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Euyapiotieg

Kotd tnyv didpxelor Tng exndvnong authc tne odaxtopixc dtateiBhc, YeEtdoTn®a Uy VA TNV

Bordeia xou uToG THRIEN dEXETHOY aVlpOTWY, Toug onoloug Yo el Vo ELYUELE TAOW LOLUTEPWC.

Auxanopotixd xon ouolacTxd Yo euyoEloTHow TEMTo Tov oVUBoVho xodnyNTH xou ddoxa-
Ao pou, Twdvvn Mapddxn o onolog pou mapelye TNV doTior emoTROVIXTH xad0odY Yo Yol TNV
ONOXATPWOT) TNG TaPOLCOS OlatEl3hc. 1ol TIg AUETENTES WPEC TTOL oL APLEPWOE.

Trv xodnyriteta pou xuplo Eieva Ianabomodhou yia Tny emio TAOVIXT xou i UToc THELET

me. ot to 611 oe xploweg OTIYUES oL EBWOE TO XOURAYLO VO GUVEYIOW TNV Topoloa SLoTELEH.

Tov xodmynth Adavdolo Poxd (xon eunveuvs ) e uedddou éve otny omola eivar Bactopévn

1 epyaoio) yLor Tic TOAOTYWES GUPBOLAES Xat XaTeEUYUVGELS TTOU oL EBWOE.

Tov xodnyntr Oeddwpo Ianodeoddpou yia Ty unoothelEn xou euddywon tou xatd TNy

OLdipxELol TNG TTEWTNG 1oL oWthiag oe BIEVVEC GUVEDELO.

Tov xadnynth pov oto Iavemotiuo Kerine xadnynty Andéctoro Xatlnoruo o omnolog
ME WA XU UOVO EdoT) TOU UE ODYYNOE GTO VO ANOQPAGICL VO 0aXOAOUUNow TOV OpOUO TWV

METATTUYLOXY OTIOUDMV.

Tov Ipbtavn tou HoAuteyvelou Kertng xadnyntn Iwoaxely 'ouonoldxn mou napdro to pdeTto

epyooldg TOU UTOPECE VoL GUUUETACYEL GTNV ETTUUENY| ETLTEOTH.

Tov Aéxtopa Eypavourih Modiouddxn, yio tnv ethixpvry Borideid tou mévey otar UToAOYIoTI-



ii Evyoapiotieg

x4 cuotAuata Tou Epyactnplov Egapuocuévey Moadnuatixay xow Trohoyotov. Xwplc tny

Bordeia Tou dev Yo unopoloa vo aoyoAnde Ye TNV tapdhhnin encgepyaota.

Tov Aéxtopa Avdpyupo Aehy), yio TIC ETMOTNUOVIXEC GLUINTACELS TOU ELYOHE XU TIC VT

£00TOYEC MOPATNEHOELS TOV.

To npoowmxd xou Tov dieuduvt (xadnynth Iwdvvn Xoapiddxn) tou epyaotnpiov Egapuooyué-
vov Modnuotixcdv xou TToAoYIoTOY, Yot TNV BUVATOTNTA YENOHOTOMONS OAWY TWV TOPWY TOU
£QYOUC TNEIOU Yo TNV QLAOEEVIO TTOU HOU TORELY OV XATE TNV OLAEXELN TOV UETATTUYLOXWY GTOUOWY

Hou.

Aev umopd Befoiwe oe xopla Teplntwon vo Eexdom VoL ELYUPIE TAOL TOUS GUVIBEAPOUC LOU
ueTamTuytaxoVS @ottnTég Tou Topéo Monuotixddv xau wiaitepa tnv xupia Mopidvva Toamadoyo-

VORI, YLot TV i) CUUTOEAOC TAOT) TOUG XOU TO XOURAYLO TTOU oL €Bvary GAOL UTE ToL YEOVLAL.

Oa Hieha emlong va euyoptotiow TNy xupla Tovia Xyoupoudhhn xou v xupla Awpodéa
Dparyrouyehdxnn and tny yeoppatelor Tou I'evixod Turuartog tou Holuteyvelov Kertne yio Ty
6NN LTOG TARIET), BloLMTXY o oVIRAOTIVY, XATE TNV SLIEXELD TWV UETATTUYLAXWY OTTOUDWY oY
xou Ty xupla Aéomowvar Havtehdnn and tov Edixd Aoyapiooud Kovouliwy ‘Egeuvoe yia v

Borelo g pe 1o mpdypapua Hedxeitog.

Télog, agiepwvovtac TNV SLTEBn aUTH 0TV OXOYEVELS HOU, VEAL VO ELYUPLOTHOW XAl VoL
EXPEACH TNV ELYVWHOCHVY UOU TEWTOV 0Toug Yovelg pou I'ewpyio xou Iwdvva yio v apépiot,
xade eldoug xan dveu dpwv, UTOCTARIEN XL CUUTNEACTACT) TOU UOU TapElyay TdvTa, Ywels Ta
omofa dev Vo pmopoloa €y OAOXANEMOEL TIC GTIOLBES YoV, Xau OEUTEROY TIC aBEAPES Lou Pwidvn
xou Baouhih (xon Ty 0uxoyEVELD TNG) YLoL TNY CUUTIOEAO TAOT TOUS XAl TNV UTOUOVH oL ETEJELZaY

OTNV AVTWETOTLON TWV OUCXOAMY TOU CUVAVTNOU.
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ITepiindm

H enllvon mpofinudtony cuvoptaxdv oy yio pepixée dwapopixéc elotoec (PDEs) xo-
TéyeL xevipw) Véomn oto e@apuoouéva padnuotind.  Avohutixéc pévodol (my.  ywellOUeEVLY
HETABANTAOV ot TEXVIXES UETACYNUATIOU®Y) Topdyouy axplBelc hoelc xou pog divouv xou wia
loyver| alodnon vy Ty dlapopixy| e&lowon. ‘Ouws to gdopa Twv TeoBANUdteny Tou Abvouy -
v TEpLopLopévo. Aptduntixéc pédodol (T.y. TETMEPUCUEVKY OTOLYEIWY, TETEPUCUEVHV DLPOpOY
X0 QooUATIXES) efvan xavéS vor ETAVGOUY €var eVPUTERO Qdoua TEOBANUETLY oA wbvo mpo-
oeyywotixd. Mepuée pédodol (m.y. boundary integral methods) cuvbudlouv cuyxexpluévee
avoluTixée mAneogopiec yia tnv hbon uall pe oprduntixéc npooceyyloewc. H mopoloo epyosio
aoyolelton pe uior L€¥odo mou avixel oty TeAeuTalo AUty xaTnyoplo.

[Mpbogaro war véor avohutiny| Yédodog yior TNV YEAETN TEOBANUATLY GUYORLOIXMY THIWY YLdL
YeuUUXES xan Yo ohoxhnewolues un yeouuxéc PDEs og duo dwotdoeig eworydn and tov xo-
Inynth Poxd (Br. [FOKIT7, FOKOL]). Auth n pédodoc éxer ypnowwonoiniel yio tnv enthuon
Yeouuxdv ENentndyy Mepixdv Awpopixdyv EElodoenmy oe xuptd moluywvixd ywela [FOKOT]
TOEAYOVTAC OVOAUTIXEC AUCELS OE TEQLITWOELS U] OVTLUETOTIONUES OO TIC XAACIXES TEYVIXES
petaoynuotiopdy. Kiedi oe auth v pédodo eivor 1 ohx) cuvOhxy [PGA99] n onola cuvdée
YVOOTES %o AYVOOTEG TWES TNEG Ao 1) TV TORAYWYWY TNG AUoNEG 6T0 GUVORO Tou ywelov.
Ye MEQINTWOELS OTOL 1) oAt} oLV XN uropel vor Audel avolutixd 1 uédodog mapdyel Tnv Abom
o€ XAEWOTH Pop®h YeEVixebovTac €Tol Tic xhaootxéc pedddoue yetaoynuatiopody (m.y. Fourier
xou Bessel). Xty yevixr dpwe mepintwmon ouvoploxv TeoBAnudtey 1 ok cuvirixn teénel va
Audel apriunTixd.

H noapodoo Swotplr) aoyolelton e TV ovdmTudn xol TNV HEAETY ATOBOTIXOY ORLIUNTIXGY
uedé0wY TOC0 Yol TNV aELiunTxXy TeoGEYYLon TNg OAxhc cuVINXNC 600 xau Yio TNV enthuon Tou

olaxpttomolnuévou avaroyou tneg. 1o ouyxexpyeva:

e >70 lo xegdharo mopotétoupe To Poaocind poinuatind urdBoadeo mou yenoiworowlue. Kd-
VOUUE L0l XEY| VOO XOTINGT) O TIC EMAVUANTTIXES PEVOOOUE ETUAVONG YRUUUMXWDY CUC TNUS-
WV, aVaPEEOUPE TNV évvola Tng TpoplioNne xou 8iVoLUE Toug 0pLoUoUE XL TiC Booixég

WBLOTNTES TV circulant mvdxwy xon v Aloxeitedv Metaoynuatioucv Fourier.

e X710 20 xe@dAono TEPLYEAPOLUE TNV WEVodo Tou xadnyNnTh Pwxd yio Ty eniluon tne €&(-
owone Laplace oe xuptd moAuywvixd ywelo divoviog éugacy otny aptduntixy vAonolnon

me. E€etdloupe toug Badpoic ereudeplac tne pedddou, dnhadr oo onueia uropolyue vo
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oAAGEoLUE o TNV apldunTiny VAoToinoN €ToL WO TE VoL ETUTOYOVUE XANVTERT] OELIUNTIXT) CUY-
TepLpopd.  Axdua ouToOAOYOUUE TNV ETAOYY TNG YEVXAC Wop@iS TwV onueiwy Tadiieotag
(collocation points), dnhadn twv onueiwy Tou wyadixod emnédou téve oTo OTold ATOTI-
HOUUE Lol YEVIXELUEVT] GUVIYXT YLaL VO TUEAEOVUE €Val GUG TN YROUUXDY EELOMCEWY TO
omnolo Yo pag odnyroel otny enlhuon tng e€iowong tou Laplace, €éyovtag wg yvoOUove Toug

TEPLOPLOKOUE TOL TaEOUGLAlovVToL GToL G0YYEOVO UTOAOYIC TIXd TepB3dhhovTaL.

Y10 30 xedharo e&etdlouye TNV undpyouca emAoyn Twv collocation onuelwv xon mopdi-
Anhat TEOTEVOUPE Lol BLUPORETIXY| ETLAOYY| ONUEl®Y Yiot TNV ethuom TG ohxic cuvixng
0E XUPTA TOALYWVIXS yweld, 1 omolo 0dNYel OE TVOXA CUVTEAEG TV TWV XY VMO TWY TOU

ornolou Tar dlarywwvior umAox elvan onuelonol dlory VLol Tivaxeg.

Y10 40 xe@dlano cuyxpivouue, aptduntixd, Tic duo emAoyég Twv collocation onueiwy xou
ouunepatvoupe 6Tl 1 VEo emAoyY) odnyel oe adénomn tou puluol clYXAoNE TNE UeVOBOoU
(teTpoYWVIXH GUYXNOT)) Yot OE THVAXA CUVTEAEC TV TOU YEAUUUXOU GUOTAUNTOS UE TOAD

WXQEOTEQO BEIXTY XATAC TUOTG.

310 50 xe@dhano eEETACOVUE TNV CUUTIERLPORE TWV EMAVAANTTIXWY UEFOOWY YLo TNV eiAuon
TOU YRUUULXOU CUCTARATOS UE TNV VEa emhoyy| Twv collocation onuelwy, yia xavovixd xou

UM XAVOVIXE XUETE TOADYWVAL.
Y10 60 xepdrono e€etdloupe, YewpnTind, TNy dour xou Tig LoTNTeg Tou collocation mivoxa.

Y10 To xe@dhono yenouylonotoLue Tig WLoTNTeES Tou collocation mivoxa, 6mwe nogovoldo T
xav 670 60 xepdhoto (m.y. block-circulant), yio Ty amodotxr| (p€ow Tayéwv Metaoyn-

wottopy Fourier) enfluon tou collocation cucthuatoc.

Y10 80 xe@dhono emALouue to collocation cUoTNUA o€ ToEAAANAL UTOAOYLOTIXE CUCTH-
wote. Hopovoidlovpe xan avahboupe éva ohydprduo yior TNV ToedAANAN entAucT YEVIXGDY

block-circulant ypouuxv cuoTnudTY.

Y10 90 xepdhouo mpoteivouue wo véa emhoyy| ouvapthoewy Bdone (Chebyshev) 1 onoio

odnyel og, oyedoV, exdeTinolc pLuIHOUC GUYXAIONG TNS aEtduNTIXAC HEVOBOU.

270 100 XEPAIAAO AVAXEPUNLDVOUUE Kol AVAPELOVUE TaL atvoLy T {nTruaTor Tou Teoéxudoy

xan o oG amacyyOM o0oUY GTO PEAOY.

Téhog 670 TapdpTNUL ToEAIETOVUE TIG EpYAOleg YaC:

1. A. G. Sifalakis, A. S. Fokas, S. Fulton, and Y. G. Saridakis, The Generalized Dirichlet-

Neumann Map for Linear Elliptic PDEs and its Numerical Implementation,

Journal of Computational and Applied Mathematics, (in press).



ix

2. A. G. Sifalakis, E. P. Papadopoulou and Y. G. Saridakis, Numerical Study of Ite-
rative Methods for the Solution of the Dirichlet-Neumann Map for Linear
Elliptic PDEs on Regular Polygon Domains, International Journal of Applied
Mathematics and Computer Sciences,4(3), 2007.

3. A. G. Sifalakis, S. Fulton, E. P. Papadopoulou and Y. G. Saridakis, Direct and Itera-
tive Solution of the Generalized Dirichlet-Neumann Map for Elliptic PDEs
on Square Domains, J. Comp. and Appl. Math., (submitted).

4. Y. G. Saridakis, A. G. Sifalakis and E. P. Papadopoulou, Efficient Numerical Solu-
tion of the Generalized Dirichlet-Neumann Map for Linear Elliptic PDEs in
Regular Polygon Domains, IMA Journal of Numerical Analysis, (submitted).

Tou €Youv dnuocteLdel 1 €youv utofAndel Tpog dnuocieucT o BEVVY| ETCTNUOVIXE TEQLOOLXAL.
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Kegdiowo 1

Boaowxec 'Evvolec

1.1 Ewoaywyn

Ye autd To xePdAano Yo exdécouye To Baoixd podnuatind vnoBadpo tng Tapolong spyaciag.
ITio ouyxexpwéva, Va eetdooupe tic Baoée (stationary) emavohnmuxée pedodoue, divovtog
éupoon otoug p—xuxhixols (p-cyclic) nivaxee [VAROO, HYOSI, YOUSI, [HADOO] xodde xan
1ic Krylov emavohnmiiée uedsdoue [SAAND, VOR03, [KELIS, [GREI7, DEMI6, DDSIS, [TEM,
TBA97]. Koatémy Vo whAcoude yioo Tnv texvnh e npoplone xou Yo ovapépoupe Toug
TeopLIULG TEC oL TEOXVTTOLY amd TiC stationary emavaAnmTixég Yedodoue. Xtnv cuvéyelo Ya
avaepYolpe otoug Tayelc Metaoynuatiopote Fourier [LOA92, HIGI6, GCLIG] xou otny edixd
xatnyopla Twv circulant mvdxwyv [DAVTI, TTA00).

1.2 KAloacoweég Enavornntineg Medodol

[ Ty oprdunTer emiAucT) U LOLOUORPWY YROUULXMY CUCTNUATWY NS LoRPNS
Ar=0b , AeR" | beR"\{0} (1.1)

Yewpolue wa didoroor tou mivoxa A

UE TEPLoPLoPoNC
(o) O mivaxag M vo ebvon avtio teédipog, xou

(B) "Evo ypouuixd cUo TN Ue Tivoxo GUVTEAEG TGOV oy Vo Twv M va NOveton ge Tol) Ay dTeEpES

TEAEELS amd Eva GANO UE TVOXA GUVTEAEGTOV oy VOO TWwY A.

O rnivaxac M eivor yvwotdc we mivaxac didomoaone (splitting matrix). Xenowomowdvtag v

(L.2) oy (L.1) xow avodiatdocovTog €YOouUe

t=Te+c , T:=M'N=I-M'A |, c=M" (1.3)



2 Baowéc 'Evvolec

H tedeutaia e€lowon etvar .oodivopn pe Ty (L.1) xou umodewviel Ty xotaoxeun Tou olyoplduou

2" =Te"m+c¢ . k=0,1,2,..., (1.4)

ue 20 € R™ tuyaio diévuoua #, onotedhnoTe duVATEY, apyIXH TEOCEYYION TN LOVAdIXAC AIoTC
r = A~'b tou cuothuaroc (1.1).
O nivoxag T' ovopdleton enovahnmuxde mivoxos tou akyopiduou (4 e pedddou). O olydprduoc

(L.4) mopdryer pior oxoroudior Stavuoudtey

{x(m)}::(]_

1 omola xdtew and cuyxexpévee Tpolnodéoelc ouyxAivel oty povadxh MNon & = A™'b tou

Yeouuxol ousthuatog (L.3).

