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Abstract

In this thesis we consider the performance degradation of three telecommunication transceivers
with respect to parameters uncertainties. The major contribution of our analysis is the
derivation of simple and informative approximations to the excess mean square error, which
uncover the basic factors that determine the performance of each transceiver under the pres-
ence of parameter uncertainties.

In Chapter 1, we briefly present the channel models and the transceiver structures used
in this thesis.

In Chapters 2 and 3, we consider the case of the Multiple-Input Multiple-Output
(MIMO) flat fading channel and two widely known transceiver schemes, i.e., the trans-
mit MIMO Wiener filtering and the Tomlinson-Harashima (TH) precoding. For the case of
the transmit MIMO Wiener filtering, degradation is due to channel estimation errors and
time-variations, and noise second-order statistics estimation errors. For the case of the TH
precoder, degradation is due to channel estimation errors and time-variations. For both
cases, our final expressions uncover the factors that determine the performance degradation
in practice, and the relative importance between different error sources.

In Chapter 4, we consider the case of the Single-Input Single-Output (SISO) frequency
selective channel and the minimum mean square error (MMSE) linear equalizer. The error
sources that cause the system degradation is the channel and CFO estimation errors. Our
aim is to uncover the relative importance of these error sources. It turns out that the CFO
estimation error is much more important than the channel estimation error. This fact leads
to useful conclusions concerning the optimal training sequence design for joint CFO and

channel estimation.
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Notation

Boldface uppercase and boldface lowercase letters denote matrices and column vectors, re-
spectively. Superscripts 7, # and * denote transpose, conjugate transpose and elementwise
conjugation, respectively. tr(-), vec(-) and vech(-) denote the trace, the vectorization and
the half-vectorization operator, respectively. ® denotes the Kronecker product and Re{-}
extracts the real part of a complex number. The eigenvalues of matrix A are denoted as
Ai(A). omax(*)s omin(-), || - ll2, || - |lF, and ka(-) denote, respectively, the maximum singu-
lar value, the minimum singular value, the spectral norm, the Frobenius norm, and the
condition number, with respect to the spectral norm, of the matrix argument.

If A is an n x n positive semidefinite matrix, then its eigenvalues are ordered such that
AM(A) > A2(A) > -+ > A\ (A). A > B means that A — B is positive semidefinite. a;;
denotes the (i, j)-th element of matrix A, and Iy, and O, denote the M x M identity and

zero matrix, respectively.



Matrix results

In this section, we present useful matrix results that are used throughout this thesis.

For matrices with compatible dimensions [20, pp. 17-19]

tr(ABCD) = vec! (DT)(CT ® A)vec(B) (1)
vec(ABC) = (CT ® A) vec(B). (2)
AB®CD = (A®C)(B®D) (3)
tr(A ® B) = tr(A) tr(B) (4)
and [20, p. 117]
KA@BKE=B®A. (5)

where K denotes the commutation matrix. If A and B are positive semidefinite, then [20, p.
44)
tr(AB) < tr(A) tr(B). (6)

If B is positive semidefinite with maximum eigenvalue Apax (B), then [20, p. 44]
tr (ABA™) < Apax (B) tr (AAT) (7)
For any matrix A [20, p. 97]
vec(A) = Kvec(AT). (8)
If A is lower triangular, then [20, p. 99]
vec(A) = LT vech(A) (9)
and
vec(diag(diag(A))) = LTLKL” Lvec(A) (10)

where L is the elimination matrix [20, ch. 9] and diag(diag(A)) is the diagonal matrix

whose elements are the diagonal elements of A. Finally, we remind that [27, p. 130]

(A+AA) T =A1T - ATTAAAL L O(|AAJP). (11)

X1



Chapter 1

Telecommunication Transcelvers

In this chapter, we introduce the Single-Input Single-Output (SISO) and the Multiple-Input
Multiple-Output (MIMO) channel models and we briefly comment the impairments they
induce to a telecommunication system. In the sequel, we present commonly used transceiver

structures that combat the unwanted effects caused by the wireless channels.

1.1 Channel models

1.1.1 SISO channels

The transmission over a frequency-selective SISO communication channel is described by

the baseband-equivalent signal model

L
Yn = Z hisp—i + wp (1'1)
=0

where s, and w, denote the channel input and additive channel noise, respectively, and
. . A
the channel impulse response is denoted as h = [hg - --hr]7.
It is obvious from (1.1) that the received signal suffers from inter-symbol interference

(ISI) that has to be eliminated.

1.1.2 MIMO channels

The transmission over a flat fading MIMO communication channel with n; transmit and

n, receive antennas is described by the baseband-equivalent signal model

y:Hs+w (12)
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where s is the n; x 1 channel input vector, H is the n, X n; channel matrix, and w is the
n, X 1 additive channel noise.

From (1.2), we observe that the signal received at each antenna suffers from inter-stream
interference.

In order to eliminate ISI and inter-stream interference in SISO and MIMO systems the
signal has to be processed at the receiver and/or the transmitter. This processing, known

as equalization, is performed using properly designed filters.

1.2 Transceivers

The design of equalizing filters can be stated as a simple optimization problem, that of
finding the filter parameters that minimize an appropriate cost function.

The most efficient strategy is to consider the joint optimization of the transmit and
receive filters, which implies high complexity at both sides of the communication link.

To reduce the complexity at one side of the link, we use the suboptimal solution of the
transmit or receive processing, i.e., transmit processing simplifies receivers, while receive
processing simplifies transmitters. In any case, the transceiver design depends on the
performance requirements and the affordable complexity of the communication scenario
under consideration.

Many transmitter and receiver structures mitigating ISI and inter-stream interference
have been proposed in the literature, achieving various levels of performance with vary-
ing complexity. Linear equalization is a simple technique of low complexity that works
well in many cases. In cases where linear processing does not meet the required system
performance, non-linear structures (usually, of higher complexity) are used.

In many cases, the computation of the equalizing filters assumes perfect knowledge of
system parameters (e.g., the channel state information (CSI), the noise and input second-
order statistics, the carrier frequency offset (CFO)) at the transmitter and/or the receiver.
But, in real-world systems this assumption is not realistic. One way to proceed is to es-
timate the unknown parameters and use the estimates as if they were the true quantities;
this is sometimes called the mismatched approach. Another way is to exploit the statisti-
cal description of the parameter uncertainties and develop robust designs. In both cases,
the design of the equalizing filters is based on inezxact estimates and thus performance

degradation is inevitable.
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In this thesis, we study the performance degradation of three widely known transceiver
structures in terms of the excess mean-square error (EMSE) induced by the parameter un-
certainties. More specifically, we estimate the unknown parameters of interest and use the
mismatched approach to compute the transceiver filters. Perhaps, a more interesting system
characterization would result if we used the bit-error rate (BER) as a metric, but, unfortu-
nately, the MSE and BER are not connected by a simple relationship for the transceivers
under consideration.

In Chapter 2, we consider the case of transmit processing (precoding or pre-equalization)
for the case of a flat fading MIMO channel, and more specifically, we study the performance
degradation of the transmit MIMO Wiener filter due to channel and noise second-order
statistics uncertainties. We develop second-order EMSE approximations and assuming op-
timal training we derive simple EMSE approximations in the high SNR cases. Considering
the channel estimation errors, we conclude that the EMSE is proportional to the minimum
MSE (MMSE). Considering the channel time-variations, we find that the EMSE increases
with increasing SNR and for high SNR it reaches an asymptotic value. For the case of
noise SOS estimation errors, we show that the EMSE is proportional to the squared noise
variance. A comparison of the EMSEs for the cases of estimation errors only shows that the
channel estimation errors are much more significant than the noise SOS estimation errors.

In Chapter 3, we consider the non-linear Tomlinson-Harashima (TH) precoder for the
flat fading MIMO channel. The specific TH scheme is implemented by a non-linear structure
at the transmitter followed by a linear filtering and a modulo operator at the receiver.
Again, we compute the associated EMSE induced by the channel estimation errors and the
channel time-variations. Considering a packet-based communication scenario where the
channel may change (slowly) between successive packets, we conclude that the processing
of each packet suffers from errors at both the transmitter and the receiver. We show that
the EMSE consists of two components that can be studied separately. The first component
is due to the mismatch between the previous channel estimate and the current channel,
while the second is due to the mismatch between the current channel and its estimate. We
develop a second-order approximation to the EMSE and, then, using optimal training, we
focus on the high-SNR regime and derive a simple, informative, and tight (for sufficiently
high SNR) EMSE upper bound, which uncovers the basic factors that determine the MIMO-
TH performance degradation.

Finally, in Chapter 4, we apply the MMSE linear equalizer to a SISO frequency-selective
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channel, we quantify the system performance degradation due to channel and CFO esti-
mation errors and we derive useful conclusions for the training sequence design for joint
channel and CFO estimation. More specifically, the performance degradation is due to
the fact that a mismatched MMSE linear equalizer is applied to channel output samples
with imperfectly canceled CFO. We uncover that, in many cases of high practical impor-
tance, the imperfectly canceled CFO is the main cause of the performance degradation. In
these cases, the EMSE is approximately proportional to the CFO estimation error variance,
with the proportionality coefficient being independent of the TS, implying that optimal TS

design for CFO estimation is also highly relevant for joint CFO and channel estimation.



Chapter 2

On the sensitivity of the transmit
MIMO Wiener filter with respect
to channel and noise second-order
statistics uncertainties

We consider the sensitivity of the transmit MIMO Wiener filter with respect to channel and
noise second-order statistics (SOS) uncertainties. Using results from matrix perturbation
theory, we derive second-order approximations to the excess mean-square error (EMSE)
induced by using the channel or noise SOS estimates as if they were the true quantities.
Assuming optimal training and sufficiently high SNR, we develop simple and informative
approximations to the EMSE, which indicate that the channel estimation errors are much
more significant than the noise SOS estimation errors. Uncertainties due to channel time-
variations induce EMSE that increases with increasing SNR and asymptotically tends to a

constant value.

2.1 Introduction

Joint optimization of transmit and receive filters for combatting frequency selectivity and/or
interstream interference in MIMO or multiuser systems has been extensively studied (see,
for example, [12] and the references therein). In order to keep the mobile units as sim-
ple as possible, we may consider separate transmit or receive processing. The transmit
matched filter (TxMF), the transmit zero-forcing filter (TxZF) and the transmit Wiener
filter (TxWF) are three linear pre-equalization (or precoding) structures that combat fre-
quency selectivity and/or inter-stream interference and keep the receivers simple, because

the only processing required at the receiver is a scalar scaling [12], [13].
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The TxWF, which outperforms the two other structures in terms of mean-square er-
ror (MSE) and bit-error rate (BER) [12], can be computed if the channel and the input
and noise second-order statistics (SOS) are perfectly known at the transmitter. This may
happen, for example, in time division duplex (TDD) systems or systems with a feedback
information channel. If the channel and/or the noise SOS are unknown at the transmitter,
as it is usually the case, then a common approach towards the design of the TxWF is to
estimate the unknown quantities and then use the estimates as if they were the true quan-
tities. Estimation errors and/or time-variations introduce uncertainties in the estimated
quantities and induce excess MSE (EMSE) leading to TxWF performance degradation.

In this chapter, we consider the sensitivity of the TxWF with respect to channel and
noise SOS uncertainties and we develop second-order approximations to the associated
EMSEs. While the general expressions are complicated and difficult to interpret, we are
able to derive simple and informative EMSE approximations for the high SNR cases. It
turns out that the EMSE due to channel estimation errors is proportional to the minimum
MSE (MMSE), while the EMSE due to noise SOS estimation errors is proportional to
the squared noise variance. On the other hand, the EMSE due to channel time-variations

increases for increasing SNR and asymptotically reaches a constant value.

2.2 The Transmit Wiener Filter

2.2.1 The system model

We consider the pre-equalized, baseband-equivalent, discrete-time frequency-flat MIMO
system, with n; transmit and n, receive antennas (with n, < n;), depicted in Fig. 2.1.

This system is described by the expression
s=HPs+w (2.1)

where s is the n, x 1 input signal, P is the n; x n, pre-equalization matrix, H is the
n, X ny channel matrix and w is the n, x 1 additive channel noise. The input and noise
vectors, s and w, are assumed to be complex-valued, independent, circular, with covariance
matrices Rg = I,,, and Ry, = 02 1,,, respectively; furthermore, the noise is assumed to be
Gaussian. This model is particularly suitable for the broadcast scenario, where the users
cannot cooperate in order to combat inter-stream interference and, thus, the need for pre-

equalization is imperative. In this case, the i-th element of s is the symbol intended for the



2.2 The Transmit Wiener Filter 7

S—— P HﬁQB—'S

Fig. 2.1. System model

i-th user.
2.2.2 Computation of the TxWF
Our aim is to compute the TxWF P and the scalar § that minimize the cost function [13]
mse(P, 3) £ € [|ls - 57'8/3] (2:2)
subject to the transmit power constraint
E[|IPs|3] =E. (2.3)
Function mse(-) can be analytically expressed as
mse(P, 8) = tr (I,,) — 26" 'Re {tr (HP)} + 8~ %tr (HPPYH"Y) + 8%tr (Ry).  (24)

The optimal values for this constrained optimization problem are [13]

(2.5)
and P, = 60130, where
(2.6)
and
o2 T (R) (2.7)

In [12], quantity « has been defined as inverse SNR.
Using the optimal values P, and 3, in (2.4), it can be shown that the MMSE is

MMSE £ mse(Py, ) = tx(T,,) — 2Re { tx(PoH) | + tr(HP,PIH') + a tx(P,PY)
2 MSE(P,).
(2.8)
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2.2.3 Channel and noise SOS uncertainties

In the above development, we assumed that the channel matrix H and the noise covariance
matrix R, are perfectly known at the transmitter. Perhaps, the easiest way to obtain esti-
mates of these quantities is through training. In frequency division duplex (FDD) systems,
the estimates can be computed at the receiver and communicated to the transmitter via
a feedback channel, while in TDD systems they can be computed at the transmitter. In
this work, we consider channel estimation at the receiver, i.e., FDD systems. Of course,
analogous results hold for TDD systems.

The channel estimate H at the transmitter may suffer from two basic sources of un-
certainty, namely, estimation errors and time-variations. We define the channel error or
mismatch as

é A~

AH=H-H (2.9)

and we assume that vec(AH) is complex-valued, circular with
Ryec(aH) ¢ [vec(AH)vecH(AH)] =3 (2.10)
Next, we compute X for the two cases of interest.

