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Euqarist–ec

H paro‘sa metaptuqiak† ergas–a pragmatopoi†jhke sta pla–sia tou Progràmmatoc Metaptu-
qiak∏n Spoud∏n ‘EfarmosmËnec Epist†mec kai Teqnolog–a’ me eid–keush sthn kate‘junsh
‘EfarmosmËna kai Upologistikà Majhmatikà’ tou pr∏hn Geniko‘ Tm†matoc tou Poluteqne–-
ou Kr†thc.
Sto shme–o autÏ aisjànomai thn anàgkh na ekfràsw tic eilikrine–c euqarist–ec mou se

Ïsouc sunËbalan sthn olokl†rwsh aut†c thc prospàjeiac:
Pr∏ta ap’ Ïla, ston epiblËpwn thc diatrib†c mou An. kajhght† k. Arg‘rh Del† gia

thn dunatÏthta pou mou Ëdwse na pragmatopoi†sw thn ergas–a mou, allà kai gia thn àristh
sunergas–a pou e–qame se Ïlh th diàrkeia twn metaptuqiak∏n mou spoud∏n.
H olokl†rwsh thc metaptuqiak†c aut†c ergas–ac ja †tan ad‘nath qwr–c thn pol‘timh

upost†rixh thc An. kajhg†triac k. Gewrg–ac Karal†. Thc ekfràzw Ëna baj‘ euqarist∏ gia
thn adiàkoph sumparàstash kai enjàrrunsh kaj∏c kai thn oikonomik† upost†rixh pou mou
prÏsfere. Ep–shc ton Ep. kajhght† tou Poluteqne–ou Kr†thc, k. Emmanou†l Majioudàkh
wc mËloc thc epitrop†c axiolÏghshc.
Idia–tera, jËlw na euqarist†sw thn k. D†mhtra Antwnopo‘lou gia th suneq† kajod†ghsh

kai tic ousi∏deic sumboulËc thc.
TËloc, euqarist∏ touc gone–c mou kai thn aderf† mou, pou me megàlh upomon† kai kouràgio

prÏsferan thn apara–thth hjik† sumparàstash gia thn olokl†rwsh thc metaptuqiak†c mou
ergas–ac.
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Per–lhyh

H epifaneiak† diàqush kai h prosrÏfhsh/ ekrÏfhsh (adsorption/ desorption) apotelo‘n touc
mikroskopiko‘c mhqanismo‘c pou perilambànontai stic diadikas–ec thc epifàneiac kai sthn ma-
kroskopik† morfolog–a enÏc sumplËgmatoc. Oi diadikas–ec autËc perilambànoun thn metaforà
ousi∏n sthn fàsh tou aer–ou, dhlad† ta antidr∏nta s∏mata prosrofÏntai sthn epifàneia tou
upostr∏matoc Ïpou poluàrijmec diadikas–ec mporo‘n na làboun mËroc tautÏqrona. Sthn er-
gas–a aut† ja suzht†soume en suntom–a gia touc mikroskopiko‘c mhqanismo‘c pou sumba–noun
stic diadikas–ec thc epifàneiac kai tic sundËseic touc me mesoskopiko‘c mhqanismo‘c. ApÏ
thn àllh pleurà, ja melet†soume me austhrÏ trÏpo thn sumperiforà thc bajmwt†c ex–swshc
Cahn-Hilliard/ Allen-Cahn, h opo–a apotele– gnwstÏ montËlo gia ton diaqwrismÏ twn fà-
sewn kai sundËetai àmesa me tic mesoskopikËc exis∏seic. Sth sunËqeia, ja exetàsoume thn
mh-grammik† stoqastik† ex–swsh Cahn-Hilliard/ Allen-Cahn pou diataràssetai apÏ jÏrubo
se Ëna fragmËno qwr–o ston Rd, me d = 1, 2, 3, me omalÏ s‘noro. Kànontac qr†sh thc ana-
lutik†c hmiomàdac parousiàzoume thn ex–swsh se mia †pia stoqastik† oloklhrwtik† morf†.
TËloc, afo‘ làboume upÏyh mac thn monadikÏthta thc asjeno‘c l‘shc thc ex–swshc - kàtw
apÏ orismËnec proÙpojËseic - de–qnoume thn omalÏthta thc l‘shc thc stoqastik†c ex–swshc
Cahn-Hilliard/ Allen-Cahn.
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Kefàlaio 1

Eisagwg†

Sth Fusik† o mhqanismÏc pou perigràfei thn ekrÏfhsh tou swmatid–ou apÏ thn epifàneia sth
fàsh tou aer–ou kai antistrÏfwc thn prosrÏfhsh tou swmatid–ou apÏ th fàsh tou aer–ou sthn
epifàneia onomàzetai spin flip mhqanismÏc kai e–nai mia aujÏrmhth allag† thc paramËtrou sth
jËsh x. EpiplËon, o mhqanismÏc pou perigràfei thn diàqush enÏc swmatid–ou pànw sthn
epifàneia onomàzetai spin exchange. Mia spin exchange metax‘ twn geitonik∏n jËsewn x kai
y e–nai h aujÏrmhth antallag† twn tim∏n thc paramËtrou sto x kai sto y. Ston mhqanismÏ
autÏ oi jËseic den mporo‘n na katalambànoun perissÏtera apÏ Ëna swmat–dia. Oi duo auto–
mikromhqanismo– lambànoun mËroc sto pla–sio twn diadikasi∏n epifàneiac, [21].
Enallaktikà, mia pio akrib†c perigraf† parËqetai stic statistikËc jewr–ec thc mhqanik†c.

Gia paràdeigma, mporo‘me na jewr†soume Ënan sunduasmÏ me Arrhenius dunàmeic prosrÏfh-
shc/ ekrÏfhshc, epifaneiak† diàqush Metropolis kai mia apl† monomoriak† ant–drash: h
ant–stoiqh mesoskopik† ex–swsh e–nai h ex†c:

ut�Dr ·
h

ru��u(1�u)rJm ⇤u
i

�
h

kap(1�u)�kdu exp
���Jd ⇤u

�

i

+kru = 0 . (1.0.1)

Ed∏ toD e–nai h stajerà diàqushc, kr, kd kai ka dhl∏noun ant–stoiqa tic stajerËc ant–drashc,
ekrÏfhshc kai prosrÏfhshc kai p e–nai h merik† p–esh twn aËriwn eid∏n. UpojËtoume Ïti h
merik† p–esh p e–nai stajer†, an kai sthn pragmatikÏthta d–netai apÏ tic exis∏seic twn reust∏n
sthn aËria fàsh.
'Ena aplopoihmËno majhmatikÏ montËlo mËsou t‘pou pou sundËetai me ta parapànw kai

perigràfei thn epifaneiak† diàqush, tic allhlepidràseic metax‘ twn swmatid–wn kaj∏c ep–shc
kai thn prosrÏfhsh se kai ekrÏfhsh apÏ thn epifàneia e–nai mia merik† diaforik† ex–swsh pou
gràfetai wc sunduasmÏc twn exis∏sewn Cahn-Hilliard kai Allen-Cahn me prosjetikÏ jÏrubo.
Se megàlec qwroqronikËc kl–makec oi tuqa–ec diakumànseic katastËllontai kai prok‘ptei Ëna
nteterministikÏ prÏtupo, bl. [17]. H ex–swsh Ëqei thn parakàtw morf†:

8

<

:

@tu = ✏2D

✓

��
✓

�u+
f(u)

✏2

◆◆

+�u+
f(u)

✏2

u(x, 0) = u
0

(x),
(1.0.2)
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Ïpou f(u) = �W 0(u), W e–nai to diplÏ dunamikÏ me wells ±1, D > 0 e–nai h stajerà diàqushc
kai ✏ mia mikr† paràmetroc. Mia tupik† epilog† gia to W e–nai h W (u) = (u2 � 1)2/4,
se aut† thn per–ptwsh Ëqoume f(u) = u � u3. Mia tËtoia nteterministik† ex–swsh Ëqei
melethje– sto [17]. Jum–zoume Ïti ta montËla Cahn-Hilliard mporo‘n na perigràyoun thn
epifaneiak† diàqush sumperilambànontac tic allhlepidràseic metax‘ twn swmatid–wn, en∏ autà
thc Allen-Cahn perigràfoun Ëna aplopoihmËno montËlo prosrÏfhshc proc kai ekrÏfhshc
apÏ thn epifàneia. Ax–zei na shmeiwje– Ïti sto montËlo pou perigràfetai apÏ thn (1.0.2) h
kinhtikÏthta e–nai entel∏c diaforetik† apÏ aut† thc ex–swshc Allen-Cahn. AutÏ sunepàgetai
Ïti h diàqush epitaq‘nei thn mËsh kampulÏthta. E–nai eurËwc gnwstÏ Ïti oi exis∏seic Cahn-
Hilliard kai Allen-Cahn mporo‘n na qrhsime‘soun wc montËla diàquthc diepaf†c gia ton
periorismÏ apÏtomwn kin†sewn sthn epifàneia. H ex–swsh Allen-Cahn qrhsime‘ei wc diàquto
montËlo gia thn ant–jeth fàsh twn mikr∏n swmatid–wn me thn Ënnoia Ïti to aplÏ Ïrio thc
ex–swshc apod–dei Ëna gewmetrikÏ prÏblhma sto opo–o mia apÏtomh diepaf† diaqwr–zei tic duo
fàseic parallag†c exelissÏmenh s‘mfwna me thn k–nhsh thc mËshc kampulÏthtac. Ant–jeta,
h ex–swsh Cahn-Hilliard kataskeuàsthke gia na perigràfei thn diat†rhsh thc màzac ston
diaqwrismÏ thc fàshc.
ProsjËtontac Ënan stoqastikÏ Ïro - thn diadikas–a Wiener - sthn ex–swsh (1.0.2) pro-

k‘ptei h stoqastik† ex–swsh thc akÏloujhc morf†c:

ut = �⇢�(�u� f 0(u)) + (�u� f 0(u)) + �(u)Ẇ sto ⌦⇥ [0, T ),

u(x, 0) = u
0

(x) sto ⌦,

@u

@⌫
=
@�u

@⌫
= 0 sto @⌦⇥ [0, T ).

(1.0.3)

Ed∏ to ⌦ e–nai Ëna fragmËno qwr–o ston Rd, d = 1, 2, 3, kai f 0(u) = �4u(1 � u2). StÏqoc
mac e–nai na exetàsoume thn merik† diaforik† ex–swsh (1.0.3) kai thn sumperiforà thc l‘shc
thc, dhlad† thn omalÏthta. Gia ton skopÏ autÏ qrhsimopoio‘me ta apotelËsmata tou àrjrou
[4] pou aforo‘n thn ‘parxh thc l‘shc kai tic teqnikËc pou qrhsimopoi†jhkan sto [22], Ïpou
Ëgine h melËth thc stoqastik†c ex–swshc Cahn-Hilliard-Cook.
H dom† thc ergas–ac Ëqei wc ex†c:
Sto Kefàlaio 1 g–netai anaforà twn exis∏sewn Cahn-Hilliard kai Allen-Cahn xeqwristà,

kai diatup∏nontai basikËc Ënnoiec thc diadikas–ac Wiener.
Sto Kefàlaio 2 parajËtoume orismo‘c, jewr†mata kai shmantikËc anisÏthtec pou ja mac

qrhsime‘soun sth sunËqeia, Ïpwc h analutik† hmiomàda.
Sto Kefàlaio 3 upàrqei h pl†rhc perigraf† tou probl†matoc wc fusik† Ënnoia kai h

austhr† melËth thc majhmatik†c dom†c thc bajmwt†c ex–swshc Cahn-Hilliard/ Allen-Cahn.
Sto Kefàlaio 4 diatup∏netai to suneqËc prÏblhma kai to prÏblhma peperasmËnwn stoi-

qe–wn thc stoqastik†c ex–swshc Cahn-Hilliard/ Allen-Cahn.
Sto Kefàlaio 5 akolouje– h melËth gia thn omalÏthta thc l‘shc kai sto Kefàlaio 6

katagràfontai ta sumperàsmata thc ergas–ac.
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Arqikà jewro‘me qwristà tic exis∏seic Allen-Cahn kai Cahn-Hilliard. Oi duo autËc
exis∏seic Ëqoun kentrikÏ rÏlo sthn epist†mh twn majhmatik∏n. Anaparisto‘n basikà montËla
me pollËc genike‘seic kai epektàseic.

1.1 H Ex–swsh Allen-Cahn

H ex–swsh Allen-Cahn d–netai apÏ
8

>

>

>

<

>

>

>

:

@u

@t
= ✏2�u� f(u), x 2 ⌦, t > 0,

@u

@⌫
= 0, x 2 @⌦,

(1.1.1)

Ïpou ⌦ ✓ Rn, u : ⌦! R, ✏ e–nai mia mikr† paràmetroc kai f : R ! R e–nai h paràgwgoc enÏc
diplo‘ dunamiko‘, me arqik† sunj†kh u(x, 0) = u

0

(x), x 2 ⌦. Pio sugkekrimËna, to ⌦ e–nai
Ëna fragmËno qwr–o ston Rn�1 me omalÏ s‘noro, kai h f ikanopoie– tic parakàtw sunj†kec:
h sunàrthsh f mhden–zetai akrib∏c se tr–a shme–a me tic idiÏthtec:

f(±1) = 0, f(0) = 0,

f 0(±1) > 0, f 0(0) < 0,
Z

1

�1

f(z)dz = 0.

(1.1.2)

To prÏblhma arqik∏n tim∏n (1.1.1) e–nai Ëna bajmwtÏ s‘sthma

@tu = �gradE(u), (1.1.3)

Ïpou h enËrgeia E or–zetai wc

E(u) :=

Z

⌦

1

2

�

✏2|ru|2 + F (u)
�

dx, (1.1.4)

me F 0 = f , Ïpou h kl–sh (r·) or–zetai se sqËsh me to L2 eswterikÏ ginÏmeno.
Gia na Ëqoume peperasmËnh enËrgeia, epibàlletai na upàrqoun oi parakàtw sunoriakËc

sunj†kec:
u(x) ! ±1 kaj∏c x ! @⌦.

Ed∏ jewro‘me to ⌦ = Rd, me d = 1, 2, 3, an kai ta apotelËsmata mporo‘n na epektajo‘n kai
se àlla qwr–a.
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1.2 H Ex–swsh Cahn-Hilliard

H ex–swsh Cahn-Hilliard d–netai apÏ
8

>

<

>

:

ut = ���✏2�u� f(u)
�

, x 2 ⌦, t > 0,

@u

@⌫
= 0, x 2 @⌦,

(1.2.1)

Ïpou to qwr–o ⌦ kai h sunàrthsh f or–zontai Ïpwc prohgoumËnwc. H ex–swsh aut† paràgetai
apÏ ton nÏmo diat†rhshc thc màzac

@u

@t
= �divJ, (1.2.2)

Ïpou J e–nai h ro† tou uliko‘ kai tou nÏmou tou Fick,

J = �Drµ. (1.2.3)

SundËontac to J me to qhmikÏ dunamikÏ µ pou proËrqetai apÏ thn jermodunamik† melËth
Ëqoume thn Ëkfrash tou teleuta–ou (µ) se Ïrouc enËrgeiac, E,

µ = @uE(u). (1.2.4)

An pàroume thn basik† Ëkfrash (1.1.4) thc enËrgeiac E kai D e–nai mia stajerà, tÏte h
parapànw Ëkfrash sunepàgetai thn @u

@t
= D�

���u+ f(u)
�

, h opo–a e–nai h ex–swsh Cahn-
Hilliard.
H ex–swsh Cahn-Hilliard e–nai Ëna bajmwtÏ s‘sthma me to sunarthsiakÏ thc enËrgeiac

(1.1.4) ston q∏ro H�1

0

(⌦), Ïpou H�1

0

(⌦) or–zetai wc to s‘nolo twn L2(⌦) sunart†sewn me
mËso Ïro mhdËn kai me eswterikÏ ginÏmeno

hu, viH�1
0

:=

Z

⌦

((��N)
�1u)vdx,

Ïpou o ��N l‘nei thn ex–swsh
8

>

<

>

:

��Nw = u, sto ⌦,

@w

@⌫
= 0, sto @⌦.

