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EUQARISTIES
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epitrop c, k. Dhmosjènh 'Ellhna, k. MÐnw Petr�kh, k. IwakeÐm Gruspol�kh,
k. Ajan�sio Lumperìpoulo, k. Ant¸nh Manous�kh kai k. Iw�nnh Sarid�kh,
gia tic qr simec parathr seic touc.
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Prologoc
AntikeÐmeno aut c thc diatrib c eÐnai h melèth Ôparxhc lÔsewn merik¸n

diaforik¸n exis¸sewn kai susthm�twn touc. H melèth twn problhm�twn au-
t¸n katèqei kentrik  jèsh tìso sta legìmena kajar� majhmatik� ìso kai
stic efarmogèc touc. Oi merikèc diaforikèc exis¸seic paÐzoun èna polu sh-
mantikì rìlo stic fusikomajhmatikèc kai teqnologikèc epist mec. Oi mèjodoi
epÐlushc twn problhm�twn pou qrhsimopoioÔntai s' aut n thn ergasÐa eÐnai oi
ex c:

Metabolikèc mèjodoi (variational methods). Oi metabolikèc mèjodoi eÐnai
polÔ isqurèc teqnikèc sth mh-grammik  an�lush kai se meg�lo bajmì qrhsimo-
poioÔntai se pollèc efarmogèc twn kajar¸n kai efarmosmènwn majhmatik¸n,
pou basÐzontai sthn arq  elaqistopoÐhshc enìc oloklhrwtikoÔ sunarthsoei-
doÔc.
To prìblhma pou prokÔptei suqn� diatup¸netai me th morf  mi�c exÐswshc te-
lest¸n thc morf c Au = f . O telest c A eÐnai ènac kat�llhloc mh-grammikìc
telest c orismènoc se èna uposÔnolo enìc q¸rou Banach X me timèc sto dui-
kì tou X∗. O q¸roc X eÐnai sun jwc ènac kleistìc upìqwroc k�poiou q¸rou
Sobolev. H epilog  tou q¸rou X mèsa apì ton opoÐo ja anazhthjoÔn oi a-
sjeneÐc lÔseic, exart�tai tìso apì ta dedomèna tou probl matoc, ìso kai apì
tic sunoriakèc sunj kec.

Mh metabolikèc mèjodoi. EÐnai di�forec teqnikèc oi opoÐec parèqoun thn Ôpar-
xh, th monadikìthta kai �llec idiìthtec twn lÔsewn gia mh-grammikèc, ellei-
ptikèc kai parabolikèc diaforikèc exis¸seic me merikèc parag¸gouc oi opoÐec
den èqoun metabolik  morf . Sthn ergasÐa aut  qrhsimopoioÔme th mèjodo
tou stajeroÔ shmeÐou (Fixed Point Method).
AnazhtoÔme tic lÔseic twn upo melèth diaforik¸n exis¸sewn stouc q¸rouc
Sobolev oi opoÐoi perièqoun sunart seic me genikeumènh par�gwgo opìte a-
poteloÔn touc plèon kat�llhlouc q¸rouc gia th metabolik  diatÔpwsh pro-
blhm�twn sunoriak¸n tim¸n. Oi sunart seic twn q¸rwn Sobolev par� to
gegonìc ìti den paragwgÐzontai me thn klassik  ènnoia, èqoun genikeumènec
parag¸gouc oi opoÐec diathroÔn orismènec idiìthtec twn omal¸n sunart se-
wn ìpwc eÐnai h olokl rwsh kat� par�gontec. H teleutaÐa eÐnai kajoristik c
shmasÐac diìti mac dÐnei th dunatìthta met�bashc apì to arqikì prìblhma sth
metabolik  ekdoq  tou.
EpÐshc prèpei na anafèroume ìti to je¸rhma ensf nwshc tou Sobolev kaji-
st� touc q¸rouc autoÔc polÔ qr sima ergaleÐa gia th melèth twn Diafori-
k¸n Exis¸sewn. Sta plaÐsia tou jewr matoc autoÔ sunoyÐzontai ta basikì-
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tera apotelèsmata pou aforoÔn stic ensfhn¸seic twn q¸rwn Sobolev. Ta
apotelèsmata pou aforoÔn tic suneqeÐc ensfhn¸seic ofeÐlontai kurÐwc sto
Sobolev all� shmantik  sumbol  proc thn kateÔjunsh aut  eÐqan oi Morrey
kai Gagliardo. Ta apotelèsmata pou sqetÐzontai me tic sumpageÐc ensfh-
n¸seic twn q¸rwn Sobolev ofeÐlontai stouc Rellich kai Kondrachov. Gia
leptomèreiec parapèmpoume sta [1],[2] .

H diatrib  aut  apoteleÐtai apì tèssera kef�laia.
Kef�laio 1. Anafèroume basikèc ènnoiec kai teqnikèc me tic opoÐec anti-

metwpÐzontai ta probl mata pou meletoÔme ed¸. Sugkekrimèna, orÐzoume touc
q¸rouc Lp kai Sobolev kai parajètoume tic idiìthtec touc.

Kef�laio 2. Sto kef�laio autì melet�me thn Ôparxh kai th monadikìth-
ta twn yeudogrammik¸n (quasilinear) susthm�twn. Sugkekrimèna parèqoume
sunj kec gia thn Ôparxh kai th monadikìthta jetik¸n lÔsewn tou yeudogram-
mikoÔ elleiptikoÔ sust matoc

−∆pu = f(x, u, v) Ω
−∆qv = g(x, u, v) Ω

}
me sunoriakèc sunj kec Dirichlet se fragmèno qwrÐo Ω ⊆ RN .
Kef�laio 3. S' autì to kef�laio melet�me to aìristo (indefinite) ellei-

ptikì prìblhma

−∆u−∆pu = a(x)|u|q−2u− b(x)|u|s−2u sto Ω,
u = 0 sto ∂Ω,

}
ìpou Ω eÐnai èna fragmèno qwrÐo sto RN , N ≥ 2, me èna epark¸c leÐo sÔnoro,
q, s eÐnai upokrÐsimoi ekjètec, h a(·) all�zei prìshmo kai b(x) ≥ 0 c.p. sto Ω.
Oi apodeÐxeic mac eÐnai metabolikoÔ tÔpou kai eÐnai basismènec eÐte sthn mèjodo
twn in¸sewn (fibering) tou Pohozaev eÐte sto Je¸rhma Orein c Di�bashc
(Mountain Pass Theorem).

Kef�laio 4. Melet�me thn Ôparxh mh arnhtik¸n lÔsewn qrhsimopoi¸ntac
th mèjodo twn in¸sewn tou Pohozaev gia to yeudogrammikì prìblhma

−∆p(x)u = −λa(x)|u|p(x)−2u+ µb(x)|u|q(x)−2u− εc(x)|u|t(x)−2u Ω
u = 0 sto ∂Ω,

}
ìpou Ω ⊆ RN , N ≥ 2, eÐnai èna fragmèno qwrÐo me epark¸c leÐo sÔnoro,
oi a(.), b(.), c(.) eÐnai ousiwd¸c fragmènec sunart seic, oi p(.), q(.), t(.) eÐnai
suneqeÐc sto Ω kai λ eÐnai mÐa par�metroc.
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SumbolismoÐ

Ω, mh kenì, anoiqtì uposÔnolo tou RN

E ′ duðkìc tou q¸rou Banach E

supp{f} o forèac miac suneqoÔc sun�rthshc f

< ·, · > eswterikì ginìmeno wc proc th duðkìthta E, E ′

σ. p. sqedìn pantoÔ

∇u = ( ∂u
∂x1
, ..., ∂u

∂xN
)

Dau = ∂a1+a2+...+aN

∂x
a1
1 ...∂x

aN
N

u, |a| =
∑N

i=1 ai

∆pu = div(|∇u|p−2∇u) h p− Laplacian thc u

Lp(Ω) o q¸roc twn metr simwn sunart sewn me oloklhr¸simh thn
p− dÔnamh

Lp′(Ω) o duðkìc tou Lp(Ω), ìpou p′ = p
p−1

Cc(Ω) o q¸roc twn suneq¸n sunart sewn me sumpag  forèa

Ck(Ω) o q¸roc twn sunart sewn me suneqeÐc parag¸gouc mèqri thn
t�xh k sto Ω

C∞(Ω) o q¸roc twn sunart sewn pou èqoun par�gwgo k�je t�xhc sto Ω

Ck
c (Ω) = Ck(Ω) ∩ Cc(Ω)

C0,a(Ω) = {u ∈ C(Ω) : sup
x,y∈Ω

|u(x)− u(y)|
|x− y|a

<∞} me 0 < a < 1

Ck,a(Ω) = {u ∈ Ck(Ω) : Dju ∈ C0,a(Ω), |j| ≤ k}

|| · ||Ck,a(Ω) = sup
|β|=k

sup
x,y∈Ω, x ̸=y

|Dβu(x)−Dβu(y)|
|x− y|a

+ max
0≤|β|≤k

sup
x∈Ω

|Dβu(x)|
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W 1,p
0 (Ω),Wm,p(Ω) q¸roi Sobolev

→ isqur  sÔgklish
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Kef�laio 1

Anaskìphsh basik c jewrÐac

Sto kef�laio autì upenjumÐzoume ta basik� ergaleÐa thc sunarthsiak c a-
n�lushc kai perigr�foume tic mejìdouc pou qrhsimopoioÔntai gia thn epÐlush
twn problhm�twn pou akoloujoÔn sta epìmena kef�laia.

1.1 Q¸roi sunart sewn

'Estw E ènac grammikìc p�nw sto R.
Orismìc 'Ena grammikì sunarthsiakì eÐnai mÐa grammik  apeikìnish ori-

smènh ston E   se ènan grammikì upìqwro tou E, me timèc sto R.
Me E ′ sumbolÐzoume ton duikì tou E, dhlad  ton q¸ro twn suneq¸n

grammik¸n sunarthsiak¸n p�nw ston E. O E ′ eÐnai efodiasmènoc me thn duik 
nìrma

||f || = supx ̸=0x∈E,||x||≤1|f(x)|

'Otan f ∈ E ′ kai x ∈ E gr�foume < f, x >   f(x).
Me E ′′ sumbolÐzoume ton duikì tou E ′.

'Estw E ènac q¸roc Banach kai J h kanonik  ensf nwsh apì to E ston E ′′.
Orismìc. O E lègetai anaklastikìc an J(E) = E ′′.
'Otan o E eÐnai anaklastikìc tautÐzoume ton E me ton E ′′ mèsw tou isomorfi-
smoÔ J.
Orismìc. 'Enac q¸roc Banach lègetai omoiìmorfa kurtìc an gia k�je ϵ
> 0 up�rqei d> 0 tètoio ¸ste:

an x, y ∈ E, ||x|| ≤ 1, ||y|| ≤ 1 kai ||x− y| > ϵ tìte ||x+ y

2
|| > 1− δ.

13



'Estw Ω fragmèno uposÔnolo tou RN , N ∈ N kai k ∈ N, me Ck(Ω̄) sum-
bolÐzoume ton q¸ro twn sunart sewn pou oi opoÐec èqoun suneqeÐc klasikèc
merikèc parag¸gouc mèqri t�xhc k sto Ω̄. Se autìn to q¸ro h sun jhc nìrma
|| · ||k,∞ orÐzetai wc ex c

||f ||k,∞ := max{sup
Ω̄

|∂axf | : |a| ≤ k, a ∈ NN
0 }

Me C∞
0 (Ω) ja sumbolÐzoume ton q¸ro twn sunart sewn twn opoÐwn oi

foreÐc perièqontai sto Ω kai pou èqoun klassikèc parag¸gouc k�je t�xhc sto
Ω. SumbolÐzoume epÐshc me L1(Ω) to q¸ro twn oloklhr¸simwn sunart sewn
f : Ω → R me nìrma

||f ||L1(Ω) =

∫
Ω

|f(x)|dx.

O L1
loc(Ω) eÐnai o q¸roc twn metr simwn sunart sewn oi opoÐec eÐnai topik�

oloklhr¸simec sto Ω.

Je¸rhma 1.1.1 ( Puknìthta ) O q¸roc C∞
0 (Ω) eÐnai puknìc ston L1(Ω),

dhlad  gia k�je f ∈ L1(Ω) kai gia k�je ϵ > 0 up�rqei f1 ∈ C∞
0 (Ω) tètoia

¸ste ||f − f1||L1(Ω) ≤ ϵ.

Orismìc : 'Estw p ∈ R me 1 ≤ p <∞. OrÐzoume to grammikì q¸ro

Lp(Ω) = {f : Ω → R : f metr simh kai |f |p ∈ L1(Ω)}

me nìrma

||f ||Lp(Ω) = (

∫
Ω

|f(x)|pdx)
1
p

gia k�je f ∈ Lp(Ω).
TautÐzoume stoiqeÐa tou Lp(Ω) ta opoÐa eÐnai Ðsa σ.p sto Ω.

Orismìc : Jètoume

L∞(Ω) = {f : Ω → R : fmetr simh kai up�rqei stajer� C tètoia ¸ste

|f(x)| ≤ C σ.p. sto Ω}

me nìrma
||f ||L∞(Ω) = inf{C : |f(x)| ≤ C σ.p. sto Ω}
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gia k�je f ∈ L∞(Ω).

H anisìthta tou Minkowski
Gia 1 ≤ p ≤ ∞ kai f, g ∈ Lp(Ω) èqoume:

||f + g||Lp(Ω) ≤ ||f ||Lp(Ω) + ||g||Lp(Ω).

H anisìthta tou Hölder
'Estw 1 ≤ p, q ≤ ∞ tètoia ¸ste 1

p
+ 1

q
= 1 an f ∈ Lp(Ω) kai g ∈ Lq(Ω), tìte

fg ∈ L1(Ω):
||fg||L1(Ω) ≤ ||f ||Lp(Ω)||g||Lp(Ω).

H anisìthta tou Swartz
Aut  eÐnai eidik  perÐptwsh thc anisìthtac Hölder′s ìtan p = q = 2. An
f ∈ L2(Ω) kai g ∈ L2(Ω), tìte fg ∈ L(1)(Ω):

||fg||L1((Ω) ≤ ||f ||L2((Ω))||g||L2((Ω)).

H Asjen c Par�gwgoc
Gia dosmèno n, orÐzoume èna poludeÐkth a wc mÐa diatetagmènh sullog  a-
pì jetikoÔc akeraÐouc a = (a1, a2, ..., an), tou opoÐou to m koc dÐnetai apì
th sqèsh |a| =

∑n
i ai 'Estw f mÐa oloklhr¸simh sun�rthsh sto Ω kai a è-

nac poludeÐkthc. MÐa sun�rthsh g oloklhr¸simh sto Ω ja lègetai asjen c
par�gwgoc t�xhc a thc f an∫

Ω

gϕ = (−1)|a|
∫
Ω

fDaϕ

gia k�je ϕ ∈ C
|a|
0 (Ω). An h f eÐnai mÐa m-forèc diaforÐsimh sun�rthsh, tìte

gia k�je a me |a| ≤ m h par�gwgoc mporeÐ na ekfrasteÐ wc

Daf(x) =
∂|a|f(x)

∂xa11 · · · ∂xann
.

1.1.1 Q¸roi Sobolev

Oi q¸roi autoÐ eÐnai polÔ qr simoi sth melèth problhm�twn sunoriak¸n ti-
m¸n gia diaforikèc exis¸seic, epeid  apoteloÔn to fusiologikì plaÐsio gia th
metabolik  diatÔpwsh sunoriak¸n problhm�twn [20].
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'Estw Ω èna anoiktì uposÔnolo tou RN kai p ∈ R me 1 ≤ p <∞.
Orismìc : O q¸roc Sobolev W 1,p(Ω) orÐzetai wc

W 1,p(Ω) = {u ∈ Lp(Ω)| up�rqoun gi ∈ Lp(Ω)tètoiec ¸ste∫
Ω

u
∂ϕ

∂xi
= −

∫
Ω

giϕ gia k�je ϕ ∈ C∞
0 (Ω), i = 1, 2, ..., N}.

Jètoume H1(Ω) = W 1,2(Ω). Gia k�je u ∈ W 1,p(Ω) gr�foume ∂u
∂xi

= gi kai

▽u = ( ∂u
∂x1

, ..., ∂u
∂xN

) = gradu.

O q¸roc W 1,p(Ω) efodi�zetai me th nìrma

||u||W 1,p(Ω) = ||u||Lp(Ω) +
N∑
i=1

|| ∂u
∂xi

||Lp(Ω).

O q¸roc H1(Ω) efodi�zetai me to eswterikì ginìmeno

(u, v)H1(Ω) = (u, v)L2(Ω) +
N∑
i=1

(
∂u

∂xi
,
∂v

∂xi
)L2(Ω)

me antÐstoiqh nìrma

||u||H1(Ω) = ||u||2L2(Ω) +
N∑
i=1

|| ∂u
∂xi

||2L2(Ω).

SumbolÐzoume me W 1,p
0 (Ω) to kleistì perÐblhma tou C1

0(Ω) ston W
1,p(Ω) wc

proc th nìrma tou W 1,p(Ω). ApodeiknÔetai ìti

H1
0 (Ω) = W 1,2

0 (Ω) = {v ∈ W 1,p
0 (Ω) : v|∂Ω = 0 sto L2(∂Ω)}.

SumbolÐzoume epÐshc me W−1,p(Ω) to duðkì q¸ro tou W 1,p
0 (Ω) kai me H−1(Ω)

to duðkì q¸ro tou H1
0 (Ω). 'Etsi èqoume to akìloujo sq ma

H1
0 (Ω) ⊂ L2(Ω) ⊂ H−1(Ω)

me suneqeÐc kai puknèc ensfhn¸seic [50].
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1.2 Basik� jewr mata

DiatÔpwnoume t¸ra to je¸rhma peplegmènhc sun�rthshc (Hildebrandt and
Graves (1927)):

Je¸rhma 1.2.1 'Estw X, Y, Z q¸roi Banach, kai U(x0, y0) ⊂ X × Y mÐa
anoiqt  perioq  tou (x0, y0) kai F : U(x0, y0) → Z mÐa suneq c sun�rthsh
me F (x0, y0) = 0.
Upojètoume epÐshc ìti
(i) H Fy up�rqei sto U(x0, y0) me

Fy(x0, y0) : Y → Z

eÐnai 1-1 kai epÐ.
(ii) Oi F, Fy eÐnai suneqeÐc sto (x0, y0).
Tìte:
(a) Up�rqoun jetikoÐ arijmoÐ r0, r > 0 tètoioi ¸ste gia k�je x ∈ X me
||x−x0|| ≤ r0, up�rqei monadikì y(x) ∈ Y me ||y(x)−y0|| ≤ r kai F (x, y(x)) =
0 kai h apeikìnish x→ y(x) eÐnai suneq c.
(b) An h F eÐnai paragwgÐsimh tìte kai h apeikìnish x → y(x) eÐnai paragw-
gÐsimh. [60]

H Isqur  Arq  SugkrÐsewc( The strong Comparison Princi-
ple)
H klassik  isqur  arq  tou megÐstou diatup¸nei ìti mia uper-armonik  C2

sun�rthsh u orismènh se èna anoiktì sunektikì uposÔnolo tou Rn den è-
qei shmeÐo megÐstou sto eswterikì tou Ω ektìc an eÐnai stajer . Autì to
apotèlesma paramènei alhjèc an h u ∈ W 1,p(Ω) eÐnai mia p−uper-armonik  su-
n�rthsh tètoia ¸ste div(|Du|p−2Du) ∈ Ls

loc(Ω) me s > pN/(N−1), [57], [58].
'Amesh sunèpeia thc isqur c arq c tou megÐstou eÐnai h isqur  arq  thc sug-
krÐsewc (comparison principle) h opoÐa me thn upìjesh ìti:

−△pu1 ≤ −△pu2.

dÐnei ìti u1 ≤ u2 sto Ω, [38].
Orismìc : Lème ìti to ∂Ω eÐnai Lipschitz an gia k�je x ∈ ∂Ω up�rqei

r > 0 kai mÐa apeikìnish Lipschitz γ : Rn−1 → R tètoia ¸ste na isqÔei

Ω ∩B(x, r) = {y|γ(y1, ..., yN−1) < yN} ∩ B(x, r),

ìpou B(x, r) ≡ {y||yi − xi| < r, i = 1, ..., N}.
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Je¸rhma 1.2.2 'Estw Ω fragmèno uposÔnolo touRN , me Lipschitz sÔnoro
∂Ω, 1 ≤ p <∞. Tìte up�rqei mÐa fragmènh grammik  apeikìnish

T : W 1,p(Ω) → Lp(∂Ω)

tètoia ¸ste Tu = u sto ∂Ω kai ||Tu||Lp(∂Ω) ≤ ||u||W 1,p(Ω)

gia k�je u ∈ W 1,p(Ω) ∩ C(Ω).