1. Channel estimation errors: In this case, we assume that the channel is time-invariant
and we estimate it using training. If we denote the n; X Ny, training block as Sy, and
the corresponding channel output as Yy, then the maximum likelihood (ML) channel
estimate is [28, p. 174]

H=Y,S7 (s,87)". (2.11)

Optimal channel estimates are obtained for semi-unitary training matrix Sy, i.e.,
Strsg o I,,,. The corresponding channel estimation error covariance matrix is given

by [28, p.175]

0.2

%= L (2.12)

2. Channel time-variations: In this case, we assume that uncertainties due to channel
time-variations dominate those due to channel estimation errors (i.e., we assume that
the channel estimate is perfect and we focus on channel time-variations) *. We denote
with H = H; the true channel at time instant ¢ and with H = H;_. the outdated

channel version at the transmitter, where 7 is the time needed for the feedback loop.

"We introduce the statistical model for the channel time-variations just for analysis purposes. Robust
precoders exploiting this knowledge (see, for example [6]), are beyond the scope of this paper.
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We assume that {H,} is a stationary matrix random process and, at each time instant
t, the elements of H; are zero-mean, unit variance i.i.d. Gaussian random variables,
yielding vec(H), vec(H) ~ CAN(0,1,,, ). The channel coefficients are time-varying
according to Jakes’ model, with common maximum Doppler frequency f;. Thus, H

and H can be modeled as jointly Gaussian with cross-correlation [3, p. 93]

& vec(H)vecH(ﬂ)] = pr L,
where p; is the normalized correlation coefficient specified by the Jakes model, i.e.,
pr = Jo(2m fqr), with Jy(-) the zeroth-order Bessel function of the first kind. In this

case, it can be easily proved that

2 =2(1— p)ppm, - (2.13)

We continue with the noise SOS uncertainties. Since we assume that R,, = O'?UInT, we

define the SOS estimation error as

ARy 2 (62 — 02)1,,. (2.14)

w

Using training data Sy, it can be shown that an unbiased noise variance estimate is [24, p.
697]
1

2 1 H
=—— tr (Y, ParY 2.1
w Ny (Ntr — nt) ' ( t St}{ tr) ( 5)

o4

where Pé‘H is the orthogonal projector onto the orthogonal complement of the column space
tr

of S{. For more details, the reader is referred to, for example, [28, Sec. 9.4]. Using optimal

training, it can be shown that the noise variance estimate (2.15) has variance (we prove it

in Appendix 2A)

&6 -02)?] = M (2.16)

2.2.4 EMSE of the TxWF with uncertainties

In this subsection, we develop a second-order approximation to the EMSE induced by
channel or noise SOS uncertainties. We denote with f’ and ﬁ the scaled TxWF and the
Wiener scalar computed by using the channel or the noise SOS estimates as if they were
the true quantities. The corresponding TxWF is P 2 Bf’ The MSE associated with P
and ﬁ is

mse(P, 3) = MSE(P).
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Using a Taylor expansion of function MSE(-) around point P, we obtain
MSE(P) = MSE(P,) + tr (Af’HMSE”(f’O)AP> (2.17)

where AP 2 PP, and MSE" (P,) is the second derivative of the function MSE, evaluated
at the point P,. From (2.8), we obtain that [10]

MSE"(P,) = HH + ol,,,. (2.18)

We define the EMSE as

EMSE(P) = £ [MSE(P) — MSE(P,)| = & [tr(APPMSE"(P,)AP) |
(2.19)
-y [tr (APH(HHH + aInt)AP)} .

2.3 EMSE due to channel uncertainties

In this section, we assume that the transmitter perfectly knows the noise SOS and has
obtained a channel estimate H, which is used for the computation of the TxWF. In order
to compute the EMSE in (2.19), we must develop a first-order approximation to AP with
respect to AH. This is our task in the sequel. If we use in (2.6) the estimate H as if it

were the true channel H, then we compute the scaled pre-equalization matrix

2 N N -1 .
P= (HHH + aIm> i (2.20)
which can be written as
2 -1
. (HHH +al,, + HIAH + AHTH +O(HAHH2)) (HP + AHH). (2.21)
Ka

Using the first-order approximation in (11) and definition (2.6), we obtain

P =P, - (H'H + ol,,) ' (KaP, — AHY) + O(||AH|)?).
Thus, a first-order approximation to AP is

AP = — (HPH + ol,,)"! (KaP, — AHH) (2.22)

A A

and a second-order approximation of the EMSE is given by
EMSE(P) = & [tr (AP/ (HTH + l,,)AP) C2) ¢l (ATA A)]
— & [tr (AAL, AT)] Y ¢ [vec (A)(L,, ® A)vec(A)] (2.23)
=tr ((I,, ® A) € [vec(A)vec (A)]).
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From the definitions of A in (2.22) and Ka in (2.21), we obtain

vec(A) = VGC(HHAHISO) + vec (AHH (Hf)o — Im>)

— (BT @ H) vee(AH) + ((BTHT —I,) o I, ) vec(aAHF) (321
TV
M, M,

where we made use of (2). Using the commutation matrix K,,,, and (8) we obtain
vec(A) = Mjvec(AH) + My Kvec(AH™)

where, for notational simplicity, the commutation matrix is denoted as K. Using the

circular symmetry of AH and (2.10), we obtain

~

EMSE(P) = tr ((I,, ® A) (M; EM{ + M, KS*K”MY')).

Finally, we obtain the expression

EMSE(P) = T, + T (2.25)

where

Ty 2 tr (I, ® A) MyIMY) = tr (M2 (I, ® A) M, %)
by (2.26)
2V ((P;PI  HAHY) 3)
and
Ty 2 tr (I, ® A) MoKE*KIMY ) = tr (KAMZ (1, ® A) MobKE*)

(@29 (KH ((H*f); ~ 1L, )PTHT ~1,)® A> KE*) (2.27)

— tr ((A ® (H'P* — 1, )(PTHT — Inr)) 2*)

where we made use of expressions (3) and (5).
Until now, we have expressed the EMSE in terms of ¥. Expressions (2.25)—(2.27) are
admittedly complicated and do not provide significant insight. In the sequel, we assume

sufficiently high SNR and we derive simple and informative approximations of the EMSE.

2.3.1 Channel estimation errors and high SNR

In this subsection, we assume that the channel uncertainties are due to estimation errors,
implying that ¥ = (02 /Ng) Ly,n,. Using the SVD of H, it can be shown that, for i =
1,...,n, (recall the definition of A in (2.22))

Ai (HPH)

(2.28)
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For a < A, (H”H), that is, o much smaller than the smallest nonzero eigenvalue of H¥H,

implying sufficiently high SNR, we obtain

nr . H
tr (HAHY) =)~ AA(H(EH)HJEQ ~tr(L,,). (2.29)
=1

Another high SNR approximation that will prove useful in the sequel is (the proof is pro-
vided in Appendix 2B)

tr(P,P) ~ ~ MMSE. (2.30)

e
Starting with T in (2.26) and using (4) we obtain

2

2 o 2.29 L.
T, #? Uﬁ: tr(Pj;PZ ®HAHH) =2 ;—:”tr (P;’;PZ) tr (I,
nr oy, tr prpr) 320 nr oy, 1MMSI; .
N r<O°)NNtrE '

In order to compute an approximation of T, we use an expression analogous to (2.28), for
1=1,...,n,

a2

A (P -1 )BIHT 1)) = o (2:32)
For high SNR, the right-hand side of (2.32) goes to zero, yielding
tr ((H*Pg — 1, )(PTHT — Im)) ~ 0. (2.33)
Thus,
T, %1% ;% tr (A) tr ((H*P;; ~ 1, )(PTHT — Im)) C2 . (2.34)

We conclude that, for sufficiently high SNR, term Ts is negligible compared with T1; this
statement is in agreement with simulations in Section V. Combining expressions (2.25),

(2.31) and (2.34), we obtain

: 21 7 E
EMSE(P) ~ 7w Z nvimsE % 2 MMSE.
tr & tr
Thus, for optimal training and sufficiently high SNR
2 E
EMSE(P) ~ MMSE. (2.35)
tr

We observe that the EMSE is approximately proportional to the MMSE, with the propor-
tionality factor being the ratio of the transmit power, E, to the length of the training block
used for channel estimation, Vi,. Expression (2.35) can be used as a criterion for the choice

of the length of the training block Ny, and/or the total transmit power E.
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2.3.2 Time-varying channels and high SNR

In this subsection, we assume that the uncertainties due to time-variations dominate those
due to estimation errors, yielding ¥ = 2(1 — p;)I,,n,.. The only term of the previous

analysis that is affected is (2.26), which becomes

-~ 2.29 ~ o~
T, "2V o1~ ) tr(Pj;PZ ® HAHH) C 90— o)t (P:;PZ) tr(I,).  (2.36)

giving that

EMSE(P) ~ 2n,(1 — p,)tr (P;;POT) . (2.37)

It is easy to see that
. . oL N(HHT)
P;PT) = tr (P,PY) = tr (HAZHY) = )~
tr( o+ o tr o tr( ) — ()\Z(HHH +a)2

is an increasing function of SNR and tends to tr ((HHH )_1) for SNR tending to infinity.

Thus, the EMSE increases for increasing SNR and asymptotically attains the value

EMSE(P) ~ 2n,(1 — p,) tr((HHF) ). (2.38)

Of course, the above approximations are accurate for slow time-variations because fast
time-variations introduce large channel uncertainties rendering our asymptotic analysis

inaccurate.

2.4 EMSE due to noise SOS uncertainties

In this section, we assume that the channel is perfectly known at the transmitter and the
noise SOS estimate R, is used as if it were the true R,,. Then the scaled precoding matrix

becomes

~ —1
. (HHH 4 &Ry g ARw) Im> HH. (2.39)

Using (11), a first-order approximation to AP, with respect to AR, is given by

tr (ARy,)
E

(HPH +a1,,) ' B, %2 ARy p (2.40)

AP = —
E

Substituting the above expression in (2.19), we obtain the second-order approximation

EMSE(P) = & [tr (APH(HHH +al, )AP)}
_ELE ORI (BraB,)

(2.41)
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2.4.1 Optimal training and high SNR

Considering optimal training and high SNR, recalling that we consider the spatially and

temporally white Gaussian noise case and using (2.16), we get

£ [tr? (ARy)] = £ [nz (62 — o2 )2] —n2¢ [(&2 - agﬂ _ (2.42)

w

Using (2.16) and (2.42), (2.41) becomes

~ 2
EMSE(P) = ny € [(0;2;2— o2) } tr ( pH A]50> = m tr (;35 A150> o (243)

Using the definitions of P, and A in (2.6) and (2.22), respectively, we write

tr (155 Af’o) — tr (H (H'H + oL,,) ° HY ) = tr (HAPH) . (2.44)
An expression analogous to (2.28), for i = 1,...,n,, is
(Y1H

(A (HTH) + o)’
which, for high SNR, gives

1 1
A2 (HEH) A\ (HHH)

N (HAPHY) ~

Thus
. - r 1 1
" (PH APO) ~S —— — (=B .

and finally, combining expressions (2.43) and (2.45), we obtain

ny o

| (HET) 2, (2.46)

This approximation states that the EMSE is proportional to the squared noise variance,
ol which decreases very fast for increasing SNR. The proportionality factor is determined
by the transmit power, E, the length of the training block, Ny, the number of the transmit
and receive antennas n; and n,, and the conditioning of the matrix channel H, through the
Frobenius norm || (HH )_1 2. In the simulations section, we will see that this bound is

a good approximation to the EMSE, especially at high SNR.
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Table I

Elements of channel matrix H

-0.2646 + 0.1212*j | -0.0456 - 0.2588%*j | -0.0081 - 0.7268%]

0.0664 + 0.0179%j | -0.1597 + 0.4986*] | 0.0656 - 0.1866%]

10" bl

MSE

10 °F !

L L L L L
0 5 10 15 20 25 30
SNR in dB

Fig. 2.2. MMSE using the true channel (‘-0’) and expectation of the MSEs using the channel
estimate (‘-*7).

2.5 Simulation Results

We consider a system with n; = 3 transmit antennas and n, = 2 receive antennas. We
consider the channel matrix H with elements given in Table I 2. The noise is spatially
and temporally white, circularly symmetric complex Gaussian with variance o2. We set
the transmit power E = n;. We assume that the training block is composed of Ny = 20
columns.

Simulation 1. Channel estimation errors.

In Fig. 2.2, we plot the MMSE (2.8) and the mean of the MSEs computed using the

channel estimate (the average is over different realizations of the channel estimation error

20ur results hold for any channel matrix. Since in our theoretical developments we did not average over
the channels, but only over the channel uncertainties, in the simulations we use only one channel realization.
We have made analogous observations in extensive simulation studies.
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Fig. 2.3. Experimentally computed EMSE, theoretical second-order approximation (2.25),
and high SNR approximation (2.35) for the case of channel estimation errors.

AH). We observe that the distance of these two quantities is approximately constant and
does not depend on the SNR, verifying expression (2.35).

In Fig. 2.3, we present the experimentally computed EMSE, the theoretical second-order
approximation (2.25) and approximation (2.35). We observe that the experimental and
theoretical EMSE values practically coincide for SNR higher than 5 dB, while approximation
(2.35) is very close to the EMSE, especially at high SNR.

In Fig. 2.4, we plot terms T; and T of the theoretical EMSE of (2.25). We observe
that, for SNR higher than 7 dB, the contribution of term T to the EMSE is much smaller
than the contribution of term T;, supporting our claim that the EMSE is approximately
equal to term T for the high SNR cases.

Simulation 2. Channel time-variations.

In Fig. 2.5, we plot the MMSE (2.8) and the mean of the MSEs computed using the
outdated channel versions for channel correlation coefficients p, = 0.99,0.9 (the average is
over different realizations of the channel uncertainties due to channel time-variations AH).
We observe that the distance of the two curves from the MMSE increases for increasing
SNR, and the mean of the MSEs reaches a floor. This happens because the EMSE induced

by the channel time-variations increases for increasing SNR and asymptotically attains a
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Fig. 2.4. Terms T; and T of the EMSE second-order approximation (2.25) for the case of
channel estimation errors.

1
0 5 10 15 20 25 30
SNR in dB

Fig. 2.5. MMSE using the true channel (‘-0’) and expectation of the MSEs using the channel

estimate for p = 0.99 (*-*’) and for p = 0.9 (dotted line).

limit value.

