismènec eÐnai taqÔterec

gia megĹla N .

• Sta megĹla polÔgwna (32-gwno kai 40-gwno) h qrăsh twn FFTs meiÿnei to kìstoc

epÐlushc se ìlec tic periptÿseic. Stic periptÿseic pou mac endiafèroun perissìtero

(megĹla N - megĹloi qrìnoi epÐlushc) to kèrdoc apì thn qrăsh twn FFTs xepernĹei to 90

toic ekatì gia tic mh prorujmismènec mejìdouc. ParathroÔme ìti, gia N = 128, to kèrdoc

stic mh prorujmismènec mejìdouc eÐnai pollaplĹsio apì autì twn prorujmismènwn. Autì

ofeÐletai sto gegonìc ìti to kìstoc twn prorujmismènwn mejìdwn exartĹtai, ektìc apì

to pollaplasiasmì tou collocation pÐnaka me èna diĹnusma, kai apì thn epÐlush kĹpoiwn

grammikÿn susthmĹtwn pou sqetÐzontai me thn efarmogă tou prorujmistă.

Edÿ prèpei na shmeiÿsoume ìti h sumperiforĹ twn epanalhptikÿn mejìdwn exartĹtai isqurĹ

apì tic sunoriakèc sunjăkec pou qrhsimopoioÔme se kĹje pleurĹ. PĹntwc to kèrdoc apì

thn qrăsh twn FFTs eÐnai dedomènh, stic megĹlec periptÿseic toulĹqiston, afoÔ autì pou

mporeÐ na gÐnei me thn allagă twn sunoriakÿn sunjhkÿn eÐnai na meiwjoÔn oi epanalăyeic pou

apaitoÔntai opìte ja meiwjeÐ o sunolikìc qrìnoc epÐlushc twn grammikÿn analogikĹ kai stic

duo periptÿseic (Mvmul kai FFTmul).
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 !"#$%&'!()* +,-$%!"()* +,-./(&* 0& (1.& 23&,%" (FFTmul vs Mvmul)

4"-$-!(5 4-67-$ 4"-$-!(5 24-67-$

N = 16 N = 128 N = 16 N = 128

diff % diff % diff % diff %

 Bicgstab 0.004 94 -3.601 722  Bicgstab -0.039 116 324.8 7

 Gmres -0.043 418 -1.841 599 Gmres -0.011 107 187.5 7

 Bicgstab (SGS) -0.004 170 -0.189 142  Bicgstab (SGS) 0.305 34 77.0 66

 Gmres (SGS) -0.002 162 -0.141 140 Gmres (SGS) 0.705 36 184.0 65

diff % diff % diff % diff %

4"-$-!(5 32-67-$

N = 16

4"-$-!(5 8-67-$

N = 16 N = 128 N = 128

N = 16 N = 128 N = 16 N = 128

 Bicgstab -0.047 290 9.430 46  Bicgstab 0.164 73 653.0 5

 Gmres -0.029 208 5.440 47 Gmres 0.149 60 387.6 5

 Bicgstab (SGS) 0.006 57 0.370 89  Bicgstab (SGS) 1.632 22 379.0 61

 Gmres (SGS) 0.006 56 0.230 92  Gmres (SGS) 2.603 20 385.0 63

diff % diff % diff % diff %

 Bicgstab -0.102 256 168.300 9  Bicgstab 0.548 47 825.1 5

Gmres -0.044 172 104.550 8 Gmres 0.270 54 496.1 5

N = 128

4"-$-!(5 16-67-$

N = 16 N = 128

4"-$-!(5 40-67-$

N = 16

 Gmres -0.044 172 104.550 8 Gmres 0.270 54 496.1 5

 Bicgstab (SGS) 0.047 45 19.700 65  Bicgstab (SGS) 4.640 19 950.0 65

 Gmres (SGS) 0.087 38 32.900 64  Gmres (SGS) 3.400 28 485.0 65

PÐnakac T14: FFTmul vs Mvmul: H diaforĹ ston qrìno epÐlushc tou grammikoÔ sustămatoc me

epanalhptikèc mejìdouc (a) qrhsimopoiÿntac apeujeÐac pollaplasiasmì pÐnaka epÐ diĹ-

nusma (Mvmul) kai (b) qrhsimopoiÿntac taqeÐc metasqhmatismoÔc Fourier (FFTmul)
gia ton pollaplasiasmì pÐnaka epÐ diĹnusma sthn perÐptwsh pou èqoume diaforetikèc

sunoriakèc sunjăkec se kĹje pleurĹ. Se kĹje polÔgwno h prÿth stălh (diff) deÐqnei

thn diaforĹ tou qrìnou epÐlushc me Mvmul meÐon ton qrìno epÐlushc me FFTmul se
deuterìlepta enÿ h deÔterh stălh ton lìgo tou qrìnou epÐlushc me FFTmul proc ton

qrìno epÐlushc me Mvmul ekfrasmèno wc posostì epÐ toic ekatì.
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7.2 SumperĹsmata

Apì ta prohgoÔmena fĹnhke ìti h idiaÐterh domă tou collocation pÐnaka mporeÐ, an qrh-

simopoihjeÐ katĹllhla, na meiÿsei shmantikĹ to kìstoc epÐlushc thc Dirichlet to Neumann

apeikìnishc se kanonikĹ polÔgwna. Eidikìtera mporoÔme na meiÿsoume to kìstoc twn Krylov

epanalhptikÿn mejìdwn sthn perÐptwsh twn Ðdiwn allĹ kai diaforetikÿn sunoriakÿn sunjh-

kÿn se kĹje pleurĹ.

Sthn perÐptwsh twn kanonikÿn polugÿnwn me tic Ðdiec sunoriakèc sunjăkec se kĹje pleurĹ,

proteÐnoume thn qrăsh mia Ĺmeshc mejìdou (FFTinv) h opoÐa, gia megĹlec periptÿseic, odhgeÐ

se meÐwsh tou kìstouc wc proc thn Ĺmesh mèjodo tou pakètou Lapack pĹnw apì 99.5%. H

Ĺmesh aută mèjodoc mporeÐ na beltiwjeÐ peraitèrw an metatrapeÐ se epanalhptikă (epilÔontac

epanalhptikĹ kĹpoia migadikĹ grammikĹ sustămata).



KefĹlaio 8

ParĹllhloi UpologismoÐ /

UpologismoÐ Plègmatoc

Prin merikĹ qrìnia h Ôparxh parĹllhlwn upologistikÿn susthmĹtwn periorizìtan se me-

gĹla ereunhtikĹ idrÔmata kai sugkekrimènouc kubernhtikoÔc organismoÔc. Stic mèrec mac eÐnai

pragmatikìthta h Ôparxh parĹllhlwn upologistÿn akìma kai gia proswpikă qrăsh. ’Oloi oi

nèoi epexergastèc pou kukloforoÔn eÐnai plèon polupÔrhnoi. Parìlo thn diafainìmenh au-

tă exèlixh, ìso aforĹ ston arijmì twn epexergastÿn anĹ upologistikì sÔsthma, h exèlixh

tou logismikoÔ (software) gia thn ekmetĹlleush twn dunatotătwn autÿn twn susthmĹtwn den

akoloÔjhse thn exèlixh tou ulikoÔ (hardware). To zhtoÔmeno stouc episthmonikoÔc upologi-

smoÔc den eÐnai h tautìqronh ektèlesh duo ă perissotèrwn diaforetikÿn programmĹtwn allĹ

h epÐlush enìc problămatoc me thn tautìqronh qrăsh pollÿn epexergastÿn. An kai èqoun

anaptuqjeÐ logismikĹ gia ton autìmato diaqwrismì twn ergasiÿn se polloÔc tautìqrona epe-

xergastèc (p.q. h parĹmetroc -apo stouc MIPSpro Fortran 90 compilers gia sgi mhqanèc), h

apìdosh touc den eÐnai h anamenìmenh kai ètsi eÐnai aparaÐthth, toulĹqiston gia ta shmerinĹ

dedomèna, h parèmbash tou programmatistă gia thn apodotikă qrăsh twn parĹllhlwn susth-

mĹtwn. KinoÔmenoi se aută thn kateÔjunsh ja ulopoiăsoume èna parĹllhlo algìrijmo gia thn

epÐlush tou collocation sustămatoc me thn Ĺmesh FFTinv mèjodo.

8.1 O ParĹllhloc Algìrijmoc

Skopìc mac eÐnai na parĹxoume èna parĹllhlo algìrijmo gia thn epÐlush enìc pragmatikoÔ

grammikoÔ sustămatoc Ax = b ìpou o pÐnakac twn suntelestÿn twn agnÿstwn eÐnai block-

circulant A = bcirc(A1, A2, . . . , An) kai ta mplok A1, A2, . . . , An ∈ RN×N eÐnai genikoÐ pÐnakec

qwrÐc kĹpoia idiaÐterh domă. Ja jewrăsoume ìti oi diajèsimoi epexergastèc (èstw Np) diairoÔn

akribÿc to plăjoc twn mplok tou pÐnaka A (n) kai thn diĹstash tou kĹje mplok (N). Dhladă

apaitoÔme na isqÔei ìti

Np | n kai Np | N (8.1)
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Sqăma 8.1: O seiriakìc algìrijmoc thc FFTinv.



8.1 O ParĹllhloc Algìrijmoc 127

CPU1

CPUNp

K1

T1

K2

T2

T3

T4

K3

T5

K4

C
O

M

M

U
N

I
C

A
T

I
O

N

C
O

M

M

U
N

I
C

A
T

I
O

N

C
O

M

M

U
N

I
C

A
T

I
O

N

C
O

M

M

U
N

I
C

A
T

I
O

N

C
O

M

M

U
N

I
C

A
T

I
O

N

I
D

L
E

I
D

L
E

I
D

L
E

I
D

L
E

R
U

N

R
U

N

R
U

N

R
U

N

R
U

N

R
U

N

R
U

N

R
U

N

K1 : Upolìgise −→
c = 1

n
P

t

 
N

⊕
k=1

F
∗

n

�
P

−→
b

K2 : Upolìgise 26664J1...
Jn

37775 = P
t

 
N

⊕
k=1

Fn

!
P

26664A1...
An

37775
K3 : LÔse Jt

−→
yt =

−→
ct, t = 1, . . . , n

K4 : Upolìgise −→
x = P

t

 
N

⊕
k=1

Fn

!
P

−→
y

T1 : DiamoÐrase ton J (kat� st lec)
T2 : Sugkèntrwse ton J sthn CPU1

T3 : DiamoÐrase ton J (kat� grammèc)
T4 : DiamoÐrase to −→

c

T5 : Sugkèntrwse to −→
y sthn CPU1

J :=

26664J1...
Jn

37775
Sqăma 8.2: O parĹllhloc algìrijmoc thc FFTinv.
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H basikă domă twn dÔo algorÐjmwn pou kataskeuĹsame gia thn epÐlush tou collocation su-

stămatoc (seiriakìc kai parĹllhloc) me thn FFTinv mèjodo faÐnetai sta sqămata (8.1) kai

(8.2), antÐstoiqa. Gia thn kalÔterh katanìhsh twn duo algorÐjmwn epishmaÐnoume ìti

• O pÐnakac suntelestÿn tou grammikoÔ sustămatoc eÐnai block-circulant kai ètsi den

eÐnai aparaÐthth h apojăkeush olìklhrou tou pÐnaka allĹ mìno thc prÿthc grammăc (ă

stălhc) twn mplok.

• Ta mplok tou pÐnaka A den qaÐroun kĹpoiac idiaÐterhc domăc kai prèpei na metafèrontai

ex’ oloklărou ston kĹje epexergastă pou ta qreiĹzetai kĹje dedomènh stigmă.

• Ta mplok A1, . . . , An den katalambĹnoun xeqwristì qÿro sthn mnămh allĹ èqoun for-

twjeÐ ex’ arqăc ston pÐnaka J .

• Oi pÐnakec J1, J2, . . . , Jn eÐnai migadikoÐ. To Ðdio isqÔei kai gia ta dianÔsmata −→c kai
−→y . Epomènwc h qrhsimopoioÔmenh arijmhtikă eÐnai arijmhtikă migadikÿn arijmÿn (diplăc

akrÐbeiac).

• H prĹxh tou pollaplasiasmoÔ twn pinĹkwn P kai P t me kĹpoio diĹnusma den ekteleÐtai.

Ant’ autăc gÐnetai mia anadiĹtaxh twn stoiqeÐwn tou dianÔsmatoc, afoÔ o pÐnakac P eÐnai

pÐnakac metĹjeshc [bămata C1, C4, K1, K4]. AnĹloga ekteloÔme kai ton pollaplasia-

smì twn parapĹnw pinĹkwn me kĹpoio pÐnaka A jewrÿntac ìti o pÐnakac apoteleÐtai apì

dianÔsmata stălec [bămata C2, K2].

• H prĹxh tou pollaplasiasmoÔ
N⊕

k=1
Fn me èna diĹnusma (ă me kĹpoio pÐnaka jewroÔmeno

wc sÔnolo dianusmĹtwn stălhc) mporeÐ na analujeÐ se N diakritoÔc metasqhmatismoÔc

Fourier tĹxhc n (DFT(n)) oi opoÐoi mporoÔn na upologistoÔn apodotikĹ me N taqeÐc me-

tasqhmatismoÔc Fourier tĹxhc n (FFT(n)) [bămata C2, C4, K2, K4]. AnĹloga isqÔoun

kai sthn perÐptwsh pou antÐ gia Fn èqoume F ∗
n opìte kai oi metasqhmatismoÐ Fourier eÐnai

oi antÐstrofoi dhladă IDFT(n) kai IFFT(n) [bămata C1, K1].

• Gia ton upologismì twn FFT qrhsimopoioÔme thn èkdosh diplăc akrÐbeiac tou pakètou

FFTPACK(n) [FFTPACK].

• H epÐlush twn migadikÿn grammikÿn susthmĹtwn gÐnetai Ĺmesa me thn routÐna zgesv tou

pakètou LAPACK [LAPACK] [bămata C3, K3].

• Ston parĹllhlo algìrijmo lègontac diamoirasmì miac metablhtăc (p.q. enìc dianÔsma-

toc) ennooÔme ìti o kĹje epexergastăc lambĹnei èna mèroc tou dianÔsmatoc kai ìti ìloi

oi epexergastèc lambĹnoun diaforetikĹ allĹ Ðsou megèjouc kommĹtia [bămata T1, T3].

Autì mporeÐ kai sumbaÐnei lìgw twn periorismÿn (8.1).
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• Ston parĹllhlo algìrijmo metafèroume duo forèc ton pÐnaka J [bămata T1, T3]. Autì

sumbaÐnei diìti sto băma K2 o kĹje epexergastăc kĹnei upologismoÔc pĹnw se olìklhrec

stălec tou J (p.q. qreiĹzetai olìklhrh thn 1h stălh tou J ) enÿ sto băma K3 ta

sustămata pou kaleÐtai na epilÔsei o kĹje epexergastăc brÐskontai apojhkeumèna katĹ

grammèc ston pÐnaka J .

• Gia thn epÐlush tou Dirichlet to Neumann Map isqÔei, en gènei, ìti n < N .

8.2 ArijmhtikĹ Apotelèsmata

Ulopoiăsame touc duo algorÐjmouc (seiriakì kai parĹllhlo) qrhsimopoiÿntac to prìtupo

MPI 1 gia trÐa parĹllhla upologistikĹ sustămata SGI - CM - CG. Ta qarakthristikĹ autÿn

twn susthmĹtwn eÐnai

[SGI] ParĹllhloc upologistăc SGI Origin 350 apoteloÔmenoc apì 8 epexergastèc

R16000@600MHz me 4MB L2 cache èkastoc. H sunolikă mnămh tou sustămatoc eÐnai

4GB kai to leitourgikì sÔsthma eÐnai IRIX version 6.5 me MipsPro compilers version

7.4.

[CM/CG] SustĹda (cluster) tessĹrwn kìmbwn SUN V240z diasundemènwn mèsw ethernet

100Mbps/1Gbps antÐstoiqa. O kĹje kìmboc apoteleÐtai apì èna diplopÔrhno 1.5 GHz

UltraSPARC IIIi epexergastă me 1+1 L2 cache. H sunolikă mnămh kĹje kìmbou eÐnai

2GB kai to leitourgikì sÔsthma eÐnai Solaris 10.

H glÿssa programmatismoÔ pou qrhsimopoiăsame eÐnai h Fortran kai ìloi oi upologismoÐ èginan

me arijmhtikă diplăc akrÐbeiac. Gia thn melèth thc apìdoshc tou parĹllhlou algìrijmou ekte-

lèsame peirĹmata gia mia plhjÿra kanonikÿn polugÿnwn n = 8, 16, 24, 32, 40, 48, 56, 64, 72, 80

me tic Ðdiec sunoriakèc sunjăkec se kĹje pleurĹ (Dirichlet) kai gia plăjoc sunartăsewn bĹshc

1 Message Parsing Programming: ΄Ενα πρότυπο το οποίο µαc παρέχει την δυνατότητα ανταllαγήc µηνυ-

µάτων(δεδοµένων/εντοlών) µεταξύ διασυνδεµένων διεργασιών (processes) και γενικότερα την δυνατότητα

επικοινωνίαc των διεργασιών. Η δυνατότητα αυτή µπορεί να αξιοποιηθεί για την υlοποίηση παράllηlων

αlγορίθµων σε ποlυεπεξεργαστικέc µηχανέc και συστάδεc µηχανών. ΄Οlεc οι διεργασίεc (επεξεργαστέc στην

δική µαc περίπτωση) τρέχουν ένα αντίγραφο του ίδιου προγράµµατοc αllά στον κάθε επεξεργαστή έχει ανατεθεί

εξ΄ αρχήc έναc αύξων αριθµόc (rank) βάση του µπορούµε ξεχωρίζουµε τουc επεξεργαστέc και να δίνουµε

διαφορετικέc εντοlέc στον καθένα. Π.χ.

If (rank==0) then

x = (-b+sqrt(D))/2

elseif (rank==1) then

x = (-b-sqrt(D))/2

endif

Η ευθύνη τηc παραlηllοποίησηc ανήκει καθαρά και µόνο στον προγραµµατιστή.
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N = 8, 16, 32, 64, 128, 256, 512, 1024. Gia N = 1024 èqoume apotelèsmata mìno gia mikrĹ po-

lÔgwna (n = 8, 16, 24) lìgw periorismÿn mnămhc. Ta kanonikĹ polÔgwna kajÿc kai h akribăc

lÔsh thc exÐswshc tou Laplace paramènoun Ðdia ìpwc kai sthn parĹgrafo (4.1).

Oi pÐnakec/sqămata pou parajètoume èqoun ÿc exăc:

O sunolikìc qrìnoc epÐlushc tou grammikoÔ sustămatoc (pÐnakec T1-T4) O qrìnoc

pou apaiteÐtai gia thn plărh epÐlush tou grammikoÔ sustămatoc. ’Oso mikrìteroc (gia

perissìterouc apì èna epexergastèc) tìso kalÔteroc o parĹllhloc algìrijmoc.

O qrìnoc ektèleshc twn upologismÿn (pÐnakec T5-T8) O qrìnoc autìc perilambĹnei

ton qrìno twn arijmhtikÿn prĹxewn, ton qrìno prìsbashc sthn mnămh, ton qrìno gia to

indexing twn metablhtÿn kai genikìtera to qrìno ektèleshc opoiasdăpote diadikasÐac

lambĹnei qÿra sthn akoloujÐa twn bhmĹtwn gia thn epÐlush tou sustămatoc sto sÔnolo

twn epexergastÿn. O qrìnoc autìc metriètai pĹnta apì ton prÿto epexergastă. ’Oso

mikrìteroc (gia perissìterouc apì èna epexergastèc) tìso apodotikìteroc o parĹllhloc

algìrijmoc.

O qrìnoc epikoinwnÐac (pÐnakec T9-T12) EÐnai o qrìnoc pou apaiteÐtai gia thn antallagă

dedomènwn metaxÔ twn epexergastÿn. O qrìnoc autìc metriètai pĹnta apì ton prÿto

epexergastă. To Ĺjroisma twn qrìnwn ektèleshc twn upologismÿn kai epikoinwnÐac

prèpei na isoÔtai me ton sunolikì qrìno epÐlushc. ’Oso mikrìteroc tìso apodotikìteroc

o parĹllhloc algìrijmoc.

To speedup(epitĹqunsh) gia thn epÐlush tou grammikoÔ sustămatoc (pÐnakec
T13-T16 kai sqămata 8.3-8.6) To speedup gia p epexergastèc (èstw S(p) ) orÐ-

zetai wc o lìgoc tou qrìnou pou apaiteÐtai gia thn epÐlush enìc problămatoc se èna

epexergastă T (1) proc to qrìno pou apaiteÐtai gia thn epÐlush tou Ðdiou problămatoc

se p epexergastèc (èstw T (p)). Dhladă

S(N) =
T (1)

T (p)
.

’Oso megalÔtero tìso apodotikìteroc o parĹllhloc algìrijmoc.

To speedup ektèleshc twn upologismÿn (pÐnakec T17-T20 kai
sqămata 8.3-8.6) To speedup gia thn epÐlush tou grammikoÔ sustămatoc qwrÐc na

lambĹnontai upìyin oi qrìnoi epikoinwnÐac. ’Oso megalÔtero tìso apodotikìteroc o

parĹllhloc algìrijmoc.

Lìgoc qrìnou epikoinwnÐac proc qrìno upologismÿn (pÐnakec T21-T24) To posostì

epÐ toic ekatì tou qrìnou epikoinwnÐac proc to qrìno ektèleshc twn upologismÿn. ’Oso

mikrìteroc tìso kalÔteroc o parĹllhloc algìrijmoc.
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Np = 1 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.003 0.005 0.005 0.006 0.010 0.008 0.009 0.010

16 0.004 0.007 0.011 0.014 0.017 0.021 0.034 0.027 0.033 0.037

32 0.015 0.028 0.048 0.061 0.081 0.097 0.154 0.124 0.166 0.181

64 0.085 0.163 0.262 0.352 0.442 0.534 0.781 0.715 0.936 1.024

128 0.598 1.195 1.957 2.512 3.251 3.865 5.158 5.040 6.010 6.609

256 4.453 8.894 13.771 18.120 23.023 27.238 34.633 36.336 41.651 45.968

512 34.121 67.933 103.834 137.171 173.087 204.631 251.809 277.413 311.511 344.787

1024 260.977 523.725 840.509

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.003 0.003 0.004 0.005 0.007 0.006 0.007 0.007

16 0.003 0.005 0.008 0.010 0.012 0.014 0.022 0.019 0.022 0.024

32 0.010 0.018 0.031 0.039 0.050 0.060 0.091 0.078 0.103 0.111

64 0.050 0.095 0.154 0.207 0.263 0.314 0.450 0.429 0.552 0.605

128 0.330 0.674 1.110 1.385 1.836 2.214 2.918 2.854 3.389 3.735

256 2.441 4.775 7.687 9.664 12.710 15.074 19.065 19.360 22.338 24.640

512 17.589 35.113 55.305 70.704 94.934 108.974 133.524 148.872 161.570 178.722

1024 131.916 264.118 434.115

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.003 0.003 0.003 0.004 0.005 0.004 0.005 0.005

16 0.003 0.004 0.006 0.007 0.008 0.010 0.014 0.012 0.014 0.016

32 0.007 0.012 0.019 0.025 0.031 0.037 0.055 0.048 0.061 0.067

64 0.029 0.056 0.089 0.119 0.151 0.184 0.258 0.248 0.314 0.344

128 0.180 0.364 0.595 0.761 1.011 1.212 1.576 1.539 1.855 2.051

256 1.259 2.520 4.011 5.128 6.725 8.068 10.028 10.278 11.852 13.144

512 9.091 18.094 28.383 36.569 47.396 56.690 68.646 77.051 83.587 93.907

1024 67.189 134.927 250.684

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.002 0.003 0.003 0.004 0.014 0.004 0.005 0.006

16 0.003 0.004 0.005 0.006 0.009 0.008 0.012 0.010 0.012 0.013

32 0.006 0.010 0.015 0.018 0.023 0.027 0.038 0.034 0.048 0.045

64 0.021 0.039 0.058 0.078 0.097 0.125 0.163 0.160 0.195 0.219

128 0.118 0.219 0.349 0.457 0.592 0.708 0.930 0.942 1.086 1.203

256 0.744 1.392 2.216 2.935 3.721 4.496 5.583 5.760 6.624 7.371

512 5 123 10 185 15 299 19 529 25 334 30 483 37 195 41 147 44 951 49 902

 SGI -   !"#$%&'() *+(#$) ,-.%"/0) 1$" 2+344&'$5 !"/16431$) (Ax=b)

512 5.123 10.185 15.299 19.529 25.334 30.483 37.195 41.147 44.951 49.902

1024 35.027 70.136 134.691

PÐnakac T1: SGI - O sunolikìc qrìnoc epÐlushc tou grammikoÔ sustămatoc, gia 1,2,4 kai 8 epexer-

gastèc.

