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EuqaristÐec

KatarqĹc ja ăjela na euqaristăsw ton sÔmboulo kajhghtă mou, Kajhgh-
tă IwĹnnh SaridĹkh o opoÐoc mou pareÐqe thn Ĺrtia episthmonikă kajodăghsh
gia thn oloklărwsh thc paroÔsac diatribăc.

Touc kajhghtèc mou sto Genikì Tmăma kai idiaÐtera thn E.PapadopoÔlou,
Anaplhrÿtria Kajhgătria kai ton A.Delă Lèktora, gia thn summetoqă touc
sthn trimelă epitroph.

Ton Lèktora E. MajioudĹkh gia thn paroqă polÔtimwn episthmonikÿn
gnÿsewn-sumboulÿn.

Touc sunadèlfouc mou metaptuqiakoÔc foithtèc gia thn hjikă sumparĹ-
stash pou mou pareÐqan.

Tèloc euqaristÿ ta mèlh thc oikogeneÐac mou gia thn kĹje eÐdouc boăjeia
katĹ thn diĹrkeia twn spoudÿn mou.
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Prìlogoc

H paroÔsa ergasÐa eÐnai domhmènh se tèssera kefĹlaia.

Sto prÿto kefĹlaio parousiĹzetai mia eisagwgă sthn arijmhtikă mèjodo
Collocation. Sth sunèqeia gÐnetai efarmogă Hermite Cubic Orthogonal Col-
location se problămata morfăc metaforĹs-diĹqushc. Sto tèloc tou kefalaÐou
gÐnetai anaforĹ sta megĹla problămata pou parousiĹzontai katĹ thn arijmh-
tikă epÐlush twn parapĹnw problhmĹtwn me thn Hermite Cubic Orthogonal
Collocation.

Sto deÔtero kefĹlaio anaptÔsontai mèjodoi Hermite Cubic Spline Col-
location (H.C.S.C.), oi opoÐec enswmatÿnoun upwinding qarakthristikĹ. Ar-
qikĹ parousiĹzetai mia fasmatikă anĹlush twn pinĹkwn paragÿgishc thc H.C.S.C..
Sth sunèqeia basizìmenoi se autăn thn anĹlush kataskeuĹzontai sÔnola apì
collocation points, ÿste h mèjodoc na apoktăsei upwinding qarakthristikĹ.
Sto tèloc tou kefalaÐou, efarmìzetai h Upwind H.C.S.C. gia thn arjmhti-
kă epÐlush problămatwn tÔpou metaforĹs-diĹqushc kai gÐnetai sÔgkrish twn
apotelesmĹtwn me thn orthogonal collocation.

Sto trÐto kefĹlaio anazhtoÔme mia kallÐterh diamèrish tou diastămatoc
I = [a, b], pĹnw sto epilÔetai to prìblhma, ÿste h arijmhtikă mèjodoc na
sumperifèretai kallÐtera. GÐnetai anaforĹ se adaptive h-refinement teqnikèc
pou prosarmìzoun katĹllhla èna plègma diakritopoÐhshc kai gÐnetai kata-
skeuă miac epanalhptikăc h-refinement teqnikăc qrhsimopoiÿntac th mèjodo
thc Hermite Cubic Orthogonal Collocation.

Sto tètarto kefĹlaio gÐnetai sÔntomh perÐlhyh twn apotelesmĹtwn thc
paroÔsac metaptuqiakăc ergasÐac.
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SumbolismoÐ

• ◦
Ω : To eswterikì enìc sunìlou Ω.

• ∂Ω : To sÔnoro enìc sunìlou Ω.

• O : ’Estw f(x1, x2, . . . , xn) mia sunĹrthsh n metablhtÿn. Tìte me Of

sumbolÐzoume thn klÐsh thc sunĹrthshc, dhladă Of =
( ∂f

∂x1

,
∂f

∂x2

, . . . ,
∂f

∂xn

)
.

• M : O Laplasianìc telestăc ă aplwc Laplasiană. SumbolÐzetai kai
me O2. H Laplasiană miac sunĹrthshc f(x1, x2, . . . , xn) n metablhtÿn

eÐnai M f =
∂2f

∂x2
1

+
∂2f

∂x2
2

+ . . . +
∂2f

∂x2
n

.

• L2(Ω) : O grammikìc qÿroc ìlwn twn metrăsimwn sunartăsewn
f : Ω → K gia tic opoÐec,

∫

Ω

|f |2dΩ < ∞.

• H2(Ω) : Me H2(Ω) sumbolÐzoume ton qÿro Sobolev deutèrac tĹxewc.
GenikĹ ènac qÿroc Hm(Ω) Sobolev m−ostăc tĹxewc, eÐnai o qÿroc twn
tetragwnikÿn oloklhrÿsimwn sunartăsewn pou èqoun m merikèc pa-
ragÿgouc, ìpou eÐnai anaparastĹshmec wc tetragwnikĹ oloklhrÿsimec
sunartăseic,

Hm(Ω) =
{

u ∈ L2(Ω)
∣∣∂ku

∂xk
∈ L2(Ω), k = 1, . . . , m

}

efodiasmènoc me eswterikì ginìmeno,

< u, v >Hm(Ω)=
m∑

i=0

∫

Ω

∂ku

∂xk

∂kv

∂xk
dΩ

kai nìrma,
||u||Hm(Ω) =

√
< u, v >Hm(Ω).
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KefĹlaio 1

Eisagwgă

1.1 To prìblhma

EÐnai gnwstì ìti parabolikèc exisÿseic thc morfăc metaforĹs-diĹqushc
(advection-diffusion) perigrĹfoun majhmatikĹ montèla pollÿn diaforetikÿn
diadikasiÿn pou emfanÐzontai se diĹforec perioqèc thc epistămhc kai thc mh-
qanikăc. H genikìterh touc morfă èqei wc exăc:

∂u(x, t)

∂t
+ Lu(x, t) = f (x, t) , me x ∈ ◦

Ω kai t > 0

{
Bu(x, t) = g (x, t) , me x ∈ ∂Ω kai t > 0
u(x, t) = uo(x) , ìtan t = 0

(1.1)

kai

L = −ε · 4u(x, t) + v · Ou(x, t)

ìpou L,B diaforikoÐ telestèc, ε o suntelestăc diĹqushc (diffusion) kai v to
diĹnusma taqÔthtac (suntelestăc advection1).

EÐnai eurèwc gnwstì ìti h arijmhtikă epÐlush twn parapĹnw exisÿsewn
me kajierwmènec arijmhtikèc mejìdouc jewreÐtai aneparkăc ìtan h posìthta

ε

||v|| eÐnai mikră se sqèsh me to mègejoc tou qwrikoÔ bămatoc diakritopoÐhshc

thc ekĹstote arijmhtikăc mejìdou epÐlushc,[BRI02,BRI04,HUN93,LEV98].

1Ο συντεlεστήc advection καlείται επίσηc και συντεlεστήc convection.
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4 KEF§ALAIO 1. EISAGWG§H

Gia thn melèth thc sumperiforĹc twn arijmhtikÿn mejìdwn sthn lÔsh twn
parapĹnw montèlwn (1.1) eÐnai kajierwmènh h qrăsh tou problămatoc montè-
lou:




−ε · 4u(x) + v · Ou(x) = f (x) , me x ∈ ◦

Ω

Bu(x) = g (x) , me x ∈ ∂Ω

(1.2)

To parapĹnw prìblhma montèlo, tou opoÐou h epÐlush kai h anĹdeixh twn
idiomorfiÿn pou parousiĹzei katĹ thn epÐlush eÐnai o skopìc thc paroÔsac
douleiĹc, apoteleÐ thn steady - state katĹstash twn problhmĹtwn (1.1).

Sthn sunèqeia ja kĹnoume anaforĹ se jewrhtikĹ stoiqeÐa thc arijmhtikăc
mejìdou pou ja qrhsimopoiăsoume gia thn arijmhtikă epÐlush twn problhmĹ-
twn (1.2).

1.2 Collocation

H mèjodoc thc collocation (kajÿc kai Ĺllec mèjodoi ìpwc spectral, finite
volume, finite elements, finite difference) mporeÐ na paraqjeÐ me sugkekrimè-
nh efarmogă thc mejìdou twn weighted residuals. H mèjodoc twn weighted
residuals qrhsimopoieÐ expansion functions2 wc bĹsh sunartăsewn gia thn
anĹptuxh se morfă peperasmènou ajroÐsmatoc thc lÔshc miac diaforikăc exÐ-
swshc. Sthn sunèqeia gia na exasfalisteÐ ìti h proseggistikă lÔsh, h opoÐa
orÐzetai apì to peperasmèno Ĺjroisma twn expansion functions, ja ikanopoieÐ
thn diaforikă exÐswsh ìso to dunatìn “kallÐtera ”( dhladă ìso to dunatìn
pio kontĹ sthn pragmatikă lÔsh ), test functions3 qrhsimopoioÔntai gia na
elaqistopoiăsoun to upìloipo, to opoÐo emfanÐzetai ìtan h proseggistikă
lÔsh antikatastăsei thn pragmatikă sthn diaforikă exÐswsh. DiaforetikoÐ
sunduasmoÐ twn expansion functions kai twn test functions odhgoÔn se dia-
foretikèc mejìdouc.

Sthn sunèqeia ja parĹgoume thn mèjodo twn peperasmènwn stoiqeÐwn thc
collocation ìpou ja qrhsimopoiăsoume gia thn diakritopoÐhsh twn problhmĹ-
twn mac, wc apotèlesma thc mejìdou twn weighted residuals.

2Οι expansion functions καlούνται επίσηc trial functions.
3Οι test functions καlούνται επίσηc weighting functions.
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1.2.1 Mèjodoc Weighted Residuals

’Estw L grammÐkoc diaforikìc telestăc deutèrac tĹxewc . JewroÔme èna
qwrÐo Ω me sÔnoro G= ∂Ω kai upojètoume ìti f : Ω → R eÐnai mia dedomènh
sunĹrthsh. Opìte orÐzoume thn akìloujh diaforikă exÐswsh wc exăc:





Lu− f = 0 , me x ∈ ◦
Ω

u = uΓ , me x ∈ Γ = ∂Ω

(1.3)

’Estw to sÔnolo U twn trail sunartăsewn:

U =

{
u

∣∣∣ u ∈ H2(Ω) , u = uΓ sto Γ = ∂Ω

}
(1.4)

ta stoiqeÐa tou opoÐou eÐnai orismèna me trìpo tètoio, ÿste na ikanopoioÔn
thn diaforikă exÐswsh (1.3) sto sÔnoro Γ = ∂Ω.

OrÐzoume epÐshc to sÔnolo twn W test sunartăsewn:

W =

{
w

∣∣∣ w ∈ L2(Ω) , w = 0 sto Γ = ∂Ω

}
(1.5)

ta stoiqeÐa tou opoÐou eÐnai orismèna me trìpo tètoio, ÿste na eÐnai mhdenikĹ
sto sÔnoro Γ = ∂Ω.

Qrhsimopoiÿntac ta sÔnola U kai W , gia thn anazăthsh miac lÔshc u ∈ U ,
ÿste na exasfalÐzetai ìti h probolă thc sunĹrthshc Lu−f pĹnw sto sÔnolo
W twn test sunartăsewn eÐnai mhdèn, h diaforikă exÐswsh (1.3) mporeÐ na
apoktăsei akìloujh morfă:





Brèc u ∈ U tètoia ÿste:

< Lu− f, w >w = 0 , ∀w ∈ W
(1.6)

Ston qÿro L2(Ω) to parapĹnw eswterikì ginìmeno mporeÐ na ekfrasteÐ me
exăc morfă:





Brèc u ∈ U tètoia ÿste :

∫
Ω

(Lu− f )wdΩ = 0 , ∀w ∈ W
(1.7)



6 KEF§ALAIO 1. EISAGWG§H

To epìmeno băma gia to diakritopoihmèno sqăma eÐnai h epilogă enìc pepe-

rasmènhc diĹstashc upoqÿrou Û ⊆ U me bĹsh
{

φi

}n

i=1
, o opoÐoc perilambĹnei

thn proseggistikă lÔsh û. Oi trial sunartăseic
{

φi

}n

i=1
qrhsimopoioÔntai wc

bĹsh gia to anĹptugma thc proseggistikăc lÔshc. Opìte h proseggistikă
lÔsh û ∈ Û grĹfetai:

û =
n∑

i=1

ciφi (1.8)

Apì thn epilogă tou qÿrou Û exartĹtai an ja qrhsimopoihjeÐ o akribăc diafo-
rikìc telestăc L ă ènac katĹllhloc diaforikìc telestăc L̂. Sthn perÐptwsh
thc finite element collocation o qÿroc Û epitrèpei thn qrăsh tou akriboÔc
diaforikoÔ telestă L, afoÔ apoteleÐtai apì analutikèc sunartăseic (poluw-
numikèc sunartăseic). ’Otan h proseggistikă lÔsh û antikatastajeÐ sthn
diaforikă exÐswsh (1.3), tìte aută den ja eÐnai tautotikĹ mhdèn allĹ:

Lû− f = r̂ (1.9)

ìpou r̂ kaleÐtai upìloipo ă sunĹrthsh upoloÐpou (ă sfĹlmatoc) katĹ thn dia-
kritopoiăsh thc diaforikăc exÐswshc. Oi suntelestèc tou anaptÔgmatoc thc
lÔshc ci apì thn (1.8) eÐnai Ĺgnwstoi kai mporoÔn na apokthjoÔn apaitÿntac
h probolă tou upìloipou ston qÿro W na isoÔtai me mhdèn. Dhladă,

< r̂, w >w = 0 , ∀w ∈ W (1.10)

ă wc prìc thn L2− nìrma,

∫

Ω

r̂wdΩ = 0 , ∀w ∈ W. (1.11)

’Estw upoqÿroc Ŵ ⊆ W peperasmènhc diĹstashc me bĹsh
{
ψi

}n

i=1
. Opìte h

sqèsh (1.10) gÐnetai:





Brec û ∈ Û tètoia ÿste:

< Lû− f, ŵ >ŵ= 0 , ∀ŵ ∈ Ŵ

(1.12)
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ă isodÔnama qrhsimopoiÿntac to eswterikì ginìmeno tou qÿrou L2 èqoume:





Brec û ∈ Û tètoia ÿste:

∫
Ω

(Lû− f )ŵdΩ = 0 , ∀ŵ ∈ Ŵ

(1.13)

ìmwc, ìpwc ădh eqoume anafèrei, to parapĹnw eswterikì ginìmeno exasfalÐzei
ìti h probìlh thc sunĹrthshc Lû− f ja eÐnai mhdèn pĹnw stìn qÿro Ŵ , Ĺra
kai se kĹje stoÐqeio thc bĹshc tou

{
ψi

}n

i=1
. Sunepÿc, isodÔnama èqoume,

∫

Ω

(Lû− f )ψj dΩ = 0 me j = 1, . . . , n ⇔
∫

Ω

(L
n∑

i=1

ciφi − f )ψj dΩ = 0 me j = 1, . . . , n

kai afoÔ L grammikìc,

n∑
i=1

ci

∫

Ω

(Lφi − f )ψj dΩ = 0 me j = 1, . . . , n.

Opìte eÐmaste ètoimoi na orÐsoume thn diakrită morfă thc mejìdou twn wei-
ghted residuals, wc exăc:





Brec ci me i = 1, . . . , n tètoia ÿste:

∑n
i=1 ci

∫
Ω

(Lφi) · ψjdΩ =
∫

Ω
f · ψjdΩ , me j = 1, . . . , n

(1.14)

Sunepÿc qrhsimopoiÿntac sumbolismì pinĹkwn apoktoÔme to grammikì sÔsth-
ma:

L · ~c =~f (1.15)

ìpou ta stoiqeÐa Lij tou pÐnaka L kajÿc kai ta stoiqeÐa tou dianÔsmatoc
stălh ~f dÐnontai apì tic sqèseic:

Lij =

∫

Ω

(Lφi) · ψjdΩ (1.16)

fi =

∫

Ω

f · ψjdΩ (1.17)
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kai ìpou
~c = [c0, c1, . . . , cn]T (1.18)

~f = [f0, f1, . . . , fn]T . (1.19)

AkoloÔjwc oi Ĺgnwstoi suntelestèc ci thc proseggistikăc lÔshc mporoÔn
na apokthjoÔn apì thn lÔsh tou grammikoÔ sustămatoc (1.15). GnwrÐzon-
tac touc suntelestèc ci h proseggistikă lÔsh mporeÐ na upologisteÐ apì thn
sqèsh (1.8). Diaforetikèc epilogèc twn test functions odhgoÔn se diaforeti-
kèc mejìdouc diakritopoÐhshc. Sthn sunèqeia ja parĹgoume thn mèjodo thc
Collocation.

1.2.2 Collocation Method wc Weighted Residual Me-
thod

Gia thn paragwgă thc mejìdou thc collocation, ènac arijmìc n apì shmeÐa

orÐzontai sto Ω, ta opoÐa onomĹzontai collocation points
∏

COL =
{

xj

}n

j=1
kai

qrhsimopoiÿntac ta orÐzontai oi test functions ψj, epilègontĹc tic na eÐnai
Dirac dèlta sunartăseic sÔmfwna me ta parakĹtw:

ψj = δ(x− xj) (1.20)

me

δ(x− xj) =




∞ , me x = xj

0 , me x 6= xj

kai me thn idiìthta




∫
Ω

δ(x− xj)dΩ = 1 , me j = 1, . . . , n

∫
Ω

δ(x− xj)g(x)dΩ = g(xj) , me j = 1, . . . , n
(1.21)

Gia opoiadăpote suneqă sunĹrthsh g sto Ω.

Antikajistÿntac thn (1.20) sthn exÐswsh (1.14) kai me bĹsh tic parapĹnw
idiìthtec èqoume thn akìloujh diatÔpwsh thc mejìdou thc collocation:
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



Brec û ∈ Û tètoia ÿste:

Lû
∣∣∣
x=xj

= f (xj) , me j = 1, . . . , n
(1.22)

ParathroÔme ìti to upìloipo exanagkĹzetai se mhdenismì sto sÔnolo to opoÐo

èqei wc stoiqeÐa tou ta collocation points
∏

COL =
{

xj

}n

j=1
.

1.2.3 Finite Element Collocation Method

Ta parapĹnw genikeÔontai sthn perÐptwsh thc mejìdou twn peperasmènwn
stoiqeÐwn collocation, ìpou to qwrÐo Ω qwrÐzetai se ènan arijmì Nel apì
upoqwrÐa Ωi (stoiqeÐa “elements”tou qÿrou Ω) me thn idiìthta,





⋃Nel

i=1Ωi = Ω

⋂Nel

i=1

◦
Ωi = ∅

(1.23)

kai jewrÿntac wc qÿro twn proseggistikÿn lÔsewn Û na eÐnai:

Û = UFe =

{
u ∈ U

∣∣∣ u|Ωi
∈ PN(Ωi)

}
(1.24)

ìpou to PN(Ωi) dhlÿnei ton qÿro twn poluwnumikÿn sunartăsewn sto upo-
qwrÐo “element”Ωi bajmoÔ < N . Sthn perÐptwsh epÐlushc miac m-ostăc
tĹxewc diaforikăc exÐswshc me m - sunoriakèc sunjăkec orÐzoume èna sÔnolo

apo k = N-m interior collocation points
∏

COL =
{

xc
ij

}Nel,k

i,j=1
sto eswterikì

tou kĹje upoqwrÐou Ωi kai, èqoume:

∫

Ω

δ(x− xc
ij)Lu(x)dΩ =

∫

Ω1

δ(x− xc
ij)Lu(x)dΩ +

∫

Ω2

δ(x− xc
ij)Lu(x)dΩ+

+ · · ·+
∫

Ωi

δ(x− xc
ij)Lu(x)dΩ + · · ·+

∫

ΩNel

δ(x− xc
ij)Lu(x)dΩ. (1.25)

Opìte,
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Lu|Ω1(x
c
ij) + Lu|Ω2(x

c
ij) + · · ·+ Lu|Ωi

(xc
ij) + · · ·+ Lu|ΩNel

(xc
ij) = Lu|Ωi

(xc
ij)

Diìti gia to xc
ij collocation point èqoume

xc
ij ∈ Ωi ⇒ Lu|Ωk

(xc
ij) = 0 gia k 6= i.

