Fast Synchronization of FSK Signals

Konstantinos M. Konstantinidis

A thesis submitted in partial fulfillment for the
Diploma

in the

School of Electrical and Computer Engineering
Technical University of Crete

Supervisor
Assoc. Prof. George N. Karystinos

Committee members:
Assoc. Prof. Aggelos Bletsas
Assist. Prof. Daphne Manousaki

December 2016






Contents

1 Introduction

2 Detection in OQPSK

2.1 Signalmodel . . . . .. ...
2.2 Thelikelihood function . . . . . . . . . . . .. L
2.3 Likelihood maximization . . . . . . . . ... .. ..
2.4 Likelihood and sequence properties . . . . . . . . . . . ..o e e
2.5 Detection of sequence changes . . . . . . . . . . ...
2.6 Noncoherent detection algorithm and results . . . . . . .. ... ... ... .......

3 Detection in FSK
3.1 Signalmodel . .. ... ... e
3.2 Thelikelihood function . . . . . . . .. ...
3.3 Likelihood maximization . . . . . . . . . . . . ...
3.4 Detection of sequence changes . . . . . . . . . . . . ...
3.5 Likelihood properties, noncoherent detection algorithm and results . . . . . .. . . ...
3.6 Coherentdetection . . . . . . . . . . . ...

OQPSK Appendix

A.l1 Likelihood derivation . . . . . . . . . . . .. L e
A2 CLFgeneralform . . . . . . . . . . . . . . . . e e
A.3 Limits of the likelihood . . . . . . . . . . ..
A.4 Mackenthun’s maximization with respecttoangle . . . . . . . .. ... ... ... ...
A.5 CLF maximization equivalentproblem . . . . . . . . .. ... ... ... ...
A.6 CLF periodicity proof . . . . . . . . . . . e
A.7 Equivalent correlation of angles in the frequency domain . . . . . . . ... .. ... ..
A.8 CLFsimplifiedform . . . . .. ... . .. .. .. e
A9 2D Parseval’stheorem . . . . . . . . .. ..
A.10 2D frequency shifting property . . . . . . . . ... L

FSK Appendix
B.1 Likelihood form . . . . . . . . . . e

10
14
15
18
22

27
27
27
28
29
30
33

37
37
37
38
39
39
40
40
41
41
42

43
43



B.2 Maximization algorithm’s input . . . . . . . . .. ... 44

B.3 Angles’ correlationcase 1 . . . . . . . . . . ... 44
B.4 Angles’ correlationcase2 . . .. . ... L. 45
B.5 Constant likelihood . . . . . . . . .. .. 46
B.6 Alternative likelihood . . . . . . . . . . . L 47
B.7 Alternative likelihood derivative . . . . . . . . ... ... ... Lo 47
B.8 Conditional PDF of received sample (hypothesis testing) . . . . . ... ... ... ... 48
B.9 Maximum likelihood decisionrule . . . . . .. ... ... ... oL 49
B.10 Limits of the likelihood . . . . . . . . . . .. . . L 49
Bibliography 51



Abstract

In this diploma thesis, we address the problem of noncoherent synchronization, channel estimation,
and detection for offset quadrature phase-shift keying (OQPSK) and binary frequency-shift keying
(BFSK) modulations. We develop a gradient-descent algorithm which exploits some characteristics of
the concentrated likelihood function (CLF) of the time delay as well as some observations about the
transmitted sequences and performs noncoherent synchronization, channel estimation, and detection
for the aforementioned types of modulation. The proposed algorithm is based on the efficient nonco-
herent detection of the transmitted symbols, under channel and timing uncertainty. The development
of our algorithm is based on the maximum-likelihood (ML) criterion and utilizes state-of-the-art
noncoherent detection techniques from the literature. After we reproduce the results of a recent work
on joint noncoherent synchronization, channel estimation, and detection for OQPSK, we design an
algorithm that concentrates on the data detection problem and is applicable for both OQPSK and
BFSK. We are mainly interested in the transmitted sequence but a clock estimate is obtained as
byproduct. The latter is achieved by converting the likelihood function to a form that depends only on
the estimates of the transmitted sequences and the actual channel delay. The method used involves the
first-order derivative of the likelihood with respect to the delay as well as some useful properties of
the estimated sequences.






Chapter 1

Introduction

In this diploma thesis, we have addressed the problem of noncoherent detection in OQPSK and BFSK
modulations. When implemented exhaustively, by searching among all possible sequences, detection
demonstrates exponential complexity (in the sequence length). In the following text, we propose a gradient
descent algorithm which exploits some characteristics of the CLF of the time delay as well as some
observations about the sequences and performs detection for the aforementioned types of modulation.
The following work follows the novel work that our group has done in non-coherent FSK detection [1].
The difference between this paper and my thesis is that in the former the clock parameter is considered as
known at the receiver while I have considered it as unknown.

Phase-shift keying (PSK) is a digital modulation scheme that conveys data by changing (modulating)
the phase of a reference signal (the carrier wave). The modulation is impressed by varying the sine
and cosine inputs at a precise time. It is widely used for wireless Local area networks (LANs) and
Radio-frequency identification (RFID) communication. Any digital modulation scheme uses a finite
number of distinct signals to represent digital data. PSK uses a finite number of phases, each assigned a
unique pattern of binary digits. Usually, each phase encodes an equal number of bits. Each pattern of bits
forms the symbol that is represented by the particular phase.

Frequency-shift keying (FSK) is a frequency modulation scheme in which digital information is
transmitted through discrete frequency changes of a carrier signal. The technology is used for low-rate
communication systems in small Signal-to-noise ratio (SNR) environments (power-limited regime) such
as amateur radio, caller ID and emergency broadcasts. The simplest FSK is binary FSK (BFSK). BFSK
uses a pair of discrete frequencies to transmit binary (£1s) information. With this scheme, the "+1" is
called the mark frequency and the "-1" is called the space frequency.

In this study, we propose an efficient algorithm in order to obtain estimates of the transmitted symbols.
The derivation is based on the ML criterion, and utilizes a very efficient algorithm for the detection of
differentially encoded symbols already described in literature. I initially examined a paper which proposes
an algorithm for joint carrier phase and timing estimation for OQPSK]2], reproduced its basic results
and designed an algorithm for blind synchronization and detection for OQPSK and BFSK modulations.
The latter is achieved by bringing the likelihood function to a form that depends only on the estimates of
the transmitted sequences (a (in-phase) and b (quadrature) for OQPSK and x for BFSK) and the actual
channel delay (7). We are mainly interested in the transmitted sequence but a clock estimate is obtained

as byproduct. The method used involves the first-order derivative of the likelihood with respect to the



delay as well as some useful properties of the estimated sequences.

Notation conventions: Bold upper-case and lower-case symbols will denote matrices and vectors,
respectively, while lower-case non bold letters will be used for scalars and other variables. The symbol
(-)* will stand for the complex conjugation operation and the (-)” for the transpose operator whereas the
complex Gaussian distribution with mean y and variance o2 is denoted by CA (11, 2). The real part of
a complex number will be represented by R{-} and the imaginary part by I{-}. The notation A.z will
denote the z-th section of the appendix at the end of the document. Finally, the symbol (-)# will be used

for the Hermitian of a matrix.



Chapter 2

Detection in OQPSK

2.1 Signal model

The constellation of the modulation represents the complex information symbols that correspond to the
complex envelopes of the four possible signals to be transmitted. The signalling pulse has unary energy
(Eg = 1) adhering to the orthonormality criterion. This quantity gives us the energy required to transmit
the in-phase or quadrature component of the signal in passband. The OQPSK constellation is a special
case of the QPSK modulation where neighboring symbols differ by /2 and consecutively transmitted
symbols can only differ by £7/2 in terms of phase and changes of phase by £ are not feasible. In
general, we can start by an arbitrary phase 6y and then the rest of the M-PSK symbols are defined
according to this phase

T; € {eJrjao’ 6+j%+j90, e+j2?77}+j907 - 6+J'(M*1)?77}+]'90} 2.1
All of the points are placed on the circumference of a circle in the complex plane around the point

(0,0). The constellation that we used is represented in Fig. 2.1, where the dotted lines represent the

feasible shift changes across consecutive symbols.

Figure 2.1: OQPSK constellation.



The signal in complex form is
s(t) =Y aig(t —iT) + Y bigt —T/2 —iT) (2.2)
i i

The signalling pulse is a real-valued function and more precisely a square-root-raised-cosine (SRRC)
pulse that is widely used in digital communications since its shifts by multiples of its parameter T’

constitute an orthonormal set. It is defined as

sin —a)Zt
cos((l—&-a)%t)-l-%
o T

N

, t€0,D,T)

g(t) = (2.3)

0, otherwise

where T' > 0, a > 0, D, € N are a parameter, the roll-off factor and the duration in number of periods,
respectively.

Returning back to equation (2.2), T > 0 symbolizes the symbol period while the vectors a = {a;} and
b = {b;} are the in-phase and quadrature symbols, accordingly. The symbols are independent, identically
distributed and are equiprobably matched to the values {£1}. We should also note that the receiver has
memory on the grounds that the modulated signal depends on a finite number of previous information
symbols, at any given time.

The channel adds complex Gaussian white noise w(t) with independent real and imaginary parts and

the model considers a flat-fading channel leading to a received waveform of
r(t) = he's(t — 7) + n(t) 2.4)

after downconversion where i > 0, § € R and 7 € R denote the attenuation, the phase change and the
actual time delay that the use of the channel entails. These parameters can be considered constant in the
course of time by making the assumption that the time in which the impulse response of the channel can
change is much longer than the observation interval across which the transmission occurs.

