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Kef�laio 1

PerÐlhyh ErgasÐac

Mia merik  diaforik  exÐswsh eÐnai mia sqèsh pou afor� mia �gnwsth sun�rth-
sh k�poiwn metablht¸n kai tic merikèc parag¸gouc thc sun�rthshc aut c, wc
proc autèc tic metablhtèc. Oi merikèc diaforikèc exis¸seic sunant¸ntai sthn
diatÔpwsh kai sunep¸c sthn epÐlush problhm�twn, ìpwc h met�dosh jermìth-
tac kai h di�dosh tou  qou, kaj¸c kai se probl mata elastikìthtac kai ro c
reust¸n.
Plhj¸ra fusik¸n problhm�twn apaitoÔn th lÔsh k�poiwn merik¸n diaforik¸n
exis¸sewn, all� analutik  epÐlush twn merik¸n diaforik¸n exis¸sewn pou ta
perigr�foun dÔnatai na èqoume mìno se ligostèc kai sugkekrimènec peript¸-
seic.
Genniètai loipìn h an�gkh gia arijmhtik  epÐlush merik¸n diaforik¸n exis¸-
sewn me qr sh hlektronikoÔ upologist . Gia na èqoume ìmwc èna kal¸c
orismèno prìblhma, gia na mporoÔme dhlad  na mil soume gia Ôparxh kai
monadikìthta lÔshc, eÐnai aparaÐthto na gnwrÐzoume k�poiec plhroforÐec pou
aforoÔn th lÔsh sto sÔnoro twn diasthm�twn   twn qwrÐwn pou orÐzetai h
merik  diaforik  exÐswsh. EÐnai dhlad  aparaÐthto na gnwrÐzoume tic sunoria-
kèc sunj kec. Autì gÐnetai fanerì sto akìloujo par�deigma:
'Estw ìti jèloume na lÔsoume th sqetik� apl  merik  diaforik  exÐswsh

∂

∂x
u(x, y) = 0

se èna qwrÐo Ω ⊂ R2.
Oloklhr¸nontac prokÔptei ìti

u(x, y) = f(y),

me f na eÐnai mia tuqaÐa sun�rthsh tou y. Gia na odhghjoÔme se mÐa kai
monadik  tètoia f eÐnai emfanèc ìti qrei�zontai peraitèrw plhroforÐec. Qreiazì-
maste loipìn plhroforÐec gia to ti sumbaÐnei sto sÔnoro tou Ω, ∂Ω. Sthn
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KEF�ALAIO 1. PER�ILHYH ERGAS�IAS

paroÔsa metaptuqiak  ergasÐa ja mac apasqol soun oi akìloujoi treic tÔpoi
sunoriak¸n sunjhk¸n. Sunoriakèc sunj kec tÔpou Dirichlet, tÔpou Neu-
mann kaj¸c kai sunoriakèc sunj kec kai twn duo aut¸n tÔpwn orismènec se
diaforetik� tm mata tou ∂Ω. Analutikìtera:

Sunoriakèc sunj kec tÔpou Dirichlet:
H lÔsh u(x, y) se èna qwrÐo Ω prèpei na ikanopoieÐ th sqèsh:

u(x, y) = f(x, y)

sto ∂Ω, ìpou f(x, y) dedomènh sun�rthsh orismènh sto ∂Ω. Oi sunoriakèc
sunj kec tÔpou Dirichlet kaloÔntai kai ousi¸deic (essential) sunoriakèc sun-
j kec.

Sunoriakèc sunj kec tÔpou Neumann:
Oi sunoriakèc sunj kec tÔpou Neumann kajorÐzoun tic timèc pou prèpei na
p�rei h par�gwgoc thc lÔshc u(x, y) sto ∂Ω:

−∂u
∂n

(x, y) = g(x, y)

sto ∂Ω, ìpou g dedomènh sun�rthsh orismènh sto ∂Ω kai n to exwterikì k�-
jeto di�nusma sto ∂Ω. Gia na èqei èna prìblhma monadik  lÔsh, oi sunoriakèc
sunj kec tÔpou Neumann, den gÐnetai na orÐzontai se ìlo to ∂Ω all� se èna
tm ma tou. Oi sunoriakèc sunj kec tÔpou Neumann sun jwc qarakthrÐzon-
tai kai fusikèc (natural) sunoriakèc sunj kec.

Sunoriakèc sunj kec kai twn duo tÔpwn:
'Estw èna qwrÐo Ω ⊆ R2. QwrÐzoume to ∂Ω se dÔo tm mata Γ1 kai Γ2, ¸ste
sto Γ1 na èqoume sunoriakèc sunj kec tÔpou Dirichlet, en¸ sto Γ2 sunoria-
kèc sunj kec tÔpou Neumann.

'Estw ìti jèloume na lÔsoume arijmhtik� mia merik  diaforik  exÐswsh orismè-
nh se èna qwrÐo Ω, me dosmènec sunoriakèc sunj kec. H plèon diadedomènh
mèjodoc arijmhtik c epÐlushc m.d.e. eÐnai h mèjodoc twn peperasmènwn stoi-
qeÐwn.
Arqik�, prèpei na antikatastajeÐ to arqikì suneqèc prìblhma �peirhc di�sta-
shc, apì èna peperasmèno ¸ste na eÐnai dunat  h epÐlus  tou me qr sh H/U.
Prèpei epomènwc na gÐnei diakritopoÐhsh tou qwrÐou Ω, qwrismìc dhlad  tou
Ω se upoperioqèc, me apotèlesma na dhmiourgeÐtai ètsi èna plègma. LÔ-
noume stouc kìmbouc tou plègmatoc pou èqei dhmiourghjeÐ kai èqoume ètsi
mia prosèggish thc pragmatik c lÔshc. Ta plègmata aut�, dhlad  oi diamerÐ-
seic twn qwrÐwn, eÐnai sÔmmorfa, kalÔptoun dhlad  exolokl rou to qwrÐo
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Sq ma 1.1: Efarmog  sunoriak¸n sunjhk¸n.

Ω. Ed¸ anakÔptoun erwt mata gia to pìso kal  eÐnai h k�je prosèggish,
all� aut� ta erwt mata ja mac apasqol soun sthn sunèqeia thc ergasÐac
aut c. Sumperasmatik�, sthn klasik  mèjodo peperasmènwn stoiqeÐwn, orÐ-
zoume pr¸ta to qwrÐo sto opoÐo jèloume na lÔsoume thn m.d.e. kai sth sunè-
qeia kataskeu�zoume to plègma. 'Ena plègma me trigwnik� stoiqeÐa se èna
tuqaÐo qwrÐo Ω faÐnetai sto sq ma 1.2. Pollèc forèc ìmwc, se pollèc prak-

Sq ma 1.2: TuqaÐo trigwnopoihmèno qwrÐo qrhsimopoi¸ntac to pde toolbox
tou matlab.

tikèc efarmogèc, qrei�zetai epanalambanìmenh epÐlush miac merik c diaforik c
exÐswshc, se èna qwrÐo to opoÐo qronik� all�zei, se mikrì   meg�lo bajmì.
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ApaiteÐtai loipìn metabol  kai tou Ðdiou tou plègmatoc. IdÐwc se polÔploka
qwrÐa h diadikasÐa aut  eÐnai arket� akrib  kai se pollèc peript¸seic de mpo-
reÐ na gÐnei me automatopoihmèno trìpo. Genik�, h epanatrigwnopoÐhsh tou
qwrÐou eÐnai mia qronobìra diadikasÐa kai sunep¸c eÐnai k�ti pou jèloume na
apofeÔgoume.
Sthn prosp�jeia na antimetwpistoÔn tètoia probl mata, ta teleutaÐa qrìnia
anaptÔssontai k�poiec mèjodoi pou touc èqei apodojeÐ o qarakthrismìc mè-
jodoi qwrÐc plègma (meshless methods). ParadeÐgmata tètoiwn mejìdwn eÐnai
h mèjodoc XFEM (extended finite element method), h MLS (moving least
squares method) kai �llec. Sthn pragmatikìthta o qarakthrismìc mèjodoi
qwrÐc plègma den eÐnai akrib¸c antiproswpeutikìc. To plègma up�rqei all�
eÐnai orismèno me tètoion trìpo ¸ste na eÐnai anex�rthto tou qwrÐou pou lÔ-
noume thn m.d.e. Upì mia ènnoia to plègma proôp�rqei tou qwrÐou. 'Ena
par�deigma faÐnetai sto sq ma 1.3. Mia mèjodoc qwrÐc plègma pou ja mac

Sq ma 1.3: Domhmèno plègma kai kuklikì qwrÐo epÐlushc.

apasqol sei se aut  thn metaptuqiak  ergasÐa, eÐnai h mèjodoc twn noht¸n
qwrÐwn (fictitious domain method). H mèjodoc aut  basÐzetai sth qr sh pol-
laplasiast¸n Lagrange orismènwn sto sÔnoro tou qwrÐou. H mèjodoc twn
noht¸n qwrÐwn dÐnei thn dunatìthta gia gr gorouc epilÔtec se polÔplokec
gewmetrÐec, se antÐjesh me thn klasik  mèjodo peperasmènwn stoiqeÐwn. Mia
apì tic duskolÐec pou sunep�getai h mèjodoc aut  eÐnai ìti qrei�zontai polloÐ
upologismoÐ posot twn pou sqetÐzontai me thn gewmetrÐa tou qwrÐou, kaj¸c
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kai apoj keus  touc.
Sthn paroÔsa metaptuqiak  ergasÐa, ja melethjeÐ h exÐswsh Poisson, mia
m.d.e. h opoÐa sunant�tai se probl mata met�doshc jermìthtac, elastikìth-
tac klp, kai ja anaptuqjoÔn trìpoi kai algìrijmoi epÐlus c thc me th mè-
jodo twn noht¸n qwrÐwn. Ja melethjoÔn zht mata eust�jeiac, sÔgklishc
kai poluplokìthtac kai ja sugkrijeÐ h mèjodoc me tic kajierwmènec mejìdouc
peperasmènwn stoiqeÐwn. Pio sugkekrimèna h di�rjrwsh aut c thc metaptuqi-
ak c ergasÐac eÐnai h akìloujh: Arqik� ja parousiastoÔn oi basikèc arqèc
thc mejìdou twn peperasmènwn stoiqeÐwn kai ja perigrafeÐ h qrhsimìtht� thc
me thn par�jesh k�poiwn apì tic polu�rijmec efarmogèc thc. Sth sunèqeia,
sta kef�laia 3 kai 4 ja diatupwjoÔn kai ja lujoÔn probl mata se mia kai dÔo
diast�seic antÐstoiqa en¸ ja melethjoÔn oi lÔseic kai o rujmìc sÔgklishc se
autèc. Sto kef�laio 5 ja gÐnei mia anaskìphsh twn mejìdwn qwrÐc plègma
(meshless methods) en¸ sto kef�laio 6 ja gÐnei h parousÐash kai h jemelÐwsh
thc mejìdou noht¸n qwrÐwn (fictitious domain method). Tèloc sta kef�laia
7 kai 8 ja diatupwjoÔn kai ja lujoÔn ta antÐstoiqa probl mata twn kefalaÐ-
wn 3, 4 me thn mèjodo twn noht¸n qwrÐwn. EpÐshc ja melethjoÔn oi lÔseic
kai o rujmìc sÔgklishc se autèc kai ja sugkrijoÔn me ta apotelèsmata thc
klasik c mejìdou peperasmènwn stoiqeÐwn. AkoloujoÔn ta sumper�smata
thc ergasÐac aut c en¸ sto par�rthma paratÐjentai majhmatikoÐ orismoÐ kai
sunaf  jewr mata pou aforoÔn tic mejìdouc pou melet jhkan.
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Kef�laio 2

H mèjodoc twn peperasmènwn
stoiqeÐwn

Poll� fusik� fainìmena mporoÔn na diatupwjoÔn kai na perigrafoÔn me merikèc
diaforikèc exis¸seic. Sth genik  perÐptwsh, h lÔsh aut¸n twn exis¸sewn
me analutikèc mejìdouc se tuqaÐa qwrÐa eÐnai sqedìn adÔnath. H mèjodoc
peperasmènwn stoiqeÐwn apoteleÐ mia arijmhtik  mèjodo me thn opoÐa oi exi-
s¸seic autèc lÔnontai proseggistik� [1].
'Estw mia pl�ka h opoÐa èqei mia trÔpa thc opoÐac jèloume na broÔme thn
katanom  jermokrasÐac, ìpwc sto sq ma 2.1. EÐnai logikì na gr�youme thn

Sq ma 2.1: Pl�ka me mia trÔpa.

exÐswsh di�qushc jermìthtac gia k�je shmeÐo sto eswterikì thc pl�kac. H
lÔsh ìmwc aut c thc merik c diaforik c exÐswshc se polÔplokec gewmetrÐec,
ìpwc gia par�deigma h epif�neia miac mhqan c, eÐnai adÔnath me analutikèc
mejìdouc ìpwc gia par�deigma o qwrismìc metablht¸n. EpÐshc arijmhtikèc
mèjodoi ìpwc h mèjodoc twn peperasmènwn diafor¸n de xepernoÔn ta probl -
mata pou dhmiourgoÔntai apì tuqaÐec kai polÔplokec gewmetrÐec.
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STOIQE�IWN

H basik  idèa thc mejìdou twn peperasmènwn stoiqeÐwn, ìpwc èqei proanafer-
jeÐ, eÐnai o qwrismìc tou qwrÐou se upoperioqèc tic opoÐec kaloÔme stoiqeÐa,
ta opoÐa oriojetoÔntai apì kìmbouc. OdhgoÔmaste ètsi se mia prosèggish thc
lÔshc ìpwc faÐnetai sto sq ma 2.2. H mèjodoc peperasmènwn stoiqeÐwn mac

Sq ma 2.2: Prosèggish mèsw diakritopoÐhshc.