Sunepÿc, eÐmaste ètoimoi na orÐsoume thn diatÔpwsh thc Finite Element Col-
location Method:

Lu|Ωi
(xc

ij) = f (xc
ij)

me j = 1, · · · , N−m kai i = 1, · · · , Nel. Sthn perÐptwsh thc miac diĹstashc, me
autìn ton trìpo kataskeuĹsame èna grammikì sÔsthma Nel(N−m) exisÿsewn
me Nel(N −m) + m agnÿstouc kai toÔto diìti se kĹje element Ωi èqoume N
agnÿstouc kai m sunjăkec sunèqeiac thc lÔshc stouc Nel − 1 eswterikoÔc
kìmbouc. Opìte sunolikĹ ja èqoume Nel(N−m)+m agnÿstouc. Oi upìloipec
m exisÿseic prokÔptoun apì tic m sunoriakèc sunjăkec. Se perissìterec
diastĹseic, o qÿroc mporeÐ na jewrhjeÐ ìti prokÔptei wc tanustikì ginìmeno
qÿrwn miac diĹstashc, kai analìgwc prokÔptei to grammikì sÔsthma (1.15).

ParĹdeigma thc Finite Element Collocation eÐnai h Hermite Cubic Finite
Element Collocation Method, thc opoÐac h bĹsh gia ton qÿro twn trail func-
tions apoteleÐtai apì tmhmatikĹ kubikĹ poluÿnuma hermite ÿste h proseggi-
stikă lÔsh na orÐzetai tmhmatikĹ se kĹje element Ωi kai ja thn anafèroume
se epìmenh enìthta.

1.2.4 Collocation points - Orthogonal Finite Element
Collocation

Diaforetikèc epilogèc tou sunìlou twn collocation points odhgoÔn se dia-
foretikèc taqÔthtec sÔgklishc thc mejìdou . Oi De Boor kai Swartz to 1973
[BOO73] èdeixan ìti h proseggistikă lÔsh gia mia m-ostăc tĹxewc diafori-
kăc exÐswshc me m - sunoriakèc sunjăkec mporeÐ na brejeÐ qrhsimopoiÿntac
mia tmhmatikă poluwnumikă prosèggish bajmoÔ mikrìterou tou m+k, èqontac
m-1 suneqeÐc paragÿgouc kai qrhsimopoiÿntac k-gauss points tou kĹje upo-
qwrÐou “element”Ωj. To sunolikì sfĹlma thc proseggistikăc lÔshc ja eÐnai
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thc tĹxewc O(hm+k) eĹn h pragmatikă lÔsh èqei m+2k suneqeÐc paragÿgouc
kai h diaforikă exÐswsh parĹgei ikanopoihtikĹ omalèc lÔseic. Sthn perÐptwsh
thc qrhsimopoÐhshc twn gauss points tou kĹje element Ωi tìte parĹgoume thn
gnwstă Orthogonal Collocation. H mèjodoc thc Orthogonal Collocation ba-
sÐzetai sthn Ðdia idèa ìpwc kai h Gaussian Quadrature, mejìdou prosèggishc
oloklhrÿmatoc me èna peperasmèno Ĺjroisma thc morfăc:

∫ b

a

f (x) =
m∑

i=1

wif (xi)

ìpou xi ta shmeÐa oloklărwshc (quadrature points) kai wi ta sqetizìmena
bĹrh (weights).
’Eqontac thn idiìthta ìti poluÿnuma bajmoÔ mikrìterou tou 2m na oloklh-
rÿnontai akribÿc. Sthn perÐptwsh thc mejìdou twn peperasmènwn stoiqeÐwn
Hermite Cubic Orthogonal Collocation thn opoÐa ja anafèroume sthn epìme-
nh enìthta, ta sqetizìmena bĹrh wi = 1 gia i = 1, 2 kai ta quadrature points
xi eÐnai oi rÐzec tou 2ou bajmoÔ poluÿnumou tou Legendre.

1.2.5 Hermite Cubic Finite Element Collocation

Sthn mèjodo twn peperasmènwn stoiqeÐwn Hermite Cubic Collocation h
bĹsh gia to sÔnolo twn trial functions Û apoteleÐtai apì tmhmatikĹ kubi-
kĹ poluÿnuma hermite. ArqikĹ orÐzoume ta kubikĹ poluÿnuma hermite sto
diĹsthma [−1, 1]:

Φ(x) =





ΦL(x), x ∈ [−1, 0]

ΦR(x), x ∈ [0, 1]

0, diaforetikĹ

me

ΦL(x) = (1 + x)2(1− 2x) (1.26)

ΦR(x) = (1− x)2(1 + 2x) (1.27)

kai
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Ψ(x) =





ΨL(x), x ∈ [−1, 0]

ΨR(x), x ∈ [0, 1]

0, diaforetikĹ

me

ΨL(x) = (1 + x)2x (1.28)

ΨR(x) = (1− x)2x (1.29)

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

Hermite polynomials in [−1,1]

Φ
L

Φ
R

Ψ
L

Ψ
R

y

Sqăma 1.1: Ta kubikĹ poluÿnuma hermite orismèna sto diĹsthma [−1, 1].

JewroÔme to diĹsthma I = [a, b] kai èstw mia diamerÐsh tou
{

Ii

}Nel

i=1
me

I =
⋃Nel

i=1Ii. OrÐzontac èna sÔnolo apì Nel + 1 shmeÐa “kìmbouc, ”
∏

Nel
={

xi

}Nel+1

i=1
sto [a, b], wc exăc:

a = x1 < x2 < . . . < xNel
< xNel+1 = b
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apoktoÔme mia diamèrish tou [a, b] ÿste,

Ii = [xi, xi+1]

kai
hi = xi+1 − xi

me i = 1, 2, . . . , Nel.
Qrhsimopoiÿntac aploÔc grammikoÔc metasqhmatismoÔc mporoÔme na orÐ-

soume ta kubikĹ poluÿnuma hemite se kĹje upodiĹsthma Ii = [xi, xi+1] , i =
1, . . . , Nel. Opìte èqoume:





ξ1,i(s) = (1− s)2(1 + 2s)

ξ2,i(s) = s(1− s)2

ξ3,i(s) = ξ1,i(1− s)

ξ4,i(s) = −ξ2,i(1− s)

(1.30)

ìpou

s =
x− xi

hi

ParathroÔme ìti isqÔoun oi exăc idiìthtec:





ξ1,i(xj) = δij

∂ξ1,i(xj)

∂x
= 0

ξ2,i(xj) = 0

∂ξ2,i(xj)

∂x
=

1

hi

δij

(1.31)

ìtan j = 1, 2, . . . , Nel, Nel + 1 kai
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Sqăma 1.2: Ta tmhmatikĹ kubikĹ poluÿnuma hermite orismèna sto element
Ii = [xi, xi+1].





ξ3,i(xj+1) = δij

∂ξ3,i(xj+1)

∂x
= 0

ξ4,i(xj+1) = 0

∂ξ4,i(xj+1)

∂x
=

1

hi

δij

(1.32)

ìtan j = 0, 1, . . . , Nel − 1, Nel.
’Opou δij to dèlta tou Kronecker,

δij =

{
1 , i = j
0 , i 6= j.

’Eqontac kataskeuĹsei thn bĹsh gia to sÔnolo twn trial sunartăsewn, orÐ-
zoume thn tmhmatikă poluwnÔmikh prosèggish gia thn lÔsh sto upodiĹsthma
Ii = [xi, xi+1] h opoÐa ja dÐnetai apì thn sqèsh:
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û(x) = c1,iξ1,i(s) + c2,iξ2,i(s) + c3,iξ3,i(s) + c4,iξ4,i(s) (1.33)

Apì tic sqèseic (1.31), (1.32) parathroÔme ìti isqÔoun ta exăc:





c1,i = û(xi)

c2,i = hiû′(xi)
c3,i = û(xi+1)

c4,i = hiû′(xi+1)

(1.34)

Opìte jewrÿntac ui = û(xi) kai u′i = û′(xi) h tmhmatikă poluwnÔmikh
prosèggish paÐrnei thn akìloujh morfă:

û(x) = uiξ1,i(s) + hiu
′
iξ2,i(s) + ui+1ξ3,i(s) + hiu

′
i+1ξ4,i(s) (1.35)

sto upodiĹsthma Ii = [xi, xi+1].
JewroÔme to sÔnolo

Ωc =

{
(x, y)

∣∣∣ x < y tètoia ÿste x, y ∈ (0, 1)

}
∈ R2 (1.36)

Gia èna dedomèno stoiqeÐo (σ1, σ2) tou sunìlou Ωc orÐzoume to sÔno-

lo twn collocation points gia thn diamèrish
∏

Nel
wc

∏
COL =

{
xc

ij

}Nel,2

i,j=1
, ìpou:

xc
i1 = xi + σ1(xi+1 − xi) (1.37)

xc
i2 = xi + σ2(xi+1 − xi) (1.38)

me j = 1, 2, . . . , Nel kai

xc
11 < xc

12 < xc
21 < xc

22 < . . . < xc
Nel1

< xc
Nel2

Gia parĹdeigma jewroÔme to monodiĹstato grammikì prìblhma sunoriakÿn
timÿn, twn montèlwn (1.2):

{
Lu(x) = f (x) , me x ∈ (a, b)
Bu(x) = g (x) , me x = a ă x = b

(1.39)
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ìpou

L = −ε
∂2·
∂x2

+ p(x)
∂·
∂x

Oi sunoriakèc sunjăkec tou problămatoc pou ja qrhsimopoiăsoume ja eÐnai
diaqwrÐsimec tÔpou Dirichlet ă Neumann.
KaloÔme thn proseggistikă lÔsh û kai thn antikajistoÔme sthn parapĹnw
diaforikă exÐswsh opìte èqoume:

L [û](x)− f (x) = E(x) (1.40)

ìpou E(x) h sunĹrthsh upoloÐpou (sfĹlmatoc). Skopìc mac eÐnai na epi-
lèxoume ta collocation points gia na upologÐsoume touc agnÿstouc ui, u

′
i gia

i = 1, . . . , Nel+1, elègqontac tautìqrona kai thn sunĹrthsh sfĹlmatoc E(x).
Apaitÿntac na ikanopoieÐtai h diaforikă exÐswsh sto sÔnolo twn 2Nel colloca-

tion points
∏

COL =
{

xc
ij

}Nel,2

i,j=1
h sunĹrthsh upoloÐpou mhdenÐzetai E(xc

ij) = 0

kai apoktoÔme to diakritì mac montèlo:

L [û](xc
ij) = f (xc

ij) (1.41)

ìpou i = 1, . . . , Nel kai j = 1, 2.
H exÐswsh (1.41) paristĹnei èna sÔsthma 2Nel exisÿsewn me 2Nel + 2 agnÿ-
stouc ui, u

′
i me i = 1, . . . , Nel + 1. Se morfă pinĹkwn to grammikì sÔsthma

ekfrĹzetai wc exăc:

C̃x̃ = b̃ (1.42)

me

C̃ ∈ R2Nel,2Nel+2, x̃ ∈ R2Nel+2, b̃ ∈ R2Nel .

Sthn perÐptwsh mac qrhsimopoioÔme gia touc agnÿstouc kanonikă arÐjmhsh
dhladă:

x̃ = [u1, u
′
1, u2, u

′
2, . . . , uNel

, u′Nel
, uNel+1, u

′
Nel+1]

T .

Opìte o pÐnakac C̃ pou antistoiqeÐ se autăn thn arÐjmhsh èqei thn parakĹtw
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morfă:
C̃ =



C1,1 C2,1 C3,1 C4,1 0 0 · · · 0 0 0 0 0 0
C5,1 C6,1 C7,1 C8,1 0 0 · · · 0 0 0 0 0 0
0 0 C1,2 C2,2 C3,2 C4,2 · · · 0 0 0 0 0 0
0 0 C5,2 C6,2 C7,2 C8,2 · · · 0 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 · · · C1,Nel−1 C2,Nel−1 C3,Nel−1 C4,Nel−1 0 0
0 0 0 0 0 0 · · · C5,Nel−1 C6,Nel−1 C7,Nel−1 C8,Nel−1 0 0
0 0 0 0 0 0 · · · 0 0 C1,Nel

C2,Nel
C3,Nel

C4,Nel

0 0 0 0 0 0 · · · 0 0 C5,Nel
C6,Nel

C7,Nel
C8,Nel




ìpou

C1,i = L[ξ1,i](x
c
i1) C5,i = L[ξ1,i](x

c
i2)

C2,i = hiL[ξ2,i](x
c
i1) C6,i = hiL[ξ2,i](x

c
i2)

C3,i = L[ξ3,i](x
c
i1) C7,i = L[ξ3,i](x

c
i2)

C4,i = hiL[ξ4,i](x
c
i1) C8,i = hiL[ξ4,i](x

c
i2)

kai
b̃ = [f (xc

11), f (xc
12), . . . , f (xc

Nel1
), f (xc

Nel2
)]T

EisĹgontac tic sunoriakèc sunjăkec tou problămatoc sto aristerì Ĺkro
x = a kai sto dexiì x = b to parapĹnw grammikì sÔsthma ja metasqhmatisteÐ
se èna sÔsthma 2Nel exisÿsewn me 2Nel agnÿstouc, afoÔ kajorÐzontai 2 apì
touc prohgoÔmenouc 2Nel +2. Gia parĹdeigma jewroÔme sunoriakèc sunjăkec
tÔpou Neumann:

u(a) = ua

u′(b) = u′b

Opìte to grammikì sÔsthma (1.42) gÐnetai:

Cx = b
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ìpou

C ∈ R2Nel,2Nel , x ∈ R2Nel , b ∈ R2Nel

Opìte to diĹnusma twn agnÿstwn èqei wc exăc:

x = [u′1, u2, u
′
2, u3, . . . , uNel−1, uNel

, u′Nel
, uNel+1]

T

Kai o pÐnakac twn agnÿstwn C paÐrnei thn parakĹtw morfă:

C =




C2,1 C3,1 C4,1 0 0 · · · 0 0 0 0 0
C6,1 C7,1 C8,1 0 0 · · · 0 0 0 0 0
0 C1,2 C2,2 C3,2 C4,2 · · · 0 0 0 0 0
0 C5,2 C6,2 C7,2 C8,2 · · · 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

0 0 0 0 0 · · · C1,Nel−1 C2,Nel−1 C3,Nel−1 C4,Nel−1 0
0 0 0 0 0 · · · C5,Nel−1 C6,Nel−1 C7,Nel−1 C8,Nel−1 0
0 0 0 0 0 · · · 0 0 C1,Nel

C2,Nel
C3,Nel

0 0 0 0 0 · · · 0 0 C5,Nel
C6,Nel

C7,Nel




.

To dexiì mèloc tou grammikoÔ sustămatoc gÐnetai:

b =




f(xc
11)− L[ξ1,1](x

c
11)ua

f(xc
12)− L[ξ1,1](x

c
12)ua

f(xc
21)

f(xc
22)
...

f(xc
Nel−1 1)

f(xc
Nel−1 2)

f(xc
Nel 1)− L[ξ4,Nel

](xc
Nel 1)u

′
b

f(xc
Nel 2)− L[ξ4,Nel

](xc
Nel 2)u

′
b




.

Parathrăseic

• O Collocation pÐnakac C èqei mplok tridiagÿnia morfă me mplok diĹ-
stashc 2× 2.

• Den eÐnai summetrikìc oÔte jetikĹ orismènoc.

• EÐnai araiìc kajÿc kai pÐnakac zÿnhc.
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1.3 Efarmogă thc mejìdou sto prìblhma

JewroÔme thn 1-dimensional steady-state problămatoc advection- diffu-
sion pou dÐnetai apì thn parakĹtw sqèsh:

−ε · u′′(x) + β · u′(x) = 1 , otan 0 < x < 1 (1.43)

me sunoriakèc sunjăkec tÔpou Dirichlet

u(0) = 0

u(1) = 0

H analutikă lÔsh tou problămatoc eÐnai:

u(x) =
1− e

βx
ε

e
β
ε − 1

+
x

β

Ja epiqeirăsoume na lÔsoume arijmhtikĹ to parapĹnw prìblhma qrhsimo-
poiÿntac thn Orthogonal FEM Hermite Collocation. Kratÿntac ton suntele-
stă diĹqushc ε > 0 stajerì kai jewrÿntac ìti suntelestăc advection β → 0
me β > 0, parathroÔme ìti h arijmhtikă epÐlush tou parapĹnw problămatoc
den parousiĹzei kamÐa duskolÐa. Gia parĹdeigma jètontac ε = 1 kai β → 0
èqoume ta parakĹtw apotelèsmata:
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Sqăma 1.3: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia ε = 1 kai β = 0.1 (
ε

||β|| = 10 h = 0.25).
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Sqăma 1.4: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia ε = 1 kai β = 0.01 (
ε

||β|| = 100 h = 0.25).
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Sqăma 1.5: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia ε = 1 kai β = 0.001 (
ε

||β|| = 1000 h = 0.25).

Parathrăseic

• O suntelestăc diĹqushc uperèqei tou suntelestă advection.

• H posìthta
ε∥∥β
∥∥ gÐnetai arketĹ megĹlh kajÿc β → 0 se sqèsh me

to băma diakritopoÐhshc thc mejìdou, ìpwc faÐnetai apo ta parapĹnw
sqămata.

• H pragmatikă lÔsh paramènei omală kajÿc β → 0.

• IkanopoioÔntai ta krităria tĹxhc sÔgklishc thc arijmhtikăc mejìdou.

Sthn antÐjeth perÐptwsh, pou o suntelestăc taqÔthtac β eÐnai polÔ me-
galÔteroc apì ton suntelestă diĹqushc ε h pragmatikă lÔsh thc diaforikăc
exÐswshc teÐnei se mia mh-suneqă sunĹrthsh h opoÐa thn teleutaÐa stigmă
paÐrnei thn timă 0. Aută h perioqă thc apìtomhc metĹbashc thc lÔshc kaleÐ-
tai sunoriakì strÿma “boundary layer”. Gia parĹdeigma diathrÿntac to β
stajerì kai Ðso me 1 kai upojètontac ìti 0 < ε ≪ 1 èqoume:



22 KEF§ALAIO 1. EISAGWG§H

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

real solution

u 
( x

 )

ε = 1

ε = 0.1

ε = 0.05

ε = 0.01

ε = 0.005

Sqăma 1.6: H pragmatikă lÔsh kajÿc ε → 0.

Paratărhsh

• ParathroÔme ìti sto sugkekrimèno parĹdeigma to plĹtoc tou boundary
layer eÐnai thc tĹxewc O(ε).

Epiqeirÿntac thn arijmhtikă epÐlush kajÿc ε → 0 kai β = 1 parathroÔme
ìti h sumperiforĹ thc mejìdou krÐnetai aneparkăc diìti:

• Kajÿc ε → 0 h tĹxh sÔgklishc paÔei pia na eÐnai thc tĹxewc O(h4) kai
kajÿc to ε gÐnetai mikrì h tĹxh sÔgklishc suneqÿc elattÿnetai ìpwc
faÐnetai sta parakĹtw sqămata.

• EpÐshc proseggistikă lÔsh parousiĹzei talantÿseic h kontĹ sthn pe-
rioqă tou boundary layer gia mikrèc diamerÐseic.
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Sqăma 1.7: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.5 (
ε

||β|| = 0.5 h = 0.25).
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Sqăma 1.8: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.1 (
ε

||β|| = 0.1 h = 0.25).
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Sqăma 1.9: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.05 (
ε

||β|| = 0.05 h = 0.25).
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Sqăma 1.10: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.01 (
ε

||β|| = 0.01 h = 0.25).
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Sqăma 1.11: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.01 (
ε

||β|| = 0.01 h = 0.125).
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Sqăma 1.12: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.005 (
ε

||β|| = 0.005 h = 0.25).
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Sqăma 1.13: H pragmatikă, proseggistikă lÔsh kajÿc h taqÔthta sÔgklishc

gia β = 1 kai ε = 0.005 (
ε

||β|| = 0.005 h = 0.125).

Parathrăseic

• ParathroÔme ìti ìso mikrìterh eÐnai h posìthta
ε∥∥β
∥∥ se sqèsh me to

băma diakritopoÐhshc tìso perissìterec talantÿseic parousiĹzei h pro-
seggistikă lÔsh, sqămata 1.7 eÿc 1.13. To qarakthristikì autì, ìpwc
ădh èqoume anafèrei emfanÐzetai sta perissìtera arijmhtikĹ sqămata
[BRI02,BRI04,HUN93,LEV98].

• EpÐshc parathroÔme ìti ìso plhsiĹzoume kontĹ sthn perioqă tou boun-
dary layer tìso megalÔtera sfĹlmata eisèrqontai sth proseggistikă
lÔsh.

Ja lègame ìti aută h mikră diataraqă sthn lÔsh kajÿc ε → 0, teÐnei na
allĹxei entelÿc ton qaraktăra thc diaforikăc exÐswshc apì 2ac tĹxewc, ìpou
duo sunoriakèc sunjăkec apaitoÔntai gia thn monadikìthta thc lÔshc, se mia
1hc tĹxewc, ìpou mia arqikă sunjăkh eÐnai arketă gia ton monadikì orismì thc
lÔshc.