Ocdpnua 1.1 Avaykaia ka1 1ikavr) ovvinkn ywa tny oUykAion tng axodovdiag twy Tapaydpevwy

and tov akydpiduo (1.4) davvoudrov otny Abon x = A~'b tov ovotriuarog (1.3) efvar n
p(T) <1, (1.5)

omov p(+) n paouatikry axtiva (to puétpo tns HéyioTng katd puétpo 1d10TIUNS).

O xhaouxée enavarnmixée yévodol Boacilovion otny oxdhouvdn, uovooruavty, didonaot Tou

Tlvoxal CUVTEAESTOV Ay Vo Twy A
A=Dy— Ly— Uy, (1.6)

6mov Dy = diag(A),onhadn, Sorydviog mivoxog pe Storyviar ototyelor to avtiotorya Tou A, Ly
O TNEA XETW TEYWWXOS xat Ug auotned dve Tetymvixds. Avoxah®vTag Tpeo TNy didomao

Tou mivaxat A amd v (1.2) éyouye

Médodoc¢ M N T
Jacobi Dy L+ Uy D;ll (LA+UA)
Gauss-Seidel Dy — Ly Uy (Da — LA)_1 Uy
1 1 -1
SOR ;(DA—MLA) (;_1>DA+UA (DA—(,ULA) [(1—w)DA+wUA]

O emavoknmuxdg mivaxag tou Jacobi cuyBoiileton, ocuvidng, pe J xan o emovolnmuxde miva-
xoc e SOR pe L£,. v SOR 10 w € C\ {0} xoheiton nopduetpoc tne unepyahdpwone
(overrelaxation). Ilapatnerote étt yio w = 1 n SOR towtileton pe v pédodo GS.



1.2 Khaocowég Enavainntiés Médodol 3

Ou nopamdive teetc pédodol xahovvtar point (onuetoaxéc) oe avtdiouotolf pe i block. T

Tic TeheuTaleg Yewpolue wa dlopéplon tou A oty axdroudn block popey :

Ay A - Alp
A A .. A

A= TR (1.7)
Apl Ap2 e App

6mov A;; € R™™ i =1(1)p xa >.7_n; =n. Avopicovye Dy = diag(Air, Asa, ..., App)
Yewpdvtac 6t det(Ay;) #0,1=1,2,...,p xou

A=Dy—Ly—U,, (1.8)

ue Toug L4 xou Uy var elvon auoTned xdme xon dve Terywvixol mivaxeg téte ol block Jacobi, block
Gauss-Seidel xau block SOR pédodol opilovton and ta (Bl ETUVOANTTIXG CYAUTO OTWE Xal ToL

point Leuydpla Toug.

IMagatrenon 1.1 O enavaAnnuixol nivakes twy kKAaooikwy etavaAnrikdy pebddwy ypdporvtal

Kar s
T=I-M"1A (1.9)
AnAadn
Jacobi: Ty = J-— D;lA
Gauss-Seidel: Tgs = [ —(Dy— LA)_1 A (1.10)
SOR: TSOR = I—-w (DA — wLA)_l A
1.2.1 SOR

H SOR anotelel wa povonapopeteuxr yevixevon tne Gauss-Seidel, agpol yia w = 1 n SOR
etvar 1 Gauss-Seidel. H SOR 8ev ouyxiiver yia xdde w € C\ {0}. To nopaxdtey Yedpnuo poc
Bondder va Bratunwooupe wo avaryxador cuvixn Yo Ty obyxhion e SOR mou elvon avegdptntn

TOU TVAIXOL GUVTEAEGTOV TWVY ALY VOGTOV.

Oevpnua 1.2 Eoww L, o enavaAnrrikés nivaxas tng SOR pedédov. Ia omoodimote w ( mpay-
patiké 1 pyadikd ) wyvel n oxéon :

p(Ly,) > |lw—1]. (1.11)

"Ayeon ouvénela Tou Oewpruatog [1.2] elvan To mopoxdTew ndpIouaL.
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ITépwopa 1.1 (Kahan ) Avaykaia ouvOrkn ya tnv odykiion tns SOR eivar n
w—1l<1l, weC=we(0,2) , weR. (1.12)

Opiopdg 1.3 (Taydtnta cOyxhone) Eoww A, B € C"". Av ya kdnow Jetikd axépaio k

ka1 ya pa guokn véppa ||-|| 5 etvar |A¥|| , < 1, ©éve n moodrnTa

I

1 1
R (4%) = —In (||4*]}) = — In 4" (1.13)

I

Kaletrar péon taxUtnTa oUyKkAiong ya k eravaAippeg. Av HB’“Hﬁ <1k R (A*) < R (B*),
T0te 0 B elvar emavaAnrnuikd tayUtepog tov A ya k enavainipe.

‘Otay k — 00 pnopel vo amodetydel ot

R (A) = klim R (A¥) = —In(p (A)). (1.14)
H R (A) xodelton péon acuumtwtixr oy dtnte o0yxhons. Anhadr o 660 YeRyopo cUYXAVEL
n pédodoc (1.4) etvor ouvdptnon wévo e p(T'). Mdhiota toylet 1 topaxdtew TedTao :

‘Oco pixpdTepY) elvol 1 QAoPATIXY] axTiva Tou eravaAnntixoL nivaxa 1" toco

’ 4 ! (m) o0
T OTERa (aoLpTTWTIXG) N oxoloudio {x(™ "
Ax =b.

o OLYXAiver oy AboT Tou

Ev vével 1 elpeon tou wepr (TOL w Lot T0 onolo M ooty axtiva Tou L, Yiveton eAdyloTn)
etvan TpdPBANua dvoxoho. IIdvtwe, yia pa xatnyopia mvdxwy (toug (block) 2-cyclic consistently
ordered [VAROO] # éxovtec v di6tnta A (Young) ) éxouv nopoydel ToAG anote éopaTa Yo
v avtwetonon toug (wy. [YOUSA, YEIT0, HPS88, SPA8I, HSA92, SIF02]). Iopaxdte: Yo

ovoupépouue T Booind oTotyelor TG Vewplag oUTWY TWV TLVAXWY.

Opwopdg 1.4 Eoww A € R™™. O A ovoudletar weakly cyclic of index k (k > 1) av vndpye

petaletindg mivaxas P € R™™ tétoog dote

[0 0 0 Ay
Ay 0 0 0
PAP'= | 0 Az . : Cl (1.15)
P 0 0
[0 0 - Ay O

OOV 01 01aYVI01 UNOEVIKOT TIVAKES €lVAl TETPAYWVIKOL.
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Oehenua 1.5 (Romanovsky 1936) Av o A € R™" eivar weakly cyclic of index k (k > 1)
1y Vel 0Tt

¢ () =det (AT — A) = X" (W = of) (1.16)
i=1
omov m + rk = n ka1 o; un pundevikn 1woTUN Tov A.

IIégiopa 1.2 O un undevikés 1bwtiués evos weakly cyclic of index 2 mivaxa eppaviovtar oe
avtideta Levyn.

Opwowoéc 1.6 Edv o emavaAnnuikés nivakas tov Jacobi mov avtiotoryel otov mivaka A, pe tny
drauépion mov gaivetar otny (1.7), elvar weakly cyclic of index 2 téte o mivaxas A ovoudletar

p-cyclic (avapopikd wdvta pe Tny dauépion (1.7) ).

Optopog 1.7 Eoww dut 0 A elvar (avagopixd pe tny duapépmon (1.7) ) p-cyclic kar Ap, Ay, Ay

omaws optlovtar otnr (1.8). O A ovoudletar ovvend§ datetayuévos (consistently ordered) av to
o(aLy+a P DUy
etvar ave&dptnro tov a ya kdle a # 0. To o(-) ouupolila to pdoua (To ovolo Twv 1610TILGY).

IIégwopa 1.3 KdOe block tpidwaywriog mivaxas, pe tous Owarywviovs block vmonivaxes tov va
efvar un i6poppor (opadoi), eivar 2-cyclic consistently ordered 6nAadn consistently ordered kai
2-cyclic Tavtdypora.

To Boowdtepo Yewpnua mou agopd otoug 2-cyclic consistently ordered mivoxeg efvon to
TEOXATE) TO OTIOl0 CUVDEEL TIC WOLOTIES TOL EmavaAnTTixoy ntivaxa tou Jacobi (J) ue Tic Wiotiuée
Tou emavoAnTixol nivaxa tng SOR (L) [YOUSI].

Behenua 1.8 FEotw dut 0 A efvar 2-cyclic consistently ordered mivaxas. Av p € o(J) kar A
1KavoTolel TNy oxéon
A +w—1)% =w?u?) (1.17)

tote A € 0(L,,). Avtiotpoga, av X € (L) \ {0} kar p wcavoroel tnr (1.17) tdéte p € o(J).

Yuprnépacpa 1.9 Edv o A etvar 2-cyclic consistently ordered téte p(Tas) = (p(J))?. Anadr
n pédodog GS eivar dvo popés mo ypryyopn ané tny pébodo touv Jacobi - av guoikd n pédodog

tov Jacobi ouvykdiver.

Ocwenua 1.10 Eotw ot1 o A eivar  2-cyclic consistently ordered mivaxag, o emavaAnntikog
tivakag tov Jacobi éxer mpaypatikés bniués kar 6t i = p(J) < 1. Tére n Pérniotn tiun s
rapauétpov w ya tny SOR péfodo divetar amd tny oxéon

2

T
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kai ) paouatikn aktiva tng Pértiotns SOR 1w0otar e

2

W
(1+ Vi)

p (Lwopt) - wopt - ]' =

Eriong woxve
w—1, Wopt < w < 2
p(Ly) =

1.3 Meédodot IlpoBorrc (Projection methods).

‘Ectw 611 €youye vo AUGouUE To axdrouvdo Yeouuxo o TNU
Az =D, (1.18)
6mou A € R™" xou b € R". Ac unotécoupe eniong 6t o A elvon avtioteéduog.
Me ¢ direct (dueoec) pedddouc vrnoroyilouye ty Aon z € R™ aneuvieiog and tnv oyéon
r = A7'b (yoplc PéBoua va utoroylloupe Tov A7), H éa twv pedddwv mpoforic ebvor va
avadnticoupe o tpoceyYlotixh Aom (T ~ A7'b) by oe ohdxinpo tov R™ adld o xdmolov
UTOYWEOo ToL K BidoTaone m < n anatovac to b— AT (undlouto ¥ residual) vo elvon xddeto

oe éva umoyweo L Tou R” ddotaong m. Anioady) €youpe vo AOGOUUE TO TEOBATUL :

Beéc 7€ K tétoo dote b— Az L L. (1.19)

Av K = L n yédodog ovoudleton orthogonal odhuwe ovoudleton oblique. Av E€pouye 6L TO
zo € R™ Bploxeton "xovid” oty Mon A1 etvor hoyixd va hdyvoupe tpoceyyioeic tne hong
ooV Yo o + K ondte to mpdPinuo (L.19) petaoynuotileton oto e€hc:

Beéc T € 29+ K tétowo wote b— Az L L. (1.20)
To xy Yo xoheiton epedric apyx| Tpooéyyion. "Eotw topa 6t ta dtavdoparta {v; 1, xou {w; }1,

amoteloly Bdoelc Twv ywewv K xan L avtiotowya. [N vo cuveyicoupe opllouye toug n X m

mivoxec

V=1 v v - vy oo W=1| w wy -+ wy,
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H npoceyyiotinr) Aoon unopel tédpa vor Yeopel o

T =u1x9+ Vy, (1.21)

6mou y didvuopo o TN Tou R™. Opllovtog 1o = b— Az xan Aopfdvovtag umddhy Ty cuviixn

xadeTOTNTOC, OLUdOY XS EYOUYE :

b— ATz L L &
b—A(zg+Vy) L L &
(b—Axg) —AVy L L &
ro—AVy L L &
ro — AVy L wy )
ro — AVy L ws
_ &
TO—AVyJ_wm)
<rg—AVy, wy >=0 )
<rg—AVy, wy > =0
. <~
<ro—AVy, wn > =0 |
<AVy, wy > = <ry, wy > )
< AVy , wy > = <rg, wy >
, &
<AVy,wm>:<r0,wm>)

W'AVYy =Wy & (cxv LTdpPYEL O (VVtAV)*1 )
y = (WAV) ™ W

X0l EMOUEVKC
Fo=ao+V WAV )T W (1.22)

[No g pedddoug, pe i onoleg Ya aoyorndolue dev elvan amopoftnNTog 0 GYNUATIOUOS TOU
(W' AV ). Axbua, meéner vo onuewwdel 61, 1 Unopén Tou avtioTedpou tou A dev ouve-
TEYETOUL Aoy Xao T xou TNV UToplT) Tou avtioTpdpou Tou WEAV.
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IMapatvenon 1.2 Avo mapatnpnoes oxetikd je tny yevikétnta twv projection uelédwy.

1. H projection uédodog ue K = L = R"™ elvar dueon. Avtd gaiverar and tnv oxéon (1.22)
av Oéoovue W = V = [ ondre ka1 majprovue & = A~'b mov efvar n axpiprg Avon tng
(1.13).

2. H projection uéfodos e K = L = < ¢; > ka1 zg = ¥, énov ¥ n mpooeyyarucr Adon
tng petsédov Gauss-Seidel oto k frjua, tapdyer Tn i-00TH OVVIOTHOOA TNS TPOOE Y VITTIKIS
AvVong tng Gauss-Seidel oto k+1 prjpa. Enopévag av epappéooupe tny projection pédodo

Saboyikd ya i = 1,...,n napdyovue 6An tny Avon z++1,

1.3.1 Krylov Subspace Médodou.

Mo peydhn xotnyopla (xou {owe 1 Théov avanTuocduevn oTiC Pépes Uac) TV pedodwY

TpoPolfic ebvan ot pédodol uroywewv Krylov (Krylov subspace).

Opwopoeg 1.11 Eotw A € RV karu € R™. 26 Krylov (vro)xdpo tov A o€ axéon e to didvu-

oua u opilovpe tov vndywpo tov R™ mou tapdyetar and ta Savdouara {u, Au, A%u, ..., A" tu}
donAadn
Ky o= Kn(Au) = < u, Au, A%u, ... A"y > (1.23)

O K,, éyel ddotoon to toAb m. Krylov subspace pédodol ovoudlovton ol projection pédodol
’ _ ’ — — 7 ’, ’,
ot onolec KK =K, (A, o). Hpogpavae x, = xo+ W, dmou w elvan évag ypopuxds cuvdLAcUOS

TWV OLIVUCUATOV ToROYWYNS, XL ETOPEVIS

AN =T =2, =20+ gm1 (A) 10, (1.24)

OTOU p—1 €lvol xdmoto moAuvupo tou mivaxa A Boduod to ToAd m — 1. Av v apy x| mpo-

oéyyion Tdpouue 1o g = 0 1 oyéon (L.24) amhomnoteiton oty :
AT~ 7 =2, = g1 (A) b. (1.25)

TNoti dpwg o K,,(A,b) eivou évag xtpog o onolog meptéyetl tnv axelBr Abom A~ 1h "

€0TW W XA TREOCEYYION TNG;

Ac¢ 1o dolue yia TV meplntwon o = 0 xou ylo Tuyado devtepo péhog b. Apxel va undpyet
TONUGDVUUO ¢y 1 TETOWO OOTE & Q1 (A) b = A7'b v % didvuoua b. Anhodi| apxel o A™1

VoL YRAPETOL WG YROUUULXOS CUVOLAOUOS BuVAewY Tou A. Eépouye 6TL ot xdie mivoxa A € R™*"

e; > ouufoiilo ToV LTOYWEO TOL TTAEdYETAL atd TO €;.
I Me < e; > ouuBoiilouue v v £
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avtioTolyel éva povadixd tohuwvuuo 1(A) Baduold t < n tétolo wote 1(A) = 0, o ovopaldpevo

eAdyioto # (minimal) Tolumvuuo Tou A :
r(A) = apl + a1 A+ apA® + -+ a, A" = 0. (1.26)

Av o A elvan avtioteédiuoc ag # 0 xou 1 Topandve eElowor yedpeTo
1 1 ;
A = Z Qj41 A, (127)
Apa 1oy el To mopoxdTey Yewpnua :

Oehpnua 1.12 Ay 10 eAddyioto moAvdruuo evis avtiotpérpov mivaka eivar falpov t, tote n

AVon tov Az = b nepiéyetar atov xdpo Ki(A,b).