Green’s Theorem

Je¸rhma 1.2.3 'Estw f, ϕ ∈ C1(Ω). Tìte∫
Ω

fxiϕdx = −
∫
Ω

fϕxidx+

∫
∂Ω

fϕvidS (i = 1, ..., n)

1.2.1 Je¸rhma Orein c Di�bashc

To Je¸rhma Orein c Di�bashc eÐnai èna jemeli¸dec ergaleÐo sth mh-grammik 
an�lush, ìpou qrhsimopoieÐtai gia thn apìdeixh Ôparxhc lÔsewn gia metabo-
lik� probl mata orismèna se q¸rouc �peirhc di�stashc.

Gia th diatÔpwsh tou Jewr matoc qreiazìmaste th sunj kh Palais −
Smale thn opoÐa parousi�zoume sth sunèqeia.

Orismìc : 'Estw ìti to sunarthsoeidèc F : X → R eÐnai diaforÐsimo
kat� Fréchet sto q¸ro Banach X. Ja lème ìti to F ikanopoieÐ thn sunj kh
sump�geiac Palais− Smale an k�je akoloujÐa {uk}∞k=1 ∈ X tètoia ¸ste:

(i) h F (uk), eÐnai fragmènh kai
(ii) ||F ′(uk)|| → 0, kaj¸c to n→ ∞,
èqei sugklÐnousa upakoloujÐa.
To prìtupo gia èna diaforÐsimo kat� Fréchet sunarthsiakì, pou ikano-

poieÐ thn (PS) eÐnai mia sun�rthsh F : Rn → R me suneqeÐc pr¸tec merikèc
parag¸gouc pou eÐnai asjen¸c sumpiestikì. AfoÔ h akoloujÐa F (un) eÐnai
fragmènh, prokÔptei ìti, h (un) eÐnai epÐshc fragmènh, kai sunep¸c èqei sug-
klÐnousa upakoloujÐa. Wc par�deigma sun�rthshc, pou den ikanopoieÐ aut 
th sunj kh, anafèroume thn F : R → R me F (u) = cosu, jewr¸ntac thn
akoloujÐa (un) me un = nπ. Gia perissìterec plhroforÐec parapèmpoume sta
[33], [61]. MÐa �mesh efarmog  thc sunj khc (PS) eÐnai to Je¸rhma Orein c
Di�bashc.

Je¸rhma 1.2.4 'Estw Q eÐnai ènac q¸roc Banach kai F : X → R èna
sunarthsiakì suneq¸c diaforÐsimo kat� Fréchet. An
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(H1) to F ikanopoieÐ thn sunj kh Palais− Smale,

(H2) up�rqoun stajerèc r, a > 0 tètoiec ¸ste F (0) < a, |F (u)| > a an
||u|| = r,

(H3) up�rqei èna stoiqeÐo w me ||w|| > r gia to opoÐo isqÔei F (w) < a.

'Estw K to sÔnolo ìlwn twn suneq¸n apeikonÐsewn (monopati¸n) p :
[0, 1] → X me p(0) = 0 kai p(1) = w. Epiplèon, jètoume

c := infp∈Ksup0≤t≤1F (p(t)).

Tìte up�rqei èna krÐsimo shmeÐo u tou F tètoio ¸ste F (u) = c kai c > a.

Gia leptomèreiec parapèmpoume sto [8].

1.2.2 H mèjodoc twn in¸sewn (fibering)

H mèjodoc twn in¸sewn fibering qrhsimopoieÐtai gia thn melèth metabolik¸n
problhm�twn. 'Estw f : X → R èna kat� Fréchet diaforÐsimo sunarthsiakì
sto q¸ro Banach X. OrÐzoume to sunarthsiakì f̃ ston R×X wc ex c:

f̃(t, v) = f(tv), (1.1)

Ja anazht soume ta krÐsima shmeÐa thc f̃ upì th sunj kh H(v) = c ìpou
to H : E → R eÐnai èna diaforÐsimo sunarthsiakì. To parak�tw L mma
apodeiknÔei ìti ta krÐsima shmeÐa thc f̃ sto sÔnolo {x ∈ X : H(v) = c}
parèqoun krÐsima shmeÐa gia thn f.

L mma 1.2.1 'Estw H : E → R èna diaforÐsimo sunarthsiakì ston X \ 0,
to opoÐo ikanopoieÐ th sunj kh

< H ′(v), v ≯= 0 an H(v) = 1.

An v eÐnai èna upì sunj kh krÐsimo shmeÐo thc f̃ , upì ton periorismì H(v) =
1, tìte h u := r(v)v eÐnai èna krÐsimo shmeÐo thc f(.).

H mèjodoc twn in¸sewn apodÐdetai ston Pohozaev. Gia leptomèreiec parapèm-
poume sto [48]
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1.2.3 Jewr mata stajeroÔ shmeÐou

DÔo diakritèc kl�seic je¸rhm�twn stajeroÔ shmeÐou sqetÐzontai me
(i) strict contractions,

(ii) sumpageÐc apeikonÐseic
Gia ta parak�tw upojètoume ìti o X ènac q¸roc Banach.

1.2.4 To Je¸rhma stajeroÔ shmeÐou tou Banach

Je¸rhma 1.2.5 'Estw ìti h sun�rthsh

A : X → X

ikanopoieÐ th sqèsh
||A(u)− A(ũ)|| ≤ γ||u− u|| (1.2)

gia k�je (u, ũ ∈ X) kai k�poio γ < 1. Tìte h A èqei èna monadikì stajerì
shmeÐo.

Orismìc: An h A ikanopoieÐ thn (1.2) ja lègetai strict contraction.

1.2.5 To Je¸rhma stajeroÔ shmeÐou tou Schauder

Je¸rhma 1.2.6 'Estw ìti to K ⊂ X eÐnai sumpagèc kai kurtì kai h apei-
kìnish

A : K → K

eÐnai suneq c. Tìte h A èqei èna stajerì shmeÐo sto K.

Oi apodeÐxeic twn jewrhm�twn aut c thc enìthtac eÐnai diajèsimec sto [33].

1.3 Anisìthtec Sobolev

Je¸rhma 1.3.1 (Sobolev,Gagliardo,Nirenberg) 'An 1 ≤ p < N tìte

W 1,p(RN) ⊂ Lp∗(RN),
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ìpou 1
p∗

= 1
p
− 1

N
, kai up�rqei stajer� C(p,N) tètoia ¸ste

||u||Lp∗(RN ) ≤ C||∇u||Lp(RN )

gia k�je u ∈ W 1,p(RN).

'Otan to Ω eÐnai èna tuqaÐo anoiktì uposÔnolo tou RN kai 1 ≤ p < N, tìte

||u||Lp∗(Ω) ≤ C(p,N)||∇u||Lp(Ω)

gia k�je u ∈ W 1,p
0 (RN).

Je¸rhma 1.3.2 (Anisìthta Poincaré) Upojètoume ìti to Ω eÐnai èna anoi-
ktì kai fragmèno uposÔnolo tou RN . Tìte up�rqei stajer� C(p,Ω) tètoia
¸ste

||u||Lp(Ω) ≤ C(p,N)||∇u||Lp(Ω)

gia k�je u ∈ W 1,p
0 (RN) (1 ≤ p <∞)

Je¸rhma 1.3.3 (Rellich-Kondrachov)
'Estw Ω èna anoiktì kai fragmèno uposÔnolo tou RN me leÐo sÔnoro. Tìte

(1) an p < N tìteW 1,p(Ω) ⊂ Lq(Ω) ìpou q ∈ [1, p∗) kai p∗ =
pN

N − p

(2) an p = N tìteW 1,p(Ω) ⊂ Lq(Ω) gia k�je q ∈ [1,+∞),

(3) an p > N tìte W 1,p(Ω) ⊂ C(Ω)
kai oi ensfhn¸seic eÐnai sumpageÐc.
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Kef�laio 2

Melèth thc Ôparxhc kai
monadikìthtac lÔshc
yeudogrammikoÔ sust matoc

2.1 Topojèthsh tou probl matoc

Ed¸ melet�me thn Ôparxh kai th monadikìthta jetik¸n lÔsewn tou yeudo-
grammikoÔ elleiptikoÔ sust matoc

−∆pu = f(x, u, v) sto Ω,
−∆qv = g(x, u, v) sto Ω,

u = v = 0 sto ∂Ω.
(2.1)

me Dirichlet sunoriakèc sunj kec se fragmèno qwrÐo Ω ⊆ RN .

2.2 Anadrom  prohgoÔmenwn apotelesm�-

twn

S' aut  thn enìthta dÐnoume apotelèsmata Ôparxhc kai monadikìthtac jetik¸n
lÔsewn tou asjen¸c sundedemènou (weakly coupled) yeudogrammikoÔ ellei-
ptikoÔ sust matoc (2.1), ìpou Ω eÐnai mÐa fragmènh perioq  sto RN me leÐo
sÔnoro ∂Ω kai oi sunart seic f, g : Ω× [0,∞)× [0,∞) → [0,∞) eÐnai sune-
qeÐc. 'Opwc sun jwc gia s > 1, to ∆su := div(|∇u|s−2∇u) sumbolÐzei ton
telest  s-Laplace. Oi elleiptikèc exis¸seic pou perilamb�noun ton telest 
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s-Laplace qrhsimopoioÔntai gia thn montelopoÐhsh fusik¸n fainomènwn ìpwc

(1) h ro  twn reust¸n. 'Otan s = 2 o telest c qrhsimopoieÐtai gia ta
Neut¸neia reust� [12], ìtan s ∈ (1, 2) qrhsimopoieÐtai gia ta yeÔdo-plastik�
mh-Neut¸neia reust� kai ìtan s > 2 gia ta diastaltik� mh-Neut¸neia reust�:

• dunamik� reust�. H shear stress −→τ (x) kai h klÐsh ∇u thc taqÔthtac
tou reustoÔ sundèontai diamèsw thc exÐswshc−→τ (x) = r(x)|∇u(x)|p−2∇u(x).

• ro  porwd¸n mèswn (gia par�deigma sth ro  sta fr�gmata me mh-omal�
toiq¸mata), ìpou s = 3/2, [52].

• mh-grammik  elastikìthta, ìpou s ≥ 2, [46], [62].

• Glaciology, ìtan s ∈ (1, 4/3],[47].

• apokat�stash eikìnac, ìtan s ∈ [1, 2], anafèroume ta [19], [23].

(2) qhmikèc antidr�seic,

(3) diamìrfwsh protÔpwn (pattern formation)

(4) an�ptuxh plhjusm¸n, ed¸ ta u, v parist�noun dÔo antagwnistoÔc plh-
jusmoÔc, kat� sunèpeia parousi�zoun idiaÐtero endiafèron oi jetikèc lÔseic
tou (2.1).
'Eqoun qrhsimopoihjeÐ arketèc mèjodoi gia na antimetwpistoÔn oi yeudogram-
mikèc exis¸seic kai ta yeudogrammik� sust mata. Sthn monodi�stath perÐ-
ptwsh, oi asjeneÐc lÔseic mporoÔn na anazhthjoÔn mèsw metabolik¸n mejì-
dwn pou parèqoun krÐsima shmeÐa tou antÐstoiqou sunarthsoeidoÔc enèrgeiac,
mia prosèggish epÐshc karpofìra kai sthn perÐptwsh dunamik¸n susthm�-
twn, ìpou gia par�deigma h mh-grammikìthta tou dexioÔ mèlouc eÐnai h kat�
kateÔjunsh par�gwgoc enìc C1− sunarthsoeidoÔc [7], [36], [55]. 'Omwc lìgw
èlleiyhc thc metabolik c dom c h antimet¸pish twn mh metabolik¸n susthm�-
twn ìpwc tou (2.1) eÐnai pio polÔplokh kai basÐzetai se topologikèc mejìdouc
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[5]. Prìsfata èqoun gÐnei shmantikèc melètec tou (2.1). O Dalmasso [28] exa-
sf�lise Ôparxh kai monadikìthta jetik¸n lÔsewn sthn hmigrammik  perÐptwsh
p = q = 2 me thn proupìjesh ìti h f eÐnai sun�rthsh mìno tou v kai h g eÐnai
sun�rthsh mìno tou u, dhlad , to (2.1) eÐnai èna sÔsthma Lane-Emden. Ta
apotelèsmata thc Ôparxhc sthn perÐptwsh ìpou oi f kai g eÐnai mon¸numa
twn u kai v exasfalÐzontai epÐshc sto [27], en¸ to hmigrammikì sÔsthma twn
Lane-Emden melet jhke apì ton Hai [39]. Sthn ergasÐa aut  uiojetoÔme th
mèjodo pou qrhsimopoieÐtai sto [39] gia na sumplhr¸soume kai na epekteÐnou-
me ta apotelèsmata twn proanaferjèntwn ergasi¸n.

2.3 'Uparxh kai monadikìthta thc lÔshc

Upojètoume ìti:

(H1) oi f, g : Ω× [0,∞)× [0,∞) → [0,∞) eÐnai suneqeÐc sunart seic tètoiec
¸ste:
(i) oi u → f(x, u, v) kai u → g(x, u, v) eÐnai mh fjÐnousec gia k�je x ∈
Ω kai v ≥ 0.
(ii) oi v → f(x, u, v) kai v → g(x, u, v) eÐnai mh fjÐnousec gia k�je x ∈
Ω kai u ≥ 0.

(H2) Gia k�je a > 0,

lim sup
z→0+

h
1

p−1 (z, ak
1

q−1 (z, z))

z
= ∞,

ìpou
h(u, v) := min

x∈Ω
f(x, u, v)

kai
k(u, v) := min

x∈Ω
g(x, u, v).

(H3) Gia k�je b > 0,

lim inf
z→+∞

F
1

p−1 (z, bG
1

q−1 (z, z))

z
= 0,

ìpou
F (u, v) := max

x∈Ω
f(x, u, v)
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kai
G(u, v) := max

x∈Ω
g(x, u, v).

(H4)

lim inf
z→+∞

G
1

q−1 (z, z)

z
= 0

kai

lim sup
z→0+

k
1

q−1 (z, z)

z
= ∞.

Upojètoume t¸ra ìti h D eÐnai mÐa upoperioq  tou Ω me D ⊂ Ω. 'Estw δ(.) :=

χD(.), h qarakthristik  sun�rthsh thc D. Oi lÔseic φ̃, ψ̃ twn problhm�twn

−∆pφ̃ = δ sto Ω,

φ̃ = 0 sto ∂Ω

kai
−∆qψ̃ = δ sto Ω,

ψ̃ = 0 sto ∂Ω

ja qrhsimeÔsoun parak�tw. 'Estw φ (antÐstoiqa ψ) oi sunart seic strèyhc
gia touc telestèc −∆p (antÐstoiqa −∆q), dhlad ,

−∆pφ = 1 sto Ω,
φ = 0 sto ∂Ω.

(2.2)

kai
−∆qψ = 1 sto Ω,

ψ = 0 sto ∂Ω.
(2.3)

ParathroÔme ìti apì thn isqur  arq  sugkrÐsewc [38], up�rqoun jetikoÐ a-

rijmoÐ M kai m tètoioi ¸ste φ̃ ≥ Mφ, ψ̃ ≥ Mψ sto Ω kai φ̃, ψ̃, φ, ψ ≥ m
sto D. Parajètoume t¸ra ta apotelèsmata Ôparxhc kai monadikìthtac.

Je¸rhma 2.3.1 'Estw ìti oi f, g ikanopoioÔn tic (H1)-(H4). Tìte h 2.1 èqei
mÐa jetik  lÔsh (u, v).
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Je¸rhma 2.3.2 'Estw ìti oi f, g ikanopoioÔn thn (H1) kai upojètoume ìti

up�rqoun jetikèc stajerèc r1, r2, s1, s2 tètoiec ¸ste oi f(x,s,t)
sr1

, g(x,s,t)
ss1

eÐnai

mh-aÔxousec gia x ∈ Ω kai t ≥ 0, kai f(x,s,t)
tr2

, g(x,s,t)
ts2

eÐnai mh-aÔxousec gia

x ∈ Ω kai s ≥ 0. E�n mÐa apì tic parak�tw sunj kec ikanopoieÐtai:

(i) r1+r2
p−1

< 1 kai (r1+r2)s1+s2(p−1)
(p−1)(q−1)

< 1,

(ii) s1+s2
q−1

< 1 kai (s1+s2)r2+r1(q−1)
(p−1)(q−1)

< 1,

(iii) s1+s2
q−1

< 1 kai r1+r2
p−1

< 1,

(iv) r1+r2
p−1

> 1 , s1+s2
q−1

< 1 kai (r1+r2)(q−1)r1+(s1+s2)(p−1)r2
(p−1)(q−1)2

< 1,

(v) r1+r2
p−1

< 1 , s1+s2
q−1

> 1 kai (r1+r2)(q−1)s1+(s1+s2)(p−1)s2
(p−1)2(q−1)

< 1,

tìte h (2.1) èqei to polÔ mÐa jetik  lÔsh.

ParadeÐgmata To Je¸rhma 2.3.1 efarmìzetai ìtan (i) f(u, v) = uα+vβ

kai g(u, v) = uγ + vδ, α, β, γ, δ ≥ 0, kai oi (H2)−H(4) ikanopoioÔntai

α < p− 1, max{γ, δ} < q − 1,

kai
max{γ, δ}β < (p− 1)(q − 1).

(ii) f(u, v) = uαvβ kai g(u, v) = uγvδ kai oi(H2)-H(4) ikanopoioÔntai an isqÔei

α +
γ + δ

q − 1
β < p− 1

kai

γ + δ < q − 1.

Apìdeixh tou Jewr matoc 2.3.1
Enìyh twn (H2) kai (H4), up�rqei ε ∈ (0, 1) tètoio ¸ste

Mh
1

p−1 (εm,mg
1

q−1 (εm, εm)) ≥ ε
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kai
Mk

1
q−1 (εm, εm) ≥ ε. (2.4)

Gia (w1, w2) ∈ C(Ω)× C(Ω), èstw T (w1, w2) := (u, v) eÐnai mÐa lÔsh tou

−∆pu = f(x,max(w1,εφ), v) sto Ω

−∆qv = g(x,max(w1,εφ),max(w2,εψ)) sto Ω

u = v = 0 sto Ω

EÔkola prokÔptei ìti h sun�rthsh

T : C(Ω)× C(Ω) → C(Ω)× C(Ω)

eÐnai apìluta suneq c. Apì tic (H3) kai (H4) up�rqei ènac arijmìc R >
max{|φ|∞, |ψ|∞} tètoioc ¸ste

F
1

p−1 (R, |ψ|∞G
1

q−1 (R,R))|φ|∞ ≤ R,

G
1

q−1 (R,R)|ψ|∞ ≤ R.

Isqurizìmaste ìti

T (B(0, R)×B(0, R)) ⊆ B(0, R)×B(0, R),

ìpou me B(0, R) dhl¸noume thn kleist  mp�la me kèntro to 0 kai aktÐna R
sto C(Ω). Pr�gmati, èstw w1, w2 ∈ C(Ω), me |w1|∞ ≤ R kai |w2|∞ ≤ R.
Tìte, enìyh tou (2.3),

−∆qv = g(x,max(w1,εφ),max(w2,εψ))

≤ G(R,R)(−∆qψ) = −∆q(G
1

q−1 (R,R)ψ) sto Ω,
h opoÐa apì thn Arq  Isqur c SugkrÐsewc [38] dÐnei ìti

v ≤ G
1

q−1 (R,R)ψ.

Sunep¸c,
|v|∞ ≤ R.

EpÐshc,
−∆pu = f(x,max(w1,εφ), v) ≤ F (R, v)

≤ F (R,G
1

q−1 (R,R)ψ) ≤ F (R,G
1

q−1 (R,R)|ψ|∞),
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h opoÐa, apì thn Arq  Isqur c SugkrÐsewc, dÐnei ìti

u ≤ F
1

p−1 (R, g
1

q−1 (R,R)|ψ|∞)|φ|∞ ≤ R,

opìte |u|∞ ≤ R, apodeiknÔontac ton isqurismì.
Apì to je¸rhma stajeroÔ shmeÐou tou Schauder h T èqei èna stajerì

shmeÐo (u, v) me |u|∞ ≤ R kai |v|∞ ≤ R. Sth sunèqeia ja deÐxoume ìti |u|∞ ≥
εφ kai |v|∞ ≥ εψ. Epeid 

−∆qv = g(x,max(u, εφ),max(v, εψ)) ≥ g(x, εφ, εψ)

≥
{

g(x, εm, εm) sto D,
0 sto Ω\D,

≥
{

k(εm, εm) sto D,
0 sto Ω\D,

èpetai apì thn Arq  Isqur c SugkrÐsewc ìti

v ≥ k
1

q−1 (εm, εm)ψ̃ ≥Mk
1

q−1 (εm, εm)ψ ≥ εψ.

