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Judgment is a tool to use on all subjects, and comes in everywhere.

Therefore in the essays that I make of it here, I use every sort of

occasion. If it is a subject I do not understand at all, even on that

I essay my judgement, sounding the ford from a good distance;

and then, finding it too deep for my height, I stick to the bank.

And this acknowledgement that I cannot cross over is a token

of its action, indeed one of those it is most proud of. Sometimes

in a vain and nonexistent subject I try to see if it will find the

wherewithal to give it body, prop it up, and support it. Sometimes

I lead it to a noble and well-worn subject in which it has nothing

original to discover, the road being so beaten that it can walk only

in others’ footsteps. There it plays its part by choosing the way

that seems best to it, and of a thousand paths it says that this

one or that was the most wisely chosen.

I take the first subject that chance offers. They are all equally

good to me. And I never plan to develop them completely. For I do

not see the whole of anything; nor do those who promise to show

it to us. Of a hundred members and faces that each thing has, I

take one, sometimes only to lick it, sometimes to brush the surface,

sometimes to pinch it to the bone. I give it a stab, not as wide but

as deep I know how. And most often I like to take them from some

unaccustomed point of view. I would venture to treat some matter

thoroughly, if I knew myself less well. Scattering a word here,

there another, samples separated from their context, dispersed,

without a plan and without a promise, I am not bound to make

something of them or to adhere to them myself without varying

when I please and giving myself up to doubt and uncertainty and

my ruling quality, which is ignorance.

— Michel de Montaigne, Essays, "Of Democritus and
Heraclitus" (1572–1580) de Montaigne [1958]
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Περίληψη

Τα διδιάστατα χωρικά δεδοµένα συχνά έχουν συναρτήσεις αυτο-

συσχέτισης µε ελλειπτικές ισοϋψείς καµπύλες, µια ιδιότητα γνω-

στή ως στατιστική ανισοτροπία. Οι παράµετροι ανισοτροπίας πε-

ϱιλαµβάνουν την κλίση της έλλειψης (ή γωνία προσανατολισµού)

θ σε σχέση µε το σύστηµα συντεταγµένων, και τον λόγο R των

κύριων µηκών συσχέτισης. Η εκτίµηση της ανισοτροπίας είναι

σηµαντική για εφαρµογές στις γεωεπιστήµες, στην επεξεργασία

σήµατος και εικόνας, καθώς και σε ιατρικές εφαρµογές. Οι δειγ-

µατικές εκτιµήσεις των παραµέτρων ανισοτροπίας είναι χρήσιµες

για τον ορισµό καταλλήλων χωρικών µοντέλων και για τη χωρική

παρεµβολή σε σύνολα χωρικά διάσπαρτων δεδοµένων.

Επί του παρόντος, η εκτίµηση της ανισοτροπίας γίνεται είτε µε τη

µέθοδο της µέγιστης πιθανοφάνειας, η οποία είναι υπολογιστικά

απαιτητική, ή µε την εξέταση εµπειρικών ϐαριογραµµάτων από

εµπειρογνώµονες, η οποία µπορεί να οδηγήσει σε υποκειµενικά

αποτελέσµατα. Μη επιβλεπόµενες και υπολογιστικά αποτελεσµα-

τικές µέθοδοι εκτίµησης της ανισοτροπίας είναι απαραίτητες για

τη γεωστατιστική ανάλυση, καθώς και για συστήµατα αυτοµατο-

ποιηµένης παρατήρησης και έγκαιρης προειδοποίησης σε περι-

πτώσεις περιβαλλοντικών απειλών.

Σε αρκετά επιστηµονικά πεδία, περιλαµβανοµένων και των γεω-

επιστηµών, είναι διαθέσιµο µόνο ένα δείγµα δεδοµένων, εξαιτίας

του κόστους των µετρήσεων ή άλλων περιορισµών. Εποµένως, ένα

πρόβληµα µε πρακτικό ενδιαφέρον είναι η εκτίµηση των παραµέ-

τρων ανισοτροπίας από ένα δείγµα, το οποίο µπορεί επίσης να έχει

ακανόνιστη χωρική κατανοµή. Πρόσφατα προτάθηκε µια υπολο-

γιστικά αποτελεσµατική εκτιµήτρια ανισοτροπίας για δείγµατα µε

κανονικές ή ακανόνιστες χωρικές κατανοµές, η οποία ϐασίζεται

στην Ταυτότητα Εσσιανής της Συνδιακύµανσης του Swerling.

Σε αυτήν την εργασία, ϐασιζόµενοι στην Ταυτότητα Εσσιανής της

Συνδιακύµανσης αναπτύσσεται —µε αναλυτικούς υπολογισµούς—

µια ϱητή έκφραση για την συνάρτηση πυκνότητας πιθανότητας
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fθ,R(R̂, θ̂), η οποία να ισχύει για γκαουσιανά, στατιστικά οµοιο-

γενή και παραγωγίσιµα τυχαία πεδία. Η συνάρτηση πυκνότητας

πιθανότητας fθ,R(R̂, θ̂) χαρακτηρίζει τη κατανοµή των εκτιµήσεων

ανισοτροπίας (R̂, θ̂) της εκτιµήτριας. Στη συνέχεια, ϐασιζόµενοι

στη συνάρτηση πυκνότητας πιθανότητας fθ,R(R̂, θ̂), υπολογίζουµε

µια προσεγγιστική έκφραση f
(0)
θ,R

(R̂, θ̂) η οποία είναι ανεξάρτητη

από την συνάρτηση αυτοσυσχέτισης και παρέχει συντηρητικές πε-

ϱιοχές εµπιστοσύνης για τις εκτιµώµενες παραµέτρους. Επίσης

προτείνουµε ένα στατιστικό έλεγχο ισοτροπίας ϐασιζόµενο στην

προσεγγιστική συνάρτηση πυκνότητας πιθανότητας.

Η ϑεωρητική ανάλυση επαληθεύεται από προσοµοιώσεις που πε-

ϱιλαµβάνουν δεδοµένα σε πλέγµα, αλλά και χωρικά διάσπαρτα

δεδοµένα. Παρουσιάζουµε τη χρήση των περιοχών εµπιστοσύνης

σε δυο σενάρια µε πραγµατικά δεδοµένα, προερχόµενα από λι-

γνιτωρυχεία, και σε ένα σενάριο περιβαλλοντολογικού κινδύνου

που περιλαµβάνει την εκποµπή ακτινοβολίας γάµµα εξαιτίας α-

τυχήµατος.

Τα αποτελέσµατα αυτής της εργασίας µπορούν να χρησιµοποιη-

ϑούν για να παρέχουν (α) µια αυτόνοµη προσέγγιση της κατανο-

µής των (R̂, θ̂), (ϐ) αρχικές τιµές ανισοτροπίας µε υπολογιστικά

αποτελεσµατικό τρόπο για την περαιτέρω ϐελτίωση της εκτίµησης

µε τη µέθοδο της µέγιστης πιθανοφάνειας και (γ) µια χρήσιµη εκ

των προτέρων (a priori) συνάρτηση πυκνότητας πιθανότητας για

εκτίµηση ανισοτροπίας µε τη µέθοδο Bayes.

Εν κατακλείδι, η εργασία αυτή παρουσιάζει ένα πλαίσιο για την

αποτελεσµατική ποσοτικοποίηση της στατιστικής σηµαντικότητας

αλλαγών στην ανισοτροπία χωρικών δεδοµένων. Η ανίχνευση

στατιστικά σηµαντικής ανισοτροπίας σε προκαταρκτικά δεδοµένα

προερχόµενα από διερευνητικές γεωτρήσεις είναι σηµαντική για

τον σχεδιασµό και την εκµετάλλευση ορυχείων, επειδή επιτρέπει

µεγαλύτερη ακρίβεια στην ανάλυση της χωρικής µεταβλητότητας

του κοιτάσµατος. ∆εδοµένου ότι µια σηµαντική αλλαγή στην α-

νισοτροπία µπορεί να συνεπάγεται σηµαντική µεταβολή του ϕυ-

σικού συστήµατος, όπως για παράδειγµα έκλυση ϱύπων στο πε-

ϱιβάλλον λόγω ατυχήµατος, προτείνουµε την ενσωµάτωση της α-

νίχνευσης ανισοτροπίας σε συστήµατα έγκαιρης προειδοποίησης.

΄Οσον αφορά τις ιατρικές εφαρµογές, µε ϐάση τα αποτελέσµατα

της παρούσας εργασίας, µπορεί να υλοποιηθεί ένας αλγόριθµος

ϐασισµένος στην ανισοτροπία για την ανίχνευση ανωµαλιών σε

δεδοµένα από ψηφιακές µαστογραφίες.
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Εκτενής Περίληψη

Στη παρούσα εργασία εξετάζονται οι στατιστικές ιδιότητες µιας νέ-

ας µεθόδου εκτίµησης στατιστικής ανισοτροπίας. Υπολογίζεται

αναλυτικά η µαθηµατική έκφραση της κοινής συνάρτησης πυ-

κνότητας πιθανότητας των εκτιµήσεων στατιστικής ανισοτροπίας

και η έκφραση των περιοχών εµπιστοσύνης. Επίσης υπολογίζεται

αναλυτικά η µη-παραµετρική έκφραση της κοινής συνάρτησης

πιθανότητας και των περιοχών εµπιστοσύνης, όπως επίσης και έ-

νας µη-παραµετρικός έλεγχος στατιστικής ανισοτροπίας. Κατόπιν

παρουσιάζονται εφαρµογές σε συνθετικά και πραγµατικά δεδοµέ-

να.

Στις γεωεπιστήµες συχνά είναι διαθέσιµο µόνο ένα δείγµα χωρικά

ατάκτων δεδοµένων, όπως για παράδειγµα ένα σύνολο µετρήσεων

συγκέντρωσης ενός ϱύπου στην ατµόσφαιρα. Οι σηµαντικότερες

αιτίες που περιορίζουν τη λήψη µετρήσεων κατά το δοκούν, είναι

το κόστος, αλλά και το ενδεχόµενο τα σηµεία δειγµατοληψίας να

είναι δυσπρόσιτα. Παρόµοιοι περιορισµοί υπάρχουν και σε άλλα

επιστηµονικά πεδία, όπως στην επεξεργασία σήµατος, ή σε ιατρι-

κές εφαρµογές. Η εκτίµηση των τιµών της µετρήσιµης ιδιότητας

στα σηµεία που δεν υπάρχουν µετρήσεις, πραγµατοποιείται µε

χωρική παρεµβολή. Οι µέθοδοι χωρικής παρεµβολής µπορούν

να κατηγοριοποιηθούν σε δυο µεγάλες κλάσεις, τις αιτιοκρατικές,

και τις στοχαστικές µεθόδους παρεµβολής. Η οικογένεια µεθό-

δων γνωστή στις γεωεπιστήµες ως kriging ϐασίζεται στη ϑεωρία

των τυχαίων πεδίων και ανήκει στις στοχαστικές µεθόδους, οι ο-

ποίες έχουν το προσόν ότι προσφέρουν εκτίµηση των σφαλµάτων

πρόβλεψης.

Η ϑεωρία των τυχαίων πεδίων είναι το µαθηµατικό εργαλείο που

χρησιµοποιείται για τη περιγραφή χωρικών δεδοµένων και για την

ανάπτυξη στοχαστικών µεθόδων χωρικής παρεµβολής. Μια µέ-

τρηση της ϕυσικής ιδιότητας αντιστοιχεί σε µια κατάσταση (state)

του τυχαίου πεδίου (random field) X (s) η οποία είναι µια πολυ-

διάστατη τυχαία µεταβλητή στο σηµείο µε διάνυσµα ϑέσης s. Η

συνάρτηση αυτοσυσχέτισης (autocorrelation function) η οποία

v



περιγράφει την χωρική συσχέτιση του τυχαίου πεδίου. ∆υο συνή-

ϑεις συναρτήσεις αυτοσυσχέτισης είναι η γκαουσιανή (Υποπαρά-

γραφος Α.7.1) και η συνάρτηση Matérn (Υποπαράγραφος Α.7.2).

Συχνά η συνάρτηση αυτοσυσχέτισης διδιάστατων δεδοµένων πα-

ϱουσιάζει ελλειπτικές ισοϋψείς καµπύλες, το οποίο πρακτικά ση-

µαίνει ότι η χωρική συσχέτιση έχει εξάρτηση από την κατεύθυνση.

Η ιδιότητα αυτή, γνωστή ως στατιστική ανισοτροπία (statistical an-

isotropy), περιγράφεται µε δυο παραµέτρους : την κλίση της έλ-

λειψης θ και τον λόγο R (anisotropy ratio) των κύριων αξόνων της,

ο οποίος είναι ίσος και µε τον λόγο των δυο κύριων µηκών συσχέ-

τισης (correlation lengths) ξ1 και ξ2, R = ξ2/ξ1 (ϐλ. Σχήµα 1.5).

Παραδείγµατα ισοτροπικών και ανισοτροπικών συνθετικών τυχαί-

ων πεδίων µε γκαουσιανή και Matérn συνάρτηση αυτοσυσχέτισης

παρουσιάζονται στα Σχήµατα 2.1 και 2.2.

Παρόλο που είναι εµφανές ότι αρκετές ϕυσικές διεργασίες είναι

στατιστικά ανισότροπες, συχνά µοντελοποιούνται µε ισοτροπικές

συναρτήσεις αυτοσυσχέτισης. Αγνοώντας τη στατιστική ανισοτρο-

πία, αποφεύγουµε την εκτίµηση δυο επιπλέον παραµέτρων, των

R̂ και θ̂). Συνήθως η εκτίµηση των παραµέτρων της στατιστικής

ανισοτροπίας πραγµατοποιείται µε µεθόδους όπως η επισκόπη-

ση εµπειρικών ϐαριογραµµάτων, µια διαδικασία υποκειµενική,

γιατί υπεισέρχεσαι ο ανθρώπινος παράγοντας ο οποίος κρίνει αν

το εµπειρικό ϐαριόγραµµα είναι ισοτροπικό ή ανισοτροπικό, και

η υπολογιστικά απαιτητική µέθοδος της µέγιστης πιθανοφάνειας

(maximum likelihood). Εποµένως οι παραπάνω µέθοδοι δεν είναι

ιδανικές για αυτοµατοποιηµένες εφαρµογές. Χρησιµοποιώντας ι-

σοτροπικά µοντέλα σε περιπτώσεις όπου είναι εµφανής η ύπαρξη

ανισοτροπίας στα δεδοµένα, οδηγούµαστε σε εκτιµήσεις υποδεέ-

στερης ακρίβειας.

Μια νέα, υπολογιστικά αποτελεσµατική µέθοδος εκτίµησης στα-

τιστικής ανισοτροπίας προτάθηκε πρόσφατα. Η µέθοδος αυτή

ϐασίζεται στην Ταυτότητα Εσσιανής της Συνδιακύµανσης (Covari-

ance Hessian Identity, Θεώρηµα 2.1.1). Συνδέει µε αναλυτικό

τρόπο τις παραµέτρους ανισοτροπίας µε παραµέτρους που µπο-

ϱούν να εκτιµηθούν από τις χωρικές παραγώγους του δείγµατος

(Θεώρηµα 2.1.2). Το ϑεώρηµα απαιτεί να τηρούνται δύο προ-

ϋποθέσεις : Το δείγµα να είναι αρκετά µεγάλο ώστε να µπορεί να

χρησιµοποιηθεί το Εργοδικό Θεώρηµα και να υπάρχουν οι χω-

ϱικές παράγωγοι του πεδίου. Το Εργοδικό Θεώρηµα επιτρέπει

την προσέγγιση µέσων τιµών που υπολογίζονται σε όλες τις κατα-
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στάσεις του τυχαίου πεδίου, τις οποίες ποτέ δε διαθέτουµε στην

πράξη, µε µέσες τιµές υπολογισµένες από το µοναδικό δείγµα

που συνήθως διαθέτουµε. Αν |D| είναι το εµβαδόν της περιοχής

και ᾱ η µέση απόσταση µεταξύ των σηµείων δειγµατοληψίας οι

δυο προϋποθέσεις συνοψίζονται ως εξής :

|D| � max(ξ1, ξ2) και ᾱ � min(ξ1, ξ2).

∆ηλαδή στο δείγµα πρέπει να περιέχονται αρκετές συσχετισµέ-

νες υποπεριοχές, και η δειγµατοληψία πρέπει να είναι αρκετά

πυκνή ώστε να καταγράφεται επαρκώς η χωρική µεταβλητότητα

του τυχαίου πεδίου, για τον αξιόπιστο υπολογισµό των χωρικών

παραγώγων από το δείγµα.

Στη παρούσα εργασία µελετώνται οι στατιστικές ιδιότητες της προ-

αναφερθείσας εκτιµήτριας στατιστικής ανισοτροπίας. Πιο συγκε-

κριµένα, υπολογίζονται µε αναλυτικό τρόπο, η κοινή συνάρτη-

ση πυκνότητας πιθανότητας (joint probability density function)

fθ,R(R̂, θ̂) των εκτιµήσεων ανισοτροπίας και οι αντίστοιχες περιοχές

εµπιστοσύνης (confidence regions). Προκύπτει µια ϱητή έκφραση

της fθ,R(R̂, θ̂) και των περιοχών εµπιστοσύνης, που όµως προϋπο-

ϑέτουν τη γνώση της συνάρτησης αυτοσυσχέτισης. Γιαυτό, ϐασιζό-

µενοι στη συνάρτηση πυκνότητας πιθανότητας υπολογίζουµε µια

προσεγγιστική έκφραση f
(0)
θ,R

(R̂, θ̂) η οποία είναι µη-παραµετρική

(non-parametric), δηλαδή δεν απαιτεί γνώση της συνάρτησης αυ-

τοσυσχέτισης. Η f
(0)
θ,R

(R̂, θ̂) εξαρτάται µονάχα από το µέγεθος του

δείγµατος N και από την εκτίµηση των παραµέτρων ανισοτροπίας.

Η διαδικασία που ακολουθήθηκε για τον υπολογισµό της fθ,R(R̂, θ̂)
µπορεί να συνοψιστεί στα εξής : ∆οθέντων των αναλυτικών εκφρά-

σεων (Θεώρηµα 2.1.2) που συνδέουν τις παραµέτρους ανισοτρο-

πίας µε τις παραµέτρους Qij που µπορούν να εκτιµηθούν από το

δείγµα, αν είναι γνωστή η κατανοµή f~Q(Q̂11, Q̂22, Q̂12) των εκτιµή-

σεων Q̂ij, εκτελώντας τους απαραίτητους µετασχηµατισµούς πιθα-

νότητας (Θεώρηµα Jacobi, Παράρτηµα Α.1), µπορεί να υπολογι-

σθεί η κατανοµή fθ,R(R̂, θ̂) των εκτιµήσεων (R̂, θ̂). Η ακολουθία

των µετασχηµατισµών απαιτεί ένα ενδιάµεσο ϐήµα, τον υπολο-

γισµό της συνάρτησης πυκνότητας πιθανότητας fq(q̂d, q̂o) των λό-

γων (q̂d, q̂o), όπως και κάποιες προσεγγίσεις για να είναι εφικτός

ο αναλυτικός υπολογισµός των κατανοµών και για τον αναλυτι-

κό υπολογισµό µη-παραµετρικών αποτελεσµάτων. Το ϑεώρηµα

Jacobi εκφράζει τη διατήρηση πιθανότητας κατά την πραγµατο-
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ποίηση αλλαγών µεταβλητής. Η διατήρηση της πιθανότητας κατά

την ακολουθία των µετασχηµατισµών:

f~Q(Q̂11, Q̂22, Q̂12)⇒ fq(q̂d, q̂o)⇒ fθ,R(R̂, θ̂),

αναπαρίσταται στο Σχήµα 2.8.