Gia thn ant–stoiqh nÏrma Ëqoume

kuk2
H�1

0
=

Z

⌦

|rw|2dx.
ApÏ thn tautÏthta tou Green prok‘ptei Ïti

Z

⌦

udx = stajerÏ

maz– me tic l‘seic thc (1.2.1), se sumfwn–a me thn diat†rhsh tou mËsou Ïrou màzac twn
sustatik∏n tou swmatid–ou.
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1.3 H Diadikas–a Wiener

'Estw Q e–nai Ënac summetrikÏc mh arnhtikÏc telest†c ston H. Ja exetàsoume thn per–-
ptwsh Ïpou TrQ < +1. Upàrqei Ëna pl†rec orjokanonikÏ s‘sthma {ej} kai mia fragmËnh
akolouj–a mh arnhtik∏n pragmatik∏n arijm∏n �j tËtoia ∏ste

Qej = �jej, j = 1, 2, . . . .

Gia tuqa–o t, W e–nai h diadikas–a Q-Wiener kai isq‘ei h parakàtw Ëkfrash

W (t) =
1
X

j=1

p

�j�j(t)ej (1.3.1)

Ïpou
�j(t) =

1
p

�j
hW (t), eji , j = 1, 2, . . . ,

e–nai pragmatikËc timËc thc k–nhshc Brown anexàrthtec metax‘ touc ston q∏ro pijanÏthtac
(⌦,F ,P) kai oi seirËc sthn sqËsh (1.3.1) sugkl–noun ston L2(⌦, H) wc proc th nÏrma

kvkL2
(⌦,H)

= (E [kvk2]) 1
2 . Ed∏ or–zoume ton q∏ro

L2(⌦, H) :=
�

v : kvkL2
(⌦,H)

< 1 

kai thn nÏrma

kvkL2
(⌦,H)

:=

✓

Z

⌦

Z T

0

v2dtdx

◆

1
2

.

Jum–zoume touc basiko‘c orismo‘c gia to –qnoc tou grammiko‘ telest† T ston H kaj∏c kai
thn nÏrma Hilbert-Schmidt:

Tr(T ) =
1
X

j=1

hTfj, fji , kTkHS =

 1
X

j=1

kTfjk2
!

1
2

, (1.3.2)

Ïpou {fj}1j=1

e–nai mia tuqa–a orjokanonik† bàsh tou H.
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Kefàlaio 2

BasikËc 'Ennoiec kai Orismo–

2.1 HminÏrmec kai NÏrmec

'Estw ⌦ ⇢ Rd, me d = 1, 2, 3, e–nai Ëna fragmËno qwr–o me s‘noro @⌦. 'Estw H = L2(⌦)
e–nai Ënac q∏roc Hilbert ston opo–o or–zontai ta akÏlouja eswterikà ginÏmena

hv, wi =
Z

⌦

vwdx, hrv,rwi =
Z

⌦

d
X

j=1

@v

@xj

@w

@xj

dx.

Gia pragmatikËc sunart†seic v, dhl∏noume parakàtw me k ·k th nÏrma ston q∏ro L2 = L2(⌦),

kvk = kvkL2 =

✓

Z

⌦

v2dx

◆

1
2

kai gia Ënan jetikÏ akËraio r, dhl∏noume me k·kr thn nÏrma ston q∏ro Sobolev Hr = Hr(⌦) =
W r

2

(⌦),

kvkr = kvkHr =

0

@

X

|a|r

kDavk2
1

A

1
2

. (2.1.1)

Ed∏ to Da = (@/@x
1

)a1 · · · (@/@xd)ad , me a = (a
1

, . . . , ad), dhl∏nei mia auja–reth paràgwgo
wc proc x tàxhc |a| = Pd

j=1

aj, ∏ste to àjroisma sthn (2.1.1) na periËqei Ïlec autËc tic
parag∏gouc tàxhc toulàqiston r.
'Estw Ïti Ḣ e–nai Ënac upÏqwroc tou H,

Ḣ =

⇢

v 2 H :

Z

⌦

vdx = 0

�

,

Ïpou to qwr–o ⌦ Ëqei oriste– prohgoumËnwc. Or–zoume t∏ra thn orjog∏nia probol† P : H !
Ḣ kai

(I � P )v = |⌦|�1

Z

⌦

vdx, (2.1.2)
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e–nai o mËsoc Ïroc thc sunàrthshc v. Sthn sunËqeia or–zoume ton telest† Neumann Laplacian
A = �� sto

D(A) =

⇢

u 2 H2 :
@u

@⌫
= 0 sto @⌦

�

.

PrÏtash 2.1.1. O A e–nai jetikà orismËnoc, autosuzug†c kai mh fragmËnoc grammikÏc
telest†c sto Ḣ \D(A) me sumpag† ant–strofo.

ApÏdeixh. Qrhsimopoio‘me touc orismo‘c gia kàje mia apÏ tic parapànw upojËseic. Arqikà,
jËloume na de–xoume Ïti

hAv, vi > 0, v 6= 0.

Gia ton skopÏ autÏ qrhsimopoio‘me thn anaparàstash hAv, vi = hrv,rvi = krvk2 � 0.
An krvk2 = 0, tÏte Ëqoume v = stajerÏ kai

R

⌦

vds = 0. EpomËnwc, v = 0 to opo–o e–nai
ant–jeto me thn arqik† upÏjesh. 'Ara, o telest†c A e–nai jetikà orismËnoc. Ep–shc, o A e–nai
autosuzug†c giat–

hAv,wi = hrv,rwi = hrw,rvi = hAw, vi = hv, Awi .
TËloc, ja de–xoume Ïti o A e–nai mh fragmËnoc grammikÏc telest†c. An o A †tan fragmËnoc,
ja up†rqe stajerà c tËtoia ∏ste

kAxk  ckxk, 8x 2 Ḣ \D(A).

JËtoume mia mh mhdenik† idiosunàrthsh x kai � thn ant–stoiqh idiotim†. 'Eqoume kAxk =
k�xk = |�| kxk  ckxk kai |�|  c, to opo–o shma–nei Ïti |�| e–nai fragmËno. To apotËlesma
autÏ antit–jetai sthn arqik† upÏjesh. 'Ara, o telest†c A e–nai mh fragmËnoc grammikÏc
telest†c.

To prÏblhma idiotim∏n gia ton A e–nai

Au = �u sto ⌦,
@u

@⌫
= 0 sto @⌦.

Gia to parapànw prÏblhma idotim∏n upàrqei mia akolouj–a {�i}1i=0

apotelo‘menh apÏ prag-
matikËc kai mh-arnhtikËc idiotimËc �i pou te–nei sto àpeiro me i ! 1, dhlad† Ëqoume

0 = �
0

< �
1

 �
2

 . . .  �i  . . . , �i ! 1 kaj∏c i ! 1.

Gia to gegonÏc Ïti h pr∏th idiotim† e–nai mhdËn (�
0

= 0) euj‘netai h arqik† sunj†kh @u
@⌫

= 0.
'Eqoume�u = 0 kai lambànoume �

0

= 0. H ant–stoiqh akolouj–a {ui}1i=0

twn idiosunart†sewn
sqhmat–zei mia orjokanonik† bàsh ston L2 = L2(⌦), Ëtsi ∏ste kàje v 2 L2 uiojete– thn
anaparàstash v =

P1
i=0

hv, uii ui kai isq‘ei h parakàtw sqËsh (isÏthta Parseval)

hv, wi =
1
X

i=0

hv, uii hw, uii .
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H pr∏th idiosunàrthsh, u
0

, pou sqet–zetai me thn idiotim† �
0

e–nai stajer†, u
0

= |⌦|� 1
2 .

Or–zoume ton parakàtw telest†

Asv :=
1
X

i=1

�si hv, uii ui, v 2 L2, (2.1.3)

Ïpou s � 0, �i e–nai oi idiotimËc kai ui e–nai oi ant–stoiqec idiosunart†seic. Oi hminÏrmec
or–zontai wc

|v|s =
 1
X

i=1

�si hv, uii2
!

1
2

(2.1.4)

kai oi nÏrmec

kvks =
�|v|2s + | hv, u

0

i |2� 1
2 . (2.1.5)

Oi ant–stoiqoi q∏roi d–nontai apÏ

Ḣs = D(A
s

2 ) = {v 2 Ḣ : |v|s < 1} kai Hs = {v 2 H : kvks < 1}.

Ston L2 isq‘ei Ïti kAsvk = kAsPvk. Gia na apode–xoume aut† thn isÏthta qrhsimopoio‘me
thn hv, uii = hPv, uii , 8i, h opo–a isq‘ei giat– P e–nai h probol† ston L2. 'Etsi, lambànoume

kAsvk = hAsv, Asvi 1
2 =

* 1
X

i=1

�si hv, uii ui,
1
X

i=1

�si hv, uii ui

+

1
2

=

* 1
X

i=1

�si hPv, uii ui,
1
X

i=1

�si hPv, uii ui

+

1
2

= hAsPv,AsPvi 1
2 = kAsPvk.

EpiplËon, Ëqoume

kA s

2Pvk =

 1
X

i=1

�si hv, uii2
!

1
2

, s � 0, (2.1.6)

giat– apÏ thn isÏthta kAsvk = kAsPvk kai ton orismÏ (2.1.3) sumpera–noume Ïti

kA s

2Pvk = kA s

2vk =
⌦

A
s

2v, A
s

2v
↵

1
2 = hAsv, vi 1

2 =

* 1
X

i=1

�si hv, uii ui, v

+

1
2

=

 1
X

i=1

�si hv, uii hui, vi
!

1
2

=

 1
X

i=1

�si hv, uii2
!

1
2

.
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2.2 Analutik† Hmiomàda

'Estw e�tA2
e–nai h hmiomàda ston H pou genike‘etai apÏ ton telest† �A2,

e�tA2
v =

1
X

i=0

e�t�2
i hv, uii ui =

1
X

i=1

e�t�2
i hv, uii ui + hv, u

0

i u
0

. (2.2.1)

Ep–shc, isq‘ei Ïti
e�tA2

v = e�tA2
Pv + (I � P )v. (2.2.2)

Gia na de–xoume thn parapànw ex–swsh qrhsimopoio‘me thn (2.1.3) kai thn (2.2.1) kai pa–rnoume
to ex†c:

AsPv =
1
X

i=1

�si hv, uii ui ) e�tA2
Pv =

1
X

i=1

e�t�2
i hv, uii ui.

Paràllhla, upolog–zoume ton Ïro hv, u
0

i u
0

. ApÏ ton orismÏ tou eswteriko‘ ginomËnou ston
L2 kai thn tim† thc pr∏thc idiosunàrthshc u

0

= |⌦|� 1
2 Ëqoume

hv, u
0

i u
0

= u
0

Z

⌦

vu
0

dx = u2

0

Z

⌦

vdx = |⌦|�1

Z

⌦

vdx = (I � P )v. (2.2.3)

EfarmÏzontac thn ex–swsh aut† sthn (2.2.1) lambànoume thn (2.2.2).

L†mma 2.2.1. 'Estw v 2 H. [24] TÏte upàrqei mia jetik† stajerà C, anexàrthth apÏ to t,
tËtoia ∏ste

Z t

0

kAe�sA2
Pvk2ds  Ckvk2. (2.2.4)

L†mma 2.2.2. 'Estw v 2 H. Gia kàpoion jetikÏ akËraio s upàrqoun oi stajerËc c kai C
tËtoiec ∏ste

kAse�tA2
vk  Ct�

s

2 e�ctkvk, gia t > 0. (2.2.5)

ApÏdeixh. Qrhsimopoi∏ntac ton orismÏ (2.1.3) Ëqoume

kAsvk = hAsv, Asvi 1
2 =

⌦

A2sv, v
↵

1
2 =

* 1
X

i=1

�2si hv, uii ui, v

+

1
2

=

 1
X

i=1

�2si hv, uii hui, vi
!

1
2

=

 1
X

i=1

�2si hv, uii2
!

1
2

kai o orismÏc (2.1.4) thc hminÏrmac d–nei

|v|
2s =

 1
X

i=1

�2si | hv, uii |2
!

1
2

, s 2 R, (2.2.6)
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Ïpou, jum–zoume Ïti ui e–nai oi idiosunart†seic tou telest† A = �� kai �i e–nai oi idiotimËc.
Sumpera–noume Ïti kAsvk = |v|

2s. Sth sunËqeia, qrhsimopoio‘me thn (2.2.6) kai antikajisto‘-
me v = e�tA2

v. Gia kàje s > 0 lambànoume to ex†c

kAse�tA2
vk = |e�tA2

v|
2s =

 1
X

i=1

�2si

�

�

�

D

e�tA2
v, ui

E

�

�

�

2

!

1
2

. (2.2.7)

'Omwc, gia j � 1 Ëqoume

D

e�tA2
v, ui

E

=
1
X

j=1

e�t�2
i hv, uii hui, uji+ hv, u

0

i hu
0

, uji

= e�t�2
i hv, uii

(2.2.8)

pa–rnontac apÏlutec timËc kai pollaplasiàzontac katà mËrh thn (2.2.8) me ton eautÏ thc
Ëqoume

�

�

�

D

e�tA2
v, ui

E

�

�

�

2

= e�2t�2
i |hv, uii|2 . (2.2.9)

Antikajist∏ntac thn (2.2.9) sthn (2.2.6) prok‘ptei h ex–swsh

kAse�tA2
vk =

 1
X

i=1

�2si e�2t�2
i |hv, uii|2

!

1
2

. (2.2.10)

Qrhsimopoi∏ntac thn anisÏthta Cauchy-Schwarz Ëqoume

kAse�tA2
vk 

 1
X

i=1

�2si e�2t�2
i kvk2kuik2

!

1
2

= kvk
 1
X

i=1

�2si e�2t�2
i

!

1
2

. (2.2.11)

H asumptwtik† sumperiforà twn idiotim∏n e–nai �i = O(i2/d), kaj∏c i ! +1, katà sunËpeia
oi seirËc pou ja anal‘soume e–nai:

1
X

i=1

�2si e�2t�2
i gia �i = O(i2/d), kaj∏c i ! +1. (2.2.12)

O orismÏc tou t d–nei t := ti
4
d . Qrhsimopoi∏ntac ton t‘po et > 1+ t kai ton parapànw orismÏ

sunepàgetai Ïti

e�ti
4
d <

1

1 + ti
4
d

. (2.2.13)

Anadiatàssoume touc Ïrouc sthn (2.2.13) kai Ëqoume

1 <
1

eti
4
d (1 + ti

4
d )

<
1

ti
4
d eti

4
d

. (2.2.14)
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Pollaplasiàzontac kai ta duo mËrh thc (2.2.14) me i
4
d e�

ti

4
d

s pa–rnoume

i
4
d e�

ti

4
d

s <
i
4
d e�

ti

4
d

s

ti
4
d eti

4
d

. (2.2.15)

ApÏ thn àllh pleurà, i
4
d e�

ti

4
d

s < 1

i�
, gia t > 0 kai s > 0, gia kàje de–kth kai metà gia ton

lÏgo Ïti isq‘ei i2+�e�
ti

4
d

s ! 0, kaj∏c i ! +1. EpomËnwc, Ëqoume thn akÏloujh Ëkfrash

i
4
d

+�e�
ti

4
d

s < 1. (2.2.16)

Antikajist∏ntac thn (2.2.16) sthn (2.2.15) ftànoume sto parakàtw apotËlesma, pou e–nai
mia pol‘ qr†simh anisÏthta

i
4
d e�

ti

4
d

s <
1

i�

ti
4
d eti

4
d

. (2.2.17)

Metà apÏ kàpoiouc aplo‘c upologismo‘c, gia s > 0 br–skoume Ïti

✓

i
4
d e�

ti

4
d

s

◆s

<

�

1

i�

�s

⇣

ti
4
d eti

4
d

⌘s =
i�s�e�tsi

4
d

tsi
4s
d

= i�s�� 4s
d t�se�tsi

4
d  i�s(�+ 4

d

)t�se�ct. (2.2.18)

An kai mÏno an s(� + 4

d
) > 1, to opo–o sunepàgetai Ïti � > 1

s
� 4

d
tÏte

P1
i=1

1

is(�+
4
d

)
! C.