Kat� sunèpeia,

−∆pu = f(x,max(u, εφ), v) ≥ f(x,max(u, εφ), k
1

q−1 (εm, εm)ψ̃)

≥

{
f(x,max(u, εφ), k

1
q−1 (εm, εm)m) sto D,

0 sto Ω\D,

≥

{
h(εm,mk

1
q−1 (εm, εm)m)) sto D,

0 sto Ω\D,

sunep¸c

u ≥ h
1

p−1 (εm, k
1

q−1 (εm, εm)m)φ̃ ≥Mh
1

p−1 (εm,mk
1

q−1 (εm, εm)) ≥ εφ,

oloklhr¸nontac thn apìdeixh.
Apìdeixh tou jewr matoc 2.3.2

Ja d¸soume thn apìdeixh stic peript¸seic (i), (iii) kai (iv). 'Estw (u, v) kai
(u1, v1) jetikèc lÔseic thc (1). 'Opwc sto [21], orÐzoume

∆ = { δ1 ∈ (0, 1] : u ≥ εu1 kai v ≥ εv1 sto Ω gia ε ∈ [0, δ1]}.
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Profan¸c ∆ ̸= ∅. 'Estw δ = sup∆. Ja deÐxoume ìti δ = 1. Upojètoume ìti
δ < 1. An h (i) isqÔei. Tìte

−∆pu ≥ f(x, δu1, v) ≥ δr1f(x, u1, v) ≥ δr1δr2f(x, u1, v1) = δr1+r2f(x, u1, v1),

kai epeid 

−∆p(δ
r1+r2
p−1 u1) = δr1+r2f(x, u1, v1),

èpetai ìti

u ≥ δ
r1+r2
p−1 u1. (2.5)

Sundu�zontac thn (2.5) me thn (2.1), paÐrnoume ìti

−∆qv ≥ g(x, δ
r1+r2
p−1 u1, v) ≥ g(x, δ

r1+r2
p−1 u1, δv1) ≥ δ

(r1+r2 )s1
p−1 g(x, u1, δv1).

epomènwc,

−∆qv ≥ δ
(r1+r2)s1

p−1 δs2g(x, u1, v1) ≥ δ
(r1+r2)s1+s2(p−1)

(p−1) g(x, u1, v1),

kai ètsi

v ≥ δ
(r1+r2)s1+s2(p−1)

(p−1)(q−1) v1, (2.6)

to opoÐo antibaÐnei me ston orismì tou δ.
Sthn perÐptwsh (iii) èqoume

−∆qv ≥ g(x, δu1, v) ≥ δs1g(x, u1, v)

≥ δs1δs2g(x, u1, v1) = δs1+s2g(x, u1, v1).

Epeid 

−∆q(δ
s1+s2
q−1 v1) = δs1+s2g(x, u1, v1),

èpetai ìti

v ≥ δ
s1+s2
q−1 v1. (2.7)

Enìyh twn anisot twn (2.5) kai (2.7) katal goume se �topo apì ton ori-
smì tou δ.
Upojètoume t¸ra ìti h (iv) isqÔei. DouleÔontac ìpwc sthn (2.5) èqoume ìti

u ≥ δ
s1+s2
q−1 v1. (2.8)
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Qrhsimopoi¸ntac tic (2.5) kai (2.8) sthn pr¸th exÐswsh tou sust matoc è-
qoume ìti

−∆pu ≥ f(x, δ
r1+r2
p−1 u1, δ

s1+s2
q−1 v1) (2.9)

≥ δ
(r1+r2)(q−1)r1+(s1+s2)(p−1)r2

(q−1)(p−1) f(x, u1, v1) (2.10)

= −δ
(r1+r2)(q−1)r1+(s1+s2)(p−1)r2

(q−1)(p−1) ∆pu1. (2.11)

Sunep¸c,

u ≥ δ
(r1+r2)(q−1)r1+(s1+s2)(p−1)r2

(p−1)2(q−1) u1.

EpÐshc

−∆qv ≥ g(x, δ
r1+r2
p−1 u1, δ

s1+s2
q−1 v1) ≥ δ

(r1+r2)(q−1)r1+(s1+s2)(p−1)r2
(q−1)(p−1) g(x, u1, v1)

= −δ
(r1+r2)(q−1)r1+(s1+s2)(p−1)r2

(q−1)(p−1) ∆qv1.

Kat� sunèpeia èqoume ìti,

v ≥ δ
(r1+r2)(q−1)r1+(s1+s2)(p−1)r2

(p−1)(q−1)2 v1,

to opoÐo odhgeÐ se �topo apì ton orismì tou δ. 'Ara δ = 1, dhlad , v ≥ v1
kai u ≥ u1. OmoÐwc, v ≤ v1 kai u ≤ u1. Sunep¸c, u = u1 kai v = v1.
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Kef�laio 3

'Uparxh lÔsewn se aìristo
èna elleiptikì prìblhma
tÔpou p-q Laplacian

3.1 Topojèthsh tou probl matoc

Melet�me to aìristo (indefinite) yeudogrammikì elleiptikì prìblhma

−∆u−∆pu = a(x)|u|q−2u− b(x)|u|s−2u sto Ω,
u = 0 sto ∂Ω,

ìpou Ω eÐnai èna fragmèno qwrÐo sto RN , N ≥ 2, me èna epark¸c leÐo
sÔnoro, q, s eÐnai upokrÐsimoi ekjètec, h a(·) all�zei prìshmo kai b(x) ≥ 0
σ..p. sto Ω. Oi apodeÐxeic mac eÐnai metabolikoÔ (variational) tÔpou kai eÐnai
basÐzontai eÐte sthn mèjodo twn in¸sewn eÐte sto je¸rhma Orein c Di�bashc.

3.2 Anadrom  prohgoÔmenwn apotelesm�-

twn

'Estw Ω fragmènh perioq  ston RN , N ≥ 2, me epark¸c leÐo sÔnoro ∂Ω.
JewroÔme th mh-grammik  exÐswsh

−∆qu−∆pu = f(x, u) sto Ω (3.1)
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me Dirichlet sunoriak  sunj kh

u = 0 sto ∂Ω, (3.2)

ìpou p, q ∈ (1, N), kai f : Ω × R → R eÐnai mi� Caratheodory sun�rth-
sh. Oi lÔseic thc (3.1) eÐnai st�simec (stationary) lÔseic tou sust matoc
antÐdrashc -di�qushc

ut = div(A(u)∇u) + f(x, u), (3.3)

opou A(u) = (|∇u|q−2+ |∇u|p−2). Autì to sÔsthma èqei eurÔ f�sma efarmo-
g¸n stic fusikèc epist mec ìpwc stic qhmikèc antidr�seic [11], sthn biofusik 
[35] kai fusik  pl�smatoc [56]. H sun�rthsh u perigr�fei th sugkèntrwsh e-
nìc megèjouc, div(A(u)∇u) antistoiqeÐ sth di�qush me suntelestèc di�qushc
tic A(u) kai f(·, ·) na anaparistoÔn thn antÐdrash.

H exÐswsh (3.1) emfanÐzetai epÐshc sth melèth twn solitonik¸n lÔsewn
thc mh-grammik c Schrödinger exÐswshc

iψt = −∆ψ −∆pψ + f(x, ψ)

pou melet jhke apì ton Derrick sto [29] wc èna montèlo gia stoiqei¸dh
swmatÐdia.

'Otan p = q = 2, h 3.1 eÐnai mÐa kanonik  Schrödinger exÐswsh h opoÐa èqei
melethjeÐ ekten¸c, anafèromaste sta [13, 16, 17]. Prìsfata, to prìblhma
ìtan m = 2 ̸= q kai

f(x, u) = V ′(u)

èqei melethjeÐ sto [14] ìpou apodeiknÔetai ìti h (3.1) èqei mÐa asjen  lÔsh.
To prìblhma idiotim¸n

−∆u+ V (x)u+ εr(−∆pu+W ′(u)) = µu

exet�sthke sto [15] se sqèsh me th sumperifor� twn idiotim¸n kaj¸c to
ε→ 0. Sto [26] èqei melethjeÐ h perÐptwsh ìpou m ̸= p kai

f(x, u) = λa(x)|u|γ−2u− b(x)|u|m−2u− c(x)|u|p−2u

ìpou epÐshc parousi�zetai èna apotèlesma diakl�dwshc. Sto [41] parèqetai
mÐa lÔsh upì thn upìjesh ìti

f(x, u) = g(x, u)− b(x)|u|m−2u− c(x)|u|p−2u (3.4)
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kai h sun�rthsh g(·, ·) den ikanopoieÐ thn sunj kh Ambrosetti−Rabinowitz:

0 ≤ G(x, u) =

∫ u

0

g(x, s)ds ≤ 1

p+ θ
g(x, u)u, ìtan (x, u) ∈ RN × R+.

H C1,δ-omalìthta twn lÔsewn tou probl matoc (3.1) apodeiknÔetai sto
[40]. H mèjodoc elaqistopoÐhshc touj sunarthsiakoÔ enèrgeiac upì sunj kh
uiojeteÐtai sto [59] ∫

RN

[b(x)|u|q − c(x)|u|pu]dx = λ

uiojeteÐtai sto [59] ìtan h f(·, ·) ikanopoieÐ thn (3.4) gia na apodeÐxei ìti h
(3.1) èqei mÐa lÔsh gia λ ∈ (0, λ0), λ0 > 0. EparkeÐc sunj kec gia thn Ôparxh
dÔo lÔsewn tou probl matoc (3.1) dÐnontai sto [44].

S' autì to Kef�laio melet�me to prìblhma

−∆u−∆pu = a(x)|u|q−2u− b(x)|u|s−2u sto Ω, (3.5)

u = 0 sto ∂Ω, (3.6)

ìpou oi ekjètec q, s eÐnai upokrÐsimoi kai oi a(·), b(·) eÐnai ousiwd¸c fragmènec
sunart seic, h a(·) all�zei prìshmo en¸ b(·) ≥ 0 σ.p sto Ω. Oi apodeÐxeic mac
basÐzontai eÐte sth mèjodo twn in¸sewn tou Pohozaev [49] eÐte sto Je¸rhma
Orein c Di�bashc twn Ambrosetti−Rabinowitz [8].

Lìgw summetrÐac, ja parousi�soume tic peript¸seic ìpou p < 2.

3.3 Apotelèsmata Ôparxhc lÔshc

K�noume tic akìloujec upojèseic gia ta dedomèna tou probl matoc (3.5) −
(3.6):

(H0) 1 < s, q < 2∗.

(H1) a(·) ∈ L∞(Ω) kai a+ := max{a, 0} ≠ 0.

(H2) b(·) ∈ L∞(Ω) kai b(x) ≥ 0 σ.p sto Ω.
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Exet�zoume to prìblhma sto q¸ro

E := H1
0 (Ω),

pou efodi�zetai me th nìrma ∥υ∥E = ∥∇υ∥2. To sunarthsoeidèc enèrgeiac
Φ : E → R tou probl matoc (3.5)− (3.6) eÐnai

Φ(υ) :=
1

p
∥∇υ∥pp +

1

2
∥∇υ∥22 −

1

q
A(υ) +

1

s
B(υ), (3.7)

ìpou

A(υ) :=

∫
Ω

a(x)|υ|qdx kai B(υ) :=

∫
Ω

b(x)|υ|sdx.

Gia ton entopismì mh-arnhtik¸n krÐsimwn shmeÐwn thc Φ(·) qrhsimopoioÔme thn
mèjodo twn in¸sewn. Gia autì analÔoume thn sun�rthsh u ∈ E wc u = rυ,
ìpou r ∈ R, v ∈ E, kai orÐzoume to epektetamèno sunarthsoeidèc F (·, ·)
sqetikì me thn Φ(·) wc

F (r, υ) := Φ(rυ) =
|r|p

p
∥∇υ∥pp +

|r|2

2
∥∇υ∥22 −

|r|q

q
A(υ) +

|r|s

s
B(υ). (3.8)

An u = rυ eÐnai èna krÐsimo shmeÐo thc Φ(·), tìte èqoume

Fr(r, υ) = 0. (3.9)

Profan¸c h (3.9) eÐnai isodÔnamh me thn

r2∥∇υ∥22 + rp∥∇υ∥pp = rqA(υ)− rsB(υ). (3.10)

'Estw ìti h r := r(υ) na eÐnai jetik  lÔsh thc (3.10). OrÐzoume to epagìmeno
sunarthsoeidèc Φ̂(υ) := Φ(r(υ)υ), υ ∈ E, to opoÐo, en�oyh thc (3.10), èqei
tic akìloujec isodÔnamec ekfr�seic

Φ̂(υ) := r2(1
2
− 1

p
)∥∇υ∥22 + rq(1

p
− 1

q
)A(υ) + rs(1

s
− 1

p
)B(υ) (3.11)

= rq(1
p
− 1

q
)∥∇υ∥pp + r2(1

2
− 1

q
)∥∇υ∥22 + rs(1

s
− 1

q
)B(υ) (3.12)

= rp(1
p
− 1

s
)∥∇υ∥pp + r2(1

2
− 1

s
)∥∇υ∥22 + rq(1

s
− 1

q
)A(υ) (3.13)

= rp(1
p
− 1

2
)∥∇υ∥pp + rq(1

2
− 1

q
)A(υ) + rs(1

s
− 1

2
)B(υ) (3.14)

H mèjodoc twn in¸sewn basÐzetai sto akìloujo gegonìc,[32], [43], [49].
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L mma 3.3.1 'EstwH : E → R èna sunarthsoeidèc suneq¸c kat� Fréchet-
diaforÐsimo sto E\{0} pou ikanopoieÐ tic akìloujec sunj kec:

⟨H ′(υ), υ⟩ ̸= 0 an H(υ) = 1,

kai H(0) = 0. An υ ̸= 0 eÐnai èna upì sunj kh krÐsimo shmeÐo thc Φ̂(·)
k�tw apì touc periorismoÔc H(υ) = 1, tìte u := r(υ)υ eÐnai èna mh mhdenikì
krÐsimo shmeÐo thc Φ(·).

Perissìterec leptomèreiec anafèrontai sthn [32]. Wc periorismì ja qrh-
simopoi soume to sunarthsoeidèc

H(υ) := ∥∇υ∥pp + ∥∇υ∥22

poÔ prafan¸c ikanopoieÐ tic dÔo sunj kec tou L mmatoc 3.3.1. 'Estw

S1 := {υ ∈ E : H(υ) = 1}. (3.15)

ParathroÔme ìti, lìgw thc upìjeshc (H1), to sÔnolo

G1 := {υ ∈ E : A(υ) > 0}

eÐnai mh kenì.

PerÐptwsh 1: q < min{p, s, 2}
Ja ergastoÔme ìpwc sta [32, 42, 43]. Apì thn (3.10) prokÔptei h akìloujh
exÐswsh

rp−q∥∇υ∥pp + r2−q∥∇υ∥22 + rs−qB(υ) = A(υ), (3.16)

h opoÐa èqei mÐa monadik  lÔsh r(υ) > 0 gia k�je υ ∈ G1. EÐnai eÔkolo na
elègxoume ìti r(υ)υ = r(kυ)kυ gia k�je k > 0. Apì to je¸rhma peplegmènhc
sun�rthshc, èqoume ìti r(·) ∈ C1(G1). An υ ∈ S1 tìte apì thn anisìthta
Hölder sunep�getai ìti ∥∇υ∥22 ≥ θ gia k�poio θ > 0 kai ètsi, apì thn (3.16),
h r(·) eÐnai fragmènh sto G1 ∩ S1 epeid  h A(·) eÐnai fragmènh ston S1 apì
to je¸rhma tou Rellich−Kondrachov. Sunep¸c, h Φ̂(·) eÐnai k�tw fragmènh
sto G1 ∩ S1. 'Estw

M = inf
u∈G1∩S1

Φ̂(u).

Apì thn (3.12), M < 0. Upojètoume ìti h {υn} eÐnai mÐa akoloujÐa elaqisto-
poÐhshc gia thn Φ̂(·) sto G1 ∩ S1. Tìte, gia toul�qiston mÐa upakoloujÐa,
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èqoume ìti υn → υ̃ asjen¸c sto E, kai ètsi mporoÔme na upojèsoume ì-
ti A(υn) → A(υ̃) kai B(υn) → B(υ̃). Ekmetalleuìmenoi thn asjen  k�tw
hmi-sunèqeia thc nìrmac paÐrnoume ìti

0 ≤ ∥∇υ̃∥22 ≤ lim inf ∥∇υn∥22, 0 ≤ ∥∇υ̃∥pp ≤ lim inf ∥∇υn∥pp.

Epeid  h {r(υn)}n∈N eÐnai fragmènh mporoÔme na upojèsoume ìti r(υn) → r̃.
Epomènwc,

Φ(r̃υ̃) ≤ lim inf Φ(rnυn) =M < 0,

pou sunep�getai ìti r̃ > 0 kai υ̃ ̸= 0. EpÐshc, apì thn (3.16)

r(υn)
p−q∥∇υn∥pp + r(υn)

2−q∥∇υn∥22 + r(υn)
s−qB(υn) = A(υn). (3.17)

PaÐrnontac to ìrio kaj¸c to n→ +∞, brÐskoume ìti

0 < r̃p−q∥∇υ̃∥pp + r̃2−q∥∇υ̃∥22 + r̃s−qB(υ̃) ≤ A(υ̃), (3.18)

apì thn opoÐa sun�goume ìti υ̃ ∈ G1. Lìgw thc (??),

r(υ̃)p−q∥∇υ̃∥pp + r(υ̃)2−q∥∇υ̃∥22 + r(υ̃)s−qB(υ̃) = A(υ̃), (3.19)

kai ètsi lìgw thc (3.18) paÐrnoume ìti r̃ ≤ r(υ̃ ). An upojèsoume ìti r̃ < r(υ̃),
tìte, afoÔ h sun�rthsh t → Φ(tυ̃), t ∈ (0, r(υ̃)), eÐnai gnhsÐwc fjÐnousa,
sumperaÐnoume ìti

Φ̂(υ̃) = Φ(r(υ̃)υ̃) < Φ(r̃υ̃) ≤M. (3.20)

All� tìte

Φ̂(
υ̃

∥υ̃∥E
) = Φ̂(υ̃) < M,

to opoÐo eÐnai �topo. Epomènwc, r̃ = r(υ̃). Apì tic (3.17) kai (3.19),

lim
n→∞

{∥∇υn∥pp + r(υn)
2−p∥∇υn∥22} = ∥∇υ̃∥pp + r(υ̃)2−p∥∇υ̃∥22, (3.21)

apì thn opoÐa sunep�getai ìti ∥∇υn∥pp → ∥∇υ̃∥pp kai ∥∇υn∥22 → ∥∇υ̃∥22.
Kat� sunèpeia, υ̃ ∈ S1 kai Φ̂(υ̃) = M . AfoÔ h |υ̃| elaqistopoieÐ epÐshc thn
Φ̂(·), mporoÔme na upojèsoume ìti υ̃ ≥ 0. Apì to l mma 3.3.1 sunep�getai
ìti u := r(υ̃)υ̃ eÐnai mÐa lÔsh tou (3.5) − (3.6). Apì to [40, Theorem 1],
èqoume ìti u ∈ C1,δ(Ω) gia k�poio δ ∈ (0, 1). Epomènwc èqoume to akìloujo
apotèlesma:
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Je¸rhma 3.3.1 Upojètoume ìti oi (H0)-(H2) ikanopoioÔntai kai q < min{p, s, 2}.
Tìte to prìblhma (3.5) − (3.6) èqei mÐa mh-arnhtik  lÔsh u ∈ C1,δ(Ω) gia
k�poio δ ∈ (0, 1).

PerÐptwsh 2: p < q < 2 < s
'Estw

Q(r, υ) := rq−pA(υ)− rs−pB(υ)− r2−p∥∇υ∥22. (3.22)

Tìte h (3.10) eÐnai isodÔnamh me thn

Q(r, υ) = ∥∇υ∥pp. (3.23)

ParathroÔme ìti ìtan υ ∈ G1 h sun�rthsh Q(·, υ) èqei èna monadikì krÐsimo
shmeÐo r∗ := r∗(υ) to opoÐo ikanopoieÐ thn

(q − p)A(υ) = (s− p)r∗(υ)
s−qB(υ) + (2− p)r∗(υ)

2−q∥∇υ∥22. (3.24)

Lìgw thc (3.22) prokÔptoun oi akìloujec isodÔnamec ekfr�seic thc (3.24),
oi opoÐec ja qreiastoÔn sth sunèqeia,

Q(r∗(υ), υ) =
2− q

2− p
r∗(υ)

q−pA(υ) +
s− 2

2− p
r∗(υ)

s−pB(υ),

Q(r∗(υ), υ) =
s− q

s− p
r∗(υ)

s−pA(υ) +
2− s

s− p
r∗(υ)

2−p∥∇υ∥22,

Q(r∗(υ), υ) =
s− q

q − p
r∗(υ)

s−pB(υ) +
2− q

q − p
r∗(υ)

s−p∥∇υ∥22.

'Estw
G2 := {υ ∈ G1 : ∥∇υ∥pp < Q(r∗(υ), υ)}. (3.25)

H exÐswsh (3.23) èqei dÔo jetikèc lÔseic r1(υ), r2(υ) me r1(υ) < r∗(υ) < r2(υ)
gia k�je υ ∈ G2. 'Estw r := r2(υ). Tìte

rp−q+1Qr(r, υ) = (q − p)A(υ)− (s− p)rs−qB(υ)− (2− p)r2−q∥∇υ∥22,

h opoÐa, sunduazìmenh me thn (3.24), dÐnei

rp−q+1Qr(r, υ) = (2− p)∥∇υ∥22(r2−q
∗ − r2−q) + (s− p)B(υ)(rs−q

∗ − rs−q) < 0.
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Apì to je¸rhma peplegmènhc sun�rthshc h r(·) eÐnai suneq¸c diaforÐsimh.
'Estw

G3 := {υ ∈ G1 : ∥∇υ∥pp <
p

q

2− q

2− p
r∗(υ)

q−pA(υ)}. (3.26)

Ac upojèsoume ìti G3 ̸= ∅. Epeid  q > p kai r(υ) > r∗(υ), blèpoume ìti
G3 ⊆ G2 kai ètsi G2 ̸= ∅. An υ ∈ G3, tìte

∥∇υ∥pp <
p

q

2− q

2− p
r∗(υ)

q−pA(υ), (3.27)

kai kat� sunèpeia èqoume ìti

∥∇υ∥pp <
p

q

2− q

2− p
r(υ)q−pA(υ).