Επειδή οι δειγµατικές εκτιµήσεις των Qij προκύπτουν από ένα ά-

ϑροισµα (2.18) γινοµένων χωρικών παραγώγων Xij πάνω σε όλα

τα σηµεία δειγµατοληψίας sk, µπορεί να εφαρµοσθεί το Κεντρι-

κό Οριακό Θεώρηµα, στην εκδοχή του για ελαφρά συσχετισµένες

τυχαίες µεταβλητές, όπως είναι τα γινόµενα χωρικών παραγώγων

Xij (2.12) από τα οποία προκύπτουν τα Qij. Οι προσοµοιώσεις σε

υπολογιστή επαληθεύουν την υπόθεση αυτή, όπως ϕαίνεται στο

Σχήµα 4.3. Εποµένως οι εκτιµήσεις των Qij ακολουθούν µια γκα-

ουσιανή κατανοµή τριών µεταβλητών, για την οποία απαιτείται ο

υπολογισµός του πίνακα συνδιασποράς C~Q, όπως αυτός ορίζεται

στο Λήµµα 2.2.1. Το καθένα από τα έξι στοιχεία του 3 × 3 συµ-

µετρικού πίνακα C~Q υπολογίζονται αθροίζοντας πάνω σε όλα τα

N
2
διανύσµατα rnm = sn − sm, όπου sn είναι τα διανύσµατα ϑέ-

σης και n,m = 1, . . . , N . Οι συναρτήσεις Cij,kl(r) του αθροίσµατος

εξαρτώνται από τις παραγώγους της συνάρτησης αυτοσυσχέτισης.

Η διαδοχή των αλλαγών µεταβλητών που προαναφέρθηκαν, πραγ-

µατοποιείται µε αναλυτικό τρόπο. Προκύπτει ότι η παραµετρική

κατανοµή εκτιµήσεων ανισοτροπίας fθ,R(R̂, θ̂) έχει την εξής µορ-

ϕή:

fθ,R(R̂, θ̂; mQ,C~Q) =
2R̂

∣∣∣R̂2 − 1

∣∣∣(
R̂2 cos2 θ̂ + sin2

θ̂

)3
fq(q̂; mQ,C~Q),

όπου

fq(q̂; mQ,C~Q) = 2
√
π K̃

(
2B̃

2
N

2 + 1

)
e
N

2(B̃2−C̃)
,

(Θεώρηµα 2.2.2). Η παραµετρική περιοχή εµπιστοσύνης δίδεται

από την καµπύλη R̂, θ̂ που ικανοποιούν την εξίσωση:[
B̃

2(q̂; mQ,C~Q) − C̃(q̂; mQ,C~Q)
]
N

2 = ln(1 − p),

(Πόρισµα 2.2.1), όπου p η στάθµη εµπιστοσύνης (confidence

level), π.χ. p = 0.95. Οι συντελεστές B̃, K̃, Ã εξαρτώνται από

τη συνάρτηση αυτοσυσχέτισης.

Κρατώντας µόνο τον πρώτο όρο του αθροίσµατος (2.18), που αν-
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τιστοιχεί στα διανύσµατα r = 0, προκύπτει η µη-παραµετρική

κατανοµή f
(0)
θ,R

(R̂, θ̂) (Θεώρηµα 3.1.1) για την οποία δεν απαιτεί-

ται εκτίµηση παραµέτρων της συνάρτησης αυτοσυσχέτισης. Στα

Σχήµατα 3.1 και 3.2 παρουσιάζονται οι γραφικές παραστάσεις

των µη-παραµετρικών κατανοµών για διάφορες τιµές ανισοτρο-

πίας και πλήθους δεδοµένων N , οι οποίες είναι ασύµµετρες και

µη-γκαουσιανές. ΄Οπως είναι αναµενόµενο, για µεγάλο µέγεθος

δείγµατος, προκύπτουν στενότερες µη-παραµετρικές κατανοµές

και µικρότερες µη-παραµετρικές περιοχές εµπιστοσύνης, το ο-

ποίο σηµαίνει ότι οι εκτιµήσεις ανισοτροπίας έχουν µικρότερη

αβεβαιότητα για µεγάλα N .

Η µη-παραµετρική κατανοµή εκτιµήσεων ανισοτροπίας έχει την

εξής µορφή:

f
(0)
θ,R

(R̂, θ̂;R, θ, N) =
2R̂

∣∣∣R̂2 − 1

∣∣∣(
R̂2 cos2 θ̂ + sin2

θ̂

)3
f

(0)
q (R̂, θ̂;R, θ, N),

όπου

B̃0 = (2Ã0)−1/2
[
(R2 − 1)(R̂2 − 1) cos(2(θ − θ̂)) − (R2 + 1)(R̂2 + 1)

]
,

K̃0 = (πÃ0)−3/2
R

3
[
(R̂2 + 1) − (R̂2 − 1) cos(2θ̂)

]3

,

όπου

Ã0 = (R̂4 + 1)(3R4 + 2R
2 + 3) + 2R̂

2(R2 − 1)2

+ (R̂2 − 1)2(R2 − 1)2 cos(4(θ̂ − θ))
− 4(R̂4 − 1)(R4 − 1) cos(2(θ̂ − θ)).

Η κατανοµή f
(0)
θ,R

(R̂, θ̂) εξαρτάται µονάχα από τις παραµέτρους ανι-

σοτροπίας R, θ και το µέγεθος του δείγµατος N . Η µη-παραµετρική

περιοχή εµπιστοσύνης δίδεται από την καµπύλη που προκύπτει

από τα R̂, θ̂ που ικανοποιούν την εξίσωση:

B̃
2

0
−

1

2
=

ln(1 − p)
N

Η περιοχή εµπιστοσύνης εξαρτάται από το επίπεδο εµπιστοσύ-

νης p και το µέγεθος του δείγµατος N . Από τη µη-παραµετρική

έκφραση των περιοχών εµπιστοσύνης συνεπάγεται ο ακόλουθος

µη-παραµετρικός στατιστικός έλεγχος ισοτροπίας. ∆οθέντος του
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µεγέθους δείγµατος N και του ϐαθµού εµπιστοσύνης p, προκύ-

πτει το διάστηµα ανισοτροπικών λόγων (R̂−, R̂+) για το οποίο οι ό-

ποιες εκτιµήσεις ανισοτροπικού λόγου R̂ µπορούν να ϑεωρηθούν

σε στάθµη εµπιστοσύνης p ότι αντιστοιχούν σε στατιστικά ισοτρο-

πικά πεδία. ∆ηλαδή αν το R̂ ανήκει στο ακόλουθο διάστηµα:

R̂ ∈


√

1 − 2

√
αp;N (1 − αp;N )

1 − 2αp;N
,

√
1 + 2

√
αp;N (1 − αp;N )

1 − 2αp;N

 ,
όπου `p = −2 ln(1 − p) και αp;N = `p/N , τότε το δείγµα είναι στα-

τιστικά ισοτροπικό σε στάθµη εµπιστοσύνης p (Θεώρηµα 3.2.1).

Στη συνέχεια, το ϑεωρητικό πλαίσιο αναφορικά µε τις στατιστικές

ιδιότητες των εκτιµήσεων ανισοτροπίας ελέγχεται µε προσοµοιώ-

σεις Monte Carlo οι οποίες πραγµατοποιήθηκαν σε υπολογιστικό

περιβάλλον MATLAB
®

, και περιλαµβάνουν δεδοµένα σε πλέγµα

(Ενότητα 4.1), δεδοµένα εκτός πλέγµατος (Ενότητα 4.2), αλλά και

δεδοµένα προερχόµενα από πραγµατικές µετρήσεις. Πιο συγ-

κεκριµένα, µελετήθηκαν δεδοµένα ενός σεναρίου περιβαλλοντι-

κού κινδύνου αναφορικά µε την εκποµπή ακτινοβολίας γάµµα

εξαιτίας ατυχήµατος (Ενότητα 4.3), αλλά και δεδοµένα προερ-

χόµενα από διερευνητικές γεωτρήσεις σε δυο λιγνιτωρυχεία της

Ελλάδας, στο Αµύνταιο και στη Μαυροπηγή (Ενότητα 4.4). Σε

όλες τις περιπτώσεις εξετάστηκε αν οι περιοχές εµπιστοσύνης (στη

µη-παραµετρική και στη παραµετρική τους εκδοχή, όπου ήταν

εφικτό), περιγράφουν επαρκώς τη µεταβλητότητα των εκτιµήσεων

ανισοτροπίας.

Στη περίπτωση των συνθετικών δεδοµένων, είναι γνωστές εκ των

προτέρων οι συναρτήσεις αυτοσυσχέτισης, εποµένως µπορεί να υ-

πολογισθεί αριθµητικά ο πίνακας C~Q έτσι ώστε να υπολογισθούν

οι παραµετρικές περιοχές εµπιστοσύνης (2.31). Ο υπολογισµός

του πίνακα C~Q γίνεται προσεγγιστικά ώστε να αποφευχθεί ο υπο-

λογισµός αθροισµάτων µε µεγάλο πλήθος όρων. Τα αθροίσµα-

τα 2.21 προσεγγίζονται αθροίζοντας σε N
′ � N

2
όρους εντός µιας

γειτονιάς στην οποία οι αθροιζόµενες συναρτήσεις έχουν σηµαν-

τική συνεισφορά στο άθροισµα, Εξίσωση (2.24) και Σχήµα 2.4.

Στο Σχήµα 4.1 απεικονίζονται τα αποτελέσµατα για τυχαία πεδία

µε ισοτροπική γκαουσιανή συνάρτηση αυτοσυσχέτισης, στο Σχή-

µα 4.2 τα αποτελέσµατα για τυχαία πεδία µε ισοτροπική συνάρ-

τηση αυτοσυσχέτισης Matérn, ενώ στο Σχήµα 4.4 παρουσιάζονται
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τα αποτελέσµατα για ανισοτροπικές γκαουσιανές και Matérn συ-

ναρτήσεις αυτοσυσχέτισης. Στα σχήµατα οι εκτιµήσεις ανισοτρο-

πίας αναπαριστώνται µε γαλάζιους σταυρούς στο επίπεδο (R̂, θ̂)
και οι παραµετρικές περιοχές εµπιστοσύνης µε πράσινες καµπύ-

λες. Οι κόκκινες καµπύλες αντιστοιχούν στις µη-παραµετρικές

περιοχές εµπιστοσύνης. Παρατηρούµε ότι οι παραµετρικές πε-

ϱιοχές εµπιστοσύνης περιγράφουν πολύ καλά τη µεταβλητότητα

των εκτιµήσεων ανισοτροπίας, αλλά όπως αναφέραµε προηγου-

µένως, απαιτούν τη γνώση της συνάρτησης αυτοσυσχέτισης. Οι

µη-παραµετρικές περιοχές εµπιστοσύνης είναι ευρύτερες και πε-

ϱικλείουν τις παραµετρικές περιοχές εµπιστοσύνης. Η έλλειψη

γνώσης της συνάρτησης αυτοσυσχέτισης σηµαίνει έλλειψη πληρο-

ϕορίας, γιαυτό οι µη-παραµετρικές περιοχές εµπιστοσύνης είναι

ευρύτερες από τις παραµετρικές περιοχές εµπιστοσύνης

Για τη δηµιουργία συνθετικών διάσπαρτων δεδοµένων, επιλέχθη-

κε τυχαία ένα µικρό ποσοστό σηµείων από ένα πολύ πυκνό δείγµα

σε κανονικό πλέγµα ενός ισοτροπικού τυχαίου πεδίου µε αυτοσυ-

σχέτιση Matérn. Στη συνέχεια επιλέχθηκαν τυχαία υποσύνολα

σηµείων και πραγµατοποιήθηκαν εκτιµήσεις ανισοτροπίας. Τα

αποτελέσµατα αναπαριστώνται στο Σχήµα 4.6 και συγκρίνονται

επιτυχώς µε τη µη-παραµετρική περιοχή εµπιστοσύνης.

Στη συνέχεια εξετάσθηκαν εφαρµογές σε πραγµατικά δεδοµένα.

Η πρώτη εφαρµογή αφορά τις µετρήσεις ακτινοβολίας γάµµα α-

πό ένα δίκτυο αισθητήρων στη Γερµανία οι οποίες χρησιµοποι-

ήθηκαν στην άσκηση σύγκρισης µεθόδων χωρικής παρεµβολής

SIC2004. Τα δεδοµένα περιλαµβάνουν δυο σενάρια : Το σενάριο

κανονικών µετρήσεων (normal, δηλαδή εντός ορίων ασφαλείας),

και το σενάριο ενός υποτιθέµενου ατυχήµατος (emergency sce-

nario). Τα δεδοµένα παρουσιάζονται στο Σχήµα 4.7. Υπολογίζον-

τας τις µη-παραµετρικές κατανοµές εκτιµήσεων ανισοτροπίας για

τα δυο σενάρια προκύπτει ότι είναι στατιστικά σηµαντικά διαφο-

ϱετικές, όπως ϕαίνεται και στο Σχήµα 4.8. Επίσης εξετάσθηκε αν

οι εκτιµήσεις ανισοτροπίας για τα δέκα σύνολα κανονικών µετρή-

σεων από διαφορετικές χρονικές στιγµές, µπορούν να ϑεωρηθούν

στατιστικά διαφορετικές. Στο Σχήµα 4.10 και οι δέκα εκτιµή-

σεις ανισοτροπίας κείτονται εντός της µη παραµετρικής περιοχής

εµπιστοσύνης η οποία έχει υπολογιστεί χρησιµοποιώντας τις µέ-

σες τιµές των Q̂ij. Αυτό σηµαίνει ότι οι εκτιµώµενες παράµετροι

ανισοτροπίας και των δέκα συνόλων κανονικών τιµών δεν είναι

στατιστικά διαφορετικές.

xi



Η δεύτερη εφαρµογή αφορά δεδοµένα προερχόµενα από τα λι-

γνιτωρυχεία του Αµυνταίου και της Μαυροπηγής, που ϐρίσκον-

ται κοντά στη Πτολεµαΐδα (Σχήµατα 4.11 και 4.12). Πιο συγ-

κεκριµένα, εξετάσθηκαν µετρήσεις συνολικού πάχους λιγνίτη α-

πό διερευνητικές γεωτρήσεις που πραγµατοποιήθηκαν µε σκοπό

την εκτίµηση των γεωλογικών αποθεµάτων λιγνίτη στις συγκεκρι-

µένες περιοχές. Πραγµατοποιήθηκε εκτίµηση ανισοτροπίας και

υπολογίσθηκε η µη-παραµετρική κατανοµή των εκτιµήσεων ανι-

σοτροπίας (Σχήµατα 4.13 και 4.15. ΄Οπως και στη περίπτωση των

συνθετικών διάσπαρτων δεδοµένων, επιλέχθηκαν τυχαία 1000 υ-

ποσύνολα µε 50% των αρχικών µετρήσεων ώστε να προκύψουν

τεχνητά πολλά σύνολα µετρήσεων του ίδιου ϕυσικού ϕαινοµένου

και να διαπιστωθεί αν η µεταβλητότητα των εκτιµήσεων ανισο-

τροπίας περιγράφεται επαρκώς από τη µη-παραµετρική περιοχή

εµπιστοσύνης (Σχήµατα 4.14 και 4.16). Επιπροσθέτως, υπολο-

γίζονται µε αριθµητική ολοκλήρωση των µη-παραµετρικών κατα-

νοµών οι κατανοµές των R̂ και θ̂ και συγκρίνονται µε αυτές που

εκτιµήθηκαν από το σύνολο των 1000 εκτιµήσεων ανισοτροπίας

για κάθε ορυχείο. Και για τα δυο ορυχεία, η µη-παραµετρική συ-

νάρτηση πυκνότητας πιθανότητας περιγράφει σε πάρα πολύ καλό

ϐαθµό τη µεταβλητότητα των εκτιµήσεων ανισοτροπίας.

Συνοψίζοντας, η εργασία παρουσιάζει ένα πλήρες πλαίσιο αναφο-

ϱικά µε τις στατιστικές ιδιότητες εκτιµήσεων στατιστικής ανισοτρο-

πίας. Υπολογίσθηκε η γενική µαθηµατική έκφραση της κοινής

συνάρτησης πυκνότητας πιθανότητας των εκτιµήσεων ανισοτρο-

πίας καθώς και η έκφραση της αντίστοιχης περιοχής εµπιστοσύ-

νης. Στη συνέχεια υπολογίσθηκε µια µη-παραµετρική έκφραση

της κοινής συνάρτησης πυκνότητας πιθανότητας η οποία οδηγεί

σε συντηρητικές περιοχές εµπιστοσύνης. Τα αποτελέσµατα της

εργασίας µπορούν εύκολα να επεκταθούν ώστε να συµπεριλαµ-

ϐάνουν λογαριθµοκανονικά τυχαία πεδία. Επίσης υπολογίσθηκε

ένας µη-παραµετρικός στατιστικός έλεγχος ισοτροπίας. ∆ιεξήχθη-

σαν προσοµοιώσεις Monte Carlo για τον έλεγχο των αποτελεσµά-

των, ενώ παρουσιάσθηκαν εφαρµογές σε πραγµατικά δεδοµένα

από ένα σενάριο περιβαλλοντικού κινδύνου και δεδοµένα από λι-

γνιτωρυχεία.

Σε µελλοντική έρευνα ϑα µπορούσε να διερευνηθεί η εφαρµογή

των αποτελεσµάτων σε µη παραγωγίσιµα τυχαία πεδία µε τη χρή-

ση ενός πυρήνα εξοµάλυνσης (smoothing kernel), σε τριδιάστατα

τυχαία πεδία, όπως και στα λεγόµενα Σπαρτιάτικα τυχαία πεδία.
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∆εδοµένου ότι οι µεταβολές ενός ϕυσικού συστήµατος οδηγούν

σε µεταβολές της ανισοτροπίας, είναι δυνατή η υλοποίηση αλγο-

ϱίθµων ανίχνευσης στατιστικά σηµαντικών αλλαγών ανισοτροπί-

ας οι οποίοι µπορούν να ενσωµατωθούν σε συστήµατα έγκαιρης

προειδοποίησης, ή ακόµα να χρησιµοποιηθούν για την ανίχνευση

ανωµαλιών σε δεδοµένα από ψηφιακές µαστογραφίες.
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Abstract

Two-dimensional data often have autocovariance functions with

elliptical equipotential contours, a property known as statistical

anisotropy. The anisotropy parameters include the tilt of the

ellipse (orientation angle) θ with respect to the coordinate system

and the ratio R of the principal correlation lengths. Anisotropy

estimation is important for applications in the geosciences, in

signal and image processing, as well as in medical imaging. Sam-

ple estimates of anisotropy parameters are needed for defining

suitable spatial models and for the interpolation of incomplete

data sets.

Currently, anisotropy estimation is performed via the method

of maximum likelihood, which is a computationally intensive

procedure, or by inspection of empirical variograms by human

experts, which often leads to subjective results. Unsupervised

and computationally efficient methods of anisotropy estimation

are thus needed for geostatistical analysis as well as for early-

warning or automatic monitoring systems.

In several scientific disciplines, including the geosciences, only

a single data sample is available, due to measurement costs or

other limitations. Thus, a problem of practical interest is the

estimation of anisotropy parameters from a single sample, which

may also possess an irregular spatial distribution. A computa-

tionally efficient anisotropy estimator for single samples with

regular or irregular spatial distributions, was recently proposed

and is based on Swerling’s Covariance Hessian Identity (CHI).

The purpose of this thesis is to derive —by means of analytical

calculations— an explicit expression for the sampling joint prob-

ability density fθ,R(R̂, θ̂), which is valid for Gaussian, stationary

and differentiable random fields. The sampling joint probabil-

ity density fθ,R(R̂, θ̂) characterizes the distribution of anisotropy

statistics (R̂, θ̂) of the CHI estimator. Based on the sampling

joint probability density fθ,R(R̂, θ̂), we derive an approximation

f
(0)
θ,R

(R̂, θ̂) that is independent of the autocovariance function and
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provides conservative confidence regions for the anisotropy pa-

rameters (R̂, θ̂). We also formulate a statistical test for isotropy

based on the approximation f
(0)
θ,R

(R̂, θ̂).

We validate the theoretical analysis by means of simulations

involving data on square lattices as well as scattered data. We

illustrate the use of confidence regions with two real-data case

studies; lignite mining data and an environmental emergency

scenario which involves the accidental release of gamma radia-

tion are used.

The results of this research can be used to provide (i) a stand-

alone approximate estimate of the (R̂, θ̂) distribution (ii) computa-

tionally efficient initial values for maximum likelihood estimation,

and (iii) a useful prior probability density function for Bayesian

anisotropy inference.

