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Prìlogoc

H paroÔsa Didaktorik  Diatrib  apoteleÐ thn katagraf  twn apo-
telesm�twn thc ereunhtik c mou melèthc, gewmetrik¸n idiot twn q¸rwn
Banach, upì thn kajod ghsh kai epÐbleyh tou Dask�lou mou, EpÐkou-
rou Kajhght  sto PoluteqneÐo Kr thc, k. MÐnwa Petr�kh. H pro-
sp�jeia twn èxh aut¸n qrìnwn kaj¸c kai h olokl rws  thc, afenìc me
gèmisan qar� kai ikanopoÐhsh, afetèrou me �llaxan rizik� san �njrw-
po kai san epist mona. ElpÐzw h ulik  thc pragm�twsh, me thn morf 
autoÔ tou keimènou, na apobeÐ qr simh ston endiaferìmeno Majhmatikì
pou ja to melet sei.

XekÐnhsa/sunèqisa thn anazwogonhtik  peripèteia/anaz thsh ston
q¸ro twn Majhmatik¸n, to fjinìpwro tou 2007, me parìtrunsh tou k.
Petr�kh, en¸ ergazìmoun  dh sthn Deuterob�jmia EkpaÐdeush, deka-
pènte qrìnia met� thn olokl rwsh twn Metaptuqiak¸n mou spoud¸n
sto Majhmatikì Tm ma tou PanepisthmÐou Kr thc. To gegonìc apì
mìno tou, up rxe idiaÐtera shmantikì gia mèna kai jewr¸ ton eautì mou
idiaÐtera tuqerì pou mou dìjhke (xan�) h eukairÐa na perpat sw ènan
drìmo pou ag�phsa apì ta majhtik� mou qrìnia.

H majhteÐa mou upì ton k. Petr�kh nohmatodìthse mèsa mou tic
ènnoiec tou majhmatikoÔ, tou epist mona kai tou anjr¸pou me èna bajÔ
kai ousiastikì trìpo. Mou metèdwse thn ag�ph tou gia ton kl�do
kai mou prosèfere aplìqera tic gn¸seic tou, me èmaje na skèftomai
me apotelesmatikìtero trìpo kai na axiolog¸ kalÔtera, afÔpnise thn
ag�ph mou gia thn majhmatik  èreuna kai kat� thn di�rkei� thc up rxe
o akoÔrastoc sunomilht c prosfèrontac lÔseic, teqnikèc   genikìterec
strathgikèc. H pÐsth tou stic ikanìthtèc mou kai h enj�rruns  tou, mou
èdwse thn dÔnamh na xeper�sw ìlec tic episthmonikèc kai proswpikèc
troqopèdec pou sun�nthsa kai elpÐzw sto mèllon na antapokrij¸ stic
prosdokÐec tou. Ston D�skalì mou, MÐnw, ofeÐlw ta mègista.

Apofasistik c shmasÐac gia thn exèlixh thc ereunhtik c mou pro-
sp�jeiac up rxan oi sunant seic mou me ton Kajhght  tou E.M.P. kai
mèlouc thc trimeloÔc mou epitrop c k. SpurÐdwna Argurì. O k. Ar-
gurìc bajÔc gn¸sthc tou kl�dou, eid mwn kai sthn Radon-Nikodym
Property (kentrikì jèma thc èreun�c mou), suzht¸ntac poll�kic mazÐ
mou, me bo jhse na katano sw dikèc tou teqnikèc kai idèec oi opoÐec
qrhsimopoioÔntai ekten¸c sthn diatrib  aut , èdwse lÔseic kai diexì-
douc se erwt mat� mou, èjese erwt mata kai ereunhtikoÔc stìqouc kai
dieÔrune touc majhmatikoÔc mou orÐzontec. Sunèballe me kaÐrio trìpo
sthn olokl rwsh thc ergasÐac aut c. Tou eÐmai eugn¸mwn.
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O Anaplhrwt c Kajhght c thc S.E.M.F.E. k. G�sparhc Iw�nnhc,
eidikìc stouc q¸rouc, pou kat� kÔrio lìgo meletoÔntai sthn diatri-
b  aut , kai mèloc thc trimeloÔc mou epitrop c, mou pareÐqe shmantikèc
plhroforÐec, parakoloÔjhse omilÐec kai parousi�seic mou kai moir�sth-
ke mazÐ mou gn¸seic kai skèyeic tou. Ton euqarist¸ polÔ.

Jèlw na euqarist sw touc Kajhghtèc tou P.K., k. Gruspol�kh
IwakeÐm kai k. Sarid�kh Iw�nnh, ton Anaplhrwt  Kajhght  tou P.K.,
k. Kandul�kh Dhm trio kai ton EpÐkouro Kajhght  tou P.K. k. Ma-
nous�kh Ant¸nh gia thn summetoq  touc sthn eptamel  mou epitrop 
kai to endiafèron touc gia thn ergasÐa aut . Ton k. Manous�kh epÐshc
gia tic ebdomadiaÐec tou dialèxeic thn �noixh tou 2011, tic suzht seic
mac, thn antallag  apìyewn, tic koinèc mac empeirÐec all� kai thn bo -
jeia pou mou pareÐqe sthn ekm�jhsh kai qr sh thc latex. Sthn graf 
thc ergasÐac mèsw latex me bo jhsan epÐshc h fÐlh Iw�nna Kurèzh kai
o fÐloc Panagi¸thc QatzhpantelÐdhc kai touc euqarist¸.

Kat� thn di�rkeia aut c thc endiafèrousac kai apolaustik� kopia-
stik c poreÐac, up rxan kai �lloi �njrwpoi (ìqi ìmwc �mesa sqetizì-
menoi me to ereunhtikì thc mèroc) pou me st rixan kai me bo jhsan kai
en mèrei h Ôparxh aut c thc melèthc ofeÐletai se autoÔc.

Se ¸rimh plèon hlikÐa kai se epoq  toul�qiston hjik� taragmènh,
me to traÐno twn upoqre¸sewn na epib�llei touc kajhmerinoÔc staj-
moÔc tou, ja  tan adÔnaton na brw thn aparaÐthth sugkèntrwsh kai
na apostasiopoihj¸ apì ìti èkrina perittì, an den eÐqa sto pl�i mou
thn sÔzugì mou Aret  kai thn kìrh mou Klèa. H ag�ph touc, h amèri-
sth sumpar�stas  touc, h empistosÔnh kai h upomon  touc, up rxan oi
dun�meic pou ulopoioÔsan mia zwntan  g�ta se k�je parat rhsh sto e-
swterikì tou skoteinoÔ koutioÔ. EÐmai eutuq c pou moir�zomai thn zw 
mou mazÐ touc.

Fusik� me poll  di�jesh kai periss  enèrgeia den pac poujen� an
den afier¸seic ton aparaÐthto qrìno. H praktik  aut  apaÐthsh br ke
thn ikanopoÐhs  thc mèsw thc apallag c mou apì tic ergasiakèc mou
upoqre¸seic, me thn qor ghsh ekpaideutik c �deiac, apì 1-9-2008 èwc
31-8-2012, apì thn DieÔjunsh Idiwtik c EkpaÐdeushc tou UP.E.P.J.
Euqarist¸ ìlouc ìsouc apof�njhkan jetik� sthn aÐths  mou, idiaÐtera
ton prìedro thc OmospondÐac Idiwtik¸n Ekpaideutik¸n Leitourg¸n El-
l�dac k. Miq�lh Kouroutì. Mak�ri kai �lloi ekpaideutikoÐ na tÔqoun
thc Ðdiac st rixhc apì ton sunteqniakì kai ergasiakì touc q¸ro.

OfeÐlw èna meg�lo euqarist¸ stouc kajhghtèc twn foithtik¸n mou
qrìnwn sto Majhmatikì HrakleÐou gia to sÔnolo gn¸sewn pou mou
metèdwsan, idiaitèrwc de, sthn k. Souz�nna PapadopoÔlou gia thn
makroqrìnia empistosÔnh kai ektÐmhs  thc kai ston k. Iw�nnh Papad�kh
gia to endiafèron tou. Euqarist¸ epÐshc to didaktikì kai dioikhtikì
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proswpikì tou GenikoÔ Tm matoc tou PoluteqneÐou Kr thc gia thn
�yogh sunergasÐa mac kai thn paroq  k�je grafeiokratik c, teqnik c
  �llhc praktik c bo jeiac qrei�sthka kat� thn di�rkeia twn spoud¸n
mou ekeÐ wc U.D., eidikìtera de thn Prìedro tou tm matoc k. 'Elena
PapadopoÔlou.

MÐa noer  tèloc euqaristÐa proc ton (prìsfata eklipìnta) k. Edw-
ard Odell, o opoÐoc mac epètreye thn melèth qeirìgrafwn shmei¸se¸n
tou. H katanìhsh touc up rxe shmantikìc par�gontac gia thn paragw-
g  twn apotelesm�twn sto pèmpto kef�laio.

Autìnoma mèrh thc ergasÐac aut c parousi�sthkan sto Tri mero
Majhmatik c An�lushc gia Nèouc Ereunhtèc (Aj na, Noèmbrioc 2010),
sto Semin�rio An�lushc tou MajhmatikoÔ Tm matoc HrakleÐou (Okt¸-
brioc 2011) kai sto 14o Panell nio Sunèdrio Majhmatik c An�lushc
(P�tra, M�ioc 2012).

Ta kÔria apotelèsmata tou trÐtou kefalaÐou (pou apoteleÐ kai to
megalÔtero mèroc aut c thc melèthc) dhmosieÔjhkan sto Studia Ma-
thematica (No 203, 2011) sthn koin , me ton k. Petr�kh ergasÐa mac,
me tÐtlo : On the structure of non-dentable subsets of C(ωω

k
).

Perikl c D. Paul�koc
Hr�kleio
IoÔnioc 2013
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Sthn paroÔsa diatrib  melet�me thn gewmetrÐa twn kleist¸n, kur-
t¸n, fragmènwn uposunìlwn q¸rwn Banach.

H melèth thc dom c twn non-RNP uposunìlwn q¸rwn Banach eÐ-
nai èna apì ta kentrik� probl mata ([50]) thc gewmetrÐac twn q¸rwn
Banach apì tic dekaetÐec tou 1970 kai tou 1980.

'Ena kleistì, kurtì kai fragmèno sÔnolo K se ènan q¸ro Banach
X, èqei thn idiìthta Radon-Nikodym (RNP) an : gia k�je q¸ro mètrou
(W,S), me m èna mètro pijanìthtac sth s-�lgebra S kai m : Σ →
X èna dianusmatikì mètro me m(A)

µ(A)
∈ K, ìtan A ∈ Σ kai µ(A) 6= 0,

up�rqei monadik  Bochner oloklhr¸simh sun�rthsh f (f ∈ L1
X(µ)),

tètoia ¸ste: m(A) =
∫
A

f(ω)dµ(ω). O q¸roc Banach X èqei thn RNP

ìtan h monadiaÐa mp�lla tou èqei thn RNP.
ParadeÐgmata q¸rwn me thn RNP eÐnai oi autopajeÐc q¸roi, oi dia-

qwrÐsimoi duikoÐ (p.q. oi q¸roi Lp gia p > 1 kai o l1). Oi q¸roi
L1(0, 1), c0, l

∞ den èqoun thn RNP.
PolloÐ majhmatikoÐ melèthsan thn RNP, an�mesa stouc opoÐouc oi

R. Phelps, R. C. James, J. Diestel, J. J. Uhl, Jr., M. Talagrand, C.
Stegall, J. Bourgain, H. Rosenthal, W. Schachermayer, N. Ghoussoub,
B. Maurey, G. Godefroy, S. Argyros. Shmantik� �rjra eÐnai ta: [14],
[12], [16], [55], [29], [54], [50].

To sÔnolo K èqei thn idiìthta Krein-Milman (KMP), an k�je klei-
stì, kurtì, fragmèno uposÔnolo L tou K eÐnai h kleist  kurt  j kh
twn akraÐwn tou shmeÐwn.

H idiìthta Radon-Nikodym orÐzetai me analutikì trìpo, apodeiknÔ-
etai ìmwc ìti èqei mÐa gewmetrik  morf  (k�je uposÔnolo enìc RNP
sunìlou eÐnai dentable [26], [20]), en¸ h fÔsh tou orismoÔ thc idiìth-
tac Krein-Milman eÐnai algebrik  .

An èna kleistì, kurtì, fragmèno, sÔnolo K èqei thn RNP sunep�-
getai ìti èqei thn KMP ([38], enìthta 2.3).

To 1973 o J. Diestel jètei to ex c er¸thma: an èna kleistì, kurtì,
fragmèno, sÔnolo K èqei thn KMP, èqei thn RNP;

xiii
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To er¸thma paramènei anoiqtì mèqri s mera kai parousi�zei idiaÐtero
endiafèron afoÔ afor� thn sÔndesh idiot twn diaforetik c fÔshc.

EÐnai gnwstì ìti gia orismènec kl�seic q¸rwn (  sunìlwn) h RNP
eÐnai isodÔnamh me thn KMP: stouc duikoÔc q¸rouc ([33]), sta upo-
sÔnola q¸rwn pou emfuteÔontai se q¸ro me unconditional FDD ([34],
[54]), stouc q¸rouc pou eÐnai isìmorfoi me to tetr�gwnì touc ([53]),
sta Banach lattices ([19]), sta uposÔnola tou jetikoÔ k¸nou tou L1

([3]).
Ta �rjra: [3], [6], [42], [43] kai [4] up rxan epÐshc shmantik� gia

thn ergasÐa mac.
Ta kÔria apotelèsmat� mac (Jewr mata 3.41, 4.4 kai 5.14) eÐnai ta

ex c:

Jewrhma 0.1. 'Estw K èna kleistì, kurtì, fragmèno, non-RNP

uposÔnolo tou C(ωω
k
). Tìte up�rqei èna kleistì, kurtì uposÔnolo

L tou K, tètoio ¸ste to L èqei thn PCP kai den èqei thn RNP. EpÐshc

h KMP kai h RNP eÐnai isodÔnamec idiìthtec sta uposÔnola tou C(ωω
k
).

O q¸roc C(ωω
k
) eÐnai o q¸roc Banach twn suneq¸n sunart sewn,

orismènec sto di�sthma twn diataktik¸n 〈1, ωωk〉, me thn supremum nìr-
ma. To sÔnolo K èqei thn point of continuity idiìthta (PCP), an gia
k�je mh kenì, asjen¸c kleistì uposÔnolo L tou K, h tautotik  apei-
kìnish i : (L,w)→ (L, ‖ · ‖), èqei èna toul�qiston shmeÐo sunèqeiac.

Jewrhma 0.2. 'Estw X ènac q¸roc Banach me shrinking uncondi-
tional finite dimensional decomposition kai Y ènac q¸roc phlÐko tou
X. Tìte sta kleist�, kurt�, fragmèna uposÔnola tou Y h RNP kai h
KMP eÐnai isodÔnamec idiìthtec.

O E.Odell sto [42] kataskeÔase èna non-RNP uposÔnolo K tou
q¸rou C(ωω

ω
) tètoio ¸ste sta uposÔnola tou K h RNP kai h PCP

eÐnai isodÔnamec idiìthtec.
Sthn diatrib  mac kataskeu�zoume ènan q¸ro Banach X0, o opoÐ-

oc eÐnai to eujÔ �jroisma twn q¸rwn Banach XD,Fn , ìpou n fusikìc,
me thn supremum nìrma. Oi q¸roi Banach XD,Fn kataskeu�zontai wc
h kleistìthta tou c00(D), me D to duadikì dèntro, mèsw kat�llhlhc
nìrmac, ston orismì thc opoÐac qrhsimopoioÔntai oi kanonikèc oikogè-
neiec Fn (sel. 90). Qrhsimopoi¸ntac ton q¸ro X0, apodeiknÔoume thn
parak�tw genÐkeush tou [42]:
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Jewrhma 0.3. Up�rqei èna kleistì, kurtì, fragmèno non-RNP upo-
sÔnolo K tou X0, tètoio ¸ste sta uposÔnola tou K h RNP kai h PCP
eÐnai isodÔnamec idiìthtec.

An sthn jèsh twn kanonik¸n oikogenei¸n Fn qrhsimopoihjoÔn oi oi-
kogèneiec Schreier Sn, epeid  tìte o X0 emfuteÔetai ston q¸ro C(ωω

ω
),

lìgw twn jewrhm�twn 0.1 kai 0.3, diapist¸noume mÐa jemeli¸dh diafo-
r� sthn dom  twn kleist¸n, kurt¸n, fragmènwn, non-RNP uposunìlwn
twn q¸rwn C(a) me a < ωω

ω
kai aut¸n me a ≥ ωω

ω
.

En¸ stouc q¸rouc C(a) me a < ωω
ω
k�je kleistì, kurtì, fragmèno,

non-RNP uposÔnolo K perièqei èna kleistì, kurtì, non-RNP uposÔ-
nolo L pou èqei thn PCP, stouc q¸rouc C(a) me a ≥ ωω

ω
up�rqei

èna kleistì, kurtì, fragmèno non-RNP uposÔnolo K, tètoio ¸ste sta
uposÔnola tou K h RNP kai h PCP eÐnai isodÔnamec.

Ta parap�nw jewr mata eÐnai ta kuriìtera apì to sÔnolo twn apo-
telesm�twn mac. 'Ola ta apotelèsmata pou den èqoun parapomp  eÐnai
dik� mac kai perièqontai sta pènte kef�laia thc diatrib c aut c.

H paroÔsa melèth perièqei ta akìlouja:

Sto pr¸to kef�laio up�rqoun oi basikèc ènnoiec, oi sumbolismoÐ
kaj¸c kai basikèc teqnikèc apì thn jewrÐa twn q¸rwn Banach pou
mac eÐnai aparaÐthtec. Kataskeu�zoume epÐshc sto kef�laio autì èna
arqètupo par�deigma enìc d-bush ston c0. To par�deigma autì eÐnai
jemeli¸dec gia thn katanìhsh thc fÔshc thc dom c twn kleist¸n, kur-
t¸n, fragmènwn, non-RNP uposunìlwn twn upì melèth q¸rwn Banach
(Prìtash 1.11) kai eÐnai mÐa an�logh morf  paradeÐgmatoc sto [6].

Sto deÔtero kef�laio parousi�zontai sunoptik� oi orismoÐ, para-
deÐgmata kai gnwst� apotelèsmata pou aforoÔn thn RNP, sunafeÐc
idiìthtec (anaparast�simoi telestèc, dentability, PCP, strong regula-
rity) kaj¸c kai ta shmantikìtera gnwst� apotelèsmata pou aforoÔn
thn isodunamÐa thc RNP kai thc KMP se orismènec peript¸seic. Xeqw-
rist  jèsh an�mes� touc èqoun ta epìmena dÔo jewr mata.

Jewrhma 0.4. (Schachermayer, 1987, [54]) An èna kleistì, kurtì,
fragmèno uposÔnolo K tou q¸rou Banach X eÐnai strongly regular kai
den èqei thn RNP, tìte up�rqei èna kleistì, kurtì uposÔnolo L tou K
pou den èqei akraÐa shmeÐa.

Jewrhma 0.5. (H. Rosenthal, 1989, [50]) 'Estw K kleistì, kurtì,
fragmèno, non-RNP uposÔnolo enìc q¸rou Banach X, to opoÐo èqei thn
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small combination of slices idiìthta. Tìte up�rqei èna kleistì, kurtì,
mh kenì uposÔnolo W tou K tètoio ¸ste :

(∗) to W eÐnai non-dentable kai h norm me thn asjen  topologÐa
sumpÐptoun sto W .
Epiplèon up�rqei ènac upìqwroc Y tou X, ètsi ¸ste o Y èqei FDD
kai perièqei èna kleistì, kurtì, fragmèno, mh kenì uposÔnolo W pou
ikanopoieÐ thn (∗).

An M = sup{x∗(x) : x ∈ K} kai a > 0, slice tou K wc proc x∗

kai α onom�zetai to sÔnolo {y ∈ K : x∗(y) ≥M − α}, kai sumbolÐzetai
me S(K, x∗, α). To sÔnolo K lègetai strongly regular, an gia k�je mh
kenì uposÔnolo L touK kai k�je ε > 0 up�rqei kurtìc sunduasmìc apì
slices tou L diamètrou mikrìterhc tou ε kai èqei thn small combination
of slices idiìthta (SCSP), an gia k�je ε > 0 kai k�je slice S tou K, to
S perièqei kurtì sunduasmì apì slices tou K diamètrou mikrìterhc tou
ε. To sÔnolo K èqei thn SCSP, an kai mìno an, to K eÐnai strongly
regular.

Epeid  h PCP sunep�getai thn strong regularity ([12]), apì to je¸-
rhma 2.23 sumperaÐnoume ìti, ìtan to kleistì, kurtì, fragmèno, sÔnolo
K ⊂ X eÐnai non-RNP kai èqei thn PCP up�rqei kleistì, kurtì, uposÔ-
nolo L tou K qwrÐc akraÐa shmeÐa. Sunep¸c h melèth thc isodunamÐac
thc RNP kai thc KMP an�getai sthn melèth twn non-RNP sunìlwn,
sta uposÔnola twn opoÐwn h RNP eÐnai isodÔnamh me thn PCP.

Sthn enìthta 2.6 apodeiknÔoume ìti h kleist  kurt  j kh tou a-
verage back bush, tou arqètupou d-bush thc enìthtac 1.5, den èqei
akraÐa shmeÐa (Pìrisma 2.36) kai sthn enìthta 2.7 apodeiknÔoume ìti
autì to sÔnolo èqei Pal-representation (Je¸rhma 2.43). H ènnoia thc
Pal-representation eis�getai sto [3], ìpou apodeiknÔetai ìti se arketèc
apì tic gnwstèc peript¸seic ìpou h RNP eÐnai isodÔnamh me thn KMP,
k�je kleistì, kurtì, fragmèno, non-RNP sÔnolo perièqei uposÔnolo
me Pal-representation.

To trÐto kef�laio apoteleÐ to megalÔtero mèroc aut c thc diatrib c
kai se autì brÐskontai ta perissìtera kai shmantikìtera apotelèsmat�
mac.

Stic dÔo pr¸tec enìthtec up�rqoun oi orismoÐ kai oi basikèc èn-
noiec pou aforoÔn touc q¸rouc twn suneq¸n sunart sewn C(a), ìpou
a diataktikìc arijmìc, kaj¸c kai ton Cantor-Bendixson deÐkth enìc a-
rijm simou sumpagoÔc metrikopoi simou sunìlou kai sthn enìthta 3.3
dÐnoume mÐa dik  mac apìdeixh tou jewr matoc tou Pelczynski (1958) ìti
o q¸roc C(ωω) den emfuteÔetai se q¸ro me unconditional b�sh (Prì-
tash 3.12).
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Sthn tètarth enìthta, parousi�zoume thn sÔndesh twn anaparast�-
simwn telest¸n me touc Dunford-Pettis kai touc strongly regular te-
lestèc kai ìtan o X eÐnai to eujÔ �jroisma twn Xn, upì orismènec
sunj kec, apodeiknÔoume thn Ôparxh enìc m  anaparast�simou telest 
apì ton L1(0, 1) ston X, ètsi ¸ste h sÔnjes  tou me thn probol  ston
Xn na dÐnei anaparast�simo telest , gia k�je fusikì n (Prot�seic 3.13
kai 3.18).

Sthn enìthta 3.5 melet�me tic sunèpeiec thc prìtashc 3.18, ìtan o
q¸roc X eÐnai to unconditional eujÔ �jroisma twn Xn kai apodeiknÔ-
oume ìti an sta uposÔnola kat�llhlou sunìlou K h PCP kai h RNP
eÐnai isodÔnamec idiìthtec, tìte afenìc men up�rqei d-bush uposÔnolo
tou K me idiaÐtera kalèc idiìthtec (sel.90), afetèrou de ìti to sÔno-
lo K perièqei èna kleistì, kurtì, fragmèno uposÔnolo L qwrÐc akraÐa
shmeÐa (Prìtash 3.20 kai Pìrisma 3.21).

Sthn enìthta 3.6 perilamb�nontai epiplèon apotelèsmat� mac gia to
kleistì, kurtì, fragmèno, non-PCP, uposÔnolo K enìc q¸rou Banach
X pou den perièqei ton l1 (L mma 3.22, Prìtash 3.23, L mma 3.24).

Stic enìthtec 3.7 kai 3.8 dÐnoume dÔo apodeÐxeic tou apotelèsmatìc
mac ìti sta kleist�, kurt�, fragmèna uposÔnola tou C(ωω), h RNP
kai h KMP eÐnai isodÔnamec idiìthtec (Jewr mata 3.27 kai 3.31). Sthn
enìthta 3.7 apodeiknÔoume epÐshc (sto pneÔma tou [4]) thn isomorfÐa
kat�llhlwn q¸rwn mètrwn (L mma 3.25) kai thn Ôparxh mÐac suneqoÔc,
affine kai 1-1 apeikìnishc apì èna sÔnolo L se q¸ro mètrwn, me thn
idiìthta h eikìna k�je stoiqeÐou tou L na eÐnai diffuse mètro (L mma
3.26) en¸ sthn enìthta 3.8 (pou apoteleÐ organik  sunèqeia thc 3.6)
exasfalÐzoume, upì proupojèseic, thn Ôparxh enìc kleistoÔ, kurtoÔ,
fragmènou, non-RNP sunìlou sto opoÐo h norm kai h asjen c topo-
logÐa tautÐzontai (Prìtash 3.28, L mma 3.29 kai Pìrisma 3.30).

Sthn enìthta 3.9 eis�getai h ènnoia thc non-atomic martingale co-
ordinatization idiìthtac kai mèsw aut c (L mmata 3.33, 3.34, 3.35 kai
3.37) melet�me tic sunj kec ¸ste se èna uposÔnolo L, enìc q¸rou
Banach X, h norm kai h asjen c topologÐa na tautÐzontai.

Sthn enìthta 3.10, k�tw apì epiplèon domikèc proupojèseic, apo-
deiknÔoume thn Ôparxh enìc kleistoÔ, kurtoÔ, fragmènou, non-RNP
sunìlou L tou X, ètsi ¸ste sto Qn(L) h asjen c kai h norm topo-
logÐa na tautÐzontai gia k�je n ∈ N, ìtan Qn : X → Zn fragmènoi
grammikoÐ telestèc (Prìtash 3.38). Sthn perÐptwsh pou antikatast -
soume touc q¸rouc Zk me touc q¸rouc C(ωω

k
), apodeiknÔoume epÐshc

apotèlesma (Je¸rhma 3.40) kai tèloc apodeiknÔoume to Je¸rhma 0.1
(Je¸rhma 3.41).
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Sto tètarto kef�laio apodeiknÔoume to Je¸rhma 0.2 (Je¸rhma 4.4).
H apìdeixh gÐnetai sundu�zontac (Prìtash 4.3) mi� epagwgik  kata-
skeu  enìc d-bush kai thn prìtash 1.9 tou [43].

Sto pèmpto kef�laio gia thn apìdeixh tou Jewr matoc 0.3 (Je¸rh-
ma 5.14), sundu�zoume idèec apì ta [4] kai [43] kai kataskeu�zoume mÐa
kl�sh q¸rwn Banach kai gia k�je q¸ro X0 aut c thc kl�shc, kata-
skeu�zoume èna kleistì, kurtì, fragmèno, non-dentable uposÔnolo K
tou X0 sta uposÔnola tou opoÐou h RNP kai h PCP eÐnai isodÔnamec
idiìthtec.

Stic enìthtec 5.1 kai 5.2 qrhsimopoioÔme tic kanonikèc oikogèneiec
uposunìlwn tou [N]<∞ ([5]) kai mèsw aut¸n kataskeu�zoume q¸ro Ba-
nach kai èna w∗-sumpagèc uposÔnoloK tou duikoÔ tou (L mmata 5.1 kai
5.2), ètsi ¸ste o q¸roc mac na emfuteÔetai ston q¸ro C(K) (Prìtash
5.3).

Sthn enìthta 5.3 apodeiknÔoume (L mma 5.9) mÐa parat rhsh pou u-
p�rqei (qwrÐc apìdeixh) sto [50] kai mÐa sunèpei� thc (Prìtash 5.10).
Tèloc sthn enìthta 5.4 brÐskoume stoiqeÐa tou X∗∗0 twn opoÐwn to �-
jroisma (L mma 5.11)   o kurtìc sunduasmìc (Prìtash 5.12) apèqoun
�arket�� apì ton X0 kai oloklhr¸noume thn apìdeixh tou Jewr matoc
0.3.



KEF�ALAIO 1

STOIQEIA APO THN JEWRIA QWRWN

BANACH

Sto kef�laio autì parousi�zontai oi basikèc ènnoiec, oi sumboli-
smoÐ, kaj¸c epÐshc qr simec prot�seic kai teqnikèc apì thn JewrÐa
q¸rwn Banach pou eÐnai aparaÐthtec gia thn ergasÐa aut . Sta biblÐa
[39], [1], [31], o anagn¸sthc mporeÐ na breÐ analutikèc parousi�seic
twn jem�twn pou anafèroume. 'Opou qrei�zetai, up�rqoun eidikìterec
anaforèc.

1.1. BasikoÐ orismoÐ, eujÔ ginìmeno, probolèc,
‖ · ‖-topologÐa kai w-topologÐa, Je¸rhma Mazur

An X q¸roc Banach efodiasmènoc me thn nìrma ‖ · ‖ tìte me BX =
{x ∈ X : ‖x‖ ≤ 1} sumbolÐzoume thn kleist  monadiaÐa mp�lla tou X
kai me SX = {x ∈ X : ‖x‖ = 1} thn monadiaÐa sfaÐra tou.

An K ⊂ X tìte me < K > sumbolÐzoume thn grammik  j kh tou K
kai me < K > thn kleistìtht� thc. AntÐstoiqa me co(K) sumbolÐzoume
thn kurt  j kh tou K kai me co(K) thn kleist  kurt  j kh tou K.

An Y kleistìc upìqwroc touX, o q¸roc phlÐkoX/Y , efodiasmènoc
me thn nìrma : ‖x̂‖ = inf{‖x‖ : x ∈ x̂} eÐnai q¸roc Banach, ìpou x̂ =
{z ∈ X : (x− z) ∈ Y }, ìtan x ∈ X.

An X, Y eÐnai q¸roi Banach, me L(X, Y ) sumbolÐzoume ton q¸ro
twn (fragmènwn, grammik¸n) telest¸n T apì ton X ston Y (dhlad 
T : X → Y ). O q¸roc Banach L(X, Y ) efodiasmènoc me thn nìr-
ma: ‖T‖ = sup{‖Tx‖Y : x ∈ BX} eÐnai epÐshc q¸roc Banach. Jètoume
epÐshc L(X) = L(X,X).

Oi q¸roi X kai Y eÐnai isomorfikoÐ (X ≈ Y ), an up�rqei antistrè-
yimoc telest c apì ton X epÐ tou Y .

To eujÔ �jroisma twn q¸rwn X kai Y , dhlad  to sÔnolo :
X ⊕ Y = {(x, y) : x ∈ X, y ∈ Y },

1
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kajÐstatai q¸roc Banach (efodiasmènoc gia par�deigma me thn nìrma :
‖(x, y)‖ = ‖x‖X + ‖y‖Y ).

H ènnoia aut  genikeÔetai sthn perÐptwsh pou {Xn}n∈N eÐnai mia
akoloujÐa q¸rwn Banach.

EujÔ �jroisma twn Xn onom�zoume ton q¸ro Banach X =
∞∑
n=1

⊕Xn

efodiasmèno me kat�llhlh nìrma. KurÐwc ja qrhsimopoi soume thn ‖·‖0

ston X, me ‖x‖0 = max{‖xn‖ : n ∈ N}, ìtan x = (x1, x2, ...) ∈ X me
xi ∈ Xi, gia i ∈ N, kai limn→∞ ‖xn‖ = 0.

An Y kleistìc upìqwroc tou X, kai up�rqei telest c P ∈ L(X),
tètoioc ¸ste P (y) = y (P i = P ), gia k�je y ∈ Y , kai P (X) = Y , tìte
o telest c T onom�zetai probol  tou X ston Y , kai o Y onom�zetai
complemented upìqwroc tou X. Autì sumbaÐnei, an kai mìno an, up�r-
qei kleistìc upìqwroc Z tou X tètoioc ¸ste X = Y ⊕Z. Tìte isqÔei
epÐshc X/Y ≈ Z.

An X =
∞∑
n=1

⊕Xn, me Pn : X → Xn, gia n ∈ N, sumbolÐzoume thn

probol  apì ton X ston Xn. Gr�foume epÐshc :

P[1,...,k) =
k−1∑
n=1

Pi, P[1,...,k] = P[1,...,k+1), P(k,...,∞) =
∞∑

n=k+1

Pi.

AntÐstoiqa orÐzontai oi telestèc P[k,...,∞) , P[k,...,n) kai P[k,...,n].
Sthn perÐptwsh pou k�je Xn eÐnai peperasmènhc di�stashc, lème

ìti h oikogèneia (Pn, Xn), ìpou n ∈ N, eÐnai mÐa finite dimensional
decomposition (FDD) tou X.

Tìte an x ∈ X èqoume ìti: x =
∞∑
n=1

Pn(x) (monadik  graf ).

'Enac telest c T ∈ L(X, Y ) kaleÐtai emfÔteush tou X ston Y an
T (X) ≈ X. Lème tìte ìti oX emfuteÔetai ston Y (  ìti oX perièqetai
ston Y ) kai gr�foume X ↪→ Y .

'Otan Y = R tìte o q¸roc X∗ = L(X,R) eÐnai o duikìc q¸roc tou
X. AntÐstoiqa X∗∗ = L(X∗,R) eÐnai o duikìc tou X∗ (deÔteroc duikìc
tou X).

O X∗ efodiasmènoc me thn supremum nìrma, dhlad  me thn ‖x∗‖ =
sup{|x∗(x)| : x ∈ BX}, ìtan x∗ ∈ X∗, eÐnai q¸roc Banach. To Ðdio
sumbaÐnei me ton X∗∗, ìpou èqoume ‖f‖ = sup{|f(x∗)| : x∗ ∈ BX∗} ìtan
f ∈ X∗∗.

H asjen c topologÐa tou X (w−topologÐa), eÐnai h asjenèsterh
topologÐa tou X pou kajist� k�je gramikì sunarthsoeidèc tou X∗

suneqèc. MÐa b�sh perioq¸n thc w−topologÐac tou X sto 0 eÐnai ta
sÔnola thc morf c : Vε(0;x∗1, x

∗
2, ...., x

∗
n) = {x ∈ X : |x∗i (x)| < ε, i =

1, 2, ..., n} ìtan {x∗1, x∗2, ...., x∗n} ⊂ X∗ kai ε > 0.
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Lème ìti to dÐktuo (xa)a∈A (antÐstoiqa h akoloujÐa ìtan a ∈ N) sug-
klÐnei asjen¸c (w−sÔgklish) sto x0 ∈ X, an lima∈A x

∗(xa) = x∗(x0)

gia k�je x∗ ∈ X∗ kai gr�foume xa
w−→ x0.

Me thn apeikìnish j : X → X∗∗ o X emfuteÔetai ston X∗∗. Sthn
perÐptwsh pou j(X) = X∗∗, o q¸roc X onom�zetai autopaj c (reflexi-
ve).

Lème ìti to dÐktuo (x∗a)a∈A (antÐstoiqa h akoloujÐa ìtan a ∈ N) sug-
klÐnei asjen¸s-�stro (w∗−sÔgklish) sto x∗0 ∈ X∗, an lima∈A x

∗
a(x) =

x∗0(x) gia k�je x ∈ X kai gr�foume x∗a
w∗−→ x∗0.

H diaforetikìthta thc ‖ · ‖−topologÐac kai thc w−topologÐac se
ènan q¸ro Banach gÐnetai emfan c ìtan autìc eÐnai apeirodi�statoc
(m�lista èna apì ta kleidi� thc ergasÐac aut c eÐnai h sqèsh thc ‖ ·
‖−topologÐac kai thc w−topologÐac). Gia par�deigma, an h asjen c
topologÐa tou X eÐnai metrikopoi simh, tìte o X eÐnai peperasmènhc di�-
stashc kai an o X eÐnai peperasmènhc di�stashc tìte h ‖ · ‖−topologÐa
kai h w−topologÐa sumpÐptoun, en¸ an o X eÐnai apeirodi�statoc k�je
w−anoiqtì sÔnolo tou X eÐnai mh fragmèno kai o X den eÐnai pl rhc
me thn w−topologÐa.

'Ena shmantikì apotèlesma (sthn ergasÐa aut  qrhsimopoieÐtai kaÐ-
ria), eÐnai to akìloujo :

Jewrhma 1.1. (Mazur) An S eÐnai èna kurtì sÔnolo se ènan q¸-
ro Banach, tìte h asjen c kleistìthta tou S tautÐzetai me thn norm

kleistìthta tou S (S
w

= S).

Apodeixh. AfoÔ h ‖ · ‖−topologÐa eÐnai isqurìterh thc asjenoÔc,
gia to S èqoume S ⊂ S

w
. 'Omwc to sÔnolo S eÐnai kleistì kurtì

sÔnolo, sunep¸c an x0 /∈ S apì to je¸rhma Hahn-Banach up�rqei
f ∈ X∗, tètoio ¸ste: f(x0) > sup{f(x) : x ∈ S}. 'Estw α ∈ R tè-
toio ¸ste : f(x0) > α > sup{f(x) : x ∈ S}. Tìte to sÔnolo Vα =
{x ∈ X : f(x) > α} eÐnai asjen¸c anoiqtì ston X. EpÐshc x0 ∈ Vα kai
Vα∩S = ∅. 'Ara to sÔnolo X\S eÐnai w−anoiqtì kai sunep¸c to S eÐnai
w−kleistì. AfoÔ S ⊂ S

w
kai S eÐnai w−kleistì èqoume S = S

w
. �

Mia shmantik  sunèpeia (Mazur) tou prohgoÔmenou jewr matoc eÐ-
nai ìti gia ε > 0, an x ∈ Sw tìte up�rqei kurtìc sunduasmìc stoiqeÐwn
tou S pou apèqei (norm) apì to x ligìtero apì ε.
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1.2. B�seic kai basikèc akoloujÐec, probolèc merik¸n
ajroism�twn, isodunamÐa b�sewn, block basikèc
akoloujÐec, Principle of small pertrubations, arq 
thc epilog c twn Bessaga-Pelzynski, b�seic se

klasikoÔc q¸rouc, sÔsthma Haar

H akoloujÐa {en}n∈N ja lème ìti eÐnai (Schauder) b�sh gia ton q¸ro
Banach X, an gia k�je x ∈ X up�rqei monadik  akoloujÐa pragmatik¸n

{αn}n∈N ètsi ¸ste : x =
∞∑
n=1

αnen =
∞∑
n=1

e∗n(x)en, ìpou {e∗n}n∈N oi

apeikonÐseic pou orÐzontai mèsw twn en me tic sqèseic: e∗k(ej) = δkj,
me δkj = 0 an k 6= j kai δkj = 1 an k = j (oi opoÐec apodeiknÔetai
ìti eÐnai suneqeÐc kai sunep¸c eÐnai diorjog¸nia sunarthsoeid  ston
X∗). JumÐzoume ìti toÔto shmaÐnei pwc ta merik� ajroÐsmata thc seir�c
sugklÐnoun sto x wc proc thn nìrma tou q¸rou ([23]).

'Enac q¸roc Banach me b�sh eÐnai diaqwrÐsimoc (dhl. perièqei pu-
knì arijm simo uposÔnolo) kai eÐnai dunatìn na ton fantazìmaste wc
ènan q¸ro akolouji¸n thc morf c (α1, α2, ..., αn, ...). Upì aut  thn èn-
noia ta merik� ajroÐsmata thc parap�nw seir�c mporoÔme na ta doÔme

wc tic probolèc merik¸n ajroism�twn ston X (an X =
∞∑
n=1

⊕Xn, ìpou

Xn = R). 'Etsi gr�foume : P[1,...,k] =
k∑

n=1

e∗n(x)en.

Qrhsimopoi¸ntac to Je¸rhma KleistoÔ Graf matoc (  to Je¸rhma A-
noiqt c Apeikìnishc) èqoume ìti gia k�je n ∈ N, oi apeikonÐseic P[1,...,k]

eÐnai fragmènoi grammikoÐ telestèc kai ìti sup{‖P[1,...,k]‖ : k ∈ N} <∞.
O arijmìc K = sup{‖P[1,...,k]‖ : k ∈ N} onom�zetai stajer� thc b�shc
kai an K = 1 h b�sh lègetai monìtonh. An ‖en‖ = 1 gia k�je n, h b�sh
kaleÐtai normarismènh.

H akoloujÐa {en}n∈N tou X onom�zetai basik  an eÐnai b�sh gia
ton q¸ro < en > ⊂ X. GnwrÐzoume (Mazur) ìti k�je apeirodi�statoc
q¸roc Banach perièqei basik  akoloujÐa.

DÔo b�seic (  basikèc akoloujÐec) {xn}n∈N kai {yn}n∈N, stouc q¸-
rouc X kai Y antÐstoiqa, ja lègontai isodÔnamec ìtan gia k�je akolou-

jÐa pragmatik¸n {αn}n∈N, gia tic seirèc
∞∑
n=1

αnxn kai
∞∑
n=1

αnyn èqoume

ìti ìtan sugklÐnei h mÐa tìte sugklÐnei kai h �llh.
Oi basikèc akoloujÐec eÐnai isodÔnamec an kai mìno an up�rqei C > 0

tètoio ¸ste : C−1‖
∞∑
n=1

αnyn‖ ≤ ‖
∞∑
n=1

αnxn‖ ≤ C‖
∞∑
n=1

αnyn‖ gia k�je
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akoloujÐa pragmatik¸n {αn}n∈N. An C = 1 tìte oi basikèc akoloujÐec
onom�zontai isometrik� isodÔnamec.

Stajeropoi¸ntac mÐa aÔxousa akoloujÐa fusik¸n arijm¸n {pn}n∈N
kai mia akoloujÐa pragmatik¸n {αn}n∈N mporoÔme na kataskeu�soume ta

stoiqeÐa tou X : un =
pn∑

j=pn−1+1

αjej. H akoloujÐa {un}n∈N onom�zetai

block basik  akoloujÐa kai eÐnai basik .

An dÔo akoloujÐec eÐnai �arket� kont��, tìte ìtan h mÐa eÐnai basik 
to Ðdio sumbaÐnei kai me thn �llh. Autì mac to exasfalÐzei to parak�tw
apotèlesma :

Jewrhma 1.2. (Principle of small pertrubations) 'Estw {xn}n∈N mia
basik  akoloujÐa se ènan q¸ro Banach X, meK thn stajer� thc b�shc.
An {yn}n∈N mia �llh akoloujÐa ston X tètoia ¸ste:

2K
∞∑
n=1

‖xn−yn‖
‖xn‖ = θ < 1, tìte :

i. h {yn}n∈N eÐnai basik 
ii. an {xn}n∈N eÐnai b�sh tou X, to Ðdio sumbaÐnei gia thn {yn}n∈N.