'Etsi
2− p

p
r(υ)p∥∇υ∥pp +

q − 2

q
r(υ)qA(υ) < 0. (3.28)

Apì tic (3.28) kai (3.14) èqoume ìti

Φ̂(υ) < rp(
1

p
− 1

2
)∥∇υ∥pp + rq(

1

2
− 1

q
)A(υ) < 0.

EpÐshc, an υ ∈ G2 ∩ S1, apì thn (3.16)

r(υ) ≤
( A(υ)

∥∇υ∥22

)1/(2−q)

, (3.29)

opìte h r(·) eÐnai fragmènh stoG2∩S1. Sunep¸c, h Φ̂(υ) eÐnai epÐshc fragmènh
sto G2 ∩ S1. 'Estw

M := inf
υ∈G2∩S1

Φ̂(υ) < 0.

Upojètoume ìti h {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc thc Φ̂ sto
G2 ∩ S1. Tìte up�rqei υ̃ ∈ E tètoio ¸ste, gia toul�qiston mÐa upakoloujÐa,

A(υn) → A(υ̃),

B(υn) → B(υ̃),

0 ≤ ∥∇υ̃∥2 ≤ lim inf ∥∇υn∥2 ≤ 1,

0 ≤ ∥∇υ̃∥p ≤ lim inf ∥∇υn∥p ≤ 1.

40



Ja prèpei na èqoume υ̃ ̸= 0, diaforetik�

0 = Φ(0) ≤ lim inf
n→∞

Φ(r(υn)υn) =M,

to opoÐo eÐnai �topo. Epeid  h {r(υn)}n∈N eÐnai fragmènh kai r∗(υn) < r(υn),
n ∈ N, mporoÔme na upojèsoume ìti r∗(υn) → r̃∗ kai r(υn) → r̃ > 0. An
A(υ̃) = 0, tìte apì thn (3.29) prokÔptei ìti r̃ = 0 h opoÐa odhgeÐ se �topo.
'AraA(υ̃) > 0 kai ètsi υ̃ ∈ G1. EpÐshc, r̃∗ > 0 lìgw thc (3.24). Isqurizìmaste
ìti υ̃ ∈ G3. Pr�gmati, apì thn (3.23) èqoume,

∥∇υ̃∥pp ≤ lim sup
n→∞

∥∇υn∥pp ≤ lim sup
n→∞

Q(r∗(υn), υn)

≤ lim supn→∞{r∗(υn)q−pA(υn)−r∗(υn)s−pB(υn)}−lim infn→∞ r∗(υn)
2−p∥∇υn∥22

≤ r̃q−p
∗ A(υ̃)− r̃s−p

∗ B(υ̃)− r̃2−p
∗ ∥∇υ̃∥22 = Q(r̃∗, υ̃) (3.30)

apì thn opoÐa prokÔptei ìti

∥∇υ̃∥pp ≤ Q(r∗(υ̃), υ̃). (3.31)

An upojèsoume ìti isqÔei h isìthta

∥∇υ̃∥pp = Q(r∗(υ̃), υ̃), (3.32)

tìte qrhsimopoi¸ntac thn (3.10) gia υ = υn kai paÐrnontac to ìrio kaj¸c to
n→ +∞, èqoume ìti

∥∇υ̃∥pp ≤ lim sup
n→∞

∥∇υ̃n∥pp ≤ lim sup
n→∞

Q(r(υn), υn)

≤ lim supn→∞{r(υn)q−pA(υn)−r(υn)s−pB(υn)}− lim infn→∞ r(υn)
2−p∥∇υn∥22

≤ r̃q−pA(υ̃)−r̃s−pB(υ̃)−r̃2−p∥∇υ̃∥22 = Q(r̃, υ̃), (3.33)
Lìgw twn (3.3), (3.32) kai (3.3), sumperaÐnoume ìti r̃ = r̃∗ = r̃∗(υ̃). Apì

thn �llh meri�, antikajist¸ntac ìpou υ thn υn sthn (3.24) kai paÐrnontac to
ìrio prokÔptei ìti

(q − p)A(υ̃) ≥ (s− p)r∗(υ̃)
s−qB(υ̃) + (2− p)r∗(υ̃)

2−q∥∇υ̃∥22.
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Epeid  h r∗(υ̃) ikanopoieÐ thn

(q − p)A(υ̃) = (s− p)r∗(υ̃)
s−qB(υ̃) + (2− p)r∗(υ̃)

2−q∥∇υ̃∥22,

sumperaÐnoume ìti ∥∇υn∥22 → ∥∇υ̃∥22 kai

(q − p)A(υ̃) = (s− p) r∗(υ̃)
s−qB(υ̃) + (2− p) r∗(υ̃)

2−q∥∇υ̃∥22. (3.34)

'Ara,

A(υ̃) =
s− p

q − p
r̃s−qB(υ̃) +

2− p

q − p
r̃2−q∥∇υ̃∥22. (3.35)

EpÐshc, (3.11) kai (3.35) dÐnoun ìti

M = lim
n→∞

Φ̂(υn) =
(s− q)(s− p)

pqs
r̃sB(υ̃) +

(2− p)(2− q)

2pq
r̃2∥∇υ̃∥22 > 0,

to opoÐo eÐnai �topo. Epomènwc, ∥∇υ̃∥pp < Q(r∗(υ̃), υ̃), �ra υ̃ ∈ G3 . Sth
sunèqeia ja deÐxoume ìti r̃ = r(υ̃). 'Estw t > 0 tètoio ¸ste tυ̃ ∈ S1. Epeid 

r∗(tυ̃)tυ̃ = r∗(υ̃)υ̃, (3.36)

apì tic (3.23), (3.26) kai thn (3.36), èqoume

∥∇υ̃∥pp < Q(r∗(υ̃), υ̃) = Q(tr∗(tυ̃), υ̃) = t−pQ(r∗(tυ̃), tυ̃).

'Ara
∥t∇υ̃∥pp ≤ Q(r∗(tυ̃), tυ̃),

apì thn opoÐa sunep�getai ìti tυ̃ ∈ G2∩S1. Epiplèon, apì thn (3.23), h r(tυ̃)
ikanopoieÐ thn

Q(tr(tυ̃), υ̃) = ∥∇υ̃∥pp = Q(r(υ̃), υ̃), (3.37)

h opoÐa dÐnei ìti
tr(tυ̃) = r(υ̃). (3.38)

Lìgw thc (3.3),
Q(r(υ̃), υ̃) = ∥∇υ̃∥pp ≤ Q(r̃, υ̃),

opìte r̃ ≤ r(υ̃). An upojèsoume ìti r̃ < r(υ̃), tìte, epeid  h sun�rthsh
z → Φ(zυ̃) eÐnai gnhsÐwc fjÐnousa sto (r̃, r(υ̃)), apì thn (3.38) èqoume ìti

M = lim inf
n→∞

Φ(r(υn)υn) ≥ Φ(r̃υ̃) > Φ(r(υ̃)υ̃) = Φ(r(tυ̃)tυ̃) = Φ̂(tυ̃),
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pou odhgeÐ se �topo. 'Ara r̃ = r(υ̃), opìte h (3.21) isqÔei, dhlad  υ̃ ∈ S1 kai
Φ̂(υ̃) =M . 'Opwc kai sthn prohgoÔmenh perÐptwsh mporoÔme na upojèsoume
ìti υ̃ ≥ 0. Apì to L mma 3.3.1 sunep�getai ìti u := r(υ̃)υ̃ eÐnai mÐa lÔsh tou
(3.5)− (3.6).

'Eqoume loipìn to parak�tw apotèlesma:

Je¸rhma 3.3.2 Upojètoume ìti oi sunj kec ikanopoioÔntai (H0)-(H2), p <
q < 2 < s kai to sÔnolo G3 to opoÐo orÐzetai apì thn (3.26) eÐnai mh kenì.
Tìte to prìblhma (3.5) − (3.6) èqei mÐa mh arnhtik  lÔsh u ∈ C1,δ(Ω) gia
k�poio δ ∈ (0, 1).

Ja d¸soume parak�tw k�poiec sunj kec oi opoÐec exasfalÐzoun ìti G3 ̸=
∅. Upojètoume ìti suppa+ ⊆ suppb. Tìte up�rqei υ ∈ S1 tètoio ¸ste
B(υ) > 0. Epeid  r∗(υ)2−q < r(υ)2−q, h (3.24) sunep�getai ìti

(q − p)A(υ) < (s− p)r∗(υ)
s−qB(υ) + (2− p)r(υ)2−q∥∇υ∥22, (3.39)

kai ètsi

r∗(υ)
s−q >

q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)
.

Kat� sunèpeia,
p

q

2− q

2− p
r∗(υ)

q−pA(υ) >
p

q

2− q

2− p
M(υ), (3.40)

ìpou

M(υ) =
(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)

)(q−p)/(s−q)

A(υ)

EpÐshc h (3.16) dÐnei ìti

r(υ) ≤
(A(υ)
B(υ)

)1/(s−q)

, (3.41)

h opoÐa sunduazìmenh me thn (3.40) sun�gei ìti

p

q

2− q

2− p

(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)

)(q−p)/(s−q)

A(υ)
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>
p

q

2− q

2− p

(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p

(A(υ)
B(υ)

)(2−q)/(s−q)∥∇υ∥22
B(υ)

) q−p
s−q
A(υ).

An h a+(·) eÐnai arket� meg�lh tìte

p

q

2− q

2− p
K(υ)A(υ) > ∥∇υ∥pp, (3.42)

ìpou

K(υ) =
(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
A(υ)(2−q)/(s−q) ∥∇υ∥22

B(υ)
2−q
s−q

+1

)(q−p)/(s−q)

apì thn opoÐa sumperaÐnoume ìti υ ∈ G3.
Upojètoume t¸ra ìti (suppa+\suppb)o ̸= ∅. Tìte up�rqei υ ∈ S1 me

B(υ) = 0. Apì thn (3.24) blèpoume ìti

r∗(υ) =
(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

, (3.43)

kai ètsi

p

q

2− q

2− p
r∗(υ)

q−pA(υ) =
p

q

2− q

2− p

(q − p

2− p

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ).

Sunep¸c, an h a+(·) eÐnai arket� meg�lh,

p

q

2− q

2− p

(q − p

2− p

) q−p
2−q
A(υ)

2−p
2−q > ∥∇υ∥2(2−p)/(2−q)

2 , (3.44)

opìte G3 ̸= ∅.

PerÐptwsh 3: p < s < q < 2
Se aut n thn perÐptwsh orÐzoume

Q(r, υ) := rq−pA(υ)− rs−pB(υ)− r2−p∥∇υ∥22.

'Estw υ ∈ G1 me B(υ) > 0. Gia r ≥ 0 orÐzoume epÐshc

F (r, υ) := rp−sQ(r, υ) = rq−sA(υ)−B(υ)− ∥∇υ∥22r2−s. (3.45)
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Tìte, F (0, υ) = −B(υ) < 0 kai limr→+∞ F (r, υ) = −∞. EÐnai èukolo na
doÔme ìti h F (·, υ) èqei èna mègisto sto

r̄(υ) =
(q − s

2− s

A(υ)

∥∇υ∥22

)1/(2−q)

(3.46)

me

F (r̄(υ), υ) =
2− q

2− s
r̄q−sA(υ)−B(υ). (3.47)

Sunep¸c, Q(r, υ) > 0 gia k�poio r > 0 an kai mìno an F (r̄(υ), υ) > 0, kai
autì isqÔei an

r̄(υ) > r̂(υ) := (
2− s

2− q

B(υ)

A(υ)
)1/(q−s). (3.48)

Upojètoume ìti h (3.48) isqÔei. Tìte eÔkola blèpoume ìti h sun�rthsh

r 7→ rp−s+1Qr(r, υ) = (q − p)rq−sA(υ)− (2− p)∥∇υ∥22r(υ)2−s − (s− p)B(υ),

èqei dÔo jetikèc rÐzec r1∗(υ) kai r2∗(υ) me r1∗(υ) < r2∗(υ). Profan¸c to
r1∗(υ) eÐnai èna shmeÐo topikoÔ elaqÐstou thc Q(., υ) en¸ to r2∗(υ) eÐnai èna
shmeÐo olikoÔ megÐstou thc Q(., υ). OrÐzoume r∗(υ) := r2∗(υ). Isqurizìmaste
ìti

r̄(υ) < r∗(υ). (3.49)

Pr�gmati,

rs−pFr(r, υ) = Qr(r, υ) + (p− s)
Q(r, υ)

r
,

kai epeid  Fr(r̄(υ), υ) = 0 kai Q(r̄(υ), υ) = r̄(υ)s−pF (r̄(υ), υ) > 0 paÐrnoume
ìti

Qr(r̄(υ), υ) = (s− p)
Q(r̄(υ), υ)

r̄(υ)
> 0,

h opoÐa apodeiknÔei ton isqurismì.
Sth sunèqeia, èstw υ ∈ G1 me B(υ) = 0. Tìte h Q(·, υ) èqei mègisto sto

shmeÐo

r∗(υ) :=
(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

(3.50)

me

Q(r∗(υ), υ) =
2− q

2− p
r∗(υ)

q−pA(υ). (3.51)
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Epeid  to r∗(υ) ikanopoieÐ thn exÐswsh Qr(·, υ) = 0, èqoume ìti

(q − p)A(υ)r∗(υ)
q−s = (s− p)B(υ) + (2− p)∥∇υ∥22r∗(υ)2−s, (3.52)

opìte

r∗(υ) ≤
(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

. (3.53)

An υ ∈ G2 kai h sunj kh (3.48) ikanopoieÐtai, tìte (3.10) èqei dÔo jetikèc
lÔseic r1(υ), r2(υ) me r1(υ) < r∗(υ) < r2(υ). OrÐzoume r(υ) := r2(υ). AfoÔ
Qr(r, υ) < 0 gia ìla ta r > r∗(υ), apì to je¸rhma peplegmènhc sun�rthshc,
r ∈ C1(G2). Upojètoume ìti to sÔnolo

G4 := {υ ∈ G1 : ∥∇υ∥pp ≤
p

s

2− s

2− p
M(υ)r̄(υ)s−p} (3.54)

me M(υ) = ( s
q
2−q
2−s

r̄(υ)q−sA(υ)−B(υ)), eÐnai mh kenì, opìte

r̄(υ) >
(q
s

2− s

2− q

B(υ)

A(υ)

)1/(q−s)

.

Ja deÐxoume ìti G4 ⊆ G2. Pr�gmati, èstw υ ∈ G4. Upojètoume katarq�c ìti
B(υ) > 0. Tìte, afoÔ p

s
, 2−s
2−p

kai s
q
eÐnai mikrìteroi tou 1, sundu�zontac tic

(3.45), (3.47), (3.49) kai (3.54) èqoume ìti

∥∇υ∥pp <
(s
q

2− q

2− s
r̄(υ)q−sA(υ)−B(υ)

)
r̄(υ)s−p

<
(2− q

2− s
r̄(υ)q−sA(υ)−B(υ)

)
r̄(υ)s−p

= F (r̄(υ), υ)r̄(υ)s−p = Q(r̄(υ), υ) < Q(r∗(υ), υ),

kai ètsi υ ∈ G2. Sthn sunèqeia upojètoume ìti B(υ) = 0. Tìte, apì thn
(3.49),

∥∇υ∥pp <
p

q

2− q

2− p
r̄(υ)q−pA(υ) <

2− q

2− p
r∗(υ)

q−pA(υ) = Q(r∗(υ), υ),

h opoÐa apodeiknÔei ìti υ ∈ G2. EpishmaÐnoume epÐshc ìti G4∩S1 ̸= ∅. Epeid 
r̄(υ) < r∗(υ) < r(υ) gia k�je υ ∈ G4, paÐrnoume ìti

∥∇υ∥pp ≤
p

s

2− s

2− p

(s
q

2− q

2− s
r(υ)q−sA(υ)−B(υ)

)
r(υ)s−p,
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h opoÐa, lìgw thc (3.14), sunep�getai ìti Φ̂(υ) < 0 ìtan υ ∈ G4. EpÐshc, an
υ ∈ G2 ∩ S1, tìte h (3.16) dÐnei ìti

r(υ) ≤
( A(υ)

∥∇υ∥22

)1/(2−q)

, (3.55)

kai ètsi h r(·) eÐnai fragmènh sto G2 ∩ S1. Epomènwc Φ̂(υ) G2 ∩ S1. 'Estw

M := inf
υ∈G2∩S1

Φ̂(υ) < 0.

Upojètoume ìti h {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc gia th Φ̂(·) sto
G̃2 ∩S1. Tìte, up�rqei υ̃ ∈ E tètoio ¸ste, gia toul�qiston mÐa upakoloujÐa,
A(υn) → A(υ̃) kai B(υn) → B(υ̃). Prèpei na isqÔei υ̃ ̸= 0, diaforetik�, 0 =
Φ(0) ≤ lim infn→∞ Φ(r(υn)υn) = M , to opoÐo eÐnai �topo. AfoÔ {r(υn)}n∈N
eÐnai fragmènh paÐrnoume ìti r(υn) → r̃, kai r∗(υn) → r̃∗. EpÐshc, r̃ > 0

epeid  M = lim infn→∞ Φ̂(υn) < 0. An upojèsoume ìti A(υ̃) = 0, tìte, apì
thn (3.55), ja eÐqame r̃ = 0 to opoÐo eÐnai �topo. 'Ara, υ̃ ∈ G1. Apì tic (3.48)
kai (3.49) èqoume ìti

r̃ ≥ r̃∗ ≥ r̂(υ̃) := (
2− s

2− q

B(υ̃)

A(υ̃)
)1/(q−s). (3.56)

Ja deÐxoume ìti υ̃ ∈ G2. Pr�gmati, an autì den isqÔei, tìte, ìpwc kai sthn
apìdeixh tou prohgoÔmenou jewr matoc, r̃ = r̃∗ = r∗(υ̃) ìpou r∗(υ̃) eÐnai èna
shmeÐo olikoÔ megÐstou thc Q(·, υ̃) to opoÐo ikanopoieÐ thn

(q − p)A(υ̃)r∗(υ̃)
q−s = (s− p)B(υ̃) + (2− p)∥∇υ̃∥22r∗(υ̃)2−s.

Sunep¸c, paÐrnontac to ìrio sthn (3.52), sthn opoÐa èqoume antikatast sei
thn υ me thn υn, n ∈ N, èqoume ìti ∥∇υn∥22 → ∥∇υ̃∥22, ìpou

(q − p)A(υ̃)r̃q−s − (s− p)B(υ̃) = (2− p)∥∇υ̃∥22r̃2−s. (3.57)

Autì, wstìso, odhgeÐ se �topo epeid  apì tic (3.11), (3.57) kai (3.56) èqoume
ìti

M = lim
n→∞

Φ̂(υn) =
(q − p)(2− q)

2pq

(
r̃q−sA(υ̃)−q

s

s− p

q − p

2− s

2− q

B(υ̃)

A(υ̃)

)
r̃sA(υ̃) > 0.

Sunep¸c υ̃ ∈ G2 ìpwc isqurist kame. Qrhsimopoi¸ntac parìmoia aitiolìgh-
sh, ìpwc sthn perÐptwsh p < q < 2 < s, apodeiknÔoume ìti r̃ = r(υ̃). Telik�,
paÐrnontac to ìrio sthn (3.23) èqoume ìti υ̃ ∈ S1 kai Φ̂(υ̃) = M . To L mma
(3.3.1) dÐnei ìti h u := r(υ̃)υ̃ ≥ 0 eÐnai mÐa lÔsh tou (3.5)-(3.6). Epomènwc,
èqoume to akìloujo apotèlesma:
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Je¸rhma 3.3.3 Upojètoume ìti oi (H0)-(H2) ikanopoioÔntai, p < s < q < 2
akai to sÔnolo G4 ìpwc orÐzetai sthn (3.54) eÐnai mh kenì. Tìte to prìblhma
(3.1)− (3.2) èqei mÐa mh arnhtik  lÔsh u ∈ C1,δ(Ω) gia k�poio δ ∈ (0, 1).

