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Abstract

The study of quantum channels constitutes a main area of Quantum Infor-
mation Science. Quantum channel maps represent any dynamic changes and/or
erroneous modifications affecting quantum signals in the course of their process-
ing within the context of various computational or communicational algorithms.
In the colloquial language of quantum information it is said that "a quantum
channel acts on the quantum signal", or stated in precise mathematical terms,
we have that "a positive and completely positive trace preserving map acts on
the Hermitian, positive and trace one state operator". The representation the-
ory of such channel maps provides the so called "operator sum representation"
for them, in terms of the so called Kraus generators. This Thesis puts forward a
construction technique for some new families of particular channels of the type
of random and optimally unitary channels. This is done by working in the space
of particular classes of circulant matrices acting on finite dimensional Hilbert
spaces. The resulting channels are featuring unital maps which act on state
matrices of signals via some convex combinations of the adjoint action of their
unitary Kraus generators. The effect of these channels on quantum signals is
further investigated by their induced action on the spectrum of their associated
density matrices. This task is carried out for finite dimensional signals by de-
termining the bi-stochastic matrices associated with the constructed channels.
Basic convex geometric properties of bi-stochastic matrices (Birkhoff’s theo-
rem) provide means for studying the effects on the probabilistic eigenvalues of
quantum signals, hence to account for e.g. entropic transformations exercised
by the new maps upon quantum signals.
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1 Mathematical Tools
1.1 Qubits

As modern-day computers use bits as their basic unit of information processing,
which can assume one of two states that we label 0 and 1, we can define qubits
or quantum bits as the information processing units for quantum computation.
Like a bit, a quantum bit can also be found in one of two states which can be
denoted as |0) and |1) . In quantum theory an object enclosed using the notation
|-) can be called a state, a vector or a ket using P.A.M. Dirac’s brak-ket notation.
This, represents a column vector. The respective row vector is denoted by (:|
and is called bra.

While in an ordinary computer a bit can be found in the states 0 or 1, a
qubit can exist in the state |0) or in the state |1), but it can also exist in a so
called superposition state. This is a linear combination of the states |0) and |1).
If we label a superposition state as |1)), then it is written as[17]

[¥) = al0) +511), (1)

where a, B are complex numbers of the form z = x + 4y and i = v/—1.

While a qubit can be found in a superposition of the states |0) and |1),
whenever we make a measurement, we are not going to find it like that. In
fact we are going to find it in only one of the two states. The laws of quantum
mechanics tell us that the modulus squared of a, 8 in (1) gives us the probability
of finding the qubit in state |0) or |1), respectively. That is,

|a|? : is the probability of finding |¢) in state |0),
|6|2 : is the probability of finding |¢)) in state |1).

Due to the fact that the probabilities must sum to one the multiplicative coef-
ficients in (1) have some constraints in what they can be. Since the squares of
these coeflicients are related to the probability of obtaining a given measurement
result, ¢ and (3 are constrained by the requirement that

jaf* + 18" = 1. (2)

When this condition is satisfied for the squares of the coefficients of a qubit,
we say that the qubit is normalized.

1.2 Hilbert Space H

Definition 1 An inner-product space H is a complex vector space, provided
with an inner product (- |-) : H x H — C satisfying the following axioms for any
vectors ¢, 0, d1, ¢ € H, and any c1,co € C [21],[22].

(@) =(le)", 3)
(¢ |¢) 20 and (¢ |¢) = 0 if and only if ¢ =0, (4)
(¢ |1y + caga) = 1 (¢ |¢1) + c2 (¢ [¢2) - ()



The inner-product introduces on H the norm

1l = V(@ |4), (6)
and the Euclidean distance
d(¢. ) = |lo — ]| (7)

Definition 2 A Hilbert space H is an abstract vector space processing the struc-
ture of an inner product that allows length and angle to be measured.

Some properties of the norm

ll¢|]| > 0 for all ¢ € H and ||¢|| = 0 if and only if ¢ = 0, (8)
[+l < [l + ¢ (triangle inequality), 9)

lag|| = lal ¢l for a € R, (10)

(@ 9] < lIoll [l (Schwarz inequality). (11)

1.3 Tensor Products

In quantum mechanics sometimes we need to work in larger groups than the
Hilbert space. In these situations we construct a large group made of 2 or more
Hilbert spaces with the use of a tool called Kronecker or tensor product. This
tool is denoted by the symbol ®. For example, if we need to construct the
Hilbert space H from two other Hilbert spaces H; and Ho with dimensions Ny
and Ns, respectively, then the new Hilbert space will be

H="H1 ® Ha,, (12)

and its dimention will be the product of the dimentions of the other two Hilbert
spaces
dim H = dim H dim Hy = N1 Ns. (13)

A state vector of the Hilbert space H is the tensor product of the state vectors of
the other two Hilbert spaces H; and Ha. Let’s take the state vectors |¢) € Hy,
|x) € H2 and |¢p) € H then

[¥) =1¢) @ |x) - (14)

We know also that the tensor product of two vectors is linear[22]
19) @ [Ix1) +Ix2)] = 19) @ |x1) +10) @Ix2) (15)
o) + o)l @) = o) @) +162) @ X)), (16)

as well as that the tensor product is linear with respect to scalars
9) @ (a[x) = a|9) @ [x), (17)



and vice versa. In order to construct a basis for Hilbert space H we will use the
tensor product of the basis vectors of Hilbert spaces H1 and Hs. If we denote
the basis vectors of the Hilbert space H; by |u;) and Hs by |v;) then we can
construct the basis vectors |w;) of H using

wi) = |ui) @ [vi) - (18)

Furthermore it is important to mention that the order of tensor product is not
relevant

[9) @ [x) =[x) @) (19)

To compute the inner product of two vectors of the Hilbert space H we take
the inner products of the vectors belonging to H; and Hs and multiply them
together

V1) = [o1) ®@x1)s (20)
[Va) = [¢2) ®@|[x2)- (21)

Thus,
(1] ¥g) = (D1l @ (x1]) (192) ® [x2)) = (D1] P2) (X1l X2) - (22)

Now, in order to go from C? — C* and compute the tensor product of column
vectors, if we consider having

9= (3) ana 0= () (23)

then the tensor product is

a C ac
sabo=(5)e () - el (21)
d bd

There is something else we need to know about tensor products. The way they
interact with tensor products. In this case, if we have the previous vectors
|¢) € Hi, |x) € He and |¢) € H and the operators A and B that act on |¢) and
|x) , respectively, then we have

(A@B)[p) = (A® B)(l9) @ [x) = (Al#) @ (Bx)) - (25)

To conclude, we will mention how to compute tensor products of matrices. If
we have the 2 x 2 matrices A and B and we want to produce a new matrix that
acts on a four-dimentional Hilbert space then we take their tensor product

b b
4 - (an a12> B_ ( 11 12) 2%
<a21 az )’ bar baa)’ (26)



and their tensor product is,

annbin @bz ai2bin  ai2bi2

_fanB ai2B\ _ | a11bar a11baa  ai2bar  ai2ban
A®B= . @)

a1 B ax2B ao1b11  a21biz  agebii  azabia

ao1bar  a21baz  agabar  azaban

The reason why we mentioned the tensor product is because we are going to
use it to compute the collective channel version of the most common quantum
channels.

1.4 Trace

Definition 3 Let 'H be an n—dimentional Hilbert space and B be an orthogonal
basis on H. The trace operator of a linear mapping M : H — H is defined by

Tr(M) =7 (| M|). (28)
PeB

Moreover, if A is the matrix representation of M in the basis B, then
Tr(M)=Tr(A) = Zam (29)
i=1

where a;; are the diagonal elements of A.

Furthermore, trace of an n X n matrix A € M,, can be obtained as well, by
the sum of the eigenvalues A\; € C of A,

Tr(A) =M+ + A\
Trace has some basic properties such as, the trace is linear mapping

Tr(A+ B) = Tr (A) + Tr(B), (30)

Tr(cA) =cTr(A). (31)

for all square matrices A and B, and all scallars ¢. A matrix and its transpose
have the same trace,

Tr (A) = Tr (AT). (32)

However, there are properties about product of matrices of which we will men-
tion only the ones in need of this paper. Matrices A,,x,» and B, x;, in a trace
of a product can be switched,

Tr(AB) = Tr (BA). (33)

Another property is that the trace is invariant under cyclic permutations, known
as the cyclic property. For example for matrices A, B, C and D we have that

Tr (ABCD) = Tr (BCDA) = Tr (CDAB) = Tr (DABC). (34)



It is important to note that not all permutations are allowed. For instance
Tr (ABC) # Tr (ACB). A property for the trace of a tensor product is

Tr(A® B)=Tr(A)Tr (B). (35)
Furthermore,

Tr([4) (9]) = (& |¢) - (36)

1.5 Matrices and Operators
1.5.1 Hermitian Operator

Of paramount importance are adjoint and self-adjoint operators. An adjoint
operator T* to a bounded operator T is an operator that for every v, ¢ € H,

(¢ [Tg) =(T*¢ [9). (37)

An operator T is called self-adjoint if T = T*. We can also denote (¢ |T'¢) as
(Y| T |@), as a concequence (37) can be written

(¥ [To) = (WIT|¢) = (T"¢ |¢) . (38)

Hermitian matrices belong to self-adjoint matrices, i.e, if A Hermitian matrix,
then A = A*.

Theorem 4 Hermitian matrices have the following properties.

1. A\; € R, where \; the eigenvalues of a Hermitian matrix.

2. All eigenvectors of a Hermitian matrix corresponding to distinct eigenval-
ues are orthogonal.

Proof. (Property 1). If A¢p = A¢, then

AN (¢ |9) = (Ad |¢) = (A |¢) = (¢ |[Ag) = A(¢ |9) . (39)

Asaresult, \" =). =
Proof. (Property 2). Let A # ), Ap = \pp, A’ = \'¢'. Since, A\, \' € R,
it holds

N (¢ |¢) = (A" |6) = (&' [Ad) = A (¢' |9) . (40)

and therefore (¢’ |¢) =0. m

A self-adjoint operator A of a finite dimentional Hilbert space H has the
spectral representation. If A1,..., A, are its distinct eigenvalues, then A can be
expressed

A=Y "\P, (41)



where P; is the projection operator in the subspace of H spanned by the eigen-
vectors corresponding to A;.

When all eigenvalues are distinct and |¢;) is the eigenstate/eigenvector cor-
responding to the eigenvalue \;, then

A= S0 l6) @l (12)
i=1
Since P;P; = 0 for two different projections, it holds for any polynomial p
(4) = ip()‘i) P (43)
i=1
This can be generalized to define for any function f: R — C by
f(4) = Zf()‘i)Pi- (44)

Example 5 The eigenvalues of the X Pauli matrix are 1 and —1 and the cor-
responding eigenvectors |0') = - 7 ([0)+11)) and |1') = % (10) — |1)). Since

11 1 _1
|0") (0| = (% %) and |1") (U'| = < 1 12>, the matriz

| o

ﬁ:ﬁ(

)+

G e

Jr(C

[N NI
SN

N

and

._\
N[ =
l\’)\»—l

D=0 =
D=0 =

_1

2, (46)
1

that is, VX = VI (%
2

[N NI

/_\
[ NI

l\')\»—l

N[
lo\»—l

) which gives,

VX

I
Y

i
w‘\w‘Jr

o |
[\v]

1—i
12+Z> . (47)
1.5.2 Unitary Operator

Each self-adjoint operator A has spectral decomposition A = Z Ai|o;) (¢;] and
i=1

= ZBW ERXCHE (48)

therefore,

hence,
n

() =™ o) (o] = () (49)

j=1



which implies that the matrix 4 is unitary.
We show now that every unitary matrix U = e for a self-adjoint operator
H. Actually, if U is written in the form U = A + ¢B, then A and B are both

self-adjoint and have spectral decompositions

A= Z Ai i) (b4 s (50)
B = Zﬂi |9:) (&4 - (51)
i=1

All eigenvalues of a unitary matrix have an absolute value 1 and self-adjoint
matrices have eigenvalues real. Therefore, for each j a 0; € [0,27] has to exist
such that A\; +ip,; = e"i. Hence, for

H=30,10) (0 &

we have U = ¢,

has eigenvalues 1 and —1

. 14++2

and the corresponding eigenvectors are ¢ = —F—— ( 1 > and ¢_, =

1
_ 1
Example 6 Hadamard transform H = 7 (1 1

VAa+2v2
L (1 _1\/§> . The spectral decomposition of H is

4-2v2
H = 1‘¢1><¢1| _1‘¢—1><¢_1 ) (53)
and as a consequence, H = €', where
A:O|¢1><¢1|+7T|¢—1><¢—1|- (54)

1.6 Matrix Vector Spaces

This chapter presents some prerequisities of vector space formed by matrices
(see [7]).