Kai stic dÔo peript¸seic, h stajer� thc b�shc gia thn {yn}n∈N eÐnai
to polÔ K 1+θ

1−θ . 'Eqoume epÐshc ìti an o < xn > eÐnai complemented tìte
to Ðdio sumbaÐnei gia ton < yn >.

To je¸rhma 1.2 ìqi mìno qrhsimopoeÐtai argìtera isqur�, all� èqei
kai san efarmog  to parak�tw shmantikì apotèlesma, stou opoÐou thn
apìdeixh perièqetai h teqnik  tou gliding   sliding hump argument, pou
efarmìzetai se kataskeuèc epìmenou kefalaÐou.

Jewrhma 1.3. (Arq  thc epilog c twnBessaga-Pelzynski)
'Estw {en}n∈N mia b�sh gia ton q¸ro Banach X, me K thn stajer�

thc b�shc, {e∗n}n∈N ta duik� sunarthsoeid  thc b�shc kai {xn}n∈N mia
akoloujÐa ston X. An :

i. inf{‖xn‖ : n ∈ N} > 0
ii. limn→∞ e

∗
k(xn) = 0 gia k�je k ∈ N, tìte :

h {xn}n∈N perièqei mia upakoloujÐa {xnk}k∈N isodÔnamh me k�poia
block basik  akoloujÐa {yk}k∈N thc {en}n∈N.

To je¸rhma 1.3 efarmìzetai kai sthn perÐptwsh pou mia akoloujÐa
eÐnai asjen¸c mhdenik  all� den sugklÐnei sto 0 wc proc thn nìrma.
Aut  eÐnai mia kat�stash pou mac endiafèrei idiaÐtera afoÔ emfanÐzetai
me ousiastikì trìpo se kentrik� apotelèsmata aut c thc ergasÐac. H
teqnik  epÐshc thc apìdeixhc mac dÐnei thn dunatìthta, dosmènou ε >
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0, na epilèxoume ta {nk}k∈N me tètoio trìpo ¸ste h {xnk}k∈N na èqei
stajer� thc b�shc to polÔ K + ε .

Apodeixh. (tou 1.3, [1]) 'Estw α = inf{‖xn‖ : n ∈ N} > 0, K h
stajer� thc b�shc twn {en}n∈N kai 0 < ν < 1

4
. Jètoume n1 = 1 kai

r0 = 0.
Tìte up�rqei r1 ∈ N tètoio ¸ste : ‖xn1 − P[1,...,r1]xn1‖ < να

2K
.

Xèroume ìti limn→∞ ‖P[1,...,r1]xn‖ = 0, �ra up�rqei n2 > n1 tètoio

¸ste ‖P[1,...,r1]xn2‖ < ν2α
2K

.

Dialègoume r2 > r1 tètoio ¸ste : ‖xn2 − P[1,...,r2]xn2‖ < ν2α
2K

.
P�li, afoÔ limn→∞ ‖P[1,...,r2]xn‖ = 0 up�rqei n3 > n2 tètoio ¸ste

‖P[1,...,r2]xn3‖ < ν3α
2K

.
SuneqÐzontac me autìn ton trìpo, paÐrnoume mia akoloujÐa fusik¸n

{rn}n∈N kai mia akoloujÐa {xnk}k∈N ¸ste :

‖P[1,...,rk−1]xnk‖ < νkα
2K

kai ‖xnk − P[1,...,rk]xnk‖ < νkα
2K

.
Jètoume : yk = P[1,...,rk]xnk − P[1,...,rk]xnk−1

.
H akoloujÐa {yk}k∈N eÐnai mÐa block basik  akoloujÐa thc {en}n∈N

me stajer� thc b�shc mikrìterh tou K .

IsqÔei epÐshc : ‖yk − xnk‖ < νkα
2K

kai �ra
(1− ν)α ≤ α− να

K
< ‖yk‖ gia k�je k ∈ N.

Sunep¸c : 2K
∞∑
k=1

‖yk−xnk‖
‖yk‖

< (1− ν)−1
∞∑
k=1

νk = 2ν(1− ν)−2 < 8
9
.

SÔmfwna me to je¸rhma 1.2, h {xnk}k∈N eÐnai basik  akoloujÐa,
isodÔnamh me thn {yk}k∈N kai dialègontac to ν arket� mikrì mporoÔme
na èqoume thn stajer� b�shc thc {xnk}k∈N ìso kont� jèloume sto K .

�

O c0, q¸roc twn mhdenik¸n akolouji¸n(
x ∈ c0 an kai mìno an x = (α1, α2, ..., αj, ...) kai limj→∞ αj = 0

)
,

me thn supremum nìrma: ‖x‖0 = sup{|αj| : j ∈ N}, eÐnai wc gnwstìn
q¸roc Banach kai h akoloujÐa dianusm�twn:

{en}n∈N me en = (0, 0, ..., 0, 1, 0, ...),
dhlad  me thn mon�da sthn n−jèsh, eÐnai b�sh tou q¸rou.

OmoÐwc oi q¸roi Banach lp, gia 1 ≤ p <∞, oi q¸roi twn p−apolÔtwc
ajroÐsimwn akolouji¸n

(x ∈ lp an kai mìno an x = (α1, α2, ..., αj, ...) kai
∞∑
n=1

|αj|p <∞),

me thn p-nìrma ‖x‖p = (
∞∑
n=1

|αj|p)
1
p <∞), èqoun b�sh thn akoloujÐa

{en}n∈N .
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Stic parap�nw peript¸seic, oi proanaferìmenec b�seic eÐnai monìto-
nec kai normarismènec.

PaÐrnontac èna puknì arijm simo uposÔnolo {qn}n∈N tou [0, 1] kai
jètontac e1(t) = 1 gia t ∈ [0, 1], en(qk) = qk gia 1 ≤ k ≤ n, kai thn
en(t) grammik  se k�je di�sthma tou sunìlou [0, 1]\q1, q2, ..., qn, èqoume
ìti h akoloujÐa sunart sewn {en}n∈N eÐnai monìtonh b�sh ston C[0, 1],
ton q¸ro Banach twn suneq¸n sunart sewn sto [0, 1] me thn supremum
nìrma : ‖f‖∞ = max{|f(t)| : t ∈ [0, 1]} .

An gia 1 ≤ p < ∞, efodi�soume to sÔnolo twn Borel metr simwn
sunart sewn f orismènec sto [0, 1] (tautÐzontac autèc pou sumpÐptoun
sqedìn pantoÔ, dhlad  ektìc Ðswc apì èna sÔnolo mhdenikoÔ mètrou) gia

tic opoÐec
1∫
0

|f(t)|pdt <∞, me thn nìrma ‖f‖p = (
1∫
0

|f(t)|pdt)
1
p , èqoume

touc q¸rouc Banach Lp, touc q¸rouc twn p−apolÔtwc oloklhr¸simwn
sunart sewn (sto [0, 1]) .

'Estw χA h qarakthristik  sun�rthsh tou sunìlou A (dhl. χA(t) =
1 an t ∈ A kai χA(t) = 0 an t /∈ A). Tìte stouc q¸rouc Lp to
sÔsthma sunart sewn Haar me : h1(t) = 1 gia k�je t ∈ [0, 1], hn(t) =
χ[ 2s−2

2k+1 ,
2s−1

2k+1 )(t) − χ[ 2s−1

2k+1 ,
2s

2k+1 )(t) ìtan n = 2k + s, k = 1, 2, ... kai s =

1, 2, ..., 2k, eÐnai monìtonh b�sh all� ìqi normarismènh.

Oi q¸roi l∞ kai L∞[0, 1] den eÐnai diaqwrÐsimoi kai �ra den èqoun
b�sh.

Fusik� o q¸roc Banach l∞ = l∞(N) eÐnai o q¸roc twn fragmè-
nwn akolouji¸n pragmatik¸n arijm¸n me thn supremum nìrma ‖x‖∞ =
‖(α1, α2, ...)‖ = sup{|αi| : i ∈ N} < ∞, en¸ o q¸roc Banach L∞[0, 1],
eÐnai o q¸roc twn ousiastik� fragmènwn sunart sewn sto [0, 1] (e-
ktìc Ðswc apì èna sÔnolo mètrou 0) me thn supremum nìrma, ‖f‖∞ =
esssup(f) = inf{sup{f(t) : t ∈ A} : µ(A) = 1}

1.3. Unconditional, shrinking kai boundedly complete
b�seic, ènac qarakthrismìc gia touc autopajeÐc

q¸rouc

IdiaÐtero endiafèron parousi�zoun oi b�seic pou onom�zontai uncon-
ditional. Mia b�sh {en}n∈N se ènan q¸ro Banach X kaleÐtai uncon-

ditional ìtan gia k�je x ∈ X, h seir�
∞∑
n=1

e∗n(x)en sugklÐnei uncon-

ditionally. AntÐstoiqa h akoloujÐa {en}n∈N onom�zetai unconditional
basik  ìtan eÐnai unconditional b�sh gia ton q¸ro < en >n∈N .
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JumÐzoume ìti h unconditional sÔgklish thc seir�c
∞∑
n=1

xn mi�c ako-

loujÐac {xn}n∈N, se ènan q¸ro Banach, shmaÐnei ìti h seir�
∞∑
n=1

θnxn

sugklÐnei gia k�je epilog  pros mwn θn . ToÔto eÐnai isodÔnamo ([39])
me ta parak�tw :

i. h seir�
∑
n∈N

xπ(n) sugklÐnei gia k�je met�jesh π twn fusik¸n,

ii. h seir�
∞∑
i=1

xni sugklÐnei gia k�je epilog  n1 < n2 < n3 < ...,

iii. gia k�je ε > 0 up�rqei fusikìc N tètoioc ¸ste ‖
∑
i∈σ

xi‖ < ε

gia k�je sÔnolo σ gia to opoÐo isqÔei min{i ∈ σ} > N .

Protash 1.4. ([1], Pr. 3.1.3) H b�sh {en}n∈N se ènan q¸ro Banach
eÐnai unconditional an kai mìno an up�rqei stajer� K, me 1 ≤ K, tètoia
¸ste : gia k�je N ∈ N kai pragmatikoÔc α1, α2, ..., αN , β1, β2, ..., βN me

|αi| ≤ |βi| gia i = 1, ..., N , isqÔei : ‖
N∑
i=1

αiei‖ ≤ K‖
N∑
i=1

βiei‖.

'Otan h b�sh eÐnai unconditional, tìte o el�qistoc jetikìc arij-
mìc K gia ton opoÐo isqÔei h parap�nw sqèsh, onom�zetai stajer� thc
unconditional b�shc kai sumbolÐzetai me Ku. Lème ìti h b�sh eÐnai
K−unconditional ìtan K > Ku.

H standard b�sh tou c0 kai twn lp, gia 1 ≤ p < ∞, eÐnai uncondi-
tional. EpÐshc to sÔsthma Haar eÐnai unconditional b�sh gia touc Lp

gia 1 < p <∞. Den sumbaÐnei to Ðdio ìmwc gia ton L1, m�lista isqÔei :

Jewrhma 1.5. (Pelczynski, 1961, [45])
O L1 den emfuteÔetai se q¸ro me unconditional b�sh.

GnwrÐzoume epÐshc ìti an o K eÐnai sumpag c metrikìc q¸roc, tìte
o q¸roc Banach C(K) perièqetai se q¸ro me unconditional b�sh an kai
mìno an C(K) ≈ c0 ([1], 4.5.2).

'Estw {en}n∈N mia b�sh se ènan q¸ro Banach X.
An èqoume < e∗n >n∈N = X∗, tìte h b�sh {en}n∈N tou X kaleÐtai

shrinking. Sthn perÐptwsh aut  o X∗ eÐnai faner� diaqwrÐsimoc. GnwrÐ-
zoume epÐshc (Mazur), ìti an o X∗ eÐnai diaqwrÐsimoc tìte o X perièqei
shrinking b�sikh akoloujÐa.

Protash 1.6. ([1], Pr. 3.2.6) Mia b�sh {en}n∈N se ènan q¸ro Ba-
nach X eÐnai shrinking an kai mìno an : limN→∞ ‖x∗|<en>n>N‖ = 0, ìpou
‖x∗|<en>n>N‖ = sup{|x∗(y)| : y ∈ < en >n>N}.
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H prohgoÔmenh prìtash (pou apodeiknÔetai eÔkola qrhsimopoi¸ntac
probolèc) dÐnei thn qr simh :

Protash 1.7. ([1], Pr. 3.2.7) H b�sh {en}n∈N enìc q¸rou Banach
X eÐnai shrinking, an kai mìno an, k�je fragmènh block basik  akoloujÐa
thc {en}n∈N eÐnai asjen¸c mhdenik .

Apodeixh. An h {en}n∈N den eÐnai shrinking, tìte up�rqei x∗ ∈ X∗\
< e∗n >n∈N tètoio ¸ste :

∑
n∈N

x∗(en)e∗n
w∗−→ x∗ kai h

∑
n∈N

x∗(en)e∗n den

sugklÐnei norm ston X∗ kai sunep¸c den eÐnai norm-Cauchy.
'Ara up�rqoun, δ > 0 kai akoloujÐec fusik¸n {pn}n∈N, {qn}n∈N me

p1 ≤ q1 < p2 ≤ q2 < p3 ≤ q3 < ..., tètoiec ¸ste:‖
qk∑

n=pk

x∗(en)e∗n‖ > δ

gia k�je k ∈ N.
Up�rqei loipìn gia k�je k èna xk ∈ X, me ‖xk‖ = 1, tètoio ¸ste :

qk∑
n=pk

x∗(en)e∗n(xk) > δ.

Jètoume yk =
qk∑

n=pk

e∗n(xk)en, gia k = 1, 2, ..., h opoÐa eÐnai block

basik  akoloujÐa thc {en}n∈N, pou ìmwc den eÐnai asjen¸c mhdenik 
afoÔ x∗(yk) > δ gia k�je k.

An h {en}n∈N eÐnai shrinking, efarmìzontac thn Prìtash Ig3 k�je
fragmènh block basik  akoloujÐa thc eÐnai asjen¸c mhdenik . �

Mia b�sh {en}n∈N se ènan q¸ro Banach X lègetai boundedly com-
plete, an gia k�je akoloujÐa pragmatik¸n {αn}n∈N, tètoia ¸ste

sup{‖
N∑
n=1

αnen‖ : N ∈ N} < ∞, h seir�
∞∑
n=1

αnen na sugklÐnei (norm)

ston X.

An {en}n∈N mia b�sh se ènan q¸ro Banach X kai {e∗n}n∈N, ta antÐ-
stoiqa diorjog¸nia sunarthsoeid  tìte isqÔoun :

Jewrhma 1.8. ([1], J. 3.2.12)
Ta parak�tw eÐnai isodÔnama :

i. H {en}n∈N eÐnai shrinking b�sh tou X,
ii. H {e∗n}n∈N eÐnai boundedly complete b�sh tou q¸rou< e∗n >n∈N,

iii. X∗ = < e∗n >n∈N.

Jewrhma 1.9. ([1], J. 3.2.10) Ta parak�tw eÐnai isodÔnama :

i. H {en}n∈N eÐnai boundedly complete b�sh tou X,
ii. H {e∗n}n∈N eÐnai shrinking b�sh tou q¸rou < e∗n >n∈N,
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iii. H kanonik  apeikìnish j : X → < e∗n >
∗
n∈N me j(x)(h) = h(x),

gia k�je x ∈ X kai h ∈ < e∗n >n∈N eÐnai isomorfismìc.

Ta parap�nw jewr mata, eÐnai sthn pragmatikìthta prooÐmio tou:

Jewrhma 1.10. (James, 1951, [35]) O q¸roc Banach X me b�sh
{en}n∈N eÐnai autopaj c an kai mìno an h {en}n∈N eÐnai tautìqrona sh-
rinking kai boundedly complete.

Oi standard b�seic stouc q¸rouc lp gia 1 < p <∞ eÐnai tautìqrona
shrinking kai boundedly complete. Ston l1, h kanonik  b�sh eÐnai fane-
r� boundedly complete all� ìqi shrinking, afoÔ o duikìc tou l∞ = (l1)∗

den eÐnai diaqwrÐsimoc. H sun jhc b�sh tou c0 eÐnai shrinking all� ìqi
boundedly complete.

1.4. DeÐktec, dèndra, d-bushes, d-approximate bushes,
averaging back bushes

Me NN sumbolÐzoume to sÔnolo twn peperasmènwn akolouji¸n fusi-
k¸n arijm¸n thc morf c : α = (0, α1, α2, ..., αn). An α = (0, α1, α2, ..., αn),
m koc tou α orÐzoume ton arijmì n, kai gr�foume |α| = n (|0| = 0).
'Otan k ≤ |α|, ìpou k fusikìc, periorismì tou α sto k lème to stoiqeÐo
α = (0, α1, α2, ..., αk) kai gr�foume α|k.

OrÐzoume mia merik  di�taxh sto NN wc ex c :
α < β an kai mìno an |α| < |β| kai α = β||α|.

MporoÔme na orÐsoume kai thn lexikografik  olik  di�taxh me:

α <lex β ⇔


an |α| < |β|

 
an |α| = |β| kai up�rqei j me 1 ≤ j ≤ n

tètoio ¸ste : αj < βj
kai αi = βigia i = 0, 1, ..., j − 1

An A ⊂ NN, tètoio ¸ste : #{α : |α| = n} <∞ gia k�je n ∈ N lème
ìti èqoume èna finitely branching tree. An A eÐnai èna finitely branching
tree kai α ∈ A, me

Sα = {β : α < β kai |β| = |α|+ 1}
sumbolÐzoume to sÔnolo twn epomènwn tou α. An #Sα = 2 gia k�je
α ∈ A, lème ìti èqoume èna duadikì dèntro.

'Estw èna finitely branching tree A, δ > 0 kai (xα)α∈A èna fragmèno
uposÔnolo enìc q¸rou Banach X, tètoio ¸ste :

i. ‖xβ − xα‖ > δ ìtan β ∈ Sα kai
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ii. xα =
∑
β∈Sα

λβxβ, me 0 ≤ λβ kai
∑
β∈Sα

λβ = 1.

Lème tìte ìti to sÔnolo (xα)α∈A eÐnai èna δ−bush.
Ta stoiqeÐa tou X, yβ = xβ − xα onom�zontai nodes tou δ−bush.

An antÐ gia thn sqèsh ii. eÐqame thn sqèsh :
ii′. ‖xα −

∑
β∈Sα

λβxβ‖ < ε|α| , me 0 ≤ λβ,
∑
β∈Sα

λβ = 1 kai εn > 0 gia

n ∈ N tètoia ¸ste
∞∑
n=1

εn <∞,

lème ìti to sÔnolo (xα)α∈A eÐnai èna δ−approximate bush kai ta stoiqeÐa
yβ = xβ − xα onom�zontai nodes tou δ−approximate bush.

Epeid  :
∑
|β|=m

λβxβ =
∑

|α|=m−1

( ∑
β∈Sα

λβxβ

)
=

=
∑

|α|=m−1

( ∑
β∈Sα

(λβxβ − λβxα) +
∑
β∈Sα

λβxα

)
=

=
∑

|α|=m−1

( ∑
β∈Sα

λβyβ

)
+

∑
|α|=m−1

( ∑
β∈Sα

λβxα

)
=

=
∑
|β|=m

λβyβ +
∑

|α|=m−1

( ∑
β∈Sα

λβ

)
xα,

jètontac µα = λα ìtan |α| = m, kai µα =
∑
β∈Sα

µβ, an m > |α|, parath-

roÔme ìti :
∑
|β|=m

λβxβ =
m∑
n=0

( ∑
|α|=n

µαyα

)
.

Dosmènou enìc δ−approximate bush mporoÔme na kataskeu�soume
èna δ

2
−bush, (x̃α)α∈A, wc ex c:

jètoume : xmα =
∑

|β|=m, α<β

λ
(α)
β xβ, ìpou λ

(α)
β orÐzontai epagwgik� me:

λ
(α)
β = λβ ìtan m = |α|+ 1, ìpou λβ oi antÐstoiqoi suntelestèc sto

δ−approximate bush,
en¸ an oi suntelestèc λ(α)

β èqoun oristeÐ gia k�poio |β| = m > |α|,
tìte orÐzoume λ(α)

γ = λ
(α)
β λγ, ìtan |γ| = m + 1, kai λγ oi antÐstoiqoi

suntelestèc sto δ−approximate bush.

An m > |α|+ 1 èqoume :

xm+1
α − xmα =

∑
|γ|=m+1
α<γ

λ(α)
γ xγ −

∑
|β|=m
α<β

λ
(α)
β xβ =



12 1. STOIQEIA APO THN JEWRIA QWRWN BANACH

=
∑
|β|=m
α<β

∑
γ∈Sβ

λ(α)
γ xγ

−∑
|β|=m
α<β

λ
(α)
β xβ =

∑
|β|=m
α<β

∑
γ∈Sβ

λ
(α)
β λγxγ − λ(α)

β xβ

 =

=
∑
|β|=m
α<β

λ
(α)
β

∑
γ∈Sβ

λγxγ − xβ

.

'Ara èqoume ìti: ‖xm+1
α − xmα ‖ ≤

≤
∑
|β|=m
α<β

λ(α)
β ‖

∑
γ∈Sβ

λγxγ − xβ‖

 ≤
∑
|β|=m
α<β

λ
(α)
β

ε|γ| ≤ ε|γ|.

Epeid 
∞∑
n=1

εn < ∞, dosmènou ε > 0, up�rqei m0 fusikìc, tètoioc

¸ste ‖xmα − xkα‖ < ε, gia k�je m, k ≥ m0. Sunep¸c h akoloujÐa
{xmα }m∈N eÐnai norm Cauchy.

Jètoume x̃α = limm→∞ x
m
α .

AfoÔ
∑
n∈N

εn <∞ up�rqei N fusikìc, tètoioc ¸ste
∑
N≤n

εn <
δ
8
.

An m = |α|+ 2 kai β0 ∈ Sα, parathroÔme ìti :

xmα − xmβ0 =
∑
β∈Sα

( ∑
γ∈Sβ

λ
(α)
γ xγ

)
−
∑

γ∈Sβ0

λγxγ =

=
∑
β∈Sα

λ
(α)
β

( ∑
γ∈Sβ

λγxγ

)
−
∑

γ∈Sβ0

λγxγ =

=
∑
β∈Sα

λβ

( ∑
γ∈Sβ

λγxγ − xβ + xβ

)
−
∑

γ∈Sβ0

λγxγ + xβ0 − xβ0 =

=
∑
β∈Sα

λβxβ − xα +
∑
β∈Sα

λβ

( ∑
γ∈Sβ

λγxγ − xβ

)
−

−

( ∑
γ∈Sβ0

λγxγ + xβ0

)
+ xα − xβ0 ,

opìte èqoume : ‖xmα − xmβ0‖ > δ − ε|α| − 2ε|α|+1 (qrhsimopoi¸ntac tri-
gwnik  anisìthta).

OmoÐwc, an m = |α|+ 3, parìmoioi upologismoÐ dÐnoun:
‖xmα − xmβ0‖ > δ − ε|α| − 2ε|α|+1 − 2ε|α|+2.

Genikìtera èqoume :

‖x|α|+k+1
α − x|α|+k+1

β0
‖ > δ − ε|α| − 2ε|α|+1 − ...− 2ε|α|+k.
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Lamb�nontac up' ìyin ìti gia meg�la n èqoume :
‖xnα − x̃α‖ < δ

8
kai ‖xnβ0 − x̃β0‖ <

δ
8
,

sumperaÐnoume ìti gia |α| > N isqÔei: ‖x̃α − x̃β0‖ > δ
2
.

EpÐshc gia m > |α| + 2, eÔkola èqoume ìti : xmα −
∑
β∈Sα

λβx
m
β = 0,

opìte isqÔei x̃α =
∑
β∈Sα

λβx̃β.

To sÔnolo (x̃α)α∈A eÐnai èna δ
2
−bush kai onom�zetai average back

bush tou δ−approximate bush (xα)α∈A.

1.5. To arqètupo (fundamental) bush ston c0

Sto [6] kataskeu�zetai èna uposÔnolo K tou c0, wc antipar�deigma
sqetik� me thn isodunamÐa idiotht¸n pou sqetÐzontai me thn melèth twn
kleist¸n, kurt¸n, fragmènwn, non-dentable uposunìlwn q¸rwn Ba-
nach (perissìtera sthn enìthta 2.5).Parousi�zoume t¸ra mÐa an�logh
morf  tou paradeÐgmatoc autoÔ, pou perièqei ìmwc, en spèrmati, pollèc
kentrikèc idèec thc ergasÐac mac (kef�laio 3).

'Estw A èna finitely branching tree tètoio ¸ste #Sα = 2|α| gia k�je
α ∈ A, kai ta stoiqeÐa tou c0, (xα)α∈A me xα =

∑
γ≤α

eγ, ìpou (eγ)γ∈A

uposÔnolo thc b�shc tou c0.
ParathroÔme ìti an |α| = n kai β ∈ Sα tìte :

‖xα − xβ‖ = ‖
∑
γ≤α

eγ −
∑
γ≤β

eγ‖ = ‖eβ‖ = 1.

EpÐshc an gia k�je β ∈ Sα, jèsoume λβ = 1
2n

(opìte
∑
β∈Sα

λβ = 1),

èqoume : ‖xα−
∑
β∈Sα

λβxβ‖ = ‖xα− 1
2n

∑
β∈Sα

xβ‖ = 1
2n
‖2nxα−

∑
β∈Sα

xβ‖ =

= 1
2n
‖2nxα −

∑
β∈Sα
{
∑
γ≤α

eγ + eβ}‖ = 1
2n
‖2nxα − 2nxα −

∑
β∈Sα

eβ‖ = 1
2n
.

AfoÔ
∞∑
n=1

1
2n

= 1 < ∞, to sÔnolo (xα)α∈A eÐnai èna δ−approximate

bush.

Sthn perÐptwsh aut  èqoume :
xn+1
α =

∑
β∈Sα

1
2n
xβ = ... = xα +

∑
β∈Sα

1
2n
eβ = xα +

∑
|β|=n+1

1
2n
eβ,...

xn+k
α = xα +

k∑
s=1

∑
|β|=n+s
α<β

(
µ=s−1∏
µ=0

1

2n + µ

)
eβ ,...

kai paÐrnontac ìrio
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x̃α = xα +
∞∑
s=1

∑
|β|=n+s
α<β

(
µ=s−1∏
µ=0

1

2n + µ

)
eβ.

An (x̃α)α∈A, to
δ
2
−average back bush tou δ−approximate bush (xα)α∈A,

jewroÔme K = co (x̃α)α∈A, thn kleist  kurt  j kh tou
δ
2
−average back

bush.

'Otan x =
∞∑
n=0

∑
|α|=n

λ(x)
α eα ∈ K ⊂ c0, tìte lim|α|→∞ λ

(x)
α = 0, opìte

dedomènou ε > 0, up�rqei n0 tètoio ¸ste gia k�je n, me n0 ≤ n, èqoume

(1) max{λ(x)
α : |α| = n} < ε .

EpÐshc, λ(x)
α = e∗α(x), ìpou e∗α ta diorjog¸nia sunarthsoeid  twn

eα, ston l1.

'Estw t¸ra akoloujÐa (yk)k∈N ⊂ K pou sugklÐnei asjen¸c sto x.
Tìte up�rqei k0, tètoio ¸ste |e∗α(yk0) − e∗α(x)| < ε, gia k�je α me
|α| ≤ n0.

Jètoume yk0 = y =
∞∑
n=0

∑
|α|=n

λ(y)
α eα.

Tìte apì prohgoumènwc èqoume

(2) |λ(x)
α − λ(y)

α | < ε, gia |α| ≤ n0.

'Otan |α| > n0, lìgw twn sqèsewn :

0 ≤ λ
(x)
α ≤ 1, λ

(x)
∅ = 1, λ

(x)
α =

∑
β∈Sα

λ
(x)
β

kai thc sqèshc (1) paÐrnoume :

max{λ(x)
α : |α| > n0} ≤ max{λ(x)

α : |α| = n0} < ε.

H sqèsh (2) dÐnei : λ(y)
α < ε + λ

(x)
α < 2ε, gia α me |α| = n0, kai

sunep¸c max{λ(y)
α : |α| > n0} ≤ max{λ(y)

α : |α| = n0} < 2ε.

'Etsi, gia α me |α| > n0, èqoume : |λ(x)
α − λ(y)

α | < |λ(x)
α |+ |λ(y)

α | < 3ε.

'Ara : ‖y − x‖ = ‖
∞∑
n=0

∑
|α|=n

(λ(y)
α − λ(x)

α )eα‖ < 3ε.

ToÔto shmaÐnei ìti h akoloujÐa (yk)k∈N ⊂ K sugklÐnei norm sto x,
kai epeid  h norm sÔgklish sunep�getai thn asjen  sÔgklish, apodeÐ-
xame ìti :

Protash 1.11. Sto K = co (x̃α)α∈A ⊂ c0, h norm kai h asjen c
topologÐa tautÐzontai.



KEF�ALAIO 2

RADON-NIKODYM, KREIN-MILMAN KAI

SUNAFEIS IDIOTHTES

Sto kef�laio autì dÐnontai oi aparaÐthtoi orismoÐ, oi basikèc èn-
noiec kai oi sumbolismoÐ, sqetik� me ta dianusmatik� mètra, thn Boch-
ner olokl rwsh, thn Radon-Nikodym idiìthta gia dianusmatik� mètra
(gewmetrik  kai analutik  morf ), thn idiìthta Krein-Milman, kaj¸c
epÐshc kai �llec sqetikèc idiìthtec. Parousi�zontai kentrik� apotelè-
smata gia thn Radon-Nikodym idiìthta, kaj¸c kai apotelèsmata pou
aforoÔn thn melèth thc isodunamÐac twn idiot twn Radon-Nikodym kai
Krein-Milman (wc ta mèsa thc dekaetÐac tou '90). Up�rqoun tèloc
paradeÐgmata kaj¸c kai efarmogèc orismènwn apotelesm�twn. BiblÐa
anafor�c eÐnai ta [26], [20], [25](kef.6), [8] (kef.5). Oi ergasÐec kai
ta �rjra anafèrontai xeqwrist�.

2.1. Dianusmatik� mètra, metr simec sunart seic,
olokl rwma Bochner kai anaparast�simoi telestèc

(RNP mèroc 1o)

'Estw sÔnolo W, S mÐa s-�lgebra ((W,S) q¸roc mètrou), kai ènac
q¸roc Banach X. 'Ena dianusmatikì mètro m me timèc ston X, eÐnai
mÐa apeikìnish m : S→ X, me m(∅) = 0 kai arijm sima prosjetik  ( 
alloi¸c s-prosjetik , pou shmaÐnei ìti an {Ai}i∈N eÐnai an� dÔo xèna

uposÔnola thc S, tìte m

(
∞⋃
i=1

Ai

)
=

∞∑
i=1

m(Ai), me to �jroisma na

sugklÐnei unconditionally).
H kÔmansh tou m eÐnai to s-prosjetikì mètro |m| sthn (W,S) me:

|m|(A) = sup{
∑
π

‖m(Aj)‖}, ìpou to supremum lamb�netai p�nw se

ìlec tic diamerÐseic p={Ai}i∈π ⊂ Σ tou A. To mètro m eÐnai fragmènhc
kÔmanshc an kai mìno an |m|(Ω) <∞.

'Estw m to Lebesgue mètro sto Ω = [0, 1], X = L1[0, 1]. Tìte
m : Σ → X, me m(A) = χA eÐnai èna dianusmatikì mètro kai m�lista

15
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fragmènhc kÔmanshc (fusik� χA eÐnai h qarakthristik  sun�rthsh tou
sunìlou A ⊂ [0, 1]).

An sthn jèsh tou L1[0, 1] eÐqame ton L∞[0, 1], tìte h apeikìnish den
eÐnai arijm sima prosjetik , en¸ ìtan h apeikìnish m paÐrnei timèc ston
Lp[0, 1], me 1 < p <∞, èqoume dianusmatikì mètro ìqi ìmwc fragmènhc
kÔmanshc.

'Ena dianusmatikì mètro fragmènhc kÔmanshc m, lègetai apolÔtwc
suneqèc wc proc èna s-peperasmèno pragmatikì jetikì mètro m (sum-
bolÐzoume me m < < µ), an kai mìno an, ìtan gia k�je A me m(A)=0,
èqoume m(A) = 0. Einai safèc ìti : m < < |m|.

IsqÔei h isodunamÐa :
(m < < µ) ⇔ (|m| < < µ) ⇔(gia k�je ε > 0, up�rqei δ > 0, tètoio
¸ste, ìtan µ(A) < δ ⇒ |m|(A) < ε).

'Estw (W,S,m) ènac pl rhc q¸roc mètrou kai X ènac q¸roc Banach.
Mia sun�rthsh f : Ω→ X lègetai metr simh an eÐnai ìrio akoloujÐac

{fn}n∈N, apl¸n sunart sewn thc morf c fn =
k∑
i=1

xn,iχAn,i me xn,i ∈ X

kai An,i ∈ Σ gia k�je i (limn→∞ ‖fn − f‖ = 0 , µ−sqedìn pantoÔ).

Jewrhma 2.1. (Pettis, 1938, [46]) MÐa sun�rthsh f : Ω→ X eÐnai
metr simh an kai mìno an isqÔoun ta parak�tw:

i. h sun�rthsh x∗f eÐnai metr simh, gia k�je x∗ ∈ X∗, kai
ii. h f eÐnai sqedìn separably valued

(dhl. up�rqei A0 ∈ Σ me µ(A0) = 0 ètsi ¸ste to
sÔnolo {f(t) : t /∈ A0} na eÐnai diaqwrÐsimo).

MÐa metr simh sun�rthsh f : Ω → X, onom�zetai Bochner oloklh-
r¸simh, an up�rqei akoloujÐa apl¸n metr simwn sunart sewn f : Ω→
X tètoia ¸ste : limn→∞

∫
Ω

‖fn − f‖dµ = 0.

Tìte an A ∈ Σ, to olokl rwma thc f sto A orÐzetai wc :∫
A

fdµ = limn→∞
∫
A

fndµ,

me
∫
A

fndµ =
∫
A

(∑
i∈I
xiχAi

)
dµ =

∑
i∈I
xiµ(Ai ∩ A),

ìtan fn =
∑
i∈I
xiχAi , xi ∈ X, I ⊂ N, #I <∞.

Protash 2.2. ([26], II.2. J.2) MÐa metr simh sun�rthsh f : Ω→
X, eÐnai Bochner oloklhr¸simh, an kai mìno an,

∫
Ω

‖f‖dµ <∞.
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An 1 ≤ p < ∞, to sÔnolo ìlwn twn (kl�sewn isodunamÐac twn)
Bochner oloklhr¸simwn sunart sewn f : Ω→ X tètoiec ¸ste :(∫

Ω

‖f‖pdµ
) 1

p

<∞ ,

efodiasmèno me thn nìrma : ‖f‖p =

(∫
Ω

‖f‖pdµ
) 1

p

, eÐnai q¸roc Banach

kai ton sumbolÐzoume me LpX(µ).

AntÐstoiqa èqoume ton q¸ro Banach L∞X (µ), ìlwn twn (kl�sewn
isodunamÐac twn) ousiastik� fragmènwn metr simwn sunart sewn f :
Ω→ X me nìrma : ‖f‖∞ = esssup‖f‖.

EpÐshc an T : X → Y , fragmènoc telest c kai f : Ω→ X Bochner

oloklhr¸simh sun�rthsh, tìte : T

(∫
Ω

fdµ

)
=
∫
Ω

Tfdµ.

Oi idiìthtec tou Bochner oloklhr¸matoc eÐnai an�logec me tic idiì-
thtec tou oloklhr¸matoc sto R. Gia par�deigma isqÔei to Je¸rhma
Kuriarqhmènhc SÔgklishc tou Lebesgue kai ta sun jh apotelèsmata
parag¸gishc tou oloklhr¸matoc. Den eÐnai ìmwc akrib¸c Ðdiec.

An (W,S,m) pl rhc q¸roc mètrou, me m peperasmèno pragmatikì je-
tikì mètro, tìte to Je¸rhma Radon-Nikodym mac exasfalÐzei ìti, an
to pragmatikì mètro l eÐnai apolÔtwc suneqèc wc proc to mètro m, tì-
te up�rqei f ∈ L1(µ), tètoia ¸ste : λ(A) =

∫
A

fdµ gia k�je A ∈ Σ.

To Je¸rhma Radon-Nikodym den isqÔei gia dianusmatik� mètra, ìpwc
gÐnetai fanerì mèsw twn paradeigm�twn pou akoloujoÔn ton parak�tw
orismì.

(Shmei¸noume ìti to Ðdio sumbaÐnei me to Je¸rhma Anapar�stashc
tou Riesz, pou sqetÐzetai �mesa me to Je¸rhma Radon-Nikodym kai
sthn pragmatik  perÐptwsh dÐnei ìti (L1(µ))∗ = L∞(µ) ([26], kef. 3).

Orismoc 2.3. ([8], orismìc 5.4) 'Ena kleistì, kurtì kai fragmèno
sÔnolo K se ènan q¸ro Banach X, èqei thn idiìthta Radon-Nikodym
(RNP) an : gia k�je metrikopoi simo q¸ro (W,S), m èna mètro pija-

nìthtac sth s-�lgebra S kai m èna dianusmatikì mètro me m(A)
µ(A)
∈ K ,

ìtan A ∈ Σ kai µ(A) 6= 0, up�rqei mon�dik  f ∈ L1
X(µ) tètoia ¸ste :

m(A) =
∫
A

f(ω)dµ(ω).

O q¸roc Banach X èqei thn RNP ìtan h monadiaÐa mp�lla tou èqei
thn RNP.
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AfoÔ to sÔnolo K eÐnai fragmèno, to ìti m(A)
µ(A)

∈ K, shmaÐnei ìti
to m eÐnai fragmènhc kÔmanshc kai ìti m < < µ. H sun�rthsh f
onom�zetai h Radon-Nikodym par�gwgoc tou m wc proc to m.

Paradeigma 2.4. ([26], sel. 60) An W=[0,1], S h �lgebra twn Borel
sunìlwn, m to Lebesgue mètro kai X = c0, orÐzoume to dianusmatikì
mètro m : Σ→ c0 me

m(A) =

(∫
A

1dt,
∫
A

sin (2tπ)dt, ...,
∫
A

sin (2ntπ)dt, ...

)
To l mma twn Riemann-Lebesgue mac exasfalÐzei ìti m(A) ∈ c0 gia

k�je A ∈ Σ.
Epeid  ‖ sinx‖ ≤ 1, èqoume ìti ‖m(A)‖0 ≤ µ(A) kai sunep¸c to

m eÐnai arijm sima prosjetikì, apolÔtwc suneqèc wc proc to m kai
fragmènhc kÔmanshc. 'Omwc to m den èqei Radon-Nikodym par�gwgo
wc proc to m, afoÔ h mình dunat  epilog  ja  tan h f : [0, 1] → c0,
me f(t) = (1, sin (2tπ), ..., sin (2ntπ), ...), en¸ to sÔnolo tim¸n thc den
perièqetai ston c0.

Paradeigma 2.5. ([8], sel. 102) An W,S kai m ìpwc sto proh-
goÔmeno par�deigma kai X = L1(µ), orÐzoume to dianusmatikì mètro
m : Σ → L1(µ) me m(A) = χA, to opoÐo eÐnai fragmènhc kÔmanshc kai
m�lista |m| = µ.

'Estw ìti up rqe f ∈ L1
X(µ) = L1

L1(µ)(µ) tètoia ¸ste :

m(A) =
∫
A

fdµ =
∫
A

f(ω)dµ(ω).

Tìte epeid  f : Ω → L1(µ), èqoume ìti f(ω) = f(ω, t) me t ∈ [0, 1] kai
mporoÔme na jewr soume thn f wc mÐa oloklhr¸simh sun�rthsh sto
[0,1]×[0,1]. ParathroÔme ìti gia k�je A,B sthn S, èqoume :

µ(A ∩B) =
∫
B

χA(t)dt =
∫
B

m(A)(t)dt =
∫
B

∫
A

f(ω, t)dωdt.

Opìte, an A ∩ B = ∅, èqoume :
∫
B

∫
A

f(ω, t)dωdt = 0, pou shmaÐnei

ìti h sun�rthsh f(ω, t) mhdenÐzetai ektìc thc diagwnÐou tou monadiaÐou
tetrag¸nou sto R2. Tìte ìmwc

∫
[0,1]2

fds2 = 0, en¸
∫

[0,1]

∫
]0,1]

f(ω, t)dωdt =

1 kai katal goume se antÐfash.

Ta dÔo prohgoÔmena paradeÐgmata apodeiknÔoun ìti oi q¸roi c0 kai
L1(µ) den èqoun thn RNP.

Me P(µ) sumbolÐzoume to sÔnolo ìlwn twn sunart sewn puknìth-
tac pijanìthtac ston L1(µ), dhlad  :

P(µ) = {φ ∈ L1(µ) : 0 ≤ φ,
∫
φdµ = 1}
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kai an A metr simo, me µ(A) > 0, to sÔnolo ìlwn twn sunart sewn
φ ∈ P(µ), me forèa to sÔnolo A, to sumbolÐzoume me P(µ,A) .

'Enac telest c T : L1(µ)→ X lègetai anaparast�simoc an up�rqei
sun�rthsh g ∈ L∞(µ), tètoia ¸ste : Tf =

∫
fgdµ, gia k�je f ∈ L1(µ).

H RNP mporeÐ na ekfrasteÐ me thn anaparastasimìthta twn tele-
st¸n, mèsw thc :

Protash 2.6. ([8], sel. 103) 'Ena kleistì, kurtì kai fragmèno sÔ-
nolo K se ènan q¸ro Banach X, èqei thn RNP, an kai mìno an, k�-
je fragmènoc telest c T : L1(µ) → X tètoioc ¸ste Tφ ∈ K, ìtan
φ ∈ P(µ), eÐnai anaparast�simoc.

2.2. Dianusmatik� martingales kai dentability (RNP
mèroc 2o)

'Estw (W,S,m) pl rhc q¸roc mètrou, S' mÐa s-upo�lgebra thc s-
�lgebrac S kai f ∈ L1

X(µ).
Desmeumènh mèsh tim  thc f wc proc thn S', onom�zetai mÐa S'-

metr simh sun�rthsh g (dhl. g ∈ L1
X(µ|Σ′)), tètoia ¸ste :∫

E

gdµ =
∫
E

fdµ, gia k�je E ∈ Σ′.