efodi�zei me mia susthmatik  mejodologÐa me thn opoÐa h lÔsh, sto par�deigm�
mac h jermokrasÐa thc pl�kac, mporeÐ na kajoristeÐ apì èna prìgramma se
H/U [2]. Se grammik� probl mata h lÔsh prokÔptei apì th lÔsh enìc sust -
matoc grammik¸n exis¸sewn sto opoÐo oi �gnwstoi (oi jermokrasÐec stouc
kìmbouc) eÐnai ìsoi kai oi kìmboi [3]. Gia na mporoÔme na mil soume gia mia
akrib  lÔsh qrei�zontai qili�dec kìmboi opìte h lÔsh mèsw programm�twn se
H/U moi�zei monìdromoc. Genik� h prosèggish thc lÔshc belti¸netai ìso
aux�noume to pl joc twn stoiqeÐwn (�ra kai twn kìmbwn), all� k�ti tètoio
aux�nei kai ton qrìno pou apaiteÐtai gia thn lÔsh [1].
H mèjodoc �rqise na anaptÔssetai thn dekaetÐa tou '50 sthn biomhqanÐa
aeronauphgik c. H pr¸th dhmosÐeush pou periègrafe thn mejodologÐa thc
mejìdou  rje to 1956 apì touc M.J. Turner, R.W. Clough, H.C. Martin kai
L.J. Topp [5]. Arqik� h akadhmaðk  koinìthta  tan arket� epikritik  ìson
afor� th mèjodo kai poll� episthmonik� periodik� arnoÔntan na dhmosieÔsoun
ergasÐec p�nw sth mèjodo twn peperasmènwn stoiqeÐwn. Kat� th dekaetÐa tou
'60 majhmatikoÐ, oi opoÐoi eÐqan arqÐsei na asqoloÔntai me to majhmatikì upì-
bajro thc mejìdou, anak�luyan mia dhmosÐeush tou Courant (1946) [6] sthn
opoÐa qrhsimopoioÔse trigwnik� stoiqeÐa gia na lÔsei probl mata dìnhshc.
PolloÐ majhmatikoÐ isqurÐzontai ìti h sugkekrimènh dhmosÐeush apoteleÐ thn
anak�luyh thc mejìdou. Kat� th di�rkeia thc en lìgw dekaetÐac kalÔfjhke to
kenì pou up rqe sto jewrhtikì komm�ti thc mejìdou, kai apodeÐqjhke ìti gia
grammik� probl mata oi lÔseic pou prokÔptoun apì th mèjodo twn peperas-
mènwn stoiqeÐwn sugklÐnoun stic pragmatikèc. Me �lla lìgia apodeÐqjhke
ìti kaj¸c aux�netai to pl joc twn peperasmènwn stoiqeÐwn oi lÔseic pou
prokÔptoun teÐnoun sthn pragmatik  lÔsh thc merik c diaforik c exÐswshc.
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STOIQE�IWN

Kat� th dekaetÐa tou '60 �rqisan na anaptÔssontai kai ta pr¸ta progr�mma-
ta, ta opoÐa  tan dwre�n kaj¸c tìte den eÐqe anagnwristeÐ akìma h emporik 
axÐa twn upologistik¸n pakètwn kai programm�twn. To pr¸to prìgramma
peperasmènwn stoiqeÐwn anaptÔqjhke apo ton E. Wilson en¸ lÐgo argìtera,
to 1965, h NASA �rqise na anaptÔsei èna prìgramma peperasmènwn stoiqeÐwn
pou ja diaqeirizìtan pl joc diaforetik¸n problhm�twn to opoÐo onom�sthke
NASTRAN . PerÐpou tautìqrona o J. Swanson gia logariasmì thc etaireÐac
Westinghouse Electric �rqise na anaptÔsei to prìgramma ANSYS, arqik� gia
thn an�lush purhnik¸n antidrast rwn. EpÐshc, �xia anafor�c eÐnai ta pro-
gr�mmata LS-DYNA kai ABAQUS ta opoÐa �rqisan na anaptÔsontai to 1989
kai 1978 antÐstoiqa. 'Ola ta progr�mmata pou anafèrjhkan èqoun me thn
p�rodo ìlwn aut¸n twn qrìnwn exeliqjeÐ kai qrhsimopoioÔntai apì pl joc
etairei¸n kai biomhqani¸n kai s mera. H mèjodoc twn peperasmènwn stoiqeÐ-
wn eÐnai sten� sundedemènh me th sqedÐash kai an�ptuxh proðìntwn me qr sh
H/U, dhlad  me sust mata CAD kai CAM . Bèbaia lìgw asumbatìthtac twn
b�sewn dedomènwn twn susthm�twn CAD kai twn peperasmènwn stoiqeÐwn, h
gènnhsh plegm�twn apoteleÐ akìma mia qronobìra diadikasÐa all� se kamÐa
perÐptwsh den mporeÐ na sugkrijeÐ o qrìnoc pou qrei�zetai gia th sqedÐash,
an�ptuxh kai paragwg  enìc proðìntoc me to qrìno pou qreiazìtan palaiìte-
ra.
Sth sunèqeia dÐnontai k�poia endeiktik� paradeÐgmata efarmog c thc mejìdou,
mèsa apì ta opoÐa faÐnetai kai to ter�stio eÔroc twn efarmog¸n thc [1].
a. an�lush pÐeshc kai jermìthtac gia biomhqanik� exart mata ìpwc hlektroni-
kèc suskeuèc, mhqanèc autokÐnhshc kai mhqanèc aeroskaf¸n.
b. seismik  an�lush kai prìbleyh thc sumperifor�c ktirÐwn kai pìlewn se
perÐptwsh seismoÔ.
g. an�lush thc sumperifor�c autokin twn trènwn kai aeroskaf¸n se perÐptw-
sh sÔgkroushc.
d. an�lush ro c reust¸n kai ro c aèra se sust mata exaerismoÔ.
e. hlektromagnhtik  an�lush tou s matoc kerai¸n kai shm�twn aeroskaf¸n.
z. an�lush qeirourgik¸n diadikasi¸n ìpwc gia par�deigma plastik  qeirourgi-
k , diìrjwsh skolÐwshc k.a.
Stic eikìnec 2.3 kai 2.4 faÐnontai ta montèla peperasmènwn stoiqeÐwn gia th
melèth antoq c kai dunamik c sumperifor�c enìc aerosk�fouc kai enìc au-
tokin tou.

'Opwc  dh èqei anaferjeÐ, h an�lush me peperasmèna stoiqeÐa paÐzei shman-
tikì rìlo kai sthn iatrik . Sto sq ma 2.5 faÐnontai k�poia montèla peperas-
mènwn stoiqeÐwn gia ton prosdiorismì roðk¸n pedÐwn sthn kardiak  q¸ra.
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STOIQE�IWN

Sq ma 2.3: Montèlo peperasmènwn stoiqeÐwn enìc aerosk�fouc.

Sq ma 2.4: Montèlo peperasmènwn stoiqeÐwn enìc autokin tou.
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Sq ma 2.5: Montèla peperasmènwn stoiqeÐwn thc anjr¸pinhc kardi�c.
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Kef�laio 3

H mèjodoc twn peperasmènwn
stoiqeÐwn se mia di�stash

3.0.1 H diaforik  exÐswsh Helmholtz

'Estw h diaforik  exÐswsh Helmholtz

−u′′ + c2u = f, x ∈ (0, 1) ≡ Ω

me omogeneÐc dirichlet sunoriakèc sunj kec sto ∂Ω = {0, 1}

u(0) = u(1) = 0 .

H lÔsh u ∈ H1
0 (0, 1). Pollaplasi�zoume me mia sun�rthsh w ∈ H1

0 (0, 1) kai
oloklhr¸noume sto (0, 1) opìte prokÔptei h metabolik  morf  (variational
form) thc exÐswshc:∫ 1

0

w′u′dx+ c2

∫ 1

0

wudx =

∫ 1

0

wfdx ,

u, w ∈ H1
0 (0, 1) .

Diatup¸noume to akìloujo prìblhma:
Prìblhma 1:

Na brejeÐ u ∈ H1
0 (0, 1) tètoia ¸ste

a(u,w) = F (w) , ∀w ∈ H1
0 (0, 1) ,

ìpou

a(u,w) :=

∫ 1

0

w′u′dx+ c2

∫ 1

0

wudx
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kai

F (w) :=

∫ 1

0

wfdx .

Gia k�je F ∈ H−1(0, 1) to prìblhma 1 èqei monadik  lÔsh u ∈ H1
0 (0, 1) kai

epiplèon up�rqei c > 0 tètoio ¸ste:

||u||H1
0
≤ c||f ||H−1(0,1) .

H Ôparxh kai h monadikìthta thc lÔshc prokÔptei apì to je¸rhma Lax-
Milgram to opoÐo parajètoume sth sunèqeia.

Je¸rhma (Lax-Milgram):
'Estw V ènac q¸roc Hilbert kai α(·, ·) mia digrammik  morf  ston V me tic
ex c dÔo idiìthtec:
1. |α(u,w)| ≤ C||u||V ||w||V
(h digrammik  morf  eÐnai �nw fragmènh   suneq c)
2. |α(u, u)| ≥ c||u||2V
(h digrammik  morf  èqei thn idiìthta thc sumpiestìthtac)
Tìte, gia k�je f ∈ V ′, ìpou V ′ o duðkìc q¸roc tou V , up�rqei monadik  lÔsh
u ∈ V thc exÐswshc

α(u,w) = 〈f, w〉

kai isqÔei ìti

||u||V ≤
1

c
||f ||V ′ .

ApodeiknÔoume tic dÔo proôpojèseic gia thn digrammik  morf  a:
Gia thn pr¸th proôpìjesh tou Lax-Milgram èqoume:

|a(u,w)| = |
∫ 1

0

w′u′dx+ c2

∫ 1

0

wudx| ≤

≤
∫ 1

0

|w′u′|dx+ c2

∫ 1

0

|wu|dx ≤

≤ max(1, c2)
( ∫ 1

0

|w′u′|dx+ c2

∫ 1

0

|wu|dx
)
≤

≤ c
(( ∫ 1

0

(w′)2
) 1

2
( ∫ 1

0

(u′
)2

)
1
2 +

( ∫ 1

0

w2
) 1

2
( ∫ 1

0

u2
) 1

2

)
≤

≤ c
(
|w|H1|u|H1 + ||w||L2||u||L2

)
≤

≤ c||w||H1 ||u||H1 + c||w||H1 ||u||H1 =
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= 2c||w||H1 ||u||H1 .

Gia thn deÔterh proôpìjesh tou Lax-Milgram èqoume:

a(u, u) =

∫ 1

0

(u′)2dx+ c2

∫ 1

0

u2dx ≥

≥ min(1, c2)
( ∫ 1

0

(u′)2dx+

∫ 1

0

u2dx
)

=

= c||u||2H1 .

Epiplèon up�rqei b > 0 ¸ste

||u||H1 ≤ 1

b
||f ||H−1(0,1) .

3.0.2 DiakritopoÐhsh thc exÐswshc Helmholtz

H diakrit  morf  tou probl matoc 1 diatup¸netai sto akìloujo prìblhma:
Prìblhma 2:

Na brejeÐ uh ∈ Vh, ìpou Vh diakritìc upìqwroc tou H1
0 (0, 1) tètoia ¸ste

a(uh, wh) = F (wh) , ∀wh ∈ Wh ,

ìpou Wh diakritìc upìqwroc tou H1
0 (0, 1). Apì to je¸rhma tou Cea [28]

(oi orismoÐ twn parap�nw q¸rwn brÐskontai sto par�rthma), prokÔptei ìti to
diakritì prìblhma èqei monadik  lÔsh kai epiplèon h lÔsh uh ikanopoieÐ thn
anisìthta

||u− uh||Vh ≤
c

c
inf

wh∈Wh

||u− wh||Wh
.

Epiplèon, apodeiknÔetai ìti an h digrammik  morf  a eÐnai summetrik  (ed¸
eÐnai profanèc ìti isqÔei autì), tìte h parap�nw anisìthta gÐnetai

||u− uh||Vh ≤
√
c

c
inf

wh∈Wh

||u− wh||Wh
.

Sth sunèqeia dialègoume sunart seic b�shc gia touc diakritoÔc upìqwrouc
tou H1

0 (0, 1) kai efarmìzoume th mèjodo Galerkin .
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3.0.3 Probol  kat� Galerkin

'Estw Vh ⊂ H1
0 peperasmènhc di�stashc. Up�rqoun pollèc epilogèc gia ton

Vh, sth mèjodo peperasmènwn stoiqeÐwn ìmwc sun jwc epilègoume ton q¸ro
twn kat� tm mata grammik¸n poluwnumik¸n sunart sewn [3]. San b�sh tou
Vh orÐzoume tic sunart seic

Φi(x) =


x−xi−1

xi−xi−1
, x ∈ (xi−1, xi)

xi+1−x
xi+1−xi , x ∈ (xi, xi+1)

0, x /∈ (xi−1, xi) ∪ (xi, xi+1)

To i paÐrnei timèc apì 1 mèqri n ìpou n + 1 to pl joc twn kìmbwn, en¸ xi
eÐnai h suntetagmènh tou kìmbou i. H Φi kaleÐtai sun�rthsh stèghc (tent
function) kai se k�je kìmbo h grafik  thc par�stash dÐnetai sto sq ma 3.1.
Xekin¸ntac apì to prìblhma 2, h exÐswsh pou kaloÔmaste na diatup¸soume

Sq ma 3.1: Grafik  par�stash thc sun�rthshc b�shc Φi.

se morf  pin�kwn ¸ste na lÔsoume telik� èna grammikì sÔsthma eÐnai

a(uh, wh) = F (wh) , ∀w ∈ Vh ,

ìpou

a(uh, wh) :=

∫ 1

0

w′hu
′
hdx+ c2

∫ 1

0

whuhdx
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kai

F (wh) :=

∫ 1

0

whfhdx .

'Eqoume diadoqik�:∫ 1

0

duh
dx

dwh
dx

dx+ c2

∫ 1

0

uhwhdx =

∫ 1

0

fvhdx ,∀wh ∈ Vh

me

uh(x) =
n+1∑
i=1

uhiΦi(x)

kai

wh(x) =
n+1∑
i=1

whiΦi(x) ,

opìte odhgoÔmaste sthn sqèsh

n+1∑
i=1

[

∫
dΦi

dx

dΦj

dx
dx]uhi +

n+1∑
i=1

[

∫
ΦiΦjdx]uhi =

n+1∑
i=1

∫
fΦjdx

∀1 ≤ j ≤ n+ 1 .

Thn parap�nw sqèsh thn gr�foume sth morf 

n+1∑
i,j=1

aijuhi +
n+1∑
i,j=1

mijuhi =
n+1∑
j=1

fj ,

ìpou

aij =

∫
dΦi

dx

dΦj

dx
dx

kai

mij =

∫
ΦiΦjdx ,

h opoÐa telik� se morf  pin�kwn gr�fetai

Auh +Muh = F ,

  (
A+M

)
uh = F .

Ta parap�nw oloklhr¸mata orÐzontai se k�je stoiqeÐo. O pÐnakac A
kaleÐtai mhtr¸o duskamyÐac (stiffness matrix) kai o M kaleÐtai mhtr¸o m�zac
(mass matrix). O trìpoc pou dhmiourgoÔntai se programmatistikì epÐpedo
analÔetai sthn epìmenh enìthta. Oi dÔo pÐnakec eÐnai jetik� orismènoi opìte
èqoun idiotimèc diaforetikèc tou mhdenìc kai sunep¸c eÐnai antistrèyimoi. H
epÐlush tou grammikoÔ sust matoc mporeÐ na gÐnei me eujeÐc   epanalhptikèc
mejìdouc (p.q. me th mèjodo twn suzug¸n klÐsewn).
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3.0.4 Arijmhtik  epÐlush thc diaforik c exÐswshc

Helmholtz

Ja lÔsoume thn exÐswsh Helmhotz me c = 1 kai f = 1, me sunoriakèc sun-
j kec u(0) = u(1) = 0. 'Eqontac upologÐsei thn analutik  lÔsh thc

−u′′ + u = 1

me

u(0) = u(1) = 0 ,

parajètoume dÔo graf mata pou sto pr¸to (sq ma 3.2) èqoume k�nei grafik 
par�stash thc lÔshc me peperasmèna stoiqeÐa kai thc analutik c lÔshc, kai
sto deÔtero (bl. sq ma 3.3) faÐnetai to sf�lma prosèggishc thc analutik c
lÔshc. H lÔsh pou melet�me prokÔptei apì èna araiì plègma twn 100 kìmbwn.
Sto sq ma 3.4 faÐnetai mia perioq  se megèjunsh pou deÐqnei pìso kont� eÐnai
oi dÔo lÔseic.