Genikìtera kĹje diaforikă exÐswsh sthn opoÐa mia mikră parĹmetroc pol-
laplasiĹzetai me thn mègisthc tĹxhc parĹgwgo pou perièqei, odhgeÐ se èna
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idiìmorfo prìblhma diataraqÿn “singularly pertubed problem”. Tètoiou eÐ-
douc problămata prokaloÔn pollèc arijmhtikèc duskolÐec diìti allĹzei h lÔsh
taqÔtata se mikrĹ diastămata tou pedÐou orismoÔ thc. Se autèc tic idiìmorfec
perioqèc (ìpwc boundary, interior layers) h

∥∥u′(x)
∥∥ gÐnetai polÔ megĹlh pro-

kalÿntac megĹla sfĹlmata katĹ thn arijmhtikă touc epÐlush kontĹ se autèc
tic perioqèc.
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KefĹlaio 2

Upwind Hermite Collocation

H finite element spline collocation èqei qrhsimopoihjeÐ eurèwc sthn arij-
mhtikă epÐlush M.D.E. kai S.D.E. [ASC95], lìgw thc uyhlăc thc tĹxhc akrÐ-
beiac kai thc eÔkolhc efarmogăc thc. H mèjodoc thc collocation sta gauss
points, èqei apodeiqjeÐ ìti dÐnei thn mègisth tĹxh akrÐbeiac se sqèsh me opoia-
dăpote allĹ collocation points gia ikanopoihtikĹ omalèc lÔseic. Sthn perÐ-
ptwsh thc hermite collocation kai gia ikanopoihtikĹ omalèc lÔseic èqoume
sfĹlmata tĹxhc O(h4) [BOO73, ASC95]. ’Omwc se problămata metaforĹs-
diĹqushc allĹ kai genikìtera se idiìmorfa problămata diataraqÿn ìpou h
pragmatikă lÔsh metabĹlletai apìtoma se mikrèc perioqèc tou pedÐou orismoÔ
thc, h mèjodoc adunateÐ na proseggÐsei ikanopoihtikĹ thn lÔsh, prosdÐdontac
talantÿseic sthn proseggistikă lÔsh.

Parìmoia problămata emfanÐzontai kai se summetrikĹ sqămata peperasmè-
nwn diaforÿn kai peperasmènwn stoiqeÐwn sthn epÐlush tètoiwn problhmĹ-
twn. Gia thn antimetÿpish autÿn twn problhmĹtwn se autèc tic mejìdouc,
qrhsimopoioÔntai upwind sqămata, ta opoÐa eÐnai mh-summetrikĹ. KĹpoiec mè-
jodoi collocation me upwinding qarakthristikĹ protĹjhkan apì touc [ASC86,
BRI02, BRI04, MAH93, RIN84, SUN00]. Sta sqămata autĹ qrhsimopoiă-
jhkan mh summetrikĹ collocation points ÿste h proseggistikă lÔsh na mhn
perièqei talantÿseic.

JewroÔme to aplì prìblhma sunoriakÿn timÿn,

−εuxx + pux = d(x) ε > 0 (2.1)

me katĹllhlec sunoriakèc sunjăkec. ’Otan èna arijmhtikì sqăma efarmosteÐ

29
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sto (2.1), tìte èqoume thn akìloujh diakrită morfă,

−εT2~u + pT1~u = ~d

ìpou T1, T2 oi pÐnakec prÿthc kai deÔterhc tĹxhc paragÿgishc antÐstoiqa
tou sqămatoc pou qrhsimopoieÐtai. H eustĹjeia tou arijmhtikoÔ sqămatoc
exartĹtai apì tic idiotimèc tou pÐnaka.

M = −εT2 + pT1

Gia arketĹ mikrì ε to sqăma jewreÐtai eustajèc (dhladă to arijmhtikì sqăma
den prosdÐdei talantÿseic sthn proseggistikă lÔsh) ìtan ìlec oi idiotimèc
tou pÐnaka prÿthc paragÿgishc T1 tou sqămatoc brÐskontai se èna apì ta
duo pragmatikĹ hmi-epÐpeda. Pio sugkekrimèna eĹn p > 0 tìte oi idiotimèc
tou T1 prèpei na brÐskontai sto dexiì pragmatikì hmi-epÐpedo, enÿ eĹn p < 0
sto aristerì pragmatikì hmi-epÐpedo, ìpwc akribÿc kai sthn perÐptwsh twn
klassikÿn sqhmĹtwn upwind peperasmènwn diaforÿn [LEV98]. Sqămata twn
opoÐwn oi idiotimèc tou T1 èqoun kai jetikĹ kai arnhtikĹ pragmatikĹ mèrh den
eÐnai eustajă.

MerikĹ upwinding qarakthristikĹ gia pseudospectral collocation meletă-
jhkan apì touc [HUN93]. ArijmhtikĹ apotelèsmata kai jewrhtikă anĹlush
sto prìblhma

4εuxx + 2ux =
1 + x

2
x ∈ (−1, 1) ε > 0

u(−1) = u(1) = 0

upojètoun ìti oi idiotimèc tou prÿthc tĹxewc pÐnaka paragÿgishc, prèpei na
entopÐzontai sto aristerì pragmatikì hmi-epÐpedo ÿste to sqăma na eÐnai
eustajèc prosdÐdontac lÔseic qwrÐc talantÿseic. Autì eÐnai to kÔrio qa-
rakthristikì tou sqămatoc. To qarakthristikì autì emfanÐzetai ìpwc ădh
anafèrame prohgoumènwc kai sto klassikì upwind sqăma twn peperasmènwn
diaforÿn.

Se autì to kefalaÐo ja anaptÔxoume Hermite Cubic Spline Collocation
(H.C.S.C.) mejìdouc ìpou ja enswmatÿnoun ta parapĹnw upwinding qara-
kthristikĹ. Sthn arqă tou kefalaÐou ja parousiĹsoume mia fasmatikă anĹlu-
sh twn pinĹkwn paragÿgishc thc H.C.S.C. sÔmfwna me touc [RUS97, SUN99,
WEI88]. Sthn sunèqeia basizìmenoi se autăn thn anĹlush ja prospajăsou-
me na kataskeuĹsoume sÔnola apì collocation points ÿste h mèjodoc mac
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na kalÔptei tic parapĹnw proôpojèseic gia èna eustajèc sqăma. EpÐshc ja
orÐsoume to sÔnolo twn collocation points gia to opoÐo h mèjodoc den eÐnai
eustajăc. Sto tèloc tou kefalaÐou ja efarmìsoume thn Upwind H.C.S.C.
gia na epilÔsoume arijmhtikĹ kĹpoia problămata morfăc metaforĹs-diĹqushc
kai ja sugkrÐnoume ta apotelèsmata mac me thn orthogonal collocation.

2.1 Collocation PÐnakec Paragÿgishc

’Eqoume ădh anafèrei sto prÿto kefĹlaio pwc kataskeuĹzetai to diakritì

sqăma thc Hermite Collocation. ’Estw ΠN =
{

xi

}n+1

i=1
mia omoiìmorfh diamè-

rish tou [0, 1], ÿste h = xi+1− xi , i = 1, . . . , n. Tìte sÔmfwna me thn (1.35)
h kubikă Hermite prosèggish thc lÔshc orÐzetai,

v(x) = uiξ1(s) + hu′iξ2(s) + ui+1ξ3(s) + hu′i+1ξ4(s) (2.2)

se kĹje element [xi, xi+1] me i = 1, . . . , n. ’Opou ξi(s) me i = 1, . . . , 4 kai

s =
x− xi

h
, ta kubikĹ poluÿnuma Hermite sto [xi, xi+1], ìpwc orÐzontai apì

thn sqèsh (1.30). Profanÿc v(xi) = ui kai v(xi+1) = ui+1. ’Estw Ωc to
sÔnolo ìpwc orÐzetai apì thn sqèsh (1.36) kai (σ1, σ2) ∈ Ωc. SÔmfwna me
tic sqèseic (1.37),(1.38) orÐzetai to sÔnolo twn collocation points gia thn

dedomènh diamèrish ΠCOL =
{

xc
ij

}n,2

i,j=1
.

H spline collocation diakrită morfă tou problămatoc (2.1) dÐnetai,

−εvxx(x
c
ij) + pvx(x

c
ij) = d(xc

ij) i = 1, . . . , n j = 1, 2

h opoÐa se morfă pinĹkwn gÐnetai,

−εA2~u + pA1~u = ~d

ìpou A1, A2 oi collocation pÐnakec prÿthc kai deÔterhc paragÿgou antÐstoiqa.
Gia thn diĹtaxh tou dianÔsmatoc ~u qrhsimopoioÔme kanonikă arÐjmhsh twn
agnÿstwn,

~u = [u1, hu′1, u2, hu′2, . . . , un, hu′n, un+1, hu′n+1]
T
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’Estw ìti me ~vk, k = 0, 1, 2 sumbolÐsoume thn k−ostă parĹgwgo, dhladă

~v(k) = [v(k)(xc
11), v

(k)(xc
12), . . . , v

(k)(xc
n1), v

(k)(xc
n2)]

T k = 0, 1, 2

tìte parathroÔme
Ak~u = ~v(k). (2.3)

Oi collocation pÐnakec paragÿgishc Ak me k = 0, 1, 2 èqoun thn exăc araiă
morfă ìpwc prokÔptei apo tic sqèseic (2.2),(2.3).



x x x x 0 0 · · · 0 0 0 0 0 0
x x x x 0 0 · · · 0 0 0 0 0 0
0 0 x x x x · · · 0 0 0 0 0 0
0 0 x x x x · · · 0 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 · · · x x x x 0 0
0 0 0 0 0 0 · · · x x x x 0 0
0 0 0 0 0 0 · · · 0 0 x x x x
0 0 0 0 0 0 · · · 0 0 x x x x




Qrhsimopoiÿntac sunoriakèc sunjăkec tÔpou Neumann h Dirichlet tìte oi
pÐnakec Ak me k = 0, 1, 2 èqoun thn parakĹtw araiă domă, afoÔ lìgw twn
sunoriakÿn sunjhkÿn kĹpoioi Ĺgnwstoi ja èqoun plèon prosdioristeÐ.




x x x 0 0 · · · 0 0 0 0 0 0
x x x 0 0 · · · 0 0 0 0 0 0
0 x x x x · · · 0 0 0 0 0 0
0 x x x x · · · 0 0 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
...

...
0 0 0 0 0 · · · x x x x 0 0
0 0 0 0 0 · · · x x x x 0 0
0 0 0 0 0 · · · 0 0 0 x x x
0 0 0 0 0 · · · 0 0 0 x x x




. (2.4)

Apì thn (2.4) parathroÔme ìti oi pÐnakec Ak èqoun sqedìn mplok diagÿnia
morfă kai perièqoun n − 2 mh-mhdenikĹ 2 × 4 mplok kajÿc kai duo 2 × 3
mplok. Apì tic sqèseic (2.2),(2.3) èqoume ìti ìla ta 2×4 mplok eÐnai Ðdia kai
ekfrĹzontai wc exăc

h−k

(
ξ

(k)
1 (σ1) ξ

(k)
2 (σ1) ξ

(k)
3 (σ1) ξ

(k)
4 (σ1)

ξ
(k)
1 (σ2) ξ

(k)
2 (σ2) ξ

(k)
3 (σ2) ξ

(k)
4 (σ2)

)
(2.5)



2.1. COLLOCATION P§INAKES PARAG§WGISHS 33

ìpou ξ
(k)
i (s) =

dkξi

dsk
. Gia sunoriakèc sunjăkec tÔpou Dirichlet to prÿto kai

to teleutaÐo 2× 3 mplok eÐnai

h−k

(
ξ

(k)
2 (σ1) ξ

(k)
3 (σ1) ξ

(k)
4 (σ1)

ξ
(k)
2 (σ2) ξ

(k)
3 (σ2) ξ

(k)
4 (σ2)

)

h−k

(
ξ

(k)
1 (σ1) ξ

(k)
2 (σ1) ξ

(k)
4 (σ1)

ξ
(k)
1 (σ2) ξ

(k)
2 (σ2) ξ

(k)
4 (σ2)

)

antÐstoiqa, enÿ gia sunoriakèc tÔpou Neumann èqoume:

h−k

(
ξ

(k)
1 (σ1) ξ

(k)
3 (σ1) ξ

(k)
4 (σ1)

ξ
(k)
1 (σ2) ξ

(k)
3 (σ2) ξ

(k)
4 (σ2)

)

h−k

(
ξ

(k)
1 (σ1) ξ

(k)
2 (σ1) ξ

(k)
3 (σ1)

ξ
(k)
1 (σ2) ξ

(k)
2 (σ2) ξ

(k)
3 (σ2)

)
.

Apì thn sqèsh (2.3) èqoume ìti ~v = A0~u. Opìte ~u = A−1
0 ~v. O pÐnakac

A0 upojèsame ìti antistrèfetai. Sthn parĹgrafo 2.2.1 apodeiknÔoume ìti
gia opoiadăpote epilogă twn collocation points me sunoriakèc sunjăkec tÔ-
pou Dirichlet ă Neumann o A−1

0 upĹrqei. Sunepÿc to diakritì mac montèlo,

−εA2~u + pA1~u = ~d

isodÔnama grĹfetai,

−εA2A
−1
0 ~v + pA1A

−1
0 ~v = ~d ⇔

−εT2~v + pT1~v = ~d

me T1 = A1A
−1
0 kai T2 = A2A

−1
0 .

Sthn sunèqeia autoÔ tou kefalaÐou qrhsimopoiÿntac to teleutaÐo iso-
dÔnamo diakritì montèlo ja prospajăsoume na kataskeuĹsoume sÔnola apì
collocation points, ÿste h mèjodoc mac na kalÔptei tic proôpojèseic pou
anafèrame sthn arqă tou kefalaÐou autoÔ gia èna eustajèc upwind sqăma.
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2.2 Fasmatikă AnĹlush

Upojètoume to akìloujo prìblhma idiotimÿn, me k = 0, 1, 2

Tkv = λv

ìmwc Tk = AkA
−1
0 Ĺra,

AkA
−1
0 v = λv ⇔

Akv = λA0v

kai jewroÔme ton pÐnaka W (λ) = Ak − λA0. Gia sunjăkec tÔpou Dirichlet
orÐzoume ton pÐnaka,

CD
k (λ) =

(
h−kξ

(k)
2 (σ1)− λξ2(σ1) h−kξ

(k)
4 (σ1)− λξ4(σ1)

h−kξ
(k)
2 (σ2)− λξ2(σ2) h−kξ

(k)
4 (σ2)− λξ4(σ2)

)
(2.6)

kai me C̃D
k sumbolÐzoume ton suzugă pÐnaka tou CD

k . ’Opote:

C̃D
k (λ) =

(
h−kξ

(k)
4 (σ2)− λξ4(σ2) −h−kξ

(k)
4 (σ1) + λξ4(σ1)

−h−kξ
(k)
2 (σ2) + λξ2(σ2) h−kξ

(k)
2 (σ1)− λξ2(σ1)

)
. (2.7)

Gia parĹdeigma sthn perÐptwsh ìpou n = 3 oi pÐnakec Ak perièqoun èna mh-
mhdenikì mplok 2×4 kai profanÿc dÔo mh-mhdenikĹ mplok 2×3. Tìte polla-

plasiĹzontac apo aristerĹ me ton mplok diagÿnio pÐnaka diag(C̃D
k , C̃D

k , C̃D
k )

me ton pÐnaka W (λ) = Ak − λA0 èqoume ìti,

diag(C̃D
k , . . . , C̃D

k )(Ak − λA0) =




z x2 0
0 x′2 z

x1 z x2 0
x′1 0 x′2 z

x1 z 0
x′1 0 z




ìpou
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z = det(CD
k (λ)) = det

(
h−kξ

(k)
2 (σ1)− λξ2(σ1) h−kξ

(k)
4 (σ1)− λξ4(σ1)

h−kξ
(k)
2 (σ2)− λξ2(σ2) h−kξ

(k)
4 (σ2)− λξ4(σ2)

)

x1 = det

(
h−kξ

(k)
1 (σ1)− λξ1(σ1) h−kξ

(k)
4 (σ1)− λξ4(σ1)

h−kξ
(k)
1 (σ2)− λξ1(σ2) h−kξ

(k)
4 (σ2)− λξ4(σ2)

)

x′1 = − det

(
h−kξ

(k)
1 (σ1)− λξ1(σ1) h−kξ

(k)
2 (σ1)− λξ2(σ1)

h−kξ
(k)
1 (σ2)− λξ1(σ2) h−kξ

(k)
2 (σ2)− λξ2(σ2)

)

x2 = det

(
h−kξ

(k)
3 (σ1)− λξ3(σ1) h−kξ

(k)
4 (σ1)− λξ4(σ1)

h−kξ
(k)
3 (σ2)− λξ3(σ2) h−kξ

(k)
4 (σ2)− λξ4(σ2)

)

x′2 = det

(
h−kξ

(k)
2 (σ1)− λξ2(σ1) h−kξ

(k)
3 (σ1)− λξ3(σ1)

h−kξ
(k)
2 (σ2)− λξ2(σ2) h−kξ

(k)
3 (σ2)− λξ3(σ2)

)
.

GenikeÔontac gia opoiodăpote n èqoume,

diag(C̃D
k , . . . , C̃D

k )(Ak−λA0) =




z x2 0
0 x′2 z

x1 z x2 0
x′1 0 x′2 z

x1 z x2 0
x′1 0 x′2 z

. . .
x1 z 0
x′1 0 z




.

(2.8)

Ston pÐnaka pou prokÔptei apì thn (2.8), afairÿntac thn 2j − 1 grammă apì
thn 2j, tìte apoktoÔme mia grammă me treic mh mhdenikèc eisìdouc gia j =
2, . . . , n− 2 kai mia me dÔo mh mhdenikèc eisìdouc gia j = 1 kai j = n− 1. PÐo
sugkekrimèna grĹfoume,



36 KEF§ALAIO 2. UPWIND HERMITE COLLOCATION

G · diag(C̃D
k , . . . , C̃D

k ) · (Ak − λA0) =




z x2 0 0
0 x′2 − x1 0 −x2

x1 z x2 0 0
x′1 0 x′2 − x1 0 −x2

x1 z x2 0 0
x′1 0 x′2 − x1 0 −x2

. . . . . .
x1 z 0
x′1 0 z




(2.9)

ìpou,

G = diag(1, G1, . . . , G1, 1)

me

G1 =

(
1 −1
0 1

)
.

’Omwc anadiatĹssontac tic grammèc kai tic stălec tou pÐnaka pou prokÔptei
apì thn sqèsh (2.9) èqoume,

G · diag(C̃D
k , . . . , C̃D

k ) · (Ak − λA0) = P ·
(

Bk
1 (λ) O
X Bk

2 (λ)

)
· P (2.10)

me pÐnaka P = P2n−3,2n−2 ·P2n−5,2n−3 ·P2n−7,2n−4 · · ·P1,n ∈ R2n,2n. SumbolÐzou-
me me Pi,j ton pÐnaka metĹjeshc, o opoÐoc prokÔptei apì ton tautotikì pÐnaka
eĹn me enallĹxoume thn i me thn j grammă tou. To mplok kommĹti B1

k(λ) tou

pÐnaka G · diag(C̃D
k , . . . , C̃D

k ) · (Ak − λA0) eÐnai ènac tridiagÿnioc pÐnakac me
diĹstash n− 1× n− 1 kai èqei thn exăc domă,

B1
k = h−2ktridiag(ak(λ)), bk(λ)), ck(λ))) (2.11)

me
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ak(λ) = − det

(
ξ

(k)
1 (σ1)− λhkξ1(σ1) ξ

(k)
2 (σ1)− λhkξ2(σ1)

ξ
(k)
1 (σ2)− λhkξ1(σ2) ξ

(k)
2 (σ2)− λhkξ2(σ2)

)

bk(λ) = det

(
ξ

(k)
2 (σ1)− λhkξ2(σ1) ξ

(k)
3 (σ1)− λhkξ3(σ1)

ξ
(k)
2 (σ2)− λhkξ2(σ2) ξ

(k)
3 (σ2)− λhkξ3(σ2)

)

− det

(
ξ

(k)
1 (σ1)− λhkξ1(σ1) ξ

(k)
4 (σ1)− λhkξ4(σ1)

ξ
(k)
1 (σ2)− λhkξ1(σ2) ξ

(k)
4 (σ2)− λhkξ4(σ2)

)

ck(λ) = − det

(
ξ

(k)
3 (σ1)− λhkξ3(σ1) ξ

(k)
4 (σ1)− λhkξ4(σ1)

ξ
(k)
3 (σ2)− λhkξ3(σ2) ξ

(k)
4 (σ2)− λhkξ4(σ2)

)

(2.12)

enÿ to mplok kommĹti B2
k(λ) èqei diĹstash n + 1× n + 1 kai h domă tou eÐnai

h parakĹtw.

B2
k = det(CD

k (λ))In+1.