Thn sumbolÐzoume me E(f |Σ′).
H sun�rthsh E(f |Σ′), up�rqei gia k�je f ∈ L1

X(µ) kai an 1 ≤ p <
∞, tìte : ‖E(f |Σ′)‖p ≤ ‖f‖p, sunep¸c o telest c E(·|Σ′) eÐnai probol 
sustol c ston L1

X(µ).

'Estw T èna merik¸c diatetagmèno sÔnolo deikt¸n kai (Στ )τ∈T èna
dÐktuo s-upoalgebr¸n thc S, tètoio ¸ste : Στ ⊂ Στ ′ ìtan τ ≤ τ ′.
Gia 1 ≤ p < ∞, to dÐktuo (fτ )τ∈T ⊂ L1

X(µ) onom�zetai dianusmatikì
martingale an : E(fτ ′|Στ ) = fτ gia k�je τ ≤ τ ′.

Shmei¸noume pwc sthn ergasÐa aut , ta dianusmatik� martingales
pou qrhsimopoioÔme èqoun sÔnolo deikt¸n èna uposÔnolo twn fusik¸n.
'Etsi gia tic s-�lgebrec èqoume Σ0 ⊂ Σ1 ⊂ Σ2 ⊂ ... kai h prohgoÔmenh
sqèsh gia thn desmeumènh mèsh tim , gÐnetai: E(fn+1|Σn) = fn

Paradeigma 2.7. ([26], sel. 124) 'Estw W=[0,1), m to Lebesgue
mètro sto [0,1) kai akoloujÐa sunart sewn {xn}n∈N ⊂ L1(µ) = X, me :

x1 = χ[0,1), x2 = 2χ[0, 1
2

), x3 = 2χ[ 1
2
,1),

kai xi = 2k−1χIk,i me i = 2k−1, ...2k − 1, 1 ≤ k,
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ìpou Ik,i eÐnai ta duadik� diast mata tou [0,1), t�xhc k.
Tìte isqÔei : xn = 1

2
(x2n + x2n+1), gia k�je n fusikì.

JewroÔme tic sunart seic {fn}n∈N ⊂ L1
X(µ) me :

f1 = x1χ[0,1), f2 = x2χ[0, 1
2

) + x3χ[ 1
2
,1), kai fk =

2k−1∑
i=2k−1

xiχIk,i

gia k fusikì.
Jètontac Σk thn s-�lgebra pou par�getai apì ta diast mata Ik,i,

gia i = 2k−1, ...2k−1, èqoume ìti to sÔnolo (fk,Σk) eÐnai èna martingale
ston L1

X(µ) = L1
L1(µ)(µ) = L1

L1(µ).

ParathroÔme ìti to sÔnolo {xn}n∈N eÐnai èna 1-bush ston L1
X(µ),

afoÔ ‖xn‖ = 1, ‖xn−x2n‖ = ‖xn−x2n+1‖ = 1 kai xn = 1
2
(x2n+x2n+1),

gia k�je n.
EpÐshc, epeid  gia k�je n èqoume ‖fn‖L1 = 1 kai ‖fn− fn+1‖L1 = 1,

to martingale {fn}n∈N apoteleÐtai apì omoiìmorfa fragmènec sunart -
seic ston L1

L1(µ) kai den sugklÐnei wc proc thn nìrma tou L1
L1(µ).

'Estw K kleistì, kurtì, fragmèno uposÔnolo enìc q¸rou Bana-
ch X, x∗ ∈ X∗, α > 0 kai M = sup{x∗(x) : x ∈ K}. To sÔnolo
{y ∈ K : x∗(y) ≥M − α} onom�zetai slice tou K wc proc x∗ kai α, kai
sumbolÐzetai me S(K, x∗, α). Qrhsimopoi¸ntac trigwnik  anisìthta kai
ton orismì tou slice, eÔkola èqoume to qr simo :

Lhmma 2.8. ([8], L. 5.14) 'Estw sÔnolo K kai f, g �nw fragmènec
pragmatikèc sunart seic sto K, tètoiec ¸ste

δ = sup{|f(x)− g(x)| : x ∈ K} < α
2
gia α > 0.

Tìte S(K, g, α− 2δ) ⊂ S(K, f, α).

M�lista to l mma isqÔei kai sthn genikìterh perÐptwsh, ìtan dhlad 
to grammikì sunarthsoeidèc antikatastajeÐ me pragmatik  sun�rthsh.

Orismoc 2.9. To kleistì, kurtì, fragmèno sÔnoloK onom�zetai den-
table an gia k�je ε > 0 up�rqei slice tou K me di�metro mikrìterh tou
ε.

An to sÔnolo K eÐnai dentable kai to slice S(K, x∗, α) èqei diamètro
mikrìterh tou ε, tìte gia k�je x ∈ S(K, x∗, α) èqoume:

co(K \B(x, ε)) ⊂ co(K \ S(K, x∗, α)) ⊂ (x∗)−1(−∞,M − α).
AfoÔ M − α ≤ x∗(x) sumperaÐnoume ìti : x /∈ co(K \B(x, ε)).
An ε > 0 kai x ∈ K tètoio ¸ste x /∈ co(K \B(x, ε)), to Je¸rhma

Hahn-Banach mac exasfalÐzei ìti up�rqei x∗ ∈ X∗, tètoio ¸ste ‖x∗‖ =
1 kai M < r < x∗(x) gia k�poio r ∈ R. Jètontac α = M − r, èqoume
ìti S(K, x∗, α) ⊂ B(x, ε) ∩K kai sunep¸c to slice S(K, x∗, α) èqei
diamètro mikrìterh tou ε.
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'Etsi o prohgoÔmenoc orismìc eÐnai isodÔnamoc me ton :

Orismoc 2.10. To kleistì, kurtì, fragmèno sÔnolo K onom�zetai
dentable an gia k�je ε > 0, up�rqei x ∈ K, tètoio ¸ste :

x /∈ co(K \B(x, ε)).

Qr simh sunèpeia tou prohgoÔmenou orismoÔ eÐnai to ìti, an to klei-
stì, kurtì, fragmèno sÔnolo K eÐnai non-dentable, tìte up�rqei ε > 0,
¸ste gia k�je x ∈ K, na èqoume x ∈ co(K \B(x, ε)).

Shmei¸noume ìti to shmeÐo y ∈ K onom�zetai denting an perièqetai
se slices aujaÐreta mikr c diamètrou. 'Ena shmeÐo tou K kaleÐtai sh-
meÐo sunèqeiac ìtan h tautotik  apeikìnish i : (X,w)→ (X, ‖ · ‖) eÐnai
suneq c sto y. Epeid  sthn perÐptwsh pou to shmeÐo eÐnai denting, h
tautotik  apeikìnish i : (X,w) → (X, ‖ · ‖) eÐnai suneq c sto y, to y
eÐnai shmeÐo sunèqeiac.

Parathr¸ntac ìti ston c0 isqÔei : ei = 1
2
(ei + ej) + 1

2
(ei − ej), en¸

‖ei − 1
2
(ei + ej)‖ = ‖ei − 1

2
(ei − ej)‖ = 1

2
, gia i 6= j, eÔkola diapist¸nei

kaneÐc ìti h monadiaÐa mp�lla tou c0 eÐnai non-dentable. 'Ena �llo
par�deigma enìc non-dentable sunìlou eÐnai to akìloujo:

Paradeigma 2.11. ([26], sel. 135) 'Estw K = BL∞[0,1], f ∈ K kai
ε > 0.

An ‖f‖∞ > ε, tìte gia k�je akèraio m, up�rqoun metr sima sÔ-
nola E1, E2, ..., Em, xèna an� dÔo, tètoia ¸ste : ‖fχEi‖ > ε, gia i =
1, 2, ...,m, kai an fi = f − fχEi , tìte ‖f − fi‖ > ε gia i = 1, 2, ...,m.

EpÐshc ‖f −
m∑
i=1

1
m
fi‖∞ ≤ 1

m
‖f‖∞, sunep¸c (dialègontac kat�llhlo m)

f ∈ co(K \B(f, ε)).
An ‖f‖∞ ≤ ε < 1

3
, jètontac f1 = f + 2εχ[0,1] kai f2 = f − 2εχ[0,1],

èqoume ìti ‖fi‖∞ < 3ε < 1, ‖f − fi‖ = 2ε > ε gi� i = 1, 2 kai
f = 1

2
f1 + 1

2
f2 ∈ co(K \B(f, ε)).

'Ara to sÔnolo K eÐnai non-dentable.

H sÔgklish twn dianusmatik¸n martingales kai h ènnoia thc denta-
bility eÐnai �rrhkta sundedemènec me thn RNP, ìpwc diapist¸netai apì
to parak�tw :

Jewrhma 2.12. ([8], Jewr. 5.8) 'Estw K kleistì, kurtì, fragmèno
uposÔnolo enìc q¸rou Banach X. Tìte oi parak�tw prot�seic eÐnai
isodÔnamec:

i. k�je kleistì, kurtì uposÔnolo tou K eÐnai dentable
ii. to K èqei thn RNP
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iii. k�je martingale {fn}n∈N, (se q¸ro pijanìthtac (W,S,m) ) tè-
toio ¸ste fn(ω) ∈ K gia k�je n kai k�je w, sugklÐnei sqedìn
pantoÔ.

H apìdeixh tou Jewr matoc 2.12 ofeÐletai stic ergasÐec twn : Rief-
fel (i⇒ ii, [48]), Maynard (ii⇒ i, [40]), Davis-Phelps (ii⇒ i, [24]),
Huff (ii⇒ i, [32]), Chatterji (ii⇔ i, [21]).

Ta paradeÐgmata autoÔ tou kefalaÐou, gia touc q¸rouc L1[0, 1] kai
c0, eÐnai qarakthristik� gia to je¸rhma 2.12. Eidik� to par�deigma 2.5,
sqetÐzetai �mesa me to :

Jewrhma 2.13. ([26], V.2.Por.5) Den up�rqei q¸roc Banach X me
thn RNP, o opoÐoc perièqei èna fragmèno d-bush.

IsodÔnama : ìtan o X perièqei èna fragmèno d-bush tìte den èqei
thn RNP (giatÐ eÐnai dunatìn na kataskeu�soume martingale pou den
sugklÐnei sthn L1−nìrma kai sunep¸c den sugklÐnei sqedìn pantoÔ).

Shmantikì epÐshc eÐnai to parak�tw

Jewrhma 2.14. (Bourgain, 1980, [13]) Up�rqei q¸roc Banach X
qwrÐc thn RNP, tou opoÐou h monadiaÐa mp�lla den perièqei genikeumèno
ε-duadikì dèntro gi� k�je ε > 0.

Qarakthristik� paradeÐgmata q¸rwn Banach qwrÐc thn RNP eÐnai
oi L1(0, 1), c0 kai l∞.

Oi autopajeÐc q¸roi (Philips, 1940,1943), oi diaqwrÐsimoi duikoÐ
(Dunford-Pettis, 1940), oi l1(Γ) gia k�je sÔnolo Γ (Uhl, 1977) kai
oi q¸roi me bounded complete Schauder b�sh (Dunford, 1936), èqoun
thn RNP.

2.3. Idiìthta Krein-Milman, h RNP sunep�getai thn
KMR

'Estw L kurtì uposÔnolo enìc q¸rou Banach X. To stoiqeÐo
x ∈ L onom�zetai akraÐo shmeÐo tou sunìlou L, ìtan to x den gr�fetai
wc kurtìc sunduasmìc (diaforetik¸n) stoiqeÐwn tou L (dhlad  ìtan
x = λx1 + (1− λ)x2 me x1, x2 ∈ L kai 0 < λ < 1, tìte x1 = x2 = x).
To sÔnolo twn akraÐwn shmeÐwn enìc kurtoÔ sunìlou L to sumbolÐzou-
me me extL kai to epìmeno (klasikì) je¸rhma faner¸nei ton kentrikì
rìlo twn akraÐwn shmeÐwn enìc sunìlou gia thn dom  tou:
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Jewrhma 2.15. (Krein-Milman) 'Estw X ènac topik� kurtìc topo-
logikìc dianusmatikìc q¸roc. An L eÐnai sumpagèc kurtì sÔnolo tou
X, tìte to L eÐnai h kleist  kurt  j kh twn akraÐwn tou shmeÐwn. Eidi-
kìtera k�je kurtì sumpagèc uposÔnolo enìc topik� kurtoÔ topologikoÔ
dianusmatikoÔ q¸rou èqei èna akraÐo shmeÐo.

('Enac grammikìc topologikìc q¸roc X, lègetai topik� kurtìc, an
gia k�je x ∈ X kai gia k�je perioq  U(x) tou x, up�rqei kurt  perioq 
V (x) tou x, tètoia ¸ste V (x) ⊂ U(x). Fusik� k�je q¸roc Banach
eÐnai topik� kurtìc sthn asjen  topologÐa.)

Stouc q¸rouc Banach peperasmènhc di�stashc, k�je kleistì, kur-
tì, fragmèno sÔnolo L eÐnai sumpagèc, sunep¸c èqei akraÐa shmeÐa kai
isqÔei : L = co(extL).

Stouc apeirodi�statouc q¸rouc Banach, èna kleistì, kurtì, frag-
mèno sÔnolo L, den eÐnai aparaÐthta sumpagèc kai to Je¸rhma Krein-
Milman den isqÔei gia L kleistì, kurtì, fragmèno sÔnolo. Qarakthri-
stikì par�deigma h monadiaÐa mp�lla tou c0, ìntac kurtì, kleistì, frag-
mèno ìqi ìmwc sumpagèc sÔnolo (jumÐzoume ìti ei = 1

2
(ei+ej)+

1
2
(ei−ej),

ìpou {ei}i∈N, h sun jhc b�sh tou c0).

Orismoc 2.16. To sÔnoloK èqei thn idiìthta Krein-Milman (KMP),
an k�je kleistì, kurtì, fragmèno uposÔnolo L tou K eÐnai h kleist 
kurt  j kh twn akraÐwn tou shmeÐwn. IsodÔnama : k�je kleistì, kurtì,
fragmèno uposÔnolo L tou K èqei akraÐa shmeÐa.

H RNP kai h KMR eÐnai idiìthtec pou èqoun ta kleist�, kurt�,
fragmèna uposÔnola autopaj¸n (reflexive) q¸rwn   kleist�, kurt�,
fragmèna uposÔnola diaqwrÐsimwn duik¸n, en¸ tautìqrona h Bc0 kai h
BL1[0,1] den èqoun kamÐa apì autèc tic idiìthtec.

To 1973 o J. Diestel jètei to ex c er¸thma :

EÐnai h RNP isodÔnamh me thn KMR, sta kleist�, kurt�, fragmèna
uposÔnola enìc q¸rou Banach X;

Sto tèloc thc Ðdiac qroni�c o J. Lindenstrausss qrhsimopoi¸ntac to
Je¸rhma Bishop-Phelps, apodeiknÔei ìti h RNP sunep�getai thn KMR.

Shmei¸noume ìti h apìdeixh tou J. Lindenstrausss ègine arqik� gia ta
kleist�, kurt�, fragmèna uposÔnola tou l1 ([38], 1961), en¸ oi Bessaga-
Pelzynski èdwsan mÐa genÐkeush gia ta kleist�, kurt�, fragmèna upo-
sÔnola diaqwrÐsimwn duik¸n ([10], 1961). H apìdeixh gia thn genik 
perÐptwsh dhmosieÔjhke apì ton Phelps ([47], 1974).
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Sthn sunèqeia parajètoume ta Jewr mata Bishop-Phelps (qwrÐc a-
pìdeixh) kai J. Lindenstrausss (me thn apìdeixh apì to [8]).

Jewrhma 2.17. (Bishop-Phelps, 1961, [11]) 'Estw K kleistì, kur-
tì, fragmèno uposÔnolo enìc q¸rou Banach X. To sÔnolo twn sunar-
thsoeid¸n pou pi�noun thn mègisth tim  touc sto K, eÐnai norm-puknì
ston X∗.

Face enìc sunìlou K, eÐnai èna uposÔnolo F tou K, tètoio ¸ste
ìtan o kurtìc sunduasmìc twn stoiqeÐwn x, y tou K an kei sto F , tìte
x, y ∈ F . H face mi�c face eÐnai face tou arqikoÔ sunìlou, kai tomèc (mh
ken¸n) faces eÐnai face. Ta akraÐa shmeÐa enìc sunìlou eÐnai faces me
èna mìno stoiqeÐo. An to grammikì sunarthsoeidèc x∗ ∈ X∗, pi�nei to
mègistì tou sto sÔnolo K, tìte to uposÔnolo tou K, sta stoiqeÐa tou
opoÐou to x∗ pi�nei to mègistì tou, eÐnai kleist  face tou K.

Jewrhma 2.18. (Lindenstrauss, 1973, [38]) K�je kleistì, kurtì,
fragmèno uposÔnolo enìc q¸rou Banach X me thn RNP eÐnai h kleist 
kurt  j kh twn akraÐwn tou shmeÐwn.

Apodeixh. 'Estw K to kleistì, kurtì, fragmèno uposÔnolo tou
q¸rou Banach X. Kataskeu�zoume faces {Fn}n∈N tou K, ètsi ¸ste
F1 eÐnai kleist  face tou K, k�je Fn+1 eÐnai face thc Fn kai h norm-

di�metroc twn Fn teÐnei sto 0. Tìte ja èqoume ìti h
∞⋂
n=1

Fn eÐnai mono-

sÔnolo kai akraÐo shmeÐo tou K.
H kataskeu  gÐnetai epagwgik� wc ex c. AfoÔ to K èqei thn RNP h

kleist  face Fn eÐnai dentable. 'Estw to slice Sn thc Fn, pou kajorÐzetai
apì to sunarthsoeidèc x∗ kai to opoÐo èqei di�metro mikrìterh tou 1

n
.

Apì to Je¸rhma Bishop-Phelps to x∗ mporeÐ na proseggisteÐ apì èna
sunarthsoeidèc z∗ to opoÐo pi�nei thn mègisth tim  tou sthn Fn. 'Etsi
to z∗ orÐzei thn face Fn+1 tou Fn kai apì to l mma 3.6 èqoume Fn+1 ⊂
Sn ⊂ Fn.

An K 6= co(extK) = K ′ tìte up�rqei x ∈ K pou diaqwrÐzetai
apì to K ′ mèsw enìc grammikoÔ sunarthsoeidoÔc. Qrhsimopoi¸ntac
xan� to Je¸rhma Bishop-Phelps kai to l mma 3.6, sumperaÐnoume ìti
up�rqei kleist  face F tou K, xènh me to K ′. Apì thn prohgoÔmenh
kataskeu  èqoume ìti up�rqei akraÐo shmeÐo thc F , pou eÐnai fusik�
akraÐo shmeÐo tou K. Autì antibaÐnei ston orismì tou K ′, sunep¸c
K = co(extK). �
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2.4. H RNP eÐnai isodÔnamh me thn KMR stouc
diaqwrÐsimouc duikoÔc (1975), sta Banach lattices

(1981), ìtan o q¸roc eÐnai isìmorfoc me to
tetr�gwnì tou (1985)

To an h Ôparxh thc KMR sunep�getai thn Ôparxh thc RNP sta
kleist�, kurt�, fragmèna uposÔnola enìc q¸rou Banach X paramènei
anoiqtì er¸thma èwc s mera.

Up rxan ìmwc shmantik� epi mèrouc (katafatik�) apotelèsmata sto
prohgoÔmeno er¸thma sthn eikosaetÐa an�mesa stic arqèc thc dekaetÐac
tou 1970 kai tic arqèc thc dekaetÐac tou 1990.

Qrhsimopoi¸ntac to :

Jewrhma 2.19. (Stegall, 1975, [55]) An X eÐnai diaqwrÐsimoc q¸roc
Banach, tètoioc ¸ste oX∗ na mhn eÐnai diaqwrÐsimoc tìte gia k�je ε > 0
up�rqei èna uposÔnolo D thc monadiaÐac sfaÐrac tou X∗, to opoÐo eÐnai
w∗-omoiomorfikì me to sÔnolo Cantor ∆, èna sÔsthma Haar {hn,i} gia
to ∆ kai mÐa akoloujÐa {xn,i} ⊂ X me ‖xn,i‖ < 1 + ε tètoio ¸ste an
T : X → C(∆) eÐnai grammikìc telest c me T (x)x∗ = x∗(x) tìte :
∞∑
n=0

(
2n−1∑
i=0

‖Txn,i − hn,i‖
)
< ε.

oi Huff kai Morris, thn Ðdia qroni�, apodeiknÔoun :

Jewrhma 2.20. (Huff-Morris, 1975, [33]) K�je duikìc q¸roc Ba-
nach me thn KMR èqei th RNP.

kai to 1981 oi Bourgain, Talagrand to :

Jewrhma 2.21. (Bourgain-Talagrand, 1981, [19]) An o q¸roc E
eÐnai èna Banach lattice kai èqei thn KMR, tìte èqei kai thn RNP.

Shmei¸noume ìti w∗-omoiomorfikì shmaÐnei ìti o omoiomorfismìc a-
nafèretai sthn w∗-topologÐa tou X∗. Wc sÔnolo Cantor ∆, ennoeÐtai
o topologikìc q¸roc {0, 1}N, to arijm simo ginìmeno tou disunìlou
{0, 1}, efodiasmèno me thn topologÐa ginìmeno.

Pio gnwstì wc sÔnolo Cantor, eÐnai to C = {x ∈ [0, 1] : x =
∞∑
i=1

αi
3i
}

me αi = 0   2. Ta dÔo sÔnola eÐnai omoiomorfik� mèsw thc:

φ : C → ∆, me φ(x) =
(
α1

2
, α2

2
, ...
)
, ìtan x =

∞∑
i=1

αi
3i
.

'Ena sÔsthma Haar gia to ∆ eÐnai mÐa akoloujÐa sunart sewn {hn,i} ⊂
C(∆), n ∈ N , i = 0, 1, ..., 2n − 1, me hn,i = χAn,i (h qarakthristik 
sun�rthsh tou An,i, tètoia ¸ste :
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A0,0 = ∆, k�je An,i eÐnai mh kenì anoiqtì kai kleistì, gia k�je n èqou-

me
2n−1⋃
i=0

An,i = ∆ , An,i = An+1,2i ∩ An+1,2i+1, ta An,i eÐnai an� dÔo xèna

kai gia k�je epilog  deikt¸n in me 0 ≤ in ≤ 2n−1 èqoume ìti h tom 
∞⋂
n=0

An,in eÐnai eÐte ken  eÐte monosÔnolo.

Banach lattice kaleÐtai ènac merik� diatetagmènoc (pragmatikìc) q¸-
roc Banach, me mÐa merik  di�taxh (≤), ¸ste :

i. ìtan x ≤ y tìte x+ z ≤ y + z, gia k�je x, y, z ∈ X
ii. 0 ≤ ax, gia k�je x ∈ X me 0 ≤ x, kai k�je a ∈ R+

iii. gia k�je x, y ∈ X, up�rqei èna el�qisto �nw fr�gma touc
(x ∨ y) kai èna mègisto k�tw fr�gma touc (x ∧ y)

iv. ‖x‖ ≤ ‖y‖, ìtan |x| ≤ |y| (ìpou |x| = x ∨ (−x))

K�je q¸roc Banach me unconditional b�sh {xn}n∈N kai stajer�
thc unconditionality K=1, eÐnai èna Banach lattice, me merik  di�taxh

epagìmenh apì thn b�sh wc ex c : x =
∞∑
n=1

anxn ≥ 0, an kai mìno an

an ≥ 0 gia k�je n ∈ N.
EpÐshc k�je q¸roc Lp(µ) gia 1 ≤ p ≤ ∞ kai k�je q¸roc C(K)

eÐnai Banach lattice, me thn shmeiak� epagìmenh merik  di�taxh, h opoÐa
shmeiwtèon eÐnai diaforetik  apì aut n pou ep�getai apì thn uncondi-
tional b�sh (ìtan aut  up�rqei, p.q. stouc q¸rouc Lp(µ) me 1 < p <∞
kai µ ìqi gn sia atomikì mètro).

Lème ìti o q¸roc Banach Y emfuteÔetai-3
4
ston q¸ro Banach X, an

up�rqei amfimonos mantoc grammikìc telest c apì ton Y ston X, pou
apeikonÐzei kleist�, kurt�, fragmèna sÔnola tou Y se kleist�, kurt�,
fragmèna sÔnola tou X.

Sto [53] to 1985, o W. Schachermayer apodeiknÔei ìti :

1. An o q¸roc Banach X den èqei thn RNP tìte o q¸roc Banach
l2(X) den èqei thn KMR, kai

2. An o X×X emfuteÔetai-3
4
ston X, tìte o l2(X) emfuteÔetai-3

4
ston X

kai sundu�zontac ta dÔo aut� apotelèsmata apodeiknÔei to :

Jewrhma 2.22. (Schachermayer, 1985, [53]) Se ènan q¸ro Banach
X, o opoÐoc eÐnai isìmorfoc me to tetr�gwnì tou, h RNP kai h KMR
eÐnai isodÔnamec.
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2.5. H RNP eÐnai isodÔnamh me thn KMR sta strongly
regular sÔnola (1985), sta uposÔnola q¸rwn me

unconditional b�sh (1985), point of continuity
property

'Ena apì ta isqurìtera apotelèsmata pou aforoÔn kurt� sÔnola gia
ta opoÐa h KMR sunep�getai thn RNP, ofeÐletai ston W. Schacherma-
yer o opoÐoc to 1987 sto [54], apodeiknÔei ìti:

Jewrhma 2.23. (Schachermayer, 1987, [54]) An èna kleistì, kurtì,
fragmèno uposÔnolo K tou q¸rou Banach X eÐnai strongly regular kai
den èqei thn RNP, tìte up�rqei èna kleistì, kurtì uposÔnolo L tou K
pou den èqei akraÐa shmeÐa.

Orismoc 2.24. ([28]) To sÔnolo K lègetai strongly regular, an gia
k�je mh kenì uposÔnolo L tou K kai k�je ε > 0 up�rqei kurtìc sun-
duasmìc apì slices tou L diamètrou mikrìterhc tou ε (dhlad  up�rqoun

jetikoÐ arijmoÐ a1, a2, ..., an me
n∑
i=1

ai = 1 kai slices S1, S2, ..., Sn tou L,

tètoia ¸ste diam

(
n∑
i=1

aiSi

)
< ε).

To sÔnolo K eÐnai strongly regular, an kai mìno an, k�je fragmènoc
grammikìc telest c T : L1(µ) → X me T (P(µ) ⊂ K, eÐnai strongly
regular.

Orismoc 2.25. ([28]) O fragmènoc grammikìc telest c T : L1(µ)→
X lègetai strongly regular, ìtan apeikonÐzei asjen¸c sugklÐnonta dÐ-
ktua tou P(µ) se norm sugklÐnonta dÐktua ston X (dhlad  an (fi)i∈I ⊂
P(µ) kai fi

w−→ f , tìte Tfi
‖·‖−→ Tf).

Sto Ðdio �rjro [54] apodeiknÔetai epishc :

Porisma 2.26. (Schachermayer, 1987, [54]) An K eÐnai kleistì,
kurtì, fragmèno, non-RNP sÔnolo enìc q¸rou Banach X me uncondi-
tional b�sh, tìte up�rqei èna kleistì, kurtì uposÔnolo L tou K qwrÐc
akraÐa shmeÐa.

Orismoc 2.27. ([28]) To sÔnolo K èqei thn point of continuity i-
diìthta (PCP), an gia k�je uposÔnolo L tou K kai gia k�je ε > 0
up�rqei èna (sqetik�) asjen¸c anoiqtì uposÔnoloW tou L me di�metro
mikrìterh tou ε.

ToÔto eÐnai isodÔnamo me to ìti gia k�je mh kenì, asjen¸c kleistì
uposÔnolo L tou K, h tautotik  apeikìnish i : (L,w)→ (L, ‖ · ‖), èqei
èna toul�qiston shmeÐo sunèqeiac.
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To sÔnolo K èqei thn convex point of continuity idiìthta (CPCP),
an gia k�je kurtì uposÔnolo L tou K kai gia k�je ε > 0 up�rqei èna
(sqetik�) asjen¸c anoiqtì uposÔnolo W tou L me di�metro mikrìterh
tou ε,   isodÔnama, ìtan h tautotik  apeikìnish i : (L,w) → (L, ‖ · ‖)
èqei èna shmeÐo sunèqeiac, ìpou L mh kenì kurtì, asjen¸c kleistì
uposÔnolo tou K.

H apìdeixh tou PorÐsmatoc 2.26 sthn perÐptwsh pou to K èqei thn
(CPCP), basÐzetai sto Je¸rhma 2.23 kai sthn :

Protash 2.28. ([28], L.II.1, Par. III.1) An to sÔnolo K èqei thn
CPCP tìte eÐnai strongly regular.

H apìdeixh sthn perÐptwsh pou to K den èqei thn (CPCP), gÐnetai
mèsw thc kataskeu c enìc d-approximate bush ston X, to opoÐo dÐnei
thn dunatìthta na orisjeÐ ènac grammikìc telest c T : L1(µ) → X
(ìpou m èna mètro pijanìthtac se èna sÔnolo W), ètsi ¸ste to sÔno-
lo T (P(µ) na eÐnai kleistì, kurtì, fragmèno uposÔnolo tou X qwrÐc
akraÐa shmeÐa.

Faner�, an to sÔnolo K eÐnai dentable, tìte èqei thn PCP, en¸ to
antÐstrofo den isqÔei ([18]).

An to sÔnolo K èqei thn PCP tìte èqei thn CPCP. 'Omwc up�rqei
sÔnolo K me thn CPCP qwrÐc na èqei thn PCP ([6] kai [29]).

EpÐshc èna sÔnolo K mporeÐ na eÐnai strongly regular qwrÐc na èqei
thn PCP ([6] kai [30]), en¸ lìgw thc Prìtashc 2.28 an to sÔnolo K
den eÐnai strongly regular tìte den èqei thn PCP.

AfoÔ, ìtan to kleistì, kurtì, fragmèno, sÔnolo K ⊂ X eÐnai non-
RNP kai èqei thn PCP (sunep¸c eÐnai strongly regular) tìte up�r-
qei kleistì, kurtì, uposÔnolo L tou K qwrÐc akraÐa shmeÐa (dhlad 
PCP+nonRNP⇒nonKMP), h melèth thc isodunamÐac thc RNP kai thc
KMP an�getai sthn melèth twn non-RNP sunìlwn, sta uposÔnola twn
opoÐwn h RNP eÐnai isodÔnamh me thn PCP.

Argìtera ja eÐnai qr simoc o parak�tw :

Orismoc 2.29. To sÔnolo L lègetai d-non-PCP, ìtan up�rqei δ > 0,
¸ste k�je asjen¸c anoiqtì uposÔnolo W tou L na èqei diam(W)> δ.

Epeid  ìtan to sÔnolo K eÐnai non-PCP, up�rqei uposÔnolì tou
L kai δ > 0, tètoia ¸ste k�je asjen¸c anoiqtì uposÔnolo W tou L
na èqei diam(W)> δ kai epeid  (fusik�) èna d-non-PCP sÔnolo eÐnai
non-PCP, èqoume :
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Parathrhsh 2.30. 'Ena sÔnolo K eÐnai non-PCP an kai mìno an
up�rqoun L ⊂ K kai δ > 0, tètoia ¸ste to L na eÐnai δ-non-PCP.

Thn Ðdia qroni� (1987) o R. C. James sto [34] gia touc q¸rouc
Banach X kai Y apodeiknÔei :

1. an o q¸roc X eÐnai isomorfikìc me ton Y ⊕X kai o Y den èqei
thn RNP, tìte o X den èqei thn KMR

2. an F eÐnai èna arijm simo norming sÔnolo (dhlad  ìtan gia
k�je x ∈ X, ‖x‖ =sup{|f(x)| : f ∈ F}) apì suneq  grammi-
k� sunarthsoeid  ston X kai τ h asjenèsterh topologÐa pou
k�nei k�je f ∈ F suneqèc, tìte se k�je kleistì, kurtì, frag-
mèno τ -sumpagèc uposÔnolo K tou X h RNP kai h KMR eÐnai
isodÔnamec. An to K den èqei thn RNP tìte to K perièqei èna
basikì duadikì dèntro.

3. an o X perièqetai ston Y , o opoÐoc èqei unconditional FDD,
tìte ston X h RNP kai h KMR eÐnai isodÔnamec, kai k�je mÐa
apì autèc sunep�getai thn PCP.

EpÐshc sto [34] apodeiknÔetai ìti an o Y den perièqei upìqwro i-
sìmorfo me ton c0 tìte oi idiìthtec RNP, KMR, PCP kai CPCP eÐnai
isodÔnamec. Eidikìtera an X = Y , to na èqei o X k�poia apì tic pa-
rap�nw idiìthtec eÐnai isodÔnamo me to na m n perièqei o X upìqwro
isìmorfo me ton c0.

2.6. H RNP eÐnai isodÔnamh me thn KMR ìtan h
asjen c kai h norm topologÐa sumpÐptoun (1989),
sta non-dentable non-PCP uposÔnola q¸rwn me
unconditional skipped block decomposition, denting

points, an o q¸roc den èqei thn RNP tìte perièqei
upìqwro me FDD pou den èqei thn RNP

To 1989 o H. Rosenthal, se èna shmantikì �rjro ([50]), sqetik� me
thn dom  twn non-dentable sunìlwn apodeiknÔei ìti :

Jewrhma 2.31. (H. Rosenthal, 1989, [50]) 'Estw K kleistì, kurtì,
fragmèno, non-RNP uposÔnolo enìc q¸rou Banach X, to opoÐo èqei thn
small combination of slices idiìthta. Tìte up�rqei èna kleistì, kurtì,
mh kenì uposÔnolo W tou K tètoio ¸ste :

(∗) to W eÐnai non-dentable kai h norm me thn asjen  topologÐa
sumpÐptoun sto W .
Epiplèon uparqei ènac upìqwroc Y tou X, ètsi ¸ste o Y èqei FDD



30 2. RADON-NIKODYM, KREIN-MILMAN KAI SUNAFEIS IDIOTHTES

kai perièqei èna kleistì, kurtì, fragmèno, mh kenì uposÔnolo W pou
ikanopoieÐ thn (∗).

Orismoc 2.32. To sÔnolo K èqei thn small combination of slices
idiìthta (SCSP), an gia k�je ε > 0 kai k�je slice S tou K, to S perièqei
kurtì sunduasmì apì slices tou K diamètrou mikrìterhc tou ε.

Shmei¸noume ìti to sÔnolo K èqei thn SCSP, an kai mìno an, to K
eÐnai strongly regular ([28], sel. 34-35).

To kÔrio apotèlesma sto [14], to opoÐo up rxe kombikì sthn melèth
q¸rwn qwrÐc thn RNP, eÐnai to :

Jewrhma 2.33. (Bourgain, 1980, [14]) An o q¸roc Banach X den
èqei thn RNP, tìte gia k�je λ > 0, up�rqei upìqwroc Xλ tou X, qwrÐc
thn RNP, o opoÐoc èqei FDD, me stajer� Grynblum to polÔ λ.

(stajer� Grynblum=G(Xλ,n, n) = sup{‖Sn‖ : n ∈ N}, ìpou Sn =
n∑
i=1

Pi, me Pi : Xλ → Xλ,i tic antÐstoiqec probolèc kai (Xλ,n)n∈N thn

FDD tou Xλ)

Shmei¸noume ìti sto [14] (sel. 198), eis�getai gia pr¸th for� h
PCP (me thn -tìte- onomasÐa: idiìthta (∗) ).

'Ena shmeÐo x ∈ K, lègetai denting point , an x /∈ co(K \B(x, ε))
gia k�je ε > 0. Oi B.L. Lin, P.K. Lin kai S.L. Troyanski dÐnoun ènan
qarakthrismì gia ta denting points :

Protash 2.34. (Lin-Lin-Troyanski, 1985, [37]) 'Estw K kleistì,
kurtì, fragmèno uposÔnolo enìc q¸rou Banach X, x èna akraÐo shmeÐo
tou K kai x shmeÐo sunèqeiac. Tìte to x eÐnai denting point tou K.

Qrhsimopoi¸ntac thn parap�nw ènnoia, sto [50] apodeiknÔetai to :

Porisma 2.35. (Rosenthal, 1989, [50]) 'EstwW èna non-RNP, klei-
stì, kurtì, fragmèno uposÔnolo enìc q¸rou Banach X sto opoÐo h a-
sjen c kai h norm topologÐa tautÐzontai. Tìte to W den èqei akraÐa
shmeÐa.

Sundu�zontac thn Prìtash 1.11 kai to Pìrisma 2.35, gia to d-
approximate bush (xα)α∈A ⊂ c0, pou kataskeu�same sthn enìthta 1.5,
èqoume to:

Porisma 2.36. To sÔnolo K = co (x̃α)α∈A ⊂ c0 den èqei akraÐa
shmeÐa.
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Thn Ðdia qroni� (1989), oi H. Rosenthal kai A. Wessel sto [51],
orÐzontac tic ènnoiec (strong) martingale representation, (strong) mar-
tingale coordinatization kai melet¸ntac ta well separated bushes apo-
deiknÔoun :

Jewrhma 2.37. (Rosenthal-Wessel, 1989, [51]) 'Estw q¸roc Bana-
ch X me unconditional skipped-blocking decomposition kai K èna klei-
stì, kurtì, fragmèno, non-RNP uposÔnolo touX, qwrÐc thn PCP. Tìte
up�rqei èna well separated bush sto K to opoÐo eÐnai strong martingale
representation gia thn kleist  kurt  j kh tou.

Jewrhma 2.38. (Rosenthal-Wessel, 1989, [51]) An W eÐnai h klei-
st  kurt  j kh tou d-bush tou Jewr matoc 2.37, tìte to W den èqei
akraÐa shmeÐa.

2.7. CFDSD, Pal representations, mia efarmog  ston c0, h
RNP eÐnai isodÔnamh me thn KMR sta uposÔnola

tou jetikoÔ k¸nou tou L1(0, 1) (1993)

Stic arqèc thc dekaetÐac tou 1990, oi S. Argurìc kai E. Delhgi�nnh
sto [3], eis�gontac thn ènnoia :

Orismoc 2.39. 'Ena d-approximate bush (xα)α∈A orÐzei mÐa convex
finite dimensional Schauder decomposition (CFDSD), an ikanopoioÔntai
oi parak�tw sunj kec :

i. oi nodes (yα)α∈A eÐnai grammik� anex�rthtec,
ii. up�rqei k > 0, tètoio ¸ste gia n < m kai gia

∑
|a|=m

λaxa ènan

(apolÔtwc) kurtì sunduasmì na isqÔei :
‖
∑
|β|=m

µβxβ‖ ≤ k‖
∑
|a|=m

λaxa‖, ìpou µβ =
∑

|a|=m,β<a
λa,

apodeiknÔoun :

Jewrhma 2.40. (Argurìc -Delhgi�nnh, 1992, [3]) An L eÐnai èna
kleistì, kurtì, non-RNP uposÔnolo enìc q¸rou Banach X, tìte periè-
qei èna d-approximate bush (xα)α∈A, to opoÐo orÐzei mÐa CFDSD kai an
K = co (x̃α)α∈A, tìte K ⊂ L kai k�je x ∈ K gr�fetai me monadikì trì-

po sthn morf  x =
∞∑
n=0

( ∑
|a|=n

λ
(x)
a ya

)
, ìpou λ(x)

a ≥ 0, λ
(x)
∅ = 1, λ

(x)
a =∑

β∈Sa
λ

(x)
β .
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Shmei¸noume ìti h apìdeixh qwrÐzetai kai ed¸ se dÔo peript¸seic,
me to sÔnolo L na èqei   ìqi thn PCP. Eidikìtera sthn perÐptwsh
pou to sÔnolo L èqei thn PCP, apodeiknÔetai epiplèon ìti sto sÔnolo
K = co (x̃α)α∈A, h norm kai h asjen c topologÐa tautÐzontai.
Sto [3] epÐshc, apodeiknÔetai to :

Jewrhma 2.41. (Argurìc -Delhgi�nnh, 1992, [3]) 'Estw L èna klei-
stì, kurtì, non-RNP uposÔnolo enìc q¸rou Banach X ètsi ¸ste na
alhjeÔei mÐa apì tic parak�tw sunj kec :

i. h RNP den eÐnai isodÔnamh me thn PCP sta uposÔnola tou L
ii. o q¸roc X èqei unconditional b�sh

iii. to L eÐnai uposÔnolo tou jetikoÔ k¸nou tou L1[0, 1].

Tìte up�rqei èna kleistì, kurtì uposÔnoloK tou L me Pal-representation.

Orismoc 2.42. 'Ena kleistì, kurtì sÔnolo K se ènan q¸ro Banach
X, èqei mÐa Pal-representation an up�rqei T : Pal → K affine, èna
proc èna, epÐ kai suneq c.

To sÔnolo Pal (to sÔnolo ìlwn twn mh atomik¸n mètrwn pijanì-
thtac sto [0,1]), eÐnai norm-kleistì, kurtì uposÔnolo tou M [0, 1] (ta
mètra sto [0,1]), qwrÐc akraÐa shmeÐa. Sunep¸c an to K èqei Pal-
representation, tìte to K den èqei akraÐa shmeÐa.

San efarmog  twn dÔo teleutaÐwn jewrhm�twn mporoÔme (kai p�li)
na doÔme to par�deigma thc enìthtac 1.5.

Jewrhma 2.43. To kleistì, kurtì, fragmèno sÔnoloK = co (x̃α)α∈A ⊂
c0 thc paragr�fou 1.5, èqei Pal-representation (kai sunep¸c to sÔnolo
den èqei akraÐa shmeÐa).

Apodeixh. An A eÐnai èna finitely branching tree, kladÐ tou A ono-
m�zetai èna stoiqeÐo thc morf c s = (a1, a2, ..., an) tètoio ¸ste ai+1 ∈
Sai , gia i = 1, ..., n kai �peiro kladÐ onom�zetai èna stoiqeÐo thc morf c
s = (a1, a2, ..., an, ...) tètoio ¸ste ai+1 ∈ Sai , gia k�je i. To sÔnolo
twn apeÐrwn kladi¸n B(A) tou A, eÐnai uperarijm simo kai sÔmfwna
me thn parat rhsh 4.3 sto [3], èqoume ìti to sÔnolo Pal(B(A)) eÐnai
isometrikì me to sÔnolo Pal.

Sto sÔnolo B(A) orÐzoume mÐa topologÐa τ , me basik� sÔnola ta
Va = {s ∈ B(A) : s||a| = a}. Mèsw tou Jewr matoc Tychonoff, to sÔ-
nolo B(A) gÐnetai sumpag c metrikìc q¸roc.