The need to estimate both the carrier phase 6 and the propagation delay 7 emerges from the fact
that the oscillator which produces the carrier signal for demodulation at the receiver is generally not
synchronous in phase with that at the transmitter. Furthermore, the two oscillators may be drifting slowly
with time, perhaps in different directions. Consequently, the received carrier phase is not only dependent
on the time delay 7. Furthermore, the precision to which one must synchronize in time for the purpose of

demodulating the received signal depends on the symbol interval 7'.

2.2 The likelihood function

All of the parameters introduced in (2.4) are unknown to the receiver and must be estimated. In this work,
we primarily focus on the synchronization of the channel and the sequence detection by adopting the ML
criterion. We observe the received signal r(¢) in the interval [0, Tp), where Ty = LT and Ly € N.
The equivalent expression for the signal s(t) can be obtained by its baseband complex envelope, say
si(t) as
s(t) = R {sl(t)eﬂ’rfct} 2.5)

where f. is the carrier frequency.
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Equivalently, the received signal is
r(t) = R { [hsi(t — 7)e?? + 2(t)] eﬂ‘“fct} 2.6)

where z(t) is the low-pass equivalent signal of the noise. All of the parameters need to be estimated for

demodulation and coherent detection. Consequently, the received signal is a function of these parameters

r(t) = he!ls(t — 7) + n(t) = s(t; h, 0,7) + n(t) = s(t; 0) + n(t) (2.7)
where all of the parameters have been incorporated in the parameter vector 8. In the ML criterion, the
signal parameter vector 0 is treated as deterministic but unknown. From the Gram-Schmidt procedure, we
derive an orthonormal basis for s(¢) with N orthonormal functions {¢,(¢)} and the received vector can
be approximated by a vector of coefficients r = [rl ry ... rn|. The ML estimate of @ maximizes
the PDF p(r|@) and this criterion demands an observation interval Ty > T'. Because of the Gaussian

zero-mean noise and the fact that the elements of r are iid, the PDF can be written as

6) = Tl piral6) = TT [ro = 50(@)]" 2.8
p(r|0) = gp(rn\ )—nl;[lmaexp o (2.8)
N N 2
B 1 [7n — sn(0)]
where
ry = / P ()6 ()dt 2.10)
To
n(6) = [ s(t:0)0n(t)i @.11)
To
By the expansion we have that
N
r(t) =Y rada(t) (2.12)
n=1
and
N
s(60) =Y 5n(0)n(t) (2.13)
n=1
So
1/ [r(t)—s(t-e)fdtzl/ EN:[T — sn(0)2dt (2.14)
NO T ) 252 T, n n .

and the proof is in A.1.
Plugging (2.14) into (2.9) yields

N
(- ex _ L r(t) — s(t;0)]°
p(r(6) = ( ma) p{ v | ()~ s(:0)] dt} @.15)

The objective now transforms into maximizing p(r|@) but since the first term is independent of the

parameters the likelihood becomes

AO) = exp{ - ;O/T [r(t) — s e)}th} 2.16)
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The maximization leads to the following derivation

argmax A(0) = argmax—i |r(t) — s(t; 0)|2 dt = argmin/ |r(t) — s(t; 0)|2 dt  (2.17)
0 0 No Jr, o Jn
= argmin/ ‘7“(75)’2 —|—|S(t; 0)‘2 - 2§R{r(t)s*(t; 9)}dt (2.18)
0 To
— argmax / 2R (1)s* (1:0) } —|s(t:0)”d (2.19)
0 To

where in the last equality we have ignored the term which is independent of the parameter. By the

expressions in (2.7) and (2.19) we can conclude that the likelihood function in our case is

To TO
A(a,b, h,0,7) = 2h /r(t)s*(t — 7)dt| cos (—(0 — ¥(a,b,7))) — h? /}s(t - 7')‘2 dt  (2.20)
0 0
where
To
Y(a,b, ) = arg /r(t)s*(t —T)dt (2.21)
0

and the proof is shown in A.2.
The fact that a, b, h, # and 7 are all independent allows to maximize this expression consecutively
with respect to each of its variables. From (2.20), it is apparent that the second term is irrelevant to the

maximization with respect to § and that the optimal estimate is achieved for
6 =v(a,b,1) (2.22)

Plugging (2.22) to (2.20) brings the likelihood to the form

To To
A(a,b,h,7) =2h /r(t)s*(t — 7)dt| — h? /’s(t - T)|2 dt (2.23)
0 0

Setting the first partial derivative of the above function, with respect to h, to zero yields

To Ty
b 2/r(t)s*(t—7)dt —2h/’s(t—7)|2dt:0 (2.24)
0 0
To
[r(t)s*(t —7)dt
~j = 10 (2.25)

T )
[|s(t—m7)|"dt
0

and substituting this form into the expression of (2.23) we get

To 2
[ r(t)s*(t —T)dt

Aa,b,7) =

To (2.26)
6”5(75 - T)}th

12



At this point we need to eliminate the denominator for the maximization. Its value depends on all of
the parameters but it can be proven that this dependence becomes smaller as the observation interval Tj
increases and simulations have exhibited that the absolute value of this integral decreases when the excess
bandwidth of the SRRC pulse increases[2]. For that the roll-off factor of the pulse can be adjusted because
its bandwidth equals exactly (1 + a)/(27"). Dropping the integral, the function reads:

2

To
A(a,b,7) = /T(t)s*(t —T)dt (2.27)
0
Using (2.2) in (2.27) yields
Ty 2
Aa,b,7) = /r(t) [Z aig(t —7—iT) — > biglt—7—T/2 - iT)] dt (2.28)
] ; ;
To To 2
= Zai/r(t)g(t — 7 —iT)dt — j Zbi/r(t)g(t —7—T/2—iT)dt| (229
v 0 v 0
Lo—1 Lo—1 2
= | Y aXim) =5 Y biXip(r) (2.30)
i=—Dy i=—Dy
where
To
Xi(r) = / r()glt — 7 — iT)dt 231)
0
and
To
Xip1y0(r) = / r(t)g(t — 7 —T/2 —iT)dt (2.32)

0
The fact that the summations in the likelihood function can be restricted to Lo + D, terms as can be seen
in (2.30) is proved in A.3. The maximization of (2.30) has exponential complexity to the sequence length
when executed exhaustively, but the Mackenthun’s algorithm in [5] deals with this task in polynomial
time. The algorithm as well as the proof that it corresponds to our problem are given in the next section.
Therefore the objective is to find the M-PSK symbols defined in (2.1) that maximize the quantity

2(Lo+Dg)—1 2

> Gk (2.33)

k=0

with y, € C,Vk € {0,1,...,2(Lo + Dgy) — 1}. The variables in (2.33) are defined as

cr =%, ¢ e{0,2n/M,....2r(M — 1)/M} (2.34)
Co = a_ 7
? Dot (2.35)
C2i+1 = b_p i
and
i = X_py+i(T
Y2 Dy+ (7) (2.36)

Y2i+1 = —J X _pytit1/2(T)

13



fori € {0,1,..., Lo + Dy — 1} and the symbols and M = 2. The optimal sequences returned by the
algorithm are substituted in (2.30) yielding the final form of the likelihood as a function of only the clock

which is
Lo—1 Lo—1 A 2
AT =| Y ai(m)Xi(r) =5 ) bi(r)Xip1)a(7) (2.37)
i=—Dy i=—Dy

so that both sequences are function of 7.

2.3 Likelihood maximization

The objective of the algorithm is to find the binary sequence d € {41}"*! that for a given complex
vector y € CN*! maximizes the quantity ’dTy’ so that

dT‘ = ax |doyo + diyi + ... +d 2.38
y de{nillchH\ oyo + diy1 NYN| (2.38)

= ¢g[10;71§(ﬂ) de{ril?}xf\’“ {d()?R {€7j¢y0} + diR {67j¢y1} + ...

max
de{£1}N+1

b AR {e_j¢yN} } (2.39)

For a proof you can see A.4. At this point, we can perform independent maximizations for each term of

the inner maximization in (2.39) for all ,,, n € {0,1, ..., N} as

. . , dn=+1
dn:argmaxdn%{e_myn} & 8‘%{6_]¢yn} z 0 (2.40)
dne{£1} dp=—1
, dn=+1
o \yn|%{e_j(¢_ﬂ")} > 0 (2.41)
dn=—1
dn=-+1
< ‘yn’COS(¢—19n> A% 0 (2.42)
dp=—1
dp=41
< cos(p—1U,) = 0 (2.43)
dp=—1

where ¥,, = arg {y, }. The decision for dn according to (2.43) changes at the following set of points
b= ig +9, (mod 2n) (2.44)

for ¢ € [0,27). The relation (2.44) provides 2(/N + 1) points but we can observe that for any value of
n the two angles of (2.44) differ by 7 so that for any ¢ € [0, 7) the sequences obtained at ¢ and ¢ + 7
are the opposite leading to the same metric in (2.38) and the search can be restricted to any semicircle so
without loss of generality ¢ € [0, 7). The angle at which the n-th decision changes is

b = g +9, (modm), ne{0,1,..,N} (2.45)
Subsequently we sort the N + 1 points through

(60,01, ...,0N) = sort(¢o, ¢1, ..., PN) (2.46)

which is necessary in order to define the intervals across which the decision d remains constant are
Co = (0+,00),C1 = (00,01),....Cn = (ON-1,0N) (2.47)

14



The interval (6, 7) can be ignored due to the fact that all of d,,s would have changed compared to those
of Cy producing the opposite sequence'. Equivalently, we could have ignored Cy. Our goal is to detect the
vectors d, d1, ey d associated with the above intervals. The key is that the sequences of the adjacent
intervals d,, and fln+1 differ only at the n-th element and specifically at the k-th multiplier for 6, = ¢
so that

szm ¢ €Cr,k<n
i - (2.48)
—dn, ¢€CHEk>n

The algorithm exploits this property by visiting the angles g, 61, ..., 0y consecutively, producing the
sequences and returning that with the maximum metric.