Emoyévwe, oyt puovo elpacte olyoupol 6Tl 1 Abom mou dyvouue undpyet otov Krylov ycpeo
oAAGL YLl XUTAAANAOUS THiVaxES UTOPOUUE VoL TEQUIEVOUUE OTL O Y(WPOG oUTOG EYEL UixEY| OLdoTaoN

UE AMOTEAEOUA OYETIXA YR YORT) CUYXAICT) TV UEFOOMV.

1.3.2 Koataoxeun opdoxavovixrg Bdong tou yweouv Ky(A, ry).

Aqgob Yo mpooeyylooupe v Aon and tov undYweo K, (A, 1) Vo mpénel var Eépouye pa
Bdon tou. Awdedopévn Aor oe auth Ty xateduvorn anotedel 1 opdoxavovixonolinoy Twy
Savuopdtwy napaywyhc {ro, A ro, ..., A" ro} tou K, (A, 70). TIohs yvwotéc dadixaciec
opYoxavovixonoinone amoteholv ot uédodol (modified) Gram-Schmidt xow Householder. O
ahyopriuog mou yenowwomoleiton cuvdwe Yo TNV Topaywyn Bdone utdywewy Krylov eivon o

modified Gram-Schmidt(MGS) xou 1 Stodixaoia etvar yvwot pe to dvoua Arnoldi MGS.

ANyopwdpog 1.1 (Arnoldi - MGS )

2 )3 , , , . ’ ;s . , ’
To eldyioTo TOAUGVUPO Efval TO TOAUBYLUO EXEyLoTOV Bordpol amd dAo Tol TOAUWVUIA D Ta OTIO(oL IXAVOTIOLOUY

v oyéon p(A) = 0.
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1 AidAeée idvvopa uy térow dote ||uil|ly =1 (up =19/ ||70ll5 )
2 For j=1 tom
3 w; = A u,
4 For i=11toj
5 hij = (w;, ;)
6 w; = w; — hiju;
7 End
8 hivis = llwslly
9 If hjz1;,=0 STOP
10 Uit = wj [ by
11 End

O ahybprduoc teppatiler dtav dnuioveyroet wo opdoxavovixy Bdon tou K, (A, ) doyeto e

’ . ’ ’ ’ ’ . ,
To av TeEpuatiosl 610 o ontoTe 1 Odo ooy tou K, (A, rg) elvon j xow Oyt m.
9

Ochpnua 1.13 Ay ovppolicovue pe V, tov nxm nivaxa jie otnAes ta Saviouata uy, s, . . . , Up,
pe H,, tov (m+1) x m dvw Hessenberg mivaka pe un undevikd otoweia tov ta h;; kar pe
H tov m x m mnivaka mov mpokUnter ané tov H,, av apaipéoouvue tny teAevtaia tov ypapun

TPOKUTTOVY 01 TapaKdTtw OXET€eS

AV =V Hy +wy, € (1.28)
AV =V Hy, (1.29)
Vi AV, =H,. (1.30)

IMopathpnon 1.3 O arydpiiuog tov Arnoldi, dnws gaivetar and tny oxéon (1.28), umopel va
xpnowonomel kar yia Tov VTOAOVIOUS HepikaY 1010TiucY Tou Tivaka A (yia avtdy tov Adyo
ekdAov dnpuovpyninike). Or 1botiués tov Hessenberg mivaxka mov napdyer (ritz values tov A)
etvar tpooeyyioeas twy 1010ty Tou A. Auto 10y Vel akdpa kar yia JKPES TIUES TOU M OTOTE 01

ritz values €lvar mpooeYyioe§ Twy To TeEpLpepelarkwy 1010TIUGY Tov A.

1.3.3 Generalized Minimum Residual Method (GMRES)

Etvow n projection pétodog ue

(1.31)

K=K,(A )
L=AK ’
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6mou otov ahybpLdpo tou Arnoldi emhéyouue uy =10 / ||7o]l,-

Ocwenua 1.14 Foww T € x9 + K,,, n Avon mov étver n GMRES . Ioxdea én :

b= Adll, = min b~ Axl],. (1.32)

AnAadny n GMRES eAayiotonoel tny evkAeidia vépua tov vrnoroimov b — AT ndvew otov xwpo
To + Km

Sopgpova ye v oyéon (L21) xdde didvuopa & € xo + Ky, Ypdpeton we = xg + VY pe
V =V, opdoydwio mivoxa, opol tar Sloevioporta u,; efvan amd xataoxevic opdoxavovixd. Axdua

optlouye v cuvdptnon

J(y) = [Ib— Az]l2 = [Ib = A(zo + Viny)ll, - (1.33)

‘Opox :
b— Ax =
= b—A(xo+ Vmy)
= 10— AVpy
= fur = Vi Huy (8= [rolly , (1.29))
= OVimiier — Vi1 Huy
= Vit (ﬂel - Hmy) .
Apa

[b— Az|, =
= [[Vins1 (Ber = Huy)|
= |Visall, ||Ber — Huyl,
= ||Ber — Huy), - (1.34)

Enopévee 1 J (y) ehayiotonoteiton yLo

ym = min || Be = Huy,

H elpeomn tou vy, anowtel tnv Abon evée (m + 1) X m npoBAAuatoc eENIYLOTWY TETEAYOVOY
Tou etvon elxolo vor hudel (6tay to m elvon oyeTnd uxpod). Telxd 1 mpooeyyoTny Aon tou
mapdryer § GMRES eivan 7

T =20+ VinlYm. (1.35)

Y0ugwva e 6o €youde TEL we Tpa 0 ohyoerduoc tne GMRES Yo etvon :
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Alyopudpog 1.2 (GMRES)

1 Form=12...

2 pnpa m tov Arnoldi

3 Bpeg to y mov edayiotonoiel Ty Hﬁel — I:ImyH2
4 Tm = To+ Viny

6 check convergence (||Tym — Tm—1|| < €

7 End

To medBAnua eEAdyLIoTOV TETPAYWVKY UTopel va Abdel ye mopoayovtonoinon QR ue xdéotog
O(m?). évtwe av yenowonotfooupe teplotpogéc Givens (Givens rotations) pmopolue vo
nadpvouye ouveyxme ™y QR napayovtonoinon tou H,, ond tnv QR napayovtonolnon tou H,, ;.
Me outh v mpocéyyion 1o x6ct0¢ TETeL 68 O(m) xou EMTAEOV €YOUUE Wiot OTAY, OYéon Yid
T0 undloimo b — Az mou yog divel Eva xpLThELo Yiol TO TOTE Vol OTUUATHOOUUE TNV ETOVOANTTIXN
doduaoion. T neploodtepes hentopépeiee [TBAIT, ISAAN0).

Kodire npoyopdpe otic enavolibelc ot amontiioeic o€ pviun (H,, xot Vi, ) 0hhd xou o€ untoho-
Yoo x66T0¢ (0poxavovixonoinon) avidvovtar arnayopeutixd. Mia mpogavic hbom elvar vo
eTAVEXXLVOUUE ToV ahybprduo xdde k Buata [DDSIS]. Autd pmopel var ennpedlel oapynuixd tnv
olyxhon (yeewalduaote Teptoodtepes emavaldelc) ohhd xdver Ty pédodo mpoxTixnd eopudot-
un. H mapoddhoyr) auth e pedodou Aéyetaw GMRES(restart=k) oe avtidiootol| ue v full
GMRES (ywpic enavexxivnon). No onueiwdel 6t dev ymopolue va E€poupe ex’ TV TEOTERWY
™y Béhtio T T Tou k 1 ontola e€apTdton amd o TEOBANUL TOU €YOUUE Vo A\OGOUUE (Tov Tivoa
WY GLVTEAEGTOV A) xodde xon amd TV UTOAOYLo T Loy ¥ (UVAUTN) TIou €youpe oTtny ddeon

Viole

Y0yxhon tne GMRES

‘Eotw ,, 1 tpoceyylotiny Ao nou divet 1 GMRES oty enavddndn m. Ogilouvye 1), =

b— Ax,, 1o undhono (residual).

Ocwpnua 1.15 H GMRES ouykiiver povdtova vné tny évvoia Ot :

[ rmen lla < rm - (1.36)

Oevpnua 1.16 Eotw P, = {roAvdvuua mvdkwy p, Palpod to oAb m :p(0) =1 }.

To mpopAnua elpeons tng npooeyyiotikng AVons ., ts GMRES ue apxikn npooéyyion
Ty €lvar 10000vauo e to TpoPAnua :

Bpés noAvdvupo pp, € Py, tétoo dote || pp (A) 1o ||, va yiverm eddywn.  (1.37)
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Ev yével to deltepo péhoc b (umdhowmo 1o = b — Axg) Oev €yel xdmota WBLodtepn Sour xou
emopéves 1 ovyxhion tne GMRES xadopileton and v || pm (A) [|,. Toée duwe 8idtnTes tou
mivaxar A xadopilouv ™y || pr (A) ||, 3 H xotdotaon Sev eivon Eexddopn eidixd yior Toug un nor-
mal rivoxec . TIdvtwe Tohd yevind unopolye va tovue 6t 1 GMRES cuyxivel (aoupntwtind)
ToyUtepa Go0 UixpdTEEN Elvon 1) axtivo Tng cuotddac (cluster) twv WloTYOY TOL Tvoxo A xou

600 o poxptd Beloxeton o undév and to xévtpo authc e cuotddac [CIK95).

1.3.4 Biorthogonalization methods

Yy GMRES (full) 660 auZdvel n didotoon tou Krylov unoyopeou t660 awgdvovton xou
Ol AMOLTACELS YLOL UVAUY X0 UTOAOYLIOTXO %x00T0¢. Autd ogelheton oty emioyy tng Bdong
tou Krylov undyweou (opdoxavovix). Av yohapdoouye tnv oploxoavovixdtnta tne Bdong
UTOEOVUE VoL THPOUUE UEVOBOUE TTOU TO XOGTOC TOUG OE UVAUN ok TEAEELS, avd EmavaAn ), etvon
ave€dptnTo Tou aplipol Twyv emavolfewy. Mia tétow (un opYoxavovixy) Bdon uoc Sivel o

TAEOXATE ANy OpLIUOC.

Alybprdpoc 1.3 (Lanczos biorthogonalization)

1 AudAe&e dvo daviouata uy, wy térowr dote < uy,wy >=0
H

2 Oeoe 51 =01=0, wy=ug= 0

3 For j=1,2,....m

4 a; = < Auj,w; >

5 Uj1 = Auy — oguj — B

6 Wi = Alw; — ajw; — djw;j_4

7 i1 = |< Tjpr, Wy0 >" /% If 6,11 =0 STOP
8 Bit1 = < Uj1, Wjs1 > / dj1

9 Wiy = Wis1 / B
10 Ujy1 = Uj1 [ Ojpa
11 FEnd

O dve Hessenberg nivoxac H,, tou Arnoldi €yel ddoer v Véon otov tedlaydvio mivaxa 15,

1 "Bvag, nporypotixdc, Tivoxag ovoudletor normal av ovtigetotideton ge Tov avdoTpogo Tou, dnhadi av xavoroLel
v oyéon AAT = AT A.
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61OV

a1 52

dy 0y 53
T = . (1.38)
5m71 A —1 6m

Om Oy

O oryopdpoc (1.3) xoataoxevdlel éva Lebyog biorthogonal Bdoewv

{uidily 5 {wibil,, (1.39)
v YOpwv K (A ur) xo Ky (AY wy) aviiotoro.  Anpadd < u;,w; > = 0;; | 0 Hop@h

TUVEX WV

WV, =ViW,, = 1. (1.40)

Axbpo ioybouy ol oyéoeic [SAANQ]:
AV = VT + Oy 1timyael, (1.41)
WAV, = T,. (1.43)

IMopathpnon 1.4 (Katdpevon - Breakdown)

Av mapatnpricouvue tov alydpiduo (1.3) PAémouvue 6t otnv ypauur 8 vrdpye wa Saipeon je
w0 0j41. Av d;41 = 0 eluaote avaykaopévor va otauatrioovue tny dwdikacia (breakdown).
Avutd umopel va oupBel av kdmow and ta Uiy, Wit (1) kar ta 6vo) elvar undév 1y axdua kai
dtav kavéva and ta Ujy1,Wj1 Oev elvar undév. Xwny mpdn mepintwon av Uiy = 0 éxoupe
prdoel o€ pa Baon tov K, (A, uy) evd av Wi = 0 éxouvue gprdoe oe pa Bdon tov K, (A* wy).
Tdte Aépe 61 éxovpe kavoviké tepuatiopd (reqular termination) 1y tuyepr) katdpevon (lucky
breakdown). Xtnv deltepn nepintwon eivar adlvator va kataokevdoouue tig (nrolueves Bdoeg
(serious breakdown,).

Ereidn; dovdetouue o€ apiiuntixn nenepacuévns axpifeias npéner va ewpnroovue kar tny mda-

vétnta va éxoupe 0,41 ~ 0 (near breakdown,).

1.3.5 Biconjugate Gradient Algorithm (BCG)
Efvon m projection pédodog ue

{ K=<u, Auy, ..., A" tuy >

(1.44)
L=< w, Awy, ..., A" w; >
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ue ouvniéotepeg emAoYEc uy = 1o/ ||ro|| xou wy = uy av xou onood¥note wy Y < Uy, wy > # 0
Yo Arav xotddinro. ‘Eotww T, = LU, n LU napayovtonoinon tou T5,. And tnv eiowon
(1.22) €youpe yia TNV TpoocEY YO T MO Xy,

T = To + Vi (WEAV,,) ™ Whrg

T = xg + Vi T, ' WEir (1.43)

Ty = 20 + Vi T, ' Ber (u;, w; biorthogonal)

Ty = 1o + ViU, 7L, 71 Bey

Ty =9+ P, L, Be; (P, =V,U 1),

To 6t 1 mapandve oyéon unopel vor vhomoinUel we eMavaANTTIXOC ohydeLdUoC elvol GUVERELN

Tou oTL o mivaxeg Uy, xan Ly, elvon torywvixol.

Alyopudpoc 1.4 (BCG)

1 ro=0b— Axy. Awadeke 1§ térow dote < ro,r5 > # 0 (ovwnlog r§ = rg)
2 po=To, Py =10
3 For j=1,2,... do
4 aj = <r;r; >/ < Apj,p; >
53 Tjt1 = X; + a;p;j
6 rjiy1 =71j — a;Ap;
7 i =15 — a;A'p;
8 Bj = <Tjy1,75 >/ <rpri o>
9 Pj+1 = Tj1 + Op;

10 Py = Ti1 + Bip;

11 End

H pédodog BCG €yel, extdg tng neplntworng tou breakdown , duo axdua petovextiuota @ Tny
avdryxrn Todamhaotacpol pe tov Af (e yepd Ttpohiuata Sev €xoupe TéTolo duvartdTnTa) Hou
CLY VA Lol U opoT (erratic) oupmepLPopd Tou LTOAOLTOU (TOU TAPONO GTO TEAOG QUUVETOL VoL
unv onwoveyel TeoBAnua oty cOYxAloT Utopel o xdmoleg tepinTwoelg Vo efvan outior coBopv
oohpdtwy otoyyVieuone [VORO3]). And v Sexoetio tou 80 apyilouv va eppoviCovton 8ud-

popec mapahayéc e BCG ot onoleg mpoomadodv va Yepameboouy autd o YetovexTtrhyota. O
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aoyolndolue pe téooeplc amd autéc Tic uevddouc Conjugate Gradients Squared (CGS), BCG
Stabilized (BICGSTAB) , BCG Stabilized(2) (BICGSTAB(2)) xou Transpose Free QMR
(TFQMR)

CGS O Sonneveld [SON8I] anégpuye touc nolamiactacpole e tov AP oty pédodo BCG

" tetpaywvilovtog” To TOANUGYUUO ¢, (A) 6Tou
b— AzBCC = ¢ (A) (b— Axp), (1.45)
xal ToRdyovTog TeooeYYioelg tng Adong mou txavomololy TNy oyéon
b— Az59S = (¢ (A))* (b— Axp). (1.46)

Ye mohég mepintaoelg gaiveton ) CGS v ouyxhivel tayOtepa amd Ty BCG. 1ldvteg, oe
QEUETEC TEPLTTWOELS, TapaTneeiTan 1 emdelvwoT Tng NON erratic ouuneplpopds e BCG.

BICGSTAB O Vorst [VOR92] xotaoxebooe po nopahhayh) tne CGS dmou €yet avuxorto-
GTHOEL TO (P (A))? UE T0 U (A) i (A), 610U TO Py, (A) éxer o%0MS VoL ENOTTOOEL THY
erratic ouumeppopd Tng CGS pe anotéAeoya ogordTeERT CUYXAMO.