Overall, this work provides a framework for efficiently quanti-

fying the statistical significance of anisotropy variations. The

identification of significant anisotropy in preliminary data from

exploratory drill holes is important for the design and opera-

tion of mines, because it allows more accurate analysis of the

spatial variability of the deposit. Since a significant anisotropy

change may imply a significant change in the physical system,

for example accidental release of a pollutant in the environment,

we propose that early-warning systems incorporate anisotropy

detection. Regarding medical applications, an anisotropy-based

algorithm for detecting abnormalities in digital mammography

data can be constructed based on the results obtained in this

work.
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Chapter 1
Introduction

1.1 Modeling Spatial Processes in the Geosci-

ences

D
atasets collected to study the Earth usually come in the form of two- or

three-dimensional scattered points to which attributes are attached.

Unlike datasets from other scientific fields such as mechanical engineering

where experiments are held in a controlled environment, geoscientific data

often possess a highly irregular spatial distribution. For example, bathymet-

ric data are collected at a high sampling rate along each ship’s track, but

there can be a very long distance between two ships’ tracks. Also, geologic

and oceanographic data, respectively, are gathered from boreholes and

water columns; data are therefore usually abundant vertically but sparse

horizontally Fisher et al. [2005]. In order to model, visualize and better

understand such datasets, spatial interpolation is performed to estimate the

value of an attribute at unsampled locations. Spatiotemporal interpolation

is required for natural phenomena in which the temporal dimension is

important and cannot be neglected. In this work we study the statistical

properties of two-dimensional spatial datasets. Furthermore, we present

applications on artificial (simulated) and real geoscientific data. In partic-

ular the real data involve radioactivity gamma dose rate measured over a

network of fixed stations scattered over Europe, and lignite measurements

from exploratory drill holes from two Greek lignite mines.

Geostatistics refer to the general class of statistical models and tools

developed for statistical analysis of data originating from Geosciences, Chilès

& Delfiner [1999]; Goovaerts [1997]; Isaaks & Srivastava [1990]; Journel

& Huĳbregts [2003]; Kitanidis [1997]; Wackernagel [1997]. Geostatistics

1
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Measurement Sites
Ozone (ppm)

0.04650 - 0.07360
0.07361 - 0.09499
0.09500 - 0.11370
0.11371 - 0.13740
0.13741 - 0.17360

Ordinary Kriging
Prediction Map

Ozone (ppm)
Filled Contours

0.0465 - 0.066428947
0.066428947 - 0.079267383
0.079267383 - 0.087538038
0.087538038 - 0.09286608
0.09286608 - 0.096298461
0.096298461 - 0.101626503
0.101626503 - 0.109897158
0.109897158 - 0.122735594
0.122735594 - 0.142664541
0.142664541 - 0.1736

Ü

Figure 1.1: Example illustrating the spatial interpolation problem: Given a

scattered dataset, for example ozone concentration measurements (in ppm)

over California, estimations are required over the whole spatial domain,

including locations where measurements are not available. On the left map,

measurement values are represented as colored circles, where red colors

denote high values. On the right map, ordinary kriging interpolation results

are represented as filled contours.

relies on the theory of random functions or also known as random fields,

in order to model the uncertainty associated with spatial estimation and

simulation Christakos [1992]; Yaglom [1987]. An example illustrating

the use of geostatistical tools for spatial interpolation of environmental

variables is portrayed in Figures 1.1–1.3. These figures were produced

using a demo version of the commercial
1

Geographic Information System

(GIS) software ArcGIS
®

Geostatistical Analyst Johnston et al. [2003, 2008];

Krivoruchko [2008]. The example scenario involves a network of fixed ozone

concentration measurement stations over California which provides the

1
This example is for illustratory purposes only. The results of this work can be

reproduced without the need of any commercial software. Most of the algorithms are

already implemented in R, the open-source programming language for statistical computing,

as a part of the INTAMAP project.
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maximum value of ozone concentration in parts per million (ppm) over

the past eight hours
2
. Given a set of measurements (ozone concentration,

Fig. 1.1, left), sampled at several points in space, an estimation of the

observable is required at locations where no measurements exist. Usually,

the estimated values are presented in the form of a map over a specified

spatial domain, (e.g., on the right in Fig. 1.1), along with an associated map

displaying the error assessment of the estimates, if the error evaluation

is possible. Contour maps, or probability maps of exceeding a threshold

value can also be produced. Such maps, such as in Fig. 1.2, can serve as

a visual aid for experts to assess the potential health hazards of unusual

levels of ozone concentration, to decide issuing an alert, or to take even

more extreme measures.

Many interpolation and approximation methods were developed in order

to predict values of spatial phenomena at unsampled locations. For a

review of the interpolation methods utilized in Geosciences, see Li & Heap

[2008]. In general, the methods can be classified into two classes depending

whether randomness is taken into account:

Deterministic spatial interpolation methods Randomness is not taken

into account. There is no assessment of prediction errors. Examples

of such interpolation methods are: nearest neighbors, triangular

irregular network related interpolations, natural neighbors
3
, inverse

distance weighting, regression models, several spline-based models

and Fourier series interpolation models.

Stochastic spatial interpolation methods Randomness is taken into ac-

count. Assuming random errors, these methods provide an assess-

ment of prediction errors. This is the key advantage of the stochastic

methods. Examples of stochastic (or geostatistical) interpolation

methods are the several flavors of kriging and its extensions: Simple,

Ordinary, Universal, Block, Indicator, Disjunctive kriging, kriging

with an external drift, cokriging, etc.

The extensive variety of interpolation methods makes evident that a univer-

sal interpolation method cannot exist. Moreover, even for an ideal dataset

(optimally-sampled, noise-free), there exists an infinite number of interpola-

tion functions which pass through a given set of data points. The processes

to be modeled are usually very complex, data are spatially heterogeneous

2
This is an artificial scenario, created for demonstration purposes and based on real

measurements during 1996. For data credits see Johnston et al. [2008].

3
The natural neighbors interpolation method is introduced and used in Section 4.2.

3
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_̂
Los Angeles

Ozone Prediction Map over California

Legend
Ozone Concentration (ppm)

0.0465 - 0.0664
0.0665 - 0.0793
0.0794 - 0.0875
0.0876 - 0.0929
0.0930 - 0.0963
0.0964 - 0.1016
0.1017 - 0.1099
0.1100 - 0.1227
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0.1428 - 0.1736
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0.25
0.5
0.75
0.95

±

0 100 20050 Kilometers

Using Geostatistical Analyst's Ordinary Kriging

Figure 1.2: Ozone concentration prediction over California. The map was

obtained using the ordinary kriging prediction method as implemented in

the ArcGIS
®

Geostatistical Analyst package.
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_̂
Los Angeles

Ozone Standard Error Map over California

Legend
Ozone Standard Error (ppm)

0.0117 - 0.0131
0.0132 - 0.0143
0.0144 - 0.0151
0.0152 - 0.0158
0.0159 - 0.0164
0.0165 - 0.0168
0.0168 - 0.0171
0.0172 - 0.0176
0.0177 - 0.0181
0.0182 - 0.0188

±

0 100 20050 Kilometers

Using Geostatistical Analyst's Ordinary Kriging

Figure 1.3: Ordinary kriging standard error map associated with the predic-

tion map of Fig. 1.2. Note that sparsely-sampled areas have larger error

values.
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and often based on less than optimal sampling configurations, and signifi-

cant noise or discontinuities can be present. In addition, datasets can be

very large (N ' 10
3
–10

6
), originating from various sources with different

accuracies Mitas & Mitasova [1999]. An important criterion for adopting (or

dismissing) a specific method is its consistency with the physical laws which

the process obeys. Physical laws set constraints on the observables, and

not every interpolation method respects such constraints; for example, near-

est neighbors interpolation cannot be used for modeling spatially smooth

natural processes, since it leads to discontinuous estimation surfaces. In

order to take such constraints into account, prior knowledge of the under-

lying process is required. Usually such prior knowledge is unavailable and

therefore some general assumptions should initially be made. Several other

requirements address limitations on selecting an interpolation method. For

example, we should take into account if a method produces artifacts e.g.,

unexpectedly high or low estimation values or fails to provide estimation val-

ues over a particular sub-domain. The computer processing time required

in order to obtain an estimation is also an issue, e.g., the computation

of a forecast regarding a spatiotemporal process at a future date, should

finish earlier than that given date. Quoting Lewis Fry Richardson
4

from

the early days of numerical weather prediction models: "Perhaps some

day in the dim future it will be possible to advance the computations faster

than the weather advances. . . But that is a dream." Lynch [2008]. Despite

the advances in science and technology since Richardson’s days, a good

physical understanding of the process and good quality data can not be

substituted by any complicated mathematical model, advanced algorithmic

scheme, or the abundance of today’s computer processing power.

1.2 Spatial Random Fields

Spatial random fields (SRFs), also known as spatial random functions

Christakos [1992]; Yaglom [1987], are used in several other scientific and

engineering disciplines that study spatially distributed processes, (e.g.,

image processing, theory of transport in heterogeneous media, wave propa-

gation in random media). Natural processes which can be considered as

4
Lewis Fry Richardson (1881–1953) was an English mathematician, physicist, meteorol-

ogist, psychologist and pacifist who pioneered modern mathematical techniques of weather

forecasting, and the application of similar techniques to studying the causes of wars and

how to prevent them. He is also noted for his pioneering work on fractals. Since 1997,

the Lewis Fry Richardson Medal is been awarded by the European Geosciences Union

for "exceptional contributions to nonlinear geophysics in general" Wikipedia contributors

[2012a].
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(a) Looking "up" (b) Looking "down" (c) Looking "inside"

Figure 1.4: Random fields in nature: (a) From the primordial light where

everything is bathed in, the cosmic microwave background radiation (source

image: Hinshaw et al. [2009]), (b) the oceans of our planet, and (c), the

"innerspace": a mammogram (source image: Richard & Bierme [2010]).

realizations of a spatial random field are illustrated in Figure 1.4. Spatial

random fields with Gaussian joint probability density function are also used

in machine learning, where they are known as Gaussian processes Ras-

mussen & Williams [2006].

For convenience, isotropic SRF models are often used, even though

many real data sets display anisotropic patterns. Physical anisotropy

implies different values of a specific variable along different directions and

is expressed by means of tensor coefficients (e.g., electrical conductivity

tensor). Statistical anisotropy characterizes scalar processes (e.g., values of

gray-scale images, pollutant concentrations), the correlation range of which

depends on the spatial direction. Herein we focus on statistical anisotropy,

which implies SRFs with autocovariance functions that possess elliptical

equipotential contours.

A problem of practical interest is the estimation of anisotropy parameters

from a single available sample. Estimation of anisotropy parameters, is a

topic of ongoing research activity in various signal and image processing

applications Feng et al. [2008]; Jiang [2005]; Le Bihan et al. [2001]; Okada

et al. [2005]; Olhede [2008]; Richard & Bierme [2010]; Wang & Leckie [2012];

Xu & Choi [2009], as well as in data assimilation Weaver & Mirouze [2012].

The characterization and measurement of anisotropy in biological materials

is important for diagnostic and medical reasons Ranganathan et al. [2011];

Richard & Bierme [2010]. Improved methods for estimating anisotropy are

necessary in various research fields.

Usually anisotropy estimates are obtained using maximum likelihood,

which is a computationally demanding procedure. In the case of geosci-

entific applications, the choice between an isotropic or anisotropic model

usually requires inspection of empirical variograms from a human expert, a

7
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Anisotropic Field

ξ2

ξ1

θ

Isotropic Field

ξ1

ξ2

Rotate and Rescale

Figure 1.5: Anisotropy detection as a preprocessing step: Since the CHI

anisotropy estimation and rotation/rescaling of initial data is computa-

tionally simple, anisotropy detection is a crucial preprocessing step since

preprocessed data can be modeled with a simpler isotropic model.

procedure not suitable for automatic monitoring applications Pebesma et al.

[2011], which can be subjective. The calculation of empirical variograms is

also a computationally demanding procedure, especially when data size is

large, e.g., data originating from GIS applications.

On the other hand, rotating and rescaling of anisotropic data is a com-

putationally trivial preprocessing task which simplifies data representation

and modeling. The preprocessed data can then be modeled with an isotropic

spatial model with less parameters to be estimated. The anisotropy removal

preprocessing procedure is depicted in Figure 1.5. Thus if anisotropy re-

moval is going to be used as an initial preprocessing step, it should be fast

and efficient. The importance of preprocessing data prior to modeling is

stressed by paraphrasing a “silly” theorem from the neural networks com-

munity, "modeling will always succeed, given the right preprocessor"
5

Hertz

et al. [1991]. The methods currently available for anisotropy estimation are

computationally complex for being used as an initial preprocessing step

5
The proof is simple: The preprocessor solves the initial problem and encodes the result

into a simple form where a trivial model could reproduce the answer.

8
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before the actual modeling. A method for providing anisotropy estimates

without the computational cost of solving the entire modeling problem is

necessary.

The Covariance Hessian Identity (CHI) method Chorti & Hristopulos

[2008]; Hristopulos [2002] is a non-parametric, non-iterative method for

obtaining semi-analytic estimates of SRF anisotropy parameters from two-

dimensional data sets. Nevertheless, anisotropy estimates are statistics,

i.e., random variables, the values of which fluctuate between different

samples. The fluctuations in the two parameters, as we show below, are

inter-dependent and non-Gaussian. If the joint distribution of the fluctua-

tions is known, it is possible to evaluate whether deviations of anisotropy

statistics between different data sets are statistically significant. Another

practical question is whether an estimated anisotropy value actually means

significant departure from isotropy; if not, simpler, isotropic autocovariance

functions can be used for spatial modeling. Significant changes in anisot-

ropy over time may suggest a crucial change in the underlying physical

processes. For example, an accidental release of radioactivity may signif-

icantly alter the anisotropy of radioactivity patterns over the monitored

area. Reliable and computationally fast detection of systematic changes in

spatial distributions is crucial, especially for automatic monitoring systems

Pebesma et al. [2011].

Answering questions as the above, requires mathematical expressions

for the confidence regions of anisotropy statistics. In this thesis, we derive

a non-parametric approximation of the sampling Joint Probability Density

Function (JPDF) and Confidence Region (CR) of anisotropy statistics for

differentiable, Gaussian random fields. We prove this expression using CHI,

the Central Limit Theorem, Jacobi’s multivariate transformation theorem,

and a perturbation expansion. The term “non-parametric” implies that

the approximation is independent of the SRF autocovariance function

(henceforward, covariance function for simplicity). The non-parametric

approximation is shown to yield a sampling JPDF which is more dispersed

in parameter space than the exact JPDF. This implies a wider confidence

region for the anisotropy statistics. Hence, if a sample is classified as

isotropic at confidence level p based on the approximate JPDF, it is actually

isotropic at p
′
> p. These estimates can be used as a prior in Bayesian

inference Schmidt & O’Hagan [2003].

The rest of the thesis is structured as follows: In Chapter 2 we present

essential definitions and an overview of CHI, on which the mathematical

development of the joint PDF is based. Then, we derive a general expression

for the JPDF, using the Central Limit Theorem and the conservation of prob-

ability under variable transformation. In addition, we obtain an equation

9



1. INTRODUCTION

that determines the confidence regions of anisotropy statistics. In Chapter 3

we derive the non-parametric approximation of the JPDF and the corre-

sponding confidence region expression and we formulate a non-parametric

test for isotropy. In Chapter 4 we compare the non-parametric estimates

of confidence regions with the results of numerical simulations, and we

illustrate the application of confidence regions using real data regarding an

environmental emergency scenario over Germany and data from two Greek

lignite mines. Finally, in Chapter 5 we review the main results obtained in

this work, we present our conclusions, and we outline directions for future

research.

10



Chapter 2
Anisotropy statistics

2.1 Anisotropic Random Fields and the Covari-

ance Hessian Identity

I
n the following, boldface symbols are used for vectors, matrices and

tensors; the superscript “t” denotes the transpose of a vector or matrix.

Let D ⊂ R2
denote the spatial domain and |D| the enclosed area. The

vector s ∈ D denotes the position of a point in D and ‖s‖ denotes the

Euclidean norm of s. Let X (s, ω) represent a scalar SRF on the probability

space (Ω,F,P) 1
. The state index ω determines the field state and will be

suppressed in the following for the sake of brevity. The SRF X (s) represents

a scalar variable, e.g., temperature, dose rates, or grey-scale intensity levels

of a digital image. The events in F comprise the measured SRF realization(s)

or sample states(s). E [·] denotes the expectation over the ensemble of states,

and the operator

Cov (Z1, Z2) = E [Z1Z2] − E [Z1]E [Z2] , (2.1)

denotes the covariance of the random variables Z1 and Z2.

We will focus on Gaussian SRFs (GSRFs) that possess normal joint

probability density functions with variance σ
2

x . Wide-sense stationarity

will be assumed, i.e., that the mean mx = E [X (s)] is constant, and the

covariance function

cxx(r) = E [X (s)X (s + r)] −m2

x (2.2)

1Ω denotes the sample space (ensemble) that includes all the possible states (realizations)

of the SRF, F is the set of all observable events, F ⊂ Ω, and P(F) ∈ [0, 1] is the probability

associated with each event.

11



2. ANISOTROPY STATISTICS

is independent of s. Let ~ei denote the unit vector in the spatial direction i,

(i = 1,2). If the partial derivatives ∂
2
cxx(r)/∂r2

i
in the orthogonal directions

i = 1, 2 exist at r = (0, 0), the SRF is differentiable in the mean square sense

(m.s.s) for every s ∈ D, i.e.,

lim
h→0

E

[∣∣∣∣∣∂iX (s) −
X (s + h~ei) − X (s)

h

∣∣∣∣∣2] = 0, ∀i = 1,2. (2.3)

For Gaussian SRFs, mean square differentiability practically implies that

the derivatives of the sample states exist almost surely Yaglom [1987]. We

will focus on SRFs that possess at least continuous first-order derivatives in

the mean square sense. In addition, we will assume short-range correlations,

namely that the covariance falls off sufficiently fast as ‖r‖ → ∞, so that the

correlation area Vc := 1

σ
2
x

∫
dr cxx(r) is finite.

In general, a state (realization) of the SRF can be decomposed into a

deterministic trendmx(s), a fluctuation χλ(s), and a noise term η(s) according

to Goovaerts [1997]

X (s) = mx(s) + χλ(s) + η(s). (2.4)

The trend represents large-scale variations of the field, corresponding to

the ensemble average Kanevski & Maignan [2004]. The fluctuation models

faster variations, which may appear as quasi-random changes, and have a

cut-off scale λ determined by the spatial resolution of the experiment. Any

fluctuations that occur at smaller scales can not be resolved, and they are

incorporated with various other random perturbations in the noise term,

which is modeled as a zero-mean white Gaussian SRF. In the following, we

assume that the trend is removed from the initial SRF, and we will use the

symbol X (s) for the residual, i.e., the fluctuation and the noise components.

The spatial dependence of the SRF fluctuations is determined by means

of the covariance function or the structure function (semivariogram). In

many cases, one can assume that the fluctuation is a Wide Sense Stationary

(WSS) SRF, or a SRF with WSS increments Christakos [1992]; Papoulis & Pillai

[2002]; Yaglom [1987]. For WSS SRFs the structure function (semivariogram)

γx(r), defined as

γx(r) =
1

2
E [X (s) − X (s + r)]2

, (2.5)

contains the same information as the covariance. In practice the structure

function is often estimated instead of the covariance Yaglom [1987]. The

structure function has a sill that is equal to the variance σ
2

x of the SRF, and

the following relation holds Jupp et al. [1988]; Papoulis & Pillai [2002],

γx(r) = σ
2

x − cxx(r). (2.6)

12



2.1 – Anisotropic Random Fields and the Covariance Hessian Identity

An SRF X (s) has second-order stationary increments if the SRF Ψ(s) =

X (s) − X (s0) is WSS. Such an SRF is also called intrinsic Stein [2001]. The

category of intrinsic SRF’s includes fractional Brownian motion Mandelbrot

[1968]. In this case, the translation invariance of the covariance is lost. The

structure function is still purely a function of the space lag, but it increases

without bound. One can investigate anisotropy in the intrinsic SRFs by

focusing on their increments, which are WSS.