1.6.1 The Inner Product Space C"

For n € N let C™ denote the vector space over the complex field C of complex

column vectors with n entries z = (§ j)::l‘ On this vector space consider the

inner product

j=1

10



Take into consideration that in this notation, the inner product (,-) is linear in
the first variable x and conjugate linear in the second variable y. We denote by
|I]| the associated unitary norm, which is,

1/2

lell = | Y16l =€), (56)
j=1

(m) "

: the canonical basis of C* where, el(»") is the n—tuple with 1

and by {e
i=1
on the i—th polsition and 0 elsewhere.

1.6.2 The Vector Space My

For arbitrary numbers £ € N we denote by M}, . the vector space over the field

of complex numbers C of k x k£ matrices with complex entries. We identify in

a natural way My, (i.e. the space of rectangular complex matrices k x k) with

the vector space £ ((Ck, (Ck) of linear transformations A : C¥ — C*, by means of
2 2

the canonical bases {egk)} and {egk)} . More precisely, the identification
i=1 j=1

is A=laijl,_y .k Where

Lkyji=1,..

g}

ai7j=<Ae§.’“> e(k)>,i:1,...,k,j:1,...,k. (57)

By this identification, on M}, ;, there exists the operator norm, more explicitly,
Al = sup {||Az|/[x € C*, ||lz| <1} (58)

= inf {¢t > 0| [|Az| < t||z| for all z € C*}. (59)

This norm renders the matrix Mj, ; a normed space.

On My, ;, we regard the adjoint operation, My > A — A* € My, where
the matrix of A* is obtained by changing rows into columns in the matrix of A
and taking the complex conjugate. In terms of the identification of Mj, ; with
the vector space L ((Ck, (Ck), this implies

(Az,y) = (x,A*y) ,x € C*, y € C*. (60)
The map My, 3 A+— A* € My, has the following properties:
e (aA+ BB)" =aA* + BB*, A,B € My, a,B € C;
o (AB)" = B*A*, A€ My and B € My n;
o (A*)" =A, A€ Myy.

With respect to the canonical base of C¥, for k € N, we consider the matrix
units {EZU;)\Z =1,...,k, j=1,.. .,k} C My, ), of size k x k, that is, El(’;) is the
k x k matrix with all entries 0 except the (4, j) —th entry which is 1.

11



We also record the following direct consequences of the definitions: for all
j=1,...,nandi=1,...,k we have

(®)x _ (k)
B = B (61)

7,0

and if, in addition, p e N, r=1,...,k, and s =1,...,p, then
n,k R _ n,
E{TVESY =6, B, (62)

1.6.3 The Matrix Algebra M

We let My = My, and note that it is an algebra over the complex field. On
Mj, we consider the adjoint operation A* which now is internal M > A ——
A* € My. Thus, My is a unital *—algebra; we denote by I}, its unit, that is, the
matrix with 1 on the main diagonal and 0 elsewhere.

A matrix A € My is called selfadjoint (hermitian) if A = A*. If A is
selfadjoint then all its eigenvalues are simple and real. A matrix A € My is
called positive if it is selfadjoint and all its eigenvalues are nonnegative. We
denote by M,j the set of positive matrices from Mj. We state the following
proposition without proof [7]:

Proposition 7 Let A € My. The following assertions are equivalent:
(i) A is positive.
(ii) A= B*B for some B € Mj,.
(iii) A = B? for some B € M,'.
(iv) (Az,z) > 0 for all z € C*.

The operator norm || A|| makes M), a unital normed algebra, that is,

[AB|| < Al IBI, A, B € My, ||| =1. (63)
With respect to the involution A* the norm has an important property:
1A% All = [| A", A € My, (64)
In particular, the involution is isometric, that is, |A*|| = ||A4|| for all A € M.

On M}, there is a special linear form, the trace Tr : M) — C defined as the
sum of the entries from the main diagonal

ij=1

k
Tr(A) = a;;, A= [a;;]},_, € Mj. (65)
j=1

In addition to linearity, the trace has two remarkable properties:
Tr(AB)=Tr(BA), A,B € My and Tr (A) >0, A€ M. (66)

The trace is faithful in the sense that if A € M," and Tr (A) = 0 then A = 0.
From now on and for the rest of the paper we will no longer denote the
conjugate transpose by a star = but with a dagger {.

12



1.7 Density Matrix
1.7.1 Definition

Pure states are fundamental objects for quantum mechanics in the sense that
the evolution of any closed quantum system can be seen as a unitary evolution
of pure states.
However, to deal with unisolated and composed quantum systems the con-
cept of mixed states is of great importance. A probability distribution {(p;, ¢,) |1 <i < n}
n

on pure states {¢; }.—_, with probabilities 0 < p; <1, Z p; = 1is called a mixed
i=1
state and is denoted by [¢0) = {(p;, ;) |1 < i < n}. For example, a mixed state
n
is created if a source produces pure state |¢;) with probability p; and Z p; = 1.

i=1
To each mixed state [¢)) = {(p;, ¢;) |1 < ¢ < n} corresponds a density operator

Ply) = Zpi |64) (il - (67)
=1

Example 8 The density matriz corresponding to the mixed state

(3:10) e (5). (69

% <é) (1 0)+ % (2) 0 1)= %L (69)

Example 9 For every one qubit state of the form «|0) + 1), to the mixed
state

1 1 1 1
(gral0+5m)e(Fal - ) (550 +al)e (.80 - am).
(70)
corresponds the density matriz

1)@ o+i(5) @ o+ 9+ ()6 =1

If p is a density matrix and in a basis {3;}.—,

p= {pm’}z]':l’ (72)
then

p= Z Pi.j 1B:) <»3j’ : (73)

ij=1

As a consequence, for every k, I, (B,[p|8,) = py -

13



1.7.2 Properties

1. If p? = p for a density matrix p, then p is a pure state, i.e. p = |¢) (¢| for
a pure state |¢) .

2. A matrix p is a density matrix if it is Hermitian, i.e. p = pf,

100 T
0L
60+
i

20

-100 -80

100 -

-80

nonnegative,

100 T
80
60 '
0]

20

-40
-60

-80

-20 7

-100 -
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and

Tr(p) = Y (il plus) = 37 Gl ) (Wl ) = S caet = Sl =1 (74)

i i

If p, is a density matrix on a Hilbert space H; and p, is a density matrix
on a Hilbert space Ha, then p; ® p, is a density matrix on the Hilbert space
Hi ® Ho.

If p is a density matrix, then so is the matrix pT.

If py, py are density matrices on a Hilbert space H, then pp; + (1 — p) po,
0 < p <1is a density matrix on H.

In general, suppose there are n possible states. For a mixed state |1;) the
density operator is written as p, = |¢¥;) (¥;]. Denote the probability that a
member of the ensemble has been prepared in the state |¢;) as p;. Then the
density operator for the entire system is

p= ZPiPi = Zpi 1) (il - (75)
i=1 i=1

Suppose, for example, that the evolution of a closed quantum system is
described by the unitary operator U. If the system was initially in the state
[1;) with probability p; then after the evolution has occurred the system will
be in the state U |¢;) with probability p;. Thus, the evolution of the density
operator is described by the equation

p=S"pilws) (Wil & S iU ) (w,| UT = UpUT. (76)

i=1 i=1

15



A quantum system whose state |¢) is known exactly is said to be in a pure
state. In this case the density operator is simply p = |[¢) (¢| and it satisfies
Tr (pz) = 1. Otherwise, p is in a mized state; it is said to be a mizture of the
different pure states in the ensemble of p and it satisfies T (p?) < 1.[21]

1.8 Probabilities in Quantum Mechanics

In order to understand the purpose of this thesis we need to begin with the
basics. Quantum mechanics is a branch of physics which deals with physical
phenomena at microscopic scales. The formalism of quantum mechanics can
be derived from a few postulates which are justified by experiments. The set
of axioms defining the quantum theory differs depending on the author. How-
ever, some features occur common in every formulation, either as axioms or as
their consequences. One of such key features is the superposition principle. It
is satisfied by several experimental data as interference pattern in double slit
experiment with electrons or interference of a single photon in the Mach Zender
interferometer. The superposition principle states that the state of a quantum
system, which is denoted in Dirac notation by |¢), can be represented by a co-
herent combination of several states |i;) with complex coefficients a; [17], [21],
22], [23],

) =D ailv) (77)

The quantum state |1)) of an N level system is represented by a vector from the
complex Hilbert space H . The inner product (1; 1) defines the coefficients a;
in (1). The square norm of a; is interpreted as the probability that the system
described by |¢) is in the state |1;). To provide a proper probabilistic inter-
pretation a vector used in quantum mechanics is normalized by the condition

W) = l9l* =Y lail” = 1.

K3
Quantum mechanics is a probabilistic theory. One single measurement does
not provide much information on the prepared system. However, several mea-
surements on identically prepared quantum systems allow one to characterize

the quantum state.
A physical quantity is represented by a linear operator called an observable.
An observable A is a Hermitian operator, A = A', which can be constructed
by a set of real numbers \; and a set of states |¢,) determined by the measure-

ment, A = Z i |¢;) {(@;]. The physical value corresponds to the average of the

i
observable in the state |¢) [23],

(A)y =D Xl 16:)° = (wl Aly). (78)

One can consider the situation in which a state |¢) is not known exactly. Only a
statistical mixture of several quantum states |¢;) which occur with probabilities

16



p; is given. In this case the average value of an observable has the form
Aoy = Zpl il Al (79)

which can be written in terms of an operator on Hy called a density matriz
P = Zpi |9:) (9 as
i
<A>{pi,¢i} =TrpA. (80)

A density matrix describes a so called mized state. In a specific basis the density
matrices characterizing an N level quantum system are represented by N x N
matrices p which are Hermitian, have trace equal to unity and are positive. Let
us denote the set of all such matrices by My [23],[12],

MN:{p:dimp:N,p:pT,pEO, Trp:l}. (81)

This set is convex. External points of this set are formed by projectors of the
form |4p) (4| called pure states, which correspond to vectors |i) of the Hilbert
space.

The state of composed quantum system which consists of one Ny level system
and one N, level system is represented by a vector of size N1 Ns from the Hilbert
space which has a tensor product structure, Hy, n, = Hn, ® Hn,. Such a space
contains also states which cannot be written as tensor products of vectors from
separate spaces,

[V12) # Y1) @ [a) (82)

and are called entangled states. States with a tensor product structure are called
product states. If the state of only one subsystem is considered one has to take
an average over the second subsystem and leads to a reduced density matrix,

pr=Trapy. (83)

A density matrix describes therefore the state of an open quantum system.

The evolution of a normalized vector in the Hilbert space is determined by a
unitary operator |w’> = U |¢) . The transformation U is related to Hamiltonian
evolution due to the Schrodinger equation [23],

d
i ) = H 1) (84)

where H denotes the Hamiltonian operator of the system, while ¢ represents time
and 27h is the Planck constant. A discrete time evolution of an open quantum
system characterized by a density operator p is described by a quantum operator
which will be considered later.

According to a general approach to quantum measurement , it can be defined
by a set of k operators {El} forming a positive operator valued measure
(POVM). The index 7 is related to a possible measurement result, for instance
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the value of the measured quantity. The operators E’ are positive and satisfy
the identity resolution,

k
S B =1 (85)
i=1

The quantum state is changing during the measurement process. After the
measurement process that gives the outcome ¢ as a result, the quantum state p
is transformed into[23]
,  KpK'™
P T (KipK i)’

where KTK? = E' > 0. The probability p; of the outcome i is given by p; =
Tr (K'pK'™) . Due to relation (2), the probabilities of all outcomes sum up to
unity.

(86)

1.9 Schmidt Decomposition

The theorem known as Schmidt decomposition provides a useful representation
of a pure state of a bi partite quantum system.