In Fig. 2.6, we present the theoretical second-order approximation (2.25), the corre-
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Fig. 2.6. Experimentally computed EMSE, theoretical second-order approximation (2.25),
high SNR approximation (2.37) and asymptotic EMSE value (2.38) for channel time-
variations (p = 0.99).

sponding experimentally computed EMSE, the high SNR approximation (2.37) and the
asymptotic value (2.38) for channel correlation coefficient equal to p = 0.99, implying very
accurate channel information at the transmitter. We observe that the second-order approx-

imation is very accurate, while (2.37) is a good approximation to the EMSE for SNR higher
than 20 dB.

Simulation 3. Noise estimation errors.

In Fig. 2.7, we present the theoretical second-order approximation (2.43), the corre-
sponding experimentally computed EMSE and the high SNR approximation (2.46). We
observe that the first two quantities practically coincide and approximation (2.46) is very
close to the true EMSE for SNR higher than 15 dB.

Comparing the EMSEs for the cases of estimation errors only (see Fig. 2.3 and Fig.
2.7), we observe that the error induced by the channel estimation errors is much more

significant than that induced by the noise SOS estimation errors.
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Fig. 2.7. Experimentally computed EMSE, theoretical second-order approximation (2.43),
and high SNR approximation (2.46) for the case of noise SOS estimation errors.

2.6 Conclusion

We considered the behavior of the TxWF under channel and noise SOS uncertainties by
developing second-order EMSE approximations. We derived simple EMSE approximations
in the high SNR cases. Considering the channel estimation errors, we concluded that the
EMSE is proportional to the MMSE, with the proportionality factor determined by the
transmit power E and the length of the training block Ni,. Considering the channel time-
variations, we found that the EMSE increases and for high SNR it reaches an asymptotic
value. For the case of noise SOS estimation errors, we showed that the EMSE is proportional
to the squared noise variance, 0. A comparison of the EMSEs for the cases of estimation
errors only, shows that the error induced by the channel estimate is much more significant

than that induced by the noise SOS estimate.
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Appendix 2A

Channel and noise variance ML estimates
The ML estimate of the channel gain matrix H and the noise variance estimate can
be derived from training-based estimation [28]. Using the training block Sy, of dimension

ny X Nip, the received block of dimension n, x Ny, is given by [28]
Ytr = Hstr + Etr

where Ey, is the corresponding n, X N, noise matrix. The additive noise is assumed to be
spatially and temporally white Gaussian.
A. ML estimate of the channel matriz
The ML estimate of the channel H based on the received training block Yy, is given
by [28, p. 174]
H =Y, S (8,8)"".

This estimate is unbiased and the covariance matrix of vec(AH) is given by [28, p. 175]
S 2 € [vec(AH)vec! (AH)] = o2 ((strsg ) T ® In,,) .
As shown in [28, p. 176], the optimal training block S¢, should satisfy
SuSH o I,,.

B. ML noise variance estimate

Having estimated the channel matrix H, the ML noise variance estimate is [28, p. 174]

tr (YuPgu YT

2
O'w—

Nyny

where PE

g 18 the orthogonal projector onto the orthogonal complement of the column space
tr

of SHI. Tt can be shown that this estimate is biased. More specifically,
& [tr (YuPgu Y )| = € |tr (HSy + By) PLy (SHHT + EL) )|
— ¢ |tr (Bf/B.PYy )|
giving that
£ [tr (YtrngY{j )} = (Ney — n¢) npo.
Thus, an unbiased estimate of o2, is given by

1 1
— (YuPgnYl) = Sr (YuPgnYH).

2
w
nr(Ntr — Nt

Q>
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where

c=n, (Ny —ny).

We continue with the computation of the variance of the unbiased noise variance esti-

mator

1 2
oh ——tr (ngE{{Etr)

1
] } +5€ “tr (PenENE)

2
= -~ aﬁ,Re{ £ Htr (P§5E{{Etr)
2
]

=co?
In order to compute term b, we examine tr (Pé-éH Eg Etr>

]

1

tr (ng El Etr>

b

tr (PguElEy ) = tr (PEuELL, By )

W ecT (Eg;) (Inr ® P§H> vec(EHD)
N—— A/ N e’

LT =e*
= eT (Inr ® PéH) e’.
tr
Thus,

b=¢ ||tr (PeyElE,)

2] =& |tr (P4yElE, ) 0 (PLELE, )]
=& [e” (I, @ Pgy) e"e” (I, @ Pgy ) ']
P <<In ® ng)T ool (Inr ® P§5) e*eTﬂ
We |:V€CT (ee’) (InT ® P§H>T ® (Inr ® P§H> vec (e*eT)]

i i
=& [tr ((Im ® Pég)T ® <Inr ® Pé_{f) vec (e*eT) vecl (eeH))]
=tr ((Inr ® Pég)T ® (Im ® Pé{f) & [vec (e*eT) vecl (eeH)]> .

Terms vec (e*eH ) and vec” (eeT) can be computed analytically, by writing down the exact

form of each vector. Thus, having computed these terms, we take expectation, using [15, p.
508]

& (wizjopm) = € (xiw;) € (wpm) + € (wjw) € (wjwy) -
Applying this property to the last term of B, we obtain

€ [vec (e*e) vec (ee”)] = oLy, ny, + avee (I, . ) vee (In, ) -
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Thus, term b becomes
1 \T 1L 4 4 H
b=tr <(Im ® PS{{> ® (Inr ® PS{{> (UwInT»Ntr + o, vec (I, n,, ) vec (InT,N“))>
4 1 \T 1
=obtr ( (1o, @ Pgy) ® (L., @ Py)
4 H 1 \T 1L
+ oy, tr [ vee™ (I, n,,) (Inr ® PS{{> ® (Inr ® Psﬁ) vec (I, n,,)
2
T

(Now — 10)® + o tr <(In ® ng) (Im ® ng))

=0oin2 (N —ny)? +oltr (Inr ® Pé‘£>

22 .
Now, we return to varg,,, which becomes

ol

22 1
A 4 2 4 4y _ 4
varo,, = —0,, + 2 (c 0w+ caw) = —0y-

Thus, for the unbiased case of the noise variance estimate, the variance is given by

4

22 222 o
N 2 N w
varo,, = 5 (O' — O ) :| = .
w w w
|: nr(Ntr — nt)

Appendix 2B

A useful approximation
In order to simplify term tr <152I~’COF> in the high SNR cases, i.e., @ < \,, (HH), we

notice that
tr (1:3;153;) — tr (f)oﬁf) .
Using the definitions of MMSE and P, in (2.8) and (2.6), respectively, we get
MMSE = tr (I,,) — 2tr (POH) ttr (f’of’fHHH> Fatr (Popf)
= tr (I,) - 2tr (AHH) + tr (AH"HAH"H) + o tr (PP ).

Using approximations analogous to (2.29), we can write for the high SNR cases
MMSE = tr (I,,,) — 2tr (I,,.) + tr (L,,) + o tr (1301551) =atr (1301551) .

Finally, we get
- 1
tr (POPH ) ~ — MMSE. (2.47)
«

o



Chapter 3

On the sensitivity of the MIMO
Tomlinson-Harashima precoder

with respect to channel
uncertainties

The multiple-input multiple-output Tomlinson-Harashima (MIMO-TH) precoder is a well-
known structure that mitigates interstream interference in flat fading MIMO systems. The
MIMO-TH filters are designed by assuming perfect channel state information (CSI) at
both the transmitter and the receiver. However, in practice, channel estimates are avail-
able instead of the true channels. In this chapter, we assess the MIMO-TH performance
degradation in the cases where the channel estimates are used as if they were the true
channels. More specifically, we develop second-order and high-SNR approximations to the
excess mean-square error induced by channel uncertainties, uncovering the factors that de-
termine the MIMO-TH performance degradation in practice. Numerical experiments are

in agreement with our theoretical developments.

3.1 Introduction

Interstream interference is a problem commonly encountered in MIMO communication sys-
tems. Many receiver structures mitigating interstream interference have been proposed in
the literature, achieving various levels of performance with varying complexity. Promi-
nent among them is the MIMO decision feedback equalizer (DFE). This non-linear receiver
works efficiently but may suffer from error propagation. This disadvantage can be over-
come by moving the feedback loop of the DFE to the transmitter, resulting in the so-called

Tomlinson-Harashima precoder. In this chapter, we consider the TH precoder proposed in
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Appendix E of [8]. The design of the TH precoder assumes perfect channel state informa-
tion (CSI) at both the transmitter and the receiver; see, for example, [8], [14], [22], [29]
and [30]. However, since CSI uncertainties always exist in real-world systems, due to, e.g.,
channel estimation errors, this assumption is not realistic. One way to proceed is to use
the channel estimate as if it were the true channel; this is sometimes called the mismatched
or naive approach. Another way is to exploit the statistical description of the channel un-
certainties and develop robust designs; see, for example, [6], [23] and [25]. However, in all
cases, the design of the MIMO-TH filters is based on inexact channel estimates and thus
performance degradation is inevitable.

We consider a packet-based communication scenario where the channel may change
(slowly) between successive packets. During each packet, the receiver estimates the channel
and feeds its estimate back to the transmitter. This estimate is used for the design of the
TH precoding filter that will be applied to the next packet. Thus, the TH precoding filter
suffers from channel estimation errors (that occur at the receiver) and usually also suffers
from mismatch due to channel time-variations, because the next packet may pass through
a (slightly) different channel. Upon arrival of the packet, the receiver estimates the current
channel (which is fed back to the transmitter) and proceeds to equalization and detection.
Thus, the processing of each packet suffers from errors at both the transmitter and the
receiver. Obviously, these errors degrade the MIMO-TH performance. We quantify this
degradation by assessing the associated excess mean-square error. We show that the EMSE
consists of two components that can be studied separately. The first component is due to
the mismatch between the previous channel estimate and the current channel, while the
second is due to the mismatch between the current channel and its estimate. We develop
a second-order approximation to the EMSE which, in our experiments, is very accurate for
SNR higher than 5dB. However, this approximation is quite complicated and thus difficult
to interpret. We focus on the high-SNR regime and derive a simple, informative, and
tight (for sufficiently high SNR) EMSE upper bound, which uncovers the basic factors that

determine the MIMO-TH performance degradation.

3.1.1 Notation

During our study, we shall develop first- and second-order approximations, with respect to
channel uncertainties, as well as high-SNR, approximations. In order to distinguish among

these cases, we shall use the symbols ~, =, and =, respectively.
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Fig. 3.1. System model.

3.2 The MIMO-TH Precoder

3.2.1 The system model

We consider the baseband-equivalent discrete-time frequency-flat MIMO system depicted
in Fig. 3.1, with n; transmit and n, receive antennas (with n, > n;). The input-output
relation of the channel is

y=Hx+w (3.1)

where x is the n; x 1 channel input vector, H is the n, x n; channel matrix, and w is the
n, X 1 additive channel noise. The channel input symbols xx, k = 1,...,n;, are successively
generated from the data symbols si, k = 1,...,n, as shown in Fig. 3.1, where the feedback
loop consists of the feedback matrix C and the modulo operator Qs(-). If s is a vector
with independent identically distributed (i.i.d.) elements s (drawn from an M-QAM
constellation), then it can be shown that x consists of uncorrelated random variables, with
covariance matrix Ry = 021, where 02 ~ 2M?/12 [8, p. 462]. The noise vector, w, is

assumed to be complex-valued circular Gaussian with covariance matrix Ry = U?UITLT.

3.2.2 Optimal MMSE MIMO-TH

In this subsection, we briefly present the computation of the MMSE MIMO-TH filters,
following the approach of the Appendix E of [8]. The error signal before the receiver’s

modulo operator (see Fig. 3.1) is

e=Vy—-Cx (3.2)

and the mean-squared error is defined as

mse(C, V) £ € [|le]2] . (3.3)
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The function mse(-) can be expressed as

mse(C, V) = tr(V(e2HH" + 071, )V") 3.4

—202Re {tr(VHCH)} + o2tr(CCH). '
For any C, minimization of mse(C, V) with respect to V, yields
Vv = cH"(HHB" +(I,,)!
where ¢ 2 02 /o2. By substituting this value to mse(C, V), we obtain
MSE(C) £ o2 tr(C(H”H + (I,,,)'CH). (3.5)

Minimization of MSE(C) with respect to C, subject to the constraint that C be a lower

triangular matrix with diagonal elements equal to 1, gives [1], [8]

C, =GR

(3.6)

where R is the lower triangular matrix satisfying the modified Cholesky factorization

HYH +(I,, = R¥R

and

G = diag (7"1_11, It ) .

7 ngng

Using C,, we compute the optimal V as
V, = C,H"(HH" + (I, ).
Substituting C, and V, in (3.4), we obtain
MMSE 2 mse(C,, V) = MSE(C,)
= o2, tr(Co(H"H + (I,,)'C).
Using (3.6), we derive the alternative expression for the MMSE
MMSE = ¢2 tr(GG)

= 0‘121) tr (dlag (‘7“11|_2, RS} |7"ntnz |_2)) .

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)



3.2 The MIMO-TH Precoder 27

3.2.3 Channel uncertainties

After the description of the ideal case, where we assumed that the channel H is perfectly
known at the receiver and the transmitter, we proceed to a realistic scenario where both
the transmitter and the receiver possess channel estimates. More specifically, we consider
a frequency division duplex system and focus on the transmission of packet i. During the
transmission of packet (i — 1), the receiver estimates the true channel, H; 1, as H;_;. This
estimate is communicated to the transmitter through a feedback channel and is used for
precoding packet 7. The true channel during the transmission of packet i, H;, is estimated
at the receiver as H;. Thus, in general, the channel estimate used at the transmitter for
precoding packet i, H;_1, suffers from both estimation errors and errors due to channel
time-variations (other potential error sources are quantization errors and feedback channel
errors - the following analysis can easily incorporate quantization errors, while the same
does not happen for the feedback channel errors). On the other hand, the channel estimate
at the receiver for packet i, H;, suffers only from estimation errors.

In order to assess the associated performance degradation, we adopt the following sta-

tistical models for the channel inaccuracies.

1. Channel estimation errors: During each packet, we use training and estimate the
channel using the maximum likelihood (ML) method, i.e., we assume that the channel
is constant but unknown. The n; x Ny, training block for packet ¢, S;, is multiplexed
with the precoded information vectors (for example, it may be at the start of the
packet) but is not precoded (we note that S; may be the same for all 7). If Y,
denotes the channel output corresponding to S;, then the ML estimate of H; is [28, p.
174]

H, = Y8 (s,87) 7" (3.12)
The channel estimation error is defined as

A —
AH.y; = H, — H;. (3.13)

Optimal channel estimates are obtained for semi-unitary training matrices, i.e.,
SiSf{ = a:%NtrIm, and the optimal channel estimation error covariance matrix is [28,

p. 175]

o2

VAN
Sest = € [vec(AHegy ) vec” (AHest )] = —2—Tnpm, - (3.14)
O-mNtr

We note that channel estimation errors associated with different packets are indepen-

dent due to the assumed noise independence.
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2. Channel time-variations: We adopt a commonly used statistical model describing the
time evolution of the channel (the model is used only for analysis purposes and is not
exploited during channel estimation). We denote with 7 the time difference between
two successive packets. We assume that {H;} is a stationary matrix random process
where, for all ¢, the elements of H; are unit variance i.i.d. circular Gaussian random

variables, i.e.,

VeC(Hifl), VGC(HZ') ~ CN(O, Intnr).