The fluctuation SRF is isotropic if the covariance function depends purely

on the magnitude of the distance vector, i.e., cxx(r) = cxx(‖r‖), where ‖r‖ is

the Euclidean norm of the vector r. An anisotropic covariance function can

be expressed as cxx(r) = cxx(‖r‖A), where ‖r‖A is an anisotropic norm. In two

dimensions, if

r = (r1, r2)t and A =

[
A1 A12

A12 A2

]
,

then the square of the anisotropic norm is

‖r‖2
A

= rtAr = A1r
2

1
+ A2r

2

2
+ 2A12r1r2. (2.7)

The matrix A reflects the scaling and rotation effect of the anisotropy. The

elements of A are variables of the anisotropy parameters. Specifically,

A1 =

(
cos θ
ξ1

)2

+

(
sin θ
ξ2

)2

(2.8a)

A2 =

(
cos θ
ξ2

)2

+

(
sin θ
ξ1

)2

(2.8b)

A12 =

(
1

ξ
2

1

−
1

ξ
2

2

)
sin θ cos θ. (2.8c)

The anisotropy parameters involve the orientation (rotation) angle, θ

which determines the orientation of the principal axes, and the anisotropic

ratio

R =
ξ2

ξ1

(2.9)

which represents the ratio of the principal correlation lengths ξ2 over ξ1

(chosen arbitrarily). In the coordinate system of the principal axes r′, the

matrix A is diagonal. The correlation lengths ξi , i = 1,2 of X (s) determine

the local rate of change of the covariance function along the principal

directions, i.e.,

ξ
−2

i
= −

a

σ2

x

∂
2
cxx(r′)
∂r ′

2

i

∣∣∣∣∣∣
r′=0

, (2.10)

13



2. ANISOTROPY STATISTICS

where a > 0 is an O(1) constant.

Realizations of isotropic and anisotropic Gaussian random fields gen-

erated by computer simulations using the Fourier Filtering Method Pardo-

Igúzquiza & Chica-Olmo [1993] are shown in Figures 2.1 and 2.2. The

covariance function is plotted along the horizontal (x) and vertical (y) axis

and compared with sample-based estimates. Estimates of the covariance

function can be calculated from a single realization of a RF X (s) by means

of the ergodic theorem which states that under certain mild conditions,

ensemble expectations can be replaced by spatial averages Yaglom [1987].

The sample-based estimates of the covariance function in Figs. 2.1 and 2.2

were obtained utilizing the function xcorr of MATLAB
®

. Deviations are

due to finite size of the sample domain which makes the replacement of

expectations to spatial averages to be approximate.

Furthermore, we assume that the sample, X
∗
k

comprises the values

X
∗
k

= X (sk, ω∗) of the field X (s) for a specific state ω
∗
, where sk, k = 1, . . . , N

are sampling locations. We will denote sample-based estimates by the “hat”

symbol, e.g., R̂ represents the estimate of the anisotropic ratio R.

The Covariance Hessian Matrix H (CHM) of a stationary, at least once

differentiable, SRF X (s) is defined as follows

Hij(r) = −
∂

2
cxx(r)
∂ri ∂rj

, i, j = 1,2. (2.11)

Let Xij = ∂iX (s) ∂jX (s), i = 1,2 be the Gradient Kronecker Product (GKP)

tensor; X is a symmetric second-rank tensor. The expectation of GKP,

henceforward called the mean slope tensor and denoted by Q, is defined as

follows

Qij = E
[
∂iX (s) ∂jX (s)

]
. (2.12)

The mean slope tensor is also known as the matrix of spectral moments,

and plays a key role in determining the local maxima and excursion sets of

random fields Adler [1981]. Swerling has proved the following Covariance

Hessian Identity (CHI) Swerling [1962]:

Theorem 2.1.1 (Swerling’s Covariance Hessian Identity). Let X (s) be a

statistically stationary GSRF with a covariance function that admits partial

derivatives ∂
2
cxx(r)/∂r2

i
in the orthogonal directions i = 1,2 at r = (0,0).

Then, the mean slope tensor is connected to the covariance Hessian matrix

as follows:

Q = H(r)|r=0 . (2.13)

The mean slope tensor Q is nonnegative definite since it is the covariance

matrix of the random vector [∂1X (s), ∂2X (s)]t: Based on the Cauchy-Schwarz

14



2.1 – Anisotropic Random Fields and the Covariance Hessian Identity

(a) Gaussian random field with isotropic

Gaussian covariance.

(b) Normalized (theoretical and sample)

covariance function along x and y axes.

(c) Gaussian random Field with isotropic

Matérn covariance.

(d) Normalized (theoretical and sample)

covariance function along x and y axes.

Figure 2.1: Examples of Gaussian random fields with isotropic correlation

functions: A realization of a zero-mean, unit-variance Gaussian random

field with correlation length ξ = 20 over a 1000 × 1000 square grid and

(a) Gaussian, (c) Matérn covariance (ν = 1.5). Theoretical and estimated

covariance functions across the x (horizontal) and y (vertical) directions for

the (b) Gaussian and (d) Matérn covariance. Deviations from theory are due

to finite-size effects. The horizontal line in (b) and (d) is the value of the

normalized isotropic Gaussian correlation function at r = ξ .
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(a) Gaussian random field with aniso-

tropic Gaussian covariance).

(b) Normalized (theoretical and sample)

covariance function along x and y axes.

(c) Gaussian random field with aniso-

tropic Matérn covariance.

(d) Normalized (theoretical and sample)

covariance function along x and y axes.

Figure 2.2: Examples of Gaussian random fields with anisotropic correlation

functions: A realization of a zero-mean, unit-variance Gaussian random

field with correlation length ξ = 10 over a 1000 × 1000 square grid and

(a) Gaussian covariance with R = 2, θ = 30
◦

and (c) Matérn covariance

with ν = 1.5, R = 0.4 and θ = −20
◦
. Theoretical and estimated covariance

functions across the x (horizontal) and y (vertical) directions for the (b)

Gaussian and (d) Matérn covariance. Deviations from theory are due to

finite-size effects. The horizontal line in (b) and (d) is the value of the

normalized isotropic Gaussian correlation function at r = ξ . Note that ξ is

smaller than of Fig. 2.1.
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2.1 – Anisotropic Random Fields and the Covariance Hessian Identity

inequality, (E [∂1X (s) ∂2X (s)])2
≤ E

[
{∂1X (s)}2

]
E

[
{∂2X (s)}2

]
, it follows that

det(Q) ≥ 0.

CHI is valid in any number of spatial dimensions. In two dimensions,

the anisotropy parameters (R, θ) satisfy the following theorem Chorti &

Hristopulos [2008]:

Theorem 2.1.2. Let X (s) be a statistically stationary and anisotropic GSRF

respecting the conditions of 2.1.1, and ξi , i = 1,2 represent the principal

correlation lengths of X (s). We define the anisotropy ratio R = ξ2/ξ1, and the

orientation (rotation) angle, θ, as the angle between the horizontal axis of the

coordinate system and the first principal axis of the SRF (arbitrarily defined).

We also define the slope tensor ratios of the elements Qij, i, j = 1,2:

qd �
Q22

Q11

=
1 + R2 tan2

θ

R2 + tan2
θ
, (2.14)

qo �
Q12

Q11

=
tan θ(R2 − 1)
R2 + tan2

θ
. (2.15)

Then, the anisotropy parameters are given by

θ =
1

2
tan−1

(
2qo

1 − qd

)
, (2.16)

R =

[
1 +

1 − qd

qd − (1 + qd) cos2 θ

]−1/2

. (2.17)

Proof. The proof, which is based on Theorem 2.1.1, is shown in Chorti &

Hristopulos [2008]. The only difference is that therein R = R2(1) = ξ1/ξ2 is

used, while above we defined R = ξ2/ξ1 in (2.9). The results from Chorti &

Hristopulos [2008] apply by means of the transformation R → 1/R. �

Equations (2.14)–(2.15) are invariant under the pair of transformations

tan θ → −(tan θ)−1
, that is, θ → θ ± π/2, and R → 1/R. By restricting the

parameter space to R ∈ [0,∞) and θ ∈ [−π/4, π/4), or equivalently R ∈ [1,∞)
and θ ∈ [−π/2, π/2), the pair (R̂, θ̂) satisfying (2.14)–(2.15) for given (q̂d, q̂o)
is unique, thus ensuring that the transformation (q̂d, q̂o)→ (R̂, θ̂) is one-to-

one. Theorem 2.1.2 permits estimating the anisotropy parameters if the

mean slope tensor can be estimated from the data Chorti & Hristopulos

[2008]; Hristopulos [2002].
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2.2 Sampling Joint Probability Density Function

of Anisotropy Statistics

The sampling values of Qij will be denoted by the random variable Q̂ij. In the

following, the hat over a mathematical symbol denote random variables that

are sample-based estimates (statistics). We propose the spatially averaged

slope tensor estimate Q̂ij, i, j = 1,2:

Q̂ij :=
1

N

N∑
k=1

Xij(sk) =
1

N

N∑
k=1

∂iX (sk) ∂jX (sk). (2.18)

Equation (2.12) involve the expectation of the GKP elements, which are

random functions. By invoking the ergodic theorem, ensemble expectations

can be replaced by spatial averages (2.18) over the domain of a single

realization. Additionally, the field derivatives ∂iX (s), i = 1, 2 are replaced by

their estimates, ∂̂i(s), i = 1, 2. In practice, estimates of the field derivatives

are obtained by applying a simple interpolation method (in the case of

scattered data) and using the centered-difference derivative approximation

on the resulting interpolated surface. The JPDF of the mean slope tensor

estimate Q̂ can be approximated by using the Central Limit Theorem

considering that (2.18) involve averages of the random variables Q̂ij. Since

the slope tensor estimates are not independent random variables, the

extension of the classical CLT for short-range correlations is applied.

For each sample of the SRF, in general a different estimate of the tensor

Q̂ij is obtained, leading through application of (2.16) and (2.17) to different

estimates of R̂ and θ̂. Hence, a probability distribution is obtained for R̂

and θ̂. In this section we will calculate the joint PDF of R̂ and θ̂ from an

ensemble of states. The calculation of fθ,R(R̂, θ̂) is based on the application

of the classical Central Limit Theorem (CLT). As stated below, this implies

N � 1, a condition that is satisfied in most applications of interest. The

derivation of fθ,R(R̂, θ̂) involves several technical steps that include the

variable transformations from Q̂ to (q̂d, q̂o) and finally to (R̂, θ̂) and the

respective transformations of the PDFs. In order to maintain focus in the

main text, some of the proofs are relegated to Appendices. In Appendix A.1,

Jacobi’s theorems related to the transformation of probability distributions

under a variable transformation are reviewed Papoulis & Pillai [2002]. In

Appendix A.2, we calculate the univariate PDFs of the gradient components

and the GKP tensor elements. The covariance matrix of the GKP tensor

elements is derived in Appendix A.3. The JPDF of the GKP tensor elements is

derived in Appendix A.4 based on the Central Limit Theorem. Appendix A.5
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presents the proof of Lemma 2.2.3, which determines the bivariate JPDF of

the average slope tensor ratios, q̂o, and q̂o. Finally, Appendix A.6 proves

the explicit relation for the JPDF of the anisotropy statistics, (2.30), as

formulated in Theorem 2.2.2.

2.2.1 Central Limit Theorem and Joint Probability Den-

sity Function of Slope Tensor Estimates Q̂
The classical CLT for scalar random variables is discussed in Feller [1971];

Gnedenko & Kolmogorov [1954]; Levy [1954]. An extension of the classical

CLT applies to vector random variables Anderson [1984]:

Theorem 2.2.1 (Multivariate CLT). Let us assume N independent and

identically distributed vector variables Zk, k = 1, . . . , N with mean m and

covariance matrix CZZ . The random vector Z̄ = (Z1 + . . .ZN )/N is asymptot-

ically (i.e., for N → ∞) normally distributed with mean m and covariance

matrix CZZ/N.

The same theorem also applies to correlated random variables, i.e.,

random fields Z(s). The main requirements are stationarity and finite range

of correlations. Stationarity ensures that the correlations between a pair of

points only depend on the distance but not the location of the pair. If the

size of the correlated areas is defined as Vc := max
i,j

(
(σZiσZj)

−1
∫
dr cZiZj(r)

)
,

the requirement is that Vc be finite and |D|/Vc � 1. This follows by a

straightforward extension of the scalar case Bouchaud & Georges [1990].

An intuitive explanation of the constraint on the correlation range in the

scalar case is as follows: consider that D comprises “blobs” of size ∝ Vc.

The point at the center of the blob is correlated with other points inside the

blob and uncorrelated with points outside the blob. Hence, one can think

of the blobs as representing independent random variables, viz. Fig. 2.3.

Assuming a uniform distribution of sampling points, each blob contains,

on average, a number of points Nb ≈ N Vc/D. Thus, the effective number of

“independent units” is Neff = N/Nb ≈ |D|/Vc. If Vc is finite and Neff � 1, CLT

applies to q̂ given by (2.18). Note that Neff � 1 also implies N � 1, since

N = Neff × Nb.

2.2.2 Joint Probability Density Function of Slope Tensor

Elements

We define the vector ~Q ≡ (Q̂11, Q̂22, Q̂12)t that comprises the independent com-

ponents of the slope tensor statistics. According to (2.18), Q̂ij = 1

N

∑
N

k=1
Xij(sk).
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D
dk

~max(ξi) Vc

dl

Figure 2.3: The sample’s spatial domain D can be divided into small blobs

di of approximate size Vc, which can be assumed to be approximately

uncorrelated. The sum (2.18) is performed over points belonging to approx-

imately uncorrelated blobs e.g., dk and dl. Thus the PDF of the sum will be

approximately Gaussian, according to the Central Limit Theorem.

The univariate PDFs of the Xij(sk), are derived in Appendix A.2.

Lemma 2.2.1 (Covariance matrix C~Q). For a statistically stationary, and

anisotropic GSRF, sampled at points s1 . . . sN , the covariance matrix C~Q is

defined by Cij,kl ≡ Cov
(
Q̂ij, Q̂kl

)
for i, j, k, l = 1,2, i.e.,

C~Q =

C11,11 C11,22 C11,12

C22,11 C22,22 C22,12

C12,11 C12,22 C12,12

 . (2.19)

The matrix (2.19) is symmetric. If we define the tensor covariance function

Cij,kl(r) = Hik(r)Hjl(r) + Hil(r)Hjk(r), (2.20)

then the six independent elements (upper triangular entries) of C~Q are given

by the following series

Cij,kl =
1

N2

∑
rnm

Cij,kl(rnm)

=
1

N

[
Qik Qjl + Qil Qjk

]
+

1

N2

∑
rnm,0

Cij,kl(rnm), (2.21)

where rnm = sn − sm (n,m = 1, . . . , N) is the lag vector between two

locations sn and sm.
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Proof. The proof is given in Appendix A.3. �

The leading term
1

N

[
Qik Qjl + Qil Qjk

]
in (2.21) leads to the non-parametric

approximation of fθ,R(R̂, θ̂) as shown below. The sums over rnm , 0 con-

tribute parametric corrections that involve the covariance function. By

definition, C~Q is a symmetric matrix, namely Cij,kl = Ckl,ij.

Lemma 2.2.2 (Joint PDF of Q̂). Let a statistically stationary and anisotropic

GSRF X (s) with covariance cxx(r) that is short-ranged and its spectral density

satisfies C̃xx(k) ∼
k→∞

o(k−3−ϸ) where k = ‖k‖ and ϸ > 0. Then, the joint

PDF of Q̂11, Q̂12, and Q̂22 tends to the following trivariate Gaussian as

N → ∞, |D| → ∞

f~Q(~Q; mQ,C~Q) =
1

(2π)3/2 det(C~Q)1/2
e
− 1

2
(~Q−mQ)tC~Q

−1(~Q−mQ)
, (2.22)

where the ensemble mean mQ is given by

mQt =
1

N

N∑
k=1

E [(X11(sk), X22(sk), X12(sk))] = (Q11, Q22, Q12), (2.23)

and the covariance matrix C~Q is defined by (2.19) and (2.21).

Proof. The proof is based on Theorem 2.2.1 and presented in Appendix A.4.

The condition C̃xx(k) ∼
k→∞

O(k−3−ϸ), ϸ > 0 implies that ∀k → ∞, ∃ϸ > 0, C∞ >

0, such that C̃xx(k) ≤ C∞/k3+ϸ
. This condition is not particularly restrictive,

since it is satisfied by most finite-range, differentiable covariance functions,

including the Gaussian, Matérn with ν > 1 and Spartan covariance models.

�

The normal probability plots of Q̂11, Q̂12, Q̂22 of simulated data, shown

in Fig. 4.3, confirm the asymptotic normality of the univariate PDFs in

agreement with the CLT.

2.2.3 Numerical Approximation of the Covariance Matrix

C~Q

A numerical approximation of the covariance of the slope tensor ele-

ments (2.21) require knowledge of the correlation function and the summa-

tion of the series (2.21) over all lag vectors. As we will show in the following,
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rom

sm
sn

(0,0)

D

rnm

rpq

sp
sq

(0,0)

D

so

D'

sm

Figure 2.4: Approximation of the sum (2.21). The lag vector rpq (left) has a

minor contribution to the sum, in contrast to vectors with smaller lengths,

e.g., rnm. In order to avoid summing over N
2

lag vectors, we can keep

one position vector fixed, i.e., sm and let the second vector i.e., so vary

within a smaller domain D′ with N
′ � N

2
points (right). The sum can be

approximated by multiplying the partial sum with N .

the full summation can be avoided, especially in the case of dense regular

grids, since an approximation can be obtained by performing the sum in a

smaller set of lag vectors and generalizing the result to the whole domain

D.

Consider the points si belonging to a discretization of the domain D,

and i = 1 . . . N . The lag vectors between two points in D also lie within D.

Equation (2.21) is a sum of the function Cij,kl(r) evaluated over N
2

lag vectors

r. If the dominant contribution of Cij,kl(r) to the sum is due to a subdomain

D′ ⊂ D centered at r = 0 ∈ D′ then the sum can be performed only within

D′. Neglecting edge effects, the result can be used for an approximation to

the full sum as follows:∑
rnm∈D

Cij,kl(rnm)︸             ︷︷             ︸
N2 terms

' N ×
∑

rnm∈D′
Cij,kl(rnm)︸              ︷︷              ︸

N ′ terms

(2.24)

The right-hand side sum is over N
′ � N

2
lag vectors; thus less computation

time is required. The summation approximation is depicted schematically

in Figure 2.4: The lag vector rpq has length

∥∥∥rpq
∥∥∥ � ξ while rnm has length
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comparable (or smaller) to ξ . Instead of performing the sum over all the

N
2

lag vectors, we choose a fixed position vector, e.g., sm and perform the

sum over the N
′

lag vectors contained in the smaller domain D′. One of

these lag vectors is rom. The approximation (2.24) requires full knowledge

of the covariance function while the derivation of the non-parametric JPDF

requires the restriction to evaluate (2.21) over the zero-length lag vectors

only.

A good approximation is obtained if the domain D′ is a domain where

Cij,kl(r) is non-vanishing. In most cases, a domain with radius ∼ 3ξ is

sufficient. For example, consider a Gaussian correlation function with

unit variance. Figure 2.5a shows plots of Cij,kl(r) for an isotropic Gaussian

covariance function of unit correlation length, and Figure 2.5b demonstrates

plots of Cij,kl(r) for an anisotropic Gaussian correlation function having

ξ1 = 1, ξ2 = 2 and anisotropy angle θ = 30
◦
. In both cases, a square

domain with side ∼ 3ξ or ∼ 3 max(ξ1, ξ2) is appropriate for the summation

approximation.

The accuracy of approximating the covariance matrix (2.19) (summation

of the series (2.21)), by keeping the first term in the sums (2.21), is examined

for the 1-D Gaussian covariance case, where the covariance matrix reduces

to only one element, C11,11 = 2/N
2×

∑
N

n=1
H11(rn)2

. In Figure 2.6, we plot the

ratio of the first-term approximation C
(0)
11,11

= 2/N × Q2

11
of the covariance

to the covariance C11,11 as a function of ξ/α where α is the lattice constant

and L/ξ where L is the size of the 1D lattice. The ratio C
(0)
11,11

/C11,11 depends

strongly on ξ/α and weakly on L/ξ . The first-term approximation becomes

accurate for ξ/α . 3. The non-monotonic behavior of C
(0)
11,11

/C11,11 is due to

the non-monotonic behavior of the square of the second derivative of the

Gaussian correlation function H11(r)2
, which is plotted in Fig. 2.7.