BICGSTAB(2) Ot Fokkema xou Sleijpen [SFO93] dnuooieucav wa yevixevon tne BICG-
STAB tnv BICGSTAB(!) otnv onoio €0uv avTixatao TAOEL T0 TOAGVUO P, (A) pe éva
axpBéotepo (Ueyohitepou Boduol). BéPoua 600 peyoldtepo eivon 1o | 1600 avidveton
X0l TO UTOAOYIOTIXO XOGTOC NS PeVddoL. And auty) TNy opdda Yo YpnoULOTOLCOUPE TNV
BICGSTAB(2).

TFQMR Ewfydn ané tov Freund oto [FRE93] xou elvon M wo mapodrayr tne CGS
mou npoomadel va BeAtiwoel Tny erratic cuumepipopd e CGS ehayloTomoLWVTAS Xdmotal

"xovivy” e ||b — Az, ||, mocdmTa

IMapathAenon 1.5 (Look ahead Lanczos)

Trdpxovy texvikés mov otav o akydpidjos tov Lanczos Bpioketar unpootd ané mbavé breakdown
vdomotoly dvo (atny apxikr) Tous popen), 1 doa xpeiaotoly, Bruate pall pe anotédéoua va
rapakdurtowy to breakdown yaAapwvovtag tny biorthogonal 10i6tnta twy Pdoewv oe block
biorthogonal . Téroieg texvikés ovoudlovtar look ahead. Or akydpiduor mov xpnoiuonooUue €0
OV XPNOILOTIOI0VY TETOLES TEXVIKES.

IMogathpnon 1.6 (Quasi-Minimal Residual)

H ovyvd erratic ovunepipopd twv Biorthogonalization puedédwy opeiletar oto 6Tt avtés o1 uédo-
do1 dev edaxiotomooty o ||b — Axy, ||, (6nws m.x. n GMRES ) o€ kdnowoy vrndywpo. Avtr n eAa-
xiotonoinon elvar vroloyotikd aoUugopn kar avti avtng uébodor omws n QMR elaxiotomoiovy
kdnowa mapamAjowa (problem depended) moodtnra g ||b — Axy,|l,, ka1 ya avté aravtdrar wg
Quasi-Minimal Residual puébooor.
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Iapatvenon 1.7 Av ka1 éxouvr epevpelel moAAES ébodor mov mpoormaloly va efaietthouvy ta
tpia peovextnuata tns BOG kapud, péxpis otyuns, dev gaivetar va ta katagéprel egioov 1ka-

vomomntikd Kal ota Tpia TavToypova.

IMapatrenon 1.8 Ia yerikols mivakes, kpinpia ya tny emdoyn tng tayvtepns Krylov ena-
vaAnrtikris pedédov dev vrdpyovv. To pdvo mov yvwpilovue, PAére [DDSIS], ané mepapatird
anoteAéopata kar Uovo, €ivar éva KPITrpio oV apopd oTny MKPOTEPN) éAAEn)n mou mepiéyel TS
1010TIES Tov Tivaka: Av o kUpiogs déovas avtis tng éAenpns Ppioketar mdvw oTov TPAYHATIKO
déova tote xpnoiponooUue tny Bicgstab evd av PBpioketar ndvw otov gavtaotiké déova xpn-
oonooUue tny Gmres. Xe TEPINTWOES OTOU TO QPavTaoTiké Uépos Twy 1010TudY Tou A elvar
oxetikd peydlo n Bicgstab(l > 1) teivel va ovunepipépetar kaAUtepa and tny Bicgstab [SFO93].
Exdikd, tpa, otny tepintwon un normal mivdkwy ot 1dwtiués tov A fows va uny nailovv polo
otnr obykhion twv uelédwv [SSZ07]. 'Exe deyOel and tovg Greenbaum, Ptak xair Strakos
ota [GPS96, GSTI4] 61 to pdoua tov A ané pdévo tov uropel va odnyroer o€ TapamAaynTikés
mAnpogopies otny un normal nepinttwon. O ouvvdvaouss tov dekov uélovs kar Ttwv invariant
unoyapwy mov oxetilovtal pue tov A @aivetar va napéyel mo xpnoiyueS TANPOoPopieS and ot To
pdoua tov A [SS5705].

1.4 TIlpop¥duion (Preconditioning).
‘Eotw 6t éhoupe var A\OGOUUE TO YEoUUIXO GUC TN
Az =1 (1.47)

e wo emovoknmtiey) pédodo. H toydtnta obyxhiong tne pedodou €yel dueoT OyECT] UE XATOLES
(ouvidwe pacuotixéc) Widtnteg tou mivoxa A. H 18éo tne mpopdduione (preconditioning) etvou

avtl Tou apytxol (L.47) va AMoouye to Tpopuiuouévo Yeouuxd cUo TN
M~ 'Az = M, (1.48)

étoL wote o mivaxag M A va éyel xohltepeg WidTnTeS amd tov opyxd mivaxa A. O mivoxac
M ovopdleton npopuduotic (preconditioner). H mowbtnta touv npopuduioty| e€optdran and to
T600 %oAd umopel va mpooeyyloel Tov A. Ev yével, 600 molotxdtepog elvon 0 mpopudloThe
1600 %ou o LTohoyioTwd axplBog elvan Ty, av M = A 1o clotnua el UETAoY NUATIGTEl G TO
Iz = b od\& o unohoylopde Tou M1 elvon TouldytoTov T660 domavnpde oo 1 emthuon Tou
apy ol TpofBhAuatoc, eve av M = I o urohoylopdc tou M ! dev xootiler timota odA& xou
xad6hou dev BeATidvel TNV oUYXALoT Tou apyxol cucTthatoc. Tic nepiocdtepeg Qopéc, Yior va
elvow amoteleopatixéc ol Krylov yédodol, n mpopliuion elvar amopoltnn.

"Evoc xohdg mpopuduio thg Yo por u€odo Oev lvol amopolTTor XohOG X YLl Lot DLOKPORETIXN
uédodo.
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Av ypddoupe tov npopuduio ) mivoxa ¢ YvoueVo Buo un WLdpoppwy Tvdxwy M = MM,
wa yevixy| uhoroinor tng meopLUong etvor 1 oxdhoud :

MPAMG 2 = M{'b , émov 2 = Mo (1.49)
Av ndpoupe My = I €youpe
M;'Az = M;'b (Left preconditioning) (1.50)
evey av My = I €youue
AM; ' (Myz) = b (Right preconditioning). (1.51)

Yo aprduntixd mopadeiyyata yenowonotolue left preconditioning. Ed mpénel var ornuelwdel
ot dev ypedleton vo todhamhaotdooupe €€ apyfc tov voxa A pe tov M1 el xdvoupe Tic

e€Nc oMayéc oTic un mpopuilouéves pedodoug

Avtixahotodue To uE TO
b bpew OmOU © M by, = b
y = Ax Ynew OOV & M Yo, = Ax

Teeic dnuogurelc mpopudmotéc mpoxitouy and tny ddonoon A = D — L — U evég mivoxa A

6mouv o D elvon dlorycdviog, o L efvon xdtew tprywmvindg xou o U elvan dve Totymvixoc.

Jacobi O npopudwotic nivoxag etvor o

Mjac = D. (1.52)
GS O npopudmotic nivaxog etvor o
Mgs=(D—1L). (1.53)
SSOR O mpopudmotic mivoxag etvan o
Mssor = ﬁ (D—wL) D' (D —wU). (1.54)

Av ¥éooupe w = 1 €youye Tov SGS mpopuiwc T
Msgs = (D~ L) D' (D-U), (1.55)

o omnofog yenowlonoleitar TeplocbTeERo dedopévou OTL (o) o BéATiIoTo w Bev elvan YV TO
xau (B) n emAoyR tou w oY TEPLOYR TNS HoVAdac Oev @alveTton var emnpedlel xou TOCO
TNV TOLOTNTA TOU TEOpUIMCTY, TOUAAYIGTOV Yot xdmoleg xatnyopieg 2-cyclic mvdxwv.
[MPS98, MPS06, EVAS3).
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1.5 O Toydc Metaoynuatiopnds Fourier (FFT)

1.5.1 O Awxpitog Metaoynuatiopds Fourier (DFT)

O Awaxprtoc Metaoynuatioudc Fourier (DET) otov C™ eivon éval YvOUEVO THivora-OLavOoUATOC.
P ANHATIOW M W

Avy=[yo,y1,---,Un)T 0 DFT 7ou daviopartoc = = [xg, 71, . . ., )T t67T€ 1oy lel
n—1
yk:Zwﬁjxj, k=0,1,...,n—1, (1.56)
=0
61OV 5 5
wy = e~ = cos T isin=. (1.57)
n n

O avtiotpogoc Awxpitéc Metooynuatiopds Fourier (IDFT) tou Siaviopotog y eivar to did-
voopa z. Hoapotnerote 611 N w;, ebvan wo n—ooty pllo g povédog (w)i=1) v onoio Vo
ouuBorlouye xou e w, ywelc Tov delxtn, dtav dev undpyel tepintwon oy yuong.

Yy YA®ooo v mvdxwy o DFT neprypdgeton and tny oyéon

y = Fuz, (1.58)
OTOU
n—1 —i2r
Fn = [qu]pg:(): qu = wgq =ec n pq) (159)
elvaw 0 n X n DFT mivoxog. 1Ly.
1 1 1 1
1 1 1 — -1 2
=[], k= ., Fy= ,
= B T 1 41
1 ¢+ -1 —
XOL YEVLX
1 1 1 1 1 1]
1 W w? w3 wt e w1
1 w2 ot Wb S o Lo2(n=1)
F,=|1 & Wt w? w2 o e (1.60)
1wt W8 W12 W16 o Win=1)
1 w(nfl) w2(n71) w?’(n*l) w4(n71) P w(nfl)(nfl)

Yyxoho 1.17 Ye noAdd PipAia n n—ootn pila Tng povddog mouv xpnoionoeitar eivar n w, =
et Akdua o Awakpreés Metaoxnuatiopds Fourier efvar kavovikonomuévos (noAarAaoiaopé-

vog ue to 1/n). Ynrv napovoa epyacia o DFT rivaxas Ja avapépetar ka1 ws Fourier mivakag.

Oewenua 1.18 Ia wov nivaka F,, énws opiotnke otny (1.59) w0y vouy
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/. . /. 4
o O mivaxag Fourier eivar oupupeTp1Kog

F! =F, (1.61)

o O mivaxag \%Fn efvar opOopovadiaios (unitary), SnAadn
FF, =nl (1.62)
érov F* = F*.

e O avtiotpogos tou nivaka Fourier elvar o ovluyoavdotpopog tov (ToAAatAaoiaouévog ue
0 1/n).
Fl=1p=1F, (1.63)

1.5.2 FFT

To x6610¢ ToL LToAOYLoPOU Tou DET e tov npogav tpémo (amewdeiog Tolamhaoctaoude
tou voa F, pe to didvuopa ) ebvan tne té€ewc O(n?). O Tayic Metaoynuatiopde Fourier
(FFT) eivon évog tpdmoc va urtoroyicoupe tov DFT pe x6otoc O(nlog,n). Aev da ddooupe
TEPAUTERL AETTOUEQRELES YLaL TOV TpoTo LAoToinong tou FET extdg and 1o napaxdtw " didonuo”
Yewpnua twv Cooley-Tukey yia tnv nepintwon émou 7 ddotacr tou Fourier mivoxa etvon dOvopun

Tou 2.

Oevpnua 1.19 (Cooley-Tukey radix 2 factorization) Av n = 2" tdre o nivaxag Fourier
F,, umopet va napayovronomnOel ws e£ng:

F,=A...AP, (1.64)

4 /. V4 7 /.
omov o P, elvar évag petaletikds mivaras kai

I, €,
Ak = ]zt—k ® BQk, sz = [7_ _Qr , = Qk_l
Qr = dzag (1,wk, e ,w};*l) , W = 672#1'/2]6.

To mapoamdvey Yedenuo yag Aéel 6T unopolye va yeddoupe 10 y = F,,x oTtny Yoppy
y=A4;... A1 P,x

To omofo elvan por oxohoudia and mohhamhaoloouolg mivoxa-dlaviouatog. H molumhoxdtnta
O(nlog, n) mpogpyetar and to YeEYOVOC 6TL oL Tiivaxeg Ay etvon aponol (duo un-undevixd otouyeio

aveL ypop).
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YxoAo 1.20 O avtiotpopos DFT unopet va tapax el and éva evdd FFT avtikathotwrtag ddeg
TS piles tng povddag ue tig ovlvyoavdotpopes tovg kar toAAamAaoidlovtag pe éva mapdyovta

1/n oto télos.

Yyohwo 1.21 IToAés popés Oa avapépovue oav FFT(n) 1y FFT ueyédougn tov Tayy Metaoxn-
patioué Fourier yia tov vrooyioué tov Awaxpirov Metaoynuatiopuot Fourier evog daviouatog

n Oéoewv.

Yy oMo 1.22 [I600 kadltepo duws etvar to O(nlogy n) and vo O(n?); Ag kdvouue, Tny anoikr),
aukaota 6t1 0 kavorikds ToAamdaciaouds yperdletar n? rpdéas kar o FET xpadleta nlogy n kai

/ ’ / 7 2 7 Z 7
ag kataokevdooule éva mivaka ue tny avaloyia n’ mpog nlog, n ya didpopa unkn diavvoudtwy.

n n?/(nlogyn)
200 ~ 27
2 000 ~ 183
20 000 ~ 1400
200 000 ~ 11 358
2 000 000 ~ 95 550

Ané rov mapandvew mivaxa PAénovpe ot av o FFT pueyéfous 2 000 000 * ypedletar éva Sevtepd-

Aemto o oupPatikés toAdatdaoiaouds Ja anartovoe ndvw and pia oAdkAnpn uépal

1.6 Circulant ITivoxcec

Optowog 1.23 Evagn xn nivaxag T ovopdletar (onueaxds) Toeplitz av éxer otalepd otoyeia
katd unkog kde daywviov, av dniadn éxer tny tapakdtw Uopen)

oty oty et
t_o 11 o :
T= |ty to t " t3f- (1.65)
: . . -ty
t ., oty to ]
Yy mepittwon mov ta ty,ty, ts, ... by, too,t_3,...,1_, Oev elvar apiduol aAdd tetpaywvikol

nivake§ o mivaxas 1" ovoudletar block Toeplitz.

Opwowoc 1.24 Evagnxn nivaxas C ovoudletar onueaxds Circulant, § arAd Circulant, td&ews

n av éxer otalepd otoiyela katd unkos kdle diaywviov Tov kai Tta otoiyeia tng kdle, Tépav Tng

! "Eva této0u peyédouc didvuopa elvor olvndec 6Touc onuepvolc UTONOYIoRoUS ool oy efvon uyodxd xou
dimhfc axpiBeloc ot éva pe pmopel vo anodnxeudel oe éva xhdopo e uviune RAM (=~ 31M B).
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apxXIKNS, YPAUUNS TOU €lval ta oTolyela TS TPonyoUrevnS YPauuUnNS KUKAIKA LETATOTIOMEVA
katd pa Yéon mpog ta debid, av dnAadn éxer tny napakdtw Uopen

C1 (6)) C3 crr Cp

Cn C1 (6

Ci= oy ¢ o o csl- (1.66)
) . o
Co T Cp—1 Gy (O

‘Evag Circulant wivaxag tns poperis (1.66) ovuBoliletar je
C = circe(ey, coy ... cp)

Opiopodc 1.25 Fotw C4,Cy,...,Cy tetpaywrikol nivaxes tdéews n. ‘Evag mivakas C, tng
1HoppnS

[ C, Cy Oy e Oy
C, C; 0 .o
C=\c,., C, C . Cs|; (1.67)
T T O
| Oy - Oy G, Oy

ovopdletar block-circulant nivakag kar ovuPoliletar e
C = bcire(Ch,Cy, ..., Cy).