We assume that the channel coefficients are time-varying according to Jakes’ model,
with common maximum Doppler frequency f;. Thus, H;_1 and H; can be modeled

as jointly Gaussian with cross-correlation [3, p. 93]
E [Vec(H,-)vecH(Hi_l)] = p:Lnn, (3.15)

where p; is the normalized correlation coefficient specified by the Jakes model, i.e.,
pr = Jo(2m fq7), with Jo(-) the zeroth-order Bessel function of the first kind. If we

define the channel error due to time-variations as
AN
AH,; =H; —H;_ (3.16)
then the associated error covariance matrix is independent of ¢ and is given by

v = E [VeC(AHtv,i)VecH(AHtv,i)] =2(1 = pr)Lyyn,- (3.17)

Finally, we note that it is natural to assume that the errors due to channel time-variations
are independent of the channel estimation errors because they are originating from indepen-
dent phenomena, i.e., the first from the random channel evolution in time and the second
from the additive channel noise.

In the sequel, for notational convenience, we neglect index . We denote with H the true
channel, with H the channel estimate at the transmitter, and with H the channel estimate

at the receiver. We define the mismatch at the transmitter and the receiver as
A = A o~
AHt,=H-H, AHgrp,=H-H. (3.18)
It can be easily shown that AHr, and AHgy are zero mean with covariance matrices
& [VGC(AHTX)VGCH(AHTX)] - Eest + Etv (3.19)

and

& [Vec(AHRX)VecH(AHRX)] = Yest (3.20)
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respectively. Furthermore, AHgr, and AHr, are independent.

We close this subsection by mentioning that ¢ = 02 /02 is also required for the computa-
tion of the filters at both the transmitter and the receiver. We assume that o2 = 2M?2/12 is
known at both sides and o2, is estimated at the receiver (for more details we refer to [28, Sec.
9.4]); then, the estimate is sent to the transmitter through a feedback channel. It turns out
that the variance of the noise variance estimation error is O(o%) and thus, for sufficiently
high SNR, the error in ( is negligible compared with the channel estimation error. Thus,

we assume that ( is perfectly known.

3.2.4 MIMO-TH: the mismatched approach

In this subsection, we follow the mismatched approach and compute the MIMO-TH filters
using the channel estimates H and H as if they were the true channel H. The transmitter,
based on (3.6), computes and uses

C=GR (3.21)

where RFR = HH + (T,,, and G = diag(77}},. .. ,Prom, ). We note that since the receiver

knows H, it can compute and use C.

Given that the transmitter uses C, the input estimation error becomes
é=Vy-Cx (3.22)

where X is the channel input produced by the feedback filter C and y=Hx+w. In
order to compute the “optimal” filter at the receiver, we follow steps analogous to those of

subsection 3.2.2. Then, it can be shown that the filter that minimizes & [||&||3] is
V = CHY (HH + (1, )7 (3.23)

The best the receiver can do is to use its current channel estimate H as if it were H and

compute1

v = caEEAY (1, )7L (3.24)

Using (3.21) and (3.24) in (3.4), we obtain that the MSE achieved by the mismatched

approach is
mse(é,\:/') = agtr(\:/'(HHH + CInT)\:/H)
. . (3.25)
—202Re {tr(VHCH)} + o2tr(CCH).

Tt can be proved that if the receiver uses H instead of I:L then the performance degrades dramatically.
The proof can be made available by the authors upon request.
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The EMSE is defined as
EMSE(C,\%) 2¢ [mse(é,\:/') — mse(Co,Vo)} (3.26)

where the expectation is with respect to the channel uncertainties. Our main task in the

sequel is to quantify EMSE(C, \27)

3.3 EMSE - Second-order analysis

In this section, we develop a second-order approximation to EMSE(C, V), with respect to
channel uncertainties.
We start by considering two unrealistic and, thus, seemingly, useless cases. Their use-

fulness will become evident shortly.

1. Channel uncertainties only at the transmitter: We assume that the transmitter pos-
sesses the channel estimate H while the receiver has perfect CSI. Thus, the transmit-
ter and the receiver use filters C and V, defined in (3.21) and (3.23), respectively.
Substituting these values into (3.4), we obtain that the associated MSE is

MSE(C) 2 mse(C, V)
A A (3.27)
— o2 tr (C(HHH + gInt)*ch) .
The corresponding EMSE is defined as
EMSE(C) £ £ |MSE(C) ~ MSE(C,)| . (3.28)

2. Channel uncertainties only at the receiver: We assume that the transmitter has perfect
CSI and the receiver possesses the channel estimate H. Thus, the transmitter uses C,
defined in (3.6), while the receive filter, denoted as \7, is computed using the optimal

transmit filter C, and the channel estimate H, as
VvV =Cc,HY(HHA + (1, ). (3.29)
Substituting (3.6) and (3.29) into (3.4), we obtain that the associated MSE is

MSE, (V) 2 mse(C,, V)
= o2tr(V(HH + (1, ) V) (3.30)

— 202Re {tr(VHCH)} + o2tr(C,CH).
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The corresponding EMSE is defined as

EMSE(V) = £ [MSE, (V) — MSE,(V,,)|. (3.31)

The next result shows that EMSE(C, \7) can be decomposed into two terms that correspond
to these unrealistic cases.
Proposition 1. The EMSE induced by channel inaccuracies at both the transmitter

and the receiver can be approximated as
EMSE(C, V) ~ EMSE(C) + EMSE(V). (3.32)

Proof: The proof is provided in Appendix 3A and is based on the fact that the channel
errors AHry and AHRgy are zero-mean and independent. O

In the sequel, we develop second-order approximations to EMSE(C) and EMSE(V)
3.3.1 Channel uncertainties only at the transmitter
Using a Taylor expansion of the function MSE(C) in (3.27) around C,, we obtain
MSE(C) = MSE(C,) + tr (ACMSE"(C,) AC™) (3.33)

where AC 2 € — C, and MSE” (C,) is the second derivative of MSE(C) evaluated at C,2.
It can be shown that [10]

MSE"(C,) = o2 (HPH + ¢1,,,) L. (3.34)
Using (3.28), (3.33), and (3.34), we obtain

EMSE(C) = € [tr (ACMSE"(C,)ACH)]

(3.35)
=0, & [tr (ACA™'ACH)]
where
AZHIH 4 (L, (3.36)
The following lemma gives a second-order approximation to EMSE(C)
Lemma 1. A second-order approximation to EMSE(C) is given by
R 3
EMSE(C) ~ > B, (3.37)

i=1

*The first derivative of MSE(C) at C, vanishes because C, is the minimizer of MSE(C).
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where terms B; are defined as

2
B, 2 (a + U;’;\”[t > o2tr (I, ® GH) L'L (RTTR™* o R"H"HR ') L'L) (3.38)

2
Ow

O'%Ntr

B, 2 2 <a + ) ontr (I, ® GHPRTR™ @ R-H'HR)P)  (3.39)

2
B; 2 <a + ;’ x ) o2tr (I, e GHL'LIRTH'H'R o R "R )L'L). (3.40)
Ux tr

In these expressions, L is the elimination matrix and P 2 LTLKL”L, where K is the
A
commutation matrix. The scalar « is defined as o = 2 (1 — p;) (see (3.17)).

Proof: The proof is provided in Appendix 3B. O
3.3.2 Channel uncertainties only at the receiver
Using a Taylor expansion of the function MSE,(V) in (3.30) around V,, we obtain
MSE, (V) = MSE,(V,) + tr (AVMSE/(V,)AV#) (3.41)

where AV 2 V — V,, and MSE/(V,) is the second derivative of MSE,(V) evaluated at
V,3. It can be shown that [10]

MSE”(V,) = o2 (HHT 4+ (1,,). (3.42)
Using (3.31), (3.30), and (3.42), we obtain

EMSE(V) = € [tr (AV MSE(V,)AV#)]

(3.43)
=02& [tr (AVBAV)]
where
B 2 HHY 1 (I, . (3.44)
The following lemma gives a second-order approximation to EMSE(V)
Lemma 2. A second-order approximation to the EMSE(V) is given by
EMSE(V) ~ T; + T, (3.45)
where
A oy TR-TE* H
Ty = - tr (H' BT HY) or (Vo)) (3.46)
tr

3The first derivative of MSE, (V) at V, is zero because V, minimizes the function MSE, (V).
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and
A 0'2 H T
T, = Nw tr ((Co — V,H)" (C, — V,H)) tr (B™) . (3.47)
tr
Proof: The proof is provided in Appendix 3C. O

Substituting (3.37) and (3.45) into (3.32), we obtain a second-order approximation
to the EMSE induced by channel uncertainties at both the transmitter and the receiver.
Admittedly, this approximation is complicated and difficult to interpret. In the sequel, we

shall develop simple and insightful high-SNR expressions.

3.4 EMSE - High-SNR approximations

In this section, we focus on the high-SNR regime and we derive a simple upper bound to
EMSE(C) and a simple approximation to EMSE(V). Putting these expressions together,
we obtain a simple high-SNR, EMSE upper bound for the mismatched MIMO-TH precoder.
Finally, we average over the channel statistics and obtain a simple high-SNR, upper bound

for the expected value of the EMSE to MMSE ratio.

2
w*

High-SNR regime means “small” o7. Our results will be derived either by ignoring
O(02)) terms compared with O(1) terms or by ignoring O(o2,) terms compared with O(o2)
terms. We proceed by presenting some high-SNR approximations that will be useful in the
sequel.

Using the definition of matrix R in (3.7), it can be shown that for high SNR
R YHIHR ' ~1,, (3.48)
and
tr(R™TR™) = tr((HTH) ™). (3.49)
Furthermore (the proof is provided in Appendix 3D)

tr(V, V) = L MMSE. (3.50)

2
Ow

Using the matrix inversion lemma [9], it can be shown that
HY@HA? + (1) = HIH + ¢1,,) THY. (3.51)
Then, using (3.44), (3.51) and the high-SNR assumption, we get
tr (H'B™TH*) = tr (H(H*H” + (I,,) 'H")

(3.52)
= tr (H'H* + (1,,) '"H'H*) = tr (I,,,) .
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Finally, using (3.9) and (3.51), we can write matrix C, — V,H as

C,-V,H=C, (1, - HY(HH" + (1,,)"'H)

(3.53)
=G, (Im - (HHH + <Int>_lHHH)
and for high SNR
C, -V, H=O,,. (3.54)
3.4.1 High SNR - channel uncertainties only at the transmitter
Lemma 3: In the high-SNR regime, the following approximate inequality holds
EMSE(C) £ 2(1 — p-) (ny — 1)tr (HPH)~') MMSE. (3.55)

Proof: Using (3.48) in (3.38) and ignoring the term that involves o, we obtain

B 2 aoytr ((In, ® G*) L’L (RTTR™®1,,) L'L)
(a)

< aoltr((I,, ® GHR TR @1,)) (3.56)

® ao? tr(R*TRf* ® G?)

@ o tr(R™TR ™) tr(G?)

where at point (a) we used the structure of the elimination and the commutation matrices
and the fact that matrices G2 and R™TR ™ have positive diagonal elements.
Using (3.48) in (3.39) and ignoring the term that involves o, we obtain
By = —2a0ntr (I, ® G )P(RTTR *®1,,)P)
(3.57)
=—2ao0,tr (G'RTR™).
The proof of the last equality is provided in Appendix 3E for the n, x 2 case (the general-
ization is easy).

Finally, using (3.48) in (3.40) and ignoring the term involving o&, we obtain

B; = ao’tr (I,, ® G*)L'L(I,, e R"/R )LL)
(éb) aostr((I,, ® G (I, @ R7R™))

2 a2 tr(l, ® GZRTR) (3.58)
=nsao tr(GPRARTY)

=nao’tr(G*RITR™)
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where at point (b) we used the structure of the elimination and the commutation matrices
and the fact that matrices G2 and R™#R ™! have positive diagonal elements.
Combining expressions (3.37) and (3.56)—(3.58), we obtain
EMSE(C) S ao? tr(R"TR ™) tr(G?)
+ (ng — 2) a0 tr(G*R™TR™) (3.59)
(6)
< ao? (ng — 1) tr(RTTR ™) tr(G?).

Using (3.59), (3.11) and (3.49), we conclude with the following bound

EMSE(C) < o (ns — 1tr((H¥H)™!) MMSE. (3.60)
Finally, recalling the definition of o as o := 2 (1 — p;), we obtain (3.55) to prove Lemma 3.
(|
3.4.2 High SNR - channel uncertainties only at the receiver
Lemma 4: In the high-SNR regime, the following approximation holds

~ nt

EMSE(V) &

MMSE. (3.61)

tr

Proof: Starting with T in (3.46) and using (3.50) and (3.52), we obtain
oy H
T, = N tr (VoV, ) tr (In,)
M (3.62)
* MMSE.

~
~

tr
Using (3.54) in (3.47) we get
T, 2 0. (3.63)
We conclude that, for sufficiently high SNR, term T, is negligible compared with T;.
Combining expressions (3.45), (3.62) and (3.63), we obtain (3.61) to prove Lemma 4. O

3.4.3 High SNR - channel uncertainties at both the transmitter and the

receiver

Proposition 2: The high-SNR MIMO-TH EMSE induced by channel uncertainties at
both the transmitter and the receiver is upper bounded as

EMSE(C, V) $2 (1 pr) (n¢ — Dtr((HZH)™) MMSE

n (3.64)

+ MMSE.

tr



3.4 EMSE - High-SNR approximations 36

Proof: The proof requires only the substitution of (3.55) and (3.61) into (3.32). O

We observe that the EMSE is upper bounded by an expression proportional to the
MMSE. The proportionality factor is determined by the system parameters n; and Ng;,
the channel correlation coefficient p; and the conditioning of the channel matrix through
tr((HAH) ™).

In the simulations section, we shall observe that this high-SNR bound is in many cases
tight because the EMSE due to the channel inaccuracies only at the receiver dominates the

EMSE due to channel inaccuracies only at the transmitter.

