Systems & Control Letters 146 (2020) 104809

journal homepage: www.elsevier.com/locate/sysconle

Contents lists available at ScienceDirect

Systems & Control Letters

Hybrid boundary stabilization of linear first-order hyperbolic PDEs N

Check for

despite almost quantized measurements and control input

Nikolaos Bekiaris-Liberis

Department of Electrical and Computer Engineering, Technical University of Crete, Chania, 73100, Greece

ARTICLE INFO ABSTRACT

Article history:

Received 22 June 2020

Received in revised form 9 September 2020
Accepted 12 October 2020

Available online 26 October 2020

Keywords:

Hybrid control
Quantization
Hyperbolic PDEs
Backstepping

Integral delay equations

We develop a hybrid boundary feedback law for a class of scalar, linear, first-order hyperbolic PDEs,
for which the state measurements or the control input are subject to quantization. The quantizers
considered are Lipschitz functions, which can approximate arbitrarily closely typical piecewise con-
stant, taking finitely many values, quantizers. The control design procedure relies on the combination
of two ingredients—A nominal backstepping controller, for stabilization of the PDE system in the
absence of quantization, and a switching strategy, which updates the parameters of the quantizer,
for compensation of the quantization effect. Global asymptotic stability of the closed-loop system
is established through utilization of Lyapunov-like arguments and derivation of solutions’ estimates,
providing explicit estimates for the supremum norm of the PDE state, capitalizing on the relation of
the resulting, nonlinear PDE system (in closed loop) to a certain, integral delay equation. A numerical
example is also provided to illustrate, in simulation, the effectiveness of the developed design.
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1. Introduction

Although for boundary controlled, linear, first-order hyper-
bolic PDE systems delay, see, for example, [1-5]; sampling, see,
for instance, [6-9]; and saturation, see, e.g., [10], effects are
addressed in existing control designs' and despite the results
[15,16], in which practical stabilization is achieved (as the con-
sidered quantizers are static and the control design approaches
do not, explicitly, aim at treating state measurements errors due
to quantization), the problem of compensation of quantization
in measurements and control input, achieving global asymptotic
stabilization, has not been, heretofore, investigated. Besides its
theoretical significance, the actual motivation behind studying
this problem is attributed to the aim of addressing yet another
important practical issue embedded in actual, feedback control
loops involving PDE systems. In this paper we launch an effort in
this direction considering a specific class of boundary controlled,
scalar, first-order hyperbolic PDEs. We aim at providing a first
step toward systematic treatment of quantization effects in other
(potentially, more general) classes of PDE systems, while keeping
the technical burden at a level that does not obscure the key
design and analysis ideas of the developed approach.

We construct a hybrid feedback law, which is based on com-
bination of two elements—A nominal backstepping control de-
sign [17], which achieves stabilization of the PDE system in the
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absence of quantization, and a switching update law for the tun-
able parameter of the quantizer [18], which achieves compensa-
tion of the quantization effect. The PDE state in the backstepping
controller is replaced by its quantized form, while the so-called
“zoom” variable of the dynamic quantizer is updated at discrete
time instants. In particular, the switching strategy consists of two
phases. During the “zooming out” stage, the adjustable parameter
of the quantizer is increasing, in a piecewise constant manner,
until a certain event is detected, using only quantized measure-
ments of the PDE state. From that time instant on is decreasing, in
a piecewise constant fashion, in which switches occur at a priori
specified, equidistant time instants,> which depend on the plant
parameters, through the backstepping kernels, as well as the fixed
parameters of the quantizer.

Global asymptotic stability of the closed-loop system, in the
supremum norm of the PDE state, is established, capitalizing on
the relation of first-order hyperbolic PDEs to integral delay equa-
tions [19]. Within the presented framework, in which we treat
quantizers in correspondence to the case of finite-dimensional
systems, the choice of the supremum norm is necessary. The rea-
son is that, in both the control design and stability analysis per-
formed, it is crucial to relate the magnitude of the PDE state to the
magnitude of its quantized version and vice versa. This is enabled
(without involving higher, spatial derivatives of the PDE state)

2 Event-based switching, on the basis of the available quantized measure-

ments, is also possible. Nevertheless, such an update law for the adjustable
parameter of the quantizer is not studied here.
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considering the supremum norm of the PDE state. The stability
analysis is performed dividing the time horizon into two different
intervals. Within the first, constructing a proper estimate on
open-loop solutions, it is shown that their exists a time instant
(the upper bound of which depends on the plant/quantizer pa-
rameters and size of initial conditions) at which the magnitude
of the quantizer’s adjustable parameter is sufficiently larger than
the size of the state, in the sense of its supremum norm (in
other words, the PDE state of the system can be adequately
measured as it is within the range of the quantizer). Within the
second, for each time period in which the zoom variable of the
quantizer remains constant, with the aid of a proper Lyapunov-
like functional that is constructed, it is shown that the solutions
of the closed-loop system are ultimately bounded, in the sense
of their supremum norm, with a bound that is proportional to
the magnitude of the adjustable parameter of the quantizer. As
the zoom variable, and thus, also the obtained ultimate bounds of
the solutions, decreases, global asymptotic stability can be estab-
lished. In particular, explicit stability estimates in the supremum
norm of the PDE state are derived, which exhibit an exponential
decay rate (for equidistant switching instants) of the norm of the
solutions, with an overshoot coefficient that depends on a certain
power (in turn, dependent on the plant/quantizer parameters) of
the norm of initial conditions.