AutÏ d–nei
1
X

i=1

i
4s
d e�ti

4
d <

1
X

i=1

1

is(�+
4
d

)

t�se�ct  t�se�ct

1
X

i=1

1

is(�+
4
d

)

 Ct�se�ct. (2.2.19)

Gia na oloklhr∏soume thn apÏdeixh antikajisto‘me thn (2.2.19) sthn (2.2.12) kai katal†-
goume sthn (2.2.5)

kA 2s
d e�tA

4
d vk  �Ct�se�ct

�

1
2 kvk = C

1
2 t�

s

2 e�
ct

2 kvk  Ct�
s

2 e�ctkvk.

Sto epÏmeno je∏rhma apodeikn‘oume tic ektim†seic tou sfàlmatoc gia thn analutik† h-
miomàda, [24]. Or–zoume Fh(t) = e�tA2

hPh � e�tA2
kai shmei∏noume Ïti Fh(t)v = Fh(t)Pv, gia

v 2 H, Ëtsi ∏ste na e–nai arketÏ na pàroume v 2 Ḣ. O lÏgoc gia ton opo–o upojËtoume
Ïti � � 1 e–nai Ïti sthn (2.2.21) qreiazÏmaste toulàqiston v 2 Ḣ�1 gia na oriste– o Ïroc
e�tA2

hPhv. Sthn paràgrafo 2.3 upàrqei o akrib†c orismÏc tou diakrito‘ Laplacian telest†
Ah, (2.3.1), kaj∏c kai thc orjog∏niac probol†c Ph, (2.3.8).

15



Je∏rhma 2.2.3. Gia thn sunàrthsh Fh(t) Ëqoume ta parakàtw fràgmata

kFh(t)vk  Ch�|v|�, v 2 Ḣ�, (2.2.20)

⇣

Z t

0

kFh(⌧)vk2d⌧
⌘

1
2  C| log h|h�|v|��2

, v 2 Ḣ��2, (2.2.21)

Ïpou to C e–nai mia stajerà, h  h
0

, 1  �  r kai t � 0.

ApÏdeixh. 'Estw u(t) = e�tA2
v kai uh(t) = e�tA2

hPhv e–nai oi l‘seic thc

ut + A2u = 0, t > 0,

u(0) = v
(2.2.22)

kai

uh,t + A2

huh = 0, t > 0,

uh(0) = Phv,
(2.2.23)

ant–stoiqa. Ed∏ to ut dhl∏nei thn paràgwgo wc proc ton qrÏno. JËtoume e(t) = uh(t)�u(t)
kai jËloume na apode–xoume Ïti

ke(t)k  Ch�|v|�, v 2 Ḣ�,
⇣

Z t

0

ke(⌧)k2d⌧
⌘

1
2  C| log h|h�|v|��2

, v 2 Ḣ��2.

'Estw G = A�1P kai Gh = A�1

h PhP . EfarmÏzoume to G sthn (2.2.22) gia na pàroume thn
ex–swsh Gut +Au = 0, kai to G2

h sthn (2.2.23) gia na pàroume thn ex–swsh G
2

huh,t + uh = 0.
AutÏ Ëqei san apotËlesma na làboume thn parakàtw sqËsh

G2

het + e = �G2

hut � u+Gh(Gut + Au)

= (GhA� I)u�Gh(GhA� I)Gut,

dhlad†,
G2

het + e = ⇢+Gh⌘, (2.2.24)

Ïpou ⇢ = (Rh � I)u, ⌘ = �(Rh � I)Gut. Pa–rnoume to eswterikÏ ginÏmeno thc (2.2.24) me
et, opÏte Ëqoume

⌦

G2

het, et
↵

+ he, eti = h⇢, eti+ hGh⌘, eti
h opo–a e–nai –sh me

kGhetk2 + 1

2

d

dt
kek2 = h⇢, eti+ h⌘, Gheti .

Epeid† h⌘, Gheti  k⌘kkGhetk  1

2

k⌘k2 + 1

2

kGhetk2, lambànoume

kGhetk2 + d

dt
kek2  2 h⇢, eti+ k⌘k2.
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Pollaplasiàzontac thn anisÏthta aut† me t prok‘ptei

tkGhetk2 + t
d

dt
kek2  2t h⇢, eti+ tk⌘k2.

Shmei∏noume Ïti

t
d

dt
kek2 = d

dt
(tkek2)� kek2,

t h⇢, eti = d

dt
(t h⇢, ei)� h⇢, ei � t h⇢t, ei ,

Ëtsi ∏ste

tkGhetk2 + d

dt
(tkek2)  2

d

dt
(t h⇢, ei) + 2 |h⇢, ei|+ 2 |t h⇢t, ei|+ tk⌘k2 + kek2.

Allà

|h⇢, ei|  k⇢kkek  1

2
k⇢k2 + 1

2
kek2,

|t h⇢t, ei|  tk⇢tkkek  1

2
t2k⇢tk2 + 1

2
kek2.

'Ara,

tkGhetk2 + d

dt
(tkek2)  2

d

dt
(t h⇢, ei) + k⇢k2 + t2k⇢tk2 + tk⌘k2 + 3kek2.

Oloklhr∏noume sto [0, t] kai qrhsimopoio‘me thn anisÏthta Young
Z t

0

⌧kGhetk2d⌧ + tkek2  2tk⇢k2 + 1

2
tkek2 +

Z t

0

k⇢k2d⌧ +
Z t

0

⌧ 2k⇢tk2d⌧

+

Z t

0

⌧k⌘k2d⌧ + 3

Z t

0

kek2d⌧.

'Ara,

tkek2  Ctk⇢k2 + C

Z t

0

(k⇢k2 + ⌧ 2k⇢tk2 + ⌧k⌘k2 + kek2)d⌧. (2.2.25)

PrËpei na fràxoume to olokl†rwma
R t

0

kek2d⌧ . Pollaplasiàzoume thn (2.2.24) me e:
1

2

d

dt
kGhek2 + kek2  k⇢kkek+ k⌘kkGhek

 1

2
k⇢k2 + 1

2
kek2 + k⌘k max

0⌧t
kGhek,

Ëtsi ∏ste
d

dt
kGhek2 + kek2  k⇢k2 + 2k⌘k max

0⌧t
kGhek. (2.2.26)
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Oloklhr∏noume thn (2.2.26), shmei∏noume Ïti Ghe(0) = A�1

h Ph(Ph � I)v = 0,

kGhek2 +
Z t

0

kek2d⌧ 
Z t

0

k⇢k2d⌧ + max
0⌧t

kGhek2 +
⇣

Z t

0

k⌘kd⌧
⌘

2

.

Kai epeid† to t e–nai tuqa–o,

Z t

0

kek2d⌧ 
Z t

0

k⇢k2d⌧ +
⇣

Z t

0

k⌘kd⌧
⌘

2

. (2.2.27)

Eisàgoume thn (2.2.27) sthn (2.2.25) kai katal†goume sthn

tkek2  Ctk⇢k2 + C

Z t

0

(k⇢k2 + ⌧ 2k⇢tk2 + ⌧k⌘k2)d⌧

+ C
⇣

Z t

0

k⌘kd⌧
⌘

2

.

(2.2.28)

Upolog–zoume touc Ïrouc sto dexiÏ mËroc. Me v 2 Ḣ�, upenjum–zontac Ïti ⇢ = (Rh � I)u
kai qrhsimopoi∏ntac thn anisÏthta kRhv � vk  Ch�|v|�, v 2 Ḣ�, 1  �  r, Ëqoume

k⇢(t)k  Ch�|u(t)|�  Ch�ke�tA2
A

�

2 vk  Ch�kA�

2 vk  Ch�|v|�, (2.2.29)

∏ste

tk⇢k2  Ch2�t|v|2�,
Z t

0

k⇢k2d⌧  Ch2�t|v|2�.

ParÏmoia, apÏ thn (2.2.5) Ëqoume,

k⇢t(t)k  Ch�|ut(t)|�  Ch�kA2e�tA2
A

�

2 vk  Ch�t�1|v|�, (2.2.30)

∏ste
Z t

0

⌧ 2k⇢tk2d⌧  Ch2�t|v|2�. (2.2.31)

EpiplËon, epeid† gia to ⌘ isq‘ei ⌘ = �(Rh � I)Gut = (Rh � I)GA2e�tA2
v,

k⌘(t)k  Ch�|Gut(t)|�  Ch�kAe�tA2
A

�

2 vk  Ch�t�
1
2 |v|�,

Ëtsi ∏ste
⇣

Z t

0

k⌘kd⌧
⌘

2

 Ch2�t|v|2�,
Z t

0

⌧k⌘k2d⌧  Ch2�t|v|2�.

Eisàgontac Ïla ta parapànw sthn (2.2.28) katal†goume sthn

tkek2  Ch2�t|v|2�,
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h opo–a apodeikn‘ei thn (2.2.20).
Gia na apode–xoume thn (2.2.21) jewro‘me Ïti v 2 Ḣ��2 kai anakalo‘me thn (2.2.27).

Qrhsimopoi∏ntac thn kRhv � vk  Ch�|v|�, v 2 Ḣ�, 1  �  r kai thn (2.2.4) lambànoume
to ex†c

Z t

0

k⇢k2d⌧  Ch2�

Z t

0

|u|2�d⌧ = Ch2�

Z t

0

kAe�⌧A2
A

��2
2 vk2d⌧

 Ch2�|v|2��2

.

(2.2.32)

T∏ra upolog–zoume to olokl†rwma
R t

0

k⌘kd⌧ . Gia ton skopÏ autÏ upojËtoume pr∏ta Ïti
1 < �  r kai 1  � < �. Qrhsimopoi∏ntac thn (2.2.5) kai thn kRhv � vk  Ch�|v|�, v 2
Ḣ�, 1  �  r pa–rnoume to parakàtw

Z t

0

k⌘kd⌧  Ch�

Z t

0

|Gut|�d⌧ = Ch�

Z t

0

kA2����

2 e�⌧A2
A

��2
2 vkd⌧

 Ch�

Z t

0

⌧�1+

���

4 e�c⌧d⌧ |v|��2

,

(2.2.33)

Ïpou, epeid† isq‘ei 0 < � � �  r � 1, Ëqoume gia to olokl†rwma

Z t

0

⌧�1+

���

4 e�c⌧d⌧ =
4

� � �

Z t���

4

0

e�cs
4

���

ds

 C

� � �

Z 1

0

e�cs
4

r�1
ds.

Sunep∏c, me C anexàrthto tou �,

Z t

0

k⌘kd⌧  Ch�

� � �
|v|��2

. (2.2.34)

'Estw t∏ra Ïti 1

���
= | log h| = � log h, Ëtsi to � ! � kaj∏c h ! 0, kai

� log h = (� � � + �) log h = 1 + � log h.

Wc ek to‘tou Ëqoume

h�

� � �
= | log h|e� log h = | log h|e1+� log h  C| log h|h�.

JËtoume thn sqËsh aut† sthn (2.2.34) gia na pàroume, gia 1 < �  r,

Z t

0

k⌘kd⌧  Ch�| log h||v|��2

, (2.2.35)
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kai epomËnwc isq‘ei kai gia 1  �  r, epeid† to C e–nai anexàrthto tou �. Telikà, eisàgoume
thn (2.2.32) kai thn (2.2.35) sthn (2.2.27) kai Ëqoume

⇣

Z t

0

kek2d⌧
⌘

1
2  C| log h|h�|v|��2

,

h opo–a e–nai h (2.2.21).

2.3 H MËjodoc PeperasmËnwn Stoiqe–wn

UpojËtoume Ïti Sh e–nai o q∏roc twn suneq∏n sunart†sewn sto ⌦, pou e–nai katà tm†mata
polu∏numa bajmo‘  1 kai Sh ⇢ H1

0

. Or–zoume to Ṡh wc Ṡh = PSh

Ṡh =

⇢

vh 2 Sh :

Z

⌦

vhdx = 0

�

.

O diakritÏc Laplacian telest†c Ah or–zetai wc Ah : Sh ! Ṡh,

hAhvh, whi = hrvh,rwhi , 8 vh 2 Sh, wh 2 Ṡh, (2.3.1)

epiplËon or–zoume to ex†c

As
hv :=

N
h

X

i=1

�sh,i hv, uh,ii uh,i, v 2 L2, s � 0. (2.3.2)

PrÏtash 2.3.1. Isq‘oun oi parakàtw isÏthtec

|vh|1 = kA 1
2vhk, vh 2 Sh, (2.3.3)

kA 1
2vhk = krvhk, vh 2 Sh, (2.3.4)

krvhk = kA
1
2
hvhk, vh 2 Sh. (2.3.5)

'Amesh sunËpeia twn isot†twn aut∏n e–nai oi isÏthtec |vh|1 = krvhk, kA 1
2vhk = kA

1
2
hvhk

kai |vh|1 = kA
1
2
hvhk.

ApÏdeixh. Arqikà, gia na apode–xoume thn isÏthta (2.3.3) upolog–zoume ton Ïro kA 1
2vhk,

kA 1
2vhk =

D

A
1
2vh, A

1
2vh
E

1
2
=

* 1
X

i=1

�
1
2
i hvh, uii ui,

1
X

i=1

�
1
2
i hvh, uii ui

+

1
2

=

 1
X

i=1

�i hvh, uii2
!

1
2

,
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to opo–o e–nai –so me |vh|1 =
�

P1
i=1

�i hvh, uii2
�

1
2 . Sth sunËqeia, gia ton Ïro krvhk Ëqoume

krvhk = hrvh,rvhi
1
2 = hAvh, vhi

1
2 =

* 1
X

i=1

�i hvh, uii ui, vh

+

1
2

=

 1
X

i=1

�i hvh, uii2
!

1
2

.

Mporo‘me na gràyoume hrvh,rvhi = hAvh, vhi diÏti @v
h

@⌫
= 0 sto @⌦ kai apÏ thn pr∏th

tautÏthta tou Green pa–rnoume

hrvh,rvhi =
Z

⌦

rvh ·rvhdx =

Z

@⌦

vh
@vh
@⌫

ds�
Z

⌦

vh�vhdx

= �
Z

⌦

vh�vhdx =

Z

⌦

vhAvhdx = hvh, Avhi = hAvh, vhi .