3.4.4 High SNR - averaging over the channels

In this subsection, we compute the average, over the channels, of the EMSE to MMSE
ratio.
Proposition 3: Taking expectation with respect to the channels in (3.64), we obtain

the following bound for the average EMSE to MMSE ratio, for n, > nq,

EMSE(C, V) nelng —1) g
E|l————— | 52(1—pr) ———= . 3.65
[ vvse |~ 20T T TR, (36
Proof: Bound (3.64) can be written as
EMSE(C, V) _ Hyp—1y , (3.66)
s £ 21— p) (me — er((HIH) )
If we take expectation with respect to the channel, we get
EMSE(C, V)] _ o1 T
— | 3 2(1—ps -1 H"H . 3.67
e | 220 - ve @+ g e

It can be shown that if the elements of H are zero-mean, unit variance i.i.d. circular

complex Gaussian random variables and n, > ns, then [19]

T

& [tr(HPH)™Y)] = (3.68)

nr_nt.

Substituting (3.68) in (3.67), we prove (3.65). O
We observe that the average EMSE to MMSE ratio is upper bounded by an expression
which depends on the system parameters n;, n, and Ny, and the channel correlation

coefficient p;.
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Table I1

Elements of channel matrix H

0.2877 + 0.2097%]

1.5537 - 1.0653%*j

0.3450 - 0.5177%]

-0.8714 - 0.2760%*j

-0.2433 - 0.5179%;

-0.8435 - 0.2245%j

0.1448 + 1.0146%j

-0.2163 - 0.5226%*]

-1.0170 - 0.5243%]

0.5028 - 0.4757%j

-1.1749 + 0.5322%j

1.0848 4 0.5731%]

-0.7636 - 0.6970*;

-0.6756 + 0.3384%j

0.4666 - 0.0437%]

0.2691 + 1.0737%j

0.4901 + 0.0910%j

0.0804 + 0.0937%;

-0.5181 - 0.7709%*;

-0.4012 - 0.0189%j

-0.5236 + 0.9038%;

0.2247 + 0.2181%j

0.6343 - 0.8332%]

-0.5841 + 0.1868%j

3.5 Simulation Results

In the first part of our experiments, we illustrate Propositions 1 and 2 using a specific
channel realization, by taking averages over the channel uncertainties. More specifically,
we consider a system with n; = 4 transmit antennas and n, = 6 receive antennas and

channel matrix H with elements given in Table IT*. The noise is spatially and temporally

white, circularly symmetric complex Gaussian with variance 2. The input symbols are
ii.d., drawn from a 4-QAM constellation. We assume that the training block consists of
Nty = 10 columns. We set the channel correlation coefficient equal to p, = 0.99. We define

the SNR as the ratio of the total receive power to the total noise power

SNR & Ex [tr(HxxTH )] _ U%“HH%

Ew [tr(wwi)] (3.69)

n,o2,
In Fig. 3.2, we plot the MMSE (3.10), the average of the MSEs for the case of channel
inaccuracies only at the transmitter (the average is over AHry), the average of the MSEs
for the case of channel inaccuracies only at the receiver (the average is over AHRy), and
finally the average of the MSEs for inaccuracies at both the transmitter and the receiver.
We observe that the EMSE component due to AHgry is significantly larger than that due
to AHty. This observation is in agreement with our theoretical results because the high-
SNR approximations (3.55) and (3.61) indicate that both EMSEs are proportional to the
MMSE, with the proportionality factor in (3.61) being larger than the one in (3.55), as
long as the channel matrix, H, is well conditioned and the channel correlation coefficient,

pr, is relatively large. An explanation of this phenomenon might be the fact that in the

4 Analogous results have been obtained in extended simulations with other channel realizations.



3.5 Simulation Results 38

10_ ! ! ! ! ! ! ! 4
0 5 10 15 20 25 30 35 40

SNR in dB

Fig. 3.2. MMSE using the true channel (‘-0’), expectation of the MSEs for channel inac-
curacies only at transmitter (‘>’), expectation of the MSEs for channel inaccuracies only
at the receiver (‘<’) and expectation of the MSEs for channel inaccuracies at both the
transmitter and the receiver (-*’).

first case the receiver is optimized by taking into account the channel uncertainties at the
transmitter while something analogous does not happen in the latter case.

In Fig. 3.3, we present the experimentally computed EMSE, the theoretical second-
order approximation as the sum of (3.37) and (3.45), and the EMSE bound in (3.64). We
observe that the experimental and theoretical EMSE values practically coincide for SNR
higher than 5dB. Also, the EMSE bound is very close to the true EMSE for SNR higher
than 15dB.

In the second part of our experiments, we take averages over the channel matrices by

assuming that the elements of H are i.i.d. CN'(0,1). The SNR in this case is defined as

2 an [ H)] o2 70

Ew [tr(wwil)] o2

SNR

In Fig. 3.4, we plot the experimentally computed EMSE and the theoretical second-
order approximation, i.e., the sum of (3.37) and (3.45), averaged over different channel
realizations, for the parameters defined above. We observe that the two curves coincide
for SNR higher than 7 dB, meaning that our analysis holds for this case too, although it is

difficult to give a simple expression for the theoretical second-order approximation.
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—©— Experimental
—%— Theoretical
T * - EMSE Bound

Excess MSE

0 5 10 15 20 25 30 35 40
SNRin dB

Fig. 3.3. Experimentally computed EMSE, theoretical second-order approximation (sum
of (3.37) and (3.45)), and EMSE bound in (3.64).

10"

T T
—&— Experimental
—*— Theoretical

Excess MSE

0 5 10 15 20 25 30 35 40
SNRin dB

Fig. 3.4. Experimentally computed EMSE and theoretical second-order approximation
(sum of (3.37) and (3.45)) averaged over different channel realizations.
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—6— Experimentally computed E[EMSE/MMSE]
—*— Ratio Bound

*
*
*
*

10 " b

0 5 10 15 20 25 30 35 40

SNR in dB
. . . EMS . .
Fig. 3.5. Experimentally computed averaged ratio NIMSE and the corresponding bound in

(3.65).

In Fig. 3.5, we plot the experimental average ratio I\E/%[SS% and the simple bound in

(3.65). We observe that the bound in (3.65) is very close to the true average EMSE to
MMSE ratio, which attains a constant value for sufficiently high SNR.

3.6 Conclusion

We considered the sensitivity of the mismatched MIMO-TH with respect to channel estima-
tion errors and channel time-variations. We developed a second-order EMSE approximation
which, unfortunately, was difficult to interpret. We focused on the high-SNR regime and
derived a simple and informative EMSE upper bound that uncovers the factors that de-
termine the sensitivity of the MIMO-TH precoder with respect to channel uncertainties at
both the transmitter and the receiver. Numerical experiments were in agreement with our

theoretical analysis.
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Appendix 3A

Proof of Proposition 1: The aim is to compute the EMSE assuming channel inaccuracies
at both the transmitter and the receiver. The matrix filters used in this case are given by
(3.21) and (3.24).

We have already defined AC and AV, as AC 2 C-C,and AV 2 V —V,, respectively.
We have also mentioned (and prove in Appendices II, IIT) that AC depends only on AHry,
while AV depends only on AHg,. We recall that AHt, and AHgy are independent.

In order to compute the EMSE defined in (3.26), we define AV 2v- V, and use
(3.24) and (3.29). Then

AVEV -V,
= (C, + ACHY(HH" +(1,,)" ' -V,
_ V-V, + ACHH(HEY 1 (T, )" (3.71)

= AV + ACHY@HHA +(1,,)7!.
X

We observe that AV depends on both AHpy and AHRy, through AC and AV, respectively.

If we write term X using (11) and then keep only the first-order terms, we get

X =HYB! - HI/B !(HAHY, + AHR,H?)B!
AB

3.72
+ AHIL B!+ O(| AHp ) (372)
~H"B™! - H'B'ABB™! + AH{ B!
where matrix B is defined in (3.44). Combining (3.71) and (3.72), we get
AV ~ AV + ACHYBL. (3.73)

Next, we return to the EMSE definition in (3.26). We first substitute C and V with
C =C,+AC and V= AV +V,, respectively, in (3.25). Then, using the definition (3.26)
and keeping only the second-order terms, we get
EMSE(C, V) = 02 [tr(AVBAVH)] — 62¢ [tr(AVHACH)]
t1 2
— o2& [tr(ACHY AV)] +02€ [tr(ACACH)].

t3

(3.74)
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Using (3.73), and the fact that AHty and AHRgy are zero mean and independent (which

implies independence between AC and AV), terms t; become

t1 ~ 02 & [tr(AVBAVH)] + 62 € [tr(ACHB'HACH))]

C2) EMSE(V) + 02 € [tr(ACH?B-'HACH)]

(3.75)

and
ty =ty ~ 02 & [tr(ACHYB THAC)] . (3.76)
Finally, we combine (3.74)—(3.76) and use (3.51) and (3.35) to get

EMSE(C, V) ~ EMSE(C) + EMSE(V).

Appendix 3B

Proof of Lemma 1: The aim is to develop a second-order approximation to EMSE(C).
Towards this purpose, we must develop a first-order approximation to AC with respect to

AHry. Using (3.21) and defining AG 2G-Gand ARZR - R, we obtain
C=(G+AG)(R+AR)=C+GAR + AGR + AGAR.
Thus, a first-order approximation to AC, with respect to AR and AG, is

AC ~ GAR + AGR. (3.77)

Next, we derive first-order approximations to AR and AG, with respect to AHp,. We
start with AR. We remind that RfR = A and

R7R =H"H + (I, ~ A + (H'AHy, + AHL H) .

AA

Using a result for the Cholesky factorization of a perturbed positive definite matrix [27],

we obtain

RE2ER+AR~R+F;R

A
where F is the lower triangular part of matrix F = R AA R™!, with diagonal elements

equal to half the diagonal elements of F. Thus,

AR ~ F,R. (3.78)
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For term AG, we have

A A
AG=G-G
1 1 1
= diag | = , = > — diag <, , )
rll rntnt rll Tmnt
(;) diag (1 - AZH, , Lo AZ"““)
T11 11 T'ngng Tning

1 1
J— diag < s .« e 5 >
11 Tning

where at point (a) we used the first-order approximation

1 1 Ary
A
Thus,
A Arpp
AGN—diag( LI ’;*t). (3.79)
5% Ty
Finally, using (3.78), (3.79) and the definition of matrix G in (3.8), we get
AG =~ —diag (diag (F)) diag (diag (R)) ™'
(3.80)

1
=3 diag (diag (F)) G.

Up to this point, we have expressed terms AR and AG as functions of the matrix F', which,
in turn, is a linear function of AHpy. Next, we return to (3.35) and using (1) we write the
EMSE as

EMSE(C) = o2 tr((A™7 ® L,,)E[vec(AC)vec (AC)]). (3.81)

Using (3.77), (3.78) and (3.80), and defining Dy, 2 diag(diag(F)), we can express term
vec(AC) as

vec(AC) ~ vec(GAR) + vec(AGR)

~ vec(GFR) 4 vec(—Dg, GR)

® RT © G)vece(Fy) — (RTGT © L, )vec(Dy, )

Y (RT @ G)vee(Fr) — (RTGT © L, )vee(Dr, )

—

+ (RT © G)vec(Dg,) (3.82)
= (RT ® G)(vec(Fy) + vec(Dg,))

—(RTGT ®1,,) + (R ® G))vec(Dp,)
= (R" ® G)vec(F))

—(RTGT ®1,,) + (R ® G))vec(Dp,)
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where F; is the lower triangular part of F. At point (*) we add and subtract the same term
in order to simplify our calculations.
Next, we express vec(F;) and vec(Dy, ) in terms of vec(AHry). Using (2), (3) and (9),

we can write
vec(F;) = LTvech(F;) = LT vech(F)

= LTvech(R"TAAR™)

& L'LR T @ R )vec(AA)

= L'L(RT @ R H)vec(HY AHT, + AHY H)

Y LTLR T @ R )1, © H )vec(AHry)

(3.83)

+LTLR T o R AT @1, )vec(AHE)

DLTLR T © R-TH" )vec(AHry)

+L'LRTH” @ R™¥)vec(AHL).

We continue with vec(Dy, ). Using (2), (3), (10) and defining P 2 LTLKL'L, we obtain

1 1
vee(Dp,) & 5 LTLKL  Lyec(F) = _ Pvec(R™AAR ™)

)

—

P (R T @R ")vec(H” AHy, + AHY H)

PR T @R )1, ©H)vec(AHTy)

[ Y

(3.84)

1
+5P R TR THT ®1,,)vec(AHLE)

P (R T @ R TH?)vec(AHTy)

—~

)

DN | =

1
+5P R TH? @ R~ H)vec(AHE).

We return to (3.82), and using (3.83), (3.84) and (8), after some calculations, we obtain

vec(AC) ~ Myvec(AHry) + Movec(AHH )

(3.85)
= Mjvec(AHry) + MoKvec(AHT,)
where
M; 2 (RT © G)LTL(RT @ R-7H)
. (3.86)
-3 (RT'GT®1,,)+ R G)) PR TR THY)
and
M, = (RT ® G)L'L(RTHT @ RH)
(3.87)

1

; (RTG" o 1,) + (R @ G)PRTH o R™).
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Using the circular symmetry of AHry, (3.19), (3.17), (3.14) and (3.81), we obtain

tr ((A_T ® Int) M (Best + Etv)M{{)

+oltr (AT ®@1,,) MoK (Zest + Z4y) "KM
(3.88)

2
= (a + JQJKQ > o2 tr ((A_T ® L) MlM{{)
x I
2
+ (a + U;%ﬁ) o2tr (AT ®1,,) MoME)

where we also defined the scalar «, as « 29 (1 — p;), and used that KK = I. Using
(3.86) and (3.87) and after some calculations, it can be shown that the second-order EMSE
approximation (3.88) can be expressed as

3
EMSE(C) ~ > Bi.
=1

where terms B; are given in (3.38)-(3.40). During the calculations, we also used that, from

the definition of matrices R and A in (3.7) and (3.36), respectively, we get

R*ATRT =1,,. (3.89)

Appendix 3C

Proof of Lemma 2: The aim is to develop a second-order approximation to EMSE(V) In
order to compute the EMSE defined in (3.43), we must develop a first-order approximation
to AV with respect to AHRy, which is defined as AHRy SH-H We can write V from
(3.29) as

V = C,(H" + AHE) (HH" + (I, + HAHE, + AHR H" +O(|AHg,|?) " (3.90)
AB

Using (11) and the definition of V, in (3.9), we obtain

V~V,-(V,AB - C,AHf,) B

Thus, a first-order approximation to AV is

AV ~ — (V,AB - C,AHf{,) B! (3.91)

Ka




Appendix 3C 46

and a second-order approximation of the EMSE is given by

EMSE(V) = 02 € [tr(AVBAVH)]

3.91
Gy o2 & [tr(KaB™'KX)]

= 02 & [tr(L, KaB'KH)] (3.92)
@ o2& [VecH(KA) (B_T ® I, ) vec(Ka)]
=o2tr ((B_T ®lI,,) & [VGC(KA)VGCH(KA)]) .