T¸ra ja d¸soume k�poiec sunj kec oi opoÐec exasfalÐzoun ìti to G4 ̸= ∅.
'Estw suppa+ ⊆ suppb. Tìte up�rqei υ ∈ S1 tètoio ¸ste B(υ) > 0. Apì thn
(3.46) prokÔptei ìti

p

q

2− q

2− p
r̄(υ)q−pA(υ)− p

s

2− s

2− p
B(υ)r̄(υ)s−p

=
p

q

2− q

2− p

(q − s

2− s

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ)

−p
s

2− s

2− p
B(υ)

(q − s

2− s

A(υ)

∥∇υ∥22

)(s−p)/(2−q)

=
p

q

2− q

2− p

(q − s

2− s

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
q−p
2−q

+1

−p
s

2− s

2− p
B(υ)

(q − s

2− s

1

∥∇υ∥22

)(s−p)/(2−q)

A(υ)
s−p
2−q .

An upojèsoume ìti

p

q

2− q

2− p

(q − s

2− s

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
q−p
2−q

+1

−p
s

2− s

2− p
B(υ)

(q − s

2− s

1

∥∇υ∥22

)(s−p)/(2−q)

A(υ)(s−p)/(2−q) > ∥∇υ∥pp,

(3.58)

tìte υ ∈ G4. EÐnai eÔkolo na doÔme ìti an h a+(·) eÐnai arket� meg�lh tìte h
(3.3) eÐnai alhj c.

EpÐshc an upojèsoume ìti (suppa+\suppb)o ̸= ∅, tìte up�rqei υ ∈ G1 me
B(υ) = 0. Apì thn (3.46) èqoume

p

q

2− q

2− p
r̄(υ)q−pA(υ)
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=
p

q

2− q

2− p

(q − s

2− s

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ)

=
p

q

2− q

2− p

(q − s

2− s

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
q−p
2−q

+1.

Upojètontac ìti

p

q

2− q

2− p

(q − s

2− s

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
q−p
2−q

+1 > ∥∇υ∥pp, (3.59)

èqoume υ ∈ G4. Sunep¸c, an h a+(·) eÐnai arket� meg�lh, tìte h (3.59) isqÔei.

PerÐptwsh 4: p < 2 < q < s
Se aut n thn perÐptwsh jewroÔme ìti isqÔei epiplèon h parak�tw upìjesh:

(H3) b(x) ≥ bo > 0 σ.p sto Ω.

'Estw
Q(r, υ) := rq−2A(υ)− rs−2B(υ)− rp−2∥∇υ∥pp. (3.60)

Tìte h (3.10) eÐnai isodÔnamh me thn

Q(r, υ) = ∥∇υ∥22. (3.61)

Gia k�je υ ∈ G1 h sun�rthsh Q(·, υ) èqei èna monadikì krÐsimo shmeÐo
r∗ := r∗(υ) to opoÐo antistoiqeÐ se èna olikì mègisto kai ikanopoieÐ thn

(q − 2)rq−p
∗ A(υ) + (2− p)∥∇υ∥pp = (s− 2)rs−p

∗ B(υ). (3.62)

'Etsi èqoume ìti

r∗(υ) ≥ (
q − 2

s− 2

A(υ)

B(υ)
)

1
s−q . (3.63)

Sundu�zontac tic (3.60), (3.62) paÐrnoume ìti

Q(r∗(υ), υ) =
q−p
2−p

r∗(υ)
q−2A(υ)− s−p

2−p
r∗(υ)

s−2B(υ)

=
s− q

s− 2
r∗(υ)

q−2A(υ)− s− p

s− 2
r∗(υ)

p−2∥∇υ∥pp.

49



'Estw
G̃2 := {υ ∈ G1 : ∥∇υ∥22 < Q(r∗(υ), υ)}.

Profan¸c, an υ ∈ G̃2, tìte h (3.10) èqei akrib¸c dÔo jetikèc lÔseic r1(υ)
kai r2(υ) me r1(υ) < r∗(υ) < r2(υ). 'Opwc prohgoumènwc, èstw r := r2(υ).
Epeid 

r2−q+1Qr(r, υ) = (q − 2)A(υ)− (s− 2)rs−qB(υ)− (p− 2)rp−q∥∇υ∥pp,

lìgw thc (3.62), paÐrnoume ìti

r2−q+1Qr(r, υ) = (s− 2)B(υ)(rs−q
∗ − rs−q) + (2− p)∥∇υ∥pp(rp−q − rp−q

∗ ) < 0,

h opoÐa dÐnei ìti h r(·) eÐnai suneq¸c diaforÐsimh. T¸ra orÐzoume to sÔnolo

G5 := {υ ∈ G1 : ∥∇υ∥22 <
2

q

s− q

s− 2
A(υ)r∗(υ)

q−2

− 2

p

s− p

s− 2
∥∇υ∥ppr∗(υ)p−2} (3.64)

kai upojètoume ìti G5 ̸= ∅. AfoÔ 2
q
< 1 kai 2

p
> 1 blèpoume ìti G5 ⊆ G̃2,

kai ètsi G̃2 ̸= ∅ . Epiplèon, G5 ∩S1 ̸= ∅ epeid  h r ikanopoieÐ thn (3.38). An
υ ∈ G5, tìte apì thn (3.64),

∥∇υ∥22 <
2

q

s− q

s− 2
A(υ)r(υ)q−2 − 2

p

s− p

s− 2
∥∇υ∥ppr(υ)p−2. (3.65)

EpÐshc, oi (3.13) kai (3.65) dÐnoun ìti

rp(
1

p
− 1

s
)∥∇υ∥pp + r2(

1

2
− 1

s
)∥∇υ∥22 + rq(

1

s
− 1

q
)A(υ) < 0,

kai ètsi Φ̂(υ) < 0. Isqurizìmaste ìti h r(·) eÐnai fragmènh apì p�nw sto
G̃2 ∩ S1. Pr�gmati, apì thn (3.16) èqoume ìti

r(υ) ≤ (
A(υ)

B(υ)
)1/(s−q), (3.66)

en¸ h upìjesh (H3) dÐnei
A(υ) ≤ cB(υ)q/s (3.67)
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gia k�je υ ∈ E kai k�poio c > 0. EpÐshc an υ ∈ G̃2, tìte gia k�poio θ > 0,

θ < ∥∇υ∥22 <
q − p

2− p
r∗(υ)

q−2A(υ) <
q − p

2− p
r(υ)q−2A(υ). (3.68)

Apì tic (3.66) kai (3.68) paÐrnoume ìti

θ <
q − p

2− p

(A(υ)
B(υ)

)(q−2)/(s−q)

A(υ). (3.69)

Sth sunèqeia, qrhsimopoi¸ntac tic (3.67) kai (3.69), èqoume

θ <
q − p

2− p
c

s−2
s−qB(υ)

2
s , (3.70)

kai ètsi h B(·) eÐnai fragmènh makri� apì to 0. O isqurismìc apodeiknÔetai
lìgw thc ( 3.66). Epomènwc, h Φ̂(υ) eÐnai epÐshc fragmènh sto sÔnolo G̃2∩S1.
JewroÔme to prìblhma

M = inf
G̃2∩S1

Φ̂(υ) < 0

kai upojètoume ìti {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc thc Φ̂ sto
G̃2 ∩ S1. Epeid  {υn}n∈N eÐnai fragmènh, up�rqei υ̃ ∈E tètoio ¸ste, gia mÐa
toul�qiston upakoloujÐa, A(υn) → A(υ̃) ≥ 0 kai B(υn) → B(υ̃). Apì thn
(3.70), prokÔptei ìti υ̃ ̸= 0. MporoÔme epÐshc na upojèsoume ìti r∗(υn) → r̃∗
kai r(υn) → r̃. Profan¸c, r̃ > 0 epeid  M = lim infn→∞ Φ̂(υn) < 0. EpÐshc,
A(υ̃) > 0, diaforetik�, ja eÐqame r̃ = 0. Epiplèon r̃∗ > 0 apì thn (3.63).
Isqurizìmaste ìti υ̃ ∈ G5. Epeid 

∥∇υ̃∥22 ≤ lim sup
n→∞

∥∇υ̃n∥22 ≤ lim sup
n→∞

Q(r∗(υn), υn)

≤ lim sup
n→∞

{r∗(υn)q−2A(υn)− r∗(υn)
s−2B(υn)}

− lim inf
n→∞

r∗(υn)
p−2∥∇υn∥pp

≤ r̃q−2
∗ A(υ̃)− r̃s−2

∗ B(υ̃)− r̃p−2
∗ ∥∇υ̃∥22 = Q(r̃∗, υ̃),

blèpoume ìti
∥∇υ̃∥22 ≤ Q(r∗(υ̃), υ̃). (3.71)
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Ja deÐxoume ìti isqÔei h gn sia anisìthta. Pr�gmati, ac upojèsoume ìti

∥∇υ̃∥22 = Q(r∗(υ̃), υ̃). (3.72)

Epeid  r̃ > 0, antikajist¸ntac sthn (3.61) ìpou υ = υn kai paÐrnontac to
ìrio, sumperaÐnoume ìti

∥∇υ̃∥22 ≤ lim supn→∞ ∥∇υ̃n∥22 ≤ lim supn→∞Q(r(υn), υn)

≤ lim supn→∞{r(υn)q−2A(υn)− r(υn)
s−2B(υn)}

− lim infn→∞ r(υn)
p−2∥∇υn∥pp

≤ r̃q−2A(υ̃)− r̃s−2B(υ̃)− r̃p−2∥∇υ̃∥pp = Q(r̃, υ̃). (3.73)
Sunep¸c, apì tic (3.3), (3.72) kai (3.3) ja èqoume r̃ = r̃∗ = r̃∗(υ̃). 'Etsi,

antikajist¸ntac ìpou υ thn υn sthn 3.62 kai paÐrnontac to ìrio èqoume ìti

(q − 2)r∗(υ̃)
q−pA(υ̃) + (2− p)∥∇υ̃∥pp ≤ (s− 2)r∗(υ̃)

s−pB(υ̃).

Epeid  h r∗(υ̃) ikanopoieÐ thn

(q − 2)r∗(υ̃)
q−pA(υ̃) + (2− p)∥∇υ̃∥pp = (s− 2)r∗(υ̃)

s−pB(υ̃),

sumperaÐnoume ìti ∥∇υn∥pp → ∥∇υ̃∥pp. Tìte, apì thn (3.14) prokÔptei ìti

M = lim
n→∞

Φ̂(υn) =
(2− p)(s− p)

2ps
r̃p∥∇υ̃∥pp +

(q − 2)(s− q)

2ps
r̃qA(υ̃) > 0,

�topo. Epomènwc, υ̃ ∈ G̃2 ìpwc isqurist kame. Parìmoia aitiolìghsh me thn
perÐptwsh p < q < 2 < s apodeiknÔei ìti r̃ ≤ r(υ̃). An upìjesoume t¸ra ìti
r̃ < r(υ̃), tìte, epeid  h sun�rthsh

ψ(z) :=
∂

∂z
Φ(zυ̃) = z{∥∇υ̃∥22 −Q(z, υ̃)}, (3.74)

eÐnai gn sia arnhtik  gia z ∈ (r̃, r(υ̃)), h (3.38) dÐnei

M = lim inf
n→∞

Φ(r(υn)υn) ≥ Φ(r̃υ̃) > Φ(r(υ̃)υ̃) = Φ(r(tυ̃)tυ̃) = Φ̂(tυ̃),

h opoÐa antibaÐnei ston orismì tou M . Kat� sunèpeia, υ̃ ∈ S1 kai Φ̂(υ̃) =M .
Epomènwc h u := r(υ̃)υ̃ eÐnai mÐa lÔsh tou probl matoc (3.5)-(3.6).

Sunep¸c èqoume to parak�tw apotèlesma.
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Je¸rhma 3.3.4 Upojètoume ìti oi sunj kec (H0)�(H3) ikanopoioÔntai, p <
2 < q < s kai to sÔnolo G5 pou orÐzetai apì thn (3.64) eÐnai mh kenì. Tìte
to prìblhma (3.1) − (3.2) èqei mÐa mh arnhtik  lÔsh u ∈ C1,δ(Ω) gia k�poio
δ ∈ (0, 1).

Ja parousi�soume t¸ra sunj kec oi opoÐec exasfalÐzoun ìti G5 ̸= ∅.
Apì thn (3.62), (q − 2

s− 2

A(υ)

B(υ)
ig)1/(s−q) ≤ r∗(υ),

sunep¸c

2

q

s− q

s− 2
A(υ)r∗(υ)

q−2 − 2

p

s− p

s− 2
∥∇υ∥ppr∗(υ)p−2

≥ 2

q

s− q

s− 2
A(υ)

(q − 2

s− 2

A(υ)

B(υ)

)(q−2)/(s−q)

− 2

p

s− p

s− 2
∥∇υ∥pp

(q − 2

s− 2

A(υ)

B(υ)

) p−2
s−q

=
2

q

s− q

s− 2

(q − 2

s− 2

)(q−2)/(s−q)

A(υ)(s−2)/(s−q)B(υ)(2−q)/(s−q)

−2

p

s− p

s− 2

(q − 2

s− 2

) p−2
s−q ∥∇υ∥ppB(υ)

2−p
s−qA(υ)

p−2
s−q .

Epeid  s−2
s−q

> p−2
s−q

sumperaÐnoume ìti G5 ̸= ∅ ìtan h a+(·) eÐnai arket�
meg�lh.
PerÐptwsh 5: p < s < q < 2
Se aut n thn perÐptwsh orÐzoume thn sun�rthsh

Q(r, υ) := rq−pA(υ)− rs−pB(υ)− r2−p∥∇υ∥22.

Gia υ ∈ G1, h Q(·, υ) èqei èna monadikì krÐsimo shmeÐo r∗ := r∗(υ) to opoÐo
antistoiqeÐ se èna olikì mègisto kai ikanopoieÐ thn

(q − p)rq−s
∗ A(υ) + (p− s)B(υ) = (2− p)r2−s

∗ ∥∇υ∥22 (3.75)

kai

Q(r∗(υ), υ) =
2− q

2− p
r∗(υ)

q−pA(υ)− 2− s

2− p
r∗(υ)

s−pB(υ).
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Apì thn (3.75) paÐrnoume

r∗(υ) ≥
(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

. (3.76)

Profan¸c, an h υ ∈ G2 tìte h (3.22) èqei akrib¸c dÔo jetikèc lÔseic r1(υ),
r2(υ) me r1(υ) < r∗(υ) < r2(υ). 'Estw r := r(υ) h megalÔterh lÔsh. 'Eqoume

rp−1Qr(r, υ) = (q − p)A(υ)rq−2 − (s− p)rs−2B(υ)− (2− p)∥∇υ∥22,

h opoÐa, enìyh thc (3.75), dÐnei

rp−1Qr(r, υ) = (q − p)A(υ)(rq−2 − rq−2
∗ ) + (p− s)B(υ)(rs−2 − rs−2

∗ ) < 0.

Epomènwc, h r(·) eÐnai suneq¸c diaforÐsimh. 'Estw

G6 := {υ ∈ G1 : ∥∇υ∥pp <
p

q

2− q

2− p
r∗(υ)

q−pA(υ)

− p

s

2− s

2− p
r∗(υ)

s−pB(υ)} (3.77)

kai upojètoume ìti G6 ̸= ∅. 'Amesa prokÔptei ìti G6 ⊆ G2, afoÔ
p
q
< 1

kai G2 ̸= ∅ . Epiplèon, G6∩S1 ̸= ∅ kai Φ̂(υ) < 0 gia k�je υ ∈ G6. Pr�gmati,
afoÔ r(υ) > r∗(υ), apì thn (3.77) èqoume ìti

∥∇υ∥pp <
p

q

2− q

2− p
r(υ)q−pA(υ)− p

s

2− s

2− p
r(υ)s−pB(υ). (3.78)

EpÐshc, oi (3.14) kai (3.78) dÐnoun ìti

rq
2− p

2p
∥∇υ∥pp + rq

q − 2

2q
A(υ) + rs

2− s

2s
B(υ) < 0,

Φ̂(υ) < 0. Sth sunèqeia, epeid  2 > q apì thn (3.29) prokÔptei ìti h r(·) eÐnai
fragmènh apì p�nw sto G2 ∩ S1. Sunep¸c, h Φ̂(υ) eÐnai epÐshc fragmènh sto
G2 ∩ S1. JewroÔme to prìblhma

M = inf
υ∈G2∩S1

Φ̂(υ) < 0.

'An h {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc Φ̂ sto G2∩S1 tìte, up�rqei
υ̃ ∈ E tètoio ¸ste, gia toul�qiston mÐa upakoloujÐa, A(υn) → A(υ̃) ≥ 0 kai
B(υn) → B(υ̃) ≥ 0. EpÐshc apì thn (3.15) èqoume ìti

0 < ∥∇υ̃∥22 ≤ lim inf ∥∇υn∥22 ≤ 1.
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Epeid  h r(·) eÐnai fragmènh sto G2 ∩ S1 mporoÔme na upojèsoume ìti h
r∗(υn) → r̃∗ kai r(υn) → r̃. 'Eqoume p�li ìti r̃ > 0, diaforetik�, M =

lim infn→∞ Φ̂(υn) = 0, to opoÐo eÐnai �topo. EpÐshc èqoume ìti A(υ̃) > 0,
epeid , an upojèsoume to antÐstrofo, h (3.23) dÐnei ìti

r(υn)
2−q∥∇υn∥22 ≤ A(υn),

kai paÐrnontac to ìrio,

r̃2−q∥∇υ̃∥22 ≤ lim inf
n→∞

(r(υn)
2−q∥∇υn∥22) ≤ lim

n→∞
A(υn) = A(υ̃).

'Ara, r̃ = 0, to opoÐo eÐnai �topo. Epiplèon r̃∗ > 0 lìgw thc (3.76). Isqu-
rizìmaste ìti υ̃ ∈ G6. Pr�gmati, an autì den isqÔei, tìte, efarmìzontac ta
Ðdia epiqeir mata ìpwc kai sthn apìdeixh thc perÐptwshc p < q < 2 < s, ja
eÐqame r̃ = r̃∗ = r∗(υ̃), en¸, gia mia upakoloujÐa, ∥∇υn∥22 → ∥∇υ̃∥22. Apì thn
(3.75) èqoume ìti

q − p

2p
r̃sA(υ̃) +

p− s

2p
r̃sB(υ̃) =

2− p

2p
r̃2∥∇υ̃∥22. (3.79)

Tìte oi (3.14) kai (3.79) sun�goun ìti

M = lim
n→∞

Φ̂(υn) =
(q − p)(2− q)

2pq
r̃qA(υ̃) +

(p− s)(2− s)

2ps
r̃sB(υ̃) > 0.

Epomènwc, h υ̃ ∈ G2 ìpwc isqurist kame. Me parìmoia aitiolìghsh ìpwc
kai sthn perÐptwsh p < q < 2 < s apodeiknÔoume ìti r̃ = r(υ̃). Telik�,
paÐrnontac to ìrio sthn (3.23) sumperaÐnoume ìti υ̃ ∈ S1 kai Φ̂(υ̃) = M .
Sunep¸c u := r(υ̃)υ̃ eÐnai mÐa lÔsh tou (3.5)-(3.6).

Epomènwc èqoume to akìloujo apotèlesma:

Je¸rhma 3.3.5 Upojètoume ìti oi (H0)�(H2) ikanopoioÔntai, s < p < q <
2 kai to sÔnolo G6 ìpwc orÐzetai apì thn 3.77 eÐnai mh kenì. Tìte to prìblhma
(3.5)− (3.6) èqei mÐa mh arnhtik  lÔsh u ∈ C1,δ(Ω) gia k�poio δ ∈ (0, 1).

Ja d¸soume k�poiec sunj kec oi opoÐec exasfalÐzoun ìti G6 ̸= ∅. Upo-
jètoume ìti suppa+ ⊆ suppb. Tìte up�rqei υ ∈ S1 tètoio ¸ste B(υ) > 0.
Apì thn (3.75) (

p− s

2− p

B(υ)

∥∇υ∥22

)1/(2−s)

≤ r∗(υ), (3.80)
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kai enìyh thc (3.80),

p

q

2− q

2− p
r∗(υ)

q−pA(υ)− p

s

2− s

2− p
r∗(υ)

s−pB(υ)

≥ p

q

2− q

2− p

(q − p

2− p

A(υ)

∥∇υ∥22

)(q−p)/(2−s)

A(υ)

−p
s

2− s

2− p

(p− s

2− p

B(υ)

∥∇υ∥22

)(s−p)/(2−s)

B(υ)

≥ p

q

2− q

2− p

(q − p

2− p

1

∥∇υ∥22

)(q−p)/(2−s)

A(υ)
2−p
2−s

+1

−p
s

2− s

2− p

(p− s

2− p

1

∥∇υ∥22

)(s−p)/(2−s)

B(υ)(2−p)/(2−s).

ParathroÔme ìti an

p

q

2− q

2− p

(q − p

2− p

1

∥∇υ∥22

)(q−p)/(2−s)

A(υ)
2−p
2−s

+1

−p
s

2− s

2− p

(p− s

2− p

1

∥∇υ∥22

)(s−p)/(2−s)

B(υ)
2−p
2−s > ∥∇υ∥22,

tìte to G6 ̸= ∅. EÐnai fanerì ìti e�n h a+(·) eÐnai meg�lh se sÔgkrish me thn
b(·) tìte h anÐswsh ikanopoieÐtai.