The quantizers considered in the present paper differ from
respective quantizers considered in, e.g., [18,20], in that it is
assumed they are locally Lipschitz functions, rather than only
piecewise constant, taking values in a finite subset of the real
numbers. The reason for imposing such an assumption is to guar-
anteeing the well-posedness of the closed-loop system, which is
established employing the results in [19] (thus without needing
to study the issue of existence and uniqueness of solutions in full
generality, which would be out of the scope of this paper that
focuses on the control design and stability analysis). Although
this technical condition may appear as a restrictive requirement,
in practice, it is not. This is illustrated presenting an example
of an approximate quantizer, which may be viewed as a typical
quantizer with rectilinear quantization regions, considered in,
e.g., [18,20], with an e-layer added around the points of discon-
tinuity, which could be taken as arbitrarily small. In fact, the
derived stability estimates would be independent of the size of
such a layer, which suggests that they may remain valid even in
the absence of the layer (this is demonstrated in the simulation
example, in which the quantizer is chosen only as piecewise
constant, taking finitely many values).

Although the central design and analysis ideas are similar to
the case of state quantization, we also develop a respective hybrid
feedback law for the case in which state measurements are avail-
able, yet, the control input signal is subject to quantization. In
such a case, the hybrid feedback law is expressed as the quantized
form of the nominal backstepping controller, while the adjustable
parameter of the quantizer is chosen in a way analogous to the
case of state measurements quantization. Closed-loop stability
can be established in a quite similar manner to the case of state
quantization.

In Section 2 we present the class of systems under inves-
tigation and the developed hybrid feedback law. Section 3 in-
corporates the main result of the paper, namely, establishment
of closed-loop stability, under the proposed control law, despite
quantized measurements. Section 4 presents the extension of our
developments to the case of input quantization. Section 5 pro-
vides a numerical example and in Section 6 we discuss potential,
future research extensions.
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Notation. We denote by L*°(A; £2) the space of measurable and
bounded functions defined on A and taking values in £2. For
a given D > 0 and a function u € L* ([0, D]; R) we define
lulloo = SUPyeo,py IU(X)]. For n, € L ([—D, 0]; R"), the notation
ne refers to ni(s) = n(t + s), for s € [—D, 0]. We define ||n.|| =
SUP_ps<o [n(t + s)|. For a given h € R we define its integer part
as |h) =max{k € Z : k < h}.

2. Problem formulation and control design
2.1. Linear first-order hyperbolic PDEs in strict-feedback form

We consider the following system

X

ug(x, t) = ux(x, t) + g(x)u(0, t)+/ g(x, y)u(y, t)dy (1)
0
u(D, t) = U(t), (2)

where x € [0, D], with D > 0, is spatial variable, t > 0 is time
variable, u is scalar state, and U is control input, with g and g
continuous functions. System (1), (2) can be transformed to

Wik, £) = wr(x, t) 3)
D
w(D, t) = U(t) — / k(D, x) (w(x, t)
0
+ f I y)uly, r)dy) dx, (4)
0

employing the backstepping transformation and its inverse, pro-
vided in [17] as

Wit £) = u(x. £) — / " kx u(y, Ody (5)
0

u(x, £) = wix, t) + / I0x, y)(y, t)dy. 6)
0

satisfying

Mallulleo < 1wl < Moo, ™)

where My, M, are defined through the continuously differentiable

kernels k and [ as

M; = 14+ D max max |k(x, y)| (8)
0<x<D 0<y<x

1

M, = )
14+ D maxg<x<p MaXo<y<x |I(X, ¥)|

(9)

Although the procedure involving (3)-(9) is known, we display
these equations as the hybrid control design relies on the back-
stepping transformation and depends explicitly on parameters
(8, (9).

There is no conceptual obstacle to extending the presented
results to the case of a more general class of scalar, linear, first-
order hyperbolic PDE systems than (1), (2), as long as there
exists an invertible, integral transformation that maps the original
system to the transport PDE system (3) with boundary condition
of the form (4). Such an example could be the class of systems
considered in [21], which incorporates non-strict-feedback (and
reaction) terms on the right-hand side of (1), (2), employing
Fredholm-type integral transformations. However, we sacrifice
generality, in order to not distract a reader, involving additional
technical details primarily related to existing results, from the
main purpose of the paper, which is presentation of the hybrid
control design methodology.
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2

q(u)

Fig. 1. The approximate quantizer with e-layer defined in (11) (where ¢ = 0.1).

2.2. Approximate quantizer with an adjustable parameter

The state u is available only in quantized form, in which the
quantizer q,, is defined as (see, e.g., [18])

g (W) = pq (5) , (10)
n

where ;4 > 0 can be manipulated and q is a locally Lipschitz
function that satisfies the following properties

P1: If u| < M, then |q(u) — u| < A.
P2: If [u| > M, then |q(u)] > M — A.
P3: If |u| < M, then q(u) =0,

for some positive constants M, M, and A, with M > A. In partic-
ular, the fixed parameters M and A are referred to as the range
and quantization error of the quantizer, respectively, whereas the
adjustable parameter wu is referred to as the “zoom” variable.

An example of a quantizer that may arbitrarily closely approx-
imate a typical quantizer with rectilinear quantization regions
(see, e.g., [20]) is given below and shown in Fig. 1

2, u=>3
-2, u<-3
”%f+l<—l, k<u<k+e
q(u) = k, k+e<u<k+1 , (11)

-k, —(k+1)<u<-k—c¢
“%f"—k—|—l, —k—e<u<-—k
0, —-1<u<1

where k = 1, 2. Quantizer (11) satisfies properties P1-P3 (with
M = 3, M = 1,and A = 1.05), while being Lipschitz. Given
the parameters M and A of the quantizer, the derived stability
estimates, presented in the next two sections, for the closed-loop
system, do not depend explicitly on the value of ¢ > 0, and thus,
they hold for an arbitrarily small ¢ > 0. For this reason, one
could even argue that the stability analysis would remain valid
for ¢ = 0. This is demonstrated in Section 5, in which we pro-
vide a specific example of a quantizer, which satisfies properties
P1-P3, yet, it is only piecewise constant, taking finitely many
values. For further examples and details regarding quantizers the
reader is referred to, e.g., [18,20].