At each point ;, the new sequence is produced with constant complexity by inverting d; and its metric
is also calculated at a constant computational cost. The pseudocode is illustrated in Fig. 2.2 and the upper
limit of its complexity is that of the sorting operation which is O((N + 1) logy(N + 1)) ~ O(N log N).

We need to prove that the problem introduced in (2.33) is eqivalent to the maximization of (2.30). From
(2.33) we have that

2(L0+Dg)_1 2 L()—]. L()—]. 2
S G| =| D aXi(r) =i D biXiiip(r) (2.49)
k=0 i=—Dy i=—Dy

Resort to A.5 for a proof. The channel uses M-PSK modulation for M = 2 and from (2.34)

. = €%, ¢ € {0, 7} (2.50)
= cos¢p +jsingg, ¢ € {0,7} (2.51)
1, ¢r=0
_ (2.52)
-1, ¢p=m

that renders cys binary taking on the values {+1} just like the sequences of the OQPSK modulation a and
b.

2.4 Likelihood and sequence properties

Typical shapes of the CLF in (2.37) are provided in Fig. 2.3 and were normalized to their maximum
values. This figure corresponds to one realization of the experiment. The value of 7 clearly affects the
matched filter responses of (2.31) and (2.32) leading to different shapes. The roll-off factor of the SRRC
used is o = 0.1. Also an observation length of Ly = 100 symbols, signalling pulse duration of D, = 16
periods, and a signal-to-noise ratio of 30dB have been utilized. As expected, the maximum value of A(7)
is achieved at the actual channel delay 7. The difference between the values of the likelihood for values of
7 that are T'/2 away is observed to be negligible as the observation interval increases. The value of the

phase change 6 used is arbitrary.

16, is the initial point of search equal to 6, = 9‘\’% < 0 that is used if 8y = 0 to resolve the ambiguity that would arise if
we estimate the sequence exactly at a point of change as shown by (2.43).

15



Algorithm 1 Optimal Noncoherent Antipodal Decoding in Time O(N log N)

Input: yo,y1,.--, YN
: forn=0: N do
¢n =5 + VU, (modm)
: end for

1
2
3
4: (00,01, ...,0N) = sort(¢g, P1, ..., ON)
5: if 6y > 0 then
6
7
8

0* =0
: else
9* _ On—T

9: end if ’

10: forn =0: N do

11: dy, = sign(?R{e‘je*yn})

12: end for

13: &ML = &

14: value_a = doyo + dlyl + ...+ cZNyN

~

15: ML_wvalue := ’value_d
16: fori=0: N —1do

17: let n be the index for which 6; = ¢,, atline 4
18: vAalue_dA:: value_d — 2d,yn

19: dy, = —dj

20: if Ualue_a‘ > ML_value then

21: ML_value := ‘value_(:l)

22: dML .— d

23: end if

24: end for

Figure 2.2: Optimal noncoherent sequence detection algorithm in time O (N log V).

An SNR value of z is obtained by setting

ho JEs _ /10SNRas 10 (2.53)

No
where F; and Ny are the power of the signal and the noise respectively. At each point the optimal sequence
is estimated by the proposed algorithm in Chapter 2.3 and its metric is evaluated. We observe that this
function is periodic with a period of 7'/2. Indeed, the OQPSK model demands that ; (7 +1'/2) = —b;(7)
and b;(1 +T'/2) = —d;41(7) because the in-phase and quadrature parts change independently and cannot

change concurrently. By (2.37) and setting

Lo—1 Lo—1
Y(r)= Y a(nXi(r)=j > bi(r)X11p(r) (2.54)
1=—Dy i=—Dy
it follows that
AT +T/2) =|Y (7)]* = A(7) (2.55)

The proof can be found at A.6. Another notice that attests to the periodicity of the CLF is the fact that

simulations show that if the winning sequence changes at 7 = 71, then there is also a sequence change in

16
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Figure 2.3: Typical shapes of the OQPSK CLF of the clock, A(7).

71 = 71 + T'/2 and vice versa, as shown in Fig. 2.4. Changes refer to points that even a single bit of the
sequence is different than that of the immediate previous point. Nevertheless, this doesn’t lead to the same
sequences between values of 7 that are 7"/2 apart. In order to resolve this ambiguity of 7 by multiples of
T'/2 our study was restricted to [0, 7"/2) as practical reasons explained in Chapter 2.5 demand.

The first thing under our consideration is if the candidate set of the sequences at each step as well
as the winning sequence remained constant for a number of adjacent points. The results made clear that
the number of candidate set remains unchanged throughout a finite number of intervals and typically
there are no winning sequences that reappear in [0, 7"). This will prove to be very useful as a convergence
criterion for the algorithm proposed in this study. However, the candidate set changes more frequently but
this doesn’t affect the detection. In addition, for an oversampling factor large enough, we have seen that
only 1 bit changes from a winning sequence to the next one except from the extreme points of the shape.
We have also experimented with different values of D, to understand how Intersymbol interference (IST)
affects the detection.

Next, we focus in the angles of each bit of the sequence as defined in (2.45) and (2.46). As explained,
in Chapter 2.3 the angle ¢; represents the angle for which the decision for the ¢-th bit changes. All of those
angles are functions of 7 in our equivalent problem of maximization and correspond to the arguments of
the complex integrals as defined in (2.36) which leads us to test the assumption that when two of these
angles intersect, exactly two members of the candidate set change. To illustrate, if ¢; < ¢; for a given
value of 7, say 71, and for another value of 7, say 7o > 71, the only change in the angles sorted order is
that now ¢; > ¢; while the relative order of the rest of the angles didn’t change then the two candidate
sets should differ only at the sequence of the interval C; at bit d; and the rest of the sequences are exactly

the same. This was verified through simulations and an indicative shape of two angles that intersect at a

17
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Figure 2.4: Points of candidate set changes.

point is shown in Fig. 2.5. This is exploited in the next section for the correlation of the angles.
Another statistical test we employed is to check whether for a lot of realizations the number the
intervals created between the points that the pairs of angles intersect are less than or equal to (2(L°; b 9))
which would indicate that any pair of angles intersects at most one time during an interval of length 7"/2
and the solution of the equation would have unique solution. We remind at this point that 2(Lo + D) is

the total number of angles. The test didn’t attest to this assumption.

2.5 Detection of sequence changes

Our goal at this point is to find the values of 7 at which the estimated sequence changes. If we are able to
do this efficiently we can visit only these points and obtain the optimal estimates for every 7 € [0, 7).
Actually, we have to correlate the angles of any pair of complex numbers defined in (2.36) in our effort to

find all of the desired points. For any two complex numbers y;, yi and ¢ # k we have

Lyi= Ly o tanl@gg) — tan—! (;}zg) (2.56)
S{vi}  S{yk}

 Ryy Rl @D

< S{yit R{ye} = S {ye} R{wi} (2.58)

&9 {yz*yk} =0 (2.59)
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Figure 2.5: Typical shape of pair of decision change angles.

with (2.57) derived from the injectivity of tan—!(-) function on its domain. The set of complex numbers

of (2.36) calculated for each value of 7 is

)
X _pyris2(7), i=0,2,...,2(Lo + Dg) — 2
Yi = (2.60)
—JX _Dyr(i—1)/2+1/2(7), 1=1,3,..,2(Lo + Dy) — 1
([ r(t)g(t — 7 — (—Dy, +i/2)T)dt, i even
= 2.61)
—j [rt)g(t =7 —T/2—(—=Dg+ (i —1)/2)T)dt, iodd
[r®)gt — T — (—=Dy+i/2)T)dt, i even
= (2.62)

—j [r(t)g(t =T — (=D, +1i/2)T)dt, iodd

\

fori € {0,1,...,2(Lo + Dgy) — 1}. From (2.59) and (2.62) the correlation of the pairs of angles can be
divided in four cases, as demonstrated below.

e Case 1: i,k even

(2.62)

(2.50) & %{(/T*(t)g(t—T— (—Dg+i/2)T)dt).
([rwgtt—r=(-Dy+ k/2>T>dt)} ~0 .63
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& /(/(R(F1,F2)G?O(F1,F2)'

e—m(ﬂ<T+<—Dg+i/2>T+Fz<T+<—Dg+k/2>T)>)dtl)dt2 —0  (2.64)

For the analytical procedure, the reader can see A.7. The rest of the cases will be presented briefly
since they follow the same derivation.

e Case 2: i even, k odd

(2.62)

(259) & %{ ([t -7 (=D, +i/2T)ar) -

(-3 [ rtrgte =7 =172 (-D, + (1 - 1)/2>T>dt)} ~0 2.65)
N —§R{ (/r*(t)g(t 7~ (=D, +i/2)T)dt) -
(

/r(t)g(t 7 —T/2— (=Dy + (k — 1)/2)T)dt>} —0 (2.66)
o —/ (/ <R(F1, F)Go (i, F) -

o—i2m(F1 (T+(*D9+i/2)T+F2(T+T/2+(*Dg+(k*1)/2)T)))dt1>dt2 —0 (267

e Case 3: 7 0dd, k even

(2.62

(2.59) % %{ ( - j/r(t)g(t — T —T/2— (=Dy+ (i — 1)/2)T)dt>* .