Upojètoume t¸ra ìti (suppa+\suppb)o ̸= ∅. Tìte up�rqei υ ∈ S1 me
B(υ) = 0. Apì thn (3.75) èqoume ìti(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

= r∗(υ), (3.81)

kai ètsi, enìyh thc (3.81),

p

q

2− q

2− p
r∗(υ)

q−pA(υ) =
p

q

2− q

2− p

(q − p

2− p

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
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=
p

q

2− q

2− p

(q − p

2− p

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
2−p
2−q .

An upojèsoume ìti

p

q

2− q

2− p

(q − p

2− p

1

∥∇υ∥22

)(q−p)/(2−q)

A(υ)
2−p
2−q > ∥∇υ∥22,

apì thn opoÐa prokÔptei

A(υ)
2−p
2−q >

q

p

2− p

2− q

(q − p

2− p

)(p−q)/(2−q)

∥∇υ∥22, (3.82)

tìte an h a+(·) eÐnai arket� meg�lh h (3.82) isqÔei. Sunep¸c paÐrnoume ìti to
G6 ̸= ∅.
PerÐptwsh 6: s < q < p < 2
Upojètoume ìti isqÔei h parak�tw sunj kh:

(H4) V := (suppa+\suppb)o ̸= ∅.

OrÐzoume
Q(r, υ) := rq−pA(υ)− rs−pB(υ)− r2−p∥∇υ∥22. (3.83)

'Estw υ ∈ G1. AnB(υ) = 0, h exÐswsh (3.16) èqei mÐa monadik  lÔsh r(υ) > 0,
en¸ an h B(υ) > 0, h sun�rthsh Q(·, υ) èqei èna monadikì krÐsimo shmeÐo
r∗ := r∗(υ) to opoÐo antistoiqeÐ se èna olikì mègisto kai ikanopoieÐ thn

(p− s)B(υ) = (p− q)rq−s
∗ A(υ) + (2− p)r2−s

∗ ∥∇υ∥22. (3.84)

Profan¸c, an υ ∈ G2, tìte (3.10) èqei akrib¸c dÔo jetikèc lÔseic r1(υ) kai
r2(υ) me r1(υ) < r∗(υ) < r2(υ). 'Estw r := r(υ) h monadik  lÔsh thc (3.10)
sthn perÐptwsh ìpou B(υ) = 0   h megalÔterh lÔsh r2 sthn perÐptwsh ìpou
B(υ) > 0. ParathroÔme ìti an B(υ) > 0 tìte

rp−s+1Qr(r, υ) = (q − p)A(υ)rq−s − (s− p)B(υ)− (2− p)r2−s∥∇υ∥22

kai ètsi, lìgw thc (3.84), sumperaÐnoume ìti

rp−s+1Qr(r, υ) = (p− q)A(υ)(rq−s
∗ − rq−s)− (p− 2)∥∇υ∥22(r2−s

∗ − r2−s) < 0,

en¸ e�n B(υ) = 0, tìte èqoume ìti

rp+1Qr(r, υ) = (q − p)A(υ)rq − (2− p)∥∇υ∥22r2 < 0.
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'Ara h r(·) eÐnai suneq¸c diaforÐsimh, apì to je¸rhma peplegmènhc sun�rth-
shc. OrÐzoume

G7 = {υ ∈ G1 : B(υ) = 0} ∪ {υ ∈ G1 : B(υ) > 0 kai ∥∇υ∥pp < Q(r∗(υ), υ)}.

Lìgw twn (H1) kai (H4), blèpoume ìti G7 ̸= ∅ epeid  gia k�je υ ∈ E me
suppυ ⊆ V isqÔei ìti A(υ) > 0 kai B(υ) = 0. Isqurizìmaste ìti to G7

eÐnai anoiqtì. Pr�gmati, èstw υ̂ ∈ G7 kai {υn}n∈N ⊆ E\G7 mia akoloujÐa
me υn → υ̂ isqur� sto E. Upojètoume, qwrÐc bl�bh thc genikìthtac, ìti h
B(υ̂) = 0 en¸ B(υ̂) > 0 gia k�je n ∈ N. 'Etsi,

∥∇υn∥pp ≥ Q(r∗(υn), υn)gia k�je n ∈ N. (3.85)

Epeid  A(υ̂) > 0, lìgw thc (3.84), èqoume r∗(υn) → 0. Sundu�zontac tic
(3.84) kai (3.83) paÐrnoume ìti

Q(r∗(υ), υ) =
q − s

p− s
r∗(υ)

q−pA(υ)− 2− s

p− s
r∗(υ)

2−p∥∇υ∥22,

sunep¸c limn→∞Q(r∗(υn), υn) = +∞, pou eÐnai �topo lìgw thc (3.85). Apì
thn (3.10)sun�goume ìti h r(·) eÐnai fragmènh, sunep¸c h Φ̂(·) eÐnai epÐshc
fragmènh sto G7 ∩ S1. Lìgw thc (3.11) kai thc (H4), M < 0.

OrÐzoume t¸ra to parak�tw prìblhma

M = inf
υ∈G2∩S1

Φ̂(υ) < 0

kai upojètoume ìti h {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc thc Φ̂ sto
G7 ∩ S1. Tìte up�rqei υ̃ ∈ E tètoio ¸ste A(υn) → A(υ̃) ≥ 0, B(υn) →
B(υ̃) ≥ 0 kai

0 ≤ ∥∇υ̃∥pp ≤ lim inf ∥∇υn∥pp ≤ 1.

Epiplèon, r(υn) → r̃ gia mÐa nèa upakoloujÐa. Profan¸c r̃ > 0 epeid  an
r̃ = 0 tìte, apì thn (3.11), M = limn→∞ Φ̂(υn) = 0; to opoÐo eÐnai �topo.
Isqurizìmaste ìti A(υ̃) > 0. Pr�gmati, apì thn (3.16) èqoume ìti

∥∇υn∥ppr(υn)p−q ≤ A(υn),

kai paÐrnontac to ìrio,

∥∇υ̃∥ppr(υ̃)p−q ≤ lim inf
n→∞

∥∇υn∥ppr(υn)p−q ≤ lim
n→∞

A(υn) = A(υ̃).
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'Ara, an A(υ̃) = 0 tìte υ̃ = 0. Wstìso, autì odhgeÐ se �topo, epeid  apì thn
(3.8), ja eÐqame 0 = Φ(0) ≤ lim infn→∞Φ(r(υn)υn) =M .

Sth sunèqeia ja deÐxoume ìti υ̃ ∈ G7. Arqik� upojètoume ìti B(υ̃) > 0.
Epeid 

(p− s)B(υn) = (p− q)rq−s
∗ A(υn) + (2− p)r2−s

∗ ∥∇υn∥22,

parathroÔme ìti h akoloujÐa {r∗(υn)}n∈N eÐnai fragmènh. 'Etsi, gia mia u-
pakoloujÐa, r∗(υn) → r̃∗ > 0. Qrhsimopoi¸ntac ta Ðdia epiqeir mata me thn
prohgoÔmenh perÐptwsh èqoume ìti r̃ = r̃∗ = r∗(υ̃). PaÐrnontac to ìrio sthn
(3.84) blepoume ìti ∥∇υn∥22 → ∥∇υ̃∥22 kai

B(υ̃) =
p− q

p− s
rq−s
∗ (υ̃)A(υ̃) +

2− p

p− s
r2−s
∗ (υ̃)∥∇υ̃∥22.

Epomènwc,

M = lim
n→∞

Φ̂(υn) =
(2− s)(2− p)

2ps
r̃2∥∇υ̃∥22 + r̃qA(υ̃)

(q − s)(p− q)

psq
> 0,

to opoÐo eÐnai �topo. Sunep¸c, υ̃ ∈ G7 ìpwc isqurist kame. EpÐshc an
B(υ̃) = 0 tìte �mesa prokÔptei ìti υ̃ ∈ G7. Ergazìmenoi ìpwc sthn perÐptwsh
p < q < 2 < s odhgoÔmaste sto akìloujo apotèlesma:

Je¸rhma 3.3.6 Upojètoume ìti oi sunj kec (H0)-(H2) kai (H4) ikano-
poioÔntai kai s < q < p < 2. Tìte to prìblhma (3.1) − (3.2) èqei mÐa mh
arnhtik  lÔsh u ∈ C1,δ(Ω) gia k�poio δ ∈ (0, 1).

PerÐptwsh 7: p < q < s < 2
Se aut n thn perÐptwsh orÐzoume

Q(r, υ) := rq−pA(υ)− rs−pB(υ)− r2−p∥∇υ∥22.

ParathroÔme ìti gia υ ∈ G1 h sun�rthsh Q(·, υ) èqei èna monadikì krÐsimo
shmeÐo r∗ := r∗(υ) to opoÐo ikanopoieÐ thn

(q − p)A(υ) = (s− p)r∗(υ)
s−qB(υ) + (2− p)r∗(υ)

2−q∥∇υ∥22. (3.86)

EÐnai fanerì ìti h (3.10) èqei dÔo jetikèc lÔseic r1(υ), r2(υ) me r1(υ) <
r∗(υ) < r2(υ) gia k�je υ ∈ G2. 'Estw r := r2(υ). Tìte

rp−q+1Qr(r, υ) = (q − p)A(υ)− (s− p)rs−qB(υ)− (2− p)r2−q∥∇υ∥22,
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h opoÐa sunduazìmenh me thn (3.86), dÐnei

rp−q+1Qr(r, υ) = (2− p)∥∇υ∥22(r2−q
∗ − r2−q) + (s− p)B(υ)(rs−q

∗ − rs−q) < 0.

Epomènwc, to je¸rhma peplegmènhc sun�rthshc exasfalÐzei ìti h r(·) eÐnai
suneq¸c diaforÐsimh. Upojètoume ìti to sÔnolo

G8 := {υ ∈ G1 : ∥∇υ∥pp <
p

q

s− q

s− p
r∗(υ)

q−pA(υ)}

eÐnai mh kenì. Epeid  q > p kai r(υ)q−p > r∗(υ)
q−p, parathroÔme ìti G8 ⊆ G2

kai ètsi G2 ̸= ∅. An υ ∈ G8, tìte

∥∇υ∥pp <
p

q

s− q

s− p
r∗(υ)

q−pA(υ) <
p

q

s− q

s− p
r(υ)q−pA(υ)

sunep¸c
2− p

p
r(υ)p∥∇υ∥pp +

q − 2

q
r(υ)qA(υ) < 0. (3.87)

Sundu�zontac tic (3.87) kai (3.14), èqoume ìti

Φ̂(υ) < rp(
1

p
− 1

s
)∥∇υ∥pp + rq(

1

s
− 1

q
)A(υ) < 0.

EpÐshc, an υ ∈ G2 ∩ S1, tìte h (3.16) sun�gei ìti

r(υ) ≤
( A(υ)

∥∇υ∥22

)1/(2−q)

sunep¸c h r(·) eÐnai fragmènh sto G2∩S1. Kat� sunèpeia h Φ̂(υ) eÐnai epÐshc
fragmènh sto G2 ∩ S1. 'Estw

M := inf
υ∈G2∩S1

Φ̂(υ) < 0

kai upojètoume ìti h {υn}n∈N eÐnai mÐa akoloujÐa elaqistopoÐhshc thc Φ̂ sto
G2 ∩S1. Tìte, up�rqei υ̃ ∈ E tètoio ¸ste, gia toul�qiston mÐa upakoloujÐa,

A(υn) → A(υ̃) ≥ 0, B(υn) → B(υ̃) ≥ 0,

0 ≤ ∥∇υ̃∥2 ≤ lim inf ∥∇υn∥2 ≤ 1,
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0 ≤ ∥∇υ̃∥p ≤ lim inf ∥∇υn∥p ≤ 1.

Ja èqoume υ̃ ̸= 0, diaforetik�, 0 = Φ(0) ≤ lim infn→∞ Φ(r(υn)υn) = M ,
to opoÐo eÐnai �topo. Epeid  h {r(υn)}n∈N eÐnai fragmènh kai r∗(υn) < r(υn),
n ∈ N, mporoÔme na upojèsoume ìti h r∗(υn) → r̃∗ kai r(υn) → r̃. Epeid 
M = lim infn→∞ Φ̂(υn) < 0 prokÔptei ìti r̃ > 0. EpÐshc èqoume ìti A(υ̃) > 0,
diìti, an upojèsoume to antÐjeto, apì thn

r̃2−q∥∇υ̃∥22 ≤ lim inf
n→∞

(r(υn)
2−q∥∇υn∥22) ≤ lim

n→∞
A(υn) = A(υ̃)

ja paÐrname r̃ = 0, to opoÐo eÐnai �topo. Sunep¸c, υ̃ ∈ G1. EpÐshc, r̃∗ > 0
apì thn (3.86). Ja deÐxoume ìti υ̃ ∈ G2. Ergazìmenoi ìpwc sthn perÐptwsh
p < q < 2 < s sun�goume ìti r̃ = r̃∗ = r̃∗(υ̃). EpÐshc, antikajist¸ntac ìpou
υ thn υn sthn (3.86) kai paÐrnontac to ìrio odhgoÔmaste sthn

(q − p)A(υ̃) ≥ (s− p)r∗(υ̃)
s−qB(υ̃) + (2− p)r∗(υ̃)

2−q∥∇υ̃∥22.

Wstìso, h r∗(υ̃) ikanopoieÐ thn

(q − p)A(υ̃) = (s− p)r∗(υ̃)
s−qB(υ̃) + (2− p)r∗(υ̃)

2−q∥∇υ̃∥22,

sunep¸c sumperaÐnoume ìti ∥∇υn∥22 → ∥∇υ̃∥22. Apì thn (3.34) paÐrnoume ìti

A(υ̃) =
s− p

q − p
r̃s−qB(υ̃) +

2− p

q − p
r̃2−q∥∇υ̃∥22. (3.88)

'Etsi, oi (3.14) kai (3.88) sun�goun ìti

M = lim
n→∞

Φ̂(υn) =
(s− q)(s− p)

pqs
r̃sB(υ̃) +

(2− p)(2− q)

2pq
r̃2∥∇υ̃∥22 > 0,

�topo, apodeiknÔontac ton isqurismì . Ergazìmenoi ìpwc sthn perÐptwsh
p < q < 2 < s èqoume thn r̃ = r(υ̃). Telik�, paÐrnontac to ìrio sthn (3.23)
odhgoÔmeja sthn (3.21), h opoÐa exasfalÐzei ìti υ̃ ∈ S1 kai Φ̂(υ̃) = M .
Sunep¸c, èqoume to akìloujo je¸rhma:

Je¸rhma 3.3.7 Upojètoume ìti oi sunj kec (H0)-(H2) ikanopoioÔntai, p <
q < s < 2 kai to sÔnolo G3 ìpwc orÐzetai sthn (3.26) eÐnai mh kenì. Tìte
to prìblhma (3.5) − (3.6) èqei mÐa mh arnhtik  lÔsh u ∈ C1,δ(Ω) gia k�poio
δ ∈ (0, 1).
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Ja d¸soume t¸ra k�poiec sunj kec oi opoÐec exasfalÐzoun ìti G3 ̸= ∅.
Upojètoume ìti suppa+ ⊆ suppb. Tìte up�rqei υ ∈ G1 tètoio ¸ste B(υ) > 0.
AfoÔ r∗(υ)2−q < r(υ)2−q, apì thn (3.86) èqoume ìti

(q − p)A(υ) < (s− p)r∗(υ)
s−qB(υ) + (2− p)r(υ)2−q∥∇υ∥22, (3.89)

sunep¸c

r∗(υ)
s−q >

q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)
.

'Ara,

p

q

s− q

s− p
r∗(υ)

q−pA(υ) >
p

q

s− q

s− p
×(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)

)(q−p)/(s−q)

A(υ). (3.90)

Apì thn �llh, h (3.16) dÐnei ìti

r(υ) ≤
(A(υ)
B(υ)

)1/(s−q)

,

h opoÐa sunduazìmenh me thn (3.90) sun�gei ìti

p

q

s− q

s− p

(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
r(υ)2−q ∥∇υ∥22

B(υ)

)(q−p)/(s−q)

A(υ)

>
p

q

s− q

s− p

(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p

(A(υ)
B(υ)

)(2−q)/(s−q)∥∇υ∥22
B(υ)

) q−p
s−q
A(υ).

An h a+(·) eÐnai arket� meg�lh, tìte

p

q

s− q

s− p

(q − p

s− p

A(υ)

B(υ)
− 2− p

s− p
A(υ)(2−q)/(s−q) ∥∇υ∥22

B(υ)
2−q
s−q

+1

)(q−p)/(s−q)

A(υ) >

∥∇υ∥pp,

apì thn opoÐa èqoume ìti υ ∈ G8. Sunep¸c G8 ̸= ∅.
Upojètoume sth sunèqeia ìti (suppa+)\suppb))o ̸= ∅. Tìte up�rqei υ ∈

S1 me B(υ) = 0. Apì thn (3.86)

r∗(υ) =
(q − p

2− p

A(υ)

∥∇υ∥22

)1/(2−q)

,
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sunep¸c

p

q

s− q

s− p
r∗(υ)

q−pA(υ) =
p

q

s− q

s− p

(q − p

2− p

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ).

Epomènwc, an h a+(·) eÐnai arket� meg�lh, tìte

p

q

s− q

s− p

(q − p

2− p

A(υ)

∥∇υ∥22

)(q−p)/(2−q)

A(υ) > ∥∇υ∥pp,

apì thn opoÐa èqoume ìti G8 ̸= ∅.

PerÐptwsh 8: q > max{p, s, 2}
Se aut n thn perÐptwsh ja qrhsimopoi soume to Je¸rhma Orein c Di�bashc.

L mma 3.3.2 H Φ(·) ikanopoieÐ thn sunj kh Palais− Smale.

Apìdeixh: 'Estw {un}∞n=1 na eÐnai mÐa akoloujÐa sto E tètoia ¸ste
|Φ(un)| ≤ C gia k�poio C > 0 kai gia k�je n ∈ N kai Φ′(un) → 0 ston
E ′ = H−1(Ω). Gia ε > 0 kai υ ∈ E èqoume

|⟨Φ′(un), υ⟩| =
∣∣∣ ∫ |∇un|p−2∇un∇υdx+

∫
∇un∇υdx

−
∫
a(x)un

q−1υdx +
∫
b(x)un

s−1υdx
∣∣∣ ≤ ε∥υ∥E (3.91)

An antikatast soume ìpou υ = un sthn (3.3), tìte∫
a(x)un

qdx ≤ ε∥un∥1,k +
∫

|∇un|pdx+
∫

|∇un|2dx+
∫
b(x)un

sdx (3.92)

Apì tic upojèseic èqoume ìti

1

p
∥∇un∥pp +

1

2
∥∇un∥22 −

1

q

∫
a(x)|un|qdx+

1

s

∫
b(x)|un|sdx ≤ C. (3.93)

Sundu�zontac tic (3.92) kai (3.93) paÐrnoume ìti

1

p
∥∇un∥pp +

1

2
∥∇un∥22 +

1

s

∫
b(x)|un|sdx−

1

q
ε∥un∥E

−1

q

∫
|∇un|pdx−

1

q

∫
|∇un|2dx−

1

q

∫
b(x)un

sdx ≤ C,
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sunep¸c

(
1

p
− 1

q
)∥∇un∥pp + (

1

2
− 1

q
)∥∇un∥22 + (

1

s
− 1

q
)

∫
b(x)|un|sdx ≤ C +

1

q
ε∥un∥E.

Epeid  q > max{p, 2, s}, sumperaÐnoume ìti

(
1

p
− 1

q
)∥∇un∥pp + (

1

2
− 1

q
)∥∇un∥22 ≤ C +

1

q
ε∥un∥E (3.94)

h opoÐa apodeiknÔei ìti h akoloujÐa {un}∞n=1 eÐnai fragmènh sto E. Sunep¸c
gia k�poia upakoloujÐa thc {un} thn opoÐa sumbolÐzoume me {un}, mporoÔme
na upojèsoume ìti un → u asjen¸c sto E. Kat� sunèpeia,

lim
n→∞

⟨Φ′(un)− Φ′(u), un − u⟩ = 0. (3.95)

Anikajist¸ntac to υ me to un − u sthn (3.3) èqoume ìti∫ (
|∇un|p−2∇un − |∇u|p−2∇u

)
(∇un−∇u)dx+

∫
(∇un −∇u) (∇un−∇u)dx

= ⟨Φ′(un)− Φ′(u), un − u⟩ −
∫

|∇un|p−2∇un∇(un − u)dx

−
∫

∇un∇(un − u)dx+

∫
|∇u|p−2∇u∇(un − u)dx+

∫
∇u∇(un − u)dx

−
∫
a(x)|u|q−2u(un − u)dx+

∫
b(x)|un|s−2un(un − u)dx+∫

a(x)|un|q−2un(un − u)dx+
∫
b(x)|u|s−2u(un − u)dx (3.96)

Epeid , gia toul�qiston mÐa upakoloujÐa, un → u ston Lp(Ω) kai ston
L2(Ω), (3.3) dÐnei

lim
n→∞

{∫ (
|∇un|p−2∇un − |∇u|p−2∇u

)
(∇un −∇u)dx

+

∫
(∇un −∇u) (∇un −∇u)dx

}
= 0.