Apì tic parapĹnw sqèseic (2.12) prokÔptei Ĺmesa ìti ta ak(λ), bk(λ), ck(λ)
eÐnai tetragwnikĹ poluÿnuma wc proc λ.

Lămma 2.1 Apì thn sqèsh (2.10) prokÔptoun ta parakĹtw.

det(Ak − λA0) = h−2k(n−1) det(CD
k (λ)) · det(tridiag(ak(λ), bk(λ), ck(λ))).

(2.13)

H det(CD
k (λ)) eÐnai tetragwnikì poluÿnumo wc proc λ enÿ h det(tridiag(ak(λ), bk(λ), ck(λ))

eÐnai poluÿnumo wc proc λ bajmou 2n− 2.

Gia sunoriakèc sunjăkec tÔpou Neumann upĹrqei mia allagă sto prÿto kai
sto teleutaÐo mplok tou Ak − λA0. ’Omwc jewrÿntac,

CN
k (λ) =

(
h−kξ

(k)
1 (σ1)− λξ1(σ1) h−kξ

(k)
3 (σ1)− λξ3(σ1)

h−kξ
(k)
1 (σ2)− λξ1(σ2) h−kξ

(k)
3 (σ2)− λξ3(σ2)

)
(2.14)
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kai qrhsimopoiÿntac ton CN
k (λ) antÐ tou CD

k (λ) gia thn parapĹnw diadikasÐa,
apoktoÔme omoÐwc

det(Ak − λA0) = h−2k(n−1) det(CN
k (λ)) · det(tridiag(ak(λ), bk(λ), ck(λ))).

(2.15)
¤

EÐnai fanerì apì ta parapĹnw ìti to qarakthristikì poluÿnumo, gia sunoria-
kèc sunjăkec Dirichlet allĹ kai Neumann èqei ènan koinì parĹgonta bajmoÔ
2n− 2.

2.2.1 Merikèc Idiìthtec twn PinĹkwn Paragÿgishc

Aplopoiÿntac thn sqèsh (2.12) gia k = 0, 1, 2 grĹfoume,

k = 0

a0(λ) =− (λ− 1)2(σ1 − 1)2(σ2 − 1)2(σ2 − σ1)

b0(λ) = (λ− 1)2(σ2 − σ1)
(
2σ1σ2(1− σ1)(1− σ2) + σ1(1− σ1) + σ2(1− σ2)

)

c0(λ) =− (λ− 1)2σ2
1σ

2
2(σ2 − σ1)

(2.16)

k = 1

a1(λ) =− (1− σ1)(1− σ2)(σ2 − σ1)
(
(1− σ1)(1− σ2)h

2λ2 + 2(2− σ1 − σ2)hλ + 6
)

b1(λ) = (σ2 − σ1)
(
[2σ1σ2(1− σ1)(1− σ2) + σ1(1− σ1) + σ2(1− σ2)]h

2λ2

− 2(1− σ1 − σ2)(1 + σ1 + σ2 − 2σ1σ2)hλ + 6(1 + 2σ1σ2 − σ1 − σ2)
)

c1(λ) =− σ1σ2(σ2 − σ1)
(
σ1σ2h

2λ2 − 2(σ1 + σ2)hλ + 6
)

(2.17)
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k = 2

a2(λ) =− (σ2 − σ1)
(
(1− σ1)

2(1− σ2)
2h4λ2 − 2(σ2 − σ1)

2h2λ + 12
)

b2(λ) = (σ2 − σ1)
(
[2σ1σ2(1− σ1)(1− σ2) + σ1(1− σ1) + σ2(1− σ2))]h

4λ2

+ (12− 4(σ2 − σ1)
2)h2λ + 24

)

c2(λ) =− (σ2 − σ1)(σ
2
1σ

2
2h

4λ2 − 2(σ2 − σ1)
2h2λ + 12).

(2.18)

Jètontac λ = 0 stic parapĹnw sqèseic (2.16),(2.17),(2.18) apì to lămma 2.1
èqoume,

det(Ak) = h−2k(n−1) det(CD
k (0)) · det(tridiag(ak(0), bk(0), ck(0))) (2.19)

me

det(CD
k (0)) = h−2k det

(
ξ

(k)
2 (σ1) ξ

(k)
4 (σ1)

ξ
(k)
2 (σ2) ξ

(k)
4 (σ2)

)
(2.20)

a0(0) =− (1− σ1)
2(1− σ2)

2(σ2 − σ1)

b0(0) = (σ2 − σ1)
(
2σ1σ2(1− σ1)(1− σ2) + σ1(1− σ1) + σ2(1− σ2)

)

c0(0) =− σ2
1σ

2
2(σ2 − σ1)

(2.21)

kai

a1(0) =− 6(1− σ1)(1− σ2)(σ2 − σ1)

b1(0) = 6(1 + 2σ1σ2 − σ1 − σ2)(σ2 − σ1)

c1(0) =− 6σ1σ2(σ2 − σ1)

(2.22)

a2(0) =− 12(σ2 − σ1)

b2(0) = 24(σ2 − σ1)

c2(0) =− (σ2 − σ1)(σ
2
1σ

2
2h

4λ2 − 2(σ2 − σ1)
2h2λ + 12).
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(2.23)

Apì thn exÐswsh (2.13) tou lămmatoc 2.1, prokÔptoun eÔkola orismènec
idiìthtec twn pinĹkwn paragÿgishc, ìpwc gia parĹdeigma h tĹxh touc.

Jeÿrhma 2.1 Gia sunoriakèc sunjăkec tÔpou Dirichlet, o pÐnakac A0 eÐnai
antistrèyimoc gia opoiadăpote epilogă twn (σ1, σ2) ∈ Ωc.

APODEIXH

Me bĹsh algebrikèc idiìthtec gia tridiagÿniouc kai Toeplitz pÐnakec, [MEY00
p.514], èqoume ìti

det(tridiag(a0(0), b0(0), c0(0))) =
n−1∏
j=1

(
b0(0)+2

√
a0(0)c0(0) cos

jπ

n

)
. (2.24)

’Omwc,

b0(0)− 2
√

a0(0)c0(0) = (σ1 − σ2)
2
(
(σ1(1− σ1) + σ2(1− σ2))

)
> 0

sunepÿc,

b0(0) + 2
√

a0(0)c0(0) cos
jπ

n
> 0

gia kĹje j, ìpote

det(tridiag(a0(0), b0(0), c0(0))) 6= 0. (2.25)

Apì thn sqèsh (2.20),

det(CD
0 (0)) = det

(
ξ2(σ1) ξ4(σ1)
ξ2(σ2) ξ4(σ2)

)
= σ1σ2(1− σ1)(1− σ2)(σ2 − σ1) 6= 0.

Opìte o A0 eÐnai antistrèyimoc gia kĹje epilogă twn (σ1, σ2) ∈ Ωc. ¤
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Jeÿrhma 2.2 Gia sunoriakèc sunjăkec tÔpou Neumann, o pÐnakac A0 eÐnai
antistrèyimoc gia opoiadăpote epilogă twn (σ1, σ2) ∈ Ωc.

APODEIXH

Apì thn (1.25) èqoume,

det(tridiag(a0(0), b0(0), c0(0))) 6= 0

kai apì thn sqèsh (2.20),

det(CN
2 (0)) = det

(
ξ1(σ1) ξ1(σ1)
ξ1(σ2) ξ3(σ2)

)
= (σ2 − σ1)

(
3(σ1 + σ2)− 2(σ2

1 + σ1σ2 + σ2
2)

)
=

(σ2 − σ1)
(
2(σ1 + σ2)− 2(σ2

1 + σ2
2) + (σ1 + σ2)− 2σ1σ2

)
> 0.

Diìti,
0 < σ1 < 1 ⇒ 2σ1 > 2σ2

1

0 < σ2 < 1 ⇒ 2σ2 > 2σ2
2

σ1 + σ2 > σ2
1 + σ2

2 > 2σ1σ2 > 0.

Opìte o A0 eÐnai antistrèyimoc gia opoiadăpote epilogă twn (σ1, σ2) ∈ Ωc. ¤

Jeÿrhma 2.3 Gia sunoriakèc sunjăkec tÔpou Dirichlet, o pÐnakac A2 eÐnai
antistrèyimoc gia opoiadăpote epilogă twn (σ1, σ2) ∈ Ωc.

APODEIXH

’Opwc me prohgoumènwc èqoume,

det(tridiag(a2(0), b2(0), c2(0))) =
n−1∏
j=1

(
b2(0)+2

√
a2(0)c2(0) cos

jπ

n

)
. (2.26)

’Omwc,
b2(0)− 2

√
a2(0)c2(0) = 48(σ2 − σ1) > 0

sunepÿc,

b2(0) + 2
√

a2(0)c2(0) cos
jπ

n
> 0

gia kĹje j, opìte

det(tridiag(a2(0), b2(0), c2(0))) 6= 0. (2.27)
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Apì thn sqèsh (2.20),

det(CD
2 (0)) = det

(
ξ

(2)
2 (σ1) ξ

(2)
4 (σ1)

ξ
(2)
2 (σ2) ξ

(2)
4 (σ2)

)
= 12(σ1 − σ2) 6= 0.

Opìte o A2 eÐnai antistrèyimoc gia kĹje epilogă twn (σ1, σ2) ∈ Ωc. ¤

Jeÿrhma 2.4 Gia sunoriakèc sunjăkec tÔpou Neumann, o pÐnakac A2 den
eÐnai antistrèyimoc gia kamÐa epilogă twn (σ1, σ2) ∈ Ωc.

APODEIXH

Apì thn sqèsh (2.14),

h−2k det(CN
2 (0)) = det

(
ξ

(2)
1 (σ1) ξ

(2)
3 (σ1)

ξ
(2)
1 (σ2) ξ

(2)
3 (σ2)

)
= 0.

Opìte o A2 den eÐnai antistrèyimoc gia kamÐa epilogă twn (σ1, σ2) ∈ Ωc. ¤

2.2.2 Euastajă Collocation points

’Opwc ădh anafèrame èna diakritì sqăma thc morfăc (2.1) jewreÐtai eusta-
jèc ìtan ìlec oi idiotimèc tou pÐnaka prÿthc tĹxewc paragÿgishc brÐskontai
se èna apì ta duo pragmatikĹ hmi-epÐpeda, anĹloga me to prìshmo tou sun-
telestă advection. Autì eÐnai kai to kÔrio qarakthristikì twn upwinding
sqhmĹtwn twn peperasmènwn diĹforwn. Se autăn thn parĹgrafo ja kajorÐ-
soume to astajèc sÔnolo twn collocation points gia to opoÐo oi idiotimèc tou
A1A

−1
0 èqoun jetikĹ kai arnhtikĹ pragmatikĹ mèrh, kajÿc kai ta duo stajerĹ

sÔnola twn collocation points sta opoÐa to pragmatikì mèroc twn idiotimÿn
eÐnai jetikì ă arnhtikì.

JewroÔme duo idiotimèc tou pÐnaka A1A
−1
0 gia sunoriakèc sunjăkec Dirich-

let, pou ikanopoioÔn thn akìloujh tetragwnikă exÐswsh, ìpwc aută prokÔptei
apì thn sqèsh (2.6),

det(CD
1 (λ)) = h−2(σ1 − σ2)(γ0 + γ1hλ + γ2h

2λ2) (2.28)
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ìpou

γ0 =6σ1σ2 + 2− 3(σ1 + σ2)

γ1 =(1− σ1 − σ2)(2σ1σ2 − σ1 − σ2)

γ2 =σ1σ2(1− σ1)(1− σ2) > 0.

(2.29)

JewroÔme thn diakrÐnousa thc sqèshc wc proc hλ,

∆D(σ1, σ2) = γ2
1 − 4γ0γ2 (2.30)

kai qrhsimopoiÿntac tic sqèseic (2.29) èqoume,

∆D(σ1, σ2) =(1 + 2σ1σ2 − σ1 − σ2)(2σ
3
1σ2 + 2σ1σ

3
2 − 8σ2

1σ
2
2

− σ3
1 − σ3

2 + 5σ2
1σ2 + 5σ1σ

2
2 − 6σ1σ2 + σ2

1 + σ2
2).

(2.31)

EĹn to γ0 < 0 tìte h diakrÐnousa ∆D(σ1, σ2) > 0, afou γ2 > 0, kai h exÐswsh
(2.28) ja eqei duo rizec.

hλ1 =
−γ1 +

√
γ2

1 − 4γ0γ2

2γ2

hλ2 =
−γ1 −

√
γ2

1 − 4γ0γ2

2γ2

AfoÔ,

γ2 > 0, γ0 < 0 ⇒ ∣∣γ1

∣∣ <
√

γ2
1 − 4γ0γ2

Ĺra eĹn,

γ1 > 0 ⇒ −γ1 +
√

γ2
1 − 4γ0γ2

2γ2

> 0

γ1 > 0 ⇒ −γ1 −
√

γ2
1 − 4γ0γ2

2γ2

< 0
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γ1 < 0 ⇒ −γ1 −
√

γ2
1 − 4γ0γ2

2γ2

< 0

γ1 < 0 ⇒ −γ1 +
√

γ2
1 − 4γ0γ2

2γ2

> 0

opìte h exÐswsh (2.28), ja èqei se kĹje perÐptwsh duo rÐzec me diaforetikĹ
prìshma.

EĹn γ0 > 0 kai ∆D(σ1, σ2) < 0 tìte ja èqoume duo migadikèc rÐzec,

hλ1 =
−γ1 + i

√
4γ0γ2 − γ2

1

2γ2

hλ2 =
−γ1 − i

√
4γ0γ2 − γ2

1

2γ2

.

Se autăn thn perÐptwsh, eĹn γ1 > 0 tìte èqoume duo migadikèc rÐzec me arnh-
tikĹ pragmatikĹ mèrh, enÿ eĹn γ1 < 0 tìte èqoun jetikĹ pragmatikĹ mèrh. Se
kĹje perÐptwsh ta pragmatikĹ touc mèrh èqoun to Ðdio prìshmo.

EĹn γ0 > 0 kai ∆D(σ1, σ2) ≥ 0 tìte ja èqoume duo pragmatikèc rÐzec.

hλ1 =
−γ1 +

√
γ2

1 − 4γ0γ2

2γ2

hλ2 =
−γ1 −

√
γ2

1 − 4γ0γ2

2γ2

AfoÔ,

γ2 > 0, γ0 > 0 ⇒
∣∣γ1

∣∣ >
√

γ2
1 − 4γ0γ2

Ĺra eĹn,

γ1 > 0 ⇒ −γ1 +
√

γ2
1 − 4γ0γ2

2γ2

< 0

γ1 > 0 ⇒ −γ1 −
√

γ2
1 − 4γ0γ2

2γ2

< 0
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γ1 < 0 ⇒ −γ1 −
√

γ2
1 − 4γ0γ2

2γ2

> 0

γ1 < 0 ⇒ −γ1 +
√

γ2
1 − 4γ0γ2

2γ2

> 0

ìpote h exÐswsh (2.28), ja èqei se kĹje perÐptwsh duo pragmatikèc rÐzec me to
Ðdio prìshmo. Oi upìloipec idiotimèc tou A1A

−1
0 kajorÐzontai apì thn sqèsh,

det(tridiag(a1(λ), b1(λ), c1(λ))) =
n−1∏
j=1

(
b1(λ) + 2

√
a1(λ)c1(λ) cos

jπ

n

)
= 0

(2.32)

Opìte eÐmaste ètoimoi na orÐsoume thn perioqă twn collocation points gia
thn opoÐa problămata thc morfăc (2.1) den epilÔontai ikanopoihtikĹ,

UD =
{

(σ1, σ2) ∈ Ωc

∣∣ γ0 < 0
}

. (2.33)

Ta stajerĹ sÔnola twn collocation points orÐzontai wc exăc,

SD+

1 =
{

(σ1, σ2) ∈ Ωc

∣∣ Re
(
λ(A1A

−1
0 ) > 0

)}

SD−
2 =

{
(σ1, σ2) ∈ Ωc

∣∣ Re
(
λ(A1A

−1
0 ) < 0

)}

(2.34)

To pragmatikì mèroc twn idiotimÿn ìpwc prokÔptei apì thn prohgoÔmenh anĹ-
lush eÐnai jetikì ìtan γ0 > 0 kai γ1 < 0 kai arnhtikì ìtan γ0 > 0 kai γ1 > 0.
EpÐshc to γ1 apì thn sqèsh (2.29) mporeÐ na grĹfei,

γ1 = (1− σ1 − σ2)(σ1(σ2 − 1) + σ2(σ1 − 1))

ìmwc
(σ1(σ2 − 1) + σ2(σ1 − 1)) < 0

opìte
γ1 > 0 ⇔ 1− σ1 − σ2 < 0
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γ1 < 0 ⇔ 1− σ1 − σ2 > 0.

Sunepÿc

SD+

1 =
{

(σ1, σ2) ∈ Ωc

∣∣ γ0 > 0 , σ1 + σ2 < 1
}

SD−
2 =

{
(σ1, σ2) ∈ Ωc

∣∣ γ0 > 0 , σ1 + σ2 > 1.
}

.

(2.35)

Ta sÔnola paristĹnontai grafikĹ, sqăma 2.1. ArijmhtikĹ èlegqoi gia thn
epÐlush twn algebrikÿn exisÿsewn,

det(tridiag(a1(λ), b1(λ), c1(λ))) = b1(λ) + 2
√

a1(λ)c1(λ)p = 0

me −1 < p < 1 epibebaiÿnoun ta sumperĹsmata tou sqămatoc 2.1 kai eÐnai
alhjèc gia ìlec tic idiotimèc tou A1A

−1
0 allĹ den mporoÔme na dÿsoume mia

analutikă apìdeixh.

Gia sunoriakèc sunjăkec tÔpou Neumann apì thn sqèsh (2.14) ja èqoume,

det(CN
1 (λ)) = h−2(σ1 − σ2)(γ

′
2h

2λ2 + γ′1hλ) (2.36)

me

γ′2 =− (
(1− σ2)(2σ2 + σ1) + (1− σ1)(2σ1 + σ2)

)
< 0

γ′1 = 6(1− σ1 − σ2).

(2.37)

Sthn perÐptwsh aută h diakrÐnousa ja eÐnai,

∆N(σ1, σ2) = γ2
1 ≥ 0. (2.38)
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Sqăma 2.1: Ta sÔnola twn collocation points gia sunoriakèc sunjăkec tÔpou
Dirichlet.

Opìte ja èqoume duo pragmatikèc rÐzec,

hλ1 =
−γ′1 +

√
γ′21

2γ′2

hλ2 =
−γ′1 −

√
γ′21

2γ′2
.

EĹn γ′1 > 0 èqoume mia mhdenikă idiotimă kai mia me jetikì prìshmo diìti
γ′2 < 0. AntÐjeta, eĹn γ1 < 0 tìte èqoume mia mhdenikă kai mia me arnhtikì
prìshmo. Opìte ta stajerĹ sÔnola gia ta collocation points sthn perÐptwsh
sunoriakÿn sunjhkÿn tÔpou Neumann analìgwc me prohgoumènwc ja eÐnai,

SN+

1 =
{

(σ1, σ2) ∈ Ω
∣∣ σ1 + σ2 < 1

}

SN−
2 =

{
(σ1, σ2) ∈ Ω

∣∣ σ1 + σ2 > 1
}

.

(2.39)

kai paristĹnontai grafikĹ sto sqăma (2.2).
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Sqăma 2.2: Ta sÔnola twn collocation points gia sunoriakèc sunjăkec tÔpou
Neumann.

2.3 ArijmhtikĹ Apotelèsmata

Sthn enìthta aută ja parousiĹsoume ta arijmhtikĹ apotelèsmata gia duo
problămata sunoriakÿn timÿn, epibebaiÿnontac thn parĹpanw jewrhtikă anĹ-
lush.

ParĹdeigma 1 JewroÔme to prìblhma sunoriakÿn timÿn,

−εuxx + ux = 1 0 < x < 1 (2.40)

u(0) = u(1) = 0

to opoÐo èqei analutikă lÔsh,

u(x) =
1− e

x
ε

e
1
ε − 1

+ x.

Gia 0 < ε ¿ 1 parousiĹzetai èna sunoriakì strÿma sto x = 1. Sthn sunè-
qeia ja parousiĹsoume ta epÐpeda sfĹlmatoc

(
σ1, σ2, e = max1<i<n |u(xi+1)−
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u(xi)|
)
gia diĹforec timèc tou ε, kajÿc gia diĹforec diamerÐseic n, epalhjeÔon-

tac ètsi thn parapĹnw jewrhtikă anĹlush. EpÐshc kĹpoia nèa upwinding qa-
rakthristikĹ ja anagnwristoÔn, gennÿntac nèa, polÔ shmantikĹ erwtămata.
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Sqăma 2.3: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−1 kai
n = 16.
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Sqăma 2.4: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−2 kai
n = 16.
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Sqăma 2.5: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 5 · 10−3 kai
n = 16.
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Sqăma 2.6: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−1 kai
n = 32.
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Sqăma 2.7: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−2 kai
n = 32.
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Sqăma 2.8: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 5 · 10−3 kai
n = 32.
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Sqăma 2.9: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−1 kai
n = 64.
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Sqăma 2.10: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 10−2 kai
n = 64.
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Sqăma 2.11: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 5 · 10−3 kai
n = 64.
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Sqăma 2.12: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.40) me ε = 5 · 10−3 kai
n = 16 apì diaforetikă optikă gwnÐa.