Np = 1 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.002 0.002 0.003 0.003 0.005 0.004 0.005 0.005

16 0.002 0.003 0.006 0.007 0.010 0.012 0.018 0.019 0.020 0.022

32 0.008 0.015 0.029 0.041 0.049 0.058 0.087 0.087 0.101 0.121

64 0.043 0.104 0.159 0.226 0.294 0.355 0.576 0.474 0.589 0.624

128 0.360 0.724 1.085 1.517 1.891 2.459 2.962 3.173 3.666 4.067

256 2.487 5.126 8.115 10.611 14.106 16.250 20.188 21.626 24.917 27.677

512 20.822 38.277 63.264 79.696 107.207 126.347 151.100 162.818 203.415 220.884

1024 174.190 354.891 498.594

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.002 0.002 0.002 0.002 0.004 0.003 0.004 0.004

16 0.002 0.003 0.004 0.005 0.007 0.008 0.012 0.012 0.013 0.014

32 0.005 0.010 0.019 0.024 0.034 0.038 0.051 0.052 0.060 0.070

64 0.026 0.060 0.090 0.127 0.166 0.203 0.260 0.268 0.338 0.356

128 0.199 0.387 0.608 0.815 1.017 1.331 1.583 1.727 1.949 2.188

256 1.352 2.699 4.144 5.583 7.192 8.242 10.250 11.340 12.730 14.060

512 10.040 19.780 30.700 41.240 52.290 61.610 73.650 84.280 100.600 107.400

1024 87.400 183.700 300.800

 CM/CG -   !"#$%&'() *+(#$) ,-.%"/0) 1$" 2+344&'$5 !"/16431$) (Ax=b)

PÐnakac T2: CM/CG - O sunolikìc qrìnoc epÐlushc tou grammikoÔ sustămatoc, gia 1 kai 2 epe-

xergastèc.
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Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.003 0.004 0.005 0.006 0.008 0.009 0.011 0.012 0.013 0.015

16 0.006 0.011 0.016 0.021 0.027 0.030 0.037 0.040 0.045 0.050

32 0.021 0.040 0.058 0.076 0.095 0.115 0.138 0.155 0.179 0.196

64 0.078 0.158 0.239 0.327 0.409 0.495 0.593 0.664 0.762 0.837

128 0.361 0.797 1.088 1.485 1.829 2.244 2.644 2.965 3.376 3.775

256 1.725 3.496 5.288 7.062 8.946 10.790 12.650 14.220 16.060 17.810

512 9.634 18.940 29.040 38.940 48.800 57.820 68.600 78.310 91.420 99.280

1024 60.890 123.200 203.700

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.004 0.005 0.006 0.007 0.009 0.010 0.012 0.014 0.017 0.019

16 0.007 0.014 0.021 0.027 0.035 0.041 0.049 0.055 0.062 0.068

32 0.027 0.052 0.082 0.106 0.135 0.161 0.189 0.215 0.241 0.276

64 0.107 0.215 0.321 0.429 0.541 0.647 0.766 0.865 0.983 1.087

128 0.454 0.891 1.341 1.805 2.253 2.729 3.195 3.739 4.110 4.546

256 1.941 3.899 5.849 7.835 9.826 11.710 13.800 15.630 17.710 19.570

512 9.135 18.030 27.360 36.580 46.060 54.620 64.140 73.360 83.950 92.430

1024 46.600 95.710 145.400

 CM -   !"#$%&'() *+(#$) ,-.%"/0) 1$" 2+344&'$5 !"/16431$) (Ax=b)

PÐnakac T3: CM - O sunolikìc qrìnoc epÐlushc tou grammikoÔ sustămatoc, gia 4 kai 8 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.002 0.003 0.004 0.004 0.005 0.004 0.005 0.005

16 0.003 0.004 0.006 0.007 0.008 0.010 0.012 0.013 0.015 0.016

32 0.007 0.012 0.020 0.024 0.030 0.035 0.042 0.045 0.052 0.062

64 0.027 0.050 0.070 0.096 0.122 0.145 0.184 0.194 0.234 0.253

128 0.135 0.254 0.391 0.531 0.653 0.833 1.001 1.086 1.242 1.376

256 0.790 1.610 2.478 3.315 4.278 4.894 6.172 6.711 7.544 8.414

512 5.887 11.430 17.650 23.630 30.040 35.300 42.650 48.140 57.850 61.620

1024 45.790 95.040 148.200

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.003 0.003 0.003 0.003 0.003 0.004 0.004 0.005 0.005 0.005

16 0.004 0.005 0.006 0.007 0.008 0.009 0.012 0.012 0.013 0.015

32 0.009 0.012 0.018 0.022 0.033 0.035 0.044 0.045 0.051 0.054

64 0.025 0.050 0.070 0.088 0.108 0.125 0.151 0.166 0.194 0.205

128 0.114 0.204 0.290 0.393 0.488 0.604 0.716 0.791 0.894 0.990

256 0.536 1.059 1.603 2.169 2.712 3.183 3.879 4.268 4.854 5.390

512 3.464 6.689 10.240 13.840 17.250 20.580 24.500 27.780 32.920 35.640

1024 23.900 51.340 78.910

 CG -   !"#$%&'() *+(#$) ,-.%"/0) 1$" 2+344&'$5 !"/16431$) (Ax=b)

PÐnakac T4: CG - O sunolikìc qrìnoc epÐlushc tou grammikoÔ sustămatoc, gia 4 kai 8 epexergastèc.
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Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.002 0.002 0.003 0.003 0.004 0.006 0.005 0.006 0.006

16 0.003 0.004 0.007 0.008 0.010 0.012 0.019 0.015 0.018 0.020

32 0.008 0.015 0.026 0.032 0.043 0.051 0.082 0.066 0.088 0.095

64 0.043 0.083 0.134 0.181 0.230 0.274 0.404 0.367 0.480 0.524

128 0.301 0.607 1.007 1.266 1.683 1.991 2.670 2.568 3.068 3.377

256 2.248 4.497 7.248 9.098 12.006 14.181 18.023 18.223 21.158 23.413

512 17.005 33.728 53.486 68.342 92.010 104.774 129.372 144.794 156.235 173.045

1024 129.678 260.211 426.186

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.002 0.002 0.002 0.003 0.004 0.003 0.004 0.004

16 0.002 0.002 0.004 0.005 0.006 0.007 0.011 0.009 0.011 0.012

32 0.005 0.008 0.014 0.018 0.023 0.027 0.044 0.036 0.047 0.051

64 0.022 0.042 0.069 0.093 0.117 0.139 0.207 0.190 0.245 0.268

128 0.152 0.303 0.501 0.633 0.845 0.988 1.343 1.273 1.546 1.704

256 1.105 2.248 3.589 4.562 6.002 6.974 9.027 9.147 10.582 11.719

512 8.453 16.956 26.683 34.269 44.455 51.386 64.672 72.527 78.424 87.260

1024 64.897 130.385 241.989

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.002 0.002 0.002 0.002 0.013 0.003 0.003 0.004

16 0.001 0.002 0.003 0.003 0.004 0.005 0.008 0.006 0.007 0.008

32 0.003 0.005 0.008 0.010 0.013 0.015 0.025 0.020 0.026 0.028

64 0.012 0.023 0.037 0.049 0.062 0.078 0.112 0.100 0.128 0.139

128 0.076 0.154 0.257 0.330 0.431 0.486 0.686 0.648 0.782 0.861

256 0.563 1.109 1.809 2.285 3.027 3.413 4.538 4.619 5.326 5.877

512 4.295 8.546 13.416 17.192 22.398 24.848 33.037 36.293 39.389 44.003

1024 32.471 65.148 124.676

SGI -   !"#$%& '()*+,-.& )/$ 01%+%23-45$

PÐnakac T5: SGI - O qrìnoc ektèleshc twn upologismÿn, gia 1,2,4 kai 8 epexergastèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.001 0.001 0.002 0.002 0.003 0.003 0.003 0.003

16 0.001 0.002 0.003 0.004 0.006 0.007 0.010 0.010 0.011 0.012

32 0.004 0.008 0.016 0.021 0.030 0.033 0.045 0.046 0.053 0.062

64 0.022 0.053 0.079 0.113 0.149 0.182 0.235 0.239 0.302 0.320

128 0.186 0.357 0.560 0.761 0.937 1.248 1.481 1.609 1.820 2.039

256 1.291 2.579 3.966 5.331 6.882 7.894 9.851 10.830 12.200 13.480

512 9.806 19.290 29.980 40.020 51.090 59.740 71.610 82.130 98.550 105.000

1024 85.030 181.800 282.000

CM/CG -   !"#$%& '()*+,-.& )/$ 01%+%23-45$

PÐnakac T6: CM/CG - O qrìnoc ektèleshc twn upologismÿn, gia 2 epexergastèc.
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Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.001 0.001 0.001 0.001 0.002 0.002 0.002 0.002

16 0.001 0.001 0.002 0.003 0.004 0.004 0.006 0.006 0.007 0.008

32 0.002 0.005 0.009 0.012 0.015 0.018 0.025 0.024 0.029 0.032

64 0.013 0.028 0.041 0.058 0.077 0.091 0.121 0.121 0.155 0.162

128 0.090 0.180 0.278 0.387 0.473 0.613 0.758 0.799 0.939 1.022

256 0.632 1.321 1.986 2.664 3.437 3.860 4.924 5.362 6.059 6.753

512 5.208 9.527 14.920 20.040 25.350 29.120 35.610 40.780 48.700 52.450

1024 42.000 88.600 132.000

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.000 0.001 0.001 0.001 0.001 0.001 0.002 0.001 0.002 0.002

16 0.001 0.001 0.001 0.002 0.002 0.003 0.004 0.004 0.005 0.005

32 0.002 0.003 0.005 0.007 0.009 0.010 0.014 0.014 0.016 0.018

64 0.008 0.016 0.023 0.032 0.042 0.047 0.065 0.064 0.080 0.083

128 0.049 0.093 0.142 0.202 0.250 0.309 0.390 0.417 0.479 0.526

256 0.318 0.671 1.040 1.391 1.810 1.912 2.488 2.737 3.063 3.400

512 2.628 5.196 7.484 10.050 12.700 14.060 18.180 20.570 24.410 26.210

1024 19.650 44.060 68.430

CM -   !"#$%& '()*+,-.& )/$ 01%+%23-45$

PÐnakac T7: CM - O qrìnoc ektèleshc twn upologismÿn, gia 4 kai 8 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.001 0.001 0.001 0.001 0.002 0.002 0.002 0.002

16 0.001 0.001 0.002 0.003 0.004 0.004 0.007 0.006 0.006 0.007

32 0.003 0.005 0.008 0.012 0.015 0.018 0.024 0.025 0.029 0.033

64 0.012 0.028 0.041 0.058 0.076 0.090 0.121 0.123 0.155 0.165

128 0.091 0.179 0.283 0.389 0.474 0.613 0.761 0.799 0.938 1.021

256 0.620 1.323 2.012 2.669 3.446 3.865 5.057 5.406 6.087 6.748

512 5.201 9.528 14.980 20.060 25.440 29.300 35.930 40.820 49.030 52.480

1024 41.810 90.640 134.100

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.000 0.001 0.001 0.001 0.001 0.001 0.002 0.001 0.002 0.002

16 0.001 0.001 0.001 0.002 0.002 0.003 0.004 0.004 0.004 0.005

32 0.002 0.003 0.005 0.008 0.009 0.010 0.014 0.014 0.016 0.018

64 0.007 0.015 0.022 0.032 0.041 0.046 0.064 0.063 0.081 0.085

128 0.049 0.093 0.143 0.204 0.247 0.309 0.386 0.418 0.481 0.528

256 0.316 0.676 1.039 1.440 1.806 1.908 2.504 2.715 3.089 3.396

512 2.624 5.196 7.481 10.110 12.780 14.290 17.960 20.620 24.670 26.470

1024 19.750 45.490 70.250

CG -   !"#$%& '()*+,-.& )/$ 01%+%23-45$

PÐnakac T8: CG - O qrìnoc ektèleshc twn upologismÿn, gia 4 kai 8 epexergastèc.
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Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.001

16 0.001 0.001 0.001 0.002 0.002 0.002 0.003 0.003 0.003 0.003

32 0.002 0.003 0.005 0.006 0.007 0.009 0.009 0.011 0.015 0.016

64 0.007 0.012 0.020 0.026 0.033 0.040 0.046 0.062 0.072 0.081

128 0.029 0.066 0.103 0.119 0.153 0.224 0.248 0.286 0.322 0.359

256 0.193 0.278 0.439 0.567 0.704 0.893 1.042 1.137 1.179 1.227

512 0.584 1.385 1.818 2.362 2.924 4.200 4.153 4.078 5.335 5.677

1024 2.238 3.908 7.929

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001

16 0.001 0.001 0.002 0.002 0.002 0.003 0.003 0.003 0.004 0.004

32 0.002 0.004 0.005 0.007 0.008 0.010 0.011 0.012 0.014 0.016

64 0.007 0.014 0.019 0.026 0.034 0.044 0.052 0.058 0.069 0.076

128 0.028 0.061 0.094 0.128 0.166 0.224 0.234 0.267 0.310 0.347

256 0.154 0.272 0.422 0.566 0.723 1.094 1.001 1.131 1.270 1.424

512 0.638 1.138 1.700 2.300 2.941 5.304 3.973 4.524 5.163 6.647

1024 2.293 4.541 8.696

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.002 0.002

16 0.002 0.002 0.002 0.002 0.004 0.004 0.004 0.004 0.005 0.005

32 0.003 0.005 0.007 0.008 0.009 0.011 0.013 0.013 0.022 0.017

64 0.009 0.015 0.021 0.029 0.035 0.047 0.051 0.060 0.067 0.080

128 0.041 0.066 0.093 0.127 0.160 0.222 0.244 0.294 0.304 0.342

256 0.181 0.283 0.407 0.650 0.694 1.083 1.045 1.140 1.298 1.494

512 0.828 1.639 1.883 2.336 2.937 5.635 4.157 4.855 5.562 5.899

1024 2.556 4.989 10.015

 SGI -   !"#$%& '()*%)$+$,-&

PÐnakac T9: SGI - O qrìnoc epikoinwnÐac, gia 2,4 kai 8 epexergastèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.001

16 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.002 0.002 0.002

32 0.001 0.002 0.003 0.003 0.004 0.005 0.006 0.007 0.007 0.008

64 0.004 0.006 0.011 0.014 0.017 0.021 0.026 0.029 0.036 0.036

128 0.013 0.030 0.049 0.053 0.080 0.083 0.102 0.118 0.129 0.150

256 0.061 0.120 0.178 0.252 0.310 0.348 0.399 0.516 0.533 0.574

512 0.234 0.488 0.721 1.221 1.197 1.877 2.042 2.150 2.018 2.389

1024 2.379 1.915 18.810

 CM/CG -   !"#$%& '()*%)$+$,-&

PÐnakac T10: CM/CG - O qrìnoc epikoinwnÐac, gia 2 epexergastèc.
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Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.003 0.004 0.005 0.006 0.008 0.009 0.010 0.011 0.013

16 0.005 0.009 0.014 0.018 0.023 0.026 0.031 0.034 0.038 0.042

32 0.018 0.035 0.049 0.064 0.080 0.097 0.114 0.131 0.151 0.164

64 0.065 0.129 0.198 0.269 0.332 0.404 0.472 0.542 0.607 0.675

128 0.271 0.618 0.810 1.098 1.356 1.631 1.886 2.166 2.437 2.753

256 1.093 2.175 3.303 4.398 5.508 6.925 7.729 8.859 9.996 11.060

512 4.426 9.408 14.130 18.890 23.450 28.700 32.990 37.530 42.720 46.820

1024 18.890 34.560 71.730

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.003 0.004 0.005 0.006 0.008 0.009 0.010 0.013 0.015 0.017

16 0.007 0.013 0.019 0.025 0.032 0.038 0.045 0.050 0.057 0.063

32 0.025 0.050 0.076 0.099 0.126 0.151 0.174 0.201 0.225 0.257

64 0.099 0.199 0.298 0.397 0.499 0.600 0.701 0.801 0.903 1.003

128 0.405 0.798 1.199 1.603 2.003 2.420 2.804 3.322 3.632 4.020

256 1.623 3.229 4.809 6.444 8.016 9.793 11.310 12.900 14.650 16.170

512 6.507 12.830 19.870 26.530 33.360 40.560 45.960 52.790 59.540 66.220

1024 26.950 51.640 77.010

 CM -   !"#$%& '()*%)$+$,-&

PÐnakac T11: CM - O qrìnoc epikoinwnÐac, gia 4 kai 8 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.001 0.002 0.001 0.002 0.002 0.003 0.003 0.002 0.003 0.003

16 0.002 0.002 0.003 0.004 0.004 0.006 0.005 0.007 0.009 0.009

32 0.004 0.007 0.011 0.012 0.015 0.018 0.018 0.020 0.023 0.028

64 0.015 0.022 0.029 0.038 0.045 0.054 0.063 0.071 0.079 0.088

128 0.044 0.074 0.108 0.142 0.178 0.220 0.240 0.287 0.305 0.355

256 0.169 0.286 0.466 0.646 0.832 1.028 1.115 1.304 1.457 1.666

512 0.686 1.901 2.666 3.566 4.599 5.998 6.723 7.315 8.819 9.140

1024 3.982 4.404 14.070

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.002 0.002 0.002 0.002 0.003 0.003 0.003 0.003 0.004 0.003

16 0.003 0.004 0.004 0.005 0.005 0.007 0.008 0.008 0.009 0.010

32 0.006 0.009 0.013 0.014 0.024 0.025 0.031 0.031 0.035 0.036

64 0.018 0.035 0.048 0.056 0.067 0.078 0.087 0.103 0.113 0.120

128 0.065 0.111 0.147 0.189 0.241 0.294 0.329 0.373 0.413 0.462

256 0.220 0.383 0.564 0.729 0.906 1.275 1.375 1.553 1.765 1.993

512 0.840 1.492 2.760 3.731 4.469 6.295 6.544 7.156 8.248 9.161

1024 4.144 5.850 8.658

 CG -   !"#$%& '()*%)$+$,-&

PÐnakac T12: CG - O qrìnoc epikoinwnÐac, gia 4 kai 8 epexergastèc.



8.2 ArijmhtikĹ Apotelèsmata 137

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.90 1.00 1.14 1.41 1.22 1.21 1.44 1.35 1.35 1.35

16 1.21 1.28 1.40 1.38 1.42 1.51 1.56 1.47 1.50 1.59

32 1.48 1.53 1.57 1.57 1.61 1.63 1.70 1.60 1.61 1.62

64 1.70 1.71 1.70 1.70 1.68 1.70 1.73 1.67 1.69 1.69

128 1.81 1.77 1.76 1.81 1.77 1.75 1.77 1.77 1.77 1.77

256 1.82 1.86 1.79 1.87 1.81 1.81 1.82 1.88 1.86 1.87

512 1.94 1.93 1.88 1.94 1.82 1.88 1.89 1.86 1.93 1.93

1024 1.98 1.98 1.94

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.02 1.33 1.28 1.75 1.64 1.65 1.93 1.89 1.68 1.82

16 1.55 1.82 1.87 2.07 2.09 2.09 2.37 2.18 2.29 2.38

32 2.02 2.36 2.53 2.46 2.59 2.63 2.79 2.58 2.73 2.71

64 2.88 2.90 2.95 2.95 2.92 2.91 3.02 2.88 2.98 2.97

128 3.32 3.28 3.29 3.30 3.21 3.19 3.27 3.27 3.24 3.22

256 3.54 3.53 3.43 3.53 3.42 3.38 3.45 3.54 3.51 3.50

512 3.75 3.75 3.66 3.75 3.65 3.61 3.67 3.60 3.73 3.67

1024 3.88 3.88 3.35

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.73 1.07 1.37 1.72 1.63 1.67 0.69 2.06 1.93 1.80

16 1.34 1.82 2.18 2.40 1.98 2.49 2.94 2.64 2.72 2.99

32 2.31 2.81 3.18 3.29 3.55 3.67 4.02 3.68 3.48 4.03

64 3.98 4.22 4.49 4.49 4.55 4.26 4.79 4.48 4.79 4.67

128 5.09 5.45 5.61 5.50 5.49 5.46 5.55 5.35 5.53 5.49

256 5.98 6.39 6.21 6.17 6.19 6.06 6.20 6.31 6.29 6.24

512 6.66 6.67 6.79 7.02 6.83 6.71 6.77 6.74 6.93 6.91

1024 7.45 7.47 6.24

 SGI -  ! Speedup "#$%&'() *!& +,-../0!1 2&'*3.-*!) (Ax=b)

PÐnakac T13: SGI - To speedup gia thn epÐlush tou grammikoÔ sustămatoc, gia 2,4 kai 8 epexerga-

stèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.78 0.99 1.10 1.21 1.28 1.30 1.37 1.29 1.32 1.23

16 1.02 1.25 1.37 1.43 1.44 1.48 1.57 1.63 1.52 1.51

32 1.47 1.53 1.55 1.67 1.46 1.52 1.71 1.66 1.68 1.72

64 1.65 1.74 1.76 1.77 1.77 1.74 2.21 1.77 1.74 1.75

128 1.81 1.87 1.78 1.86 1.86 1.85 1.87 1.84 1.88 1.86

256 1.84 1.90 1.96 1.90 1.96 1.97 1.97 1.91 1.96 1.97

512 2.07 1.94 2.06 1.93 2.05 2.05 2.05 1.93 2.02 2.06

1024 1.99 1.93 1.66

 CM/CG -  ! Speedup "#$%&'() *!& +,-../0!1 2&'*3.-*!) (Ax=b)

PÐnakac T14: CM/CG - To speedup gia thn epÐlush tou grammikoÔ sustămatoc, gia 2 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.24 0.29 0.34 0.35 0.36 0.35 0.44 0.34 0.37 0.36

16 0.31 0.31 0.34 0.35 0.36 0.39 0.49 0.47 0.44 0.44

32 0.37 0.38 0.50 0.53 0.52 0.51 0.63 0.56 0.56 0.62

64 0.55 0.66 0.67 0.69 0.72 0.72 0.97 0.71 0.77 0.75

128 1.00 0.91 1.00 1.02 1.03 1.10 1.12 1.07 1.09 1.08

256 1.44 1.47 1.53 1.50 1.58 1.51 1.60 1.52 1.55 1.55

512 2.16 2.02 2.18 2.05 2.20 2.19 2.20 2.08 2.23 2.22

1024 2.86 2.88 2.45

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.19 0.23 0.27 0.30 0.32 0.31 0.41 0.29 0.30 0.29

16 0.24 0.24 0.27 0.28 0.28 0.29 0.37 0.34 0.32 0.32

32 0.28 0.28 0.36 0.38 0.37 0.36 0.46 0.40 0.42 0.44

64 0.40 0.48 0.50 0.53 0.54 0.55 0.75 0.55 0.60 0.57

128 0.79 0.81 0.81 0.84 0.84 0.90 0.93 0.85 0.89 0.89

256 1.28 1.31 1.39 1.35 1.44 1.39 1.46 1.38 1.41 1.41

512 2.28 2.12 2.31 2.18 2.33 2.31 2.36 2.22 2.42 2.39

1024 3.74 3.71 3.43

 CM -  ! Speedup "#$%&'() *!& +,-../0!1 2&'*3.-*!) (Ax=b)

PÐnakac T15: CM: To speedup gia thn epÐlush tou grammikoÔ sustămatoc, gia 4 kai 8 epexergastèc.
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Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.38 0.46 0.69 0.73 0.78 0.76 1.01 0.93 1.00 1.02

16 0.54 0.84 0.99 1.06 1.17 1.21 1.50 1.44 1.28 1.33

32 1.06 1.24 1.47 1.70 1.66 1.64 2.06 1.95 1.95 1.97

64 1.58 2.08 2.27 2.36 2.41 2.45 3.13 2.44 2.52 2.47

128 2.67 2.86 2.78 2.86 2.90 2.95 2.96 2.92 2.95 2.96

256 3.15 3.18 3.27 3.20 3.30 3.32 3.27 3.22 3.30 3.29

512 3.54 3.35 3.58 3.37 3.57 3.58 3.54 3.38 3.52 3.58

1024 3.80 3.73 3.36

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 0.26 0.36 0.53 0.64 0.79 0.85 1.13 0.93 0.95 1.03

16 0.44 0.68 0.95 1.08 1.24 1.24 1.49 1.56 1.49 1.51

32 0.89 1.23 1.64 1.88 1.49 1.66 1.96 1.95 1.99 2.25

64 1.72 2.06 2.26 2.56 2.71 2.85 3.81 2.85 3.04 3.05

128 3.15 3.55 3.74 3.86 3.87 4.07 4.14 4.01 4.10 4.11

256 4.64 4.84 5.06 4.89 5.20 5.11 5.20 5.07 5.13 5.13

512 6.01 5.72 6.18 5.76 6.21 6.14 6.17 5.86 6.18 6.20

1024 7.29 6.91 6.32

 CG-  ! Speedup "#$%&'() *!& +,-../0!1 2&'*3.-*!) (Ax=b)

PÐnakac T16: CG - To speedup gia thn epÐlush tou grammikoÔ sustămatoc, gia 4 kai 8 epexergastèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.06 1.16 1.35 1.64 1.52 1.44 1.65 1.58 1.61 1.59

16 1.56 1.59 1.71 1.68 1.73 1.79 1.80 1.78 1.79 1.86

32 1.81 1.86 1.86 1.87 1.88 1.90 1.88 1.87 1.88 1.90

64 1.96 1.96 1.95 1.95 1.92 1.95 1.93 1.95 1.95 1.95

128 1.98 1.97 1.94 1.98 1.93 1.94 1.93 1.96 1.96 1.96

256 1.98 1.98 1.90 1.99 1.92 1.92 1.92 1.99 1.97 1.96

512 2.01 2.01 1.94 2.01 1.88 1.95 1.95 1.92 1.99 1.99

1024 2.01 2.01 1.97

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.44 1.88 1.64 2.40 2.15 2.18 2.36 2.51 2.21 2.42

16 2.34 2.67 2.54 2.94 2.93 2.90 3.01 3.01 3.08 3.24

32 3.00 3.41 3.48 3.42 3.52 3.56 3.49 3.47 3.57 3.57

64 3.83 3.83 3.78 3.79 3.77 3.84 3.78 3.77 3.82 3.81

128 3.94 3.94 3.90 3.97 3.84 3.91 3.84 3.96 3.89 3.88

256 4.03 3.96 3.84 3.97 3.84 3.91 3.84 3.97 3.94 3.92

512 4.04 4.01 3.89 4.00 3.89 3.98 3.89 3.82 3.97 3.95

1024 4.02 4.02 3.47

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.27 1.65 2.11 2.61 2.55 2.46 0.77 3.04 2.85 2.51

16 2.78 3.49 3.71 4.14 4.02 4.38 4.51 4.60 4.53 4.99

32 4.93 5.59 5.90 5.87 6.07 6.34 6.08 6.11 6.41 6.43

64 7.06 7.06 7.07 7.20 7.10 6.84 6.99 7.18 7.31 7.34

128 7.82 7.78 7.63 7.61 7.54 7.96 7.52 7.77 7.68 7.67

256 7.91 8.02 7.61 7.93 7.61 7.98 7.63 7.87 7.82 7.82

512 7.95 7.95 7.74 7.98 7.73 8.24 7.62 7.64 7.91 7.84

1024 8.04 8.04 6.74

 SGI -  ! Speedup "#$%&'()* $+, -.!&!/0(12,

PÐnakac T17: SGI - To speedup ektèleshc twn upologismÿn, gia 2,4 kai 8 epexergastèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.03 1.28 1.40 1.52 1.55 1.55 1.61 1.59 1.60 1.59

16 1.26 1.53 1.65 1.72 1.70 1.73 1.77 1.88 1.79 1.77

32 1.77 1.83 1.80 1.91 1.65 1.74 1.93 1.91 1.91 1.95

64 1.93 1.95 2.00 1.99 1.97 1.95 2.46 1.98 1.95 1.95

128 1.94 2.03 1.94 1.99 2.02 1.97 2.00 1.97 2.01 1.99

256 1.93 1.99 2.05 1.99 2.05 2.06 2.05 2.00 2.04 2.05

512 2.12 1.98 2.11 1.99 2.10 2.11 2.11 1.98 2.06 2.10

1024 2.05 1.95 1.77

 CM/CG -  ! Speedup "#$%&'()* $+, -.!&!/0(12,

PÐnakac T18: CM/CG - To speedup ektèleshc twn upologismÿn, gia 2 epexergastèc.
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Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.24 1.55 1.86 2.00 2.07 2.15 2.31 2.16 2.26 2.38

16 2.11 2.45 2.64 2.56 2.54 2.91 3.00 3.14 2.85 2.86

32 3.11 2.96 3.25 3.34 3.21 3.31 3.52 3.58 3.52 3.75

64 3.43 3.68 3.88 3.92 3.80 3.90 4.77 3.90 3.80 3.85

128 3.99 4.03 3.91 3.92 4.00 4.01 3.91 3.97 3.91 3.98

256 3.93 3.88 4.09 3.98 4.10 4.21 4.10 4.03 4.11 4.10

512 4.00 4.02 4.24 3.98 4.23 4.34 4.24 3.99 4.18 4.21

1024 4.15 4.01 3.78

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.43 1.86 2.32 2.30 2.86 2.87 3.13 2.98 3.04 3.23

16 2.91 3.34 3.92 3.86 4.07 3.96 4.65 4.39 4.32 4.25

32 4.46 5.37 5.73 6.03 5.78 5.86 6.07 6.24 6.40 6.66

64 5.62 6.62 6.82 6.98 7.04 7.50 8.88 7.37 7.33 7.48

128 7.34 7.76 7.62 7.52 7.56 7.96 7.59 7.61 7.66 7.74

256 7.82 7.64 7.80 7.63 7.79 8.50 8.11 7.90 8.13 8.14

512 7.92 7.37 8.45 7.93 8.44 8.99 8.31 7.92 8.33 8.43

1024 8.86 8.05 7.29

 CM -  ! Speedup "#$%&'()* $+, -.!&!/0(12,

PÐnakac T19: CM - To speedup ektèleshc twn upologismÿn, gia 4 kai 8 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.25 1.64 1.74 2.07 2.11 2.15 2.34 2.10 2.18 2.18

16 2.13 2.34 2.43 2.43 2.49 2.89 2.71 3.23 3.05 3.10

32 2.72 3.20 3.43 3.45 3.36 3.31 3.61 3.55 3.53 3.66

64 3.50 3.77 3.91 3.90 3.85 3.92 4.77 3.85 3.80 3.78

128 3.94 4.04 3.84 3.90 3.99 4.01 3.89 3.97 3.91 3.98

256 4.01 3.87 4.03 3.98 4.09 4.20 3.99 4.00 4.09 4.10

512 4.00 4.02 4.22 3.97 4.21 4.31 4.21 3.99 4.15 4.21

1024 4.17 3.92 3.72

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 1.42 1.85 2.26 2.46 2.88 2.60 2.94 2.96 3.05 3.13

16 2.45 3.51 3.73 3.95 4.15 4.45 4.59 4.91 4.77 4.64

32 3.40 5.35 5.79 5.03 5.59 5.81 6.36 6.42 6.39 6.88

64 6.48 6.83 7.27 7.12 7.18 7.69 8.94 7.50 7.28 7.37

128 7.38 7.81 7.60 7.43 7.65 7.95 7.67 7.59 7.63 7.70

256 7.87 7.58 7.81 7.37 7.81 8.52 8.06 7.97 8.07 8.15

512 7.94 7.37 8.46 7.88 8.39 8.84 8.41 7.90 8.25 8.34

1024 8.82 7.80 7.10

 CG-  ! Speedup "#$%&'()* $+, -.!&!/0(12,

PÐnakac T20: CG - To speedup ektèleshc twn upologismÿn, gia 4 kai 8 epexergastèc.
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Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 18 16 18 16 24 18 15 17 19 18

16 28 24 22 22 22 19 15 21 19 17

32 23 22 19 19 17 17 11 17 17 17

64 15 15 15 14 14 14 11 17 15 15

128 10 11 10 9 9 11 9 11 10 11

256 9 6 6 6 6 6 6 6 6 5

512 3 4 3 3 3 4 3 3 3 3

1024 2 2 2

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 42 42 28 37 31 32 22 32 31 33

16 51 46 36 42 40 38 27 38 35 36

32 48 45 38 39 36 35 25 35 31 32

64 33 32 28 28 29 32 25 31 28 28

128 19 20 19 20 20 23 17 21 20 20

256 14 12 12 12 12 16 11 12 12 12

512 8 7 6 7 7 10 6 6 7 8

1024 4 3 4

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 72 54 54 51 56 48 10 48 48 40

16 108 92 70 72 103 76 53 74 66 67

32 113 99 85 79 71 73 51 66 84 60

64 77 67 58 60 56 61 46 60 53 57

128 54 43 36 38 37 46 35 45 39 40

256 32 26 22 28 23 32 23 25 24 25

512 19 19 14 14 13 23 13 13 14 13

1024 8 8 8

 SGI -   !"#$% &$' ()"*$' +,-.$-*/*01% ,)$% &$* ()"*$ +.&23456%  &/* 7,$3$#-589* (%)

PÐnakac T21: SGI - O lìgoc tou qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upologismÿn

(%), gia 2,4 kai 8 epexergastèc.