Sq ma 3.2: Grafik  par�stash twn lÔsewn.
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Sq ma 3.3: Grafik  par�stash sf�lmatoc.

3.0.5 H diaforik  exÐswsh Poisson

'Estw h grammik  diaforik  exÐswsh Poisson :

−d
2u

dx2
= f(x)

sto Ω ≡ (0, 1) me
u(0) = u(1) = 0 .

H Poisson prokÔptei apì thn Helmholtz jètontac c = 0. Parìla aut� ja
akolouj soume thn Ðdia diadikasÐa me prohgoumènwc. Ja xekin soume apì thn
metabolik  diatÔpwsh tou probl matoc, ja proqwr soume sth diakritopoÐhsh,
ja k�noume thn probol  kata Galerkin kai telik� ja lÔsoume thn exÐswsh
Poisson epexhg¸ntac touc algìrijmouc pou dhmiourg jhkan. Tèloc ja gÐnei
melèth sÔglishc sthn lÔsh qrhsimopoi¸ntac thn H1 nìrma. Diatup¸noume
to akìloujo suneqèc prìblhma:

Prìblhma 3:

Na brejeÐ u ∈ H1
0 (0, 1) tètoia ¸ste

a(u,w) = F (w) ,∀w ∈ H1
0 (0, 1) ,
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Sq ma 3.4: Megèjunsh perioq c tou graf matoc twn lÔsewn thc exÐswshc
Helmholtz .

ìpou

a(u,w) :=

∫ 1

0

w′u′dx

kai

F (w) := 〈f, w〉 .

Gia k�je F ∈ H−1(0, 1) to prìblhma 1 èqei monadik  lÔsh u ∈ H1
0 (0, 1) kai

epiplèon up�rqei d > 0 tètoio ¸ste:

||u||H1
0
≤ d||f ||H−1(0,1) .

H Ôparxh kai h monadikìthta prokÔptoun apì to je¸rhma Lax-Milgram kai
oi apodeÐxeic twn proôpojèswn tou jewr matoc eÐnai �mesec ìpwc kai sthn
peÐptwsh thc exÐswshc Helmholtz .

To epìmeno b ma eÐnai na metaferjoÔme apì ton apeirodi�stato q¸ro H1
0

se ènan upìqwrì tou peperasmènhc di�stashc, na diakritopoi soume dhlad 
to prìblhma ¸ste na mporoÔme na kataskeu�soume algìrijmouc epÐlus c tou.
'Estw Vh ⊂ H1

0 peperasmènhc di�stashc. San b�sh tou V ja qrhsimopoi -
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soume p�li tic sunart seic

Φi(x) =


x−xi−1

xi−xi−1
, x ∈ (xi−1, xi)

xi+1−x
xi+1−xi , x ∈ (xi, xi+1)

0, x /∈ (xi−1, xi) ∪ (xi, xi+1)

To i paÐrnei timèc apì 1 mèqri n ìpou n + 1 to pl joc twn kìmbwn, en¸ xi
eÐnai h suntetagmènh tou kìmbou i. 'Eqoume to akìloujo prìblhma:

Prìblhma 4:

a(uh, wh) = F (wh) ,∀w ∈ Wh ,

ìpou

a(uh, wh) :=

∫ 1

0

w′hu
′
hdx

kai

F (wh) :=

∫ 1

0

whfhdx ,

en¸ o Wh eÐnai diakritìc upìqwroc tou H1
0 (0, 1) me b�sh tou tic sunart seic

Φi. H Ôparxh kai h monadikìthta thc lÔshc prokÔptoun p�li apì to je¸rhma
tou Cea, kai h lÔsh uh ikanopoieÐ thn anisìthta

||u− uh||Vh ≤

√
d

d
inf ||u− wh||wh∈Wh

,

ìpou d kai d jetikèc stajerèc.

Probol  kata Galerkin

Apì thn sqèsh α(uh, wh) = 〈f, wh〉 , vh ∈ Vh èqoume diadoqik�:∫ 1

0

duh
dx

dwh
dx

dx =

∫ 1

0

fwhdx ,∀wh ∈ Vh
me

uh(x) =
n+1∑
i=1

uhiΦi(x)

kai �ra èqoume:∫ 1

0

[
n+1∑
i=1

uhi
dΦi

dx
(x)]

dwh
dx

dx =

∫ 1

0

fwhdx ∀wh ∈ Vh ⇒
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∫ 1

0

[
n+1∑
i=1

uhi
dΦi

dx
(x)]

dΦ(j)

dx
dx =

∫ 1

0

n+1∑
i=1

fΦ(j)dx⇒

diìti eÐnai wh = whiΦi pou aplopoioÔntai sta 2 mèlh.

n+1∑
i=1

[

∫
dΦi

dx

dΦj

dx
dx]uhi =

∫ n+1∑
i=1

fΦ(j)dx ,∀1 ≤ j ≤ n+ 1 ⇒

n+1∑
i,j=1

aijuhi =
n+1∑
j=1

fj ,

ìpou

aij =

∫
dΦi

dx

dΦj

dx
dx

h opoÐa telik� paÐrnei th morf 

Auh = F .

Ta oloklhr¸mata sta parap�nw ajroÐsmata pou den perièqoun �kra eÐnai
orismèna p�nw se k�je trigwnikì stoiqeÐo Th ∈ T, ìpou T h trigwnopoÐhsh
(  alli¸c h diamèrish) pou èqoume orÐsei. O pÐnakac A eÐnai summetrikìc
afoÔ to eswterikì ginìmeno α(·, ·) eÐnai summetrikì, kaj¸c epÐshc kai jetik�
orismènoc. AfoÔ o pÐnakac eÐnai jetik� orismènoc ìlec oi idiotimèc tou eÐnai
jetikèc kai sunep¸c di�forec tou mhdèn opìte telik� prokÔptei ìti o pÐnakac
eÐnai antistrèyimoc. H lÔsh tou grammikoÔ sust matoc eÐnai

uh = A−1F .

3.0.6 Arijmhtik  epÐlush thc diaforik c exÐswshc

Poisson

Sthn exÐswsh −d2u
dx2

= f(x) sto (0, 1) me u(0) = u(1) = 0 jètoume f = 1.
Sto di�sthma (0, 1) xekin�me me mia diakritopoÐhsh sthn opoÐa oi kìmboi den
isapèqoun ìpwc sth lÔsh thc Helmholtz, h opoÐa prokÔptei wc ex c: Sto
Matlab k�noume ta akìlouja:

t=linspace(0,1,10);

x=sin((pi/2)*t);

C=[x’];
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To di�nusma C perièqei tic suntetagmènec twn kìmbwn. Ed¸ orÐzoume dÔo
pÐnakec E, N , oi opoÐoi perièqoun tic plhroforÐec gia ta stoiqeÐa kai touc
kìmbouc antÐstoiqa. Oi pÐnakec E kai N eÐnai ousiastik� oi pÐnakec sundesi-
mìthtac kìmbwn kai stoiqeÐwn. Gia to arqikì di�nusma C oi dÔo pÐnakec E
kai N eÐnai:

E =



1 1 2
2 2 3
3 3 4
4 4 5
5 5 6
6 6 7
7 7 8
8 8 9
9 9 10


kai

N =



1 0
2 0.1736
3 0.3420
4 0.5000
5 0.6428
6 0.7660
7 0.8660
8 0.9397
9 0.9848
10 1


H morf  twn E kai N eÐnai h akìloujh:

E=
[
ìnoma stoiqeÐou , 1oc kìmboc , 2oc kìmboc

]
kai

N=
[
ìnoma kìmbou , x suntetagmènh

]
.

Gia na dhmiourg soume ton pÐnaka A (stiffness matrix) upologÐzoume pr¸ta
ton pÐnaka pou antistoiqeÐ se k�je stoiqeÐo Ae. EÐnai:

Ae =

[ ∫ xi+1

xi

dΦi

dx
dΦi

dx
dx

∫ xi+1

xi

dΦi

dx
dΦi+1

dx
dx∫ xi+1

xi

dΦi+1

dx
dΦi

dx
dx

∫ xi+1

xi

dΦi+1

dx
dΦi+1

dx
dx

]
o opoÐoc telik� eÐnai

Ae =

[
1

xi+1−xi − 1
xi+1−xi

− 1
xi+1−xi

1
xi+1−xi

]
.
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An ni kai ni+1 oi kìmboi pou orÐzoun to i- stoiqeÐo gia na dhmiourg soume
ton pÐnaka A o opoÐoc eÐnai tetragwnikìc me di�stash ìsh kai o arijmìc twn
kìmbwn k�noume thn ex c an�jesh:

A([ni ni+1], [ni ni+1]) = A([ni ni+1], [ni ni+1]) + Ae

Epanalamb�noume th diadikasÐa gia ìla ta stoiqeÐa tou plègmatoc kai
èqoume dhmiourg sei ètsi ton pÐnaka A. To dexÐ mèroc thc exÐsws c mac
prokÔptei pollaplasi�zontac apì arister� èna di�nusma pou ìlec oi sunte-
tagmènec tou eÐnai Ðsec me th mon�da, me ton pÐnaka M (MassMatrix) o opoÐoc
parìmoia me ton A dhmiourgeÐtai me thn Ðdia akrib¸c an�jesh:

M([ni ni+1], [ni ni+1]) = M([ni ni+1], [ni ni+1]) + M e

ìpou

M e =

[ ∫ xi+1

xi
ΦiΦi

∫ xi+1

xi
ΦiΦi+1∫ xi+1

xi
Φi+1Φi

∫ xi+1

xi
Φi+1Φi+1

]
=

=

[xi+1−xi
3

xi+1−xi
6

xi+1−xi
6

xi+1−xi
3

]
Sunep¸c to dexÐ mèloc thc exÐswshc pin�kwn pou lÔnoume gia to prìblhma

pou èqoume diatup¸sei eÐnai:

F=M*ones(length(M),1);

Gia na mporoÔme na lÔnoume to prìblhma me meg�lo arijmì kìmbwn ¸ste na
epitugq�netai kalÔterh prosèggish thc lÔshc, pukn¸noume to plègma parem-
b�llontac k�je for� ènan kìmbo an�mesa stouc dÔo pou oriojetoÔn k�je
stoiqeÐo. Sto sugkekrimèno prìblhma arqik� h di�stash tou pÐnaka A eÐnai
Ðsh me 10. Pukn¸nontac to plègma kat� 7 diadoqikèc forèc o pÐnakac A èqei
di�stash 1153. PaÐrnoume dhlad  lÔsh me 1153 kìmbouc. Gia na p�roume th
lÔsh bèbaia prèpei na orÐsoume kai na efarmìsoume tic oriakèc sunj kec, sto
0 kai sto 1. Ed¸ orÐzoume omogeneÐc sunoriakèc sunj kec tÔpou dirichlet
u(0) = 0 kai u(1) = 0. Sto sq ma 3.5 faÐnetai h grafik  par�stash thc
lÔshc.

LÔnoume to Ðdio prìblhma me prohgoumènwc , se plègma me isapèqontec
kìmbouc. Sto sq ma 3.6 faÐnetai h grafik  par�stash thc lÔshc.

Ja melet soume t¸ra thn sÔgklish tou algorÐjmou pou èqei kataskeuasteÐ
qrhsimopoi¸ntac thn diakrit  H1 nìrma. O algìrijmoc gia th melèth sÔgk-
lishc akoloujeÐ ta ex c b mata.

B ma 1. Arqik� lÔnoume se èna polÔ puknì plègma kai th lÔsh uh pou
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Sq ma 3.5: Grafik  par�stash thc lÔshc se anomoiogenèc plègma me 1153
kìmbouc.

Sq ma 3.6: Grafik  par�stash twn shmeÐwn (N(i), u(i)) se omoiogenèc plègma
me 1281 kìmbouc.
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prokÔptei th jewroÔme thn akrib  lÔsh tou probl matoc.

B ma 2. Gia k�je i apì 1 mèqri to pl joc twn pukn¸sewn pou p rame
th lÔsh uh paÐrnoume mia lÔsh u thn opoÐa thn prob�lloume sto telikì plèg-
ma kai se k�je epan�lhyh upologÐzoume thn diakrit  H1 nìrma gia thn opoÐa
èqoume ||uh− u||2H1 = (uh− u)′ ∗ (A+M) ∗ (uh− u). DhmiourgeÐtai me autìn
ton trìpo èna di�nusma c me autèc tic timèc. Sto di�nusma h up�rqei h di�me-
troc tou plègmatoc pou paÐrnoume th lÔsh u prin thn prob�lloume k�je for�
sto telikì plègma ¸ste na èqoun nìhma oi parap�nw pr�xeic. San di�metro
tou plègmatoc orÐzoume to el�qisto m koc twn stoiqeÐwn. Telik� k�noume
grammik  palindrìmhsh metaxÔ twn log(c) kai log(h) kai h klÐsh thc eujeÐac
pou prokÔptei mac dÐnei thn sÔgklish, h opoÐa prèpei na eÐnai grammik  dhlad 
kont� sto 1. Pr�gmati h klÐsh thc eujeÐac sto sugkekrimèno prìblhma eÐnai
p = 1.0338. Sto sq ma 3.7 faÐnetai to log-log gr�fhma twn c kai h, en¸
sto sq ma 3.8 faÐnetai h eujeÐa grammik c palindrìmhshc twn shmeÐwn tou
sq matoc 3.7.

Sq ma 3.7: Gr�fhma log log twn dianusm�twn c kai h.

3.0.7 H diaforik  exÐswsh Poisson me oriakèc

sunj kec tÔpou Neumann sto x0 = 1

'Estw h diaforik  exÐswsh Poisson
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Sq ma 3.8: EujeÐa grammik c palindrìmhshc twn shmeÐwn tou graf matoc 3.7.

−u′′(x) = f(x) , x ∈ (0, 1)

me
u(0) = 0

kai
u′(1) = b .

Gia k�je w ∈ W , ìpou

W = {w ∈ H1(0, 1) : w(0) = 0} ,

oloklhr¸nontac sto (0, 1) èqoume:

−
∫ 1

0

u′′wdx =

∫ 1

0

fwdx =⇒

∫ 1

0

u′w′dx =

∫ 1

0

fwdx+ [u′w]10 =⇒∫ 1

0

u′w′dx =

∫ 1

0

fwdx+ u′(1)w(1)− u′(0)w(0) =⇒∫ 1

0

u′w′dx =

∫ 1

0

fwdx+ bw(1) .
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Pern¸ntac t¸ra se diakritoÔc upoq¸rouc twn parap�nw q¸rwn kai qrhsi-
mopoi¸ntac tic sunart seic b�shc Φi pou qrhsimopoi same prohgoumènwc,
prokÔptei ìti h Neumann oriak  sunj kh sto x0 = 1 ephre�zei mìno thn
teleutaÐa suntetagmènh tou dianÔsmatoc sto dexÐ mèroc thc exÐswshc. Me
parìmoia logik , an eÐqame Neumann oriak  sunj kh sto x0 = 0, ja �llaze
h pr¸th suntetagmènh tou en lìgw dianÔsmatoc.
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Kef�laio 4

H mèjodoc twn peperasmènwn
stoiqeÐwn se dÔo diast�seic

Sto kef�laio autì akolouj¸ntac th dom  tou kefalaÐou 3 diatup¸noume kai
lÔnoume thn merik  diaforik  exÐswsh Poisson se dÔo diast�seic.