Theorem 10 (Schmidt). Any quantum state |1),4) from the Hilbert space com-
posed of the tensor product of two Hilbert spaces H1 @ Ho of dimensions di and
ds, respectively, can be represented as

d
[$12) = Y Ailin) @ Jia) (87)

i=1
where {|i1) ?;1 and {|22>}fil are orthogonal basis of the Hilbert spaces Hi and

Ha respectively, and d = min{dy,d2}[23], [21].
d
Theorem 11 Choose any orhogonal basis {‘¢]f> }kl of H1 and any orthogonal
=1
d
basis {’¢’§>}: of Ha. In this product basis, the bi partite state |1,5) reads
=1

)= > a|ek) @ el). (88)

0<k<d;, 0<j<ds

Singular value decomposition of a matriz A of size dy x do with entries ay; gives

ap; = E UpiAiVi;. Here uy; and vy; are entries of two unitary matrices, while

i
A; are singular values of A. Summation over indexes k and j cause changes of
two orthogonal bases into

li1) = Zuki
%

lia) = Z’Uki
%

@), (89)

é). (90)

18



The number of nonzero singular values is not larger than the smaller one of the
numbers (dy,ds)[25], [21].

Proof. The Schmidt decomposition tmplies that both partial traces of any bi
partite pure state have the same nonzero part of the spectrum:

d

Ty [§12) (Y12| = Z )\12 li2) (i2|, (91)
i=1
d

Tra [19) (V12| = Z )\f i) (ia] - (92)
i=1

The Schmidt coefficients \; are invariant under local unitary transformations
Uy ® Uy applied to |115) . The number of non zero coefficients \; is called the
Schmidt number. Any pure state which has the Schmidt number greater than 1
is called entangled state. A pure state for which all Schmidt coefficients \; are

equal to % 18 called a mazximally entangled state. m

Another important consequence of the Schmidt decomposition is that for
any mixed state p there is a pure state [¢) of a higher dimentional Hilbert space
such that p can be obtained by taking the partial trace,

p="Try|[Y) (Y] (93)

Such state |¢) is called a purification of p. The Schmidt decomposition gives
the recipe for the purification procedure. It is enough to take square roots of
eigenvalues of p in place of A; and its eigenvectors in place of |i1) . Any orthogonal
basis in Hs provides a purification of p, which can be written as

W) => (U p)lir) @ liz), (94)

i

where U is an arbitrary unitary tranformation and /p |i2) = Ai [i2)[23], [21].

1.10 Optimal Polar Decomposition

Theorem 12 Fach matrix A € My can be written as
A=PU (95)
where P is a positive semi-definite hermitian matriz and U is a unitary matriz.

This matrix decomposition is called polar decomposition. The matrix P

exists always and is computed from the equation P = (AAT) * If Ais invertible
then P will be invertible as well. As a consequence, U will be unique due to
U = P~'A. This also means that the factorization A = PU is also unique.

In general, it holds that U = VW' and P = VXVT, with V,W unitary
matrices from the Singular Value Decomposition of A and X the respective
matrix with nonnegative real numbers on the diagonal.

19



The matrix Alcan also be written as A = U'P’, but now it is U/ = VW =U
and P’ = (ATA)?, P' = WISW.

Polar Decomposition A = PU is the same writing of a complex number in
polar coordinates z = |z| e'®. It is easy to be shown that if a complex number is
illustrated on the spot M (z) in 2—dimentions then from all complex numbers
of unit circle with center O (0,0), €? is the one with the closest image of M (z)

([15)).
For a normal matrix A € My, the closest unitary matrix is that of the polar
decomposition of A.

Proposition 13 Proof. Since A € My (finite dimention) all matriz norms
are equivalent. We will use the one that is obtained from the trace of a matrix

X € My, i.e.
| X]| = /Tr(XX1). (96)

Namely, it suffices to find for which unitary matriz Q@ € My the non negative
value ||[A — Q| becomes minimum. If A is unitary then obviously the closest
unitary matriz is itself and from the polar decomposition we have that

A= (AAN U =130 = UL (97)
If A is not unitary we have that

lA-QIF = Tr[(4-Q)(A"-Q)]
= Tr(AAT - AQT — QAT + QQT)
= Tr(AAT - AQT - QAT +1)
= Tr(AA") —Tr (AQT) — Tr (QAT) + Tr1
or
1A - Q|* = Tr (AAY) — 2Re [Tr (QAN)] + . (98)
From the SVD of matriz A we have that A = VEWT according to the notation
of the previous theorem
Re [Tr (AQT)] = Re [Tr (QAT)]
= Re[Tr (QIVEWT)]
= Re[Tr (WIQVY)]
or
Re [Tr (AQT)] = Re [Tr (TX)], (99)

where ¥ = WTQ'V. We notice that the matriz U is unitary because, V, W,
Q are unitary and VU1 = WIQIVVIQW = 1. Therefore, Tr (\I/\I’T) =n or

n

equivalently, Z W\Z =n. Furthermore for arbitrary complexr numbers

=1

21 =21 +y1i732 = T2 +Z/2Z, -y 2n = Tn +yni7
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and n arbitrary non negative numbers 01, 0s,..., 0, > 0 it holds

k=1 k=1 k=1

The equality will be valid if and only if zx, = xp > 0 for every k = 1,2,...,n.
From (99) and (100) we obtain

Re [Tr (AQT)] = Re[Tr (TX)]
an‘aiil

> byloi (since 0y > 0). (101)
i=1

= Re

IN

The equality in (101) holds if and only if 1;; > 0. But, WUt =1, so ¢4} =1
for everyi=1,2,--- ,n. This is translated into that on one hand the minimum
value of the norm ||A — Q||* is

min A - Q|* = Tr (AAT) =23 0y +n,

i=1

and on the other hand that this happens when ¥ = 1, i.e., ¥ = WIQTV = 1.
From this and because V, W are unitary yields that Qt = WV or Q = VIt
and SVD of A will be

A=vEwl = (vEv) (vw'). (102)

According to the previous observation, (102) is the polar decomposition of A
therefore its closest unitary is the one comes from the polar decomposition of
A. We have inferred that A is normal so, the previous polar decomposition is
unique(15]. ®

2 Quantum Channels : An Introduction

2.1 Quantum Channel

In this chapter we are going to give a more intuitive introduction to the idea of
quantum channels and their uses in the general context of quantum mechanics
and in the next chapter we are going to present a more formal and mathemati-
cally complete presentation.

In order to determine the state of an open quantum system at a certain
time evolution there are two methods. The criterion to choose which method is
more effective to use is based on whether the physical model is known. When
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the physical model is concrete we only need a Hamiltonian which describes
it and determines the Schrodinger’s equation or the master equation. Their
solution will provide us the desired quantum system state at any time moment.
The other method to determine in which state the quantum system exists is
called "black box" because the physical model is not defined. To accomplice
our goal we are obliged to construct a quantum map p’ = £ (p), no further
than the laws of quantum mechanics are respected. This quantum map is as
well used if someone wants to look for all the possible functions of a quantum
state whether the physical model is known or unknown. Main features and
some representations of the map &, which describes a "black box" model of non
unitary quantum evolution, are given below.

The quantum positive map &£ describes the dynamics of a quantum system
p which interacts with an environment. It is given by a nonunitary quantum
map £ : p — p'. Any such map is completely positive, and trace preserving .
"Complete positivity" means that an extended map £®1),, which is a trivial
extension of £ on the space M of any dimension, transforms the set of positive
operators into itself. A completely positive and trace preserving quantum map
is called quantum operation or quantum channel.

Due to the theorem of Jamiolkowski and Choi the complete positivity of a
map & is equivalent to positivity of a state Dg corresponding via the so called
Jamiolkowski isomorphism (or CJ transform). This isomorphism determines
the correspondence between a quantum operation £ acting on N dimentional
matrices and density matrix p, of dimention N 2 which is called Choi matrix
or the Jamiolkowski state. Explicitly let a CP map £ = ), AdA,; and 1)) =
> i |E)®|k) a maximally entangled state, define the CJ transform 7 : End(H) —
D(H®H), from maps £ € End(H), to density matrices

T[E] = (€@id)[1))((1]| = p, (103)

The dynamical matrix p, corresponding to a trace preserving operation sat-
isfies the partial trace condition

Trap, = 1. (104)

The quantum operation £ can be represented as superoperator matriz. It
is a matrix which acts on the vector of length N2, which contains the entries
p;; of the density matrix ordered lexicographically. Thus, the superoperator
& is represented by a square matrix of size N2. The superoperator in some
orthogonal product basis {|7) ® |j)} is represented by a matrix £ indexed by
four indexes,

Eijr = (il @ (JI E Ry @ 1) - (105)

The matrix representation of the dynamical matrix is related to the super-
operator matrix by the reshuffling formula as follows

(il @ (jl pe [k) @ 1) = (i| @ (k[ E"]7) @ 1) . (106)
To describe a quantum operation, one may use the Stinespring’s dilation

theorem as follows. Consider a quantum system, described by the state p on
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‘H o, interacting with its environment characterized by a state on Hj,s. The joint
evolution of the two states is described by a unitary operation U. Usually it is
assumed that the joint state of the system and the environment is initially not
entangled. Moreover, due to the possibility to purification the environment, its
initial state is given by a pure one. The evolving joint state is therefore:

w=U(1){1@p) U, (107)

where |1) € Hjps and U is a unitary matrix of size NM. The state of the system
after the operation is obtained by tracing out the environment,

M
pr=Ep)=Tra [U(1) (1@ p) UT] =3 K'pK", (108)

where the Kraus operators read, K* = (i|U |1). In matrix representation the
Kraus operators are formed by successive blocks of the first block column of the
unitary evolution matrix U. Here the state w can be equivalently given as

M
w= > K'pK'T®li)(j|. (109)

1,j=1

Due to the Kraus theorem any completely positive map £ can be written in
the Kraus form,

M
p=E(p)=) K'pK' (110)
=1

The opposite relation is also true, any map of the Kraus form is completely
positive.

2.2 Complementary Channel
Consider a quantum channel £ described by the Kraus operators K*,

M

& (p) :Ter:ZKipKiT. (111)
i=1

The channel & complementary to £ is defined by

M
£ (p) :Ter:Zf?ipI?”, (112)
i=1

and it describes the state of the M dimentional environment after the inter-
action with the principal system p. One can derive the relation between op-

~ N .
erators {K J } and {K 1}5\11 from the last equation by substituting w with

Jj=1
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M
z KipK’" ® |i) (j] . This relation can be written as

i,j=1
M N o
> (TrK pEIT) i) (il = > K'pK™. (113)
ij=1 i=1

Comparison of the matrix elements of both sides gives

N N
S KKt = Kl prn K3 (114)
a=1 a=1

where matrix elements are indicated by lower indexes and the Einstein summa-
tion convention is applied. Hence, for any quantum channel & given by a set
of Kraus operators K*, one can define the Kraus operators K“ representing the
complementary channel £ as

K = K,

aj?

i=1,...,M,j,a=1,...,N. (115)

2.3 One Qubit Quantum Channels

One qubit quantum channels acting on density matrices of size 2 have many
special features which cause that the set of these channels is well understood.
However, many properties of one qubit maps are not shared with the quantum
channels are often considered in this thesis, the following section presents a brief
review of their basic properties.

A quantum two level state is called quantum bit or qubit. It is represented
by a 2 x 2 density matrix. Any Hermitian matrix of size two can be represented
in the basis of identity matrix and the three Pauli matrices & = {0}, 09,03},

o= ((1) é) 09 = <(2 _OZ> ,03 = (é _01>. (116)

The Pauli matrices have complex entries and they are Hermitian and unitary
matrices which have the properties det o; = —1 and Tro; = 0 also the eigenval-
ues of each o; are £1.

The Pauli matrices o1 and o3 satisfy the following|[26]

ol = o3=1, (117)

0103 — —0301 = 617r0301. (118)

The so-called Walsh-Hadamard conjugation matrix is
1 /1 1
H= 7 (1 _1> (119)
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Like the Pauli matrices, H is both Hermitian and unitary. The matrices o1, o3
and H satisfy the relation
o1 = HosH' (120)

One qubit state p decomposed in the mentioned basis is given by the formula

p:%(1+7~?),7}€R3. (121)
Positivity condition, p > 0, implies that | 7| < 1. The vector 7 is called the
Bloch vector. All possible Bloch vectors representing quantum states form the
Bloch ball. Pure one qubit states form a sphere of radius | 7| = 1.