Np = 2 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 27 26 24 23 19 18 16 22 20 28

16 22 21 20 19 17 17 12 15 17 16

32 20 19 16 14 13 14 12 15 14 13

64 17 12 14 12 12 12 11 12 12 11

128 7 8 9 7 9 7 7 7 7 7

256 5 5 4 5 5 4 4 5 4 4

512 2 3 2 3 2 3 3 3 2 2

1024 3 1 7

 CM/CG -   !"#$% &$' ()"*$' +,-.$-*/*01% ,)$% &$* ()"*$ +.&23456%  &/* 7,$3$#-589* (%)

PÐnakac T22: CM/CG - O lìgoc tou qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upologismÿn

(%), gia 2 epexergastèc.



8.2 ArijmhtikĹ Apotelèsmata 141

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 402 434 437 470 479 520 422 525 505 557

16 576 692 674 632 595 645 506 570 553 553

32 738 687 550 528 521 552 460 540 527 508

64 520 458 483 468 429 444 390 447 391 417

128 300 344 292 284 287 266 249 271 260 269

256 173 165 166 165 160 179 157 165 165 164

512 85 99 95 94 93 99 93 92 88 89

1024 45 39 54

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 655 697 747 670 796 812 652 921 921 1009

16 1094 1294 1342 1289 1365 1287 1151 1181 1249 1220

32 1475 1791 1511 1471 1483 1517 1217 1443 1433 1415

64 1293 1268 1277 1230 1195 1269 1081 1245 1124 1204

128 825 855 842 794 800 784 719 797 759 765

256 511 482 462 463 443 512 455 471 478 476

512 248 247 265 264 263 288 253 257 244 253

1024 137 117 113

 CM -   !"#$% &$' ()"*$' +,-.$-*/*01% ,)$% &$* ()"*$ +.&23456%  &/* 7,$3$#-589* (%)

PÐnakac T23: CM - O lìgoc tou qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upologismÿn

(%), gia 4 kai 8 epexergastèc.

Np = 4 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 223 252 144 180 167 181 130 124 116 112

16 288 175 145 127 111 138 81 123 138 133

32 154 157 132 103 102 101 75 82 81 86

64 121 81 72 65 59 60 52 58 51 53

128 48 41 38 36 38 36 32 36 32 35

256 27 22 23 24 24 27 22 24 24 25

512 13 20 18 18 18 20 19 18 18 17

1024 10 5 10

Np = 8 n = 8 16 24 32 40 48 56 64 72 80

N   =   8 431 402 322 275 260 203 158 217 218 201

16 448 408 286 260 233 258 206 213 220 207

32 279 334 253 168 275 249 224 229 221 205

64 276 231 221 178 165 170 135 163 140 142

128 134 120 103 93 97 95 85 89 86 87

256 70 57 54 51 50 67 55 57 57 59

512 32 29 37 37 35 44 36 35 33 35

1024 21 13 12

 CG -   !"#$% &$' ()"*$' +,-.$-*/*01% ,)$% &$* ()"*$ +.&23456%  &/* 7,$3$#-589* (%)

PÐnakac T24: CG - O lìgoc tou qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upologismÿn

(%), gia 4 kai 8 epexergastèc.

Meletÿntac ta apotelèsmata pou parousiĹzontai stouc pÐnakec kai ta sqămata mporoÔme

na parathrăsoume ta exăc

• SGI: To speedup gia thn epÐlush tou sustămatoc eÐnai pĹnta megalÔtero apì thn monĹda

ektìc apì merikèc mikrèc periptÿseic pou emfanÐzontai mìno gia N = 8. GenikĹ para-

throÔme mia anodikă poreÐa tou speedup gia ìla ta polÔgwna ìso auxĹnei to mègejoc
1 twn problhmĹtwn ektìc apì thn megĹlh perÐptwsh (n = 24, N = 1024) gia 2 kai 4

1 Lέγονταc µέγεθοc του προβlήµατοc εννοούµε το γινόµενο των πlευρών του ποlυγώνου µε το πlήθοc των

συναρτήσεων βάσηc (n×N). Το µέγεθοc του προβlήµατοc ταυτίζεται µε την διάσταση του collocation πίνακα

και όσο µεγαlύτερο είναι τόσο πιο χρονοβόρα περιµένουµε να είναι η lύση του συστήµατοc. Επίσηc lέγονταc

µικρή και µεγάlη περίπτωση (ή πρόβlηµα) θα εννοούµε µικρό ή µεγάlο µέγεθοc προβlήµατοc.
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(aþ) SGI - Speedup (Ax = b).
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(bþ) SGI - Speedup (Computation).
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(gþ) CM/CG - Speedup (Ax = b).
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(dþ) CM/CG - Speedup (Computation).

Sqăma 8.3: To speedup gia thn epÐlush tou grammikoÔ sustămatoc (aristeră stălh) gia 2 epexer-

gastèc. To speedup ektèleshc twn upologismÿn (dexiĹ stălh) gia 2 epexergastèc.
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(˚þ) CG - Speedup (Computation).

Sqăma 8.4: To speedup gia thn epÐlush tou grammikoÔ sustămatoc (aristeră stălh) gia 4 epexer-

gastèc. To speedup ektèleshc twn upologismÿn (dexiĹ stălh) gia 4 epexergastèc.
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(bþ) SGI - Speedup (Computation).
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(˚þ) CG - Speedup (Computation).

Sqăma 8.5: To speedup gia thn epÐlush tou grammikoÔ sustămatoc (aristeră stălh) gia 8 epexer-

gastèc. To speedup ektèleshc twn upologismÿn (dexiĹ stălh) gia 8 epexergastèc.
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epexergastèc. MĹlista gia tic Ĺllec duo megĹlec periptÿseic (N = 1024) gia n = 8 kai

n = 16 ta speedup praktikĹ tautÐzontai.

• CM/CG: To speedup gia thn epÐlush tou sustămatoc gia 2 epexergastèc eÐnai megalÔte-

ro thc monĹdac ektìc apì tic (mikrèc) periptÿseic (n = 8, 16, N = 8). ’Oso auxĹnontai oi

epexergastèc tìso auxĹnontai kai oi periptÿseic gia tic opoÐec to speedup eÐnai mikrìte-

ro thc monĹdac sto CM (p.q. gia Np = 4 ta misĹ problămata èqoun speedup < 1 enÿ gia

Np = 8 ta 5/8 twn problhmĹtwn èqoun speedup < 1). Ta prĹgmata beltiÿnontai sthn

perÐptwsh tou Gigabit diktÔou CG ìpou gia speedup mikrìtero thc monĹdac parathreÐtai

mìno gia periptÿseic ìpou N = 8, 16. GenikĹ parathroÔme, mia anodikă tĹsh tou speedup

gia ìla ta polÔgwna ìso auxĹnei to N ektìc apì thn perÐptwsh (n = 24, N = 1024) gia

dÔo epexergastèc kai tèsseric epexergastèc (sto CG).

• CM/CG: Gia duo epexergastèc, se merikèc periptÿseic (p.q. sto 40-gwno gia N = 512)

èqoume upergrammikì superlinear speedup. 1

• SGI / CM / CG: To speedup ektèleshc twn upologismÿn faÐnetai na auxĹnei proodeutikĹ

ìso auxĹnei to N gia ìla ta polÔgwna ektìc apì thn perÐptwsh (n = 24, N = 1024).

Se arketèc periptÿseic emfanÐzetai upergrammikì speedup idiaÐtera sthn perÐptwsh twn

cluster (CM/CG).

• SGI / CM / CG: O lìgoc tou qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upo-

logismÿn kai gia kĹje polÔgwno, arqikĹ auxĹnei (mèqri N = 16 ă N = 32) kai katìpin

meiÿnetai. H meÐwsh aută ftĹnei kai mèqri monoyăfia noÔmera gia to SGI kai to cluster

sthn perÐptwsh twn duo epexergastÿn.2 Sthn perÐptwsh tou CM h meÐwsh metĹ bÐac

ftĹnei to 50% gia 4 epexergastèc enÿ gia 8 epexergastèc o lìgoc diathreÐtai pĹnta

pĹnw apì 100%. Sthn perÐptwsh tÿra tou CG ta prĹgmata eÐnai safÿc kalÔtera afoÔ

gia 4 epexergastèc h meÐwsh ftĹnei kĹtw apì to 20% gia megĹlec periptÿseic enÿ gia 8

epexergastèc h meÐwsh anèrqetai se posostĹ kĹtw tou 50% gia N = 512 kai kĹtw tou

22% gia N = 1024.

Paratărhsh 8.1 Se merikèc periptÿseic o qrìnoc epÐlushc tou collocation sustămatoc gia

n = 64 eÐnai mikrìteroc apì ton qrìno epÐlushc gia n = 56 gia ta Ðdia N (p.q. SGI gia 1

epexergastă kai N = 16). Gia thn diereÔnhsh autoÔ tou jèmatoc parajètoume ton pÐnaka (T25)

1 Lέγονταc υπεργραµµικό speedup εννοούµε speedup µεγαlύτερο του αριθµού των επεξεργαστών. Αυτό αν και

όχι τόσο συνηθισµένο απαντάται ποllέc φορέc σε παράllηlα προγράµµατα και οφείlεται κυρίωc στην καlύτερη

οργάνωση των πράξεων που µπορεί να επιτύχει ο compiler (π.χ. lιγότερεc αναφορέc στην κύρια µνήµη) και όχι

στην µείωση του συνοlικού αριθµού των πράξεων κινητήc υποδιαστοlήc. ΄Ενα εξαιρετικό παράδειγµα αναφέρεται

στο στο [PAR86].
2 Αc υπενθυµίσουµε εδώ ότι ο κάθε κόµβοc του cluster αποτεlείται από δυο επεξεργαστέc και εποµένωc όταν

ένα πρόγραµµα εκτεlείται σε δυο επεξεργαστέc του cluster δεν υπάρχει ανάγκη επικοινωνίαc µέσω του τοπικού

δικτύου.
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pou perièqei ton qrìno ektèleshc twn upologismÿn gia n = 56 kai n = 64 . Apì autìn ton

pÐnaka blèpoume ìti gia mikrĹ N o qrìnoc ektèleshc twn upologismÿn gia n = 64 mporeÐ na

eÐnai mikrìteroc apì ton qrìno gia n = 56. Pÿc mporeÐ na sumbaÐnei kĹti tètoio se mÐa Ĺmesh

mèjodo epÐlushc grammikÿn susthmĹtwn; H apĹnthsh brÐsketai ston FFT. O FFT(n) mporeÐ

na jewrhjeÐ wc ènac grăgoroc algìrijmoc gia ton pollaplasiasmì tou pÐnaka Fourier tĹxewc

n me èna diĹnusma n jèsewn. To pìso grăgoroc eÐnai ìmwc exartĹtai Ĺmesa apì to n. An to

n eÐnai dÔnamh tou 2 tìte o FFT(n) prĹgmati eÐnai thc tĹxewc n log2 n an ìmwc to n den eÐnai

dÔnamh tou 2 tìte o FFT(n) den eÐnai, aparaÐthta, tĹxewc n log2 n ă eÐnai tĹxewc n log2 n allĹ

me megalÔterh stajerĹ 3. Sthn perÐptwsh mac kĹname èna peÐrama ektelÿntac ton FFT(n) gia

diĹforec timèc tou n. Ta apotelèsmata faÐnontai sto sqăma (8.6). Apì autì to sqăma faÐnetai

xekĹjara giatÐ autì to fainìmeno parousiĹzetai mìno sto zeugĹri (n = 56, n = 64). GiatÐ ìmwc

autì to fainìmeno emfanÐzetai mìno gia mikrĹ N ; Diìti gia megĹla N o qrìnoc epÐlushc twn

n grammikÿn susthmĹtwn [băma C3/K3] uperbaÐnei katĹ polÔ ton qrìno upologismoÔ tou

pÐnaka J [băma C2/K2](ekeÐ emfanÐzontai oi N2 FFT(n)) me apotèlesma na exanemÐzetai h

ìpoia diaforĹ sthn taqÔthta twn FFT(64) se sqèsh me thn taqÔthta twn FFT(56).

Paratărhsh 8.2 Gia na mporèsoume na ektimăsoume kalÔtera thn apìdosh tou algorÐjmou,

ja ătan qrăsimo na xèroume touc epimèrouc qrìnouc tou kĹje bămatoc (gia ton seiriakì kai ton

parĹllhlo algìrijmo). Gia duo periptÿseic (n = 8, N = 512) kai (n = 80, N = 512) autoÐ oi

epimèrouc qrìnoi faÐnontai ston pÐnaka (T26). ’Eukola mporoÔme na parathrăsoume ta exăc:

• Ta bămata C1/K1 kai C4/K4 katanalÿnoun polÔ lÐgo qrìno (ligìtero apì to 1% tou

sunolikoÔ qrìnou). Autì shmaÐnei ìti to băma autì den axÐzei na parallhlopoihjeÐ -

to kìstoc gia thn antallagă dedomènwn pijanìtata ja ekmhdènize kĹje kèrdoc apì thn

taqÔterh ektèlesh twn prĹxewn (blèpe kìstoc bămatoc T4).

• Ta pio dapanhrì băma eÐnai to C3/K3 dhladă h epÐlush twn n grammikÿn susthmĹtwn.

• Sto CM, ìtan qrhsimopoioÔme 4 epexergastèc ta bămata T1, T2 kai T3 eÐnai tìso dapanh-

rĹ ìso kai to băma K3. An qrhsimopoiăsoume kai touc 8 epexergastèc (dhladă kai touc

tèsseric upologistèc thc sustĹdac) ta bămata T1, T2 kai T3 eÐnai sqedìn treic forèc pio

akribĹ apì to băma K3, me apotèlesma o perissìteroc qrìnoc thc epÐlushc na analÐsketai

sthn antallagă dedomènwn kai ìqi stouc kajaroÔc upologismoÔc. Sthn perÐptwsh tou

CG to kìstoc twn bhmĹtwn T1, T2 kai T3 eÐnai mikrìtero apì to èna trÐto tou qrìnou

tou bămatoc K3. Edÿ faÐnetai xekĹjara to kèrdoc pou mporeÐ na èqoume apì thn qrăsh

diktÔwn uyhlÿn taqutătwn gia thn diasÔndesh twn kìmbwn enìc cluster upologistÿn.

Paratărhsh 8.3 To băma C2 tou (seiriakoÔ) algorÐjmou mporeÐ na jewrhjeÐ ÿc duo xeqwri-

stĹ bămata: to băma C2p (oi metajèseic) kai to băma C2f (oi FFTs). KĹpoioc ja perÐmene oi

3 ∆υο αlγόριθµοι µπορεί να είναι τηc ίδιαc τάξεωc αllά ο χρόνοc για την εκτέlεση τουc να διαφέρει. Π.χ.

ο χρόνοc εκτέlεσηc ενόc αlγορίθµου που απαιτεί 2N πράξειc είναι, θεωρητικά, διπlάσιοc από τον χρόνο ενόc

άllου αlγορίθµου που απαιτεί N πράξειc παρόlο που και οι δύο αlγόριθµοι είναι O(N).



8.2 ArijmhtikĹ Apotelèsmata 147

FFTs na eÐnai arketĹ pio dapanhroÐ apì tic metajèseic. Autì ìmwc den sumbaÐnei, ìpwc faÐnetai

apì ton parakĹtw pÐnaka.

Qrìnoc BhmĹtwn C2p kai C2f

(n = 48, N = 128) C2p C2f

Origin (Np=1) 0.154 0.149

Andromeda (Np=1) 0.064 0.063

H parapĹnw sumperiforĹ eÐnai sunduasmìc tou gegonìtoc ìti o FFT eÐnai polÔ ”fjhnìc” enÿ

h metĹjesh eÐnai kĹpwc ”perÐplokh”.

Paratărhsh 8.4 H mèjodoc FFTinv epilÔei grammikĹ sustămata. H poluplokìthta ìmwc

thc mejìdou den exartĹtai apokleistikĹ apì to mègejoc tou grammikoÔ sustămatoc allĹ apì

tic paramètrouc n kai N (parĹgrafoc 7.1.2 ). Autì faÐnetai polÔ kajarĹ sto sqăma (8.7aþ).

To endiafèron eÐnai ìti aută h sumperiforĹ diathreÐtai kai sthn perÐptwsh tou parĹllhlou

algìrijmou akìma kai sthn perÐptwsh sustĹdwn upologistÿn (sqămata 8.7bþ kai 8.7gþ ). Pa-

rathrăste ìti mporeÐ na upĹrxoun periptÿseic (p.q. (n = 8, N = 512), (n = 64, N = 128))

ìpou h epÐlush enìc sustămatoc 2M × 2M eÐnai katĹ polÔ taqÔterh apì thn epÐlush enìc

sustămatoc M ×M . Aută h sumperiforĹ den parathreÐtai sthn LU decomposition kai (gia

genikoÔc pÐnakec) oÔte stic epanalhptikèc mejìdouc.



148 ParĹllhloi UpologismoÐ / UpologismoÐ Plègmatoc

SGI 56 64 56 64 56 64 56 64

N = 8 0.010 0.008 0.006 0.005 0.004 0.003 0.013 0.003

16 0.034 0.027 0.019 0.015 0.011 0.009 0.008 0.006

32 0.154 0.124 0.082 0.066 0.044 0.036 0.025 0.020

64 0.781 0.715 0.404 0.367 0.207 0.190 0.112 0.100

128 5.158 5.040 2.670 2.568 1.343 1.273 0.686 0.648

256 34.633 36.336 18.023 18.223 9.027 9.147 4.538 4.619

512 251.809 277.413 129.372 144.794 64.672 72.527 33.037 36.293

CM/CG

N = 8 0.005 0.004 0.003 0.003

16 0.018 0.019 0.010 0.010

32 0.087 0.087 0.045 0.046

64 0.576 0.474 0.235 0.239

128 2.962 3.173 1.481 1.609

256 20.188 21.626 9.851 10.830

512 151.100 162.818 71.610 82.130

CM

N = 8 0.002 0.002 0.002 0.001

16 0.006 0.006 0.004 0.004

32 0.025 0.024 0.014 0.014

64 0.121 0.121 0.065 0.064

128 0.758 0.799 0.390 0.417

256 4.924 5.362 2.488 2.737

512 35.610 40.780 18.180 20.570

CG

N = 8 0.002 0.002 0.002 0.001

16 0.007 0.006 0.004 0.004

32 0.024 0.025 0.014 0.014

64 0.121 0.123 0.064 0.063

128 0.761 0.799 0.386 0.418

256 5.057 5.406 2.504 2.715

512 35.930 40.820 17.960 20.620

Np = 1 Np = 2 Np = 4 Np = 8

(n=56,64)      !"#$% &'()*+,-% (.# /0$*$12,34# (,+ 5+6(+!"*+0(7)

PÐnakac T25: SGI/CM/CG - O qrìnoc ektèleshc twn upologismÿn gia tic periptÿseic twn polu-

gÿnwn me 56 kai 64 pleurèc kai gia ta trÐa upologistikĹ sustămata.

DiĹstash tou PÐnaka Fourier (n)
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Sqăma 8.6: O qrìnoc ektèleshc tou FFT(n) thc bibliojăkhc FFTPACK gia diĹforec timèc tou n. Me

èntono prĹsino qrÿma èqoume shmeiÿsei to qrìno gia dunĹmeic tou 2 enÿ me kìkkino to

qrìno gia n pou èqoume qrhsimopoiăsei sta peirĹmata.
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 !"# SGI CM/CG  !"# SGI CM/CG SGI CM CG SGI CM CG

C1 0.004 0.003 K1 0.003 0.002 0.003 0.002 0.002 0.003 0.002 0.002

C2 1.535 0.182 K2 0.768 0.595 0.386 0.286 0.291 0.229 0.145 0.145

C3 29.155 19.780 K3 14.858 9.197 7.452 4.871 4.876 3.875 2.454 2.462

C4 0.003 0.002 K4 0.003 0.002 0.003 0.002 0.002 0.003 0.002 0.002

T1 0.210 0.125 0.206 1.481 0.228 0.223 2.145 0.296

T2 0.177 0.056 0.169 1.426 0.321 0.172 2.126 0.225

T3 0.173 0.057 0.161 1.413 0.153 0.148 2.291 0.212

T4 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001

T5 0.003 0.000 0.007 0.178 0.139 0.030 0.119 0.098

 !"# SGI CM/CG  !"# SGI CM/CG SGI CM CG SGI CM CG

C1 0.041 0.043 K1 0.041 0.038 0.041 0.036 0.036 0.048 0.039 0.039

C2 18.398 2.963 K2 9.296 13.818 4.691 6.625 6.826 2.529 3.413 3.432

C3 302.811 194.104 K3 147.739 98.604 74.019 48.999 49.060 39.649 24.613 24.711

C4 0.037 0.025 K4 0.038 0.031 0.039 0.031 0.029 0.039 0.030 0.032

T1 2.133 1.236 2.183 14.893 2.369 3.129 21.529 2.798

T2 1.428 0.531 1.662 14.456 1.583 1.684 21.463 2.281

T3 1.350 0.585 1.558 14.147 1.649 1.929 21.347 2.261

T4 0.003 0.001 0.003 0.023 0.002 0.003 0.032 0.004

T5 0.150 0.001 0.011 0.352 0.354 0.003 0.096 0.005

 !"# SGI CM/CG  !"# SGI CM/CG SGI CM CG SGI CM CG

C1 0.01 0.01 K1 0.02 0.02 0.04 0.02 0.03 0.07 0.02 0.06

C2 5.00 0.91 K2 4.74 5.93 4.60 2.96 4.84 4.90 1.56 4.20

C3 94.98 99.07 K3 91.74 91.65 88.83 50.43 81.10 82.72 26.43 71.51

C4 0.01 0.01 K4 0.02 0.02 0.04 0.02 0.03 0.07 0.02 0.05

T1 1.30 1.25 2.46 15.33 3.80 4.77 23.10 8.60

T2 1.09 0.56 2.02 14.76 5.33 3.67 22.90 6.55

T3 1.07 0.57 1.92 14.63 2.55 3.16 24.68 6.16

T4 0.00 0.00 0.01 0.00 0.01 0.01 0.01 0.02

T5 0.02 0.00 0.09 1.84 2.31 0.63 1.28 2.85

 !"# SGI CM/CG  !"# SGI CM/CG SGI CM CG SGI CM CG

C1 0.01 0.02 K1 0.03 0.03 0.05 0.04 0.06 0.10 0.04 0.11

C2 5.73 1.50 K2 5.73 12.03 5.57 6.65 11.03 5.16 3.69 9.65

C3 94.25 98.46 K3 91.10 85.86 87.90 49.21 79.25 80.89 26.59 69.49

C4 0.01 0.01 K4 0.02 0.03 0.05 0.03 0.05 0.08 0.03 0.09

T1 1.32 1.08 2.59 14.96 3.83 6.38 23.26 7.87

T2 0.88 0.46 1.97 14.52 2.56 3.44 23.19 6.41

T3 0.83 0.51 1.85 14.21 2.66 3.93 23.06 6.36

T4 0.00 0.00 0.00 0.02 0.00 0.01 0.03 0.01

T5 0.09 0.00 0.01 0.35 0.57 0.01 0.10 0.01

Np = 2

Np = 1 Np = 2

Np = 1

(n=8,N=512)     $%&'() *+'  ,"-*+' (./ 0/1*/%&2/3*#)

Np = 4 Np = 8

(n=80,N=512)     $%&'() *+'  ,"-*+' (./ 0/1*/%&2/3*#)

Np = 2

Np = 1 Np = 2 Np = 8

(n=8,N=512)     $%&'() *+'  ,"-*+'   (/34 % *(1 .1'(256(7)

Np = 4 Np = 8

(n=80,N=512)     $%&'() *+'  ,"-*+'   (/34 % *(1 .1'(256(7)

Np = 4 Np = 8

Np = 4

Np = 1

PÐnakac T26: SGI/CM/CG - O qrìnoc pou apaiteÐtai gia thn ektèlesh twn epimèrouc bhmĹtwn twn

algorÐjmwn (8.1) kai (8.2) gia tic periptÿseic (n = 8, N = 512) kai (n = 80, N =
512) kai gia ta trÐa upologistikĹ sustămata. O prÿtoc upopÐnakac parousiĹzei touc

apìlutouc qrìnouc, se deuterìlepta, enÿ o deÔteroc to posostì tou qrìnou tou kĹje

bămatoc wc proc to sunolikì qrìno tou algorÐjmou.
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Mègejoc Problămatoc (n × N)
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[SGI] O Qrìnoc EpÐlushc tou GrammikoÔ Sustămatoc
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n = 64
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(aþ) SGI - Np=1.

Mègejoc Problămatoc (n × N)
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[CG] O Qrìnoc EpÐlushc tou GrammikoÔ Sustămatoc

n = 8

n = 16

n = 32

n = 64

1024 2048 4096 8192

(bþ) CM - Np=4.

Mègejoc Problămatoc (n × N)
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[CM] O Qrìnoc EpÐlushc tou GrammikoÔ Sustămatoc

n = 8

n = 16

n = 32

n = 64

1024 2048 4096 8192

(gþ) CG - Np=8.