'Estw t¸ra x ∈ co (x̃α)α∈A. Tìte isqÔei x =
∞∑
n=0

( ∑
|a|=n

λ
(x)
a ea

)
,

ìpou λ(x)
a ≥ 0, λ

(x)
∅ = 1, λ

(x)
a =

∑
β∈Sa

λ
(x)
β .
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ParathroÔme ìti max{λ(x)
a : |a| = n} n→∞−−−→ 0, afoÔ h akoloujÐa

stoiqeÐwn xk =
k∑

n=0

( ∑
|a|=n

λ
(x)
a ea

)
eÐnai norm Cauchy, mi�c kai xk

k→∞−−−→
‖·‖

x.
OrÐzoume thn apeikìnish φ : K → M(B(A)), ¸ste φ(x) = µx kai

µx(Va) = λ
(x)
a , gia k�je basik  perioq  Va, ìtan xk =

∞∑
n=0

( ∑
|a|=n

λ
(x)
a ea

)
∈

K.

An s ∈ B(A), tìte s ∈
⋂
a∈S Va kai epeid  µx(Va) = λ

(x)
a

|a|→∞−−−−→ 0,
èqoume ìti µx(s) eÐnai mh atomikì mètro.

'Ara φ(K) ⊂ Pal(B(A)).
EpÐshc an µ ∈ Pal(B(A)), apì tic gnwstèc idiìthtec tou mètrou

èqoume µ(∅) = 0, 0 ≤ µ(Va) ≤ 1, µ(Va) =
∑
β∈Sa

µ(Vβ) kai an s ∈ B(A)

me s ∈
⋂
a∈S Va tìte µ(S) = 0, �ra µ(Va)

|a|→∞−−−−→ 0, kai ètsi orÐzoume

xµ =
∞∑
n=0

( ∑
|a|=n

µ(Va)ea

)
∈ K. 'Ara h φ eÐnai epÐ.

Faner� h φ eÐnai suneq c kai èna proc èna.
Tèloc h φ eÐnai affine, afoÔ gia k�je Va kai 0 ≤ t ≤ 1, èqoume

µtx+(1−t)y(Va) = λ
(tx+(1−t)y)
a = tλ

(x)
a +(1−t)λ(y)

a = tµx(Va)+(1−t)µy(Va).
�





KEF�ALAIO 3

KAJE NON-DENTABLE UPOSUNOLO TOU

C(ωωk

) PERIEQEI ENA KLEISTO KURTO

UPOSUNOLO L TETOIO WSTE TO L EQEI
THN PCP KAI OQI THN RNP. SUNEPWS H

RNP KAI H KMR EINAI ISODUNAMES

IDIOTHTES STA UPOSUNOLA TWN

QWRWN BANACH C(ωωk

)

Sto kef�laio autì (to opoÐo apoteleÐ kai to megalÔtero mèroc thc
ergasÐac aut c) apodeiknÔoume ìti sta kurt�, kleist�, fragmèna, non-

RNP uposÔnola twn q¸rwn C(ωω
k
), gia k ∈ N, h RNP kai h KMR

eÐnai isodÔnamec idiìthtec. Up�rqoun epÐshc apotelèsmata pou aforoÔn
thn gewmetrik  dom  kurt¸n, kleist¸n, fragmènwn, non-RNP sunìlwn
se q¸rouc Banach, ìtan den perièqoun ton l1   ìtan èqoun Schauder
decomposition.

3.1. Oi q¸roi Banach C(α) ìpou α arijm simoc
diataktikìc arijmìc, h kathgoriopoÐhsh twn C(K)
me K sumpag  metrikì q¸ro (1960 kai 1966), mia

sunèpeia ìtan o q¸roc Banach X den perièqei ton `1

(1978)

Me ω sumbolÐzoume ton pr¸to arijm simo diataktikì kai me ω1 ton
pr¸to mh arijm simo diataktikì. An a < β, me 〈a, β〉 sumbolÐzoume to
sÔnolo {t diataktikìc me a ≤ t ≤ β}, en¸ me 〈a, β) sumbolÐzoume to
sÔnolo {t diataktikìc me a ≤ t < β}. AntÐstoiqa orÐzontai ta diast ma-
ta (a, β〉 kai (a, β) twn diataktik¸n arijm¸n. K�je sÔnolo diataktik¸n
arijm¸n mporeÐ na gÐnei antilhptì kai wc ènac Hausdorff topologikìc
q¸roc, me topologÐa aut n pou ep�getai apì thn di�taxh. Eidikìtera
èna sÔnolo thc morf c 〈a, β〉, eÐnai sumpag c Hausdorff topologikìc
q¸roc. Sthn perÐptwsh de pou β < ω1, eÐnai epÐshc metrikopoi simoc.

35
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An to sÔnolo K eÐnai sumpag c Hausdorff topologikìc q¸roc, me
C(K) sumbolÐzoume ton q¸ro twn suneq¸n pragmatik¸n sunart sewn
sto K. O q¸roc C(K), efodiasmènoc me thn nìrma ‖f‖∞ = max{f(s) :
s ∈ K} eÐnai q¸roc Banach kai m�lista eÐnai èna Banach lattice, me thn
kat� shmeÐo di�taxh. Me C(a), ìpou a diataktikìc arijmìc, sumbolÐ-
zoume ton q¸ro C(〈1, a〉).

To piì aplì par�deigma enìc q¸rou C(a), me a arijm simo diatakti-
kì, eÐnai o C(ω), pou mporeÐ na tautisteÐ me ton q¸ro c twn pragmatik¸n
sugklinous¸n akolouji¸n (me to ìriì touc), afoÔ to di�sthma 〈1, ω〉,
den eÐnai �llo, par� h me èna shmeÐo sumpagopoÐhsh twn fusik¸n kai
lìgw sunèqeiac, gia k�je stoiqeÐo f ∈ C(ω), èqoume :

a = f(ω) = limn→∞ f(n) = limn→∞ an.
Jètontac c = {(an, a)n∈N tètoia ¸ste an

n→∞−−−→ a, an, a ∈ R}, h apeikì-
nish T : c → c0, me T ((an, a)) = (a, an − a) gia k�je n ∈ N, dÐnei ìti o
c eÐnai isìmorfoc me ton c0 kai sunep¸c to Ðdio sumbaÐnei me ton C(ω).
'Ara èqoume :

Parathrhsh 3.1. O q¸roc C(ω) eÐnai isìmorfoc me ton c0.

An dÔo sumpageÐc Hausdorff topologikoÐ q¸roi K, L eÐnai omoio-
morfikoÐ tìte oi q¸roi C(K) kai C(L) eÐnai isìmorfoi. EÔkola ìmwc
mporoÔme na doÔme ìti parìlo pou ta diast mata 〈1, ω〉 kai 〈1, ω + 1〉
den eÐnai omoiomorfik� oi q¸roi C(ω) kai C(ω + 1) eÐnai isomorfikoÐ,
afoÔ : C(ω + 1) = c0 ⊕ R = c0 = C(ω).

To er¸thma gia poioÔc diataktikoÔc a oi q¸roi C(a) eÐnai metaxÔ
touc isìmorfoi, apant jhke tic dekaetÐec 1950 kai 1960, mèsw twn er-
gasi¸n twn Bessaga-Pelczynski kai Miljutin, me tic opoÐec ègine efikt 
h kathgoriopoÐhsh twn kl�sewn isomorfÐac twn q¸rwn C(K), ìpou K
metrikopoi simoc sumpag c Hausdorff topologikìc q¸roc.

Jewrhma 3.2. (Bessaga-Pelczynski, 1960, [9]) An a < β eÐnai arij-
m simoi diataktikoÐ, tìte oi q¸roi Banach C(a) kai C(β) eÐnai isomor-
fikoÐ, an kai mìno an, β < aω.

Jewrhma 3.3. (Miljutin, 1966, [41]) An o K eÐnai uperarijm simoc
sumpag c metrikìc q¸roc tìte o q¸roc Banach C(K) eÐnai isìmorfoc
me ton C[0, 1].

Fusik�, lìgw tou jewr matoc 3.2, isqÔei ìti : C(ωω
k
) ≈ C(ωω

kn)

gia k, n ∈ N, kai epeid  ωω =
∞∑
n=0

ωn, ωω
k

=
∞∑
n=0

ωω
k−1n, èqoume touc

isomorfismoÔc :
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C(ωω) ≈
(
∞∑
n=0

⊕C(ωn)

)
0

kai C(ωω
k
) ≈

(
∞∑
n=0

⊕C(ωω
k−1n)

)
0

.

'Otan to sÔnolo K eÐnai arijm simo, tìte to sÔnolo twn pepe-
rasmènwn mètrwn sto K,M(K), eÐnai q¸roc Banach (me thn nìrma
‖µ‖ = |µ|(K)), isìmorfoc me ton l1, kai sunep¸c, sÔmfwna me to Je¸rh-
ma Anapar�stashc tou Riesz, èqoume ìti (C(a))∗ = l1, gia a arijm simo
diataktikì. Autì shmaÐnei ìti o l1 den emfuteÔetai ston C(a), gia a a-
rijm simo diataktikì (alloi¸c o l∞, duikìc tou l1, ja emfuteuìtan ston
(C(a))∗ = l1).

To gegonìc ìti ènac q¸roc Banach X den perièqei ton l1, sÔmfw-
na me to [49] (Pìrisma 6, sel.371) kai to [17], sunep�getai to polÔ
qr simo:

Gegonoc 3.4. An o q¸roc Banach X den perièqei ton l1, K fragmèno
sÔnolo tou X kai x ∈ Kw

, tìte up�rqei akoloujÐa (xn)n∈N sto K pou
sugklÐnei asjen¸c sto x.

3.2. O Cantor-Bendixson deÐkthc, parathr seic, gnwst�
apotelèsmata gia K arijm simo sumpagèc

Gia thn kathgoriopoÐhsh twn C(a), me a arijm simo diataktikì a-
rijmì, sto [9], qrhsimopoi jhke h ènnoia tou Cantor-Bendixson deÐkth
enìc arijm simou sumpagoÔc metrikopoi simou q¸rou K.

An K arijm simoc sumpag c metrikopoi simoc q¸roc, me Cantor-
Bendixson par�gwgo tou sunìlou K, onom�zoume to sÔnolo :

K ′ = K(1) = {x ∈ K : x eÐnai shmeÐo suss¸reushc tou K} ⊂ K.
AfoÔ ìtan (xn)n∈N ⊂ K ′ me xn

n→∞−−−→ x0, to x0 eÐnai shmeÐo suss¸reu-
shc tou K, èqoume ìti x0 ∈ K ′ kai sunep¸c to sÔnolo K ′ eÐnai kleistì
(�ra sthn perÐptwsh aut  sumpagèc).

'Etsi èqoume : K(2) = K ′′ = (K(1))′, ..., K(n+1) = (K(n))′, ... kai

K(ω) =
∞⋂
n=1

K(n), me n ∈ N.

AntÐstoiqa an a diataktikìc arijmìc orÐzoume :
K(a) = (K(a−1))′, an o a eÐnai epìmenoc diataktikìc kai
K(a) =

⋂
γ<a

K(γ), an o a eÐnai oriakìc diataktikìc.

O Cantor-Bendixson deÐkthc tou sunìlou K eÐnai o diataktikìc a-
rijmìc : iCB(K) = min{a : K(a+1) = K(a), a diataktikìc arijmìc}.

Fusik� to sÔnolo K eÐnai arijm simo, an kai mìno an, iCB(K) < ω1.
EpÐshc KiCB(K) = ∅,   to sÔnolo KiCB(K) eÐnai tèleio.
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Apl� paradeÐgmata eÐnai : iCB(ω) = iCB(〈1, ω〉) = 2,
iCB(ωn) = iCB(〈1, ωn〉) = n+ 2, gia k�je n ∈ N,
iCB(ωω) = iCB(〈1, ωω〉) = ω + 1.

EpÐshc isqÔei ìti:
iCB(ωω

n
) = iCB(〈1, ωωn〉) = ωn + 1.

An to sÔnolo K eÐnai arijm simo sumpagèc, tìte isqÔoun :

Parathrhsh 3.5. Up�rqei arijm simoc diataktikìc a, tètoioc ¸ste
K(a) = ∅.
(AfoÔ an K(a) 6= ∅, gia k�je arijm simo diataktikì a, tìte to sÔnolo
K(a+1) den perièqetai sto K(a) kai �ra, sth perÐptwsh aut  èqoume
iCB(K) ≥ ω1)

Parathrhsh 3.6. Den up�rqei arijm simo sumpagèc K me iCB(K)
oriakì diataktikì arijmì.
(Pragmatik�, an a oriakìc diataktikìc arijmìc kai iCB(K) = a tìte
K(γ) 6= ∅ gia k�je γ < a kai epeid , K(a) =

⋂
γ<a

K(γ), to K(β) den

perièqetai sto K(γ) ìtan γ < β < a kai K(γ) kleist� sÔnola, èqoume
K(a) 6= ∅)

Parathrhsh 3.7. Up�rqei arijm simoc diataktikìc β, ¸ste to sÔ-
nolo K na eÐnai omoiomorfikì me to di�sthma 〈1, β〉 (me thn topologÐa
thc di�taxhc). O diataktikìc arijmìc β orÐzetai monos manta apì ton
iCB(K).

Eidikìtera èqoume thn

Parathrhsh 3.8. Opoiosd pote K arijm simoc sumpag c metriko-
poi simoc q¸roc, me iCB(K) = ωn + 1 eÐnai omoiomorfikìc me to di�-
sthma twn diataktik¸n 〈1, ωωn〉 gia n fusikì.

Shmantikì epÐshc eÐnai to akìloujo :

Jewrhma 3.9. ([1], J. 4.5.2) 'Estw K sumpag c metrikìc q¸roc.
Oi parak�tw prot�seic eÐnai isodÔnamec :

i. to K eÐnai arijm simo kai èqei peperasmèno Cantor-Bendixson
deÐkth

ii. o C(K) eÐnai isìmorfoc me ton c0

iii. o C(K) emfuteÔetai se q¸ro me unconditional b�sh
iv. o C(K) èqei thn idiìthta (u).

Orismoc 3.10. O q¸roc Banach X, èqei thn idiìthta (u), an gia
k�je (xn)n∈N asjen¸c Cauchy akoloujÐa ston X, up�rqei mÐa asjen¸c

unconditional Cauchy (WUC) seir�,
∞∑
k=1

uk ston X (dhl.
∞∑
n=1

|x∗(uk)| <
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∞, gia k�je x∗ ∈ X∗), tètoia ¸ste h akoloujÐa

(
xn −

n∑
k=1

uk

)
n∈N

na

eÐnai asjen¸c mhdenik .

Eidikìtera o q¸roc C(ωω) (kai fusik� o C(a) me ωω < a) den
embaptÐzetai se q¸ro me unconditional FDD (k�ti pou apodeiknÔei o
Pelczynski sthn didaktorik  tou diatrib  to 1958) kai sthn epìmenh
enìthta dÐnoume mÐa epiplèon apìdeixh aut c thc prìtashc.

3.3. Mia anapar�stash tou sunìlou 〈1,ωω〉, o q¸roc
C(ωω) den emfuteÔetai se q¸ro me unconditional

b�sh

Gia ton fusikì arijmì n, jewroÔme Tn to sÔnolo twn peperasmènwn
akolouji¸n thc morf c :
Tn = {a : a = (0, 1, n, k1, k2, ..., kl) me 1 ≤ l ≤ n kai i, ki ∈ N gia
i = 1, 2, ..., l} ∪ {(0), (0, 1), (0, 1, n)}
kai jètoume : T =

∞⋃
n=1

Tn.

An a ∈ T kai a = (0, 1, n, k1, k2, ..., kl), ton fusikì arijmì l + 2 ton
onom�zoume m koc tou a kai ton sumbolÐzoume me |a| (fusik� jètoume
|(0)| = 0, |(0, 1)| = 1, |(0, 1, n)| = 2 gia k�je n ∈ N).

An |a| = l + 2 kai m ∈ N me m ≤ l + 2, periorismì tou a èwc
to m onom�zoume to stoiqeÐo a|m = (0, 1, n, k1, k2, ..., km−2), efìson
a = (0, 1, n, k1, k2, ..., kl) (bèbaia a|0 = (0), a|1 = (0, 1), a|2 = (0, 1, n)).

Sto sÔnolo T , orÐzoume mÐa olik  di�taxh lexikografik�.
Jètoume (0) < (0, 1) < γ, gia k�je stoiqeÐo γ ∈ T \ {(0), (0, 1)} kai an
a, β ∈ T \ {(0), (0, 1)} tìte :

a < β ⇔


|a| < |β|

 
|a| = |β| kai up�rqei s me 0 ≤ s ≤ |a| − 1

tètoio ¸ste β|s = a|s kai ks+1(a) < ks+1(β)

 .

An a ∈ Tn wc sÔnolo epomènwn tou a, orÐzoume to sÔnolo :
Sa = {β ∈ Tn me |β| = |a| + 1 kai β||a| = a}, ìtan |a| < n + 2. Tìte
#Sa =∞.
An |a| = n+ 2 tìte #Sa = 0 kai o a den èqei epomènouc.

Gia k�je a ∈ T , up�rqei monadik  peperasmènh akoloujÐa stoiqeÐwn
tou T thc morf c : (a0, a1, a2, a3..., am) = ((0), (0, 1), (0, 1, n), a3..., am),
tètoia ¸ste ai+1 ∈ Sai gia 0 ≤ i ≤ m− 1 kai am = a. MÐa tètoia
akoloujÐa ja thn onom�zoume arqikì di�sthma   kladÐ tou T kai ja to
sumbolÐzoume me La. M koc tou kladioÔ La, onom�zoume to m koc tou a
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kai gr�foume |La| = |a| (den up�rqei kladÐ m kouc 0). To kladÐ La, ja
to onom�zoume maximal, an Sa = ∅. Me B0T sumbolÐzoume to sÔnolo
twn kladi¸n tou T kai me B0Tn sumbolÐzoume to sÔnolo twn kladi¸n
tou Tn.

OrÐzoume ton q¸ro sunart sewn KT , apì to sÔnolo T sto disÔnolo
{0,1}, wc ex c :

KT = {xLa : La ∈ B0T kai xLa : T → {0, 1} me xLa(β) =

{
0, β /∈ La
1, β ∈ La

}
},

me thn akoloujÐa sunart sewn (xLn)n∈N, na sugklÐnei kat� shmeÐo sthn

sun�rthsh xLa (xLa,n
k.c.−−→ xLa), an kai mìno an, xLn(β) = xLa(β) gia k�-

je β ∈ La. Fusik� o KT (gn sio uposÔnolo tou {0, 1}T ) eÐnai sumpag c
arijm simoc q¸roc.

ParathroÔme ìti, an to kladÐ La eÐnai maximal, tìte h sun�rthsh
xLa eÐnai memonwmèno shmeÐo tou KT , en¸ an La den eÐnai maximal, tìte
h sun�rthsh xLa eÐnai shmeÐo suss¸reushc tou KT , afoÔ an La,n =

La ∪ {an}, me an ∈ Sa, ìtan βn →∞, èqoume ìti xLa,n
k.c.−−→ xLa .

An me KipT sumbolÐsoume to sÔnolo twn memonwmènwn shmeÐwn tou
KT , eÔkola blèpoume ìti to sÔnolo K′T = KT \ KipT (h par�gwgoc tou
KT ) eÐnai omoiomorfikì me to sÔnolo KT ∪ {xL(0,1,1)

}. SuneqÐzontac
èqoume :

K′′T = K(2)
T = (K′T )′ (omoiomorfikì me to KT ∪ {xL(0,1,2)

}),...,
K(m+1)
T = (KmT )′ (omoiomorfikì me to KT ∪ {xL(0,1,m+1)

}).

Gia La ∈ B0T parathroÔme ìti xL(0,1)
∈ K(m)

T gia k�je m ∈ N
kai ìti gia k�je a ∈ T me a 6= (0, 1) up�rqei fusikìc n, tètoioc ¸ste

xLa ∈ (K(n)
T )ip kai sunep¸c xLa /∈ K

(n+1)
T (afoÔ a ∈ Tn gia k�poio n ∈ N,

kai met� apì to polÔ n + 1 paragwgÐseic k�je stoiqeÐo tou Tn, ektìc
tou (0) kai tou (0,1), apomakrÔnetai).

EpÐshc gia k�je n ∈ N, èqoume ìti K(m)
T 6= ∅ (afoÔ gia m > n

up�rqei a ∈ Tm tètoio ¸ste xLa ∈ K
(n)
T ).

'Eqoume loipìn ìti
∞⋂
n=1

K(n)
T = K(ω)

T = {xL(0,1)
}, �ra K(ω+1)

T = ∅ kai

sunep¸c : iCB(KT ) = ω + 1.
T¸ra h Parat rhsh 3.8 mac dÐnei

Parathrhsh 3.11. O q¸roc KT eÐnai omoiomorfikìc me to di�sthma
〈1, ωω〉 twn diataktik¸n.

MporoÔme t¸ra na d¸soume mia dik  mac apìdeixh thc prìtashc pou
apodeiknÔei o Pelczynski sthn didaktorik  tou diatrib  :
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Protash 3.12. O q¸roc C(ωω) den emfuteÔetai se q¸ro me uncon-
ditional b�sh.

Apodeixh. AfoÔ o q¸roc KT eÐnai omoiomorfikìc me to di�sthma
〈1, ωω〉 arkeÐ na deÐxoume ìti o q¸roc Banach C(KT ) (isìmorfoc me ton
C(ωω)) den emfuteÔetai se q¸ro me unconditional b�sh.

'Estw ìti up�rqei isomorfismìc T : C(KT )→ X, ìpou X q¸roc me
unconditional b�sh thn (xn)n∈N.

JewroÔme tic sunart seic:

πa : KT → {0, 1}, a ∈ , ¸ste πa(xL) =

{
0, a /∈ L
1, a ∈ L

}
kai tic hL =

∑
a∈L

πa, φL =
∑
a∈L

(−1)|a|πa, me L ∈ B0T .

Gia k�je L′ ∈ B0T èqoume: hL(xL′) =
∑
a∈L

πa(xL′) =

= #{a : a ∈ L ∩ L′} ≤ |L| = hL(xL)
kai φL(xL′) =

∑
a∈L

(−1)|a|πa(xL′) =

=

{
0, an #{a : a ∈ L ∩ L′} = �rtioc

1, an #{a : a ∈ L ∩ L′} = perittìc

}
.

'Ara ‖hL‖ = |L| kai ‖φL‖ = 1.
Qrhsimopoi¸ntac èna sliding hump epiqeÐrhma, kataskeu�zoume mia

unconditional block basik  akoloujÐa tou X. 'Estw loipìn ε > 0.

AfoÔ Tπ0 =
∞∑
n=1

x∗n(Tπ0)xn = lim
k→∞

Sk(Tπ0), ja up�rqei m0 tètoio

¸ste:

‖
∞∑

n=m0+1

x∗n(Tπ0)xn‖ < ε
2
. Jètoume y1 = Sm0(Tπ0) =

m0∑
n=1

x∗n(Tπ0)xn.

Epeid  Tπ0,m
w−−−→

m→∞
0 ston 〈x1, x2, ..., xm0〉, ja up�rqei n tètoio ¸ste

gia k�je m ≥ n na isqÔei: ‖P[x1,...xm0 ](Tπ0,m)‖ < ε
22
.

JewroÔme to kladÐ L1 = ((0), (0, n)), me |L1| = 2.

'Opwc prin ja up�rqei m1 ≥ m0 + 1 ¸ste ‖
∞∑

n=m1+1

x∗n(Tπ0,n)xn‖ <

ε
23

kai jètoume y2 =
m1∑

n=m0+1

x∗n(Tπ0,n)xn. OmoÐwc Tπ0,n,m
w−−−→

m→∞
0 kai

sunep¸c up�rqei k1 tètoio ¸ste gia k�je m ≥ k1 na isqÔei:
‖P[x1,...xm1 ](Tπ0,n,m)‖ < ε

24
.

JewroÔme to kladÐ L2 = ((0), (0, n), (0, n, k1)), me |L2| = 3.
SuneqÐzontac ètsi sto r-b ma èqoume kataskeu�sei to

yr =
mr−1∑

n=mr−2+1

x∗n(Tπ0,n,k1,k2,...,kr−2)xn me
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‖
∞∑

n=mr−1+1

x∗n(Tπ0,n,k1,k2,...,kr−2)xn‖ < ε
22r−1 .

P�li up�rqei kr−1 tètoio ¸ste gia k�je m ≥ kr−1 na èqoume:
‖P[x1,...xmr−1 ](Tπ0,n,k1,k2,...,kr−2,m)‖ < ε

22r
.

JewroÔme to kladÐ Lr = ((0), (0, n), (0, n, k1), ..., (0, n, ..., kr−1)), me
|Lr| = r + 1.

H akoloujÐa {yr}r∈N eÐnai h akoloujÐa pou jèlame.
Lìgw thc unconditionality, up�rqei stajer� K ≥ 1 tètoia ¸ste gia

k�je N ∈ N na isqÔei:

(1) ‖
N∑
i=1

yi‖ ≤ K
N∑
i=1

(−1)i+1yi‖ .

EpÐshc afoÔ T isomorfismìc èqoume ìti up�rqoun stajerèc c, C
tètoiec ¸ste: (2) c‖f‖C(KT ) ≤ ‖Tf‖X ≤ C‖f‖C(KT ).

'Estw N ∈ N me N > [KC+1+K
c

− 1] + 1. JewroÔme to kladÐ LN =
(a0, a1, ..., aN) kai ta {y1, y2, ..., yN} pou kataskeu�zontai apì to sliding
hump.

'Eqoume: ThLN (LN) = T

(
N∑
i=1

πai(xLN )

)
=

N∑
i=1

(Tπai(xLN )) =

= y1 + y2 + ...yN +
N∑
i=1

(
∞∑

n=mi+1

x∗n(Tπai)xn

)
+

N∑
i=1

(
mi−1∑
n=1

x∗n(Tπai)xn

)
,

opìte:
(3) ‖y1 + y2 + ...+ yN‖ − ε ≤ ‖ThLN‖ ≤ ‖y1 + y2 + ...+ yN‖+ ε.

EpÐshc: TφLN (LN) = T

(
N∑
i=1

(−1)iπai(xLN )

)
=

N∑
i=1

((−1)iTπai(xLN )) =

= y1 − y2 + ...+ (−1)N+1yN+

+
N∑
i=1

(−1)i
(

∞∑
n=mi+1

x∗n(Tπai)xn

)
+

N∑
i=1

(−1)i
(
mi−1∑
n=1

x∗n(Tπai)xn

)
, opìte:

(4) ‖y1y2 + ...+ (−1)N+1yN‖ − ε ≤ ‖TφLN‖ ≤ ‖y1 − y2 + ...+ (−1)N+1yN‖+ ε.
Sundu�zontac tic sqèseic (1) èwc (4) èqoume:
c(N + 1) ≤ c‖hLN‖ ≤ ‖ThLN‖ ≤ ‖y1 + y2 + ...+ yN‖ − ε ≤
≤ K‖y1 + y2 + ...+ (−1)N+1yN‖+ ε ≤ K(‖TφLN‖+ ε) + ε =

= K‖TφLN‖+ ε(1 +K) ≤ KC‖φLN‖+ ε(1 +K) = KC + 1 +K.
Sunep¸c gia k�je N ∈ N isqÔei c(N + 1) ≤ KC + 1 +K kai lìgw

thc epilog c tou N katal goume se antÐfash. 'Ara o q¸roc C(ωω) den
emfuteÔetai se q¸ro me unconditional b�sh. �
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3.4. �Meg�loi� telestèc ston L1(0, 1) me �mikrèc �
probolèc, telestèc Dunford-Pettis

Oi sqèseic:

C(ωω) ≈
(
∞∑
n=0

⊕C(ωn)

)
0

kai C(ωω
k
) ≈

(
∞∑
n=0

⊕C(ωω
k−1n)

)
0

pou sunant same sthn enìthta 3.1 eÐnai shmantikèc gia thn katanìhsh
thc dom c twn q¸rwn C(ωω

k
). Autì gÐnetai fanerì kai me thn parak�tw

(polÔ shmantik  gia thn sunèqeia)

Protash 3.13. 'Estw oi q¸roi Banach X,Xn me n ∈ N.

Upojètoume ìti X =
∞∑
n=1

⊕Xn kai ìti up�rqei ènac non-strongly

regular telest c T : L1(0, 1) → X, tètoioc ¸ste oi telestèc PnT :
L1(0, 1) → Xn na eÐnai strongly regular gia k�je n ∈ N (ìpou Pn oi
probolèc Pn : X → Xn).

Tìte up�rqei telest c D : L1(0, 1) → L1(0, 1) tètoioc ¸ste: o
telest c TD : L1(0, 1)→ Xna eÐnai m  anaparast�simoc kai oi telestèc
PnTD : L1(0, 1)→ Xn na eÐnai anaparast�simoi gia k�je n ∈ N.

Apodeixh. AfoÔ o telest c T eÐnai non strongly regular up�rqoun,
èna Borel sÔnolo U ⊂ (0, 1) kai δ > 0, tètoia ¸ste gia k�je asjen¸c
anoiqtì uposÔnolo W tou PU na èqoume :

(1) diam(T (W )) > 2δ (Je¸rhma IV.10, [28])
(ìpou PU = {f ∈ L1(0, 1) : f ≥ 0,

∫
f = 1, suppf ⊂ U , oi sunart -

seic puknìthtac pijanìthtac me support sto U).
AfoÔ gia k�je n ∈ N, oi telestèc PnT eÐnai strongly regular, paÐr-

noume ìti:
(2) oi apeikonÐseic PnT : PU → Xn eÐnai weak to norm suneqeÐc.
Epagwgik� kataskeu�zoume èna d-approximate bush (fa)a∈A sto PU

to opoÐo ikanopoieÐ tic akìloujec idiìthtec:

(i) Gia k�je a ∈ A kai β ∈ Sa èqoume ‖Tfa − Tfβ‖ > δ.
(ii) Gia k�je a ∈ A up�rqoun (λβ)β∈Sa , λβ ≥ 0,

∑
β∈Sa λβ = 1 me

‖fa −
∑

β∈Sa λβfβ‖ <
1

2n

(iii) Gia k�je n ∈ N, kai gia k�je a ∈ A me |a| ≥ n kai β ∈ Sa,
èqoume ‖PnTfa − PnTfβ‖ < 1

2n

Sunoptik� h kataskeu  (oi leptomèreiec thc opoÐac paratÐjentai met�
thn apìdeixh) eÐnai h ex c. Upojètoume ìti ta stoiqeÐa (fa)|a|≤n èqoun
kataskeuasteÐ kai ikanopoioÔn tic upojèseic mac.

Jètontac An = {a : |a| = n}, gia k�je a ∈ An dialègoume dÐktuo
(fa,i)i∈Ia ⊂ PU tètoio ¸ste fa,i

w→ fa kai ‖Tfa,i − Tfa‖ > δ.
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AfoÔ gia k = 1, . . . , n + 1 èqoume PkTfa,i
‖·‖→ PkTfa mporoÔme na

upojèsoume ìti to dÐktuo (fa,i)i∈Ia ikanopoieÐ thn
‖PkTfa,i − PkTfa‖ < 1

2n+1 .
Apì to je¸rhma Mazur up�rqei peperasmèno uposÔnolo Fa tou Ia

kai (λi)i∈Fa , λi ≥ 0,
∑

i∈Fa λi = 1 ètsi ¸ste ‖fa −
∑

i∈Fa λifa,i‖ <
1

2n+1 .
Onom�zoume Sa = {β : β = (a, i), i ∈ Fa} to (peperasmèno) sÔnolo

twn epomènwn tou a kai ètsi to sÔnolo (fβ)β∈Sa , |a| = n eÐnai autì pou
jèlame kai oloklhr¸same to epagwgikì b ma. Shmei¸noume ìti an den
apait soume ta fβ, β ∈ Sa na eÐnai diaforetik� metaxÔ touc, mporoÔme
na upojèsoume ìti limn→∞max{λa : |a| = n} = 0.

'Estw {ξn}n∈N to quasi-martingale pou orÐzetai apì autì to bush.
Tìte σ(∪n∈Nσ(ξn)) = B(0, 1) (ta Borel metr sima sÔnola).

Gia mia ∪n∈Nσ(ξn)−apl  sun�rthsh ϕ up�rqei to lim
n→∞

∫
ξn(t)ϕ(t)dt.

Jètontac Dϕ = lim
n→∞

∫
ξn(t)ϕ(t)dt, mèsw thc density mporoÔme na epe-

kteÐnoume ton telest  D ston L1(0, 1).
Tìte o telest c TD : L1(0, 1) → X eÐnai mh anaparast�simoc,

afoÔ ∀a, ∀β ∈ Sa èqoume ‖Tfβ − Tfa‖ > δ, en¸ oi telestèc PnTD :
L1(0, 1)→ Xn eÐnai anaparast�simoi gia k�je n ∈ N miac kai gia n ∈ N
kai |γ| = m+ k > m = |a|, γ > a èqoume

‖PnTfγ − PnTfa‖ ≤ 1
2m

+ 1
2m+1 + ...+ 1

2m+k−1 <
1

2m−1

kai sunep¸c
∫
‖PnTfγ − PnTfa‖ dt < 1

2m−1 .
Dialègontac to m arket� meg�lo sumperaÐnoume ìti gia k�je n ∈ N

to bush (PnTfa)a∈A eÐnai Cauchy (sthn Bochner nìrma) ston Xn kai
sunep¸c oi telestèc PnTD eÐnai anaparast�simoi ([26]).

H kataskeu  tou bush. 'Estw f∅ ∈ PU . JewroÔme mia directed
oikogèneia asjen¸c anoiqt¸n uposunìlwn {Wi}i∈I ⊂ PU ¸ste:

(i) f∅ ∈ Wi gia k�je i ∈ I
(ii) Wi < Wj ⇔ Wi ⊆ Wj

(iii) gia k�je perioq  tou W tou f∅ up�rqei Wi tètoio ¸ste Wi ⊆
W .

Lìgw thc (1) se k�je Wi up�rqei f(∅,i) tètoio ¸ste ‖Tf(∅,i)−Tf∅‖ > δ.
'Etsi brÐskoume èna dÐktuo {f(∅,i)}i∈I∅ ¸ste:

f(∅,i)
w−→ f∅ en¸ ‖Tf(∅,i) − Tf∅‖ > δ gia k�je i ∈ I∅.

Lìgw thc (2) ja èqoume epÐshc:

PnTf(∅,i)
‖·‖−→ PnTf∅, gia k�je n ∈ N.

Epeid  P1Tf(∅,i)
‖·‖−→ P1Tf∅, mporoÔme na perioristoÔme se èna upo-

dÐktuo (to opoÐo qwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume
ìti eÐnai to arqikì) ¸ste: ‖P1Tf(∅,i) − P1Tf∅‖ < 1

2
.
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AfoÔ f(∅,i)
w−→ f∅, apì to je¸rhma tou Mazur up�rqei akoloujÐa

kurt¸n sunduasm¸n twn f(∅,i) pou sugklÐnei norm sto f∅. 'Ara up�rqei
kurtìc sunduasmìc twn f(∅,i) pou apèqei (norm) apì to f∅ ligìtero apì
1
2
. Dhlad  up�rqoun λ(∅,k) ≥ 0 kai f(∅,k) ∈ PU , k = 1, 2, ..., k∅ me
k∅∑
k=1

λ(∅,k) = 1 kai ‖
k∅∑
k=1

λ(∅,k)f(∅,k) − f∅‖ < 1
2
.

Gia l ∈ {1, 2, ..., k∅} jewroÔme thn f(∅,l) ∈ PU . Ja up�rqei ìpwc prin
èna dÐktuo {f(∅,l,i)}i∈I(∅,l) ¸ste:

f(∅,l,i)
w−→ f(∅,l) en¸ ‖Tf(∅,l,i) − Tf(∅,l)‖ > δ gia k�je i ∈ I(∅,l).

P�li lìgw thc (2) mporoÔme na epilèxoume upodÐktuo (pou ja jewr -
soume ìti eÐnai to arqikì) ¸ste:

‖P1Tf(∅,l,i) − P1Tf(∅,l)‖ < 1
4
kai ‖P2Tf(∅,l,i) − P2Tf(∅,l)‖ < 1

4
kai epÐshc brÐskoume λ(∅,l,k) ≥ 0 kai f(∅,l,k) ∈ PU , k = 1, 2, ..., k(∅,l) me
k(∅,l)∑
k=1

λ(∅,l,k) = 1 kai ‖
k(∅,l)∑
k=1

λ(∅,l,k)f(∅,l,k) − f(∅,l)‖ < 1
4
.

Efarmìzoume thn diadikasÐa aut  gia ìla ta l ∈ {1, 2, ..., k∅} kai
suneqÐzoume me ton Ðdio trìpo.

Sto n-ostì b ma èqoume kataskeu�sei peperasmèno pl joc sunar-
t sewn {f(a,j)}a∈An−1,j∈{1,...,ka} ⊆ PU , gia k�je f(a,j) sunart seic
{f(a,j,k)}k∈{1,...,k(a,j)} ⊆ PU kai mh arnhtikoÔc arijmoÔc {λ(a,j,k)}k∈{1,...,k(a,j)}

me
k(a,j)∑
k=1

λ(a,j,k) = 1 ¸ste ‖
k(a,j)∑
k=1

λ(a,j,k)f(a,j,k) − f(a,j)‖ < 1
2n

kai ‖PmTf(a,j,k) − PmTf(a,j)‖ < 1
2n

gia k�je m = 1, 2, ...n.
SumbolÐzoume tic sunart seic {f(a,j,k)}k∈{1,...,k(a,j)} gia a ∈ An−1 kai

j ∈ {1, ..., ka} me {f(b,j)} ìpou b ∈ An kai j ∈ {1, ..., kb}.
Gia k�je mia apì autèc, èstw thn f(b,j), up�rqei dÐktuo {f(b,j,i)}i∈I(b,j)

¸ste f(b,j,i)
w−→ f(b,j) en¸ ‖Tf(b,j,i) − Tf(b,j)‖ > δ gia k�je i ∈ I(b,j).

Dialègontac to dÐktuo ètsi ¸ste ‖PmTf(b,j,i) − PmTf(b,j)‖ < 1
2n+1

gia k�je m = 1, 2, ...n + 1 kai brÐskontac mèsw jewr matoc Mazur

{λ(b,j,k)}k∈{1,...,k(b,j)} me
k(b,j)∑
k=1

λ(b,j,k) = 1 ¸ste ‖
k(b,j)∑
k=1

λ(b,j,k)f(b,j,k)−f(a,j)‖ <
1

2n+1 oloklhr¸noume to epagwgikì b ma.

Parat rhsh. To sÔnolo deikt¸n thc parap�nw kataskeu c eÐnai èna
finitely branching tree, èstw A ⊂ 2N.

Jètontac f(a,j) = fb me b ∈ Sa = {(a, j) : j ∈ {1, 2, ..., ka}} èqoume
kataskeu�sei {fa}a∈A ⊆ PU tètoio ¸ste na èqoume:

1. ∀a kai ∀b ∈ Sa, ‖Tfb − Tfa‖ > δ

2. ‖
∑
b∈Sa

λbfb − fa‖ < 1
2|a|

,

(
λb ≥ 0,

∑
b∈Sa

λb = 1

)
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3. ∀n, ∀a me ‖a‖ ≥ n kai ∀b ∈ Sa, ‖PnTfb − PnTfa‖ < 1
2‖a‖

.

H oikogèneia {fa}a∈A eÐnai èna δ
‖T‖ -approximate bush ston L1(0, 1)

(afoÔ an ‖fb − fa‖ < δ
‖T‖ tìte ‖Tfb − Tfa‖ < δ, �topo). �

'Enac fragmènoc telest c T apì ton L1(0, 1) se ènan q¸ro Bana-
ch X, lègetai Dunford-Pettis , an apeikonÐzei k�je asjen¸c sumpagèc
uposÔnolo tou L1(0, 1) se norm sumpagèc uposÔnolo tou X ([26]).

Oi Dunford-Pettis telestèc sundèontai �mesa me touc anaparast�-
simouc telestèc kaj¸c kai me touc strongly regular telestèc. To 1980
o J. Bourgain sto �rjro tou Dunford-Pettis operators on L1 and the
RNP ([16]) apodeiknÔei (J. 5) ìti:

Jewrhma 3.14. (Bourgain, 1980, [16]) 'Estw X q¸roc Banach kai
T : L1(0, 1) → X ènac non-Dunford-Pettis telest c. Tìte up�rqei
Dunford-Pettis telest cD : L1(0, 1)→ L1(0, 1) tètoioc ¸ste o telest c
TD : L1(0, 1)→ X na eÐnai mh anaparast�simoc.

Epeid  ènac q¸roc X èqei thn RNP an kai mìno an k�je telest c
ston L(L1, X) eÐnai anaparast�simoc, to parap�nw je¸rhma deÐqnei ìti
an k�je Dunford-Pettis telest c eÐnai anaparast�simoc, tìte o X èqei
thn RNP.

Fusik� epeid  o telest c TD tou jewr matoc 3.14 eÐnai Dunford-
Pettis èqoume to:

Jewrhma 3.15. (Bourgain, 1980, Cor. 8, [15]) An ènac q¸roc
Banach X den èqei thn RNP, tìte up�rqei Dunford-Pettis telest c
T : L1(0, 1)→ X pou eÐnai mh anaparast�simoc.

To 1990 oi S. Argurìc kai M. Petr�khc sto �rjro touc A pro-
perty of non-strongly regular operators ([7]) apodeiknÔoun apotèlesma
antÐstoiqo tou jewr matoc 3.14, gia non-strongly regular telestèc. Ei-
dikìtera:

Jewrhma 3.16. (Argurìc -Petr�khc, 1990, [7]) 'Estw q¸roc Ba-
nach X kai T : L1(0, 1)→ X ènac non-strongly regular telest c. Tìte
up�rqei Dunford-Pettis telest c D : L1(0, 1)→ L1(0, 1) tètoioc ¸ste o
telest c TD : L1(0, 1)→ X na eÐnai mh anaparast�simoc.

Mèsw autoÔ tou jewr matoc kai tou apotelèsmatoc tou Schacher-
mayer prokÔptei:

Porisma 3.17. (Argurìc -Petr�khc, 1990, Cor.1, [7]) 'EstwK klei-
stì, kurtì uposÔnolo enìc q¸rou Banach X. Upojètoume ìti gia ton
telest  T : L1(0, 1)→ X me T (P) ⊂ K (ìpou P to sÔnolo twn densi-
ties ston L1) isqÔei ìti o telest c TD eÐnai anaparast�simoc gia k�je
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telest  D : L1(0, 1)→ L1(0, 1). Tìte h RNP kai KMR eÐnai isodÔnamec
idiìthtec sta uposÔnola tou K.