From the definitions of Ka in (3.91), AB in (3.90), and (2), we obtain

vec(Ka) = —vec (VOAHRXHH) + vec ((Co — VOH)AHf{X)

= —(H" ® V,) vec(AHRgx)
— (3.93)

+ (I, ® (Co — V,H)) vec(AHE, ).

v

U
Using (8), we get
vec(Ka) = Uyvec(AHRgy) + UsKvec(AHERy).

Using the circular symmetry of AHgy and (3.20), we obtain
EMSE(V) ~ o2 tr (B™F @ I,,)U; Besy UY)

est

+oitr (B! ®L,) UK KYUY) .

Finally, using (3.14) we obtain the expression
EMSE(V) ~ Ty + T»

where

A _
Ty =o2tr (B~ ®1,,)U; Ze UY)

2
= 2w (U BT eL,)U)
Ntr
2
(323) in tr (HTB—TH* ® VOV({{)
Ntr

2
¢ - tr (H'BTTH) & (Vo V]

tr

~
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and
Ty 2 o2tr (B~ ®L,,) U, K1, K UY)
2
_ ]"Vi tr (KTUY BT @1,,)Us K)

tr

2
(3.9%) =t (K7 (BT @ (C, — VH)'(C, - V,H)) K)
tr
© T 4 ((Co— VH)H(C, — V,H) & BT
= .t (((Co = VoH)™(Co — V,H) @ B™))
@ oy H -T
=N tr ((Co — V,H)"(C, — V,H)) tr (B™) .
tr

Appendix 3D

In this Appendix, we simplify term tr (VOV({'I) in the high-SNR regime (i.e., ¢ — 0). Using
(3.6), (3.7), (3.9), and (3.51), we write matrix V, as
V, =GR “H".
Then, using (3.48), we get
tr (V,V¥) = tr (GR™"H"HR'G")
=~ tr (GG).

Finally, using (3.11), we get
1
tr (V, V) = —5 MMSE.

w

Appendix 3E

In this Appendix, we prove the second equality in (3.57) for the n, x 2 case (i.e., ny = 2).

The aim is to simplify the trace term of the first line of (3.57)

tr (I, ® G)P(RTTR*®1,,)P). (3.94)

. . .. . A AN
For notational simplicity, we define matrices Q and Z, as Q = R"TR* and Z = G2.

We first write the matrices inside the trace operator of (3.94). For the n, x 2 case,

"
I
o o o o

0
0
0
1_
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and
Z O,
LRZ=
0O, Z
For the other Kronecker product we get
qi 0 q2 O
0 gqu 0 quo
@21 0 g O
| 0 g1 0 g

Then, the product of the matrices inside the trace operator is

zigu 0 0 0
0 0 0 0
(I, ® GHP(R TR ®L,,)P =
0 0 0 0
| 0 0 0 2202 |

and is obvious that

tr (I, ® GHP(RTR™*®1,,)P) = tr (ZQ)
(3.95)
=tr (G'R™TR™).
Using an analogous procedure, it can be shown that result (3.95) holds for the general

N, X N case.



Chapter 4

On the training sequence design
for joint channel and CFO
estimation in frequency-selective
single-carrier systems with MMSE
linear equalizers

We consider optimal training sequence design for joint channel and carrier frequency off-
set (CFO) estimation in frequency-selective single-carrier systems with an MMSE linear
equalizer. Performance degradation is due to the fact that a mismatched MMSE linear
equalizer is applied to channel output samples with imperfectly canceled CFO. Our aim in
this work is to uncover the relative importance of these error sources. Toward this end, we
develop asymptotic expressions for the excess mean square error induced by the channel
and CFO estimation errors. We show that, in many cases of high practical importance,
the excess mean square error is approximately proportional to the CFO estimation error
variance, with the proportionality factor being independent of the training sequence. Thus,
in these cases, performance degradation is mainly caused by the imperfectly canceled CFO
and optimal training sequence design for CFO estimation is also highly relevant for joint

channel and CFO estimation.

4.1 Introduction

The receiver of a communication system has to deal with synchronization issues like frame
synchronization, carrier frequency offset (CFO) estimation and correction, symbol-timing

recovery, and channel estimation and equalization. Data-aided (DA) techniques perform
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these tasks using training sequences (T'Ss). DA techniques decrease the symbol rate but are
commonly used in practice due to their overall good performance. A critical step toward
successful application of DA techniques in practice is optimal TS design.

An important problem that usually arises in packet-based wireless systems is that of
the joint frequency-selective channel and CFO estimation. Optimal TS design for this
problem has been considered in [28], where the optimized cost function was the worst-
case, in terms of channel realization, asymptotic Cramér-Rao bound (CRB). However, all
diagonal elements of the CRB were assigned equal weight, which might not be optimal since
“... presumably channel estimation errors will have a different impact, e.g., on bit-error
rate, than frequency estimation errors’ [28|.

It seems that the unequal weighting problem cannot be resolved unless one considers spe-
cific receiver structures. Toward this end, Ciblat et al. computed the second-order statistics
(power spectrum) of the training sequence that minimizes, under certain assumptions, the
mean square error achieved by the mismatched MMSE linear equalizer [4]. However, in our
opinion, the cost function appearing in [4, eq. (26)] does not clearly uncover the relative
importance of the channel and CFO estimation errors to the performance degradation of
the MMSE linear equalizer.

Performance degradation is due to the fact that a mismatched MMSE linear equalizer is
applied to channel output samples with imperfectly canceled CFO. Our aim in this chapter is
to uncover the relative importance of these error sources. We assume that training consists
of a block of N, consecutive training symbols and compute asymptotic expressions for
the excess MSE induced by the channel and CFO estimation errors. Under the small ideal
MMSEFE assumption, we derive a simple and informative EMSE approximation which reveals

that

e the placement of the TS at the middle of the transmitted data packet is a good

practice;

e the resulting EMSE is approximately proportional to the CFO estimation error vari-
ance, with the proportionality factor being independent of the TS; thus, optimal TS
design for CFO estimation is also highly relevant for joint channel and CFO estima-

tion.
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4.2 The channel model

We consider the linear baseband-equivalent discrete-time frequency-selective channel de-
scribed by the input-output relation

L
2y = Z hia,_; + wy (4.1)
1=0

where a,, and w,, denote the channel input and additive channel noise, respectively. The
input samples are i.i.d., zero mean, circular, with variance o2, and the noise samples are
i.i.d., zero-mean, circularly symmetric complex Gaussian, with variance o2. The channel
impulse response is denoted as h 2 [ho---hr]T. By stacking (M + 1) consecutive output

A .
samples, we construct the vector z,.,—nr = [z, *+* 2Zn— M]T which can be expressed as

Zpin—M = Han:nfoL + Wnin—Mm (42)

where the definitions of a,.,,—ps— 1, and wy,.,,—ps are obvious and H is the (M +1)x (M+L+1)

Toeplitz filtering matrix defined as

ho --- hp
H2 (4.3)
ho --- hp
If angular CFO w is present, then the channel output is given by
L
Ty = &Y Z hiGn—1 + wy,. (4.4)
=0
If we stack (M + 1) consecutive output samples, we construct the vector ry.,— s =
[7 -+ rn_ar)? which can be expressed as
Cpm—M = Dnm—m (W)Han:n—L—M + Wnin—M (45)
where Ty v (w) 2 diag(e/n, ... elwr=M)),
4.3 The MMSE linear equalizer
4.3.1 Channel and CFO estimation
. A T . A
We assume that the Ni, input samples ay, = [an, -+ Gn,]", With Ny = no —ng + 1,

are known at the receiver and used for training purposes. Collecting the channel output
samples that depend only on the training symbols, we obtain

JAN
Y =Tnyin+L = I‘nzrm—f—L(w)Ah + Wnoimi+L (4.6)
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where A is the (Ny, — L) x (L + 1) Hankel matrix constructed by the training symbols as

Qngy T Anpo—L

1>

an1+L anl

The joint ML CFO and channel estimates are given by [22]
& = argmax{y" Ty, 1 (@) A(ATA)TTATTE L (@)y) (4.7)

and

b= (ATA) AT L @)y (48)

We define the CFO and channel estimation errors as Aw 2 w — w and Ah 2 h — h,
respectively. We assume that Ny, is sufficiently large so that the above ML estimators are
(approximately) unbiased and efficient.! Thus, Aw and Ah are (approximately) zero mean
with second-order statistics (approximately) equal to those indicated by the finite sample
CRBs. More specifically, if we define K = diag(ng,...,n1 + L) and P’JI_R(A) the orthogonal

projector onto the orthogonal complement of the column space of A, then [28]

1 -1
ol 2¢ [(Aw)ﬂ =372 [tr <hH ATKPg A)KAh)] (4.9)
cte [AhADT] = 02 (AT A) ™! + 0%, (ATA) TAPKADh" APKA(APA)™! (4.10)
C; 2 €[AhART] = — 02 (AFA) 'AHKAhhTATKA* (AT A)~T (4.11)
and
E[AwARh] = joX (AFA)TAFKAR. (4.12)

If we define D; 2 diag(0,1,...,4), then it can be easily shown that

-1
o2 [tr (hHAHD Ne—L-1PH o) D L_lAh)} (4.13)

DO | =

2 _
OAw =

which implies that the CFO estimation error variance is independent of the training po-
sitions. However, the same does not apply to the channel estimation error second-order
statistics. This occurs because the channel estimate h in (4.8) is in fact a least-squares
estimate based on the CFO-corrected channel output samples. Its accuracy is determined

by the propagated CFO estimation error that exists in Iy, ., +1(0).

'In the Simulations section, we shall see that our estimates meet the Cramér-Rao bounds for small values
of Ntr~
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In order to achieve more accurate channel estimation, we use a slightly different model.

More specifically, we write (4.6) as

y = FM _ Ny =L (w)Ah/ + an:'rLl—l-L (414)
2 2

—1:
where h/ = e/“¢h, with & 2 ny + %, i.e., & is the middle position of y. Then, the ML
estimate of h’ is

h' = (AHA)*AHF@_L_ %(my. (4.15)
If we define Ah' 2 ' — b’ and K’ £ diag(% —-1,..., —%), then the finite sample
CRBs indicate that

=N [Ah’Ah’H } = o2 (AHA) 1 0% (AFA) TAPK/ AWN T ATK A(AFA)!

(4.16)
C, 2 e[ANART] = — 02 (AP A)'ATK' ARD T ATK/ A (AP A)T (4.17)

and
E[AwAN] = joi (AT A)TATK/ AN (4.18)

In the sequel, we assume that the true channel is h’ and, consequently, the second-order

statistics of Aw and Ah’ are (approximately) equal to those appearing in (4.9), (4.16)—
2

o, are known at

(4.18). Finally, we assume that the input and noise variances, o2 and o
the receiver. In fact, we assume that o2 = 1, while the noise variance estimation error is

negligible compared with the channel and CFO estimation error.

4.3.2 The ideal MMSE linear equalizer

In this subsection, we assume perfect channel and CFO knowledge and compute the ideal
MMSE linear equalizer for the channel h’. An order-M delay-d linear equalizer is defined
as £ 2 [fo --- fu]'. Its output at time instant n, @,_g4, is an estimate of the delayed

channel input, a,_4, and is given by
anaq =t 2p.n_1. (4.19)

The input symbol estimation error is defined as

A H H
en =0n-d— On—q=F"2Zppn_p — €y aAn:n—M—-L

where €4 is the (M + L+ 1) x 1 vector with 1 at the (d+ 1)-st position and zeros elsewhere.
The mean square input symbol estimation error can be expressed as

MSE(f) £ €, [len]?] = £7 <H’H/H + aiIMH) f — 9Re{f"H'e;} + 1. (4.20)
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The order-M delay-d MMSE linear equalizer is given by [24, Section 2.7.3]
y——ys i 2 -1 / —1xy/
f— (H 2 G awIM+1> He, = R;!Hley (4.21)

A H ey H 2
where R, = &, [Znin*Mzn:n—M] =HH" +0;In+1.

4.3.3 Mismatched MMSE linear equalizer

If we do not know the channel and the CFO, we may estimate them and use the estimates
as if they were the true quantities. Adopting the channel model presented in (4.14), the

channel output is expressed as

L
= elw(n=o) Z hyan—i + wy,. (4.22)
1=0

After the computation of the CFO estimate @, we proceed to CFO correction and obtain
L
s, = e IoMm=8)y ! _ (I(w=d)(n=¢) Z By + e 7908y, (4.23)
1=0
If we stack (M + 1) consecutive CFO-corrected output samples, we construct the vector

A
/ 2T / T s o
S = [Sn - Sw_p)" s which can be expressed as

s M= ejAwﬁrn:n—M(_Aw)Hlan:n—L—M + ejagrn:n—M(_d})Wn:n—M- (424)

nn—
If we use in (4.21) the channel estimate h' as if it were the true channel, we compute the
mismatched MMSE equalizer

F— (HHY 4 021 ’1}1/
= owln1 eg. (4.25)

The input symbol estimation error at the output of the mismatched equalizer at the time
instant n is

én =118 vy —elan, 1 (4.26)
and the mean square estimation error of a,_g4 is
FRENNIVAN N A H ~
MSE, (F,0) £ £, [|éa]2] = £ (rnm, w(—AHHITH (CAw) + anIMH) f

— 2Re{e/2“ T _ar(—Aw)H'eg} + 1.
(4.27)

We observe that the mean square estimation error is time-dependent and, thus, not suitable

for training design.
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4.3.4 Excess MSE

The excess MSE at the time instant n is defined as

A

EMSE, (f,0) = Eaw a0[MSE,(f, )] — MSE(f). (4.28)

Using slightly different notation, it has been proved in [18, eq. (22) and (27)] that the

mismatched equalizer f can be expressed as
f=f-R;'(R*Ah' + GAL™) + O (||AN|]?) (4.29)
where

1. Ris the (M + 1) x (L + 1) Hankel matrix constructed by

r2c— eq (4.30)

. . . . . . A
with ¢ being the combined (channel-equalizer) impulse response, i.e., ¢ = H'7f*;

2. G2 H'FT | where F is the (L+1) x (L+ M +1) Toeplitz filtering matrix constructed
by f.

SF_t

The equalizer mismatch is defined as Af
The following proposition provides an asymptotic EMSE approximation.
Proposition 1. The EMSE induced by the channel and CFO estimation errors at time

instant n, forn € {d+1,...,n1 +d—1}U{na+d+1,...,N +d},? can be erpressed as

P n?o? M?o2
where
T, 2 tr (R;' (R*C'RT + GC*G" + GCR” + R*C,G")) (4.32a)
Ta(n) 2 6% Re{fFD'2 _, Hey} (4.32D)

Ts(n) 2 203 Re (W7 AUK'A(A"A)'RTR;'D!,,, ,,He,
~hTATK'A*(AYA) TGYR]'D), ) Hes}  (4.32¢)

where D/ 2 diag((n —€),...,(n— M —€)) and R2 Ny, — L.