4.0.8 H merik  diaforik  exÐswsh Poisson:

Diatup¸noume to ex c suneqèc prìblhma se dÔo diast�seic:

Prìblhma 5:

Na brejeÐ u(x, y) ∈ V , tètoia ¸ste

−∆u(x, y) = f(x, y) , u ∈ V ,

u|∂Ω = g ,

ìpou

V = {v ∈ H1(Ω) : v|∂Ω = g} .

Oloklhr¸nontac kai pollaplasi�zontac me mia sun�rthsh dokim c (test
function) w ∈ H1

0 (Ω), me thn Ðdia logik  ìpwc sto prìblhma miac di�stashc,
èqoume ∫

Ω

∇u · ∇wdΩ =

∫
Ω

fwdΩ .

h opoÐa gr�fetai, eÔresh tou u ∈ V tètoiou ¸ste

a(u,w) = F (w) ,∀w ∈ H1
0 (Ω) ,
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ìpou

a(u,w) =

∫
Ω

∇u · ∇wdΩ .

Apì thn anisìthta Poincare-Friedrich èqoume ìti up�rqei c > 0 tètoio ¸ste

c||w||L2(Ω) ≤ |w|H1 ,∀w ∈ H1
0 .

Apì thn anisìthta aut  prokÔptei ìti up�rqei γ > 0 tètoio ¸ste

a(u, u) ≥ γ||u||2H1
0
,∀u ∈ V ,

opìte èqoume ìti isqÔei h idiìthta thc sumpiestìthtac gia thn digrammik  mor-
f  a. H a eÐnai epÐshc fragmènh opìte to prìblhma 5 èqei monadik  lÔsh apì
to je¸rhma Lax-Milgram . Dialègontac diakritoÔc upoq¸rouc twn parap�nw
q¸rwn diatup¸noume to prìblhma 5 se diakrit  morf :

Prìblhma 6:

Na brejeÐ uh ∈ Vh tètoia ¸ste gia k�je wh ∈ Wh, ìpou Wh, Vh peperas-
mènoi upìqwroi tou H1

0 , na isqÔei:

a(uh, wh) = F (wh) , uh ∈ Vh , wh ∈ Wh ,

ìpou

a(uh, wh) =

∫
Ω

∇uh∇whdΩ .

Analutikìtera èqoume thn exÐswsh:∫
Ω

∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y
dΩ =

∫
Ω

fwdΩ .

Ed¸ o q¸roc ston opoÐo an kei h sun�rthsh w eÐnai p�li o q¸roc twn
suneq¸n kata tm mata grammik¸n sunart sewn kai oi sunart seic b�shc Φi,
Φj, Φk gia k�je trigwnikì stoiqeÐo me kìmbouc i(xi, yi) , j(xj, yj) , k(xk, yk)
eÐnai oi ex c:

Φi(x, y) =
1

2E

(
xjyk − xkyj + (yj − yk)x+ (xk − xj)y

)
Φj(x, y) =

1

2E

(
xkyi − xiyk + (yk − yi)x+ (xi − xk)y

)
Φk(x, y) =

1

2E

(
xiyj − xjyi + (yi − yj)x+ (xj − xi)y

)
,
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ìpou E eÐnai to embadìn tou stoiqeÐou to opoÐo dÐnetai apì th sqèsh

E =
1

2
| det

 1 xi yi
1 xj yj
1 xk yk

 |
'Eqontac k�nei thn probol  kata Galerkin , katal goume sthn exÐswsh

pin�kwn
Au = F .

4.0.9 LÔsh thc merik c diaforik c exÐswshc

Poisson me f = 1 kai u|∂Ω = 1

O pÐnakac A prokÔptei apì thn an�jesh gia ìla ta stoiqeÐa tou plègmatoc

A([ni ni+1 ni+2], [ni ni+1 ni+2]) = A([ni ni+1 ni+2], [ni ni+1 ni+2]) + Ae

ìpou ni ni+1 ni+2 oi kìmboi k�je stoiqeÐou me for� antÐstrofh twn deikt¸n
tou rologioÔ, kai

Ae =

∫
Ωe


 ∂Φi

∂x
∂Φj

∂x
∂Φk

∂x

[∂Φi

∂x

∂Φj

∂x
∂Φk

∂x

]
+


∂Φi

∂y
∂Φj

∂y
∂Φk

∂y

[∂Φi

∂y

∂Φj

∂y
∂Φk

∂y

] dΩe .

Wc Ωe orÐzoume thn epif�neia tou k�je stoiqeÐou. EÐnai:

∂Φi

∂x
=
yj − yk

2E

∂Φi

∂y
=
xk − xj

2E

∂Φj

∂x
=
yk − yi

2E

∂Φj

∂y
=
xi − xk

2E

∂Φk

∂x
=
yi − yj

2E

∂Φk

∂y
=
xj − xi

2E
,

opìte èqoume dhmiourg sei ton pÐnaka A. Xekin�me na lÔsoume se èna okt�-
gwno me èna plègma èxi stoiqeÐwn kai okt¸ kìmbwn arqik�. To plègma mac kai
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Sq ma 4.1: Anomoiogenèc plègma 8 kìmbwn kai 6 stoiqeÐwn

to okt�gwno parousi�zontai sto sq ma 4.1. Oi plhroforÐec gia thn arÐjmhsh
twn kìmbwn kai gia thn arÐjmhsh twn stoiqeÐwn kataqwroÔntai stouc pÐnakec
N kai E kai mac dÐnoun th dunatìthta an�ptuxhc algorÐjmwn pÔknwshc tou
plègmatoc. To skeptikì kai h logik  thc pÔknwshc pou efarmìzetai ed¸ eÐnai
ìti paÐrnoume to mèso k�je pleur�c k�je trigwnikoÔ stoiqeÐou kai en¸noume
ta mèsa aut�. 'Etsi k�je stoiqeÐo dÐnei th jèsh tou se 4 nèa stoiqeÐa. H
pÔknwsh gÐnetai qrhsimopoi¸ntac touc N kai E. Arqik� dhmiourgoÔme touc
N kai E oi opoÐoi antistoiqoÔn sto kainoÔrio plègma. Gia na kalèsoume tic
sunart seic pou dhmiourgoÔn touc pÐnakec autoÔc eÐnai k�je for� aparaÐthto
na dhmiourgoÔme ton pÐnaka C, o opoÐoc diab�zei tic grammèc tou E kai k�-
je gramm  tou perièqei tic suntetagmènec twn kìmbwn pou apartÐzoun k�je
stoiqeÐo. H pÔknwsh aut  kaleÐtai omoiìmorfh.

Met� apì 2 pukn¸seic tou arqikoÔ mac plègmatoc èqoume 384 stoiqeÐa kai
225 kìmbouc kai to kainoÔrio plègma pou prokÔptei faÐnetai sto sq ma 4.2.

To di�nusma F sthn exÐswsh Au = F eÐnai: F = Mf ìpou f di�nusma me
ìlec tic suntetagmènec tou Ðsec me 1, kaiM o mass matrix o opoÐoc prokÔptei
apì thn an�jesh

M([ni ni+1 ni+2], [ni ni+1 ni+2]) = M([ni ni+1 ni+2], [ni ni+1 ni+2]) + M e ,
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Sq ma 4.2: To plègma tou sq matoc 4.1 met� apì dÔo pukn¸seic

ìpou

M e =

∫
Ωe

Φi

Φj

Φk

 [Φi Φj Φk

]
+

Φi

Φj

Φk

 [Φi Φj Φk

] dΩe .

Stouc kìmbouc oi opoÐoi eÐnai sto sÔnoro dhlad  p�nw sto okt�gwno a-
paitoÔme u(x, y) = 1. Oi sunoriakoÐ kìmboi diakrÐnontai wc ex c. Ston pÐnaka
N to tètarto stoiqeÐo k�je gramm c èqei thn tim  0   1. H tim  1 deÐqnei
ìti o kìmboc eÐnai sto sÔnoro tou qwrÐou. Epomènwc stouc kìmbouc me thn
èndeixh 1 efarmìzontai oi sunoriakèc sunj kec all�zontac kat�llhla ton pÐ-
naka A kaj¸c kai to di�nusma F . Pukn¸nontac to plègma 5 forèc h lÔsh
pou prokÔptei apì èna plègma 3201 kìmbwn kai 6144 stoiqeÐwn faÐnetai sto
sq ma 4.3. Gia lìgouc plhrìthtac lÔnoume thn exÐswsh Poisson me f = 1
kai u|∂Ω = 0, se omoiogenèc plègma. H grafik  par�stash thc lÔshc me
4225 kìmbouc kai 8192 stoiqeÐa faÐnetai sto sq ma 4.5, en¸ to plègma pou
xekin same na pukn¸noume faÐnetai sto sq ma 4.4.

Tèloc, sta sq mata 4.6 kai 4.7 paratÐjentai ta graf mata pou aforoÔn th
sÔgklish twn algorÐjmwn pou anaptÔqjhkan. Parìmoia me to monodi�stato
prìblhma kai me ènan algìrijmo antÐstoiqo me autìn pou perigr�fhke sto
prohgoÔmeno kef�laio, upologÐzoume thn diakrit  H1 nìrma se k�je plègma
kai k�noume log log gr�fhma twn dianusm�twn c kai h, ìpou c to di�nusma pou
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Sq ma 4.3: Grafik  par�stash thc lÔshc me u|∂Ω = 1

Sq ma 4.4: Omoiogenèc plègma 25 kìmbwn kai 32 stoiqeÐwn

perièqei tic nìrmec kai h to di�nusma pou perièqei th di�metro tou plègmatoc.
H klÐsh thc eujeÐac pou k�nei grammik  palindrìmhsh sta shmeÐa (h(i), C(i))
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Sq ma 4.5: Grafik  par�stash thc lÔshc me u|∂Ω = 0

èqei klÐsh 0.9687, apotèlesma pou sumfwneÐ pl rwc me thn a priori jewrÐa
afoÔ h sÔgklish prèpei na eÐnai grammik .

Sq ma 4.6: Gr�fhma log log twn dianusm�twn c kai h.
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Sq ma 4.7: EujeÐa grammik c palindrìmhshc twn shmeÐwn tou graf matoc .

4.0.10 H merik  diaforik  exÐswsh Poisson me

Neumann oriakèc sunj kec se èna tm ma

tou ∂Ω

'Estw h merik  diaforik  exÐswsh Poisson se èna qwrÐo Ω ⊂ R2

−∆u = f , u(x, y) ∈ H1(Ω)

me
u = g

sto Γ1 kai
∂u

∂n
= q

sto Γ2, ìpou Γ1 ∪ Γ2 = ∂Ω kai Γ1 ∩ Γ2 = ∅. Gia k�je sun�rthsh w ∈ H1
0 (Ω)

pollaplasi�zontac me w kai oloklhr¸nontac sto Ω èqoume:∫
Ω

∇u∇wdΩ =

∫
Ω

fwdΩ +

∫
∂Ω

∂u

∂n
wds =⇒

∫
Ω

∇u∇wdΩ =

∫
Ω

fwdΩ +

∫
Γ2

∂u

∂n
wds =⇒
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∫
Ω

∇u∇wdΩ =

∫
Ω

fwdΩ +

∫
Γ2

qwds .

Pern¸ntac t¸ra se diakritoÔc upoq¸rouc twn parap�nw q¸rwn kai qrhsi-
mopoi¸ntac tic sunart seic b�shc Φi pou qrhsimopoi same prohgoumènwc,
prokÔptei ìti oi Neumann oriakèc sunj kec sto Γ2 ousiastik� par�goun èna
akìmh di�nusma to opoÐo prostÐjetai sto dexÐ mèroc thc exÐsws c mac.
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Kef�laio 5

Eisagwg  stic mejìdouc
qwrÐc plègma

Oi mèjodoi qwrÐc plègma eÐnai mia idiaÐterh kathgorÐa arijmhtik¸n algorÐjmwn
prosomoÐwshc gia thn prosomoÐwsh twn fusik¸n fainomènwn. Oi paradosi-
akoÐ algìrijmoi prosomoÐwshc sthrÐzontai se èna plègma, en¸ oi en lìgw
mèjodoi qrhsimopoioÔn antÐjeta th gewmetrÐa tou antikeimènou   tou qwrÐou
�mesa gia touc upologismoÔc. Oi mèjodoi autèc up�rqoun gia thn mhqanik 
twn reust¸n kaj¸c epÐshc kai gia thn mhqanik  twn stere¸n. Merikèc mè-
jodoi eÐnai se jèsh na qeiristoÔn kai tic dÔo peript¸seic. Oi mèjodoi qwrÐc
plègma apob�lloun thn paradosiak  antÐlhyh h opoÐa sthrÐzetai sthn Ôparxh
plègmatoc sthn perioq  p�nw sthn opoÐa lÔnoume mia merik  diaforik  exÐsw-
sh, kai sthrÐzontai se mia prosèggish morÐwn (eÐte Lagrangian eÐte Eule-
rian) thc perioq c tou probl matoc. 'Enac stìqoc twn mejìdwn aut¸n eÐ-
nai na dieukolunjeÐ perissìtero h prosomoÐwsh, all� kai na apant sei se
probl mata pou apaitoÔn thn antimet¸pish meg�lwn paramorf¸sewn, sÔn-
jethc gewmetrÐac, mh grammik c sumperifor�c twn ek�stote ulik¸n, kaj¸c
kai asuneqei¸n kai idiomorfi¸n genikìtera. ParadeÐgmatoc q�rin h t xh enìc
stereoÔ   h diadikasÐa pag¸matoc enìc ugroÔ mporoÔn na prosomoiwjoÔn me
tètoiec mejìdouc. Oi mèjodoi qwrÐc plègma apoteloÔn elkustik  enallaktik 
lÔsh sugkrinìmenec me thn klassik  mèjodo peperasmènwn stoiqeÐwn (FEM
), gia ekeÐno to komm�ti thc koinìthtac thc efarmosmènhc mhqanik c to opoÐo
jewreÐ tic diadikasÐec gènnhshc kai pÔknwshc tou plègmatoc duskolìterec
kai upologistik� akribìterec apì to upìloipo thc an�lushc [7].
Sthn p�rodo twn teleutaÐwn tri¸n dekaeti¸n èqoun protajeÐ kai parousi-
asteÐ pollèc meshless mèjodoi. Prèpei na tonisteÐ ed¸ ìti en¸ ìlec autèc oi
mèjodoi qarakthrÐzontai san mèjodoi �neu plègmatoc, den isqÔei k�ti tètoio
kuriolektik� gia ìlec touc. Oi mèjodoi pou basÐzontai sth mèjodo Galerkin
gia par�deigma proôpojètoun k�poiac morf c plègma (cell structure ).
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Sth sunèqeia anafèroume k�poiec apì tic shmantikìterec mejìdouc qwrÐc
plègma.