Shmei∏noume Ïti h pr∏th tautÏthta tou Green e–nai
Z

⌦

ru ·rwdx =

Z

@⌦

u
@w

@⌫
ds�

Z

⌦

u�wdx, (2.3.6)

Ïpou ⌫ e–nai to exwterikÏ kàjeto diànusma kai or–zoume hru,rwi := R
⌦

ru·rwdx. Sunep∏c,
Ëqoume apode–xei thn (2.3.4). TËloc, gia thn (2.3.5) qrhsimopoio‘me thn (2.3.1) kai Ëqoume

kA
1
2
hvhk =

D

A
1
2
hvh, A

1
2
hvh
E

1
2

= hAhvh, vhi
1
2 = hrvh,rvhi

1
2 = krvhk.

PrÏtash 2.3.2. O telest†c Ah e–nai autosuzug†c, jetikà orismËnoc ston Ṡh kai jetikà
hmiorismËnoc ston Sh.

ApÏdeixh. 'Opwc kai sthn apÏdeixh thc PrÏtashc (2.1.1) ja qrhsimopoi†soume touc orismo‘c
gia kàje mia apÏ tic parapànw upojËseic. O telest†c Ah e–nai autosuzug†c diÏti

hAhvh, whi = hrvh,rwhi = hrwh,rvhi = hAhwh, vhi = hvh, Ahwhi .
Gia na de–xoume Ïti o Ah e–nai jetikà orismËnoc ston Ṡh prËpei na apode–xoume Ïti

hAhvh, vhi > 0, vh 6= 0.

Qrhsimopoio‘me thn hAhvh, vhi = hrvh,rvhi = krvhk2 � 0. An krvhk2 = 0, tÏte vh =
stajerÏ kai

R

⌦

vhds = 0. 'Ara, vh = 0 to opo–o Ërqetai se ant–jesh me thn arqik† upÏjesh.
Wc ek to‘tou, o Ah e–nai jetikà orismËnoc telest†c ston Ṡh. TËloc, e–nai jetikà hmiorismËnoc
ston Sh,

hAhvh, vhi = hrvh,rvhi = krvhk2 � 0.
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To prÏblhma idiotim∏n gia ton Ah e–nai

Ahuh = �huh, sto ⌦,
@uh

@⌫
= 0 sto @⌦.

Ant–stoiqa me to suneqËc prÏblhma, to parapànw prÏblhma idiotim∏n Ëqei mia orjokanonik†
bàsh {uh,i}Nh

i=0

me a‘xousa akolouj–a twn ant–stoiqwn idiotim∏n {�h,i}Nh

i=0

. Pio sugkekrimËna
Ëqoume

0 = �h,0 < �h,1  �h,2  . . .  �h,i  �h,N
h

kai h pr∏th idiosunàrthsh e–nai uh,0 = u
0

= |⌦|� 1
2 . EpiplËon, or–zoume e�tA2

h : Sh ! Sh wc

e�tA2
hvh =

N
h

X

i=0

e�t�
h,i hvh, uh,ii uh,i =

N
h

X

i=1

e�t�
h,i hvh, uh,ii uh,i + hvh, u0

i u
0

. (2.3.7)

H orjog∏nia probol† Ph : H ! Sh or–zetai apÏ ton t‘po

hPhv, uhi = hv, uhi , 8v 2 H, uh 2 Sh. (2.3.8)

Pa–rnoume uh = 1, uh 2 Sh kai qrhsimopoio‘me thn (2.3.8)

hPhv, uhi = hv, uhi )
Z

⌦

(Phv) uhdx =

Z

⌦

vuhdx )
Z

⌦

Phvdx =

Z

⌦

vdx.

Allà
R

⌦

vdx = 0 ston Ṡh to opo–o sunepàgetai Ïti
R

⌦

Phvdx = 0. 'Etsi, Ëqoume Ph : Ḣ ! Ṡh.
EpiplËon, isq‘ei

e�tA2
hPhv = e�tA2

hPhPv + (I � P )v. (2.3.9)

Antikajisto‘me thn sqËsh vh = Phv sthn (2.3.7) kai lambànoume

e�tA2
hPhv =

N
h

X

i=1

e�t�
h,i hPhv, uh,ii uh,i + hPhv, u0

i u
0

.

Gia na de–xoume ton pr∏to Ïro qrhsimopoio‘me thn (2.3.2)

e�tA2
hPhPv =

N
h

X

i=1

e�t�
h,i hPhv, uh,ii uh,i

kai gia ton de‘tero Ïro qrhsimopoio‘me ton orismÏ thc orjog∏niac probol†c (2.3.8) kai thn
(2.2.3) gia na oloklhr∏soume thn apÏdeixh thc (2.3.9). To diakritÏ anàlogo thc (2.2.5)
d–netai apÏ

kAs
he

�tA2
hvhk  Ct�

s

2 e�ctkvhk, vh 2 Sh, s > 0.
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Or–zoume thn elleiptik† probol† † probol† Ritz Rh ston Ṡh wc thn orjog∏nia probol†
se sqËsh me to eswterikÏ ginÏmeno hrv,rwhi, Ëtsi ∏ste

hrRhv,ruhi = hrv,ruhi , 8v 2 Ḣ1, uh 2 Ṡh. (2.3.10)

Epekte–noume thn probol† Ritz se Rh : H1 ! Sh wc ex†c

Rhv = RhPv + (I � P )v, v 2 H1. (2.3.11)

Gia na apode–xoume thn (2.3.11) or–zoume Av := RhPv + (I � P )v kai jËloume na de–xoume
Ïti hrRhv,ruhi = hr(Av),ruhi. UpojËtoume Ïti Av 2 Sh giat– (I � P )v = |⌦|�1

R

⌦

vdx
e–nai stajerà, àra e–nai mia apÏ tic katà tm†mata suneqe–c sunart†seic ston Sh, dhlad†
(I � P )v 2 Sh. 'Ara, Ëqoume

hr(Av),ruhi = hr(RhPv + (I � P )v),ruhi
= hr(RhPv) +r(I � P )v,ruhi
= hr(RhPv),ruhi+ hr(I � P )v,ruhi
= hrRhv,ruhi+ hr(I � P )v,ruhi .

'Omwc, o Ïroc hr(I � P )v,ruhi e–nai –soc me mhdËn giat–r(I�P )v = 0, to opo–o oloklhr∏nei
thn apÏdeixh.

L†mma 2.3.3. Gia Rhv � v = (Rh � I)Pv me Rh Ïpwc Ëqei oriste– sthn (2.3.10) Ëqoume to
akÏloujo, bl. [27]

kRhv � vk  Chskvks, gia v 2 Hs, 1  s  2. (2.3.12)

EpiplËon, upojËtoume Ïti Ph e–nai fragmËnoc se sqËsh me thn H1-nÏrma kai thn L4-nÏrma,
Ïpwc sto [22],

kPhvk1  Ckvk
1

, v 2 H1,

kPhvkL4  CkvkL4 , v 2 L4(⌦).
(2.3.13)

TËloc, isq‘ei h parakàtw ant–strofh anisÏthta, bl. [22, 27],

kAhvhk  Ch�2kvhk, vh 2 Sh. (2.3.14)

2.4 H Stoqastik† SunËlixh

H diadikas–a

WA(t) =

Z t

0

e�(t�s)A2
dW (s) (2.4.1)
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onomàzetai stoqastik† sunËlixh. Qrhsimopoi∏ntac thn hmiomàda (2.2.2) pa–rnoume

WA(t) =

Z t

0

e�(t�s)A2
dW (s) =

Z t

0

e�(t�s)A2
PdW (s) +

Z t

0

(I � P )dW (s).

Epeid† I � P = stajerÏ pa–rnoume
R t

0

(I � P )dW (s) = (I � P )
R t

0

dW (s) = (I � P )(W (t)�
W (0)) = (I � P )W (t). Katà sunËpeia,

WA(t) =

Z t

0

e�(t�s)A2
dW (s) =

Z t

0

e�(t�s)A2
PdW (s) + (I � P )W (t). (2.4.2)

ParÏmoia, apÏ thn (2.3.9)

WA
h

(t) =

Z t

0

e�(t�s)A2
hPhdW (s) =

Z t

0

e�(t�s)A2
hPhPdW (s) + (I � P )W (t). (2.4.3)

Afair∏ntac thn (2.4.2) apÏ thn ex–swsh (2.4.3) br–skoume

WA
h

(t)�WA(t) =

Z t

0

(e�(t�s)A2
hPh � e�(t�s)A2

)PdW (s). (2.4.4)

EpiplËon, qrhsimopoio‘me ta parakàtw jewr†mata, pou e–nai àmesh sunËpeia tou Jewr†matoc
(2.2.3), bl. [22].

Je∏rhma 2.4.1. An kA��2
2 Q

1
2kHS < 1 gia kàpoio � � 2, tÏte

kWA(t)kL2
(⌦, ˙H�

)

 CkA��2
2 Q

1
2kHS, t � 0.

Je∏rhma 2.4.2. An kQ 1
2kHS < 1, tÏte

kWA
h

(t)�WA(t)kL2
(⌦,H)

 Ch2| log h|kQ 1
2kHS, t � 0.

2.5 To L†mma Gronwall

Sthn paràgrafo aut† parajËtoume to genikeumËno L†mma Gronwall me thn apÏdeix† tou, pe-
rissÏterec leptomËreiec upàrqoun sthn anaforà [11]. EpiplËon, to basikÏ L†mma Gronwall
e–nai to –dio qr†simo me to genikeumËno. Gia ton lÏgo autÏ perilambànetai maz– me thn ant–-
stoiqh apÏdeixh, bl. [22].

L†mma 2.5.1. (L†mma Gronwall). 'Estw h sunàrthsh � 2 L1([0, T ],R), gia 0 < t  T .
An

�(t)  A+ Ct+B

Z t

0

�(s)ds, t 2 [0, T ]

gia kàpoiec stajerËc A,C � 0 kai B > 0, tÏte

�(t) 
✓

A+
C

B

◆

eBt, t 2 [0, T ].
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ApÏdeixh. Jewro‘me mia kaino‘rgia sunàrthsh f(t) =
R t

0

�(s)ds. Gia ton skopÏ autÏ Ëqoume
na l‘soume thn parakàtw sun†jh diaforik† ex–swsh pr∏thc tàxhc

f 0(t)e�Bt  Ae�Bt + Ce�Btt+Be�Btf(t)

h opo–a prok‘ptei apÏ thn paràgwgo thc sunàrthshc f(t). Afo‘ oloklhr∏soume katà mËlh
pa–rnoume

Z t

0

f 0(s)e�Bsds  A

Z t

0

e�Bsds+ C

Z t

0

se�Bsds+B

Z t

0

e�Bsf(s)ds. (2.5.1)

Arqikà, upolog–zoume ta oloklhr∏mata
Z t

0

f 0(s)e�Bsds = e�Btf(t) + B

Z t

0

e�Bsf(s)ds

kai
Z t

0

se�Bsds =
1� e�Bt(Bt+ 1)

B2

.

Sth sunËqeia, antikajisto‘me ta parapànw apotelËsmata sthn (2.5.1) kai pa–rnoume

e�Btf(t) + B

Z t

0

e�Bsf(s)ds  A

✓

�e�Bt

B
+

1

B

◆

+ C
1� e�Bt(Bt+ 1)

B2

+B

Z t

0

e�Bsf(s)ds.

ApÏ thn teleuta–a sqËsh sunepàgetai Ïti

f(t)  �A

B
+

A

B
eBt +

C

B2

eBt � CBt

B2

� C

B2

.

'Etsi, Ëqoume

�(t)  A+ Ct� A+ AeBt +
C

B
eBt � Ct� C

B


✓

A+
C

B

◆

eBt � C

B


✓

A+
C

B

◆

eBt.

L†mma 2.5.2. (To GenikeumËno L†mma tou Gronwall).[22] 'Estw � 2 L1([0, T ],R) mia mh
arnhtik† sunàrthsh, gia 0 < t  T . An

�(t)  At�1+a +B

Z t

0

(t� s)�1+��(s)ds, t 2 (0, T ],

gia kàpoiec stajerËc A,B � 0 kai a, � > 0, tÏte upàrqei stajerà C = C(B, T, a, �) tËtoia
∏ste

�(t)  CAt�1+a, t 2 (0, T ].
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ApÏdeixh. Epanalambànontac thn anisÏthta pou mac d–netai N � 1 forËc, qrhsimopoi∏ntac
thn tautÏthta

Z t

0

(t� s)�1+as�1+�ds = C(a, �)t�1+a+�, gia a, � > 0, (2.5.2)

kai ektim∏ntac thn posÏthta t� me thn T � pa–rnoume

�(t)  C
1

At�1+a + C
2

Z t

0

(t� s)�1+N��(s)ds, 0 < t  T,

Ïpou C
1

= C
1

(B, T, a, �, N), C
2

= C
2

(B, �, N). T∏ra epilËgoume to mikrÏtero N Ëtsi ∏ste
�1 + N� � 0, kai kànoume mia ekt–mhsh thc t�1+N� me thn T�1+N�. An �1 + a � 0 tÏte
pa–rnoume to epijumhtÏ sumpËrasma apÏ to basikÏ L†mma Gronwall. Diaforetikà or–zoume
 (t) = t�1+a�(t) gia na làboume

 (t)  C
1

A+ C
3

Z t

0

s�1+a (s)ds, 0 < t  T,

kai to basikÏ L†mma tou Gronwall d–nei  (t)  CA gia 0 < t  T , to opo–o e–nai kai to
epijumhtÏ apotËlesma.

2.6 Qr†simec AnisÏthtec

Sthn paro‘sa ergas–a qrhsimopoie–tai suqnà h anisÏthta Young. O orismÏc thc anisÏthtac
aut†c e–nai o ex†c:

OrismÏc 2.6.1. (AnisÏthta Young). An a kai b e–nai mh arnhtiko– pragmatiko– arijmo– kai
p kai q e–nai jetiko– pragmatiko– arijmo– tËtoioi ∏ste 1

p
+ 1

q
= 1, tÏte

ab  ap

p
+

bq

q
. (2.6.1)

H isÏthta isq‘ei an kai mÏnon an ap = bq.

Parakàtw parajËtoume merikËc anisÏthtec pou perilambànoun th nÏrma k · kLp stouc q∏-
rouc Lp.

1. AnisÏthta Minkowski: An f kai g an†koun ston Lp me 1  p < 1, tÏte kai h f +g
an†kei ston Lp kai

kf + gkLp  kfkLp + kgkLp . (2.6.2)

An 1 < p < 1, tÏte mpore– na isq‘ei h isÏthta mÏno an upàrqoun mh arnhtikËc stajerËc
a kai � tËtoiec ∏ste �f = ag.
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2. AnisÏthta Hölder: UpojËtoume Ïti p kai q e–nai mh arnhtiko– pragmatiko– arijmo–
tËtoioi ∏ste

1

p
+

1

q
= 1,

[me àlla lÏgia, q = p/(q � 1)]. An f 2 Lp kai g 2 Lq, tÏte fg 2 L1 kai
Z

|fg|  kfkLpkgkLq . (2.6.3)

H isÏthta isq‘ei an kai mÏno an gia kàpoiec stajerËc a kai �, Ïqi kai oi duo mhdËn,
Ëqoume a|f |p = �|g|q sqedÏn panto‘ (a.e.).

3. AnisÏthta Chebyshev: An f 2 Lp, me 0 < p < 1, tÏte gia kàje a > 0 isq‘ei Ïti

µ({x : |f(x)| > a}) 
✓kfkLp

a

◆p

. (2.6.4)

2.7 Fràgmata gia ton Mh-GrammikÏ 'Oro

QreiazÏmaste Ëna fràgma gia touc mh-grammiko‘c Ïrouc k�f 0(u)k kai kA� 1
2

h P (f 0(u)�f 0(v))k,
bl. [22]. Jum–zoume Ïti h nÏrma Sobolev k ·kHs e–nai isod‘namh me th nÏrma k ·ks sthn (2.1.5),
gia kàje akËraio s � 0. Ep–shc, gia tic ant–stoiqec apode–xeic qrhsimopoio‘me thn anisÏthta
Hölder kai thn anisÏthta Sobolev. ApÏ thn pr∏th apÏdeixh katalaba–noume akrib∏c thn
diaforà metax‘ thc nÏrmac Sobolev k · kHs kai thc k · ks. Kai apÏ th de‘terh apÏdeixh g–netai
xekàjaroc o rÏloc thc probol†c P .