Tèloc èqoume akìma mÐa an�logh prìtash thc 3.13.

Protash 3.18. 'Estw X, Xn, n ∈ N q¸roi Banach. Upojètou-

me ìti X =
∞∑
n=1

⊕Xn kai èstw T : L1(0, 1) → X ènac non Dunford-

Pettis telest c, tètoioc ¸ste oi telestèc PnT : L1(0, 1) → Xn na eÐnai
Dunford-Pettis.

Tìte up�rqei telest c D : L1(0, 1) → L1(0, 1) tètoioc ¸ste: o
telest c TD : L1(0, 1)→ X na eÐnai m  anaparast�simoc kai oi telestèc
PnTD : L1(0, 1)→ Xnna eÐnai anaparast�simoi gia k�je n ∈ N.

Apodeixh. Sto [15] apodeiknÔetai ìti an o telest c T : L1(0, 1)→
X eÐnai non Dunford-Pettis up�rqei duadikì dendro {ψn,k : n = 0, 1, . . . , 1 ≤
k ≤ 2n} ston L1(0, 1) ètsi ¸ste (Tψn,k) eÐnai èna δ−dendro ston X.
MporoÔme na èqoume tic nodes dn,k = ψn+1,2k−1 − ψn+1,2k tou dèndrou
(ψn,k) na eÐnai thc morf c 2ψn,krn,k, ìpou ta rn,k eÐnai stoiqeÐa mi�c asje-
n¸c mhdenik c akoloujÐac (rn)n∈N ston L1(0, 1) ètsi ¸ste inf

n
‖Trn‖ >

δ′ gia k�poio δ′ > 0. AfoÔ PiT eÐnai Dunford-Pettis gia k�je i ∈ N
mporoÔme na dialèxoume ta {rn,k : n = 0, 1, . . . , 1 ≤ k ≤ 2n} ètsi ¸ste

gia k�je i ∈ N na up�rqei ni ∈ N tètoio ¸ste
2n∑
k=1

‖PiTdn,k‖ < 1
2n

ìtan

n > ni.
'Estw D : L1(0, 1)→ L1(0, 1) o telest c pou orÐzetai mèsw tou dèndrou
(ψn,k). 'Amesa prokÔptei ìti oi telestèc PiTD : L1(0, 1)→ X eÐnai ana-
parast�simoi gia k�je i ∈ N (m�lista eÐnai dunatìn na kataskeuastoÔn
ètsi ¸ste na eÐnai sumpageÐc). �

3.5. Block δ-approximate bushes, sunèpeiec thc
unconditionality (ajroism�twn) se q¸rouc me

Schauder dimensional decomposition

An ènac q¸roc Banach X èqei Schauder decomposition (dhlad 

èqoume X =
∞∑
n=1

⊕Xn) kai x ∈ X, lème ìti to sÔnolo I eÐnai forèac

tou x kai gr�foume I = suppx, an I eÐnai to el�qisto uposÔnolo twn
fusik¸n ¸ste x ∈

∑
n∈I
⊕Xn.

Orismoc 3.19. 'Estw x, Xn n ∈ N, q¸roi Banach ¸ste X =
∞∑
n=1

⊕Xn. 'Ena d-approximate bush (xa)a∈A ja lègetai block d-approximate
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bush, an up�rqei oikogèneia (Ia)a∈A xènwn an� dÔo diasthm�twn tou N è-
tsi ¸ste an a <lex b, tìte Ia < Ib kai gia k�je a ∈ A èqoume suppya ⊂ Ia
(ìpou ya oi nodes tou bush).

Protash 3.20. 'Estw X, Xn, q¸roi Banach me X =
∞∑
n=1

⊕Xn, ìpou

to �jroisma eÐnai unconditional, kai o mh anaparast�simoc telest c
T : L1(0, 1)→ X tètoioc ¸ste oi telestèc Pn◦T : L1(0, 1)→ Xn na eÐnai
anaparast�simoi gia k�je n ∈ N (ìpou Pn oi probolèc Pn : X → Xn).

'Estw K = T (P) kai ìti sta uposÔnola tou K, h PCP kai h RNP eÐnai
isodÔnamec idiìthtec. Tìte up�rqoun:

1. èna d-approximate bush (xα)α∈A ⊂ K
2. εα ↘ 0 , εα > 0 ,

∑
α∈A

εα <∞

3. èna bush (x′α)α∈A ⊂ X, tètoio ¸ste:
a. ‖xα − x′α‖ < εα , ∀α ∈ A
b. an Yα =< {y′β}β∈Sα > tìte Ya èqoun xènouc foreÐc (wc proc

Xn)
g. an Yα =< {y′β}β∈Sα > tìte Ya èqoun xènouc foreÐc (wc proc

mÐa b�sh tou C[0, 1] , jewr¸ntac ton X upìqwro tou C[0, 1]).

Apodeixh. AfoÔ o T eÐnai mh anaparast�simoc, eÐnai non strongly
regular, sunep¸c to K eÐnai non strongly regular (Je¸rhma 2.5, [3]).

'Ara up�rqoun U ⊂ (0, 1) kai δ > 0, ètsi ¸ste gia k�je asjen¸c
anoiqtì sÔnolo W sto PU , na èqoume: diam(T (W )) > 2δ (ìpou PU
ìpwc prin).

JewroÔme f∅ ∈ PU kai to dÐktuo {f(∅,i)}i∈I∅ me:

f(∅,i)
w→ f∅ kai

∥∥Tf(∅,i) − Tf∅
∥∥ > δ , ∀i ∈ I∅ .

AfoÔ oi telestèc PnT eÐnai anaparast�simoi paÐrnoume:

(1) PnTf(∅,i)
‖.‖→ PnTf∅ ,∀n ∈ N

EpÐshc afoÔ Tf∅ ∈ X =
∞∑
n=1

⊕Xn, ja èqoume Tf∅ =
∞∑
n=1

PnTf∅ kai

gia ε∅ > 0, lìgw thc sÔgklishc thc seir�c, up�rqei n∅ ∈ N tètoio ¸ste:

(2)
∥∥∥P(n∅ ,∞)Tf∅

∥∥∥ < ε∅

Lìgw thc (1) , ∀n ≤ n∅, mporoÔme na dialèxoume upodÐktuo {f(∅,i)}i∈I∅
(pou sumbolÐzoume ìpwc prin) tètoio ¸ste:
(3)

∥∥PnTf(∅,i) − PnTf∅
∥∥ < ε∅

n∅
, ∀n ≤ n∅

P�li lìgw tou Jewr matoc Mazur, ja up�rqei uposÔnolo F∅ (pepe-
rasmènou pl jouc) tou I∅ kai arijmoÐ

{
λ(∅,i)

}
i∈F∅

, λ(∅,i) ≥ 0 ,
∑
i∈F∅

λ(∅,i) =

1 tètoioi ¸ste:
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(4)

∥∥∥∥∥∑i∈F∅ λ(∅,i)f(∅,i) − f∅

∥∥∥∥∥ < ε∅

An a = (∅, i) me i ∈ F∅ jewroÔme to sÔnolo:
S∅ = {a : a = (∅, i), i ∈ F∅} = {a1, a2, ..., am} (arijm¸ntac ta stoiqeÐa
tou), me m = #F∅ .
Gia a ∈ S∅, paÐrnontac ta stoiqeÐa tou X : da = Tf∅ − Tfa =
∞∑
n=1

PnTf∅−
∞∑
n=1

PnTfa, lìgw thc unconditionality tou ajroÐsmatoc, ja

èqoume: da =
∞∑
n=1

(PnTf∅ − PnTfa) =
∞∑
n=1

d
(n)
a ,

ìpou d(n)
a = PnTf∅ − PnTfa ∈ Xn.

Lìgw thc (3) gia ta stoiqeÐa aut� ja èqoume:

(5)
∥∥∥d(n)

a

∥∥∥ ≤ ε∅
n∅

, n ≤ n∅.

'Estw d∅ = Tf∅ =
∞∑
n=1

PnTf∅ =
∞∑
n=1

d
(n)
∅ . Qrhsimopoi¸ntac thn (2)

ja èqoume epÐshc:

(6)

∥∥∥∥∥ ∑n>n∅ d(n)
∅

∥∥∥∥∥ < ε∅

T¸ra an ε1 < ε∅ , gia ta stoiqeÐa {fa}a∈S∅ ⊆ PU ⊆ L1(0, 1), miac

kai Tfa =
∞∑
n=1

PnTfa ∈ X , lìgw thc sÔgklishc thc seir�c, gia k�je

a ∈ S∅, ja up�rqei n1 > n∅, n1 ∈ N, tètoio ¸ste:
(7)

∥∥P(n1 ,∞)Tfa
∥∥ < ε1 , gia a ∈ S∅ .

Jètontac: J = [1, 2, ..., n∅], J∅ = (n∅, ..., n1] = [n∅ + 1, ..., n1], para-
throÔme ìti d∅ ousiastik� fèretai ston < Xn : n ∈ J > (lìgw twn (2)
kai (6)) kai ∀a ∈ S∅ oi da ousiastik� fèrontai ston < Xn : n ∈ J∅ >
(lìgw twn (5) kai (7)).(

AfoÔ

∥∥∥∥ ∑
n>n1

d
(n)
a

∥∥∥∥ ≤ ∥∥∥∥ ∑
n>n1

PnTf∅

∥∥∥∥+

∥∥∥∥ ∑
n>n1

PnTfa

∥∥∥∥ < ε∅ + ε1

)
'Etsi d∅ kai da kai a ∈ S∅ èqoun sqedìn xènouc foreÐc ston X.
'Opwc prin gia thn fa1 ∈ PU ⊆ L1(0, 1) mporoÔme na broÔme dÐktuo{

f(a1,i)

}
i∈Ia1

⊆ PU ⊆ L1(0, 1) tètoio ¸ste

f(a1,i)
w→ fa1 kai

∥∥Tf(a1,i) − Tfa1
∥∥ > δ, ∀i ∈ Ia1

kai epÐshc mporoÔme na broÔme upodÐktuo tètoio ¸ste:
(8)

∥∥PnTf(a1,i) − PnTfa1
∥∥ < ε1

n1
, ∀n ≤ n1 (lìgw thc anapa-

rastasimìthtac twn PnT ).
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P�li lìgw tou jewr matoc Mazur mporoÔme na broÔme peperasmèno
sÔnolo Fa1 tou Ia1 kai mh arnhtikoÔc arijmoÔc

{
λ(a1,i)

}
i∈Fa1

, me∑
i∈Fa1

λ(a1,i) = 1, tètoiouc ¸ste:

∥∥∥∥∥ ∑i∈Fa1 λ(a1,i)f(a1,i) − fa1

∥∥∥∥∥ < ε1 .

An β ∈ Sa1 = {β : β = (a1, i) me i ∈ Fa1} = {β1, β2, ..., βl}, ìpou
l = #Fa1 kai epeid  Tfβ ∈ X =

∞∑
n=1

⊕Xn, gia ε2 < ε1 up�rqei n2 ∈ N

tètoio ¸ste:
(9)

∥∥P(n2 ,∞)Tfβ
∥∥ < ε2, gia β ∈ Sa1 .

An Ja1 = (n1, ..., n2] = [n1 + 1, ..., n2] kai β ∈ Sa1 parathroÔme ìti

gia: dβ = Tfa1 − Tfβ =
∞∑
n=1

PnTfa1 −
∞∑
n=1

PnTfβ
uncond.

=

=
∞∑
n=1

(PnTfa1 − PnTfβ) =
∞∑
n=1

d
(n)
β

ja èqoume
∥∥∥d(n)

β

∥∥∥ < ε1
n1

gia k�je n ∈ J ∪ J∅ (lìgw thc (8))

kai

∥∥∥∥ ∑
n>n2

d
(n)
β

∥∥∥∥ ≤ ∥∥∥∥ ∑
n>n2

PnTfa1

∥∥∥∥+

∥∥∥∥ ∑
n>n2

PnTfβ

∥∥∥∥ < ε1 + ε2

(lìgw twn (7) kai (9)).
'Etsi ìtan β ∈ Sa1 , to dβ fèretai ousiastik� ston < Xn : n ∈ Ja1 >

gia k�je β ∈ Sa1 kai èqei sqedìn xèno forèa ston X me to d∅ kai to da,
ìtan a ∈ S∅ .

OmoÐwc gia fa2 ∈ PU ⊆ L1(0, 1) ja èqoume:
f(a2,i)

w→ fa2 , ∀i ∈ Ia1 ,
∥∥Tf(a2,i) − Tfa2

∥∥ > δ , kai jewr¸ntac upodÐktuo
paÐrnoume:

(10)
∥∥PnTf(a2,i) − PnTfa2

∥∥ < ε2
n2

, ∀n ≤ n2.
EpÐshc up�rqei Fa2 ⊆ Ia1 me #Fa2 < ∞ kai mh arnhtikoÐ arijmoÐ{

λ(a2,i)

}
i∈Fa2

me
∑
i∈Fa2

λ(a2,i) = 1 tètoioi ¸ste:∥∥∥∥∥ ∑i∈Fa2 λ(a2,i)f(a2,i) − fa2

∥∥∥∥∥ < ε2.

Jètontac Sa2 = {γ : γ = (a2, i) me i ∈ Fa2} = {γ1, γ2, ..., γs} gia
ε3 < ε2 up�rqei n3 ∈ N me n3 > n2 tètoio ¸ste:

(11)
∥∥P(n3 ,∞)Tfγ

∥∥ < ε3, gia γ ∈ Sa2 .
An Ja2 = (n2, ..., n3] = [n2 + 1, ..., n3] kai γ ∈ Sa2 parathroÔme ìti

gia dγ = Tfa2 − Tfγ = ... =
∞∑
n=1

d
(n)
γ èqoume:∥∥∥d(n)

γ

∥∥∥ < ε2
n2

gia k�je n ∈ J ∪ J∅∪ Ja1 (lìgw thc (10)) kai



3.5. SUNEPEIES THS UNCONDITIONALITY 51∥∥∥∥ ∑
n>n2

d
(n)
γ

∥∥∥∥ ≤ ε2 + ε3 (lìgw twn (9) kai (11).

'Ara dγ fèrontai ousiastik� ston< Xn : n ∈ Ja2 > gia k�je γ ∈ Sa2 .
SuneqÐzoume omoÐwc èwc ìtou exantl soume ta a ∈ S∅ , β ∈ Sa1 ,

γ ∈ Sa2 ,..., klp.
'Etsi èqoume epagwgik� kataskeu�sei:
A. 'Ena sÔnolo deikt¸n A ⊆ 2<N me tic idiìthtec:

1.An a ∈ A, tìte a eÐnai thc morf c a = (∅, a1, a2, ..., an) kai
2.A eÐnai olik� diatetagmèno (lexikografik�, qrhsimopoi¸ntac

thn ènnoia tou m kouc tou a me: |(∅)| = 0 , |(∅, a1, a2, ..., an)| = n ) wc
ex c:

a < b⇔


|a| < |b|

 
|a| = |b| = n kai up�rqei j me aj < bj,

en¸ ak = bk gia k < j ≤ n

.

OrÐzoume epÐshc Sa = {β = (a, an+1) : an+1 ∈ Fa, #Fa < ∞}.
Profan¸c #Sa <∞.

B. 'Ena δ-approximate bush {fa}a∈A ∈ PU ⊆ L1(0, 1)
G. MÐa oikogèneia xènwn diasthm�twn fusik¸n arijm¸n {Ja}a∈A me

J ∪
( ⋃
a∈A

Ja

)
= N kai max(Ja) + 1 = min(Ja+) ( a+ o lexikografik�

epìmenoc tou a ), tètoia ¸ste:
an β ∈ Sa tìte dβ fèretai ousiastik� ston < Xn : n ∈ Ja > kai

an β ∈ Sa1 , γ ∈ Sa2 me a1 6= a2 tìte dβ , dγ fèrontai ousiastik� se
diaforetik� Ja .

H parap�nw kataskeu  mporei na gÐnei ètsi ¸ste na eÐnai alhj c h
idiìthta g.

Jètoume Rn : X → R me Rn(x) = ρ
(x)
n , ìtan x =

∞∑
n=1

ρ
(x)
n en, ìpou

(en)n∈N mÐa b�sh tou C[0, 1]. Tìte oi telestèc RnT eÐnai anaparast�-
simoi.

Sto pr¸to b ma paÐrnoume n∅ = max{n∅,P , n∅,R}, ìpou n∅,P eÐnai

tètoio ¸ste
∥∥∥P(n∅,P ,∞)Tf∅

∥∥∥ < ε∅ ìpwc sthn (2) kai n∅,R eÐnai tètoio

¸ste

∥∥∥∥∥ ∞∑
n=n∅,R

ρ
(Tf∅)
n en

∥∥∥∥∥ < ε∅. Epilègoume epÐshc to upodÐktuo {f(∅,i)}i∈I∅

tètoio ¸ste
∣∣RnTf(∅,i) −RnTf∅

∣∣ < ε∅
n∅
, ∀n ≤ n∅. SuneqÐzoume me autìn

ton trìpo se k�je b ma.
Jètontac (xα)α∈A = (Tfa)α∈A kai (x′α)α∈A = (PJαTfa)α∈A, kata-

skeu�zoume ta zhtoÔmena bushes. �
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Porisma 3.21. 'Estw X, Xn, q¸roi Banach me X =
∞∑
n=1

⊕Xn, ìpou

to �jroisma eÐnai unconditional, kai o mh anaparast�simoc telest c
T : L1(0, 1)→ X tètoioc ¸ste oi telestèc Pn◦T : L1(0, 1)→ Xn na eÐnai
anaparast�simoi gia k�je n ∈ N (ìpou Pn oi probolèc Pn : X → Xn).

'Estw K = T (P) kai ìti sta uposÔnola tou K, h PCP kai h RNP eÐnai
isodÔnamec idiìthtec.

Tìte to sÔnolo K perièqei èna kleistì, kurtì, fragmèno uposÔnolo
L qwrÐc akraÐa shmeÐa.

Apodeixh. QrhsimopoioÔme ton sumbolismì thc prìtashc 3.20. Jè-
toume d∅ = x∅ = Tf∅ kai xa = Tfa. 'Estw da = xβ − xa, me β ∈ Sa, oi
nodes tou bush kai d̃β = PJadβ, me Ja to di�sthma twn akeraÐwn ìpou

dβ eÐnai ousiastk� ferìmeno (pou shmaÐnei

∥∥∥∥∥ ∑n/∈Ja d(n)
β

∥∥∥∥∥ < εa gia εa > 0 )

.

Gia a ∈ A epilègoume εa > 0 tètoio ¸ste: εa
|a|→∞→ 0 kai

∑
a∈A

εa <∞,

(p.q. εa = ε
2|a||Sa|

). 'Estw x ∈ co (xa)a∈A. Tìte up�rqoun
(
λ

(x)
a

)
a∈A

me

0 ≤ λ
(x)
a ≤ 1 kai

∞∑
n=0

∑
|a|=n

λ
(x)
a = 1 tètoia ¸ste x =

∞∑
n=0

∑
|a|=n

λ
(x)
a da.

(*) ParathroÔme ìti h sÔgklish seir�c aut c thc morf c eÐnai

isodÔnamh me thn sÔgklish thc seir�c
∞∑
n=0

∑
|a|=n

λ
(x)
a d̃a, afoÔ∥∥∥∥∥ ∞∑n=0

∑
|a|=n

( ∑
n/∈Ja

d
(n)
β

)∥∥∥∥∥ < ∑
a∈A

εa = M

kai mporoÔme ex arq c na dialèxoume to M arket� mikrì.

H seir�
∞∑
n=0

∑
|a|=n

λ
(x)
a d̃a sugklÐnei se èna x̃ ∈ X.

QwrÐc bl�bh thc genikìthtac upojètoume ìti S∅ = {a1, a2, ..., am}
(sthn genik  perÐptwsh mporeÐ na sumbeÐ S∅ = {a1} , Sa1 = {a2} ,...,
ìmwc xèroume ìti up�rqei èna a me el�qisto |a|, tètoio ¸ste |Sa| ≥ 2 ).
H unconditionality dÐnei: x̃ =

d̃∅+λ
(x)
a1 d̃a1+λ

(x)
a2 d̃a2+...+λ

(x)
am d̃am+

∞∑
n=2

∑
|a|=n
a1<a

λ
(x)
a d̃a+

∑
j=2,...,m

 ∞∑
n=2

∑
|a|=n
aj<a

λ
(x)
a d̃a

 =

=

λ(x)
a1 d̃∅ + λ

(x)
a1 d̃a1 +

∞∑
n=2

∑
|a|=n
a1<a

λ
(x)
a d̃a

+
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+

(1− λ(x)
a1 )d̃∅ +

∑
j=2,...,m

λ
(x)
aj d̃aj +

∑
j=2,...,m

 ∞∑
n=2

∑
|a|=n
aj<a

λ
(x)
a d̃a


.

Ta ajroÐsmata stic agkÔlec sugklÐnoun lìgw thc unconditionality

kai tou ìti :
∞∑
n=2

∑
|a|=n
a1<a

λ
(x)
a d̃a = P ∪Ja

a1<a
(x) kai

∞∑
n=2

∑
|a|=n
aj<a

λ
(x)
a d̃a = P ∪Ja

aj<a
(x).

Jètoume:

λ(x)
a1 d̃∅ + λ

(x)
a1 d̃a1 +

∞∑
n=2

∑
|a|=n
a1<a

λ
(x)
a d̃a

 = x̃1 ∈ X kai

(1− λ(x)
a1 )d̃∅ +

∑
j=2,...,m

λ
(x)
aj d̃aj +

∑
j=2,...,m

 ∞∑
n=2

∑
|a|=n
aj<a

λ
(x)
a d̃a


 = x̃2 ∈ X.

T¸ra ta ajroÐsmata:

λ
(x)
a1 d∅ + λ

(x)
a1 da1 +

∞∑
n=2

∑
|a|=n
a1<a

λ
(x)
a da kai

(1−λ(x)
a1 )d∅+

∑
j=2,...,m

λ
(x)
aj daj +

∑
j=2,...,m

 ∞∑
n=2

∑
|a|=n
aj<a

λ
(x)
a da

, sugklÐnoun

(lìgw thc (*) ) sta stoiqeÐa x1 , x2 ∈ X kai ta stoiqeÐa y1 = 1

λ
(x)
a1

x1

kai y2 = 1

1−λ(x)a1

x2 an koun sto L .

(**) 'Eqoume epÐshc x = λ
(x)
a1 y1 +

(
1− λ(x)

a1

)
y2 .

Dialègontac M =
∑
a∈A

εa < δ
3
, me δ autì tou approximate bush

paÐrnoume:∥∥∥∥ ∑
k∈Js

d
(k)
β −

∑
k∈Js

d
(k)
γ

∥∥∥∥ > ∥∥∥∥ ∑
k∈Js

d
(k)
β

∥∥∥∥−∥∥∥∥ ∑
k∈Js

d
(k)
γ

∥∥∥∥ > 2δ
3
− δ

3
= δ

3
, an β > a1,

γ > aj gia j = 2, ...,m kai Js to di�sthma twn akeraÐwn sto opoÐo
fèretai ousiastik� h dβ.

Sunep¸c PJa(y1 − y2) 6= 0 (gia k�je Ja ) kai lìgw thc unconditio-
nality: (***) y1 − y2 6= 0

(Profan¸c x 6= y1 kai x 6= y2, alloi¸c lìgw thc (**) ja eÐqame
y1 = y2)

'Etsi apì tic (**) kai (***), gia k�je x ∈ L, up�rqoun y1, y2 ∈ L
¸ste to x na mporeÐ na grafeÐ wc kurtìc grammikìc sunduasmìc twn
y1, y2 me x 6= y1 kai x 6= y2. 'Ara to x den eÐnai akraÐo shmeÐo. �
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3.6. Sunèpeiec ìtan K kleistì, kurtì, fragmèno,
non-PCP, uposÔnolo tou X kai o q¸roc Banach X

den perièqei ton `1

Lhmma 3.22. 'Estw X q¸roc Banach pou den perièqei ton l1, K
kurtì, kleistì, fragmèno non-PCP uposÔnolo tou X, F upìqwroc pe-
perasmènhc di�stashc tou X kai fragmènoi telestèc: Qi : X → c0, 1 ≤
i ≤ l. Tìte gia x ∈ F ∩K kai ε > 0 up�rqoun stoiqeÐa {xs}1≤s≤d=d(x,ε)

tou K tètoia ¸ste:
1. ‖x− xs‖ > δ

2.

∥∥∥∥x− d∑
s=1

λsxs

∥∥∥∥ < ε, ìpou λs ≥ 0 kai
d∑
s=1

λs = 1 gia s ∈ {1, ..., d}.

3. ∀y ∈ F , µs ∈ R,
d∑
s=1

|µs| ≤ 1, kai i = 1, ..., l èqoume:∥∥∥∥Qi(y) +
d∑
s=1

µsQi(x− xs)
∥∥∥∥ ≤ max

{
‖Qi(y)‖ , max

s∈{1,...,d}
{|µs| ‖Qi(x− xs)‖}

}
+

3ε.

Apodeixh. AfoÔ to K den èqei thn PCP, x ∈ K, kai o l1 den
perièqetai ston X, sÔmfwna me to gegonìc 3.4, up�rqei akoloujÐa
(xn)n∈N ⊆ K tètoia ¸ste:

xn
w→ x kai ‖xn − x‖ > δ.

Ja èqoume epÐshc: Qi(xn)
w→ Qi(x) gia i = 1, ..., l.

AfoÔ dimF <∞, gia i = 1, ..., l, h eikìna tou F mèsw thc Qi eÐnai
norm sumpagèc uposÔnolo tou c0, opìte gia ε1 > 0 up�rqei nε1 tètoio
¸ste:

∀x ∈ BF ,
∥∥P[nε1 ,∞)Qi(x)

∥∥ < ε1

(me P[1,k](y) = (y1, y2, ..., yk, 0, 0, ...) kai P[k+1,∞)(y) = (0, 0, ..., 0, yk+1, yk+2, ...)
an y = (y1, y2, ..., yk, yk+1, yk+2, ...) ∈ c0).

Gia i = 1, ..., l jewroÔme tic akoloujÐec ston c0, {Qi(x− xn)}n∈N,
kai pern¸ntac se upakoloujÐa ìpou qrei�zetai, dialègoume apeirosÔno-
lo L ⊆ N tètoio ¸ste gia k�je i = 1, ..., l na èqoume:

eÐte (I) Qi(x− xn)
‖.‖→
n∈L

0

eÐte (II) ‖Qi(x− xn)‖ > δi, gia δi > 0.
Tìte {1, ..., l} = E1 ∪ E2, me

E1 = {i ∈ {1, ..., l} kai h (I) eÐnai alhj c} kai
E2 = {i ∈ {1, ..., l} kai h (II) eÐnai alhj c}.

Epilègoume �peiro uposÔnolo L1 tou L tètoio ¸ste:
(*)

∑
n∈L1

‖Qi(x− xn)‖ < ε , ∀i ∈ E1
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Upol mma: MporoÔme na dialèxoume apeirosÔnolo L2 ⊆ L1 tètoio
¸ste, gia i ∈ E2 ta stoiqeÐa thc akoloujÐac Qi(x − xn)n∈L2 na èqoun
sqedìn xènouc foreÐc sto c0.

Apìdeixh upol mmatoc: 'Estw i ∈ E2. 'Eqoume Qi(xn)
w→ Qi(x) kai

up�rqei δi > 0 tètoio ¸ste ‖Qi(x− xn)‖ > δi gia k�je n ∈ L1 kai an
Pk(y) = yk , (Pk : c0 → R ), ja èqoume epÐshc

(1) PkQi(x− xn) →
n∈L

0, gia k�je k

Kataskeu�zoume apeirosÔnolo Si ⊆ L1, tètoio ¸ste ta stoiqeÐa
{Qi(x− xn)}n∈Si na èqoun sqedìn xènouc foreÐc.

Lìgw thc (1) up�rqei n1 tètoio ¸ste:
∥∥P[1,nε1 ]Qi(x− xn)

∥∥ < ε
2
,

∀n ≥ n1, n ∈ L1.
AfoÔ Qi(x− xn1) ∈ c0 up�rqei nε2 > nε1 tètoio ¸ste:∥∥P[nε2 ,∞)Qi(x− xn1)

∥∥ < ε
2
.

P�li lìgw thc (1) up�rqei n2 tètoio ¸ste:∥∥P[1,nε2 ]Qi(x− xn)
∥∥ < ε

22
, ∀n ≥ n2, n ∈ L1 kai suneqÐzoume me

autìn ton trìpo.
To sÔnolo {n1, n2, ...} dÐnei to sÔnolo deikt¸n Si. An j 6= i me

j ∈ E2 brÐskoume Sj ⊆ Si omoÐwc. Met� apì peperasmèna b mata (to
polÔ l ), mporoÔme na kataskeu�soume L2 =

⋂
i∈E2

Si me tic zhtoÔmenec

idiìthtec kai to upol mma èqei apodeiqjeÐ.

Gr�foume Ji,nk gia to block twn suntetagmènwn sto c0 ìpou ousiasti-
k� fèretai to Qi(x− xnk). H parap�nw kataskeu  dhmiourgeÐ: J0,nε1

=
[1, nε1 ], J1,n1 , J1,n2 , ... kai katìpin J2,n′1

, J2,n′2
, ...J

l,n
(l)
1
, J

l,n
(l)
2
, ...(an

{1, ..., l} = E2 ) kai den exasfalÐzei thn sqedìn diaforetikìthta twn
forèwn twn Qi(x− xm) kai Qj(x− xk) gia i 6= j kai m, k ∈ L2 . AfoÔ
#E2 <∞ , mporoÔme na broÔme n1 tètoio ¸ste:

∥∥P[1,nε1 ]Qi(x− xn)
∥∥ <

ε
2
, ∀n ≥ n1 , n ∈ L1 gia k�je i ∈ E2 kai ètsi paÐrnoume: Ji,nk = Jj,nk ,

an i, j ∈ E2 .

Fusik� to sÔnolo J0,nε1
∪
(
∞⋃
k=1

Ji,nk

)
= J ⊂ N eÐnai apeirosÔnolo.

'Etsi èqoume kataskeu�sei mÐa akoloujÐa (xnk)k∈N = (xµ)µ∈L2=̃N

(me L2 ⊆ L1 ⊂ L ⊂ N ) tètoia ¸ste : xµ
w→ x kai ‖xµ − x‖ > δ.

Apì to je¸rhma Mazur, gia ε > 0, up�rqei kurtìc sunduasmìc
stoiqeÐwn thc akoloujÐac (xµ)µ∈L2

ètsi ¸ste:

∥∥∥∥x−∑
s∈I

λsxs

∥∥∥∥ < ε, I ⊆ L2, |I| <∞.
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'Estw I = {1, 2, ..., d}. 'Eqoume

∥∥∥∥x− d∑
s=1

λsxs

∥∥∥∥ < ε, me λs ≥ 0 kai

d∑
s=1

λs = 1.

Gia i ∈ E2 kai ∀y ∈ F èqoume epÐshc:∥∥∥∥Qi(y) +
d∑
s=1

µsQi(x− xs)
∥∥∥∥ =

∥∥∥∥ ∞∑
n=1

⊕Pn
(
Qi(y) +

d∑
s=1

µsQi(x− xs)
)∥∥∥∥ =∥∥∥∥ ∞∑

n=1

⊕Pn (Qi(y)) +
d∑
s=1

µs

(
∞∑
n=1

⊕PnQi(x− xs)
)∥∥∥∥ =∥∥∥∥PJ0 (Qi(y))⊕ PJc0 (Qi(y))⊕

d∑
s=1

µsPJi,sQi(x− xs)⊕
d∑
s=1

µsPJci,sQi(x− xs)
∥∥∥∥ ≤∥∥∥∥PJ0 (Qi(y))⊕

d∑
s=1

µsPJi,sQi(x− xs)
∥∥∥∥+
∥∥PJc0 (Qi(y))

∥∥+

∥∥∥∥ d∑
s=1

µsPJci,sQi(x− xs)
∥∥∥∥ ≤∥∥∥∥PJ0 (Qi(y))⊕

d∑
s=1

µsPJi,sQi(x− xs)
∥∥∥∥+ ε+

d∑
s=1

|µs| ε2s ≤∥∥∥∥PJ0 (Qi(y))⊕
d∑
s=1

µsPJi,sQi(x− xs)
∥∥∥∥+ ε(1 +

d∑
s=1

|µs|)
disj.
=

max
{
‖PJ0 (Qi(y))‖ ,max

{
|µs|

∥∥PJi,sQi(x− xs)
∥∥}}+ ε(1 +

d∑
s=1

|µs|) ≤

max {‖(Qi(y))‖+ ε,max {|µs| ‖Qi(x− xs)‖+ ε |µs|}}+ε(1+
d∑
s=1

|µs|) ≤

max {‖(Qi(y))‖ ,max {|µs| ‖Qi(x− xs)‖}}+ 3ε (
d∑
s=1

|µs| ≤ 1 )

Gia i ∈ E1 h sqèsh (*) dÐnei:∥∥∥∥Qi(y) +
d∑
s=1

µsQi(x− xs)
∥∥∥∥ ≤ ‖Qi(y)‖+ |µs|

∥∥∥∥ d∑
s=1

Qi(x− xs)
∥∥∥∥ ≤

≤ ‖Qi(y)‖+ ε
kai h zhtoÔmenh anisìthta isqÔei gia i = 1, ..., l. �

Protash 3.23. 'Estw K kleistì, kurtì, fragmèno non-PCP uposÔ-
nolo tou q¸rou Banach X, o opoÐoc den perièqei ton l1, kai oi fragmènoi
telestèc: Qi : X → c0 , i ∈ N. Tìte up�rqei èna d-approximate bush
(xa)a∈A ⊆ K tètoio ¸ste gia k�je akoloujÐa (λa)a∈A me λ∅ = 1, λa ≥ 0,

λa =
∑
β∈Sa

λβ kai lim
n→∞

max {λa : |a| = n} = 0, h seir�
∞∑
n=1

∑
|a|=n

λaQi(ya)

sugklÐnei ston c0.

Apodeixh. 1 o b ma: H epagwgik  kataskeu  tou bush.
'Estw x = x∅ ∈ K kai F∅ =< x >. SÔmfwna me to l mma 3.22 kai

qrhsimopoi¸ntac mìno thn Q1, up�rqoun {xs}s∈S∅ , #S∅ < ∞ tètoia
¸ste:
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‖x∅ − xa‖ > δ ,a ∈ S∅ , |a| = 1∥∥∥∥∥x∅ − ∑
a∈S∅

λaxa

∥∥∥∥∥ < ε ,λa ≥ 0, 1 =
∑
a∈S∅

λa

kai ∀y ∈ F∅, èqoume:∥∥∥∥∥Q1(y) +
∑
a∈S∅

µaQ1(ya)

∥∥∥∥∥ ≤ max

{
‖Q1(y)‖ ,max

a∈S∅
{|µa| ‖Q1(ya)‖}

}
+ ε.

Jètoume F1 =< F∅, xa >a∈S∅ . P�li sÔmfwna me to l mma 3.25, all�
qrhsimopoi¸ntac t¸ra tic Q1, Q2, gia k�je stoiqeÐo xa touK me a ∈ S∅,
up�rqoun {xβ}β∈Sα , #Sa <∞ tètoia ¸ste:

‖xa − xβ‖ > δ ,β ∈ Sa , |β| = 1∥∥∥∥∥xa − ∑
β∈Sa

λβxβ

∥∥∥∥∥ < ε ,λβ ≥ 0, 1 =
∑
β∈Sa

λβ

kai ∀y ∈ F1, i = 1, 2 èqoume∥∥∥∥∥Qi(y) +
∑
β∈Sa

µβQi(yβ)

∥∥∥∥∥ ≤ max

{
‖Qi(y)‖ ,max

β∈Sa
{|µβ| ‖Qi(yβ)‖}

}
+ ε.

Katìpin jètoume F2 =< F1, xβ >|β|=2 kai qrhsimopoioÔme tic Q1,
Q2, Q3.

SuneqÐzontac ètsi, sto k-b ma èqoume kataskeu�sei ton upìqwro
Fk =< Fk−1, xγ >|γ|=k+1, kai qrhsimopoi¸ntac to l mma 3.25 gia tic Qi

me i = 1, ..., k+1, gia k�je stoiqeÐo xγ tou K, mporoÔme na broÔme stoi-
qeÐa {xδ}δ∈Sγ , #Sγ < ∞ pou ikanopoioÔn tic sunèpeiec tou l mmatoc
3.25 gia i = 1, ..., k + 1.

Tìte Fk+1 =< Fk, xδ >|δ|=k+2.

JumÐzoume ìti gr�foume Ji,a gia to block twn suntetagmènwn sto c0

ìpou fèretai ousiastik� h Qi(ya), gia i ∈ N kai a ∈ A. Autì shmaÐnei
ìti
∥∥Qi(ya)− PJi,aQi(ya)

∥∥ < εa, gia εa > 0. H kataskeu  sto l mma
3.25 dÐnei Ji,a ∩ Ji,β = ∅ ìtan β ∈ Sa, afoÔ an a ∈ St kai |β| = n+ 1 =
|a| + 1 tìte ya = xt − xa ∈ Fn all� yβ = xa − xβ /∈ Fn sunep¸c
Qi(ya) fèretai ousiastik� sto Ji,a en¸ Qi(yβ) fèretai ousiastik� sto
Ji,β. EpÐshc: max Ji,a < min Ji,β.

(*) 'Ara to sÔnolo
{

(Ji,β)|β|≥n

}
perièqei xèna diast mata tou N.

2 o b ma: H sÔgklish thc seir�c.
StajeropoioÔme to i ∈ N. 'Estw ε > 0, εn > 0 me εn ↘ kai

∞∑
n=1

εn = ε.
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Sto l-b ma, thc kataskeu c tou bush sto l mma 3.25, qrhsimopoioÔ-
me εl antÐ twn ε1 kai ε. AfoÔ lim

n→∞
max {λa : |a| = n} = 0 up�rqei k0

tètoio ¸ste gia k�je n > k0 èqoume:
(**) 0 ≤ λa ≤ ε

‖Qi‖M (ìpou M ≥ max
y∈K
{‖y‖}).

Jètoume m = max{i, k0}.
H seir�

∞∑
n=1

∑
|a|=n

λaQi(ya) =
m∑
n=1

∑
|a|=n

λaQi(ya)+
∑
n>m

∑
|a|=n

λaQi(ya) =

m∑
n=1

∑
|a|=n

λaQi(ya)+
∑
n>m

∑
|a|=n

λa
(
Qi(ya)− PJi,aQi(ya)

)
+
∑
n>m

∑
|a|=n

λaPJi,aQi(ya)

sugklÐnei, afoÔ:
a) h seir�

∑
n>m

∑
|a|=n

λaPJi,aQi(ya) sugklÐnei sto c0 giatÐ:∥∥∥∥∥ ∑n>m ∑
|a|=n

λaPJi,aQi(ya)

∥∥∥∥∥ ≤
(xèna,(∗),|a|=n>m≥i)

max
{∥∥λaPJi,aQi(ya)

∥∥ : |a| > m
}
≤

max {λa ‖Qi‖ ‖ya‖ : |a| > m} ≤
((∗∗),m≥k0)

ε

b) h seir�
∑
n>m

∑
|a|=n

λa
(
Qi(ya)− PJi,aQi(ya)

)
sugklÐnei apolÔtwc, giatÐ:∑

n>m

∑
|a|=n

λa
∥∥Qi(ya)− PJi,aQi(ya)

∥∥ ≤
(n>m>i)∑

n>m

∑
|a|=n

λaεn ≤ ∑
a∈Sβ

λa=λβ


∞∑
n=1

εn = ε.

�

Lhmma 3.24. 'Estw K kleistì, kurtì, fragmèno non-PCP uposÔ-
nolo tou q¸rou Banach X, pou den perièqei ton l1 kai (xa)a∈A ìpwc
sthn prìtash 3.23. Tìte up�rqei èna δ′-approximate bush (zβ)β∈B ⊆
co(xa)a∈A = L tètoio ¸ste ∀z ∈ co(zβ)β∈B = M , me z =

∞∑
n=0

∑
|a|=n

λ
(z)
a ya

èqoume lim
n→∞

max
{
λ

(z)
a : |a| = n

}
= 0.

Apodeixh. AfoÔ to K eÐnai non-PCP, to Ðdio isqÔei kai gia to L.
Sunep¸c up�rqei δ′ > 0 tètoio ¸ste k�je asjen c perioq  tou W ⊆ L
na èqei diam > 2δ′.

QrhsimopoioÔme ta y∗a ∈ X∗, me y∗a(yβ) = δa,β kai ‖y∗a‖ = 1 (ìpou
ya eÐnai oi nodes tou bush (xa)a∈A ), gia na kataskeu�soume to deÔtero
autì bush wc ex c:

1 o b ma
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'Estw z∅ ∈ L, ε, ϑ, ν > 0, W1 h asjen c perioq  tou L me W1 ={
z ∈ L : |y∗a(z)− y∗a(z∅)| < ν

2
, ìtan |a| = 1

}
kai h akoloujÐa {zn}n∈N ⊆

W1 tètoia ¸ste: zn
w→ z∅ kai ‖zn − z∅‖ > δ′ (afoÔ L eÐnai non-PCP).

Apì to je¸rhma Mazur up�rqei kurtìc sunduasmìc twn zn, arket�
kont� sto z∅ (norm).

Autì shmaÐnei ìti mporoÔme na broÔme S∅ ⊆ N me #S∅ < ∞ kai
mh arnhtikoÔc arijmoÔc λβ , β ∈ S∅ me

∑
β∈S∅

λβ = 1 tètoiouc ¸ste:∥∥∥∥∥z∅ − ∑
β∈S∅

λβzβ

∥∥∥∥∥ < ϑ
2
.

Jètoume W2 thn asjen  perioq  tou L me

W2 =
{
z ∈ L : |y∗a(z)− ya∗a (zβ)| < ν

22
, gia β ∈ S∅ , |a| ≤ 2

}
kai epanalamb�noume thn diadikasÐa gia to zβ me β ∈ S∅.
OmoÐwc sto no b ma, jètoume Wn thn asjen  perioq  tou L me

Wn =
{
z ∈ L : |y∗a(z)− y∗a(zβ)| < ν

2n
, gia |β| = n− 1 kai |a| ≤ n

}
.

'Etsi gia k�je β me |β| = n− 1 brÐskoume: mia akoloujÐa {zl}l∈N ⊆
Wn ⊂ W tètoia ¸ste

zl
w→ zβ kai ‖zl − zβ‖ > δ′, arijmoÔc λγ, 0 ≤ λγ ≤ 1 ,

∑
γ∈Sβ

λγ = 1 kai

stoiqeÐa zγ me γ ∈ Sβ, ‖Sβ‖ <∞ tètoia ¸ste:

∥∥∥∥∥zβ − ∑
γ∈Sβ

λγzγ

∥∥∥∥∥ < ϑ
2n
.