Parathrăseic

• Apì to sqăma (2.12) epibebaiÿnetai h jewrhtikă anĹlush thc para-
grĹfou afoÔ to sfĹlma arqÐzei na elaqistopoieÐtai ìtan ta collocation

points brÐskontai sto sÔnolo S1
D+

. EpÐshc mia kampÔlh emfanÐzetai
sto S1

D+

sthn opoÐa to sfĹlma pĹnw stouc kìmbouc elaqistopoieÐtai.
H kampÔlh aută dièrqetai kai mèsa apì thn mh-stajeră perioqă UD.
’Opwc ja deÐxoume parakĹtw mporeÐ h kampÔlh me to elĹqisto sfĹl-
ma stouc kìmbouc na dièrqetai apì thn UD allĹ h collocation lÔseic
parousiĹzoun talantÿseic se autăn thn perioqă sqămata (2.14),(2.17).
Talantÿseic bebaÐwc den emfanÐzontai sthn kampÔlh entìc thc perioqăc
S1

D+

.

• H kampÔlh entìc thc perioqăc S1
D+

, kajorÐzei to bèltisto upwind sqă-
ma, kajÿc ε → 0, to opoÐo den prosdÐdei talantÿseic sthn proseggi-
stikă lÔsh, sqămata(2.15),(2.18).

• ParathroÔme ìti kajÿc to ε mikraÐnei gia mia sugkekrimènh diamèrish
p.q. n = 16, sqămata (2.3),(2.4),(2.5), h kampÔlh twn collocation points
metatopÐzetai plhsiĹzontac ìlo kai perissìtero twn Ĺxona σ2. Dhladă
ìso to ε gÐnetai mikrìtero ta collocation points (σ1, σ2) pou dÐnoun to
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elĹqisto sfĹlma, paÐrnoun suneqÿc mikrìterec timèc, prosdÐdontac sto
sqăma suneqÿc megalÔterh asummetrÐa.

• EpÐshc parathroÔme ìti h plhroforÐa pou dÐnoume sto arijmhtikì mac
sqăma apì ta collocation points, qrhsimopoiÿntac bèltisto upwinding,
eÐnai plhsièstera sto kìmbo xi ìso o suntelestăc diĹqushc mikraÐnei
gia to element [xi, xi+1], pou sumfwneÐ apìluta me to klassikì upwind
sqăma twn peperasmènwn diĹforwn. ’Otan o suntelestăc advection eÐnai
arnhtikìc, ìpwc ja doÔme sto epìmeno parĹdeigma h kampÔlh twn col-
location points me to elĹqisto sfĹlma kineÐtai antÐstrofa anazhtÿntac
plhroforÐa kontĹ ston kìmbo xi+1.

• ’Otan to mègejoc thc diamèrishc auxĹnetai gia sugkekrimènh timă tou ε
parathroÔme to sqăma paÔei na anazhtĹ suneqÿc mia mh-summetrikă plh-
roforÐa. Pio sugkekrimèna anafèroume, ìti oi kampÔlec twn collocation
points me to elĹqisto sfĹlma teÐnoun na tautistoÔn me thn kampÔlh
γ0 = 0, h opoÐa perièqei kai to gauss point, sqămata (2.3 eÿc 2.11).
Sthn kampÔlh aută gia ikanopoihtikĹ omalèc lÔseic èqoume elĹqisto
sfĹlma.

• H tĹxh sÔgklishc tou bèltistou upwind hermite collocation sqămatoc
exartatai apì to mègejoc thc diamèrishc, apì ton lìgo tou suntelestă
diĹqushc proc ton suntelestă thc taqÔthtac kajÿc kai apì to măkoc
tou diastămatoc I = [a, b] ìpou epilÔetai h diaforikă exÐswsh.

Arijmhtikèc mac metrăseic deÐqnoun ìti kajÿc to ε → 0, to bèltisto
upwind sqăma mporeÐ na dÿsei sfĹlmata tĹxewc wc kai O(h4). Apa-
raÐthth proôpìjesh gia na èqoume sfĹlmata tĹxhc O(h4) to ginìmeno
ε

p
n(b − a) na eÐnai arketĹ mikrì, ìpou se autăn thn perÐptwsh h or-

thogonal collocation den dÐnei ikanopoihtikĹ apotelèsmata prosdÐdontac
talantÿseic sthn proseggistikă lÔsh. Arijmhtikèc metrăseic gia to

prìblhma (2.1), deÐqnoun ìti an o arijmìc
ε

p
n(b− a) < 0.2, tìte to bèl-

tisto upwind sqăma eÐnai ikanì na dÿsei sfĹlmata tĹxewc wc O(h4).

Gia 0.2 <
ε

p
n(b−a) < 0.5 to bèltisto upwind sqăma eÐnai ikanì na dÿsei

sfĹlmata tĹxewc wc O(h3). En gènei ìla ta shmeÐa pĹnw sthn kampÔlh
elĹqistou sfĹlmatoc tou parousiĹzoun sfĹlmata Ĺnw thc tĹxhc O(h2),

gia
ε

p
n(b − a) < 0.5. ParathroÔme ìti ìtan to

ε

p
, ă to n auxĹnetai,

tìte o arijmìc
ε

p
n(b − a) megalÿnei me apotèlesma to upwind sqăma

na dÐnei sfĹlmata mikrìterhc tĹxhc. Autì jewreÐtai apolÔtwc logikì,
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diìti ìtan
ε

p
(p.q. gia to prìblhma (2.1) me

ε

p
> 0.5) eÐnai megĹlo tìte

h lÔsh eÐnai omalìterh wc proc thn diamèrish, opìte èna summetrikì
sqăma ìpwc h orthogonal collocation ja protimĹte.

ε = 10−2, p = 1 n = 16,
ε

p
n = 0.16 n = 32,

ε

p
n = 0.32 n = 64,

ε

p
n = 0.64

(σ1, σ2) ∈ SD+

1 (0.06, 0.40) (0.07, 0.54) (0.15, 0.72)
Error 7 10−5 O(h4) 5 10−5 O(h3) 8 10−5 O(h2)

gauss point (σG
1 , σG

2 ) (σG
1 , σG

2 ) (σG
1 , σG

2 )
Error 1.5 10−1 O(h) 3 10−2 O(h) 7 10−4 O(h2)

• Epilègontac collocation point (σ1, σ2) pĹnw sthn kampÔlh elĹqistou
sfĹlmatoc, me σ1 < σG

1 kai σ2 < σG
2

1 parathroÔme ìti èqoume bèltista
upwind apotelèsmata. JewrhtikĹ den mporoÔme na to stoiqeiojetăsou-
me to parapĹnw sumpèrasma.

• ’Opwc mporoÔme na ektimăsoume apì ta parapĹnw, oi kampÔlec elĹqistou
sfĹlmatoc h opoÐa prosdÐdei thn bèltisth upwind collocation exartÿn-
tai apì ton lìgo tou suntelestă diĹqushc proc ton suntelestă taqÔ-

thtac
ε

p
, kajÿc kai apì to mègejoc thc diamèrishc n. EpÐshc upĹrqei

exĹrthsh tou prìshmou tou suntelestă advection sign(p), pou kajo-
rÐzei se pio apì ta duo sÔnola S1

D+

, S2
D− entopÐzetai h kampÔlh kĹje

forĹ. To kÔrio erÿthma pou genniètai apì autì to kefĹlaio eÐnai o ka-
jorismìc autăc thc “bèltisthc ”kampÔlhc. JewroÔme ìti eÐnai èna
pĹra polÔ shmantikì antikeÐmeno mellontikăc melèthc.

ParakĹtw paristĹnoume grafikĹ thn proseggistikă lÔsh me collocation

points na eÐnai antÐstoiqa gauss point, (σ1, σ2) ∈ UD, (σ1, σ2) ∈ S1
D+

, kajÿc
kai tic idiotimèc twn pinĹkwn A1A

−1
0 gia gauss point kai (σ1, σ2) ∈ S1

D+

, gia
diĹforec timèc tou ε.

1Οπου (σG
1 , σG

2 ) = (
1
2
− 1

2
√

3
,
1
2
− 1

2
√

3
) = gauss point.
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Sqăma 2.13: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = gauss point.
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Sqăma 2.14: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = (0.11, 0.7) ∈ UD.
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Sqăma 2.15: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = (0.06, 0.4) ∈ SD+
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Sqăma 2.16: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = gauss point.
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Sqăma 2.17: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = (0.09, 0.7) ∈ UD.
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Sqăma 2.18: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = (0.085, 0.41) ∈ SD+
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Sqăma 2.19: Oi idiotimèc tou pÐnaka A1A
−1
0 , gia ε = 10−2, n = 16 me (σ1, σ2) =

gauss point kai (σ1, σ2) = (0.06, 0.4) antÐstoiqa.
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Sqăma 2.20: Oi idiotimèc tou pÐnaka A1A
−1
0 , gia ε = 5 · 10−3, n = 16 me

(σ1, σ2) = gauss point kai (σ1, σ2) = (0.085, 0.41) antÐstoiqa.
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ParĹdeigma 2 JewroÔme to prìblhma sunoriakÿn timÿn,

−εuxx − ux = −1 0 < x < 1 (2.41)

u(0) = u(1) = 0

to opoÐo èqei analutikă lÔsh,

u(x) =
(e

x
ε − 1)e

1
ε

e
1
ε − 1

+ x.

Se autăn thn perÐptwsh o suntelestăc advection èqei arnhtikì prìshmo.
Opìte ta upwinding qarakthristikĹ ìpwc ădh proanafèrame, eÐnai antÐjeta
se sqèsh me thn prohgoÔmenh perÐptwsh ìpou o suntelestăc thc taqÔthtac
ătan jetikìc. SunoptikĹ anafèroume.

• Gia 0 < ε ¿ 1 parousiĹzetai èna sunoriakì strÿma sto x = 0.

• H kampÔlh pou elaqistopoieÐ to sfĹlma stouc kìmbouc dièrqetai apì
thn S2

D− kai UD. ’Omwc sthn perioqă UD, parìlo pou èqoume elĹ-
qisto sfĹlma pĹnw stouc kìmbouc, h proseggistikă lÔsh parousiĹzei
talantÿseic. BebaÐwc mèsa sto sÔnolo S2

D− , h collocation lÔsh den
parousiĹzei talantÿseic.

• H tĹxh sÔgklishc tou bèltistou upwind hermite collocation sqămatoc
exartĹtai apì to mègejoc thc diamèrishc, apì ton lìgo tou suntelestă
diĹqushc proc ton suntelestă thc taqÔthtac kajÿc kai apì to măkoc
tou diastămatoc I = [a, b] ìpou epilÔetai h diaforikă exÐswsh. Gia

arketĹ mikrèc timèc tou
ε

|p|n(b−a) to bèltisto upwind sqăma eÐnai ikanì

na dÿsei sfĹlmata tĹxewc O(h4). En gènei ìla ta shmeÐa pĹnw sthn
kampÔlh elĹqistou sfĹlmatoc, dÐnoun sfĹlmata tĹxewc Ĺnw tou O(h2).

’Oso megalÿnei o arijmìc
ε

|p|n(b−a) ta sfĹlmata tou upwind sqămatoc

eÐnai mikrìterhc tĹxhc, opìte kai h orthogonal collocation protimĹte.

• Epilègontac collocation point (σ1, σ2) pĹnw sthn kampÔlh elĹqistou
sfĹlmatoc, me σ1 > σG

1 kai σ2 > σG
2

2 parathroÔme ìti èqoume bèltista
upwind apotelèsmata. JewrhtikĹ den mporoÔme na to stoiqeiojetăsou-
me to parapĹnw sumpèrasma.

2Οπου (σG
1 , σG

2 ) = (
1
2
− 1

2
√

3
,
1
2
− 1

2
√

3
) = gauss point.
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• Kajÿc ε → 0 to upwind sqăma den prosdÐdei talantÿseic sthn pro-
seggistikă lÔsh.

• Kajÿc to ε gÐnetai mikrì gia mia sugkekrimènh diamèrish parathroÔme
ìti ta collocation points paÐrnoun suneqÿc megalÔterec timèc.

• ’Oso o suntelestăc diĹqushc ε mikraÐnei to upwind sqăma anazhtĹ plh-
roforÐa pio kontĹ ston kìmbo xi+1 gia kĹje element [xi, xi+1].

• ParathroÔme ìti kajÿc h diamèrish megalÿnei, h kampÔlh elĹqistou
sfĹlmatoc teÐnei na tautisteÐ me thn kampÔlh γ0 = 0 pĹnw sthn opoÐa
brÐsketai kai to gauss point.

Sthn sunèqeia paristĹnoume grafikĹ ta apotelèsmata mac, ìpou stoiqeio-
jetoÔn tic parapĹnw parathrăseic mac gia autăn thn perÐptwsh.
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Sqăma 2.21: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−1 kai
n = 16.
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Sqăma 2.22: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−2 kai
n = 16.
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Sqăma 2.23: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 5 · 10−3 kai
n = 16.
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Sqăma 2.24: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−1 kai
n = 32.
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Sqăma 2.25: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−2 kai
n = 32.
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Sqăma 2.26: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 5 · 10−3 kai
n = 32.
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Sqăma 2.27: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−1 kai
n = 64.
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Sqăma 2.28: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 10−2 kai
n = 64.
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Sqăma 2.29: To epÐpedo (σ1, σ2, e) gia to prìblhma (2.41) me ε = 5 · 10−3 kai
n = 64.
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Sqăma 2.30: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = gauss point.
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Sqăma 2.31: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = (0.1, 0.89) ∈ UD.
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Sqăma 2.32: Proseggistikă kai pragmatikă lÔsh gia ε = 10−2, n = 16 me
(σ1, σ2) = (0.61, 0.945) ∈ SD−

2 .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

x

u(
x)

ε = 5 10−3    n = 16    gauss point

collocation solution
real solution
nodes

Sqăma 2.33: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = gauss point.
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Sqăma 2.34: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = (0.2, 0.94) ∈ UD.
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Sqăma 2.35: Proseggistikă kai pragmatikă lÔsh gia ε = 5 · 10−3, n = 16 me
(σ1, σ2) = (0.73, 0.95) ∈ SD−

2 .
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Sqăma 2.36: Oi idiotimèc tou pÐnaka A1A
−1
0 , gia ε = 10−2, n = 16 me (σ1, σ2) =

gauss point kai (σ1, σ2) = (0.61, 0.945) antÐstoiqa.
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Sqăma 2.37: Oi idiotimèc tou pÐnaka A1A
−1
0 , gia ε = 5 · 10−3, n = 16 me

(σ1, σ2) = gauss point kai (σ1, σ2) = (0.73, 0.95) antÐstoiqa.



KefĹlaio 3

Adaptive h-Refinement
Mejìdoi

Sta duo prÿta kefĹlaia qrhsimopoiăsame omoiìmorfh diamèrish tou dia-
stămatoc I = [a, b] gia thn arijmhtikă epÐlush twn problhmĹtwn mac. ’Otan h

posìthta
ε

|p|n(b − a) eÐnai arketĹ mikră, tìte èna upwind sqăma eÐnai epiju-

mhtì, afoÔ h gnwstă mac orthogonal collocation prosdÐdei talantÿseic sthn

proseggistikă lÔsh kontĹ sthn perioqă ìpou h
∥∥∥u′(x)

∥∥∥ thc pragmatikăc lÔ-

shc eÐnai arketĹ megĹlh. Parìla autĹ to bèltisto upwind collocation sqăma
dÔskola mporeÐ na prosdioristeÐ. EpÐshc parathrăsame ìti ìtan h posìthta
ε

|p|n(b−a) megalÿnei, tìte h orthogonal collocation protimĹtai dÐnontac sfĹl-

mata tĹxewc O(h4). ’Opwc èqoume ădh anafèrei, ìtan o arijmìc
ε

|p|n(b − a)

eÐnai megĹloc tìte upĹrqei ikanopoihtikìc arijmìc kìmbwn ÿste h lÔsh na
jewreÐtai omală wc proc thn omoiìmorfh aută diamèrish. Sthn pragmatikì-

thta ikanopoihtikìc arijmìc kìmbwn brÐsketai sthn perioqă ìpou h
∥∥∥u′(x)

∥∥∥
metabĹlletai apìtoma. EĹn katafèroume, kĹje forĹ pou lÔnoume ena prìblh-
ma autăc thc morfăc, na susswreÔoume ikanopoihtikì arijmì kìmbwn kontĹ
sthn idiĹzousa perioqă, qwrÐc katĹ anĹgkh na qrhsimopoioÔme omoiìmorfh
diamèrish kai qwrÐc na auxĹnoume shmantikĹ to mègejoc thc diamèrishc, tì-

te h posìthta
ε

|p|n, topikĹ se autăn thn perioqă jewreÐtai arketĹ megĹlh

ÿste h orthogonal collocation na sumperifèretai kallÐtera. Opìte jètoume
to erÿthma pou ja mac apasqolăsei sto parìn kefĹlaio.

fl MporoÔme na broÔme mia kallÐterh diamèrish tou diastămatoc

71
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I = [a, b] ÿste h arijmhtikă mac mèjodoc na sumperifèretai kal-
lÐtera se tètoiou eÐdouc problămata? fl

’Opwc gnwrÐzoume to parapĹnw erÿthma apasqoleÐ tic perissìterec arij-
mhtikèc mejìdouc, afoÔ se kĹpoio stĹdio touc emplèkoun thn diakritopoÐhsh
thc diaforikăc exÐswshc pĹnw se èna plègma. O skopìc tou kefalaÐou autoÔ
eÐnai h praktikă epilogă enìc kaloÔ plègmatoc me antikeimenikì stìqo thn
epituqă kai akribă arijmhtikă epÐlush miac diaforikăc exÐswshc thc morfăc
metaforĹc - diĹqushc, allĹ kai opoiadăpote Ĺllhc singular diaforikăc exÐsw-
shc plhrÿnontac ìso to dunatì ligìtero. H epilogă enìc kaloÔ plègmatoc
eÐnai ousiÿdhc gia thn apotelesmatikă epÐlush problhmĹtwn twn opoÐwn h
lÔsh metabĹlletai apìtoma se diĹforec mikrèc perioqèc tou pedÐou orismoÔ
thc. BebaÐwc mia omoiìmorfh diamerish me èna polÔ megĹlo arijmì shmeÐwn
ja mporoÔse na lÔsei me akrÐbeia èna idiìmorfo prìblhma. ’Omwc èna plègma
autăc thc morfăc den ja mporoÔse na jewrhjeÐ kalì, diìti o megĹloc arijmìc
twn shmeÐwn tou auxĹnei polÔ to upologistikì kìstoc. ’Ara arqă mac eÐnai
h eÔresh enìc pijanoÔ araioÔ plègmatoc, pĹnw sto opoÐo h proseggistikă
lÔsh ja diafèrei apì thn pragmatikă lÔsh eparkÿc se sqèsh me to mègejoc
tou plègmatoc diakritopoÐhshc. Sunepÿc èna plègma ja lème ìti jewreÐtai
ikanopoihtikĹ kalì, ìtan sthn pragmatikìthta mac dÐnei kală proseggistikă
lÔsh h akìma kallÐtera ìtan to diakritì prìblhma sunoriakÿn timÿn (P.S.T.)
anaparistĹ eparkÿc to suneqèc P.S.T .