(
o

(/r (t—7—( Dg—i—/-c/Z)T)dt)} —0 (2.69)
/(/ (F\, Fy)G, (F1, F) -

o—32m(Fy(T+T/2(— Dg+(z>1)/2)T+Fz(T+(7Dg+k/2)T>))dt1>dt2 =0 (2.70)

/r (t—7— (=Dy+ k/2)T)dt> } —0 (2.68)

/7" gt —7—T)2 — (- Dg—l—(i—l)/Q)T)dt)-

e Case4: i,k odd

(2.62

(2.59) 4% { [ t—T—T/z—(Dg+(z'—1)/2)T)dt)*.

/ gt —7—T/2 — (— Dg—i—(k—l)/Z)T)dt)} =0 2.71)
/(/( (F\, Fy)Gi, (Fy, F) -

e—m(ﬂ<T+T/2<—Dg+(z'—1)/2)T+F2(T+T/2+<—Dg+<k—1)/2)T)>)dtl)d,;2 —0 272



In cases 1 and 4
T(tl, tg) = % {T*(tl)r(tg)}
while in cases 2 and 3

T(tl, tQ) =R {T*(tl)r(tg)}

(2.73)

(2.74)

As stated earlier our study is focused on 7 € [0,7'/2). The reason for our choice of this interval over

any other interval of length 7'/2 is that the correlation between any angle and the angle of y; with the

greatest index, i.e. i = 2(Lo + Dy) — 1, is not possible because the latter goes to zero as proven below

; = —jX_ _
Yi i=2(Lo+ Dy)—1 JA—Dg+Lo+Dy 1+1/2(T)

= —JXro—141/2(7)
To

_ /r(t)g(t o Tj2— (Lo - )T)dt
Lz

= / r(t)g(t — LoT — 7+ T/2)dt
0

2.75)
(2.76)

2.77)

2.78)

This expression is zero for 7 > T'/2. We can elucidate in the four cases even further which leads to

convolution domain.

e Case 1: i,k even

(4.43) o / / H(Fy, Fy)e—727(F (r+(- Dot/ DT)+Fa(r+(=Do+k/20T) 4y 4y — 0
& h(—r— (=D, +i/2)T, —7 — (~Dy + k/2)T) = 0

& |t t “(t1,t =0
[T( 1t2) xg7 (1, 2):|t1:—T—(—Dg+i/2)T,t2:—T—(—Dg—l—k:/Q)T

< [T(tl’ t2) % xg(tr, tZ)} b= —7—(—Dg+i/2)Tita=—7—(~Dg+k/2)T

e Case 2: 7 even, k odd

(2.79)

(2.80)
(2.81)

(2.82)

(2.67) < —//H(Fl’F2)€—J27T(F1(T+(—Dg+i/2)T)+F2(T+(—Dg+T/2+(k—1)/2)T))dF1dF2:0

< [r(tl’ t2) - xg(t, t2)]tl:—T—(—Dg+i/2)T,t2:*TfT/Qf(ngJr(kfl)/Q)T =0

e Case 3: 7 odd, k even

(2.70) < //H(Fl,F2)€—j27r(F1(T+T/2+(—Dg+(i—1)/2)T)+Fz(T+(—Dg+k/2)T))dF1dF2:0

< [r(tl’ t2) - xg(t, t2)]tl:77-7T/27(7Dg+(ifl)/2)T,t2:f7-f(7D9+k/2)T =0

e Case4: i,k odd

(2.72) //H(FljFQ)ej27r(F1(T+T/2+(Dg+(i1)/2)T)+F2(T+T/2+(Dg+(k1)/2)T))
dF1dFy, =0

t1,t t1,t
< {T( 1t2) <2t 2)]tl:—T—T/Q—(—Dg+(i—1)/2)T,t2:—T—T/2—(—Dg+(k—1)/2)T
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where
h(tl, tg) = T(tl, tg) * *g}o (tl, tg) (2.89)

H(F\, Fy) = F{h(t1,t2)} (2.90)

and (2.82) is because ¢(t) is a real-valued function. From (2.82), (2.84), (2.86) and (2.88) it is evident
that we do not need to calculate the whole two-dimension grid of the convolution but we should limit our
search to a diagonal of the grid thereby maximizing a one-dimensional function. Despite that, we still

have to go through all of the values of 7 in order to find the points at which the estimation changes.

2.6 Noncoherent detection algorithm and results

Using the properties noted in Chapter 2.4, we can resort to a gradient descent algorithm and we should
start by taking the first-order derivative of the likelihood of (2.37) with respect to 7

Lo—1 Lo—1

A=Y D {an)Xi(r)an(r) Xi()}

i=—Dy | k=—D,

Lo—1 Lo—1

i Y0 Y @)X X 1 o(0) |

i=—Dy | k=—Dy
Lo—1 [ Lo—1

D IR IR s ACTNEP C)

i=—D, |\ k=—D,

Lo—1 Lo—1

+ 0 2 {Bi(T>Xi+1/2(T)3k(T) ZH/Q(T)} 2.91)

i=—D, | k=—D,

after some simple calculations given in B.7. The derivative of this quantity is

Lo—1 Lo—1 (- "
R IR DY {am)ak(ﬂ{ng xi(r) + () L >]}

i=—Dy \ k=—D,

Lo—1 Lo—1 A o 9% _
+J Z Z {&i(ﬂbk(ﬂ {19);&))(;4-1/2(7) + XZ(T)]“;;i_/z()] }

i=—Dy | k=—D,

Lo—1 Lo—1 | ) -
-i Y, > {Bi(T)&k(T) [W(T)X;(THXZ,H/Q(T)W%T( )H

i=—Dy | k=—Dy

Lo—1 Lo—1 iy
o [0Xpapln) 9K 12(7)
+ > {bi(T)bk(T) [yf(f)xk " /z(r)+Xi+1/2(T)kq+9lT/2]
i=—Dgy \ k=—Dy

(2.92)
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where the first-order derivatives are calculated based on the Leibnitz’s rule and the derivative of the SRRC

wave of (2.3) which is

dg(t) 4o (- sin((1 + a)mt/T)(1 + a)7/T(1 — (4aT/t)?) + 32a%t/T? cos((1 + a)rt/T)

T (1= (4at/T)?)?

cos((l—oe)mf/T)(l—a)w(/iéélt?c?)g—éla/Tsin((l—a)wt/T) (1 . (4at/T)2) + 32a2t/T2 sin((i;;x/)%rt/T)
(1— (4at/T)?)?

+

(2.93)

The algorithm we propose for the detection is given in Fig. 2.6. We start by randomly selecting
an initial value of 7 and at each step the derivative of the CLF at the current point is obtained. If the
derivative is positive, the direction we move is towards larger values of 7 at each iteration by a predefined
step, represented by 7_step, and towards the opposite direction for negative values of the derivative. If
the next point lies outside of the boundaries, already discussed to be 7 € [0,7'/2), we can bring it to
the utilized range. If at some point the derivative has changed from a negative sign to a positive one,
then the likelihood is maximized at a value of 7 residing between those two points. After this iteration, a
sufficient terminating criterion would be a sign change of the derivative combined with the demand that the
estimated sequence between consecutive steps to remain unchanged. Indeed, since no sequence reappears
in disjoint intervals, as noted previously, that would be exactly the ML sequence that the procedure returns.
The complexity of this algorithm is dominated by the calculation of the integrals of the derivative, for
which we didn’t find an efficient way to compute faster, while the cost of the detection at each point is
O((N + 1) logy(N + 1)) =~ O(N log N), as stated earlier. N represents the sequence length.

In Fig. 2.7 we have illustrated the trajectory for one realization of the gradient descent method and for
fixed values of the channel parameters h, 6 and 7. The solid red line represents the point of maximum
while the corresponding trajectory is shown green on the figure and the last point’s estimate didn’t change
compared to the previous one whereas the sign of the derivative was inverted denoting the termination of

the procedure.
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Algorithm 2 Noncoherent OQPSK Sequence Detection

~

Input: 4(7), b(71)
1: 7, := arandom real in [0,7"/2)

2 To =Ty

3: 1:=0

4: while 1 do

5: D = 19/:9(_?)

6: if 7 > 1 then

7: if sign(D) = —sign(D,) then
8: T_step = (Lf”}

9: if a(7.) = 4, and b(7.) = b, then
10: a_ML :=a,

1 b_ML := b,

12: break

13: end if

14: end if

15: end if

16: a, = a(r)

17: b, := b(7)
18: if D > 0 then

19: Te i= Te + T_step
20: else if D < (O then
21: Te = T, — T_Step
22: else

23: break

24: end if

25: if . > % then

26 7o := mod(7, L)
27: else if 7. < 0 then

28: Te '= Te + %

29: end if

30: Dp =D

31: 7:=43+1
32: end while

Figure 2.6: Proposed noncoherent OQPSK sequence detection algorithm.
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Figure 2.7: Gradient descent trajectory of noncoherent detection in OQPSK.
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Chapter 3

Detection in FSK

3.1 Signal model

The BFSK channel utilizes two frequencies, namely F_; and F7, each of which is matched to a specific
symbol. The symbols are binary and z; € {£1} without loss of generality. The transmitted FSK waveform
is

s@)::E:gm(t—iTﬁu(t—iT) (3.1)

P .
9, (t) =/ 3:6]2”Péit (3.2)

where P is the signal strength and 7" is the nominal duration of each symbol while u7 (¢t — x) stands for a

with

square pulse of duration 7 starting at ¢t = x like

1, 2<t<az+T
up(t —z) = (3.3)

0, otherwise
The orthogonality condition that non-coherent BFSK should respect is
|F_1 — Fi| = kT 3.4
for k € Z and k > 1. The channel is assumed flat-fading and thus the received signal is
r(t) = hs(t — 7) 4 n(t) (3.5)

Here h € C is generated randomly, the attenuation is set to its absolute value and the channel phase

change is set to its argument and 7(t) is a zero-mean complex Gaussian process with unary variance.