O circulant mivoxeg unopolv va oplotoly povoouavta and Ty tedtn Yeouwy (4 otiin)
touc. To {Bio Loy lel xau yia toug (block-circulant) ol onolol optlovton povooruavta pévo and Ty
meotn block ypopun () othAn) touc. Ta toug circulant mivaxeg oy bouy oL topoxdtew Baoixés

WOLOTNTES

Oehpnua 1.26 Edv A ka1 B eivar circulant tivakes tdéews n kai ay, ay eivar Paluwtés mood-

TNTES TOTE
o O1 mivaxeg A', A* a1 A+ as B ka1 AB efvar circulant.
o O1 nivakes A, B avtiuetatiVevtar dnAadn AB = BA.
o Edrv o A elvar avtiotpénjuog tote 0 avtiotpopos tou elvar circulant.
o Ovibwnués {\;}_, tov A = circ(er, o, Cn1, - . ., C2) Olvovtar and v oxéon

/\1 C1
=F,

An Cn



1.6 Circulant ITivaxec

23

o O mivaxag A dwrywvoroieitar ané tov Fourier mivaxa F),, 6niadn
A

A=F! F,
An
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Kegdiouo 2

H MeYoooc Pwxd

[Mpdopata war véa avahuTiny| p€dodog yiol TNV PUEAETY TEOBANUATLY GUVORLOXMY TWY YLo
ohoxhnpoowes PDEs oe duo diaotdoeic ewofydn and tov xadnynth Pwxd (BA.  [FOKIT,
FOKOI]). Xto moapdv xepdhouo Yo neptypdoupe auth Ty uédodo €yoviag we TpdBANUo-Hovtéro
Vv e&lowon tou Laplace oe éva xupTtd moALYwvixd ywelo. Oa eufodivouue xupiwe oe Yéuota
TIOU aOPOLY GTNV aEWuNTLxy| LAoTolnom Tng uevddou. e mavd meofBAruata Tou Ymopel va
avtetwtiooupe otny vhornoinon (overflows-underflows) xadde xou oe mdovée mapohhayés tne
Baowxic aptduntinic Yedddou, OTwe BLaPopETIXES CUVIRTHOELS BAONG - BLUPORETIXY| ETAOYT TWV

collocation onuelwy, tou npotddnxe oto [FEX03].

2.1 H Medodoc Pwxd

M Spopixt| e€lowon oe duo dlaotdoels (x,y) ovoudletar ohoxhnpoown (integrable) ov
xou Yovo av o oyeTllouevn dapopixh wopeh-1 Wz, y, k), k € C eivon xAeto 11, yior Topdderypa
dW =0 (wo ewooywyh oTic dlopopnés wopgéc umopet va Beedel oto [MTRI2]). Iopadelyuarta
ONOXANEWOLWY EELOWOEWY OMOTEAOLY Ol YRoULXES UEQIXES BLopopinés eELoMOELC Ye o Tadepolq
OLVTEAECTEC %ou oL un-yeauuxés Schrodinger xou Korteweg-de Vries e€lowoeic. Mepinée popéc,
Yoo eEMetnuxéc e€lomoelc elvor, BoAxd var avTixao TOVUE TG XopTeolavés YeToBANTéS (T, y) pe
T Wyodés (2, 2) = (x + iy, x — iy). To endyevo Mjupor pog Topéyel Ty 1oodivon e&lomon

tou Laplace 670 uryodixd eninedo.

Afppa 2.1 H efiowon tov Laplace

Qo (T, Y) + qyy (2,9y) = 0 (2.1)

0TO KAPTEOIAVO €TIMEDO UTOPEL va Ypapel 0To Uryadiko €TITENO wS

q:z (2,2) = 0. (2.2)
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Andoedn. Ou uyodixée petoBAntée 2, Z oplCovton o

z=x+1y
Z=x—iy

Avodoyind €youpe

0 00z 0 0z 0 g 0 > (9 0 o 0
— =5 T == — ==+ = a2 = \a2t A — + =
dx  0z0x  0z0x dx 0z 0z Ox 0z  0z) \0z 0z
= =
9 00 002 | o_ 0 0 |ae (o a\(o o
dy  0z0y  0z0y dy 0z 0z E (Za - Z&) (Za - Z&)
o o o 0?
R P
=
o 0* 0? 0?
==t 22— - ==
Oy? 0z 0zz 072
0? o o
922 + 0y 4822' (2.3)
APO(QZ1+ny:0<:>Qz2:O O
Yuvendde and o Myupa (2.1) Eépouye 6t 1 wryaduer popyt tne Laplace etvou
Gz (2,2) = 0. (2.4)

Ac unodéoouye 6T M ouvdpTNon duo WYUKV LETOBANTOY ¢(2, Z), Ye oUvoho Ty to R,
wavorotel Ty (2.4) oe éva amhd cuvextixd yweio D ye olvopo 1o OD. H (2.4) eivon 1oodlvopn

UE TNV
(e_““qz)z =0, yw xde tuyodo k € C, (2.5)

X0l ETOUEVKC

f (e_’kzqz)z dz = 0. (2.6)

Eqgapuolovtag tny pryadixy| popgy) tou dewpruotog Tou Green nofpvouue tTny oyéon

/eikzqzdz =0 (2.7)
oD
v onola xou ovopdlouue ohxr) ouvdrxn-oyéon (Global Relation) yw tny e&lowon Laplace.

‘Eotw 611 10 ywelo D elvor éva (¥AeloT16) xUpTd TOAOYWVO UE N XOPUPES

R1y 225« -+ By Bntl = 21,
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apriunuéveg avtideta e TV Qopd Twv dexT®y Tou poloytol. H z,4q elvan ecovinr) xopuen
mou TawTileTon Ye TNV 21. Eotw axduo 611 S; 1 TAEUEE TOU TOALYWVOU amd TNV XOPUYPY| 2 €S
TNV XOPUYY| Zj41 U1} CUUTEQLAUBAVOUEVWY TOV X0pUPGY auTGY. Turuc auTtod ToU TOALYWVIXOD
ywelou atveton oto oyfuo (2.1).

Yxnpa 2.1: Turjua tov (kAeiotot) kuptol ToAUydrov e kKopuéS 2, TAeupés S, kar eawtepiid D.

Enoyévwe n Global Relation yia 1o moAuywvixd autd ywelo yedpeto
Z /e‘ikzqgj)dz = 0. (2.8)

OgiCoupe ¢

a; = arg(zj+1 — %) (2.9)
™V Ywvio mou oynuatilel 1 mhevpd S; HE TOV GEOVA TOV TEOYUATIXGY opLIUdY, GTO Uryadixo
eninedo, xatd v 0¥ popd. Eotw 6t 1 g cupBolilel Ty mopdywyo Tg ¢ oty xateduvon

mou oynuotiler yovia §;,0 < §; < m ye v mhevpd S;. Anhadh (BAéne oyfua 2.2)
g = cos(3;)qY) + sin(3;)qV, (2.10)

6mou ¢ xou ¢ ouuforilouv v egamTopevixh xou THY %x3VeTn (Tpoc Ta €Ew) CUVLETAOCN TS
q. otnv mheupd S; avtiototya. Eotw axdua 6t n 9 cuuBoriler tnv mupdywyo e ¢ oty
xatedduvor mou elvon xddetn oTny teonyoluevn. Ankady

f = —sin(B;)ql? + cos(8;)qy. (2.11)
To oyfpa (2.2) defyver Tnv yovia 3; xou tic xateudivoeic méve oTic omolec éyoupe tic g, fU)
Yoo TNV TAeupd ;.
Arné te (2.10) xou (2.11) modpvouye tig

{ ¢ = sin(8;) gD + cos (3;) fO) (2.12)

@ = cos(B;) g% —sin(5,) fO

To endpevo Mupo poc BIvel TNy oyéomn e Uepnhc Tapaydyou e ¢ (2, Z) O¢ Tpog 2z PE TS

TOCOTNTES quj e qgj ),
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f(j>

Ixripa 2.2: Or kavevdvoes v g9, f9) yia Ty mevpd S;.

Adppa 2.2 H pepixr) napdywyos ws mpog z, tng owdptnong q (z, Z) pumopel va ypagel wg

N T
= Lo (@ ) | ses, 219
7 (]) 7 /ﬁ 7 /ﬁ 5 ’ — ) . )

OTTov qs T] Kata Katev UVOT] TL'apa)/a))/Og‘ ‘CT)S‘ q G‘CUV Katev UVOT) TOV laVUO'}la‘L'OS' IU’S — (COS Oé], S1n O{])

() / ; / ’ y = (sinos. — ,
karqy’ 1 katd katevBuvon napdywyos Tng q otny kateBuvon tov diavdouaros i, = (sin a;, — cos a;).

Anooedn. And tov oploud Tne xotd xatedduvor) TaEoYhYoU €YOUUE

qgj) = s+ Vq¥ = (cos a;,sin ;) - < g(cj), g(f)> = qf(cj) cos a; + qéj) sin o
D _ = ) — (siners N (D DY G ) e

@’ = Wy Vg = (sina;, —cosay) - (g, qy ¢ sina; — gy’ cosa;
qgj) cosqj  SInq; qg(gj ) qg) _ |cosay  sinqy qgj)

D = . — 1L Lol = lann — AEFOIE
Qi sin o cos | | gy Qy sin cosa; | |qn

ANNG E€poupe oTL
A R
' =5 (¢ —ig)) (2.14)

Ol ETOUEVKC

qgj) = % <q£j) cos a; + qT(lj) sina; — iqgj) sin o + z'qflj) cos ozj)

qgj) _ % [(cos a; —isino;) q§j> + (sina; + i cos o) qgj)}

() ()

U) — 1 (cosa; — isinay) (qs + ign

Q" =3
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Xenowonowwvroe T (2.12) poll ye to Mupo (2.2) naipvouye tnv mapoxdte oyéon yia Ty
()
q:z

gV = Lemii=h) (gU0) 4§ ©) (2.15)
v omola xou avtxathotovue oty Global Relation (2.8) naipvovtac tnv mopaxdte 16odhvoun

woppn Tne .
Z /eikzei(ajﬁj) (g(j)(z) + if(j)(z)) dz =0, (2.16)
j=1 Sj

v onola xou ovoudloupe " Tevixeupévn Dirichlet-Neumann Anewéwion” (Generalized Dirichlet-
Neumann Map).
Emoyévwe unopolue vo dovue v yewxeupévn Dirichlet-Neumann amewovion wg wor oyéon
HETOEY BUO XAVETWY CUVICTWOMY TN THEAYWOYOU TN ¢ OTO GUVOPO TOU TOALYWVIXOU ywpelou.
Auth n oyéon pog divel TV duvaToHTNTA YYweIovTag TNV TaedywYo Tng AVoNMG Ot o
Tuyaia xatebduvor (g) vo wropole Vo UTOAOYICOLKE TNV TaEdYWYO TNe ADonS ot
o xatevYuvon x&dety) Tpog TNV TpoNYoLUEVY] (f) Ywels Yo A\OCOVLUE GTO ECWTERIXO
Tou ywelov.

Ané €8¢ xan 610 €8x Yo Vewpole TNV cuVdpTNoT g(2) WS YVWOTH cuVoptaxY) GUVDY XY xou

™y ouvdptnon f(2) wc TV &YveRoTn cuVIcTHoN TS ADong TNV ontola xou aval NTOVUE.
IMapatrenon 2.1

() H yvddon twv g(z), f(2) oto odvopo tov moAvydvou elvar ikavrj va uas 6coer tny Adon
s Laplace oto ovvopo tov moAvyivou péow tng yevikevuévng Dirichlet-Neumann are-
KOVI0TS, Kal Kat €TéKTaon Kai 0To €0wteplkd tou moAuydvou (BAére [KANOG] ya pua
apiunuikn vdomoinon). AnAadr), pAdvtas yevikd, éxouue katapéper va avdyouvue éva
dwwdidotato mpéPAnua (Laplace oto xwpio) o€ éva povodhidotato (Laplace oto alvopo tou
ToAUYYoU).

(B) Baowké groweio ya tny apifunuxi) enilvon tng Dirichlet-Neumann ameikévions anote-
A€l to yeyovos ot n Dirichlet-Neumann areikovion woxver yia kdOe pryadikn tiun s

rapapétpov k.

(v) Av Oewprioovue B; = 0 éxovue Dirichlet ovvopaxés owiiikes evds av 3; = m/2 éxouue
Neumann ovvopiakés ovvOnres. Aagopetikés tipés tns ywviag 3; 0dnyolv o€ pektég

(Poincaré) ovvoprakés ouvinke.

2.2 H Apwduntixry Médodog

Hopatneavrae v (2.16) Prérouye 6Tt éyoupe n dyvwoTes, uryadiée, ouvapthoe { fU) (z)}:zl

Yreviuuilouye 6t 1 Dirichlet-Neumann anewxdévion oy det yio xdde k € C enoyévee unopolye,
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ETAEYOVTOC 7 OLUPORETIXES TUIES YLl TO K, VO XUTUOXEVACOUUE EVal GUCTNUO 12 ONOXANPWTIXWY

e€lowoewy Tou onolou 1 AVor Vo elvol oL Ay VWO TEC CUVAPTAOELS { f (j)(z)}n

j=1
It vou TpoyweHoOLUE GTNV XATACKEUT] TNE AptlunTIXAC UeYOO0L Vol YPNOWOTOLCOUUE (Lot
TUPEAUETEOTOINON YLt TIC TAEURES TOU TOAUYMVOU €TOL (OGTE VO UTOAOYICOUUE EUXONOTERA TaL

ohoxAnpauata Tou epgoaviCovton otny Dirichlet-Neumann ameuxévion .

2.2.1 Ilopapetponoinon

O oxondg pag elvon vor amewxovicouye v xdlde mAgupd S; TOL TOAUYOYVOU GTO BLAC TN

[—7, 7] étoL oTe

(o) O wyodixéc ouvapthioeic fU)(2) xou g¥)(2) v avioTolyndoly oe TeoyUaTinée GUVIPTAHGELS

nou

(B) n ohoxhipwon va yiveton médvew oTo [—m, T| xou byl T8V 670 (25, Zj41].

Oétoupe
my = AL E (2.17)
2
xou
hy =22 2.18
! 2m ( )
Apéong énetan 6Tl v 2 € S oy lel
z=mj+sh;, se&(—mm). (2.19)
Axopa ioybouy
hy = |hjl e, (2.200)
§=—T — 2 =2, (2.208")
d
d—z = hy; — dz = hyds. (2.205)

Eexwvavtog and v (2.16) xou epapudlovtog T Tapamdve TapaueTeoTonaT dtadoyxd, €Y0oUUE
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n

Z /6—z‘kze—i(aj—,8j) (g(j) (z) + z'f(j) (z)) dz =0 &

Jj=1 Sj

Zj+1
Z /e—ikze—i(aj—ﬁj) (g(j) (z) + @'f(j) (z)) dz =0 N
i=1 3
Z /hﬁ‘ik(mﬁmﬂ)e_i("j_ﬁj) (g9 (s) +if9 (s)) ds=0 &
=170
Z hje—ikmje—i(%—ﬁj)/e—ikshj <g(j) (s) + if(j) (S)> ds =0 RN
j=1 it
Z I ez‘aje—ikmje—i(aj—ﬂj)/e—ikshj (g(j) (s) + Z'f(j) (s)) ds =0 &
j:1 —TT
Z I, | eiﬁje—ikmj/e—ikshj (g(j) (s) +ifW (s)) ds=0 &
=1 e
S iyl [ty (190 (5) — ighh (5)) ds =0 (2.21)
j=1 o

Ac otodolye Ayo €d¢. H teheutaio popen tne yevixeuuévrng Dirichlet-Neumann ameixévi-
ong (2.21)) pac detyver 6T mhéov to mpdBAnua wag éxel yivel 1 ebpeon n 1o TARYOC TEOYUATIXCDY
ouvapthoewy { f0) (s)};”zl. H (2.21)) yropel vo eldwiel cov wa yevwrtelo eZlo®oewy: Emhé-
YOUUE Uit Ty Yo To k xou modpvoupe Wi eE€lowot), ETAEYOUUE BLopopeETIXY| TN Yiot T0 k xou
Tapvoupe UL SlapopeTiny| e€lowaon x.0.x. .

2.2.2 H Emoy? tou k

H (2.21) woyder yia xdde pyodid Ty tou k. Epelc ypeialdpaote éva nenepocuévo thrdog
e€lomoewy g popphc (2.21) dpa xou éva nenepacpévo mAdoc and k. To epdtnua mou tidetan
elvoaw: TTowd k meéner va emAégouvpe; To dtL €youue €va TOAOYWVO Ye N TAEURES Wog wiel
vo emAEEoVUE N owoyéveleg and k 1 tnv owoyévela ki mou cuoyetilouue ye Vv f @ () ahhLede
e TNV mAeupd 1), TV owoyévela ky mou cuoyetiloupe pe v [P (H ohhde pe v Thevpd
Sy) xon yevixd Ty owoyéveia k, mou cuoyetiloupe pe TNy fP) (H 0ddC pe Ty Thevpd Sp). H
xdde owoyévelo urnopel vo amoteAelton and 6ca k poc yeetdlovta.