3.1 Epilogă Plègmatoc DiakritopoÐhshc

To prìblhma epilogăc plègmatoc tÐjetai wc exăc:

fl Dedomènou enìc P.S.T. morfăc metaforĹc - diĹqushc (ă opoias-
dăpote Ĺllhc morfăc)

−εu′′(x) + p(x)u′(x) = f(x) me a < x < b

g(u(a), u(b)) = 0

to opoÐo(ìpwc kai kĹje Ĺllo P.S.T.) mporeÐ na grĹfei

y′(x) = f(x, y(x))

b(y(a), y(b)) = 0
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me y(x) = (u(x), u′(x))T kai

f(x, y(x)) =

(
0 1

0 −p(x)

ε

)
y(x) +

(
0

f(x)

)

kai enìc sfĹlmatoc anoqăc TOL, brec èna plègma

π : a = x1 < x2 < . . . < xn < xn+1 = b

me

h = max
1≤i≤n

hi hi = xi+1 − xi i = 1, 2, · · ·n

tètoio ÿste to mègejoc tou plègmatoc n na eÐnai mikrì kai to sfĹl-
ma thc proseggistikăc lÔshc yπ(x) apì thn pragmatikă lÔsh y(x)
na eÐnai mikrìterh apì to TOL(qrhsimopoiÿntac katĹllhlh nìrma
kai metrÿntac me apìluta ă sqetikĹ sfĹlmata).fl

H idèa gia èna mikrì n ja lègame ìti eÐnai perissìtero poiotikă parĹ
posotikă. H idanikă apĹnthsh gia to prohgoÔmeno prìblhma, ja ătan h eÔ-
resh enìc bèltistou plègmatoc diakritopoÐhshc, dhladă enìc plègmatoc me
to mikrìtero dunatì mègejoc n gia to dedomèno sfĹlma anoqăc TOL. Sthn
prĹxh ìmwc, h eÔresh enìc tètoiou plègmatoc diakritopoÐhshc odhgeÐ se èna
prìblhma beltistopoÐhshc tou opoÐou h epÐlush, eÐnai pĹra polÔ dÔskolh,
lìgw uperbolikoÔ kìstouc, an ìqi adÔnath praktikĹ. Gi autì loipìn, gia na
apantăsoume sto prìblhma epilogăc plègmatoc kai na epilèxoume èna poioti-
kì plègma megèjouc n, ja asqolhjoÔme me adaptive h-refinement techniques
[WAN03, WRI03, ASC95]. ArqikĹ ja milăsoume gia thn basikă mèjodo twn
h-refinement techniques, ìpwc prokÔptei apì thn omoiìmorfh katanomă enìc
mètrou sumperiforĹc thc lÔshc, kai protĹjhke sto [WHI79]. H diatÔpwsh
gia thn mèjodo aută èqei wc exăc, dedomènou enìc megèjouc n epèlexe èna
plègma to opoÐo ja elaqistopoieÐ to sfĹlma wc proc èna mètro pou elègqei
thn sumperiforĹ thc lÔshc. H mèjodoc aută prokÔptei apì ènan èmmeso me-
tasqhmatismì kai ja anaferjoÔme ektenÿc se epìmenec paragrĹfouc. Sthn
sunèqeia ja prospajăsoume na apantăsoume sto prìblhma epilogăc plègma-
toc, kataskeuĹzontac mia epanalhptikă mèjodo, iterative h-refinement tech-
nique, h opoÐa ja qrhsimopoieÐ thn hermite cubic finite element orthogonal
collocation. Sthn mèjodo pou ja parousiĹsoume, ja anazhtăsoume plègmata
diakritopoÐhshc me mègejoc ìqi polÔ megalÔtero apì ekeÐno tou bèltistou.
Pio sugkekrimèna mporoÔme na upojèsoume mia akoloujÐa apì sfĹlmata ano-
qăc TOL kai plègmata megèjouc n = n(TOL) tètoia ÿste,

n(TOL) 5 Cn∗(TOL)
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ìpwc TOL → 0, me n∗(TOL) to bèltisto mègejoc plègmatoc gia to antÐstoi-
qo sfĹlma anoqăc TOL kai C stajerĹ me C ≈ 1 anexĹrthth tou TOL.

Me dedomèna èna P.S.T. kai arijmhtikăc mejìdou, h katallhlìthta tou
diakritoÔ mac montèlou kajorÐzetai kai apì to plègma diakritopoÐhshc. Geni-
kìtera ja lègame ìti èna kalì plègma ja prèpei na eÐnai puknì se perioqèc
ìpou h epijumhtă lÔsh allĹzei apìtoma allĹ kai sqetikĹ araiì stic upìloipec
perioqèc ÿste to diakritì sqăma na prosfèrei kală lÔsh. Gia na gÐnei kĹti
tètoio aparaÐthth kai basikă proôpìjesh eÐnai o

fl ’Elegqoc tou sfĹlmatoc diakritopoÐhshc fl

ìpote kai mia kală proseggistikă lÔsh eÐnai dunată. Aută eÐnai h basikă
proôpìjesh twn adaptive h-refinement mejìdwn. Sthn epìmenh parĹgrafo
ja anafèroume thn h-refinement teqnikă ìpwc aută prokÔptei apì mejìdouc
metasqhmatismÿn.

3.2 Mèjodoi Metasqhmatismÿn

Stic mejìdouc metasqhmatismÿn mia allagă metablhtÿn efarmìzetai sto
P.S.T.,

y′(x) = f(x, y(x)) a < x < b (3.1)

g(y(a), y(b)) = 0

elpÐzontac ìti to paragìmeno nèo metasqhmatismèno prìblhma ja eÐnai peris-
sìtero apotelesmatikì se arijmhtikoÔc upologismoÔc. Genikìtera ja lègame
ìti yĹqnoume gia metasqhmatismoÔc suntetagmènwn x(t) thc anexĹrththc me-
tablhtăc x, ìpou ja èqoun wc stìqo h lÔsh y(x(t)) na eÐnai na eÐnai omalìte-
rh(ja metabĹlletai argĹ sto pedÐo orismoÔ thc) wc sunĹrthsh thc metablhtăc
t.

3.2.1 ’Amesoi MetasqhmatismoÐ

H idèa enìc metasqhmatismoÔ suntetagmènwn gia thn epÐteuxh miac eklè-
ptunshc tou plègmatoc diakritopoÐhshc eÐnai arketĹ qrăsimh. Gia ènan tètoio
metasqhmatismì krÐnetai anagkaÐa h eÔresh miac anexĹrththc metablhtăc x(t),
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h opoÐa ja apokleÐei thn anĹgkh gia èna mh-omoiìmorfo plègma diakritopoÐh-
shc gia thn prosèggish thc lÔshc y(x(t)). Opìte eĹn h nèa metablhtă epilègei
swstĹ, to nèo metasqhmatismèno P.S.T. ja mporeÐ na epilujeÐ arijmhtikĹ kai
me akrÐbeia, apì ènan mikrì arijmì shmeÐwn pou prokÔptoun apì mia omoiìmor-
fh diamèrish gia thn nèa metasqhmatismènh metablhtă.

EĹn eÐnai diajèsimh ek twn protèrwn kĹpoia gnÿsh gia thn lÔsh tou P.S.T.
tìte ènac Ĺmesoc metasqhmatismìc suntetagmènwn x(t) mporeÐ na epilegeÐ ka-
tĹllhla, ÿste na eÐmaste se jèsh na morfopoiăsoume katĹllhla thn sum-
periforĹ thc lÔshc. Profanÿc gia ènan tètoio metasqhmatismì ja prèpei na
isqÔoun ta exăc:

dx

dt
> 0 0 < t < 1

x(0) = a x(1) = b

opìte to P.S.T. grĹfetai:

ŷ′(t) = f̂(t, ŷ(t))x′(t) 0 < t < 1

g(ŷ(0), ŷ(1)) = 0

ìpou ŷ(t) = y(x(t)) kai f̂(t, ŷ(t)) = f(x(t), y(x(t))). Sunepÿc, kĹje forĹ
jèloume na dialègoume ton metasqhmatismì x(t) me tètoio trìpo ÿste h lÔ-
sh tou metasqhmatismènou P.S.T. na eÐnai omală(kalĹ sumperiferìmenh-qwrÐc
apìtomec allagèc) kai to nèo metasqhmatismèno P.S.T. na lÔnetai apotele-
smatikĹ.

Sthn pragmatikìthta yĹqnoume metasqhmatismoÔc x(t) me antÐstrofo t(x) =
x−1(t) pou katafèrnoun mia epèktash twn suntetagmènwn stic euaÐsjhtec pe-
rioqèc thc lÔshc, epidiÿkontac thn epituqă arijmhtikă epÐlush tou metasqh-
matismènou P.S.T. se èna omoiìmorfo plègma.

ParĹdeigma 3 JewroÔme to prìblhma sunoriakÿn timÿn

εu′′(x) + u′(x) = 0 0 < x < 1

u(0) = u(1) = 0
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h analutikă lÔsh tou problămatoc eÐnai

u(x) =
−2 + 2e

x
ε

−1 + e
1
ε

h lÔsh tou P.S.T. gia ε = 0.01 parousiĹzei boundary layer sto x = 0.
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Sqăma 3.1: H pragmatikă lÔsh gia ε = 0.01 tou arqikou P.S.T.

’Omwc jewrÿntac ton metasqhmatismì suntetagmènwn

x(t) = t2 0 < t < 1

x(0) = 0 x(1) = 1

tìte to prìblhma sunoriakÿn timÿn gÐnetai

ε

2t
û′′t + (1− ε

2t2
)û′(t) = 0 0 < t < 1

û(0) = û(1) = 0
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Sqăma 3.2: H pragmatikă lÔsh gia ε = 0.01 tou metasqhmatismènou P.S.T.

ParathroÔme ìti h mèjodoc aută èqei duo shmantikĹ meionektămata:

• H ek twn protèrwn plhroforÐa thc lÔshc gia ton entopismì twn idiĹ-
zouswn perioqÿn(boundary-interior layers) thc, ìpou h lÔsh den eÐnai
arketĹ omală, prèpei na gÐnei prin xekinăsoume thn arijmhtikă epÐlush
tou problămatoc kai tic perissìterec forèc eÐnai dÔskolo an ìqi adÔ-
nath sthn prĹxh.

• Den upĹrqoun pĹntote ousiastikèc endeÐxeic ìti to metasqhmatismèno
P.S.T. eÐnai ligìtero dÔskolo apì to gnăsio.

3.2.2 ’Emmesoi MetasqhmatismoÐ

H ek twn protèrwn gnÿsh thc sumperiforĹc thc lÔshc y(x) se sunduasmì
me thn tuqìn kakă thc sumperiforĹ se diĹforec perioqèc thc kajistoÔn thn
epilogă enìc explicit metasqhmatismoÔ suntetagmènwn, ìpwc anafèrame proh-
goumènwc parĹ polÔ dÔskolh an ìqi adÔnath sthn prĹxh. Gia ton lìgo autì,
eÐnai anagkaÐa mia diaforetikă prosèggish gia thn epilogă enìc epijumhtoÔ
metasqhmatismoÔ suntetagmènwn x(t) h t(x), ÿste h lÔsh y(t) na sumperi-
fèretai kallÐtera. KĹti tètoio mporeÐ na gÐnei qrhsimopoiÿntac mia èmmesh
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diadikasÐa metasqhmatismoÔ. H diadikasÐa aută apoteleÐ thn prÿth prosèggi-
sh twn h-refinement mejìdwn ìpwc aută protĹjhke apì [WHI79] kai èqei wc
exăc:

Omoiìmorfh katanomă tou măkouc tìxou

JewroÔme to prìblhma eÔreshc enìc plègmatoc
{
xi

}
ÿste to măkoc tìxou

thc pragmatikăc lÔshc y(x) na katanèmetai omoiìmorfa se kĹje èna apì ta
upodiastămata [xi, xi+1] me i = 1, · · · , n. Gia parĹdeigma èstw ìti h y(x) eÐnai
mia bajmwtă sunĹrthsh, jewroÔme to sunolikì măkoc tou grafămatoc na eÐnai
Ðso me θ. Tìte loipìn jèloume na broÔme èna plègma

{
xi

}
me thn idiìthta ìti

to măkoc thc kampÔlhc apì to (xi, yi) mèqri to (xi+1, yi+1) ja eÐnai
θ

n
.
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Sqăma 3.3: Omoiìmorfh katanomă tou măkouc tou grafămatoc tou sqămatoc
1.2

Opìte eÐmaste ètoimoi na orÐsoume ton metasqhmatismì suntetagmènwn, wc
proc to măkoc tìxou thc pragmatikăc lÔshc,

t(x) =

∫ x

a

(1 +
∥∥y′(s)

∥∥2

2
)

1
2 ds

ìpou y(x) h akribăc lÔsh tou P.S.T. ’Opote grĹfontac ton parapĹnw meta-
sqhmatismì se kanonikopoihmènh morfă, ja èqei wc exăc:
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t(x) =
1

θ

∫ x

a

(1 +
∥∥y′(s)

∥∥2

2
)

1
2 ds

ă

t(x) =
1

θ

∫ x

a

(1 +
∥∥f(s, y(s))

∥∥2

2
)

1
2 ds

me

θ =

∫ b

a

(1 +
∥∥f(s, y(s))

∥∥2

2
)

1
2 ds

Profanÿc gia ton metasqhmatismì t(x) kai gia to θ ja isqÔoun:

dt

dx
=

(1 +
∥∥f(x, y(x))

∥∥2

2
)

1
2

θ
a < x < b (3.2)

dθ

dx
= 0 a < x < b (3.3)

t(a) = 0 t(b) = 1 (3.4)

H proôpìjesh ìti ta shmeÐa tou plègmatoc
{
xi

}
dialègontai me tètoio trì-

po ÿste to măkoc thc kampÔlhc thc pragmatikăc lÔshc y(x) na katanèmetai
omoiìmorfa mporeÐ na grĹfei wc exăc:

t(xi+1)− t(xi) =
1

n
= stajerĹ (3.5)

me i = 1, · · · , n.

SunduĹzontac to P.S.T. kai tic sqèseic (3.2),(3.3),(3.4),(3.5) parathroÔme
ìti to prìblhma thc omoiìmorfhc katanomăc tou arc-length thc lÔshc, apaiteÐ
thn epÐlush twn parakĹtw diaforikÿn exisÿsewn.

dy

dx
= f(x, y(x)) a < x < b (3.6)

dt

dx
=

(1 +
∥∥f(x, y(x))

∥∥2

2
)

1
2

θ
a < x < b (3.7)

dθ

dx
= 0 a < x < b (3.8)

gia x ∈ (a, b) mazÐ me tic sunoriakèc sunjăkec,

b(y(a), y(b)) = 0 (3.9)
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t(a) = 0 t(b) = 1 (3.10)

kai bebaÐwc qrhsimopoiÿntac thn sunjăkh thc omoiìmorfhc katanomăc tou
măkoc thc kampÔlhc thc sunĹrthshc thc lÔshc,

t(xi+1)− t(xi) =
1

n
(3.11)

me i = 1, · · · , n.

To parapĹnw sÔsthma diaforikÿn exisÿsewn sthn pio qrhstikă metasqh-
matismènh tou morfă se arc-length suntetagmènec grĹfetai,

ŷ′(t) = f̂(t, ŷ(t))x′(t) 0 < t < 1 (3.12)

x′(t) =
θ

(1 +
∥∥f̂(t, ŷ(t))

∥∥2

2
)

1
2

0 < t < 1 (3.13)

θ′(t) = 0 0 < t < 1 (3.14)

me t ∈ (0, 1) kai me katĹllhlec metasqhmatismènec tic sunoriakèc sunjăkec,

b(ŷ(0), ŷ(1)) = 0 (3.15)

x(0) = a x(1) = b (3.16)

ParathroÔme ìti to teleutaÐo P.S.T. apoktĹ thn tupikă metasqhmatismè-
nh tou morfă ìtan h diaforikă exÐswsh (3.13) antikatastajeÐ sthn (3.12).
Profanÿc to metasqhmatismèno P.S.T. eÐnai mh grammikì akìmh kai an to
arqikì P.S.T. eÐnai grammikì. EpÐshc parathroÔme ìti o exanagkasmìc thc
omoiìmorfhc katanomăc tou arc-length (3.11) mporeÐ na ikanopoihjeÐ, katĹ thn
epÐlush tou metasqhmatismènou P.S.T. apì thn sqèsh,

xi = x(
i− 1

n
) (3.17)

me i = 1, · · · , n.

Opìte èqontac me autìn ton trìpo mia perissìtero omală lÔsh gia to me-
tasqhmatismèno P.S.T. (3.12),(3.13),(3.14), mporoÔme na thn upologÐsoume
me mia omoiìmorfh diamèrish gia thn metablhtă t ÿste na ikanopoieÐtai h sun-
jăkh (3.11) dhladă, {

0,
1

n
,
2

n
, · · · , 1

}

kai ìpou y(xi) = ŷ(
i− 1

n
) me i = 1, · · · , n, oi proseggistikèc timèc thc lÔshc

sta shmeÐa xi pou apoktoÔntai apì thn sqèsh (3.17).
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’Opwc èqoume ădh anafèrei, basikă proôpìjesh sthn epilogă enìc ka-
loÔ plègmatoc eÐnai o èlegqoc tou sfĹlmatoc diakritopoÐhshc. Katanèmontac
omoiìmorfa to arc-length thc pragmatikăc lÔshc katafèrame na kataskeuĹ-
soume èna plègma, pĹnw sto opoÐo h lÔsh mporeÐ na jewrhjeÐ omală, dhladă
me Ĺlla lìgia elègxame me autìn ton trìpo to sfĹlma thc diakritopoÐhshc.
’Omwc ektìc apì to arc-length thc pragmatikăc lÔshc upĹrqoun kai Ĺlla megè-
jh pou mporoÔme na epilèxoume gia na metrĹme thn sumperiforĹ thc lÔshc y(x)
se sqèsh me to diakritì mac montèlo, ìpwc gia parĹdeigma to topikì sfĹl-
ma apokopăc thc ekĹstote arijmhtikăc mejìdou pou qrhsimopoieÐtai. AutĹ
loipìn ta megèjh pou metroÔn thn sumperiforĹ thc lÔshc, ta opoÐa ja ka-
tanèmoume omoiìmorfa kĹje forĹ ÿste na parĹgoume èna kalì plègma kai
mia kală proseggistikă lÔsh, ja kaloÔntai monitor functions. BebaÐwc ìmwc
kĹje monitor sunĹrthsh prèpei na ikanopoieÐ kĹpoiec sunjăkec ÿste na jew-
reÐtai apodektă. Sthn epìmenh enìthta ja genikeÔsoume ìla ìsa anafèrame
kai gia thn perÐptwsh twn apodektÿn monitor sunartăsewn.

Omoiìmorfh katanomă monitor sunartăsewn

Ja eisĹgoume thn genikeumènh idèa miac monitor function gia thn diafo-
rikă exÐswsh (3.1). O orismìc pou ja dÿsoume parakĹtw ja perilambĹnei
kai thn prohgoÔmenh perÐptwsh thc arc-lenght monitor sunĹrthshc, pou eÐdh
suzhtăsame.

Orismìc 3.1 Ja lème ìti o metasqhmatismìc t(x) eÐnai apodektìc monitor
metasqhmatismìc gia thn diaforikă exÐswsh (3.1), eĹn upĹrqei mia sunĹrthsh
m(x, v), pou ja kaleÐtai monitor function, h opoÐa

1. èqei suneqeÐc merikèc paragÿgouc sto sÔnolo
{

(x, v) : v ∈ Sp(y(x)), a <

x < b
}
, gia kĹpoia mpĹla Sp aktÐnac p kai kèntrou y(x) , kai eÐnai tètoia

ÿste:

2.
dt

dx
=

m(x, y(x))

θ
≥ δ > 0 gia kĹje x ∈ [a.b] me t(a) = 0 kai θ =

∫ b

a
m(x, y(x))dx . ¤

H idiìthta 2 mac epitrèpei na qrhsimopoiăsoume ton metasqhmatismì t(x) wc
anexĹrthth metablhtă gia to P.S.T., enÿ h idiìthta 1 mac exasfalÐzei ìti oi
lÔseic y(x(t)) ≡ ŷ(t) den qĹnoun thn sunèqeia kĹtw apì ton sugkekrimèno
metasqhmatismì.
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Orismìc 3.2 Ja lème ìti h t(x) katanèmetai omoiìmorfa pĹnw sto plègma

π =
{

xi

}
an,

t(xi+1)− t(xi) =
1

n

me i = 1, · · · , n.

ă diaforetikĹ èna plègma π =
{

xi

}
ja kaleÐtai omoiìmorfa katanemhmèno

se sqèsh me thn monitor sunĹrthsh m(x, y(x)) sto diĹsthma [a, b] eĹn gia
kĹpoia stajerĹ λ isqÔei,

∫ xi+1

xi

m(x, y(x))dx = λ

me i = 1, · · · , n kai,

λ =
θ

n

ìpou

θ =

∫ b

a

m(x, y(x))dx

¤

Opìte to metasqhmatismèno P.S.T. se monitor suntetagmènec, ja akoloujeÐ
to parakĹtw sÔsthma diaforikÿn exisÿsewn.

dŷ

dt
=

θf̂(t, ŷ(t))

m(t, ŷ(t))
0 < t < 1 (3.18)

dx

dt
= θ

1

m(t, ŷ(t))
0 < t < 1 (3.19)

dθ

dt
= 0 0 < t < 1 (3.20)

me t ∈ (0, 1) kai me sunoriakèc sunjăkec,

b(ŷ(0), ŷ(1)) = 0 (3.21)
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x(0) = a x(1) = b (3.22)

ParathroÔme ìti h arqikă idèa thc omoiìmorfhc katanomăc tou măkoc tì-
xou thc lÔshc akoloujeÐ ìlouc touc parapĹnw orismoÔc, kajÿc kai to sÔ-
sthma twn diaforikÿn exisÿsewn eÐnai to Ðdio an jewrhjeÐ wc m(x, y(x)) =

1 +
∥∥y′(x)

∥∥2

2
. EpÐshc, ja prèpei na shmeiÿsoume ìti oi monitor sunartăseic

exartÿntai apì thn pragmatikă lÔsh, ìpote pĹntote ènac tètoioc èmmesoc me-
tasqhmatismìc ja odhgeÐ se èna mh-grammikì sÔsthma diaforikÿn exisÿsewn
akìmh kai an to arqikì P.S.T. ătan grammikì.