L†mma 2.7.1. Gia thn sunàrthsh f 0(u) = �4u(1�u2) kai gia u, v 2 H3 Ëqoume tic parakàtw
anisÏthtec:

k�f 0(u)k  C(1 + kuk2
1

)kuk
3

, (2.7.1)

kA� 1
2

h P (f 0(u)� f 0(v))k  C(1 + kuk2
1

+ kvk2
1

)ku� vk. (2.7.2)

ApÏdeixh. H de‘terh paràgwgoc thc sunàrthshc f e–nai f 00(u) = 12u2 � 4 kai h tr–th parà-
gwgoc e–nai f 000(u) = 24u. Qrhsimopoi∏ntac thn anisÏthta Hölder kai thn anisÏthta Sobolev
kukL6  CkukH1 gia d  3, pa–rnoume

k�f 0(u)k = kf 00(u)�u+ f 000(u)|ru|2k
 kf 00(u)kL3k�ukL6 + kf 000(u)kL6kruk2L6

 C(1 + kuk2L6)k�ukL6 + CkukL6kruk2L6

 C(1 + kuk2H1)kukH3 + CkukH1kuk2H2 .
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Sth sunËqeia qrhsimopoio‘me thn anisÏthta kukHs  Ckuks, gia s � 0, kai sto teleuta–o

b†ma kànoume qr†sh thc kuk
2

 Ckuk
1
2
1

kuk
1
2
3

. 'Etsi, Ëqoume

k�f 0(u)k  C(1 + kuk2
1

)kuk
3

+ Ckuk
1

kuk2
2

 C(1 + kuk2
1

)kuk
3

+ Ckuk
1

kuk
1

kuk
3

 C(1 + kuk2
1

)kuk
3

+ Ckuk2
1

kuk
3

 C(1 + kuk2
1

)kuk
3

,

me thn opo–a oloklhr∏netai h apÏdeixh thc (2.7.1).
Gia thn (2.7.2) efarmÏzoume thn isÏthta (2.3.3) kai tic anisÏthtec Hölder kai Sobolev, gia

d  3, gia na pàroume

kA� 1
2

h P�k = sup
v
h

2S
h

D

A
� 1

2
h P�, vh

E

kvhk = sup
v
h

2S
h

D

�, A
� 1

2
h Pvh

E

kvhk
= sup

w
h

2 ˙S
h

h�, whi
|wh|1  sup

w
h

2 ˙S
h

k�kL6/5kwhkL6

|wh|1
 Ck�kL6/5 .

T∏ra qrhsimopoio‘me thn anisÏthta pou proËkuye me � = f 0(u)�f 0(v) =
R

1

0

f 00(us)ds(u�v),
Ïpou us = su+ (1� s)v, kai xanà tic anisÏthtec Hölder kai Sobolev kai Ëqoume

kA� 1
2

h P (f 0(u)� f 0(v))k = kA� 1
2

h P�k  Ck�kL6/5

 C

Z

1

0

kf 00(us)kL3dsku� vk

 C

Z

1

0

(1 + kusk2L6)dsku� vk

 C

Z

1

0

(1 + kusk2
1

)dsku� vk
 C(1 + kuk2

1

+ kvk2
1

)ku� vk.

Telikà, apode–xame thn (2.7.2).
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Kefàlaio 3

To SunduasmËno MontËlo

H ep–drash twn pollapl∏n mikroskopik∏n mhqanism∏n Ïpwc h epifaneiak† diàqush kai h
prosrÏfhsh/ ekrÏfhsh (adsorption/ desorption) perilambànontai sun†jwc stic diadikas–ec
thc epifàneiac, sthn makroskopik† morfolog–a enÏc sumplËgmatoc kai sthn exËlixh. H a-
plopoihmËnh ex–swsh mËsou t‘pou e–nai Ënac sunduasmÏc twn exis∏sewn Cahn-Hilliard kai
Allen-Cahn. Ax–zei na shmeiwje– Ïti sto montËlo pou perigràfetai apÏ thn (3.4.1), h kinh-
tikÏthta e–nai aisjhtà diaforetik† apÏ thn ex–swsh Allen-Cahn kai autÏ sunepàgetai Ïti h
diàqush epitaq‘nei thn mËsh kampulÏthta.
Oi diadikas–ec thc epifàneiac, Ïpwc h katàlush, perilambànoun thn metaforà ousi∏n sthn

fàsh tou aer–ou: antidr∏nta s∏mata prosrofÏntai sthn epifàneia tou upostr∏matoc Ïpou
poluàrijmec diadikas–ec mporo‘n na làboun mËroc tautÏqrona, Ïpwc e–nai gia paràdeigma h
epifaneiak† diàqush kai oi antidràseic metax‘ twn swmatid–wn. Oi diadikas–ec thc epifàneiac
Ëqoun paradosiakà diamorfwje– qrhsimopoi∏ntac t‘pouc ant–drashc diàqushc [12, 16], Ïpou
to aporrofhtikÏ str∏ma Ëqei upoteje– na e–nai omoiÏmorfo ston q∏ro. H prosËggish aut†
parablËpei e–te leptomere–c allhlepidràseic metax‘ twn swmatid–wn † ta antimetwp–zei faino-
menologikà, en∏ apÏ thn àllh pleurà, statistikËc jewr–ec thc mhqanik†c parËqoun mia akrib†
mikroskopik† perigraf†, [14].
Sth sunËqeia ja suzht†soume mikroskopiko‘c mhqanismo‘c pou sumba–noun stic diadi-

kas–ec thc epifàneiac kai metà sundËseic me mesoskopiko‘c mhqanismo‘c, gia paràdeigma ta
montËla Cahn-Hilliard/ Allen-Cahn.

3.1 Mikroskopik† Montelopo–hsh

Ta majhmatikà ergale–a pou qrhsimopoio‘ntai sta montËla statistik†c mhqanik†c e–nai Su-
st†mata Allhlepidr∏ntwn Swmatid–wn, ta opo–a e–nai diadikas–ec Markov pou br–skontai se
Ëna plËgma pou antistoiqe– se mia stere† epifàneia: qarakthristikà parade–gmata e–nai ta
sust†mata Ising [13], pou perigràfoun thn exËlixh miac tàxhc paramËtrou se kàje jËsh tou
plËgmatoc. Autà ta mikroskopikà montËla apotelo‘n Ëna shmantikÏ upologistikÏ ergale–o se
poluàrijmec efarmogËc kai epil‘ontai arijmhtikà qrhsimopoi∏ntac algor–jmouc Monte Carlo,
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[23]. Ta montËla Ising e–nai orismËna sto d-diàstato plËgma Zd Ïpwc parakàtw. Se kàje
jËsh tou plËgmatoc x 2 Zd mia paràmetroc �(x) – anafËretai wc ‘spin’ † alli∏c ‘peristrof†’
– epitrËpetai na làbei tic timËc 0 kai 1 perigràfontac Ëtsi tic kenËc kai tic kateqÏmenec jËseic
ant–stoiqa. Mia peristrofik† diàtaxh � e–nai Ëna stoiqe–o tou q∏rou diàtaxhc ⌃ = {0, 1}Zd

kai gràfoume � = {�(x) : x 2 Zd}. H enËrgeia H tou sust†matoc, wc proc to �, d–netai apÏ
thn Qamiltonian†

H(�) = �1

2

X

x 6=y

J(x� y)�(x)�(y) + h
X

x

�(x) ,

Ïpou to h apod–detai se Ëna exwterikÏ qwr–o kai to J e–nai mia allhlep–drash thc enËrgeiac
metax‘ twn swmatid–wn: to J e–nai àrtioc, J(r) = J(�r), fj–nei gr†gora proc to àpeiro kai
e–nai mh arnhtikÏ, dhlad† oi allhlepidràseic e–nai elktikËc: ep–shc mporo‘me na jewr†soume
dunamikà me elktikËc kai apwstikËc sunist∏sec maz–. Oi katastàseic isorrop–ac tou montËlou
Ising perigràfontai apÏ tic katastàseic tou Gibbs, or–zontai se mia jermokras–a T kai se
Ëna peperasmËno qwr–o [13]. Oi dunàmeic twn mikroskopik∏n montËlwn apotelo‘ntai apÏ mia
akolouj–a spin flips kai spin exchanges kai antistoiqo‘n se diaforetikËc fusikËc diadikas–ec.

3.2 StoqastikËc MikroskopikËc Dunàmeic

Sth sunËqeia perigràfoume en suntom–a auto‘c touc leptomere–c mikromhqanismo‘c sto pla–sio
twn diadikasi∏n epifàneiac. Gia perissÏterec leptomËreiec anaferÏmaste sto àrjro anaskÏ-
phshc gia tic epifaneiakËc diadikas–ec, [21].

3.2.1 ProsrÏfhsh/ EkrÏfhsh - Spin Flip MhqanismÏc

Mia spin flip sth jËsh x e–nai mia aujÏrmhth allag† sthn paràmetro, to 0 metatrËpetai se 1
kai to ant–strofo. Sth Fusik† o mhqanismÏc autÏc perigràfei thn ekrÏfhsh tou swmatid–ou
apÏ thn epifàneia sthn fàsh tou aer–ou kai antistrÏfwc thn prosrÏfhsh tou swmatid–ou
apÏ thn fàsh tou aer–ou sthn epifàneia. Tupikà, o mhqanismÏc thc ekrÏfhshc exartàtai apÏ
tic antidràseic me geitonikà swmat–dia sto dunamikÏ J , kaj∏c kai apÏ to exwterikÏ qwr–o h.
Mia profan† proüpÏjesh gia tic dunàmeic e–nai Ïti prËpei na af†soun tic katastàseic Gibbs
ametàblhtec kai h sunj†kh aut† onomàzetai nÏmoc isorrop–ac. QarakthristikËc epilogËc
tËtoiwn dunàmewn e–nai oi dunàmeic Glauber kai Metropolis.

3.2.2 Epifaneiak† Diàqush - Dunàmeic Spin Exchange

Mia spin exchange metax‘ twn geitonik∏n jËsewn x kai y e–nai h aujÏrmhth antallag† twn
tim∏n thc paramËtrou sto x kai sto y. Sth Fusik† o mhqanismÏc autÏc perigràfei thn
diàqush enÏc swmatid–ou pànw sthn epifàneia, Ïpou oi jËseic den mporo‘n na katalambànoun
perissÏtera apÏ Ëna swmat–dia. Oi aplo‘sterec tËtoiec dunàmeic e–nai oi dunàmeic Kawasaki
kai Metropolis.
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3.3 Mesoskopikà MontËla

Se megàlec qwroqronikËc kl–makec kai gia megàlo e‘roc dunamik∏n me e‘roc allhlep–drashc
��1 apodeikn‘etai Ïti h mikr†c kl–makac diakumànseic twn susthmàtwn Ising katastËllontai
kai prok‘ptei Ëna sqedÏn nteterministikÏ montËlo pou perigràfetai apÏ katàllhlec oloklh-
rwdiaforikËc exis∏seic. To pËrasma sto Ïrio � ! 0, (to e‘roc allhlep–drashc e–nai ��1),
pou sqet–zetai me to coarse graining twn posot†twn Ïpwc h jermodunamik† p–esh, h kàluyh,
klp. e–nai gnwstÏ wc Ïrio Lebowitz-Penrose [13]. Sto pla–sio autÏ mporo‘me na melet†sou-
me to asumptwtikÏ Ïrio thc coarse graining metablht†c pou antistoiqe– se mia topik† kàluyh
ston q∏ro,

u�(x, t) = |Bx|�1

X

y2B
x

�t(y) ,

Ïpou Bx e–nai mia mpàla me kËntro to x pou perilambànei pollà shme–a tËtoia ∏ste, (a) oi
tuqa–ec diakumànseic (tupikà) ja katastËllontai exait–ac tou NÏmou twn Megàlwn Arijm∏n,
kai (b) oi qwrikËc diakumànseic sthn kàluyh exakoloujo‘n na kuriarqo‘n. Sthn per–ptwsh
twn dunàmewn prosrÏfhshc/ekrÏfhshc sto asumptwtikÏ Ïrio � ! 0, lambànoume mia kleist†
ex–swsh gia thn kàluyh, u�(x, t) ⇡ u(�x, t), kai to u l‘nei thn mesoskopik† ex–swsh, [10, 18],

ut =  (��(J ⇤ u+ h))
⇥

1� u� exp(��h)u exp �� �J ⇤ u�⇤, (3.3.1)

Ïpou h  =  (r) sundËetai me tic mikroskopikËc dunàmeic: qarakthristikËc epilogËc perilam-
bànoun tic sunart†seic  (r) = (1 + er)�1 (dunàmeic Glauber),  (r) = e�r/2 †  (r) = e�r+

(dunàmeic Metropolis).
H ex–swsh (3.3.1) diajËtei mia arq† s‘gkrishc, toulàqiston Ïtan J � 0, kai Ëqei mia † treic

stajerËc katastàseic. 'Otan oi endomoriakËc dunàmeic metax‘ twn ousi∏n pou aporrof∏ntai
e–nai e–te asjene–c † pol‘ dunatËc Ëqoume mia arai† kai mia pukn† fàsh ant–stoiqa, kàje mia
apÏ tic opo–ec antistoiqe– se mia atomik† katàstash. Diaforetikà mpore– na upàrqoun kai oi
duo fàseic, h (3.3.1) Ëqei treic diaforetikËc katastàseic, Ïtan

� > �c =
4

J
0

,

Ïpou J
0

=
R

J(r) dr. Oi stajerËc katastàseic antistoiqo‘n se puknËc kai araiËc fàseic
tou sust†matoc, dhlad† Ëqoume dieustaj† isorrop–a. Ta statikà kai ta trËqonta k‘ma-
ta gia thn ex–swsh (3.3.1) e–nai zwtik†c shmas–ac gia thn anàlush megàlwn qwroqronik∏n
sumplegmatik∏n exel–xewn, epeid† sundËoun uyhl†c kai qamhl†c puknÏthtac fàseic, katà
m†koc tou sunÏrou tou sumplËgmatoc. H austhr† ‘parxh, monadikÏthta kai stajerÏthta
aut∏n twn l‘sewn prok‘ptei apÏ thn anàlush tou [7], pou kal‘ptei mia eure–a kathgor–a apÏ
oloklhrw-diaforikËc exis∏seic pou Ëqoun thn arq† thc s‘gkrishc. Shmei∏noume akÏma Ïti
gia ta dunamikà pou den e–nai apara–thta aktinikà lambànoume statikà kai trËqonta k‘mata
pou exart∏ntai apÏ thn kate‘junsh [19].
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Sthn per–ptwsh thc epifaneiak†c diàqushc mpore– na apodeiqte– [25] Ïti u�(x, t��2) ⇡
u(�x, t), kai to u l‘nei (gia h = 0) thn

ut �r ·
n

µ[u]r
⇣�E[u]

�u

⌘o

= 0 , (3.3.2)

Ïpou to µ[u] e–nai h kinhtikÏthta kai to E[u] e–nai h ele‘jerh enËrgeia,

E[u] = �1

2

Z Z

J(r � r0)u(r)u(r0)drdr0 +

Z

1

�
[u ln u+ (1� u) ln(1� u)]dr .