Sqăma 8.7: O qrìnoc epÐlushc tou grammikoÔ sustămatoc gia diĹfora megèjh problhmĹtwn.
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8.3 SumperĹsmata

SÔmfwna me ìlh thn parapĹnw anĹlush mporoÔme na sumperĹnoume ìti h Ĺmesh mèjodoc

FFTinv mporeÐ na parallhlopoihjeÐ apotelesmatikĹ ìqi mìno se mhqanèc koinăc mnămhc allĹ

kai se sustĹdec mhqanÿn. Parathrăsame ìti h epitĹqunsh twn upologismÿn, gia megĹlec

periptÿseic fjĹnei thn bèltisth (ton arijmì twn epexergastÿn) enÿ h epitĹqunsh gia thn

lÔsh tou sustămatoc plhsiĹzei allĹ den fjĹnei, en gènei, thn bèltisth. EpÐshc o lìgoc tou

qrìnou epikoinwnÐac proc ton qrìno ektèleshc twn upologismÿn, idiaÐtera sthn perÐptwsh

sthn perÐptwsh thc diasundedemènhc me Mbps dÐktuo sustĹdac, den eÐnai tìso mikrìc ìso ja

jèlame.

Apì ta apotelèsmata pou parousiĹsame eÐnai profanèc ìti gia thn peraitèrw beltÐwsh tou

parĹllhlou algorÐjmou kaneÐc prèpei na epilÔsei apodotikĹ to prìblhma metaforĹc dedomènwn,

prìblhma to opoÐo ja antimetwpÐsoume sto mèllon.
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H hmitonoeidăc bĹsh (3.4) eÐnai, katĹ kĹpoia ènnoia, h ”fusikă” epilogă bĹshc gia thn

arijmhtikă prosèggish thc Dirichlet to Neumann apeikìnishc lìgw thc stenăc sqèshc thc me

touc diakritoÔc metasqhmatismoÔc Fourier pou emfanÐzontai sthn (2.42). Apì thn meriĹ ìmwc

thc jewrÐac proseggÐsewc aută h bĹsh den eÐnai bèltisth. To erÿthma pou tÐjetai eÐnai an h

sÔgklish thc mejìdou mporeÐ na beltiwjeÐ qrhsimopoiÿntac mia diaforetikă epilogă sunartă-

sewn bĹshc p.q. poluwnumikèc sunartăseic bĹshc. Sto [FFX03] anafèretai h qrhsimopoÐhsh

qamhloÔ bajmoÔ poluwnÔmwn (roof functions) gia thn mèjodo FFX. Aută h epilogă odhgeÐ se

megalÔtera sfĹlmata apì thn hmitonoeidă bĹsh. Sto parÿn kefĹlaio ja qrhsimopoiăsoume

wc sunartăseic bĹshc poluÿnuma proerqìmena apì ta Chebyshev poluÿnuma prÿtou eÐdouc

[AST64, CRC03]. Ja deÐxoume ìti aută h epilogă bĹshc beltiÿnei katĹ polÔ to rujmì sÔg-

klishc thc mejìdou [SFFS].

Gia thn epilogă twn collocation shmeÐwn ja qrhsimopoiăsoume thn SFFS mèjodo. Bèbaia

ta diagÿnia mplok tou collocation pÐnaka den ja eÐnai point diagÿnioi pÐnakec ìpwc ătan sthn

perÐptwsh thc hmitonoeidoÔc bĹshc.

9.1 Chebyshev BĹsh

Ta poluÿnuma Chebyshev prÿtou eÐdouc orÐzontai apì thn sqèsh

Tn (x) = cos (n arccos x) n = 0, 1, 2, . . . . (9.1)

O mìnoc periorismìc pou èqoume sthn kataskeuă twn sunartăsewn bĹshc eÐnai o (2.40)

φ(j)
r (−π) = φ(j)

r (π) = 0,

dhladă oi sunartăseic bĹshc prèpei na mhdenÐzontai sta Ĺkra tou diastămatoc [−π, π]. Mia

oikogèneia sunartăsewn bĹshc pou ikanopoieÐ autìn ton periorismì eÐnai h

ϕr (s) =

{
Tr+1

(
s
π

)− T0

(
s
π

)
, r = 1, 3, 5, . . .

Tr+1

(
s
π

)− T1

(
s
π

)
, r = 2, 4, 6, . . .

,
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ă isodÔnama

ϕr (s) =

{
Tr+1

(
s
π

)− 1 , r = 1, 3, 5, . . .

Tr+1

(
s
π

)− s
π

, r = 2, 4, 6, . . .

To sqăma (9.1) deÐqnei tic 5 arqikèc (r = 1, 2, 3, 4, 5) sunartăseic bĹshc.

PSfrag replacementc

ϕ1

ϕ2

ϕ3

ϕ4

ϕ5

00.10.20.30.40.50.60.70.80.91

-4 -3 -2 -1 0 1 2 3 4

00.10.20.30.40.50.60.70.80.91
-2-1.5-1

-0.50
0.51
1.52

Sqăma 9.1: Oi poluwnumikèc sunartăseic bĹshc pou parĹgontai apì ta poluÿnuma Chebyshev prÿ-

tou eÐdouc. Parathrăste ìti ìso auxĹnei to r tìso auxĹnontai oi ”talantÿseic” twn

sunartăsewn.

9.2 ArijmhtikĹ Apotelèsmata

Gia ton èlegqo thc apìdoshc thc Chebyshev bĹshc èqoume epilÔsei thn Dirichlet to Neu-

mann apeikìnish se mia plhjÿra kanonikÿn kai mh polugÿnwn kai gia plăjoc sunartăsewn

bĹshc N = 2, 4, 6, 8, 10, 12, 14, 16 me tic Ðdiec (Dirichlet) sunoriakèc sunjăkec se ìlec tic pleu-

rèc. H analutikă lÔsh thc diaforikăc exÐswshc pou epilÔoume, h gewmetrÐa twn kanonikÿn

polugÿnwn kajÿc kai to sqetikì sfĹlma pou qrhsimopoioÔme eÐnai ìpwc sthn parĹgrafo (4.1).

Oi korufèc ìlwn twn mh kanonikÿn polugÿnwn brÐskontai pĹnw sthn èlleiyh

x2

5
+

y2

2
= 1

enÿ ta mă kanonikĹ polÔgwna eÐnai strammèna katĹ 0.2 (katĹ thn jetikă forĹ). Sto sqăma

(9.2) deÐqnoume, endeiktikĹ, tèssera apì autĹ.
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−5 0 5

−4

−3

−2

−1

0

1

2

3

4

(aþ) Μη κανονικό ποlύγωνο µε 8 πlευρέc.
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(bþ) Μη κανονικό ποlύγωνο µε 12 πlευρέc.
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(gþ) Μη κανονικό ποlύγωνο µε 19 πlευρέc.
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(dþ) Μη κανονικό ποlύγωνο µε 24 πlευρέc.

Sqăma 9.2: Ta mh kanonikĹ polÔgwna gia thn melèth thc Chebyshev bĹshc .
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Sta sqămata (9.3) kai (9.4) faÐnetai h meÐwsh tou sqetikoÔ sfĹlmatoc sunartăsei tou

plăjouc twn sunartăsewn bĹshc anĹ pleurĹ (N). Oi diakekommènec grammèc sta sqămata

eÐnai oi eujeÐec y = 1
N

x ,y =
(

1
N

)2
x kai y =

(
1
N

)3
x.

GenikĹ parathroÔme mia shmantikă beltÐwsh tou sfĹlmatoc, se sqèsh me thn hmitonoeidă

bĹsh. MĹlista sthn perÐptwsh twn kanonikÿn polugÿnwn o rujmìc meÐwshc tou sfĹlmatoc

faÐnetai na eÐnai ekjetikìc. Se kĹje perÐptwsh pĹntwc h tĹxh sÔgklishc thc mejìdou eÐnai

megalÔterh apì duo. Sta kanonikĹ polÔgwna kai stic megĹlec periptÿseic parathroÔme èna

breakdown thc sÔgklishc. Autì eÐnai pijanìn na ofeÐletai se sfĹlmata stroggÔleushc pou

upeisèrqontai stouc upologismoÔc (parathreÐste ìti milĹme gia sfĹlmata thc tĹxewc tou 1E-

13). Autì to breakdown den emfanÐzetai sta mh kanonikĹ polÔgwna ìpou h tĹxh twn sfalmĹtwn

eÐnai safÿc megalÔterh.

O deÐkthc katĹstashc tou collocation pÐnaka (sqămata 9.5 kai 9.6) auxĹnei ìso auxĹnei

kai to plăjoc twn sunartăsewn bĹshc. Gia ta mikrĹ (n < 12) kanonikĹ polÔgwna eÐnai pĹnta

mikrìteroc apì 500 enÿ gia ta mikrĹ mh kanonikĹ polÔgwna eÐnai pĹnta mikrìteroc apì 1400.

Gia megalÔtera polÔgwna paÐrnei arketĹ megĹlec timèc kai eidikĹ sta mă kanonikĹ polÔgwna.

PĹntwc, sta mh kanonikĹ polÔgwna, den faÐnetai na ephreĹzei thn sÔgklish thc mejìdou afoÔ,

ìpwc faÐnetai apì to sqăma (9.4) h mèjodoc sugklÐnei omalĹ akìma kai sta megĹla se ìlec tic

periptÿseic.
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PSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Kanonik� PolÔgwna - Dirichlet BC (SFFS)

n = 3

n = 4

n = 5

n = 6

n = 8

n = 12

n = 19

n = 24

n = 31

n = 36

101
10−15

10−10

10−5

100

Sqăma 9.3: To sqetikì sfĹlma thc mejìdou SFFS gia kanonikĹ polÔgwna me Chebyshev sunartăseic

bĹshc kai Dirichlet sunoriakèc sunjăkec.PSfrag replacementc

Sunart seic B�sewc an� Pleur� (N)

SqetikìSf�
lma(E ∞)

Mh Kanonik� PolÔgwna - Dirichlet BC (SFFS)

n = 3

n = 4

n = 5

n = 6

n = 8

n = 12

n = 19

n = 24

n = 31

n = 36

101
10−12

10−10

10−8

10−6

10−4

10−2

100

102

Sqăma 9.4: To sqetikì sfĹlma thc mejìdou SFFS gia mh kanonikĹ polÔgwna me Chebyshev sunar-

tăseic bĹshc kai Dirichlet sunoriakèc sunjăkec.
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PSfrag replacementc
Sunart seic B�sewc an� Pleur� (N)

DeÐkthcKat
�stashc(k ∞

)

Kanonik� PolÔgwna - Dirichlet BC (SFFS)

101
100

101

102

103

104

105

106

Sqăma 9.5: O deÐkthc katĹstashc tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc gia ta

kanonikĹ polÔgwna me Chebyshev sunartăseic bĹshc, upologismènoc me thn entolă

cond(A,inf) thc Matlab.

PSfrag replacementc
Sunart seic B�sewc an� Pleur� (N)

DeÐkthcKat
�stashc(k ∞

)

Mh Kanonik� PolÔgwna - Dirichlet BC (SFFS)

101
100

102

104

106

108

1010

Sqăma 9.6: O deÐkthc katĹstashc tou pÐnaka twn suntelestÿn tou grammikoÔ sustămatoc gia ta

mh kanonikĹ polÔgwna me Chebyshev sunartăseic bĹshc, upologismènoc me thn entolă

cond(A,inf) thc Matlab.
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9.3 SumperĹsmata

To sumpèrasma pou bgaÐnei apì ta parapĹnw eÐnai ìti eÐnai dunată h qrhsimopoÐhsh kai Ĺllwn

sunartăsewn bĹshc pèra apì thn ”fusikă” epilogă pou eÐnai oi hmitonohdeÐc sunartăseic bĹshc.

MĹlista h sugkekrimènh epilogă (Chebyshev) mac dÐnei polÔ kalÔterh tĹxh sÔgklishc thc

mejìdou kai sta kanonikĹ (sqedìn ekjetikă) kai sta mh kanonikĹ (megalÔterh apì tetragwnikă)

polÔgwna. H epilogă katĹllhlwn sunartăsewn bĹshc paramènei èna jèma anoiqtì gia melèth

me to opoÐo ja asqolhjoÔme sto mèllon.
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Sthn paroÔsa diatribă asqolhjăkame me thn neoeisaqjăsa mèjodo tou FwkĹ gia thn epÐ-

lush grammÐkwn kai mh grammikÿn oloklhrÿsimwn Merikÿn Diaforikÿn Exisÿsewn. Skopìc

mac ătan h melèth thc arijmhtikăc mejìdou kai san prìblhma montèlo qrhsimopoiăsame thn

exÐswsh tou Laplace se kleistĹ kurtĹ polugwnikĹ qwrÐa. Jewrăsame tuqaÐec sunoriakèc

sunjăkec stic pleurèc tou polugÿnou kai diamèsou thc genikeumènhc Dirichlet to Neumann

apeikìnishc upologÐsame arijmhtikĹ tic ”kĹjetec” Ĺgnwstec sunoriakèc sunjăkec. H gnÿsh

twn duo autÿn ”kĹjetwn” sunìlwn sunoriakÿn sunjhkÿn eÐnai arketă gia na mac dÿsei thn

lÔsh thc diaforikăc exÐswshc sto sÔnoro tou polugÿnou. Mèsw gnwstÿn oloklhrwtikÿn

metasqhmatismÿn eÐnai dunată kai h eÔresh thc lÔshc thc diaforikăc exÐswshc sto eswterikì

tou polugÿnou.

H arijmhtikă mèjodoc èqei duo bajmoÔc eleujerÐac: thn epilogă twn collocation shmeÐwn

kajÿc kai thn epilogă twn sunartăsewn bĹshc. EmeÐc proteÐnoume beltiÿseic kai gia touc

duo autoÔc bajmoÔc eleujerÐac. Epilèxame èna diaforetikì sÔnolo collocation shmeÐwn (SFFS

epilogă) to opoÐo odhgeÐ se, stajeră, tetragwnikă sÔgklish gia kanonikĹ kai mh polÔgw-

na. EpÐshc kataskeuĹsame kai èna diaforetikì sÔnolo sunartăsewn bĹshc (basismèno sta

Chebyshev poluÿnuma 1ou eÐdouc) h qrăsh tou opoÐou odhgeÐ se sqedìn ekjetikă sÔgkli-

sh thc mejìdou sta kanonikĹ polÔgwna kai pĹntwc megalÔterh apì tetragwnikă se ìlec tic

periptÿseic.

Meletÿntac diĹforec epanalhptikèc mejìdouc gia thn epÐlush tou collocation grammikoÔ

sustămatoc katalăxame sto sumpèrasma ìti h taqÔterh kai asfalèsterh mèjodoc, sthn pe-

rÐptwsh pou to polugwnikì qwrÐo sto opoÐo lÔnoume thn diaforikă exÐswsh eÐnai kanonikì

polÔgwno kai èqoume Ðdiou tÔpou sunoriakèc sunjăkec se ìlec tic pleurèc, eÐnai h mh proruj-

mismènh Bicgstab. Sthn perÐptwsh twn mh kanonikÿn polugÿnwn, lìgw twn pollÿn diafo-

retikÿn gewmetrikÿn morfÿn enìc mh-kanonikoÔ n−gÿnou, eÐnai kĹpwc prìwro na bgĹloume

genikĹ sumperĹsmata gia thn sumperiforĹ twn epanalhptikÿn mejìdwn.

H prosektikă melèth tou collocation pÐnaka apokĹluye mèroc thc ploÔsiac domăc tou. Sthn

perÐptwsh twn kanonikÿn polugÿnwn me tic Ðdiec sunoriakèc sunjăkec se ìlec tic pleurèc o



162 SumperĹsmata

pÐnakac eÐnai mplìk circulant enÿ sthn sthn perÐptwsh twn diaforetikÿn sunoriakÿn sunjhkÿn

o pÐnakac mporeÐ na grafeÐ wc sunduasmìc duo mplìk circulant pinĹkwn me tic stajerèc na eÐnai

diagÿnioi pÐnakec. Sthn perÐptwsh tou tetragÿnou me Ðdiec sunoriakèc sunjăkec se ìlec tic

pleurèc h mplìk circulant morfă tou collocation pÐnaka mac epètreye thn eÔresh tou fĹsmatoc

tou pÐnaka kajÿc kai tou fĹsmatoc twn basikÿn epanalhptikÿn mejìdwn.

H mplìk circulant morfă tou collocation pÐnaka mac odăghse sthn paragwgă miac Ĺmeshc

mejìdou epÐlushc tou (FFTinv). H mèjodoc aută odăghse se shmantikă meÐwsh tou qrìnou

epÐlushc (se megĹlec periptÿseic aută h meÐwsh mporeÐ na anèljei se posostĹ megalÔtera tou

99%).

H arijmhtikă epÐlush thc genikeumènhc Dirichlet Neumann apeikìnishc se polÔgwna me

megĹlo plăjoc pleurÿn mporeÐ na odhgăsei se grammikĹ sustămata twn opoÐwn o qrìnoc

epÐlushc eÐnai sqetikĹ megĹloc. Se aută thn kateÔjunsh asqolhjăkame me thn kataskeuă

enìc parĹllhlou algìrijmou gia thn Ĺmesh mèjodo FFTinv katalăgontac sto sumpèrasma ìti

h mèjodoc aută mporeÐ na parallhlopoeijeÐ apotelesmatikĹ ìqi mìno se mhqanèc koinăc mnămhc

allĹ kai se dÐktua upologistÿn thc tĹxhc tou enìc Gbps.

FusikĹ upĹrqoun shmantikĹ jèmata, ìso aforĹ sthn arijmhtikă efarmogă thc mejìdou

FwkĹ, ta opoÐa qrăzoun peraitèrw melèthc kai euelpistoÔme ìti ja asqolhjoÔme me autĹ sto

Ĺmeso mèllon. PerilhptikĹ anafèroume:

• Analutikă melèth thc sumperiforĹc thc Chebyshev bĹshc.

• EÔresh kalÔterwn bĹsewn.

• Analutikă melèth thc sumperiforĹc twn epanalhptikÿn mejìdwn gia thn perÐptwsh twn

mh kanonikÿn polugÿnwn.

• EÔresh tou fĹsmatoc tou collocation pÐnaka.

• Domă kai idiìthtec tou collocation pÐnaka gia kanonikĹ polÔgwna me diaforetikèc suno-

riakèc sunjăkec se kĹje pleurĹ.

• Melèth kai eÔresh apodotikÿn algorÐjmwn gia thn perÐptwsh twn mh kanonikÿn polu-

gÿnwn - pijană kathgoriopoÐhsh twn mh kanonikÿn polugÿnwn.

• BeltistopoÐhsh tou parĹllhlou algorÐjmou me peraitèrw meÐwsh tou kìstouc epikoinw-

nÐac.

• EpÐlush genikìterwn grammikÿn Elleiptikÿn ProblhmĹtwn Sunoriakÿn Timÿn.

• Exètash diaforetikÿn trìpwn epÐlushc tou collocation pÐnaka lambĹnontac upìyin tic

asumptwtikèc idiìthtèc tou.
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Abstract

A new approach for analyzing boundary value problems for linear and for integrable nonlinear PDEs was introduced in Fokas [A
unified transform method for solving linear and certain nonlinear PDEs, Proc. Roy. Soc. London Ser. A 53 (1997) 1411–1443]. For
linear elliptic PDEs, an important aspect of this approach is the characterization of a generalized Dirichlet to Neumann map: given
the derivative of the solution along a direction of an arbitrary angle to the boundary, the derivative of the solution perpendicularly
to this direction is computed without solving on the interior of the domain. This is based on the analysis of the so-called global
relation, an equation which couples known and unknown components of the derivative on the boundary and which is valid for all
values of a complex parameter k. A collocation-type numerical method for solving the global relation for the Laplace equation
in an arbitrary bounded convex polygon was introduced in Fulton et al. [An analytical method for linear elliptic PDEs and its
numerical implementation, J. Comput. Appl. Math. 167 (2004) 465–483]. Here, by choosing a different set of the “collocation
points” (values for k), we present a significant improvement of the results in Fulton et al. [An analytical method for linear elliptic
PDEs and its numerical implementation, J. Comput. Appl. Math. 167 (2004) 465–483]. The new collocation points lead to well-
conditioned collocation methods. Their combination with sine basis functions leads to a collocation matrix whose diagonal blocks
are point diagonal matrices yielding efficient implementation of iterative methods; numerical experimentation suggests quadratic
convergence. The choice of Chebyshev basis functions leads to higher order convergence, which for regular polygons appear to be
exponential.
© 2007 Elsevier B.V. All rights reserved.

MSC: 35J25; 65N35; 64N99; 65F05; 65F10

Keywords: Elliptic PDEs; Dirichlet–Neumann map; Global relation; Collocation; Iterative methods

1. Introduction

A new approach for analyzing boundary value problems for linear and for integrable nonlinear PDEs in two dimen-
sions was introduced in [5,6]. This approach was developed by several researchers, and has led to the emergence of a
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new method for solving boundary value problems. This method involves two novel features:

(a) It yields an analytic representation of the solution in the form of an integral in the complex k-plane.
(b) It characterizes a generalized Dirichlet to Neumann map through the solution of the so-called global relation, which

is an equation valid for all complex values of k, which couples specified and unknown values of the solution and
its derivatives on the boundary.

For a large class of boundary value problems, the global relation can be solved analytically, and hence the generalized
Dirichlet to Neumann map can be constructed in closed form. This includes linear evolution PDEs with spatial derivatives
of arbitrary order on the half-line [7] and on a finite interval [10], the Laplace, the bi-harmonic and the modified
Helmholtz equation in certain simple polygons [1–4] and the basic nonlinear integrable evolution PDEs on the half-line
for certain simple boundary conditions [8,9]. However, for general boundary value problems, the global relation must
be solved numerically.

The implementation of the new method to the case of the Laplace equation in an arbitrary bounded convex polygon
was presented in [11], where:

(a) It was shown that the global relation is not only a necessary but also a sufficient condition for existence. This
reduces the problem of solving Laplace’s equation, to the problem of solving the global relation.

(b) A collocation-type numerical method was introduced for solving the global relation. This method is based on
evaluating both the real and imaginary parts of the global relation at the following values of the complex parameter
k (“collocation points”):

k = − l

hp

, hp = 1

2�
(zp+1 − zp), p = 1, 2, . . . , n, l = 1, 2, . . . ,

N

2
, (1.1)

where n is the number of the sides of the polygon, {zi}ni=1 are the corners of the polygon in the complex z-plane
(with zn+1 = z1) and N, which is chosen to be even, is the number of points used for the discrete approximation of
the unknown boundary values. This choice has been motivated by the analytical integral representation in [6] (see
also Remark 2.1).

In this paper, aiming to improve and stabilize the order of convergence and the associated conditioning number of the
collocation method in [11], we use a different set of collocation points (the values of the complex parameter k): we use
the values specified by Eq. (1.1) for the imaginary part of the global relation, but we choose the values

l = 1

2
,

3

2
,

5

2
, . . . ,

N − 1

2
, (1.2)

for the real part of the global relation.
The above choice, for sine basis functions, yields a linear algebraic system whose diagonal blocks of the associated

coefficient matrix are point diagonal matrices. That is, the collocation coefficient matrix is by construction block-
Jacobi preconditioned, pointing directly to the efficient implementation of iterative techniques. Numerical investigation
suggests a quadratically convergent and well-conditioned collocation method. The classical Jacobi and Gauss–Seidel
as well as the BiCGstab iterative techniques converge rapidly, yielding the discrete solution (for fixed N) after only
a few iterations. Furthermore, the rate of convergence to the continuous solution as N → ∞ can be improved by
choosing a different set of basis functions. In particular, for Chebyshev basis functions, numerical experiments suggest
that, for regular polygons, the convergence is exponential.

This paper is organized as follows: Section 2 outlines some of the analytical results of [11]. Section 3 presents the
details of the new numerical solution of the global relation and explains the choice of the new collocation points.
Section 4 presents numerical results for a variety of domains with different boundary conditions, and compares these
results with the analogous results of [11]. Section 5 discusses further these results.

2. Overview

For elliptic PDEs in two dimensions x and y, it is convenient to replace the Cartesian coordinates x and y with the
complex coordinates z and z̄,

z = x + iy, z̄ = x − iy. (2.1)

Please cite this article as: A.G. Sifalakis, et al., The generalized Dirichlet–Neumann map for linear elliptic PDEs and its numerical implementation,
J. Comput. Appl. Math. (2007), doi: 10.1016/j.cam.2007.07.012
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Fig. 1. Part of the bounded convex polygon with vertices zj , sides Sj and interior D.

Using the equations

�z = 1
2 (�x − i�y), �z̄ = 1

2 (�x + i�y),

it follows that the Laplace equation in the independent variable q can be rewritten in the form

�2q

�z �z̄
= 0. (2.2)

This equation is equivalent to the equation

�

�z̄

(
e−ikz �q

�z

)
= 0, (2.3)

for an arbitrary complex parameter k.
Suppose that the real-valued function q(z, z̄) satisfies Laplace’s equation (2.2) in a simply connected bounded domain

D with boundary �D. Then, Eq. (2.3) together with the complex form of Green’s theorem imply the equation∫
�D

e−ikz �q

�z
dz = 0, k ∈ C. (2.4)

Following [6] we shall refer to Eq. (2.4) as the global relation associated with Laplace’s equation.
Suppose that q(z, z̄) satisfies the Laplace equation in a convex bounded polygon with vertices z1, z2, . . . , zn

(modulo n), which have indexed counterclockwise, see Fig. 1. Then the global relation (2.4) becomes

n∑
j=1

∫
Sj

e−ikz �q

�z
dz = 0, k ∈ C, (2.5)

where Sj denotes the side from zj to zj+1 (not including the end points).

Proposition 2.1. Let the real-valued function q(z, z̄) satisfy the Laplace equation in the interior D of the polygon with
corners {zi}ni=1 depicted in Fig. 1. Let g(j) denote the derivative of the solution in the direction making an angle �j ,
0��j ��, with the side Sj , i.e.,

cos(�j )q
(j)
s + sin(�j )q

(j)
n = g(j), z ∈ Sj , 1�j �n, (2.6)

where q
(j)
s and q

(j)
n denote the tangential and (outward) normal components of �q/�z along the side Sj . Let f (j)

denote the derivative of the solution in the direction normal to the above direction, i.e.,

− sin(�j )q
(j)
s + cos(�j )q

(j)
n = f (j), z ∈ Sj , 1�j �n. (2.7)

The generalized Dirichlet–Neumann map, i.e., the relation between the sets {f (j)}nj=1 and {g(j)}nj=1, is characterized
by the single equation

n∑
j=1

|hj |ei(�j −kmj )

∫ �

−�
e−ikhj s(f (j)(s) − ig(j)(s)) ds = 0, k ∈ C, (2.8)
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where

hj := 1

2�
(zj+1 − zj ), mj := 1

2
(zj+1 + zj ), j = 1, 2, . . . , n, zn+1 = z1. (2.9)

Evaluating Eq. (2.8) on the following n-rays of the complex k-plane

kp = − l

hp

, l ∈ R+, p = 1, . . . , n, (2.10)

and multiplying the resulting equations by exp[−i(�p+lmp/hp)]/|hp|, Eq. (2.8) yields the following set of n equations:

n∑
j=1

|hj |
|hp|ei(�j −�p)e−(il/hp)(mp−mj )

∫ �

−�
eil(hj /hp)s(f (j)(s) − ig(j)(s)) ds = 0, l ∈ R+, p = 1, . . . , n. (2.11)

Proof. Let aj denote the angle of the side Sj with the horizontal axis, i.e.,

aj = arg(zj+1 − zj ), hj = |hj |eiaj . (2.12)

Eqs. (2.6) and (2.7) can be considered as two equations expressing q
(j)
s and q

(j)
n in terms of g(j) and f (j),

q
(j)
n = sin(�j )g

(j) + cos(�j )f
(j),

q
(j)
s = cos(�j )g

(j) − sin(�j )f
(j).