Sthn enìthta aută parousiĹsame thn h-refinement teqnikă ìpwc aută pro-
kÔptei apì tic mejìdouc metasqhmatismÿn. Sthn sunèqeia ja asqolhjoÔme me
epanalhptikèc h-refinement teqnikèc, kai proc to tèloc autoÔ tou kefalaÐou
ja parousiĹsoume thn epanalhptikă h-refinement teqnikă epilogăc plègma-
toc qrhsimopoiÿntac thn mèjodo thc finite element hermite cubic orthogonal
collocation.

3.3 ’Amesec Mejìdoi Epilogăc Plègmatoc Dia-
kritopoÐhshc

Mia Ĺmesh mèjodoc epilogăc plègmatoc (kai epÐlushc) perigrĹfetai wc
exăc:

DiadikasÐa : ’Ameshc Mejìdou

Dedomènou enìc arijmhtikoÔ sqămatoc diakritopoÐhshc kai miac arqikăc pro-
seggistikăc lÔshc

Repeat:

• Kajìrise èna plègma apì thn trèqousa lÔsh.

• LÔse to P.S.T. gia thn nèa yπ pĹnw sto nèo plègma.

Until:Mèqri èna sfĹlma anoqăc TOL na ikanopoieÐtai

Sunăjwc h arqikă proseggistikă lÔsh dÐnetai lÔnontac to arqikì P.S.T.
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pĹnw se èna araiì arqikì plègma. To kÔrio erÿthma pou tÐjetai sthn epana-
lhptikă mèjodo pÔknwshc eÐnai to exăc:

fl Dedomènhc thc proseggistikăc lÔshc kajorismènhc apì to trè-
qon plègma π, pwc kajorÐzetai to nèo ekleptusmèno plègma π∗?
fl

Gia na apantăsoume se autì to erÿthma, ja prèpei prÿta na milăsoume
gia ton trìpo me ton opoÐo ja kataskeuĹzoume kai ja epilègoume thn monitor
sunĹrthsh, thn opoÐa kai ja qrhsimopoioÔme gia na elègqoume to sfĹlma
diakritopoÐhshc katĹ thn arijmhtikă epÐlush tou P.S.T. kai sthn sunèqeia
gia na epilègoume to nèo plègma.

Autì pou pragmatikĹ jèloume apì thn lÔsh tou problămatoc epilogăc
plègmatoc eÐnai h apìkthsh miac kalăc proseggistikăc lÔshc gia to P.S.T.
me to ligìtero dunatì kìstoc. ’Ara mia strathgikă pou genikĹ ja epidÐwke
thn qrhsimopoÐhsh twn sugkekrimènwn idiotătwn thc ekĹstote arijmhtikăc me-
jìdou pou qrhsimopoieÐtai, ìpwc gia parĹdeigma to sfĹlma thc ja mporoÔse
na jewrhjeÐ epituqăc.

Omoiìmorfh katanomă sfĹlmatoc

Dedomènou enìc plègmatoc π kai miac proseggistikăc lÔshc yπ(x) pĹnw se
autì to plègma, sumbolÐzoume me ei èna mètro sfĹlmatoc thc proseggistikăc
lÔshc apì thn pragmatikă sto i-ostì upodiĹsthma tou plègmatoc [xi, xi+1).
Autì to mètro sfĹlmatoc mporeÐ na eÐnai apìluto, sqetikì ă sunduasmìc kai
ton duo. Gia parĹdeigma jewroÔme wc ei,

ei = |y(xi)− yπ(xi)|

me i = 1, · · · , n + 1, ìtan gia parĹdeigma èna aplì sqăma peperasmènwn stoi-
qeÐwn qrhsimopoihjeÐ sto π ă

ei = max
xi≤x≤xi+1

|y(x)− yπ(x)| =
∥∥∥y − yπ

∥∥∥
i

me i = 1, · · · , n, ìtan h proseggistikă lÔsh orÐzetai suneqÿc.
To sfĹlma ei exartĹtai apì ta upodiastămata [xi, xi+1] kai genikÿc auxĹnei
ìso to măkoc tou upodiastămatoc auxĹnei. ’Opote mporoÔme na orÐsoume ka-
tĹllhla èna antÐstoiqo mètro sfĹlmatoc di to opoÐo ja metabĹlletai grammikĹ
se sqèsh me to măkoc hi tou kĹje upodiastămatoc, dhladă
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di = hi ·mi (3.23)

ìpou mi anexĹrthto apì to hi. Gia parĹdeigma eĹn h mèjodoc diakritopoÐhshc
ătan èna sqăma tĹxewc s tìte mporoÔme na grĹyoume kĹtw apì kanonikèc
sunjăkec:

|y(xi)− yπ(xi)| = Chs
i |y(s)(xi)|+ O(hs+1

i ) + O(hs)

opìte mporoÔme na grĹyoume thn èkfrash (3.23) wc exăc:

mi = C
1
s |y(s)(xi)| 1s (3.24)

ParathroÔme ìti ei ≈ ds
i . H posìthta mi ìpwc faÐnetai apì thn sqèsh (3.24)

exartĹtai apì thn diamèrish allĹ ìqi me ousiastikì trìpo.
Dedomènou enìc megèjouc n, ja prospajăsoume na dialèxoume èna plègma

π, ÿste h posìthta max |ei| na elaqistopoieÐtai. Mia aploÔsterh epilogă
gia thn elaqistopoÐhsh thc parapĹnw posìthtac eÐnai h elaqistopoÐhsh thc
posìthtac di. Opìte prokÔptei to akìloujo minmax prìblhma me mia mìno
sunjăkh periorismoÔ pou tÐjetai wc exăc:

min
1≤i≤n

{
|di| :

n∑
i=1

hi = b− a
}

(3.25)

H lÔsh tou parapĹnw problămatoc beltistopoÐhshc, proôpojètei ìti ìlec oi
posìthtec di gÐnontai Ðsec me mia stajerĹ λ, opìte èqoume tic sqèseic:

hi =
λ

mi

λ =
b− a∑n
j=1 m−1

j

me i = 1, · · · , n.

GenikeÔontac ta parapĹnw upojètoume mia omală monitor sunĹrthsh m, antÐ
enìc sunìlou diakritÿn timÿn thc pĹnw sto plègma π. Sthn suneqeÐa ja
prospajăsoume na dianèmoume omoiìmorfa to topikì sfĹlma apokopăc enìc
sqămatoc diakritopoÐhshc, qrhsimopoiÿntac wc monitor thn sunĹrthsh m pou
emperièqei uyhlèc paragwgoÔc thc lÔshc y(x).
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Omoiìmorfh katanomă topikoÔ sfĹlmatoc apokopăc

Prin xekinăsoume ja dÿsoume ènan orismì:

Orismìc 3.3 Mia akoloujÐa apì plègmata
{

πn

}∞
n=no

ja kaleÐtai asumptw-

tikĹ omoiìmorfa katanemhmènh (asymptotically equidistributing (as.eq.)) se
sqèsh me mia monitor sunĹrthsh m(x, y(x)) eĹn isqÔei,

∫ xi+1

xi

m(x, y(x))dx = λ(1 + O(h)) (3.26)

me i = 1, . . . , n. ¤

O parapĹnw orismìc upojètei ìti gia ikanopoihtikĹ megĹlo n, to plègma dia-
kritopoÐhshc ja eÐnai omoiìmorfa katanemhmèno sÔmfwna me ton orismì 3.2.
Opìte mia kală proseggistikă lÔsh upĹrqei sthn prĹxh se sqèsh me thn
monitor sunĹrthsh, gia mia katĹllhlh akajìristh akoloujÐa apì plègmata
diakritopoÐhshc. EÐmaste tÿra ètoimoi na ereunăsoume ton trìpo me ton opoÐo
ja epilèxoume mia monitor sunĹrthsh gia na dialèxoume asumptwtikĹ omoiì-
morfa katanemhmèna plègmata.

Upojètoume ìti h mèjodoc diakritopoÐhshc pou qrhsimopoieÐtai gia na lÔsei
to (3.1), dÐnei proseggistikă lÔsh pou ikanopoieÐ to exăc frĹgma sfĹlmatoc.

∥∥∥yπ − y
∥∥∥ ≤ K max

1≤i≤n
|τi[y]| (3.27)

KĹtw apì kanonikèc sunjăkec to topikì sfĹlma apokopăc enìc sqămatoc
diakritopoÐhshc tĹxhc s ikanopoieÐ thn sqèsh,

τi[y] = hs
iT (xi) + O(hp

i ) (p > s) (3.28)

ìpou T (x) eÐnai suneqăc sunĹrthsh pou emplèkei uyhlèc paragÿgouc thc y(x).
’Ara mia fusikă epilogă gia thn monitor sunĹrthsh ja eÐnai:

m(x, y(x)) = |T (x)| 1s

Jeÿrhma 3.4 Upojètoume èna asumptwtikĹ omoiìmorfo plègma π se sqèsh
me thn monitor sunĹrthsh |T (x)| 1s dhladă,
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∫ xi+1

xi

|T (x)| 1s dx = λ(1 + O(h)) i = 1, . . . , n (3.29)

opou

λ =
θ

n
θ =

∫ b

a

|T (x)| 1s dx (3.30)

Tìte antÐstoiqa gia thn mèjodo diakritopoÐhshc pou ikanopoieÐ tic sqèseic
(3.26),(3.27) èqoume thn exăc sqèsh sfĹlmatoc.

∥∥∥yπ − y
∥∥∥ ≤ Kλs(1 + O(h)) + O(h) (3.31)

APODEIXH

Apì thn sqèsh (3.28) èqoume

hi|T (xi)| 1s ≡ θ

n
(1 + O(h))

opìte

hs
i |T (xi)| =

( θ

n

)s

(1 + O(h))

qrhsimopoiÿntac tic sqèseic (3.27) kai (3.28) èqoume to zhtoÔmeno
∥∥∥yπ − y

∥∥∥ ≤ Kλs(1 + O(h)) + O(hp)

¤
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Parathrăseic

• EĹn kĹpoioc jelăsei na periorÐsei to băma thc diakritopoÐhshc h =
max1≤i≤n(xi+1−xi) gia ta epilegìmena plègmata, tìte mporeÐ na epilèxei
wc monitor sunĹrthsh,

m(x, y(x)) = max
{
|T (x)| 1s , v

}

gia kĹpoio v. To prohgoÔmeno jeÿrhma suneqÐzei na isqÔei kai gia autăn
thn epilogă thc monitor sunĹrthshc allĹ oi sqèseic tou prohgoÔmenou
jewrămatoc allĹzoun anĹloga.

• Den eÐnai pĹnta profanèc pwc h T (x) mporeÐ na upologisteÐ sthn prĹxh.
EĹn mia prosèggish thc lÔshc y(x) eÐnai diajèsimh, tìte oi parĹgwgoÐ
thc mporoÔn na qrhsimopoihjoÔn gia na proseggÐsoun thc paragÿgouc
thc lÔshc pou emfanÐzontai sthn T (x). P.q. paÐrnontac paragÿgouc
apì mia katĹllhlh parembolă, ìpwc ja suzhtăsoume sthn epìmenh enì-
thta.

• H parĹmetroc θ mporeÐ na proseggisteÐ qrhsimopoiÿntac thn monitor
function. Apì tic sqèseic (3.27),(3.28),(3.31) kai apì thn sqèsh (3.30)
mporoÔme na ektimăsoume se genikèc grammèc thn posìthta tou sfĹl-
matoc Kλs, opìte dedomènou enìc sfĹlmatoc anoqăc TOL ja prèpei

N ≥ θ
( K

TOL

) 1
s
. Sunepÿc ja mporèsoume na qrhsimopoiăsoume thn

posìthta θ
( K

TOL

) 1
s

wc problepìmenh timă gia to mègejoc tou nèou

plègmatoc. GnwrÐzontac thn problepìmenh timă gia to mègejoc tou
plègmatoc mporoÔme na upologÐsoume to λ, opìte kai to nèo plègma
π∗ mporeÐ na kataskeuasteÐ apì thn sqèsh (3.29).

• EÐnai polÔ shmantikì na parathrăsoume ìti h monadikă proôpìjesh tou
jewrămatoc, eÐnai to plègma π na ikanopoieÐ thn sqèsh (3.26), dhla-
dă na eÐnai to plègma asumptwtikĹ omoiìmorfa katanemhmèno. Autì
sthn pragmatikìthta shmaÐnei ìti mporoÔn na epilègoun kai polÔplokec
monitor sunartăseic kai akìmh to jeÿrhma ja isqÔei, allĹ epÐshc den
eÐnai epijumhtă mia akribăc epÐlush gia thn kataskeuă tou plègmatoc
π =

{
xi

}n+1

i=1
, ìpwc epibebaiÿnetai apì thn sqèsh (3.29) tou prohgoÔ-

menou jewrămatoc.
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3.4 Adaptive Hermite Collocation

Sthn prohgoÔmenh enìthta dÿsame mia genikă prosèggish epilogăc plèg-
matoc, h opoÐa epilÔei èna P.S.T., qrhsimopoiÿntac èna arijmhtikì sqăma kai
prosarmìzontac to plègma diakritopoÐhshc se kĹje băma. H prosarmogă tou
plègmatoc se kĹje băma gÐnetai me bĹsh thn monitor sunĹrthsh h opoÐa em-
plèkei thn trèqon proseggistikă lÔsh. Sthn sunèqeia ja anaptÔxoume mia
strathgikă gia thn praktikă epilogă plègmatoc qrhsimopoiÿntac thn mèjodo
thc collocation. ’Enac apotelesmatikìc algìrijmoc prokÔptei eĹn epilèxoume
wc monitor sunĹrthsh ton kÔrio ìro tou topikoÔ sfĹlmatoc. Profanÿc h
strathgikă pou ja akoloujăsoume den eÐnai h monadikă logikă, allĹ ìmwc
jewroÔme ìti eÐnai polÔ praktikă kai apotelesmatikă kai odhgeÐ se pĹra polÔ
kalĹ arijmhtikĹ apotelèsmata, ìpwc ja doÔme sthn teleutaÐa enìthta autoÔ
tou kefalaÐou.

Algìrijmoc praktikăc epilogăc plègmatoc gia thn Collocation

JewroÔme gia parĹdeigma èna grammikì 2ac tĹxewc P.S.T.

Lu(x) = f(x) a < x < b

B1y(a) + B2y(b) = β

ìpou y(x) = (u(x), u′(x))T . H mèjodoc pou ja qrhsimopoiăsoume gia thn
kataskeuă thc strathgikăc mac ja eÐnai hermite cubic finite element orthogo-
nal collocation. ’Estw uπ(x) h proseggistikă lÔsh, gia èna dedomèno plègma
diakritopoÐhshc π. Gia thn apìkthsh thc uπ(x) ja qrhsimopoioÔntai wc col-
location points se kĹje element ta 2 gauss points tou upodiastămatoc. H lÔsh
uπ(x) eÐnai tmhmatikă poluwnumikă sunĹrthsh me uπ(x) ∈ P3,π ∩ C1[a, b] kai
ikanopoieÐ thn diaforikă exÐswsh sta collocation points. Gia xi ≤ x ≤ xi+1

to sfĹlma thc proseggistikăc lÔshc uπ(x) apì thn pragmatikă u(x) dÐnetai
apì thn sqèsh [ASC95]:

u(j) − u(j)
π = h4−j

i u(4)(xi)P
(j)

(x− xi

hi

)
+ O(h5−j

i ) + O(h4) (3.32)

me j = 0, 1, 2, 3 kai gia j = 0 èqoume,



90 KEF§ALAIO 3. ADAPTIVE H-REFINEMENT MEJ§ODOI

u(x)− uπ(x) = h4
i u

(4)(xi)P
(x− xi

hi

)
(1 + O(hi)) + O(h4) (3.33)

ìpou

P (ξ) =
1

2

∫ ξ

0

(t− ξ)
2∏

l=1

(t− pl)dt

kai pl ta gauss points sto diĹsthma [0, 1]. Apì thn sqèsh apoktoÔme mia
topikă anaparĹstash tou sfĹlmatoc. Opìte

∥∥u(x)− uπ(x)
∥∥

i
= max

xi≤x≤xi+1

|u(x)− uπ(x)| ≤ Cih
4
i

∥∥u(4)(x)
∥∥

i
+ O(h4) (3.34)

ìpou
Ci = Ĉ(1 + O(hi))

kai
Ĉ = max

0≤ξ≤1
P (ξ) (3.35)

’Opwc parathroÔme o kÔrioc ìroc tou sfĹlmatoc exartĹtai apì topikèc po-
sìthtec. Opìte upologÐzontac me kĹpoio trìpo thn

∥∥u(4)(x)
∥∥

i
ja eÐqame mia

ektÐmhsh gia to topikì sfĹlma. Sunepÿc, mia fusikă epilogă gia monitor fu-
nction, sÔmfwna me ìsa èqoume ădh anafèrei se prohgoÔmenec paragrĹfouc
ja eÐnai:

∣∣∣u(4)(x)
∣∣∣
1/4

xi ≤ x ≤ xi+1 (3.36)

H akribăc lÔsh u(x) kai sunepÿc h u(4)(x) eÐnai Ĺgnwstec kai den mporoÔme
apeujeÐac na antikatastăsoume thn u(x) apì thn uπ(x) sthn sqèsh (3.36),
diìti u

(4)
π (x) ≡ 0. ’Omwc mporoÔme me thn exăc diadikasÐa na ektimăsoume thn

u(4)(x). Upojètoume ìti h v(x) ∈ P1,π ∩ C[a, b] eÐnai mia tmhmatikă grammi-
kă sunĹrthsh h opoÐa parembĹlei thn u

(3)
π (x). Opìte gia tic ektimăseic mac

mporoÔme na orÐzoume wc monitor sunĹrthsh thn:

m(x, v(x)) =
∣∣∣v′(x)

∣∣∣
1/4

xi ≤ x ≤ xi+1 (3.37)
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Ta shmeÐa pou ja qrhsimopoiăsoume gia na parembĹloume grammikĹ thn v(x)

sthn u
(3)
π ja eÐnai ta mèsa tou kĹje upodiastămatoc [xi, xi+1],

v(xi+1/2) = u(3)
π (xi+1/2) 1 ≤ i ≤ n

diìti tìte apì thn sqèsh (3.32) èqoume P (3)
(1

2

)
= 0 Ĺra,

v(xi+1/2) = u(3)
π (xi+1/2) = u(3)(xi+1/2) + O(h2

i ) 1 ≤ i ≤ n

opìte h prosèggish thc u(4)(x) apì thn v′(x) ja eÐnai tĹxhc O(h). Dhladă,

v′(x) = u(4)(x)
(
1 + O(h)

)
.

Sunepÿc kai h m(x, v(x)) ja eÐnai O(h) prosèggish thc monitor sunĹrthshc
(3.36). AfoÔ h v′(x) eÐnai tmhmatikĹ stajeră sunĹrthsh, o upologismìc thc
posìthtac

θ =

∫ b

a

∣∣∣v′(x)
∣∣∣
1/4

dx (3.38)

eÐnai mia eÔkolh upìjesh. ’Ara o upologismìc tou nèou as.eq. plègmatoc
diakritopoÐhshc mporeÐ na gÐnei apì thn sqèsh,

∫ xi+1

xi

∣∣∣v′(x)
∣∣∣
1/4

dx ≡ θ

n
(3.39)

kai h sunĹrthsh t(x),

t(x) =
1

θ

∫ x

a

∣∣∣v′(ξ)
∣∣∣
1/4

dξ (3.40)

ja eÐnai tmhmatikĹ grammikă. KatĹ sunèpeia eĹn gnwrÐzoume to xi tìte mpo-
roÔme na upologÐsoume to xi+1 ÿste,

t(xi+1) =
i

n
(3.41)

SÔmfwna me to jeÿrhma (3.4), eĹn π∗ eÐnai to nèo ekleptusmèno plègma diakri-
topoÐhshc pou prokÔptei apì thn sqèsh (3.40), to sfĹlma thc proseggistikăc
collocation lÔshc apì thn pragmatikă ja ikanopoieÐ thn sqèsh:
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∥∥u(x)− uπ(x)
∥∥

i
≤ Ĉ

( θ

n

)4(
1 + O(h)

)
+ O(h4) (3.42)

Opìte èna nèo mègejoc plègmatoc n mporeÐ na epilègei, ÿste h collocation
lÔsh sto antÐstoiqo as.eq. plègma na èqei omoiìmorfo topikì sfĹlma mikrì-
tero apì TOL. Apì thn sqèsh (3.42) mporoÔme na problèyoume to mègejoc
tou plègmatoc diakritopoÐhshc n, ÿste na moirĹsoume omoiìmorfa to topikì
sfĹlma dialègontac:

n = θ
( Ĉ

TOL

)1/4

(3.43)

ìpou Ĉ, θ dÐnontai apì tic sqèseic (3.35),(3.38) antÐstoiqa. SunoyÐzontac ìla
ta parapĹnw èqoume ton akìloujo algìrijmo.