Any linear one qubit quantum operation £ transforms the Bloch ball into
the ball or into an ellipsoid inside the ball. The channel £ transforms the
Bloch vector 7 representing the state p into 7/ which corresponds to p’. This
transformation is described by

T =WT +F. (122)

Here the matrix W is a square real matrix of size 3. A procedure analogous to
the singular value decomposition of the matrix W gives W = O; D05, where
O; represents an orthogonal rotation and D is diagonal. Up to two orthogonal
rotations, one before the transformation £ and one after it, the one qubit map
& can be represented by the following matrix [24]

1 0 0 O

;| k1 m 0 O

&= ke 0 my O (123)
K3 0 0 773

The absolute values of the parameters 7, are interpreted as the lengths of
the axes of the ellipsoid which is the image of the Bloch ball transformed by the
map. The parameters x; form the vector & of translation of the center of the
ellipsoid with respect to the center of the Bloch ball.

Due to complete positivity of the map £ and the trace preserving property,
the vectors 7 and & are subjected to several constraints. They can be derived
from the positivity condition of a dynamical matrix given by

1+"73+1‘i3 0 /'i]+il§}2 771+7]2
1 0 1—mn5+Ks N — N K1+ 1Ko
= - . 124
Pe 2 K1 — 1K9 Ny — Ny 1—1n5 —Ks 0 (124)
n + Mg t1 — iKo 0 14+n3 — K3

3 Completely Positive Trace Preserving Maps
(CPTP) - Operator Sum Representation

In this chapter, in reference to the subsection 1.6 we will give a more mathe-
matically accurate definition on CPTP maps.
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3.1 Definition and Examples

To begin with we will determine what positivity and complete positive means for
a map and we present some examples for better understanding of the definitions|7].

Let n be a natural number and ¢ : M,, — M, a linear map. The map
p is called positive if it maps positive matrices into positive matrices, i.e. if
M ={Ae M,;A>0} C M,, then p (M,) C M.

Example 14 The transpose map 7 : M, — M, that maps each n X n matric
into its transpose is positive.

Let, in addition, m be a natural number. A linear map ¢ : M,, — M,, always
induces a linear map ¢,,, = id,, ® ¢ : M, ® M,, — M,, ® M,; more precisely,
with the identification M, ® M,, ~ M,, (M,), the matrix algebra of all m x m
matrices with entries from M,,, then for A(4;;) € M,, ® M,, we have that

A11 Alm @(All) @(Aln)

Then if A;; € M,, and for each A;; > 0, and ¢ is positive i.e. ¢(A4;;) >0,
then if ¢,,(A) > 0 for up to some m € N, then ¢ is called m- positive. If ¢
is m~ positive for any m € N the ¢ is called completly positive, otherwise ¢ is
positive but not completely positive.

An example demonstrating a positive but non-completely positive map is
given by the transpose of a matrix : Choose n = 2, m = 2. Let ¢ be the
transpose of matrices in My

1 0 0 1 1 0 0 0
0 0 0 0 0 0 1 0
1 0 0 1 0 0 0 1

which is not completely positive because spec (¢5(A)) = {—1,1}.

More general we have the following definition: A linear map ¢ : M, — M,
is called completely positive if it is m—positive for all natural numbers m. We
denote by CP (M,,, M,,) the set of all completely positive maps from M, to M,

The following examples are generic.

Examples : x— Morphisms. Let 7 : M,, — M, be a morphism of x—algebras,
for every n. Then 7 is completely positive.

Stinespring Representation. Let  : M,, — M,, be a morphism of x—algebras,
forn <mand V € My, ,,. Then o =V*n(\)V € CP(M,,M,).

Kraus Representation. Given n X n matrices V1, Vs, ..., V,, € M, ,, define
¢ M, — M, by

p(A) = VAV + VS AV, + -+ -+ VAV, for all A € M,,. (127)
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Definition 15 Denoting the space of n X n matrices with complex entries by
M,,, we call a matric B € M, positive if it is positive-semidefinite, that is
if it satisfies v*Bx > 0 for all x € C™. Otherwise, a matriz is positive if it
is Hermitian and all its eigenvalues are non-negative, or if there exists some
matrix B such that it can be written B = C*C.

The map £: M, — M, is called positive if for all positive A € M,,, £ (B)
is also positive.

The following theorem, due originally to Man-Duon Choi is commonly known
as "Choi’s Theorem" and it classifies all completely positive maps.

Theorem 16 For all A;, where A; are Kraus operators, the map £: M,, — M,
given by

E(p) = AipAl, (128)
i=0
18 completely positive.

We need £ to be trace preserving, which means Tr€ (p) = Trp. Let £: M,, —
M,, be a map as described above with the additional constraint for the {4;}
that

> AlA; =1, (129)
=0

where 1 is the identity matrix on M,,.

The operators {4;}"_, which generate the transformation & are called Kraus
generators of £. The Kraus operators are named after mathematician Kraus
whose contribution in quantum measurement and completely positive maps was
influential. Kraus operators need not be unique.

3.2 Transformations of Density Matrix

Closed quantum systems with density matrices p € M, evolve by transitions
€ :D(H) — D (H) specified by a unitary matrix U

E(p) =UpUT. (130)

In the case of density matrices, the constraints that the matrices are positive
and have trace 1 ensure that the eigenvalues form a probability distribution,
as the trace is equal to the sum of the eigenvalues for positive matrices. Since
conjugation by a unitary matrix preserves eigenvalues, this probability distrib-
ution remains the same in closed quantum systems. In general, we would like to
consider a broader range of transmitions, the full manner in which one density
matrix may be mapped onto another. Applying the operator to states separately
and then mixing them should be the same as applying the operation to states
mixed first. Consequently, we mix a set of density matrices {A4;} by associating
a probability distribution {p;}, where p; indicates the probability of finding the
state A; in the new ensemble.
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This means that if p € D (H) for £ : D (H) — D (H) then the three following
properties must hold

£(p) >0, (131)
€PN =€), (132)

and
TrE (p) = Trp. (133)

If we call € (p) = p’ then p’ € D (H). Then, a form of & is
E(p) =D pidipAl, (134)
i=1

and is called Operator Sum Representation of CPTP map £, where A; operators
n
are positive and 0 < p; < 1, Zpi =1

i=1
The first property demands & (p) > 0. To prove that this is true it is sufficient
to show that for every vector |) € H, it holds that (| € (p) |¢) > 0. From (134)

and p = Z Aa [ta) (uql, for probability A\, > 0 and |u,) € H we obtain,

a

(W€ (p) ) S~ (W] AsoA] [v)

7

D WA Aala) (el AT 1)

D737 ha (] A fua) {ual AT 1)
DD A (W] A ua) (] A7 [ua)”

= >3 Nl A fua)]* > 0. (135)
For the second property we apply the complex conjugate to Z piA; pA;( and
i=1
we have '
n T
CIONEE (ZpiAipAZ )
i=1
n T T
= Zpi (Az'pAi)
i=1
= Y pidipAl (136)
i=1
= £&(p), (137)
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for the third property of trace preservation we take the trace of & (p)

Tré(p) = Tr (ZpiAiPAZT>

i=1

= ;:1 pilr (Asz 11)
_ E : o (AT AL
— p’L r ( 7 lp)

()

= Trlp="Trp. (138)

n
The last equation is valid due to the normalization constrain ZpiA;rAi =1
i=1
imposed upon the A; generators. A particular case of this property is the
unitary generators i.e. 4; = /p;U; where U; unitary.

4 Omne Qubit Quantum Channels

In this chapter we will introduce the most common one qubit quantum channels
and we will use them as Kraus operators in order to compute the corresponding
CPTP map. The quantum channels are the following,

Quantum Channel Kraus Generators

X {y/pPL,V1—-pX}

Z {vp1, V1 —pZ}

Depolarizing {v/p1, ‘/13_7”)(, ‘/13TPY, \/?Z}

Amplitude-Damping | {\/p <0 ﬁ) VI—p <1 0 >}
0 0)’ 0 V1—~n

To compute the CPTP maps € : D (H) — D (H) for each and every one of the

0 1—p
0 < <1 and the Choi’s theorem where & (p) = Zp,;A,;pA;L and A; are the

above channels we will use the denstiy matrix p of the form <M 0 ) , Where

Kraus operators. Therefore, the CPTP map of channel X is
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Ex (p)

1
> piAipA]
i=0

= plplf + (1 —p) XpXT

S R (R TR T

pi+ (1—p)(1—p) 0 )
, 139
( 0 p(l—p)+ (1 -p)p (139)
of channel Y is
1
& (p) = ZPiAiPA;r
i=0

= plpl' + (1 —p)YpYT

(6 %)) 6 )6 )

_ (pp+(1—=p)(L—p) 0
- ( 0 p(l—u)+(1—p)u>’ (140)

1
E7(p) = Y pidipAl
=0

= plpll + (1—p) ZpZ!

_ p<‘é 1EM>+(1—P)((1) _01> (g 18#) (é _01>
) (g 1EM>’ (141)

of Hadamard channel is

En (p)

1
Z piAipAl

= plplT—i— - )HpHT

(622) 5" Gl ™)

= (o p)(;“ N (142)
(*P)(Q#*) p(l—u)+1%p

of Depolarizing channel is
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3
Epp(p) = ZPz‘AiPAI

=0

= plplf + @X;}XT + @Y;}YJr + @Z,DZJr
b+ 1%” n 2(13_”) =) ; a(1—p) (113)
0 (p+152) (1= ) + 2552

and last, of Amplitude-Damping channel is

1
Ea-p(p) = Z piAz'PAI
=0

_ p<8 ?)p(\oﬁ 8>+(1p)<(1) \/10?>p(é \/10_77>
(pv(lu)OﬂL(lp) (1_p)(1_07)(1_ﬂ)), (144)

A CPTP map is characterized as unital if it verifies £(1) = 1, otherwise it
is called non-unital. We will check for the above channels.

n—1
£ = sz‘AilAj
=0

n—1
= ZpiAiA;r
i=0
= 1, (145)
for the channels X, Y, Z, Hadamard and Depolarization because their Kraus

1

operators are unitary matrices so, it holds that Z AiAZT = 1. Also, since p; is
i=0

the probability we find each state their sum adds up to 1. On the other hand,

it is easy to check that the Amplitude-Damping channel is non-unital i.e,
n—1
5A7D (1) = ZplAllAI
=0
_ 0 7 0 0 _ 1 0 1 0
-l ) )06 =) )
(v 0 (10
= p<0 0>+(1 p)(o 1_'}/)

= ("N aopae) #T
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5 Collective Quantum Channels

In this chapter we will introduce the idea of collective quantum channels. Col-
lective quantum channels is a wider perspective of one qubit quantum channels
as they act on multidimensional systems of quantum mechanics.

5.1 Definition

A collective channel or collective operator is a normalized sum of individual
operators which are represented by block matrices [14],

(ERE)(P1@py) =E(p1) ®E (pa) - (146)

More specifically,

ERE
P @py "5 E(p) BE (p2) =Y MArp AL @Y NAip, Al (147)
k l

from the properties of tensor product yields that (147) is equal to

D MA (Ar @ A (1 @ po) (A @ A))' (148)
kl

= Y (A @A) (o1 ® py) (A @ A (149)
kl

where A, = Mg, is joint probability distribution which is factorized. This
implies statistical independence of the action of Kraus generators on the density
matrix p; ® py. If instead of the statistical independence Ag; = ApA; (two coin
tossing), we choose one single coin tossing i.e. A\ = Agdg;, then we have a
collective channel action on the density matrix p; ® py. The general form of a
collective channel £(™) : D (H®") — D (H®") is

£ (p) = > MeAFp (A7), (150)
k

where g is the probability of each occasion to take place, k states the number
of Kraus generators that correspond to each channel and Ay are the Kraus
generators.