Substituting these expressions in the identity

�q(j)

�z
= 1

2 e−iaj (q
(j)
s + iq(j)

n ),

we find

�q(j)

�z
= 1

2 e−i(aj −�j )(g(j) + if (j)). (2.13)

In order to evaluate the integral of the expression exp[−ikz]�q(j)/�z along the side Sj , we introduce the following
local coordinates: For z ∈ Sj , we let

z = 1

2
(zj + zj+1) + s

2�
(zj+1 − zj ), −� < s < �.

Note that for s = −� and �, z = zi and zi+1, respectively. Writing the above expression in terms of hj and mj , we find

z = mj + shj . (2.14)

Substituting the expressions for z and �q(j)/�z from Eqs. (2.14) and (2.13) into the global relation (2.5), and multiplying
the resulting equation by −i we find Eq. (2.8). �

Remark 2.1. Suppose that the set {g(j)}nj=1 is known. Then, Eq. (2.8) is a single equation for the n unknown functions

{f (j)(s)}nj=1. However, this equation is valid for all complex values of k. Thus, it is possible to generate a multitude of
equations from the single equation (2.8), by prescribing a multitude of values for k. It is shown in [11] that a convenient
choice for these values is the one defined in Eq. (2.10). This choice can be motivated as follows: suppose we only
had one unknown f (p); then we would choose k in such a way that khp is real, i.e., khp = −l or khp = l. The latter
choice coincides with the values of k appearing in the analytical integral representation (see [6]). However, the integral
representation involves eikz whereas the global relation involves e−ikz, thus we now choose khp = −l.

Remark 2.2. In what follows we assume that g(j) are compatible in the corners and we seek a solution in the function
class specified in [11].
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Remark 2.3. The end values of the unknown functions f (j) can be calculated by the continuity requirements q
(j)
z (zj )=

q
(j−1)
z (zj ). Namely, using expression (2.13) and setting �j = aj − �j we obtain (see also [11])

f (j)(�) = cos(�j+1 − �j )g
(j)(�) − g(j+1)(�)

sin(�j+1 − �j )
,

f (j)(−�) = g(j−1)(�) − cos(�j − �j−1)g
(j)(−�)

sin(�j − �j−1)
.

3. The numerical method

Proposition 3.1. The generalized Dirichlet–Neumann map is defined by Proposition 2.1. Suppose that the set {g(j)}nj=1

is given. Suppose that f (j)(s) is approximated by

f
(j)
N (s) = f

(j)∗ (s) +
N∑

r=1

U
j
r �r (s), j = 1, . . . , n, N even integer, (3.1)

where �r (s) are appropriate basis functions and

f
(j)∗ (s) = 1

2�
[(s + �)f (j)(�) − (s − �)f (j)(−�)].

Then, the real coefficients U
j
r satisfy the Nn algebraic set of equations

n∑
j=1

|hj |
|hp|ei(�j −�p)e−i(l/hp)(mp−mj )

N∑
r=1

U
j
r Fr

(
lhj

hp

)
= Gp(l), p = 1, 2, . . . , n, (3.2)

where Gp(l) denotes the known function

Gp(l) = i

n∑
j=1

|hj |
|hp|ei(�j −�p)e−i(l/hp)(mp−mj )

∫ �

−�
eil(hj /hp)s(g(j)(s) + if (j)∗ (s)) ds, (3.3)

Fr(l) denotes the integral

Fr(l) =
∫ �

−�
eils�r (s) ds, r = 1, 2, . . . , N , (3.4)

and l is chosen as follows: For the imaginary part of Eq. (3.2), l =1, 2, . . . , N/2, whereas for the real part of Eq. (3.2),
l = 1

2 , 3
2 , . . . , N − 1/2.

In the particular case that �r (s) are the sine basis functions, that is,

�r (s) = sin

[
r

(
� + s

2

)]
, r = 1, 2, . . . , N , (3.5)

the term j = p in the summation of the left-hand side of Eq. (3.2) is given by the following:

l = 1
2 : �U

p

1 , l = 1 : −�U
p

2 ,

l = 3
2 : −�U

p

3 , l = 2 : �U
p

4 ,

l = 5
2 : �U

p

5 , l = 3 : −�U
p

6 ,

...
... (3.6)

Proof. Substituting the representation (3.1) in Eqs. (2.11) we find Eqs. (3.2).
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The term j = p in the summation of the left-hand side of Eqs. (3.2) is given by

N∑
r=1

U
j
r Fr(l) =

N∑
r=1

U
j
r Rr(l) + i

N∑
r=1

U
j
r Ir (l), (3.7)

where Rr(l) and Ir (l) denote the real and imaginary parts of the integral Fr(l) defined by Eq. (3.4). Let �ab denote the
Kronecker function. Using

Rr(
1
2 ) = ��r1, Rr(

3
2 ) = −��r3, Rr(

5
2 ) = ��r5, · · ·

Ir (1) = −��r2, Ir (2) = ��r4, Ir (4) = −��r8, · · ·
Eq. (3.7) yields the expressions (3.6). �

Remark 3.1. To explain the choice of the new collocation points let us isolate one of the unknown integrals in the
global relation (2.11) and denote by Hp(k) the remaining terms,∫ �

−�
ei|k‖hp |sf (p)(s) ds = Hp(k), k = |k|ei(�−�p), p = 1, . . . , n. (3.8)

Here we assume that the known linear function f
(p)∗ has been subtracted from f (p) as in (3.1) so that f (p) vanishes at

s = ±�. The complex conjugate, now, of Eq. (3.8) yields∫ �

−�
e−i|k‖hp |sf (p)(s) ds = H̄p(k), k = |k|ei(�+�p), p = 1, . . . , n. (3.9)

The left-hand sides of Eqs. (3.8)–(3.9) involve both sines and cosines. However, since f (p)(s) vanishes at the end
points we seek integral representations involving only sines. Thus, we let s =2t −� in Eqs. (3.8)–(3.9) and we find the
following equations:⎧⎪⎪⎨

⎪⎪⎩
2
∫ �

0
[cos(2|k‖hp|t) + i sin(2|k‖hp|t)]f (p)(2t − �) dt = ei|k‖hp |�Hp(−|k|e(−i�p)),

2
∫ �

0
[cos(2|k‖hp|t) − i sin(2|k‖hp|t)]f (p)(2t − �) dt = e−i|k‖hp |�H̄p(−|k|e(i�p)).

Subtracting these equations and letting

2|k‖hp| = l, l = 1, 2, . . .

we find

4i

∫ �

0
sin(lt)f (p)(2t − �) dt = eil�/2Hp

(
− l

2hp

)
− e−il�/2H̄p

(
− l

2hp

)
, (3.10)

for l = 1, 2, . . . , and p = 1, . . . , n. Taking eil�/2 as a common factor and using the fact that e−il� equals −1 if l is odd
and 1 if l is even, whereas eil�/2 equals (−1)l/2 if l is even Eq. (3.10) becomes

4
∫ �

0
sin(lt)f (p)(2t − �) dt =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(−1)(l−1)/2

[
Hp

(
− l

2hp

)
+ H̄p

(
− l

2hp

)]
, l odd,

(−1)l/2

[
Hp

(
− l

2hp

)
− H̄p

(
− l

2hp

)]
, l even.
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4. Numerical results

Following directly Proposition 3.1, we construct the Nn × Nn linear system of equations, defined by relations
(3.2)–(3.6), needed to determine the Nn unknown coefficients U

j
r in (3.1). Relation (3.2), which is the discrete analogue

of the global relation (2.11), is a complex system of n equations. By choosing N
2 values of l for the real part of these

equations and N
2 values of l for the imaginary part, we obtain a system of Nn real equations.

4.1. Comparison of SFFS and FFX methods for sine basis functions

The choice for the values of l specified in Proposition 3.1, in the case of sine basis functions, leads to a system whose
coefficient matrix has the structure shown schematically in Fig. 2a, that is the N × N block diagonal submatrices are
diagonal matrices. This should be compared to the block structure of the matrix obtained in [11] for the physical space
case which is shown in Fig. 2b.

To illustrate the numerical implementation of the method, as well as to compare with the one presented in [11], we
apply it to the Laplace equation for a variety of regular and irregular polygon domains with Dirichlet, Neumann and
mixed (�/3) boundary conditions. In all cases the exact solution of the Laplace equation is given by

q(x, y) = sinh(3x) sin(3y), (4.1)

and the corresponding boundary conditions as well as the corresponding functions {f (j)(s)}nj=1 and {g(j)(s)}nj=1 can
be generated analytically. The relative error E∞, used to demonstrate the performance of the methods, is given by

E∞ = ‖f − fN‖∞
‖f ‖∞

, (4.2)

-25

-20

-15

-10

-5

0

-25

-20

-15

-10

-5

0

Fig. 2. The structures of the coefficient matrices produced (a) by Proposition 3.1 (SFFS method) and (b) in [11] (FFX method), for n=6 and N =32.
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Fig. 3. Case of regular polygons and Dirichlet boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

where

‖f ‖∞ = max
1� j �n

{
max−�� s ��

|f (j)(s)|
}

(4.3)

and

‖f − fN‖∞ = max
1� j �n

{
max−�� s ��

|f (j)(s) − f
(j)
N (s)|

}
, (4.4)
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Fig. 4. Case of regular polygons and Neumann boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

with f
(j)
N as in (3.1), and the max over s is taken over a dense discretization of the interval [−�, �]. The num-

ber N of basis functions on each side remains the same in all experiments and takes successively the values N =
4, 8, 16, 32, 64, 128, 256. For the direct solution of the linear systems we have used the standard LAPACK routines,
while for the computation of the right hand side vector we have used a routine (dqawo) from QUADPACK implementing
the modified Clenshaw–Curtis technique.
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Fig. 5. Case of regular polygons and mixed boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

Figs. 3–5 refer to the solution for regular polygons with Dirichlet (�j =0), Neumann (�j =�/2) and mixed (�j =�/3)

boundary conditions, respectively. The vertices zj of the regular n-gons used in our experiments are lying on a circle
centered at the origin with radius

√
2 and they are given by

zj = √
2ei[2(j−1)�/n−1/5], j = 1, . . . , n.
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Table 1
Regular triangle—Dirichlet BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 6.94E − 02 – 2.48E − 01 –
8 2.04E − 02 1.77 9.83E − 02 1.34

16 5.44E − 03 1.91 3.61E − 02 1.45
32 1.40E − 03 1.96 1.30E − 02 1.47
64 3.56E − 04 1.98 4.61E − 03 1.50

128 8.96E − 05 1.99 1.64E − 03 1.49
256 2.25E − 05 1.99 5.79E − 04 1.50

Table 2
Regular square—Neumann BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 3.20E − 02 – 4.51E − 02 –
8 9.78E − 03 1.71 1.53E − 02 1.56

16 2.66E − 03 1.88 7.04E − 03 1.12
32 6.88E − 04 1.95 3.53E − 03 1.00
64 1.75E − 04 1.98 1.77E − 03 1.00

128 4.40E − 05 1.99 8.90E − 04 0.99
256 1.10E − 05 2.00 4.46E − 04 1.00

Table 3
Regular pentagon—mixed BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 2.85E − 02 – 4.04E − 02 –
8 7.99E − 03 1.83 1.18E − 02 1.78

16 2.12E − 03 1.91 3.24E − 03 1.86
32 5.46E − 04 1.96 8.49E − 04 1.93
64 1.39E − 04 1.97 2.18E − 04 1.96

128 3.49E − 05 1.99 7.22E − 05 1.59
256 8.76E − 06 1.99 2.57E − 05 1.49

Table 4
Regular octagon—Dirichlet BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 6.09E − 03 – 1.19E − 02 –
8 1.81E − 03 1.75 4.37E − 03 1.45

16 4.93E − 04 1.88 1.47E − 03 1.57
32 1.28E − 04 1.95 4.79E − 04 1.62
64 3.25E − 05 1.98 1.54E − 04 1.64

128 8.21E − 06 1.98 4.88E − 05 1.66
256 2.06E − 06 1.99 1.54E − 05 1.66
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Fig. 6. Case of regular polygons: the condition numbers of the coefficient matrices as a function of N for the method presented here (SFFS) and the
method presented in [11] (FFX).

The dotted, dashed and dash-dotted lines in the figures are the lines 1/N , 1/N2 and 1/N3 indicating the slopes for
convergence of order 1, 2 and 3, respectively. We note that in all cases both methods converge. However, the errors
produced by the method described in Proposition 3.1 (SFFS) are significantly smaller.
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Fig. 7. The irregular polygons used in our experiments.

Furthermore, one may easily observe that the error lines for the SFFS method are parallel to the 1/N2 line indicating a
quadratically convergent method with respect to the infinity error norm. To highlight this fact, the order of convergence
(O.o.C) of both methods, for several cases of regular polygons, has been numerically estimated and included in
Tables 1–4.

Please cite this article as: A.G. Sifalakis, et al., The generalized Dirichlet–Neumann map for linear elliptic PDEs and its numerical implementation,
J. Comput. Appl. Math. (2007), doi: 10.1016/j.cam.2007.07.012

http://dx.doi.org/10.1016/j.cam.2007.07.012


14 A.G. Sifalakis et al. / Journal of Computational and Applied Mathematics ( ) –

ARTICLE IN PRESS

10
0

10
1

10
2

10
3

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

10
0

Number of Basis Functions N

R
e

la
ti
v
e

 E
rr

o
r 

 E
∞

Dirichlet Boundary Conditions (SFFS)

3

4

5

6

8

10
0

10
1

10
2

10
3

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

Number of Basis Functions N

R
e

la
ti
v
e

 E
rr

o
r 

 E
∞

Dirichlet Boundary Conditions (FFX)

3

4

5

6

8

Fig. 8. Case of irregular polygons and Dirichlet boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

As it pertains now to the condition number of the coefficient matrix associated with the SFFS method we point out
the fact that it remains small and grows very slowly with N in contrary to the associated condition number with the
FFX method (see Fig. 6).

In complete analogy to the above numerical treatment, we proceed now to the numerical study of the case of irregular
polygons. The vertices zj of the irregular n-gons (shown in Fig. 7) used in our experiments are lying on the ellipse
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Fig. 9. Case of irregular polygons and Neumann boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

(x/5)2 + (y/2)2 = 1 rotated by 1
5 . Their x-coordinates, before rotation, are given, in a counterclockwise motion, by

• triangle: x = −4, −1, 3;
• quadrilateral: x = −4, 4, 4, 1;
• pentagon: x = −5, −2, 4, 3, 0;
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Fig. 10. Case of irregular polygons and mixed boundary conditions: E∞ as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

• hexagon: x = −4, −1, 2, 4.5, 1, −4.5;
• octagon: x = −5, −4, −1, 2, 3, 1, −2, −3.

Figs. 8–10 depict the relative error E∞ as a function of N of both SFFS and FFX methods when they apply to the
solution of the discrete global relation for the case of irregular polygons with Dirichlet, Neumann and mixed (�j =�/3)
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Table 5
Irregular quadrilateral—Dirichlet BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 2.70E − 01 – 3.33E − 01 –
8 1.35E − 01 1.00 1.81E − 01 0.88

16 4.79E − 02 1.49 7.13E − 02 1.34
32 1.36E − 02 1.82 2.31E − 02 1.63
64 3.56E − 03 1.93 8.05E − 03 1.52

128 9.05E − 04 1.98 2.90E − 03 1.47
256 2.28E − 04 1.99 1.00E − 03 1.54

Table 6
Irregular Pentagon—Neumann BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 4.19E − 01 – 7.01E − 01 –
8 1.65E − 01 1.34 3.15E − 01 1.15

16 4.77E − 02 1.79 1.04E − 01 1.60
32 1.25E − 02 1.93 3.16E − 02 1.72
64 3.19E − 03 1.97 9.40E − 03 1.75

128 8.03E − 04 1.99 3.09E − 03 1.61
256 2.02E − 04 1.99 1.12E − 03 1.46

Table 7
Irregular hexagon—mixed BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 2.51E − 01 – 4.96E − 01 –
8 9.56E − 02 1.39 2.39E − 01 1.05

16 2.80E − 02 1.77 8.74E − 02 1.45
32 7.37E − 03 1.93 2.86E − 02 1.61
64 1.88E − 03 1.97 9.04E − 03 1.66

128 4.74E − 04 1.99 2.81E − 03 1.69
256 1.19E − 04 1.99 8.69E − 04 1.69

Table 8
Irregular octagon—Dirichlet BCs

N SFFS method FFX method

E∞ O.o.C E∞ O.o.C

4 6.38E − 02 – 1.04E − 01 –
8 2.01E − 02 1.67 3.79E − 02 1.46

16 5.48E − 03 1.87 1.16E − 02 1.71
32 1.42E − 03 1.95 3.41E − 03 1.77
64 3.60E − 04 1.98 9.85E − 04 1.79

128 9.07E − 05 1.99 2.83E − 04 1.80
256 2.28E − 05 1.99 8.07E − 05 1.81
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Fig. 11. Case of irregular polygons: the condition numbers of the coefficient matrices as a function of N for the method presented here (SFFS) and
the method presented in [11] (FFX).

boundary conditions, respectively. Once more, both methods converge and the errors produced by the SFFS method
are considerably smaller.

The quadratic convergence property of the SFFS method for the case of irregular polygons is being highlighted
through Tables 5–8.
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Fig. 12. The relative error E∞ as a function of Jacobi iterations for (a) a regular and (b) an irregular pentagon (N = 64).

Finally, Fig. 11 refers to the behavior of the condition number of the coefficient matrices associated with the SFFS
and FFX methods. Similar to the case of regular polygons, the condition number associated with the SFFS remains
small and grows very slowly with N.
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Fig. 13. The relative error E∞ as a function of Gauss–Seidel iterations for (a) a regular and (b) an irregular pentagon (N = 64).

4.2. Performance of iterative solution methods for sine basis functions

Here we present some preliminary results for the performance of the iterative methods employed for the solution
of the linear systems produced by the two methods (SFFS and FFX). A complete study for the behavior of iterative
methods is outside the scope of the present work and will be presented elsewhere. Here we consider the classical Jacobi
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Fig. 14. The relative error E∞ as a function of BiCGstab iterations for (a) a regular and (b) an irregular pentagon (N = 64).

and Gauss–Seidel as well as the Bi-Conjugate Gradient stabilized (BiCGstab) iterative methods. The results depicted
in Figs. 12–14 refer to the reduction of the relative error E∞ with respect to the number of iterations for the regular
and irregular pentagons described earlier with the number of basis functions per side fixed at N = 64. To improve the
convergence properties of the point Jacobi and Gauss–Seidel iterative methods for the linear system produced by the
method in [11], we also considered their block analogs (the block size is fixed to N). For the same reason, together
with the unpreconditioned BiCGstab we have also considered its block Jacobi preconditioned analog. In these cases,
the computational cost increases due to the factorization involved. The maximum number of iterations allowed for all
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Fig. 15. E∞ as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with Dirichlet boundary conditions.

methods to perform is set to 200 and the zero iterate U(0) is set to be equal to the right-hand side vector. The stopping
criterion used for the Jacobi and Gauss–Seidel methods is

E(1)∞ = ‖U(m+1) − U(m)‖∞
‖U(m+1)‖∞

�10−6,
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Fig. 16. E∞ as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with Neumann boundary conditions.

while for the BiCGstab method is

E(2)∞ = ‖b − AU(m)‖∞
‖b‖∞

�10−6,
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Fig. 17. E∞ as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with mixed (�/3) boundary conditions.

where A, b and U(m) denote the coefficient matrix (with the appropriate modifications for the preconditioned cases),
the right-hand side vector and the mth iterate, respectively.

Figs. 12–14 indicate the following:

• All iterative methods for the SFFS-algorithm converge rapidly in a few iterations. Specifically, for the case of
the regular pentagon the Jacobi, Gauss–Seidel and BiCGstab iterative methods converge in 9, 7 and 4 iterations,
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respectively. For the case of the irregular pentagon the corresponding numbers of iterations are 30, 16 and 7,
respectively.

• The same iterative methods for the FFX-algorithm appear to have weak convergent properties. Namely, the Jacobi
method diverges and the unpreconditioned BiCGstab method fails to reduce the relative error E

(2)∞ to a value less
than 10−6 after 200 iterations for both cases of regular and irregular pentagons. The Gauss–Seidel method converges
in 69 and 125 iterations for the case of regular and irregular pentagons, respectively. The situation improves by
using the block Jacobi and Gauss–Seidel as well as the block Jacobi preconditioned BiCGstab methods, but this
leads to extra computational cost due to the direct factorization involved. In these cases, the iterations needed for the
convergence of the block-Jacobi, block-Gauss–Seidel and preconditioned-BiCGstab methods, respectively, are 46,
24 and 10 for the regular pentagon and 34, 21 and 10 for the irregular pentagon.

4.3. Higher-order convergence

The sine basis functions �r (s) used in the approximation (3.1) in both the SFFS and FFX methods are natural
in that they are closely connected to the underlying Fourier transform [cf. (3.4)]. Indeed, this is the reason that the
diagonal blocks in the matrix are diagonal. However, from the point of view of approximation theory, these functions
are not optimal. Thus, we can ask: Can the convergence be improved by using other basis functions? Here we explore
only one choice, namely, Chebyshev polynomials. Since the endpoint values of the unknown functions f (j) have been
removed (see Remark 2.3), the basis functions should vanish at the endpoints s=±�. To obtain reasonable conditioning,
we construct polynomial basis functions from the Chebyshev polynomials Tn(x) = cos(ncos−1(x)), defining �r (s)

for r = 1, . . . , N by

�r (s) =
⎧⎨
⎩

Tr+1

( s

�

)
− T0

( s

�

)
, r odd,

Tr+1

( s

�

)
− T1

( s

�

)
, r even.

The Fourier transforms of these functions needed for (3.4) can be computed using the recursion relation

2Tn(x) = T ′
n+1(x)

n + 1
− T ′

n−1(x)

n − 1
, n > 1.

Figs. 15–17 show the error E∞ as a function of N for the SFFS method using this Chebyshev basis for the regular and
irregular polygon cases of Section 4.1. In each case the convergence is faster than quadratic; for the regular polygons, it
appears to be exponential. The convergence is slower for the irregular polygons; the eventual breakdown of convergence
may be due to roundoff error. In each case the error for a given value of N is smaller than that obtained with the sine
basis. While the diagonal blocks in the linear system are no longer diagonal, the matrices are still well-conditioned,
with condition numbers (not shown) typically less than 10 until the convergence breaks down.

5. Conclusions and remarks

We have introduced a revised implementation of the collocation numerical method introduced in [11] for solving
linear elliptic PDEs with constant coefficients on arbitrary polygonal domains. The new version is based on a different
choice of “collocation points”, as well as different choice of basis functions and produces significantly better approx-
imations, especially for regular polygons. This is numerically demonstrated in Section 4; however, a rigorous proof
for the convergence remains open. The associated condition number for polygons with relatively few number of sides
remains confined and smaller than the corresponding one in [11].

For the case of sine basis functions, the computational advantage of our method is based on the fact that the block
diagonal submatrices of the coefficient matrix of the linear system obtained from the discrete analog of the global
relation (cf. [5,6]) are strictly diagonal. Thus, by construction and without introducing any computational cost from
direct factorization, the coefficient matrix is “block-Jacobi preconditioned”. This property, besides the fact that it can be
used to reduce the computational cost of direct factorization methods, points directly to the efficient implementation of
the classical SOR-like and CG-like iterative methods. The rapid convergence properties of the Jacobi, Gauss–Seidel and
BiCGstab iterative methods are numerically demonstrated in the previous section for regular and irregular pentagons.
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A complete numerical study for the behavior of iterative methods pertaining to our algorithm, as well as their rigorous
convergence analysis, is in progress.

For the case of Chebyshev basis functions, the block diagonal submatrices are no longer diagonal matrices, but
the condition number is still small and numerical experiments indicate higher order of convergence. In particular, for
regular polygons, it appears that the method converges exponentially.

This new method has been implemented recently to the modified Helmholtz and to the Helmholtz equations in the
interior of a convex polygon.
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Numerical Study of Iterative Methods for the
Solution of the Dirichlet-Neumann Map for Linear

Elliptic PDEs on Regular Polygon Domains
A. G. Sifalakis and E. P. Papadopoulou and Y. G. Saridakis

Abstract—A generalized Dirichlet to Neumann map is
one of the main aspects characterizing a recently introduced
method for analyzing linear elliptic PDEs, through which it
became possible to couple known and unknown components
of the solution on the boundary of the domain without
solving on its interior. For its numerical solution, a well con-
ditioned quadratically convergent sine-Collocation method
was developed, which yielded a linear system of equations
with the diagonal blocks of its associated coefficient matrix
being point diagonal. This structural property, among others,
initiated interest for the employment of iterative methods for
its solution. In this work we present a conclusive numerical
study for the behavior of classical (Jacobi and Gauss-Seidel)
and Krylov subspace (GMRES and Bi-CGSTAB) iterative
methods when they are applied for the solution of the Dirich-
let to Neumann map associated with the Laplace’s equation
on regular polygons with the same boundary conditions on
all edges.

Keywords—Elliptic PDEs, Dirichlet to Neumann Map,
Global Relation, Collocation, Iterative Methods, Jacobi,
Gauss-Seidel, GMRES, Bi-CGSTAB.

I. INTRODUCTION

ANew approach for analyzing boundary value prob-
lems for linear and for integrable nonlinear PDEs

in two dimensions was introduced in [1] and [4].
This approach characterizes a generalized Dirichlet to
Neumann map through the solution of the so-called
global relation, namely, an equation, valid for all values
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of a complex parameter k, coupling specified known
and unknown values of the solution and its derivatives
on the boundary.
For a large class of boundary value problems, the global
relation can be solved analytically (see e.g. [4]-[6]), and
hence the generalized Dirichlet to Neumann map can
be constructed in closed form. However, for general
boundary value problems, the global relation must be
solved numerically.
The implementation of the new method to the case
of the Laplace equation in an arbitrary bounded con-
vex polygon was presented in [2], where a Sine-
Collocation type numerical method was also intro-
duced. In [3], we introduced a new set of Collocation
points which yielded a well-conditioned quadratically
convergent Sine-Collocation method. Moreover, the di-
agonal blocks of the associated coefficient matrix of the
corresponding linear system were diagonal matrices.
That is, the collocation coefficient matrix is by con-
struction block-Jacobi preconditioned, pointing directly
to the efficient implementation of iterative techniques.
The first indicative numerical results, included in [3],
relevant to the behavior of certain iterative methods,
provided further support to this argument.
In the work herein, we present a conclusive numerical
study for the behavior of the classical Jacobi and
Gauss-Seidel as well as the GMRES[7] and the Bi-
CGSTAB[8] iterative techniques applied to the solution
of the model Dirichlet to Neumann map related to the
Laplace’s equation on several regular polygons with the
same boundary conditions on all edges. We concluded
that, while for polygons with small number of edges
all methods converge rapidly, the Bi-CGSTAB method
is the method of choice as it converges always faster in
all cases of polygons independently of the number of
edges, the number of basis fuctions and the boundary
conditions.
The paper is organized as follows: Section 2 outlines
some of the analytical results of [2] and [3] together

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND COMPUTER SCIENCES VOLUME 4 NUMBER 3 2007 ISSN 1307-6906

IJAMCS VOLUME 4 NUMBER 3 2007 ISSN 1307-6906 173 © 2007 WASET.ORG



with the construction of the related Collocation linear
system. Section 3 presents the numerical study for the
behavior of the iterative methods considered.