3.2 The likelihood function

The same derivation as the one used in Chapter 2.2 leads to the following CLF

2
To

A(x,7) = / r(t)s* (¢ — 7)dt (3.6)

0
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0

154l

1=—1

T(t) \/7 —]27rF1 t T— lT)UT(t T ZT)dt _

2
To
/2) l —]27rF (t—7— zT) (t—T—ZT)dt:|}
0
Lo 1 ¢ D )
{/2\/ —g2mk (== ZT)UT(t—T—ZT)dt—F
0
To
t /
/2) —]27TF1(t T— ZT)UT(t—T—ZT)dt}
0

The proof for this likelihood is in B.1.

1=—1
2
3.7

3.3 Likelihood maximization

Calculations similar to those of Chapter 2.3 show that the problem of maximizing the quantity in (3.7) is

N42,1

actually to find the binary sequence d € {£1} which for a given complex vector y’ € CV*1L1 and

z € C maximizes the quantity ‘dT [y’ z} ’ since the initial problem is

max d’Ty/ + Z‘ = max |doyo + d1y1 + ... + dnyn + dny1z]  (3.8)
d’e{+1}V+? de{x1N M dn i e{+1}
—  max dTy‘ (3.9)
de{+1}V+2
where
d/
d= (3.10)
dN+1
and
/
v = YZ (3.11)

and for (3.7) we set

Ty Ty
t) |P A
Yi = / 77‘(2) Te_JQTFFl (t—r— ZT)uT(t —7 —iT)dt — / (2\/7 —J2mE-1 (t_T_lT)uT(t — 7 —iT)dt
0

0
(3.12)
Also
e [P Frie) [P
z= Z /T2 TejQ’TF—l(tT"T)u;p(t—7'—2'T)d15—i—/T2 Te*ﬂ”Fl(t*T*iT)uT(t—T—Z'T)dt
i=—1 170 0
(3.13)

T
having d = [x 1} . In other words, the only extra requirement we need to impose is that the last bit is
+1. This is straightforward for the implementation by keeping the sequence of length N 4+ 2 = Ly + 2

that the algorithm returns if it ends with a +1, otherwise inverting it. Both sequences will give the same
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metric, as explained earlier. Thus, if we were merely interested in synchronization this change wouldn’t

matter. As a result, the complex numbers that the algorithm takes as input in (A.22) are (as proved in B.2)

\f f [e jomFy (t—m—iT) _ efj27rF71(tf‘rfiT)]uT(t — 7 —iT)dt, i=-1,0,..,Lo—1

Yit1 = (3.14)
LO 1 . .
{ \/> f |:€—j27rF,1(t—T—aT) + e—jQT(Fl(t—T—CLT)j| UT(t I aT)dt} , i=1Lg

a=—1
\

3.4 Detection of sequence changes

At this point we have made the same observations as those explained in Chapters 2.4 and 2.5 and we can
now correlate the angles of the complex numbers in (3.14) resorting to two cases. For y;+1, yx+1 € C and
i # k we have

LYis1 = Lyki1 < S{yfYrs1} =0 (3.15)

The derivation follows along the same principles with that of Chapter 2.5 and is presented here briefly.

e Case l: 4,k € {—1,0,...., Lo — 1}

(3.15) (10 { [/ |:]27rF1 (t=7—iT) _ ej27rF1(t—T—iT)]uT(t—T—z'T)dt :
/ / |: —j2nFy (t—7—kT) —jQWFl(t_T_kT)]uT(t B - ij)dt } =0
(3.16)
To To
o [ ([ (iR B6 (e iR ) i, i, — 0
0 0
(3.17)

as shown in B.3.

e Case2:i€ {-1,0,....,Lo— 1} and k = Ly

To
(3.15) & (3 14) { % i/r*(t) |:6j27rF1(t—T—iT) _ ej27rF1(t—T—iT)] urp(t — 7 —iT)dt|-
0

1 [P f : <
[ Z {2 T /T‘(t) |:e—j27'l'F1(t—T—[1T) + 6—]27TF1(t—T—[lT):| UT(t T aT)dt}
a=—1 0

(3.18)

}:o

Lo-1 | T, To
N Z / </ <R(Fa7Fb)G*<Fa7Fb)ej47T(Fa(T+iT)+Fb(T+mT))>dFa> dF, % =0
0

(3.19)
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Figure 3.1: Shape of the BFSK CLF of the clock A(7) for A = 2 with two local maxima.

as shown in B.4 where

r(th, ts) = %{r*(tl) [ej27rF1t1 _ €j27rF_1t1:|,r(t2) [e—j27rF1t2 _ e—jsz_th]} (3.20)
R(F,, Fy) = F{r(t1,t2)} (3.21)
G*(Fa, Fy) = F{(ur(t1)ur(tz))"} = Flur(t)ur(t2) } (3.22)

3.5 Likelihood properties, noncoherent detection algorithm and
results
For the simulations the frequencies used for the binary symbols were 1/7" and 2/7". This is because in

our tests, we have seen that the number of maximums of the BFSK’s likelihood shape is the same as the

ratio of the smallest of the absolute values of the frequencies to the symbol frequency 1/7 i.e.

_ min {|F,1| 7|F1|}

3.23
T (3.23)
and that the local maxima appear at equidistant points and more precisely at the points
- T ,
T; :T+(z—1)X (modT), ie{l,..,A\} (3.24)

This is shown in Fig. 3.1 for 7 = 0.5. Consequently, we wanted to focus in those cases with only one
maximum (A = 1) which are for (F_1, F1) = (1/7,2/T) and (F_1, F1) = (—1/T,—2/T) sticking

to the former without loss of generality. Another reason for that is that in contrast to other options
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Figure 3.2: Typical shapes of the BFSK CLF of the clock A(7).

there are no sequences that reappear in disjoint intervals of 7. The SNR is set to 30dB and the symbols
transmitted are Ly = 100 in total. Typical shapes of the CLF for two values of 7 are in Fig. 3.2. We
can see that they are maximized at the actual delays, as expected. Also their value is constant across

some intervals. In this case, the winning sequences happen to be either d” = [x 1] = {—1’30*1 1} or

d’ = [x 1] = {1’:0“ 1} and at Chapter B.5 a proof of this property is attached. The existence of
only one maximum leads us to employ a gradient descent method in our algorithm for detection as we
did in OQPSK. The first step is to calculate the first-order derivative of the CLF with respect to 7. The
problem that arises here is that the flat regions of the shape would render gradient descent susceptible to
approximation issues. To overcome this obstacle, we calculated and plotted the following function, say
Ao(7) by eliminating the first summation from A(x, 7) which is independent of the sequence estimates.

Through simulations, we have verified that A(x,7) and Ay(7) are maximized at the same values of 7

(without proof).
Lo—1 , Tb
[P . :
Ao(T) = Z {/70(2) fe_ﬂ”Ffl(t_T_ZT)uT(t — 7 —4iT)dt + ...
i=—1 "7
Ty y Iz 2
+ / ?\/Te_jQWFl(t_T_iT)uT(t —7— z‘T)dt} (3.25)
0
| p Lol ¢ Lol
- S S i P ) + 1 L B
i=—1 N k=—1
e + I(7y Fryi)Io(Ty Fov, k) + I(15 Fu,0) (5 FY, k)}} (3.26)
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and a proof can be found at B.6 where we defined the integrals

To
I(T; F,i) = / r(t)e 2 EE=T=T) (b — 7 —iT)dt (3.27)
0
and
To
I.(7; F,1) = /r*(t)ej%F(t_T_iT)uT(t — 7 —iT)dt (3.28)
0
Then (for a proof see B.7)
I F) |
(;’ 0) = /r(t)j27rFe_j27rF(t_T_iT))uT(t — 7 —iT)dt +r5(7 +iT) + rs(7 4+ iT + T)e 7> T
-
0
(3.29)
for
T(t)v te [OaTO]
rs(t) = (3.30)
0, otherwise
Similarly
II.(7; Fi 7’
c(;’ %) = — /r*(t)jQerﬂ’rF(tTiT))uT(t — 71 —iT)dt +r5(7+iT) +r§(T+iT+T)ej2”FT
-
0
3.31)
The first-order derivative of Ay (7) with respect to 7 is
Lo—1 , Lo—1 .
YAy(r) 1P (15 F_1,1) O (T3 F_q,k)
- A L p (e Py k) + I Fy, i) = ) 3.32
YT 4T = k:z—:l vr (7 k) +I(r 1) T + ( )
I (7; F1, k) ‘ . O (75 F1, k)
+ TIC(T, F_l, k) + I(T, F_l, l)T +
(3.33)
19[(7—7F1a2) . 191’6(7—;1:‘—17]€)
— L Fo, k) + I(7; Fry0)————
L (13 F_1,k) + I(7; F1,1) 9
(3.34)
V(13 Fy, 1 I.(1; Fy, k
LUEED o gy s 1 Ry, ) ST LR (3.35)
97 9T

and all of the required partial derivatives will be calculated according to (3.29) and (3.31). The proposed
algorithm is essentially the same as the one implemented for the BFSK in Chapter 2.6 and is therefore
omitted. The complexity of this algorithm is dominated by the calculation of the integrals of the derivative,
for which we didn’t find an efficient way to compute faster, while the cost of the detection at each point is
O((N + 1) logy(N + 1)) = O(N log N), as in the case of OQPSK. N represents the sequence length.
At the Fig.3.4 we can see the Bit-error-rate (BER) (for various values of Lg) versus a range of possible
SNR values. The performance is improved for larger values of the observation interval and as SNR

increases.
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Figure 3.3: Gradient descent trajectory of noncoherent detection in BFSK.