5.2 Common Collective Channels

Hence, the collective channel X is

1
E7 () = Yo aeAPmo (A7)
k=0
= M1%7p1%" 4 0P (0P (151)
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the collective channel Y is

1

&) = Y MATp (47"
k=0
= X1®"p1®" £ X\ 08"p (058’")T , (152)
the collective channel Z is
50 (p) = Z AeAZ"p (A
= M1®p1%" + MoPp (05 (153)
the collective Hadamard channel is
&’ (h) = Z MAE" p (A7)
= A1®mp1®n 4 N HEp (HE) (154)
the collective Amplitude-Damping channel is

EVp(p) = Do wAp (A7)
k

= XAP"p (AP 4 n A5 (A5™)T, (155)

0 0 0 VI—~

polarizing channel is

where Ay = (0 ﬁ) and Ay = (1 0 ), and finally the collective De-

Eg (p)

Z AL p ( A®")

- )\01®”pl®”+)\10?"p (@2 + 200570 (627) " + N30 27 p (0 7156)

Examples for n = 2

In order to be more explicit we will give an example for every channel when
n =2and \; = pand Ao = 1 — p and A; are the Kraus generators of each
channel. That is, for X

1
Q) = Y MAPp (A7)
k=0

= p(1®1)p1e1) +(1-p) X X)p(X®X)'

o) el ol
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for Y

1
() = Y MAPp (A2

k=0
= p(1@1)pAe1l) +(1-p ¥ Y)Y aY)

O R

&7 (n) = ZAkA p(47%)'

for Z

= p(1®1)p(1®1) +(1-p)(Z®Z)p(Ze2)!

SO O RTTCRN M

for Hadamard

1
EP () = D AP (AP
k=0

= p1e1)pAel) +(1-p)(HH)pHeH)

o o) el s

for Amplitude-Damping

1
EPp) = Y AP (AF?)
k=0

= p(A®Ag) p(Ag® Ag)T + (1 —p) (A1 ® A1) p(A;1 @ Ay)'

T A (s e (d

for Depolarizing

3
ESh(p) = > MAP?p (A2
k=0

= p(l@l)p(l@l)T+L3M(X®X)p(X®X)T

+(1;p) (Y®Y)p(Y®Y)T+O;7M(Z®Z)ﬂ(Z®ZXT152)
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The unitarity is valid for collective channels as well.
g (1@ = 3 aeAgraen (49m)
k
> (agn)!

k
> (eal) ™
k
_ Z /\k1®n
k

= 197, (163)

We notice that this only applies to channels with unitary Kraus operators.
That is to say, the collective channels of X, Y, Z, Hadamard and Depolarizing
channels are unitals. Once again, this tells us that Amplitude-Damping is non-
unital.

6 Stochastic Matrices and CPTP Maps
6.1 Stochastic Matrix

A stochastic matrix A is a square matrix with real non-negative entries p;; € R.
There are several types of stochastic matrices. The column-stochastic matrix
where

eTA=eT, (164)
el = (1,1,...,1)". The row-stochastic matriz where
Ae = e, (165)

e = (1,1,...,1). The doubly-stochastic matriz where both of the above hold
simultaneously. A classic example to understand the definition better is that of

a unitary matrix U (UUT = 1) U = ( ¢ ﬁ) then, the stochastic matrix

—B* a*
2 2
Bu=Uel = <|Zl2 ||§2> ’ (166)

where |a|2 + |6|2 =1 so, Ay is row- and column-stochastic. The class of n x n
doubly-stochastic matrices is a convex polytope known as the Birkhoff polytope
B,.

Theorem 17 The Birkhoff-von Neumann theorem states that this polytope B,
18 the convex hull of the set of n X n permutation matrices, and furthermore that
the vertices of B, are precisely the permutation matrices.
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That is to say, (166) can be written,

_(la* 0 0 I8P
AU‘(O al2>+(lﬁ|2 0)’ (167)

av = 1 (g ) +ier (3 5)

= la* 148?01 (168)

which is,

We notice that this is the convex hull S; = {1,01}.
Furthermore, there is the N x N bi-stochastic matrix B which must obey
some rules. First of all, for all elements of the matrix B;; > 0. This ensures that

positive vectors transform into positive vectors. Moreover, for every column it
N-1

must hold that Z B;; = 1, which tells us that the sum of the components of

i=0
the vector remains invariant. A matrix that satisfies the first two conditions is

a stochastic matrix, which means that if a discrete probability distribution is

thought of as a vector P then the vector ¢ = B is a probability distribution
N-1

too. The third condition is Z B;; = 1 and it ensures that the uniform distrib-
j=0

ution, a vector all of whose entries are equal, is transformed into itself. Hence a
bi-stochastic matrix causes a kind of contraction of the probability simplex with
the uniform distribution as a fixed point. One way of obtaining a bi-stochastic
matrix is to start with a unitary matrix U and take the absolute value squared
of its matrix elements, B;; = |Uy;|”. If there exists such U then B is said to
be uni-stochastic[3]. Likewise, an ortho-stochastic matrix is a doubly stochastic
matrix whose entries are the square of the absolute value of some orthogonal
matrix.

In general, we have already discussed that if we have a density matrix p there

n—1
is a CPTP operator £ : D (H) — D (H) that maps p £ p=E(p) = Z AipAZT.
i=0

At this point we will show how the elements of p’ are related with the eigenvalues
of p. To begin with, we will turn p into diagonal matrix through canonical
decomposition. That is, p = SppS*t, where pp = diag (po,p1,- - . ,Pn_1), Wwhere
p; are the eigenvalues of p. By substituting p we obtain,

n—1
o= Z A;SppSTAT

=0

n—1
= Y TppT). (169)
i=0
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We have called T; = A;S.

(1) aa

n—1

(Z EpDTiT>
=0

n—1

- S (),
i=0
ZSSWMW%@M' (170)

i By

aa

but (pD)B’y = 0gyPg, Where pg are the eigenvalues of p, i.e. 0 < pg < 1 and
n—1

Zpﬁ =1 so, it becomes,

B

O ning(mwm (7)),

n—1

- W;pﬁ > (T, (TJ)M]

i

n—1 n—1

= Z PB Z (T3) ap (T )
B

i

n—1 fn—1

= ZPB Z(TioTi*)aﬂ
B

i

(171)

n—1
We define A to be A = Z T; o T}, then

3

n—1
(P)aa = ZP[BA(L/B- (172)
B

We have shown how the diagonal elements of p’ are related with the eigen-
values of p. Our next step is to prove the relation of the eigenvalues of p’ with
the eigenvalues of p. As we did before we will transform p and p’ into their
respective diagonal matrices by applying canonical decomposition. This gives
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us p = SppST and p' = LTp)y L, which imply that

n—1
po= > AipAl
1=0
n—1

> AiSppStAl

=0

Lt L

n—1
pp = > LASppSTAL. (173)
i=0
We denote M; = LA;S and the above turns into

n—1

p/D = Z ]\42’pD‘Z\4iT =
=0

n—1
D = (S 200000
i= aa

=0

= Z > (M) 5 (pp) g, (Mf)w, (174)

i By

but (pD)m = 0gyPs, Where pg are the eigenvalues of p, i.e. 0 < pg < 1 and
n—1

Zpg =1 so, this leads to

B

n—1n—1

(Ppdae = DD (Miyyps (M)
i B
= Dops |3 (M (MZ)BG]
SN i(M»w(M:)w]
B
- Y i(MioMz‘)aﬁ]- (175)
B

n—1

We define A to be A = Z M; o M} and p, = (p)),,, then last equation

reads
n—1

Pa = ZPBALLB7 (176)
8
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which means that p’ = Ap. Now, let p 4 p’, where p = (p1,p2,...,pn) and p’ =
(py, ph, ..., ph) are the eigenvalues of p and € (p), respectively. For a probability
n

distribution p = (p1, pa, . - . , P ) the normalization of the probabilities Zpi =1,
i=1

can be expressed as eTp = 1 or pTe = 1, where e = (1,1,...,1). We want to

show that for p’ is valid also that eTp’ =1 and p'Te = 1, namely the map p 4 p’

is probability preserving. In order to show this we will use the column- and row-

stochasticity, of bi-stochastic matrices i.e. eTA = eT and Ae = e, respectively.

To begin with we will show eTp’ = 1. That is,

ey = 1=
eTAp = 1 o A:>:eT
e'p = L (177)

Now, we will show p'Te = 1, in the same way,

pTle = 1=
(Ap)Te = 1=
pTATe 1 TS
AT e=e
ple = 1. (178)

Next we prove the uni-stochasticity of the matrix A = U o UT, where A =
n

(A(l), A A(")) . It must hold that ZAS) = 1. Unitarity of a matrix U

a=1
can be written in respect of columns as
Ut = 1=
cf 10 - 0
ot 01 --- 0
.2 (Cl 02 Cn> == . . . . =
é; 00 --- 1
cie, cjc, - cic, 10 - 0
cie, cle, - clo, 01 -+ 0
cic, cicy --- Cic, 00 --- 1
(Ch,Cy) (C1,C) -+ (C1,Ch) 10 --- 0
(Cy,Cy) (Ca,Cy) -+ (C2,Ch) o1 -0
. . , . = 1. . | @
(Cn,C1) (Cn,Ca) -+ (Ch,Ch) 00 --- 1
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From the above we obtain, (C;, C;) = 0;; which means ||C;|| = 1. In respect of
rows is written

vt = 1=
Ry 1 0 0
Ry o1 --- 0
(Rl Ry - RL) = |. . . .|= (180)
Ry, 0 0 1
RiRl RiRl ... RyR} 1 e 0
RyR] RoRl - RuR} 01 - 0
. . . = .o =
R,R] R,Ry --- R,R} 00 - 1
(Ri,R1) (Ri,R2) -+ (Ri,Ry) 10 -+ 0
(R2, R1) (R2,R2) -+ (R2,Ry) o1 - 0
. . _ . = . . . . asy
(Ry, R1) (Rn,Ra) -+ (Rn,Rp) 00 - 1
As a result (R;, Rj) = 6,;; which is |R;|| = 1. This leads to some consequences
on the matrix A.
A = UoU”
= (CA CX -+ CR) (182)
Ry
R2
= | 2. (183)
Ry

where C\ = C}; o C}f and Ry = R}; o Ri;. For the elements of each column we
have

(Ch), = (CyoCy),
= (Cy), (Cr),
= (). =
Yy, = Sl@h). =] =1 (184)
a=0 a=0
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In the same way, for the elements of each row we have

(Ra),

n—1

> (Fa),

a=0

This generalizes into UU*

(Ry o RY),
(By), (BE),
(B, =

n—1
SOIRD), | = (IR = 1.
a=0

n—1

1< (ULUT) = 5ij<:>2 |UZ|2 = [liff =1

(185)

a=0

As a consequence, A = (@) o )+

A,

n—1

DA

_ (Uz ° Ui*)a
= UUF
LA

n—1

S =

a

(186)

6.2 Stochastic Matrices of One Qubit Quantum Channels

We will continue by computing the stochastic matrices of the channels we have
seen earlier. These are, for X channel

Ax = ipiAioAf
= ;:1001*+(1—p)XoX*
= p1+(1—p)((1] é)
_ (ﬂp 1;1’), (187)
for Y channel
1
Ay = ) pidioA;
= ;:1001*+(1—p)Y0Y*
= p1+(1—p)<(1) (1))
_ <1pp 1;p>, (188)
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for Z channel

1
Az = ) pidio4]
=0

= plol*+(1—p)ZoZ*
1 0
- p1+(1_p)<0 1)

_ ((1) ‘1)> , (189)

for Hadamard channel

1
Ap = > pidio A
=0
= plol*+(1—p)HoH"
1—-p/1 1
- p1+2<1 J

(190)

I
R
=
-+
S
wsm“
&S]

i
+ -
w‘\
=k

w‘\

iS]
"

for Amplitude-Damping channel

Apx-p = i:pz‘Ai o A
i=0
o380 0wl s )
= pG;g)+O—m)G 187)

_ (1-p pY
= <o (1p)(17))’ (191)

for Depolarizing channel

o

3
App = Y pidioA]
i=0

1— 1— 1—
_ plof%—<3pXYoX*+( 3mY0Yw+< 3”202*
1-p 1-p
pt=m 250
(=] 1
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We observe that for channels X, Y, Z, Hadamard and Depolarizing, the asso-
ciated stochastic matrices are doubly-stochastic, whereas Amplitude-Damping’s
associated matrix A4_p is not neither row nor column stochastic.