A. The smoothed particle hydrodynamics (SPH)

H emf�nish twn mejìdwn qwrÐc plègma topojeteÐtai stouc Monaghan, Gin-
gold kai Lucy [8,9,10] (1977) , oi opoÐoi anèptuxan mia Langkrantzian  mèjodo
h opoÐa basÐzetai sth mèjodo ektim sewn pur nwn (Kernel Estimates method)
gia th montelopoÐhsh problhm�twn astrofusik c. H mèjodoc SPH basÐzetai
sthn idèa antikat�stashc enìc ugroÔ apì kinoÔmena swmatÐdia-mìria, kaj¸c
kai sto metasqhmatismì twn merik¸n diaforik¸n exis¸sewn pou prokÔptoun,
sta oloklhr¸mata twn ektim sewn pur nwn (kernel estimates integrals).
Par� thn epituqÐa thc SPH sthn montelopoÐhsh problhm�twn astrofusik c,
h mèjodoc aut  mpìrese na efarmosteÐ kai se �llou eÐdouc probl mata mìno
met� th dekaetÐa tou �90. Mèsw aut c thc pio plati�c efarmog c thc mejìdou
èginan fanerèc k�poiec {adunamÐec thc mejìdou} me kuriìterh thn duskolÐ-
a sthn efarmog  twn sunoriak¸n sunjhk¸n k�je probl matoc. H en lìgw
duskolÐa eÐnai sunèpeia tou gegonìtoc ìti h SPH arqik� dhmiourg jhke gia
na montelopoi sei anoikt� kai ìqi fragmèna probl mata. H mèjodoc èqei e-
farmosteÐ me meg�lh epituqÐa se probl mata eleÔjerhc epif�neiac, fainìmena
ekr xewn, met�doshc jermìthtac kaj¸c kai se �lla probl mata upologis-
tik c mhqanik c. SÔmfwna me ton Monaghan h lÔsh u(x) se èna qwrÐo Ω
dÐnetai apì th sqèsh

uh(x) =

∫
Ω

w(x− y, h)u(y)dΩ

ìpou u h prosèggish, w h sun�rthsh pur na (kernel funtion ) kai h èna
mètro megèjouc tou k�je stoiqeÐou. H sun�rthsh w ikanopoieÐ tic akìloujec
idiìthtec:
1. w(x− y, h) > 0 se mia upoperioq  ΩI tou Ω.
2. w(x− y, h) = 0 ektìc tou ΩI .
3.
∫

Ω
w(x− y, h)dΩ = 1.

4. w(s, h) eÐnai gnhsÐwc fjÐnousa sun�rthsh me s = ||x− y||.
5. w(s, h)→ δ(s) kaj¸c h→ 0 ìpou δ h sun�rthsh Dirac .
'Ena kat�llhlo plègma gia th mèjodo SPH faÐnetai sthn parak�tw eikìna:
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B. The diffuse element method (DEM)

H pr¸th mèjodoc qwrÐc plègma pou sthrÐqthke sth teqnik  probol c tou
Galerkin prot�jhke to 1991 apì touc Nayroles kai Touzot [11]. H DEM sÔm-
fwna me polloÔc ereunhtèc  tan ekeÐnh h �neu plègmatoc mèjodoc h opoÐa
�rqise na prokaleÐ to endiafèron thc ereunhtik c koinìthtac gia autèc tic
mejìdouc.

G. The element-free Galerkin method (EFG)

To 1994 o Belytschko [12] eis gage thn mèjodo element-free galerkin, mia
epèktash thc mejìdou tou Nayroles h opoÐa emfanÐzei mia seir� belti¸sewn
se sÔgkrish me thn (DEM) ìpwc oi ex c:
1. Kajorismìc twn parag¸gwn prosèggishc
Sthn DEM oi par�gwgoi thc proseggistik c sun�rthshc Uh prokÔptoun jew-
r¸ntac touc suntelestèc b thc poluwnumik c b�shc p san stajerèc, ètsi ¸ste

dUh(x)

dx
=
dpT (x)

dx
b(x)

Sthn EFG qrhsimopoieÐtai h pl rhc morf  twn parag¸gwn ètsi ¸ste

dUh(x)

dx
=
dpT (x)

dx
b(x) + pT (x)

db(x)

dx
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O Belytschko upost rixe ìti an agnooÔntai oi par�gwgoi tou b(x) h akrÐbeia
thc mejìdou exasjeneÐ shmantik�.
2. Efarmog  twn Dirichlet sunoriak¸n sunjhk¸n
Sthn DEM oi sunoriakèc sunj kec tÔpou Dirichlet den ikanopoioÔntai apeu-
jeÐac. Sthn EFG qrhsimopoioÔntai pollaplasiastèc Lagrange sthn asjen 
morf  thc exÐswshc ¸ste na gÐnei efarmog  twn oriak¸n sunjhk¸n.
Oi belti¸seic pou èginan aÔxhsan to upologistikì kìstoc ìmwc h mèjodoc
EFG eÐnai akribèsterh apì thn DEM .

D. Reproducing kernel particle method (RKPM)

To 1995 o Liu [13] prìteine thn mèjodo RKPM se mia prosp�jei� tou na
diorj¸sei thn èlleiyh eust�jeiac thc mejìdou SPH . H mèjodoc aut  qrhsi-
mopoi jhke me meg�lh epituqÐa sth reustomhqanik , sthn an�lush don sewn
kaj¸c kai se �llec efarmogèc.

E. Finite point method (FPM)

H mèjodoc FPM prot�jhke to 1996 apì ton Onate kai sunadèlfouc tou
[14]. Arqik� parousi�sthke gia na montelopoihjoÔn probl mata ro c ugr¸n
all� argìtera br ke efarmog  kai se �lla probl mata ìpwc gia par�deigma
se probl mata elastikìthtac.

Z. Meshless local Petrov-Galerkin (MLPG)

To 1998 oi Atluri kai Zhu [15] eis gagan thn MLPG, h opoÐa parousi�zei
mia diaforetik  prosèggish sth kataskeu  miac �neu plègmatoc mejìdou.
BasÐzetai sthn idèa thc topik c asjenoÔc morf c (local weak form) h opoÐa
{katargeÐ} thn an�gkh gia keli�-stoiqeÐa kai sunep¸c h arijmhtik  olokl rw-
sh gÐnetai me mia {�neu plègmatoc} ènnoia. H MLPG qrhsimopoieÐ thn mèjodo
Petrov-Galerkin gia na aplopoihjeÐ to olokl rwma thc asjenoÔc morf c. H
mèjodoc MLPG arqik� diatup¸jhke qrhsimopoi¸ntac thn mèjodo MLS kai
argìtera o Atluri epèkteine aut  thn diatÔpwsh se �llec teqnikèc proseg-
gÐsewn qwrÐc plègma. H eleujerÐa gia thn epilog  test function sthn mèjodo
Petrov-Galerkin dÐnei kai tic diaforetikèc ekdoqèc thc MLPG . H MLPG kai oi
di�forec ekdoqèc thc èqoun qrhsimopoihjeÐ gia th lÔsh meg�lou eÔrouc prob-
lhm�twn me kuriìtera ta probl mata aktÐnac Euler-Bernoulli (Euler-Bernoulli
beam problems) [18].
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H. Radial basis functions (RBF)

Oi aktinwtèc sunart seic b�shc prwtoefarmìsthkan sth lÔsh merik¸n di-
aforik¸n exis¸sewn to 1991 apì ton Kansa [16]. Kat� th di�rkeia thc teleu-
taÐac dekaetÐac h sugkekrimènh mèjodoc den tugq�nei ereunhtik c prosoq c
kai ja mporoÔse na qarakthristeÐ mh exelÐximh ta teleutaÐa qrìnia. Bèbaia
up�rqei meg�lo pl joc dhmosieÔsewn, kurÐwc gia thn majhmatik  apìdeixh
thc mejìdou. Mia oloklhrwmènh parousÐash tou majhmatikoÔ upìbajrou thc
mejìdou èqei gÐnei apì ton Buhmann [29].

J. Point Interpolation method (PIM)

H mèjodoc shmeiak c parembol c qrhsimopoieÐ gia thn kataskeu  thc prosèg-
gishc thn teqnik  thc poluwnumik c parembol c, pou diatup¸jhke san enal-
laktik  thc mejìdou kinoÔmenwn elaqÐstwn terag¸nwn (moving least squares
method) apì ton Liu to 2001 [17]. H PIM ìmwc parousi�zei dÔo basik�
meionekt mata: To pr¸to eÐnai ìti o pÐnakac parembol c (interpolation ma-
trix) eÐnai mh antistrèyimoc kai to deÔtero ìti h mèjodoc den eggu�tai thn sunè-
qeia thc sun�rthshc prosèggishc (approximation function). O Liu prosp�-
jhse me di�forouc trìpouc na xeper�sei ta dÔo aut� probl mata thc mejìdou
kai h kat�lhxh  tan h mèjodoc topik c parembol c aktinik¸n shmeÐwn (local
radial point interpolation method).

I. 'Allec mèjodoi

Sth diejn  bibliografÐa emfanÐzetai ènac meg�loc arijmìc mejìdwn oi opoÐec
empÐptoun sthn kathgorÐa twn mejìdwn qwrÐc plègma ek twn opoÐwn oi shman-
tikìterec anafèrjhkan parap�nw. Parìla aut� up�rqoun k�poiec mèjodoi pou
tugq�noun meg�lhc ereunhtik c prosoq c pou axÐzei na anaferjoÔn. Mia ex�
aut¸n eÐnai h mèjodoc H-p Cloud h opoÐa diatup¸jhke arqik� to 1995 apì
touc Duarte kai Oden [19]. EpÐshc to 2000 oi De kai Bathe diatÔpwsan thn
mèjodo twn peperasmènwn sfair¸n (finite spheres method ) [20] h opoÐa em-
pÐptei sthn kathgorÐa twn diafìrwn ekdoq¸n thc mejìdou Petrov-Galerkin
(MLPG ). Sthn sunèqeia parousi�zetai h mèjodoc noht¸n qwrÐwn (fictitious
domain method ), h opoÐa eÐnai kai h �neu plègmatoc mèjodoc pou ja mac
apasqol sei sthn paroÔsa ergasÐa [21,22,23].
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Kef�laio 6

H mèjodoc twn noht¸n qwrÐwn

Oi mèjodoi noht¸n qwrÐwn (fictitious domain methods)   (domain embedding
methods) eis qjhsan apì touc Hyman kai Saul’ev 50 qrìnia prin. Apì tìte
èqoun efarmosteÐ se seir� problhm�twn auxhmènhc poluplokìthtac. 'Opwc
èqoume  dh anafèrei sthn eisagwg , h basik  idèa pÐsw apì th mèjodo aut ,
eÐnai ìti antÐ na lÔsoume kateujeÐan sto qwrÐo pou mac endiafèrei lÔnoume se
èna megalÔtero kai pio aplì pou to perièqei. O lìgoc pou gÐnetai autì eÐ-
nai ìti me kat�llhlec proôpojèseic kai an�ptuxh kat�llhlwn algorÐjmwn kai
programm�twn se k�poiec peript¸seic mporoÔme na epitÔqoume lÔsh twn prob-
lhm�twn se mikrìtero qrìno. Up�rqoun polloÐ trìpoi ulopoÐhshc aut c thc
apl c idèac all� sthn paroÔsa ergasÐa ja perioristoÔme sthn efarmog  thc
mejìdou me qr sh pollaplasiast¸n Lagrange sto sÔnoro. 'Estw ìti mac en-
diafèrei na lÔsoume mia merik  diaforik  exÐswsh se èna qwrÐo me epanalhpti-
kì trìpo. 'Estw dhlad  ìti sth di�rkeia k�poiou qrìnou jèloume na lÔsoume
k�poiec forèc all� k�je for� up�rqei mia diaforopoÐhsh sto qwrÐo pou lÔ-
noume. Mia tètoia perÐptwsh eÐnai polÔ qronobìra me klasikèc mejìdouc,
afoÔ k�je for� ja dhmiourgoÔme to plègma apì thn arq . Me th mèjodo
twn noht¸n qwrÐwn ìmwc afoÔ to plègma mac eÐnai kajorismèno, to mìno pou
ja all�xei ja eÐnai k�poia stoiqeÐa thc gewmetrÐac tou sunìrou gegonìc pou
kajist� th mèjodo polÔ grhgorìterh se tètoiec peript¸seic. Parìlo pou
tètoiec mèjodoi tugq�noun meg�lhc ereunhtik c prosoq c, up�rqei pl joc
problhm�twn pou den èqoun efarmosteÐ akìma. Bèbaia epeid  to ereunhtikì
endiafèron eÐnai meg�lo o arijmìc twn dhmosieÔsewn kai twn efarmog¸n thc
mejìdou aux�netai suneq¸c [25].
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6.0.11 JemelÐwsh tou probl matoc me Dirichlet
oriakèc sunj kec

'Estw ω fragmènh perioq  tou Rd, (d ≥ 1) kai èstw γ to ∂ω. Upojètoume
ìti to γ eÐnai suneqèc kata Lipschitz . 'Eqoume to akìloujo prìblhma [21]:

Dosmènhc f ston H−1(ω) kai g ston H
1
2 (γ) na brejeÐ sun�rthsh u tètoia

¸ste

−∆u = f

sto ω kai

u = g

sto γ. To prìblhma èqei monadik  lÔsh u ston H1(ω) apì to je¸rhma Lax-
Milgram . H u eÐnai epÐshc lÔsh tou akìloujou probl matoc: Na brejeÐ
u ∈ Vg tètoia ¸ste

αω(u,w) = 〈f, w〉 ∀ u ∈ H1(ω)

ìpou

αω(u,w) =

∫
ω

∇u∇wdx , ∀ u ∈ Vg, w ∈ H1(ω) ,

Vg={u|u ∈ H1(ω), v = g sto γ} kai 〈·, ·〉 h duðk  apeikìnish metaxÔ twn q¸rwn
H−1(ω) kai H1

0 (ω). O q¸roc H1
0 (ω) perièqei ekeÐnec tic sunart seic u pou

an koun ston H1(ω) gia tic opoÐec isqÔei ìti u = 0 sto ∂ω.

6.0.12 JemelÐwsh me noht� qwrÐa me Dirichlet
oriakèc sunj kec

'Estw dÔo qwrÐa Ω ⊂ Rd kai ω ⊂ Rd tètoia ¸ste ω ⊂ Ω kai Γ to sÔnoro tou
Ω ìpwc sthn parak�tw eikìna. EÐnai ω = ω ∪ ∂ω.
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OrÐzoume èna sunarthsiakì Lagrange

L : V ×H−
1
2 (γ) −→ R

wc ex c:

L(w, µ) =
1

2

∫
Ω

|∇w2|dx−
∫

Ω

f̃wdx− 〈µ,w − g〉

ìpou f̃ ∈ L2(Ω) kai f̃ |Ω = f , < ·, · > eÐnai h duðk  apeikìnish metaxÔ twn

q¸rwn H−
1
2 (γ) kai H

1
2 (γ) en¸ o V eÐnai ènac kleistìc upìqwroc tou H1(Ω),

mia kat�llhlh epilog  eÐnai o Ðdioc o H1(Ω)   o H1
0 (Ω).