2.3. Boundary hybrid feedback law using quantized measurements

The hybrid feedback law is based on the quantized version
of the backstepping controller and a suitably chosen piecewise
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constant signal w. It is defined as

0<t=<ty

0,
U(”:{M(t)jODk(D,x)q(”fjg;g))dx, t>t (12)

where for some fixed, yet arbitrary, t, uo > 0

Y

max{l,Dl\?Il}eZM'j’ﬂo,
WO = (),
Qu(t;+3d-1T),

(-1 <t<jt, 1§j5L J+1
tr<t<ti4T
BA(—NT <t<ti+il, i=2,...

(13)

with t] being the first time instant at which the following holds

M M
g, (u(x.£7))] < <mM—j - A> w(ty), forallx € [0, D],

(14)

where 0 < v < 1 and A > 0 are fixed, yet arbitrary, parameters,
and

_ M;
M; = — 15
"= b, (15)
Ms = D sup [k(D,y)| (16)
0<y<D
14+ A1 AM
MoM
I—_p In 2 (18)
T Tuln(14+A)

Event (14) can be detected using measurements of g, (u(x)) and
w only.? Furthermore, a, potentially, more practical way to de-
tect this event would be to alternatively check whether relation

lau ()], =< (#% — A) w (t7) holds, which guaran-
tees that (14) also holds.

The switching strategy (13) involves, via £2 and T, the fixed
parameters of the quantizer and the plant parameters (through
the backstepping kernels). The parameters v and A could be
tuned. From the explicit stability estimate for the closed-loop
system presented immediately next, it is evident that increasing v
and A guarantees faster decay rate, nevertheless, at the expense of
increase in the initial overshoot. Furthermore, relations (17), (18)
also imply that increasing v and X results in faster switching (due
to decrease of T). The choice of the parameter 7 is guided only by
the desirable switching frequency during the initial time interval,
in which the system operates in open loop. Parameter 1o could be
chosen in order to scale the overshoot coefficient involved in the
response of the system as the increase in the value of uq results,
in general, in a decrease in the value of t].

3. Stability analysis of the hybrid backstepping controller un-
der state quantization

Theorem 1. Consider the closed-loop system consisting of the plant
(1), (2) and the hybrid feedback law (12), (13) with parameters

(15)-(18). If A and M satisfy & < m then for all

u(-,0) € L™ ([0, D]; R) there exists a unique solution u(-,t) €
L ([0, D]; R), which satisfies

vin(1+4)

2r o _vin(4),
e D y

u(®)lloo = ¥ 1u(0)llo t=0, (19)

3 The requirement of (14) to hold for all x should be understood as a
requirement for all x for which the solution exists.
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where
max {1, DM MoM
y = { g max § —=—e217 ;0 M, § max
M, Q
M
X 1M , 1
oMy (it bz — 24)
vin(1+1)
y T
x ! . (20)

M
HoM; ((HMV M~ ZA)

For given data of the plant, ie. for given parameters My,
M,, and M3 (which depend on the plant parameters through
the kernels of the backstepping transformation and its inverse,
according to definitions (8), (9), and (16), respectively), in order
for the condition of Theorem 1 to be satisfied the parameters
of the quantizer A and M should be such that A is suff1c1ently
smaller than M. We note that this condition also implies 3; M3 <

)Hl,, as M3 < M, which guarantees that £2 < 1. In partlcular

(142

as long as the parameters of the plant and quantizer satisfy the

condition % < , for some ¢ > 0, there always exist
P (1+c)

0 < v < 1and A > 0 such that the condition of Theorem 1
holds. The conservatism of this condition may be interpreted
qualitatively from the viewpoint of the degree of restriction of the
allowable range of the quantizer parameters, for given data of the
plant. For instance, an increase in the magnitude of g (potentially
considering a more unstable plant), results in a decrease on the
allowable range of ﬁ as My increases and M, decreases.

The specific power involved in the supremum norm of the
initial state in estimate (19) arises from derivation of an upper
bound on open-loop solutions of exponential type together with
the derivation of an upper bound for time instant t;, which
depends on a logarithmic function of the magnitude of the initial
state. The particular decay rate obtained for the supremum norm
of the solutions arises from the equidistant switching instants
(within time interval t > t{) and the fact that u is decreasing
by a factor of §2 at each switching instant.

To avoid incorporating, unnecessarily, additional notational
burden in the statement of Theorem 1, it is tacitly assumed that
tf > 0, which represents the most difficult and generic case.
In the occasion where t7 = 0, estimate (19) could be replaced
by the simplest expression ||u(t)||s < max {WW

_vin(42),
- Db

lu(0)||so g © , which further implies from (17) and the

condition on & within the statement of Theorem 1 that [|u(t)]|eo

M _
1,DM; M 2MiT  vin(142)
- oman{1Dit e _vintes,

tion (21).

The proof of Theorem 1 is based on the following two lemmas
and capitalizes on the relation of the first-order hyperbolic PDE
(3), (4), under (12), to a specific integral delay equation [19]
(see also, e.g., [22-24]). The first lemma deals with the so-called
“zooming out” phase [18], in which it is established that the
state is within the range of the quantizer at time t;, whereas the
second lemma deals with the “zooming-in” phase, establishing,
for fixed u, a certain ultimate boundedness property, which in
turn is employed for piecewise constant y, in each time interval
of the form (t1 +(— 1T, +1T] i = 1,2,..., for showing
asymptotic stability of the closecl loop system.

