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ABSTRACT

We consider the problem of tracking the time-varying (TV) parameters of a har-
monic or chirp signal using particle filtering (PF) tools. Similar to previous PF
approaches to TV spectral analysis, we assume that the model parameters (com-
plex amplitude, frequency, and frequency rate in the chirp case) evolve according
to a Gaussian AR(1) model; but we concentrate on the important special case of
a single TV harmonic or chirp. We show that the optimal importance function
that minimizes the variance of the particle weights can be computed in closed
form, and develop procedures to draw samples from it. We further employ Rao-
Blackwellization to come up with reduced-complexity versions of the optimal
filters. The end result is custom PF solutions that are considerably more efficient
than generic ones, and can be used in a broad range of important applications
that involve a single TV harmonic or chirp signal, e.g., TV Doppler estimation

in communications, and radar.

Keywords: Time-varying harmonic, chirp, polynomial phase, tracking, Doppler,

CFO, radar, particle filtering, time-frequency analysis
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1. INTRODUCTION AND DATA MODEL

Spectral analysis and time-frequency analysis are core tools in signal processing
research (e.g., [19, 7]). Time-varying (TV) spectra arise in a broad range of
important applications: from speech, to radar, to wireless communications.

TV spectral analysis tools range from basic non-parametric approaches such
as the spectrogram, to the Wigner-Ville and other time-frequency distributions,
and on to parametric ones such as polynomial basis expansion models, and TV
line spectra mixture models.

Line spectra mixtures (whether stationary or TV) entail a nonlinear observa-
tion equation, which complicates parameter estimation. When the evolution of
model parameters can be captured in state-space form, particle filtering (PF)
tools become particularly appealing for tracking the model parameters, and
there have been several contributions in the recent literature dealing with PF
approaches to TV spectrum estimation [2, 1, 24, 6, 13, 14].

PF algorithms for tracking time-varying phase and amplitude are considered
in [2]. While it is possible to derive instantaneous frequency and frequency rate
estimates by taking successive phase differences, such an indirect approach is

ad-hoc and problematic in practice.
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For a multi-component TV harmonic mixture model, PF approaches have
been pursued in [1, 13]. In [1], the evolution of harmonic parameters (frequencies,
complex amplitudes, possibly also decay rates) follows a Moving Average (MA)
model, the measurement follows a Gaussian TV Auto-Regressive (TVAR) model,
and an improved auxiliary particle filtering algorithm is applied to track the
parameters. In [13], a Gaussian random walk model is employed for the evolution
of the parameters, and an unscented PF algorithm is adapted to track them.
The use of temporal slices of the spectrogram in the measurement equation of
[13] limits the attainable time-frequency resolution. Follow-up work in [14] uses
the spectrogram to design the importance distribution for the frequency, the
underlying assumption being that frequency is locally constant (see also [6], and
[24] for an application of TVAR modeling to the enhancement of speech signals).

Gaussian AR models of the evolution of harmonic mixture parameters are
plausible and convenient in many situations - e.g., they can capture smoothness
due to inertia or other physical constraints. Following [1, 13], we also assume
that the parameters (complex amplitude, frequency, and frequency rate in the
chirp case) evolve according to a Gaussian AR(1) model; but we concentrate on
the important special case of a single TV harmonic or chirp signal.

The specific model we use for a TV harmonic is as follows. Let xj, := [wy, Az]T

denote the state at time k, where! w, € R and A, € denote instantaneous

Lwp = T, where €, is the instantaneous frequency of the underlying continuous-time
signal at time ¢ = kTs, and Ty is the sampling period. We are interested in estimating wy.

There is potential for aliasing due to sampling, but we are interested in tracking small offsets
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frequency and complex amplitude. The state is assumed to evolve according to

the following AR(1) model:
T
xp = Hxp1 + [up—1 wp—1]”

where H is 2 x 2 diagonal, H = diag ([bl,bQ]T>, with by equal to 1 — ¢ (with
€ > 0 typically small, e.g., ¢, = 1073). The process noise sequence is i.i.d. The
process noise vector at time k consists of two independent random variables with

the following marginal statistics:
[uk_l wk_1]T ~ [N (O, O'i) s CN(O, 20'124)]T,

where N, CN stand for the (real) normal and circularly symmetric complex
normal distribution, respectively. The measurements are related to the state via

the measurement equation
Y = x4(2)e” D8 o,

where v, denotes i.i.d. CN(0,20?2) measurement noise.

Given a sequence of observations {yk}gzl, the problem of interest is to esti-
mate the sequence of posterior densities, that is p (Xk| {yl}le), ke{l,---,T}.
Given p <Xk] {yl}fﬂ), one can estimate X, via the associated (posterior) mean.

For the above model (and its extension to a TV chirp), we show that the
optimal importance function (that minimizes the variance of the particle weights)

can be computed in closed form, and develop procedures to draw samples from

and slow drifts.
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it. Computing the optimal important function in closed form was not possible
for the models in [2, 1, 24, 6, 13, 14]. We further employ Rao-Blackwellization to
come up with reduced-complexity versions of the optimal filters. The resulting
filters are considerably more efficient than generic ones, and can be applied in a
broad range of applications in digital communications and radar, such as tracking
Doppler frequency and frequency rate drift due to irregular motion.

The above model may appear benign in its simplicity, but it is not. First,
the measurement nonlinearity is severe. Second, in contrast to a general time-
varying phase model, we explicitly model variations in instantaneous frequency.
That is, we constrain the phase to be an affine function of time &, but allow time-
varying jitter in the slope and the offset. These are precisely the parameters of
interest in wireless communications applications. To appreciate the nature of
the model, the following illustration is instructive. Fig. 9.1 depicts a sample
path of the evolution of the frequency variable, generated using b; = 0.999,
0, = 0.001 and wy = 0. Time variation is - purposefully - extremely slow: the
frequency hovers around zero (notice the scaling of the y-axis). Fig. 9.2 depicts
the result of frequency estimation by peak-picking the spectrogram of the noiseless
measurements (amplitude fixed to 1 for clarity), using a rectangular window of
length 8, maximum overlap, and zero-padding to 256 samples. The result may
be surprising at first sight: one would perhaps expect the spectrogram-estimated
frequency to hover around zero as well, instead of steadily diverging towards white

noise - like behavior. The following simple result, whose proof can be found in
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the Appendix, sheds light on this ‘paradox’:

Consider e/“* where k is a constant and w is a random variable with contin-
uous pdf f, (-). As k — oo the pdf of the angle of e“* approaches a uniform pdf
over [0, 27).

Under our AR(1) model, /“** can be written as a function of e/“#1(*=1) times
elu—1k Tt follows that e/“** is asymptotically independent of e/*~1( =1 In other
words, even if we know the frequency at the previous time step (in which case the
new frequency is known within small tolerance, due to the driving term), for large
k the angle will be uniformly distributed - thus carrying no information about
the new frequency. The situation is worse with chirps, due to the presence of the
additional quadratic term in the exponent. Clearly, any tracking algorithm (not
only the spectrogram or PF) will simply diverge after a certain point in time?.
The question is which approach is best for small to moderate k, and stays on-
track longer than others. This is what we explore in the sequel. Our simulations
indicate that PF approaches are far better than the spectrogram in this context.