IsodÔnama to prìblhma diatup¸netai wc ex c: Na brejoÔn (ũ, λ) ∈ V ×
H−

1
2 (γ) tètoia ¸ste

aΩ(ũ, w) =

∫
Ω

f̃wdx+ 〈λ,w〉 ∀w ∈ V ,

〈µ, ũ− g〉 = 0 ,∀µ ∈ H−
1
2 (γ)

ìpou

aΩ(ũ, w) =

∫
Ω

∇ũ∇wdΩ .

53



KEF�ALAIO 6. H M�EJODOS TWN NOHT�WN QWR�IWN

An w|ω ∈ H1
0 (ω) kai w = 0 ∈ Ω− ω̄ tìte h ũ ikanopoieÐ th sqèsh

aω(ũ, w) =

∫
ω

f̃wdx ∀w ∈ H1
0 (ω) .

All�zontac to sumbolismì sto parap�nw prìblhma, gia (u, λ) ∈ V ×H− 1
2 (γ)

ta parap�nw gr�fontai wc ex c: Na brejeÐ (u, λ) ∈ V × H− 1
2 (γ) ètsi ¸ste

gia k�je (w, µ) ∈ V ×H− 1
2 (γ)

a(u,w) + b(w, λ) = 〈f, w〉

b(u, µ) = 〈g, µ〉 .
Se morf  grammik¸n diaforik¸n telest¸n to parap�nw prìblhma gr�fetai:

Au+Bλ = f

BTu = g .

H digrammik  morf  a èqei tic idiìthtec thc summetrÐac kai thc sumpiestìthtac
ìpwc èqei analujeÐ se prohgoÔmeno kef�laio. Epeid  h digrammik  morf  b
ikanopoieÐ th Babuska-Brezzi inf-sup sunj kh, up�rqei monadikì λ ¸ste to
prìblhma sagmatikoÔ shmeÐou na èqei monadik  lÔsh. H inf-sup sunj kh pou
ikanopoieÐtai eÐnai h ex c:

∃β > 0 : inf
λ

sup
v

b(v, λ)

||v||V ||λ||H− 1
2 (γ)

≥ β ,

h opoÐa gr�fetai epÐshc:

∃β > 0 : ∀λ ∈ H−
1
2 (γ) : sup

v∈V

b(v, λ)

||v||V
≥ β ||λ||

H−
1
2 (γ) .

6.0.13 DiakritopoÐhsh tou probl matoc me

Dirichlet oriakèc sunj kec

'Estw Vh ènac upìqwroc peperasmènhc di�stashc tou q¸rou V kai Λh peperas-
mènoc upìqwroc tou L2(γ). To prìblhma se peperasmènh di�stash diatup¸ne-
tai wc ex c: Na brejoÔn (uh, λh) ∈ Vh × Λh tètoia ¸ste

aΩ(ũh, wh) =

∫
Ω

f̃whdx+

∫
γ

λhwhdγ ∀wh ∈ Vh ,∫
γ

(uh − gh)µhdγ = 0 ∀µh ∈ Λh
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ìpou gh mia prossèggish thc g. Jewr¸ntac ta λh stajer� bgaÐnoun apì
to olokl rwma. QrhsimopoioÔme kai p�li tic sunart seic b�shc tou q¸rou
twn kat� tm mata suneq¸n grammik¸n poluwnumik¸n sunart sewn ston opoÐo
an koun ta wh

Φi(x, y) =
1

2E

(
xjyk − xkyj + (yj − yk)x+ (xk − xj)y

)
Φj(x, y) =

1

2E

(
xkyi − xiyk + (yk − yi)x+ (xi − xk)y

)
Φk(x, y) =

1

2E

(
xiyj − xjyi + (yi − yj)x+ (xj − xi)y

)
ìpou E eÐnai to embadìn tou stoiqeÐou me kìmbouc i, j kai k, kai to diakri-
topoihmèno prìblhma gr�fetai se morf  pin�kwn wc ex c:

Au+Bλ = f ,

BTu = g

H Ôparxh kai h monadikìthta thc lÔshc prokÔptei p�li apì thn inf-sup sun-
j kh , h opoÐa apodeiknÔetai ìti isqÔei kai se q¸rouc peperasmènhc di�stashc
[4]. O pÐnakac A eÐnai o stiffness matrix tou plègmatoc sto qwrÐo Ω. Anafère-
tai dhlad  sto sÔnolo twn kìmbwn. O pÐnakac B perièqei tic plhroforÐec gia
touc sunoriakoÔc kìmbouc, oi opoÐoi dhmiourgoÔntai ìtan topojetoÔme mèsa
sto Ω to qwrÐo ω sto opoÐo telik� jèloume na lÔsoume. O B eÐnai araiìc
pÐnakac tou opoÐou to pl joc twn gramm¸n tou isoÔtai me to pl joc twn
sunoriak¸n kìmbwn pou dhmiourgoÔntai, kai to pl joc twn sthl¸n tou isoÔ-
tai me to sÔnolo twn kìmbwn tou proôp�rqontoc plègmatoc sto Ω. H basik 
idèa thc mejìdou eÐnai ìti lÔnoume èna sÔsthma

[
A B
BT 0

]


u1
...
uN
λ1
...
λn


=



f1
...
fN
g1
...
gn


kai paÐrnoume th lÔsh u h opoÐa ìmwc èqei di�stash Ðsh me to pl joc twn
kìmbwn sto plègma tou Ω. Me mia diadikasÐa pou ja perigrafeÐ sth sunè-
qeia, apì tic suntetagmènec thc lÔshc u krat�me autèc pou an koun sto ω.
O pÐnakac B perièqei ta epikampÔlia oloklhr¸mata twn sunart sewn b�shc
Φ(x, y) p�nw sta eujÔgramma tm mata twn stoiqeÐwn sta opoÐa paremb�llo-
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ntai oi kainoÔrioi sunoriakoÐ kìmboi, kai o austhrìc orismìc tou kaj¸c kai
h algorijmik  diadikasÐa pou ton dhmiourgeÐ paratÐjentai se epìmeno kef�laio.

Parat rhsh:
Sthn perÐptwsh pou èqoume Neumann oriakèc sunj kec se èna tm ma tou ∂ω,
ìpwc èqoume perigr�yei kai sta kef�laia 2 kai 3, all�zoun ta f kai g sto
dexÐ mèroc tou sust matoc pin�kwn pou lÔnoume.
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H mèjodoc twn noht¸n
qwrÐwn se mia di�stash

Sto prohgoÔmeno kef�laio perigr�fhke h filosofÐa thc mejìdou twn noht¸n
qwrÐwn. Sto kef�laio autì ja diatup¸soume kai ja lÔsoume thn diaforik 
exÐswsh Poisson me f = 1 kai ja gÐnei sÔgkrish thc mejìdou kai twn apote-
lesm�twn me thn klassik  mèjodo peperasmènwn stoiqeÐwn.
Ja lÔsoume thn −u′′ = 1 sto (−1, 2). Sunoriakèc sunj kec den ja efar-
mìsoume �mesa sto prìblhma ìpwc sthn mèjodo Galerkin, autì pou jèloume
ìmwc eÐnai sto 0 kai sto 1 h sun�rthsh u na mhdenÐzetai. Xekin�me me èna
omoiìmorfo plègma sto (−1, 2). O pÐnakac N o opoÐoc perièqei touc kìmbouc
kai tic suntetagmènec gia to arqikì autì plègma eÐnai o ex c:
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DI�ASTASH

N =



1 −1.0000
2 −0.8500
3 −0.7000
4 −0.5500
5 −0.4000
6 −0.2500
7 −0.1000
8 0.0500
9 0.2000
10 0.3500
11 0.5000
12 0.6500
13 0.8000
14 0.9500
15 1.1000
16 1.2500
17 1.4000
18 1.5500
19 1.7000
20 1.8500
21 2.0000


ParathroÔme ìti stic jèseic x = 0 kai x = 1 den antistoiqoÔn kìmboi.
Pukn¸noume to plègma arketèc forèc kai dhmiourgoÔme ton pÐnaka A o opoÐoc
antistoiqeÐ se ìlouc touc kìmbouc tou (−1, 2). 'Opwc prokÔptei apì thn peri-
graf  kai majhmatik  jemelÐwsh thc mejìdou kaloÔmaste na lÔsoume to ex c
sÔsthma exis¸sewn:

[
AN BN×2

B2×N 02×2

]

u1
...
uN
λ1

λ2

 =


F1
...
Fn
0
0


ìpou λ1 kai λ2 oi zhtoÔmenoi pollaplasiastèc Lagrange, en¸ ta 0 kai 0 sthn
proteleutaÐa kai teleutaÐa suntetagmènh antÐstoiqa sto dexÐ mèroc thc exÐsw-
shc eÐnai oi oriakèc sunj kec stic jèseic x = 0 kai x = 1. O pÐnakac B eÐnai
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thc morf c

B =


Φ1(0) Φ1(1)
Φ2(0) Φ2(1)
...

...
ΦN(0) ΦN(1)

 ,

ìpou N o arijmìc twn kìmbwn sto (−1, 2). Em�c ìmwc mac endiafèrei h lÔsh
sto [0, 1]. Epomènwc apì thn lÔsh uh pou prokÔptei krat�me tic timèc pou
antistoiqoÔn stouc kìmbouc entìc tou (0, 1). ProkÔptei ètsi h lÔsh uh me
th mèjodo twn noht¸n qwrÐwn. Mèsw tou pÐnaka B efarmìzontai ousiastik�
oi oriakèc sunj kec, afoÔ h dom  tou eÐnai tètoia pou ephre�zei mìno touc
kìmbouc pou brÐskontai ekatèrwjen twn 0 kai 1. Sto sq ma 7.1 faÐnetai h
grafik  par�stash thc lÔshc h opoÐa proèkuye apì plègma 1281 kìmbwn sto
[−1, 2], me 427 kìmbouc na antistoiqoÔn sto (0, 1). ParathroÔme ìti h lÔsh u
mhdenÐzetai kont� sta 0 kai 1. Sto sq ma 7.2 faÐnetai se megèjunsh h perioq 
kont� sto 0. EpÐshc exet�zontac thn el�qisth tim  thc lÔshc paÐrnoume to
ex c apotèlesma:

min(uf)

ans =

-1.5259e-007

EÐnai fanerì ìti h efarmog  twn sunoriak¸n sunjhk¸n gÐnetai me apoteles-
matikì trìpo. To di�nusma twn pollaplasiast¸n Lagrange pou prokÔptei
apì th lÔsh tou parap�nw sust matoc eÐnai to

l =

[
1.500
1.500

]
.

LÔnontac me thn klasik  Galerkin upologÐzoume th lÔsh u1 se 321 kìmbouc,
kai me noht� qwrÐa th lÔsh u2 se 427 kìmbouc antÐstoiqa. H sÔgkrish
thc mègisthc kai thc el�qisthc diafor�c twn dÔo lÔsewn dÐnei ta ex c apo-
telèsmata:

max=abs(max(u1)-max(u2))

min=abs(min(u1)-min(u2))

max =

7.8064e-004

min =
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3.9032e-004

H diafor� twn dÔo lÔsewn eÐnai thc t�xhc tou 10−4 en¸ oi lÔseic pou sug-
krÐname èqoun prokÔyei se arket� pio arai� plègmata apo aut� pou p rame
grafikèc parast�seic twn lÔsewn.

Sq ma 7.1: Grafik  par�stash thc lÔshc me noht� qwrÐa se 427 kìmbouc

Tèloc, me thn Ðdia akrib¸c logik  me ta prohgoÔmena probl mata melet�me
p�li th sÔgklish twn algorÐjmwn qrhsimopoi¸ntac thn H1 nìrma. Sta sq -
mata 7.3 kai 7.4 faÐnontai ta apotelèsmata thc melèthc aut c. H klÐsh thc
eujeÐac tou sq matoc eÐnai 0.9640.
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Sq ma 7.2: Sumperifor� thc lÔshc kont� sto 0

Sq ma 7.3: Gr�fhma log log twn dianusm�twn c kai h
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Sq ma 7.4: EujeÐa grammik c palindrìmhshc twn shmeÐwn tou graf matoc
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Kef�laio 8

H mèjodoc twn noht¸n
qwrÐwn se dÔo diast�seic

'Estw èna tetragwnikì qwrÐo Ω me èna plègma 145 kìmbwn kai 256 stoiqeÐ-
wn ìpwc faÐnetai sto sq ma 8.1. Sto up�rqon autì plègma bujÐzoume èna

Sq ma 8.1: Plègma 145 kìmbwn kai 256 stoiqeÐwn se tetragwnikì qwrÐo

kanonikì okt�gwno, san autì pou èqoume qrhsimopoi sei san qwrÐo epÐlushc
sto prìblhma dÔo diast�sewn me thn klasik  mèjodo peperasmènwn stoiqeÐ-
wn. Sto sq ma 8.2 faÐnontai me kÔklouc oi kìmboi pou dhmiourgoÔntai sto
sÔnoro, san shmeÐa tom c tou proôp�rqontoc plègmatoc me to okt�gwno.
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O algìrijmoc pou upologÐzei kai apojhkeÔei touc kìmbouc autoÔc sar¸nei
ousiastik� to plègma kai brÐskei tic suntetagmènec twn kìmbwn lÔnontac
sust mata eujei¸n. H arÐjmhsh twn kìmbwn aut¸n xekin�ei apì to shmeÐo
me suntetagmènec (−1, 0) kai suneqÐzetai me th for� twn deikt¸n tou rolo-
gioÔ. 'Etsi dhmiourgeÐtai ènac pÐnakac EF o opoÐoc paratÐjetai gia to sug-
kekrimèno plègma parak�tw, o opoÐoc sthn pr¸th st lh perièqei to ìnoma
tou kìmbou, sthn deÔterh kai sthn trÐth st lh perièqei tic suntetagmènec tou
kai sthn tètarth st lh ton arijmì tou stoiqeÐou sto opoÐo an kei o teqnht�
dhmiourghjeÐc kìmboc.

Sq ma 8.2: To qwrÐo ω mèsa sto plègma tou sq matoc

EF= 1 -1 0 214

2 -0.85355 0.35355 216

3 -0.75 0.60355 215

4 -0.70711 0.70711 138

5 -0.60355 0.75 140

6 -0.35355 0.85355 139

7 0 1 134

8 0.35355 0.85355 136

9 0.60355 0.75 135

10 0.70711 0.70711 106

11 0.75 0.60355 108
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12 0.85355 0.35355 107

13 1 0 102

14 0.85355 -0.35355 104

15 0.75 -0.60355 103

16 0.70711 -0.70711 42

17 0.60355 -0.75 44

18 0.35355 -0.85355 43

19 0 -1 38

20 -0.35355 -0.85355 40

21 -0.60355 -0.75 39

22 -0.70711 -0.70711 218

23 -0.75 -0.60355 220

24 -0.85355 -0.35355 219

'Opwc èqoume  dh anafèrei prèpei na dhmiourg soume kai na lÔsoume to
ex c prìblhma:

[
A BT

B 0

]


u1
...
uN
λ1
...
λn


=



f1
...
fN
g1
...
gn


O algìrijmoc pou dhmiourgeÐ ton pÐnaka A èqei analujeÐ se prohgoÔmeno
kef�laio. UpenjumÐzoume ìti o A eÐnai o mass matrix pou eÐnai o pÐnakac
tou sust matoc gia thn klasik  mèjodo Galerkin qwrÐc ìmwc na èqoun efar-
mosteÐ se autìn oi sunoriakèc sunj kec. H jèsh twn B kai BT exart�tai
apì ton orismì touc ¸ste na sumfwnoÔn oi diast�seic kai na èqei nìhma to
sÔsthma pin�kwn pou lÔnoume. Sth sunèqeia perigr�foume ton algìrijmo pou
dhmiourgeÐ ton pÐnaka B.