The BER of the corresponding coherent channel utilizing the ML detector and with known parameters
7, h and 6 has also been included in the figure as a reference and is explained in Chapter 3.6. We observe
that, as the sequence length increases, the noncoherent detector approaches the coherent one in terms of
BER.

The trajectory that the gradient descent method traverses (for one realization) can be seen in Fig. 3.3
for a single realization and for fixed values of the channel parameters h, 0 and 7, similarly to the case of
OQPSK modulation.

3.6 Coherent detection

The optimal receiver correlates r(¢) with both signalling waveforms to produce samples

T
Tm = ;/T(t)gii(t)dt, m=—1,1. (3.36)
0
1 T
= 75 | (he . 37
- 0/ (g (8 + (1)), () 637
~ T T
= \/h]g O/ \gm(t)\thleP O/ n(t)gs, (t)dt (3.38)
= WP+, (3.39)
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Under hypothesis z; = —1

_ VPh _ VPh
r=| 7Y = " ~en T (3.40)
T4+1 0 Nyl 0 \é"
——
H—1
and for the noise component
"~ CN (0,1, T) (3.41)
n41

The Probability density function (PDF) for complex normal distribution in this case can be computed as
1 ~ - -2
Fefai=1(r) = —5exp (- (\7«_112 — 1" \V/Ph — r_V/Ph* +‘h’ P +yr+1y2>> (3.42)

The proof can be found at B.8. Similarly, under hypothesis x; = +1

r—q1 0 n_q 0
r= = S|+ ~CN -1, 1 3.43
B Il V-1 I NS (5.43)
————
Bt
for
n—i
~ CN (0241, 1) (3.44)
n41
and
1 . - — 1512
Fefei=1(x) = —gexp (- (\7«_1,2 +Hlra? = 72 VPh — 1 VPR +‘h‘ P)) (3.45)

Due to the fact that the transmitted symbols are equiprobable, the optimal coherent detector utilizes

the ML criterion which compares the values of the conditional probability density functions fyj,,—_1(r)

and fy;,—41(r) calculated on the received sample.

Fraet®) 2 S (£) = sign (R{0 B) — R, 0))

r;=—1
;=41 .

> 0 (3.46)
;=41

For a proof check B.9.
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Figure 3.4: Bit error rate versus SNR of detection in BFSK.
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OQPSK Appendix

A.1 Likelihood derivation

1 . 9 ! N 9
No/To [r(t) —s(t;0)]"dt = — - [n 1(rn—sn( ) (t )} (A1)
TN /Ton = 1 n = 5n(0))(rm — 5m(6))Pn(t)dm(t)dt (A2)
- N Toggm—sn(e))(rm—sm<e>>5mndt (A3)

1 N
= o 2 SO O (A4)

1 N
= 202/%;[”—3”(0)]% (A5)

where in (A.3) the orthonormality condition of the basis functions demands that: fTo On(t)om, () dt = b

and 02 = Ny /2.

A.2 CLF general form

A(a,b,h,0,7)

2hR { =79

2h

2h

To

To
2hR e_je/r(t)s*(t - T)dt} - h2/|s(t - 7')}2dt
0

0
To

/ r(t)s*(t — 7)dt

el0(@br } hz/\ (t—n)| dt

To
r(t)s*(t — 7)dt %{e_j(e 19(a][”))}—h /| (t—1) ‘ dt
0 0
To
r(t)s*(t — 7)dt| cos (—(0 — I(a, b, 7)) hZ/‘ t—’]" dt

(A.6)

(A7)

(A.8)

(A9)
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A.3 Limits of the likelihood

First of all we need to make clear that the SRRC pulse, as defined in (2.3), is nonzero only in the interval

[0, DyT"). For the proof we can take the summation terms that correspond to values of the index that are

one unit less or more than the defined limits. Thus, for i = —D, — 1 the integral of (2.31) becomes
To
X (1) Dy = /r(t)g(t —7—(=Dyg—1)T)dt (A.10)
0
To—7—(—Dg—1)T
= / r(t'+ 7+ (—=Dy — 1)T)g(t')dt/ (A.11)
—7—(=Dy—1)T

by setting t' = ¢ — 7 — (—Dy — 1)T'. We can see that the range of integration in (A.11) and the domain

of g(t) do not overlap if the following condition is met
—r—(-D, -1 >D,T7<T (A.12)

Similarly the integral in (2.32) is

Ty
Xiap@| = /r(t)g(t—T—T/Q—(—Dg—l)T)dt (A.13)
i=—Dgy—
0
To—7—T/2—(—Dyg—1)T

= / r(t +7+T/2+4 (-D, — 1)T)g(t")dt' (A.14)
—7—T/2—(=Dy—1)T

by setting t’ =t — 7 —T'/2 — (—D, — 1)T. The integral’s range in (A.14) and the domain of g(¢) do not
overlap if

—7—T/2—(=Dy—1)T > D,T &7 <T/2 (A.15)

From (A.12) and (A.15) we demand that 7 < T'/2. This is a reasonable assumption that emerges from the
fact that the order of transmission of the in-phase and the quadrature components can be interchanged.
We also have that

To

Xi(7) T /r(t)g(t — 71— LoT)dt (A.16)
0
To—7—LoT
= / r(t' + 1+ LoT)g(t)dt’ (A.17)
—7—LoT
— / r(t' + 74+ LoT)g(t')dt’ (A.18)
—7—LoT

by setting ' = ¢ — 7 — LoT. This expression is zero for 7 > 0. Also

To
XM/Q(T)‘Z_ i /r(t)g(t T T/2— LyT)dt (A.19)

=50

o
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To—7—T/2—LoT

= / r(t'+ 7+ T/2+ LoT)g(t')dt (A.20)
—7—T/2—LoT
—7—T/2
= / r(t' + 7+ T/2+ LoT)g(t')dt/ (A.21)
—7—T/2—LoT

by setting t' = ¢t — 7 —T/2 — LoT. This expression is zero for 7 > —T'/2. Both of these are assumptions
of the signal model. The above derivation leads us to the conclusion that the summations in the likelihood
of (2.30) are zero Vi < —Dy and Vi > Lo — 1.

A.4 Mackenthun’s maximization with respect to angle

T —
de{rﬁ?}&“ d y‘ py {I:rtllaf(NH‘dOyO‘i‘dlyl + ... + dnyn| (A.22)

= max |z| (A.23)
de{£1}N+1

- (6 — 9, A24
acliigiall L 5= (0 = 0:) (429

= max |z| max %{e_j((b_ﬁz)} (A.25)
de{£1}N+1" " ¢€l0,2m)

= max  max %{e_jﬂz\eﬂz} (A.26)
de{£1}N+1 ¢el0,27)

- %{ =39 (doyo + diy1 + ... +d } A27
de{nil?}?cl\’*'lgbg[l(%%;) e 7?(doyo + diy1 + ... + dNyn) (A.27)

= hax de{lil?f(w {do?R {e’j‘z’yo} +diR {e*j‘f’yl} + ...
kAR {e—f¢yN} } (A.28)

for z = doyo + diy1 + ... + dyyn and 9, = arg {z}.

A.5 CLF maximization equivalent problem

2(Lo+Dy)—1 )
Z CRYk| = }ngo +y .+ C;(L0+Dg)—1y2(Lo+Dg)—1’ (A.29)
k=0
= |a-p,Xp,(7) + b, (~jX_p,11/2(7)) + ..
2
ot arg 1 Xy () + bLO_l(—jXLO_m/Q(T))’ (A.30)

= ‘Q_DQX_Dg(T) +otapg1Xpo-1(7) — ...

2
=3 [bo0, (X pya1a(1) + bt (X 112(0)]| T (A3D)
2

Lo—1 Lo—1
= | > aXir)—j Y biXipa(r) (A.32)
i=—Dy i=—Dy
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A.6 CLF periodicity proof

2

k) T o R T T
AMr+T/2) = Z ailr + Q)Xi(T * 5) —J Z bi(T + §)Xz‘+1/2(7+ 5) (A.33)
i=—D, =D,
Lo—1 T Lo—1 - 2
- i:; —bi(7) Xi(7 + 3) —ji:; i1 (D) X1 2(7 + 3) (A34)
Lo—1 . Lo—1 2
= | 2 O XipM +i ) b Xin() (A35)
i=—Dy i=—D,
2
= [i¥ ()~ a-p, ()X, ()| (A.36)
ol (A37)
= Al) (A.38)

where for (A.35) we take the absolute value of the complex conjugate and in (A.37) it is reasonable to

assume that for large observation intervals the contribution of a term to the metric is negligible.

A.7 Equivalent correlation of angles in the frequency domain

(2.59) &Y s{( / r(t)g(t — 7 — (—Dg+z'/2)T)dt>.

([rgt—r-(-n,+ k/2>T>dt)} =0 (A39)
o s{ / (/ (gt — 7~ (~Dy +i/2)T)
r(ta)g(ts — 7 — (—Dy + k/2)T)>dt1>dt2} —0 (A.40)

o [([ (st @rtetts -7 = (-D, + /).

glts — 7 — (—Dy + k:/2)T)>dt1>dt2 ~0 (A41)
o /(/(r(tl,tg)g*(tl o~ (=Dy+i/2)T,
ty—7— (~Dy + k/2)T))dt1>dt2 ~0 (A.42)

- /(/(R(Fl,Fg)G}O(Fl,Fg)-

efj27r(F1(T+(7Dg+i/2)T+F2(T+(7Dg+k/2)T)))dt1>dtQ —0 (A.43)

where we have defined the following quantities
glti—x)g(t2 —y) = gth —x,t2—y), 2,yeR (A.44)
R(F1, Fp) = F{r(t1,t2)} (A.45)
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Gr,(F1, Fo) = F {gn, (t1,t2) } = F {91, (t1) 97, (t2) }

g(ti), 0<t; <Tp

9To (tZ) =
-1, otherwise

(A.46)

(A47)

and (A.42) is because the signalling pulse g(¢) is real while 2D Parseval’s theorem proven in A.9 and 2D

shifting property proved in A.10 leads to (A.43).