2 o b ma
An uγ = zβ − zγ, γ ∈ Sβ eÐnai oi nodes tou nèou autoÔ bush kai

z ∈ M xèroume ìti: z =
∞∑
n=1

∑
|γ|=n

µ
(z)
γ uγ ìpou µ(z)

γ ≥ 0,
∑
δ∈Sγ

µ
(z)
δ = µ

(z)
γ ,

µ
(z)
∅ = 1.
Eidik� sthn perÐptwsh pou z = zγ ∈ (zβ)β∈B èqoume:

zγ =
∞∑

n=N+1

∑
|δ|=n
δ>γ

µ
(z)
δ uδ, an |γ| = N .

'Etsi |y∗a(zγ)| ≤
∞∑

n=N+1

∑
|δ|=n
δ>γ
δ∈Sλ

µ
(z)
δ |y∗a(zλ)− y∗a(zδ)|.

Sunep¸c afoÔ |δ| ≥ N , èqoume:

an |a| ≤ N tìte |y∗a(zγ)| ≤
∞∑

n=N+1

∑
|δ|=n
δ>γ

µ
(z)
δ

ν
2N+1 = ν

2N+1 .
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Autì shmaÐnei ìti:
(*) gia k�je a ∈ A up�rqei èna epÐpedo tou bush, tou opoÐou to

b�joc eÐnai N ≥ |a|, me stoiqeÐa zγ tètoia ¸ste |y∗a(zγ)| ≤ ν
2N+1 ≤ ν

2|a|+1 .

3 o b ma
T¸ra an z ∈ M = co(zβ)β∈B, gia dedomèno ε > 0, up�rqei pepera-

smènoc kurtìc sunduasmìc stoiqeÐwn tou bush, arket� kont� sto z.

Dhlad  up�rqoun km ≥ 0, ìpou m = 1, ..., l, tètoia ¸ste
l∑

m=1

km = 1,

kai {zm}m=1,...,l ⊆ (zβ)β∈B tètoia ¸ste

∥∥∥∥z − l∑
m=1

kmzm

∥∥∥∥ < ε.

AfoÔ k�je stoiqeÐo tou bush zβ me |β| = n eÐnai ϑ
2n

makri� apì ènan
kurtì sunduasmì twn epomènwn tou, jètontac q = max {|i| : i = 1, ..., l}
ja èqoume ìti gia k�je n ≤ l up�rqei kurtìc sunduasmìc stoiqeÐwn tou

bush, {zβ}|β|=q tètoio ¸ste:

∥∥∥∥∥z − ∑
|β|=q

kβzβ

∥∥∥∥∥ < ε+ϑ = 2ε , (paÐrnontac

ϑ = ε).

4 o b ma

Tèloc an z ∈ co(zβ)β∈B = M ⊆ co(xa)a∈A = L me z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya

ja èqoume y∗a(z) = λ
(z)
a = y∗a(z)− y∗a(

∑
|β|=n

kβzβ) + y∗a(
∑
|β|=n

kβzβ) =

y∗a

(
z −

∑
|β|=n

kβzβ

)
+
∑
|β|=n

kβy
∗
a(zβ).

'Etsi 0 ≤ λ
(z)
a ≤

∣∣∣λ(z)
a

∣∣∣ ≤ ‖y∗a‖
∥∥∥∥∥z − ∑

|β|=n
kβzβ

∥∥∥∥∥+
∑
|β|=n

kβ |y∗a(zβ)| ≤
(∗∗),‖y∗a‖=1

2ε +
∑
|β|=n

kβ |y∗a(zβ)| ≤ 2ε + ν
2N+1 < 3ε, (paÐrnontac ν = ε kai n ≥

|a| ≥ q).

Sunep¸c lim
n→∞

max
{
λ

(z)
a : |a| = n

}
= 0.

Kai ètsi oloklhr¸netai h apìdeixh tou l mmatoc. �

3.7. H RNP eÐnai isodÔnamh me thn KMR sta kleist�,
kurt�, fragmèna uposÔnola tou C(ωω) (1h apìdeixh)

An A eÐnai to finitely branching tree enìc bush (xa)a∈A, jumÐzoume
ìti me B(A) sumbolÐzoume to sÔnolo twn kladi¸n tou,

B(A) = {s ∈ NN : s|n ∈ A}.
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To sÔnolo [A] = {b ∈ B(A) : b eÐnai maximal} eÐnai to body tou A.
An efodi�soume to A me thn topologÐa t, me basikèc perioqèc ta

sÔnola: V n
b = {b′ ∈ B(A) : b′|n = b|n}, tìte èqoume ìti ([A],t) eÐnai

sumpag c metrikopoi simoc q¸roc.
Me M+[A] kai M+[0, 1] sumbolÐzoume ta jetik� mètra sto [A] kai

sto [0, 1] antÐstoiqa. Tìte:

Lhmma 3.25. M+[A] kai M+[0, 1] eÐnai isìmorfoi.

Apodeixh. An a ∈ A kai β ∈ Sa orÐzoume ta diast mata: I∅ =
[0, 1],
Iβ = Inβj = [Anβj , B

n
βj

] ìtan βj ∈ Sa , |βj| = n kai j = 1, ..., |Sa| me:

Anβj =

{
Bn
βj−1

, ìtan j = 2, ..., |Sa|
An−1
α , ìtan j = 1

}
kai

Bn
βj

=

{
Anβj + 1∏

α≤β
|Sa| , ìtan j = 2, ..., |Sa| − 1

Bn−1
α , ìtan j = |Sa|

}
.

'Estw Σn h �lgebra pou par�getai apì ta diast mata tou [0, 1] thc
morf c Iβ ìtan |β| = n .

IsqÔoun oi parak�tw sqèseic:
Σk ⊆ Σn ìtan k ≤ n,

⋃
|β|=n

Iβ = [0, 1],
⋃
γ∈Sβ

In+1
γ = Inβ ,

kai |Iβ| = 1∏
a≤β
|Sa| ≤

1
2|β|

= 1
2n
→
|β|→∞

0.

An Σ =
⋃
n∈N

Σn h �lgebra pou par�getai apì ìlec tic Σn, tìte h Σ

tautÐzetai me thn �lgebra twn duadik¸n diasthm�twn, afoÔ:
a) gia k�je Iβ = Iµβj up�rqei duadikì di�sthma thc morf c:

[(k − 1)2−n, k2−n] ⊂ Iβ

(dedomènou tou β epilègoume n tètoio ¸ste: 2n > 4 · max
|γ|=|β|

{∏
a≤γ
|Sa|

}
)

b) k�je duadikì di�sthma thc morf c [(k − 1)2−n, k2−n] perièqei èna Iγ
(dedomènwn twn k, nepilègoume β kai γ ∈ Sβ tètoio ¸ste:

min
|γ|=|β|+1

{∏
a≤γ
|Sa|

}
> 4 · 2n).

PaÐrnontac f : [A]→ [0, 1] me f(V n
β ) = Inβ èqoume

([0, 1],Σ) ≈ ([A], T )
kai afoÔ h diffusity diathreÐtai, oloklhr¸netai h apìdeixh. �

Lhmma 3.26. 'Estw X ènac q¸roc Banach, Qi : X → c0, i ∈ N,
co(zβ)β∈B = M ⊆ co(xa)a∈A = L ⊆ K ìpwc sthn prìtash 3.23 kai to

l mma 3.24 antÐstoiqa. Up�rqei apeikìnish Φ : L
1−1→ M+[A], tètoia
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¸ste: h Φ eÐnai suneq c, affine kai ∀z ∈ M to mètro µz = Φ(z) eÐnai
diffuse.

Apodeixh. An y =
∞∑
n=1

∑
|a|=n

λ
(y)
a ya ∈ L, stajeropoioÔme to i ∈ N.

Tìte èqoume: Qi(y) =
∞∑
n=1

∑
|a|=n

λ
(y)
a Qi(ya), ìpou h èkfrash aut  eÐnai

monadik  (Parat rhsh 2.11 [3]) wc proc ta Qi(ya). Jètoume:

Φ(y) = µy ∈M+[A] me µy(V n
b ) = λ

(y)
b|n , ìtan y =

∞∑
n=1

∑
|a|=n

λ
(y)
a ya ∈ L.

1-1
Φ(y1) = Φ(y2)⇔ (µy1(V

n
b ) = µy2(V

n
b ),∀n ∈ N, b ∈ [A])⇔(

λ
(y1)
b|n = λ

(y2)
b|n , ∀n ∈ N, b ∈ [A]

)
⇔

∞∑
n=1

∑
|a|=n

λ
(y1)
a ya =

∞∑
n=1

∑
|a|=n

λ
(y2)
a ya ⇔

y1 = y2.
affinity
'Estw y1, y2 ∈ L , 0 ≤ t ≤ 1. Tìte y = ty1 + (1− t)y2 ∈ L.
Stajeropoi¸ntac thn Qi èqoume:
y = ty1 + (1− t)y2 ⇒ Qi (y) = tQi (y1) + (1− t)Qi (y2) =

t
∞∑
n=1

∑
|a|=n

λ
(y1)
a Qi (ya) + (1− t)

∞∑
n=1

∑
|a|=n

λ
(y2)
a Qi (ya) = ... =

∞∑
n=1

∑
|a|=n

(
tλ

(y1)
a + (1− t)λ(y2)

a

)
Qi (ya) =

∞∑
n=1

∑
|a|=n

λ
(y)
a Qi (ya).

'Omwc h Qi (y) mporeÐ na grafeÐ kat� monadikì trìpo wc proc tic
nodes Qi (ya), ètsi h teleutaÐa sqèsh gÐnetai:

λ
(y)
a = tλ

(y1)
a + (1− t)λ(y2)

a , ∀a ∈ A.
'Etsi µy(V n

b ) = tµy1(V
n
b ) + (1 − t)µy2(V

n
b ) , ∀n ∈ N, b ∈ [A], kai

telik� µy = tµy1 + (1− t)µy2 ⇔ Φ(y) = tΦ(y1) + (1− t)Φ(y2).
diffusity
An z ∈M kai µz = Φ(z), gia b ∈ [A] èqoume

µz(b) = lim
n→∞

µz(V
n
b ) = lim

n→∞
λ

(z)
b|n =

L.IIIst3
0. Sunep¸c to µz eÐnai atomless

mètro.
sunèqeia
'Estw ε > 0 kai y, w ∈ L tètoia ¸ste ‖y − w‖ < ε.

'Eqoume ìti y−w =
∞∑
n=1

∑
|a|=n

(
λ

(y)
a − λ(w)

a

)
ya kai epeid  ta ya èqoun

sqedìn xènouc foreÐc paÐrnoume:
∣∣∣λ(y)
a − λ(w)

a

∣∣∣ < ε, ∀a ∈ A.
'Ara (|µy(V n

b )− µw(V n
b )| < ε,∀n ∈ N, b ∈ [A]) ⇒ |Φ(y)− Φ(w)| < ε.

�
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Jewrhma 3.27. Sta kleist�, kurt�, fragmèna uposÔnola tou C(ωω),
h RNP kai h KMP eÐnai isodÔnamec idiìthtec.

Apodeixh. AfoÔ h RNP sunep�getai thn KMP, arkeÐ na deÐxoume
ìti ston C(ωω) h KMP sunep�getai thn RNP, h isodÔnama ìti èna
kleistì, kurtì, fragmèno non-RNP uposÔnolo tou C(ωω) perièqei èna
kleistì, kurtì uposÔnolo qwrÐc akraÐa shmeÐa.

IsqÔei ìti C(ωω) =
∞∑
n=1

⊕C(ωn), ìpou to �jroisma eÐnai unconditio-

nal, ìti C(ωn) ≡ c0 gia n ∈ N kai ìti o l1 den perièqetai ston C(ωω)
(afoÔ (C(ωω))∗ = l1).

Upojètoume ìti h RNP kai h PCP eÐnai isodÔnamec idiìthtec sta
uposÔnola tou C(ωω) (Alloi¸c to je¸rhma tou Schachermayer dÐnei to
zhtoÔmeno).

'Estw K ⊂ C(ωω) kleistì, kurtì, fragmèno non-RNP.
AfoÔ toK eÐnai non RNP ja eÐnai non PCP. 'EstwK1 = co(xa)a∈A,

ìpou (xa)a∈A eÐnai to bush thc prìtashc 3.23 kai K2 = co(zβ)β∈B, ìpou
(zβ)β∈B eÐnai to bush tou l mmatoc 3.24.

Up�rqei telest c T : L1(0, 1)→ C(ωω) tètoioc ¸ste T (P) ⊂ K2 (o
T dÐnetai mèsw tou martingale pou orÐzetai apì to δ′-approximate bush
to opoÐo perièqetai sto K2). O T eÐnai non strongly regular telest c.

'Estw oi probolèc Pn : C(ωω)→ C(ωn).
SÔmfwna me thn prìtash 3.13 kai to pìrisma 3.20 arkeÐ na deÐxoume

ìti oi telestèc Pn ◦ T : L1(0, 1)→ C(ωn) eÐnai strongly regular.
StajeropoioÔme to N ∈ N. ArkeÐ na deÐxoume ìti PN(K2) ⊂ c0 eÐnai

strongly regular.
PaÐrnoume Φ(y) = µy ∈ M+[A] me µy(V n

b ) = λ
(y)
b/n ìpwc sto l mma

3.26.
'Eqoume ìti ∀z ∈ K to mètro µz = Φ(z) eÐnai diffuse.
OrÐzoume ton telest  t : M+[A]→ c0 me t(µ) = (µ(Va))a∈A.

Xèroume ìti an y ∈ K1 tìte y =
∞∑
n=0

∑
|a|=n

λ
(y)
a ya kai an z ∈ K2 tìte

z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya me lim

n→∞
max

{
λ

(z)
a : |a| = n

}
= 0.

'Eqoume epÐshc ìti PN(z) =
∞∑
n=0

∑
|a|=n

λ
(z)
a PN(ya), me PN(ya) = ea gia

a ∈ A mia block b�sh tou c0 kai an g : c0 → c0 me g(ea) = ea, tìte g
eÐnai isomorfismìc.

Tèloc jètoume u : M+[A]→M+[0, 1] me u(µ(Va)) = µ(Ia) kai
t : M+[0, 1]→ c0 me t(µ) = (µ(Ia))a∈A.
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ParathroÔme ìti PN(K2) = P (K2) = g−1(K ′), ìpou K ′ = t ◦ u ◦
Φ(K2) ⊂ c0.

All� apì to [7] xèroume ìti to K ′ eÐnai strongly regular ston c0

(afoÔ eÐnai eikìna twn diffuse mètrwn tou M+[0, 1] ston c0 ) kai epeid 
o g eÐnai isomorfismìc to Ðdio ja isqÔei gia to P (K2) . �

3.8. H RNP eÐnai isodÔnamh me thn KMR sta kleist�,
kurt�, fragmèna uposÔnola tou C(ωω) (2h apìdeixh)

H prìtash 3.20 dÐnei mia �llh optik  (dec [50]) gia thn apìdeixh tou
jewr matoc 3.27 afoÔ:

Protash 3.28. 'Estw X,Xn, q¸roi Banach me X =
∞∑
n=1

⊕Xn, efo-

diasmènoc me thn ‖.‖0 norm,ìpou to �jroisma eÐnai unconditional, den
perièqei ton l1, kai èna δ- approximate bush (xa)a∈A tètoio ¸ste:

a. (xa)a∈A èqoun peperasmènouc foreÐc
b. ∀a ∈ A , Fa =< {yβ}β∈Sa > èqoun xènouc foreÐc (wc proc Xn )
g. ∀a ∈ A , Fa =< {yβ}β∈Sa > èqoun xènouc foreÐc (wc proc mia

b�sh tou C[0, 1], an jewr soume ton X wc upìqwro tou C[0, 1])
Tìte up�rqei èna δ′-approximate bush (zβ)β∈B ⊆ co(x̃a)a∈A tètoio

¸ste sto M = co(z̃β)β∈B h norm kai h asjen c topologÐa tautÐzontai.

Apodeixh. Jètoume L = co(x̃a)a∈A. To l mma 3.24 mac exasfalÐzei
ìti mporoÔme na kataskeu�soume èna δ′-approximate bush (zβ)β∈B ⊆ L

me thn idiìthta ìti an z ∈M = co(z̃β)β∈B me z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya tìte

(1) lim max
n→∞

{
λ

(z)
a : |a| = n

}
= 0.

Ja deÐxoume ìti h norm kai h asjen c topologÐa tautÐzontai sto
M. AfoÔ h norm sÔgklish sunep�getai thn asjen  sÔgklish, arkeÐ na
deÐxoume thn antÐstrofh sunepagwg .

StajeropoioÔme to z ∈ M kai to ε > 0 kai upojètoume ìti gia thn

akoloujÐa (zj)j∈N ⊆M èqoume zj
(w)→
j→∞

z.

Tìte èqoume:

(2) z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya kai ∀j ∈ N, zj =

∞∑
n=0

∑
|a|=n

λ
(zj)
a ya,

ìpou λ(z)
a , λ

(zj)
a ≥ 0, λ(z)

∅ = 1 = λ
(zj)

∅ , λ(z)
a =

∑
β∈Sa

λ
(z)
β kai

λ
(zj)
a =

∑
β∈Sa

λ
(zj)
β (me tic ekfr�seic autèc monadikèc, wc proc (ya)a∈A,

lìgw twn sunjhk¸n b kai g).
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Jètoume Θ = sup
x∈L
{‖x‖}. Tìte èqoume ‖ya‖ ≤ 2Θ, ∀a ∈ A. H

unconditionality kai h sunj kh b mac dÐnoun thn dunatìthta na gr�youme
to z sthn morf :

(3) z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya = y∅ +

∞∑
n=1

∑
|a|=n−1

∑
β∈Sa

λ
(z)
β yβ

(fusik� k�je z ∈M èqei mia monadik  èkfrash aut c thc morf c).
Apì thn (1) èqoume ìti up�rqei n0 ∈ N tètoio ¸ste:

(4) ∀n ≥ n0 èqoume max
{
λ

(z)
a : |a| = n

}
< ε

2Θ
.

Gia a ∈ A me |a| ≤ n0 paÐrnoume y∗a ∈ X∗ ta diorjog¸nia su-

narthsoeid , me y∗a(yγ) = δa,γ. 'Eqoume: y∗a(z) = λ
(z)
a , ∀a ∈ A kai

y∗a(zj) = λ
(zj)
a , ∀j ∈ N , ∀a ∈ A.

AfoÔ zj
(w)→
j→∞

z gia |a| ≤ n0 kai m = # {a : |a| ≤ n0} up�rqei èna j0

tètoio ¸ste: |y∗a(zj)− y∗a(z)| < ε
2Θm

, ∀j > jo, ∀a me |a| ≤ n0, h alloi¸c

(5)
∣∣∣λ(zj)
a − λ(z)

a

∣∣∣ < ε
2Θm

, ∀j > jo, ∀a me |a| ≤ n0.

T¸ra parathroÔme ìti:

∥∥∥∥∥ ∑β∈Sa λ(z)
β yβ

∥∥∥∥∥ ≤
( ∑
β∈Sa

λ
(z)
β

)
2Θ =

(2)
λ

(z)
a 2Θ.

'Etsi èqoume:

(6)

∥∥∥∥∥ ∞∑
n=n0+1

∑
|a|=n−1

∑
β∈Sa

λ
(z)
β yβ

∥∥∥∥∥
0

= sup
n≥n0+1

{
max
|a|=n−1

{∥∥∥∥∥ ∑β∈Sa λ(z)
β yβ

∥∥∥∥∥
}}
≤

≤ sup
n≥n0+1

{
max
|a|=n−1

{
λ

(z)
a 2Θ

}}
≤ max
|a|=n0

{
λ

(z)
a

}
2Θ, afoÔ an a < γ

(me thn sun jh merik  di�taxh) h sqèsh (2) dÐnei : λ(z)
a > λ

(z)
γ .

OmoÐwc èqoume ìti:

(7) ∀j > j0 ,

∥∥∥∥∥ ∞∑
n=n0+1

∑
|a|=n−1

∑
β∈Sa

λ
(zj)
β yβ

∥∥∥∥∥
0

≤ max
|a|=n0

{
λ

(zj)
a

}
2Θ.

Tèloc gia j > j0 èqoume:

‖z − zj‖ =

∥∥∥∥∥ ∞∑n=0

∑
|a|=n

λ
(z)
a ya −

∞∑
n=0

∑
|a|=n

λ
(zj)
a ya

∥∥∥∥∥
0

=
(3)

=

∥∥∥∥∥ ∞∑n=1

∑
|a|=n−1

∑
β∈Sa

λ
(z)
β yβ −

∞∑
n=1

∑
|a|=n−1

∑
β∈Sa

λ
(zj)
β yβ

∥∥∥∥∥ =
uncon.

=

∥∥∥∥∥ n0∑
n=1

∑
|a|=n−1

∑
β∈Sa

(
λ

(z)
β − λ

(zj)
β

)
yβ

∥∥∥∥∥+

+

∥∥∥∥∥ ∞∑
n=n0+1

∑
|a|=n−1

∑
β∈Sa

λ
(z)
β yβ

∥∥∥∥∥+

∥∥∥∥∥ ∞∑
n=n0+1

∑
|a|=n−1

∑
β∈Sa

λ
(zj)
β yβ

∥∥∥∥∥ <
(5),(6),(7)
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m ε
2Θm

2Θ + max
|a|=n0

{
λ

(z)
a

}
2Θ + max

|a|=n0

{
λ

(zj)
a

}
2Θ <

(2),(4)

< ε+ ε
2Θ

2Θ + max
|a|=n0

{
λ

(z)
a + ε

2Θ

}
2Θ < 4ε .

'Etsi zj
‖.‖→
j→∞

z kai h apìdeixh oloklhr¸jhke. �

To parak�tw l mma deÐqnei thn omoiìthta thc dom c dÔo bushes ta
opoÐa eÐnai �telik�� arket� kont�.

Lhmma 3.29. 'Estw X ènac q¸roc Banach kai (xa)a∈A, (za)a∈A ,
δ kai δ′ approximate bushes, me (ya)a∈A , (wa)a∈A antÐstoiqa tic nodes
twn bushes, ètsi ¸ste:
∀a ∈ A, ‖ya − wa‖ < εa, ìpou εa > 0, εa →

|a|→∞
0 kai

∑
a∈A

εa <∞.

Upojètoume ìti sto co(x̃a)a∈A h norm kai h asjen c topologÐa tau-
tÐzontai.

Tìte h norm kai h asjen c topologÐa tautÐzontai kai sto co(z̃a)a∈A.

Apodeixh. 'Estw ε > 0. 'Estw za = xa + ra, ∀a ∈ A. To sÔnolo
(ra)a∈A eÐnai èna bush ston X. SumbolÐzoume me dβ = rβ − ra, ìtan

β ∈ Sα, tic nodes autoÔ tou nèou bush. AfoÔ
∑
a∈A

εa =
∞∑
n=1

∑
|a|=n

εa <∞

up�rqei èna n0 tètoio ¸ste
∞∑

n=n0

∑
|a|=n

εa < ε.

ParathroÔme t¸ra ìti gia γ < a (h sun jhc merik  di�taxh) me
|γ| = n0 < |a|, èqoume:
‖rγ − ra‖ ≤ ‖rγ − rδ + rδ − ....− rβ + rβ − ra‖ < εγ+εδ+ ...+εa ≤

≤
|a|∑

n=n0

∑
|β|=n

εβ <
∞∑

n=n0

∑
|a|=n

εa < ε, qrhsimopoi¸ntac to ìti an k ∈ Sl,

tìte ‖rk − rl‖ = ‖(zk − xk)− (zl − xl)‖ = ‖(zk − zl)− (xk − xl)‖ =
‖wk − yk‖ < εk.

Apo autì prokÔptei ìti to sÔnolo (ra)a∈A eÐnai olik� fragmèno kai
to Ðdio ja isqÔei gia to co(ra)a∈A. Sunep¸c to sÔnolo co(ra)a∈A eÐnai
sumpagèc ston X, ètsi h norm kai h asjen c topologÐa sumpÐptoun
se autì. 'Eqoume epÐshc ìti: (z̃a)a∈A ⊆ (x̃a)a∈A + (ra)a∈A kai ètsi
co(z̃a)a∈A ⊆ co {(x̃a)a∈A + (ra)a∈A} = co(x̃a)a∈A + co(ra)a∈A.

H norm kai h asjen c topologÐa sumpÐptoun sto co(x̃a)a∈A kai sto
co(ra)a∈A, �ra sumpÐptoun sto sÔnolo co(x̃a)a∈A + co(ra)a∈A kai sune-
p¸c sto co(z̃a)a∈A. �

Sthn perÐptwsh pou stic proupojèseic tou l mmatoc 3.29 sumperi-
lamb�netai to ìti o q¸roc Banach X eÐnai efodiasmènoc me thn ‖ · ‖0

norm tìte èqoume
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Porisma 3.30. 'Estw X, Xn, q¸roi Banach me X =
∞∑
n=1

⊕Xn, efo-

diasmènoc me thn ‖ · ‖0 norm, ìpou to �jroisma eÐnai unconditional, kai
o mh anaparast�simoc telest c T : L1(0, 1)→ X tètoioc ¸ste oi tele-
stèc Pn ◦ T : L1(0, 1) → Xn na eÐnai anaparast�simoi gia k�je n ∈ N
(ìpou Pn oi probolèc Pn : X → Xn ). 'Estw K = T (P) kai ìti sta
uposÔnola tou K, h PCP kai h RNP eÐnai isodÔnamec idiìthtec.

Tìte up�rqei èna kleistì, kurtì, fragmèno uposÔnolo L tou K, tè-
toio ¸ste sto L h norm kai h asjen c topologÐa tautÐzontai.

Apodeixh. Akolouj¸ntac thn kataskeu  sthn apìdeixh tou porÐ-
smatoc 3.21 h ap�nthsh eÐnai �mesh afoÔ ikanopoioÔntai oi proupojèseic
thc prìtashc 3.28 kai tou l mmatoc 3.29. �

T¸ra eÐmaste se jèsh na d¸soume mia deÔterh apìdeixh tou jewr -
matoc 3.27.

Jewrhma 3.31. Se k�je K kleistì, kurtì, fragmèno non-RNP upo-
sÔnolo tou C(ωω) up�rqei èna sÔnolo L ⊆ K, tètoio ¸ste to L èqei thn
PCP kai den èqei thn RNP. Sunep¸c h RNP kai h KMP eÐnai isodÔnamec
idiìthtec sta kleist�, kurt�, fragmèna uposÔnola tou C(ωω).

Apodeixh. Upojètoume ìti up�rqei èna non-RNP uposÔnolo K tou
C(ωω), tètoio ¸ste sta uposÔnola touK, h PCP eÐnai isodÔnamh me thn
RNP (ètsi to K eÐnai non-PCP). Ja deÐxoume ìti up�rqei èna non-RNP
uposÔnolo L tou K , tètoio ¸ste h norm kai h asjen c topologÐa sum-
pÐptoun sto L. 'Ara up�rqei èna non-RNP uposÔnolo L tou K tètoio
¸ste to L èqei thn PCP all� den èqei thn RNP. 'Etsi, qrhsimopoi¸ntac
to je¸rhma tou Schachemayer, eÐnai alhjèc to sumpèrasma tou jewr -
matoc.

UpenjumÐzoume ìti: C(ωω) =
∞∑
k=1

⊕C(ωk), ìpou to �jroisma eÐnai

unconditional kai ìti C(ωk) ∼= c0 (sumbolÐzoume me hk ton antÐstoiqo
isomorfismì).

AfoÔ (C(ωω))∗ = l1 (o opoÐoc eÐnai diaqwrÐsimoc), o q¸roc C(ωω)
den perièqei ton l1.

'Estw X = C(ωω), Xk = C(ωk) kai Qi = hi ◦Pi gia i ∈ N, ìpou Pi :
X → Xi oi probolèc. Qrhsimopoi¸ntac ta apotelèsmata thc enìthtac
3.6 kataskeu�zoume èna δ1−approximate bush (xa)a∈A ⊆ K kai èna
δ2−approximate bush (zβ)β∈B ⊆ K1 = co(x̃a)a∈A ⊆ K tètoio ¸ste:

∀z ∈ K2 = co(z̃β)β∈B ⊆ K1 ⊆ K me z =
∞∑
n=0

∑
|a|=n

λ
(z)
a ya èqoume

lim max
n→∞

{
λ

(z)
a : |a| = n

}
= 0 kai h seir�

∞∑
n=0

∑
|a|=n

λ
(z)
a Qi(ya) = Qi(z)
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sugklÐnei ston c0 ∀i ∈ N (ìpou ya oi nodes tou bush (xa)a∈A kai λ(z)
a ≥

0, λ(z)
∅ = 1, λ(z)

a =
∑
β∈Sa

λ
(z)
β ).

Jètoume T : L1[0, 1] → C(ωω) ton telest  pou dÐnetai mèsw tou
quasi-martingale pou orÐzetai apì to δ2−approximate bush (zβ)β∈B,
tètoio ¸ste T (P) ⊆ K2.

JewroÔme tic apeikonÐseic PiT : X → Xi kai QiT : X → c0.
Apì tic parathr seic sto l mma 3.22 kai sthn prìtash 3.23, xèroume

ìti gia i ∈ N, ∀ a ∈ A, ta stoiqeÐa (Qi(ya))a∈A èqoun sqedìn xènouc
foreÐc ston c0.

QrhsimopoioÔme touc sumbolismoÔc ìpwc stic parathr seic sto l m-
ma 3.22 kai sthn prìtash 3.23, kai jètoume yia = PJi,aQi(ya) kai afoÔ
‖Qi(ya)− yia‖ < εa , qrhsimopoi¸ntac to l mma 3.29 mporoÔme na je-
wroÔme ìti ta (Qi(ya))a∈A èqoun xènouc foreÐc ston c0. 'Opwc sthn
apìdeixh thc prìtashc 3.28 kai qrhsimopoi¸ntac thn kataskeu  tou
l mmatoc 3.24, gia X = c0, Xi = R, ∀i ∈ N paÐrnoume èna kleistì,
kurtì, fragmèno uposÔnolo Mi = Qi(K2) ìpou h norm kai h asjen c
topologÐa sumpÐptoun. AfoÔ h hi eÐnai isomorfismìc, h norm kai h a-
sjen c topologÐa ja sumpÐptoun sto Pi(K2). Sunep¸c en¸ o T eÐnai
non-strongly regular telest c (afoÔ K2 non-PCP), oi telestèc PiT
eÐnai strongly regular ∀i ∈ N.

T¸ra oi upojèseic thc prìtashc 3.13 isqÔoun kai mèsw thc prìtashc
3.20, mporoÔme na qrhsimopoi soume thn prìtash 3.28 �llh mia for�,
¸ste na p�roume èna nèo δ−approximate bush (wγ)γ∈Γ ⊆ K2 tètoio ¸-
ste sto co (w̃γ)γ∈Γ = L, h norm kai h asjen c topologÐa na sumpÐptoun.
'Etsi to L èqei thn PCP kai eÐnai non-RNP ìpwc jèlame. �

3.9. Kurt� sÔnola sta opoÐa h norm kai h asjen c
topologÐa sumpÐptoun

Sthn enìthta aut  deÐqnoume ìti upì orismènec sunj kec, up�rqoun
kleist�, kurt�, fragmèna sÔnola sta opoÐa h norm topologÐa kai h
asjen c topologÐa tautÐzontai.

Ja qreiastoÔme ton parak�tw

Orismoc 3.32. 'Estw (xa)a∈A èna δ-approximate bush me (ya)a∈A
tic antÐstoiqec nodes. 'Estw epÐshc (x̃a)a∈A to averaging back bu-
sh pou prokÔptei apì to (xa)a∈A. Lème ìti to kleistì kurtì sÔnolo
K = co(x̃a)a∈A ikanopoieÐ thn non-atomic martingale coordinatization

idiìthta, an k�je x ∈ K mporeÐ na grafeÐ wc x =
∑∞

k=0

∑
|a|=k λ

(x)
a ya,

me λ(x)
∅ = 1, λ

(x)
a ≥ 0, λ

(x)
a =

∑
b∈Sa λ

(x)
b gia k�je a ∈ A kai an jèsoume

λ
(x)
k = max{λ(x)

a : |a| = k}, tìte limk→∞ λ
(x)
k = 0.
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JumÐzoume ìti an ènac q¸roc Banach X èqei mÐa (ìqi anagkastik�
peperasmènhc di�stashc) Schauder decomposition (Xn)n∈N (dhl. X =∑∞

k=1⊕Xn) kai to x ∈ X, tìte lème ìti to I ⊂ N eÐnai o forèac
(support) tou x, an x ∈

∑
n∈I ⊕Xn. EpÐshc an X =

∑∞
k=1⊕Xn, mÐa

oikogèneia (ya)a∈A lègetai block, an ta (ya)a∈A èqoun xènouc foreÐc
wc proc (Xn)n∈N kai to δ-approximate bush (xa)a∈A lègetai block δ-
approximate bush, an up�rqei oikogèneia xènwn diasthm�twn (Ia)a∈A
tou N, tètoia ¸ste an a <lex b, tìte Ia < Ib, kai gia k�je a ∈
A, supp{ya} ⊂ Ia.

Lhmma 3.33. 'Estw X ènac q¸roc Banach me Schauder decomposi-
tion (Xn)n∈N kai èna block δ-approximate bush (xa)a∈A ston X. Tìte
gia x ∈ co(x̃a)a∈A up�rqei monadik  non-atomic martingale coordina-
tization.

Apodeixh. Ex orismoÔ k�je x̃a èqei mÐa martingale coordinatization
gia k�je a ∈ A, kai sunep¸c to Ðdio isqÔei gia k�je x ∈ co(x̃a)a∈A.

'Estw x ∈ co(x̃a)a∈A kai (xn)n∈N ⊂ co(x̃a)a∈A, tètoia ¸ste xn
‖·‖−→ x.

Upojètoume ìti xn =
∑∞

k=0

∑
|a|=k λ

n
aya kai ìti (y∗a)a∈A eÐnai ta

diorjog¸nia sunarthsoeid  twn (ya)a∈A, orismèna ston < (ya)a∈A >.
Tìte y∗a(xn) → y∗a(x), gia k�je a ∈ A. Sunep¸c gia k�je a ∈ A,
up�rqei λ(x)

a ètsi ¸ste λna → λ
(x)
a . Tìte x =

∑∞
k=0

∑
|a|=k λ

(x)
a ya kai

aut  h coordinatization eÐnai monadik .

EpÐshc eÐnai non atomic, afoÔ an x =
∑∞

k=0

∑
|a|=k λ

(x)
a ya kai ε > 0,

tìte up�rqei n0 ∈ N, tètoio ¸ste ‖
∑∞

k=n

∑
|a|=k λ

(x)
a ya‖ < ε, gia k�je

n ≥ n0, ètsi an |a| = n ≥ n0, tìte

λ
(x)
a ‖ya‖ ≤ C

∥∥∥∑∞k=n

∑
|a|=kλ

(x)
a ya

∥∥∥ ≤ Cε.

Autì shmaÐnei ìti λ(x)
a ≤ Cε

δ
kai �ra λ(x)

k = max{λ(x)
a : |a| = k} →

0. �

Lhmma 3.34. 'Estw X ènac q¸roc Banach me Schauder decompo-
sition (Xn)n∈N kai èna δ-approximate bush (xa)a∈A ston X. Upojè-
toume epiplèon ìti up�rqei èna block δ′-approximate bush (x′a)a∈A, tè-
toio ¸ste jètontac (ya)a∈A, (y

′
a)a∈A tic antÐstoiqec nodes, èqoume ìti

‖ya − y′a‖ < δa kai
∑

a∈A δa <∞.
Tìte to sÔnolo K = co(x̃a)a∈A ikanopoieÐ thn non-atomic martin-

gale coordinatization idiìthta.

Apodeixh. 'Estw x ∈ K, (xn)n∈N ⊂ co(x̃a)a∈A me xn
‖·‖−→ x. An

xn =
∞∑
k=0

∑
|a|=k

λnaya, Tìte afoÔ to sÔnolo A eÐnai arijm simo kai oi
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arijmoÐ (λna)n∈N eÐnai fragmènoi gia k�je a ∈ A, pern¸ntac se mÐa

upakoloujÐa mporoÔme na upojèsoume ìti λna → λ
(x)
a , gia k�je a ∈ A.

OrÐzoume ta x′n =
∑∞

k=0

∑
|a|=k λ

n
ay
′
a. Epeid 

∑
a∈A ‖ya − y′a‖ <

∞, ta x′n eÐnai kal� orismèna kai x′n ∈ co(x̃′a)a∈A. Ja deÐxoume ìti h
akoloujÐa (x′n)n∈N eÐnai Cauchy.

'Estw ε > 0. Up�rqei n0 ∈ N, tètoio ¸ste gia k�je n,m ≥
n0, ‖xn − xm‖ < ε

3
. Up�rqei epÐshc `0 ∈ N, tètoio ¸ste

∑
|a|>`0 ‖ya −

y′a‖ < ε
6
. Epiplèon up�rqei n1 ≥ n0, tètoio ¸ste gia k�je n,m ≥ n1

kai gia k�je a ∈ A me |a| ≤ `0 na èqoume
|λna − λma | < ε

3M
, ìpou M =

∑
a∈A ‖ya − y′a‖.

Tìte gia n,m ≥ n1:

‖x′n − x′m‖ =
∥∥ ∞∑
k=0

∑
|a|=k

(λna − λma )y′a
∥∥

=
∥∥ ∞∑
k=0

∑
|a|=k

(λna − λma )(y′a − ya) + xn − xm
∥∥

≤
∥∥ `0∑
k=0

∑
|a|=k

(λna − λma )(y′a − ya)
∥∥

+
∥∥ ∞∑
k=`0+1

∑
|a|=k

(λna − λma )(y′a − ya)
∥∥+ ‖xn − xm‖

≤ max{|λna − λma | : |a| ≤ `0}
`0∑
k=0

∑
|a|=k

‖y′a − ya‖

+ sup{|λna − λma | : |a| > `0}
∞∑

k=`0+1

∑
|a|=k

‖y′a − ya‖

+ ‖xn − xm‖

≤ ε

3M
M + 2

ε

6
+
ε

3
= ε.

Sunep¸c h (x′n)n∈N sugklÐnei se k�poio x′ ∈ co(x̃′a)a∈A. 'Opwc sthn
prohgoÔmenh apìdeixh, an jewr soume ta diorjog¸nia sunarthsoeid 
(y′∗a )a∈A twn (y′a)a∈A ston < (y′a)a∈A >, tìte y

′∗
a (x′n) → y′∗a (x′) gia

k�je a ∈ A. 'Etsi x′ =
∑∞

k=0

∑
|a|=k λ

(x)
a y′a kai mèsw tou l mmatoc

3.33, ta (λ
(x)
a )a∈A eÐnai mÐa non-atomic martingale coordinatization.

'Opwc prin, to stoiqeÐo y =
∑∞

k=0

∑
|a|=k λ

(x)
a ya eÐnai kal� orismèno

kai y ∈ K. Apomènei na deÐxoume ìti y = x. Ja qrhsimopoi soume eic
�topo apagwg .
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'Estw ìti h (xn)n∈N den sugklÐnei sto y. Pern¸ntac se kat�llhlh
upakoloujÐa, up�rqei ε > 0, tètoio ¸ste ‖xn− y‖ > ε gia k�je n ∈ N.
Up�rqoun epÐshc `0 ∈ N tètoio ¸ste

∑
|a|≥`0 ‖ya − y

′
a‖ < ε

10
, kai n1 ∈

N tètoio ¸ste gia k�je n ≥ n1, ‖
∑

k≤`0
∑
|a|=k(λ

n
a − λ

(x)
a )ya‖ < ε

10
.

Sunep¸c gia n ≥ n1 èqoume

∥∥∑
k>`0

∑
|a|=k

(λna − λ(x)
a )ya

∥∥ =
∥∥xn − y −∑

k≤`0

∑
|a|=k

(λna − λ(x)
a )ya

∥∥
≥ ‖xn − y‖ −

∥∥∑
k≤`0

∑
|a|=k

(λna − λ(x)
a )ya

∥∥
> ε− ε

10
=

9ε

10
.

EpÐshc, ∥∥∑
k>`0

∑
|a|=k

(λna − λ(x)
a )ya

∥∥ =

∥∥∑
k>`0

∑
|a|=k

(λna − λ(x)
a )(ya − y′a) +

∑
k>`0

∑
|a|=k

(λna − λ(x)
a )y′a

∥∥
≤
∥∥∑
k>`0

∑
|a|=k

(λna − λ(x)
a )(ya − y′a)

∥∥+
∥∥P|a|>`0(x′n − x′)∥∥

≤ 2
ε

10
+ 2C‖x′n − x′‖.

'Opou P|a|>`0(x) = x −
∑
|a|≤`0 P̃α(x), P̃a(x) =

∑
i∈Ia Pi(x), me Pi :

X → Xi tic kanonikèc probolèc thc decomposition kai C h antÐstoiqh
stajer�.

Epilègontac to n arkoÔntwc meg�lo, èqoume

‖
∑

k>`0

∑
|a|=k(λ

n
a − λ

(x)
a )ya‖ < 9ε

10
,

antÐfash pou oloklhr¸nei thn apìdeixh. �

Lhmma 3.35. 'Estw X ènac q¸roc Banach, A èna finitely bra-
nching tree, (ya)a∈A, (y′a)a∈A uposÔnola tou X, (εn)∞n=0 mÐa akoloujÐa
pragmatik¸n jetik¸n me

∑∞
n=0 εn < ∞ kai ‖ya − y′a‖ < ε|a| gia k�je

a ∈ A. OrÐzoume:

K =
{
x ∈ X : x =

∞∑
k=0

∑
|a|=k

λ(x)
a ya, λ

(x)
∅ = 1, λ(x)

a ≥ 0, λ(x)
a =

∑
b∈Sa

λ
(x)
b , a ∈ A

}
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'Estw ìti L eÐnai èna uposÔnolo tou K kai ìti sto sÔnolo

L′ =
{
x ∈ X : x =

∞∑
k=0

∑
|a|=k

λ(x)
a y′a, me

∞∑
k=0

∑
|a|=k

λ(x)
a ya ∈ L

}
h asjen c kai h norm topologÐa tautÐzontai. Tìte h asjen c kai h norm
topologÐa tautÐzontai epÐshc sto L.

Apodeixh. OrÐzoume (ra)a∈A me ra =
∑

γ≤a(yγ − y′γ). Ja deÐxoume
ìti ti sÔnolo (ra)a∈A eÐnai olik� fragmèno.