One might be tempted to think about periodically resetting the time axis by
exploiting the shift property of complex exponentials and absorbing the resulting
factor in the phase term. The spectrogram, however, operates on chunks of data
without regard to a time reference - effectively resetting the time counter for every

new window it processes - yet it suffers from divergence. Furthermore, periodic

2 In certain applications in digital communications, detecting the onset of divergence could

trigger a cold start at the link level to re-acquire synchronization using training data.
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resetting of the time axis would introduce abrupt periodic changes in the phase,
which are inconsistent with phase noise.

Link to Weil’s Theorem: Weil’s Theorem (e.g., see [17]) asserts that the dis-
tribution of the fractional part of { f l{:}ke+, for f irrational (and fixed; , denotes
positive integers) is uniform in [0, 1). In the context of Claim 1, let w = 27 f, and
< - > denote fractional part. Then e/** = e/?7fk = ¢i27<fF>_The pdf of w has
been assumed continuous, and thus a realization of f will be irrational with prob-
ability one. Weil’s theorem then shows that the sample (empirical) distribution
of the angle of e/** for a fixed realization of w and all k is uniform over [0, 27).
In contrast, Claim 1 asserts that the ensemble distribution of the angle of e/“*
is (approximately) uniform over [0,27) for a fixed large k& and w random with
continuous pdf. So, Weil’s Theorem applies to sample path averages, whereas
Claim 1 to asymptotic ensemble averages. The ensemble distribution converges
to the sample path distribution for large k €, ; this is an ergodic property of the

random process e/“*. Interestingly, Claim 1 does not require k to be integer.



2. PARTICLE FILTERING

Particle filtering has emerged as an important sequential state estimation method
for stochastic non-linear and/or non-Gaussian state-space models, for which it
provides a powerful alternative to the commonly used extended Kalman filter.
See [3, 9, 10] for recent tutorial overviews.

In particle filtering, continuous distributions are approximated by discrete
random measures, comprising “particles” and associated weights. That is, a

continuous distribution p(xy) (k is a time index) is approximated as

N
p(xp) ~ Z Wy k0(X — X k),
n=1

where §(-) denotes the Dirac delta functional, x,, ;, is the n-th particle (location)
for time £ and w,, is the associated weight. A useful simplification stemming
from this approximation is that the computation of pertinent expectations and
conditional probabilities reduces to summation, as opposed to integration. While
this can also be accomplished via direct discretization over a fixed grid, the use of
a random measure affords flexibility in adapting the particle locations to better
fit the distribution of interest.

If we aim for an on-line filtering algorithm, in which the state at time k

should be estimated from measurements up to and including time k, the key
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distribution of interest is the posterior density p (Xk | {yl}fﬂ). The basic idea
of particle filtering, then, is to begin with a random measure approximation of the
initial state distribution, and, as measurements become available, derive updated
random measure approximations of p (xk ] {yl}fﬂ), ke {1,2,---}. That is, we

seek random measure approximations

N
P (0 | (i) = D0 wrdloes = xas).
n=1

from which the state at time k£ can be estimated via the associated posterior
mean X = ZTJLI Wp kXn k- In particle filtering, the updates - the derivation of
P (xk | {yl}fﬂ) from p (xk_l | {yl}f;f) - are based on the Bayes rule [3, 9].

A random measure approximation comprises two components: the particles
(locations) and the associated weights. If we could sample from the sought pos-
terior p (Xk | {yl}fﬂ), then all particle weights would have been equal. Unfor-
tunately, such direct sampling is not possible in most cases, and thus we resort
to sampling from a so-called importance function that “resembles” the desired
posterior, and from which samples can be drawn with relative ease. The mis-
match between the sought density and the importance function is compensated
in the calculation of weights, chosen proportional to their ratio evaluated at each
particle [3, 9].

Different types of particle filters may be applied to a given state-space model.
The various particle filters primarily differ in the choice of importance (or, pro-
posal) function. Different importance functions yield different estimation perfor-

mance - complexity trade-offs. Perhaps the most intuitive choice of importance
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function is the prior importance function p(xy | Xpx—1); .., the n-th particle is
updated by propagating it through the state-evolution part of the system. This
is a common choice, for simplicity considerations. The drawback is that particles
evolve without regard to the latest measurement, which only comes into play
in the ensuing weight update. When using the prior importance function, the
weight update at time instant k is given by w,, , = wy, k—1p(yx | Xnx), followed by
normalization to enforce ZnNzl Wy = 1.

Regardless of the particular importance function employed, a common prob-
lem in particle filtering is degeneracy: the weights of all but a few particles tend
to become negligible after a few iterations [3, 9]. Degeneracy can be detected
via degeneracy measures, and mitigated via resampling techniques [3, 9]. Resam-
pling the discrete measure replicates particles with large weights and removes
those with negligible weights. All particle weights become equal after resam-
pling. There exist several computationally efficient [O(N)] resampling schemes
that can be used to avoid the quadratic cost of brute-force resampling [3, 9].

From the viewpoint of minimizing the variance of the weights, the optimal

importance function (OIF) is given by [3, 9]

p(xx|x U) = Pk [Xk) P (X [ X 1)
k ’I’L,k*l? k fxp(yk|x)p(x|xn,k_1)dx7

where X, 1, := [k, Ank| denotes the n-th particle at time &, which is computed
by plugging the n-th particle at time k — 1 into the OIF above, and drawing a
sample from it. The OIF usually strikes a better performance - complexity trade-

off than other alternatives. There are, however, two difficulties associated with
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the use of the OIF. First and foremost, it requires integration to compute the
normalization factor, which is usually intractable due to nonlinearity. Second,
sampling from the optimal importance function is a rather complicated process.
Thankfully, for our particular model, it turns out that it is possible to carry out

the integration analytically. This is explained next.



3. OPTIMAL IMPORTANCE FUNCTION: TV HARMONIC

CASE

Define a dummy variable x := [w, A]", and let D(y, Xy 5-1) == [, P(Yk|X)p(x[%p o—1)dx.

‘yk Aejwk|2
P
D ykaxnk 1 / / 9 2on X
wen Jae 2T},

Then

1 (w—brwp, 1) 1 _ [A=baAn p1l?
N E— 2
e 205 5 e 203 dAdw
V2mo, 2roy

Letting ma := by, k-1 , My = biwy k-1, v := Ly, — Lma, where Z(-) extracts
the angle of its argument, it can be shown' that

1 _ lyg |2 +1m 412

Ploxid) = iamye T < B
n

with the multiplicative factor B given by

|mA||yk| A||yk| (k0?2
IO( o2 + 02 ZI o 02 2 cos(lkm, — (v),

where I;(-) denotes the modified Bessel function of the first kind of order ¢. The
sum term for B is quite interesting. Due to the negative exponential dependence
on k, ¢ and the properties of modified Bessel functions, it vanishes quickly with

k and ¢. Given y, it is easy to come up with a closed-form upper bound on

I See the appendix
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the truncation error, which is, however, overly conservative. Truncation to 20
terms is adequate in all cases considered in our experiments - adding more terms
does not affect the results. We used 100 terms as an extra safety margin in our
simulations.