6.3 Stochastic Matrices of Common Collective Channels

The stochastic matrix of a collective channel is obtained from

A =3 "X AR o (AR)" (193)
k

For the common channels we obtain: for X channel

Ag?) _ ZAkAgn ° (Agn)*
k
= p1®"01%" 4 (1-p)of" o (oF")"
D 0 0 1-p
0 p e 1—p 0
= ' ' '.. . S y (194)
0 1—p p 0
1—p 0 0
Apeon = (p1®" + (1 —p)oi") e®" (195)
= pe®" 4+ (1—p)e®” (196)
= %, (197)
For Y channel
A = 3 owARn o (47n)
k
PP o1 (1 p)of" o (o8)'
0 p 1—p 0
o T (198)
0 1—p p 0
1-p 0 0 P
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we notice that the row and column elements add up to one, which proves the
double-stochasticity of Ag}l ). For Z channel

Ay = ZAkAW (AZ™)"

p1®n ° 1®rL (1 p) Qn ° (05@")*
10 0 0
0 1 0 0
= |0 o] (199)
0 0 10
0 0 0 1
we notice that it forms the identity matrix which is as a fact doubly-stochastic
matrix. For Amplitude-Damping channel

Ap = SINAR o (D) =AD" (AT) 4 (1= ) 45" 0 (457)°
0 0 0 7% 1 0 - 0
0 0 0 0 0 VI—7 --- 0
=7 +@=-p) | :
n—1
0 0 0 0 0 0 (1—n~)"2
0 0 0 0 0 0 0

we do not get a doubly-stochastic matrix as the sum of rows or columns does
not add up to one. For Depolarizing channel

Al = ZA AP o (AZ™)

1-— 1 1
= p1% 01"+ Lo o (0F") + —Lof" o (oF") 4 —Fof"

p+ 132 0 0 2l-p

0 4l ol-p 0

pPrT—3 3

0 e el o

1— 1—

2l-p 0 - 0 pyle

we observe that the rows and columns satisfy the criteria of double-stochasticity.

It is worth noticing that the collective channels share the same stochasticity
properties with the corresponding 1 qubit channels, namely the associated delta
matrix AE]” and A, are double-stochastic for the cases o = {channels X, Y,
7, Hadamard and Depolarizing}, while Amplitude-Damping matrix AZ% and
A 4p is neither a row- stochastic nor a column stochastic.
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7 Circulant Matrix Theory

A special case of Toeplitz matrix is the circulant matrix. A circulant matrix

ap apn—-1 Qp—2 -+ 41
ay agp Qp—1 -+ Q2
is of the form M = a2 a1 @ -+ 43| Given the polynomial
Gp—1 Ap—-2 Gp-3 -°* ag '
fx)=ao+ax+a2x®+ - +a, 12" ! and w = ezvﬂzl then the eigenvalues
are A\, = f (wk), the eigenvectors are v = (1 Wk wr ...,w("_l)k')T and the
determinant of M is det (M H f for k=0,. -1

Circulant matrices are 1mportant due to being diagonalizable by the discrete
Fourier transformation. Conversely, the inverse Fourier transformation takes a
diagonal matrix into a circulant matrix. An n x n circulant matrix C' is of the
form

Co Ch—1 Cp—2 - C1
C1 Co Cp—1 C2

C = Co C1 Co s . . (202)
Ch—1 Cp—2 Cp-3 - €o

As we see, a circulant matrix needs only one vector ¢ to be formed as all the
other columns are the cyclic permutations of the elements of this vector.

Some properties of the circulant matrices are:

We can write the matrix C as a polynomial

p,y(h) =col +c1h+ 02h2 + 03h3 + ...+ Cnfzhn_Q + Cnflhn_l, (203)

where h is the permutation matrix

00 0 01
10 0 0O
h=1]0 1 0 0]. (204)
00 --- 10
The permutation matrix is a circulant matrix with entries ¢ = (0,1,0,...,0).
The orthogonal and complete bases of h and g, where g = diag (1, w,w?, ... ,wN_l) ,

are diagonal and are related by a finite Fourier transform F,

00 = FIH) = g Zw’m ), (205)
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which maps angular momentum states to phase states. Also g (h) acts as step
operator in the phase state basis, i.e.

hin) = n+ 1), hlg,) = w™[6,,) , mod(2j + 1), (206)

while ‘ '
gt =p¥t =1, b7t = A, (207)

and of course FF!' = FIF = 1. The conjugation between the number and the
phase operators becomes transparent by the relations, FgF = h, FhFT = g~1.
The Fourier matrix F can be written as[4]

27
1
F=— w™™ |m) (n|.

Proposition 18 It holds about the commutation relations that

gmhn — wm7lhngm7 (208)
for everym,n € R where, g = diag (l,w,oﬂ, e ,wal) and h = circ(0,1,0,...,0)
1]
Proof. We have that

gh = whyg. (209)

We multiply both sides of the equation from the left by ¢! and from the right
by R"~1. This gives us

g™ ghh Tt = wg™ thght T (210)

which is ¢™Rh" = wg™ 'hgh"~'. Now, we need to move every h to the left
and every g to the right. We know that gh = whg which means that with
every commutation of g and h we get an extra w. We have n — 1 and n(m — 1)
commutations. This gives us, ww™ lw™m—1) = yltn—ltnm—n _ mn_ Thyg

gmht =wmmh g™, (211)
[

Theorem 19 Having two circulant matrices A and B we notice that the sum
A+ B, and the product AB are circulant and that it also holds that AB = BA
which leads us to circulant matrices being a form of commutative algebra. If C' =

cire(co, €1y .-, Cn_1) 18 a circulant matriz and F is the Fourier transformation
matrix then

FICF = /ndiag [F'c] (212)

where ¢ = (co, €1, ..., Cn-1)
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Proof. First of all we will start with finding the matrix Fc. So we have,

1 1
1 wl
1 -2
Fte = — |1 w
c T
1 w (D
n—1
k=0
n—1

k=0

Si-
(]
§|
=
&
£

1
n

1 1 Co
w72 e wf(nfl) Cc1
w_4 [ w_Q(n_l) Co _
—2(n—1) wf(n71)2 Cn_1

(213)

n—1
Z (‘}—T)an h A (‘7:))\6
K,A=0

|
—

n

AB

w*ﬁ(xé

0

KAH1W

=
>
Il

)

n

1
WD A8

n
A

0

1 n—1
ot § :w*/\aw)\ﬁ
n

A=0

1 n—1
Zore § w—/\oewAﬁ
n

A=0

n—1
1 *oy AB—a)
E(JJ Z w
A=0
6%5&}*(1
5(1’5&)_0 (214)
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From this we obtain

F'hr = gt (215)
1 0 0
0 w* 0
0 0 w*(n—1)
1 0 0
0 wt 0
0 0 . wD

Now, we have that

FihF=g= FiR2F=¢g>=...= FlRkF=g" (216)
n—1 n—1 n—1 n—1

It C =3 coh® then FICF = F1 [ 37 cah“> F=3 caFhoF = cag™.
a=0 a=0 a=0 a=0

We need to show that FTCF = diag (Fc). m

n—1
Flfer = Z Cag®
a=0

= Cogo + c19 + 0292 + -+ Cn—lgnil

= colterg+cag’ + o+ en1g" T

o 0 0 - 0 a0 0o - 0
0O ¢ O -- 0 0 c1w’1 0 0
10 0 ¢ -+ 0 n 0 0 01*260—2 0 n
0 0 0 Cco 0 0 0 C;(nfl)w—(n—l)
Co 0 0 0 c3 0 0 0
0 cow™2 0 0 0 cw™3 0 0
+ 0 0 cow ™% 0 + 0 0 caw™0 0
0 0 0 CQW_2("_1) 0 0 0 C3w—3(n—l)
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Cn—1

0

n—1

S

k=0

So, we have proven that Fc = NG Z erw— 2K

FloF =

0 0
Cn_lwi(nil) 0
0 cnilw—2(n—1)
0 0
0 0
n—1
chw k 0
k=0
n—1
0 chw 2k
k=0
0 0
n—1

k=0
n—1

k=0
1 n—1

k=0

n—1

n—1
Z cpw ™k 0
k=0
n—1
0 Z crw 2k
k=0
0 0

49

Z Ckwfk(nfl)

>
> et

Z Ckw_k(n_l)
k=0

and that

n—1

Z Ckwfk(nfl)

k=0

(217)

(218)



Thus, FTCOF = \/ndiag (Fc)

k-1 k-1
Lemma 20 [t holds that Zw" = 0 and Z(wb)" = 0, for every b, where
n=0 n=0

j2mk
w=e€e n .

Proof. This is a geometric progression which sums into S,, = al%, where
a1 is the first element of the sequence, A # 0 is the common ratio. Then

k—1
§ :wn _ w0+w+w2+w3+.”+w(k71)
n=0
4270 j2ml j2m2 5273 j2m(n=1)
= e n +e’ n +e n +e n ++e n
2mn
w" —1 el 1-1
= Qo =1 o = 2= :Oa (219)
w—1 627_1 627_1
also
k—1
n _
E:(wb) _ w0+wb+w2b+w3b+“.+w(k 1)b
n=0
j 20 j2xl i 2m2 ;273 j2m(n—1)
:617’b+6L"b+z"b‘i‘ez"b‘i""‘i‘ez —b
b i2mnp—1
w" —1 e n 1-1
= Qo7 =1 on = 2= 207 (220)
wb —1 esz—l esz—l

because, e "0 = ¢i2m0 — cogs (2rh) + isin (27b) =1 +i0=1. m

To sum up, circulants are matrices of basic Fourier analysis. Circulant ma-
trices have projectors which are also circulants, and every well-defined function
of a circulant is another circulant. We have seen that the matrices C' and Clg;qq
contain the same amount of information as the circulant matrix C' is diagonal-
izable only by performing a Fourier transformation.

8 Circulant CPTP Maps

8.1 Introduction

Following the notion of Muldoon[20] and Scwaiger[25] on generalized hyperbolic
functions and their characterization by functional equations we will discuss how
a function can be expressed as the sum of its components. To begin with, we
will analyse the case for n = 2. A function f: C — C can be written as the
sum of even and odd components as f(z) = fo(x) + f1 (x), where the even
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component is fo (z) = 3 (f () + f(—2)) and the odd component is fi (z) =
L(f (x) — f (=z)). If the function f is the exponential function then it satisfies

2
fle+y)=f(2)fy) (221)

for every x and y and its components satisfy

folx+y) = fo(z) foly)+ fi(x) fi(y)
fite+y) = fi(x) fo(y)+ fo(z) fi(y) (222)

and

fol@—y) = fol(@)foly) — fi(z) fr (v)
file—y) = f(@) foly) — folz)fi(y) (223)

In case f is the exponential function e”, then f; (z) = coshz and f; () = sinh
and the above are the familiar sum and difference relations for these functions.

Conversely, the general solution of (223) is expressible in terms of a sin-
gle arbitrary exponential function, i.e., it is known that if f; and f; satisfy
(223), then fy and f; are the even and odd components of a single exponen-
tial function: fo (z) = 3 (9 (2) +g(~2)), f1(z) = 3 (g9 () — g(~2)). In fact,
g (x) = fo(x) + f1 (x). Whereas, the general solution of (222) depends on two
exponential functions: fo (z) = § (91 (%) + g2 (), f1 (@) = % (91 (x) — g2 (2)) .
For example, g; (x) = e* and g5 (x) = 0([20]).

For (223) having less solutions than (222) is that (223) implies (222) but not
the opposite. To show that (223) implies (222), first we interchange = and y in
(223) and we observe that fy must be even and fo must be odd. Afterwards
we replace y by —y in (223) which yields (222). While, fo (z) = fi (z) = &
satisfies (222) but not (223).

The (222) and (223) can also be written

(fo(33+3/) f1($+y)>_ fow) fr)) (fo(z) fi(x)

file+y) folz+y) _<f1 (v) fo(y)> (f1 () fo <x>)7 (224)

and

(fazm plmm - (B mOY(he) 26 e

Definition 21 A function f : C — C is of type j for j =0,1,...,n—1, if
f(wz) = W™ f (z) where w = e“n

Lemma 22 FEvery function f: C — C can be expressed uniquely as a sum of
functions f; of type j, for j = 0,1,2,...,n — 1, called the components of f,

where
fo (z) f (@)
fi (95) _ %}_ ! (Wfﬂ) (226)
fn—l (l‘) f (wn—lw)
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In fact f = i f;([20]).

Jj=0

8.2 Circulant Function Valued Matrix

Here, we will introduce the matrix with entries functions derived from a chosen
function with certain properties as well as how the matrix is constructed and
its properties.

Definition 23 We will call the circulant matriz F(x) corresponding to function
f the circulant matrix

,fO fn—l fl
fi fo 0 fo

F(2) = cire (fo, fise s fao1) = , (227)

o1 fa—2 o fo
whose first column is formed by the components of the function f in
increasing order.