'Estw ε > 0. Up�rqei n0 ∈ N, tètoio ¸ste
∑

n≥n0
εn < ε. 'Estw

γ ∈ A, |γ| ≥ n0. Tìte up�rqei a ∈ A, |a| = n0, a ≤ γ. 'Eqoume

‖rγ−ra‖ =
∥∥ ∑
a<δ≤γ

(rδ−rδ−)
∥∥ =

∥∥ ∑
a<δ≤γ

(yδ−y′δ)
∥∥ ≤ ∑

a<δ≤γ

‖yδ − y′δ‖ < ε

Sunep¸c to sÔnolo (ra)a∈A eÐnai olik� fragmèno kai autì shmaÐnei ìti
h co(ra)a∈A eÐnai norm sumpag c.

'Estw x ∈ L, x =
∑∞

k=0

∑
|a|=k λ

(x)
a ya. AfoÔ ‖ya − y′a‖ < ε|a|, sum-

peraÐnoume ìti
∑∞

k=0

∑
|a|=k λ

(x)
a y′a ∈ L′ kai x =

∑∞
k=0

∑
|a|=k λ

(x)
a (ya −

y′a) +
∑∞

k=0

∑
|a|=k λ

(x)
a y′a. Tìte èqoume ìti

∞∑
k=0

∑
|a|=k

λ(x)
a (ya − y′a) = lim

n→∞

n∑
k=0

∑
|a|=k

λ(x)
a (ya − y′a)

= lim
n→∞

∑
|a|=n

λ(x)
a

(∑
γ≤a

(yγ − y′γ)

)
= lim

n→∞

∑
|a|=n

λ(x)
a ra ∈ co(ra)a∈A

ToÔto shmaÐnei pwc L ⊂ co(ra)a∈A + L′. Epeid  h co(ra)a∈A eÐnai norm
sumpag c kai h asjen c me thn norm topologÐa tautÐzontai sto L′ eÔ-
kola sumperaÐnoume ìti h asjen c kai h norm topologÐa tautÐzontai sto
co(ra)a∈A+L′, pr�gma pou shmaÐnei ìti to Ðdio sumbaÐnei kai sto L. �

Orismoc 3.36. 'Estw X ènac q¸roc Banach me Schauder decompo-
sition (Xn)n∈N,A èna finitely branching tree kai (ya)a∈A èna uposÔnolo
tou X. Tìte to sÔnolo (ya)a∈A ja lègetai eventually block, an up�rqei
n0 ∈ N, kai mÐa oikogèneia xènwn diasthm�twn (Ia)|a|≥n0 tou N, tètoia
¸ste an a <lex b, tìte Ia < Ib, kai gia k�je a ∈ A, supp{ya} ⊂ Ia.

Lhmma 3.37. 'Estw X,Xk, k ∈ N q¸roi Banach, me
X = (

∑∞
k=1⊕Xk)0 = {(xk)k∈N : xk ∈ Xk, kai limk→∞ ‖xk‖ = 0}
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kai èstw (ya)a∈A fragmèna kai eventually block. JewroÔme to sÔnolo

L =
{
x ∈ X : x =

∞∑
k=0

∑
|a|=k

λ(x)
a ya me λ

(x)
∅ = 1, λ(x)

a ≥ 0,

λ(x)
a =

∑
b∈Sa

λ
(x)
b gia k�je a ∈ A kai lim

k→∞
max{λ(x)

a : |a| = k} = 0
}
.

Tìte sto L h asjen c kai h norm topologÐa tautÐzontai.

Apodeixh. Ja apodeÐxoume pr¸ta to l mma me thn epiprìsjeth u-

pìjesh ìti k�je ya 6= 0. 'Estw x ∈ L, x =
∑∞

k=0

∑
|a|=k λ

(x)
a ya, ε > 0.

Ja deÐxoume ìti up�rqei mÐa sqetik� asjen c perioq  U tou x sto L,
tètoia ¸ste diam{U} < ε, sunep¸c to x ja eÐnai shmeÐo sunèqeiac.

AfoÔ o q¸roc < {ya : |a| < n0} > eÐnai peperasmènhc di�stashc, ja
up�rqei n1 ≥ n0, tètoio ¸ste< {ya : |a| < n0} >

⋂
< {ya : |a| ≥ n1} > =

{0}.
Pragmatik�, an {x1, . . . , xj} eÐnai mÐa Hamel b�sh tou

< {ya : |a| < n0} >
⋂

< {ya : |a| ≥ n0} >

tìte xi =
∑∞

k=n0

∑
|a|=k µ

i
aya, gia i = 1, . . . , j. Epilègoume a1, . . . , aj ∈

A me |ai| ≥ n0 kai µiai 6= 0 gia i = 1, . . . , j. Jètoume n1 = max{|ai| :
i = 1, . . . , j}+ 1.

AnM = sup{‖ya‖ : a ∈ A}, up�rqei n2 ≥ n1, tètoio ¸ste max{λ(x)
a :

|a| = k} < ε
16M

, gia k�je k ≥ n2. Tìte x = x1 + x2, ìpou x1 =
n2−1∑
k=0

∑
|a|=k

λ
(x)
a ya, x2 =

∑∞
k=n2

∑
|a|=k λ

(x)
a ya. OrÐzoume ` = #{a ∈ A :

|a| ≤ n2}, ε′ = ε
8(`2M+2M)

.

JewroÔme ta diorjog¸nia sunarthsoeid  (y∗a)|a|=n2 , orismèna ston

q¸ro < {ya : a ∈ A} > me

y∗a(yγ) =

 1 an a = γ

0 alloi¸c

Autì eÐnai efiktì lìgw tou ìti n2 ≥ n1 kai thc upìjeshc pwc ya 6= 0
gia k�je a ∈ A.

OrÐzoume U =
{
y ∈ L : |y∗a(y − x)| < ε′, |a| = n2

}
kai èstw

y ∈ U , tètoio ¸ste y =
∑∞

k=0

∑
|a|=k λ

(y)
a ya. Tìte y = y1 + y2 ìpou

y1 =
∑n2−1

k=0

∑
|a|=k λ

(y)
a ya kai y2 =

∑∞
k=n2

∑
|a|=k λ

(y)
a ya.

Gia a ∈ A, me |a| = n2 èqoume |λ(y)
a − λ(x)

a | = |y∗a(y − x)| < ε′ �ra

λ
(y)
a < ε′ + ε

16M
, gia k�je a ∈ A me |a| ≥ n2.
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Gia a ∈ A me |a| < n2 èqoume |λ(y)
a −λ(x)

a | =
∣∣ ∑
|b|=n2

a<b

(λ
(y)
b −λ

(x)
b )
∣∣ < ε′`

opìte, ‖y1 − x1‖ =
∥∥∑n2−1

k=0

∑
|a|=k(λ

(y)
a − λ(x)

a )ya
∥∥ ≤ ε′`2M .

'EpÐshc èqoume

‖y2 − x2‖ =
∥∥∥ ∞∑
k=n2

∑
|a|=k

(λ(y)
a − λ(x)

a )ya

∥∥∥ = sup{‖(λ(y)
a − λ(x)

a )ya‖ : |a| ≥ n2}

≤ sup{(|λ(y)
a |+ |λ(x)

a |)M : |a| ≥ n2}

≤
( ε

16M
+ ε′ +

ε

16M

)
M =

(
ε′ +

ε

8M

)
M.

Tìte

‖y − x‖ ≤ ‖y1 − x1‖+ ‖y2 − x2‖ ≤ ε′`2M + ε′M +
ε

8

=
ε

8(`2M + 2M)
(`2M + 2M) +

ε

8
=
ε

4
.

Sunep¸c diam{U} ≤ ε
2
< ε.

'Etsi oloklhr¸netai h apìdeixh ìtan k�je ya 6= 0. H genik  pe-
rÐptwsh an�getai sthn prohgoÔmenh wc ex c. Epilègoume (εn)∞n=0 mia
akoloujÐa jetik¸n pragmatik¸n me

∑∞
n=0 εn <∞ kai orÐzoume (y′a)a∈A

me:

y′a =

 ya anya 6= 0

y′′a alloi¸c

ìpou supp{y′′a} ⊂ Ia kai 0 < ‖y′′a‖ ≤ ε|a|. ParathroÔme ìti ‖ya − y′a‖ ≤
ε|a| kai apì thn prohgoÔmenh perÐptwsh kai to l mma 3.35 prokÔptei to
zhtoÔmeno. �

3.10. H RNP eÐnai isodÔnamh me thn KMR sta kleist�,
kurt�, fragmèna uposÔnola tou C(ωω

k
) ìpou k

fusikìc

Sthn enìthta aut  apodeiknÔoume ìti h KMP eÐnai isodÔnamh me thn
RNP sta uposÔnola tou C(ωω

k
). Sthn pragmatikìthta apodeiknÔoume

k�ti isqurìtero: k�je non-dentable uposÔnolo tou C(ωω
k
) perièqei èna

kleistì kurtì uposÔnolo L tètoio ¸ste to L èqei thn PCP kai ìqi thn
RNP.

Protash 3.38. 'Estw Y, Yk, X, Zn, Zn,k, n, k ∈ N q¸roi Banach
tètoioi ¸ste Y =

∑∞
k=1⊕Yk, Zn =

(∑∞
k=1⊕Zn,k

)
0
, X ↪→ Y kai
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o X den perièqei ton `1(N). 'Estw Qn : X → Zn, n ∈ N frag-
mènoi grammikoÐ telestèc, K èna kurtì, kleistì, fragmèno, non-PCP
uposÔnolo tou X kai upojètoume ìti sta sÔnola Pk(K), Rn,kQn(K)
h asjen c kai h norm topologÐa tautÐzontai gia k�je n, k ∈ N (ìpou
Pk : Y → Yk, Rn,k : Zn → Zn,k oi probolèc).

Tìte up�rqei L kleistì, kurtì, non-dentable uposÔnolo tou K, tè-
toio ¸ste sto Qn(L) h asjen c kai h norm topologÐa tautÐzontai gia
k�je n ∈ N.

Apodeixh. AfoÔ to K eÐnai non-PCP up�rqei W 2δ-non-PCP upo-
sÔnolo tou K, gia k�poio δ > 0. Ja kataskeu�soume epagwgik�:

(a) èna δ-bush (xa)a∈A ⊂ W
(b) mÐa oikogèneia (Ia)a∈A xènwn diasthm�twn tou N, tètoia ¸ste

an a <lex b, tìte Ia < Ib
ètsi ¸ste:

(1) an x′a =
∑

γ≤a PIγ (yγ), tìte (x′a)a∈A eÐnai èna block δ
2
-approximate

bush ston Y kai
∑

a∈A ‖ya − y′a‖ <∞.
(2) an Rn,IaQn(ya) = yna , tìte (yna )a∈A eÐnai eventually block kai∑

a∈A ‖Qn(ya)− yna‖ <∞ gia k�je n ∈ N.
Jewr¸ntac ìti h kataskeu  èqei epiteuqjeÐ, ja deÐxoume t¸ra ìti jè-
tontac L = co(x̃a)a∈A, èqoume to zhtoÔmeno apotèlesma.

Apì thn (1) kai to l mma 3.34, to L èqei thn idiìthta non-atomic
martingale coordinatization. JewroÔme to sÔnolo

L′n =
{
x ∈ Zn : x =

∞∑
k=0

∑
|a|=k

λ(x)
a yna , λ

(x)
∅ = 1, λ(x)

a ≥ 0, λ(x)
a =

∑
b∈Sa

λ
(x)
b ,

gia k�je a ∈ A, lim
k→∞

max{λ(x)
a : |a| = k} = 0

}
.

Tìte apì thn (2) kai to l mma 3.37, sto L′n h asjen c kai h norm
topologÐa tautÐzontai. T¸ra orÐzoume

Ln =
{
x ∈ Zn : x =

∞∑
k=0

∑
|a|=k

λ(x)
a Qn(ya), λ

(x)
∅ = 1, λ(x)

a ≥ 0, λ(x)
a =

∑
b∈Sa

λ
(x)
b ,

gia k�je a ∈ A, lim
k→∞

max{λ(x)
a : |a| = k} = 0

}
.

Apì thn (2) kai to l mma 3.35, sto Ln h asjen c kai h norm topologÐa
tautÐzontai. 'Omwc to L èqei thn idiìthta non-atomic martingale coor-
dinatization, ètsi Qn(L) ⊂ Ln, sunep¸c sto Qn(L) h asjen c kai h
norm topologÐa tautÐzontai, gia k�je n ∈ N.

Gia thn olokl rwsh thc apìdeixhc k�noume t¸ra thn proanaferjeÐ-
sa kataskeu . SÔmfwna me to gegonìc 2.4, afoÔ o X den perièqei ton
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`1, ìtan to K eÐnai èna fragmèno uposÔnolo tou X kai x ∈ K
w
, ja

up�rqei akoloujÐa (xn)n∈N, tètoia ¸ste w − limn→∞ xn = x.
PaÐrnoume x∅ = x ∈ W . AfoÔ o X den perièqei ton `1(N) kai

W eÐnai 2δ-non-PCP, up�rqei akoloujÐa (xm)m∈N ⊂ W , tètoia ¸ste
xm

w→ x kai ‖xm − x‖ > δ, gia k�je m ∈ N.
Gia ε0 > 0, up�rqei k0 ∈ N, tètoio ¸ste:

∥∥P[1,k0](x)− x
∥∥ < ε0.

OrÐzoume I∅ = [1, k0].
Gia ε1 > 0, miac kai

∥∥Pk(xm − x)
∥∥,∥∥R1,kQ1(xm − x)

∥∥ m→∞−−−→ 0 gia
k�je k ∈ N, up�rqei m1 ∈ N tètoio ¸ste∥∥P[1,k0](xm1 − x)

∥∥,∥∥R1,[1,k0]Q1(xm1 − x)
∥∥ < ε1

2·2 .
Up�rqei k1 > k0 tètoio ¸ste∥∥P[1,k1](xm1−x)−(xm1−x)

∥∥,∥∥R1,[1,k1]Q1(xm1−x)−Q1(xm1−x)
∥∥ < ε1

2·2 .

Tìte∥∥P(k0,k1](xm1−x)−(xm1−x)
∥∥,∥∥R1,(k0,k1]Q1(xm1−x)−Q1(xm1−x)

∥∥ < ε1

2
.

OrÐzoume I1
1 = (k0, k1].

Epagwgik� epilègoume (xmi)i∈N, (I1
i )i∈N mia upakoloujÐa thc (xm)m∈N

kai diadoqik� diast mata tou N, tètoia ¸ste:∥∥PI1i (xmi − x)− (xmi − x)
∥∥,∥∥R1,I1i

Q1(xmi − x)−Q1(xmi − x)
∥∥ < ε1

2i

Gia δ0 > 0, apì to je¸rhma tou Mazur, up�rqei peperasmèno sÔnolo
(xb)b∈S∅ ⊂ (xmi)i∈N kai jetikoÐ pragmatikoÐ (λb)b∈S∅ me

∑
b∈S∅ λb = 1,

tètoioi ¸ste ∥∥x∅ −∑b∈S∅ λbxb
∥∥ < δ0.

Onom�zoume (Ib)b∈Sa ta antÐstoiqa diast mata. Tìte èqoume∑
b∈S∅

∥∥PIb(yb)− yb∥∥,∑
b∈S∅

∥∥R1,IbQ1(yb)−Q1(yb)
∥∥ < ∞∑

i=1

ε1

2i
= ε1

'Estw ìti ta (xa)|a|≤j, (Ia)|a|≤j èqoun epilegeÐ ètsi ¸ste ìtan |a|, |b| ≤
j, a <lex b, tìte Ia < Ib,

∥∥xa −∑b∈Sa λbxb
∥∥ < δ|a|, ‖xa − xb‖ > δ, gia

|a| < j, b ∈ Sa, kai epÐshc∑
|a|=i

∥∥PIa(ya)−ya∥∥,∑
|a|=i

∥∥R`,IaQ`(ya)−Q`(ya)
∥∥ < εi, gia 1 ≤ ` ≤ i ≤ j.

ArijmoÔme to sÔnolo {a : |a| = j} akolouj¸ntac thn lexikografik 
di�taxh kai gia a1, an N = #{a : |a| = j}, gia εj+1, δj, ìpwc prin



3.10. KLEISTA, KURTA, FRAGMENA UPOSUNOLA TOU C(ωω
k

) 77

brÐskoume (xb)b∈Sa1 , (Ib)b∈Sa1 , tètoia ¸ste (Ib)|b|≤j < (Ib)b∈Sa1 , ‖xa1 −
xb‖ > δ, ‖xa1 −

∑
b∈Sa1

λbxb‖ < δj kai∑
b∈Sa1

∥∥PIb(yb)−yb∥∥, ∑
b∈Sa1

∥∥R`,IbQ`(yb)−Q`(yb)
∥∥ < εj+1

N
, gia 1 ≤ ` ≤ j + 1.

SuneqÐzoume me ton Ðdio trìpo kai gia ta upìloipa stoiqeÐa tou sunìlou
{a : |a| = j}. Tìte gia 1 ≤ ` ≤ j + 1 èqoume∑

|a|=j+1

∥∥PIa(ya)− ya∥∥, ∑
|a|=j+1

∥∥R`,IaQ`(ya)−Q`(ya)
∥∥ < εj+1.

'Etsi oloklhr¸netai h epagwgik  kataskeu .
An oi akoloujÐec (εj)

∞
j=0, (δj)

∞
j=0 epilegoÔn ¸ste

∑∞
j=0 εj < δ

16
kai∑∞

j=0 δj <
δ
16
, tìte isqÔei to sumpèrasma tou jewr matoc.

EÔkola diapist¸noume ìti:

(i) (xa)a∈A eÐnai èna δ-approximate bush
(ii) (x′a)a∈A eÐnai èna block δ

2
-approximate bush kai∑

a∈A ‖ya − y′a‖ <∞.
(iii) (yna )|a|≥n eÐnai block kai

∑
a∈A

∥∥yna − Qn(ya)
∥∥ < ∞, gia k�je

n ∈ N.
�

Parathrhsh 3.39. H apìdeixh thc prìtashc 3.38 deÐqnei ìti an o X
den perièqei ton l1 kai den èqei thn PCP tìte up�rqei èna δ−approximate
bush (xa)a∈A, oi nodes tou opoÐou apoteloÔn basik  akoloujÐa. Sunep¸c
o X perièqei upìqwro me b�sh o opoÐoc den èqei thn RNP. Sto [4]
kataskeu�zetai ènac q¸roc Banach X ètsi ¸ste o X∗ eÐnai diaqwrÐsimoc
kai h PCP eÐnai isodÔnamh me thn RNP sta uposÔnola tou X. 'Etsi
èqoume ìti an ènac upìqwroc Y tou X den èqei thn RNP tìte o Y
perièqei upìqwro Z me b�sh, o opoÐoc den èqei thn RNP.

Jewrhma 3.40. 'Estw X ènac diaqwrÐsimoc q¸roc Banach pou den

perièqei ton `1(N) kai Qn : X → C(ωω
k
), n ∈ N fragmènoi grammi-

koÐ telestèc. 'Estw epÐshc K èna kleistì, kurtì, fragmèno, non-PCP
uposÔnolo tou X, tètoio ¸ste h PCP kai h RNP na eÐnai isodÔnamec
idiìthtec sta uposÔnola tou K. Tìte up�rqei L kleistì, kurtì, frag-
mèno, non-dentable uposÔnolo tou K, tètoio ¸ste sto Qn(L) h asjen c
kai h norm topologÐa tautÐzontai gia k�je n ∈ N.

Apodeixh. Gia thn apìdeixh ja qrhsimopoi soume majhmatik  epa-
gwg . Gia k = 0 èqoume ìti C(ωω

0
) = C(ω) ∼= c0(N).

Sthn prìtash 3.38, jewroÔme Y = C[0, 1], Yk =< ek >, Zn = c0(N),
Zn,k = R, ìpou (ek)k∈N eÐnai mÐa Schauder b�sh tou C[0, 1]. AfoÔ oi
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Yk, Zn,k eÐnai peperasmènhc di�stashc, oi upojèseic thc prìtashc 3.38
ikanopoioÔntai, ètsi up�rqei to zhtoÔmeno sÔnolo L.

Upojètoume ìti autì eÐnai alhjèc gia k = m ≥ 0 kai ja deÐxoume
ìti eÐnai epÐshc alhjèc gia k = m+ 1.

EÐnai gnwstì ìti C(ωω
m+1

) =
(∑∞

k=1⊕
(
C(ωω

m
), ‖·‖k

))
0
, ìpou ‖·‖k

eÐnai mÐa isodÔnamh nìrma ston C(ωω
m

). Tìte h oikogèneia Rn,kQn :
X → C(ωω

m
) eÐnai arijm simh kai apì thn epagwgik  upìjesh up�rqei

èna kleistì, kurtì, non-dentable uposÔnolo L′ tou K, tètoio ¸ste
sta Rn,kQn(L′) h asjen c kai h norm topologÐa tautÐzontai. AfoÔ h
PCP kai h RNP eÐnai isodÔnamec idiìthtec sta uposÔnola tou K, to L′

eÐnai non PCP. Efarmìzontac akìma mÐa for� thn prìtash 3.38 gia to
sÔnolo L′ kai thn oikogèneia twn telest¸n (Qn)n∈N, sumperaÐnoume ìti
up�rqei èna kleistì, kurtì, fragmèno, non-dentable uposÔnolo L tou
L′, tètoio ¸ste sta Qn(L) h asjen c kai h norm topologÐa tautÐzontai
gia k�je n ∈ N. 'Etsi oloklhr¸netai h apìdeixh tou jewr matoc. �

Jewrhma 3.41. 'EstwK èna kleistì, kurtì, fragmèno, non-dentable

uposÔnolo tou C(ωω
k
). Tìte up�rqei èna kleistì, kurtì uposÔnolo

L tou K, tètoio ¸ste to L èqei thn PCP kai den èqei thn RNP. Su-
nep¸c h KMP kai h RNP eÐnai isodÔnamec idiìthtec sta uposÔnola tou

C(ωω
k
).

Apodeixh. Ja qrhsimopoi soume apagwg  se �topo. Upojètou-
me ìti to K eÐnai kleistì, kurtì, fragmèno non-dentable uposÔno-
lo tou C(ωω

k
), tètoio ¸ste h PCP kai h RNP eÐnai isodÔnamec i-

dìthtec sta uposÔnola tou K. Efarmìzoume to je¸rhma 3.40 gia
Q = I : C(ωω

k
) → C(ωω

k
), thn tautotik  apeikìnish. Tìte up�rqei

L kleistì, kurtì, fragmèno, non-dentable uposÔnolo tou K, tètoio ¸-
ste sto I(L) = L h asjen c kai h norm topologÐa tautÐzontai. All�
autì shmaÐnei ìti h PCP kai h RNP den eÐnai isodÔnamec idiìthtec sta
uposÔnola tou K, antÐfash pou oloklhr¸nei thn apìdeixh. �



KEF�ALAIO 4

H RNP KAI H KMP EINAI ISODUNAMES

IDIOTHTES STA PHLIKA QWRWN

BANACH ME UNCONDITIONAL SHRINKING
F.D.D.

O E. Odell sto �rjro tou [43] apodeiknÔei ìti

Jewrhma 4.1. (Odell, 1992, [43] Jewr. A) An ènac q¸roc Ba-
nach X èqei shrinking unconditional finite dimensional decomposition
tìte k�je q¸roc phlÐko Y tou X èqei thn idiìthta (WU) (pou shmaÐnei
ìti k�je normarismènh asjen¸c mhdenik  akoloujÐa ston Y èqei mÐa
unconditional upakoloujÐa).

Sto kef�laio autì apodeiknÔoume (je¸rhma 4.4) ìti sta phlÐka q¸-
rwn Banach me shrinking unconditional finite dimensional decomposi-
tion h RNP kai h KMP eÐnai isodÔnamec idiìthtec, sundu�zontac te-
qnikèc tou trÐtou kefalaÐou, to proanaferìmeno je¸rhma kai gnwst�
apotelèsmata ([54], [50]) pou aforoÔn thn isodunamÐa thc RNP kai thc
KMP.

'Estw X ènac q¸roc Banach me shrinking unconditional finite di-
mensional decomposition (Ei)i∈N kai Y ènac q¸roc phlÐko tou X.

'Estw epÐshc T : X → Y o antÐstoiqoc fragmènoc gramikìc tele-
st c kai C > 0 tètoio ¸ste : BY ⊆ T (CBX).

AfoÔ o Y ∗ eÐnai diaqwrÐsimoc mporoÔme na upojèsoume ìti o q¸roc
Y emfuteÔetai se q¸ro Banach Z pou èqei dimonìtonh shrinking b�sh
(zn)n∈N kai ìti an K fragmèno sÔnolo tou Y kai y ∈ Kw

, tìte up�rqei
akoloujÐa (yi)i∈N sto K pou sugklÐnei asjen¸c sto y (gegonìc 3.4).

Upojètoume epÐshc ìti h (y′i)i∈N eÐnai mÐa normarismènh (arkeÐ hmi-
normarismènh) asjen¸c mhdenik  akoloujÐa ston Y , ε > 0 kai ìti h
akoloujÐa twn jetik¸n arijm¸n (εi)i∈N sugklÐnei sto 0 arket� gr gora

(arkeÐ εi+1 < εii
−2), me

∞∑
i=1

εi = ε.

Upì autèc tic sunj kec mÐa sunèpeia tou jewr matoc 4.1 eÐnai h
akìloujh

79
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Protash 4.2. (Odell, 1992, [43], Prot. 1.9) Up�rqei upakoloujÐa
(yi)i∈N thc (y′i)i∈N kai akèraioi 0 = r0 < p1 < r1 < p2 < ... me thn akì-

loujh idiìthta : An ‖
∞∑
i=1

aiyi‖ ≤ 2, tìte up�rqei x =
∞∑
i=1

xi ∈ 2CKBX ,

ìpou (xi)i∈N mÐa block b�sh thc (Ei)i∈N, tètoia ¸ste ‖Txi − aiyi‖ < εi,
gia k�je i ∈ N kai xi ∈ [Ej]j∈(ri−1,ri).

JewroÔme L èna kleistì, kurtì, fragmèno (‖y‖ ≤ M gia k�je y ∈
L), non-RNP uposÔnolo tou Y , tètoio ¸ste sta uposÔnola tou L h
RNP kai PCP eÐnai isodÔnamec idiìthtec. Tìte èqoume :

Protash 4.3. Up�rqei èna alfabhtik� diatetagmèno sÔnolo deikt¸n
A, akèraioi (ra)a∈A, (pa)a∈A, me 0 = p0, 1 = r0, pa < ra < pa+ kai èna
d-approximate bush (wa)a∈A ⊆ L, tètoio ¸ste :

a. oi nodes ya = wa−wa− èqoun ousiastik� xènouc foreÐc wc proc
mÐa block b�sh twn (zi)i∈N

b. an ‖
∑
a∈A

λaya‖ ≤ 2M , ìtan (λa)a∈A eÐnai jetikoÐ arijmoÐ me

‖
∑
a∈A

λa‖ = 1, tìte up�rqei x =
∑
a∈A

xa ∈ 2CKMBX , ìpou

(xa)a∈A mÐa block b�sh twn (Ei)i∈N tètoia ¸ste ‖Txa−λaya‖ <
εa gia k�je a ∈ A

g. x+
a ∈ [Ej]j∈Ia+ , ìpou Ia+ = (ra, ra+)

d. oi nodes ya = wa − wa− eÐnai unconditional.

Apodeixh. H apìdeixh gÐnetai mèsw mi�c epagwgik c kataskeu c.
AfoÔ to L eÐnai non-PCP, up�rqei uposÔnolo L′ tou L kai δ > 0

ètsi ¸ste to L′ na eÐnai d-non-PCP (Or. 2.27 kai 2.29).

H kataskeu 
Sto arqikì b ma jewroÔme to w∅ ∈ L′. Tìte up�rqei akoloujÐa

(w∅,i)i∈N pou sugklÐnei asjen¸c sto w∅ (w∅,i
w−→ w∅) kai ‖w∅,i−w∅‖ > δ

gia k�je i ∈ N.
H akoloujÐa y∅,i = w∅,i − w∅ eÐnai hminormarismènh kai asjen¸c mh-

denik  kai sunep¸c mporoÔme na broÔme mÐa upakoloujÐa (y∅,ik)ik∈N thc
(y∅,i)i∈N kai akèraiouc (r∅,ik)ik∈N, (p∅,ik)ik∈N pou ikanopoioÔn tic idiìth-
tec tou sumper�smatoc thc prìtashc 4.2.

Sthn paroÔsa kataskeu  afoÔ o q¸roc Y emfuteÔetai se q¸ro Ba-
nach Z pou èqei dimonìtonh shrinking b�sh (zn)n∈N , eÐnai dunatìn (ìpwc
stic kataskeuèc twn apodeÐxewn stic prot�seic 3.13 kai 3.20) na exasfa-
lÐsoume ìti ta stoiqeÐa thc upakoloujÐac mac èqoun ousiastik� xènouc
foreÐc.

Apì to je¸rhma tou Mazur up�rqei kurtìc sunduasmìc stoiqeÐwn
thc (y∅,ik)ik∈N me nìrma mikrìterh tou ε

2
, pr�gma pou shmaÐnei ìti u-

p�rqoun: peperasmèno sÔnolo deikt¸n M∅ = {ikm : m = 1, 2, ...,m∅}
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me ikm−1 < ikm gi� m = 2, ...,m∅ kai jetikoÐ arijmoÐ (λ∅,j)j∈M∅ , me∑
j∈M∅

λ∅,j = 1 ètsi ¸ste ‖
∑
j∈M∅

λ∅,jy∅,j‖ < ε
2
.

Jètoume S∅ = {a = (∅, j) : j ∈ M∅} kai Ia = (rikm−1
, rikm ) an

a = (∅, ikm) kai stajeropoioÔme ton arijmì p∅ = p∅,ikm∅+1 (pou eÐnai

megalÔteroc apo max{pa : a ∈ S∅}).
Sto epagwgikì b ma gia k = 1, ..., n− 1 upojètoume ìti èqoume ka-

taskeu�sei:
A. alfabhtik� diatetagmèna sÔnolaAk = {a : |a| = k} = {a1, a2, ..., alk},

ìpou lk = #Ak, ai <lex aj, gia 1 ≤ i < j ≤ lk, a <lex b
an a ∈ Ai kai b ∈ Aj gia 1 ≤ i < j ≤ n− 1 kai k�je b ∈ Ak eÐnai
stoiqeÐo tou Sa gia k�poio a ∈ Ak−1 (fusik� o prohgoÔmenoc twn
stoiqeÐwn me m koc èna. eÐnai to ∅),

B. arijmoÔc 0 = p0 < 1 = r0 < ... < pa < ra < pa+ < ... < paln−1
me

touc opoÐouc paÐrnoume ta diast mata twn fusik¸n Ia+ = (ra, ra+),
G. stoiqeÐa (wa)a∈Ak tou L

′ ètsi ¸ste oi diaforèc ya = wa − w−a na
fèrontai ousiastik� sto Ia, ‖ya‖ > δ kai gia k�je a ∈ Ak
me |a| < n− 1 na èqoume ìti up�rqoun jetikoÐ (λb)b∈Sa , me �jroi-

sma
1 ¸ste ‖wa −

∑
b∈Sa

λbwb‖ = ‖
∑
b∈Sa

λbyb‖ < ε
2|b|

kai stajeropoioÔme ton arijmì paln−1+1
.

'Estw ìti An−1 = {a1, a2, ..., aln−1}.
Tìte gia to stoiqeÐo wa1 tou L′ up�rqei akoloujÐa (wa1,i)i∈N pou

sugklÐnei asjen¸c sto wa1 (wa1,i
w−→ wa1) kai ‖wa1,i − wa1‖ > δ gia

k�je i ∈ N.
H akoloujÐa ya1,i = wa1,i − wa1 eÐnai hminormarismènh kai asjen¸c

mhdenik  kai sunep¸c mporoÔme na jewr soume ìti ìloi oi ìroi thc fè-
rontai met� thn psthaln−1+1

suntetagmènh tou Y (wc proc thn b�sh (zn)n∈N).

EpÐshc mporoÔme na broÔme mÐa upakoloujÐa (ya1,ik)ik∈N thc (ya1,i)i∈N
kai akèraiouc (ra1,ik)ik∈N, (pa1,ik)ik∈N pou ikanopoioÔn tic idiìthtec tou
sumper�smatoc thc prìtashc 4.2.

P�li apì to je¸rhma tou Mazur up�rqei kurtìc sunduasmìc stoiqeÐ-
wn thc (ya1,ik)ik∈N me nìrma mikrìterh tou ε

2|a1|
, pr�gma pou shmaÐnei ìti

up�rqoun: peperasmèno sÔnolo deikt¸nMa1 = {ikm : m = 1, 2, ...,ma1}
me ikm−1 < ikm gi� m = 2, ...,ma1 kai jetikoÐ arijmoÐ (λa1,j)j∈Ma1

, me∑
j∈Ma1

λa1,j = 1 ètsi ¸ste ‖
∑

j∈Ma1

λa1,jya1,j‖ < ε
2
.

Jètoume Sa1 = {a = (a1, j) : j ∈ Ma1} kai Ia = (rikm−1
, rikm ) an

a = (a1, ikm) kai stajeropoioÔme ton arijmì pa1 = pa1,ikma1 +1 (pou eÐnai

megalÔteroc apo max{pa : a ∈ Sa1}).
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Epanalamb�noume thn diadikasÐa gia to stoiqeÐo a2 tou An−1 lamb�-
nontac upìyh ton arijmì pa1 , katìpin gia to a3,... kai suneqÐzoume ¸ste

na exantl soume ta stoiqeÐa tou An−1. Tìte An =
ln−1⋃
j=1

Maj .

Oi idiìthtec
Jètoume K = co(wa)a∈A ⊂ L. Tìte k�je w ∈ K gr�fetai me

monadikì trìpo sthn morf  w =
∑
a∈A

λ
(w)
a ya =

∑
a∈A

∑
b∈Sa

λ
(w)
b yb me (λa)a∈A

mh arnhtikoÔc arijmoÔc kai
∑
b∈Sa

λb = λa,
∑
a∈A

λa = 1 (èqoume epÐshc

K ⊆ < ya >a∈A kai ‖w‖ ≤ 2M). Epilègoume èna stoiqeÐo w tou K.
Tìte sÔmfwna me thn prìtash 4.2 up�rqei x(w) ∈ 2CKMBX me

x(w) =
∑
a∈A

xa ètsi ¸ste ‖Txa − λ(w)
a ya‖ < εa kai xa ∈ [Ej]j∈Ia gia k�je

a ∈ A.
Einai fanerì ìti oi idiìthtec a, b, kai g thc prìtashc alhjeÔoun.
'Opwc sto [43] (sel. 690) an δa = +1   − 1 gia thn apìdeixh thc

idiìthtac d, èqoume:

‖
∑
a∈A

δaλ
(w)
a ya‖ ≤ ‖

∑
a∈A

δa(λ
(w)
a ya − Txa)‖+ ‖

∑
a∈A

δaTxa‖ ≤ 1 + C‖T‖

kai sunep¸c oi nodes ya = wa − wa− eÐnai unconditional. �

Jewrhma 4.4. 'Estw X ènac q¸roc Banach me shrinking uncondi-
tional finite dimensional decomposition kai Y ènac q¸roc phlÐko tou
X. Tìte sta kleist�, kurt�, fragmèna uposÔnola tou Y h RNP kai h
KMP eÐnai isodÔnamec idiìthtec.

Apodeixh. Upojètoume ìti h RNP kai h PCP eÐnai isodÔnamec idiì-
thtec sta uposÔnola tou Y (Alloi¸c to je¸rhma tou Schachermayer
- J. 2.23 - dÐnei to zhtoÔmeno) kai L èna kleistì, kurtì, fragmèno,
non-RNP uposÔnolo tou Y .

Kataskeu�zontac to sÔnolo K ⊆ L thc prìtashc 4.3 kai epana-
lamb�nontac thn qr sh thc unconditionality ìpwc sthn apìdeixh tou
porÐsmatoc 3.21, h apìdeixh oloklhr¸netai. �



KEF�ALAIO 5

PARADEIGMA NON-DENTABLE
UPOSUNOLOU STA UPOSUNOLA TOU

OPOIOU H RNP KAI H PCP EINAI

ISODUNAMES IDIOTHTES

Sto kef�laio autì, qrhsimopoi¸ntac idèec apì to [4], genikeÔou-
me to par�deigma non-RNP uposunìlou tou q¸rou C(ωω

ω
) pou kata-

skeu�zetai sto [42], sta uposÔnola tou opoÐou h RNP kai h PCP eÐnai
isodÔnamec idiìthtec.

5.1. Kanonikèc (regular) oikogèneiec uposunìlwn twn
fusik¸n, oikogèneiec Schreier

'Estw P<∞(N) = [N]<∞ = [N]<ω to sÔnolo ìlwn twn, peperasmènou
pl jouc, uposunìlwn twn fusik¸n arijm¸n. H oikogèneia sunìlwn F
(uposÔnolo tou P<∞(N)) ja lègetai kanonik  (regular) an :

i. gia k�je n ∈ N, {n} ∈ F kai ∅ ∈ F
ii. h oikogèneia F eÐnai klhronomik  (hereditary)

(an F ∈ F kai G ⊂ F tìte G ∈ F)
iii. an F = {n1, n2, ..., nk} ∈ F , G = {m1,m2, ...,mk} kai mi ≤ ni

gia i = 1, 2, ..., k tìte G ∈ F
(proupojètoume ìti ta stoiqeÐa enìc uposunìlou twn fusik¸n
eÐnai grammèna kat� aÔxousa seir�)

iv. to F eÐnai sumpagèc
(wc uposÔnolo tou {0, 1}N me thn kat� shmeÐo topologÐa)

H idiìthta (iv) eÐnai isodÔnamh me to gegonìc ìti den up�rqei �peirh
aÔxousa akoloujÐa stoiqeÐwn tou F .

ParadeÐgmata kanonik¸n oikogenei¸n eÐnai oi oikogèneiec sunìlwn
An = {F ⊂ N ètsi ¸ste #F ≤ n} kai oi oikogèneiec Schreier Sξ me ξ
arijm simo diataktikì arijmì ([5], [2], [27]).

83
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5.2. O q¸roc Banach XD,F , èna w∗-sumpagèc uposÔnolo
tou X∗D,F , o XD,F emfuteÔetai ston C(K)

'Estw F mia dosmènh kanonik  oikogèneia uposunìlwn twn fusik¸n
kai D to duadikì dèntro, dhlad  to sÔnolo ìlwn twn peperasmènwn
akolouji¸n thc morf c a = (δi)

l
i=0 me δi = 0   1 kai l ∈ N.

JumÐzoume ìti gia a = (δi)
l
i=0 ∈ D, to m koc tou a eÐnai |a| = l kai

ìti k�je a ∈ D èqei dÔo epomènouc (ta (a, 0) kai (a, 1)). An a eÐnai èna
arqikì tm ma tou b gr�foume a < b kai ètsi mporoÔme na orÐsoume mia
merik  di�taxh sto D.

'Otan ta a kai b eÐnai dÔo stoiqeÐa tou D tètoia ¸ste k�je èna apì
aut� den eÐnai arqikì tm ma tou �llou, ta a kai b lègontai incomparable.

'Ena uposÔnolo F = {a1, a2, ..., ak} tou dèntrou D lègetai apodektì
(admissible) an ta stoiqeÐa tou eÐnai incomparable kai to sÔnolo twn
fusik¸n |F | = {|a1|, |a2|, ..., |ak|} ∈ F .

'Estw c00(D) o q¸roc twn peperasmènwn akolouji¸n pragmatik¸n
arijm¸n orismènwn sto D. An x ∈ c00(D), orÐzoume thn nìrma tou x me

‖x‖D,F = sup{
∑
a∈F
|x(a)| : F ⊂ D eÐnai abmissible}.

Me XD,F sumbolÐzoume ton q¸ro Banach o opoÐoc eÐnai h kleistìthta
tou c00(D) me thn nìrma ‖ · ‖D,F (dhl. XD,F = (c00(D), ‖ · ‖D,F) ).

Shmei¸noume ìti to sÔnolo (ea)a∈D, me ea = (δab)b∈D, ìpou δab = 0
an b 6= a kai δaa = 1, eÐnai mÐa b�sh tou XD,F . Sthn pragmatikìthta, mia
eÔkolh sunèpeia tou orismoÔ thc nìrmac eÐnai ìti h b�sh (ea)a∈D eÐnai
unconditional kai shrinking.

JewroÔme to sÔnolo:
M = {x∗ ∈ X∗D,F tètoia ¸ste x∗ =

∑
a∈F

e∗a, ìpou F eÐnai apodektì}

kai jètoume K = M ∪ (−M). Fusik� (e∗a)a∈D eÐnai ta diorjog¸nia
sunarthsoeid  twn (ea)a∈D ston X∗D,F .

Lhmma 5.1. To sÔnolo K, 1
2
-norms ton XD,F .

Apodeixh. 'Estw x∗ =
∑
a∈F

e∗a ∈ K kai x ∈ c00(D). Tìte èqoume :

(1) |x∗(x)| = |
∑
a∈F

e∗a(x)| = |
∑
a∈F

x(a)| ≤
∑
a∈F
|x(a)| ≤ ‖x‖D,F .

EpÐshc gia x ∈ c00(D), èqoume ìti up�rqei èna apodektì sÔnolo G
tètoio ¸ste
(2) ‖x‖D,F =

∑
a∈G
|x(a)| =

∑
a∈G+

|x(a)|+
∑
a∈G−

|x(a)| ≤ 2
∑
a∈R
|x(a)| =

= 2|
∑
a∈R

x(a)| = 2|
∑
a∈R

e∗a(x)| = 2|x∗(x)| = 2εx∗(x)

ìpou G+ = {a : a ∈ G kai x(a) ≥ 0}, G− = G \ G+ kai R = G+
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an
∑
a∈G+

|x(a)| ≥
∑
a∈G−

|x(a)|, R = G− alloi¸c, kai ε = 1 an G = G+,

ε = −1 an G = G−.
Se k�je perÐptwsh y∗ = εx∗ ∈ K kai gia x ∈ c00(D) apì tic (1) kai

(2) sumperaÐnoume ìti up�rqei y∗ ∈ K, tètoio ¸ste :
1
2
|y∗(x)| ≤ 1

2
‖x‖D,F ≤ |y∗(x)|.

Sunep¸c to sÔnolo K 1
2
-norms ton XD,F . �

Lhmma 5.2. To sÔnolo K eÐnai w∗-sumpagèc uposÔnolo thc BX∗D,F
.