II. OVERVIEW

To fix notation (see [2], [3]), let us consider the
complex form of Laplace’s equation in the independent
variable q

∂2q

∂z∂z̄
= 0 . (1)

The above equation is equivalent to the equation

∂

∂z

(
e−ikz ∂q

∂z

)
= 0 (2)

for an arbitrary complex parameter k. Suppose, now,
that the real-valued function q(z, z̄) satisfies Laplace’s
equation (1) in a simply connected bounded domain
D with boundary ∂D. Then, equation (2), combined
with the complex form of Green’s theorem implies the
equation

∫

∂D

e−ikz ∂q

∂z
dz = 0, k ∈ C . (3)

Equation (3) is referred to as the global relation as-
sociated with Laplace’s equation. If we now consider
the case of D being a convex bounded polygon with
vertices z1, z2, . . . , zn (modulo n) have been indexed
counter-clockwise (see Fig. 1), then the global relation
(3) becomes

n∑

j=1

∫

Sj

e−ikz ∂q

∂z
dz = 0, k ∈ C , (4)

where Sj denotes the side from zj to zj+1 (not includ-
ing the end points).

zj

zj+1

zj−1

Sj

Sj−1

D

Fig. 1. Part of the bounded convex polygon with vertices
zj , sides Sj , and interior D.

Let, now, for z ∈ Sj , 1 ≤ j ≤ n,

• g(j) denote the derivative of the solution in the
direction making an angle βj , 0 ≤ βj ≤ π with
the side Sj , i.e.

cos (βj) q(j)
s + sin (βj) q(j)

n = g(j),

• f (j) denote the derivative of the solution in the
direction normal to the above direction, i.e.

− sin (βj) q(j)
s + cos (βj) q(j)

n = f (j),

where q
(j)
s and q

(j)
n denote the tangential and (outward)

normal components of ∂q
∂z along the side Sj . For z ∈ Sj

and −π < s < π, with

z =
1
2

(zj + zj+1) +
s

2π
(zj+1 − zj) ,

the Generalized Dirichlet-Neumann map, that is the re-
lation between the sets

{
f (j)(s)

}n

j=1
and

{
g(j)(s)

}n

j=1
,

is characterized by the single equation

n∑

j=1

|hj | ei(βj−kmj)·

·
π∫

−π

e−ikhjs
(
f (j) − ig(j)

)
ds = 0, k ∈ C

(5)

where, for j = 1, 2, . . . , n,

hj :=
1
2π

(zj+1 − zj) , (6)

mj :=
1
2

(zj+1 + zj) , (7)

and zn+1 = z1. Evaluating equation (5) on the follow-
ing n-rays of the complex k-plane

kp = − l

hp
, l ∈ R

+, p = 1, . . . , n (8)

and multiplying the resulting equations by
exp [−i (βp + lmp/hp)] / |hp|, equation (5) yields the
following set of n equations (cf. [2]):

n∑

j=1

|hj |
|hp|e

i(βj−βp)e
− il

hp
(mp−mj)·

·
π∫

−π

e
il

hj

hp
s
(
f (j) − ig(j)

)
ds = 0,

(9)

for p = 1, . . . , n.
Suppose that the set

{
g(j) (s)

}n

j=1
is given, and that

{
f (j) (s)

}n

j=1
is approximated by

{
f

(j)
N (s)

}n

j=1
where

f
(j)
N (s) = f

(j)
∗ (s) +

N∑

r=1

U j
r ϕr(s) (10)
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with N being an even integer, and

2πf
(j)
∗ (s) = (s + π) f (j) (π)−

− (s − π) f (j) (−π) .
(11)

Note that the values of f (j)(π) and f (j)(−π) can be
computed by the continuity requirements at the vertices
of the polygon. The set of functions {ϕr (s)}N

r=1 are the
basis functions which, for the purpose of this paper, are
constructed from the Sine functions; namely

ϕr(s) = sin(r
π + s

2
) (12)

Then, the real coefficients U j
r satisfy the (Nn)× (Nn)

system of linear algebraic equations (cf. [3])

n∑

j=1

|hj |
|hp|e

i(βj−βp)e
−i l

hp
(mp−mj)·

·
∑

U j
r

π∫

−π

e
il

hj

hp
s
ϕr(s)ds = Gp (l)

(13)

where Gp(l) denotes the known function

Gp (l) = i
n∑

j=1

|hj |
|hp|e

i(βj−βp)e
−i l

hp
(mp−mj)·

·
π∫

−π

U j
r e

il
hj

hp
s
(
g(j) (s) + if

(j)
∗ (s)

)
ds

(14)

and l is chosen as follows:

• For the real part of equations (13) ,

l =
1
2
,
3
2
, . . . ,

N − 1
2

• For the imaginary part of equations (13)

l = 1, 2, . . . , N/2 .

It was the choice of the aforementioned collocation
points (defined by the choice of the parameter l) that
lead us to a well conditioned point diagonal collocation
matrix, shown schematically in Fig. 2. The, numerically
observed, convergence rate of the method is quadratic
[3] and as the matrix is, by default, Block Jacobi
Preconditioned, iterative methods appear to be a natural
choice for the solution of the corresponding collocation
system.

−25

−20

−15

−10

−5

0

Fig. 2. The structure of the collocation coefficient matrix
for n = 6 and N = 32

III. NUMERICAL STUDY OF ITERATIVE METHODS

In this section we have included results, from the
numerical study conducted, pertaining to the behavior
of iterative methods for the class of Laplase’s problems
having the same boundary conditions on all polygon’s
edges. For this class, following the analysis included
in section II and particularly equation (13), which
describes the linear system under consideration, one
may easily verify that the Collocation coefficient matrix
depends only on the choice and the number of the basis
functions as well as on the number of the polygon’s
edges, while at the same time remains independent
from the form of the boundary conditions and the form
of the exact solution of Laplace’s equation. Therefore,
the numerical study focuses on the convergence behav-
ior of iterative methods with respect to the number of
vertices and the number of basis functions. However,
for the sake of completeness, we have included exper-
iments of all kind of boundary conditions for different
polygon sizes. For simplicity and space economy, the
results included here are related to a model Laplace
equation with exact solution ([2], [3])

q(x, y) = sinh(3x) sin(3y) . (15)

We are pointing out once more, that all iterative meth-
ods behave similarly in all cases of problems of this
class with Dirichlet (βj = 0), Neumann (βj = π/2)
or Mixed (βj = π/3) boundary conditions. The rel-
ative error E∞, used to demonstrate the convergence
behavior of the iterative methods, is given by

E∞ =
||f − fN ||∞

||f ||∞ , (16)
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where

||f ||∞ = max
1≤j≤n

{
max

−π≤s≤π
|f (j)(s)|

}
(17)

and

||f − fN ||∞ = max
1≤j≤n

{
max

−π≤s≤π
|f (j)(s) − f

(j)
N (s)|

}
,

(18)
with f

(j)
N as in (10), and the max over s is taken

over a dense discretization of the interval [−π, π].
For the direct solution of the linear systems we have
used the standard LAPACK routines, while for the
computation of the right hand side vector we have used
a routine (dqawo) from QUADPACK implementing the
modified Clenshaw-Curtis technique. Apart from the
classical Jacobi and Gauss-Seidel methods we have
also considered the representative Krylov GMRES(10)
and Bi-CGSTAB methods in two forms : (a) the un-
preconditioned form or, equivalently, the block Jacobi
preconditioned, due to the structure of the collocation
matrix, and (b) the Symmetric Gauss-Seidel (SGS) pre-
conditioned form, a two sided preconditioning method
derived from the Symmetric SOR preconditioner for
ω = 1. The maximum number of iterations, allowed for
all methods to perform, is set to 200 and the tolerance
for the stopping criteria in all methods is set to 10−6.
The zero iterate U (0) is set to be equal to the right hand
side vector. The results we have included refer to the
representative cases of regular polygons with 8, 12, 19,
24 , 31 and 36 edges. All polygons are constructed as
in [3]. All experiments were conducted on a multiuser
SUN V880 system using the Fortran-90 compiler.
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GMRES SGS pre.
GS
Jacobi

Fig. 1 : 8-gon/Dirichlet BC : Reduction of E∞ vs Iterations (N = 32)

TABLE I
REGULAR OCTAGON / DIRICHLET BC : NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 40 24 10 6 6 3

16 41 24 10 6 6 3

32 42 24 11 7 6 4

64 42 25 12 7 6 5

TABLE II
REGULAR OCTAGON / DIRICHLET BC : TIME (SEC×10−2)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 0.6 2.1 1.0 0.4 0.6 0.5 0.5

16 4.5 4.7 2.6 1.3 1.7 1.4 1.7

32 40.6 13.9 8.5 5.8 9.3 4.85 12.4

64 414 105 34 31 30 24 39
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GS
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Fig. 2 : 12-gon/Dirichlet BC : Reduction of E∞ vs Iterations (N = 32)

TABLE III
REGULAR 12-GON / DIRICHLET BC : NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 200 87 19 12 10 7

16 200 94 21 12 10 7

32 200+ 98 21 12 12 7

64 200+ 100 21 13 11 7

TABLE IV
REGULAR 12-GON / DIRICHLET BC : TIME (SEC×10−2)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 1.95 22.5 7.59 1.33 1.99 1.24 1.84

16 15.8 51.1 22.1 6.0 6.3 4.0 6.7

32 135 152 78 23 27 22 28

64 1450 1360 739 239 267 222 271
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Fig. 3 : 19-gon/Neumann BC : Reduction of E∞ vs Iterations (N = 32)

TABLE V
REGULAR 19-GON / NEUMANN BC : NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 div 200+ 20 37 11 14

16 div 200+ 23 53 11 16

32 div 200+ 24 53 11 17

64 div 200+ 24 52 11 19

TABLE VI
REGULAR 19-GON / NEUMANN BC : TIME (SEC)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 0.08 – >0.44 0.03 0.12 0.03 0.08

16 0.66 – >1.18 0.16 0.65 0.12 0.35

32 5.46 – >4.33 0.76 2.86 0.67 1.68

64 159 – >92.9 14.4 59.5 12.5 42.9
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GMRES no pre.
Bi−CGSTAB SGS pre.
GMRES SGS pre.
GS
Jacobi

Fig. 4 : 24-gon/Dirichlet BC : Reduction of E∞ vs Iterations (N = 32)

TABLE VII
REGULAR 24-GON / DIRICHLET BC : NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 div 200+ 28 50 15 21

16 div 200+ 29 78 14 25

32 div 200+ 31 102 15 24

64 div 200+ 32 114 16 25

TABLE VIII
REGULAR 24-GON / DIRICHLET BC : TIME (SEC)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 0.2 – >0.72 0.07 0.25 0.06 0.19

16 1.37 – >2.00 0.28 1.71 0.24 0.95

32 17.6 – >16.8 3.67 21.6 3.61 10.7

64 323 – >134 27.4 183 26.0 80.5
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Fig. 5 : 31-gon / Mixed BC : Reduction of E∞ vs Iterations (N = 32)

TABLE IX
REGULAR 31-GON / MIXED BC: NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 div 200+ 91 103 23 44

16 div 200+ 89 157 31 53

32 div 200+ 85 200+ 24 57

64 div 200+ 87 200+ 28 59

TABLE X
REGULAR 31-GON / MIXED BC : TIME (SEC)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 0.35 – >1.17 0.36 0.83 0.14 0.64

16 2.96 – >3.2 1.56 5.38 0.95 3.38

32 66.3 – >61.1 33.0 >144 16.0 69.1

64 909 – >271 144 >635 84.2 345
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Fig. 6 : 36-gon/Dirichlet BC : Reduction of E∞ vs Iterations (N = 32)

TABLE XI
REGULAR 36-GON / DIRICHLET BC : NUMBER OF ITERATIONS

N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre

8 div 200+ 200+ 200+ 33 68

16 div 200+ 200+ 200+ 35 76

32 div 200+ 200+ 200+ 37 93

64 div 200+ 200+ 200+ 37 95

TABLE XII
REGULAR 36-GON / DIRICHLET BC : TIME (SEC)

N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre pre

8 0.6 – >1.6 >1.1 >2.2 0.3 1.4

16 4.7 – >4.7 >5.4 >10.4 1.6 7.0

32 133 – >87 >105 >200 35 178

64 1300 – >322 >389 >748 134 695

Figure 1 and Tables I and II summarize the results
pertaining to the case of a Regular Octagon, a represen-
tative case for polygons with relatively small number
of edges (triangles, squares, pentagons, hexagons, etc).
Inspecting these data one may easily observe that :

• All methods converge smoothly in a few iterations
• The convergence rate of the Bi-CGSTAB method

is faster that all other iterative methods
• Preconditioning improves the rate of convergence

but increases the computational cost
• The convergence rate remains independent of N
• LU-factorization competes with the iterative meth-

ods only for small N .
As, now, the number of edges increases we observe that
(see Fig. 2-6 and Tables III-XII):

• The Jacobi method diverges for polygons with
medium and large number of edges

• The Gauss-Seidel method converges smoothly but
very slowly

• The un-preconditioned versions of both Krylov
methods converge smoothly

• The un-preconditioned version of the GMRES
method fails to converge within 200 iterations for
the case of the regular 36-gon

• The un-preconditioned Bi-CGSTAB converged in
all experiments rapidly and its convergence rate re-
mained faster than the un-preconditioned GMRES
and the two classical iterative methods

• The SGS preconditioner for polygons with
medium and large number of edges did not im-
prove the convergence rate of both the Krylov
methods and increased in all cases the computa-
tional cost

• The Krylov methods (except GMRES for the case
of the 36-gon) are spectacularly more efficient than
LU-factorization.

In conclusion, the un-preconditioned version of the
Bi-CGSTAB is the most efficient and safe method
to be employed for the solution of the linear system
arising from the solution of the Dirichlet to Neumann
map associated with the Laplace equation on regular
polygons with the same Dirichlet, Neumann or Mixed
Boundary Conditions on all edges. A spectral analysis
for the theoretical justification of these results is under
development.
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Abstract

In this work we derive the structural properties of the Collocation coefficient matrix
associated with the Dirichlet-Neumann map for Laplace’s equation on a square
domain. The analysis is independent of the choice of basis functions and includes
the case of same type of boundary conditions on all sides, as well as the case of
different boundary conditions on each side of the square domain. Taking advantage
of said properties, we present efficient implementations of direct factorization and
iterative methods, including classical SOR-type and Krylov subspace (Bi-CGSTAB
and GMRES) methods appropriately preconditioned, for both Sine and Chebyshev
basis functions. Numerical experimentation, to verify our results, is also included.
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1 Introduction

Recently, Fokas[1,4] introduced a new unified approach for analyzing linear and
integrable nonlinear PDEs. Central issue to this approach is a generalized Dirichlet
to Neumann map, characterized through the solution of the so-called global relation,
namely, an equation, valid for all values of a complex parameter k, coupling specified
known and unknown values of the solution and its derivatives on the boundary. In
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particular, for the case of Laplace’s equation, qzz̄ = 0 , in a convex bounded polygon
D with vertices z1, z2, . . . , zn (modulo n) indexed counter-clockwise, the associated
Global Relation takes the form (see also [2,3])

n∑

j=1

∫

Sj

e−ikzqzdz = 0, k ∈ C , (1.1)

where Sj denotes the side from zj to zj+1 (not including the end points). If, for
z ∈ Sj , 1 ≤ j ≤ n, we now let

• g(j) denote the derivative of the solution in the direction making an angle βj ,
0 ≤ βj ≤ π, with the side Sj , namely :

cos (βj) q(j)
s + sin (βj) q(j)

n = g(j) , (1.2)

• f (j) denote the derivative of the solution in the direction normal to the above
direction, namely :

− sin (βj) q(j)
s + cos (βj) q(j)

n = f (j) , (1.3)

where q
(j)
s and q

(j)
n denote the tangential and (outward) normal components of qz

along the side Sj , then the Generalized Dirichlet-Neumann map, that is the relation
between the sets

{
f (j)(s)

}
and

{
g(j)(s)

}n

j=1
, is characterized by the single equation

n∑

j=1

|hj | ei(βj−kmj)

π∫

−π

e−ikhjs
(
f (j) − ig(j)

)
ds = 0, k ∈ C (1.4)

where, for j = 1, 2, . . . , n, and zn+1 = z1,

hj :=
1
2π

(zj+1 − zj) , mj :=
1
2

(zj+1 + zj) , s :=
z −mj

hj
. (1.5)

For the numerical solution of the Generalized Dirichlet-Neumann map in (1.4), a
Collocation-type method has been developed (see [2] and [3]) : Suppose that the
set

{
g(j) (s)

}n

j=1
is given through the boundary conditions, and that

{
f (j) (s)

}n

j=1

is approximated by
{

f
(j)
N (s)

}n

j=1
where

f
(j)
N (s) = f

(j)
∗ (s) +

N∑

r=1

U j
r ϕr(s) , (1.6)

with N being an even integer, 2πf
(j)
∗ (s) := (s + π) f (j) (π)− (s− π) f (j) (−π) (the

values of f (j)(π) and f (j)(−π) can be computed by the continuity requirements at
the vertices of the polygon), and the set of real valued linearly independent functions
{ϕr (s)}N

r=1 being the basis functions. If we evaluate equation (1.4) on the following

2



n-rays of the complex k − plane: kp = − l
hp

, l ∈ R+, p = 1, . . . , n , then the real

coefficients U j
r satisfy the system of linear algebraic equations

n∑

j=1

|hj |
|hp|e

i(βj−βp)e
−i l

hp
(mp−mj)

N∑

r=1

U j
r

π∫

−π

e
il

hj
hp

s
ϕr(s)ds = Gp (l) (1.7)

where Gp(l) denotes the known function

Gp (l) = i

n∑

j=1

|hj |
|hp|e

i(βj−βp)e
−i l

hp
(mp−mj)

π∫

−π

e
il

hj
hp

s
(
g(j) (s) + if

(j)
∗ (s)

)
ds , (1.8)

and l is chosen as follows: l = 1
2 , 3

2 , . . . , N−1
2 and l = 1, 2, . . . , N

2 for the real and
imaginary part of equations (1.7), respectively, defining a set of Collocation points.

2 Collocation Matrix Structure for Square Domains

Consider, now, the square with vertices zj and sides Sj , j = 1, 2, 3, 4 (modulo 4),
indexed counter-clockwise, and interior D, depicted in Fig. 2.1. Without any loss of
the generality, we may assume that the square is centered at the origin, scaled and
oriented so that one vertex (say z1) is located at 1 so that

zj = ij−1, j = 1, 2, 3, 4 (2.1)

and the angle αj of the side Sj from the real axis (measured counterclockwise) is
given by

αj = arg(zj+1 − zj) = (2j + 1)
π

4
, j = 1, 2, 3, 4 . (2.2)

α1θ =
π

2
z1

z2

z3

z4

I Re

N Im

S4

S1
S2

S3

D

Figure 2.1 Square domain with vertices zj , sides Sj and interior D.
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Case I : Same Boundary Conditions on all Sides

Assuming that the real-valued function q (z, z̄) satisfies the Laplace’s equation in
the interior D of the square, described above, subject to the same type of Poincaré
boundary conditions on all sides, that is

cos (β) q(j)
s + sin (β) q(j)

n = g(j), z ∈ Sj , 1 ≤ j ≤ 4 , (2.3)

and observing that the local coordinates of (1.5) take the form

mj =
1
2

(zj + zj+1) = |mj |ei(aj−π
2
) =

1√
2
ei(2j−1)π

4 =
1√
2
i(2j−1)/2 , (2.4)

and
hj =

1
2π

(zj+1 − zj) = |hj |eiaj =
1

π
√

2
ei(2j+1)π

4 =
1

π
√

2
i(2j+1)/2 , (2.5)

we can easily obtain, from (1.4), that:

Lemma 2.1 Let the real-valued function q (z, z̄) satisfy the Laplace equation in the
interior D of the square described above in this section. Let g(j) denote the derivative
of the solution in the direction making an angle β, 0 ≤ β ≤ π, with the side Sj (see
(2.3)), and let f (j) denote the derivative of the solution in the direction normal to
the above direction. The generalized Dirichlet-Neumann map is characterized by the
equation

4∑

j=1

e−kMj

π∫

−π

e−kHjs
(
f (j)(s)− ig(j)(s)

)
ds = 0, k ∈ C , (2.6)

where
Mj = imj =

1√
2

i(2j+1)/2 and Hj = ihj =
1

π
√

2
i(2j+3)/2 . (2.7)

Proof. Upon simplification of the factors |hj | and eiβj , as |hj | =
1
2π

and βj = β,

from (1.4), the proof follows immediately. ¤

Hence, upon evaluation of (2.6) on the following four rays of the complex k-plane

kp = − l

hp
, l ∈ R+, p = 1, 2, 3, 4 , (2.8)

we obtain that:

Proposition 2.1 Consider the generalized Dirichlet-Neumann map in Lemma 2.1.
Suppose that the set

{
g(j)

}4

j=1
is given through (2.3) and that the set

{
f (j)

}4

j=1
is

approximated by
{

f
(j)
N

}4

j=1
defined in (1.6). Then, the real coefficients U j

r satisfy

the 4N × 4N linear system of equations

4∑

j=1

elπij−p
N∑

r=1

U j
r Fr

(
lij−p

)
= Gp (l) , p = 1, 2, 3, 4 , (2.9)
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where Gp (l) denotes the known function

Gp (l) = i
4∑

j=1

elπij−p

π∫

−π

els ij−p+1
(g(j)(s) + if

(j)
∗ (s))ds, (2.10)

Fr (l) denotes the integral

Fr (l) =

π∫

−π

eilsϕr(s)ds, r = 1, 2, . . . , N , (2.11)

and l is chosen as follows: For the real part of equations (2.9) l =
1
2
,
3
2
, . . . ,

N − 1
2

,

whereas for the imaginary part of equations (2.9) l = 1, 2, . . . , N/2 .

Proof. Observe that

Mj

hp
= πij−p and

Hj

hp
= ij−p+1 . (2.12)

Thus, evaluation of (2.6) at (2.8) yields the set of the four equations

4∑

j=1

elπij−p

π∫

−π

els ij−p+1
(
f (j)(s)− ig(j)(s)

)
ds = 0, l ∈ R+, p = 1, 2, 3, 4 , (2.13)

hence, the proof follows immediately upon substitution of (1.6) into (2.13). ¤

If we now let Ap,j ∈ RN,N (p, j = 1, 2, 3, 4), to denote the N × N matrix with
elements ap,j

q,r defined by

ap,j
q,r =





Re

(
elπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l =

1
2
,
3
2
, . . . ,

N − 1
2

Im

(
elπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l = 1, 2, . . . , N/2

, (2.14)

for q = 2l and r = 1, 2, . . . , N , then the collocation linear system, described in
Proposition 2.1, may be written as

ACU = G , AC ∈ R4N,4N , U,G ∈ R4N , (2.15)

where

AC =




A1,1 A1,2 A1,3 A1,4

A2,1 A2,2 A2,3 A2,4

A3,1 A3,2 A3,3 A3,4

A4,1 A4,2 A4,3 A4,4




, U =




U1

U2

U3

U4




, G =




G1

G2

G3

G4




(2.16)
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and Uj ∈ RN,1 and Gp ∈ RN,1 denote the real vectors

Uj =
{
U j

r

}N

r=1
=

(
U j

1 U j
2 . . . U j

N

)T
, (2.17)

and
Gp =

{
Gp

q

}N

q=1
=

(
Gp

1 Gp
2 . . . Gp

N

)T
, (2.18)

with

Gp
q =





Re (Gp(l)) , l =
1
2
,
3
2
, . . . ,

N − 1
2

,

Im (Gp(l)) , l = 1, 2, . . . , N/2,

, q = 2l . (2.19)

Following the notation above we prove:

Lemma 2.2 The N ×N real submatrices Ap,j =
{

ap,j
q,r

}
, with ap,j

q,r being as defined
in (2.14), satisfy

Ap,j = E





A0 , p = j

A1 , |p− j| = 2

O , |p− j| = 1, 3

, (2.20)

where the elements of the matrix A0 = {aq,r}N
q,r=1 are defined through the Finite

Cosine/Sine Fourier Transform of the linear independent real valued basis functions
φr(s), namely

aq,r =





π∫
−π

cos( q
2s)φr(s)ds , q = odd

π∫
−π

sin( q
2s)φr(s)ds , q = even

, (2.21)

the matrix A1 is defined by

A1 = DA0 , D = diag(d1, . . . , dN ) , dq = (−1)q−1e−qπ , q = 1, . . . , N , (2.22)

the matrix O denotes the null matrix and the diagonal matrix E is defined by

E = diag(e1, . . . , eN ) , eq = e
q
2
π , q = 1, . . . , N . (2.23)

Proof. Recall the definition of the elements ap,j
q,r from (2.14) and notice that, for

j = p, there holds

ap,p
q,r = elπ





Re

(
π∫
−π

eilsϕr(s)ds

)
, l =

1
2
,
3
2
, . . . ,

N − 1
2

Im

(
π∫
−π

eilsϕr(s)ds

)
, l = 1, 2, . . . , N/2

, q = 2l .
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Evidently, therefore,
ap,p

q,r = e
q
2
πaq,r (2.24)

where aq,r are as defined in (2.21), hence

Ap,p = EA0 , p = 1, 2, 3, 4 . (2.25)

Similarly, as ij−p = −1 for |j − p| = 2, there holds

ap,j
q,r = e−lπ





Re

(
π∫
−π

e−ilsϕr(s)ds

)
=

π∫
−π

cos(ls)φr(s)ds , l =
1
2
,
3
2
, . . . ,

N − 1
2

Im

(
π∫
−π

e−ilsϕr(s)ds

)
= −

π∫
−π

sin(ls)φr(s)ds , l = 1, 2, . . . , N/2

,

with q = 2l. Hence, for |j − p| = 2,

ap,j
q,r = (−1)q−1e−

q
2
πaq,r = e

q
2
π

(
(−1)q−1e−qπaq,r

)
, (2.26)

and therefore
Ap,j = EDA0 = EA1 , |p− j| = 2 . (2.27)

Finally, for |j − p| = odd, we have

ap,j
q,r =




π∫

−π

e±lsϕr(s)ds








Re
(
e±ilπ

)
= cos(lπ) = 0 , l =

1
2
,
3
2
, . . . ,

N − 1
2

Im
(
e±ilπ

)
= ± sin(lπ) = 0 , l = 1, 2, . . . , N/2

,

and, therefore,
Ap,j = O , |p− j| = odd , (2.28)

which completes the proof. ¤

Therefore, it becomes apparent that

Proposition 2.2 The Collocation linear system in (2.15) is equivalent to the sys-
tem

AU = (I4 ⊗E−1)G , (2.29)

where ⊗ denotes the Kronecker (tensor) matrix product, A is defined by

A =




A0 O A1 O

O A0 O A1

A1 O A0 O

O A1 O A0




=




I O D O

O I O D

D O I O

O D O I




(I4 ⊗A0) , (2.30)

I4 denotes the 4 × 4 identity matrix, and the matrices A0 , A1 , D and E are as
defined in Lemma 2.2 above.
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Remark 2.1 Notice that, as the basis functions ϕr(s) are appropriately chosen real
valued linearly independent functions, A0 is nonsingular. Nonsingular is also the
matrix B, defined by

B =




I O D O

O I O D

D O I O

O D O I




, (2.31)

as is apparently symmetric, strictly diagonally dominant and positive definite. There-
fore, both matrices A in (2.30) and AC in (2.16) are nonsingular too.

Remark 2.2 Observe that the matrix A in (2.30) is evidently Block Circulant. Nat-
urally therefore, as AC = (I4 ⊗ E)A, the collocation matrix AC in (2.16) is Block
Circulant too. In [5] it is shown that the Collocation coefficient matrix, although
does not possesses the special sparse structure of (2.30), remains Block Circulant
for the case of general Regular Polygons with the same type of boundary condi-
tions on all sides, allowing the deployment of FFT for the efficient solution of the
corresponding collocation linear system.