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗Algorithm1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Input: Ena P.S.T., èna sfĹlma anoqăc TOL, èna arqikì plègma π

Output: Mia katĹllhlh proseggistikă lÔsh uπ gia to dedomèno TOL

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

1. Flag = false

2. Repeat Until [ Flag=true ]

2.1 LÔse to P.S.T. kai apìkthse thn collocation lÔsh
uπ gia to dedomèno plègma π.

2.2 KataskeÔase thn tmhmatikă grammikă parembolă v(x)

gia thn u
(3)
π , sta mèsa tou kĹje upodiastămatoc tou

trèqon plègmatoc.

2.3 Upolìgise thn parĹmetro θ apì thn sqèsh (3.38).

2.4 if Ĉ
( θ

n

)
≤ TOL then
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Flag=true

else

Brec èna nèo n apì thn sqèsh (3.43).
KataskeÔase èna nèo plègma apì thn sqèsh (3.39),(3.40),(3.41).

endif

end Repeat

Sthn sunèqeia ja tropopoiăsoume ton parapĹnw algìrijmo, qrhsimopoiÿn-
tac kĹpoia epiplèon krităria, ÿste na exasfalisteÐ mia apotelesmatikă pra-
ktikă epilogă plègmatoc. Gia thn apotelesmatikìthta tou nèou algorÐjmou,
ta sfĹlmata ja ektimÿntai kai ta krităria termatismoÔ ja upologÐzontai me
duo diaforetikoÔc trìpouc. Gia kritărio termatismoÔ allĹ kai wc kritărio
ektÐmhshc sfĹlmatoc gia endiĹmesa bămata, ja qrhsimopoioÔme thn sqèsh
(3.44), [ASC95]. Pio sugkekrimèna, ìtan duo proseggistikèc collocation lÔ-
seic uπ1 , uπ2 upologistoÔn sta plègmata π1, π2, ìpou to plègma π2 prokÔptei
apì to π1 ìtan kĹje tou upodiĹsthma diqotomhjeÐ.

u(x)− uπ2(x) =
1

15
(uπ1(x)− uπ2(x)) (3.44)

Dedomènhc thc proseggistikăc collocation lÔshc upologÐzoume tic parakĹtw
posìthtec.

r1 = max
1≤i≤n

hi

(Ĉ
∥∥v′(x)

∥∥
i

TOL

)1/4

r2 =
n∑

i=1

hi

(Ĉ
∥∥v′(x)

∥∥
i

TOL

)1/4

r3 =
r2

n

Dhlÿnoume ìti h posìthta r1 paristĹnei èna mètro ektÐmhshc gia to mègisto
sfĹlma se kĹje upodiĹsthma, enÿ h posìthta r3 eÐnai èna mètro ektÐmhshc gia

to mèso sfĹlma sta upodiastămata. O lìgoc
r1

r3

eÐnai ènac deÐkthc katanomăc

tou sfĹlmatoc pĹnw se kĹje upodiĹsthma. Eidikìtera eĹn o lìgoc autìc
eÐnai megĹloc, tìte h ektÐmhsh gia to mègisto sfĹlma twn upodiasthmĹtwn ja
eÐnai shmantikĹ megalÔtero apì ekeÐno tou mèsou sfĹlmatoc kai sunepÿc to
plègma mac den mporeÐ na jewrhjeÐ kalĹ katanemhmèno. Opìte elègqontac ton
lìgo autì èqoume mia ektÐmhsh, gia thn poiìthta tou epilegmènou plègmatoc
diakritopoÐhshc. ’Ena plègma ja jewreÐtai omoiìmorfa katanemhmèno eĹn o
lìgoc,

r1

r3

≤ 2 (3.45)
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EĹn h sqèsh (3.45) ikanopoieÐtai, tìte to plègma jewreÐtai ikanopoihtikĹ
katanemhmèno kai den apaitoÔme mia nèa kataskeuă enìc nèou sunìlou shmeÐwn{
xi

}
. Tèloc to trèqon plègma diplasiĹzetai

π∗ =
{

x1, x1+1/2, x2, x2+1/2, . . . , xn, xn+1/2, xn+1

}

kai qrhsimopoiÿntac thn sqèsh (3.44) apoktoÔme mia ektÐmhsh gia to sfĹlma
thc proseggistikăc lÔshc. Oi diplasiasmoÐ suneqÐzontai mèqri na ikanopoieÐ-
tai to dedomèno TOL.

EĹn h sqèsh (3.45) den ikanopoieÐtai, tìte h parĹmetroc kajorÐzei twn
arijmì twn shmeÐwn pou apaitoÔntai, ÿste na eÐnai dunată h apìkthsh miac
proseggistikăc lÔshc pou na ikanopoieÐ to dedomèno TOL, ìpwc akribÿc kai
sthn sqèsh (3.43). Ston nèo tropopoihmèno algìrijmo ja qrhsimopoioÔme wc
problepìmenh timă gia to mègejoc tou nèou plègmatoc diakritopoÐhshc.

n∗ = min
{

n,
1

2
max(n, r2)

}
(3.46)

Me autìn ton trìpo epilogăc tou nèou megèjouc n∗ prostateÔetai o al-
gìrijmoc apì lanjasmèna sumperĹsmata nwrÐc katĹ thn diadikasÐa epilogăc
plègmatoc. Sthn sunèqeia to nèo plègma π∗ ja kajorÐzetai apì tic sqèseic
(3.40),(3.41). EpÐshc, prèpei na prostateÔsoume thn diadikasÐa mac apì tu-
qìn anakuklÿseic kajÿc kai apì prìwra sumperĹsmata gia tuqìn epijumhtĹ
plègmata. Gia na to epitÔqoume to parapĹnw prèpei na exasfalÐsoume ìti to
mègejoc n ja auxĹnetai bajmiaÐa. H strathgikă pou ja akoloujăsoume eÐnai
h exăc:

Prìbleye to nèo mègejoc tou plègmatoc n∗ apì thn sqèsh (3.46), eĹn ìmwc
isqÔei mia apì tic parakĹtw sunjăkec, tìte apèkthse to nèo plègma π∗ dipla-
siĹzontac to trèqon plègma π.

1. EĹn to nèo mègejoc plègmatoc n∗ eÐnai mikrìtero apì to mègejoc tou
plègmatoc prohgoÔmenou tou π.

2. EĹn to trèqon n èqei qrhsimopoihjeÐ treic suneqìmenec forèc.

3. EĹn èqoume treic suneqìmenec omoiìmorfec katanomèc kai diplasiasmoÔc

p.q.
n

2
kai n shmeÐa plègmatoc qrhsimopoiăjhkan treic suneqìmenec

forèc.
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Tèloc, ìtan h epilogă n∗ =
r2

2
< n tejeÐ, tìte ènac diplasiasmìc elpÐzou-

me na gÐnei pou ja mac prosfèrei mia proseggistikă lÔsh (kajÿc mia ektÐmhsh
sfĹlmatoc) pou ja ikanopoieÐ to dedomèno TOL. ParakĹtw dÐnoume sqhmatikĹ
ton algìrijmo.

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗Algorithm2 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Input: ’Ena P.S.T., èna sfĹlma anoqăc TOL, èna arqikì plègma π

Output: Mia katĹllhlh proseggistikă lÔsh uπ gia to dedomèno TOL

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

1. Flag = false

2. Repeat Until [ Flag=true ]

2.1 LÔse to P.S.T. kai apìkthse thn collocation lÔsh
uπ gia to dedomèno plègma π.

2.2 if (π prokÔptei apì diplasiasmì) then

-’Elegqoc krithrÐou termatismoÔ (3.44)
an ikanopoieÐtai tìte Flag=true.

else

-’Elegqoc krithrÐou termatismoÔ Ĉ
( θ

n

)
≤ TOL

an ikanopoieÐtai tìte Flag=true.
endif

2.3 KataskeÔase thn tmhmatikă grammikă parembolă v(x)

gia thn u
(3)
π , sta mèsa tou kĹje upodiastămatoc tou

trèqon plègmatoc.

2.4 Upolìgise tic paramètrouc r1, r2, r3.

2.5 if r1 ≤ 2r3 then

-DiplasÐase to trèqon plègma mèqri to kritărio
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termatismoÔ (3.44) na ikanopoieÐtai
kai tìte jèse Flag=true.

else

-EpÐlexe n∗ = min
{

n,
1

2
max(n, r2)

}
.

if (sunjăkec 1, 2, 3 sel. 94-5) then

-DiplasÐase to trèqon plègma n∗ = 2n.
else

-KataskeÔase èna nèo plègma gia n∗

apì thn sqèsh (3.39),(3.40),(3.41).
endif

endif

end Repeat

3.4.1 ArijmhtikĹ apotelèsmata

ParĹdeigma 4 JewroÔme to prìblhma montèlo steady state advection-diffusion,

−εu′′(x) + u′(x) = 1 0 < x < 1

u(0) = u(1) = 0

h pragmatikă lÔsh tou problămatoc eÐnai,

u(x) = −e
x
ε − 1

e
1
ε − 1

+ x

kai gia 0 < ε ¿ 1 parousiĹzei èna boundary layer plĹtouc O(ε) sto x = 1.
Ja qrhsimopoiăsoume ton Algìrijmo 2 gia na epilÔsoume to parapĹnw prì-
blhma gia ε = 100, 10−1, 5 · 10−2, 10−2, 5 · 10−3. Wc dedomèno sfĹlma anoqăc
ja èqoume TOL=1e-07, kai wc arqikì plègma diakritopoÐhshc ja jewroÔme
mia omoiìmorfh diamèrish tou [0, 1] me mègejoc n = 5.

Gia ε = 100, 10−1, 5 · 10−2, 10−2, 5 · 10−3 oi akoloujÐec plegmĹtwn pou prokÔ-
ptoun mèqri to epijumhtì TOL na ikanopoieÐtai eÐnai:

ε = 100 : 5 5 5 10

ε = 10−1 : 5[1], 5[2], 5[2], 10[4], 10[5], 10[5], 20[9], 12[6],

12[5], 12[5], 24[10], 12[6], 24[11], 12[6], 24[11],

48[21]
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Sqăma 3.4: Pragmatikă lÔsh gia diĹforec timèc tou ε

ε = 5 · 10−2 : 5[2], 5[2], 5[2], 10[6], 10[6], 10[6], 20[12],

13[9], 13[8], 13[8], 26[16], 13[9], 26[17], 13[9],

26[17], 52[33]

ε = 10−2 : 5[1], 5[1], 5[1], 10[1], 10[2], 10[7], 20[13],

13[9], 13[9], 13[9], 26[17], 13[9], 26[17], 13[9],

26[17], 52[34], 26[19], 52[37]

ε = 5 · 10−3 : 5[1], 5[1], 5[1], 10[2], 10[3], 10[5], 20[10], 11[5],

11[5], 11[6], 22[11], 11[6], 22[11], 18[13], 36[26], 18[14],

36[27], 18[14], 36[27], 72[54]

’Opou [.] arijmoÔme to plăjoc twn shmeÐwn tou plègmatoc pou brÐskontai
kontĹ sthn euaÐsjhth perioqă tou boundary layer. Sthn perÐptwsh ìpou
to ε = 10−1, 5 · 10−2 arijmoÔme to plăjoc twn kìmbwn pou brÐskontai sto
diĹsthma (0.8, 1), enÿ gia ε = 10−2, 5 · 10−3 arijmoÔme sto diĹsthma (0.9, 1).

Oi ektimăseic sfĹlmatoc metĹ touc diplasiasmoÔc sta endiĹmesa bămata
kai sto telikì băma, kajÿc kai to pragmatikì sfĹlma faÐnontai stouc para-
kĹtw pÐnakec.

ε = 1 error estimate real error
10 2.6892e-009 3.4303e-009
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ε = 0.1 error estimate real error
10 3.5170e-005 4.6347e-005
20 1.2321e-006 1.7837e-006
24 4.7246e-007 6.6838e-007
24 1.0856e-007 4.8971e-007
24 1.9643e-007 5.0862e-007
48 3.1765e-008 3.3555e-008

ε = 0.05 error estimate real error
10 0.00012313 0.00013906
20 2.9148e-006 4.2377e-006
26 7.6896e-007 1.1074e-006
26 7.2975e-007 1.555e-006
26 4.8012e-007 1.5011e-006
52 9.4243e-008 1.146e-007

ε = 0.01 error estimate real error
10 0.2441 0.1817
20 8.5594e-006 8.808e-006
26 2.2802e-006 2.4323e-006
26 1.3828e-006 2.8999e-006
26 9.8085e-007 2.0115e-006
52 1.8857e-007 6.7602e-007
52 2.8252e-008 4.7521e-008

ε = 0.005 error estimate real error
10 0.025235 0.4906
20 0.0063072 0.015584
22 2.402e-005 3.1724e-005
22 8.7527e-007 2.3749e-006
36 7.1122e-007 2.7729e-006
36 1.5605e-007 4.2418e-007
36 1.1928e-007 6.2322e-007
72 3.9294e-008 6.3481e-008

Sthn sunèqeia paristĹnoume grafikĹ tic ektimăseic sfĹlmatoc kajÿc kai
to pragmatikì sfĹlma sto teleutaÐo băma gia ε = 0.05, 0.005.
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Sqăma 3.5: To pragmatikì kai to sfĹlma ektÐmhshc sto teleutaÐo băma gia
ε = 0.05
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Sqăma 3.6: To pragmatikì kai to sfĹlma ektÐmhshc to teleutaÐo băma gia
ε = 0.005



100 KEF§ALAIO 3. ADAPTIVE H-REFINEMENT MEJ§ODOI

Ta plègmata ta epilèqjhkan ÿste to epijumhtì sfĹlma TOL na ikano-
poieÐtai eÐnai ta parakĹtw.

0
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0.12

0.14
nodes
approximate solution

Sqăma 3.7: To telikì plègma diakritopoÐhshc kai h proseggistikă lÔsh pĹnw
se autì gia ε = 1.
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Sqăma 3.8: To telikì plègma diakritopoÐhshc kai h proseggistikă lÔsh pĹnw
se autì gia ε = 0.1.
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Sqăma 3.9: To telikì plègma diakritopoÐhshc kai h proseggistikă lÔsh pĹnw
se autì gia ε = 0.05.
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Sqăma 3.10: To telikì plègma diakritopoÐhshc kai h proseggistikă lÔsh pĹnw
se autì gia ε = 0.01.
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Sqăma 3.11: To telikì plègma diakritopoÐhshc kai h proseggistikă lÔsh pĹnw
se autì gia ε = 0.005.
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ParĹdeigma 5 JewroÔme to idiìmorfo prìblhma sunoriakÿn timÿn, ìpou
den anăkei sthn parapĹnw kathgìria twn problhmĹtwn metaforĹs-diĹqushc.

εu′′(x) + xu′(x) = −ε cos πx− (πx) sin πx − 1 < x < 1

u(−1) = −2 u(1) = 0

me pragmatikă lÔsh

u(x) = cos πx + erf(
x√
2ε

)/erf(
1√
2ε

)

parathroÔme ìti parousiĹzetai èna interior layer gia 0 < ε << 1 sto x = 0.
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real solution

Sqăma 3.12: GrĹfhma pragmatikăc lÔshc gia ε = 10−4.

H akoloujÐa plegmĹtwn pou prokÔptei katĹ thn epÐlush tou P.S.T. me
ε = 10−4 gia dedomèno sfĹlma anoqăc TOL = 1e-006 kai arqikă omoiìmorfh
diamèrish tou [−1, 1] megèjouc n = 5 eÐnai:

5[0], 5[0], 5[0], 10[1], 10[1], 10[1], 20[2], 20[3], 20[4], 40[8],

24[10], 48[21], 24[13], 48[25], 24[13], 48[25], 96[49]

ìpou to plăjoc twn kìmbwn pou brÐskontai sto diĹsthma (−0.05, 0.05). Oi
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ektimăseic sfĹlmatoc metĹ touc diplasiasmoÔc sta endiĹmesa bămata kai sto
telikì băma, kajÿc kai to pragmatikì sfĹlma faÐnontai ston parakĹtw pÐnaka.

ε = 10−4 error estimate real error
10 0.026841 0.3918
20 0.016949 0.19388
40 0.0029048 0.0035868
48 4.9832e-005 5.0599e-005
48 1.1422e-005 1.3427e-005
48 1.3713e-005 1.5276e-005
96 9.6463e-007 1.9688e-006

H telikă proseggistikă lÔsh kajÿc kai h teleutaÐa ektÐmhsh sfĹlmatoc pa-
ristĹnontai grafikĹ.
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Sqăma 3.13: GrĹfhma proseggistikăc lÔshc gia to telikì epilegìmeno plèg-
ma.
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Sqăma 3.14: To pragmatikì kai to sfĹlma ektÐmhshc gia to telikì epilegì-
meno plègma.
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KefĹlaio 4

SumperĹsmata

Sto prÿto kefĹlaio anadeÐxame ta problămata pou parousiĹzei h mèjodoc
thc Orthogonal Collocation katĹ thn arijmhtikă epÐlush problhmĹtwn tÔpou
metaforĹs-diĹqushc. Sth sunèqeia thc ergasÐac tropopoiăsame katĹllhla
thn parapĹnw mèjodo thc Collocation, me dÔo trìpouc, ÿste na epilÔei me
akrÐbeia kai me to elĹqisto dunatì kìstoc problămata thc prohgoÔmenhc
morfăc.

Sto prÿto mèroc thc ergasÐac, to opoÐo parousiĹzetai sto deÔtero kefĹ-
laio, katafèrnoume na enswmatÿsoume sth mèjodo thc Hermite Cubic Spline
Collocation upwinding qarakthristikĹ. Autì gÐnetai epilègontac katĹllh-
la ta collocation points mèsa apì sÔnola, pou efodiĹzoun to arijmhtikì mac
sqăma me to akìloujo fusikì qarakthristikì,

suntelestăc metaforĹc > 0 ⇒ Re(λ(T1)) > 0

suntelestăc metaforĹc < 0 ⇒ Re(λ(T1)) < 0

ìpou Re(λ(T1)) to pragmatikì mèroc twn idiotimÿn tou pÐnaka prÿthc tĹ-
xewc paragÿgishc T1 thc proseggistikăc lÔshc. Ta parapĹnw sÔnola ta
prosdiorÐzontai jewrhtikĹ. Sth sunèqeia epibebaiÿnontac thn prohgoÔmenh
jewrhtikă anĹlush kai arijmhtikĹ, anadeiknÔontai kĹpoiec polÔ shmantikèc
plhroforÐec gia ton trìpo me ton opoÐo prèpei na epilègontai ta collocation
points mèsa apì sÔnola autĹ, ÿste me to mikrìtero dunatì kìstoc (dhladă
mikrèc diamerÐseic) na èqoume sfĹlmata mèqri kai tĹxewc O(h4).

107
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Sto deÔtero mèroc thc ergasÐac, to opoÐo parousiĹzetai sto trÐto kefĹ-
laio, anazhtoÔme mia kallÐterh diamèrish tou diastămatoc I = [a, b], pĹnw sto
epilÔetai to prìblhma, ÿste h arijmhtikă mèjodoc thc Hermite Cubic Ortho-
gonal Collocation na sumperifèretai kallÐtera.GÐnetai anaforĹ se adaptive
h-refinement teqnikèc pou prosarmìzoun katĹllhla èna plègma diakritopoÐh-
shc, katanèmontac omoiìmorfa èna mètro ektÐmhshc thc sumperiforĹc thc lÔ-
shc. Katìpin basizìmenoi stic mejìdouc autèc, katanèmoume omoiìmorfa to
topikì sfĹlma thc arijmhtikăc mejìdou Hermite Cubic Orthogonal Colloca-
tion mèqri to olikì sfĹlma na eÐnai mikrìtero apì èna dedomèno sfĹlma anoqăc
TOL kai gÐnetai kataskeuă thc epanalhptikăc adaptive h-refinement Hermite
Cubic Orthogonal Collocation.
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