Sthn per–ptwsh twn dunàmewn Metropolis/Kawasaki h (3.3.2) proËrqetai apÏ to [25] Ïpou
h kinhtikÏthta e–nai µ[u] =  (0)�u(1 � u). TupikËc epilogËc gia to  pou na sundËontai
me tic dunàmeic mikroskopik†c diàqushc e–nai  (r) = 2(1 + er)�1 (dunàmeic Kawasaki) kai
 (r) = e�r+ (dunàmeic Metropolis).
Shmei∏noume Ïti kai stouc duo t‘pouc exis∏sewn h kàluyh u ikanopoie– thn 0  u  1

lÏgw thc parous–ac tou Ïrou u(1�u) stic kinhtikÏthtec, pou efarmÏzei thn arq† thc apÏkli-
shc (dhlad† to pol‘ Ëna swmat–dio anà perioq† tou plËgmatoc) sto mesoskopikÏ ep–pedo. H
ex–swsh (3.3.2) perilambànei duo antagwnistiko‘c mhqanismo‘c: Ënan Ïro diàqushc pou sun-
dËetai me thn entrop–a ston Ïro E[u], o opo–oc antagwn–zetai me to elktikÏ dunamikÏ J � 0.
AnamËnoume Ïti Ïtan h ant–strofh jermokras–a � e–nai arketà megàlh (� � �c), ta swma-
t–dia te–noun na organwjo‘n se sumplËgmata, xepern∏ntac ta apotelËsmata diàqushc. 'Ola
ta parapànw mporo‘n na g–noun xekàjara qrhsimopoi∏ntac Ëna epiqe–rhma grammikopo–hshc
g‘rw apÏ mia stajer† kàluyh u

0

, d–nontac Ëna kajest∏c peristrofik†c diàspashc (spinodal
decomposition), [21].

3.3.1 Mesoskopikà MontËla gia Pollaplo‘c Mhqanismo‘c

Sun†jwc oi epifaneiakËc diadikas–ec sumba–noun tautÏqrona kai allhlepidro‘n. Gia paràdeig-
ma mporo‘me na jewr†soume [15, 20] Ënan sunduasmÏ me Arrhenius dunàmeic prosrÏfhshc/
ekrÏfhshc, epifaneiak† diàqushMetropolis kai mia apl† monomoriak† ant–drash: h ant–stoiqh
mesoskopik† ex–swsh e–nai h ex†c:

ut�Dr ·
h

ru��u(1�u)rJm ⇤u
i

�
h

kap(1�u)�kdu exp
���Jd ⇤u

�

i

+kru = 0 . (3.3.3)

Ed∏ to D e–nai h stajerà diàqushc, kr, kd kai ka dhl∏noun ant–stoiqa tic stajerËc ant–-
drashc, ekrÏfhshc kai prosrÏfhshc kai p e–nai h merik† p–esh twn aËriwn eid∏n. H merik†
p–esh p sqet–zetai me to exwterikÏ qwr–o h sthn ex–swsh (3.3.1) kai ed∏ upojËtoume Ïti e–nai
stajer†, an kai sthn pragmatikÏthta d–netai apÏ tic exis∏seic twn reust∏n sthn aËria fàsh.
Oi stajerËc katastàseic twn exis∏sewn (3.3.3) kai (3.3.1) e–nai tautÏshmec kai Ïtan Jd = Jm
kai kr = 0, moiràzontai ep–shc to –dio statikÏ k‘ma. WstÏso den upàrqoun genikà austhrà
apotelËsmata diajËsima sth ‘parxh tou trËqwn k‘matoc gia thn (3.3.3): kàpoiec arijmhtikËc
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prosomoi∏seic pragmatopoio‘ntai sto [15] upodeikn‘ontac thn ‘parxh mh-monÏtonwn treqÏn-
twn kumàtwn. TËloc, e–nai e‘kolo na do‘me Ïti, Ïtan kr = 0, h ele‘jerh enËrgeia E[u] e–nai
Ëna sunarthsiakÏ Lyapunov gia thn (3.3.3).

3.3.2 SusqËtish me ta MontËla Cahn-Hilliard kai Allen-Cahn

Parakàtw ja suzht†soume en suntom–a tic sundËseic twn mesoskopik∏n exis∏sewn me pol‘
gnwstà montËla gia ton diaqwrismÏ twn fàsewn Ïpwc ta prÏtupa Allen-Cahn kai Cahn-
Hilliard. An prosarmÏsoume ton q∏ro wc x 7! x/✏ to dunamikÏ J dhmiourge– thn prosËggish
thc katanom†c Dirac J ✏(x) = ✏�dJ(x

✏
). 'Ustera apÏ mia apl† allag† metablht∏n kai mia

tupik† epËktash stic seirËc Taylor,

J ✏ ⇤ u(x) =
Z

J(z)u(x+ ✏z)dz =

Z

J(z)
h

u(x) + ✏ru(x) · z + ✏2

2
zTr2u(x)z +O(✏3)

i

dz .

Agno∏ntac touc Ïrouc tàxhc O(✏3) kai upojËtontac Ïti to J e–nai aktinikà summetrikÏ, dhlad†
J(r) = J(|r|), Ëqoume Ïti

J ✏ ⇤ u(x) ⇡ J
0

u(x) +
✏2

2
J
2

�u(x) ,

Ïpou J
0

=
R

J(r)dr kai J
2

=
R |r|2J(r)dr. TÏte, gia paràdeigma h (3.3.1), prosegg–zetai apÏ

mia morf† thc ex–swshc Allen-Cahn me mh-grammik† diàqush,

ut = Du exp(��J
0

u)�u+ c
0

⇥

1� u� exp(��h)u exp(��J
0

u)
⇤

,

Ïpou D = c
0

✏2

2

�J
0

exp(��h). Shmei∏noume Ïti h sunàrthsh
��1f(u) = 1� u� exp(��h)u exp(��J

0

u)

e–nai dieustaj†c † isod‘nama e–nai h paràgwgoc tou diplo‘ dunamiko‘ (doube well potential)
Ïtan � > �c = 4/J

0

. Upenjum–zoume Ïti h ex–swsh Allen-Cahn Ëqei thn adiàstath morf†

ut = �u+W 0(u) ,

Ïpou to W e–nai to diplÏ dunamikÏ W (u) = (u2 � 1)2.
Sthn per–ptwsh thc epifaneiak†c diàqushc mporo‘me na xanagràyoume thn ele‘jerh enËr-

geia wc

E[u] =
1

4

Z Z

J(r � r0)[u(r)� u(r0)]2drdr0 +

Z

W�(u)dr,

W�(u) = 1

2

J
0

u(1 � u) + 1

�
[u ln u + (1 � u) ln(1 � u)]. W� e–nai Ëna diplÏ dunamikÏ upÏ thn

proüpÏjesh Ïti � > �c = 4/J
0

. Suneq–zontac, allàzoume thn kl–maka kai epekte–noume thn
sunËlixh Ïpwc prohgoumËnwc, opÏte Ëqoume

E[u] ⇡ Ẽ[u] :=

Z

✏2J
2

8
|ru|2 +W�(u)dr , (3.3.4)
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afo‘ Ëqoume †dh parale–yei touc Ïrouc megal‘terhc tàxhc. AutÏ e–nai to kanonikÏ sunarth-
siakÏ Ginsburg-Landau, sthn per–ptwsh aut† h (3.3.2) e–nai h ex–swsh Cahn-Hilliard

ut �r ·
n

µ[u]r
⇣�Ẽ[u]

�u

⌘o

= 0 , (3.3.5)

me mh tetrimmËnh kinhtikÏthta µ(u) = Du(1 � u): jum–zoume Ïti sthn kanonik† ex–swsh
Cahn-Hilliard Ëqoume µ(u) = 1. Parathro‘me Ïti oi perikopËc stic bajmwtËc ekfràseic pou
qrhsimopoio‘ntai ed∏ agnoo‘n tic epidràseic apÏ Ïrouc uyhlÏterhc tàxhc kaj∏c kai pijanËc
anisotrop–ec sto dunamikÏ J . 'Omwc, kontà sthn kr–simh jermokras–a oi exis∏seic Allen-Cahn
kai Cahn-Hilliard g–nontai akrib† anaklimak∏mena Ïria twn mesoskopik∏n montËlwn kai twn
susthmàtwn upoke–menwn swmatid–wn.

3.3.3 'Ena AplopoihmËno MontËlo me Pollaplo‘c Mikro-

skopiko‘c Mhqanismo‘c

Gia na de–xoume ta apotelËsmata twn pollapl∏n mhqanism∏n jewro‘me mia aplopo–hsh thc
ex–swshc (3.3.3) h opo–a diathre– thn jemeli∏dh dom† kai mpore– na lhfje– akrib∏c apÏ thn
(3.3.2) kontà sthn kr–simh jermokras–a, Ïtan kr = 0 kai Jm = Jd = J :

ut = D�
���u+W 0(u)

�

+�u�W 0(u), (3.3.6)

W e–nai Ëna diplÏ dunamikÏ me wells ±1, o Ïroc thc Cahn-Hilliard antistoiqe– sthn epifaneiak†
diàqush, en∏ autÏc thc Allen-Cahn sthn prosrÏfhsh/ ekrÏfhsh. AnafËroume thn (3.3.6)
wc thn bajmwt† ex–swsh Cahn-Hilliard/Allen-Cahn.

3.4 Majhmatik† Dom† thc Bajmwt†c Ex–swshc CH/

AC

Sth sunËqeia meletàme me austhrÏ trÏpo thn sumperiforà thc bajmwt†c ex–swshc CH/AC
(3.3.6), kaj∏c o qrÏnoc anaprosarmÏzetai me ✏2 kai o q∏roc me ✏, to opo–o perigràfei thn
makrÏqronh sumperiforà twn megàlwn sumplegmàtwn. S‘mfwna me aut† thn anaprosarmog†
thc diàqushc h ex–swsh pa–rnei thn ex†c morf†:

8

>

>

<

>

>

:

@tu = ✏2D

✓

��
✓

�u+
f(u)

✏2

◆◆

+�u+
f(u)

✏2

u = 1, sto @⌦
u(x, 0) = u

0

(x),

(3.4.1)

Ïpou ⌦ ⇢ Rn, n > 1, e–nai Ëna le–o fragmËno qwr–o.

34



Arqikà parousiàzoume kàpoiec parathr†seic pou aforo‘n thn majhmatik† dom† thc (3.3.6)
kai thc (3.4.1). H ele‘jerh enËrgeia

F✏(u) :=
1

2

Z

⌦

✏|ru|2 +
Z

⌦

1

✏
W (u) (3.4.2)

iso‘tai me ✏�1Ẽ[u], Ïpou to Ẽ[u] e–nai Ïpwc thn (3.3.4). H ex–swsh (3.4.1) e–nai mia ro† kl–shc
gia thn enËrgeia (3.4.2) wc proc thn metrik†

hf, giA✏ := hf, (A✏)�1gi, (3.4.3)

Ïpou h·, ·i dhl∏nei to L2-bajmwtÏ ginÏmeno kai

A := �D�+ I, (Af)(x/✏) = A✏(f(x/✏))

e–nai autosuzug†c telestËc wc proc to L2-bajmwtÏ ginÏmeno. EidikÏtera,

A✏ = �✏2D�+ I,

dhlad† e–nai mia mikr† diataraq† tou tautotiko‘ telest†, upÏ thn proüpÏjesh Ïti oi de‘terec
paràgwgoi e–nai fragmËnec.
'Estw

A✏(u) := �u+ ✏�2f(u), f(u) = �W 0(u). (3.4.4)

H ex–swsh Allen-Cahn, bl. [2], g–netai upÏ enallag† thc kl–makac diàqushc tou q∏rou kai
tou qrÏnou

@tu = A✏(u). (3.4.5)

H ex–swsh pou exetàzoume se aut† thn ergas–a, (3.4.1), Ëqei th dom†

@tu = A✏(A✏(u)).

'Etsi h ex–swsh (3.4.1) e–nai tupikà mia mikr† (apl† akÏma) diataraq† thc (3.4.5) kai ja
per–mene kane–c Ïti to Ïrio thc exËlixhc ja perigrafÏtan apÏ to –dio Ïrio Ïpwc h ex–swsh
Allen-Cahn, dhlad† apÏ thn k–nhsh apÏ thn mËsh kampulÏthta: u ! ±1 sqedÏn panto‘, kai
h diepaf† h opo–a oriojete– thn perioq† Ïpou to u e–nai arnhtikÏ kin†tai s‘mfwna me thn

V = ,

Ïpou V e–nai h taq‘thta thc diepaf†c sthn kanonik† kate‘junsh, kai  h mËsh kampulÏthta
thc diepaf†c.
WstÏso, h mikr† diataraq† apÏ ton Ïro uyhlÏterhc tàxhc g–netai sqetikà kontà me thn

diepaf†, Ïpou oi paràgwgoi thc u g–nontai megàlec. Wc ek to‘tou, br–skoume poiotikà thn –dia
sumperiforà, dhlad† k–nhsh apÏ thn mËsh kampulÏthta, allà me diaforetiko‘c suntelestËc.
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Sthn pragmatikÏthta lambànoume

V = µ�, (3.4.6)

Ïpou ed∏ to µ e–nai mia apotelesmatik† kinhtikÏthta kai to � e–nai h epifaneiak† tàsh. Gia
na or–soume to µ kai to �, qreiazÏmaste to stàsimo k‘ma gia thn monodiàstath ex–swsh
Allen-Cahn, dhlad† mia l‘sh q : R ! (�1, 1) twn parakàtw sqËsewn

@2zzu = �f(u), lim
z!±1

u(z) = ±1.

TÏte to µ d–netai apÏ

µ = 2

✓

Z

R
�@zq

◆�1

, (3.4.7)

Ïpou to � or–zetai wc
A� = @zq. (3.4.8)

H kinhtikÏthta e–nai entel∏c diaforetik† apÏ aut† thc ex–swshc Allen-Cahn, Ïpou h ant–-
stoiqh Ëkfrash e–nai –sh me [26],

2

✓

Z

R
@2zq

◆�1

.