Case II : Different Boundary Conditions on each Side

Let us now assume that the real-valued function q (z, z̄) satisfies the Laplace’s equa-
tion in the interior D of the square, described at the beginning of this section, sub-
ject to different type of Poincaré boundary conditions on each side, that is (see also
equation (1.2))

cos (βj) q(j)
s + sin (βj) q(j)

n = g(j), z ∈ Sj , 1 ≤ j ≤ 4 . (2.32)

Then, the associated generalized Dirichlet-Neumann map is characterized by the
equation

4∑

j=1

eiβje−kMj

π∫

−π

e−kHjs
(
f (j)(s)− ig(j)(s)

)
ds = 0, k ∈ C , (2.33)

where Mj and Hj are as defined in Lemma 2.1, while Proposition 2.1 is being
replaced by

Proposition 2.3 Consider the generalized Dirichlet-Neumann map in (2.33). Sup-
pose that the set

{
g(j)

}4

j=1
is given through (2.32) and that the set

{
f (j)

}4

j=1
is

approximated by
{

f
(j)
N

}4

j=1
defined in (1.6). Then, the real coefficients U j

r satisfy

the 4N × 4N linear system of equations

4∑

j=1

eiβjelπij−p
N∑

r=1

U j
r Fr

(
lij−p

)
= Gp (l) , p = 1, 2, 3, 4 , (2.34)
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where Gp (l) denotes the known function

Gp (l) = i

4∑

j=1

eiβjelπij−p

π∫

−π

els ij−p+1
(g(j)(s) + if

(j)
∗ (s))ds, (2.35)

Fr (l) is as in (2.11) and l is chosen as in Proposition 2.1.

The collocation linear system, described in Proposition 2.3 above, obviously is in
the block partitioned form of (2.16) with the difference that the elements αp,j

q,r of
the submatrices Ap,j , used to defined the collocation matrix AC in (2.16), are now
defined by

αp,j
q,r =





Re

(
eiβjelπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l =

1
2
,
3
2
, . . . ,

N − 1
2

Im

(
eiβjelπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l = 1, 2, . . . , N/2

, (2.36)

and, of course, the vector G now refers to (2.35) instead of (2.10). It takes only a
few simple algebraic manipulations to verify that

αp,j
q,r = ap,j

q,r cos(βj) + âp,j
q,r sin(βj) , (2.37)

where ap,j
q,r is as defined in (2.14) and âp,j

q,r is defined by

âp,j
q,r =





−Im

(
elπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l =

1
2
,
3
2
, . . . ,

N − 1
2

Re

(
elπij−p

π∫
−π

elsij−p+1
ϕr(s)ds

)
, l = 1, 2, . . . , N/2

, (2.38)

with q = 2l as always. Therefore,using also Proposition 2.2, the collocation coeffi-
cient matrix AC now takes the form

AC = (I4 ⊗ E) A (Dc ⊗ IN ) + Â (Ds ⊗ IN ) , (2.39)

where the matrices A and E are as defined in (2.30) and (2.23), respectively, the
diagonal matrices Dc and Ds are defined by

Dc = diag (cos(β1), cos(β2), cos(β3), cos(β4)) (2.40)

and
Ds = diag (sin(β1), sin(β2), sin(β3), sin(β4)) , (2.41)

and the matrix Â ∈ R4N,4N is in the block partitioned form

Â =




Â1,1 Â1,2 Â1,3 Â1,4

Â2,1 Â2,2 Â2,3 Â2,4

Â3,1 Â3,2 Â3,3 Â3,4

Â4,1 Â4,2 Â4,3 Â4,4




, (2.42)

9



with the elements âp,j
q,r of the submatrices Âp,j ∈ RN,N (p, j = 1, 2, 3, 4, ) being

defined in (2.38). With this notation we now prove that

Lemma 2.3 The N ×N real submatrices Âp,j =
{

âp,j
q,r

}
, with âp,j

q,r being as defined
in (2.38) satisfy

Âp,j =





EÂ0 , p = j

−EDÂ0 , |p− j| = 2

D̂Â1 , p− j = −1, 3

D̂Â2 , p− j = 1,−3

, (2.43)

where the elements of the matrix Â0 =
{

â
(0)
q,r

}N

q,r=1
are defined through the Finite

Cosine/Sine Fourier Transform of the linear independent real valued basis functions
φr(s), namely

â(0)
q,r =





−
π∫
−π

sin( q
2s)φr(s)ds , q = odd

π∫
−π

cos( q
2s)φr(s)ds , q = even

, (2.44)

the elements of the matrix Â1 =
{

â
(1)
q,r

}N

q,r=1
are defined by

â(1)
q,r =

π∫

−π

e
q
2
sφr(s)ds , (2.45)

the elements of the matrix Â2 =
{

â
(2)
q,r

}N

q,r=1
are defined by

â(2)
q,r = (−1)q

π∫

−π

e−
q
2
sφr(s)ds , (2.46)

the matrices D and E are as defined in Lemma 2.2 and the diagonal matrix D̂ is
defined by

D̂ = diag
(
sin(

π

2
), cos(2

π

2
), . . . , sin((N − 1)

π

2
), cos(N

π

2
)
)

. (2.47)

Proof. As in Lemma 2.2, recall the definition of the elements âp,j
q,r from (2.38) and

notice that, for j = p, there holds

âp,p
q,r = elπ





−Im

(
π∫
−π

eilsϕr(s)ds

)
, l =

1
2
,
3
2
, . . . ,

N − 1
2

Re

(
π∫
−π

eilsϕr(s)ds

)
, l = 1, 2, . . . , N/2

, q = 2l .
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Evidently, therefore,
âp,p

q,r = e
q
2
πâ(0)

q,r (2.48)

where â
(0)
q,r are as defined in (2.44), hence

Âp,p = EÂ0 , p = 1, 2, 3, 4 . (2.49)

Similarly, as ij−p = −1 for |j − p| = 2, there holds

âp,j
q,r = e−lπ





−Im

(
π∫
−π

e−ilsϕr(s)ds

)
=

π∫
−π

sin(ls)φr(s)ds , l =
1
2
,
3
2
, . . . ,

N − 1
2

Re

(
π∫
−π

e−ilsϕr(s)ds

)
=

π∫
−π

cos(ls)φr(s)ds , l = 1, 2, . . . , N/2

,

with q = 2l. Hence, for |j − p| = 2,

âp,j
q,r = (−1)qe−

q
2
πâ(0)

q,r = −e
q
2
π

(
(−1)q−1e−qπa(0)

q,r

)
, (2.50)

and therefore
Âp,j = −EDÂ0 , |p− j| = 2 . (2.51)

Now, as ij−p = −i for j − p = −1 or j − p = 3, we have

âp,j
q,r =




π∫

−π

elsϕr(s)ds







−Im

(
e−ilπ

)
= sin(lπ) , l =

1
2
,
3
2
, . . . ,

N − 1
2

Re
(
e−ilπ

)
= cos(lπ) , l = 1, 2, . . . , N/2

,

and, therefore,
Âp,j = D̂Â1 , p− j = −1, 3 . (2.52)

Finally, as ij−p = i for j − p = 1 or j − p = −3, we have

âp,j
q,r =




π∫

−π

e−lsϕr(s)ds







−Im

(
eilπ

)
= − sin(lπ) , l =

1
2
,
3
2
, . . . ,

N − 1
2

Re
(
eilπ

)
= cos(lπ) , l = 1, 2, . . . , N/2

,

and, therefore,
Âp,j = D̂Â2 , p− j = 1,−3 , (2.53)

which completes the proof. ¤

Evidently, therefore, the matrix Â in (2.42) can be expressed as

Â = (I4 ⊗ E)Ã1 + (I4 ⊗ D̂)Ã2 , (2.54)

where Ã1 and Ã2 denote the block circulant matrices

Ã1 =




Â0 O −DÂ0 O

O Â0 O −DÂ0

−DÂ0 O Â0 O

O −DÂ0 O Â0




and Ã2 =




O Â2 O Â1

Â1 O Â2 O

O Â1 O Â2

Â2 O Â1 O




. (2.55)
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If we now let the matrix B̂ to be defined by

B̂ =




I O −D O

O I O −D

−D O I O

O −D O I




, (2.56)

then, upon combination of the results above, we obtain

Proposition 2.4 The Collocation coefficient matrix AC , associated with the linear
system described in Proposition 2.3, is expressed as

AC = (I4 ⊗ E)
(
B(I4 ⊗A0) (Dc ⊗ IN ) + B̂(I4 ⊗ Â0) (Ds ⊗ IN )

)
+

+(I4 ⊗ D̂)Ã2 (Ds ⊗ IN ) .
(2.57)

where the diagonal matrix E and the matrix A0 are defined in Lemma 2.2, the
matrices B and B̂ are as defined in (2.31) and (2.56) respectively, the diagonal
matrices Dc and Ds are as defined in (2.40) and (2.41) respectively, the matrix Â0

is defined in Lemma 2.3 and the matrix Ã2 is as defined in (2.55).

Proof. Recall (2.55) and observe that Ã1 = B̂(I4⊗Â0). This, combined with relations
(2.30), (2.39) and (2.54) yields (2.57) and the proof follows. ¤

3 Analysis and Implementation of Numerical Methods

Based on the structure, as well as the properties, of the Collocation coefficient
matrix, in this Section we analyze and implement direct and iterative methods for
determining the solution of the generalized Dirichlet-Neumann map associated to
Laplace’s equation on square domains. For the numerical experiments included, we
considered the solution of the model Laplace’s equation, with exact solution (cf.
[2]-[3])

q(x, y) = sinh(3x) sin(3y) . (3.1)

The relative error E∞, used to demonstrate the convergence behavior of the direct
and iterative methods considered, is given by

E∞ =
||f − fN ||∞
||f ||∞ , (3.2)

where

||f ||∞ = max
1≤j≤n

{
max

−π≤s≤π
|f (j)(s)|

}
(3.3)

and

||f − fN ||∞ = max
1≤j≤n

{
max

−π≤s≤π
|f (j)(s)− f

(j)
N (s)|

}
, (3.4)

12



with f
(j)
N as in (1.6), and the max over s is taken over a dense discretization of

the interval [−π, π]. For the direct solution of the linear systems we have used the
standard LAPACK routines, while for the computation of the right hand side vec-
tor we have used a routine (dqawo) from QUADPACK implementing the modified
Clenshaw-Curtis technique. As it pertains to the iterative methods, the maximum
number of iterations, allowed for all methods to perform, is set to 200 and the zero
iterate U (0) is set to be equal to the right hand side vector. All experiments were
conducted on a multiuser SUN V240 system using the Fortran-90 compiler.

Case I : Same Boundary Conditions on all Sides

It is the special sparse structure, revealed in the previous section, of the collocation
system, in (2.29), that allow us to efficiently and rapidly solve it.

Direct Solution

Taking advantage of the block structure of the matrix A in (2.30), and observing
that the inverse of the matrix B in (2.31) is readily available by

B−1 = B̂(I4 ⊗ C) , (3.5)

where B̂ is as defined in (2.56) and C is the diagonal matrix

C = diag(c1, . . . , cN ) , cq =
1

1− d2
q

=
1

1− e−2qπ
, q = 1, . . . , N , (3.6)

with dq denoting the diagonal elements of the matrix D in (2.22), it is evident that
the collocation system (2.29) can be written as

(I4 ⊗A0)U = B̂(I4 ⊗ C)(I4 ⊗ E−1)G , (3.7)

or, equivalently, as

A0Up = CE−1
(
Gp −DGp′

)
, p′ = (p + 2) mod 4 , p = 1, 2, 3, 4 , (3.8)

since the matrices C, D and E are diagonal and commute. The matrix A0, defined
in Lemma 2.2, depends on the choice of basis functions ϕr(s), as its elements are
defined through their discrete cosine/sine Fourier transforms (see (2.21)). In [3] we
considered the following two choices of basis functions :

(1) Sine Basis Functions

ϕr(s) = sin

(
r

(
π + s

2

))
, r = 1, . . . , N . (3.9)

(2) Chebyshev Basis Functions

ϕr(s) =





Tr+1

(
s
π

)− T0

(
s
π

)
, r odd,

Tr+1

(
s
π

)− T1

(
s
π

)
, r even.

, r = 1, . . . , N , (3.10)

where Tn(x) = cos
(
n cos−1(x)

)
.
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For the case of sine basis functions the matrix A0 is point diagonal, hence the
solution of (3.8) is readily available with computational cost of O(N). In general,
though, including the case of Chebyshev basis functions, it is well known that the
computational cost for solving the system (3.8) is O(N3).

Iterative Solution

For an iterative analysis, independent from the choice of basis functions, one may
take advantage of the 2-cyclic (cf. [9]) nature of the matrix A in (2.30). Observing
that its associated weakly cyclic of index 2 (cf. [9]) block Jacobi iteration matrix T0

can be expressed as
T0 = (I4 ⊗A−1

0 )(I −B)(I4 ⊗A0) , (3.11)

hence is similar to the matrix

I −B = −




O O D O

O O O D

D O O O

O D O O




(3.12)

where B is as defined in (2.31) and D is the diagonal matrix of (2.22), its spectrum
σ(T0) satisfies

σ(T0) = {±e−qπ , ±e−qπ}N
q=1 , (3.13)

and, obviously, its spectral radius %(T0) is given by

%(T0) = e−π u 0.0432 , (3.14)

revealing a fast rate of convergence. Moreover, using well known results from the
literature (e.g. cf. [9]), the spectral radii of the iteration matrices T1 and Tωopt ,
associated to the Gauss-Seidel and the optimal SOR iterative methods, respectively,
satisfy

%(T1) = %2(T0) = e−2π u 0.0019 , (3.15)

and
%(Tωopt) = ωopt − 1 =

2
1 +

√
1− e−2π

− 1 u 0.0005 , (3.16)

revealing rapid convergence rates. However, we have to point out that, in view of
(3.8), iterative methods may only compete direct factorization, since for all methods
the main computational cost comes from the factorization of the matrix A0. To be
more specific, with the change of variables

V = A0U , (3.17)

the above iterative methods may be implemented through the following expressions:

• Jacobi

V(m+1)
p = −DV(m)

p′ + E−1Gp , p′ = (p + 2) mod 4 , p = 1, 2, 3, 4 , (3.18)
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• Gauss-Seidel




V(m+1)
p = −DV(m)

p+2 + E−1Gp , p = 1, 2

V(m+1)
p+2 = −DV(m+1)

p + E−1Gp , p = 1, 2
(3.19)

• SOR




V(m+1)
p = (1− ω)V(m)

p − ωDV(m)
p+2 + ωE−1Gp , p = 1, 2

V(m+1)
p+2 = (1− ω)V(m)

p+2 − ωDV(m+1)
p + ωE−1Gp , p = 1, 2

(3.20)

Consequently, by making also use of the fast convergence properties of the iterative
methods considered, it is apparent that the computational cost, for the iterative
solution, is O(N) for the case of sine basis functions, while, in general, including
the case of Chebyshev basis functions, is O(N3).

For completeness and uniformity (with the case of different boundary conditions)
only purposes, we also consider two of the main representatives from the family of
Krylov subspace iterative methods, namely the Bi-CGSTAB [6] and the GMRES
[7] methods, for the solution of the preconditioned system

AM−1Û = (I4 ⊗ E−1)G , (3.21)

where, of course, Û = MU. Observing that both spectra σ(T0) and σ(T1) = σ2(T0)
of the block Jacobi and block Gauss-Seidel iteration matrices, respectively, are real
and clustered around zero, it is evident that if we choose the preconditioning matrix
M to be the splitting matrix of the Jacobi or the Gauss-Seidel iterative methods,
namely

M ≡ M0 = I4 ⊗A0 or M ≡ M1 = F (I4 ⊗A0) (3.22)

where

F =




I O O O

O I O O

D O I O

O D O I




, (3.23)

then the spectrum of the preconditioned matrix AM−1 would satisfy

σ
(
AM−1

0

)
= 1− σ(T0) or σ

(
AM−1

1

)
= 1− σ(T1) , (3.24)

since T0 = I − M−1
0 A, T1 = I − M−1

1 A and the matrices M−1A and AM−1 are
obviously similar. Therefore, the eigenvalues of the preconditioned matrices AM−1

0

and AM−1
1 are all real, located in the half complex plane with the origin being out-

side or towards the boundary of the the convex hull containing them, and clustered
around unity. Hence, following [8], the Bi-CGSTAB is expected to have effective
convergence properties.

To numerically demonstrate the above results we include Table 1 referring to the
performance of all mentioned numerical methods when they apply to the model
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problem, described at the beginning of this section, for the case of Chebyshev basis
functions.

Table 1 Performance of Numerical Methods (Same BC — Chebyshev Basis Functions)

Method
Precondi- N = 8 N = 16

tioner Error Iter. Time Error Iter. Time

LU-factorization — 2.09e-05 — 1.50e-04 5.78e-13 — 2.33e-04

Jacobi — 2.09e-05 13 2.52e-04 5.78e-13 13 4.74e-04

Gauss-Seidel — 2.09e-05 7 1.64e-04 5.78e-13 7 2.89e-04

SOR — 2.09e-05 7 2.05e-04 5.78e-13 7 3.52e-04

Bi-
CGSTAB

Jacobi 2.09e-05 2 7.27e-04 5.78e-13 2 8.43e-04

Gauss-Seidel 2.09e-05 2 7.22e-04 5.78e-13 2 8.37e-04

GMRES(10)
Jacobi 2.09e-05 4 9.21e-04 5.78e-13 4 1.08e-03

Gauss-Seidel 2.09e-05 3 8.71e-04 5.78e-13 3 1.02e-03

Case II : Different Boundary Conditions on each Side

The numerical treatment, for the case of different boundary conditions on each side
of the square domain, largely depends on the boundary conditions used per se.
Hence, the numerical results included for this case, are indicative and refer to the
mixed boundary conditions (see (2.32)) obtained by making use of the following
angles:

β1 = π , β2 =
π

4
, β3 =

π

6
, β4 =

π

3
.

Recall, now, the associated, to the above boundary conditions, collocation matrix
AC , defined in Proposition 2.3, and observe that relation (2.57) or, equivalently, re-
lation (2.39) combined with relation (2.54), contributes to its efficient construction,
as it is written as a matrix combination of circulant matrices, one of which is the
matrix A, defined in (2.30), associated to the case of same boundary conditions on
all sides of the square.
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Fig. 1 : Eigenvalues of the block Jacobi and GS iteration matrices T0 and T1 for Sine Basis Functions (N = 64)
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Fig. 2 : Eigenvalues of the Matrices AC and A−1AC for Sine Basis Functions (N = 64)

For sine basis functions, iterative methods are an effective alternative to direct fac-
torization. And this because, as the collocation method, combined with the sine
basis functions of (3.9), is quadratically convergent, it is necessary to use a suffi-
ciently large number of basis functions (large N) to achieve a sufficiently small error
norm.

To illustrate the convergence behavior of the classical block Jacobi and Gauss-Seidel
(GS) methods, with iteration matrices T0 = M−1

0 N0 and T1 = M−1
1 N1 respectively,

where

M0 =
4⊕

p=1

M
(p)
0 with M

(p)
0 = E

(
A0 cos(βp) + Â0 sin(βp)

)
(3.25)

and M1 defined analogously, we included Figure 1 depicting their eigenvalue dis-
tribution for a typical case (N = 64). Pertaining to the Krylov Bi-CGSTAB and
GMRES methods, it is apparent that the use of the un-preconditioned versions is
not suggested due to the AC ’s eigenvalue distribution depicted in Figure 2.

Table 2 Performance of Numerical Methods (Different BC — Sine Basis Functions)

Method
Precondi- N = 32 N = 128 N = 512

tioner Error Iter. Time Error Iter. Time Error Iter. Time

LU-factor. — 2.05e-03 — 2.29e-02 1.31e-04 — 1.51 7.69e-06 — 192.00

Jacobi — 2.05e-03 35 2.53e-02 1.31e-04 43 0.76 7.67e-06 53 35.20

GS — 2.05e-03 16 1.36e-02 1.31e-04 20 0.39 7.69e-06 24 19.30

Bi-
CGSTAB

Jacobi 2.05e-03 8 1.48e-02 1.31e-04 9 0.51 7.70e-06 9 17.60

GS 2.05e-03 4 1.08e-02 1.31e-04 5 0.40 7.69e-06 5 15.30

A 2.05e-03 29 8.98e-03 1.31e-04 25 0.09 7.62e-06 32 15.00

GMRES(10)

Jacobi 2.05e-03 12 1.36e-02 1.31e-04 14 0.47 7.68e-06 16 17.20

GS 2.05e-03 7 1.06e-02 1.31e-04 7 0.31 7.70e-06 7 12.70

A 2.05e-03 37 8.44e-03 1.31e-04 35 0.07 7.67e-06 37 9.18
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With respect to their preconditioned analogs, together with the block Jacobi and
block GS preconditioning, we have also considered the case of using the block circu-
lant matrix A of (2.30) as a preconditioner. And although the eigenvalue distribution
of the preconditioned matrix A−1AC (depicted in Figure 2) is not that encouraging,
the fact that A−1 inverse is readily available combined with the large size of the
matrices needed to be directly factored out, yields a very efficient preconditioning.
In fact, the A-preconditioned GMRES method is significantly less time consum-
ing, hence it is the method of preference. The performance results for all numerical
methods considered for the case of sine basis functions have been included in Table
2 above.

For the case of Chebyshev basis functions the Collocation method appears to con-
verge exponentially (cf. [3]). Therefore, one may achieve a small error norm with a
few basis functions.
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Fig. 3 : Eigenvalues of the block Jacobi and GS iteration matrices T0 and T1 for Chebyshev Basis Functions (N = 16)
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Fig. 4 : Eigenvalues of the Collocation Matrix AC of (2.57) for Chebyschev Basis Functions (N = 16)
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This fact leads to small size matrices and, therefore, direct factorization is more
effective, than iterative methods, for their solution. Nevertheless, for comparison
and demonstration purposes, together with the direct factorization method, we also
consider the block Jacobi and GS methods, as well as their preconditioning analogs
combined with the Bi-CGSTAB and GMRES methods. The eigenvalue distribution
of the associated matrices T0, T1 and AC are depicted in Figures 3 and 4, while
the performance results of all numerical methods considered are included in Table
3 below.

Table 3 Performance of Numerical Methods (Different BC — Chebyshev Basis Functions)

Method
Precondi- N = 8 N = 12 N = 16

tioner Error Iter. Time Error Iter. Time Error Iter. Time

LU-factor. — 4.38e-05 — 5.67e-04 1.45e-08 — 1.37e-03 1.15e-12 — 2.76e-03

Jacobi — 4.38e-05 66 5.65e-03 1.45e-08 74 9.96e-03 1.16e-12 95 1.93e-02

GS — 4.38e-05 30 3.16e-03 1.45e-08 34 5.23e-03 1.16e-12 36 8.28e-03

Bi-
CGSTAB

Jacobi 4.38e-05 11 2.51e-03 1.45e-08 12 4.12e-03 1.16e-12 13 6.41e-03

GS 4.38e-05 7 2.27e-03 1.45e-08 7 3.36e-03 1.15e-12 7 4.93e-03

GMRES(10)
Jacobi 4.38e-05 23 3.02e-03 1.45e-08 26 3.89e-03 1.16e-12 28 8.56e-03

GS 4.38e-05 12 2.39e-03 1.45e-08 13 4.00e-03 1.16e-12 13 5.24e-03
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A new and novel approach for analyzing boundary value problems for linear and for integrable non-
linear PDEs was recently introduced. For linear elliptic PDEs, an important aspect of this approach is
the characterization of a generalized Dirichlet-Neumann map: given the derivative of the solution along
a direction of an arbitrary angle to the boundary, the derivative of the solution perpendicularly to this
direction is computed without solving on the interior of the domain. For this computation, a collocation-
type numerical method has been recently developed. Here, we study the collocation’s coefficient matrix
properties. We prove that, for the Laplace’s equation on regular polygon domains with the same type of
boundary conditions on each side, the collocation matrix is Block Circulant, independently of the choice
of basis functions. This leads to the deployment of the FFT for the solution of the associated colloca-
tion linear system, yielding significant computational savings. Numerical experiments are included to
demonstrate the efficiency of the whole computation.

Keywords: Elliptic PDEs, Dirichlet-Neumann Map, Global Relation, Collocation, Block Circulant Ma-
trices, FFT

1. Introduction

A new method for solving boundary value problems for linear and for integrable nonlinear PDEs in two
dimensions was introduced by Fokas in 1 (1997),2 (2001). This method involves two novel features:

(a) It yields an analytic representation of the solution, in an integral form, in the complex k-plane.

(b) It characterizes a generalized Dirichlet-Neumann map through the solution of the so-called global
relation, an equation, valid for all complex values of k, which couples known and unknown com-
ponents of the solution and its derivatives on the boundary.

For a large class of boundary value problems, the global relation can be solved analytically, and hence
the generalized Dirichlet-Neumann map can be constructed in closed form. This includes linear evolu-
tion PDEs with spatial derivatives of arbitrary order on the half-line 4 (2002) and on a finite interval 5
(2005), the Laplace, the bi-harmonic and the modified Helmholtz equation in certain simple polygons
12 (2004),6 (2001)-9 (2004), and the basic nonlinear integrable evolution PDEs on the half-line for cer-
tain simple boundary conditions 10 (2002)-11 (2004). However, for general boundary value problems,
the global relation must be solved numerically.

In 12 (2004) and 13 (2007) a well conditioned and fast convergent collocation-type numerical
method was developed and studied for the numerical solution of the Generalized Dirichlet-Neumann
map associated to the generic model problem of Laplace’s equation on an arbitrary convex polygon do-
main. The present work, which is a natural continuation of our work in 13 (2007), aims to the efficient
solution of the associated collocation linear system. For the case of regular polygon domains, with the
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same type of boundary conditions on each side, we prove, among other properties, that the Colloca-
tion coefficient matrix is Block Circulant, independently of the choice of basis functions. Evidently,
therefore, by deploying the Fourier Matrix , the collocation matrix is transformed into a similar block
diagonal matrix, the construction of which is implemented through the Fast Fourier Transform (FFT),
yielding efficient implementation of direct and iterative methods for the solution of the collocation linear
system.
This paper is organized as follows: Section 2 outlines some analytical results, as well as the collocation
method of 13 (2007). Section 3 presents the structure and the properties of the collocation coefficient
matrix for the case of regular polygons. And, finally, Section 4 presents the implementation through the
FFT as well as numerical results, for a variety of boundary conditions, to demonstrate the efficiency of
the whole computation.

2. Overview

For elliptic PDEs in two dimensions it is convenient to replace the Cartesian coordinates (x,y) with the
complex coordinates (z, z̄) = (x+ iy,x− iy). In doing so and using the equations

∂z =
1
2

(∂x− i∂y) , ∂z̄ =
1
2

(∂x + i∂y) ,

Laplace’s equation in the independent variable q can be written in the form

∂ 2q
∂ z∂ z̄

= 0. (2.1)

This equation is equivalent to the equation

∂
∂ z̄

(
e−ikz ∂q

∂ z

)
= 0, (2.2)

for an arbitrary complex parameter k.