Apodeixh. H anisìthta (1) dÐnei ìti an ‖x‖ = 1 tìte |x∗(x)| ≤ 1
gia k�je x∗ ∈ K, �ra K ⊂ BX∗D,F

. ArkeÐ na deÐxoume ìti to M eÐnai
w∗-kleistì uposÔnolo tou BX∗D,F

.

Upojètoume ìti (x∗n)n∈N ⊂ M kai x∗n
w∗−→ x∗. Ja deÐxoume ìti x∗ ∈

M .
ParathroÔme pwc to ìti x∗n

w∗−→ x∗, isodunameÐ me to gegonìc ìti gia
k�je a ∈ D èqoume x∗n(ea)

n→∞−−−→ x∗(ea) kai afoÔ xn(ea) eÐnai 0   1,
èqoume ìti h akoloujÐa x∗(ea) eÐnai telik� stajer  (0   1).

'Estw x∗n =
∑
a∈Fn

e∗a, gia èna apodektì Fn. Epeid  h F eÐnai sumpag c,

h akoloujÐa {|Fn|}n∈N èqei upakoloujÐa {|Fnk |}k∈N pou sugklÐnei se èna
stoiqeÐo |G| thc F .

Isqurismìc. Gia k�je a ∈ D tètoio ¸ste |a| /∈ |G| èqoume x∗nk(ea)→
0.

Apìdeixh tou isqurismoÔ. Upojètoume ìti h x∗nk(ea) den sugklÐnei
sto 0. AfoÔ h x∗nk(ea) eÐnai telik� stajer  (0 h 1), èqoume ìti up�rqei
k0 tètoio ¸ste x∗nk(ea) = 1 gia k�je k ≥ k0. 'Etsi a ∈ suppx∗nk gia
k�je k ≥ k0 (dhl. a ∈ Fnk , ìpou suppx∗ = {a ∈ D : x∗(ea) 6= 0}) kai
sunep¸c |a| ∈ |Fnk |, gia k�je k ≥ k0. 'Omwc autì shmaÐnei ìti |a| ∈ |G|
kai èqoume antÐfash. 'Ara suppx∗ ⊂ {a ∈ D tètoio ¸ste |a| ∈ |G|} kai
ètsi to x∗ eÐnai thc morf c x∗ =

∑
a∈F

e∗a gia k�poio F kai an kei sto

M . �

Protash 5.3. To sÔnolo K eÐnai arijm simo sumpagèc kai o q¸roc
Banach XD,F emfuteÔetai ston q¸ro Banach C(K).

Apodeixh. To sÔnolo K eÐnai faner� arijm simo kai apì to l mma
Vb2 w∗-sumpagèc.

'Estw R : XD,F → C(K) h apeikìnish me R(x) = x|K gia x ∈ XD,F ,
kai x|K(x∗) = x∗(x) gia x∗ ∈ K.

Epeid  ‖x|K‖sup = sup{|x∗(x) : x∗ ∈ K} ≤ ‖x∗‖‖x‖ ≤ ‖x‖, h
apeikìnish eÐnai suneq c kai sunep¸c h R eÐnai emfÔteush.
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Shmei¸noume epÐshc ìti lìgw tou l mmatoc 5.1, èqoume ìti an ‖x‖ =
1 tìte ‖x|K‖sup ≥ 1

2
kai �ra h R eÐnai 1

2
-emfÔteush. �

Gia ton Cantor-Bendixson deÐkth (enìthta 3.2) tou sunìlou K è-
qoume to

Lhmma 5.4. 'EstwM = {x∗ ∈ X∗D,F tètoio ¸ste x
∗ =

∑
a∈F

e∗a, F apodektì}

kai K = M ∪ (−M). Tìte iCB(K) = iCB(M) = iCB(F).

Apodeixh. EÐnai dunat  mèsw twn ide¸n sto [2], stic prot�seic 4.10
kai 4.11. �

Parathrhsh 5.5. An qrhsimopoi soume thn nsth Schreier oikogè-
neia Sn sthn jèsh thc kanonik c oikogèneiac F , epeid  iCB(Sn) =
iCB(〈1, ωωn〉) = ωn + 1, qrhsimopoi¸ntac to l mma 5.4 kai epeid  arij-
m sima sÔnola me ton Ðdio Cantor-Bendixson deÐkth eÐnai omoiomorfik�,
sumperaÐnoume pwc to sÔnolo K eÐnai omoiomorfikì me to 〈1, ωωn〉 kai
sunep¸c oi q¸roi Banach C(K) kai C(ωω

n
) eÐnai isìmorfoi. Sthn pe-

rÐptwsh aut  apì thn prìtash 5.3 èqoume ìti o q¸roc Banach XD,Sn
mporeÐ na (1

2
-)emfuteuteÐ ston q¸ro Banach C(ωω

n
).

5.3. To sÔnolo SE, gnwst� apotelèsmata kai mÐa
genÐkeush

An X ènac q¸roc Banach kai K èna kleistì, kurtì, fragmèno upo-
sÔnolo tou X, jumÐzoume ìti to slice tou K pou orÐzetai apì ta x∗ ∈ X∗
kai a > 0, eÐnai to sÔnolo:

S = S(x∗, a,K) = {x ∈ k : x∗(x) ≥M − a},
ìpou M = sup{x∗(x) : x ∈ K}, kaj¸c kai ìti me K̃ sumbolÐzoume thn
w∗-kleistìthta tou K ston X∗∗, en¸ me x̂ sumbolÐzoume to stoiqeÐo tou
X∗∗ tètoio ¸ste x̂(x∗) = x∗(x) gia k�je x∗ ∈ X∗.

Shmei¸noume epÐshc ìti to slice S(x̂∗, a, K̃) tou K̃ ston X∗∗, eÐnai h

w∗-kleistìthta tou S(x∗, a,K) ston X∗∗ (dhl. S̃ = S(x̂∗, a, K̃), [50]).

Jètoume
◦

S̃ = {x∗∗ ∈ K̃ : x∗(x∗∗) > M − a}, to eswterikì tou S̃ (wc
proc thn w∗-topologÐa) kai

SE =
◦

S̃ ∩ E, ìpou E = ext(K̃).
To sÔnolo SE (èna m  kenì, w∗-sumpagèc uposÔnolo tou X∗∗, pou

gia pr¸th for� orÐzetai sto [14]) eÐnai jemeli¸dec sthn melèth twn
kurt¸n uposunìlwn q¸rwn Banach kai èqei shmantikèc idiìthtec ìpwc
ta parak�tw trÐa l mmata.
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Lhmma 5.6. (Bourgain, 1980, [14], L. 13) 'Estw S èna slice tou

K kai η > 0. Tìte up�rqei slice S ′ tou K tètoio ¸ste S ′ ⊂
◦
S kai

S̃ ′ ⊂ c̃oSE + ηBX∗∗ .

Lhmma 5.7. (Rosenthal, 1989, [50], Por. 1.7) 'Estw S èna slice tou
K, e ∈ SE kai U mia w∗-perioq  tou e (wc proc to K̃). Up�rqei slice

S ′ tou K tètoio ¸ste S ′ ⊂
◦
S, S̃ ′ ⊂ U kai e ∈ S ′E.

Lhmma 5.8. (Rosenthal, 1989, [50], Por. 2.7) Gia k�je slice S tou
K, 0 < k < δ

2
kai peperasmèno upìqwro G tou X∗∗, up�rqei e ∈ SE me

d(e,G) = inf{‖e− g‖ : g ∈ G} > k.

O Rosenthal sto [50] parathreÐ (parat rhsh met� to l mma 2.7) ìti
eÐnai dunatìn na deÐxoume to parak�tw

Lhmma 5.9. 'Estw G ènac diaqwrÐsimoc upìqwroc tou X∗∗, S èna
slice tou K kai 0 < k < δ

2
. Tìte up�rqei stoiqeÐo e ∈ SE me

d(e,G) = inf{‖e− g‖ : g ∈ G} > k.

Apodeixh. AfoÔ o G eÐnai diaqwrÐsimoc up�rqei aÔxousa akoloujÐa
{Gn}n∈N upoq¸rwn, peperasmènhc di�stashc, tou G

(G1 ↪→ G2 ↪→ ... ↪→ Gn ↪→ ...), ètsi ¸ste G =
∞⋃
n=1

Gn.

PaÐrnoume k′ me 0 < k < k′ < δ
2
.

Gia k�je n ∈ N jewroÔme to uposÔnolo tou SE :
Fn = {x∗∗ ∈ SE : d(x∗∗, Gn) ≤ k′}.

Isqurismìc. Fn eÐnai w∗-kleistì uposÔnolo tou SE.

Upojètontac thn al jeia tou isqurismoÔ, suneqÐzoume me apagwg 
se �topo.

'Estw ìti den up�rqei x∗∗ sto SE tètoio ¸ste d(x∗∗, G) > k. Tìte
den up�rqei x∗∗ sto SE tètoio ¸ste d(x∗∗, G) ≥ k′. Sthn perÐptwsh

aut  èqoume : SE =
∞⋃
n=1

Fn (alloi¸c an x∗∗ ∈ SE me x∗∗ /∈
∞⋃
n=1

Fn, tìte

d(x∗∗, Gn) > k′ gia k�je n ∈ N, ètsi d(x∗∗,
∞⋃
n=1

Gn) ≥ k′ kai telik�

d(x∗∗, G) ≥ k′ > k).
AfoÔ to sÔnolo K̃ eÐnai w∗-sumpagèc kai kurtì uposÔnolo tou X∗∗,

to sÔnolo E = ext(K̃) eÐnai Gδ sÔnolo ([31], l mma 219), sunep¸c to
Ðdio isqÔei kai gia to sÔnolo SE. Tìte apì ton isqurismì kai thn isìthta

SE =
∞⋃
n=1

Fn, èqoume ìti up�rqei n0 ∈ N tètoio ¸ste
◦
Fn0 6= ∅ kai �ra

up�rqei èna w∗-anoiqtì sÔnolo U tètoio ¸ste :
◦
Fn0 = SE ∩ U .
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Dialègoume x∗∗0 ∈
◦
Fn0 . Tìte apì to l mma 5.7 up�rqei S ′ slice tou

K, tètoio ¸ste S ′E = SE ∩ Fn0 . 'Omwc tìte, gia k�je x∗∗ ∈ S ′E èqoume
ìti d(x∗∗, Gn0) ≤ k′ kai autì èrqetai se antÐfash me to l mma 5.7 (me k′

sthn jèsh tou k) kai ètsi oloklhr¸netai h apìdeixh tou l mmatoc.

Apìdeixh tou isqurismoÔ. Upojètoume ìti to dÐktuo (x∗∗i )i∈I ⊂ Fn
sugklÐnei w∗ sto stoiqeÐo x∗∗ ∈ SE. Ja deÐxoume ìti x∗∗ ∈ Fn.

Epeid  x∗∗i ∈ Fn gia k�je i ∈ I, èqoume ìti:
d(x∗∗i , Gn) = inf{‖x∗∗i − z∗∗‖ : z∗∗ ∈ Gn} ≤ k, gia k�je i ∈ I.

'Omwc o q¸roc Gn eÐnai peperasmènhc di�stashc kai sunep¸c gia
k�je i ∈ I up�rqei z∗∗i ∈ Gn me ‖x∗∗i − z∗∗i ‖ = d(x∗∗i , Gn) ≤ k′.

H teleutaÐa anisìthta kai to gegonìc ìti to sÔnolo K̃ eÐnai (norm)
fragmèno ston X∗∗, mac dÐnoun ìti to dÐktuo (z∗∗i )i∈I eÐnai fragmèno
ston Gn. 'Ara up�rqei èna upodÐktuo (z∗∗ij )j∈J , tou (z∗∗i )i∈I , to opoÐo
sugklÐnei, wc proc thn nìrma (sunep¸c sugklÐnei kai w∗) se èna stoiqeÐo
z∗∗ ∈ Gn.

'Omwc tìte x∗∗ij − z∗∗ij
w∗−→ x∗∗ − z∗∗ kai ‖x∗∗ij − z∗∗ij ‖ ≤ k′ gia k�je

j ∈ J . 'Etsi ‖x∗∗ − z∗∗‖ ≤ k′, opìte x∗∗ ∈ Fn. �

Mia sunèpeia tou l mmatoc 5.9 eÐnai h akìloujh

Protash 5.10. 'Estw Z ènac diaqwrÐsimoc upìqwroc tou X∗∗, S èna
slice tou K kai 0 < k < δ

2
. Tìte up�rqei (x∗∗a )a<ω1 ⊂ S, tètoio ¸ste

d(x∗∗a − x∗∗b , Z) > k, ìtan a < b < ω1.

Apodeixh. Apì to l mma 5.9, up�rqei x∗∗1 ∈ SE, tètoio ¸ste d(x∗∗1 , Z) >
k′ (ìpou 0 < k < δ

2
, ìpwc prin). PaÐrnoume Z1 = 〈x∗∗1 , Z〉. Up�rqei

x∗∗2 ∈ SE me d(x∗∗2 , Z1) > k′.
Gia ξ < ω1 paÐrnoume Zξ = 〈x∗∗1 , x∗∗2 , ...x∗∗ζ ..., Z〉, ìpou ζ < ξ.
O Zξ eÐnai diaqwrÐsimoc, ètsi p�li apì to l mma 5.9, up�rqei x∗∗ξ+1 ∈

SE, tètoio ¸ste d(x∗∗ξ+1, Zξ) > k′.
'Etsi èqoume orÐsei ta xξ kai Zξ gia ξ < ω1.
Epeid  d(x∗∗a , Zζ) > k′ gia k�je ζ < a kai Z ⊂ Zζ , èqoume ìti gia

k�je a < ω1, d(x∗∗a , Z) ≥ k′ > k.
EpÐshc gia a < b, an ζ ′ < ω1 tètoio ¸ste x∗∗a ∈ Zζ′ kai ζ ′ < b < ω1,

èqoume ìti ‖x∗∗b − x∗∗a ‖ ≥ d(x∗∗b , Zζ′) > k.
T¸ra isqÔei d(x∗∗b −x∗∗a , Zζ′) > |d(x∗∗b , Zζ′)−d(x∗∗a , Zζ′)| = d(x∗∗b , Zζ′) >

k kai epeid  Z ↪→ Zζ′ , èqoume d(x∗∗b − x∗∗a , Z) > k. �
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5.4. O q¸roc Banach X0 kai to uposÔnolì tou K, sta
uposÔnola tou opoÐou h RNP kai h PCP eÐnai

isodÔnamec idiìthtec

Sthn ènìthta aut  kataskeu�zoume èna q¸ro Banach X0 kai èna
kleistì, kurtì, fragmèno, non-dentable uposÔnolo K tou X0, sta u-
posÔnola tou opoÐou, h PCP kai h RNP eÐnai isodÔnamec idiìthtec.

'Estw {Fn}n∈N mia akoloujÐa apì kanonikèc oikogèneiec ètsi ¸ste
gia k�je n ∈ N, an n < F1 < F2 < ... < Fn me Fi ∈ Fi gia i = 1, 2, ..n,

èqoume ìti
n⋃
i=1

Fi ∈ Fn+1.

'Ena par�deigma tètoiac akoloujÐac eÐnai h akoloujÐa twn oikoge-
nei¸n Schreier (Sn)n∈N.

Gia k�je n ∈ N èstw XD,Fn o q¸roc pou orÐsthke sthn deÔterh
enìthta autoÔ tou kefalaÐou (me Fn sthn jèsh tou F).

OrÐzoume ton q¸ro Banach X0 =

(
∞∑
n=1

⊕XD,Fn
)

0

.

AfoÔ o q¸roc XD,Fn emfuteÔetai ston C(K), me K arijm simo sum-
pagèc metrikopoi simo sÔnolo (enìthta 5.2), èqoume ìti XD,Fn ↪→ C(a)
gia a arijm simo diataktikì arijmì. Sunep¸c o q¸roc X∗D,Fn eÐnai dia-

qwrÐsimoc kai �ra o X∗0 =

(
∞∑
n=1

⊕X∗D,Fn

)
1

eÐnai diaqwrÐsimoc q¸roc me

unconditional b�sh.

'Estw (ena)a∈D h kanonik  b�sh tou XD,Fn . Shmei¸noume ìti to stoi-
qeÐo ena eÐnai to stoiqeÐo ea, pou orÐsthke sthn enìthta 5.2, ìmwc t¸ra
to antilambanìmaste wc èna stoiqeÐo tou XD,Fn .

Gia a ∈ D orÐzoume to stoiqeÐo ston X0,
wa =

(
e1
a,

1
2
e2
a,

1
22
e3
a, ...,

1
2n−1 e

n
a , ...

)
.

H akoloujÐa (wa)a∈D, eÐnai basik  akoloujÐa stonX0 kai epeid  o
X∗0 eÐnai diaqwrÐsimoc q¸roc, h b�sh aut  eÐnai shrinking.

Sunep¸c k�je x∗∗ ∈ 〈wa〉
∗∗
a∈D = X∗∗ ↪→ X∗∗0 èqei monadik  anapar�stash

thc morf c:
x∗∗ = w∗ − lim

n→∞

∑
|a|≤n

λawa = w∗ −
∑
a∈D

λawa

ìpou λa = x∗∗(wa).
'Opwc sto [4] (l mma 2) all� me diaforetik  nìrma, èqoume to:

Lhmma 5.11. 'Estw x∗∗1 , x
∗∗
2 , ..., x

∗∗
d stoiqeÐa tou X0

∗∗ tètoia ¸ste
up�rqoun incomparable stoiqeÐa a1, a2, ..., ad sto D ètsi ¸ste suppx∗∗i ⊂
Vai = {b ∈ D : ai ≤ b}, gia i = 1, 2, ..., d kai ε > 0. Tìte

d(x∗∗1 + x∗∗2 + ...+ x∗∗d ,X0) ≥
d∑
i=1

d(x∗∗i ,X0)− ε.
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Apodeixh. Gia n < m jètoume
P[n,m](x

∗∗) =
∑

n≤|a|≤m
λawa kai P[n,∞](x

∗∗) = w∗ −
∑
n≤|a|

λawa,

ìpou λa = x∗∗(wa). Tìte èqoume:
d(x∗∗,X) = lim

n→∞
‖P[n,∞](x

∗∗)‖ kai ‖P[n,∞](x
∗∗)‖ = lim

m→∞
‖P[n,m](x

∗∗)‖.
'Estw n0 = max{d, |a1|, |a2|, ..., |ad|}.
Gia n > n0 mporoÔme epagwgik� na orÐsoume n0 < q1 < l1 < q2 < l2 <
... < qd < ld tètoia ¸ste ‖P[qi,li](x

∗∗)‖ > d(x∗∗i ,X)− ε
d
.

Epeid  gia k�je 1 ≤ i ≤ d up�rqei èna sÔnolo Fi = {bi,j : 1 ≤
j ≤ s(i) incomparable stoiqeÐwn tou D tètoia ¸ste qi ≤ |bi,j| ≤ li

kai ‖P[qi,li](x
∗∗
i )‖ =

∑
j∈Fi
|x∗∗i (bi,j)| kai epeid  to sÔnolo

d⋃
i=1

Fi apotelèitai

apì xèna an� dÔo incomparable stoiqeÐa, èqoume:

‖P[n0,∞](
d∑
i=1

x∗∗i )‖ ≥ ‖P[n0,lk](
d∑
i=1

x∗∗i )‖ ≥
d∑
i=1

∑
j∈Fi
|x∗∗i (bi,j)| ≥

≥
d∑
i=1

‖P[qi,li](x
∗∗
i )‖ ≥

d∑
i=1

d(x∗∗i ,X)− ε.

Qrhsimopoi¸ntac ta diorjog¸nia sunarthsoeid  (w∗a)a∈D twn (wa)a∈D,
gia k�je a ∈ D, mporoÔme na kataskeu�soume to stoiqeÐo da ∈ X0 mèsw
twn sqèsewn:

w∗a(da) = 1, w∗(b,0)(da) = w∗(b,1)(da) = 1
2
w∗b (da).

Tìte eÔkola blèpoume ìti gia k�je a ∈ D èqoume:
da = 1

2

(
d(a,0) + d(a,1)

)
, ‖da − da,0‖ = ‖da − da,1‖ ≥ 1

2
.

'Ara (da)a∈D eÐnai 1
2
-dèndro ston X0.

'Estw K1 = c̄o(da)a∈D. Tìte to K1 eÐnai non-dentable.

'Eqoume epÐshc ìti: K1 = {x ∈ X0 : x =
∞∑
n=0

∑
|a|=n

λawa}

ìpou λ0 = 1, λa ≥ 0, λa = λ(a,0) + λ(a,1).

Jètoume K = co (K1 ∪ (K1)).

Apì thn jewrÐa mètrou eÐnai gnwstì ìti:
ta mètra sto {0, 1}N (me thn topologÐa thc di�taxhc) eÐnai to sÔnolo

M({0, 1}N) =

(∑
γ∈Γ

⊕L1(µγ)

)
1

,

ìpou {µγ}γ∈Γ eÐnai an� dÔo k�jeta mètra sto {0, 1}N, to sÔnolo Γ
èqei plhjikìthta c kai isqÔei L1(µγ) = L1[0, 1]   L1(µγ) = R ([36]).

'Estw BD to sÔnolo ìlwn twn kladi¸n tou D, K1, K ta sÔnola
pou orÐsame prohgomènwc, M1 = M1(BD) ìla ta mètra µ sto BD me
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‖µ‖ ≤ 1 kai M+
1 = M+

1 (BD) ìla ta jetik� mètra µ sto BD me ‖µ‖ ≤ 1.
Gia a ∈ D, jètoume Va = {b ∈ D : a ≤ b}.

OrÐzoume thn apeikìnish: Φ : M+
1 → K̃1 me Φ(µ) = w∗−

∞∑
n=1

µ(Va)wa

h opoÐa eÐnai jetik , affine, èna proc èna kai epÐ (ìpou wa ta stoiqeÐa
pou orÐsthkan sthn arq  thc enìthtac).

Epeid  ‖Φ(µ)‖ ≤ sup{
k∑
i=1

|µ(Vai | : {ai}ki=1incomparable} = ‖µ‖ è-

qoume ‖Φ(µ1)− Φ(µ2)‖ ≤ ‖µ1 − µ2‖ kai mporoÔme na epekteÐnoume thn

apeikìnish aut  apì to M1 sto c̃o (K1 ∪ (−K1)) = K̃.
EpÐshc an µ ∈M+

1 kai jèsoume fµγ = dµ
dµγ

tìte èqoume:

i. to sÔnolo {γ < 2ω = Γ : fµγ 6= 0} eÐnai arijm simo
ii. to mètro µ eÐnai to norm ìrio

∑
γ∈Γ

fµγ dµγ.

�

Protash 5.12. Gia k�je δ > 0 up�rqei c1(δ) > 0, tètoio ¸ste an W
eÐnai èna kleistì kurtì δ-non-dentable uposÔnolo tou K, tìte gia k�je

epilog  apì slices S1, S2, ..., Sn tou W , up�rqoun x∗∗i ∈ S̃i gia i = 1, .., n

tètoia ¸ste gia λi ≥ 0 me
n∑
i=1

λi = 1, èqoume:

d(
n∑
i=1

λix
∗∗
i ,X0) > c1(δ).

Apodeixh. 'Estw S1, S2, ..., Sn slices tou W kai S̃1, S̃2, ..., S̃n ta an-

tÐstoiqa slices tou W̃ . Epeid  o X0 eÐnai diaqwrÐsimoc upìqwroc tou X∗∗0
apì thn prìtash 5.10 èqoume ìti gia i = 1, 2, ..., n up�rqoun (x∗∗ξ,i)ξ∈ω1 ⊂
SE tètoia ¸ste d(x∗∗ξ,i − x∗∗ζ,i,X0) > k = 3δ

8
, gia ζ < ξ.

'Estw µξ,i =
∑
γ∈Γ

f ξ,iγ dµγ ∈ M1 tètoia ¸ste Φ(µξ,i) = x∗∗ξ,i. Parath-

roÔme ìti:
‖µξ,i − µζ,i‖ ≥ ‖Φ(µξ,i)− Φ(µζ,i)‖ > 3δ

8
, gia ζ < ξ.

Tìte gia dedomèno ε > 0, epilègoume peperasmèno sÔnolo Fξ,i ⊂ Γ
tètoio ¸ste: ∑

γ∈Γ\Fξ,i
f ξ,iγ dµγ < ε.

Efarmìzoume to L mma Erdos-Rado ([22]) sthn oikogèneia sunìlwn

{Fξ =
n⋃
i=1

Fξ,i}ξ<ω1 . Up�rqei èna uperarijm simo sÔnolo A ⊂ ω1 kai èna

peperasmèno sÔnolo F , tètoio ¸ste Fξ ∩ Fζ = F , gia k�je ξ 6= ζ me
ξ, ζ ∈ A.
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ParathroÔme ìti to uperarijm simo sÔnolo {
∑
γ∈F

f ξ,iγ dµγ}ξ<ω1 eÐnai

uposÔnolo tou diaqwrÐsimou q¸rou

(∑
γ∈F
⊕L1(µγ)

)
1

kai sunep¸c gia

dedomèno ε > 0 up�rqei uperarijm simo sÔnolo I ⊂ ω1, tètoio ¸ste gia
k�je ζ < ξ, me ζ, ξ ∈ I, èqoume:

‖
∑
γ∈F

f ξ,iγ dµγ −
∑
γ∈F

f ζ,iγ dµγ‖ < ε.

QwrÐc bl�bh thc genikìthtac (mesw allag c deikt¸n) upojètoume
ìti I = ω1.

T¸ra gia ξ ∈ ω1 jètoume Gξ,i = Fξ,i \ F . Tìte ta Gξ,i eÐnai an� dÔo
xèna kai an µ2

ξ,i =
∑

γ∈Gξ,i
f ξ,iγ dµγ, tìte h oikogèneia {µ2

ξ,i}ξ∈I , perièqei

mètra an� dÔo singular (dhl. k�jeta, µ2
ξ,i ⊥ µ2

ζ,i, an ζ < ξ).
Tìte gia k�je ξ < ω1, èqoume: µξ,i = µ1

ξ,i + µ2
ξ,i + µ3

ξ,i, ìpou µ
1
ξ,i =∑

γ∈F
f ξ,iγ dµγ kai µ3

ξ,i =
∑

γ∈Γ\Fξ,i
f ξ,iγ dµγ.

EpÐshc gia k�je ξ ∈ ω1, ‖µ3
ξ,i‖ < ε kai gia ζ < ξ, èqoume ‖µ1

ξ,i −
µ1
ζ,i‖ < ε.
T¸ra ta x∗∗ξ,i = Φ(µ1

ξ,i)+Φ(µ2
ξ,i)+Φ(µ3

ξ,i) kai x
∗∗
ζ,i = Φ(µ1

ζ,i)+Φ(µ2
ζ,i)+

Φ(µ3
ζ,i) an koun ston 〈K̃〉.
Epeid  ‖Φ(µ)‖ ≤ ‖µ‖, èqoume:

‖Φ(µ3
ξ,i)−Φ(µ3

ζ,i)‖ = ‖Φ(µ3
ξ,i−µ3

ζ,i)‖ ≤ ‖µ3
ξ,i − µ3

ζ,i‖ ≤ ‖µ3
ξ,i‖+ ‖µ3

ζ,i‖ <
2ε kai
‖Φ(µ1

ξ,i)− Φ(µ1
ζ,i)‖ = ‖Φ(µ1

ξ,i − µ1
ζ,i)‖ ≤ ‖µ1

ξ,i − µ1
ζ,i‖ < ε.

Qrhsimopoi¸ntac trigwnik  anisìthta, to ìti d(x∗∗,X0) ≤ ‖x∗∗‖ kai
ìti d(x∗∗ξ,i − x∗∗ζ,i,X0) > k = 3δ

8
, gia ζ < ξ, èqoume:

d(Φ(µ2
ξ,i)− Φ(µ2

ζ,i),X0) > 3δ
8
− 3ε = δ′.

Autì sunep�getai ìti   d(Φ(µ2
ξ,i),X0) > δ′

2
  d(Φ(µ2

ζ,i),X0) > δ′

2
, ètsi

mporoÔme na upojèsoume ìti gia k�je ξ < ω1, èqoume d(Φ(µ2
ξ,i),X0) >

δ′

2
.
MporoÔme t¸ra na epilèxoume ξ1, ξ2, ..., ξn < ω1 ètsi ¸ste ta sÔnola

Gξ1,1, Gξ2,2, ..., Gξn,n na eÐnai an� dÔo xèna.
ParathroÔme ìti ta mètra µξ1,1, µξ2,2, ..., µξn,n eÐnai an� dÔo xèna.

Dedomènou ε > 0 up�rqoun V1, V2, ..., Vd anoiqt�-kleist� an� dÔo xè-
na uposÔnola tou BD, tètoia ¸ste µ2

ξi,i
(V c

i ) < ε, gia i = 1, ..., n kai

‖µ1
ξi,i

(
n⋃
i=1

Vi)‖ < ε.

Tìte èqoume:
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d

(
n∑
i=1

λiΦ(µ1
ξi,i

+ µ2
ξi,i

),X0

)
≥ d

(
n∑
i=1

λiΦ(µ1
ξi,i

(
n⋃
i=1

Vi) + µ2
ξi,i

(
n⋃
i=1

Vi)),X0

)
≥

≥ d

(
n∑
i=1

λiΦ(µ2
ξi,i

(Vi)),X0

)
−

n∑
i=1

λi‖Φ(µ2
ξi,i

(
⋃
i 6=1

Vi))‖ −
n∑
i=1

λi‖Φ(µ1
ξi,i

(
n⋃
i=1

Vi))‖ ≥

≥ d

(
n∑
i=1

λiΦ(µ2
ξi,i

(Vi)),X0

)
− 2ε.

K�je anoiqtì-kleistì sÔnolo Vi sto BD mporeÐ na grafeÐ sthn mor-

f  Vi =
n(i)⋃
l=1

Val,i ìpou ta al gia l = 1, ..., n(i) eÐnai incomparable stoiqeÐa

tou D kai Val,i = {b ∈ D : al ≤ b}. Tìte apì to l mma Vd1 èqoume ìti
h teleutaÐa posìthta den eÐnai mikrìterh apì:

n∑
i=1

λid(Φ(µ2
ξi,i

(Vi)),X0)− 3ε ≥

≥
n∑
i=1

λid(Φ(µ2
ξi,i

),X0)−
n∑
i=1

λid(Φ(µ2
ξi,i

(V c
i )),X0)− 3ε > δ′

2
− 4ε.

Tèloc,

d(
n∑
i=1

λix
∗∗
ξi,i
,X0) ≥ d

(
n∑
i=1

λiΦ(µ1
ξi,i

+ µ2
ξi,i

),X0

)
−

n∑
i=1

λi‖Φ(µ3
ξi,i

)‖ >

> δ′

2
− 5ε = c1(δ)

�

Jewrhma 5.13. Gia k�je δ > 0 up�rqei c(δ) > 0, tètoio ¸ste an
W eÐnai èna kleistì kurtì δ-non-dentable uposÔnolo tou K, tìte gia
k�je epilog  apì slices S1, S2, ..., Sn tou W kai gia k�je λi ≥ 0 gia

i = 1, .., n, me
n∑
i=1

λi = 1, èqoume diam

(
n∑
i=1

λiSi

)
> c(δ).

Apodeixh. 'Estw S1, S2, ..., Sn ta slices tou W kai S̃1, S̃2, ..., S̃n ta

antÐstoiqa slices tou W̃ . Apì thn prìtash 5.12 up�rqoun (x∗∗ξ,i)ξ∈ω1 ⊂

SE tètoia ¸ste d(
n∑
i=1

λix
∗∗
i ,X0) > c1(δ) gi� c1(δ) > 0. Tìte epeid 

isqÔoun ta:
Gegonìc 1

an d(
n∑
i=1

λix
∗∗
ξi,i
,X0) > c1(δ) tìte diam

(
n∑
i=1

λiS̃i

)
> c(δ) gia c(δ) > 0

(afoÔ gia to stoiqeÐo
n∑
i=1

λixi ∈ X0, me xi ∈ Si ⊂ S̃i, i = 1, ..., n

èqoume : ‖
n∑
i=1

λix
∗∗
ξi,i
−

n∑
i=1

λixi‖ > c1(δ) )

Gegonìc 2
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diam

(
n∑
i=1

λiS̃i

)
= diam

(
n∑
i=1

λiSi

)
([50]), Por. 1.9)

oloklhr¸netai h apìdeixh tou jewr matoc. �

To prohgoÔmeno je¸rhma mac exasfalÐzei ìti to sÔnolo K eÐnai
non-strongly regular kai epeid  h PCP sunep�getai thn strong regularity
èqoume:

Jewrhma 5.14. Up�rqei èna kleistì, kurtì, fragmèno non-dentable
uposÔnolo K tou X0, tètoio ¸ste sta uposÔnola tou K h RNP kai h
PCP eÐnai isodÔnamec idiìthtec.

Parathrhsh 5.15. Epeid  o q¸roc Banach XD,Sn mporeÐ na 1
2
- em-

futeuteÐ ston q¸ro Banach C(ωω
n
) (parat rhsh sthn enìthta 5.2)

qrhsimopoi¸ntac tic oikogèneiec Schreier Sn, antÐ twn kanonik¸n oiko-
genei¸n Fn, èqoume ìti o q¸roc Banach X0 mporeÐ na emfuteujeÐ ston

C(ωω
ω
) =

∞∑
n=0

⊕C(ωω
n
) kai ètsi o q¸roc C(ωω

ω
) apì to pìrisma 5.14

perièqei èna kleistì, kurtì, fragmèno non-dentable uposÔnolo K tètoio
¸ste sta uposÔnola tou K h RNP kai h PCP eÐnai isodÔnamec idiìth-
tec. To gegonìc autì mac  tan gnwstì apì to [42]. H kat�stash eÐnai

teleÐwc diaforetik  gia touc q¸rouc C(ωω
k
) me k ∈ N, ìpou k�je klei-

stì, kurtì, fragmèno non-RNP uposÔnolo K tou C(ωω
k
) perièqei èna

kleistì, kurtì, non-RNP uposÔnolo L pou èqei thn PCP ([44]).



BibliografÐa

[1] F. Albiac, N.J. Kalton:Topics in banach Space Theory, Grad. Texts in Math.
283, Springer, 2006.

[2] D. Alspach and S. Argyros Complexity of weakly null sequences, Disserta-
tiones Math. 321, 1992, 1-44.

[3] S. Argyros, I. Deliyanni:Representations of convex non-dentable sets, Pacific
J. Math. 155, 1992, 29-70.

[4] S. Argyros, I. Deliyanni:Non-dentable sets in Banach spaces with separable
dual, Israel J. Math. 81, 1993, 53-64.

[5] S. Argyros, G. Godefroy and H. P. Rosenthal, Descriptive Set Theory and
Banach Spaces, Handbook of the geometry of Banach Spaces, Vol. 2, W. B.
Johnson and J. Lindenstrauss, eds, Elsevier, Amsterdam, 2001, 1007-1069.

[6] S. Argyros, E. Odell, H. Rosenthal:On certain convex subsets of c0, Lect.
Notes in Math. 1332, Springer, 1987, 80-111.

[7] S. Argyros, M. Petrakis:A property of non-strongly regular operators, Lon-
don Math. Soc., Lect. Note Ser. 158, Camb. Univ. Press, 1990, 5-24.

[8] Y. Benyamini, J. Linderstrauss:Geometric Nonlinear Functional Analysis
V1, AMS, Coll. Publ., Vol. 48, 2000.

[9] C. Bessaga, A. Pelzynski:Spaces of continuous functions IV, Studia Math.
19, 1960, 53-62.

[10] C. Bessaga, A. Pelzynski:On extreme points in separable conjugate spaces,
Israel J. Math. 4, 1966, 262-264.

[11] E. Bishop, R.R. Phelps:A proof that every Banach space is surjective, Amer.
Math. Soc. Bull. 67, 1961, 97-98.

[12] J. Bourgain:La propriete de Radon-Nikodym, Pub. Math. de l’ Univ. Pierre
et Marie Curie, no 36, Paris, 1980.

[13] J. Bourgain, H. Rosenthal: Martingales valued in certain subspaces of L1,
Israel J. Math. 37, No 1-2, 1980, 54-75

[14] J. Bourgain:Dentability and finite dimensional decompositions, Studia Ma-
th. 67, 1980, 135-148.

[15] J. Bourgain:Dunford-Pettis operator on L1 and the Radon-Nikodym pro-
perty, Israel J. Math. 37, 1980, 34-47.

[16] J. Bourgain:Sets with the Radon-Nikodym property in conjucate spaces, Stu-
dia Math. 60, 1980, 291-297.

[17] J. Bourgain, D.H. Fremlin, M. Talagrand:Pointwise compact sets of Baire
measurable functions, Amer. J. Math. 100, 1978, 845-886.

[18] J. Bourgain, H. Rosenthal:Geometrical imlications of certain infinite dimen-
sional decompositions, Bull. Soc. Math. Belg. 32, 1989, 57-82.

95



96 BIBLIOGRAF�IA

[19] J. Bourgain, M. Talagrand:Dans un espaces de Banach reticule solide, la
propriete de Radon-Nikodym et cell de Krein-Milman sont equivalentes,
Proc. Amer. Math. Soc. 81, 1981, 93-96.

[20] R. Bourgin:Geometric Aspects of Convex Sets with the Radon-Nikodym Pro-
perty, Springer-Verlag, 1983.

[21] S.D. Chatterji:Martingale convergence and the Radon-Nikodym theorem in
Banach spaces, Math. Scand. 22, 1968, 21-41.

[22] W. Comfort and S. Negrepontis, Theoty of Ultrafilters, Springer-
Verlag,1974.

[23] D. L. Cohn, Measure theory, Birkhauser, Boston 1997.
[24] W.J. Davis, R.R. Phelps:The Radon-Nikodym property and dentable sets in

Banach spaces, Proc. Amer. Math. Soc. 45, 1974, 119-122.
[25] J. Diestel:Geometry of Banach Spaces, Selected Topics, Lect. Notes in Ma-

th., 485, Springer, 1975.
[26] J. Diestel, J.J. Uhl Jr.:Vector measures, AMS, Math Sur and Mon., Vol 15,

1977.
[27] I. Gasparis, A dichotomy theorem for subsets of the power set of the natural

numbers, Proc. Amer. Math. Soc., Vol. 129, No. 3, 2000, 759-764.
[28] N. Ghoussoub, G. Godefroy, B. Maurey, W. Schachermayer:Some topological

and geometrical structures in Banach spaces, Mem. Amer. Math. Soc. 70,
1987, no 378.

[29] N. Ghoussoub, B. Maurey, W. Schachermayer:A counterexample to a pro-
blem aboyt points of continuity in Banach spaces, Proc. of AMS 99, no 2,
1987, 278-282.

[30] N. Ghoussoub, B. Maurey, W. Schachermayer:Geometrical imlications of
certain infinite dimensional decompositions, περιέχεται στο [29].

[31] P. Habala, P. Hajek, V. Zizler:Introduction to Banach Spaces [I], [II],
Matfyzpress, vydavatelstvi Matematicko-fyzikalni faculty, Univ. Karlovy,
1996.

[32] R.E. Huff:Dentability and the Radon-Nikodym property, Duke Math.J. 41,
1974, 111-114.

[33] R.E. Huff, P.D. Morris:Dual spaces with the Krein-Milman property have
the Radon-Nikodym property, Proc. Amer. Math. Soc. 49, 1975, 104-108.

[34] R. C. James:KMP, RNP and PCP for Banach spaces, Contemp. Math. 85,
Amer. Math. Soc., 1987, 281-317.

[35] R. C. James:A non-reflexive Banach space isometric with its second conju-
gate space, Proc. Natl. Acad.Sci. U.S.A. 37, 1951, 174-177.

[36] H. E. Lacey, The Isometric Theory of Classical Banach Spaces, Springer-
Verlag, Berlin, 1974.

[37] Bor-Liu Lin, Pei-Kee Lin, S.L. Troyanski:A characterization of denting
points of a closed bounden convex set, Longhorn Notes, U.T. Functional
Analysis Seminar, 1985-1986, Univ. of Texas.

[38] J. Linderstrauss:On extreme points in `1, Israel J. Math. 4, 59-61.
[39] J. Lindenstrauss, L. Tzafriri:Classical Banach Spaces I, Springer, 1977.
[40] H.B. Maynard:A geometrical characterization of Banach spaces with the

Radon-Nikodym property, Trans. Amer. Math. Soc. 185, 1973, 493-500.



BIBLIOGRAF�IA 97

[41] A.A. Miljutin:Isomorphism of the spaces of continuous functions over com-
pact sets of the cardinality of the continuum, Teor. Funkcii Funkional Anal.
Prilozen, Vyp. 2, 1966, 150-156.

[42] E. Odell:manuscript.
[43] E. Odell:On quotients of Banach spaces having shrinking unvonditional ba-

ses, Illinois J. of Math., Vol. 36, No 4, 1992, 681-695.
[44] P. D. Pavlakos and M. Petrakis, On the structure of non-dentable subsets of

C(ωωk

), Studia Math., No 203, 2011, 205-222.
[45] A. Pelczynski, On the impossibility of embedding of the space L in certain

Banach spaces, Colloq. Math. 8, 1961, 199-203.
[46] B.J. Pettis:Linear functionals and completely additive functions, Duke Ma-

th. J. 4, 1938, 552-565.
[47] R.R. Phelps:Dentability and extreme points in Banach spaces, J. Funct.

Anal. 17, 1974, 78-80.
[48] M.A. Rieffel:The Radon-Nikodym Theorem for the Bochner Integral, Trans.

Amer. Math. Soc. 131, 1968, 466-487.
[49] H. Rosenthal:Pointwise compact subsets of the first Baire class, Amer. J.

Math. 99, 1977, 362-378.
[50] H. Rosenthal:On the structure of non-dentable closed bounded convex sets,

Adv. Math. 70, 1989, 159-182.
[51] H. Rosenthal, A. Wessel:The Krein-Milman property and a martingale co-

ordinatization of certain non-dentable sets, Pacific J. Math. 136, 1989, 159-
182.

[52] W. Rudin:Real and complex analysis, McGraw Hill, 1986 (3d ed.).
[53] W. Schachermayer:For a Banach space isomorphic to its square the Radon-

Nikodym property and the Krein-Milman property are equivalent, Studia
Math. 81, 1985, no3, 329-339.

[54] W. Schachermayer:The Radon-Nikodym property and the Krein-Milman
property are equivalent for strongly regular sets, Trans. Amer. Math. soc.
303, 1987, 673-687.

[55] C. Stegall:The Radon-Nikodym property in conjugate Banach spaces, Trans.
Amer. Math. soc. 206, 1975, 213-223.



 

  



 


	εξώφυλλο.pdf
	Πρόλογος
	Μελέτη Γεωμετρικών Ιδιοτήτων Χώρων Banach 1
	χαρτί 7μελους