Lemma 24 If f : C — C is any function, the corresponding circulant matrix
function is given by F (z) = Fdiag [f (z), f (wz),..., f (0" )] F'

Lemma 25 If f is an exponential function, the corresponding circulant matrix

function F satisfies
Flo+y)=F(y) F (). (228)

Proof. This is fairly immediate consequence of previous lemma

F(x) = fol+fih + foh* + -4 fu_1h™ L (229)
Then by means of Fourier matrix F we obtain
FF(2)F' = fo(2) FLF 4+ f1 (2) FRF' + fo (x) FR2F 4+ -+ fuoy (v) FR"LFT
= fo(x)14+f1 (z) diag [l,w,wQ, . ,w"il] ot oot (2) diag [1,0™7 8L ,w(”*lf]
= fo@1+fi(@) g+ + far (@) g" " (230)
Likewise,
FEWF = fo)1+fi(y) g+ + famr (y) 9" (231)
and

FFR+y)F =fo@+y)l+fi(@+y)g+-+ facr(@+y)g" " (232)
Therefore

Fx+y)=F()F(y)=> FF(z+y)F = FF (2) FTFF (y) FI.  (233)
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Example 26 We will use the exponential function f (z) = e® forn =2. To
begin with, the function can be written as the sum of two other functions of type
7, 7=01,....n—1, the fo and f;.

F@) =38 @), (234)

These functions will be found by the equation below where F is the 2 x 2
Fourier transformation matrix

(?I gD B %f < fféfi)) ) (235)
(?2 EiD B % G —11> <ff(82)> : (236)

When the matrix is 2—dimentional we notice that we get the even and odd
functions

1
folz) =5 1f (@) + f(=2)], (237)
1
file) =5 [f (@) = f(=2)]. (238)
By substituting f (z) = e” and f (—x) = e, fy and f; are
1
fo(z) = 3 [e” + e~ "] = coshu, (239)
1 _ ..
filz) = 5 [e” — e "] = isinha. (240)
Our last step is to use the functions we found above as entries of each column
_(fo fi\ _ [coshz isinhz
F(z) = <f1 fo)  \isinhz coshz /-~ (241)

The final circulant matrix that is derived is also unitary([20]).

ty_ [coshz isinhz coshz  —isinhz) (1 0
Fla)F (x)_<isinhx coshz ) \—isinhe coshe )~ \0 1) =L

(242)
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8.3 The Choice f (z) =™

At this point we will apply the procedure to find the function valued matrix
with the function f (z) = €. To begin with, we will compute the matrix F (z)
for n = 2 by finding the components of f (z)

(1) = (7). s
(

(BN =10 (1) (21

By substituting f (z) = € and f (—z) = e, f; and f; become

1. .
fo(z) = 3 [ 4+ e7"] = cosz, (245)
1., i ..
filz) = 3 [ —e "] = isina. (246)
As a consequence, F' (z) is
_(fo fi\ _ [cosx isinz
F(z) = <f1 fo)  \isinz cosz )’ (247)
For n = 2 the constructed matrix F (x) is unitary
Fa)Ft(z) = <lco.sx isin x) < cosx  —isin m)
isinz cosz ) \—isinz  cosx
~ [cos?x +sin’x 0
N 0 cos? & + sin®

09

Now, we will apply all the above to our exponential complex function for
n=3

f(z) = e™@. (248)

To begin with, we will determine the components of f which are functions
f; of type j, where j =0,1,2,

2
f@)=) fi(). (249)
§=0

So,
o) - Lr( fem (250)
1(x) | =— wx , 250
fa () V3 f (w?z)



27

where F is the Fourier transformation matrix and w = e™s .
That is to say,

fo (z) 1 1 1 [z
nw =31 e @) | fen |, (251)
fa(x) 1 w? Wt [ (w?z)
o (z) 1 1 1 f(z
n| =31 e e fen |, (252)
fa(z) 1 w? w (w?x)

f
giw
e | (253)
eiwz.t

From this equation we obtain the following:

1/ . ) )
fo(z) = 3 (em + T 4 ew%>
1 ) ) 3
= < [e®+2e7 7% cosh im ) (254)
3 2
1 T we 2 iw’x
filz) = g(e + we'* +we )
1 ) .
= = (e”” e zi® <cosh ﬁz + v/3isinh ‘/§x>> : (255)
3 9 5
falz) = (em + w?eT 4 wei‘*’%)

1
3

‘ . 3
= % (e” ez (cosh ?m — V/3isinh f:ﬂ)) . (256)

These components are of type j, j = 0, ..,n—1 because it holds that f; (wz) =
W f; ().

fO (wx) _ (eiwx +€iw2x +eiw3x) —_

W= Wl

(e’?“‘” +e 4 ei’”) = fo(z), (257)
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fi (wz)

. .2 . 3
(ezwm +wezw T _|_w261w :r)

— |

iwx iw?z 2 ix

= § (e + we + w’e )
1 . . .

= §w2 (we“‘"’” +wleT 4 e”) = Wiy (z), (258)

Qior i QST
(esz, +w26‘°’ L_l_weuu J,)

fo(wz) =

1
3
% (ez’wx +w2€iw2x +weix)
1

3w (wzei“”7 + wel’e + ei”’) =wfs (). (259)

Now that we know that the components of the function f (z) = € are of
type j we can proceed in finding the circulant matrix F' (x) = cire (fo, f1, f2)

fo f2 S 4
F)=|fA fo f|=¢€"" (260)
f2 fl fO

We havelfrom the properties of the exponential matrix that if Y is invertible
then e¥ XY = YeXY ! and from the properties of the Fourier matrix we know
that F~1 = F*.

a1 0 0
We also know for the exponential matrix that if A= [ 0 as 0 | then
0 0 as
e 0 0
eA=10 e 0
0 0 e

And now, we need to write our circulant matrix F (z) = ™"

F(z) = eth = ei”’]:gﬁ, (261)

iz are elements and g = diag(1l,w,w?).
So,
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F(x) = FeoFt

e .0 0
= FI| 0 e 0 Ff
0 0 e
L (11 LY [er 0 0 L (111
= — |1 w w? 0 ew” 0 — 1 w! w2
3\1 w2 w 0 0 el V3 1 w2 wt
emw_i_emﬁ + el eix+w26iww+weiww2 e”—i—we”w—i—wzemz
I eiac +w26i:cw2 +weixw eixw+€ixw2 +€i:c eix+w2eixw +weixw2
eim +weimw2 +w2€irw 6im +w26irw2 +weimw eimw+eirw2 +eim
fo f2 h
= | i fo f (262)
fa fi fo

= circe(fo, f1, f2).

From this decomposition it is easy to show that the matrix F (z) is unitary
for n = 3 and as a consequence for every n € N
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e 0 0 e 0 0

Fx)Fi(z) = F0 e“* 0o |FH{F|lO0 ev 0 |Ff
0 0 eiw2:r 0 0 eiw2$
¢t 00 ¢r 0 0\
= 70 e o |FEH o e 0 | F
0 0 ein:L’ 0 0 eiw2$
e 0 0 e 0 0
= F| 0 ew= 0 Fir 0 e 0 al
0 0 e’ 0 0 e—iw e
e 0 0 e i 0 0
= F{O0 e 0 |1{ 0 e 0 |F
0 0 eiw’e 0 0 emiw e
er 00 e’ 0 0
0 0 e 0 0 eiwe
e’ 0 0 e 0 0
= F[O0 v 0 0 e e o |Ff
0 0 eu;.)Qac O 0 e—iwz
ei:rfiz 0 0
= Fl o eeoles?) 0 Fi
. 2
0 0 ezx(w 7(.«))
1 0 0
= Flo eV o |Ft2£1 (263)

0 0 e

This means that F' (z) is not unitary because g and h are not Hermitian. That
is, g # g and h' # h. The previous matrix is only unitary for z = 0, but we
are not interested in a fixed solution. We are interested in finding the quantum
channel of a circulant matrix that holds for every . We have to find its closest
unitary to continue into finding the CPTP map.

8.4 The powers of F(z)

At this point we will compute the the matrix F'(z) in the general power k in
order to determine how it affects the properties of the matrix. Later, we are
supposed to use the powers of matrix F (z) to compute the quantum channel.
That is

F (z) = Fdiag (f (), flwz),.... f (w"flx)) Ft, (264)
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F* (z) = F [diag (f (z), f (w2),..., f (w"’_lm))]k]j. (265)
For the 2 x 2 matrix we get that

& [ coskx isinkx
F*(z) = (z sinkx cos kx> ’ (266)

For the 3 x 3 matrix we get that

k
Fr@) = | fi(ka) folkn) fo(ko)| =
eik;c + eiwkx + eiw2km eikw +weiwkx +w26iw2kx eikx +w26iwk’x +w€iw2kx
— eik’m +w2eiwk’m +w€iw2km eik’m _|_eiwk'm _|_eiw2k,m eikm +weiwkm +w26iw2km
eikx +w€iwkm +w2€iw2k:t eikm +w2€iwkm +weiw2kz eikm + eiwkm + eiw2km

After carrying out the explicit calculations we obtain that,

for k=0
fo(0) = 1, (267)
f1(0) = 0, (268)
f2(0) = 0, (269)
and
0 (0) = 1, (270)
1(0) =0, (271)
2 (0) =0, (272)
for k=1
fo(z) = ;(6”4*26%”:008}1?%), (273)

filzx) = % (e” — ezl (cosh ?m + iV/3sinh ?m)) , (274)

fo(z) = % <e“” — ez (cosh ?w — iv/3sinh \fx)) . (275)

and
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O %
—
8
S~—
|
W =

(e‘” + 27 cosh ?w) ,

W =

for k=2
fo(2z) = % (e%m + 2e7" cosh \/ga:) ,
fi(2x) = é (62” —e (cosh V3 4 V/3isinh \/§x>) :
fo(22) = é (62” —e (cosh V3x — V/3isinh \/ga;)) ,
and
fi@x) = é (672”’ + 2¢" cosh \/535) ,
fi@x) = é (6721“% — e (cosh V3z — V/3isinh \/?j:l:)) ,
fix) = é (672@0 — e (cosh V3z + V/3isinh \/§m>) .

(e” _ ezin <cosh ?z — 4v/3sinh ?w)) ,

1 , .
5 (x) = 3 (e” _ e3i® <cosh ?z + iv/3sinh ?z)) ,

(276)

(277)

(278)

(279)
(280)

(281)

(282)
(283)

(284)

Next we will prove the general form of the n x n F' (x) matrix. First of all,

we will use the already proven fact that
F(.T}) _ eixh _ eiac]:g]:T _ ]:eixg]_-T’
where
1 0
0 w
g =

0
0
Lo " 0 ’
o0 ... !
and where F is the Fourrier transformation matrix
RETI. Zeizwk k) (K| .
k
Thus,
FesFt = FY e k) (k] F1
k
= Do FR) (kT
k
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(286)

(287)
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Flky k| FH = w8 oy (8] = (289)
a,B’

Fa) = 3 ok ja) (5

k,a,B’
_ Z lz 6ixwkwk(a—ﬁ’)] |a> <,8/| ' (290)
«a,B’ k

8.5 Optimal Unitary of the Circulant Matrix F'(z)

Here, we are going to find the optimal unitary of matrix F (z) in order to
compute the quantum channel as well as the density matrix that derives, due
to the fact that we have shown F'(x) is not unitary. We have shown that
F (x) = Fe9Ft. At this point we will compute the product

F(z)F'(z) = Fe*9Ft (J:eilg]:T)T
—  FerIFtFemivd' Fi
= Fein91e—iwd’ i
= Fergeing' Fi

= Ferloa") Ft 21, (291)
where
1 0 0 1 0 0
g—g' = 0 w O0]—[0 w* O
0 0 w? 0 0 w*
1 0 0 1 0 0
= 0w O0|—=(0 wt o0
0 0 w? 0 0 w2
1 0 0 1 0 O
= 0 w 0|—=(0 w? 0
0 0 w? 0 0 w
0 0 0
= [0 w-w? 0 #0. (292)
0 0 w? —w

At this point we will proceed to compute the closest unitary matrix V (z)
of F (z). For this purpose we are going to follow the process as we have seen
before in the proof of the closest unitary matrix in (97).