, as the initial state satisfies rela-

Lemma 1. Under the constraint for A and M stated in Theorem 1,

. . . ¢ sotisfing £* < L1 L U)o
there exists a time instant t], satisfying t{ < I —

2 (et 2 —24)
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such that (14) holds, and hence, the following also holds

M M,
lu(x )] < ESIT u(tl) for all x € [0, D]. (21)

Proof. Using the equivalent representation of the transformed
system (3), (4) through an integral delay equation and setting
w(x, t) = n(t +x — D), we obtain with (12) the following integral
delay equation for 0 < t <t}

0 0

n(t) = — / (k(D, s+ D)+ / k(D,r +D)l(r +D,s + D)dr)
-D s

xn(t + s)ds. (22)

Using the left-hand side of (7) together with (15) we get from
(22) that

() < i, / In(s) ds. (23)
t—D

Hence, we obtain the following two relations

0 t
In(t)l < My </ |77(5)|d5+/ [n(s)l dS) , 0<t=<D, (24)
) 0

and

D t
In(6)| < M, (/ S)|d5+f In(S)IdS> . t>D. (25)
0 D

Relation (24) implies (see, e.g., [25]) that
n(©)] < D My|inoll, 0 <t <D, (26)
and hence, we obtain using (25)

(0Ol = DMty (1P = 1) fpolle™ -, ¢ > . @7)

Therefore, using the fact that sup_p_;o [n(t 4 s)| < max {[noll,
SUpg_s<; n(s)l}, for 0 < t < D, we get from (26) that

el < max {1, DM;} [Imolle*, 0 <t <D. (28)

Similarly, using the fact that sup_p_,oln(t+s)] < max
{supoissD [n(s)|, supps<¢ |77(s)|}, for t > D, we obtain from (26),
(27)

el < DMylinolle™, ¢ > D. (29)

Hence, combining (28), (29) we get

Inell < max {1, DM, } molle™®, 0 <t <tf, (30)
which also implies that
lw(t)lleo < max {1, DM} " w(0)loe, O <t <t} (31)

In the above analysis we tacitly assume that t; > D. However,
estimate (31) still holds in the case where t; < D as one could
directly derive it considering only the case 0 < t < tf <
D. Choosing the switching signal p according to (13) one can

conclude that there exists a time tf, which is at most equal to
(0}
1

L Ho
In 0 ) such that

My 1\/12((1H)v,\,,—1 24
M M, 2A> (32)

lw (£7) lloo (
M
we) = e\aEy

and hence, in view of property P1 of the quantizer and the fact
that for all 0 < x < D it holds that ‘"(“*)‘ < ””([12”‘” <
n(t7) ()

—2A, where M, < My, we obtain, using

i“w(t])”oo 1 My
W un = arr M
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triangular inequality, that the following holds

(%)

Equivalently, at time ¢} relation (14) holds. We then show that
detecting the event (14) in combination with the properties of
the quantizer implies that at t} relation (21) also holds. Given that
(33) holds, we first check whether there could be some x € [0, D],

say xj, such that relation D] pp holds. If that was the

()
case, then from property P2 of the quantizer one gets that relation

q u(XT’fT) > M — A would hold. However, since M, < M;, one
u(tf)

can conclude that relation |q u.t) >
n(tF) M] (1+x)U

3), and hence, for all x € [0, D]

M M,
T (1+A) My

— A, forall x € [0, D]. (33)

— A would

also hold, which contradicts (3

it holds that w < M. We next check whether relation
%(14%»)” < lu:([*)” < M could hold. In that case, property P1

of the quantizer would imply that the following would hold

. (u(x’;, tT)) _u.g)
w(ty) w(t)
and hence, using the fact that

()

we arrive at

< A, (34)
u(x;.17)

il — ()| =

, which follows from triangular inequality,

u (x*, t* u(x*, t*
(1*1) —q (1*1) SA (35)
K (tl) H (tl)
Relation (35) in combination with 12 20 J’f'x) < |ul(tx§t’;f§)| would
imply that
My, M u (X7, 7
Mo Mg (tbti))] (36)
M; (14 1) w(t7)

which contradicts (33), establishing the validity of (21). O

Lemma 2. Under the constraint for A and M stated in Theorem 1,
the solutions of the transformed closed-loop system (3), (4), (12), for
fixed > 0, which satisfy

w(x, tf) <

L
CET

~ yvin(i42)
sup (x—D)—p5—
0<x<D

MM, (37)

they also satisfy for tf <t <ty +T

sup ("‘D)Vm%ww(x, t)‘ < max{ sup D) (x. )],
0<x=<D 0<x<D

LAYy (38)

TESY 2Mp g
Moreover, the following holds
(- D)vln(1+)\) N ‘ 1

sup |e Xt +T) < —L2M,Mpu. (39)
0<x<D ( ! ) (T+a) 2

Proof. Under the feedback law (12) for t > tf (where u is
expressed in terms of w via (6)) and since u is fixed within the
interval tj < t < tj + T we get the following integral delay
equation equivalent to (3), (4)

n(t) =f (e, 1), (40)

Systems & Control Letters 146 (2020) 104809

where

0
F o) = u/ k(D.s+D) (q <1G(t,s)) - lc(r,s>> ds (41)
-D 123 M

N
Glt.) = e +5)+ [ 15 Dor -+ Dnte + 1 (42)
-D
Defining V1 (n) = sup_p—s<o esvmgw [n(s)| we get for sufficiently
small h > 0
Svin(144)
Vi(een) = sup € D [n(t + s+ h)|
—D<s<0
vl (1+A)
< max{ sup €° In(t +s+h)|,
—D<s<-—h
sup €° ) In(t +s+ h)l}
—h<s<0
< max e h sup e [n(t +s)|,
h—D<s<0
sup |n(t +S)|} , (43)
0<s<h

and hence, with definition for V; we arrive at

_hY n(1+)»)