Proof: The proof is provided in Appendix 4A. O

2We do not compute the EMSE for the training symbols an, n = ni,...,na.
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Remark 1: Term T, involves only the channel estimation error second-order statistics. In
fact, it is the EMSE that would result if the mismatched equalizer were applied to perfectly
CFO-corrected channel output samples [18, eq. (28)]. On the other hand, T2(n) involves
only the CFO estimation error variance, while T3(n) involves both the channel and CFO

estimation errors. O

4.4 Small ideal MMSE assumption and average EMSE

Since the time-dependent EMSE expression of (4.31) is not suitable for training design,
we make the assumption of “small ideal MMSE” and adopt as cost function the average

EMSE. Then, we derive a very simple and informative average EMSE approximation.

4.4.1 “Small ideal MMSE” assumption

We assume that the ideal MMSE is sufficiently small, i.e., the equalizer length is sufficiently
large, the SNR is sufficiently high and the delay is chosen carefully. This assumption defines
a scenario of very high practical importance because it refers to the cases where the use of
the MMSE linear equalizer seems most suitable. If this assumption does not hold, then a
more complicated (and, probably, more computationally demanding) equalizer structure,
e.g., a nonlinear equalizer, seems necessary. Under this assumption, the vector r, defined
in (4.30), becomes “small.” More specifically, it has been proved in [18, eq. (29)], that
|r]|3 < MMSE, which implies that ||r|s = O ( MMSE). Thus, terms that involve matrix
R, which is constructed by vector r, are “small” in comparison with terms that involve
matrix G. Consequently, terms T and T3(n) of (4.32a) and (4.32c), respectively, can be
approximated as

T, ~ tr (R;'GC*G) (4.33)

and

T3(n) ~ —204, Re {W"ATK'A*(APA)"TGR;'D],,,_,He,}. (4.34)
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4.4.2 Average EMSE

A cost function that is more relevant for TS design is the EMSE time-average, across the

time instances that correspond to the unknown transmitted data, defined as [4]

R A1 ni+d—1 R 1 N+d )
EMSE(f,&) = — > EMSE,(f,0) + g > EMSE,(f,0)
n=d+1 n=ng+d+1
1 ni+d—1 1 N+d
=T + — > (Ta(n) + Ts(n)) + N Y (Ta(n) + Ts(n)).
n=d+1 n=ns+d+1
(4.35)
If we write matrix D/, as
;LZH—M = (n - 5) IM+1 - DM (436)

then terms Ta(n) of (4.32b) and T3(n) of (4.34) can be expressed as

Ta(n) = 0, [(n — €)* Re {f"H'eq} — 2(n — £) Re {f'DyH'ey} + Re {f'D3,H'e,}]
(4.37)

T3(n) ~ —20%, Re {h’TATK’A*(AHA)—TG.HR;1 (n—& Iy — D) H’ed} . (4.38)

If we define
A 1 n1+d—1 1 N+d
2 2
2 4.39
“ ny — 1 Z et N — no Z " ( )
n=d+1 n=no+d+1
and
A 1 n1+d—1 1 N+d
= 4.40
“2 ny — 1 Z n N — N9y Z " ( )
n=d+1 n=no+d+1
then it is easy to show that
A 1 ni+d—1 1 N+d
Ty = T T
2 n1—1 Z 2(n)+N—n2 Z 2(n)
n=d+1 n=no+d+1

=03, [(c1 — 2098 +26*) Re{f"H'eq} —2(co — 26)Re{f"D ) H'e;} +2Re{f"D3,H'e,;}

ta1 tao to3

(4.41)
and
A 1 ni+d—1 1 N+d
Ts=—3 > Tsn)+ N > Ts(n)
n=d-+1 n=no+d+1 (4 42)

~ 203, Re{h’TATK’A*(AHA)_TGHRz_l ((c2 —26) Inpyq — 2D M) H’ed}.
—_—————

t31
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Obviously, both T9 and T3 depend on £. It turns out that there does not exist a unique

channel independent £ that is optimal, i.e., attains minimum EMSE. If we put £ = %’,3

then term t9; is minimized* and terms too and t3; vanish. In the sequel, we adopt this

simple choice (however, we do not claim optimality, in general). Then, if we define

:é(N(N+Ntr)+Ni+4d(d—L—1)+L(L+2)> —0(N?).

it can be shown that
Ty = 04, [cRe{f"H'e;} + 2Re{f"D3,H'e,}] (4.44)

and

T; ~ 403, Re {h’TATK’A*(AH A)TGHRI'D MH/ed} . (4.45)
Thus, the EMSE is approximately equal to the sum of the three terms in (4.33), (4.44) and
(4.45). In the next subsection, we study these terms in detail.
4.4.3 Comparison of terms T;, Ty and Tj3
Term T4

From (4.33) and the definition of G, we obtain
Ty ~ tr (C*GHR;'G) = tr (C’*F*H’HRz_lH’FT) . (4.46)

Using the facts (i) A > B implies that A= < B~! [11, p. 471] and (ii) Pon <Ipinq,

where Py, m is the projector onto the column space of H' H, we obtain

w

—1 -1
5 e (H’H’H + o I> " <’ (H’H’H) H =Py <Ly, (4.47)
Using (4.47) and the property in (7) we obtain (recall the definition of R;)
T, ~ tr (C’*F*H’H R;1H’FT)
S tr (C"F*FT) < Apax (C) tr (F*FT) = Anax (C) [|F |12 (4.48)

= )\max (C/) (L =+ 1)Hf||%

3This implies that the training block is placed close to the middle of the packet.
4We shall see that to; is the most significant EMSE term.
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Using asymptotic expansions, it is proved in Appendix 4B that, if A A is invertible (and
not very ill-conditioned), then the first term of C’ in (4.16) is much larger than the second.

In this case,

2
Amax (C) ~ —Jw____ 4.4
( ) Amin(AHA) ( 9)
and
(L+1)|f]3 02
TS — =Y. 4.
"R Nuin(AHA) (4:50)
Term T

Term Re{f"H’e,} is the (d + 1)-st coefficient of the combined (channel-equalizer) impulse
response. Using the definition of f in (4.21) and expression (4.47), it can be shown that
Re{f"H’e;} is always smaller than 1, and, under our small MMSE assumption, it is very
close to 1. Thus, t2;1 ~ c¢. On the other hand, using the definition of f in (4.21), the sub-
multiplicative property of the matrix norms, and the singular value decomposition (SVD)
of H', it can be shown that to3 = 2Re{f7D?% H'e,} < 2M%ko(H'). If N is sufficiently large

and H’ is not very ill-conditioned, then t9; > to3 and

Ty ~ col,,. (4.51)

Term T3y

Using the SVD of A, it can be easily shown that (we prove it in Appendix 4C)

Tyet A%( A H AN—T Omax(A) | o) R
< _— = — . .
[ATK'A*(ATA) 2 < i (A) K |2 2 ka(A) (4.52)

In the same manner, it can be shown that (recall that G = H'FT) (we prove it in Appendix

4C)

— Umax H,
Thus,
T3 < (2MR |[F|2k2(A) ko (H')) 03, (4.54)

Comparison of Ty and Tj

If N is sufficiently large and A and H' are not very ill-conditioned, then, from (4.51) and
(4.54), we conclude that Ty > Ts.
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Comparison of T; and T»

Using [2, eq. (10)], we can derive the following asymptotic expression

> o Goh (4.55)
20~ O HAHAR ‘
Thus
6co?
Torn — 0w 4.
2™ RPWHAHAR (4.56)

Using (4.50) and (4.56), we derive the following approximate bound
L (L+ DR 30T ATAR _ (L+ DR [BAmn(AYA)

T2 ~ 6C>\m1n(AHA) - 6C)\m1n(AHA) (457)
— ks (AT A)(L + 1)
where « = giz =0 (ﬁ—i) . We note that bound (4.57) becomes approximate equality if

AT A = RIp 4, i.e., the training sequence is orthogonal.
Thus, if « is sufficiently small, i.e., R is sufficiently small with respect to N (recall that
R = Ny, — L), and A is not very ill-conditioned, then term T; is much smaller than Ty

and an approximate expression for the EMSE is given by

EMSE(f,0) ~ cal . (4.58)

That is, the EMSE is approximately proportional to the CFO estimation error variance,
with the proportionality factor being independent of the training sequence. Consequently,
training sequences that are optimal for CFO estimation seem also very good candidates for
joint channel and CFO estimation. Optimal training sequence design for CFO estimation
has been extensively studied; see, for example, [2], [16] and [21]. This topic is beyond the
scope of this paper.

Remark 2: If we consider perfect channel estimation and errors due to imperfect CFO
cancellation, we can easily show that the resulting EMSE is approximately equal to term
Ty (for sufficiently large N). Thus, expression (4.58) implies that, under the small ideal
MMSE assumption, the performance degradation caused by the imperfectly canceled CFO

is much more significant than that caused by the mismatched equalizer. O

4.5 Simulation Results

In this section, we check our theoretical results with simulations. We present results for

channel order L = 3 (the channel coefficients are given in Table III), equalizer order M = §,
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Table III

Channel Impulse Response h

0.0010-0.0311%*j | -0.0066+0.0825*j | -0.94514+-0.3051*j | -0.0144-0.0757%]

10 ‘ ‘
—©— Experimental CFO MSE
—*— Theoretical CFO CRB

MSE

10_7 ! ! !
0 5 10 15 20 25 30

SNR in dB

Fig. 4.1. Experimental MSE of the MLL CFO estimator and the CFO CRB for the channel
realization in Table III.

delay d = 6, packet length N = 300 and TS length N, = 30 (o = 0.0073). The data
symbols are i.i.d., BPSK symbols. The training symbols, which are also i.i.d. BPSK,
have been placed close to the middle of the transmitted packet, i.e., £ = %. The results
presented in the sequel have been derived by using the binary sequence that corresponds to
the hexadecimal number 198153 E6 (we have observed, through exhaustive search, that this
sequence has “good” performance for both CFO and joint channel and CFO estimation).
In Figures 4.1 and 4.2, we compare the experimental MSE of the ML CFO and channel
estimators (in (4.7) and (4.15), respectively) with the corresponding quantities derived by
the CRBs in (4.9) and (4.16). We observe that the experimental and theoretical results
practically coincide for SNR higher than 5dB. Thus, the assumption that the finite sample

CRBs are met is valid in this case.

In Fig. 4.3, we plot the experimentally computed EMSE and the EMSE theoretical
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—©o— Experimental channel MSE
—*— Theoretical channel MSE (CRB)

MSE

10_ ! !

0 5 10 15 20 25 30
SNRin dB

Fig. 4.2. Experimental MSE of the ML channel estimator and theoretical channel MSE
(CRB) for the channel realization in Table III.

approximation in (4.31) versus the time instances n, for SNR equal to 30 dB (as mentioned
above, we do not compute the EMSE for the known training symbols). We observe that
the expression (4.31) is a very good approximation to the true time-dependent EMSE.
Moreover, we observe that the EMSE increases as we move away from the training symbol
positions.

In Fig. 4.4, we compare the experimentally computed time-average EMSE and the time-
average of the EMSE theoretical approximation in (4.31). We observe that our theoretical
result practically coincides with the true EMSE for SNR higher than 15dB.

In Fig. 4.5, we present the time-average of the theoretical terms T; of (4.32a) and
T3 of (4.32c) and their corresponding high SNR approximations (4.33) and (4.34), which
ignore terms that involve matrix R. Since the approximations practically coincide with the
time-averages for sufficiently high SNR, we conclude that terms that involve matrix R are
indeed negligible compared to terms that involve matrix G.

In Fig. 4.6, we present the time-averages of the three EMSE terms T, Ty and T3
in (4.33), (4.44) and (4.45), respectively, and their sum, i.e., the approximate EMSE. We
observe that Ty is very close to the approximate EMSE, while terms T and T3 are much

smaller.
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10 ‘ ‘
Experimental
rrinn Theoretical Approximation
LIJC
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w
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Fig. 4.3. Experimentally computed EMSE and the EMSE theoretical approximation in
(4.31) versus n.

—©O©— Experimental
—*—— Theoretical Approximation

Excess MSE

0 5 10 15 20 25 30
SNR in dB

Fig. 4.4. Experimentally computed EMSE and the EMSE theoretical approximation in
(4.31).
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10 \
@] Tl
@ * T1 high—SNR approximation
+ ORS T
- e O
10 " T —— T, high-SNR approximation|

0 5 10 15 20 25 30
SNRin dB

Fig. 4.5. Terms T, and T3 and their high SNR approximations (i.e., terms involving R are
neglected).

10
*-- T
T
10° 2
— % — T3
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Fig. 4.6. Final expressions for terms T;, Ty and T3 in (4.33), (4.44) and (4.45) and their
sum.
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10 T T
—o—T, final approximation
—*— Experimental EMSE

Excess MSE

0 5 10 15 20 25 30
SNRin dB

Fig. 4.7. Final EMSE theoretical expression in (4.58).

Finally, in Fig. 4.7 we plot the experimental EMSE and the simple EMSE approximation
(4.58). We observe that the very simple and informative expression of (4.58) is indeed a
very good EMSE approximation.