Apo n (2.21) yiveton

Sl e [t (59 (5) — ig (5)) s =0 2.2
j=1 “r
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ALpd VTG PE TOV CUVTEAEG T TOU p—06 10U Gpou g (2.22) naipvouue

h (Bj—kpmy) T . . .
Z ||h ||€ @ / et (£ (s) —igh) (s)) ds =0 g
et(Bp—kpmp)

-r p=1,....,n

s

Z :Z || ) ity —m,) / e—ibihss (£0) () — ig® (s)) ds = 0 . (223)

T p=1,....,n
Yy apriuntie vionoinon e Yedodou elvar THAVOV Vo AVTIUETWOTICOUUE VO OTUAVTIXO
meoPBhinua: H xataoxeuy] Tou tehinol adyeBeixol cuctipatog wropel va elvou 8UGX0AY
7 oo xan adLvaty egoutiog Twv exdetixwy nopayoviwy. H duoxolia otny xataoxeun
EYXEITOL O0TO YEYOVOS 6T xaddde T0 k omopoxplveton omd Ty oy Twv aévev (auidvel to
Uéteo Tou) oL exdetixol 6polL umopel var EePebyoUV amd T0, TEMEPUCUEVO, EDPOC TWV OPLIUGOY TNS
unyovic. Ac unv Eeyvdpe 6Tl o k unopel va elvon omolocdhmote wyodinog aprdudg. O duo

"umohoyloTind” emxivouvol Gpotl tne (2.23) elvon ot:

T

/e_ikphfS (f(p) (s) —ig® (s)) ds (2.24)

—T

nol
etkr(mp=m;), (2.25)

"FEotw 6T

= |ky| " (2.26)

4 7 4 7 7 4
émou |ky| xou ¢, cugBorilouv To YETEo xou To TEWTEVOY dpioua Tou k, avticTouyo.

Ac e€etdoouye Tov xdde bpo EeywptoTd

™

O 6poc /eikphpS (£ (s) — ig® (s)) ds.

-7

Efvos tng popprhc [ e
[ emtehis  (s) ds =

—T
]'r e_i‘kahﬂewpemjs w (S) ds —
—T
fe—i\kpl\hjlei(d’pw)s w (s) ds _
—T

™
f e_i‘k;PthlCOS(¢P+aj)se|kP||hj‘Sin(¢?+aj)5 w (8) dS

“ikphisy (s) ds pe w(s) wo Tporypotixd cuvetnom. Aldoyxd éyouue

—T
O 6pog e~ lkwllhslcos(@ntai)s iy pooryuévoc xon emouévec, yia va eivan 1 Tpog ohoXAFpWoN
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rocdTNToL Qeaypévn, apxel To sin(¢p, + o) vo elvor apynTixd. Ltnv yevxr| neplntwon dev
unopole vo uToYécouue OTL

sign (sin (¢, + a;)) = sign (sin (¢, + at))

yioo x&e Ceuydpl (7,t) xou étol dev elpaocte oe Véon va emAEEOUPE €val TETOLO ¢, TIOL VaL
o e€aoporilet oapvnTind sin (¢, + a;) Yo x3Ve j xou ETOUEVLS Oyl OYETUA UEYTAES TUES
YioL TNV ohoxAnpdoun ntocdtnta 6tay |k — co. Anhadh oty TNy YeVixA tepintwon yio
—ikph

xae k Yo umdpyEl TOUAGYLOTOV €Val j TETOLO WOTE € i — 00 Ot |ky| — oo.

O 6poc¢ efke(mp—m5) - Ayodhovtae autéy Tov 6po BLadoY XS €Y OoUpE:
e_ikp(mj_mp) =
omilkpllm; —mpleiepe E(ms =)

. i| pptargl m,—m
efz|kp\|mfmp|e( P ag( j P))
o ilkpl | cOs(-+axg(my —my)) iyl —my| sin(y-+arg(m; —m,))

"Apo mpénel vo emhéEouye éva ¢, Tétolo wote sin (¢, + arg (m; —m,)) < 0. To endyevo

Ao pog ebvon amapaftnTo.

Afppa 2.3 H anioéena sin (¢, + arg (m; —my,)) < 0 1w0x0er av kai uévo av ¢, = m—ay,.

Ano6deln. Aouvledouye ot €va xUPTO TOADYWVO ETOUEVKC Yia Xdde (ebyog p, J LoyLouv
OLadoYXd oL CyETELS

a, < arg(mj;—my) < ap+7m  [oyhua (2.3)] <
0 < —a,+arg(m; —my) < &
T < (m—ap,)+arg(m; —my) < 2 &
-1 < sin[(m—ap) +arg(m; —my,)] < 0
O
Emoyévwe 1 xatdAnin emhoyn yio o ¢, elvor
by =T — . (2.27)

H Zeywpiot) avdluon twv duo vtohoyotxd dpwv e (2.23) pog delyver 6Tt vou pev yio
10 ohoxhfpwyua (2.24) Sev undpyel xatdhhnin emhoyy yio 0 k, odAd yio Tov dpo (2.24), o
omnolog moAamhaotdlel To ohoxApwua, UTdpyEL ETAOYY Tou odnyel o exdetxolc Gpouc oy

0ev telvouv 6Tt0 00 bc0 peYdho xo va etvol to Yéteo tou k,. Av dnhadr emhéEouue
P

kp = [ky| €707, (2.28)
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Zj+1 m;

Yxnpa 2.3: Yxrjua oo onolo anodukveletar ypagikd n oxéon o, < arg (m; —myp) < oy, + 7.

ot 6pot g (2.23) Vo ebvan ev yével tng popyhc

™

(small value) */ (large value) =

—T

/ (small value) * ( large value)

—Tr

70 0mo{0, OTWS APLIUNTING EYOUUE TUPATNENOEL, 0ONYEL OE

/7r (normal value § small value) .

—r
Emopévng xdvoupe tny e€1¢ emhoy?| yia o ki EmAéyoupe n owoyéveleg omé k. H oxoyévela

k; avtiotouyel otnv mheupd S;. To xdle k mou avixel otnv owoyévewn k; Peloxeton oTtny

nueudelor Tou Eexvdel amd TNV aEyY| TV a&ovwy xan oynuatiCel ywvia ™ — o e Tov YeTind

NUEEOVAL TWV TEOYUOTIXWY oRLIUDY.

Me tnv nopomdve emhoyy yio ta k 1 Dirichlet-Neumann omewdvion (2.23) yedepeton

™

Z%ei(ﬁj—ﬁp)eikﬂei(”“P)(mp—mj)/e—ikpei(ﬂap)hjs (f(j) (s) — ig) (S)) ds =0 P
=10 - p=1,...,n
(2.29)
Z%e“ﬁf‘ﬁp)e—i"wi”‘”<mp—mﬂ'> / etk s (1) (5) — gt (5)) ds =0 . (2.30)
j=1 P
- p=1,...,n

To pétpo tou xdie k Vo o unohoyloouye pe Ty e€ng Aoywy: Ag kdvouue tov p-00Td dpo Tns
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p-ootris eklowons tng (2.30) éoo mo atAé umopolue. Motdler xdmwe avdoipeto ahhd Sev oc
neploplletl xardohou dmwe Yo pavel mopoxdtw. O mopandve dpog elvar o
™

/ ilkrle™ P hps (£0) (5) — gl () ds.

—T

Eueilc ynopolue va ennpedcouye udvo tov exdét

i [kp| €™ hys = i |ky| €71 |y | €% s = i|ky| |hy| 5.

l
H npogavrc emhoyy| yioo to pétpo tou k, eivon howmov |k,| = m, 6mou | € RT. Anhodd n
»

el emhoyn yio T Ky, Yo ebvon
—
k, = —.
P hp

‘Onwe mpoeinaye n emAoym yio To Y€ETEO Tou xde k Bev elvol TERLOPLO TIXT XIS TO UETEO UTOPEL

(2.31)

va efvon onotocdrnote Yetinde apriuoc.

ITAéov 7 Dirichlet-Neumann anewdvion €yel el Tnv pop@

™

- h;l . —ip e [ hs j j
Z%é(ﬁjﬁp)e =5 /elhp (f(]) () — gV (3)) ds =0 ) (2.32)
j=11"7

- p=1,...,n

Iapatvenon 2.2 Iati n apiuntixn pédodos mbavdy va éxer mpdfAnua dtav mpémer va vmodo-
yiooupe moodTnTeS TS HopPns e¥ otav o x elvar oxetikd ueydlos apruds;Me tny vndpyovoa
Texroloyia o kdle VToAoYI0TIS UTopel va avatapaotnoel kar va ekteAéoel apiiuntikés npdées
pe éva memepaoiévo vrootvolo ) tov C . Xuraptiioes tdpa 6nws n e ya va vroloyiotoly
owotd mpémel €¥ € () Yeyovd§ To omoio ouvendyetal 0TI TO T TPETEL va avnKkel O€ €va akoua
pikpotepo vroovvodo tov C. Il y. o 100.000 €lvar évag oxetikd peyddog apruds tov omoio 6Aol
o1 avyxpovor H/T umopolv va “avtiuetwnioovr”. Av mpooraiiioouue duws va vrodoyioovue
tov 190000 1ddhov Sev Da ta katapépouue 1 av axdua kar av ta katapépouue téte da undpyer
pdPANpa i€ Tov ¢ . Andadn oty oUyyporn apiduntikr} avtipetdmon twy diagpdpwy Tpo-
PAnudtewy eiuaote avaykaopévor va OoUA€UOUNE Ue éva Temepaoiuévo unootvodo twy aptiuwy
mov yvwpilovpe. Autds elvar kar o A6yog mov uag avaykdler va emiééoupe s Tipés tov k mov Ua
xpnowponotjoovue. Oéuata oxetikd pe TNy aprUnTIKT Ty VTOAOYITTOY 1) AAAIS Twy aptOpdy
kivntrig vrodieotodnis (floating point arithmetic) mpayuaredortar oo [SUN9AJ.

IMopathpnon 2.3 Eva anAd kivnrpo [FFX03, SEFS] ya tny emdoyr) tov k, dnws otny (2.31)

efvar to ekfig: Ymodéate bt undpyer udvo uta dyvwotn ovvdptnon n fP)(s). Téte mpopavds Oa

I Trdpyouv dudpopa cupforxd moxéto utohoyloudv (m.y. Maple, Mathematica, ...) to omota efvon xavd vo
exteAécouy umohoyiopolc oe 6ho to C duwe dev ypnowonotolbvton yior Ty aptduntixy entluor npoBAnudtwmy

AOY O TNC UELWUEVNS anddoomne Toug.
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emAéyaue to k ue téroio tpdno wote to kh, va elvar tpayuatikdg, o6niadn kh, =1 n kh, = —L.

H tedevtaia emloyn efvar ovuBatry e tny avalvuxn avarapdotaon tng Avons [FOKOI].

2.2.3 Axpitonoinom

O dyvwotee ouvaptioeic ) opllovian 6o Bidotnua [—m, 7). Ou Téc toug oo dxpa
oUTOU TOU BLIC THUNTOS UTOEOUY Vol UTOAOYLIGTOUY, avohUTIXG, amtd Tic GUVINXES GUVEYELNS TOU
IXAVOTIOLEL 1) @, OTIC XOPUYES Tou ToAuywvou. Tpdyuatt, détwvtoac §; = a; — 3; xou unovétovtag

6t 0; # 61 [FEX03] unopotye vor anodel&ouye 10 mopoxdte Ao

Adupa 2.4 Av §; # 0,1 ToT€e 10 Vel 6T

; o8 (8541 — 6;) g9 () — gl (=)
fm = sy, S (0541 — 0;) "

oy g9V () —cos (d; — &;-1) gV (=)
fO (=) = (3 =0, 1)

(2.33)

Anddelr. Ye xdle xopugr z; ol g™ (2;) %o ¢ (z) avomoploTody TNV (Bl TocdTNToL ENTO-
uévwe etvan {oec.
¢ (z) = ¢ (%)) (2.34)

Avodoyind youpe

%e—i(ay-l—ﬁjl) gV () +ifUV (z))) = %G_i(%_ﬁj) (99 (z) +ifY (%))

e i1 (g(jfl) (2;) +ifu=b (2)) = e~ i (g(j) () +ifV (2;))

e (gU (1) + i U0 () = e (g (=7) +if W (—m))

(cosd;1 —isind;—1) (¢U= Y (x) +ifY= (7)) = (cosd; —ising;) (¢¥) (=7) +if¥ (=7))

(I .

cosd;_1gYY (m) +icos 81 fUV (1) —isind;_1gU™Y (1) +sind;_, fUV (1) =
cos 0;g9) (=) +icos§;fV) (—7) —isin ;g (=) + sin §; fO) (=) &

(COS 5j_1g(j71) (7'(') + sin 5j_1f(j71) (7T>) +1 (COS 5j_1f(j71) (7T> — sin 5j_1g(j71) (7'(')) =
(cosd;gY) (—m) +sind; fU) (—7)) + i (cos §; f9) (—m) — sind;gV) (—)) &

cos§; 1YY (m) +sind;_1 fU (1) = cos 6,99 (—n) + sin §; f9) (—n)
cosd; 1 fUY () —sind;_19Y =Y (1) = cos §; fV) (—7) — sin §;g9) (—7)
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sind; 1 fUY () —sin§; f9) (—7) = —cos 6,19~V () + cos 6,9V (—)
cosd;_1 fUY (7r) — cos §; f9) (—m) = sind;_19V =Y (7) — sin §;99) (—7)

IoobUvopa, o wopPy| TvixwyY
sind;_y —sind; | | fUV(7)|  |—cosdj_y  cosd; | |gbu (m) N
cosd;_1 —COS0, fO) (=) | sin dj—1  —sind; g (=)
fOTD(m)| _ |sindjq —sing; [ cos 01 cosd; | gu=D (m) &
fO(=m)|  |cosd;_y —cosd; sind; ; —sind;| | g (—n)
fO(m | _ 1 cos (0; — 0;-1) -1 g™ () o
@ (=) sin (0; — d;_1) 1 —cos (0; —6j-1) gV (=)

cos (8 = 8;) g () — g ()

fUD () = :
" Ly S = 0m) (2.35)
0 g9 (m) = cos (3; — 0;-1) gV (=)
fO(=n) = _
sin (6; — 0;-1)
Ened”| n mapamdve oyéorn oyLel yio xdde j €youue
FO) () = cos (Gj41 — §j) g9 (1) = Ut (—7)
Ly i —d) (2.36)
G g9 (1) = cos (8; — 0;-1) gV (=)
fO(=n) = _
sin (6; — 0;-1)
O

Mopathenon 2.4 Ilapatnpriote 6t gV (1) # g (—m) o onoio mapafidletar uévo av aj_y —
Bi1=a;—B; & §i_1 = 6. Ag uunlotue éu n g etvar n mapdywyos tns q. o€ kdrowa
ovykekpiérn kateUBuron s mpog TNy meupd S; ka1 G ws mpog Tov déova Twv mpayuaTikoy.
duoikd 10yve ka1 to avtiotoro fUV () # fU)(—m).

Dot Ty avdmTuEn aprduntiic ued6dou TpocéyYLong TwY dyvwotwy ouvapthoewy fU) Yewpolyue
ou fU) ~ f](éj) opieol¥

N (s) = Z o9 (s), (2.37)
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e F9 (s) Yeopxr cuvdptnon (tohudvupo lov Baduol) mou xavonoiel

{f@(—w) = [0 (-m)
@) = f9 ()

. N;
xou {gm(? ) (s)}?:1 wat BEom CUVIPTACE®Y EVOS UTOYEOU
S wou Cy[—m, 7] dbdotaong Nj (2.38)

6mou Cy [—, ] elvat T0 GUVORO TV, TROYUATIXMY, CUVEYWY GUVIPTACEWY 6T0 DIdo TN [—T, 7).

Ta U? elvon mparypotixol oprduol xau ebvor ot dyvwotol pac mhéov. Avahutixde THTTOC Yl TNV

79 (s) unohoyileton and Tic oyéoelg

f,'gj) (s) = As+B
fP(=m) = 9O (=m)
fm) = 9 ()

OTOTE DLABOY LA EYOUUE

=

—N—
Pyl
t}/.
o)
Il

(= fO) (=) o —Ar+B = fU)(—n)
£ = 9@ An+B =[O (x)

_f(j) (—7) N ) (—7) + ) ()

—Ar+B = fO) (=7) o A = - o -
°0B = [O)(—n)+ f9 (r) B f9 (=m) + f9 (m)
2
_ 9@ 19 (-m)
, 2r .
b SO0
2
Apa
9 (9 = 12D =1 ) SR £ 10(7)
i
F9 () = o= [(5 4 ) 9 (m) = (5 = m) £O) ()] (2.39)

Ac onuewwdel 6T yia oL cuvaptroelg Bdone meénel vor undeviCovton GToL GxEo TOU BLIC THUATOC
[—m, 7], Snhadn
07 (=) = ¢ (m) = 0, (240)

r
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apol uévo €tol Yo toylel 1 oyéon

V(s) =19 (s).

H napandve tpocéyyion tre fU)(s) (2.37) orntomoteiton 670 oyfua (2.2.3).

Ixnpa 2.4: Tpooéyyon g fY9)(s) and a ypaupuxri cvvdptnon f& ) (s) ka1 éva ypaupxd ovrdva-

oMb owvaptioewy Pdong.

H evowpdtwon e (2.37) oty (2.32) odnyel oty nopoxdte, TpoceyyioTixs TAE0V, Uop®T Yo

v Dirichlet-Neumann aneixdvior, .