ArgÏtera ja de–xoume Ïti h kinhtikÏthta µ e–nai megal‘terh apÏ aut†n thc ex–swshc Allen-
Cahn, dhlad† o upoke–menoc mhqanismÏc diàqushc epitaq‘nei thn exËlixh tou sumplËgmatoc.
H epifaneiak† tàsh � or–zetai wc, [26]

� =

Z

1

�1

p

(1/2)W (s)ds =
1

2

Z

R
|@zq|2

pou e–nai h –dia me aut†n thc ex–swshc Allen-Cahn.
Qrhsimopoi∏ntac Ëna grammikÏ epiqe–rhma h kinhtikÏthta or–zetai me ton parakàtw trÏpo:

Yàqnoume gia monodiàstatec l‘seic thc ex–swshc

@tu = ✏2
✓

�D�

✓

�u� f(u)

✏2

◆◆

+�u� f(u)

✏2
+ ✏�1h, (3.4.9)

dhlad† mia mikr† diataraq† prost–jetai sthn f. H l‘sh ja e–nai thc morf†c u(t, x) = q(c(h)t�
x) +O(✏), kai h sunàrthsh c(h) e–nai (toulàqiston sthn uyhlÏterh tàxh) thc morf†c

c(h) = µh,

h opo–a or–zei thn kinhtikÏthta.
Gia na bro‘me mia posotik† Ëkfrash thc kinhtikÏthtac se monodiàstatouc Ïrouc q, ja

qreiasto‘me thn grammikopo–hsh thc (3.4.1) g‘rw apÏ mia sunàrthsh u :

Luv := A(�v + f 0(u)v), L✏v := A✏(�v + ✏�2f 0(u)v), (3.4.10)
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Ïpou to A = �D�+ I e–nai Ïpwc prohgoumËnwc.
Gia peraitËrw qr†sh or–zoume gia Q(z) 2 L2(R) ton monodiàstato grammikÏ telest†

L
1

Q := �D@2z (@
2

zQ+ f 0(q(z))Q) + @2zQ+ f 0(q(z))Q. (3.4.11)

Shmei∏noume Ïti L
1

= AMq, Ïpou

M := @2z + f 0(q(z))

e–nai o grammikÏc telest†c Allen-Cahn.
T∏ra h (3.4.7) mpore– na g–nei katanoht† apÏ tic akÏloujec asumptwtikËc:

c@zq � h = L✏
1

Q,

kai o Ïroc epilusimÏthtac Fredholm d–nei

c

Z

R
�@zq =

Z

R
�,

kai kaj∏c
Z

R
� =

Z

R
@zq +

Z

R
��

| {z }

=0

= 1� (�1) = 2,

lambànoume

c = 2

✓

Z

R
�@zq

◆�1

h

µ� =

R1
�1 @2zq d⇠

R1
�1 @zq � d⇠

. (3.4.12)

Ac shmei∏soume Ïti dokimàzontac thn

�D@2zz�+ � = @zq

me thn l‘sh � lambànoume
Z

�2 
Z

|@z�|2 +
Z

�2  k�k
2

k@zqk2,

kai epomËnwc
k�k

2

 k@zqk2.
AutÏ sunepàgetai Ïti

Z

�@zq =

Z

|@z�|2 +
Z

�2  k�k
2

k@zqk2  k@zqk2
2

,
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sunep∏c

µ� =

R1
�1 @2zq d⇠

R1
�1 @zq � d⇠

� 1,

∏ste h diàqush epitaq‘nei thn mËsh kampulÏthta. Shmei∏noume Ïti gia D = 0, h ex–swsh
(3.4.8) sunepàgetai Ïti @zq = �, dhlad† µ� = 1 pou antistoiqe– sthn ex–swsh Allen-Cahn.
En∏ to Ïrio exËlixhc e–nai - maz– me touc suntelestËc - to –dio Ïpwc sthn ex–swsh Allen-

Cahn, h majhmatik† antimet∏pish e–nai anagkastikà arketà diaforetik†, epeid† h ex–swsh
Allen-Cahn Ëqei thn arq† thc sugkr–sewc, en∏ h (3.4.1) stere–te aut† thn shmantik† idiÏthta.
ApÏ thn àllh pleurà, to Ïrio exËlixhc Ëqei thn arq† thc sugkr–sewc. Wc ek to‘tou h ex–sws†
mac, (3.4.1), e–nai mia mh-monÏtonh prosËggish enÏc monÏtonou nÏmou exËlixhc. EpomËnwc, ta
isqurà ergale–a gia na peràsoume sto Ïrio kaj∏c to ✏ ! 0 pËra apÏ tic monadikÏthtec tou
or–ou exËlixhc, oi opo–ec bas–zontai sthn arq† thc sugkr–sewc (Ïpwc g–netai gia paràdeigma
sto [6]) den e–nai diajËsima sthn dik† mac per–ptwsh. Ant–jeta, de–qnoume thn s‘gklish mËqri
na emfaniste– h pr∏th monadikÏthta tou or–ou exËlixhc dhmiourg∏ntac mia tupik† austhr†
asumptwtik† Ëkfrash me th bo†jeia thc grammik†c stajerÏthtac, Ïpwc sto [1].
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Kefàlaio 4

H Ex–swsh Cahn-Hilliard/Allen-Cahn

4.1 To SuneqËc PrÏblhma

Meletàme thn parakàtw ex–swsh Cahn-Hilliard/Allen-Cahn pou diataràssetai apÏ jÏrubo:

ut = �⇢�(�u� f 0(u)) + (�u� f 0(u)) + �(u)Ẇ sto ⌦⇥ [0, T ),

u(x, 0) = u
0

(x) sto ⌦,

@u

@⌫
=
@�u

@⌫
= 0 sto @⌦⇥ [0, T ),

(4.1.1)

Ïpou ⇢ e–nai h stajerà diàqushc kai gia aplÏthta upojËtoume Ïti to ⇢ e–nai –so me 1. H
sunàrthsh f(u) = (1� u2)2 e–nai to diplÏ dunamikÏ (double-well potential) kai h paràgwgoc
thc f e–nai f 0(u) = �4u(1 � u2), �(·) e–nai mia fragmËnh sunàrthsh Lipschitz, W e–nai h
diadikas–a Wiener kai ⌫ e–nai to exwterikÏ kàjeto diànusma. Ed∏, to ⌦ e–nai Ëna fragmËno
qwr–o ston Rd me d = 1, 2, 3.

Parat†rhsh 4.1.1. Gia lÏgouc aplÏthtac, ja jewr†soume Ïti kai h sunàrthsh �(·) e–nai
–sh me 1.

PrÏtash 4.1.2. H asjen†c morf† thc ex–swshc (4.1.1) e–nai h parakàtw,

hu(t),�i � hu
0

,�i+
Z t

0

hr(��u+ f 0(u))(⌧),r�i d⌧

+

Z t

0

h(��u+ f 0(u))(⌧),�i d⌧ = hW (t),�i .
(4.1.2)
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ApÏdeixh. Pollaplasiàzontac thn ex–swsh (4.1.1) me � 2 Ḣ1 kai oloklhr∏nontac ston qrÏno
kai ston q∏ro Ëqoume

Z t

0

Z

⌦

ut(t)�dsd⌧ =

Z t

0

Z

⌦

��(�u� f 0(u))�dsd⌧

+

Z t

0

Z

⌦

(�u� f 0(u))�dsd⌧ +

Z t

0

Z

⌦

Ẇ (t)�dsd⌧.

Sth sunËqeia qrhsimopoio‘me ton orismÏ tou eswteriko‘ ginomËnou ston L2(⌦) kaj∏c kai tic
sunoriakËc sunj†kec,

hu(t),�i � hu
0

,�i+
Z t

0

h�(�u� f 0(u))(⌧),�i d⌧

�
Z t

0

h(�u� f 0(u))(⌧),�i d⌧ = hW (t),�i .

Gia na oloklhr∏soume thn apÏdeixh qrhsimopoio‘me thn Ëkfrash

hA(�u� f 0(u)),�i = hr(�u� f 0(u)),r�i .

Gràfoume thn ex–swsh (4.1.1) se mia mh austhr† afhrhmËnh morf† ston q∏ro H = L2(⌦)
wc ex†c

dX + [(A+ I)(AX + f 0(X))]dt = dW, t 2 (0, T ]

X(0) = X
0

,
(4.1.3)

Ïpou o telest†c A Ëqei oriste– prohgoumËnwc.

OrismÏc 4.1.3. H †pia l‘sh (mild solution) thc (4.1.3) e–nai mia diadikas–a X me timËc
ston H, sqedÏn s–goura suneq†c (a.s.c), h opo–a ikanopoie– thn akÏloujh ex–swsh:

X(t) = X
0

e�t(A2
+A)�

Z t

0

(A+ I)f 0(X(s))e�(t�s)(A2
+A)ds

+

Z t

0

e�(t�s)(A2
+A)dW (s),

(4.1.4)

sqedÏn s–goura gia t 2 [0, T ]. [9]

OrismÏc 4.1.4. H asjen†c l‘sh (weak solution) thc ex–swshc (4.1.3) e–nai mia diadikas–a
X me timËc ston H, h opo–a e–nai suneq†c sqedÏn s–goura (a.s) kai ikanopoie– thn ex–swsh

hX(t),�i � hX
0

,�i+
Z t

0

⇥⌦

X(⌧), A2�
↵

+ hf 0(X(⌧)), A�i⇤ d⌧

+

Z t

0

[hX(⌧), A�i+ hf 0(X(⌧)),�i] d⌧ = hW (t),�i ,
(4.1.5)

sqedÏn s–goura gia Ïla ta � 2 H4, t 2 [0, T ). EpiplËon, isq‘ei Ïti @�
@⌫

= @��
@⌫

= 0 sto @⌦. [9]
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Epeid† A = �� h ex–swsh (4.1.5) gràfetai wc

hX(t),�i � hX
0

,�i+
Z t

0

hrX(⌧),r (��)i d⌧ �
Z t

0

hrf 0(X(⌧)),r�i d⌧

�
Z t

0

hrX(⌧),r�i d⌧ +
Z t

0

hf 0(X(⌧)),�i d⌧ = hW (t),�i .

Sth sunËqeia qrhsimopoio‘me ton orismÏ tou eswteriko‘ ginomËnou allà kai ton orismÏ
hru,rwi := R

⌦

ru ·rwdx, gia na làboume

Z

⌦

X(t)�dx�
Z

⌦

X
0

�dx =�
Z t

0

Z

⌦

rX(⌧) ·r (��) dxd⌧ +

Z t

0

Z

⌦

rf 0(X(⌧)) ·r�dxd⌧

+

Z t

0

Z

⌦

rX(⌧) ·r�dxd⌧ �
Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧

+

Z

⌦

�dW (s).

EfarmÏzontac thn pr∏th tautÏthta tou Green (2.3.6) sthn parapànw ex–swsh pa–rnoume

Z

⌦

X(t)�dx�
Z

⌦

X
0

�dx =�
Z t

0

Z

@⌦

X(⌧)
@��

@⌫
dsd⌧ +

Z t

0

Z

⌦

X(⌧)�2�dxd⌧

+

Z t

0

Z

@⌦

f 0(X(⌧))
@�

@⌫
dsd⌧ �

Z t

0

Z

⌦

f 0(X(⌧))��dxd⌧

+

Z t

0

Z

@⌦

X(⌧)
@�

@⌫
dsd⌧ �

Z t

0

Z

⌦

X(⌧)��dxd⌧

�
Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧ +

Z

⌦

�dW (s).

TËloc, qrhsimopoio‘me tic sunoriakËc sunj†kec @�
@⌫

= @��
@⌫

= 0 kai h ex–swsh aplopoie–tai wc
ex†c:

Z

⌦

(X(t)�X
0

)�dx =

Z t

0

Z

⌦

X(⌧)�2�dxd⌧ �
Z t

0

Z

⌦

f 0(X(⌧))��dxd⌧

�
Z t

0

Z

⌦

X(⌧)��dxd⌧ �
Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧

+

Z

⌦

�dW (s).
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4.2 To PrÏblhma PeperasmËnwn Stoiqe–wn

Anàloga me thn parapànw ex–swsh (4.1.2), mporo‘me na or–soume thn l‘sh peperasmËnwn
stoiqe–wn uh(t) 2 Sh thc (4.1.1) wc

huh(t),�hi � hu
0

,�hi+
Z t

0

hr(��uh + Phf
0(uh))(⌧),r�hi d⌧

+

Z t

0

h(��uh + Phf
0(uh))(⌧),�hi d⌧ = hW (t),�hi .

'Opwc prohgoumËnwc, h mh austhr† afhrhmËnh morf† thc ex–swshc aut†c ston q∏ro twn
suneq∏n sunart†sewn Sh d–netai apÏ

dXh + [(Ah + I)(AhXh + Phf
0(Xh))]dt = PhdW, t 2 (0, T ]

Xh(0) = PhX0

.
(4.2.1)

Epeid† o Sh e–nai Ënac q∏roc peperasmËnhc diàstashc kai f e–nai Ëna polu∏numo, h ex–swsh
(4.2.1) Ëqei monadik† l‘sh Xh, [9], sqedÏn panto‘ suneq†, pou ikanopoie– thn ex–swsh

Xh(t) = e�t(A2
h

+A
h

)PhX0

�
Z t

0

e�(t�s)(A2
h

+A
h

)(Ah + I)Phf
0(Xh)ds

+

Z t

0

e�(t�s)(A2
h

+A
h

)PhdW (s),

sqedÏn panto‘ gia t 2 (0, T ].
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Kefàlaio 5

OmalÏthta thc L‘shc

Arqikà, gia ta parakàtw jum–zoume ton OrismÏ (4.1.4) gia thn asjen† (weak) l‘sh kai ton
ant–stoiqo OrismÏ (4.1.3) gia thn †pia (mild) l‘sh.

Je∏rhma 5.0.1. An T > 0 kai Tr(A��1Q) < 1 gia � > 0 kai upojËsoume Ïti to X
0

e–nai
F

0

-metr†simo me timËc ston H, tÏte upàrqei monadik† asjen†c l‘sh X thc (4.1.3). [9]

PÏrisma 5.0.2. UpojËtoume Ïti kA �

2Q
1
2kHS < 1 mÏno gia thn per–ptwsh Ïpou to � e–nai –so

me 1 kai to X
0

e–nai F
0

-metr†simo me timËc ston H1 pou ikanopoie– thn sqËsh kX
0

k2L2
(⌦,H1

)

+

kX
0

k4L4
(⌦,L4

)

 ⇢ gia kàpoio ⇢ � 0. TÏte h asjen†c l‘sh X thc (4.1.3) e–nai ep–shc h †pia
l‘sh.

ApÏdeixh. H sunj†kh kA 1
2Q

1
2kHS < 1 sunepàgetai Ïti Tr(A��1Q) < 1 me � = 1 epeid†

kQ 1
2k2HS < 1. EpomËnwc, apÏ to prohgo‘meno je∏rhma upàrqei monadik† asjen†c l‘sh X

thc ex–swshc (4.1.3). 'Estw ✏ > 0, or–zoume ⌦✏ ⇢ ⌦ me P (⌦✏) � 1� ✏. Pr∏ta de–qnoume Ïti
h l‘sh X ikanopoie– thn (4.1.4) sto ⌦✏. Upàrqei mia monadik† asjen†c l‘sh thc (4.1.3), Ëtsi
to mÏno pou Ëqoume na de–xoume e–nai Ïti h dexià pleurà thc (4.1.4) ikanopoie– thn (4.1.5) sto
⌦✏. H monadik† asjen†c l‘sh tou probl†matoc arqik∏n tim∏n

dZ + (A2 + A)Zdt = dW,

Z(0) = 0
(5.0.1)

e–nai h Z(t) =
R t

0

e�(t�s)(A2
+A)dW (s), pou e–nai –sh me WA(t), [9]. Sth sunËqeia, gràfoume

Y (t) = X(t)�WA(t) kai Ëqoume

Y (t) = X
0

e�t(A2
+A) �

Z t

0

(A+ I)f 0(X(s))e�(t�s)(A2
+A)ds. (5.0.2)

Arke– na de–xoume Ïti h ex–swsh (5.0.2) ikanopoie– thn
Z

⌦

(Y (t)�X
0

)�dx�
Z t

0

Z

⌦

Y (⌧)�2�dxd⌧ +

Z t

0

Z

⌦

f 0(X(⌧))��dxd⌧

+

Z t

0

Z

⌦

Y (⌧)��dxd⌧ +

Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧ = 0,

(5.0.3)
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sto ⌦✏, � 2 H4. Pr∏ta apÏ Ïla, h ex–swsh (5.0.2) e–nai h l‘sh tou parakàtw probl†matoc
arqik∏n tim∏n

Ẏ (t) + (A2 + A)Y (t) + (A+ I)f 0(X(t)) = 0,

Y (0) = X
0

,

to opo–o sunepàgetai Ïti

d

dt
hY (t),�i+ ⌦(A2 + A)Y (t),�

↵

+ h(A+ I)f 0(X(t)),�i = 0.