We can use rejection [8, pp. 40-42] to generate samples from the optimal

importance function p(xy|X, k-1, Yx) =

_lyg—Ape@Rk 2 _ (wp—mw)? _Ag—mg?
. 1 e 202 1 e 202 1 e 209
uter 2To 2w
_ lyg2+Im a2
1 e 2(0'1244»0'%) B
2w (04 +o2)

The basic idea of rejection-based sampling can be summarized as follows [8,
pp. 40-42]. Suppose we wish to draw samples from a density ¢(x), for which
there exists a dominating density g(x) and a known constant ¢ such that ¢(x) <
cg(x),Vx. In practice, we choose g(x) to be easy to sample from, and such that

c is as small as possible. The rejection method then works as follows.

1. Draw a sample x from g(-) and an independent sample U uniformly dis-

tributed in [0, 1]);

e 9%,
2. Set 7 := Com)

3. If Ut <1, then accept and return x; else reject and go to Step 1.
It can be shown that the above rejection method generates samples from

the desired density ¢(.), and the mean number of iterations until a sample is

accepted is ¢ (thus the desire to keep ¢ > 1 as small as possible). Furthermore,
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the distribution of the number of trials is geometric with parameter 1 — %, which

means that the probabilities of longer trials decay exponentially [8, p. 42].

Let
2 9
2 . 040,
O— «— 2—27
oy +oi
and

_ FAlyel + oqlmal
o4 + o2 '

Using the triangle inequality, it can be shown that a suitable dominating density

is
Cwkmmw)? (A -p?
e 20’31 e 202

g<xk|xn,k—layk) = (271')2 v (,U,O-) 0,0 ;

where .
eI 4300 (25)

g
~Imallugl J

Y (10) = Qo (~2) + =2,

C =

o
te (r=w?
Qo (—H> = e T dr =
o r—0 2ro
1  Alyl + oplmal

— erfe( :
2 a0/ 2(0% + 02)

For this particular choice of IF and sampling procedure the weight update step
is given by Wy, = Wy ;-1 D(yk, X k1) and can be carried out before sampling

from the optimal importance function (before the particles are propagated to

time-step k).



4. RAO-BLACKWELLIZATION

For our particular state-space model, it is possible to reduce the dimensionality
of the problem via a technique known as Rao-Blackwellization (see [11, 12, 20]
and references therein). Conditioned on frequency, our model is AR(1) linear
Gaussian on the complex amplitude. The basic idea is to exploit this structure
to avoid computing everything with plain Monte-Carlo sampling. The particle
filter is only used to handle the purely non-linear portion of the state-space.

Reference [20] considers a general non-linear state-space model that contains
a conditionally linear part, and works out the Rao-Blackwellization procedure in
detail. Our particular model is a special case of the so-called Diagonal Model in
[20]; however, we use the OIF to draw samples for the nonlinear part. The choice
of importance function is left open in [20] to maintain generality - usually the
OIF cannot be computed analytically.

The desired posterior pdf at time &, p (wk, Ay | {yl}L) can be written as:

p (wk,Ak | {yl}le) =p <Ak | W, {yl}f:1> p <wk | {yl}fﬂ) :

This factorization enables us to use particles only to approximate p (wk | {yl}fﬂ) ,
which is a one-dimensional pdf; p (Ak | wr, {yl}f:1> can then be analytically com-

puted using the Kalman filter. For state estimation, a Kalman filter is associated
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to each frequency particle, and the conditional mean filtered estimate of the

Kalman filter is used to fill-in the ‘missing’ amplitude dimension.

We use the optimal importance distribution to approximate the marginal

posterior density p <wk | {yl}fﬂ). The optimal importance distribution is

p(wp | w Up) = p (yrlwr) p (wilwnx-1)
cen L0 (yklw) p(wlwn p—1)dw’

Letting pug := b5E{Ao} , 0% = b3FE{|Ao|*} + 11:b§k (20%) , u =

b3

can be shown that

p(wk | Wn,kflayk) =

L jwik2
_lyp—rae |  (wpmmw)?

1 2r( 02 +0721 1 -2
271'(0'124/“!‘0'31,)6 ( v ) mawe s
_ka\iHug\Q ’
1 2(c% ,+05)
271'(0124, +0%) € v B
with
g — 1 (hallyl
O(Ui, + U%)
o lpallysl | o2
2 215(2—2)6 2" cos(lkmy, — lu) | .
- Tw T o

The weight update is given by w,, x = Wy, k-1 D(yg, wpk—1), with

1 _ka\zHugF

R 2(c% ,+o7) /

D(yk,u)n’kfl) = me Al B.
T (O o,

Zyk: - Z/@47 it

To generate samples distributed according to p (wi, | wpk—1,Yx), we could em-

ploy the transformation method [8]: this is, after all, a one-dimensional pdf. Still,

this requires another integration and some level of approximation (the integral

cannot be put in closed form). As an alternative, we found that rejection for this

one-dimensional pdf is far more efficient than in the previous case (which involved
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three real dimensions), and delivers exact samples, which is a definite advantage
relative to other sampling methods. A common criticism of rejection for real-time
applications is that it takes a random number of draws per particle. With as few
as 30 to 50 particles, however, variance is averaged out and the complexity per
input measurement is stable enough for our purposes.

Starting from p (Wi | wn k-1, Yx) and using the triangle inequality, it is straight-
forward to show that a suitable dominating density is the transitional prior
P (wi|wnk—1). The constant ¢ associated with the accept-reject algorithm be-

comes

_leallvgl
o2 +o‘2 1
e ‘aTm B

It is interesting to see that sampling from the optimal importance function can

CcC =

be implemented by rejection over the transitional prior, which is commonly used
as importance function per se. Pseudo-code for the Rao-Blackwellized optimal

filter can be found in Table 9.1.



5. CRAMER-RAO LOWER BOUND

The Cramér-Rao Lower Bound (CRLB) for our model can be computed using

the recursive formula of Tichavsky et al [23] for the calculation of the Fisher

information matrix, Ji. The state equation in our particular model is linear,

Gaussian; this allows considerable simplification of the general result in [23], thus

yielding

with

and

Jr = Di2—1 - D12c1—1(Jk—1 + Dllcl—l)_lDl?—la k>0

D', == —E{Vs, , [Vx_, log p(xulxic_1)] "},

D)2, = [D2,]" = ~B{Vy, [Vx._, logp(xilxic1)]"},

Di2—1 = _E{vxk [vxk log p(Xk|Xk—1)]T}_

E{V, [Vx, log p(yklxi)]" }.