2.2.4 Probability Density Function of Slope Tensor Ra-

tios

Albeit Q̂ involves three independent elements, the anisotropic parameters

are determined from two slope tensor ratios, c.f. (2.14)–(2.15). Next, we

derive the JPDF of the slope tensor ratios fq(q̂; mQ,C~Q) where q̂ = (q̂d, q̂o)t

and q̂d, q̂o are the slope tensor ratio estimates as defined in Theorem 2.1.2,

from the joint PDF of Q̂.

Lemma 2.2.3 (PDF of slope tensor ratios). For a statistically stationary and

anisotropic GSRF X (s) with a covariance cxx(r) that satisfies the conditions of

Lemma 2.2.2, the PDF fq(q̂; mQ,C~Q) of the slope tensor ratios q̂d, q̂o is given
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2. ANISOTROPY STATISTICS

(a) Isotropic: ξ = 1, σ
2

x = 1.

(b) Anisotropic: ξ1 = 1, ξ2 = 2, θ = 30
◦
, σ

2

x = 1.

Figure 2.5: Plots of Cij;kl(r) for an (a) isotropic and (b) anisotropic Gaussian

correlation function. In both cases Cij;kl(r) is essentially non-vanishing

within a square of side ∼ 2ξ or ∼ 3 max(ξ1, ξ2).
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2.2 – Sampling Joint Probability Density Function of Anisotropy Statistics

Figure 2.6: Numerical examination of the accuracy of the first-term approxi-

mation C
(0)
11,11

of the covariance C11,11, for a 1D Gaussian correlation function.

The ratio C
(0)
11,11

/C11,11 is plotted against ξ/α where α is the lattice constant

and L/ξ where L is the size of the lattice. The approximation strongly

depends on ξ/α and becomes accurate for ξ/α . 3. The non-monotonic

decrease is due to the behavior of H11(r)2
, depicted in Fig. 2.7.

Figure 2.7: The non-monotonic behavior of the square of the second

derivative of the Gaussian correlation function H11(r/ξ )2
, as a function of

the ratio r/ξ .
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2. ANISOTROPY STATISTICS

by the expression

fq(q̂; mQ,C~Q) =
K

8A
5

2

e
− C

2

[
√

2π e
B

2

8A (B2 + 4A) erfc
(

B

2

√
2A

)
− 4B

√
A

]
, (2.25)

where erfc(·) is the complementary error function,

erfc(x) �
2
√
π

∫ ∞

x

e
−t2
dt.

A and B are functions of the random vector q̂ as well as C~Q and mQ, while C

and K are functions of C~Q and mQ only. These functions are given below.

A(q̂,C~Q) = q̂t C−1

~Q
q̂, (2.26a)

B(q̂,mQ,C~Q) = −2 mt

QC−1

~Q
q̂, (2.26b)

C(mQ,C~Q) = mt

QC−1

~Q
mQ, (2.26c)

K(C~Q) = (2π)−3/2 [det(C~Q)]−1/2
. (2.26d)

Proof. Theorem A.1.2 is employed for the transformation of the JPDF f~Q of

the random vector ~Q, which is a trivariate Gaussian (2.22), to the JPDF fq
of the random vector q. Details are given in Appendix A.5. �

The joint PDF of q given by (2.25) is quite different from the Gaussian

form of the joint PDF of ~Q.

2.2.4.1 Dimensional Analysis

Since q̂d, q̂o are dimensionless, so is fq; the coefficients A, B, C, K, never-

theless, have dimensions due to their dependence on C~Q and mQ. In

addition, (2.25) implicitly depends on N through C~Q, c.f. (2.21). Below, we

express (2.25) in terms of dimensionless coefficients and N , instead of the

A, B, C, K.

First, let cxx(r) = σ
2

x ρ(r;~p) where ~p = (ξ1, R, θ) and −1 ≤ ρ(r;~p) ≤ 1

is the dimensionless autocorrelation function. Based on (2.21) and the

definition of the covariance Hessian matrix (2.11), it follows that C−1

~Q
=

N
2
ξ

4

1
σ
−4

x P(q̂;R, θ), where P(q̂;R, θ) is a dimensionless matrix that depends

on the functional form of ρ(r;~p). Similarly, A = N
2
ξ

4

1
σ
−4

x A(q̂;R, θ), B =

N
2
ξ

2

1
σ
−2

x B(q̂;R, θ), C = N
2 C(q̂;R, θ), and K = N

3
ξ

6
σ
−6

x K(q̂;R, θ), where

the scalar coefficients A,B,C,K depend implicitly on ρ(r). Based on the

above scaling relations, we propose the following transformations that
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2.2 – Sampling Joint Probability Density Function of Anisotropy Statistics

involve the dimensionless functions B̃(q̂;R, θ), C̃(q̂;R, θ), K̃(q̂;R, θ), which

are independent of N , σ
2

x and ξ1:

B = 2N

√
2AB̃, (2.27a)

C = 2N
2
C̃, (2.27b)

K =
√

2A
3/2
K̃. (2.27c)

Then, the slope-tensor-ratios PDF (2.25) is expressed as follows:

fq(q̂; mQ,C~Q) = K̃ e
−C̃ N2

[√
π e

B̃ N
2

(2B̃2
N

2 + 1) erfc(B̃ N) − 2 B̃ N

]
. (2.28)

The JPDF and the resulting confidence regions depend on R, θ and the

functional form of ρ(r;~p).

2.2.4.2 Asymptotic Probability Density Function Limit

Since A > 0 and B < 0, B̃ < 0, the argument of erfc(B̃ N) in (2.28) is

negative. Therefore, for N → ∞, and x = B̃ N , it follows that erfc(x) ∼
2 + e−x

2
(
π
−1/2

x
−1 + O(x−2)

)
Abramowitz & Stegun [1970]. Hence, to leading-

order in N , (2.28) is approximated as follows:

fq(q̂; mQ,C~Q) = 2
√
π K̃

(
2B̃

2
N

2 + 1

)
e
N

2(B̃2−C̃)
. (2.29)

Numerical comparisons show that the absolute relative error between the

exact, (2.28), and the approximate, (2.29), JPDF is less than ∼ 10
−9

for

N = 50 and ∼ 10
−6

even for N = 30. The numerical computations are based

on the non-parametric approximation of C~Q derived in Section 3.1.

2.2.5 Joint Probability Density Function of Anisotropy

Statistics

Theorem 2.2.2 (Joint PDF of anisotropy statistics). For a statistically sta-

tionary and anisotropic GSRF X (s) with a covariance cxx(r) that satisfies the

conditions of Lemma 2.2.2, the JPDF of the statistics R̂ and θ̂ is given by the

following equation:

fθ,R(R̂, θ̂; mQ,C~Q) =
2R̂ |R̂2 − 1|(

R̂2 cos2 θ̂ + sin2
θ̂

)3
fq(q̂; mQ,C~Q), (2.30)

where fq(q̂; mQ,C~Q) is given by (2.28).
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2. ANISOTROPY STATISTICS

Proof. The sequence of probability transformations concludes with the final

transformation of (R̂, θ̂) to (R̂, θ̂), to obtain the JPDF fθ,R of (R̂, θ̂). Details

are given in Appendix A.6. �

The function fθ,R(R̂, θ̂) is clearly non-Gaussian; it depends on mQ and

C~Q via fq(q̂; mQ,C~Q), while q̂ is expressed in terms of (R̂, θ̂) using (2.14)

and (2.15). If degrees are used, instead of radians, fθ,R(R̂, θ̂) should be mul-

tiplied by π/180, which is the absolute value of the Jacobian determinant

of the transformation from radians to degrees.

2.2.6 Confidence Regions

Herein, we derive expressions for confidence regions of the anisotropy

statistics (R̂, θ̂). Confidence regions are used instead of intervals due to

the asymmetry of fθ,R(R̂, θ̂). The confidence region for a probability level

p ∈ [0,1] is the “volume” of parameter space which contains the sampled

values of the statistics with probability p. for the same probability level p,

the confidence volume E of ~Q lie in [0,∞)× [0,∞)× (−∞,∞) ; the confidence

region C′ of q̂ lie in [0,∞) × (−∞,∞) and the confidence region C′′ of (R̂, θ̂)
lie in [0,∞) × [−π/4, π/4).

The confidence region is defined by the following equivalent equations:

p =


∫
E
d~Q f~Q(Q̂11, Q̂22, Q̂12; mQ,C~Q), E ⊂ [0,∞) × [0,∞) × (−∞,∞)∫

C′
dq̂ddq̂o fq(q̂d, q̂o; mQ,C~Q), C′ ⊂ [0,∞) × (−∞,∞)∫

C′′
dR̂dθ̂ fθ,R(R̂, θ̂; mQ,C~Q). C′′ ⊂ [0,∞) × [−π/4, π/4)

The above equations represent the evolution of the confidence region under

the variable transformations ~Q → q̂ → (R̂, θ̂) as shown schematically in

Fig. 2.8.

Corollary 2.2.1 (Parametric equation of confidence regions). For a statis-

tically stationary and anisotropic GSRF X (s) with a covariance cxx(r) that

satisfies the conditions of Lemma 2.2.2, the confidence region corresponding

to level p ∈ (0,1) in (R̂, θ̂)-space is given by the parametric equation[
B̃

2(q̂; mQ,C~Q) − C̃(q̂; mQ,C~Q)
]
N

2 = ln(1 − p), (2.31)

where B̃, C̃ are given respectively by (2.27a)–(2.27b) and q̂ translates into
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Figure 2.8: Schematic illustrating the transformation of confidence regions

at level `p across different coordinate systems.

(R̂, θ̂) by means of

θ̂ =
1

2
tan−1

(
2q̂o

1 − q̂d

)
, (2.32)

R̂ =

[
1 +

1 − q̂d

q̂d − (1 + q̂d) cos2 θ̂

]−1/2

, (2.33)

which are the equivalent of (2.14) and (2.15) for sample values.

Proof. The JPDF f~Q is given by the trivariate Gaussian (2.22) with mean

mQ and covariance C~Q. Hence, the confidence region of ~Q is an ellipsoid in

[0,∞) × [0,∞) × (−∞,∞) whose surface satisfies the equation

(~Q −mQ)t C−1

~Q
(~Q −mQ) = `p, (2.34)

where `p = F
−1(χ2 = p,2) is the inverse of the chi-square cumulative dis-

tribution function with ν = 2 degrees of freedom Siotani [1964]. Under

the transformation ~Q → q̂, the ellipsoid is projected onto an ellipse, and

following the transformation q̂→ (R̂, θ̂) into an asymmetric convex curve,

as shown schematically in Fig. 2.8. Based on (A.22), the equation of the

corresponding ellipsoid in (u, q̂d, q̂o)-space is given by

A(q̂,C~Q)u2 + B(q̂,mQ,C~Q)u + C(mQ,C~Q) − `p = 0,

where the coefficients A, B, C are given by (2.26). For the quadratic equation

to have a unique real solution u = Q̂11 for any q̂, the discriminant should
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2. ANISOTROPY STATISTICS

vanish, i.e.,

B
2(q̂; mQ,C~Q) − 4A(q̂; C~Q)

[
C(mQ,C~Q) − `p

]
= 0. (2.35)

We can verify, using (2.26), that (2.35) represents an ellipse in the space of

q̂, i.e.,

q̂t
[
(C−1

~Q
mQ) (C−1

~Q
mQ)t −

(
mt

QC−1

~Q
mQ − `p

)
C−1

~Q

]
q̂ = 0.

Using the dimensionless scaling functions (2.27) in (2.35) we obtain the

parametric equation 2(C̃ − B̃2)N2 = `p, where by definition F (`p, ν = 2) = p;

since F (x, ν = 2) = 1 − exp(−x/2) it follows that `p = −2 ln(1 − p) finally

leading to (2.31). �

— Randall Munroe, xkcd
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Chapter 3
Non-parametric Anisotropy

Statistics

3.1 Non-parametric Joint Probability Density

Function and Confidence Region

T
he expressions for the JPDF, fθ,R(R̂, θ̂; mQ,C~Q), and the confidence re-

gions of the anisotropy statistics derived above depend on the matrix

C~Q, given by (2.21). This matrix involves a series that does not, in general,

admit a closed form expression. An approximate, analytical expression

can be derived by keeping only the leading term in the covariance matrix

series (2.21). The truncation is justified if cxx(r) has short-range correla-

tions, which implies that Hij(r) decays fast for ‖r‖ � max(ξ1, ξ2). Then, the

leading-order approximation of C~Q is given by the zero order term in the

series expansions i.e.,

C~Q ≈
2

N

 Q
2

11
Q

2

12
Q11Q12

Q
2

12
Q

2

22
Q12Q22

Q11Q12 Q12Q22

1

2
(Q2

12
+ Q11Q22)

 = C(0)
~Q
. (3.1)

Since C(0)
~Q

does not account for correlations, we expect that it will lead

to a joint PDF with higher uncertainty, and hence wider confidence regions,

than the true PDF. We confirmed this hypothesis by means of numerical

simulations (see Section 4.1). In addition, C(0)
~Q

, as evidenced in (2.21), has

an 1/N scaling prefactor in contrast with 1/N
2

for the truncated terms. To

accommodate this sample-size dependence, the scaling relations (2.27) are

accordingly modified below.
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3. NON-PARAMETRIC ANISOTROPY STATISTICS

Theorem 3.1.1 (Non-parametric JPDF). For a statistically stationary and

anisotropic GSRF X (s) with covariance cxx(r), anisotropy parameters (R, θ),
sampled at N points and satisfies the conditions of Lemma 2.2.2, the non-

parametric approximation of the JPDF for the anisotropy statistics (R̂, θ̂) is

expressed as

f
(0)
θ,R

(R̂, θ̂;R, θ, N) =
∣∣∣det(Jθ,R)

∣∣∣ f (0)
q (R̂, θ̂;R, θ, N), (3.2a)

where

f
(0)

q (R̂, θ̂;R, θ, N) = 2
√
π K̃0

(
2B̃

2

0
N + 1

)
e
N(B̃2

0
−1/2)

. (3.2b)

The coefficients B̃0 and K̃0 are given by the following expressions

B̃0 = (2Ã0)−1/2
[
(R2 − 1)(R̂2 − 1) cos(2(θ − θ̂)) − (R2 + 1)(R̂2 + 1)

]
, (3.3a)

K̃0 = (πÃ0)−3/2
R

3
[
(R̂2 + 1) − (R̂2 − 1) cos(2θ̂)

]3

, (3.3b)

whereas Ã0 is given by

Ã0 = (R̂2 − 1)2(R2 − 1)2 cos(4(θ̂ − θ)) − 4(R̂4 − 1)(R4 − 1) cos(2(θ̂ − θ))
(3.3c)

+ (R̂4 + 1)(3R4 + 2R
2 + 3) + 2R̂

2(R2 − 1)2
.

Proof. Equations (3.3a)-(3.3c) are derived by replacing C~Q with C(0)
~Q

, defined

by (3.1), in (2.26). Also the asymptotic result (2.29) of Lemma 2.2.3 is

modified accordingly to accommodate the 1/N scaling prefactor of C(0)
~Q

and

obtain the non-parametric JPDF f
(0)

q . The B̃0 and K̃0 are obtained from the

following dimensionless scaling functions (2.27a)-(2.27c)

B = 2

√
N

√
2A B̃0,

C = 2N C̃0,

K =
√

2A
3/2
K̃0,

and from the B, C,and K given respectively by (2.27). In the non-parametric

approximation, the coefficient C̃ in the exponent of (2.29) is reduced to

C̃0 = 1/2 in the exponent of (3.2b). �

Figures 3.1 and 3.2 demonstrate representative plots of the non-parametric

JPDF based on (3.2). Note the bimodal structure of the JPDF for N = 100
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3.1 – Non-parametric Joint Probability Density Function and Confidence

Region

(a) N = 100 (b) N = 500

Figure 3.1: Non-parametric JPDF for R = 1.2, θ = 20
◦

and N = 100,500

based on (3.2).

(a) N = 100 (b) N = 500

Figure 3.2: Non-parametric JPDF for R = 3, θ = 10
◦

and N = 100,500

based on (3.2).

in Fig. 3.1 with one mode at R = 1.2 and the other (smaller) at R ≈ 0.8.

This is due to the considerable spread of θ̂, which results from the relatively

small number of sampling points, and the degeneracy of the solution, i.e.,

the fact that the combination (R, θ) is equivalent to (1/R, θ − π/2); hence,

there is an extended degenerate peak at (0.83,−70
◦), part of which is folded

back into the primary domain. On the other hand, for R = 3 the smaller

dispersion of θ̂ leads to a single mode even for N = 100. Anisotropy angle

uncertainty increases as R → 1 as expected.

Corollary 3.1.1 (Non-parametric confidence region). For a statistically

stationary and anisotropic GSRF X (s) with a covariance cxx(r) that satisfies

the conditions of Lemma 2.2.2, the non-parametric equation of the confidence

region corresponding to level p is given by

B̃
2

0
−

1

2
=

ln(1 − p)
N

. (3.4)
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Proof. The equation is derived by applying the modified scaling relations of

Theorem (3.1.1) to the general result (2.35) of Theorem (2.2.1). �

3.2 Statistical Test of Isotropy

Theorem 3.2.1 (Isotropic ratio). Let X (s) be a statistically isotropic GSRF

(R = 1) with correlation length ξ sampled at N points. In addition, assume

that (i) |D| � ξ
2

and (ii) N � 1. The sample values of the statistic R̂ are

contained with probability p in the following interval:

R̂ ∈


√

1 − 2

√
αp;N (1 − αp;N )

1 − 2αp;N
,

√
1 + 2

√
αp;N (1 − αp;N )

1 − 2αp;N

 , (3.5)

where `p = F
−1(χ2 = p,2) = −2 ln(1 − p) is the inverse of the chi square

cumulative distribution function with two degrees of freedom and αp;N = `p/N.

Proof. |D| � ξ
2

and N � 1 enforce the asymptotic conditions of Corol-

lary 3.1.1. For R = 1 the trigonometric terms in B̃0, i.e., in (3.3a) vanish,

showing explicitly that the confidence region is independent of θ̂. Plugging

the resulting (3.3a) in (3.4), the following parametric equation is obtained:

N(R̂2 − 1)2 − 2`p(R̂4 + 1) = 0. The constraint N > 2`p ensures that the roots

are real numbers. This is satisfied for N � 1; for example, for p = 0.95 it

implies N > 12. The two admissible (positive) roots of the quartic equation

are given by (3.5). �

Equation (3.5) is independent of the covariance function and thus

provides a non-parametric approximation of the confidence region for R̂.

The JPDF (3.2) is independent of θ and θ̂ for R = 1. The dependence on N

of the 95% confidence interval for R̂ is shown in Fig. 3.3. The PDF, fR(R̂), of

R̂ for R = 1 and N = 100 is shown in Fig. 3.4, including the 95% confidence

region predicted by (3.5). Note that the PDF vanishes, instead of peaking,

at R̂ = 1. This is not an artifact of the non-parametric approximation, since

the complete PDF (2.30) also vanishes at R̂ = 1. This is due to the root of

the Jacobian (A.23) at R̂ = 1. Isotropy corresponds to a single point (1,0)
in the (q̂d, q̂o)-space which in turn is mapped to the straight line R̂ = 1 in

the (R̂, θ̂)-space and θ̂ can take any value in [−π/4, π/4). The vanishing of

the density at R̂ = 1 is also borne out in numerical simulations that do not

use the Jacobian (see Figure 4.6d below). This counter-intuitive behavior

of fR(R̂), emphasizes the usefulness of Theorem 3.2.1 as a test for isotropy.
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3.2 – Statistical Test of Isotropy

Figure 3.3: Evolution of the lower and upper limits of the 95% confidence

interval for the isotropic case (R = 1) versus the number of sampling points

N based on (3.5).