We also present results for o = 0.0261, i.e., we use the same channel and the same TS,
but we reduce the packet length to N = 150. A bigger value for parameter a means that
the ratio of Ty to T2 increases, and, thus, the final approximation in (4.58) becomes less
accurate. More specifically, in Fig. 4.8, we plot the two significant EMSE terms, T and
Ty, for « = 0.0073 and a = 0.0261. We note that term T remains the same in both cases,
since it depends only on the first term of C’ in (4.16) (see (4.33)). On the other hand, when
we reduce N, term Ty decreases, since the CFO estimation error variance remains the same
and C decreases (see (4.51)). Thus, the final approximation in (4.58) is less accurate for

o = 0.0261 than for o = 0.0073.
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% T, (a=0.0073)
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Fig. 4.8. Terms T and Ty and the EMSE for o = 0.0073 and o = 0.0261.

4.6 Conclusion

10

15
SNR in dB
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We considered optimal TS design for joint channel and CFO estimation in frequency-

selective single-carrier systems with an MMSE linear equalizer. Performance degradation

is due to the fact that a mismatched MMSE linear equalizer is applied to channel output

samples with imperfectly canceled CFO. We uncovered that, in many cases of high practical

importance, the imperfectly canceled CFO is the main cause of the performance degrada-

tion. In these cases, the EMSE is approximately proportional to the CFO estimation error

variance, with the proportionality coefficient being independent of the TS, implying that

optimal TS design for CFO estimation is also highly relevant for joint CFO and channel

estimation.
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Appendix 4A

Proof of Proposition 1: If we use the definition of the equalizer mismatch, Af 2 f—f , in

(4.27), we get

MSE, (f, &) = £# (rm, m(—AHEHEITE (L AL)+ anIMH) £

t1

FAFH (].“n:n_M(—Aw)H’H’HI‘ﬁn,M(—Aw) + oﬁ,IMH) Af

to

+2Re{fH (I‘n:n_M(—Aw)H’H’Hrﬁn,M(—Aw) + a%;IMH) Af}

N~

t3

—2Re{e/2 U, y(—Aw)H eq} —2 Re{e’ S AFIT,,., 1(—Aw)H'ey} +1.

ta ts
(4.59)
We define matrix I' ., (—Aw) 2 AL, v (—Aw) = diag(e 7A@ =8) | emiAwn—M—8))
Using the expression exp(z) =1+ z + % + O(23), we obtain
) 1, 9.9 n3ol
I‘n;nfM(—ALU) = IM+1 - ]AWDn:nfM - iAw DTL:TL—M + Op W (460)
/ . ! Loy nioy,
n:nfM(_Aw) =TIy — jAWDn:nfM - iAw Dy + Op W (461)

where Dy,.n— m1 2 diag(n,...,n—M),D! ., 2 diag(n—¢,...,n—M—¢) and R 2 Ny — L.
We will write analytically the five terms defined in (4.59), using (4.60) and (4.61). We

will also take the expected value of each term with respect to Ah’ and Aw.
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Term t;

Using (4.60) we obtain

3)
“ @ 1
gAh’,Aw [tl] = gAh’,Aw |:fH <(IM+1 - jAan:n—M - iAWQDEL;nfM) H/H/H

®3)

(1) (2) 1
% (L + Do — FA0’D2, ) + JZ)IMH)f}
(11) (12)
= Ean A [fH (HH" +621)1)f + jAETHH D,y f
(13) (21)

- %AwaH HH"D2, ,f— jAuf’D,.,_HH"f
(22) (23)
+ AW D,y BHH D, f + j%AwngD,m_ wHBEYD?, L f
(31) (32)
- %AuﬂfH D2, HH"f- j%Aw?’fH D2, HH'D,., uf
, (33)
+{AWTD2,  HHD?, 8.
(4.62)

Using that Eau[Aw] = 0, Eau[Aw’] = 0 (the ML estimator is practically unbiased and

Gaussian) and that the term proportional to Aw? is practically equal to zero, we obtain

Ennpolti] = EARE + 02 F1Dy v HHY D,y f
1 . ] . (4.63)
— iaiwa HH"D2, ,f— iaiwa D2, HH"f

We write the last three terms of (4.63) using that D,.,— s = nIp1 — Doy as

1.
X Dy HH D, i f = n2od fPHHYE + 03 f7DyHH "D f
— o fTDyHHTf — nod tTHH"D,f.
(4.64)
2.
1 1
-3 oA FTHHTD2, | f= —5n’ oA STHHE + noX fTHH"D,,/f o)
] .
— oA H'H"D?,f.
3.
1 1
-3 o D2, HHf = —5n oA STHHE + nod 7D HH"f
(4.66)

1
- iaiwa D2, HH"f.
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Using (4.64)-(4.66) in (4.63) we obtain
Enr awlti] = FPR.E + o3 F7DyHH "Dy f
- %agwa HH"D?,f - %aiwfff D2, HH "t (4.67)

M?2 g2
_¢eH w
=f sz+(9< . )

Term t,

Using (4.60) we obtain

3)
SO N ¢) 1
EAh/,Aw [tg] = gAhlew [AfH <(IM+1 — jAWDn;n,M — 5Aw2D$z:n—M)H/H,H

3
O I Y )
% (Lar1 + jAWD oar = A2, ) + awIMH)Af]

(11) (12)
= Eaw | AL (HH 4 02000 11) Af + jAGATTHH D, 1 AF

(13) (21)
1
- 5AuﬂAfh’Ii'H”ﬁ)fm_MAf — jJAWAFID,,.,, HHTAF

(22) (23)
1
+ A(")2AfH:Dn:n—MH/HIH]:)n:n—MAf + j5AngfHDn:n—MH/H/HDEL:nfMAf

(31) (32)
1 1
- 5AuﬂAfHDEM_MH’H’H Af — jiAwSAfHDim_MH’H’H D,y AF
X (33)
+ ZAw‘*AfHDfm_MH’H’HDfm_MAf] .
(4.68)

We keep second and third-order error terms (we keep third-order terms just to see the

lower-order term we neglect for to). Then

Ent,nulte] = Enn,au | AFTRAF + jAGAFTHH D, 1 Af

(4.69)
— jJAWAFID,,.,,_ HHT AL
We write the last two terms of (4.69) using that Dy,.,—pr = nlpsr41 — Dy as
1.
Enn aw | JAWAFTHHTD,,,, MAf} = EAW Aw [j n AwAFEH'HY Af} o)

~ Eawau|jACATTHH D Af .
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EAt Aw [ — jAwAfHDm,MH’H'HAf} = Eaw Aw [ _jn AwAfHH’H'HAf}

+ Enw au | JAWATTD HE AF

(4.71)
Using (4.70)-(4.71) in (4.69) we obtain
Enn,dultz] = Eaw | AFTRAS| + Enwau| — jACAFTHH Dy Af |
+ Eaw Aw [jAwAfHD wHE Af}
(4.72)

— Enmw,n | AFTR.AF] + 2Re{ Eaw au [jAAFTDy HH Af| |

N [Af R Af] o) (]\;5(;2 )

Term t3
Using (4.60) we obtain
1) @ @ Y
gAh’,Aw[t?J = 2Re{gAh’,Aw [f <(IM+1 - ]Aann M — §Aw Dnn M)HIH/
(3)
(1) @) ) N
x (Ing1 + JAWD g pr — wa D2, )+ o—wIMH)Af} }

(11) (12)
= 2Re{ Eaw oo |17 (HH + 62001 11) Af + jACETHH D,y 1 AF

(13) (21)
1
— CAFIHETD2  Af — jAWEED,,., yHH Y Af
9 n:n—M

(22) (23)
+ szfHDn m— MH H/HDn m— MAf + .7 AwngDn m— MH H,H n n— MAf

(31) (32)
- %A&fHDim_MH’H/HAf - j%Aw3fHDim_MH’H’HDnm,MAf
X (33)
+ AW D2, HHD], MAf] }
(4.73)

We keep first and second-order error terms (we keep second-order terms just to see the
lower-order term we neglect for t3). We will write the second-order terms of (4.73) in detail

using that Dy.p—pr = nlpyr1 — Dy
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1.
2 Re{EAh/Aw [jAwaH,H/HDnm,MAf} } =2 Re{EAhlew [j n AwaH,H/HAf} }
_9 Re{SAh/Aw [jAwa 12102 G DMAf} }
(4.74)

P Re{gAh,, Au [ - jAwaDn:n_MH’H’HAf] } -9 Re{f:Ah,,Aw [j n AwaH’H’HAf} }

12 Re{sAh,,Aw [jAwaDMH’H’HAf} }

(4.75)
Thus, using (4.74)-(4.75) in (4.73), and by ignoring terms of higher order, we obtain
Eaw.aults] = 2 Re{SAhg A [fH RZAf] } _9 Re{gAh,, A [jAwa H’H’HDMAf} }
42 Re{gAh,,Aw [jAwaDMH’H’HAf} }
—9 Re{SAhg A [efg’ 2 G Af] } _9 Re{gAh,, A [jAwa 15 102 G DMAf} } (4.76)
) Re{SAh/Aw [jAwaDMH/H’HAf} }

= 2Re{gAh’,Aw [eng/HAf] } +0 (Ag;%”>

where we have used that f = R;'H'e,.

Term ¢4
Using (4.61) we obtain
Ean Aw(ta] = —2 Re{é’Ah/’Aw [ejA‘”ngI‘nm,M(—Aw)H’ed]}
— ~2Re{ Eam, a0 [F7T),0 0 (—Aw)Hley | |

(4.77)
— —2Re{f"Heq} +2Re{Ean,au [iAWED),,_yHey| }

+ Re{gAh’,Aw [AwaHDEm_MH/ed} }

Using that Ea,[Aw] = 0, we get

Ennaulta] = ~2Re{F7H'e | + Re{Eaw,au | AT DE, _yHeq| }. (4.78)
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Term t5

Using (4.61) we obtain

Enn.aults] ~ —2 Re{gm,,m [eﬂ'Awf Aerm_M(_Aw)H'ed] }

=9 Re{gAh,,Aw {AfHI‘Qm,M(—Aw)H’ed] }

— ~2Re{Eaw,au [AFTH'ey| | +2Re{Eaw,au [iAWALTD),,_\Hey| }

+ Re{gAh,,Aw [AWQAfHD;?m,MH'ed} }
— ~2Re{Eam,au |AFTHeg| } + O (Z_j;j?) .
(4.79)
From the definition of the EMSE and using (4.67), (4.72), (4.76), (4.78) and (4.79) we
get

EMSE,,(f,0) = Eaw aw |AFITR A + Aw?Re{fID?, | He,}

. n? O‘f’u M? 0120 (4.80)
+ 2Re{jAwAfHD;L:n7MH/ed}} +0 ( e ) +0 < 7 > .

The first term of (4.80) is computed as

T 2 Eap nw [AFTR,AF]
27w an [(AWRY + AT GI) R (REA + GoAR) | (481)
HIOLAID 4 (R7D(RECRT + G,C G + G,CRT + REC/,GH)) .
We continue with the second term of (4.80), which is time-dependent
Ta(n) 2 Enb pw [AwRe{f"D? _\ Hes}] = 0X, Re{t"D?2, ), He,}. (4.82)
The third term of (4.80) is also time-dependent, and is computed as

T3(n) 2 Eaw aw [2ReAWAFID!, Hes}] = 2Re{Eaw au [JAWALID! | Hey]}
“29 9Re{Eat aw [jAw (Ah’HROT +AnTGH ) R;'D,, ,He,}
= 2Re{Eaw au [JAWANTRIR; D)., He,+ jAuAN GYR;'D,,, \H'ey]}
“19 952 Re (W7 ATK/A(ATA)'RTRI'D),,, ,H'ey
~ W ATK'A*(ATA)TGIR; DY,y H e}

(4.83)
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Appendix 4B

If the covariance matrix of the training sequence is R, then [2, Appendix A]

1 1
—ATA=—R+0O(= 4.84
! n (R) (4.84)
and
1y 1
7z ADr I A=R+0 =) (4.85)

2

If R is invertible, then, using the first-order expansion (11) we obtain

Hayv-t_ Lo R -2
(A7A) =zR +(’)<R2>R . (4.86)
Furthermore,
ATK'A = A <—DR_1 + (g — 1) IR> A
R H
=-A"DpA+ (5 -1) ATA
2
= —%R —O(R) + (]; — 1) (RR+0(1))
= O(R). (4.87)
Then

1

= 0(1). (4.88)

Using (4.88) and (4.55) it is easy to see that the second term of C’ in (4.16) is O (2—%),
while, using (4.86) we obtain that the first term of C’ is O <%> Thus, if the covariance
of the training sequence is invertible (and not very ill-conditioned), then the first term of

C’ in (4.16) is much larger than the second.
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Appendix 4C

Using the singular value decomposition (SVD), matrix A can be written as
A =UxVv# (4.89)

where U and 'V are unitary matrices with dimensions (N¢,—L) X (Nyy—L) and (L+1) x (L+1)
respectively, while X is the (Vi — L) x (L + 1) matrix with the singular values of A in its
diagonal, and all the off the diagonal elements equal to zero. Using (4.89) we obtain

-T

(ATA) " =V vT (4.90)

where X7 = (ZHZ)f1 = diag (07 *(A),.... ,azil(A)). Thus, in order to prove (4.52) we
use the submultiplicative property of the matrix norms and expressions (4.89) and (4.90)

to get

IATK'A*(AEA) T ||, = [V STUTK'U*Z*E, VT ||,

IN

VL2 ST (21O |2 [ K [l2[ O[22 1|2 VT2 (4.91)

1 _ Umax( ) , R
Toin(A) ~ omin(A) 2= 5 R2A(A)

where for the last equality we used the definition of matrix K’ and the condition number

= Tmax(A)|[ K2

with respect to the spectral norm.
In the same manner we prove the inequality in (4.53). We first write the SVD of matrix
H' as
=U,;AVT (4.92)
where U; and V; are unitary matrices with dimensions (M + 1) x (M + 1) and (M + L +
1) x (M + L+1) respectively, while A is the (M +1) x (M + L+ 1) matrix with the singular
values of H' in its diagonal, and all the off the diagonal elements equal to zero. Using (4.92)

and the definition of R, we obtain

R;! = U;A,UY (4.93)
where Al = dlag (J%(H’l)-i-tflzu R U?M+1(11'I/)+Ugu ) )

Using (4.92), (4.93) and that G = H'F” we obtain

IGERIDH'ey|l2 = |[F*'VIAYA,UID ), U AV g2

(*) 1

< ||FHZWMUmax(H/) (4.94)
Tmax (H’

= [ 220 = M [P (81
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where at point (*) we have used that the singular values of A" A; are equal to o;(ATA;) =

O'i(H/) . H O'Z'(H/) O'i(H/) 1
_OE) 1 M+ 1, and o(ATA,) = < = .
) 1 og Lo b ML and AT = T S ) T o)

1

Thus, A Ayl2 = max(o3(A" A1) < .
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