T¸ra qrhsimopoioÔme thn anisìthta
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0≤
{( ∫

|φ|kdx
)1/k′

−
( ∫

|ψ|kdx
)1/k′}{( ∫

|φ|kdx
)1/k

−
( ∫

|ψ|kdx
)1/k}

≤
∫ (

|φ|k−2φ− |ψ|k−2ψ
)
(φ− ψ)dx,

h opoÐa isqÔei gia φ, ψ ∈ Lk(Ω) me k′ = k/(k− 1), [31], gia na sumperaÐnoume
ìti un → u sto E.

L mma 3.3.3 (i) Up�rqoun ρ, α > 0 tètoia ¸ste Φ(u) ≥ α an ∥u∥E = ρ.
(ii) Up�rqei u ∈ E me ∥u∥ > ρ kai Φ(u) < 0.

Apìdeixh:
(i) An u ∈ E\{0}, tìte

Φ(u) ≥ 1

2
∥∇u∥22 −

1

q

∫
a(x)|u|qdx.

Apì thn ensf nwsh Sobolev èqoume ìti

Φ(u) ≥ 1

p
∥u∥2E − c

q
∥u∥qE ≥ α > 0,

ìtan ∥u∥E = ρ me ρ > 0 eÐnai arket� mikrì.
(ii) 'Estw v ∈ G1 kai t > 0. Tìte

Φ(tv) =
tp

p
∥∇v∥pp +

t2

2
∥∇v∥22 −

tq

q

∫
a(x)|v|qdx+ ts

s

∫
b(x)|v|sdx,

sunep¸c limt→∞ Φ(tv) = −∞. 'Ara Φ(tv) < 0 gia arket� meg�lo t.
Efarmìzontac to Je¸r ma Orein c Di�bashc paÐrnoume to akìloujo a-

potèlesma:

Je¸rhma 3.3.8 Upojètoume ìti oi sunj kec (H0)�(H4) isqÔoun me q >
max{p, s, 2}. Tìte to prìblhma (3.1)− (3.2) èqei mÐa lÔsh.
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Kef�laio 4

Elleiptik� probl mata me thn
p(x)-Laplacian kai
antagwnistikèc
mh-grammikìthtec

4.1 Topojèthsh tou probl matoc

Ja melet soume thn Ôparxh mh-arnhtik¸n lÔsewn qrhsimopoi¸ntac th mèjodo
twn in¸sewn gia to elleiptikì prìblhma

−∆p(x)u = −λa(x)|u|p(x)−2u+µb(x)|u|q(x)−2u− εc(x)|u|t(x)−2u sto Ω, (4.1)

u = 0 sto ∂Ω, (4.2)

ìpou Ω ⊆ RN eÐnai èna fragmèno qwrÐo, a(.), b(.), c(.) eÐnai ousiwd¸c frag-
mènec sunart seic L∞(Ω) kai oi p(.), q(.), t(.) eÐnai suneqeÐc sto Ω.

4.2 Anadrom  prohgoÔmenwn apotelesm�-

twn

Upojètoume ìti to Ω eÐnai èna fragmèno qwrÐo sto RN me arket� leÐo sÔnoro
∂Ω. JewroÔme to yeudogrammikì elleiptikì prìblhma

−∆p(x)u = f(x, u) sto Ω,
u = 0 sto ∂Ω,

}
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ìpou ∆p(x)u = div(|∇u|p(x)−2∇u) eÐnai o p(x)−Laplace telest c kai oi f :
Ω× R → R eÐnai mÐa Karajeodwr  sun�rthsh.
'Otan o ekjèthc p(.) den eÐnai stajerìc, o telest c p(x)− Laplace emfanÐze-
tai se montèla pou aforoÔn

(i) Hlektrologik� reust�, [9], [51].

(ii) Apokat�stash eikìnac, ìpou p(x) ∈ [1, 2], [25].

(iii) Mh-grammikoÔc Darcy′s laws se por¸dh mèsa, [10].

S' autì to kef�laio ja melet soume to prìblhma

−∆p(x)u = −λa(x)|u|p(x)−2u+µb(x)|u|q(x)−2u− εc(x)|u|t(x)−2u sto Ω, (4.3)

u = 0 sto ∂Ω, (4.4)

ìpou to Ω eÐnai èna fragmèno qwrÐo sto RN me arket� leÐo sÔnoro ∂Ω, oi
p, q, t : Ω → (1,+∞) eÐnai suneqeÐc sunart seic en¸ λ, µ kai ε eÐnai jeti-
kèc stajerèc. Upojètoume epiplèon ìti h sun�rthsh b(.) all�zei prìshmo
en¸ h a(.) kai c(.) eÐnai mh-arnhtikèc sto Ω. To prìblhma (4.4.1) exet�-
sthke sto [6] gia thn perÐptwsh c ≡ 0 me p(x) < q(x) sto Ω ìpou, mèsw
miac efarmog c tou Jewr matoc Orein c Di�bashc, apodeÐqjhke h Ôparxh
�peirou arijmoÔ lÔsewn. H perÐptwsh Ω = RN èqei melethjeÐ sto [4] ì-
pou, k�tw apì kat�llhlec sunj kec sumperifor�c tou q(.) sto �peiro, a-
podeiknÔetai h Ôparxh mÐac lÔshc. Exis¸seic oi opoÐec perièqoun ton tele-
st  −∆p1(x)u − ∆p2(x)u se èna fragmèno qwrÐo exet�sthkan sto [45] ìpou

m(x) := max{p1(x), p2(x)} < q(x) < Nm(x)
N−m(x)

. Shmei¸noume ìti kamÐa apì tic
pronaferjèntec ergasÐec den exet�zei to prìshmo twn pareqìmenwn lÔsewn
sthn perÐptwsh ìpou q(x) < p(x) sto Ω.

O skopìc mac eÐnai na d¸soume sunj kec gia thn (4.4.1) oi opoÐec exasfa-
lÐzoun thn Ôparxh mÐac mh-arnhtik c lÔshc kai na exet�soume th sumperifor�
thc lÔshc kai tou energeiakoÔ sunarthsoeidoÔc kaj¸c ε → 0. Gia na to k�-
noume autì uiojetoÔme th mèjodo twn in¸sewn tou Pohozaev, [32], [43], [49], h
opoÐa analÔei ton q¸ro Sobolev W 1,p(.)(Ω) se aktÐnec (fibers), kai exet�zei th
sumperifor� tou sunarthseiakoÔ enèrgeiac se autèc, ìpwc  dh èqei anaferjeÐ
sto Kef�laio 1.

68



4.3 Majhmatikì upìbajro

Se aut n thn enìthta parajètoume k�poiouc orismoÔc kai basikèc idiìthtec
twn q¸rwn me metablhtì ekjèth Lp(.)(Ω) kai W 1,p(.)(Ω). Gia perissìterec
plhroforÐec parapèmpoume sto [34].
'Estw

C+(Ω) =
{
p : Ω → R : p eÐnai suneqeÐc kai p(x) > 1 gia k�je x ∈ Ω

}
.

An s ∈ C+(Ω) orÐzoume s+ := supx∈Ωs(x) kai s
− := infx∈Ωs(x).

DÐnetai p ∈ C+(Ω). O q¸roc Lebesgue Lp(.)(Ω) me metablhtì ekjèth eÐnai
orÐzetai wc ex c:

Lp(.)(Ω) :=

u : Ω → R : u eÐnai metr simh kai

∫
Ω

|u|p(x)dx <∞

 .

O q¸roc autìc efodiasmènoc me th nìrma Luxemburg :

∥u∥p(.) = inf

λ > 0 :

∫
Ω

∣∣∣u
λ

∣∣∣p(x) dx ≤ 1


eÐnai ènac q¸roc Banach kai moir�zetai pollèc apì tic idiìthtec twn klassi-
k¸n Lebesgue q¸rwn ìpwc h diaqwrisimìthta, anaklastikìthta kai h omoiì-
morfh kurtìthta. H ∥u∥p(.) ikanopoieÐ tic akìloujec anisìthtec:∫

Ω

|u|p(x)dx

1/p−

≤ ||u||p(.) ≤

∫
Ω

|u|p(x)dx

1/p+

an ||u||p(.) < 1 (4.5)

kai∫
Ω

|u|p(x)dx

1/p+

≤ ||u||p(.) ≤

∫
Ω

|u|p(x)dx

1/p−

an ||u||p(.) ≥ 1. (4.6)

Epiplèon, an p, s ∈ C+(Ω) me p(x) < s(x) sto Ω, tìte h ensf nwsh Ls(.)(Ω) ⊆
Lp(.)(Ω) eÐnai suneq c.
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O q¸roc Sobolev W 1,p(.)(Ω) me metablhtì ekjèth orÐzetai wc

W 1,p(.)(Ω) :=
{
u ∈ Lp(.)(Ω) : |∇u| ∈ Lp(.)(Ω)

}
kai efodi�zetai me thn nìrma

∥u∥1,p(.) = ∥u∥p(.) + ∥∇u∥p(.) .

O W
1,p(.)
0 (Ω) orÐzetai wc h kleistìthta tou C∞

0 (Ω) ston W 1,p(.)(Ω) wc proc
th nìrma || · ||1,p. O krÐsimoc Sobolev ekjèthc orÐzetai apì thn

p∗(x) =

{
Np(x)
N−p(x)

+∞
an p(x) < N,
an p(x) ≥ N.

Oi q¸roi W 1,p(.)(Ω) kai W 1,p(.)
0 (Ω) eÐnai diaqwrÐsimoi, anaklastikoÐ kai omoiì-

morfa kurtoÐ q¸roiBanach. Epiplèon, an q(x) < p∗(x) sto Ω, tìteW 1,p(.)(Ω)
ensfhn¸netai sumpag¸c ston Lq(.)(Ω). 'Ara, en�oyh twn (4.5) kai (4.6),

∫
Ω

|v|q(x)dx ≤ c

∫
Ω

|∇u|p(x)dx

β

, (4.7)

ìpou c > 0 kai

β :=


q−

p+

q+

p+

q+

p−

q−

p−

an ∥u∥q(.) < 1 kai ∥∇u∥p(.) < 1

an ∥u∥q(.) ≥ 1 kai ∥∇u∥p(.) < 1

an ∥u∥q(.) ≥ 1kai ∥∇u∥p(.) ≥ 1

an ∥u∥q(.) < 1kai ∥∇u∥p(.) ≥ 1.

(4.8)

H an�logh anisìthta thc Poincaré eÐnai h

∥u∥p(.) ≤ C ∥∇u∥p(.)
′opou

u ∈ W
1,p(.)
0 (Ω), kai C > 0. Sunep¸c, oi nìrmec ∥u∥1,p(.) kai ∥∇u∥p(.) eÐnai

isodÔnamec ston W 1,p(.)
0 (Ω).
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4.4 Upojèseic kai kÔria apotelèsmata

Diatup¸noume tic upojèseic gia to prìblhma (4.1)− (4.2) :

H(1) p, q, t ∈ C+(Ω) me p(x) < N kai q(x) < p∗ < t(x) gia k�je x ∈ Ω.

H(2) a, b, c ∈ L∞(Ω) me a, c ≥ 0 σ.p sto Ω kai m{x ∈ Ω : b(x) > 0} > 0.

To sunarthsiakì enèrgeiac tou probl matoc (4.1)− (4.2) eÐnai orismèno sto

q¸ro E := W
1,p(.)
0 (Ω) ∩ Lt(.)(Ω) o opoÐoc efodi�zetai me th nìrma

||u||E =: ||u||1,p(.) + ||u||t(.),

kai dÐnetai apì thn

Φε(u) =

∫
Ω

1

p(x)
|∇u|p(x)dx+ λ

∫
Ω

a(x)

p(x)
|u|p(x)dx− µ

∫
Ω

b(x)

q(x)
|u|q(x)dx

+ε

∫
Ω

c(x)

t(x)
|u|t(x)dx. (4.9)

OrÐzoume to epektamèno sunarthsoeidèc F : R × E → R jètontac gia k�je
r > 0 kai v ∈ E

F(r, v) =

∫
Ω

1

p(x)
|∇v|p(x)rp(x)dx+ λ

∫
Ω

a(x)

p(x)
|v|p(x)rp(x)dx

−µ
∫
Ω

b(x)

q(x)
|v|q(x)rq(x)dx+ ε

∫
Ω

c(x)

t(x)
|v|t(x)rt(x)dx. (4.10)

An u = rv eÐnai èna mh-tetrimmèno krÐsimo shmeÐo thc Φε(.), tìte

Fr(r, v) = 0. (4.11)

Upojètoume ìti h r = r(v) > 0 ikanopoieÐ thn (4.11) gia k�je v sto E\{0}
kai r(.) ∈ C1(E\{0}). Tìte to sunarthsoeidèc

Φ̂ε(v) := Φε(r(v)v) (4.12)
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eÐnai kal¸c orismèno kai eÐnai suneq¸c diaforÐsimo sto E. Ja melet soume

thn Φ̂ε(.) upì ton periorismì

H(v) = 1,

ìpou H : E → R eÐnai orismènh apì thn

H(v) :=

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx+ ε

∫
Ω

c(x)|u|t(x)dx (4.13)

To kÔrio ergaleÐo pou ja qrhsimopoi soume eÐnai h mèjodoc twn in¸sewn.
Shmei¸noume ìti to sunarthsoeidèc H, ìpwc orÐzetai sthn (4.13), ikanopoieÐ
tic upojèseic tou L mmatoc (3.3.1).
DiakrÐnoume tic akìloujec peript¸seic:
PerÐptwsh 1: q+ < p

Je¸rhma 4.4.1 Upojètoume ìti oi H(1) kai H(2) ikanopoioÔntai, λ, µ > 0
kai ε ≥ 0. Tìte to prìblhma (4.1)− (4.2) èqei mÐa mh-arnhtik  lÔsh.

Apìdeixh:
'Estw

S1 := {v ∈ E : H(v) = 1} (4.14)

kai

B := {v ∈ E :

∫
Ω

b(x)|v|q(x)dx > 0}.

H sqèsh (4.11) eÐnai isodÔnamh me thn∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
rp(x)dx+ ε

∫
Ω

c(x)|v|t(x)rt(x)dx

= µ

∫
Ω

b(x)|v|q(x)rq(x)dx, (4.15)

h opoÐa, lìgw thc H(2), èqei mÐa monadik  jetik  lÔsh r := r(v) gia k�je
v ∈ B. Apì to je¸rhma peplegmènhc sun�rthshc r(.) ∈ C1(E\{0}). An
v ∈ S1 ∩B me r(v) ≥ 1, tìte apì thn H(1) kai thn (4.15) èqoume ìti
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rp
−


∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx+ ε

∫
Ω

c(x)|v|t(x)dx


= rp

− ≤ µ

∫
Ω

b(x)|v|q(x)rq(x)dx ≤ rq
+
µ

∫
Ω

b|v|p(x)dx,

sunep¸c

rp
−−q+ ≤ µ

∫
Ω

b|v|p(x)dx.

Epomènwc h r(.) eÐnai fragmènh sto S1 ∩ B. EpÐshc, an v ∈ S1 ∩ B, apì tic
H(1), (4.10) kai (4.15), èqoume ìti

Φ̂ε(v) <

(
1

p−
− 1

q+

)∫
Ω

|∇v|p(x)rp(x)dx+ λ

(
1

p−
− 1

q+

)∫
Ω

a|v|p(x)rp(x)dx

+ε

(
1

t−
− 1

q+

)∫
Ω

c|v|t(x)rp(x)dx,

kai ètsi Φ̂ε(v) < 0. Sunep¸c,

M := inf{Φ̂ε(v) : v ∈ S1 ∩B} < 0.

Ja apodeÐxoume ìti to infimum epitugq�netai se èna shmeÐo tou S1 ∩B. Gia
autì jewroÔme mia akoloujÐa vn ∈ S1, n ∈ N, tètoia ¸ste Φ̂ε(vn) → M.
Epeid  h vn eÐnai fragmènh sto E, up�rqei mÐa upakoloujÐa thc vn, thn opoÐa

dhl¸noume epÐshc wc vn, tètoia ¸ste h vn → v0 asjen¸c sto W 1,p(.)
0 (Ω) kai

Lt(.)(Ω) kai isqur� stouc Lp(.)(Ω) kai Lq(.)(Ω). Epiplèon, afoÔ h r(.) eÐnai
fragmènh sto S1 ∩ B, mporoÔme na upojèsoume ìti h r(vn) → r0. Apì thn
asjen  k�tw hmi-sunèqeia twn norm¸n ||.||1,p(.) kai ||.||t(.) èqoume ìti

Φ̂ε(r0v0) ≤ lim infn→+∞Φ̂ε(vn) =M, (4.16)

apì thn opoÐa sun�goume ìti r0 > 0 kai v0 ̸= 0. EpÐshc, antikajist¸ntac sthn
(4.15) to v me to vn kai upojètontac ìti n→ +∞, èqoume ìti∫

Ω

|∇v0|p(x)rp(x)0 dx+ λ

∫
Ω

a|v0|p(x)rp(x)0 dx+ ε

∫
Ω

c|v0|t(x)rt(x)0 dx
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≤ µ

∫
Ω

b|v0|q(x)rq(x)0 dx,

opìte r0 ≤ r(v0) kai r0v0 ∈ B. An upojèsoume ìti r0 < r(v0), tìte epeid  h
sun�rthsh r → Φε(rv) eÐnai gnhsÐwc fjÐnousa sto di�sthma [0, r(v0)] èqoume

Φ̂ε(v0) = Φε(r(v0)v0) < Φ̂ε(r0v0) =M. (4.17)

EpÐshc, gia ρ > 0, lìgw thc (4.15), h r(ρv0) ikanopoieÐ thn isìthta∫
Ω

|∇ρv0|p(x)r(ρv0)p(x)dx+ λ

∫
Ω

a|ρv0|p(x)r(ρv0)p(x)dx

−µ
∫
Ω

b|ρv0|q(x)r(ρv0)q(x)dx+ ε

∫
Ω

c|ρv0|t(x)r(ρv0)t(x)dx = 0.

'Ara, ∫
Ω

|∇v0|p(x) [ρr(ρv0)]p(x) dx+ λ

∫
Ω

a|v0|p(x) [ρr(ρv0)]p(x) dx

−
∫
Ω

b|v0|q(x) [ρr(ρv0)]q(x) dx+ ε

∫
Ω

c|v0|t(x)[ρr(ρv0)]t(x)dx = 0,

h opoÐa dÐnei ìti
r(v0) = ρr(ρv0). (4.18)

'Estw s > 0 tètoio ¸ste sv0 ∈ S1. Sundu�zontac tic sqèseic (4.17) kai (4.18)
èqoume

Φ̂ε(sv0) = Φε(r(tv0)sv0) = Φε(r(v0)v0) = Φ̂ε(v0) < M,

to opoÐo antibaÐnei ston orismì tou M . Sunep¸c r0 = r(v0) kai oi (4.16)

kai (4.18) sun�goun ìti Φ̂ε(sv0) = M. Apì to L mma (3.3.1) èqoume ìti u :=

r(v0)v0 eÐnai mÐa lÔsh thc (4.4.1). AfoÔ h |u| elaqistopoieÐ epÐshc thn Φ̂,
mporoÔme na upojèsoume ìti u ≥ 0.

PerÐptwsh 2: p+ < q−

'Opwc faÐnetai sto akìloujo L mma (4.4.1) to prìblhma (4.1)− (4.2) den èqei
p�nta m  tetrimmènh lÔsh gia k�je tim  tou µ. H Apìdeixh basÐzetai se èna
apotèlesma tou [22].
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L mma 4.4.1 Upojètoume ìti H(1) kai H(2) isqÔoun ìpou b(x) ≥ 0 σ.p kai
c(x) > η > 0 sq.p. sto Ω. Tìte, gia k�je λ, ε > 0 up�rqei µ∗(λ, ε) > 0 tètoia
¸ste prìblhma (4.1) − (4.2) den èqei mÐa mh-tetrimènh lÔsh gia 0 < µ <
µ∗(λ, ε).

Apìdeixh: 'Estw u mÐa lÔsh tou (4.1)− (4.2). Tìte∫
Ω

[
|∇u|p(x) + λa(x)|u|p(x)

]
dx+ ε

∫
Ω

c(x)|u|t(x)dx = µ

∫
Ω

b(x)|u|q(x)dx. (4.19)

Apì thn anisìthta tou Y oung èqoume ìti

µ

∫
Ω

b(x)|u|q(x)dx ≤ εq+

t−

∫
Ω

c(x)|u|t(x)dx+ t+ − q−

t−
µγ||b||δ∞ε−ζ

∫
Ω

c(x)
q(x)

q(x)−t(x)dx,

ìpou

γ :=

{
t+

t−−q+

t−

t+−q−

an µ ≥ 1
an µ < 1,

δ :=

{
t+

t−−q+

t−

t+−q−

an ||b||∞ ≥ 1
an ||b||∞ < 1,

an

ζ :=

{
q−

t−−q+

q+

t+−q−

an ε ≥ 1
an ε < 1,

kai ètsi h (4.19) mac dÐnei ìti∫
Ω

[
|∇u|p(x) + λa(x)|u|p(x)

]
dx ≤ t+ − q−

t−
µγ||b||δ∞ε−ζ

∫
Ω

c(x)
q(x)

q(x)−t(x)dx.