A.8 CLF simplified form

Lo—1 Lo—1
A(r) = Z )—3J Z b z+1/2 7)
1=—Dygy i=—Dy
Lofl Lo 1 Lofl
:[z -7 S B Xipale >Hz
i=—Dy i=—D, i=—Dy

i=—Dy | k=—D,

Lo-1 ( Lo—1
= > { > {di(T)Xi(T)dk(T)XZ(T)}}
Lo—1 ( Lo—1 A
+J Z { Z {&i(T)Xi(T)bk(T)XZH/Q(T)}}
k g

1=—Dy

i=—Dy | k=—D,

Lo-1 ( Lo—1

—J Z { Z {bi(T)Xi+1/2(T)dk(7')XZ(T)}}
Lo—1 [ Lo-1 A

DY { S (B0 X p(ie() ;:H/zm}}

i=—Dy | k=—D,

A.9 2D Parseval’s theorem

_sz

1=—Dy

(A.48)

z+1/2 )

(A49)

(A.50)

Suppose we have two two-dimensional 2D signals, then their time representation with respect to their

equivalents in the frequency domain would be

z(t1,t2) = / / X (Fy, Fy)ed?r(ithitate) gy g

y(t1,ta) = / / Y (Fy, Fy)ed ¥t iete) g g,

Subsequently

/ /a:(tl, to)y* (t1,t2)dt dty

(A.51)

(A.52)

(A.53)

_// |:(//X(Fl,F2)6j27r(F1t1+F2t2)dF1dF2><//Y(FhF2)ejQTr(F1t1+F2t2)dF1dF2>*]dtldt2

(A.54)
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= / / _ / / ( / / X(Fl,Fg)ejQ’r(Fltl*F?t?)Y*(Fg,F4)e‘jQW(E"tﬁF‘*tQ)dFlng)ngdF4}dtldtg
(A.55)
= / / [ / / ( / / X(Fl,FQ)Y*(Fg,F4)ej2”((F1_F3)t1+(F2_F4)t2)dF1dF2>ng,dF4]dtldtg

:// -//(//X(Fl,FQ)Y*(Fg,F4)€j2ﬂ-((F1F3)t1+(F2F4)t2)dt1dt2)dF1dF2}ngdF4
(A.57)

:// -//<X(F1,F2)Y*(F3,F4)//1-ej2”((F1_FB)tlJF(FQ_F‘l)t?)dtldtg)dFldFQ]ngdF4

(A.56)

(A.58)
- / / / / (X(Fl, Fo)Y*(Fy, F)6(Fy — Fy, Fy — F4)>dF1dF2}dF3dF4 (A.59)
= //X(Fg, Fy)Y*(F3, Fy)dF3dFy (A.60)
= //X(Fl, E)Y*(Fy, Fy)dF1dF, (A.61)
where for (A.59) the 2D delta function is defined as
F{6(t1,t2)} = //6(751,tz)e‘jQ’T(Flt1+F2t2)dt1dt2 = ¢ I2m(F0+F20) — g (A.62)
and
FH6(F, F)} = / / §(Fy, Fy)el?r it iate) gpy gy — =727 (00i+0%2) — g (A.63)
and for (A.60) we resort to the 2D sampling property.
A.10 2D frequency shifting property
Flz(ti—ata—b)} = //x(tl — a,ty — b)e P2+ at) g gy (A.64)
tieti—a //Q:(tlpté)ej27r(F1(t/1+a)+F2(t’2+b))dt/1dt/2 (A.65)
th—ta—b

= / /l'(tll, t/Q)e—jQTF(Flt/1+F2t/2)e—j27r(F1a+F2b)dt/1dt/2 (A66)
t1<;tl1 e—jQﬂ'(Fla-l-sz) / /:E(tl,t2)€_‘j27r(Flt1+F2t2)dtldtQ (A67)
tQHt/Q

— R EY xR Ry (A.68)
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FSK Appendix

B.1

A(x,7)

Likelihood form

To

0

Lol 5 ‘
) [ Z \/ Te_ﬂ”Fwi(t_T_ZT)uT(t —7—4T)|dt

To
/r(t
0

2

/ r(t)s"(t — 7)dt

1=—1

To

/r(t)\ / ge*jQ”in =Dy (t — 7 — iT)dt
0

To
{@32— ! /—r(t)\/ ge*j%F—l(t*T*"T)uT(t —7—iT)dt + ...

0

To
LT ;— 1 /T(t)\/ie‘jQﬂ'Fl(tTiT)uT(t S iT)dt}
0
To
{ﬂfz‘ / _T(;)\/feﬂﬂFI(tTiT)uT(t —7—d0)dt + ...
To
o / _7"(t)\/§ej2ﬂF1(t”T>uT(t — 7 —dT)dt + ...
) 2
To
0
2
+/T(2t)\/§ej2ﬁl(tTiT)UT(t—T—iT)dt}

To
t) [P _, ;
{azi [/ 7‘(2)“ Te_ﬂﬂpl(t_T_ZT)uT(t — 71 —iT)dt — ...
0

2

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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_ W\/F —jamF_(t—r—iT),

. / 5\ 7€ up(t — 7 —4dT)dt| » + ...
Lo—1 ¢ To

. Z {/r(t)\/ie_ﬂﬁ’ 1(t=7—iT) up(t — 7 —4dT)dt + ...
= 0

2
[ [P
r(t ; ;
\Y) L —j2nFy(t—T—iT) 4T
..—1—/ 5\ ¢ up(t—7—1i )dt}
0

2
(B.6)
The proof for the limits of the CLF’s summation is in B.10.
B.2 Maximization algorithm’s input
To . .
i @\/ge_J%Fl(t_T_ZT)uT(t — 7 —4iT)dt — ...
0
To
o [0SR E (i (p — ¢ — §T)dt, i =—1,0,..., Lo — 1
0
Yir1 = (B.7)

Ty ,
i @\/ge—JQWF—I(t_T_aT)uT(t —7—al)dt + ...
0

To )
L+ f @\/?efj%rFl(thfaT)uT(t [ - aT)dt}7 i = Lo

r(t)e 2 =T =T) o (t — 7 —iT)dt — ...

N|—
=
§ | —
o1

o= [ r(t)e 2=y (f — 7 — iT)dt}, i=-1,0,..,Lo—1

[e=]

_ (B.8)
Ty .
[ S T(t)e_ﬂ’rF*l(t_T_“T)uT(t —7—aT)dt + ...

0

h
(=]

L

—N
NI
&

a=—1

To )
o f r(t)e—JQWFl(t—T_aT)uT(t —— aT)dt} }, i = Ly
0

To . . . .
%\/% f T(t) [67]27rF1(t7771T) o e*]2ﬂF—1(t*T*ZT):| uT(t - iT)dt, — _1’ (]’ ey LO -1
0
_ (B.9)
Lo—1 ,
0 { \/> f [e j2rnF_q1(t—1—aT) + e—]Qﬂ'F1(t—’T—(ZT)i| uT(t — aT)dt} , i = LO

a=—1
\

B.3 Angles’ correlation case 1

\f / [J%H (t—r—iT) _ e]'??rF—l(t—T—iT)}uT(t_T—iT)dt :

(3.15) (8. 14)@{
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To

N | =

0

To
= S{ [ T*(t) |:6j27rF1(t'riT) o 6j27rFl(t7—iT):| uT(t o ZT)Clt

Ty
!/T(t) |:6—j27rF1(t—T—kT) - 6—j27TF1(t—T—kT):| uT(t o kZT)dt

To To

N / </ <%{r*(t1)r(t2) [eﬂnFl(tlTiT) B ejQwF_l(tlfiT)].
0 0
[ejZWFﬁﬁgrkT)__ejQﬂF‘lagTkT)]}_
up(ty — 7 —iT)up(ta — 7 — kT)) dt1>dt2 =0
To To
= / ( / ( R(F,, Fy)e—2m(Fa(r+T )+ Fy(r+HT)),
0 0
G*(F,, Fb)e—j%(Fa(r+z‘T)+Fb(r+kT))>ng) df, =0
To To
& / ( / <R(Fa, F)G*(F,, Fb)ej4’r(F“(T”T)+Fb(T+kT))>dFa> dFy =0
0

B.4 Angles’ correlation case 2

To
% /% /T*(t) |:ej27TF1(tTiT) . ejQﬂ'F_l(tTiT):| 'LLT(t R lT)dt
0

(3.15) (%4)%{

ly [P}
[ Z {2 ? /T(t) |:ej27rF_1(tTaT) + ej27rF1(t7'aT):| UT(t —r— aT)dt}
a=—1 0

To
N %{ [/7“* (t) |:ej27rF1(t—7-—iT) B ejQﬂFl(t—T—iT):| UT(t o ZT)dt
0

Lo—1 , To A _
[ Z {/T(t) |:e—327rF1(t—T—aT) + e—jQT(Fl(t—T—aT):| UT(t —r— aT)dt}

a=-—1 0

Lo—1 ¢ To  To
= Z {/(/ (3{7“*(751)7“(752) |:ej27rF1(t1—T—iT)_ej27rF1(t1—7—z'T):|‘

a==1 19 "0

/% /T(t) |:e—j27rF1(t—T—kT) o e—j27l’F1(t—’7’—]€T):| UT(t T k’T)dt

}:0

}:0

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

}—0

(B.15)