Figure 3.4: Non-parametric PDF, fR(R̂), for the isotropic case (R = 1) and

N = 100 sampling points based on (3.2). The shaded area represents the

95% confidence interval, (0.77,1.29), of R̂ based on (3.5).
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Chapter 4
Applications

I
n the following, values of statistics derived from a sample of N � 1 points

will be denoted by a star superscript, e.g., Q̂
∗
ij
, R̂
∗
, θ̂
∗
. Average values of

the statistics over M different samples will be denoted by a bar over the

respective symbol, i.e., Qij. Estimation of Q̂
∗
ij

is based on discretized partial

derivative operators, ∂̂Xi(sk), where i = 1, 2. Discretization introduces errors

that increase as the sampling pattern becomes sparser. A “good” sampling

pattern is characterized by a typical distance â between nearest neighbors

which is approximately uniform (ideally, a regular lattice pattern is best) and

â � min(ξ1, ξ2), where ξ1, ξ2 are the principal correlation lengths. Different

possibilities for ∂̂Xi(sk) are investigated in Chorti & Hristopulos [2008].

The parameters mQ and C~Q in (2.30) are unknown since they represent

ensemble properties. For simulated data mQ and C~Q are replaced by the

averages of the sample estimates, mQ ≈ (Q11, Q22, Q12)t and C~Q ≈ CQ. In

the non-parametric approximation, C(0)
~Q

is obtained from (3.1) by replacing

Qij with Qij.

4.1 Simulated Lattice Random Fields

We generate multiple SRF realizations with specified (R, θ) to validate the

expression for the confidence region of the anisotropy statistics (3.4). The

simulations are conducted on 100 × 100 square grids with lattice constant

a = 1, by means of the Fourier Filtering Method Lantuéjoul [2002]; Pardo-

Igúzquiza & Chica-Olmo [1993]. We use Gaussian, cxx(r) = σ
2

x exp(−r2
/ξ

2),
and Matérn, cxx(r) = σ

2

x 2
1−ν

r
ν Γ(ν)−1

ξ
−ν
Kν (r/ξ ), covariance functions

1
. In

1
These expressions correspond to the isotropic case.

37



4. APPLICATIONS

the Gaussian case, the range of correlations is controlled by ξ but in the

Matérn case by both ξ and the smoothness parameter ν; the latter adjusts

the differentiability of the random field between two extremes obtained

for ν = 1 (non-differentiable exponential function) and ν → ∞ (infinitely

differentiable Gaussian function). For given ξ , the field becomes smoother

by increasing ν. To compensate for this effect, we use rescaled correlation

lengths ξ̃ = ξ/`c where `c is the integral scale factor. For Matérn correlations

in d = 2 it follows that `c = 2
√
πν, while for Gaussian correlations `c = π,

Hristopulos & Žukovič [2011].

The non-parametric confidence region obtained by (3.4), is compared

with the CHI anisotropy estimates obtained from Ns = 1000 SRF samples.

For each sample, we estimate the expectation (2.12) by means of the

spatial average (2.18). Then, we obtain estimates (R̂∗, θ̂∗) of the anisotropy

parameters by applying (2.16)–(2.17). We assume that (R, θ) are unknown

a priori, and we estimate them based on R, θ. The latter are obtained by

calculating the average slope tensor

Q =
1

Ns

Ns∑
i=1

Q̂∗
i
, (4.1)

over the available realizations and then applying Theorem 2.1.2. The use of

Q helps to reduce biases due to finite grid size and the approximation of

derivatives by means of finite differences Chorti & Hristopulos [2008]. In

addition, it compensates for potential deviations of the simulated SRF from

the target anisotropy values due to the Fourier filtering method.

In Figs. 4.1, 4.2 and 4.4 we compare the cloud of (R̂∗, θ̂∗) estimates

obtained from each realization with the non-parametric confidence region

obtained by (3.4). The latter is denoted by the solid lines that contain the

cloud. The estimated anisotropy vector, based on Q, is denoted by a small

circle inside the cloud. In addition, we include the parametric confidence

region given by (2.31); C~Q is estimated by numerical summation of the

series (2.21) using a square window function of side ∼ 3ξ̃ around a grid

point sn at the center of the grid, as explained in subsection 2.2.3. This

restricts the sum over sm to correlated neighbors. The summation over

all sn is approximated by multiplying the result with the grid size
2
. So

long as (i) the window area exceeds [2 max(ξ̃1, ξ̃2)]2
and (ii) a < min(ξ̃1, ξ̃2),

the truncated approximation is stable for different box sizes and shapes

2
This approximation introduces errors in the summands from points near the grid

boundaries; however, the fraction of boundary points for an L × L grid varies as O(1/L)
and is thus negligible for large grids.
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4.1 – Simulated Lattice Random Fields

(e.g., rectangular window). Fig. 4.1 investigates the isotropic case (R = 1)
while the anisotropic case R = 1.5, θ = −30

◦
is considered in Fig. 4.4. The

non-parametric confidence region is more extended than the cloud and also

encloses the parametric confidence region (contour lines inside the cloud).

This result is justified, since the non-parametric approximation excludes

higher-order correlated terms that reduce the uncertainty in C~Q. The

assumption of slope tensor normality, which was based on the application

of CLT in Lemma 2.2.2, is graphically confirmed by the normal probability

plots in Figs. 4.3a–4.3c.

We conducted numerical experiments (not shown here) for several values

of the ratio ξ̃ /a and various N in order to confirm that the non-parametric

JPDF is more extended in parameter space more than the actual JPDF.

When ξ̃ /a → 0, i.e., as the simulated SRF tends to random uncorrelated

noise, the scatter cloud of the anisotropy estimates expands and tends

to fill the non-parametric confidence region. On the other hand, as ξ̃ /a

increases, i.e., for dense sampling of the SRF, the scatter cloud shrinks

inside the corrected confidence region. These observations confirm that the

non-parametric approximation encloses the actual confidence region. This

is expected from an information-theoretic viewpoint, since the additional

information incorporated in the covariance function should lead to less

uncertainty (i.e., a tighter confidence region) than the non-parametric

approximation which discards covariance terms for non-zero distances.
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4. APPLICATIONS

(a) Random field (Gaussian covariance). (b) Scatter plot of estimates and CR.

(c) Lower cluster (R̂ < 1) of estimates (b)

and the numerical summation CR.

(d) Upper cluster (R̂ > 1) of estimates (b)

and the numerical summation CR.

Figure 4.1: (a) A realization of an isotropic SRF with Gaussian correlations

(ξ̃ = 4) over an 100 × 100 square grid. (b) Scatter plot of anisotropy

estimates (crosses) and non-parametric confidence region (outer contours)

for 1000 realizations of isotropic RF with Gaussian correlations. Confidence

regions are based on anisotropy parameters obtained from the mean slope

tensor elements. Non-parametric confidence regions (outer contours) are

obtained by (3.4). Tighter confidence regions (inner contours) are calculated

numerically using the appropriate covariance function and incorporate the

covariance-dependent terms in (2.21). (c)–(d): The clusters of the scatter

plot (b) in detail, depicting the estimates (crosses), numerical summation

CR (contour) and the anisotropy parameters (circle, upper border of (b) and

(d)) used for the calculation of the CR. Confidence interval for isotropy is

(R̂−, R̂+) = (0.975,1.025).
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4.1 – Simulated Lattice Random Fields

(a) Random field (Matérn covariance). (b) Scatter plot of estimates and CR.

(c) Lower cluster (R̂ < 1) of estimates (b)

and numerical summation CR.

(d) Upper cluster (R̂ > 1) of estimates (b)

and numerical summation CR.

Figure 4.2: (a) A realization of an isotropic SRF with Matérn correlations

(ξ̃ = 2.51, ν = 2) over an 100×100 square grid. (b) Scatter plot of anisotropy

estimates (crosses) and non-parametric confidence region (outer contours)

for 1000 realizations of isotropic random field with Matérn correlations.

Confidence regions are based on anisotropy parameters obtained from the

mean slope tensor elements. Non-parametric confidence regions (outer

contours) are obtained by (3.4). Tighter confidence regions (inner contours)

are calculated numerically using the appropriate covariance function and

incorporate the covariance-dependent terms in (2.21). (c)–(d): The clusters

of the scatter plot (b) in detail, depicting the estimates (crosses), numerical

summation CR (contour) and the anisotropy parameters (circle, bottom

border of (c) and (d)) used for the calculation of the CR. Confidence interval

for isotropy is (R̂−, R̂+) = (0.975,1.025).
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4. APPLICATIONS

(a) Q̂11

(b) Q̂12

(c) Q̂22

Figure 4.3: Normal probability plots for the slope tensor estimates (Matérn

case) justify the use of CLT in Lemma 2.2.2.
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4.1 – Simulated Lattice Random Fields

(a) Scatter plot and CR (Gaussian covari-

ance).

(b) Random field (Gaussian covariance).

(c) Scatter plot and CR (Matérn covari-

ance).

(d) Random field (Matérn covariance).

Figure 4.4: (a) and (c): Scatter plot of anisotropy estimates and non-

parametric confidence region (outer contour) for 1000 realizations of an-

isotropic random field with Gaussian (ξ̃ = 4) and Matérn (ξ̃ = 2.51, ν = 2)
correlations, both having R = 1.5, θ = −30

◦
. A single realization for each

field is shown in (b) and (d). Tighter confidence region (inner contour) is

numerically calculated and incorporates the covariance-dependent terms

in (2.21).
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4.2 Simulated Scattered Data

We simulate scattered data using the following method: First, a realization

of an GSRF is generated on a regular grid. Then, we randomly choose a

fraction of the grid points to mimic scattered data of a real process. Next,

we generate several random subsamples from the scattered data set and

perform anisotropy estimation for each subsample. The subsamples should

respect the conditions specified in the opening paragraph of Section ??.

The procedure is depicted in Figure 4.6. Figure 4.6a demonstrates an

GSRF realization on a 1000 × 1000 grid, generated by means of the Fourier

Filtering Method. The zero-mean, unit-variance isotropic GSRF has a

Matérn covariance with ν = 2 and ξ = 15. A randomly extracted set of

scattered 2000 points is shown in Figure 4.6b.

The subsampling procedure should not be confused with the spatial

nonparametric bootstrap procedure, which involves generating new sam-

ples, called bootstrap samples, by resampling from the actual data, and

computing estimates for these new samples. Then, the distribution of these

bootstrap estimates serves as a proxy for the actual distribution of the

data estimates, so that statistical inference, such as the construction of

confidence intervals, can be performed Loh [2008]. As a simpler alternative

to spatial bootstrap, we decided to subsample the original data sets into

smaller subsets in such a manner to artificially increase the available re-

alizations of the same random field describing the actual natural process.

The percentage of original data points used should be large enough to retain

the spatial properties of the original dataset and keep the interpolation/es-

timation errors to a minimum. On the other hand, the percentage should

be kept as small as possible, in order to be able to obtain more subsamples

and provide a clear picture of the behavior of the anisotropy estimator on

the (R̂, θ̂)-plane. The aim is to confirm that the behavior is captured by

the analytical result obtained in Section 3.1. It was found experimentally

that keeping 50% of the original datasets regarding the scattered data

scenarios was a good compromise. For the interpolation, we employed the

natural neighbor interpolation method Fisher et al. [2005] as implemented

in MATLAB
®

. The choice was made for computation speed and for the

interpolation surface smoothness properties discussed below. Details of

the impact of different interpolators on anisotropy estimation can be found

in Chorti & Hristopulos [2008].

The natural
3

neighbor interpolation method is a deterministic spatial

3
Not to be confused with the nearest neighbor interpolation; a well-known method of

spatial interpolation. Nearest neighbor interpolation does not produce smooth interpolation

surfaces, thus it is inappropriate for the CHI method.
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4.2 – Simulated Scattered Data

Figure 4.5: Natural neighbor interpolation. The colored circles, which

represent the interpolating weights, wi, are generated using the ratio of the

shaded area to that of the cell area of the surrounding points. The shaded

area is due to the insertion of the point to be interpolated into the Voronoi

tessellation. From Wikipedia contributors [2012b].

interpolation method which is based on the Voronoi tessellation of a discrete

set of spatial points Sibson [1981]. The interpolant fits the data at the nodes

exactly, is local, and guarantees continuity in first and second derivatives,

except at the nodes Boissonnat & Cazals [2000]; Sambridge et al. [1995].

The discontinuities at the nodes is not an issue in practice, since the

interpolation grid is unlikely to include a node. While these properties hold

in any dimension, so far efficient procedures for performing natural neighbor

interpolation exist only in 2D. Being a deterministic interpolation method, an

error estimate is not available. Also, since it provides smooth interpolation

surfaces, it is suitable for random field gradient estimates required by the

CHI method. It has been shown that the method behaves consistently for

different sample distributions, and since it does not require user-defined

parameters, it is appropriate for automatic mapping applications Fisher

et al. [2005]; Ledoux & Gold [2008].

The natural neighbor interpolation concerns a weighted summation

where the selection of neighbors and their corresponding weight calculation

is based on Voronoi tessellation. For each s ∈ D, the estimate (interpolant)

is calculated as the weighted sum over the set N(s) of neighbors of s

X̂ (s) =
∑

si∈N(s)

wi X (si),

where X̂ (s) is the interpolant at s, wi are the weights and X (si) are the
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known data values at si ∈ D. The neighbors si used in the estimation are

selected using the adjacency relationships of the Voronoi diagram. For each

s there exist a set of neighbors N(s) that both surround and are close to s.
The weights are calculated by finding how much of each of the surrounding

areas is ‘stolen’ when inserting s into the tessellation. The weight calculation

is schematically depicted in Figure 4.5.

Figure 4.6c demonstrates a specific subsample of the scattered data set,

containing 1000 points. The depicted field corresponds to the interpolation

of the 1000 points used to estimate (R̂∗, θ̂∗). Figure 4.6d demonstrates

the non-parametric confidence region (contour lines) along with the scat-

ter cloud of anisotropy estimates, generated by randomly selecting 1000

subsamples of 1000 points from the scattered data set. The absence of

estimates near the line R̂ = 1 is apparent and is expected since the JPDF

should vanish at R̂ = 1; viz. Fig 3.4 and the accompanied discussion

in Section 3.2. Deviations from the non-parametric CR are due to the

sparseness of the subsamples and edge effects, which both introduces

interpolation artifacts. Such artifacts can be seen in Fig. 4.6c at the right

side (x ' 0, y ' 450–650) and bottom side (x ' 500–700, y ' 0) and since

they are elongated and oriented either horizontally or vertically, they intro-

duce anisotropy estimates with either high or low anisotropy ratios and

anisotropy angles near zero. This explains the few anisotropy estimates

in the scatter plot of Fig. 4.6d which lie around θ̂ = 0
◦

and does not ap-

pear to follow the calculated non-parametric CR. The confidence interval

for isotropy is (R̂−, R̂+) = (0.925,1.081) as derived from (3.5) by inserting

N = 1000. With the exception of the few anisotropy estimates in the right

side of Fig. 4.6d, the anisotropy estimates cloud is contained within the

calculated isotropy confidence interval.
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4.2 – Simulated Scattered Data

(a) Realization of isotropic Matérn SRF

over a 10
3 × 10

3
square grid.

(b) Scattered data locations (2000 random

points) and interpolated field (for visual-

ization purposes).

(c) Subsample realization: 1000 random

locations (from those in Fig. 4.6b) and

interpolated field (used for anisotropy es-

timation).

(d) Anisotropy estimates via subsampling

and non-parametric confidence region for

N = 1000.

Figure 4.6: Non-parametric confidence region estimation for scattered

data. (a) Realization of isotropic Matérn SRF with ξ = 15, ν = 2 on a

10
3 × 10

3
square grid. (b) Locations of random sample (2000 points) and

interpolated field. (c) Specific subsample realization and interpolated field

used for anisotropy estimation. (d) Anisotropy estimates generated from

1000 random subsamples of 1000 points; curve corresponds to 95% non-

parametric confidence region calculated with N = 1000 and anisotropy

parameters estimated from the mean slope tensor elements. Confidence

interval for isotropy is (R̂−, R̂+) = (0.925,1.081).
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Table 4.1: Summary statistics of radioactivity dose rate exhaustive data

sets (nSv/h) and CHI anisotropy estimates. Abbreviations: min: minimum

sample value; max: maximum sample value; std: sample standard devi-

ation; skew: sample skewness coefficient
4
; kurt: sample excess kurtosis

coefficient.

N = 1008 min mean med max std skew kurt R̂
∗

θ̂
∗

Normal 57.0 97.7 98.6 180.0 19.6 0.4 0.6 1.18 7.36

Emergency 57.0 106.1 98.9 1528.2 92.5 11.3 144.1 0.45 -0.75

4.3 Environmental Emergency Scenario

Application of the method described in Section 4.2 to environmental emer-

gency scenario follows. The data represent daily means of radioactivity

gamma dose rates over part of the Federal Republic of Germany, and

they were provided by the German automatic radioactivity monitoring net-

work Dubois & Galmarini [2005, 2006]. The exhaustive dataset contains

gamma dose rate measurements from 1008 fixed monitoring locations.

The rates are measured in nanosieverts per hour (nSv/h). The normal

data set corresponds to typical background radioactivity measurements

(≈ 100 nSv/h). The emergency data includes a simulated local release of

radioactivity from the south-west corner of the monitored area that results

in five stations reporting dose rates around 10 times above the background

(exceeding 1000 nSv/h). A measurement station in the German network

triggers an alarm if the dose rate measured exceeds 300 nSv/h. Natural

background radiation in Germany is 40–240 nSv/h. With a dose rate

exceeding 100 µSv/h it is necessary to take protective measures (e.g., to

shelter indoors) Cornford [2006].

Figure 4.7 demonstrates the exhaustive normal and emergency datasets,

using the natural neighbor interpolation method, while Table 4.1 summa-

rizes their statistics. The two rightmost columns of Table 4.1 show the

anisotropy parameters estimated with the CHI method. The normal set data

follows the Gaussian distribution (graph not shown here), and thus has

skewness and excess kurtosis coefficients close to zero. Data normalization

was initially performed and had negligible impact in the quality of the

anisotropy estimation. For that reason we performed our analysis of the

SIC2004 data on the original data.

4
The skewness of a random variable Z is defined as Skew (Z ) = E [(Z − µZ )]3

/σZ
3
. The

excess kurtosis as Kurt (Z ) = E [(Z − µZ )]4
/σZ

4 − 3. A symmetric distribution has skewness

equal to zero. A distribution with negative skew has a longer left tail while a positive-
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4.3 – Environmental Emergency Scenario

(a) Normal scenario (b) Emergency scenario

Figure 4.7: Visualization of the SIC2004 exhaustive datasets of mean daily

gamma dose rates using the natural neighbor interpolation method obtained

from the 1008 measurement locations.

We calculated the JPDF and the 95% confidence regions of the anisot-

ropy statistics based on the anisotropy parameters estimated by CHI, i.e.,

performing natural neighbor interpolation and anisotropy estimation using

CHI in both exhaustive data sets and then plotting the non-parametric

confidence regions and JPDFs. The results are shown in Fig. 4.8. There is

no overlap of the two density functions, and the contours corresponding to

the 95% confidence regions do not intersect, which suggests a statistically

significant difference of the anisotropy parameters between the background

and the emergency data. Since the computation of the anisotropy estimates

is very fast, our method provides a straightforward indicator for a significant

physical change in a system.

So far we examined the case where an automatic early warning system

is expected to distinguish between normal (background) and abnormal

skew distribution has a longer right tail. The Gaussian distribution has excess kurtosis

equal to zero. Distributions with negative excess kurtosis are said to be platykurtic while

distributions with positive excess kurtosis are said to be leptokurtic.
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4. APPLICATIONS

Figure 4.8: Joint probability density functions (surfaces) and confidence

95% regions (solid contours) for the exhaustive radioactivity dose rate data

sets: normal data set (bottom right) and emergency data set (far left).

(emergency) situations. In the following we will investigate a case in which

different measurements are classified as normal and should be classified

as such. As a part of the SIC2004 interpolation exercise, ten additional

data sets of mean daily values measured at 200 monitoring stations were

provided for algorithm training purposes. Each set was randomly drawn

from a different month of the year 2003. No specific date details are publicly

available, according to the rules of the contest Pebesma et al. [2012]. The ten

datasets (numbered 1–10) involve normal (background) gamma dose rates.