At this point, it is convenient to rewrite our model in real-valued form. Upon

defining x}, := [wg, R(Ar), S(Ap)]T, where R(-), I(+) extract the real, resp. imag-

inary part, we have

/ [
Xk — H Xk—l “I'_ uk_17
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yi = [ R{A/*}  S{Apel"} }T + Vi,
where H' = diag ([bl, by, bQ]T), with b, being 1 — ¢, wp_y ~ N(0,Q) with Q =
diag <[03, 0%, JE‘]T>, and vy ~ N(0,R) with R = diag <[072L, oi]T>. Then
D', =H'Q'H,
D2, = D] =-H"Q,
D2, = Q'+ E{F, R'Fy},
with Fy being the 2 x 3 matrix

Fi = Vi [ R{A) S{A k) 17,

For D}', and D}%,, note that the expectation operator was dropped because
the respective Jacobians are independent of the target state. The expectation
operator in the expression for D?? | can be easily estimated using MC integra-
tion; it can also be calculated analytically, albeit the resulting formula appears

cumbersome. Putting terms together yields
J, = Q_l + E{ﬁkTR_lfk}—
Qle/<Jk71 + H/TQle/)le/TQflj k 2 0

The initial density p(xo) is taken to be A (X0, Qp), in which case Jo = Q.



6. NUMERICAL RESULTS: TV HARMONIC CASE

In our simulations, we benchmark the performance of our optimal particle filters
against the CRLB and four additional filters: the extended Kalman filter, the
SIR PF [15], the Auxiliary PF, and a regularized PF. These filters are briefly

discussed next.

6.1 Extended Kalman Filter (EKF)

The EKF equations are well known, but they are rewritten here for convenience.
Recall from the previous section the real-valued state-space model. Since the
state equation is linear, state prediction is performed using the standard Kalman
filter equations
X1 = HX 1,
P11 = H/Pk71|k71H/T +Q.
Since the measurement equation is non-linear, the filter update is carried out
using
ka = ;(\Ik|k71 + Ky |y — hk(}?kmfl)] )

P = Prjp—1 — KiSi K",
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where Sk = f‘kPMk—lf‘g + R, Kk = Pk|k_1f‘;fSk_1, with f‘; being the 2 x 3
Jacobian of the non-linearity involved in the measurement equation (denoted as

hy, (+)), this time evaluated at the filter’s estimate X’ klk—1 (see previous section).

6.2 Regularized PF (RPF)

This algorithm is identical to the Sampling Importance Resampling (SIR) al-
gorithm, which uses the prior importance function, except for a “jittering” of
the resampled particles (using a normal distribution kernel) in order to protect
the filter from sample impoverishment; see, e.g., [3]. Since the process noise
in our model is relatively small, this modification is expected to improve the
performance over the standard SIR. However, this filter also has well known dis-
advantages - the samples are no longer guaranteed to approximate the posterior

density asymptotically in the number of particles.

6.3 Auxiliary SIR (AUX) Filter

The particular algorithm used is the Auxiliary SIR filter introduced by Pitt and
Shephard (see [18]). This filter tries to explore the state-space in a more sophis-
ticated way than the SIR filter. This is done by resampling at the “previous”
time step based on certain point estimates that capture the essential features of
the posterior density. This approximation can be inefficient when the process
noise is large, or when the auxiliary index varies a lot for a fixed prior. When

process noise is small enough, though, the AUX filter is reported to improve the
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performance over the standard SIR.

6.4 Rao-Blackwellized PF Using OIF (RBPF)

The plain version of PF using the OIF employs rejection for a thee-dimensional
distribution, which is not appealing in terms of complexity. The Rao-Blackwellized
version performs equally well in terms of tracking performance for the same num-
ber of particles, but is much faster - up to 100 times faster in our simulations.

We therefore only present results for the Rao-Blackwellized version.

6.5 Initialization Issues

In this section, we investigate the impact of prior knowledge on the CRLB curves.
We start by examining the case where almost no prior information about the
frequency component of the initial state vector is available. For the initial density
of the complex amplitude, we take a narrow Gaussian with mean E [Ag] =1+ j
and standard deviation std [Ag] = 0.01. A beta distribution is used to model the

initial density of the frequency component

up—1 us—1
Dl +up) (22 )" (1 2o
[(uy)T(ug)(wy — wr) ’

P(wo) =

for w, € |wr,wy], where T stands for the Gamma function, and u,us are the
shape parameters. The beta distribution contains the uniform distribution as a

special case.
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While in simulations we generate wy according to p(wy), we also need a Gaus-
sian approximation for carrying out CRLB and EKF computations, since both
are premised on the assumption that the initial density is Gaussian (note that
this is not required for the particle filters). The mean and standard deviation of

the best-fitting Gaussian can be found in [5]:

Uy
)
U1 + U

E|wo] == wp + (wg — wpr)

(wH - wL)2U1 * U2

std [MO] = \/(u1 + U2)2(U1 + ug + 1) )

An illustration of such an approximation is presented in Fig. 9.3.

Fig. 9.4 and Fig. 9.5 demonstrate the effect of prior information on the CRLB.
The following parameters were used: b, = 0.999, V/, 02 = 1074, 0% = 1074,

2:

On

0.2, u; = ug = 1 - thus the accuracy of prior information (std[wp]) is de-
termined by wy — wy. The expectation appearing in the CRLB formulas was
approximated using 100 realizations of the state vector. Observe that the CRLB
with prior knowledge is initially lower, although the significance of prior informa-
tion diminishes very quickly over time and the bounds become indistinguishable

for k& > 10. Increasing the value of stdwy], the CRLB with prior knowledge

approaches the one with no prior knowledge.

6.6 FEstimation Performance Results

We now focus on the frequency estimation performance of the five aforementioned

filters in a tracking mode, wherein the initial state is assumed to be known
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exactly - corresponding to a Dirac delta initial distribution. The CRLB and
the EKF assume that the initial density is a Gaussian. This mismatch is dealt
with by using a very tight density (very small initial variance) to approximate a
delta distribution. The expectation appearing in the CRLB was approximated
using 100 realizations of the state vector. The error curves corresponding to the
five filters were produced by averaging over 200 independent Monte-Carlo (MC)
runs, each comprising 100 temporal samples. The conditional mean was used to
generate point estimates for the particle filters. System parameters were set to
by = 0.999, V/, 02 =107, 0% = 1074, 02 = 0.1, and multinomial resampling was
employed.

We compared computational and memory complexities for approximately
equal estimation performance. Since accuracy is a major concern, the number
of particles for each algorithm was chosen to yield RMSE close to the CRLB.
Accordingly, the number of particles, N, was 1000 for SIR, 1000 for RPF, 800
for AUX, and 50 for RBPF.

The results are summarized in Fig. 9.6, which also includes the spectrogram
peak estimator as yet another baseline. A rectangular window comprising 8
samples, zero-padding to 128 samples, and maximal overlap factor were used to
compute the spectrogram, followed by peak-picking to estimate the instantaneous
frequency.

It is satisfying to see that the four particles filters and the EKF operate

close to the CRLB, and RBPF in particular performs that well with order-of-
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magnitude less particles. This being a three-dimensional state-space, such good
performance with only 50 particles is not at all obvious. SIR, RPF and AUX
filters perform very poorly with less than a few hundred particles in this context.
The average computation time per measurement (time-step) for each algorithm is
listed in Table 9.2. Observe that, RBPF is the fastest among the particle filters,
in addition to its far lower memory requirements.