Vi(ne), sup |n(f+5)|}- (44)

0<s<h

Vi (Me4n) < max {e

As long as (1+A 5 2MoMu < ||n|| < MaMpu, using the property P1
in Section 2.2 of the quantizer and the left-hand side of bound (7)
we arrive using (41) at

If 7, W) < uMzA

(1+A)’M3A
< —"1nl, 45
TV [l (45)
and thus, employing definition (17) we get that
1
< — 46
If (. )l = 1Jrkllnll (46)

Therefore, along the solutions of (40), using (46) we obtain

1
t < ——m
n(t +a) < ax{ sup

[n(t +s)|, sup n(t +S)|} ,
—D+q=<s=<0

0<s=<q

(47)
for 0 < q < h, and hence, since V; () > e "M+ sup_,_ o
In(s)|, we get that

1
sup [n(t +q)| < T3 max {e”l"““ Vi(ne), sup [n(t +S)|}

0<qg<h 0<s<h
(48)
Thus,
1
sup [n(t +5)| < ——e" "IV (). (49)
0<s<h A

Combining (44), (49) we get that for all h such that 0 < h <
min {D (% — 1), T} the following holds

_ Ull\(]+)\.)
Vi (epn) < €70 Vi () - (50)
By induction? we obtain for t¥ <t < tf +T

vin(141) *
Vi) = e DY (), (51)

4 In more detail, we express time as t = t; +ih+q, where 0 <i < | ] is

integer and q is a real number such that 0 < g < h (see, e.g., [19] for detailed
computations).
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and hence, from the definition of V; we get that

v1n(£1)+x) (-t vin(14+2)

) sup & b |n (tf +s)|, (52)
—D<s<0

which implies from (37) that ||| < MoMu, tj <t < tf +T.

Furthermore, using (51), from the definition of V; and (18) we

get that

||Tlr|| < e\)lll(l+)x)e—

Gvin(1+24)
sup e~ D
—D<s<0

n(1+1)

|n(t1+T~|—s)|<Q sup e D

|77 (t1 -I—s)

(53)

and hence, employing (37) we obtain (39), which also implies the
following ultimate bound

||’7t;‘+T | < 2M;Mpu. (54)

The analysis, in fact, provides an upper bound on the time for
which relation (39) is satisfied, while it remains valid (and thus,
S0 it remains estimate (51)) as long as the solutions satisfy

1+A)“ 2M>;Mu < ||In:]l (and thus, based on the preceding analysis,

they also satisfy ||77t|| < MyMpu). In the case where the solutions
satisfy [, [l < 1+A)" QM,Mu = (1 + A)AMsu for some t;

such that tf < t; < tf + T, then they also satisfy |n:]| <
HW.QMZMM, for t; < t < tf 4+ T, fact which, in combination

with (51) and the fact that V; () < |||, establish bound (38).
This is shown exploiting the form of the integral delay equation
(40) noting from the first equation in (45) that the implication
Inll = (14 A)AMsu = |f (n, w)| = uMsA holds. O

The Lyapunov-like functional employed within the proof of

Lemma 2 for establishing an ultimate boundedness property of
ul
the target system, is defined as V; () = sup_p,<o €’ Rt [n(s)l,

motivated by Theorem 2.6 in [19] (for the case of no input),
utilizing the particular integral delay equation representation
(40)-(42). However, as in Lemma 2 the goal is to establish an
ultimate boundedness property for the target system, rather
than asymptotic stability, one cannot directly apply Theorem 2.6
in [19]. Instead, we properly adapt its proof strategy for establish-
ing an ultimate boundedness property, in principle, also inspired
by a respective analysis for finite-dimensional systems. Further-
more, as we are not aware of an off-the-shelf, Lyapunov-like
theorem that we could employ for directly establishing the re-
quired ultimate boundedness property for system (40)-(42) and
since it is crucial to provide a constructive way for deriving an es-
timate of time T (i.e., an upper bound of the time interval needed
for the solutions to enter a desired region), we explicitly derive
stability estimates through evaluation of V; along the solutions of
(40)-(42), providing several steps (even though some of which
may be similar to the ones from the proof of Theorem 2.6 in [19]),
which are detailed within Eqs. (43)-(51).

Proof of Theorem 1. Employing Lemma 1 one can conclude from
(7) that bound (37) holds with u = u (ti‘) Applying Lemma 2,
where u is updated according to (13) (and thus, it is fixed on
any interval of the form (t;k +(—1T,t5+ iT], i=1,2,...),one
can conclude that at time instant t; 4 T relation (39) holds with
nw=pun (t;‘) One could then apply again Lemma 2 for tf + T <
t < t; + 2T since from (13) it follows that u(t) = £2u (t;),
tf+T < t < t7 +2T. In fact, the above procedure shows that the
following holds

vin(141) 1 :
sup |e® Dy, (x. 7 +1T)‘ < 7M2MQ’M (t7).
0<x<D (l )
i=1,2,.... (55)
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From estimate (38) in Lemma 2 it then follows for ¢ +(i— 1)T <
t<tf+il,i=1,2,...,that

sup e(x_D)uln(;M)w(X’ t)’ - max{ sup e(x_D)uln(;M)
0=<x<D 0<x<D
. QMzMM(f)}
x w(x, tf +{—1DT)|, ————1¢. 56
(6 +0 =10 =5 (56)
Using (55) and (13) (which implies that u(t) = ' (t}),
tf 4+ (i— 1T <t <t} +iT) we arrive at
(- D)vln 14+4) ’ 1 i1 "
sup |e wx, t)] < ——MML"™ " (t7),
0<x<D (T+Ay 2 ( 1)
40— DT <t <t] +iT, (57)
fori=1,2,..., where we used the fact that £2 < 1. Therefore,