N.
- hil . ) e | i1 ] ~ G j
Z;hﬂ||61(ﬁj—ﬂp)e L J/elhi FO () + Y Ui (s) | —ig? (s)| ds=0

Xopllovtag YVwotolg and ayveidoToug €YOoUUE

( ™

n . o Mp—mm L hy Nj .
S e[S g ) s =
j=1 P r=1

—T
m

Z%ez(ﬁj—ﬂp)e e / " | =g (5) + ig (s)] ds
(= "

- J p=1,..,n
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X0l OVOXUTATACCOVTAS TOUC OPOUS XUTUATYOUUE GTNY

ZM e ZU]/ B (s) ds =Gy . (242

p=1,...,n

61OV
vy

hi| . ™y hj Lol
G, (1) _iz|h_g|ez(ﬁjﬁp)e =%, /e iy (g(])( )+zf*(3) (3)) ds. (2.43)

—Tr

To medBinua o TAéov éyet yivel 1 elpeon v dyveotwy cuvieheotdv Ul. e xdide

ouvdptnon f9) avtiotolyoiv N; dyvwotol. To cuvohixd Ao Twv oy veotwy eivan

N1+N2+"'+Nn:ZNj' (244)

2.3 Xyoho

(o) H pédodoc unopel var Yewpndel v avixer otnv xotnyopio twv collocation pedddwy vrd
™y évvola 6Tl éyoupe o cuvdxn (tny Dirichlet-Neumann omewxévion ) mou meptéyet tic
dyveotec tocotnee (toug Ud) 1 onola amowtolue va toy Vel ot ouyxexpyéva collocation
points (ta k). Ildvtwe ta collocation points dev elvon onuela ota onola ixavonoteiton
1 Swpopnt| e€ioworn ahhd extelvovton oe 6ho 1o C xou €youv oyéon ue ula audoipetn
Topdpeteo k, Eévn mpog TN dlagopiny| e€lowon. 'Etol o avagpépouye to TEAxd yYoauuxd
oot Tou Yo Teoxdel and tnv dlaxpitonoinoy tne Dirichlet-Neumann omewxéviong wg

collocation clUoTnua xou TOV TVAXO CUVTEAEG TV TWV oy VOO TWY w¢ collocation mivoxa.

(B) H (2.42) nopdryer puryodixée elotoels eV oL dyvwotol pog etvon mporypatixof aprduol. Eno-
UEVRS Exoupe TN duvatdtnta va emhéEoupe N /2 to TAfdog Swopopetind k naipvovtac N/2

Y aOLXES EELIOMOELS OO TIC OTolEC UmopoluEe va e&arydyouue N mpoyPaTixés eELloOOELC.

() Mnopoiye va tolpe 6t 1 pédodoc éxel duo Poduoic eheudepiac. Eyouue euyépeta xou oty
emAoYN TV cuvapThoEwy Bdong o v oty emhoy Twv k (tou uétpou twv k otnv
TparypotixdTnTa epdooy emhéyoupe k tne poppric (2.31) ). Mo ta Adyw tne duvatdtntog
oL €y oLUE and xde Pryodiny| e€lowon Vo ToedEouUE BLO TEUYUATIXES EELCWOELS UTOPOUUE

ue To (Biae collocation points va TopdyOLUE BLoPORETING GUVOAD TROYUATIXMY EELOWOEWY.
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H pedoooc SFFS

‘Onwg mpoavagépope To apuiunTixd avdhoyo tng uedooou tou xodnynth Pwxd €xet duo Bon-
nolg ereudeplag. AlpopeTinée emAOYEC GLVAPTHCERY BAoNne xoddS xou BlapopETIXES EAOYES
Twv collocation points odnyolv oe dlapopeTinéc mapohhayés tng pedodou. Xtnv Bihoypapi-
oL UTIBEYEL ot HOVO TEOTAoN Ylot TNV EmA0YY Twv collocation points. Efvou oty twv Fulton,
Dwnd, Zevopivtog oto [FEX03] xou Yo avapepduacte otny naporyouevn uédodo e TNV ouvTo-
woyeapla F'FX. Yty napolvoa epyacio mpotelvouue war dlopopeTixn emhoyn yio Ta collocation
points [SEES]. Oo avagepduacte oe auth TV véo emAOYT pe TV cuvtopoypagio SFFS. Ou
anodel&oupe 6TL 1 Véa emhoyT| yia Ta collocation points odnyel oe éval ypouuuixd cLCTNUA Ue

VAL CUVTEAEG TV TWV Ay VOO TWY Tou €yel point-diagonal dloryvior umhox.

3.1 Apidunon tov Egichoewv/Ayvdotwny

H eCiowon (2.42) eivon yevwhtpia eiomoeny. Eyouue Jewpfoer n owoyéveleg and k Tic
{kj}jzl,...,n' H owovyévewa k; mapdyel e€ionoeic mou avtioTtolyoly oty j mAcupd. To mirdog
Twv oTolyelnv xdde owxoyévelas urnopel vo xupodveton petold N;/2 xau N;. To xdde orouyeio
e xdde owoyévelag yopoxtnelleton and évay VeTixd mpayUatixd aptdud tov [ xau glvon To

(t) P ¢ 4 ’ 7 3
k" = s Oewpolpe Oy, < Iy, av t; < T; xou YENOWOTOOUUE TOV TaPUXAT® ahyopLdyo yio
TNV TAEAY WYY TOV UYOBOXDV EELOWMOEMV.

forp=1,2,...,n
fort =1t,%q,...
Xpnotpotoinoe to kY otny (2.42)
end

end

Me autév TOV TOTO ToEdYOUUE p OXOYEVELEG amd uryadixéc e€lowoelc. H apldunon twv ayve-
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oTwv oe xdie wyodr e&lowon eltvan 1 axdAoudn:

vhuz. UM, v v ule, Ujl,sz,...,UNj, L, ubuz o UM (30)

J

Me ¢ mapamdves aplduioelc, Twv eELOMOEWY XOL TWYV AY VOO TWY, TUPAYETAL EVOL YROUUXO UG T
Ol TOU OTO{OU O TUVAXAS, TWV ULYOBLXEY, GUVTEAEGTOV ExeL ot Quotxr urhox wopn. To (p, j)
UTAOX TOL, TEPLEYEL TIC EELCWOELS IOV AVTIOTOLYOUY G TNV P TAEUES XU EUTAEXEL TOUG Oy VO TOUG

TIOU AVTIOTOLYOUV OTNY j TAEURA.

O wyadixée e€looelc mou mapdyoviar and Ty (2.42) éyouv Ty YeVx popph

> (aj +iby) xy = (c; +id;) (3.2)

J=1

6mov ot a, b, c,d € R elvon oL yvwotol cuvteheotéc xou = € R elvan ou dyvwotol. And v (3.2)

UTOPOUKE VoL EE0YEYOUIE BUO TRAYHATIXES EELCOTELS, TIC

N

ZCL]‘Z‘]‘ = Cj (330(,)

J=1

pidein
N
> bz =d;. (3.3¢")
j=1

XNy mopoloa epyasia, Ydpv amhdtntag, Yewpolue To (Blo chvoho cuvapThcEwY BAoNng xou To
B0 midoc toue, NN, o xdde mheupd". Oa cupBoiiloupe pe N awtd to ThAdoc Ty cuvapTHoEwY
Bdong oe xde mhevpd. e auTd TO XEQIAMO WG cuvopToelg Bdone Vo yenoulonol couue
NUTOVONOELS, TNV QUOLXT ETULAOYT|, CUVORTHOELS xat Yol OVOUSCOUUE TNV oUYXEXEUEVT Bdor sine
Bdom.

3.2 Hputovoedrc Baon

Q¢ ouvapThoEelg BAoNe YENOWOTOLOUVTAL Ol NULTOVONOEC CUVOETHOELG

or (5) = sin <7«5 Z ”) . (3.4)

[Mopotneolpe 6t oL cuvaptioels undevilovton ota onueior —m, T, OTWS SIAAWC TE amoutel 0 TEELO-

oropoe (2.40). To oyfua (3.1) Selyver e 5 apywxée (r = 1,2,3,4,5) ouvaptioec Bdorng.

1 Ev yével dev éyoupe xdmoto Wiodtepo hoyo vo emhéEoupe dlopopetinés ouvapthioels Bdone oe x&de TAeupd.
Mo adaptive mopodhay) tne petddou Vo punopoloe xEAMCTA Vo XAVEL YeNom TNC SUVATOTNTAS OLUPOPETIXWY
ouvopThoewy Bdone 1/ dpopeTinfic dldoTaong Tou utoyweou S (2.38).
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Ixnpa 3.1: Or nuitovondeis ovvaptioes fdons ¢y (s) = sin (Ts i 7T> . Hapatnpnorte én 600 avédver

T0 1 TOOO peldVveETal N) TEPIDdOS TwY TUVAPTHTEWY.

3.3 H pévodoc FFX

H emhoy? twv collocation points xow twv eglowoewy.
H pédodoc FFX mpoximtet and tnv ouyxexpiuévn emhoyt| tne mopauéteou | otov tino (2.31).
[ xdde mhevpd S; emhéyovTan Tor TopoxdTey |
1=1,2,3,...,N/2. (3.5)
Yy ouvéyeta and xdde wyodin e€lowon e (2.42) Yo ndpouye coav wa tporypatixy| eElowon

TO TROYUOTIXO HEPOC O OV Wi GAAT) oy Hortixy) €€lowon TO QovTac TN UEROG.

Me tic mopondve emhoyéc 1 oyéon (2.42) yiveton

h; B hy
Z:h; (B35 ﬂp ! ZUJ/ hp sin (TS;W) dSZGp (l) s

N
J
I=12,... 2 p=1,...n

(3.6)
émou Gp(1) opilovtan oty (2.43).
H oyéon (3.0) anoteheiton and (N *n)/2 uyodixéc e€lomoelc and Tic 0Toleg UTOPOVUE VoL XOTO-

OXEUGCOUUE évaL Ypouxd cloTnua e n x N mporypotixéc e&lomoelc xou nx N ayvootoug UL
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Do xdde p xon 7, ye p,j =1,2,..., N

ue CY oupBoliloupe tov wyadud mivana Bido taong £ x N pe ooiyelo

. h . i mp—m., A iLS )
c (l,r) = Mel(ﬁj_ﬁp)e " j/elh; sin (rS;W), l=1,2,....N/2, r=1,2,...,N,

) .
(3.7)
ue X, to mpaypatixd didvuoue dldctaone N e otouyela
zp(r):=UF r=1,2,...,N (3.8)
xou pe 1), To pryodind didvuopa didotaone 5 ue otoyela
~ Ay PTG i i Ry g e B ¥10))
tp(l):zzme imPrle T Ry e (g (s) +if (s))ds, 1=1,2,...,N/2. (3.9)
j=1""7 et
"Edv ou nivaxec C, X, T elvon tétolol o Te
Ct Cy X1 T
C = ERnN/QXnN7X: ERTLNXI,T: 6RnN/2X1, (310)
c! cr X T,
t61e 7 (3.0) elvan Llood0voun pe To clo TN
CX=T. (3.11)

To cbotnua (3.11) uropel vor yeTACYNUATIOTEL OE €Vl oPLY (S TEAYHATIXG YRoUUXO G06 TN
AX =B (3.12)

6mou o mpaypatxol mivaxeg A, B didotaong nlN x nN xou nN x 1, avtiotoiya opilovioa o

e€ng

row+1 . . 4
Alrow,:) : = Re [C’ (—2 ,)} , OV TOw : T,EEZpL‘E‘EOC (3.13)
Im [C’ (%, )} , av row : dpTog
xou!
B (row) — Re [T (—“’”‘;H)] , oV TOw : TEELTTOC (3.14)
Im [T (22)] , oV Tow: dpTIOC

6mou pe Re(v) xou Im(v) ovuBoiiloupe to mporypatixd pépoc xou to pyadixd uépog tou dovi-

opotog v avtiotoyo. Enopévec, edv A7 ouuBoliler tov mporypatnd mivaxa N x N ue otoiyela

i ) Re [cfj (l,r)]
al (I,r) = { Im [¢f (1, )]

p

1O ouuPohoude A(i, 1) dnhdvel Ty i-00Th Yo tou Tivaxa A xou elvon davelouévoc amd to Matlab.
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xan B, cupfohilel tov mpaypatind mivaxo N x 1 pe otouyela

%m:{mmm

Tm [t, (1)]
ToTE
Aj Ay
A= . )
A, A
preeis
B,
B=]:
By,
Iopatneeiote 6t Ghar o darydwiar umhox Aj, ..., A7 ebvon oo peto€d toug agot b (I,7) =

T
g . S+ T
[ €' sin (r
—Tr

), ave&dpto tou p e xde [ =1,2,... ,N/2, r=1,2,... N.

Ogtowog 3.1 (FFX) H apifunuixr uédodog nov mpokvnter and tny dakprronoinon tns Dirichlet-

Neumann areikévions pe tny mapaxdtw emioyn collocation points

k, == {ll} :{_—1,_—2,_—3,...,_N/2} (3.15)
% N/2 hy  hy = hy hy

.....

ka1 emdoyn e5iodoewy: To TPAyHaTiko Kal To eavtaotiko épos tng kdle puag ané tg efiodoeg

s oxéons (2.42), yial =1,...,N/2 ovoudletar FFX.

To oyfpa (3.2) poc Bonddet va xatohdBouye Tic mapamdve enthoyéc. Avagépetan ot xdde Tuyoio

urhox didotaonc (N x N) ye N = 8 tou A.

3.4 H uyédodog SFFS

H mpooextiny| nopathipnon xou 1 UEAETN TNg SoUNS TOU TVOIXA TOU YRUUUXOU GUC THUATOSC TNG
FFX pedodou pag €dwoe to évavoya yio Ty avaltnom wiog xahitepng emthoyfc Twv collocation
points. ITio cuyxexpéva 1 dou Twy dtorywvidy purhox. Xto oyhue (3.3) anewxovileta To npdto
Sroryowio umhox tou ivaxa A e (3.12) yio Ty nepintwon tou todmievpou torydvou e N = 8.

Amnd to Yedgnuo Qolvetal OTL OL AETIEG YTRUAUES EXOVY UN-UNBEVIXO OVO TO BLay VIO
otowyeio toug. Ou doTieg Ypoupés TEogpyovTan amd To QavTacTnd PEpog Tng xde e&lowong

e (3.0) vl =1,2,.. ..

Epwtnon 3.2 Mnnws uropolue, kpatdvas s dpties ypaupés tov mivaka A, va Bpolue kd-
mo10 kawoUpyio oUvodo ard | (dAAa collocation points otnv mpayuatikétnea) ta omoia Ja uag

Z / /. 4 /. 4 /.
odnynoowy ge éva mivaxa ue daywvia utAok mov Ja eivar Siaywvior Tivakes;



46 H pédodoc SFFS

= 3 0% 03

| | |

=N W o
Re(l=1)—> | x x x x x X %X X
Im(l=1)—> | x x x x X x X X
Re(l=2)—> | x x X X X x X X
Im(l=2)—> | x X x X X X X X
Re(l=3)—> | x x X x X x x X
Iml=3)—> | x x x x X x X X

X X X X X X X X

X X X X X X X X

Yxnua 3.2: Onukn enideén tov Ag, pumlox tng uebodov FEX, otnr mepintwon émov to mAnnfog twy
ouvaptrioewy fdong eivar 8 (N = 8).

Re(l = 1)—> P PY P PY

Im(l =1)—> P

Re(l =2)—> Y Y ® Y

Im(l = 2)—> )

Re(l = 3)—> ° ° ° °

Im(l = 3)—> °

Re(l = 4)— > ° ° ° °

Im(l = 4)—> )

Yxnua 3.3: H doun tov mpdtov diaywviov umdok tns FFX ya wotAevpo tplywrvo ue 8 ovvaptrioeg
Bdong avd mAevpd.
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H andvtnon etvon vou. Kou pdhioto yia ouvapthioeis Bdone tic (3.4) n emdoyn towv collocation

points, mou 0dNYoLV o Tivoxa YE To DLty VAL TOU UTAOX VoL Elvor BlaryviaL, €ivol LoVadLxy.

AMppa 3.1 Eotw r guoikds 0idgopos tov undevés kar k Jetikds mpayuatikds apruds. Xu-

Borilovzag I kar I; to mpayuatiké kai to gavtaotiko HéEPOS TOU OAOKATIPWOMATOS

I=1(kr)= /eikssin (7“8_;7‘-) ds

—T

avtiotorya, éYOUNE TIS TapaKdtw TEPITTWOOEI.