Notice that all filters in Fig. 9.6 eventually diverge from the CRLB, with EKF
being the first to do so. Consistent with our earlier discussion regarding Claim 1,
the spectrogram steadily diverges in this case, and from early on. Interestingly,
its performance is order-of-magnitude worse than that of the particle filters.

We note that the particle filters are robust with respect to model parameter
mismatch. In particular, RBPF using 02 = 2 x 107*, 04 =2 x 1074, 02 = 0.2
(i.e., 2x the actual variance parameters used to generate the input data) performs
essentially the same as RBPF using the correct variance parameters - the only
difference is that the onset of divergence appears slightly earlier (at time index
80 instead of 85).

In Fig. 9.6 it appears that EKF offers a good performance / complexity trade-
off in the case where the initial information is very accurate; however, its per-
formance is severely degraded when the initial information about the frequency
is coarse. In that case, the particle filters can still yield very good performance.
To illustrate this, Fig. 9.7 presents a simple performance comparison between

the EKF and RPF (with 1000 particles) when the initial frequency information is
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inaccurate with std[wy] = 1.155, and otherwise the same system and noise param-
eters as above. The error curves corresponding to the two filters were produced

by averaging over 500 independent MC runs.



7. EXTENSION TO TV CHIRP SIGNAL

In the following, we extend our results to the case of a TV chirp.

7.1 TV Chirp Model

Let x := [rg, wi, Ax]7 denote the state at time k, where 1, € R , wp € R and
Ay € denote the instantaneous frequency rate, frequency, and complex amplitude
respectively. Once again, we shall assume that the state evolves according to the

following simple AR(1) model:
xp = Hxp_1 + vi_1,

where H is 3 x 3 diagonal, H = diag ([bl,bg,bg]T), with b, close to 1. The
process noise sequence is i.i.d. The process noise vector at time k consists of

three independent random variables with the following marginal statistics:
Vie1 ~ [N (0,02), N (0,02), CN(0,20124)]T.

The measurement is related to the state via

(xk(D)E24x5(2)k)

Y = Xi(3)e’ + wy,
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where wy denotes i.i.d. CN(0,202) measurement noise. Again, the problem of

interest is to estimate the sequence of posterior densities, p (Xk\ {yl}fﬂ), k €

{1,---,T} given {yk}zzl.

7.2 OIF

Let ma 1= bsAy -1 , my = bown k—1 , My 1= b7y x—1. For the TV chirp model,
the normalizing factor D(yg,Xpk—1) = [, p(yk|X)p(X|Xn k-1)dx is given by the

following multidimensional integral: D(yy, Xp 5—1) 1=

1 B kaiAej(rk2+wk)|2
26 20% X
reR JweR J Ae 27T0n

r—mp 2 w—myyy 2 _ |A—mA‘2
[ 1 7% 1 7% 1

2
207 e 208 20

e 3 e A X
V2ro, V2ro,, 2mo
dAdwdr.

Let v := Ly, — Zma — km,,. It can be shown that

1 _\yk\Q-HmA\Z

D<ykaxn,k—1> - m@ 2(c% +03) % R’
n

with the multiplicative factor R given by

\mA||yk|)
o4 + o2

R:I()(

+oo k2 0'3)+k4cr%

[mallyel| —(=—)¢
QEIZ(W)B ( : ) cos(lk*m,. — (v),
where I,(-) denotes the modified Bessel function of the first kind of order /.

Again, the sum can be truncated to a relatively small number of terms (we used

100 terms in our simulations). This is mainly due to the negative exponential
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dependence on ¢2,k% k* and the decay property of the modified Bessel function

with respect to the order ¢. The OIF can now be written as

. 2
\ykakeJ(rkk +wkk)|2

;6 20%
(X |X ) _ 2no2 v
p k k}—17yk7 7‘yk|22+|m124|2
+ 2(5A+Un)
27r(0%+0%)6 xR
1 _pmo® 1 _epeme)® 1 _lAmmal®
e 20% e 20‘% e 2'—"'124

V2o, V2o, 2mo?

What remains to implement the plain OIF filter for the TV chirp case is to come
up with a procedure to draw samples distributed according to the above closed
form. We have already described the basic steps of rejection-based sampling. A
similar procedure can be applied here. Let again

2 2
2 . _ 040,

)
o4 + o2
and

Ay + o2l
o4 + 02

Using the triangle inequality, it can be shown that

_(wpmme)? (r=me)? (AR —p)2
e 203 e 208 7 202

@m)7 3 (1,0) 70000

Q(Xk|Xn,k71, yk) =

with

2
"

e 202 ,

7 (,0) = Qo (=) + Vo

teo (r=m)?
Qo (—H> = e T dr =
o r—0 2mo
1 2 2
= erfe(— oalysl + onlmal ).
2 a0/ 2(0% + 02)
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For this particular dominating density, it holds p(xx|Xp k-1, Yk) < ¢ g(Xk|Xn k-1, Yr)

with
2
e 4500 ()

g

_Imallygl
e “aton R
In both cases considered (harmonic, chirp) the constant ¢ which determines the
complexity of the associated rejection step is dependent on system parameters.
For this particular choice of IF and sampling procedure the weight update

step is given by Wy, = Wy 1D (Yk, Xnk—1) and can be carried out before the

particles are propagated to time-step k.

7.3 Rao-Blackwellization

We can again take advantage of the model structure and partition the state
vector into [ry, wi]’ (€ R2) and Ay (€). The sought posterior at time-step k,

P (rk,wk,Ak | {yl}L) can be factored as p <rk,wk,Ak | {yl}fﬂ) =

p (Ak \ Tk,wk,{yl}f:1>1? (Tkawk | {yl}f:1>

Again, p <Ak | 7y Wiy {yl}L) is Gaussian and can be computed using the Kalman
Filter. To approximate the marginal posterior p (rk, wr | {yl}L) , we use the op-
timal importance density

DTk, Wi | Prg—1, Wnk—1, Y) =

P (k| 7r, W) P (Thy Wi | T k-1, Whk—1)
I Lo (elr,w) p(r, wlrn g1, wn g1 dwdr’
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which again admits closed form expression. Letting pa = E{Ao} , 0% =
bR E{|Ao|?} + 11__b§§k (20%), and ¥ := Ly, — Zpa — km,,, it can be shown that
P (re, Wi | Tn,kflawn,kflayk) =
\yk*u‘Aej(rkaerkk)F
1 B 2w 02/""‘7721
27r(0124,+0%)6 ( 4 )
_\yk\zﬂu‘%IQ X
st R
Wi, —Myy 2 TL—Mp 2
1 e_( k203) ) 1 6_( k202 )
V2ro, 2ro,
with
O(UZ, + ag)—i_
400 k252 +k4o'2
pallyl | -(EE5=E)e
2y I(———— Ck — ).
; 3(0124, n Ug)e cos(lk*m, )