MM
lw(t )”OOSTQ (T), t>tT, (58)

which in turn implies that

MM w\ N2 gk %
lw(t)leo < TM (t1)e T (t tl), t > t}. (59)

Furthermore, using (13) we have that  (t;) < max {1, DM}
e?Mite2Miti ;1o and hence,

— MoM - V;— 102\ o
(Ol = pomax (1, Dit | V21 e (2= i

t > t]. (60)
Estimate (31) and relation (7) imply that

lw(t)lloo < max {1, DMy} Mie™ [u(0)lls, O <t <tf.  (61)
Combining estimates (60), (61), we arrive with the help of (7) at

InQ2 « In2
[u(Ollos < max {5, [u(0)]o | Moe™tie"Frie" e, ¢ >0,

(62)
where M, %’f’w‘}max{'\h”’ ety M1} Since from
T M8 u(0)lloo nQ .
Lemma 1 tf < I\-/I—ln""nfli,‘,,2 and as _HT > 0 (since
1 Myt 2 -24)
0 < £ < 1) we get using the properties of the logarithmic
_ My
function and defining M3 = ——*%—— that
2(<1+A)” My A)
e < Ms]|u(0) o (63)
i _h@ 1
he ln((Mgnu(O)uoo) ! Ml)
e T <e
_mo 1 _ng 1
T Mq M
< M, Hu@llee - (64)
Therefore, using (63), (64) we obtain
max {15, u(0)lloo} < max (s, 1} Ju(@)l (65)
v Ing e I
eMfie T <My " uO)e M (66)

Since from (18) it follows that “‘TQ = —w, from (62) we
arrive, combining (65), (66) with the definitions of My, M3, at (19).

Existence and uniqueness of solutions are shown capitalizing
on the relation of first-order hyperbolic PDEs to integral delay
equations [19,23]. Thus, utilizing the invertibility of the backstep-
ping transformation and the regularity properties of the kernels,
it suffices to show existence and uniqueness in variable 7. In
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particular, for 0 < t < tf Eq. (22) satisfies all assumptions of
Theorem 2.1 in [19], and hence, employing estimate (30) there
exists a unique solution n € L* ([-D, t;];R). For t > t7, in
each of the intervals (t;‘ +(i—1T,tf + iT], i=1,2,..., where
[ is constant, the transformed closed-loop system is equivalent
0 (40)-(42). Therefore, as the initial condition 7;: = (tf +5),
—D < s < 0, satisfies F]tf € L*° ([-D, 0]; R), one can employ
Theorem 2.1 in [19] in each of the intervals (t;‘ + (1T, t] + iT],

i=1,2,... (since for fixed and bounded ;& > 0, the mapping f
has the particular form (41) with q being locally Lipschitz and
satisfying q(0) = 0), which, in combination with the stabil-
ity estimate (19), guarantee existence and uniqueness of n €
L ((t7, 400) ; R). In fact, those properties of q and the forms
(22), (41) of f guarantee that » is continuous on each interval of
the form (t; + (i — 1)T, t} +iT),i=1,2,...,aswell ason (0, t})
(and left continuous at t; + (i— 1)T,i=1,2,...). O

4. Extension to input quantization

In the case where the control input is subject to quantization,
while measurements of the PDE state are available, the hybrid
feedback law is modified to

0, o<t<ts

Vo= (u(t) Jo kD xyu(x. f)d") o>t ©
where the tuning strategy for u is given as

max{],DMl}ezmle;rg, (-1 <t<jt, lgjﬁl_ij-&-l
WO = (5, t<t<t+T

uti+3G-1T), GHI—DT <t <E+il, i=2,...

(68)
and t} is the first time instant at which the following holds
M M

u(x, tF t¥), forall x € [0, D]. 69

Event (69) can be detected using the available measurements of
the PDE state. Alternatively, one could verify whether relation

||”(E*)Hoc
G = i (69) holds.

The form of the tuning strategy for u is identical to the case of
measurements quantization. The difference lies in the fact that
the switching instant ¢} is now characterized by the detection of
event (69).

Theorem 2. Consider the closed-loop system consisting of the
plant (1), (2) and the hybrid feedback law (67), (68) with param-

eters (15)-(18). If A and M satisfy ﬁ < ﬁ then for all

u(-,0) € L* ([0, D]; R) there exists a unique solution u(-,t) €
L* ([0, D]; R), which satisfies

24 vIn(1+3)

_ _vin(1+A)
(Ol < 7uO)ec ™ e 2 . >0, (70)
_ 1,DM M2(1+1)'M
where y = %’zﬁmax[g?x 2Ty, M1]max{1,i0+TN)’23,
1 vin(141) 2

1} (M%(1+A)”M3) +om,

1oMM3

For specified data of the plant, i.e., for specified parameters
M, M5, and M3, the condition of Theorem 1 is more restrictive, as
compared with the respective condition in Theorem 2, in terms of
the allowable range of the quantizer parameters (expressed as the
allowable range of quantity ﬁ), since M3 < M; and (14 A)"*! <
(14 2A)"max{1+ A,2} (for0 < v < 1and A > 0). In both cases,
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the degrees of freedom for satisfying the respective conditions are
identical and, specifically, dependent on the choice of parameters
A and v.