The closest unitary matrix V' of the circulant matrix F is

Nl

V= (FF") *F. (293)
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N|=

If FFt = Fe™(9=9)F1 then, (FFT)7® = Fe (09 Fl. So, next we
determine explicitly matrix V,

iw(g—yf)foeingT
ix(g=9")q gizg
ix(gfgi)Jrizng

\%4

by
|

Il
:;'
[ N

= Fe~
_ feféizg%»%imgfq%zgf"r
_ fe%ixg-&-%ingfT

Feriw(ot’) £t (294)

where matrix V' is now unitary by construction as the next calculation verifies,

vV = Fexiwlote') piFe-sie(ote’) Fi
Fezie(ata")q o~ siz(at+a") Fi
Fobielota')- din(ata') £

= F1r!
= FFt (295)
1. (296)

The matrix g + ¢! occurring in the definition of V' is diagonal and reads

n—1 n—1

g+gt = Y WFR) R+ D w k) (K
k=0 k=0
n—1

= Z (wk —|—w_k) |k) (K|

k=0

n—1
= ) 2Rew"[k) (k|
k=0

n—1
2m
= 2 5| — .
Z cos ( n k:) |k) (k| (297)
k=0
This leads to the following form of unitary matrix V'

V o= Ferwlotd') g
n—1
— Zeixcos(%’k)}—-'k> <]€|.7:T

k=0

n—1
_ Z eimcos(%’k) |k/> <k5l|, (298)
k=0

where |k') = F|k). Since g + g is a diagonal matrix, we can assume that

VE = Fedike(ote’) £t (299)
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Our next step is address the main target of our work which is to construct
new families of unitary channel maps £ : D (H) — D (H) of the form

E(0) =Y pV* (2) oV (2). (300)
k=0

For example for n = 2 the matrix V' should read
vV o= Ferelotd) Fi
_ 1/ e 0 1/
_\/51—106*”\/51—1
_ 1 61:1: + efiz 62:1 _ efiz
- 2 el _ efiz el + 677'.1
_ <cgsm smx) ’ (301)
sinx cosz
and its hermitean conjugate is
vio= Fesilotd) i
_ } ei.’x‘_’_ e—vfm e—zr _ ev’r
- 9 871:6 _ ezr ezx + efzm
. cosr —sinw
- —sinz  cosz )’
where g + ¢T is

2
g+g" = QZcoswkUc)(k\
k=0

. <é _01> . (302)

We notice that F(x) for n = 2 coincides with its closest unitary because we
have seen that F(z) was already unitary. We have already seen similar work
when we calculated the one qubit quantum channels where the Kraus operators
were unitary matrices X, Y, Z, Hadamard and Depolarizing, except for the
Amplitude-Damping channel. The CPTP map is explicitly

E(0) = > peVF(x) oV (2)
k=0
= poV%(z) oV (z) + p1V (z) oV ()

cosx sinx cosx sinzx
= poo+p1 ( ),Q( >, (303)

sinx cosx sinx cosx
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and it is associated with a bi-stochastic matrix A via the element-wise multi-
plication of its generator matrices as follows,

1
Ao = Y pVF(@) o VH ()
k=0

= pol+piV (.’)3) oV* (l‘) (304)
cos?z  sin’zx
pol +p1 <sin2 x  cos? > ’ (305)

The above is also a process we have already witnessed when we tried to

calculate the bi-stochastic matrix of the one qubit quantum channels (187),
(188), (189), (190), (191) and (192).

The similar construction for dimension for n = 3 provides the unitary matrix

\%4
Vo= Ferwlote’) Fi
1 1 1 1 e 0 0 1 1 1 1
= —[1 w w? 0 e zie 0 — (1 w' w2
3 2 -1 V3 -2 -1
1 w w 0 0 e 2T 1 w w
1 1 1 1 e 0 0 1 1 1
= 3 1 w w? 0 e 2" 0 1 w? w!
1 w? w 0 0 e~ 3iT 1wl Ww?
1 el + %2¢ %zx el _ g3l e _ e %zm
— eiw — e 3w e 4+ Qe 2% et _ g— 3l (306)
eiz — e 2w eiz — e 2w el + e~z
and its hermitian conjugate is
VT _ ‘7:6—%1'93(94-9’\)]:1‘
e—ia: + 2e%iw e—iac _ e%iw e—iw _ e%iw
— 1 e—iz _ e%iz e—iz + 26%11 e—iz _ e%iz
3 efiw _ e%iw efiw _ e%iw efia: + 2e%iw
The matrix V?2 is
V2 _ feili(g"!‘gf)fT
1 e?im + 2€7m 621'13 _ efiz 62ix _ efix
— g e2iz _ efia: eZiz + 2671':10 e2ia: _ efim , (307)
21

e2ir _ e—iz e2iw _ e—ia: e2iw + 2e—im
and its hermitian conjugate

V2 Feiwlora') i
1 6—21;.16 + 26290 6—2'130 _ ew‘c e—Q’L.:() _ ez.x
. 6—211 — e 6—211 + 2¢tT e—21z — e ;
3 o2 _ iz 2w _ iz =2z | i
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where g + ¢T is

2
g+g' = 2Zcos§k|k)(k| (308)
=0
1 0 0
= 2|0 -1 0 (309)
o 0 -1

Then CPTP map reads

E(0) = D pVF(2) oV (x)
k=0

= poV°(2) oV (2) + p1V (2) oV (2) + p2V? (z) oV (2)
= poV (0)oVT(0) +p1V (z) oV (z) + p2V (22) oV (22). (310)

Now that we have shown in (296) that V¥ is unitary we can easily understand
that using it as a Kraus generator forms a CPTP map. The CPTP map satisfies
the properties of a density matrix as we have seen previously in (137),(135) and
(138). That is for the map £ : D (H) — D (H) it holds that &£ (0) = £ (o),
E(p) >0 and TrE (o) = 1. Also, it is valid that for unitary Kraus generators
map & is unital, i.e. £(1) =1.

Next we deal with the bistochastic matrices associated with the n = 3 new
family of unitary channel map constructed above, and in particular with the
associated bistochastic matrix Aj. Refering to equations (306,307) we have

2
Ay = Y pVF(@) oV (2)
k=0

poV? (2) o VO () + p1V (x) o V* (2) + paV? (2) 0 VP (2)
= poV (0)oV*(0)+p1V (z) o V*(x) + poV (2z) o V* (2z), (311)

which explicitly is expressed as

5+4cos§x 2—2(;os§x 2—2COS§$
A = p01—|—;%1 2—2cosgx 5+4cosgx 2—2(305?8
2—-2cos5xr 2—2cosjwr S5+4cossx
5+4cos3r 2—2cos3xr 2—2cos3z
—&-% 2—2cos3z 5+4cos3z 2—2cos3z (312)
2—2cos3x 2—2cos3x 5+ 4cos3z
_ P1 3 D2
= (po-i-? 5+4cos§x +§(5+4cos3x))1+ (313)
3
—&—(%(2—2005533)+%(2—2c053m))(h+h2). (314)
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We have already found the relation between the eigenvalues of the density
matrix p and of the density matrix &£ (p) for every unitary matrix as Kraus
generators. At this point we will show the same relation but for every Fourier
matrix. We assume p to be a unitary matrix. If the density matrix p is not
unitary we have already proven the relation of the eigenvalues in (175).

n—1

oo = D2 (VEVH),,
k=0
n—1 n—1

= D> (V) s (V) s (315)

k=0 m,s=0

but due to the fact that p,,; = dmnpPm, since matrix p is taken to be diagonal,
ie. p = diag(po,p1,---sPn-1), where p,, are the eigenvalues of p, the above
turns into

n—1n—1
> (V) (V) pm
k=0 m=0
n—1n—1

= Z Z Ak (Vk)nnL (Vk*)n’m Dm
k=0 m=0
n—1n—1

S5 SIWICEO

k=0 m=0

n—1 [n—1

- 5 B,
m=0 Lk=0

n—1

> Ak

k=0

n—1

- 5

m=0

p’fﬂ

nm
n—1

= Y Ay (316)
m=0

Next we compute the change of stochastic vector ¢ induced by the action
of As on it. We denote as As(pg,p1,p2,x) the matrix Ag that we found in

(312). We choose for p; the uniform probability distribution (%, %, %) as well as
the non uniform distribution (%, i.i). Recalling that the action of stochastic

matrices on stochastic vectors could have "fixed points" i.e. points that are left
invariant under the action of the matrix. For the case of matrix Az(po, p1,p2, )
vector ¢ = (%, %, %) i.e. the uniform 3 dimensional distribution, belongs to the
invariant space of Az for any value of its arguments, i.e.

A3(p0ap1ap2a$) (317)

|00 =
QO C0 | 0 |
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We choose though two other stochastic vectors ¢; = (%, i.i) and ¢y = (% %, 1-—
and notice their transformation.
For the combination of uniform probability for A3 and ¢; we get

1
5 cos3z + = = COS er—
111 1 ﬁff P
A3(373737$) 7 08 54C05§m 54cos3a:
1 m7§c0s2mf5i40053x
where due to 27 cos3x + 5= = COS a: + + ﬁ — 51 cos 2z L cos3z + 108 —

é cos ;’x — i cosdz =1 the resultlng Vector q(z)

(i 1
. . . . 3
Its componentwise variation with parameter x is

3» 3, 1) is stochastic.

The solid thick line represents the first componet of ¢(x), the curve with diamond
marks ¢, refers to the second one and that marked with boxes [J to the third
component, the two last curves overlap.

For the combination of (2, I 4) for Az and ¢; we obtain

1
111 ? EG cos3x+3360051 m—l—g
A3(§7171,$) i = §—7T2cos§x 7 cos 3T
i 15 — 75 COS 5T — =5 cos 3w
aga1nduet0—cos3x+—cos T+3 +—f—cos3x7—cos3x+—ficos3xf

2 2
1 7

72 2
75 cos 3z = 1 the resulting Vector 1s stochastlc with variation Wrt x
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Here, the solid thick line represents the first component, and the overlapping
curves with marks () and + the rest two components
The combination of uniform distribution for Az and gy gives

7c053m—|— %7 cos :c—i—

= 43 8 o3 x——cos?)m
189 ~ 189 2 19 VP

1
7 @cos&x—&-@cos T+ 375

As(z, x)

1
'3’

C»J\H
C&J\H

NI o =

1—
8 Sp_ 8 L

Where 1relabtlor}3%7 cos 3T+ o5 57 COS 5 a:+ —|— 189 759 COS 5T— 755 €OS 3T+ 755 COS S.x—l—

189 cos 5 + gzg = 1 verifies the thChaStIC charater of the new vector, which

varies as
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a(x)
04T
03T
LS ”~ N P -_— -—
\ s \ y S o P
N o2ty
/
| | | \ i / | + | |
3 -2 -1 0 1 2 3
X

Here the solid line represents the first component and the dash and dot lines
the second and third components respectively.

111

Finally for the combination (5, Z'Z) for Az and g2 we obtain

A3< ,37)

DN =

11
44 -

N[ =g [0 [ =

1
7

$00831‘+§%COS§$+%
2 3. 4
A~ 55 COS5T — &3 cos 3z

) 1 o3
ﬁCObe—F 553 COS 5T +

29
84

where the resulting stochastic vector has three components varying wrt x as
the following curves displace from up to down respectively
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9 Conclusions

This Thesis has put forward a construction technique for some new families of
particular channels of the type of random and optimally unitary channels on
finite dimensional Hilbert spaces. The effect of these channels on quantum
signals has been given a elementary investigation. Basic algebraic and convex
geometric properties of bi-stochastic matrices have been utilized for studying
the effects of the new channels on signals. The utility and further development
of the theory developed here remains to be addressed in future works in the field
of Quantum Information. In outline the construction technique is implemented
via the following steps:

- introduction of generalized hyperbolic function decomposition f=fo+fi+...4fn-
1 for a function f(x) of exponential type (V. Riccati 1757);

- assignment to each f(x) of a circulant matrix F(x)=circ(fo,f1,...,fn-1);

- adoption of simple choice f(x)=exp(ix) for f;

- counterexample: f(x)=exp(ix), n=3, F(x) not unitary for non zero x;

- determination of optimally unitary V close to F wrt trace norm;

- construction of channel map En via family of unitary generators {Vk(x)}
k=0,...,n;

- construction of family of associated bi-stochastic matrices {Dx(x)} via
entry-wise matrix product;

- study of stochastic flows (quantum probability) of state matrix in the
exemplary case of n=3 channel.
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