The weight update is given by w,, x = Wy, k-1 D (Yk, Wnk—1, 'nk—1), With

1 _ka|2+\u,4\2

D(yk7wn,k7177an7k71) = m@ 2(03/+0721) R/.
A’ n

We shall again employ an accept-reject algorithm to generate samples dis-
tributed according to the OIF. Using the triangle inequality and monotonicity
of e, it is easy to show that p (7, wk|rnk—1,wnk—1) is a suitable dominating

density for which it holds that

P (i, We | Trgk—1, Wnk—1, Yk) < D (T, Wi [T k-1, Wnk—1) 5

-
_rallygl
2 2

e ”A/“'f’n R/

function can be implemented by rejection over the transitional prior.

with ¢ = . Again, notice that sampling from the optimal importance
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7.4 Cramer-Rao Lower Bound

In this section, we present the CRLB for the TV chirp case. Rewriting the model
in real-valued form and using the results in [23], we end up with the desired

recursive equation for the calculation of J
Jo= Q'+ E{F R'F} - Q 'H'(J,_+

H,TQ_IH/)_lH,TQ_17 kf > 0

where now H' = diag ([bl, by, bs, bg]T>, with b, being 1—¢,, Q = diag <[af, o2, 0%, U%]T>,

R = diag ([O‘?L, afL]T) and Fy is the 2 x 4 matrix defined as:

~ . 2 i 2 T
Fk — vx |: %{Akej(mk +wkk)} %{Akej(mk +wkk)} :| :

/
k

which is the Jacobian of the non-linear function involved in the measurement
equation, evaluated at the true value of the (real-valued) state vector xj :=
[y wi, R(AR), S(Ap)]"

The initial information matrix Jy is calculated from the initial density p(xo),
which is assumed Gaussian N (Xg, Qo). In that case, the recursions may start by
choosing Jo = Q.

The best achievable performance concerning the frequency and the frequency
rate component of the state vector, in the case of very accurate initial information
(an initial pdf with a very small variance), is presented in Fig. 9.8 and Fig. 9.9

respectively, for k& < 80. The behavior of the bounds as k grows is illustrated in
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Fig. 9.10 and Fig. 9.11 respectively. System parameters were set to by = 0.999,
Ve, 02 =107% 0% = 1074, 02 = 1071°, 02 = 0.2. The expectation appearing in
the CRLB was approximated using 100 realizations of the state vector. Observe
from these figures that the bounds are initially growing. This is due to the
fact that the initial information was very precise, however, the effect of such
an accurate prior knowledge are gradually vanishing over time. Approximately
after 600 time steps the CRLB for the frequency rate component of the state
vector is starting to decrease. Observe, however, that this is not happening for
the frequency component, which exhibits much faster time variation than the
frequency rate in this experiment, so the latter is easier to track.

Accurate prior knowledge is not always available. The best achievable error
performance in the case of inaccurate prior is illustrated next. A Gaussian initial
density N (mro,ofo) can be used to model the initial density concerning the
frequency rate component of the state vector. In the (slowly) TV harmonic case,
we have seen that inaccurate initial information only has measurable impact on
the initial performance. To illustrate that this is not the case for TV chirp
signals, consider a scenario where the initial information about the frequency
rate component 7y is inaccurate, whereas the initial frequency wq is accurately
known. For the complex amplitude Ay, we take a narrow Gaussian with mean
E[Aop] =1+ j and standard deviation std [Ag] = 0.01. The resulting bounds on
estimation performance are plotted in Fig. 9.12 and Fig. 9.13 for the frequency

and frequency rate, respectively. Observe that inaccurate initial information
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concerning 7o has a deleterious effect on the best achievable error performance
for both frequency and frequency rate. Accurate initial information about the

frequency rate is critical for acceptable tracking performance in this context.

7.5 FEstimation Performance Results

We now present tracking results for the TV chirp case. We consider two PF
algorithms: the SIR filter, which uses the transitional prior as importance dis-
tribution, and the Rao-Blackwellized filter which uses the optimal importance
density (RBPF). The RMSE results concerning the frequency rate and frequency
are presented in Fig. 9.14 and Fig. 9.15 respectively.

The filters are again considered in a tracking mode - we assume perfect knowl-
edge of the initial state. The expectation appearing in the CRLB was approxi-
mated using 100 realizations of the state vector. The error curves corresponding
to the two filters were produced by averaging over 500 independent runs, each
comprising 100 temporal samples. The conditional mean was used to generate
point state estimates. System parameters were set to b, = 0.999, V¢, 02 = 1074,
0% =107% 02 = 1071% ¢2 = 0.1, and multinomial resampling was employed at
each time step. The number of particles, N, was 1000 for SIR and 50 for RBPF.

Notice from the simulation parameters that we have assigned a very small
amount of noise in the frequency rate evolution, thus allowing (capturing) only

very small variations in this term. It is however encouraging to observe that

although we have used only 50 particles in RBPF’s implementation, the two filters



7.5 Estimation Performance Results 43

yield very similar estimation performance (SIR with 1000 particles seems slightly
better), which is also very close to the CRLB. The average computation time per
measurement (time-step) was 0.08419 seconds for SIR and 0.06498 seconds for

RBPF (measured using Matlab tic/toc).



8. CONCLUSIONS

We considered the problem of tracking the parameters of a single TV harmonic
or chirp signal using particle filtering tools. We showed that the importance
function which minimizes the variance of the particle weights can be computed
in closed form, and developed suitable rejection-based procedures to sample from
the optimal importance function. We further derived efficient versions of the
optimal filters based on Rao-Blackwellization. With as few as 50 particles, the
optimized particle filters attain estimation performance comparable to that of
generic particle filters employing 1000 particles. Using the recursive formula of
Tichavsky et al [23], we also computed the pertinent CRLBs and explored their
behavior as a function of model parameters and the accuracy of prior information
concerning the initial state.

A limitation of all tracking approaches considered is that process noise vari-
ance should be small (state evolution should be smooth) for good tracking perfor-
mance. This is to be expected of course - the models considered are generically
unidentifiable and one relies on smoothness to obtain meaningful estimates. Still,
many potential applications (e.g., tracking of Doppler shift in mobile terrestrial

communications, or residual carrier frequency offset following coarse acquisition)
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meet this requirement.

There are several extensions that could be pursued: a single higher-order TV
polynomial phase signal, or multi-component TV harmonic or chirp signals. Both
entail an expansion of the nonlinear part of the state-space and thus hit on the
“curse of dimensionality”. Custom design of particle filters for these cases hinges
on the development of efficient state-space decomposition strategies, which is a

matter of engineering art.



9. APPENDIX

9.1 Proof of Claim 1

The pdf of = := wk is given by f,(z) = ﬁfw (%), which is an expanded version of
fu(+). Since e/ = ei(® mod 2m) et ys define ¢ := x mod 2r. We will prove that,
as k — oo, the pdf of ¢ approaches a uniform pdf over [0, 27).