The proof of Theorem 2 is based on the following two lem-
mas, whose proofs employ similar arguments to the case of
measurements quantization.

Lemma 3. There exists a time instant t}, satisfying t; < Mi In
ML u(0)ll oo . 1
OiMz, such that relation (69) holds.

(1%)“ MT%/@

Proof. Employing the backstepping transformation (5) and its
inverse (6) together with the feedback law (67), for 0 < t < t} the
transformed closed-loop system is identical to the transformed
closed-loop system to the case of state quantization, defined in
(3), (4), with U = 0, and hence, proceeding exactly as in the proof
of Lemma 1 we obtain

lw(t)lloo < max {1, DM} e [lw(0)l|oe, O <t <. (71)

Choosing the switching signal p according to (68) one can con-
clude that there exists a time instant t] such that

o @)l M M3

L , (72)
w(t7) (14 1) M1M;
an(d r;ence s}pc)e from (7) f(or) all 0 < x < D it holds that
[u(x,t7)] Nu(t) lloo 1 w(E)leo . .
< H(lﬁ) < u(]fi‘) , we obtain that relation (69)
holds. O

Lemma 4. Under the constraint for A and M stated in Theorem 2,
the solutions of the transformed closed-loop system (3), (4), (67), for
fixed ;v > 0, which satisfy

vln(1+/)
e D5y

sup MM, (73)

<
0<x<D (14 A)"M;
they also satisfy for tf <t < tf +T

vln(H»A) v ln(H»A)

elx=D)—p— elx=D)—p—

sup
0<x<D

QMzM,LL }
(14 21)'Ms

Moreover, the following holds

w(Xx, t)‘ < max{ sup

0<x<D

sup
0<x<D

vin(142) - 1
e(X—D) l;+ w (X, tT + T)‘ < QMZMMW. (75)

Proof. Under the feedback law (67) for t} < t < t; +T and fixed
1 we get the following integral delay equation

() =F (e, ), (76)
where
_ ° kD, s+ D)G(t,s)d
FOnw = u<q<f_D 0.+ DAL 5)
"
1 0
— / k(D,s—i-D)G(t,s)ds), (77)
“J-p

and G is defined in (42), which is equivalent to the transformed
system (3), (4), under the control law (67) (where u is expressed
in terms of w through (6)). As long as ﬁ%z\/m < Inl <

%M/L, using the property P1 in Section 2.2 of the quantizer and
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30

u(z,t)

Fig. 2. Left: The norm |u(t)||» (solid line) of the closed-loop system (1), (2), with parameters D = 1, g = 0, and g(x) = g = 1.25, for all x € [0, 1], under the
feedback law (12), (13), (15)-(18), (81), with parameters M =2, A = % % =y = 2 M; = 1+ gef, M, = 1=, and 1o = 1. The switching signal 1(t) 5

My
1+g Mi(1+0”

(dashed line) is also shown, with £2 = 0.65 and T = 1.01. Right: The corresponding state of the closed-loop system. The control effort is shown for x = 1.

the left-hand side of bound (7) we arrive with (77) at
If (. w| < na
_ 1+ A)'Ms4
- 22M,M

Proceeding as in the case of the corresponding part of the proof
of Lemma 2 we arrive at (51), and hence, with the definition of

V1 we obtain from (73) that |5 || < %Mﬂ, <t <tr+T.

Il (78)

Moreover, using (51), from the definition of V; and (18) we get
that

_ vin(1+2)
[n(Ff+T+s)| <2 sup ¢ 5

—D<s<0

g¥ In(1+2)
sup € D
—D=<s<0

)

n (& +5)
(79)

and hence, employing (73) we obtain (75), which also implies the
following ultimate bound

el < 2X2y 80
||’7r;‘+T|| = E . (80)
The rest of the proof employs identical arguments to the proof of
Lemma 2. O

Proof of Theorem 2. The proof of Theorem 2 follows the same
lines as the corresponding part of the proof of Theorem 1, em-
ploying Lemmas 3 and 4. O

5. Simulation results

We consider system (1), (2)withD=1,f =0,and g(x) =g =
1.25, for all x € [0, 1]. Computing the eigenvalues of the generator
associated with the open-loop system, it is shown that there is a
real, positive eigenvalue o ~ 0.46, satisfying e” (c —g) +g =0.
The quantizer is defined component-wise for each x € [0, 1]
as

M, WM
u(x
q <Q> = -M, % <-M | (81)
w u(x) 1 u(x)
A%+, MW <M

with M =2 and A = 4M0. The switching signal u is updated ac-
cording to (13)withA =v = %.The initial condition is chosen, for
simplicity, as constant, namely, u(x, 0) = 10, for all x € [0, 1]. At
time ¢ = 0.14 “capture” is guaranteed, i.e., event |q, (u (x, t7))]

M.
< (i
verifying that relation ||q, (u(t5))|, < ((IJ’X’MV %—? - A) w(t7)
holds.

We show in Fig. 2 the supremum norm of the state of the
closed-loop system together with the switching signal wu(t)
%, as well as the response of the state, where, in particular,
at x = 1 we show the control input signal. The response of
the closed-loop system is computed numerically employing a
Lax-Friedrichs scheme (see, e.g., [26]) with time- and spatial-
discretization steps equal to 0.005 and 0.02, respectively. The
integral incorporated in the backstepping controller (12) is com-
puted numerically using a left endpoint rule, while the back-
stepping kernels are given explicitly as k(x,y) = —ges®) and
I(x,y) = —g.