Perigraf  algorÐjmou gia thn dhmiourgÐa tou pÐnaka B.

'Eqoume sth di�jes  mac ektìc tou pÐnaka EF pou èqei perigrafeÐ, touc
pÐnakec N kai E oi opoÐoi perièqoun tic plhroforÐec gia touc kìmbouc kai gia
ta stoiqeÐa antÐstoiqa kai eÐnai thc morf c:
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N=
[
ìnoma kìmbou , x suntetagmènh , y suntetagmènh , deÐkthc pou deÐqnei

an o kìmboc eÐnai sto sÔnoro
]

kai

E=
[
ìnoma stoiqeÐou , 1oc kìmboc , 2oc kìmboc , 3oc kìmboc

]
EpÐshc èqoume sth di�jes  mac tic sunart seic b�shc pou orÐzontai se k�je
stoiqeÐo:

Φ1(x, y) =
1

2E

(
x2y3 − x3y2 + (y2 − y3)x+ (x3 − x2)y

)
Φ2(x, y) =

1

2E

(
x3y1 − x1y3 + (y3 − y1)x+ (x1 − x3)y

)
Φ3(x, y) =

1

2E

(
x1y2 − x2y1 + (y1 − y2)x+ (x2 − x1)y

)
me

(x1, y1) tic suntetagmènec tou 1ou kìmbou ,

(x2, y2) tic suntetagmènec tou 2ou kìmbou ,

(x3, y3) tic suntetagmènec tou 3ou kìmbou .

O pr¸toc kai o deÔteroc kìmboc tou EF an koun sto stoiqeÐo 214.

O algìrijmoc diab�zei to tètarto stoiqeÐo k�je gramm c tou EF to opoÐo
eÐnai ìnoma stoiqeÐou. Anatrèqei sthn antÐstoiqh gramm  tou pÐnaka E (sto
par�deigm� mac ja anatrèxei sthn gramm  214) kai blèpei poioÐ kìmboi apartÐ-
zoun to stoiqeÐo autì. 'Estw ìti h 214 gramm  tou E eÐnai:

214 39 117 119
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T¸ra gia k�je ènan apì touc parap�nw kìmbouc o algìrijmoc anatrèqei ston
pÐnaka N . Sthn 39 gramm  tou N eÐnai ta

(x39, y39) −→ (x1, y1)

sthn 117 gramm  tou N eÐnai ta

(x117, y117) −→ (x2, y2)

kai sthn 119 gramm  tou N eÐnai ta

(x119, y119) −→ (x3, y3) .

H antistoÐqhsh aut  gÐnetai gia na qrhsimopoihjoÔn oi Φ1, Φ2 kai Φ3. H
antistoÐqhsh me ta (x1, y1), (x2, y2), (x3, y3) gÐnetai gia k�je trÐgwno pou
sunant� sthn jèsh EF (i, 4) gia 1 ≤ i ≤ length(EF ). OrÐzoume t¸ra ta
ex c:

β = Φ1(x4, y4)

ìpou (x4, y4) = (EF (1, 2), EF (1, 3)), (genik� ja eÐnai (EF (i, 2), EF (i, 3))) ,
kai

B = Φ1(x5, y5)

ìpou (x5, y5) = (EF (2, 2), EF (2, 3)), (genik� ja eÐnai (EF (i + 1, 2), EF (i +
1, 3))) kai an A = (x4, y4) kai B = (x5, y5) upologÐzei thn apìstash twn A,
B: υ = d(A,B). Ta epikampÔlia oloklhr¸mata twn Φ p�nw sta tm mata AB
qrhsimopoi¸ntac th gewmetrÐa eÐnai

∫
AB

Φ1 (dhlad 
∫
AB

Φ39):∫
AB

Φ1 =

∫
AB

Φ39 =
(B + β)υ

2

kai h posìthta aut  apojhkeÔetai sth jèsh (1, 39) tou B tou opoÐou oi dia-
st�seic eÐnai (n,N), me n th di�stash tou EF kai N to pl joc twn kìmbwn
tou Ω. OmoÐwc ja èqoume:

β = Φ2(x4, y4) = Φ117(x4, y4)

B = Φ2(x5, y5) = Φ117(x5, y5)

kai me antÐstoiqo trìpo∫
AB

Φ2 =

∫
AB

Φ117 =
(B + β)υ

2

kai h posìthta aut  apojhkeÔetai sth jèsh (1, 117) tou B. Me th Ðdia akrib¸c
logik  gia ton kìmbo 119 ja èqoume:

β = Φ3(x4, y4) = Φ119(x4, y4)
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B = Φ3(x5, y5) = Φ119(x5, y5)

kai sth jèsh (1, 119) apojhkeÔetai h posìthta∫
AB

Φ3 =

∫
AB

Φ119 =
(B + β)υ

2
.

AfoÔ oloklhr¸jhke h pr¸th gramm  tou EF o algìrijmoc proqwr�ei sthn
deÔterh ìpou sto par�deigm� mac brÐskei to stoiqeÐo 216 kai k�nei akrib¸c
ta Ðdia apojhkeÔontac stic antÐstoiqec jèseic thc deÔterhc gramm c tou B
k.o.k. 'Eqoume dhmiourg sei ètsi ton araiì pÐnaka B. Sthn sunèqeia arkeÐ na
orÐsoume to dexÐ mèloc thc exÐsws c mac kai na proqwr soume sthn lÔsh tou
probl matoc. To dexÐ mèloc eÐnai thc morf c[

f
g

]
To di�nusma f to opoÐo èqei m koc ìsh kai h di�stash tou pÐnaka A dÐnetai
apì thn ex c sqèsh:

f=M*ones(length(M),1)

Pio sugkekrimèna pollaplasi�zoume ton mass matrix M apì dexi� me èna
di�nusma tou opoÐou ìlec oi suntetagmènec isoÔntai me th mon�da.
To di�nusma g pou afor� tic sunoriakèc sunj kec jewroÔme ìti èqei ìlec tic
suntetagmènec tou Ðsec me mhdèn. Sthn perÐptwsh pou g = 0 o pÐnakac B
eÐnai diaforetikìc apì ton pÐnaka pou prokÔptei apì thn parap�nw algori-
jmik  diadikasÐa. Gia na gÐnei xek�jaro autì koit�zoume ton ìro Bu = 0 tou
parak�tw sust matoc pin�kwn. Ed¸, o sugkekrimènoc pollaplasiasmìc ja
mac d¸sei èna di�nusma n × 1, pou ja isoÔtai me to mhdenikì di�nusma. To
tuqaÐo stoiqeÐo sth jèsh i ja eÐnai:

(Bi + βi)
υ

2
+ (Bj + βj)

υ

2
+ (Bk + βk)

υ

2
= 0 ,

ìpou ta υ
2
diagr�fontai.

LÔnoume sto matlab to sÔsthma

[
A BT

B 0

]


u1
...
uN
λ1
...
λn


=



f1
...
fN
0
...
0


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kai èqoume ètsi thn lÔsh u h opoÐa èqei di�stash Ðsh me to pl joc twn kìmbwn
tou Ω. Apì to sÔnolo aut¸n twn lÔsewn me ènan algìrijmo krat�me tic
lÔseic pou antistoiqoÔn stouc eswterikoÔc kìmbouc tou ω kai èqoume ètsi th
lÔsh thc merik c diaforik c exÐswshc −∆u = 1 me u|∂ω = 0. Sto sq ma 8.3
faÐnetai h grafik  par�stash thc lÔshc sto ω. H lÔsh anafèretai se 365
eswterikoÔc kìmbouc apì touc 2233 sunolikoÔc kìmbouc tou Ω. Ousiastik�
sto sq ma 8.3 faÐnetai h epif�neia thc lÔshc, pou an eÐqame puknìtero plègma
sto ω ja èmoiaze perissìtero me to sq ma 4.5. H prosèggish twn sunoriak¸n
sunjhk¸n u|∂ω = 0 den eÐnai ikanopoihtik  miac kai min(u) = −0.030858, se
puknìtera plègmata ìmwc h prosèggish belti¸netai. Gia thn merik  diaforik 
exÐswsh pou lÔnoume me u|∂ω = 0 apodeiknÔetai [21] ìti ||uh − u||H1(Ω) −→ 0,
kaj¸c h −→ 0, dhlad  gia plègmata sta opoÐa h di�metroc teÐnei sto mhdèn.
Sthn sunèqeia exet�zoume th sÔgklish thc mejìdou.

Sq ma 8.3: Grafik  par�stash thc lÔshc thc exÐswshc −∆u = 1 me u|∂ω = 0
se araiì plègma

Arqik� lÔnoume se èna araiì plègma ìpwc autì tou sq matoc 8.4 me th
mèjodo noht¸n qwrÐwn se ìlo to Ω: Sth sunèqeia periorizìmaste sto kanoni-
kì okt�gwno pou oriojeteÐ to qwrÐo ω kai pukn¸noume autì to plègma. Sto
plègma autì lÔnoume p�li (me thn klasik  mèjodo peperasmènwn stoiqeÐwn
aut  th for�) kai thn lÔsh aut  thn kaloÔme uh. Sth sunèqeia thn lÔsh u
(h opoÐa èqei prokÔyei me th mèjodo twn noht¸n qwrÐwn) afoÔ thn èqoume
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Sq ma 8.4: Araiì plègma ìpou faÐnontai ta Ω kai ω

periorÐsei sto qwrÐo ω, thn prob�loume sto telikì plègma pou èqoume thn
lÔsh uh. 'Eqoume ètsi lÔseic Ðswn diast�sewn kai mporoÔme na upologÐsoume
thn H1 nìrma. To qwrÐo ω gia to parap�nw plègma faÐnetai sta graf mata
8.5 kai 8.6. Sto pr¸to gr�fhma faÐnetai mìno to qwrÐo ω en¸ sto deÔtero
faÐnetai to ω met� apì dÔo pukn¸seic.

Sto araiì autì plègma parathroÔme ìti kont� sto ∂ω oi perioqèc pou
dhmiourgoÔntai eÐnai ìlec trigwnikèc. Autì den isqÔei sth genik  perÐptwsh.
Gia thn akrÐbeia, sto sugkekrimèno prìblhma to parap�nw plègma eÐnai to
mìno sto opoÐo èqoume mìno trigwnikèc perioqèc. Parak�tw parousi�zontai
puknìtera plègmata sta opoÐa dhmiourgoÔntai tetr�pleura se k�poiec pe-
rioqèc kont� sto ∂ω. Stic peript¸seic autèc trigwnopoioÔme tic perioqèc
autèc èqontac dhmiourg sei touc aparaÐthtouc algìrijmouc, k�nontac tic a-
paraÐthtec allagèc stouc pÐnakec E kai N dhlad , kai tìte eÐmaste se jèsh
na pukn¸soume ta plègmata kai na lÔsoume me peperasmèna stoiqeÐa,   epÐshc
na prob�lloume lÔseic se puknìtera plègmata.

Sthn sunèqeia lÔnoume sto amèswc puknìtero plègma me th mèjodo twn no-
ht¸n qwrÐwn. To epìmeno plègma faÐnetai sto sq ma 8.7: Apomon¸noume p�li
to qwrÐo ω. Ed¸ parathroÔme perioqèc pou dhmiourgoÔntai tetr�pleura. Sto
gr�fhma 8.8 parousi�zetai mia tètoia perioq  se megèjunsh. TrigwnopoioÔme
to ω kai to plègma pou prokÔptei faÐnetai sto gr�fhma 8.9. OmoÐwc me prin
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Sq ma 8.5: To qwrÐo ω

Sq ma 8.6: To qwrÐo ω met� apo dÔo pukn¸seic

apì thn lÔsh pou anafèretai sto Ω krat�me thn lÔsh periorismènh sto ω
kai akoloujoÔme thn Ðdia diadikasÐa me prohgoumènwc. Pukn¸noume to ω,
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Sq ma 8.7: To plègma tou sq matoc 8.4 met� apì mia pÔknwsh

Sq ma 8.8: Perioq  sthn opoÐa dhmiourgeÐtai tetr�pleuro

kai lÔnoume me thn klasik  mèjodo peperasmènwn stoiqeÐwn opìte paÐrnoume
ètsi thn lÔsh uh. Sto gr�fhma 8.10 faÐnetai to ω met� apì mÐa pÔknwsh.
Pukn¸noume mia akìmh for� to plègma tou sq matoc 8.7 kai sto sq ma 8.12
faÐnetai to ω met� apì thn trigwnopoÐhs  tou.

'Eqontac lÔsei me peperasmèna stoiqeÐa (prokÔptei h lÔsh uh), prob�l-
loume thn lÔsh u (h opoÐa èqei prokÔyei me th mèjodo twn noht¸n qwrÐwn)
sto plègma pou p rame thn lÔsh uh kai upologÐzoume xan� thn H1 nìrma.
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DIAST�ASEIS

Sq ma 8.9: To plègma tou sq matoc 8.7 met� apì trigwnopoÐhsh

Sq ma 8.10: To plègma tou sq matoc 8.9 met� apì mia pÔknwsh

Epanalamb�noume thn Ðdia diadikasÐa kai apojhkeÔoume k�je for� to apotè-
lesma se èna di�nusma c. EpÐshc dhmiourgoÔme to di�nusma h, to opoÐo perièqei
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KEF�ALAIO 8. H M�EJODOS TWN NOHT�WN QWR�IWN SE D�UO

DIAST�ASEIS

Sq ma 8.11: To plègma tou sq matoc 8.7 met� apì mia akìmh pÔknwsh

Sq ma 8.12: To ω ìpwc prokÔptei apì th plègma tou sq matoc 8.11 met� apì
thn trigwnopoÐhs  tou
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KEF�ALAIO 8. H M�EJODOS TWN NOHT�WN QWR�IWN SE D�UO

DIAST�ASEIS

th di�metro tou plègmatoc sto ω gia k�je lÔsh pou prokÔptei me th mèjodo
twn noht¸n qwrÐwn. To h prokÔptei polÔ eÔkola afoÔ se k�je pÔknwsh h
di�metroc tou kainoÔriou plègmatoc isoÔtai me to misì thc diamètrou tou pro-
hgoÔmenou plègmatoc. O rujmìc sÔgklishc sthn lÔsh pou èqoume jewr sei
akrib  lÔsh tou probl matoc prokÔptei ìpwc kai se ìla ta probl mata pou
èqoun analujeÐ se prohgoÔmena kef�laia wc ex c: DhmiourgoÔme ta shmeÐ-
a (loghi, logci) kai sth sunèqeia k�noume grammik  palindrìmhsh sta shmeÐa
aut�. H klÐsh aut c thc eujeÐac eÐnai o rujmìc sÔgklishc. Sth sunèqeia
parajètoume dÔo graf mata pou aforoÔn thn sÔgklish twn algorÐjmwn pou
anaptÔqjhkan ìpwc perigr�fhkan parap�nw. Gr�fhma loglog twn shmeÐwn
(c(i), (h(i))):