The Global Relation

Suppose that the real-valued function q(z, z̄) satisfies Laplace’s equation (2.1) in a simply connected
bounded domain D with boundary ∂D. Then, equation (2.2) together with the complex form of Green’s
theorem imply the equation

∮

∂D

e−ikz ∂q
∂ z

dz = 0, k ∈ C , (2.3)

which is referred to (cf. 2 (2001)) as the global relation associated with Laplace’s equation. For the
case of D being a convex bounded polygon with vertices z1,z2, . . . ,zn (modulo n), which have indexed
counter-clockwise, the global relation (2.3) becomes

n

∑
j=1

∫

S j

e−ikz ∂q
∂ z

dz = 0, k ∈ C , (2.4)

where S j denotes the side (z j,z j+1).
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The Generalized Dirichlet-Neumann Map

Using the identity

∂q
∂ z

=
1
2

e−iα j
(

q( j)
s + iq( j)

n

)
, z ∈ S j, α j = arg

(
z j+1− z j

)
, (2.5)

where q( j)
s and q( j)

n denote the tangential and (outward) normal components of
∂q
∂ z

along the side S j,

as well as the local coordinates

z = m j + sh j, zi < z < zi+1, −π < s < π , (2.6)

with
m j =

1
2

(
z j + z j+1

)
, h j =

1
2π

(
z j+1− z j

)
, (2.7)

it was shown (e.g. 13 (2007)) that:

PROPOSITION 2.1 Let the real-valued function q(z, z̄) satisfy the Laplace equation in the interior D of
the convex bounded polygon with corners {zi}n

i=1 described above. Let g( j) denote the derivative of the
solution in the direction making an angle β j, 0 6 β j 6 π, with the side S j, namely

cos(β j)q( j)
s + sin(β j)q( j)

n = g( j), z ∈ S j, 1 6 j 6 n . (2.8)

Let f ( j) denote the derivative of the solution in the direction normal to the above direction, namely

−sin(β j)q( j)
s + cos(β j)q( j)

n = f ( j), z ∈ S j, 1 6 j 6 n. (2.9)

The generalized Dirichlet-Neumann map, that is the relation between the sets
{

f ( j)
}n

j=1
and

{
g( j)

}n

j=1
,

is characterized by the single equation

n

∑
j=1

∣∣h j
∣∣ei(β j−km j)

π∫

−π

e−ikh js
(

f ( j)(s)− ig( j)(s)
)

ds = 0, k ∈ C . (2.10)

Evaluating equation (2.10) on the following n-rays of the complex k-plane

kp =− l
hp

, l ∈ R+, p = 1, . . . ,n , (2.11)

and multiplying the resulting equations by exp [−i(βp + lmp/hp)]/
∣∣hp

∣∣, equation (2.10) yields the fol-
lowing set of n equations:

n

∑
j=1

∣∣h j
∣∣

∣∣hp
∣∣ei(β j−βp)e−

il
hp (mp−m j)

π∫

−π

eil
h j
hp

s
(

f ( j)(s)− ig( j)(s)
)

ds = 0, l ∈ R+, p = 1, . . . ,n . (2.12)

Suppose, now, that the function set
{

g( j)
}n

j=1
is known through appropriate boundary data. Then, it

becomes apparent that the generalized Dirichlet-Neumann map, in its convenient form of (2.12), may
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be used to determine the function set
{

f ( j)
}n

j=1
. The end values of the unknown functions f ( j) can be

calculated by the continuitity requirements q( j)
z (z j) = q( j−1)

z (z j). Namely, rewriting equation (2.5) as

∂q
∂ z

=
1
2

e−i(α j−β j)
(

g( j) + i f ( j)
)

, z ∈ S j, (2.13)

assuming that g( j) are compatible in the corners and setting δ j = α j−β j we obtain (cf 12 (2004))

f ( j) (π) =
cos

(
δ j+1−δ j

)
g( j) (π)−g( j+1) (π)

sin
(
δ j+1−δ j

) ,

f ( j) (−π) =
g( j−1) (π)− cos

(
δ j−δ j−1

)
g( j) (−π)

sin
(
δ j−δ j−1

) .

The Numerical Method

The collocation-type numerical method, developed in 12 (2004)-13 (2007), for the determination of the
function set

{
f ( j)

}n

j=1
, is being described in the form of the following proposition (cf 13 (2007)):

PROPOSITION 2.2 Consider the generalized Dirichlet-Neumann map in Proposition 2.1. Suppose that
the set

{
g( j)

}n

j=1
is given. Suppose that f ( j) (s) is approximated by

f ( j)
N (s) = f ( j)

∗ (s)+
N

∑
r=1

U j
r ϕr(s), j = 1, . . . ,n, N even integer , (2.14)

where ϕr(s) are appropriate basis functions, N is even and

f ( j)
∗ (s) =

1
2π

[
(s+π) f ( j) (π)− (s−π) f ( j) (−π)

]
.

Then, the real coefficients U j
r satisfy the Nn algebraic set of equations

n

∑
j=1

∣∣h j
∣∣

∣∣hp
∣∣ei(β j−βp)e−i l

hp (mp−m j)
N

∑
r=1

U j
r Fr

(
lh j

hp

)
= Gp (l) , p = 1,2, . . . ,n, (2.15)

where Gp (l) denotes the known function

Gp (l) = i
n

∑
j=1

∣∣h j
∣∣

∣∣hp
∣∣ei(β j−βp)e−i l

hp (mp−m j)
π∫

−π

eil
h j
hp

s(g( j)(s)+ i f ( j)
∗ (s))ds, (2.16)

Fr (l) denotes the integral

Fr (l) =
π∫

−π

eilsϕr(s)ds, r = 1,2, . . . ,N , (2.17)

and l is chosen as follows: For the imaginary part of equations (3.2) l = 1,2, . . . ,N/2, whereas for the

real part of equations (3.2) , l =
1
2
,

3
2
, . . . ,

N−1
2

.
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It is worthwhile to point out that different choices of the basis functions ϕr(s) affect the convergence
rate and the condition number of the method, as well as the structure of the coefficient matrix (cf 13
(2007) for a detailed treatment).

3. Matrix Properties for Regular Polygons

Let us now consider the regular polygon, depicted in Fig. 3.1, with vertices z j and sides S j, j = 1, . . . ,n
(modulo n), indexed counter-clockwise, and interior D. For notational simplicity and without any loss
of the generality, we assume that the polygon is centered at the origin, scaled and oriented so that one

vertex (say z1) is located at 1, that is z1 = 1. Setting θ =
2π
n

, the vertices may be written as

z j = ω j−1, ω = eiθ , j = 1, . . . ,n , (3.1)

and the angle α j of the side S j from the real axis (measured counterclockwise) is given by

α j = arg(z j+1− z j) =
1
2
[π +(2 j−1)θ ] =

π
2

+(2 j−1)
π
n

, j = 1, . . . ,n . (3.2)

Suppose that the real-valued function q(z, z̄) satisfies the Laplace’s equation in the interior D of the
regular n-gon, described above, subject to the same type of Poincaré boundary conditions on all sides,
that is

cos(β )q( j)
s + sin(β )q( j)

n = g( j), z ∈ S j, 1 6 j 6 n . (3.3)

Dirichlet and Neumann boundary conditions correspond to the special cases of β = 0 and β =
π
2

re-
spectively.

•
•
•

•••

α1θ =
2π
n

z1

zn

z j+1

z j

z j−1

z4
z3

z2

I Re

N Im

Sn

S j

S j−1

S1

S2
S3

D

Figure 3.1 Regular n-gon with vertices z j, sides S j and interior D.

Recalling, now, the local coordinates of (2.6) and observing that their parametrization of (2.7) is ex-
pressed as

m j =
1
2

(
z j + z j+1

)
= |m j|e

i(a j−
π
2

)
= cos(

π
n

)e
i(2 j−1)

π
n = cos(

π
n

)ω(2 j−1)/2 , (3.4)
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and

h j =
1

2π
(
z j+1− z j

)
=

1
2π
|h j|eia j = i

1
π

sin(
π
n

)e
i(2 j−1)

π
n = i

1
π

sin(
π
n

)ω(2 j−1)/2 , (3.5)

it follows easily, from Proposition 2.1, that:

COROLLARY 3.1 Let the real-valued function q(z, z̄) satisfy the Laplace equation in the interior D of
the regular n-gon with corners {zi}n

i=1 described above in this section. Let g( j), defined in (3.3), denote
the derivative of the solution in the direction making an angle β , 0 6 β 6 π, with the side S j, and let
f ( j) denote the derivative of the solution in the direction normal to the above direction. The generalized
Dirichlet-Neumann map is characterized by the single equation

n

∑
j=1

e−ikm j

π∫

−π

e−ikh js
(

f ( j)(s)− ig( j)(s)
)

ds = 0, k ∈ C , (3.6)

which, upon evaluation on the n-rays of the complex k-plane defined in (2.11), yields the following set
of n equations:

n

∑
j=1

elφω jp

π∫

−π

eilω jps
(

f ( j)(s)− ig( j)(s)
)

ds = 0, l ∈ R+, p = 1, . . . ,n (3.7)

where
φ = π cot

π
n

, ω jp = ω j−p (3.8)

and ω = eiθ being as in (3.1).

Proof. The relations
mp−m j

hp
= iφ(ω jp−1) and

h j

hp
= ω jp , (3.9)

together with the appropriate simplifications of constant quantities, relax equation (2.10) to (3.7) and
the proof follows immediately. ¤

As an immediate consequence of Corollary 3.1 and its combination with Proposition 2.2, one may
readily obtain that:

COROLLARY 3.2 Consider the generalized Dirichlet-Neumann map in Corollary 3.1. Suppose that the
set

{
g( j)

}n

j=1
is given through (3.3) and that the set

{
f ( j)

}n

j=1
is approximated by

{
f ( j)
N

}n

j=1
defined

in (2.14). Then, the real coefficients U j
r satisfy the Nn algebraic set of equations

n

∑
j=1

elφω jp
N

∑
r=1

U j
r Fr (lω jp) = Gp (l) , p = 1,2, . . . ,n, (3.10)

where Gp (l) denotes the known function

Gp (l) = i
n

∑
j=1

elφω jp

π∫

−π

eilω jps(g( j)(s)+ i f ( j)
∗ (s))ds, (3.11)
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Fr (l) denotes the integral

Fr (l) =
π∫

−π

eilsϕr(s)ds, r = 1,2, . . . ,N , (3.12)

φ and ω jp are as defined in (3.8), and l is chosen as in Proposition 2.2, namely: For the imaginary part

of equations (3.10) l = 1,2, . . . ,N/2, whereas for the real part of equations (3.10) l =
1
2
,

3
2
, . . . ,

N−1
2

.

System’s Structure

Following Corollary 3.2, let C(p, j, l,r) be defined by

C(p, j, l,r) = elφω jpFr (lω jp) = elφω jp

π∫

−π

eilω jpsϕr(s)ds , (3.13)

with CR(p, j, l,r) and CI(p, j, l,r) to denote its real and imaginary parts respectively, that is

CR(p, j, l,r) = Re[C(p, j, l,r)] and CI(p, j, l,r) = Im[C(p, j, l,r)] . (3.14)

Let, also, Cp, j ∈ RN,N denote the real N×N matrix with elements

Cp, j = {cp, j
2l,r} , cp, j

2l,r =





CR(p, j, l,r) , l =
1
2
,

3
2
, . . . ,

N−1
2

CI(p, j, l,r) , l = 1,2, . . . ,N/2

, r = 1,2, . . . ,N . (3.15)

If, now, U j ∈ RN,1 and Gp ∈ RN,1 denote the real vectors

U j = {U j
r }N

r=1 = [ U j
1 U j

2 . . . U j
N ]T , (3.16)

and

G j = {Gp
` }N

`=1 = [ Gp
1 Gp

2 . . . Gp
N ]T , (3.17)

where

Gp
` =





Gp
R(l) , l =

1
2
,

3
2
, . . . ,

N−1
2

,

Gp
I (l) , l = 1,2, . . . ,N/2,

, ` = 2l , (3.18)

with Gp
R(l) and Gp

I (l) to denote respectively the real and imaginary parts of Gp(l) in (3.11), then it can
be easily seen that:

PROPOSITION 3.1 The linear system, described by equations (3.10)-(3.12) in Corollary 3.2, is given
by

CU = G , C ∈ RnN,nN , U,G ∈ RnN , (3.19)
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where

C =




C1,1 · · · C1, j · · · C1,n
... · · · ... · · · ...

Cp,1 · · · Cp, j · · · Cp,n
... · · · ... · · · ...

Cn,1 · · · Cn, j · · · Cn,n




, U =




U1
...

U j
...

Un




, G =




G1
...

Gp
...

Gn




, (3.20)

with Cp, j, U j and Gp are as defined in (3.15)-(3.17).

Proof. Recall (3.13)-(3.14) and observe that the set of equations in (3.10) is written as

n

∑
j=1

N

∑
r=1

C(p, j, l,r)U j
r = Gp (l) , p = 1,2, . . . ,n (3.21)

or, equivalently, as

n

∑
j=1

N

∑
r=1

CR(p, j, l,r)U j
r = Gp

R (l) and
n

∑
j=1

N

∑
r=1

CI(p, j, l,r)U j
r = Gp

I (l) . (3.22)

The above set of equations, by using (3.15) and (3.18), is expressed as

n

∑
j=1

N

∑
r=1

cp, j
2l,rU

j
r = Gp

2l , p = 1,2, . . . ,n (3.23)

and, by letting l =
1
2
,1,

3
2
,2, . . . ,

N−1
2

,
N
2

, as

n

∑
j=1

Cp, jU j = Gp , p = 1,2, . . . ,n , (3.24)

which completes the proof. ¤

Coefficient Matrix Properties

To reveal, now, the properties of the coefficient matrix C of (3.20) we first prove that :

PROPOSITION 3.2 The coefficient matrix C, defined in relations (3.19)-(3.20) of Proposition 3.3, is
Block Circulant. Namely,

C = bcirc{C1 , C2 , . . . , Cn}=




C1 C2 C3 · · · Cn−1 Cn
Cn C1 C2 · · · Cn−2 Cn−1
Cn−1 Cn C1 · · · Cn−3 Cn−2
...

...
...

. . .
...

...
C3 C4 C5 · · · C1 C2
C2 C3 C4 · · · Cn C1




, (3.25)

where
C j = C1, j , j = 1, . . . ,n (3.26)

and C1, j are as defined in (3.15).
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Proof. It suffices to prove that, for any µ = 1, . . . ,n− 1, the matrices Cp, j (p, j = 1, . . . ,n) of (3.15)
satisfy

Cp, j = Cp′, j′ , (3.27)

where

p′ =





p+ µ , 1 6 µ 6 n− p

p+ µ−n , n− p+1 6 µ 6 n−1
(3.28)

and

j′ =





j + µ , 1 6 µ 6 n− j

j + µ−n , n− j +1 6 µ 6 n−1
. (3.29)

For this, recall C(p, j,r, l) from (3.13) and observe that, for fixed r and l, there holds

C(p′, j′,r, l) = C(p, j,r, l) (3.30)

since, from (3.1) and (3.8), ω±n = 1 and

ω j′p′ = ω j′−p′ = ω j−p = ω jp . (3.31)

Evidently, therefore, for fixed r and l, we obtain, from (3.15), that

cp, j
2l,r = cp′, j′

2l,r , (3.32)

and the proof follows. ¤

We know (e.g. 14 (1983), 15 (1979)) that the block circulant property of the coefficient matrix C allows
its block diagonal factorization. To be specific, let Fn ∈ Cn,n denote the Fourier Matrix, that is

Fn =




1 1 1 · · · 1
1 ω ω2 · · · ωn−1

1 ω2 ω4 · · · ω2(n−1)

...
...

... · · · ...
1 ωn−1 ω2(n−1) · · · ω(n−1)(n−1)




, (3.33)

where ω = ei2π/n is as in (3.1). Let also Pn ∈ Rn,n denote the cyclic permutation matrix

Pn =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
... · · · ...

0 0 0 · · · 1
1 0 0 · · · 0




=
(

On−1,1 In−1
1 O1,n−1

)
, (3.34)

where Iq denotes the q× q identity matrix and Op,q the p× q null matrix. It is, also, well known that,
among other celebrated properties,

F−1
n =

1
n

F∗n , (3.35)
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where F∗n denotes the conjugate transpose, while

Pn
n = In and P`

n =
(

On−`,` In−`

I` O`,n−`

)
for ` = 1, . . . ,n−1 , (3.36)

and, furthermore,
Pn = FnΩnF−1

n , Ωn = diag(1,ω,ω2, · · · ,ωn−1) . (3.37)

If we now let ⊗ and ⊕ denote the Kronecker product and direct sum of matrices, respectively, then:

PROPOSITION 3.3 The block circulant matrix C, defined in (3.25) of Proposition 3.2, is expressed as

C = (Fn⊗ IN)

(
n⊕

`=1

(
n

∑
j=1

ω(`−1)( j−1)C j

))
(F−1

n ⊗ IN) . (3.38)

Proof. Observing that

C =
n

∑
j=1

(
P j−1

n ⊗ IN
)
(

n⊕

`=1

C j

)

=
n

∑
j=1

((
FnΩ j−1

n F−1
n

)⊗ IN
)
(

n⊕

`=1

C j

)

=
n

∑
j=1

(Fn⊗ IN)
(
Ω j−1

n ⊗ IN
)(

F−1
n ⊗ IN

)
(

n⊕

`=1

C j

)

= (Fn⊗ IN)

(
n

∑
j=1

(
Ω j−1

n ⊗ IN
)
(

n⊕

`=1

C j

))
(F−1

n ⊗ IN)

= (Fn⊗ IN)

(
n

∑
j=1

(
n⊕

`=1

ω(`−1)( j−1)C j

))
(F−1

n ⊗ IN)

the proof follows. ¤
At this point we would like to conclude this section with the following remarks:

REMARK 3.1 For the case of regular polygons with the same type boundary conditions on all sides, the
coefficient matrix C of (3.25) is independent of the angle β j = β the derivative of the solution is making
with the side S j. Namely, C is independent of the type (i.e. Dirichlet, Neumann or Mixed) of Boundary
Conditions.

REMARK 3.2 The coefficient matrix properties revealed in this section are independent of the choice of
basis functions and the number of polygon sides. However, certain choices of basis functions may enrich
the properties of the coefficient matrix. For example, for the natural choice of sine basis functions, i.e.

ϕr(s) = sin
[

r
(

π + s
2

)]
, (3.39)

studied in 13 (2007), and in addition to the property that the block diagonal submatrices of C are point
diagonal, that is (cf 13 (2007))

C1 = π diag(1,−1,−1,1, . . . ,(−1)N−1,(−1)N) , (3.40)
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it takes only a few algebraic manipulations to verify that (cf 16 (2007)), for regular polygons with the
same type of boundary conditions on all sides, there also holds

Cn− j+2 = DC jD , D = diag(1,−1, . . . ,1,−1) , j = 2, . . . , n̂ , (3.41)

where n̂ = n/2 if n = even while n̂ = (n + 1)/2 if n = odd. Similarly, if one considers the case of
a square domain, with the same type of boundary conditions on all sides, then, independently of the
choice of basis functions, one may easily verify (cf 17 (2007)) that

C2 = C4 = O and C3 = D̂C1 , D̂ = diag(d1, . . . ,dN) , dr = (−1)r−1e−rπ , r = 1, . . . ,N . (3.42)

4. Implementation & Numerical Verification

Having in mind that the cost for solving the linear system in (3.19), by the classical LU-factorization, is
O

(
n3N3

)
, in this section we are aiming at the efficient implementation of the results in Propositions 3.2

and 3.3 and its numerical verification. For this purpose, recall the relation (3.38) and observe that, upon
substitution in (3.19), the linear system at hand may be written as

Au = g , (4.1)

where

A = bdiag(A1, . . . ,An) =
n⊕

`=1

A` , A` =

(
n

∑
j=1

ω(`−1)( j−1)C j

)
, (4.2)

u =
(
F−1

n ⊗ IN
)

U , (4.3)

and
g =

(
F−1

n ⊗ IN
)

G , (4.4)

with C j, U & G and Fn to be as defined in (3.26), (3.20) and (3.33), respectively. The cost of the
solution, by the classical LU , of the equivalent block diagonal system in (4.1) has already been reduced
to O

(
nN3

)
, implying substantial savings especially for regular polygons with a large number of sides.

Of course, in addition to this cost, one has to consider also the cost to convert the system from its form
in (3.19) into the form of (4.1). And in order to enjoy the said cost savings, this conversion has to be
efficient. In this direction, aiming at the efficient deployment of the FFT, let us first observe that




A1
...

An


 = (Fn⊗ IN)




C1
...

Cn


 , (4.5)

and prove that:

LEMMA 4.1 Given the Fourier matrix in (3.33) there holds

E(Fn⊗ IN)ET =
N⊕

r=1

Fn , (4.6)
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where E ∈ RnN,nN denotes the permutation matrix

E =




E1
...

Er
...

EN




, Er = In⊗ eT
r ∈ Rn,nN , r = 1, . . . ,N , j = 1, . . . ,n , (4.7)

with er to denote the r− th unit vector of RN,1.

Proof. Simply observe that

E(Fn⊗ IN)ET =




In⊗ eT
1

...
In⊗ eT

N


(Fn⊗ IN)

(
In⊗ e1 · · · In⊗ eN

)

=




In⊗ eT
1

...
In⊗ eT

N




(
Fn⊗ e1 · · · Fn⊗ eN

)

=




Fn O · · · O
O Fn · · · O
...

...
. . .

...
O O · · · Fn


 .

¤
Evidently, therefore, we can write




A1
...

An


 = ET

(
N⊕

r=1

Fn

)
E




C1
...

Cn


 , (4.8)

g = ET

(
N⊕

r=1

F−1
n

)
E G , (4.9)

and

U = ET

(
N⊕

r=1

Fn

)
E u . (4.10)

Hence, the cost of computing the vectors g or U is equivalent to the cost of applying N independent
(parallel) IFFT/FFTs of order n, that is O(Nn logn). Similarly, the cost of computing the matrices
A` , ` = 1, . . . ,n is equivalent to the cost of performing N2 independent (parallel) FFTs of order n, that
is O(N2n logn). Thus, by following relations (4.8)-(4.10), the total cost of constructing and solving the
system in (4.1) is O(N3n+N2n logn).
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To demonstrate the efficiency of our implementation we consider the solution of the model Laplace’s
equation, with exact solution (cf. 12 (2004)-13 (2007))

q(x,y) = sinh(3x)sin(3y) , (4.11)

by the direct LU-factorization method and, two main representatives of the Krylov subspace iterative
methods, the BiCGSTAB and the GMRES(10) methods. The basis functions used are the sine functions
defined in (3.39), and the relative error E∞, used to demonstrate the convergence behavior of the methods
considered, is given by

E∞ =
|| f − fN ||∞
|| f ||∞ , (4.12)

where

|| f ||∞ = max
16 j6n

{
max

−π6s6π
| f ( j)(s)|

}
(4.13)

and

|| f − fN ||∞ = max
16 j6n

{
max

−π6s6π
| f ( j)(s)− f ( j)

N (s)|
}

, (4.14)

with f ( j)
N as in (2.14), and the max over s is taken over a dense discretization of the interval [−π,π].

For the direct solution of the linear systems we have used the standard LAPACK routines, while for
the computation of the right hand side vector we have used a routine (dqawo) from QUADPACK im-
plementing the modified Clenshaw-Curtis technique. We have considered the un-preconditioned forms
of the both BiCGSTAB and GMRES iterative methods. However, we point out that, as we are using
the sine basis functions, the diagonal blocks C1, defined in (3.26), are point diagonal matrices (cf 13
(2007)), hence the coefficient matrix C of (3.25) may be considered as block Jacobi preconditioned.
The maximum number of iterations, allowed for all iterative methods to perform, is set to 200 and the
zero iterate U (0) is set to be equal to the right hand side vector. The results we have included refer to
the representative cases of regular polygons with 8, 16, 24, 32, 40 and 48 vertices. All polygons are
constructed as in 12 (2004). All experiments were conducted on a multiuser SUN V240 system using
the Fortran-90 compiler.

Table 4.1 Regular 8-gon (n = 8)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 4.93E-04 0.023 4.93E-04 0.002 8.22E-06 25 8.22E-06 0.345
BiCGSTAB 4.93E-04 0.004 4.93E-04 0.006 8.22E-06 0.226 8.15E-06 0.233

GMRES 4.92E-04 0.005 4.93E-04 0.006 8.74E-06 0.227 8.09E-06 0.269

Table 4.2 Regular 16-gon (n = 16)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 2.71E-04 0.184 2.71E-04 0.004 4.46E-06 470 4.46E-06 0.742
BiCGSTAB 2.70E-04 0.013 2.71E-04 0.011 5.46E-06 0.744 3.91E-06 0.576

GMRES 2.70E-04 0.014 2.71E-04 0.014 5.82E-06 0.763 4.62E-06 0.837
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Table 4.3 Regular 24-gon (n = 24)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 1.40E-04 0.622 1.40E-04 0.006 2.23E-06 1540 2.23E-06 1.150
BiCGSTAB 1.41E-04 0.024 1.40E-04 0.018 5.72E-06 1.300 8.86E-06 0.970

GMRES 1.41E-04 0.032 1.40E-04 0.028 3.57E-06 1.510 2.23E-06 2.370

Table 4.4 Regular 32-gon (n = 32)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 8.68E-05 1.490 8.68E-05 0.010 1.34E-06 4390 1.34E-06 1.570
BiCGSTAB 8.67E-05 0.060 8.69E-05 0.020 1.30E-06 3.160 2.08E-06 1.290

GMRES 8.74E-05 0.110 8.67E-05 0.080 1.88E-06 6.880 1.50E-06 4.980

Table 4.5 Regular 40-gon (n = 40)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 6.05E-05 3.090 6.05E-05 0.010 8.73E-07 7560 8.73E-07 1.990
BiCGSTAB 6.02E-05 0.110 6.08E-05 0.030 8.62E-07 7.130 8.92E-07 1.860

GMRES 3.27E-04 0.310 6.08E-05 0.140 2.35E-03 12.50 1.97E-03 7.660

Table 4.6 Regular 48-gon (n = 48)

Method
N = 16 N = 128

Regular FFT Regular FFT
E∞ Time E∞ Time E∞ Time E∞ Time

LU 5.09E-05 9.180 5.09E-05 0.010 6.69E-07 13900 6.69E-07 2.610
BiCGSTAB 4.32E-05 0.190 5.09E-05 0.040 7.73E-07 12.80 7.34E-07 2.500

GMRES 1.06E-02 0.380 2.50E-03 0.220 1.27E-02 15.50 1.32E-02 10.70

Inspecting Tables 4.1-4.6 and Figs 1-3 it can be readily verified that:

• Applying the FFT formulation, all direct and iterative methods perform significantly faster, espe-
cially the direct solution method (LU-factorization, Fig 1).

• The unpreconditioned BiCGSTAB iterative method outperforms the upreconditioned GMRES(10),
while GMRES fails to converge within 200 iterations for polygons with medium to large number
of edges.

• Iterative methods compete with direct only for large nymber of basis functions (Fig 3)
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FIG. 1. Performance of the LU-factorization with (FFT) and without (regular) applying the FFT formulation (cases of N = 16 and
N = 128).
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and N = 128).



EFFICIENT NUMERICAL SOLUTION OF THE GENERALIZED DIRICHLET-NEUMANN MAP 17 of 18

5 10 15 20 25 30 35 40 45 50
10

−3

10
−2

10
−1

n (number of nolygon vertices)

T
im

e
(s

ec
)

N = 16

 

 

LU (FFT)
BiCGSTAB (FFT)

0 5 10 15 20 25 30 35 40 45 50

10
0

10
1

n (number of nolygon vertices)

T
im

e
(s

ec
)

N = 128

 

 

LU (FFT)
BiCGSTAB (FFT)

FIG. 3. Comparison of LU and BiCGSTAB methods, both using the FFT formulation, for the cases of N = 16 and N = 128.
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5. Conclusions and Remarks

We have studied the properties of coefficient matrix of the collocation linear system associated with the
Dirichlet-Neumann map for linear PDEs in regular polygon domains with the same type of boundary
conditions. It was shown (Section 3) that, independently of the choice of basis functions, the matrix is
block circulant and independent of the boundary conditions. These properties allowed the use of the
FFT (Section 4), for the efficient solution of the collocation linear system, with significant improvement
of the performance for both direct and iterative methods considered.

The set of matrix properties may be expanded if one considers certain choices of basis functions (see
Remark 3.2). Finally, we note that an investigation for the matrix properties for other cases of regular
and irregular polygons has already been undertaken.
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