}:0

(B.16)
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|:€—j27rF1(t2—T—aT) + e—jQﬂF_l(tz—T—aT):| }

uT(t1 — T — iT)uT(tQ - T — aT))dh) dtg} =0 (B.17)
Lo—1 ¢ To  Tb
S { / </ <R(Fa, Fy)e 2m(Fa(r )4 Fy(rm),
m=-1%% "0
G*(Fa, Fb)e—jQW(Fa(T+iT)+Fb(T+mT))>dFa) de =0 (BlS)

Lo-1 | T, To
PN Z / (/ <R(Fa7Fb)G*(Fa’Fb)ej47r(Fa(T+’iT)+Fb(T+mT))>dFa> de =0
0

m=—1 0
(B.19)

B.5 Constant likelihood

Without loss of generality, we consider the case of d = [x 1} = [lLOH 1} . The other case follows
along the same derivation. Since constants don’t affect this calculation we can omit them in (B.20) and
(B.22) getting

Lo—1 Ty
BN eAxT)~| > {x [ / r(t)e 2 E=T= )y (b — 7 — T di — ...
i=—1 0
To
.= /r(t)e_jQ“F—l(t_T_iT)uT(t -7 = iT)dt} } + ...
0
Lo—1 , 1o
> {/r(t)eﬂ”F—l(tTiT)uT(t—T—iT)dtJr
i=—1 0
To 2
.+ /r(t)ejQ’TFl =)yt — 7 — z‘T)dt}
0
(B.20)
Lo—1 To
= Z {(xz +1) /r(t)e_ﬂ”Fl(t_T_iT)uT(t — 7 —iT)dt — ...
1=—1 0
To 2
= (2 —1) / r(t)e P2 ==y (g — iT)dt} (B.21)
0
Lo—1 | To 2
=~ > / r(t)e 2 E=T=T) (b — 7 — iT)dt (B.22)
1=—1 0
2 o-1 | To 2
— |pi2nT Z / r(t)e 2Ty (f — 7 — T dt (B.23)
i=—1 0
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To -1 2

/r(t) Z {e_jQWFl(t_iT)uT(t -7 — ZT)} dt

0 i=—1

(B.24)

in which the summation is a sum over non-overlapping parts of a signal integrated on the same interval

each time for any value of 7 and thus remains unchanged given that 7 < 7j.

B.6 Alternative likelihood

Wl P [P v
Aa(r) =1 { / zﬁe‘”’”‘“t”‘”)w(t — 7 —iT)dt + .
To 2
+/(t)\/>€—j27rF1(t T— ZT)UT(t_T_ZT)dt} (B.25)
2 T
0
LO ! Tor(t
= [ {/2”T P2 E (== )y (f — 7 — 4T dt + ...
1=—1 0
[0,
r(t ; i
) —g2n By (t—7—iT) 4T .
..—|—/ 2\/;e up(t—1 z)dt}
0
Lo—-1 , To
r(t P ; 4 .
[Z {/ (z)v T P Dy (¢ — 7 —iT)dt ..
1=—1 0
To
. /2)\/> —j2m By (t—1—4T) uT(t—T—ZT)dt} (B.26)
0

Lo 1 LO 1 Ty (
- { {[/ 2[ 2T Dy (7 Tt ..
i=—1 ~k=-1 0
Ty
/ r(t) \f 32 P (b= =iT) g (o z'T)dt]'
2
0
T,
/ r* () \/? P2tk (t — 7 — KT)dt + ...
2 T
0

To
+ / 702(0\/563'2”}71 (t*TfkT)uT(t -7 — k‘T)dt] }} (B.27)

0

B.7 Alternative likelihood derivative

dt (B.28)

T, , .
A /()r(t)ﬁ(emF(tTlT)“T(t —7—iT))
T - T

0
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—j2nF(t—7—iT) A . .
= [ r(t) e )uT(t — 7 —iT) + o J2mF (t—7—iT) Hug(t — 7 —iT)) it
I7 9
0
(B.29)
To ) |
= / r(t) [j27rFeJ'2“F“”T))uT(t B A (iU 1—97 - ZT))} "
T
0
(B.30)
To

— /T(t) |:j2ﬂ_F€—j2ﬂ'F(t—T—iT))uT(t —r— ZT) + e—jQﬂF(t—T—iT).
0

(t—7—1T)—0(t —7—iT —T))|dt (B.31)
@ ) — o )]

To
- / r(8)j2nFe 2T F T D) (¢ — 7 — iT)dt + rg(7 + iT) + r5(r + iT + T)e 9277
0

(B.32)
for

T(t), t e [O,TO]
rs(T) = (B.33)
0, otherwise
The equality (B.28) is due to the Leibniz’s rule
b(z) b(z)
| [ fena) = fes@) g - sea@) a@ v [ rend B39
9 x, = flz,b(z)) bz z,a(z)) 5a(@ 977 (& .
a(z) a(z)

The derivative of the complex exponential function for (B.30) is

q;%ejf(m) _ jejf(:c)% @) (B.35)
and for (B.31) the differentiation of a square pulse of duration 7" starting at ¢t = f(x) is
9 9
Gour(t—f(@) = o (ult = f@) =t = f(z) = T)) (B.36)
= O f@) o f@) + 0 f) - T) D f@) B3
0
= 5@ = f(2) =T) = 6(t = f(2))] (B.38)

B.8 Conditional PDF of received sample (hypothesis testing)

1 H
Jrlzi=—1(r) = mexp (— [r — u,l} c! [r - ud) (B.39)
- %exp ( [r_l —/Ph 7“1]* {“ ~VPh ) (B.40)
Vs ’[”1
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T2

1 - - -2
= —exp (— (r*_lrl — r*_l\/ﬁh —r_1VPh* +‘h‘ P+ r’fﬁ)) (B.41)

1 ~ - -2
— —exp (- (|r_1\2 —* VPh — r_1VPh* +‘h‘ P +|r1|2>> (B.42)
T

B.9 Maximum likelihood decision rule

Z;=—1
fr|a:i:—1(r) 2 fr\xi:—&—l(r) (B.43)

Z;=+1

~ ~ ~12 Ti=—
= exp (— (\7“_12 —r* \VPh —r_VPh* +‘h’ P —Hrl\2>> )
~ ~ ~12
.. eXD (— (]r_l\z tlr1|2 — riVPh — 11 VPR +‘h‘ P)) (B.44)
~ ~ ~12
- (\7“_12 — ¥ VWPh — r_1VPh* +‘h’ P +\7«1\2>
~ ~ ~ 12
- (r_1]2+|7"1|2—r{ﬁh—rlx/ﬁh*+‘h‘ P) (B.45)

~ - r;=—1 ~ ~

=P <ri1h v r_lh*> > VP (rilh n r+1h*> (B.46)
z;=+1

L ai=—1 ~

= 2R{(r* R} = 2R{(r,h} (B.47)
Z;=+1
~ - Z;=—1
= sign (%{(rilh} - %{(rilh}) > 0 (B.48)
Z;=+1
B.10 Limits of the likelihood
Ignoring \/g multiplier we get
31 B s = > e Fn iy (T (B.49)
= > {cos(2nFy, (t —iT)) + jsin(2r Fy, (t — iT)) } ug (t — iT) (B.50)

]

= > {cos(@nFy, (t —iT))ur(t —iT)} +§ Y {sin(2xFy, (t — iT))ur(t —iT)}  (B.S1)

To

3.6) "BV A(x,7) =

0 )

—j Z {sin(2m Fy, (t — 7 — iT))up(t — 7 — iT)}]

i |o

To
Z {/r(t) cos(2mFy, (t — 7 —iT))ur(t — 7 —iT')dt

/r(t) [Z {cos(2nFy, (t — 7 —iT))up(t — 7 —iT)} — ...

2
(B.52)
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To
iy /r(t) (2 Fy (1 — 7~ iT))ur(t — 7 —iT) )de
t 0

2

PACEFDIPAC

where
To
Yi(r) = /T(t) cos(2mFy, (t — 7 —iT))ur(t — 7 —iT')dt
0
and .
Zi(t) = /r(t) sin(2nFy, (t — 7 —iT))up(t — 7 — ¢T)dt
0

2
(B.53)

(B.54)

(B.55)

(B.56)

We have calculated the values of Y;(7) and Z;(7) at the following indexes to verify that they are equal to

zero.
For: = -2
To
= /r(t) cos(2nFy ,(t —7+27))ur(t — 7+ 27)dt

0
To

= /'r(t) cos(2nFy ,(t — 7+ 27))ur(t — (7 —2T))dt
0

with the square pulse defined as

1, 7—2T<t<rt-T

ur(t=(r—27)) = 0, otherwise

Then the following hold true

(B.55) B vi(r)| =0, Vrefo.T)
(B.56) 23 ZZ-(T)), —0, vrelo,T)

In that sense, (B.55) and (B.56) are nonzero for i > —1.
Similarly for i = Lyg
To
= /r(t) cos(2mFy, (t — 7 — LoT))ur(t — (7 + LoT))dt
0

with the square pulse defined as

1, 7+Ty<t<t+Ty+T

ur(t=(r + LoT)) = 0, otherwise

Then the following hold true

(B.55) "2V v, (r)

=0, V1 e [0,7)

(B.56) 1LY ZZ-(T)), =0 ¥rel.T)

In that sense, (B.55) and (B.56) are nonzero for i < Ly — 1.
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(B.57)

(B.58)

(B.59)

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)
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