Split the interval [0,27) into N equal subintervals of length A, = %r Take
N sufficiently large for f, (x) and f, (¢) to be approximately constant over each
subinterval. Without loss of generality, choose arbitrary §; € [xx_1, %] C [0, 27).
From the definition of the modulo operation, it follows that

+oo

p=—00

We have assumed that f, is continuous, and therefore so is f,; it follows that

—+00
lim fo (&) Ay = ) Jim fo (& +2mp) A, =
p=—00
+o0 & 2mp 400 2T
lim fw(k—mAI = lim fw( k )AI
P—, k—o0 k k—o00 P—t k

since &; is bounded. m



9.2 TV Harmonic Case 47

9.2 TV Harmonic Case

9.2.1 Derivation of closed-form expression for the optimal importance density

‘Uk Aejwk|2
Iy E—
D (Y, Xn k1) //2 se X
weR JAe 4T0,

1 (w bl“)nk 1) ‘A bQAnk 1|2
e 2
205, e 274 dAdw =
\/27mw 27TO'A
(Wﬁbl“"n,k—l)2 |yk,A€JWk‘2 7‘A bQAn,k 1l
- 2 /—1 1 2 / cTEx / e R e 2 dA| dw.
27T0n 27TJw 27TUA weR A€
Let ma := byA, -1 , My = biw,k—1. The integral inside the brackets can be

computed in closed form; by completing the squares in the exponent we obtain

Il A F e Vi o2g2  _lmaueIoR?
JA = / e 20% e 20124 dA — 27T A%n e 2(0124_‘_0.727‘)
2 2
Ac oyt o5
D(yk, Xnr—1) can now be written as
Jwk 2
1 1 1 oo _(wmmg)? _lmaype 0N
D(yka Xn,k— 1) Ir——ATn e 22 ¢ 205498 duw.
2ro2 2 + 02
n02 2w0% \ 210, 0%+ 02 weR

After straightforward manipulations and a change of variable v := Ly, — Zm 4,

we obtain:
1 1 g Pima | (w=mg)? Im AL oo (cok—v)
D(yr, Xpp—1) = (o2 5 e oaten) ></ e 22 x|eaton dw.
7T(O-A + Un) \% 271—0_«) wER

Using the Jacobi-Anger expansion [4] for the term inside the brackets we obtain

1 1 gl 2+\m5x|2  (w—muw)
_ 2(c4 4o o2
D(yr, Xnp-1) = e *aton / e 2%
weR

2w (04 + 02) /270,
+
% f ZJ(— | A||yk|)]f(wk7v) dw
J (=1 A+02
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1 1 gl +Imal?  (w—mg)?
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where I,(+) is the modified Bessel function of the first kind. We now compute the

integral

_(W*mw)Q .
Jo= [ et
weR

By analyzing e/“(“*=¥) and using Tables (see, e.g., [16]), it follows that

_(kow)? 2 _
Jo = V2ro,e 2 e thme—tv)

hence D(yx,Xnk—1) can be written as
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D ) =——5——€ *atm) x B
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Using identities and that I,(-), £ € Z* is symmetric with respect to the order, ¢,

it follows that

+o0 9
B = IO(M) +2 (Z Ig(w)e_(k ol cos(Ckm,, — Ev)) :
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9.2.2 Derivation of dominating density

The optimal importance density is given by:
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xT

Using the triangle inequality and monotonicity of e, we can upper bound the

optimal importance density:
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with VU defined as:

U = 04 (|Ak| = [ye])? + oo (| Al — [mal)?.

After some manipulations and upon defining y := %, and o2 := 023‘:5‘% ,
040 2 2
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The only remaining part is to evaluate the normalization factor and the domi-

nating density
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With A =x+ jy, x = zcosf, y = zsin b, de dy = z dz df it follows that
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Let v (1, 0) == Qo (—%) + veridl 27, The dominating density is
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Q(Xk|Xn,k—1, yk) =

9.2.3  Derivation of closed form expression for p (wi | Wnk—1, Yk)

The likelihood p (yx|wy) can be computed as follows:

p (yleon) = / D (yeleons Ae) p (Agliog) dA, — / D (o, Ax) p (Ar) dAp,
Ap Ag

by independence of wy, Ag. Since Ay obeys an AR(1) evolution model with AR

parameter b and driving term a CA(0, 20%), it follows that p (Ax) = CN (pa, %))

with pa = 0FE{Ag} and 0%, = 0** E{|Ao*} + =45 (20%). Substituting back to

the likelihood formula and completing the squares in Ay yields

1 g —pmpt@rk)?

p(yk|wk):me 2(A+ ) .

Using

p(wk, yk|wn,k—1) _ p(yk|wk7 wn,k—1)p(wk|wn,k—1)
P(Yk|wne-1) Joesn Pk, Wi 1) p(@wn 1)

p<wk’(ﬂn,k—17 yk) -
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_ p(yk|wk)p(wk|wn,k—1)
fwem p(yr|w)p(wlwn k1) 7
we may write p (wg | Wnk—1,Yx) as

_ Jwik 2
y e
ET Sl i (wk—mw)2

1 on (o2 +t72 1 o2
OO .ol
Wk | Wnke— =
P (Wi nk—1; Yk D(yk,wmk,l) ’
with
Y 2
1 -k A 1 _(w=mw)”
Dlpwnps) = [ b () T dw
(Yk, Wn k1) /weél% 2m (0%, + 02) V2mo, ’ 7

which can be computed in closed form by employing the Jacobi-Anger expansion
[4] and then using Tables (see, e.g., [16]). The derivation is almost identical to

the one presented previously in this section.

9.3 TV Chirp Case

9.3.1 Derivation of closed-form expression for the optimal importance density

T A Ae](7k +wk)|2
D(Yp, Xn,p—1) = / / / 5 207 X
reR JweR JAe o

1 (’I’ bl’"n k— 1)2 1 _(“’_bQ“’n,k—l)Q 1 _‘A_bSAg,kflﬁ
e 207 —e¢ 205, —e 2024 dAdwdr =
2no, V2ro, 2moy

1 _(T_blrn,kfl)Q _(“’_bQ“’n,kflﬁ
= 3 / / e 2F e 208
2
(27T> 0121 0 Or Oy JreR JweR

|A=b3An g1 |y acd (TR Hwk) 2
AT An k1T Al TRTHOR)2
X / e 274 e 207 dA| dwdr.
Ae
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Let ma := b3An, k-1 , My = bowp -1 , My := byryk—1. The integral inside the

brackets can be computed by completing the squares:

o AT TR HWR) 2 [A—my |2 g PHImal® gimt gy i (R Hwk)) T2
-k 2 T 202 2(02 +o'2) P 2 A
Ja= e 207 e 21 dA=e aten) e Taton e “aton dA,
Ae Ae

yielding
o2g2  —BHmAP Ry i)
JA = 27‘[‘2‘4—712 2(0’A+0'n) e 0124_“7%
UA + O'n

With v := Ly, — Zma — rk?, we obtain

lyplPHImal?