Sq ma 8.13: Gr�fhma log log twn shmeÐwn (c(i), (h(i)))

Parat rhsh: An ta shmeÐa tom c tou ∂ω me to plègma tou Ω eÐnai kìmboi
tou Ω, tìte me ènan èlegqo jètoume se aut� apeujeÐac u = g, ìpou g h tim 
pou jèloume na èqei h sun�rthsh u sto sÔnoro.
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KEF�ALAIO 8. H M�EJODOS TWN NOHT�WN QWR�IWN SE D�UO

DIAST�ASEIS

Sq ma 8.14: Grafik  par�stash thc eujeÐac palindrìmhshc twn shmeÐwn
(log(c(i)), log(h(i))) thc opoÐac h klÐsh eÐnai 0.68161
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Kef�laio 9

Sumper�smata

Sthn metaptuqiak  aut  ergasÐa melet jhke h mèjodoc twn peperasmènwn
stoiqeÐwn kai h mèjodoc noht¸n qwrÐwn. Diatup¸jhkan kai lÔjhkan oi sun -
jeic kai merikèc diaforikèc exis¸seic Poisson me tic proanaferjeÐsec mejìdouc
kai me programmatismì se matlab . Sta kef�laia 2 kai 6 lÔjhkan ta probl -
mata miac di�stashc, en¸ sta kef�laia 3 kai 7 ta probl mata dÔo diast�sewn.
'Oson afor� ta probl mata miac di�stashc, oi diaforèc twn dÔo mejìdwn se
taqÔthta kai prosèggish thc lÔshc eÐnai el�qistec. H mèjodoc twn noht¸n
qwrÐwn, an kai me teleÐwc diaforetik  filosofÐa apì thn klasik  mèjodo,
proseggÐzei th lÔsh kai tic sunoriakèc sunj kec me meg�lh akrÐbeia. Stic
dÔo diast�seic, oi dÔo mèjodoi parousi�zoun arketèc diaforèc sthn sÔgk-
lish. H mèjodoc twn noht¸n qwrÐwn endeÐknutai gia peript¸seic pou jèloume
na apofÔgoume thn epanalambanìmenh gènnhsh kai pÔknwsh plegm�twn. H
sÔgklish thc mejìdou sthn pragmatik  lÔsh eÐnai apodedeigmènh, ta plègma-
ta ìmwc apì ta opoÐa prokÔptei aut  h lÔsh prèpei na eÐnai arket� puknìtera
apì ta antÐstoiqa sthn klasik  mèjodo peperasmènwn stoiqeÐwn. EpÐshc, se
programmatistikì epÐpedo, h efarmog  twn sunoriak¸n sunjhk¸n sth mèjo-
do noht¸n qwrÐwn eÐnai duskolìterh apì thn klasik  mèjodo. H duskolÐa
ègkeitai sto ìti se arketèc peript¸seic eÐnai arket� dÔskoloc o entopismìc
twn shmeÐwn tom c tou qwrÐou ω sto opoÐo mac endiafèrei h lÔsh, me to
plègma tou qwrÐou Ω sto opoÐo lÔnoume. Oi algìrijmoi pou dhmiourg jhkan
gia touc skopoÔc aut c thc ergasÐac exart¸ntai se k�poio bajmì apì th
dom  tou plègmatoc kai thn gewmetrÐa tou ∂ω, to opoÐo sta probl mata pou
lÔjhkan  tan èna kanonikì okt�gwno. Gia thn peraitèrw automatopoÐhsh
thc mejìdou ¸ste aut  na qeirÐzetai pio perÐplokec gewmetrÐec, qrei�zetai
na anaptuqjoÔn genikìteroi k¸dikec. H an�ptuxh tètoiwn genik¸n program-
m�twn xepern� touc skopoÔc aut c thc ergasÐac all� apoteleÐ èna elkustikì
pedÐo mellontik c èreunac. EpÐshc, se programmatistikì epÐpedo p�li, h mor-
f  tou ∂ω kajorÐzei kai to pìso eÔkola   dÔskola mporoÔme na upologÐsoume
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KEF�ALAIO 9. SUMPER�ASMATA

ta epikampÔlia oloklhr¸mata pou emfanÐzontai sthn jemelÐwsh kai efarmog 
thc mejìdou. Suqn� qrei�zetai arijmhtik  olokl rwsh kai ekeÐ anakÔptoun
zht mata prosèggishc kai poluplokìthtac. Tèloc, èna shmantikì meionèkth-
ma thc mejìdou, ìpwc toul�qiston exet�sthke kai ulopoi jhke sthn paroÔsa
ergasÐa, eÐnai h eust�jeia tou sust matoc
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se arketèc peript¸seic teÐnei na eÐnai sqedìn mh antistrèyimoc. Autì wfeÐle-
tai sto ìti k�poioi kìmboi tou ∂ω eÐnai kìmboi tou proôp�rqontoc plègmatoc  
an den isqÔei k�ti tètoio, eÐnai polÔ kont� se proôp�rqontec kìmbouc. Qal�ei
ètsi h grammik  anexarthsÐa twn gramm¸n tou pÐnakaK kai sunep¸c ephre�ze-
tai h antistreyimìtht� tou. Tètoia probl mata apoteloÔn epÐshc elkustikì
pedÐo peraitèrw èreunac, se jewrhtikì epÐpedo aut  th for�. Sumperasmatik�,
mporoÔme na poÔme ìti h mèjodoc noht¸n qwrÐwn apoteleÐ mia enallaktik  mè-
jodo ìpou oi sunoriakèc sunj kec efarmìzontai me ènan pragmatik� kainotìmo
trìpo. Me thn mèjodo aut  apofeÔgoume thn pÔknwsh twn plegm�twn k�je
for� pou lÔnoume se lÐgo diaforopoihmèno ∂ω, k�ti pou autìmata thn kajist�
pio genik  kai se tètoiec peript¸seic pio gr gorh. Sunant�me ìmwc peris-
sìterec duskolÐec sthn ulopoÐhsh kai ton programmatismì thc apì ìti sth
klasik  mèjodo peperasmènwn stoiqeÐwn. Telik�, o qrìnoc pou qrei�sthke
gia na ulopoihjeÐ kai na programmatisteÐ h mèjodoc noht¸n qwrÐwn se dÔo
diast�seic sthn ergasÐa aut ,  tan polÔ perissìteroc apì ton qrìno pou
qrei�sthke gia na anaptuqjoÔn algìrijmoi pou pukn¸noun ta plègmata. Se
sunj kec epanalambanìmenhc epÐlushc profan¸c h mèjodoc eÐnai asÔgkrita
pio gr gorh apì thn klasik  mèjodo, o qrìnoc ìmwc pou ja qreiasteÐ gia
na leitourg sei h mèjodoc programmatistik� se tètoia perÐptwsh, ja eÐnai
shmantikìc.
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Kef�laio 10

Par�rthma

Ed¸ paratÐjentai k�poioi orismoÐ kaj¸c kai jewr mata pou aforoÔn th dom 
twn q¸rwn stouc opoÐouc douleÔoume.

Orismìc 1: 'Enac q¸roc Hilbert (sumb. H) eÐnai ènac pragmatikìc ( 
migadikìc) q¸roc efodiasmènoc me èna eswterikì ginìmeno, o opoÐoc eÐnai ènac
pl rhc metrikìc q¸roc me metrik  thn epagìmenh apì to eswterikì ginìmeno.
Pl rhc metrikìc q¸roc onom�zetai k�je metrikìc q¸roc pou èqei thn idiìthta
k�je basik  akoloujÐa tou q¸rou na sugklÐnei se shmeÐo tou q¸rou.

ParadeÐgmata q¸rwn Hilbert :

1. Profan¸c o Ðdioc o H kai o {0}.
2. 'Estw T : H −→ K mia suneq c grammik  apeikìnhsh apì ton H se
k�poion �lo grammikì q¸ro K. Tìte to sÔnolo kerT eÐnai q¸roc Hilbert
. Shmei¸netai ed¸ ìti o pur nac thc apeikìnhshc T (sumb. kerT ) eÐnai to
sÔnolo pou perièqei ta dianÔsmata u tou H gia ta opoÐa isqÔei Tu = 0.
3. 'Estw x ∈ H. OrÐzoume x⊥ := v ∈ H : (v, x) = 0. Tìte o x⊥ eÐnai upì-
qwroc touH kai sunep¸c q¸roc Hilbert . Autì gÐnetai xek�jaro an parathr -
soume ìti x⊥ = kerLx, ìpou Lx eÐnai to grammikì sunarthsiakì

Lx : v −→ (v, x) .

Pujagìreia mon�da: Mia endiafèrousa idiìthta twn q¸rwn Hilbert eÐnai
h ex c: 'Estw dÔo dianÔsmata u, v ∈ H. Lème ìti ta u, v eÐnai orjwg¸nia
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an (u, v) = 0. Gia dÔo opiad pote orjog¸nia dianÔsmata enìc q¸rou Hilbert
isqÔei ìti

||u+ v||2 = ||u||2 + ||v||2 .

Epagwgik� apodeiknÔetai ìti autì isqÔei gia opoiod pote pl joc orjog¸niwn
ana dÔo dianusm�twn.

Dôikìthta: 'Estw ènac q¸roc Hilbert H. O dôikìc tou q¸roc H ′ eÐnai
o q¸roc ìlwn twn suneq¸n grammik¸n sunart siak¸n pou orÐzontai ston H
kai paÐrnoun timèc sto R   sto C, an�loga me to poiì eÐnai to s¸ma p�nw sto
opoÐo èqoume orÐsei to eswterikì ginìmeno. Ston H ′ orÐzoume th nìrma

||f || = sup
x∈H,||x||=1

|f(x)| .

H nìrma aut  ikanopoieÐ to nìmo tou parallhlogr�mmou opìte o H ′ eÐnai kai
autìc q¸roc eswterikoÔ ginomènou. EÐnai epÐshc pl rhc opìte eÐnai q¸roc
Hilbert . Mia kalÔterh perigraf  tou H ′ kaj¸c kai sÔndes  tou me ton
H, gÐnetai mèsw tou jewr matoc anapar�stashc tou Riesz . SÔmfwna me
autì, gia k�je u ∈ H up�rqei monadikì fu ∈ H ′ to opoÐo orÐzetai mèsw tou
eswterikoÔ ginomènou wc ex c:

fu(x) = (x, u) , x ∈ H .

Q¸roi Lebesque : Oi q¸roi Lebesgue eÐnai q¸roi sunart sewn pou
sqetÐzontai me q¸rouc mètrou (X,M, µ), ìpou X èna opoiod pote sÔnolo,
M mia σ �lgebra kai µ èna arijm simo prosjetikì mètro sto X. 'Estw
L2(X,µ) o q¸roc twn metr simwn sunart sewn sto X, gia tic opoÐec to
olokl rwma Lebesgue tou tetrag¸nou thc apìluthc tim c thc sun�rthshc
eÐnai peperasmèno. Pio sugkekrimèna na isqÔei∫

X

|f |2dµ <∞ .

To eswterikì ginìmeno dÔo sunart sewn f kai g ston q¸ro L2(X,µ) orÐzetai
wc ex c:

(f, g) =

∫
X

f(t)g(t)dµ(t) .

To olokl rwma autì up�rqei lìgw thc anisìthtac Cauchy-Schwarz kai o
q¸roc efodiasmènoc me autì to eswterikì ginìmeno eÐnai pl rhc.
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Q¸roi Sobolev : Oi q¸roi Sobolev thc morf cW s,2 eÐnai q¸roi Hilbert.
Oi q¸roi autoÐ eÐnai q¸roi sunart sewn me eswterikì ginìmeno stouc opoÐouc
ìmwc orÐzetai diaforisimìthta. Gia ton lìgo autì oi q¸roi autoÐ eÐnai qr simoi
sthn jewrÐa twn merik¸n diaforik¸n exis¸sewn. Gia s ≥ 1 kai Ω ⊂ Rn,
o q¸roc Hs(Ω) perièqei tetragwnik� oloklhr¸simec sunart seic (L2), twn
opoÐwn oi asjeneÐc par�gwgoi (weak derivatives) t�xhc mèqri kai s eÐnai epÐshc
L2 sunart seic. To eswterikì ginìmeno ston Hs(Ω) eÐnai:

(f, g) =

∫
Ω

f(x)g(x)dx+

∫
Ω

Df(x) ·Dg(x)dx+

+ ... +

∫
Ω

Dsf(x) ·Dsg(x)dx .

Oi q¸roi Sobolev orÐzontai kai ìtan o s den eÐnai akèraioc. Tètoioi q¸roi orÐ-
zontai parak�tw. Sto shmeÐo autì dÐnoume ton orismì thc asjenoÔc parag¸-
gou.

Orismìc 2: Dosmènhc perioq c Ω , orÐzoume san sÔnolo twn topik� oloklh-
r¸simwn sunart sewn to

L1
loc(Ω) := f : f ∈ L1(K) ,

gia k�je K sumpagèc uposÔnolo tou Ω.

Orismìc 3: Mia dosmènh sun�rthsh f ∈ L1
loc(Ω) èqei asjen  par�gwgo

Daf an up�rqei sun�rthsh g ∈ L1
loc(Ω) tètoia ¸ste∫

Ω

g(x)f(x)dx = (−1)|a|
∫

Ω

f(x)φa(x)dx ∀φ ∈ D(Ω) .

An up�rqei tètoia g tìte g = Daf .

Parat rhsh: Genik� oi q¸roi Sobolev eÐnai q¸roi Banach (dhlad  grammikoÐ
q¸roi me nìrma) all� ìqi kat� an�gkh q¸roi Hilbert . 'Enac genikìc orismìc
twn q¸rwn aut¸n ja mporoÔse na eÐnai o akìloujoc:

Orismìc 4: 'Enac q¸roc Sobolev (sumb. W k
p (Ω)) orÐzetai wc to parak�tw

sÔnolo:
W k
p (Ω) := {f ∈ L1

loc(Ω) : ||f ||Wk
p (Ω) <∞} ,

ìpou

||f ||Wk
p (Ω) :=

(∑
|a|≤k

||Da
wf ||

p
Lp(Ω)

) 1
p
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gia thn perÐptwsh ìpou 1 ≤ p <∞, en¸ sth perÐptwsh ìpou p =∞ eÐnai

||f ||Wk
∞(Ω) := max|a|<k||Da

wf ||L∞(Ω) .

ShmeÐwsh: Oi Lp(Ω) nìrmec orÐzontai wc ex c: Gia 1 ≤ p <∞ eÐnai

||f ||Lp(Ω) :=
(∫

Ω

|f |pdx
) 1

p
,

kai gia thn perÐptwsh ìpou p =∞ eÐnai

||f ||L∞(Ω) := sup{|f(x)| : x ∈ Ω} .

O orismoÐ twn q¸rwn H−
1
2 (∂ω) kai H

1
2 (∂ω) (oi opoÐoi eÐnai trace spaces)

kaj¸c kai oi nìrmec pou mporoÔn na oristoÔn se autoÔc mporoÔn na brejoÔn
se di�fora biblÐa, endeiktik� ed¸ parapèmpoume ton anagn¸sth sto [28].
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