In Figure 4.9 a natural neighbor interpolation of the first of the additional

normal datasets is shown. Note that each of the additional datasets has

only 200 data points, in contrast to the exhaustive datasets 4.7, each

having 1008 data points. We calculated the anisotropy parameters for each

of the 10 datasets. Figure 4.10 demonstrates the results along with the

confidence region calculated using the anisotropy parameters estimated

from the mean slope tensor elements as in 4.2. All estimates lie within the

95% CR thus there is no statistically significant change in the anisotropy

parameters of the ten measurements according to the statistical properties

of the anisotropy estimator we examine here. On the other hand, note

that the anisotropy estimates differ from the normal case of the exhaustive

dataset plotted in Fig. 4.8 because the number of data points is ≈ 1/5

of the exhaustive data sets, affecting the quality of the interpolation used

for anisotropy estimation, as it can be testified by comparing Figures 4.7a

and 4.9.
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Figure 4.9: Visualization of the first of the additional ten normal SIC2004

datasets of mean daily gamma dose rates containing N = 200 points. The

natural neighbor interpolation method was used.

Figure 4.10: Anisotropy estimates (crosses) for the 10 background dose

rate sets (number correspond to each dataset) and 95% confidence region

calculated using the mean slope tensor elements. Each dataset has N =

200 points. All estimates lie within the CR thus there is no statistically

significant change in anisotropy.
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Table 4.2: Summary statistics of the Amynteon and Mavropigi lignite

thickness data sets (units: meters) and CHI anisotropy estimates.

Mine N min mean med max std skew kurt R̂
∗

θ̂
∗

Amynteon 644 0.49 14.12 13.40 54.86 8.69 0.82 1.24 1.16 -33.5

Mavropigi 416 0.36 17.38 13.83 73.62 13.21 1.03 0.94 0.83 -21.6

4.4 Geologic Reserves Data

In this section, we investigate the anisotropy statistics of geologic reserve

estimates from drill measurements obtained from two lignite mines in

Greece. Also we will test the performance of the non-parametric CR using

the subsampling method introduced in subsection 4.2. Additionally, the

sample histograms and kernel-based estimates of the anisotropy parameters

PDFs will be compared to the theoretical PDFs obtained via numerical

integration of the corresponding non-parametric JPDF.

The measurements are obtained from exploratory drill holes made in two

lignite mines in Greece, Amynteon and Mavropigi and are kindly provided

by the Public Power Corporation (PPC) of Greece S.A. Both mines are located

in Ptolemaida, a town in the prefecture of Kozani, Greece and operated by

the Greek PPC. Figure 4.11 demonstrates a satellite map of the region where

the mines and the thermoelectric power plants are located. A schematic

of the area is shown in Figure 4.12 (in Greek, courtesy of the Greek PPC).

While both datasets contain measurements of several variables regarding

lignite quality, we focus on lignite thickness measurements aggregated per

drill hole.

Table 4.2 summarizes the statistics of both mine datasets. Both datasets

are non-Gaussian and asymmetric, as confirmed by the sample kurtosis

and skewness coefficients. A natural neighbor interpolation of the lignite

thickness measurements and the drill hole locations are depicted in Fig-

ures 4.13a and 4.15a. The drill hole locations are also shown. The displayed

ellipse has orientation and semimajor axes ratio according to the anisotropy

parameter estimates. The plotted lengths of the ellipse semimajor axes

does not correspond to the correlation lengths for each principal direction.

Coordinates shifted to zero mean (for each direction) and divided by a factor

of 1000, whereas z-values (lignite thickness, in meters) left unscaled. In Fig-

ures 4.13b and 4.15b the JPDF corresponding to the estimated anisotropy

parameters for each mine is also plotted.

The anisotropy estimates obtained via the subsampling procedure are

depicted in Figures 4.14 and 4.16 along with the corresponding non-
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4.4 – Geologic Reserves Data

parametric CR curves, calculated using the mean slope tensor elements as

in Section 4.2. Furthermore, the univariate PDFs of R̂ and θ̂ derived via

numerical integration of the theoretical JPDF are compared to the sample

PDFs estimated from the subsampling anisotropy estimates. The sample

histograms, probability density estimates and theoretical PDFs are depicted

in Figures 4.14b and 4.14c for the Amynteon dataset and in Figures 4.16b

and 4.16c for the Mavropigi dataset. The probability density estimates

are calculated
5

performing kernel density estimation Bowman & Azzilini

[1997]; Parzen [1962] on the subsamples anisotropy parameter estimates

using the Epanechnikov kernel function Epanechnikov [1969]. The kernel

window size is 0.4
◦

for the kernel estimates of fθ(θ̂) and to 0.04 for the

kernel estimates of fR(R̂). There is good agreement between the sample

PDFs and those obtained from integrating the non-parametric JPDF.

For the Amynteon dataset, consisting of N = 644 data points, the

isotropy test (3.5) provides (R̂−, R̂+) = (0.91,1.10), while the estimated an-

isotropy ratio is R̂ = 1.16. For the Mavropigi dataset, with N = 416, the

isotropy test provides (R̂−, R̂+) = (0.89, 1.13), while the estimated anisotropy

ratio is R̂ = 0.83. Both anisotropy ratio estimates lie outside the correspond-

ing isotropy confidence region thus both datasets can not be considered

isotropic at 95% confidence level, according to the statistical test (3.5). The

isotropy hypothesis is rejected in both cases, thus anisotropic models may

be more appropriate for modeling the mining datasets examined here.

5
The MATLAB

®
function ksdensity was used.
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Figure 4.11: Lignite mines in the area near the city of Ptolemaida (red

marker) located at Kozani, Greece. Source images retrieved from Google

Maps: http://goo.gl/maps/Sp80d
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4.4 – Geologic Reserves Data

Figure 4.12: Lignite mines and thermoelectric power plants near the city

of Ptolemaida, in the Kozani prefecture, Greece. Chart retrieved from the

Greek Public Power Corporation website.
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(a) Amynteon mine

(b) JPDF

Figure 4.13: (a) Visualization of the Amynteon lignite data using the natural

neighbor interpolation. The black dots are the drill hole locations. The

ellipse axes length ratio and orientation represent the anisotropy estimates;

the axes lengths does not correspond to correlation lengths. (b) The nonpara-

metric JPDF calculated for the anisotropy estimates (R̂, θ̂) = (1.16,−33.5
◦)

and N = 644.
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(a) Anisotropy estimates via subsampling

(b) fR(R̂) (c) fθ(θ̂)

Figure 4.14: Testing the validity of the non-parametric confidence region

estimation via subsampling, for the Amynteon dataset. (a) Anisotropy

estimates (crosses) using 1000 random subsamples each containing 50%
(322) of the original data points. The solid line depicts the theoretical 95%
confidence region calculated in the same manner as in 4.1. (b) and (c):

Comparison of the univariate theoretical PDFs derived using numerical

integration of the analytical JPDF, to the sample histograms and the kernel

density estimations of the PDFs, calculated from the anisotropy estimates

of (a).
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(a) Mavropigi mine

(b) JPDF

Figure 4.15: (a) Visualization of the Mavropigi lignite data using the natural

neighbor interpolation. The black dots are the drill hole locations. The

ellipse axes length ratio and orientation represent the anisotropy estimates;

the axes lengths does not correspond to correlation lengths. (b) The nonpara-

metric JPDF calculated for the anisotropy estimates (R̂, θ̂) = (0.83,−21.6
◦)

and N = 416.
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(a) Anisotropy estimates via subsampling

(b) fR(R̂) (c) fθ(θ̂)

Figure 4.16: Testing the validity of the non-parametric confidence region

estimation via subsampling, for the Mavropigi dataset. (a) Anisotropy

estimates (crosses) using 1000 random subsamples each containing 50%
(208) of the original data points. The solid line depicts the theoretical 95%
confidence region calculated in the same manner as in 4.1. (b) and (c):

Comparison of the univariate theoretical PDFs derived using numerical

integration of the analytical JPDF, to the sample histograms and the kernel

density estimations of the PDFs, calculated from the anisotropy estimates

of (a).
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— Randall Munroe, xkcd
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Chapter 5
Discussion and Conclusions

5.1 Discussion and Conclusions

T
his work focuses on the estimation of anisotropy by means of the Covari-

ance Hessian Identity (CHI) in two-dimensional digital data that are

either scattered or supported on a grid. We derive explicit expressions for the

joint PDF of anisotropy statistics, equation (2.30), and for the correspond-

ing anisotropy confidence regions at any confidence level, equation (2.31).

The main assumptions used are (i) that the data are drawn from a jointly

Gaussian, stationary and differentiable random field (ii) that the covariance

function is short-ranged We also derive a non-parametric approximation

for the joint PDF of the anisotropy statistics, which can be used if the

covariance function is unknown a priori, or to avoid numerical calculations

required for estimating the covariance. The non-parametric approxima-

tion is given by (3.2). The corresponding equation for the non-parametric

approximation of the confidence region is given by (3.4).

Practical application of the results of this research requires the esti-

mation of anisotropy statistics using CHI (or other methods). Accurate

estimation based on CHI requires a large sample size, N � 1, and a sample

domain that is large with respect to the correlation area. The latter may be

difficult to satisfy for data with large anisotropy (R � 1 or R � 1). In such

cases, the CHI estimate tends to underestimate the actual anisotropy.

We illustrate the application of the joint PDF and the confidence regions

with simulated and real data. The results of this research can be used to

identify significant deviations in anisotropy between data sets, e.g., due to

structural differences or major changes in the underlying physical process.

The computational cost is minimal, since the corresponding expressions

are analytical. The major contribution to the computational cost is the
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estimation of partial derivatives of the random field. The user can freely

choose a more accurate field derivatives estimator, at the cost of additional

computational time.

In the realistic scenarios examined in this work we demonstrated that

the anisotropy statistics follow the proposed CR, by utilizing a subsampling

method to artificially generate realizations of the same underlying physical

process. In practical situations, the anisotropy estimates accompanied by

the analytical results regarding their statistics can be helpful for model

selection. For example, the anisotropy test can serve as an aid to choose

between a simpler isotropic model, and a more complex (since two more

parameters are required) anisotropic model. On the other hand, statistical

significance does not necessarily imply interpolation performance. While

under the proposed isotropy test a small dataset is considered isotropic,

this should not prohibit the expert from choosing an anisotropic model

if the additional complexity leads to interpolation performance. The non-

parametric JPDF which is available in closed form, can be used as Bayesian

prior if the modeling is going to be performed by following the Bayesian

paradigm.

5.2 Publications and Presentations

During the study of the statistical properties of the CHI estimator, two

presentations in international conferences were made Hristopulos et al.

[2008, 2009]. The resulting isotropy test was published (without the proof

details) in Spiliopoulos et al. [2011]. The theoretical framework and most of

the application scenarios that are presented in this work, was submitted at

the Cornell University Library electronic archive and distribution server for

research articles (arXiv.org) and is publicly available Petrakis & Hristopulos

[2012].

5.3 Future Work

Straightforward extension of this work is possible for jointly lognormal

data along the lines of Chorti & Hristopulos [2008]. Application on non-

differentiable random fields is possible if an angle-preserving smoothing

kernel is first applied to the data. The same ideas, albeit with increased

mathematical complication, can be applied in three dimensions as well.

62



5.3 – Future Work

— Randall Munroe, xkcd
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Appendix A
Mathematical Details

The mathematical details are included in this Appendix.

A.1 Jacobi’s Theorems

We use Jacobi’s theorems e.g., Papoulis & Pillai [2002]; Soong [2004] to

determine the PDF under the change-of-variables transformations ~Q →
q̂→ (R̂, θ̂).

Theorem A.1.1 (Jacobi’s univariate theorem). Let Z be a continuous random

variable and Y = g(Z ), where g(Z ) is a continuous function in Z. If y = g(z)
admits at most a countable number of roots zj = g

−1

j
(y), j = 1, . . . , r, then

fY =

r∑
j=1

fZ

(
g
−1

j
(y)

) ∣∣∣∣∣∣dg−1

j
(y)

dy

∣∣∣∣∣∣ .
In the case of a multivariate variable transformation, Jacobi’s theorem

becomes:

Theorem A.1.2 (Jacobi’s multivariate theorem). Let Z and Y be two n-

dimensional continuous random vectors with components (Z1, . . . , Zn) and

(Y1, . . . , Yn), respectively. The transformation Y = g(Z) represents the set

of equations yl = gl(Z), l = 1, . . . , n. Assume that the functions gl are

continuous and possess continuous partial derivatives with respect to each

of their arguments.

1. If the gl define one-to-one mappings, unique inverse functions g
−1

l
such

that Z = g−1(Y) exist. Then, the transformation of the JPDF fZ to fY is
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accomplished by means of

fY = fZ
(
g−1(Y)

)
| det(J)|,

where J is the Jacobian of the transformation:

J =
∂(g−1

1
, . . . , g

−1

n
)

∂(y1, . . . , yn)
.

2. If Y = g(Z) admits at most a countable number of roots Zj = g−1

j
(y),

j = 1, . . . , r, then

fY =

r∑
j=1

fZ
(
g−1

j
(y)

)
| det(Jj)|,

where Jj is the Jacobian corresponding to the j-th root, defined by

Jj =
∂(g−1

j,1
, . . . , g

−1

j,n
)

∂(y1, . . . , yn)
.

Theorem A.1.2 also applies if dim(Y) = m < n. Then, the m-dimensional

vector Y is augmented by an (n −m)-dimensional vector Z′ = h(Z) where

h(·) is a simple function with continuous partial derivatives. The n − m

dummy variables in Z′ are eliminated from the JPDF of Y by integration.

A.2 Probability Density Function of Gradient

Product Tensor

Below, we obtain the PDF of the gradient components Xi = ∂iX (s) for i = 1, 2.

Let us define by fXi (∂iX = z) the PDF of the gradient component ∂iX , and

by fXij(Xij = y) the PDF of the gradient product ∂iX (s)∂jX (s). The following

theorem holds Yaglom [1987]:

Theorem A.2.1 (PDF of field gradient). For a Gaussian, differentiable and

stationary SRF X (s), the gradient component ∂iX (s) is a zero-mean Gaussian

SRF with covariance function given by the following expression:

E
[
∂iX (s) ∂jX (s + r)

]
= −

∂
2
cxx(r)
∂ri∂rj

. (A.1)

In light of (2.13) and (A.1) the variance of ∂iX (s) is given by Var (∂iX (s)) =
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Qii. Hence, the univariate PDF fXi is given by

fXi (∂iX = z) =
1

√
2π Qii

e
−z2

/2Qii . (A.2)

A.2.1 Probability Density Function of Diagonal Elements

of Gradient Product Tensor

Theorem A.2.2 (PDF of diagonal elements of gradient product tensor). Let

X (s) be a Gaussian, statistically stationary SRF that admits (in the mean

square sense) all partial derivatives of second-order (at least). Then, the PDF

of Xii is given by the chi square (χ2

ν
) distribution with one degree of freedom

(ν = 1):

fXii (Xii = y) =
exp(− y

2Qii
)

√
2πQii y

. (A.3)

Proof. Let us define Z = ∂iX (s), (i = 1,2) and Y = Xii. The equation

y = g(z) = z
2

admits two real roots for y > 0, i.e., y1,2 = ±
√
z, but no real

roots for y < 0. Since dg
−1
/dy = ±1/(2

√
y), by applying Theorem A.1.1, we

obtain:

fXii (Xii = y) =
1

2
√
y

[
fXi (
√
y) + fXi (−

√
y)

]
, y > 0. (A.4)

Equation (A.3) follows from the above and (A.2). The standard density of

the χ
2

1
distribution is obtained from (A.3) via the replacement y

′ = y/Qii. �

The mean and variance of Xii are thus obtained by

E [Xii] = Qii , (A.5)

Var (Xii) = 2(Qii)2
. (A.6)

A.2.2 Probability Density Function of Non-diagonal Ele-

ments of Gradient Product Tensor

Theorem A.2.3 (PDF of non-diagonal elements of the gradient product

tensor). Let X (s) be an SRF that satisfies the conditions of Theorem A.2.2.

Then, the PDF of X12 = ∂1X (s) ∂2X (s) is given by:

fX12
(X12 = y) =

1

π
√

det(Q)
exp

(
y

Q12

det(Q)

)
K0

(
|y|

√
Q11Q22

det(Q)

)
, (A.7)
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where Q is the slope tensor, det(Q) is its determinant, and K0 is the modified

Bessel function of the second kind and order zero. Since Q12 = Q21, it holds

that fX21
(X21 = y) = fX12

(X12 = y).

Proof. We define the random vectors Zt = (∂1X (s), ∂2X (s)) = (X1, X2), Yt =

(X1X2, X2). The Jacobian determinant for the transformation Z→ Y and its

absolute value are given by

det(J) =

∣∣∣∣∣∣y−1

2
−y1 y

−2

2

0 1

∣∣∣∣∣∣ =
1

y2

⇒ |det(J)| =
1

|y2|
.

Thus, according to Theorem A.1.2, fX12
is given by

fX12
(X12 = y1) =

∫ ∞

−∞

dy2 fzz (y1/y2, y2)
1

|y2|
, (A.8)

where fzz is the bivariate Gaussian PDF of the two-component fluctuation

(z1, z2), given by

fzz(z1, z2) =
1

2π det(Q)
e
− 1

2
ZtQ−1Z

, (A.9)

Then, the integration in (A.8) can be evaluated using the integral (3.471.9)

[Gradshteyn & Ryzhik, 2007, p. 368] and the transformation y
2

2
→ x, which

lead to (A.7). �

The mean of X12 is given by (2.12). The variance is obtained using the

normality of the ∂1X (s) and ∂2X (s) distributions by applying the Isserlis-Wick

moment factorization theorem Isserlis [1918]; Wick [1950]:

E [X12] = Q12, (A.10)

Var (X12) = Q11Q22 + Q2

12
. (A.11)

For |x | → ∞, K0(|x |) ≈
√

π

2|x |
e
−|x |

Abramowitz & Stegun [1970]. Hence, based

on (A.7), fX12
decays for large |X12| as

fX12
≈

1
√

2π(Q11Q22)1/4

1
√
|X12|

exp
[

−|X12|
√
Q11Q22 + sign(X12)Q12

]
, (A.12)

where sign(x) = 1, x > 0 ∧ sign(x) = −1, x < 0.

Asymptotic convergence of fX12
to zero for |X12| → ∞ requires that the

denominator of the exponent be positive. Q11 and Q22 are positive by

definition. Regardless of the sign of Q12, the positive definiteness of Q (see

Theorem 2.1.1), implies that
√
Q11Q22 > ±Q12. Hence, the denominator is
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indeed positive. The asymptotic dependence of fX12
matches that of the χ

2

1

distribution.

A.3 Proof of Lemma 2.2.1

Proof. Using the definition (2.18) we obtain:

Cij,kl = Cov

 1

N

N∑
n=1

Xij(sn),
1

N

N∑
m=1

Xkl(sm)

 =
1

N2

∑
n,m

Cov
(
Xij(sn), Xkl(sm)

)
.

(A.13)

Due to the translation invariance of X (s), the double series in (A.13) is

reduced to a single series over all (N2) lag vectors rnm = sn − sm (n,m =

1, . . . , N), i.e.,

Cij,kl =
1

N2

∑
rnm

Cov
(
Xij(s0), Xkl(s0 + rnm)

)
=

1

N
Cov

(
Xij(s0), Xkl(s0)

)
+

1

N2

∑
rnm,0

Cov
(
Xij(s0), Xkl(s0 + rnm)

)
=

1

N
Cov

(
Xij(0), Xkl(0)

)
+

1

N2

∑
rnm,0

Cov
(
Xij(0), Xkl(rnm)

)
. (A.14)

The third line in (A.14) takes advantage of the stationarity of X (s).
Covariance of the gradient product tensor: Let r denote any lag vector

(including r = 0) between two sampling points. Based on the definition of

the covariance function it follows that

Cov
(
Xij(0), Xkl(r)

)
= E

[
Xij(0)Xkl(r)

]
− E

[
Xij(0)

]
E [Xkl(r)] . (A.15)

Note that E
[
Xij(0)Xkl(r)

]
= E

[
∂iX (0) ∂jX (0) ∂kX (r) ∂lX (r)

]
. According to The-

orem A.2.1, the gradient fields are Gaussian SRFs. Hence, E
[
Xij(0)Xkl(r)

]
can be calculated using the moment factorization property of multivariate

normal distributions Isserlis [1918]; Wick [1950]:

E
[
Xij(0)Xkl(r)

]
= E

[
∂iX (0) ∂jX (0)

]
E [∂kX (r) ∂lX (r)]

+ E [∂iX (0) ∂kX (r)] E
[
∂jX (0) ∂lX (r)

]
+ E [∂iX (0) ∂lX (r)] E

[
∂jX (0) ∂kX (r)

]
= Hij(0)Hkl(0) + Hik(r)Hjl(r) + Hil(r)Hjk(r). (A.16)
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The last equality follows from the definition of the covariance function,

Theorem A.2.1, and the definition (2.11). The second term on the right-

hand side of (A.15) is simply

E
[
Xij(0)

]
E [Xkl(r)] = E

[
∂iX (0) ∂jX (0)

]
E [∂kX (r) ∂lX (r)] = Hij(0)Hkl(0).