In order to further illustrate the significance of the proposed
control design methodology, we show in Figs. 3 and 4 the re-
sponses of the closed-loop systems in the case in which the
nominal backstepping controller is employed, i.e., when the effect
of state measurements quantization is left uncompensated. For a
fixed, small value of x, namely u = 0.5, the state of the closed-
loop system, under the nominal control law, grows unbounded,
as shown in Fig. 3, since the initial condition is outside the range
of the quantizer, which is equal to M u. For a fixed, large value of
i, namely u = 100, the state of the closed-loop system, under
the nominal control law, remains bounded, which may be also
attributed to the input-to-state stability (with respect to a bound-
ary disturbance) property of the nominal backstepping controller
(see, e.g., Section 4 in [19]). Nevertheless, asymptotic stabilization
is not possible, as shown in Fig. 4, since the quantization error
is large, in particular, equal to Apu. In fact, it appears as though
the system goes into a limit cycle, since, due to quantization
effect, the control input vanishes when the state lies within a
certain region around zero, which results in the state to grow
(as the open-loop system is unstable), until the quantizer may
switch to a non-zero value. Such a closed-loop system behavior
is consistent both with results reported in the finite-dimensional
case, see, e.g., [18,27], as well as with the results for hyperbolic
systems in [15,16] (which do not explicitly aim at compensa-
tion of the quantization effect in order to achieving asymptotic
stabilization).

Last but not least, in Fig. 5 we also show the corresponding
closed-loop response in the case of input quantization, i.e., under
the feedback law (67)-(69), where the quantizer q in this case is

— A) " (t;"), for all x € [0, 1], is detected, through
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30 T T

Fig. 3. Left: The norm ||u(t)||» of the closed-loop system (1), (2), with parameters D = 1, g = 0, and g(x)
=pn fo k(D,x)q (”“)) dx, for fixed yu = 0.5 and q defined in (81), with parameters M =2, A= ¥

law U(t

()]l

Fig. 4. Left: The norm ||u(t)||» of the closed-loop system (1), (2), with parameters D = 1, g = 0, and g(x)
law U(6) = ju [y k(D,)q (*%2) d, for fixed = 100 and q defined in (81), with parameters M =2, A = %

defined as
_ M,
(O
slfiei]. w:
and, in particular, it has only one component (since it takes as

[0 (D, x)u(x)dx

w )

M
M, (82)
M

= A x|

argument the value of the scalar quantlty

6. Future work

Although the update law for the zoom variable of the quan-
tizer is based on time-dependent switching, a, potentially, more
robust strategy would be to design a state-dependent switching
rule (see, e.g., [28], for design of a state-dependent switching
strategy in boundary controlled, hyperbolic PDE systems), on the
basis of the available quantized measurements, for determining
when the state enters a certain region. For a control strategy
that would be based on state-dependent switching, one would
determine the switching instants, say t*, i = 2,3, ..., at which
the value of u is updated, based on the satisfaction of an event-
based criterion indicating when the state enters a desired region.
In the case of state measurements quantization such events could

Systems & Control Letters 146 (2020) 104809

N R
‘ AR

\\‘\\\ \\‘ \\\\

A\ ‘\\;\\\\\\\\ \\\‘

W \\\
\\\\\ \\\\\
“\\ ol \\\\\\\\
\“\\\\aﬂ \\\\\\\\\“\\\\ \\\ \\\ \\\\ W

\
\\‘\\\\ \“
\ \ \ \

\\\‘\

XX
\
\
\\\\\‘ W \\ \\‘ W
SRR
N ‘\‘\;‘\x‘ u\‘\\‘\\‘\\\\ \!

i
i
&"{3«*‘\‘3\‘“‘3‘
i

\ \
\’:\\b\\g W Q\

il m
i N’\q\\\\\ (I
A *\\\‘{(\*(‘\\s\\

A \\Q\\Q\\“\\\\\\ \\\\\ \\\{
\ \\\

\\“\\\ N

=g = 1.25, for all x € [0, 1], under the nominal feedback
. Right: The respective state of the closed-loop system.

t

=g = 1.25, for all x € [0, 1], under the nominal feedback
. Right: The respective state of the closed-loop system.

be determined for i = 1, 2, ... employing conditions of the form

M M
Qu(e) (u (x, f1+1))’ = <mﬁj9 - A) n(t).

for all x € [0, D], (83)

(or, alternatively, utilizing conditions ‘

Gy ()] . =
((1+)» e S2 A) w (t7)), which would also guarantee (using the

arguments within the proof of Lemma 1 and relation (7)) that
bound (39) holds (with p replaced by s (t}) and t} + T replaced
by tJ). Such an approach could be suitable for a continuously
adjusted control input. Furthermore, employment of such a strat-
egy, would potentially also require establishment of avoidance of
Zeno behavior in the closed-loop system.

As the issue of existence and uniqueness of closed-loop solu-
tions in the case in which the quantizer is only piecewise constant
function, taking finitely many values, may, potentially, become
more tractable when the control input is applied through a zero-
order hold (see, e.g., [8]), which may also be the case in more
realistic, practical scenarios, a potential next step would be to
consider, simultaneously, the effect of sampling and quantiza-
tion. In the case in which an event-triggered mechanism may
be utilized, updating the values of control input at discrete time
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Fig. 5. Left: The norm ||u(t)|» of the closed-loop system (1), (2), with parameters D = 1, g = 0, and g(x) = g = 1.25, for all x € [0, 1], under the feedback law (67),

Moy, _y=3

(68), (15)-(18), (82), with parameters M = 2, A = 7, i)

The control effort is shown for x = 1.

instants, one may have to combine the event-based strategy for
updating the values of u (e.g., according to (83)), with an event-
triggered strategy, potentially based on an approach as the ones
presented in, e.g., [7,29], for updating the values of the control
input U, possibly employing a different criterion for deriving the
triggering instants.
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