Oloklhr∏noume thn parapànw ex–swsh kai qrhsimopoio‘me thn arqik† sunj†kh Y (0) = X
0

,
Ëtsi Ëqoume

hY (t),�i � hX
0

,�i+
Z t

0

⇥⌦

A2Y (s),�
↵

+ hAY (s),�i⇤ ds

+

Z t

0

[hAf 0(X(s)),�i+ hf 0(X(s)),�i] ds = 0,

me � 2 H4 kai @�
@⌫

= @��
@⌫

= 0 sto @⌦✏. 'Opwc prohgoumËnwc, mporo‘me na gràyoume thn
parapànw ex–swsh sth morf†

hY (t),�i � hX
0

,�i+
Z t

0

hrY (⌧),r (��)i d⌧ �
Z t

0

hrf 0(X(⌧)),r�i d⌧

�
Z t

0

hrY (⌧),r�i d⌧ +
Z t

0

hf 0(X(⌧)),�i d⌧ = 0.

Suneq–zontac, qrhsimopoio‘me ton orismÏ tou eswteriko‘ ginomËnou kai ftànoume sthn akÏ-
loujh ex–swsh
Z

⌦

Y (t)�dx�
Z

⌦

X
0

�dx =�
Z t

0

Z

⌦

rY (⌧) ·r (��) dxd⌧ +

Z t

0

Z

⌦

rf 0(X(⌧)) ·r�dxd⌧

+

Z t

0

Z

⌦

rY (⌧) ·r�dxd⌧ �
Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧.

EfarmÏzontac thn pr∏th tautÏthta tou Green (2.3.6) sthn parapànw ex–swsh pa–rnoume
Z

⌦

Y (t)�dx�
Z

⌦

X
0

�dx =�
Z t

0

Z

@⌦

Y (⌧)
@��

@⌫
dsd⌧ +

Z t

0

Z

⌦

Y (⌧)�2�dxd⌧

+

Z t

0

Z

@⌦

f 0(X(⌧))
@�

@⌫
dsd⌧ �

Z t

0

Z

⌦

f 0(X(⌧))��dxd⌧

+

Z t

0

Z

@⌦

Y (⌧)
@�

@⌫
dsd⌧ �

Z t

0

Z

⌦

Y (⌧)��dxd⌧

�
Z t

0

Z

⌦

f 0(X(⌧))�dxd⌧.
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H ex–swsh aut† maz– me tic sunoriakËc sunj†kec @�
@⌫

= @��
@⌫

= 0, d–noun thn (5.0.3). Qrhsimo-
poi∏ntac thn anisÏthta Sobolev kai thn kX(t)k

1

 C, [22], pa–rnoume

kf 0(X(s))k = k4(X(s))3 � 4X(s)k  Ck(X(s))3k+ CkX(s)k
= CkX(s)k3L6 + CkX(s)k  C(kX(s)k3H1

+ kX(s)k)
 C(kX(s)k3

1

+ kX(s)k)  C

gia t 2 (0, T ], ! 2 ⌦✏. Shmei∏noume Ïti h stajerà C exartàtai apÏ ✏, ⇢, Q, T . AutÏ de–qnei
ep–shc Ïti to nteterministikÏ olokl†rwma thc (4.1.4) an†kei ston L1([0, T ], H) sto ⌦✏ apÏ
thn analutikÏthta thc hmiomàdac:

Z T

0

Z

⌦

✏

Z t

0

k(A+ I)e�(t�s)(A2
+A)f 0(X(s))kdsdxd⌧ =

=

Z T

0

Z t

0

Z

⌦

✏

k(A+ I)e�(t�s)(A2
+A)f 0(X(s))kdsd⌧dx

 C

Z T

0

Z t

0

Z

⌦

✏

kf 0(X(s))kdsd⌧dx  C.

Sto epÏmeno je∏rhma meletàme thn omalÏthta tou Y . Qrhsimopoio‘me thn isqurÏterh
upÏjesh kA �

2Q
1
2kHS < 1 gia � = 2, 3 kai to gegonÏc Ïti WA(t) e–nai ston H3 sqedÏn

s–goura (bl. Je∏rhma (2.4.2)) kai de–qnoume Ïti h l‘sh X(t) e–nai ston H3 sqedÏn s–goura.

Je∏rhma 5.0.3. UpojËtoume Ïti kA �

2Q
1
2kHS < 1 gia � = 2, 3 kai Ïti to X

0

e–nai F
0

-
metr†simo me timËc ston H3 ikanopoi∏ntac thn kX

0

k2L2
(⌦,H1

)

+ kX
0

k4L4
(⌦,L4

)

 ⇢ gia kàpoio
⇢ � 0. 'Estw T > 0 kai ✏ 2 (0, 1) kai to ⌦✏ or–zetai Ïpwc prohgoumËnwc. 'Estw Ïti KT e–nai
mia stajerà pou exartàtai apÏ ta ⇢, Q, T tËtoia ∏ste na isq‘ei kX

0

k
3

 c sto ⌦✏. 'Estw
Ïti to X e–nai h l‘sh pou anafËroume sto Je∏rhma (5.0.1) kai isq‘ei h Y = X �WA. TÏte
X, Y 2 C([0, T ], H) \ L1([0, T ], H3) sqedÏn s–goura kai gia kàje ! 2 ⌦✏,

kY (t)k
3

 C sto ⌦✏, t 2 (0, T ], (5.0.4)

kX(t)k
3

 C sto ⌦✏, t 2 (0, T ]. (5.0.5)

ApÏdeixh. H sunËqeia thc l‘shc X perilambànetai †dh sto Je∏rhma (5.0.1) kai h sunËqeia
thc Y prok‘ptei apÏ thn sunËqeia twn X kai WA. Gia na de–xoume Ïti X, Y 2 L1([0, T ], H3)
sqedÏn s–goura arke– na de–xoume thn (5.0.4) kai thn (5.0.5) gia tuqa–o ✏ > 0 kai P (⌦✏) � 1�✏.
'Estw t 2 (0, T ] kai ! 2 ⌦✏. ApÏ thn anaforà [22] Ëqoume

kX(t)k2
1

 ✏�1KT , kWA(t)k3  ✏�1KT . (5.0.6)
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Pa–rnoume hminÏrmec sthn

Y (t) = e�t(A2
+A)X

0

�
Z t

0

(A+ I)e�(t�s)(A2
+A)f 0(X(s))ds

Ëtsi Ëqoume

|Y (t)|
3

=

�

�

�

�

e�t(A2
+A)X

0

�
Z t

0

(A+ I)e�(t�s)(A2
+A)f 0(X(s))ds

�

�

�

�

3

 |e�t(A2
+A)X

0

|
3

+

�

�

�

�

Z t

0

(A+ I)e�(t�s)(A2
+A)f 0(X(s))ds

�

�

�

�

3

 |e�t(A2
+A)X

0

|
3

+

Z t

0

|(A+ I)e�(t�s)(A2
+A)f 0(X(s))|

3

ds.

Qrhsimopoio‘me thn isÏthta kA s

2vk = |v|s gia s = 3 kai lambànoume thn anisÏthta:

|Y (t)|
3

 ke�t(A2
+A)A

3
2X

0

k+
Z t

0

kA 3
2 e�(t�s)(A2

+A)(A+ I)f 0(X(s))kds.

T∏ra qrhsimopoio‘me thn (2.2.5) kai h parapànw anisÏthta pa–rnei thn morf†

|Y (t)|
3

 ckA 3
2X

0

k+
Z t

0

c(t� s)�
3
4k(A+ I)f 0(X(s))kds.

Gia ton pr∏to Ïro tou dexio‘ mËlouc qrhsimopoio‘me pàli thn isÏthta kA s

2vk = |v|s gia s = 3
kai pa–rnoume

|Y (t)|
3

 c|X
0

|
3

+ c

Z t

0

(t� s)�
3
4k(A+ I)f 0(X(s))kds.

En∏ gia ton Ïro k(A+ I)f 0(X(s))k lambànoume

k(A+ I)f 0(X(s))k = kAf 0(X(s)) + f 0(X(s))k
= k�f 0(X(s)) + f 0(X(s))k
 k�f 0(X(s))k+ kf 0(X(s))k.

(5.0.7)

ApÏ to fràgma tou mh-grammiko‘ Ïrou kai sugkekrimËna apÏ thn anisÏthta (2.7.1) Ëqoume
k�f 0(X(s))k  c(1 + kX(s)k2

1

)kX(s)k
3

kai gia thn nÏrma kf 0(X(s))k Ëqoume

kf 0(X(s))k = k4(X(s))3 � 4X(s)k  ck(X(s))3k+ ckX(s)k
 ckX(s)k3L6 + ckX(s)kL6 = ckX(s)kL6(kX(s)k2L6 + 1)

 ckX(s)kH1(1 + kX(s)k2H1
)  ckX(s)k

1

(1 + kX(s)k2
1

),
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Ïpou qrhsimopoi†same tic anisÏthtec kukL6  ckukH1 kai kukH1  ckuk
1

. EpomËnwc, gia thn
(5.0.7) pa–rnoume k(A + I)f 0(X(s))k  k�f 0(X(s))k diÏti isq‘ei kX(s)k

1

 kX(s)k
3

. 'Ara,
antikajist∏ntac Ïla ta parapànw sthn |Y (t)|

3

:

|Y (t)|
3

 c|X
0

|
3

+ c

Z t

0

(t� s)�
3
4 (1 + kX(s)k2

1

)kX(s)k
3

ds

kai epeid† X(s) = Y (s) +WA(s) lambànoume

|Y (t)|
3

 c|X
0

|
3

+ c

Z t

0

(t� s)�
3
4 (1 + kX(s)k2

1

)kY (s) +WA(s)k3ds

 c|X
0

|
3

+ c

Z t

0

(t� s)�
3
4 (1 + kX(s)k2

1

)(kY (s)k
3

+ kWA(s)k3)ds.

Epeid† (I � P )Y (t) = (I � P )X
0

e–nai stajerÏ, pa–rnoume to –dio akrib∏c fràgma gia th
nÏrma kY (t)k

3

kY (t)k
3

 ckX
0

k
3

+ c

Z t

0

(t� s)�
3
4 (1 + kX(s)k2

1

)(kY (s)k
3

+ kWA(s)k3)ds.

Qrhsimopoi∏ntac, ep–shc, thn (5.0.4) Ëqoume

kY (t)k
3

 ckX
0

k
3

+ c

Z t

0

(t� s)�
3
4 (1 + ✏�1KT )(kY (s)k

3

+ ✏�1KT )ds

= ckX
0

k
3

+ c

Z t

0

[(t� s)�
3
4 (1 + ✏�1KT )kY (s)k

3

+ (t� s)�
3
4 (1 + ✏�1KT )✏

�1KT ]ds

= ckX
0

k
3

+ c

Z t

0

(t� s)�
3
4 (1 + ✏�1KT )kY (s)k

3

ds+ c

Z t

0

(t� s)�
3
4 (1 + ✏�1KT )✏

�1KTds

= ckX
0

k
3

+ c(1 + ✏�1KT )

Z t

0

(t� s)�
3
4kY (s)k

3

ds+ c(1 + ✏�1KT )✏
�1KT

Z t

0

(t� s)�
3
4ds

 ckX
0

k
3

+ c(1 + ✏�1KT )

Z t

0

(t� s)�
3
4kY (s)k

3

ds+ c✏�1KT (1 + ✏�1KT )T
1
4 .

TËloc, efarmÏzontac to L†mma Gronwall (2.5.1) me ta a kai � na pa–rnoun tic timËc a = 1 kai
� = 1

4

, en∏ gia ta A kai B jËtoume

A = ckX
0

k
3

+ c✏�1KT (1 + ✏�1KT ), B = c(1 + ✏�1KT ),

pa–rnoume

kY (t)k
3

 A+B

Z t

0

(t� s)�
3
4kY (s)k

3

ds, t 2 (0, T ].
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TÏte, upàrqei mia stajerà C = C(B, T, a, �) tËtoia ∏ste

kY (t)k
3

 CA = C(c, T ), t 2 (0, T ].

To fràgma gia th nÏrma kX(t)k
3

e–nai kX(t)k
3

 C(c, T ) giat– isq‘ei h sqËsh kX(t)k
3

=
kY (t) +WA(t)k3, h opo–a sunepàgetai Ïti

kX(t)k
3

 kY (t)k
3

+ kWA(t)k3
 C(c, T ) + ✏�1KT

 C.

Na shmei∏soume Ïti h apÏdeixh tou Jewr†matoc (5.0.3) de–qnei Ïti kàtw apÏ tic upojËseic
pou anafËrontai se autÏ to je∏rhma, f 0(X(t)) 2 D(A) sqedÏn s–goura kai kAf 0(X(t))k < 1
sqedÏn s–goura gia t 2 [0, T ]. EpomËnwc, h l‘sh X ikanopoie– mia pio austhr† †pia l‘sh thc
(4.1.4):

X(t) = X
0

e�t(A2
+A)�

Z t

0

(A+ I)f 0(X(s))e�(t�s)(A2
+A)ds

+

Z t

0

e�(t�s)(A2
+A)dW (s).
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Kefàlaio 6

Sumperàsmata

To prÏblhma thc allag†c fàshc apÏ thn pleurà thc Fusik†c ermhne‘etai me touc mikrosko-
piko‘c mhqanismo‘c spin flip kai spin exchange pou aforo‘n, ant–stoiqa, sthn prosrÏfhsh/
ekrÏfhsh tou swmatid–ou apÏ thn epifàneia sth fàsh tou aer–ou kai ant–strofa kai apÏ th
diàqush enÏc swmatid–ou pànw sthn epifàneia. Sta Majhmatikà oi exis∏seic pou epil‘oun
autÏ to prÏblhma e–nai h Cahn-Hilliard kai h Allen-Cahn. H pr∏th perigràfei thn epifaneiak†
diàqush kai h de‘terh thn prosrÏfhsh/ ekrÏfhsh sthn epifàneia.
To prÏblhma thc sunduasmËnhc ex–swshc pou apotele–tai apÏ thn Cahn-Hilliard, thn

Allen-Cahn kai thn diadikas–aWiener diatup∏jhke se mia mh austhr† afhrhmËnh morf† ston
L2(⌦) wc ex†c:

dX + [(A+ I)(AX + f 0(X))]dt = dW, t 2 (0, T ]

X(0) = X
0

.
(6.0.1)

H morf† aut† thc ex–swshc apode–qthke pio qr†simh sugkritikà me thn (4.1.1). H †pia l‘sh
thc (6.0.1) d–netai apÏ ton t‘po

X(t) = X
0

e�t(A2
+A)�

Z t

0

(A+ I)f 0(X(s))e�(t�s)(A2
+A)ds

+

Z t

0

e�(t�s)(A2
+A)dW (s).

(6.0.2)

JËtontac Y (t) = X(t)�WA(t), Ïpou X(t) e–nai h (6.0.2) kai WA(t) =
R t

0

e�(t�s)(A2
+A)dW (s)

apode–qthke Ïti h asjen†c l‘sh thc X ikanopoie– ep–shc thn †pia l‘sh (6.0.2). EpiplËon,
qrhsimopoi∏ntac to fràgma gia touc mh-grammiko‘c Ïrouc (h sqetik† apÏdeixh upàrqei sthn
enÏthta 2.7) allà kai thn monadikÏthta thc asjeno‘c l‘shc tou X(t) apode–xame thn omalÏ-
thta tou Y (t).
Mia peraitËrw melËth se sqËsh me ta †dh upàrqonta apotelËsmata ja apotelo‘se h ekt–-

mhsh tou sfàlmatoc thc mh-grammik†c ex–swshc Cahn-Hilliard/ Allen-Cahn kànontac qr†sh
thc mejÏdou peperasmËnwn stoiqe–wn.
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