1 1 1 _(r=mp)”
s B [ 3
(Yk> Xnp—1) 27 (03 + 02) V2ro,, 27mr6 reR ‘

_ (“’*”12@2 7|mAHyk‘ cos(wk—v)
e 2% eaton dw| dr.
weR

We have already seen that the integral inside the brackets actually yields

o = V2mo,l (—W) + 2V 270, Z( 1), (— M)e_(k%?) ‘ cos(Lkmy,—(v),
o

At o = o4+ oy
where I,(+) is the modified Bessel function of the first kind. Letting A := Ly, —

Zm g —km,,, substituting Jg into D(yg, X, k1), and rearranging terms we obtain:

1 ) Hm“‘f |y
D n.k— — 2 534"‘0721 I - A K
(U Xn 1) 2m (0% +a§)e 0 < o4 + o2 +
\ykl +|m,4|
1 Imallye|, _tow?e?
- - A+an .92 L IRl 2
2m (0% +ag)€ Z 031 +0721)6

1 _(r—m»,«)
— 207 kP — 0\)dr| .
{/@R 27r0r€ cos(Ckr ) r]

The integral inside the brackets can be evaluated using the characteristic function,

yielding

025452

Jri=e 2 cos(lk®m, — (N).
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This yields the final form

JyplPHmal?

1 2(0124-&-0%) X R

D k1) = —————————
with

( kzdg +k40'3

R =1 (lmAHyk‘ ZI |mAHyk‘ 2 )Z COS(€k2m7~ —E)\)

o5+ 02 o4+ 02
9.3.2 Derivation of dominating density

The optimal importance density is

p(yk|xx) - p(Xk|Xpk-1)

p(Xk‘Xn,kfla yk) =

_ka\22+\m,24|2 ’
1 2(c4 +07)
—— € aten) R
2m (02 +02)
with
1 lyjo— A ed Tk Fwph) |2
P - 2
p(Yk|xx) = L 202 7
n
and
1 _g=me)? (wpmme)? _[Agmal?
p(xk|xn,k—1) = —(2 )2 5 e 202 e 20‘% e 20’A
m)20%0,0
AYwYr
Using the triangle inequality and monotonicity of e™*, we obtain
1 1 _(Wk—glw)Q 1 _(Tk—”;r)2 S 2
- 20 20 ZO-AO-”
(xx|x ) 9m0302 Vanow - Y Vero© ne
p k n7k717 yk ~ B ‘yk‘22+‘m124‘2 I
1 2(c4 +o7)
2 2
oy toy

with
U= o (| Akl — us])? + o0 (| Ax| — [mal)?.

=+ m
Let p := % then

0?02

U = (04 + o) ([ = 1)° + 225 (Imal” = 2lmallyel + [ul*),
oy +oy
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2 2
3 2 ._ T4A%
and with o° := o
_(wpmmw)? (rp=me)? (Agl—w)?
e 202, ¢ 202 7 202
P(Xk[Xn -1, Yr) < Y

02 152
(2m)2020,0,e “atm R

The only remaining part is to evaluate the normalization factor and the domi-

nating density:

_(wmew>2 _(,.,m2r)2 (A—w?
e 208, e 207 e 202
c:= / / / I drdwdA =
reR JweR J Ae (27T)20'20'w0'7~6 WR

= [/ N i } [/ \/—1 g
= —— e % aw e 29 dar
6_ mallug wer V2o, rer V210,

01244»0'% R
1 2
x l / s At dA] =
Ac 2O

2

N )

a

_Imallygl ’

e oA +od R

+o00 1 (r—p)2 1 2 2
Q. <_H) = e dr = - erfc(— alyel + onlmal .
o r—0 V2mo 2 TAOp, 2(031 +03)

2

Let v (1, 0) == Qo (—%) + \/%e*;?. The dominating density is

(o

_lapmme)® (pmmn)? (ag)-p?
e 208, e 207 (& 202
Xk | Xp k— -
g( k| n,k layk) (271')5/2 7(/4570-) 0,00

9.3.3 Derivation of closed form expression for

(T, Wi | Tnk—1, Wnk—1, Yk)

p(yk|7"k,wk)=/ p(yklrkawk;Ak)p(Ak|7"k7Wk)dAk:/ P (Yr|rr, wi, Ar) p (Ag) dAy,
Ay A
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by independence of 7y, wg, Ag. Since Ai obeys an AR(1) evolution model with

AR parameter b and driving term CN(0,20%), it can be shown that p (Ax) =

CN (p14,0%) with pa = B*E{As} and 02, = b*E{|Ag|*} + 127 (20%). Substi-
tuting back to the likelihood formula and completing the squares in Aj, yields

. 2
]('rkk +wkk) 9
_lyp—mae |

27\'(0124/ +O’%)

1

2 (0% +02)

p(@/kh‘k;%) =

This allows us to write p (7g, Wk | Thk—1,Wn k-1, Yk) =

) 2
‘yk_MAEJ(Tkk +wkk)|2 ) )
— > 3 (wp—mw) (rg—mr)
1 2W(UA’+U") L ¢ 252 Lo 207

—— 5 €
27r(0124, +0’%> 2o 210,

D(yk7 Tnk—1, wn,kq)

with
1 _|yk*#Aej(rk2+wk)|2
D Yk Tnk—1, Wn k—1 :_/ / - ¢ 2”(6?4/+072L)
( yT'n y Wn ) re Jwen 21 (0'3‘, + 0-721)
1 7w 1 (Tmr)2:|
\/ e b e 2% | dwdr.
|: 27T0w V 27T0'T

The normalizing factor D(y, 7 k—1,wnk—1) can be computed in closed form
by employing the Jacobi-Anger expansion [4] and then using Tables (see, e.g.,
[16]). The derivation is almost identical to the one presented previously in this

section.
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Fig. 9.2: Peak-picking the spectrogram corresponding to Fig. 1 (fixed complex ampli-
tude = 1, noiseless measurement, rectangular window of length 8, maximum
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Fig. 9.14: RMSE performance comparison in TV second-order PPS case: SIR , RBPF
and vVCRLB for the frequency rate parameter. Number of particles: 1000

for SIR, 50 for RBPF.
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Tab. 9.1: RBPF using OIF for Tracking A Single Time-Varying Harmonic (see text for
definition of constants)

[{wh,méy,, PN ] = RBPF [{wiy,miy_ Ph 1Y 0

1. Compute normalized importance weights:

e FOR i=1:N,
Wi = meraepe 4 X B
e END FOR
e FOR i=1:N,
- Normalize: wj, = w},/sum [{w}}}X|]

e END FOR

2. Resample — equally weighted particles

[{wimiy_, Ph W] = RESAMPLE [{wf_y,miy_, Ph, Wity

3. Sample from the optimal importance density p (wg|wk—1, Yr):

e FOR i=1:N,
|H2AH?Jk2|
- Calculate ¢ := e”a 7" /B

- Set U :=1/eps and 7 := 1/eps
¢ WHILE (Ur > 1)

- Draw a candidate frequency sample from the dominating density
P (wk|w,’€_1):

wp ~N (blw,i_l, ai)

- Set the acceptance parameter associated with rejection:
Dominating(w? )

T= Optimal(w})

- Draw a sample U ~ Uniform|0, 1]

e END WHILE
e END FOR

4. Use the Kalman Filter relations to obtain analytically the {mfgk, Pj‘k}
associated with each frequency sample:

e FOR i=1:N,
[miy Py ] = KF | wiomiy | Ph o we

e END FOR
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Tab. 9.2: Mean computation times in seconds - (STVH case)
EKF SPEC/GRAM RBPF SIR RPF AUX

0.00020 0.00015 0.06382 0.07569 0.16431 0.15653