(A.17)

Thus, in light of (A.16) and (A.17), equation (A.15) becomes

Cov
(
Xij(0), Xkl(r)

)
= Hik(r)Hjl(r) + Hil(r)Hjk(r). (A.18)

Using (A.18) in (A.14), and Theorem 2.1.1 to express the zero-lag component

of the covariance Hessian matrix, equation (2.21) is obtained.

�

A.4 Proof of Theorem 2.2.1

Proof. The Xij(sk) are stationary GSRFs by virtue of the stationarity of

the GSRF X (s). Hence, φijkl(r) := Cov
(
Xij(s), Xkl(s + r)

)
= Cov

(
Xij(0), Xkl(r)

)
.

Based on (A.18), φijkl(r) = Hik(r)Hjl(r) + Hil(r)Hjk(r). The range of the GSRF

Xij(sk) is determined by the integral

Vc = max
i,j,k,l

(
1

φijkl(0)

∫
drφijkl(r),

∣∣∣∣φijkl(0) , 0

)
.

Based on (A.18), φijkl(0) = Qij Qkl + Qil Qjk and thus φijkl(0) has a finite value

for finite correlation lengths.

To calculate

∫
D
drφijkl(r), we assume that |D| → ∞ and express the inte-

gral in terms of the Fourier transform of cxx(r). Any permissible covariance

function cxx(r) admits the following pair of transformations, where C̃xx(k) is

the covariance spectral density:

cxx(r) =
1

(2π)2

∫
dkek·rC̃xx(k) (A.19)

C̃xx(k) =

∫
dre−k·r cxx(r). (A.20)

Based on the above, we obtain Hij(r) = 1

(2π)2

∫
dkkikj ek·rC̃xx(k), and thus∫

drφijkl(r) =
1

(2π)2

∫
dkkikjkkkl[C̃xx(k)]2

.
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In the above,  =
√
−1, k · r = k1r1 + k2r2 is the inner vector product,

and

∫
dk =

∫ ∞
−∞
dk1

∫ ∞
−∞
dk2 or

∫
dk =

∫ ∞
0
k dk

∫
2π

0
dφ in polar coordinates.

The completeness of the plane-wave basis was used, i.e.,

∫
dre (k+k′)·r =

(2π)2
δ(k + k′), where δ(·) is the Dirac delta function. Existence of this

integral requires integrability of C̃xx(k) at k = 0 and at k → ∞. Since cxx(r)
is short-ranged, the integral

∫
dr cxx(r) = C̃xx(0) is finite, and thus the limit

k = 0 is well-behaved. At the limit k → ∞, the integral converges (using

polar coordinates) if [C̃xx(k)]2
falls off faster than k

−6−2ϸ
, where ϸ > 0. This

ensures that the covariance φijkl(r) is short-ranged. Thus, Theorem 2.2.1

applies to the vector random variable Zk = ((X11(sk), X22(sk), X12(sk))t leading

to (2.22). �

A.5 Proof of Lemma 2.2.3

Proof. We use Theorem A.1.2 with Z → ~Q, Y → (q̂d, q̂o)t. Since dim(Y) =

2 < dim(Z) = 3, we append to Y the dummy variable u = Q̂11 ≥ 0. Using

definitions (2.14) and (2.15), the absolute value of the Jacobian determinant

for the transformation (Q̂11, Q̂22, Q̂12)→ (q̂d, q̂o, u) is

Jq =
∂(Q̂11, Q̂22, Q̂12)
∂(q̂d, q̂o, u)

⇒
∣∣∣det(Jq)

∣∣∣ = u
2
.

The dummy variable u is integrated according to Theorem A.1.2, leading to

fq(q̂; mQ,C~Q) =

∫ ∞

0

f~Q(u, q̂ou, q̂du; mQ,C~Q)u2
du. (A.21)

In terms of q̂d and q̂o, the exponent of the trivariate PDF (2.22) is transformed

as follows

(~Q −mQ)t C−1

~Q
(~Q −mQ) = A(q̂,C~Q)u2 + B(q̂,mQ,C~Q)u + C(mQ,C~Q). (A.22)

By virtue of the above, the integral (A.21) is expressed as follows (suppress-

ing the dependence of A, B, C, K for brevity):

fq(q̂; mQ,C~Q) = K

∫ ∞

0

u
2
e
− 1

2
(Au2+Bu+C)

du.
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According to (2.26a), A > 0 because C~Q is a covariance matrix, and hence

C~Q as well as C−1

~Q
are positive definite

1
. Thus, the Gaussian integral above

exists and its value is given by (2.25). �

A.6 Proof of Theorem 2.2.2

Proof. Equation (2.30) follows from the transformation (q̂d, q̂o)→ (R̂, θ̂) with

Jacobian matrix Jθ,R. According to A.1.2 the transformed PDF is given by

fθ,R(R̂, θ̂; mQ,C~Q) = fq(q̂; mQ,C~Q)
∣∣∣det(Jθ,R)

∣∣∣
where det(Jθ,R) is given by

det(Jθ,R) =

∣∣∣∣∣∣∣∣∣∣∣
∂q̂d

∂θ̂

∂q̂d

∂R̂

∂q̂o

∂θ̂

∂q̂o

∂R̂

∣∣∣∣∣∣∣∣∣∣∣ =
2R̂

(
R̂

2 − 1

)
(
R̂2 cos2 θ̂ + sin2

θ̂

)3
. (A.23)

Under the restriction of the parameter space to R ∈ [0,∞) and θ ∈

[−π/4, π/4), or equivalently R ∈ [1,∞) and θ ∈ [−π/2, π/2), the trans-

formation (q̂d, q̂o)→ (R̂, θ̂) is one-to-one with a Jacobian determinant given

by (A.23). Finally, based on Theorems A.1.2 and 2.2.3, fθ,R(R̂, θ̂) is given

by (2.30). �

A.7 Some Properties of Common Covariance

Functions

There is a plethora of covariance functions used in Geostatistics. In the

following we will define the notion of integral scale factor and demonstrate

some basic properties of two well-known functions, namely the Gaussian

and the Whittle - Matérn (or simply Matérn) covariance functions (or models),

which are examined in this work.

The spatial variability of a random field is controlled by the correlation

length ξ in both the Gaussian and the Matérn model. The latter has an

additional parameter, ν which is the smoothness coefficient and controls

the differentiability of the random field. Specifically, as ν increases, the

corresponding random field is smoother. While a second parameter adds

1
A square p × p matrix M is positive-definite, denoted by M > 0, if xt M x > 0 ∀ p × 1

vectors x , 0; then, M−1
> 0.
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more flexibility, the spatial variability of a Matérn model is a function of

both ξ and ν. Even in the case of models with only one parameter, the

same value of correlation length across different models, does not guarantee

random fields with the same (or comparable) spatial variability.

In order to be able to compare the spatial variability between different

isotropic covariance functions, the integral scale factor (or integral range)

Hristopulos & Žukovič [2011] in d-dimensions is defined by the equation

`c �


∫
d
dr cxx(r)

cxx(0)

1/d

= σ
−2/d

x c̃xx(0)1/d
. (A.24)

A.7.1 The Gaussian Model

The isotropic Gaussian covariance function is

cxx(r) = σ
2

x e
−(r/ξ )2

, (A.25)

where r = ‖r‖. The two-dimensional covariance spectral representation is

given by

c̃xx(k) = πξ
2
σ

2

x e
−(kξ/2)2

(A.26)

The first and second derivatives are

dcxx(r)
dr

= −2(σx/ξ )2
re
−(r/ξ )2

, (A.27)

d
2
cxx(r)
dr2

= −2(σx/ξ )2(1 − 2(r/ξ )2)e−(r/ξ )2

. (A.28)

Specifically the second derivative at zero lag is

d
2
cxx(r)
dr2

∣∣∣∣∣∣
r=0

= −2(σx/ξ )2
. (A.29)

The integral scale factor of the Gaussian model in 2-D is `c = π.

A.7.2 The Whittle - Matérn Model

The isotropic Whittle - Matérn covariance function is given by

cxx(r) = σ
2

x
2

1−ν
r
ν

Γ(ν)ξ ν
Kν

(
r

ξ

)
, (A.30)
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where Kν(·) is the modified Bessel function of the second kind of order ν,

Γ(·) is the Gamma function. For ν → ∞ the Gaussian model is recovered,

while for ν → 1/2 the exponential model is obtained. The Matérn model

corresponds to a non-differentiable field for ν ≤ 1 in d = 2.

The d-dimensional covariance spectral density is given by

c̃xx(k) = σ
2

x
Γ(ν + d/2)
πd/2Γ(ν)

(2πξ )d

(1 + (kξ )2)ν+d/2
. (A.31)

Given the recurrence relation Abramowitz & Stegun [1970]; Gradshteyn &

Ryzhik [2007],

d

dz
(zνKν(z)) = −zνKν−1(z),

the first and second derivatives of the Matérn covariance function are

dcxx(r)
dr

= −σ2

x
2

1−ν
r
ν

Γ(ν)ξ ν+1
Kν−1

(
r

ξ

)
, (A.32)

d
2
cxx(r)
dr2

= σ
2

x
2

1−ν
r
ν−1

Γ(ν)ξ ν+2

(
rKν−2

(
r

ξ

)
− ξKν−1

(
r

ξ

))
. (A.33)

Given the limiting form for small arguments of the modified Bessel function

of the second kind Gradshteyn & Ryzhik [2007],

Kν(z)→ Γ(ν)2ν−1
z
−ν
, for z → 0 and ν > 0,

the second derivative at zero lag is

d
2
cxx(r)
dr2

∣∣∣∣∣∣
r=0

= −
σ

2

x

2(ν − 1)ξ 2
. (A.34)

The integral scale factor for the Matérn model in d-dimensions is `c =

2π
1/2
ξ

[
Γ(ν+d/2)

Γ(ν)

]1/d

. For d = 2, `c = 2
√
πν.

— Randall Munroe, xkcd
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Appendix B
Selected MATLAB

®
Scripts

This Appendix provides some of the MATLAB
®

scripts and functions used

in this work. For a complete package please e-mail the author.

GNU General Public License

The following scripts are free software: you can redis-

tribute them and/or modify them under the terms of the

GNU General Public License as published by the Free

Software Foundation, version 3 of the License, or any

later version.

The following scripts are distributed in the hope that they

will be useful, but WITHOUT ANY WARRANTY; without

even the implied warranty of MERCHANTABILITY or

FITNESS FOR A PARTICULAR PURPOSE. See the GNU

General Public License for more details:

www.gnu.org/licenses/gpl-3.0.html
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®

SCRIPTS

B.1 Non-parametric Joint Probability Density Func-

tion

1 function [p, cr] = jpdfNonParametric(Rhat, thetahat, Qij, N)
2

3 % Non − Parametric Joint Probability and Confidence Region for ...
estimates of

4 % R and theta.
5 %
6 % p is the probability calculated over the domain [Rhat, ...

thetahat], provided
7 % by a meshgrid command.
8 %
9 % cr is the contour function to be plotted for a given ...

confidence level.
10 %
11 % The vector Qij should contain the slope tensor elements in ...

the following
12 % manner: Qij = [Q11, Q22, Q12]
13 %
14 % N is the number if samples.
15 %
16 % As of 22 December 2011
17 %
18 %
19 % This program is free software: you can redistribute
20 % it and/or modify it under the terms of the GNU General
21 % Public License as published by the Free Software
22 % Foundation, either version 3 of the License, or any
23 % later version.
24 %
25 % This program is distributed in the hope that it
26 % will be useful, but WITHOUT ANY WARRANTY;
27 % without even the implied warranty of
28 % MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.
29 % See the GNU General Public License for more details,
30 % <http://www.gnu.org/licenses/>
31

32 % Degree to radian conversion
33 thetahat = thetahat * pi/180 ;
34

35 Q11 = Qij(1); Q22 = Qij(2); Q12 = Qij(3);
36

37 % Non−Parametric CQ
38 CQ = 2/N * [ Q11^2 Q12^2 Q11*Q12 ;
39 Q12^2 Q22^2 Q12*Q22 ;
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40 Q11*Q12 Q12*Q22 1/2*(Q12^2 + Q11*Q22) ] ;
41

42 % Slope tensor ratios calculated from Rhat, thetahat (which ...
are meshgrids)

43 qd = ( 1./Rhat.^2 + tan(thetahat).^2 ) ./ ( 1 + ...
(tan(thetahat)./Rhat).^2 ) ;

44 qo = tan(thetahat).*(1 − 1./Rhat.^2) ./ ( 1 + ...
(tan(thetahat)./Rhat).^2 ) ;

45 q = [ones(numel(thetahat), 1) qd(:) qo(:)]' ;
46

47 v = [Q11 ; Q22 ; Q12] ;
48

49 % Invert CQ
50 CQinv = inv(CQ) ;
51

52 % Preallocation for A, B
53 A = zeros(1, length(q)) ;
54 B = A ;
55

56 % Calculate A, B
57 for i=1:length(q)
58 A(i) = q(:,i)' * CQinv * q(:,i) ;
59 B(i) = −2*v' * CQinv * q(:,i) ;
60 end
61 A = reshape(A, size(qd)) ;
62 B = reshape(B, size(qd)) ;
63

64 % Calculate C and K
65 C = v' * CQinv * v ;
66 K = (2*pi)^(−3/2) * sqrt( det(CQinv) ) ;
67

68 % Reparametrization
69 b = B./(2*sqrt(2*A)) ;
70 c = C/2 ;
71 k = K./(sqrt(2)*A.^(3/2)) ;
72

73 % Clean−up
74 clear A B C K
75

76 % fq
77 fq = 2*sqrt(pi) * k.*exp(b.^2−c) .* (2*b.^2+1) ;
78

79 % Absolute value of the Jacobian for the transformation to R, ...
theta

80 absJ = 2*Rhat.*abs(Rhat.^2−1)./((Rhat.*cos(thetahat)).^2 + ...
sin(thetahat).^2).^3 ;

81

82 % JPDF. Since we are using degrees, the Jacobian is pi/180
83 p = pi/180 .* fq .* absJ ;
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84

85 % Confidence region (confidence level probability)
86 cr = 1 − exp(b.^2 − c) ;
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B.2 Subsampling Procedure for Mining Data

1 % Runs the subsampling procedure using mines data.
2 %
3 % As of 17 July 2012
4 %
5 % This program is free software: you can redistribute
6 % it and/or modify it under the terms of the GNU General
7 % Public License as published by the Free Software
8 % Foundation, either version 3 of the License, or any
9 % later version.

10 %
11 % This program is distributed in the hope that it
12 % will be useful, but WITHOUT ANY WARRANTY;
13 % without even the implied warranty of
14 % MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.
15 % See the GNU General Public License for more details,
16 % <http://www.gnu.org/licenses/>
17

18 % Choose a mine. Mavropigi has duplicates.
19 %mine = 'Amydaio';
20 mine = 'Mavropigi';
21

22 % Load data
23 [x, y, l] = loadLigniteData(mine) ;
24

25 % Artificial data
26 % x = data(:,1) ; y = data(:,2) ; l = data(:,3);
27

28 % SIC2004 data
29 %x = normalData(:,1) ; y = normalData(:,2) ; l = ...

normalData(:,3);
30

31 disp('−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−') ;
32 disp(['Mine :' mine]) ;
33 dataSize = length(x) ; disp(['N = ' num2str(dataSize)]);
34

35 % Descriptive statistics of z−values (lignite)
36 disp('−−−−−−Descriptive Statistics−−−−−−−−−') ;
37 minl = min(l) ; disp(['min : ' num2str(minl)]) ;
38 meanl = mean(l); disp(['mean : ', num2str(meanl)]);
39 medianl = median(l); disp(['median : ',num2str(medianl)]) ;
40 stdl = std(l); disp(['std dev : ', num2str(stdl)]) ;
41 skewl = skewness(l) ; disp(['skewness : ', num2str(skewl)]) ;
42 kurtl = kurtosis(l)−3 ; disp(['excess kurtosis : ', ...

num2str(kurtl)]) ;
43 maxl = max(l); disp(['max : ', num2str(maxl)]);
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44

45 % Histogram / Weibull plot
46 % figure ; hist(l, 30) ;
47 % figure ; weibplot(l) ;
48

49 % Box−Cox ?
50 % [l, lambda] = boxcox(l); lambda
51

52 % Data normalization
53 unitlength = 1000 ; lscale = 1;
54 x = (x−mean(x))/unitlength ; y=(y−mean(y))/unitlength ; l = ...

l/lscale;
55 xmin = min(x); xmax = max(x); xr = xmax − xmin;
56 ymin = min(y); ymax = max(y); yr = ymax − ymin;
57

58 % Interpolation meshgrid
59 [xint yint] = meshgrid(linspace(xmin, xmax, 200), ...

linspace(ymin, ymax, 200));
60

61 % Interpolate using natural neighbor method; contains NaNs
62 lint = interpolateScatteredData(x', y', l', xint, yint, ...

'natural');
63

64 % Estimate anisotropy
65 est = estimateAnisotropy(xint,yint, ...
66 interpolateScatteredData(x', y', l', xint, yint, ...

'natural', mean(l)));
67 Rest = est(1); thetaest = est(2);
68 disp('−−−−−−−−−−−−−Anisotropy−−−−−−−−−−−−−−');
69 disp([Rest, thetaest]);
70

71 % Isotropy test
72 disp('−−−−−−−−−−−Isotropy test−−−−−−−−−−−−−');
73 disp(isotropyConfidenceInterval(dataSize)) ;
74

75 % Draw anisotropy ellipse
76 scale = 0.1;
77 if strcmp(mine, 'Mavropigi')
78 center = [xmin + 7/8 * xr , ymin + 7/8 * yr];
79 else
80 center = [xmin + 7/8 * xr , ymin + 1/8 * yr];
81 end
82 semimajor = scale * xr / Rest;
83

84 % Ellipse points for visualizing estimated anisotropy
85 ellp = calculateEllipse(center(1), center(2), semimajor, ...

scale*xr, thetaest ,37);
86

87 % Plot data and anisotropy ellipse
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88 figure ;
89 hold on
90 box on
91 pcolor(xint, yint, lint) ; shading flat ;
92 t = colorbar('peer',gca);
93 set(get(t,'ylabel'), 'String', 'Lignite (m)');
94 plot(x,y,'.k') ;
95 plot(ellp(:,1), ellp(:,2), '−k') ;
96 arrow(center, [ellp(1,1) ,ellp(1,2)]) ;
97 arrow(center, [ellp(28,1), ellp(28,2)]) ;
98 axis equal tight
99 xlabel('x (km)') ; ylabel('y (km)') ;

100 hold off
101 figbolden;
102 print('−dpng', '−r400', [lower(mine),'.png']);
103

104 %break;
105

106 % Do subsampling and plot results
107 runs = 1000 ;
108

109 % Use 50% of the data
110 samples = round(0.5 * dataSize) ;
111 disp(['Samples used: ', num2str(samples)]);
112

113 % Scatter plot compared to theoretical confidence region
114 plotConfidenceIntervalScattered([x y l], runs, samples, [0.5 ...

1.5], [−45 45]);
115

116 %Isotropy Test for sparse dataset
117 disp('Isotropy test for sparse set') ;
118 disp(isotropyConfidenceInterval(samples)) ;

— Randall Munroe, xkcd
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