(4.20)
Apì tic (4.8) kai (4.19) èqoume

ĉ

∫
Ω

b(x)|u|q(x)dx

 1
β

≤
∫
Ω

[
|∇u|p(x) + λa(x)|u|p(x)

]
dx ≤ µ

∫
Ω

b(x)|u|q(x)dx

(4.21)
ìpou ĉ > 0 kai o β ìpwc orÐzetai apì thn (4.8) me q sth jèsh tou s. 'Ara,

(
ĉβ

µ

) 1
β−1

≤ ĉ

∫
Ω

b(x)|u|q(x)dx

 1
β

. (4.22)

75



Lìgw twn (4.20)-(4.22) èqoume

µ ≥ µ∗(λ, ε) :=

 t−

t+ − q−
ĉ

β
β−1 εζ

||b||δ∞
∫
Ω

c(x)
q(x)

q(x)−t(x)dx


β−1

γ(β−1)+1

> 0.

L mma 4.4.2 Upojètoume ìti oi c1, c2 eÐnai jetikèc stajerèc, h γ : Ω → R
eÐnai mÐa mh-arnhtik  ousiwd¸c fragmènh sun�rthsh me m{x ∈ Ω : γ(x) >
0} > 0 kai q : Ω → R eÐnai mÐa suneq c sun�rthsh tètoia ¸ste 1 < p <
q(x) < t gia k�je x ∈ Ω, ìpou p, t ∈ R. Tìte, gia arket� meg�lo µ > 0, h
exÐswsh

c1r
p + c2r

t − µ

∫
Ω

γ(x)rq(x)dx = 0

èqei dÔo lÔseic r1, r2 > 0.

Apìdeixh: 'Estw

g(r) := c1 + c2r
t−p − µ

∫
Ω

γ(x)rq(x)−pdx, r > 0.

Tìte g(0) = c1 kai limr→+∞g(r) = +∞. EÔkola prokÔptei ìti h g′(r) èqei
monadik  jetik  rÐza. AfoÔ inf r>0g(r) < 0 gia arket� meg�lo µ > 0, to
apotèlesma èpetai.
Gia to epìmeno apotèlesma Ôparxhc upojètoume ta parak�tw gia th sun�rth-
sh c(.) kai touc ekjètec p, q kai t :

H(3) supp(b(.)+) ⊆ supp(c(.)), ìpou b(x)+ = max{b(x), 0}, x ∈ Ω.

H(4) p+(t− − p−) > q−(t− − q+) an

t+ ≤ min
{
q−p+(q+ − p−)p+(t− − p−)− q−(t− − q+), q

−(t−−p−)
q+−p−

}
.

H(5) H q(.) eÐnai mÐa stajer�   oi p(.) kai t(.) eÐnai stajerèc.

Shmei¸noume ìti an oi p(.), q(.) kai t(.) eÐnai stajerèc sunart seic, tìte h
H(4) ikanopoieÐtai an t < p+ q.
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Je¸rhma 4.4.2 Upojètoume ìti (H1) − (H5) isqÔei ìpou p+ < q. Tìte
gia k�je λ, ε > 0 up�rqei µ∗(λ, ε) > 0, tètoia ¸ste to (4.4.1) èqei mÐa mh
arnhtik  lÔsh gia k�je µ > µ∗(λ, ε).

Apìdeixh: Gia v ∈ B kai r > 0 orÐzoume

Gε(r, v) :=

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
rp(x)dx+ ε

∫
Ω

c(x)|v|t(x)rt(x)dx

rq
∫
Ω

b(x)|v|qdx
,

c1(v) :=

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx∫

Ω

b(x)|v|qdx

kai

c2(v) :=

ε

∫
Ω

c(x)|v|t(x)dx∫
Ω

b(x)|v|qdx
.

Tìte, an r ≥ 1,

c1(v)r
p−−q+ + c2(v)r

t−−q+ = g1l (r, v)

≤ Gε(r, v) ≤ g1u(r, v) = c1(v)r
p+−q− + c2(v)r

t+−q− ,

kai an r < 1,

c1(v)r
p+−q− + c2(v)r

t+−q− = g2l (r, v) ≤ Gε(r, v)

≤ g2u(r, v) = c1(v)r
p−−q− + c2(v)r

t−−q− .
'Ara,

limr→0+Gε(r, v) = limr→+∞Gε(r, v) = +∞.

An q(x) = q gia k�je x ∈ Ω, tìte ∂
∂r
Gε(., v) = 0 an kai mìno an
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∫
Ω

(q − p(x))
[
|∇v|p(x) + λa(x)|v|p(x)

]
rp(x)dx

−ε
∫
Ω

(t(x)− q)c(x)|v|t(x)rt(x)dx = 0.

EÔkola prokÔptei ìti h (4.4) èqei mÐa monadik  rÐza r∗(v) h opoÐa eÐnai
monadikì krÐsimo shmeÐo olikoÔ elaqÐstou thc Gε(., v). Sunep¸c, gia meg�lo
µ > 0, h sun�rthsh Gε(r, v) = µ èqei dÔo lÔseic r1(v) kai r2(v) ìpou r1(v) <
r2(v). EpÐshc, an p(x) = p kai t(x) = t gia k�je x ∈ Ω, tìte apì thn (4.15)

rp
∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx+ εrt

∫
Ω

c(x)|v|t(x)dx = µ

∫
Ω

b(x)|v|q(x)rq(x)dx.

(4.23)
Apì to L mma 4.4.2 blèpoume ìti h (4.23) dèqetai dÔo lÔseic r1(v) kai r2(v)
ìpou r1(v) < r2(v). Shmei¸noume ìti r1(v) kai r2(v) eÐnai epÐshc lÔseic thc
(4.15). OrÐzoume r(v) := r2(v). EÔkola blèpoume ìti h r(v) aux�nei kaj¸c to
µ aux�nei   to ε aux�nei.
'Estw

Bε
0(µ) := {u ∈ B : µ > Gε(r∗(u), u)}.

EÐnai profanèc ìti Bε
0(µ) ̸= ∅ an to µ eÐnai arket� meg�lo. Sth sunèqeia, ja

broÔme èna �nw fr�gma gia thn r∗(v) ìtan v ∈ Bε
0(µ). Apì ton orismì tou

Bε
0(µ)∫

Ω

p(x)
[
|∇v|p(x) + λa(x)|v|p(x)

]
r∗(v)

p(x)dx+ ε

∫
Ω

t(x)c(x)|v|t(x)r∗(v)t(x)dx

< µqr∗(v)
q

∫
Ω

b(x)|v|qdx,

ètsi, an r∗(v) ≥ 1, èqoume ìti

r∗(v)
t−εt−

∫
Ω

c(x)|v|t(x)dx < µqr∗(v)
q+
∫
Ω

b(x)|v|qdx,

en¸ an r∗(v) < 1, èqoume

r∗(v)
t+εt−

∫
Ω

c(x)|v|t(x)dx < µqr∗(v)
q

∫
Ω

b(x)|v|qdx.
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Sunep¸c,

r∗(v) <


µq

∫
Ω

b(x)|v|qdx

εt−
∫
Ω

c(x)|v|t(x)dx


1/(t−−q+)

, an r∗(v) ≥ 1, (4.24)

kai

r∗(v) <


µq

∫
Ω

b(x)|v|qdx

εt−
∫
Ω

c(x)|v|t(x)dx


1/(t+−q−)

, an r∗(v) < 1.

Ja deÐxoume ìti an v ∈ Bε
0(µ) ∩ S1 tìte

1 <

∫
Ω

c(x)|v|t(x)dx+ d

∫
Ω

c(x)|v|t(x)dx

η

,

ìpou d > 0 kai

η :=



q−(t−−p−)−t+(q+−p−)
t+(t−−q+)

an ||v||q(.) < 1 kai r∗(v) ≥ 1,
p+

t+
an ||v||q(.) < 1 kai r∗(v) < 1,

q+(t+−p+)−t+(q−−p+)
t+(t+−q−)

an ||v||q(.) ≥ 1 kai r∗(v) < 1,
q+(t−−p−)−t+(q+−p−)

t+(t−−q+)

an ||v||q(.) ≥ 1 kai r∗(v) ≥ 1.

Ja parousi�soume mìno thn perÐptwsh ìpou ||v||q < 1 kai r∗(v) ≥ 1, oi
upìloipec treÐc peript¸seic mporoÔn na antimetwpistoÔn an�loga. Epeid 
Gε(r∗(v), v) < µ, èqoume ìti∫

Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
r∗(v)

p(x)dx < µr∗(v)
q

∫
Ω

b(x)|v|qdx, (4.25)

kai ètsi

r∗(v)
p

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx < r∗(v)

q+µ

∫
Ω

b(x)|v|q(x)dx,
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h opoÐa, lìgw thc (4.13), mac dÐnei ìti1−
∫
Ω

c(x)|v|t(x)dx

 < r∗(v)
q+−p−µ

∫
Ω

b(x)|v|q(x)dx.

Sundu�zontac aut n thn anÐswsh me thn (4.24) èqoume

ε∫
Ω

c(x)|v|t(x)dx


q−p−

t−−q
1−

∫
Ω

c(x)|v|t(x)dx



<

(
µq+

t−

) q+−p−

t−−q+

µ∫
Ω

b(x)|v|q(x)dx


t−−p−

t−−q+

(4.26)

Oi upojèseic H(3), H(4) kai oi sqèseic (4.5), (4.6) sun�goun ìti

∫
Ω

b(x)|v|q(x)dx ≤ d̂

∫
Ω

c(x)|v|t(x)dx


q−

t+

,

gia k�poio d̂ > 0, to opoÐo, lìgw thc (4.26), dÐnei ìti

1 <

∫
Ω

c(x)|v|t(x)dx+ d

∫
Ω

c(x)|v|t(x)dx


q−(t−−p−)−t+(q+−p−)

t+(t−−q+)

,

ìpou d > 0. Sunep¸c, an D := {
∫
Ω

c(x)|v|t(x)dx, v ∈ Bε
0(µ)},

tìte infD > 0.
Apì thn (4.15), ∫

Ω

c(x)|v|t(x)rt(x)dx ≤ µ

∫
Ω

b(x)|v|q(x)rq(x)dx,
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apì thn opoÐa prokÔptei ìti, an r ≥ 1,

rt
−−q+ ≤

µ

∫
Ω

b(x)|v|q(x)dx

ε

∫
Ω

c(x)|v|t(x)dx
(4.27)

en¸, an r < 1

rt
+−q− ≤

µ

∫
Ω

b(x)|v|q(x)dx

ε

∫
Ω

c(x)|v|t(x)dx
. (4.28)

Epeid  infD > 0 blèpoume ìti h r(v) ìtan v ∈ Bε
0(µ), eÐnai fragmènh apì

p�nw. Lìgw twn (4.10), (4.12) kai (4.15)

Φ̂ε(v) ≤
∫
Ω

1

p(x)

[
|∇v|p(x) + λa(x)|v|p(x)

]
rp(x)dx

−µ
∫
Ω

b(x)

q(x)
|v|q(x)rq(x)dx+ ε

∫
Ω

c(x)

t−
|v|t(x)rt(x)dx

=

∫
Ω

(
1

p(x)
− 1

t−

)[
|∇v|p(x) + λa(x)|v|p(x)

]
rp(x)dx

−µ
∫
Ω

(
1

q(x)
− 1

t−

)
b(x)|v|q(x)rq(x)dx. (4.29)

Epeid  h r(v) aux�nei ìtan to µ aux�nei kai p(x) < q sto Ω, paÐrnontac to

µ arket� meg�lo, èstw µ∗(λ, ε), èqoume ìti Φ̂ε(v) < 0 gia toul�qiston èna

v ∈ S1 ∩Bε
0(µ

∗(λ, ε)). Isqurizìmaste ìti to el�qisto thc Φ̂ε(, ) epitugq�netai
se èna shmeÐo sto S1∩Bε

0(µ
∗(λ, ε)). Gia na to deÐxoume, èstw vn ∈ S1, n ∈ N,

mÐa akoloujÐa tètoia ¸ste Φ̂ε(vn) → M. AfoÔ h vn eÐnai fragmènh sto E,
up�rqei mÐa upakoloujÐa thc vn, thn opoÐa sumbolÐzoume epÐshc me vn, tètoia

¸ste vn → v0 asjen¸c stouc W
1,p(.)
0 (Ω) kai Lt(.)(Ω) kai isqur� ston Lp(.)(Ω)

kai Lq(Ω). EpÐshc, epeid  h r(.) eÐnai fragmènh sto S1∩Bε
0(µ

∗(λ, ε)), mporoÔme
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epÐshc na upojèsoume ìti v0 ̸= 0 kai r(vn) → r0 > 0. Ergazìmenoi ìpwc sthn
perÐptwsh (q+ < p−) kai ekmetalleuìmenoi to gegonìc ìti h sun�rthsh r →
Φε(rv) èqei èna olikì el�qisto sto r = r(v0) sumperaÐnoume ìti r0 = r(v0).
H akoloujÐa r∗(un), n ∈ N, eÐnai fragmènh sunep¸c mporoÔme na upojèsoume
ìti r∗(un) → r0∗. Enìyh twn (4.4) kai (4.4) paÐrnoume

Gε(r∗(vn), vn) ≥
{

minr≥1g
1
l (r, vn) an r∗(vn) ≥ 1,

min0<r<1g
2
l (r, vn) an r∗(vn) < 1,

gia k�je n ∈ N. Epeid 

minr≥1g
1
l (r, vn) ≥ minr>0g

1
l (r, vn) = c1(vn)

t+−q−

t+−p+ c2(vn)
q−−p+

t+−p+ ,

me mÐa parìmoia anisìthta na isqÔei gia min0<r<1g
1
l (r, vn), blèpoume ìti, sto

ìrio, Gε(r
0
∗, v0) > 0. 'Ara r0∗ > 0. H k�tw hmisunèqeia thc nìrmac mac dÐnei

ìti µ ≥ Gε(r
0
∗, v0). AfoÔ to el�qisto thc r → Gε(r, v0) epitugq�netai sto

r = r∗(v0), èqoume epÐshc ìti µ ≥ Gε(r∗(v0), v0). Isqurizìmaste ìti µ >
Gε(r∗(v0), v0). Pr�gmati an upojèsoume ìti µ = Gε(r∗(v0), v0). Epeid  µ =
Gε(r(vn), vn) gia k�je n ∈ N, paÐrnoume ìti∫

Ω

[
|∇vn|p(x) + λa(x)|vn|p(x)

]
r(vn)

p(x)dx+ ε

∫
Ω

c(x)|vn|t(x)r(vn)t(x)dx

= µ

∫
Ω

b(x)|vn|q(x)r(vn)q(x)dx

to opoÐo sto ìrio mac dÐnei∫
Ω

[
|∇v0|p(x) + λa(x)|v0|p(x)

]
r(v0)

p(x)dx+ ε

∫
Ω

c(x)|v0|t(x)r(v0)t(x)dx

≤ µ

∫
Ω

b(x)|v0|q(x)r(v0)q(x)dx,

dhlad , µ ≥ Gε(r(v0), v0). 'Ara

r∗(v0) = r(v0) = r0. (4.30)

EpÐshc, ∂
∂r
Gε(r∗(vn), vn) = 0, sunep¸c gia k�je n ∈ N

(

∫
Ω

p(x)
[
|∇vn|p(x) + λa(x)|vn|p(x)

]
r∗(vn)

p(x)dx

+ ε

∫
Ω

t(x)c(x)|vn|t(x)r∗(vn)t(x))(
∫
Ω

b(x)|vn|q(x)r∗(vn)q(x)dx)
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=(

∫
Ω

[
|∇vn|p(x) + λa(x)|vn|p(x)

]
r∗(vn)

p(x)dx

+ ε

∫
Ω

c(x)|vn|t(x)r∗(vn)t(x))(
∫
Ω

q(x)b(x)|vn|q(x)r∗(vn)q(x)dx),.

'Ara

(q+ − p−)

∫
Ω

[
|∇vn|p(x) + λa(x)|vn|p(x)

]
r∗(vn)

p(x)dx

≥ ε(t− − q+)

∫
Ω

c(x)|vn|t(x)r∗(vn)t(x)dx.

Enìyh twn (4.10), (4.15), (4.30) kai (4.4) èqoume

M=lim
n→+∞

Φε(r(vn)vn)

≥ lim
n→+∞

ε ((q− − p+)(t− − q+)p+(q+ − p−)− t+ − q−t+)×∫
Ω

c(x)|vn|t(x)r∗(vn)t(x)dx ≥ 0,

pou eÐnai �topo. 'Ara µ > Gε(r∗(v0), v0), dhlad  v0 ∈ Bε
0(µ

∗(λ, ε)). MporoÔme
t¸ra na suneqÐsoume ìpwc sthn apìdeixh tou Jewr matoc 4.4.2.
EÐnai fanerì ìti an c ≡ 0 to prohgoÔmeno Je¸rhma den isqÔei. Prokeimè-
nou na melet soume peraitèrw to prìblhma (4.4.1) ja exet�soume th sum-
perifor� twn lÔsewn tou (4.4.1) kaj¸c ε → 0. 'Estw λ > 0, ε0 > 0 kai
µ > µ∗(λ, ε0). To Je¸rhma 4.4.2 exasfalÐzei ìti to (4.1) − (4.2) èqei mÐa
lÔsh u0 = rε0(vε0)vε0 , vε0 ∈ Bε

0(µ) ∩ S1. Isqurizìmaste ìti h (4.4.1) èqei
mÐa lÔsh uε = rε(vε)vε gia k�je ε ∈ (0, ε0). Pr�gmati, an v ∈ Bε

0(µ) tì-
te Gε(r∗(v), v) ≤ max{g1u(r1u, v), g2u(r2u, v)}, ìpou r1u, r

2
u eÐnai shmeÐa olik¸n

elaqÐstwn gia tic sunart seic g1u(., v) kai g
2
u(., v). Enìyh twn (4.4) kai (4.4),

g1u(r
1
u, v) = k1c1(v)

t+−q−

t+−p+ c2(v)
q−−p+

t+−p+

=

k1(

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx)

t+−q−

t+−p+ (

∫
Ω

c(x)|v|t(x)dx)
q−−p+

t+−p+ ε
q−−p+

t+−p+

∫
Ω

b(x)|v|q(x)dx
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kai

g2u(r
2
u, v) = k2c1(v)

t−−q−

t−−p− c2(v)
q−−p−

t−−p−

=

k2(

∫
Ω

[
|∇v|p(x) + λa(x)|v|p(x)

]
dx)

t−−q−
t−−p−

(

∫
Ω

c(x)|v|t(x)dx)
q−−p−

t−−p− ε
q−−p−

t−−p−

∫
Ω

b(x)|v|q(x)dx,
,

ìpou k1, k2 eÐnai k�poiec jetikèc stajerèc anex�rthtec apì to ε kai to v. 'Ara,
Gε(r∗(v), v) ↓ 0 kaj¸c ε ↓ 0 kai ètsi Gε(r∗(vε0), vε0) < µ gia k�je ε ∈ (0, ε0).
Kat� sunèpeia vε0 ∈ Bε

0(µ) ∩ S1 kai ètsi Bε
0(µ) ∩ S1 ̸= ∅. EpÐshc, lìgw twn

(4.4) kai (4.4), rε(vε0) → +∞ kaj¸c ε → 0. Apì thn (4.29), Φ̂ε(vε0) < 0 gia

k�je ε ∈ (0, ε0). 'Ara, inf{Φ̂ε(v) : v ∈ S1 ∩ Bε
0(µ)} < 0 gia k�je ε ∈ (0, ε0).

Epanalamb�nontac ta epiqeir mata thc apìdeixhc tou Jewr matoc 4.4.1 paÐr-
noume ìti to prìblhma (4.1)−(4.2) èqei mÐa lÔsh uε = rε(vε)vε, vε ∈ Bε

0(µ)∩S1,
gia k�je ε ∈ (0, ε0). Sunep¸c rε(vε0) → +∞ kaj¸c to ε → 0 kai h (4.29)

sunep�getai ìti Φ̂ε(vε0) → −∞. 'Ara, Φε(uε) = Φ̂ε(vε) → −∞ kaj¸c to
ε→ 0.. Apì tic (4.7), (4.9) paÐrnoume ìti ∥uε∥E → +∞ kaj¸c ε→ 0.

Epomènwc èqoume to akìloujo:

Je¸rhma 4.4.3 Upojètoume ìti oi (H1)− (H4) ikanopoioÔntai me p+ < q,
λ > 0, ε0 > 0 kai µ > µ∗(λ, ε0). Tìte to prìblhma (4.1) − (4.2) dèqetai mÐa
lÔsh uε gia k�je ε ∈ (0, ε0) me ∥uε∥E → +∞ kai Φε(uε) → −∞ kaj¸c
ε→ 0.

Parat rhsh Ta apotelèsmata pou parousi�zontai ed¸ isqÔoun epÐshc

an upojèsoume ìti h t(.) eÐnai upokrÐsimh, dhlad  t(x) < Np(x)
N−p(x)

sto Ω kai se

aut n thn perÐptwsh paÐrnoume E := W
1,p(.)
0 (Ω).
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