() r=1,5,9,... Ip=m I; =0
kT (6) r=2,6,10,... Ir =0 I =—m
2 (’}/) 7":3,7,11,... IR:—’]T []:
((5) 7":4,8,12,... ]RIO IIITF
135
(Oé) k:§>§7§7 [RZO [[—O
, 4r
r (B) k meprrtdg Ip = eI I;=0
r nepittoc, k # 2 _ZTT
(’Y) k dp'ClOS‘ [R = m [[ =0
(0) Owgpopetikd Ir = 4k2_ 5 Cos (km) I;=0
()  k axépaiog Ir=0 I} =0
159 4r
, p W E=gggee =0 h=geT
r dptiog, k # — 37 11 4
2 (’}/) = T,y - IRIO I]: i
22727 4]{;24—7“2
r .
(0)  Owapopetikd Ir=0 Iy = Tz 2 5in (k)

Anooedn. Ilolpvoupe mepimtioeig yio o k

IEPIIITOSH I (  # g )

I = /e““ssin (rs—iz—w) ds

—Tr

™

— % (eiks),sin (TS;W) ds

—T

1 ks o3 s+ " r f iks s+
= — |[e"sin|(r — — [e®cos | r ds
ik 2 a2k 2

- e™*s cos 7“8+7T ’ +r—2 e™Fs gin 7‘8+7r ds
O 2k2 2 L AR? 2 '
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41{;2—7“21_ r ks s+m\1"
Apo( 4]{}2 = 2]{;2 e COS | T 2 B .
Anhadm
2r iks s+ "
I = 0z 2 [e cos (7" 5 >] By
2r . , e
= _4k2 — r2 |:elk‘7r (_1) —e k :|
2r . . . '
= ez [((=1)" = 1) (coskm) +i((—1)" 4+ 1) (sin k).

Avoxplvovtog To 1 e TERLTTO 1) dpTio TokpVoupE avtioTolya

T TMEPLTTO
—4
I = e _TTQ (cos kmr) N
)
0 k=13l
,
Ak2 _ 2 ,  k mepltto
I = —4r )
Ak2 — 2 , Kk dpto
—4r )
Ak2 — p2 cos (km) , OlopopeTixd
{ _
7 &ETIO
. 4r )
I = e (sin k) VAN
(0 .,k @uoxdc
. Ar L 1 5
i - - Z
4k? — r? ’ 2’9’
I = . —4r . 3 7
"4k 2 ’ 2’9’
. A4r _
I 2 Sin (km) , OSwpopetind
HEPIITQSH II (k= g

>_¢

™

= fCOS(

s ) sin ’f’

I _ ” izs n(rs—i—w)
)

N3

o (7T7“> i ( )
= 7msin 5 17 COS 5
Anhodn
™ ., Tr= 1,5,9,...
I — _Z7T 3 r:2,6,10,...

-, r=3,7,11,...
it , r=4,812,...

) ds+i [ sin <gs> sin (rs—;ﬂ) ds
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Ochpnua 3.3 I'a ovvaptioces fdons tg o (s) = sin (7“8 Rl

r
Movo n emAoyn | = g TV
collocation points éxer ws anotédeopa o mivarkag Tov TeAkoU Tapayopuevor Ypau kol OUOTHHATOS

/. 4 /. 4 /.
va éxel 01ayyia UTAOK TOU €1val 010y wviol TIVaKeS.

Anodeln. Avaxododviog Touc GUPBOACUOUEC TG Topayedpou 3.3 xaL YenouoToIwVTaS TOo
Mo (3.1) mapartneolue o e xde ypapur| tou CJ 10 t-0016 ototyeio (Snhadi o cuvtekesThg

’, t 7 VA 7 Z 7,
oL ayvHGTOL UY) Yot elvan To mparypotind 1 To gaviaoTind P€pog Tou OROXANEOUATOS

J(t) = / e sin (ts ; 7T) ds. (3.16)

Wdryvouue T0 XaTtdAANAO [, TOU AVTIOTOLYEL 6TNY T-00TH eilowon tou umhox CV. tétolo dote
XYOULL n ) X n " N 38 )

TO 7-007TO GTOLElD TNG T-00TAS YEUUMUNS VoL Elval TO HOVO UTFUNBEVIXG OTOWYED TNE YROUUTC.
Anhadny av oplooupe

Jo=J(t=r)= / ¢* sin (rs —g W) ds (3.17)
Jo=J(t#7) = / ¢ sin (ts J; ”) ds (3.18)
(hdryvouye tétolo | 1oTE TOUAGY O TOV Uit amd TIC TP AT BUO TEOTACEL VoL Loy VEL.
Re(J.) #0 A Re(Jy) =0
Ilp6taocn 1 : e () # e()
(ouvdfixn I) (ouvifpen II) 1 (3.19)
Im(J)#0 A Im(})=0 '
Ilpotaon 1II: m () 7 m (J;)
(ouvien III) (ouvdfen IV)

‘Eotw n € N (ouurepihopfovopévou tou undevoc). Téte €youue duo mepintdoels yio To 7.

Ilepintwon 1 (r : nepitTog)

J, =%

Avi=L — 0 , t mEPLTTOC
2 Jt - . 4t ,
j:zm , L dpTiog

Tote 1 HHpotaom I eivan ahndric.

R 7

! To cOpBoro A avamoplotd To hoyixd “xon”.
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( —4r
J, = 2 coslm
LN —4t
Av [ # 9 55 COS Im , 1 mepirtoe
J, = 41 4tt
L ’lm sinlm 5 t d(PTLOQ

Téte n ouvirun III mopofudleton xou 1 mpdTaoyn I eivan deudrc. Ernlone mapo-
Teolue 6Tt av 1 ouvidrn I elvoan akndnc téte coslm # 0 mou cuvendyeton 6TL 1|

ouvipen 1T nopaPBLdleton xon emouévwe xou n tedtaom I elvor Peudrc.

Ilepintwon 2 (1 : deTiog)

J, = +arw
r 4t ,
Av i = 3 — = j:m , 1 mepittog
0 , tdpTiog
H npédtaom II eivan ahniric.
4
( Jr = Z4l2—i7’2 sin [
r —4t
Av [ # B = ——5—5 CO8 Im , 1 mepirtoe
Jy = 4l &t ' )
\ zm sinlr , t dptog

Téte n ouvirhnn I nopafBidleton étol xou n mpotaon I ebvan deudrc. Eniong mo-
catneolue 6tL av 1 cuvixn III elvon akndnc téte sinlm # 0 mou cuvendyeton 6Tl 1

ouvipen IV nopaPidleton xon emouévae xou 1 medtaon II eivon Peudric.

4 2. 4 7 4 r 4 4 4
To cuumépaoua ebvor 6TL yia xde 7 nodpvouue | = 5 X OLIAEYOUUE TO TEAYMATIXO UEQOS TNG
avtioTtolyng egiowone edv to 1 elvor TEPLTTAC XL TO QPAVTACTLIXO Pépog Qv To 7 elvan dptioc. H

ETLAOYT) QUTYH HAALGTO, AOYW TNG XATAOXEVAO TLXAC LOPPNE TNG amOBEENS, Elvol LOVIOLXH. O

Opwopdg 3.4 (SFFS) H apifuntixrj uédodos mov mpokvnter and tny dwkpiroroinon tns Dirichlet-

Neumann aneikévions ue tny mapaxdtw emioyn collocation points

— —-0.5 -1 —1. —N./2
) ;:{_l} :{ﬂ,_, 5., =/ } (3.20)
hp =113 . N;/2 hp hp hp hp

-1
=3,

ka1 €mAoyn €€10doewy: to Tpayuatiko uépos yia L = 0.5,1.5,... ka1 o pavtaotiké uépog yia
l=1,2,... tng kde ag and g e&iodoes tng oxéons (2.12), ovoudletar SFFS.
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Imil=1)—> | x X x X X X x X
Im(l=2)—> | x X X X X X X X

Im(l=3)—> | x x x X x X x X

Yxnpa 3.4: Ontkn) emideién wov Ag, umiok tng pedodov SFFS, otnr mepittwon omov to mAfog twy
ouvaptrioewy Bdong eivar 8 (N = 8).

To oyfua (3.4) poc Bonddet va xatohdBouye Tic tapamndve enthoyés. Avagépetar ot xdde Tuyoio

umhox ddotaone (N x N) ye N =8 tou A..

3.5 Awyepion touv Collocation ITivonca

(¢ collocation mivoxa Yewpolue Tov mivoxa TOU TEALXOU YEOUULXO) CUCTHUNTOE TOU TEOX)-
TTEL UETS TNV Sloxpitonoimon tng Dirichlet-Neumann omewxdvion . Ag onuewwidel ot elvon duvatn
7 dadpeon tne xde ypouurc Tou Tivaxa A(row, 1) pe to Slaydvio otouyelo g A(row, row). ®u-
owd Ye To (Blo ototyelo mpémel va dlonpedel xou to avtiotolyo ctolyelo Tou 6e€lol péhouc. Auty
1 dodpeom yiveton e oxond o dorydviar pmhox tou Tthvoxer e sine-SFES * vo etvor povodiadot

mivaxeg. Ty (Bl tpatiny) umopolye var axohoudricoupe xou yio Ty sine-FEX. T euxoldtepn

1 Aéyovtoc sine-SFFS 9o evvooipe 61t ypnotonolodue Tic nuitovoewdelc ouvaptioelc (3.4) wg ouvapthiosic Bdone

xon TNy u€dodo SFES yio v emhoyr twv collocation onueiwy.
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avapopd otov collocation mivoxa A Yewpolue TNV ToEoxdTe UTAOX LORPY| TOU
A= (3.21)

To xdie pmiox ebvon didotaone N x N. To uniox A{, OUVOEEL TIC TTAEVPES P X0 j TOU TTOAUYVOU
ur6 v e€hic évvoir Xto pmhox AJ ta collocation onueior (—1/hy) " avixouy” oty theupd p

eve oL dyvwotol (UY) avagpépovton 6Ny TAELpd J.

3.6 Aocvuntwtixy Xuunepipopd tou Collocation ITivonca

Ynv avdhuon Tou dhooue oty Topdypopo (2.2.2) elyoue xatahiZer 0To cuuTépaopo OTL
vk, = ;—: oL TocOTNTES Tou epgavi{ovtal 610 aplotepd Yéhog tng Dirichlet-Neumann omeuxo-
viong (ta otouyelor Tou collocation mivoxa) telvouv 6to undév 6o audvel To Yétpo tou k, 660
ueyohUtepa [ Snhadn yenowonoloVue. AUty 1) GUUTERLPOEE TEQLUEVOUUE VoL PUUVETOL, OE YEVXES
Yooupés, xou otov collocation mivaxar yio tnyv sine-SFFES. T vo tovicouye Tic dlapopéc 6To
"uéyevoc” tou xdie otowyelov Ya yenowonooouue uio yetoBAnty threshold xou Yo Yewpolye
Oho Tor oTouyelor Tou Tivoxar Tou efvan, xoTd amdAUTY TW, uxpeodtepa Tou threshold undevixd.
Y10 oyfua (3.0) gaiveton 1 ypapixy avanapdotacn tou collocation mivaxa) yio éva xovovind

e€dywvo ye 64 cuvapTthoelg Bdong avd TAeupd, Yo Bldpopes TWES Tou threshold.
BMénovtac to ypdgnue (3.6) uropolue va nopatnerioouye:

o To Soryoviar pmhox tou mivaxo efvan Slorywviol ivaxec. Autd ogelleton oty emAoYY| TwV

collocation points otnyv sine-SFF'S.

o Ta yeyohOtepa, xotd amOALTY Ty, otolyelo Tou xdde umhox, mépa Twv daywviwy, Pel-
OXOVTUL OTIC TEWTES YEOUMES ToU xde umAox. O YpouUeS aUTES AVTIOTOLYOVUY G Ta X0~

tepa [

e Mnhox mou cuvdéouv Tapdhhnhec Theupéc Tou eaydvou, AT, A5 ..., éxouv TON) wxpdTe-

oo otouyelar amd ta umdhotna. Ag xottdZoupe To Yedgnua (55) Tou delyvel Ty cuuneplpopd
671’

™me oe o oyéon Ue TC dAAeg ouvapThoelg xau ag Yuundolue 6Tl oty anddelln Tou

ﬂswpvéﬁlamg (55) Sei€ape Ot yia sin(ay; — ) = 0 (Snhad”| yior TopdAANAES TAELEES P, j) TO

—x

M zelver 610 undév 1600 Yeryopa 660 1 xadwg To T TElVEL GTO 00.

Av dimhaoidoouye o TARloC TV cuvapthcewy Bdone (andé N oe 2N) nide Yo ahhdel o
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50 100 150 200 250 300 350 50 100 150 200 250 300 350

(&) treshold = 1E — 02 (B") treshold = 1E — 03

50 100 150 200 250 300 350 50 100 150 200 250 300 350

(v’) treshold = 1FE — 10 () treshold = 1E — 15

Yxnua 3.5: I'pagikn) avanapdotaon tov collocation mivaxa yia Sidpopes tipués tov threshold. To
avoikté yaAdlio onidver undeviké orocelo. Ta ypagnuata éywvav pe tny €vtoAn
imagesc (log10(abs(4))) tov Matlab.

ivaog e sine-SFFS (and An oe Aan); Oa to delloupe oynuotind yio éva tplywmvo.

[ 1 0| A2 x| A x ]
oA 0 I X | X X
Al I A3
Av Ay=| Al T A3 |, b A= 2 % 014 x (3.22)
A2 g x x| 0 I | x x
5o AL x| A2 x| T 0
| X x| x x| 0 I |

omoy X To Véa umhox mou eugpaviovro.

Iopathenon 3.1 Tows kdnowos avapwtniel: Aedopévov én (a) éxovue éva tpémo va emAé-

. . V4 4 / /. 4 /. _ T
youpe ta collocation points éror dote ta dwwydvia umlok va efvar dayovior mivaxes (I = 3
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PA. sine-SEFFS) kar (B) ta otoeia twv vroloinwy umAok telvour oto undév éoo avédver to l
s+m

yati va uny emiééoupe s ovvaptnoeg Pdong Tig sin <(M +7) > omov M évag apketd

HeVAAOS axépaiog étol wote o collocation mivaxag va elvar mpaktikd diaywvios kar To oUVOTNHA

va AUvetar dueoa; Autd SuotuxdS dev elvar vtodoyiotikd epiktd oot o1 ovvaptrioel fdong

sin((M+1)8+7T),...,Siﬂ((M+Nj)S+7T

) efvar ToAV x€1potepn emdoyn, g apruntikn

don, ano Tis sin 18 k) ,...,sin | N; st ka1 0 apruUNTIKGS VTOAOVIOUOS TwV TOOOTHTWY
n ) B iT9 PIUUTTIKOS VITHOS n
Gp(l = M + 1) Oa rjrar ebmpetikd aotating yia modd peydia M.



KegdAouwo 4

20yxpwon Mevoowyv SFFS xaw FFX

Ye autd To xe@dhono Yo cuyxplvoupe, aprdunTixd, T duo uedddoug sine-SFFS xou sine-
FFX. Ta duo xpitripra yio Tnv obyxpeior Yo elvon 0 pududg oOyxAong twy duo Yedodwy xodog
xan 0 Belxtng xatdoTaong twv duo collocation mvdxwy. Oo peietcouue duo xaTnyople ToAU-
YOVLV: xovovixd xon un xovovixd. To xavovixd efvon tor (Lo Tou elyay yenoiuomotioet xon ot
Fulton, ®wxdc, Zevogpdvtoc oto [FEX03] evdd yio pn xavovixd €youpe emhéel pa véo xAdon
TOAUY VWY TOAMDYWVA UE XOPUPES T8V OE (Lol CUYXEXEWEVT EAAelT. Méow twv apriuntixcdy
TopodeLypdtwy Fo pavel 1 aveTepdTNTA NG VUG YEVOB0OU 660 apopd oTNY TALN cUYXALONG Xou

Tov delxtn xotdotoone tou collocation mivaxor [SEES].

4.1 To ApOuntxd I1pbBAnua - Movtélo

o Ty oprduntn perétn tov pedddwv SEFEFS xou FFX da emhdooupe v eéiowon tou

Laplace oe wa mowahioc TOALYWVIXOY yoplwy xovovixev xan U1, ue Dirichlet, Neumann xou

Mixed(3 = %) ouvoplaxéc ouvirixec. Ewbidtepa o TohdOywva mou Yo yenotuonolficouye ebvo

T

Kavovued: Bpeloxovtor méve otov x0xho pe oxtiva p = v/2. O x0pueéc 10U xavovixol n-

YOVOU 21, 2o, . . ., Zp OlvovTol amd Tov TUTO

2 = ﬂei[Q(k_l)%_%} (4.1)

Mn-xavovixd: Eivow mohdywva ye xopugég méve otny EAeudm

.IQ

y2
4L =1 4.2
5+2 (4.2)

otpapuéva xotd 0.2 (xatd v Yetinh @opd). Ou TeTunuéves Toug, TEW TN 6TEOPY|, ol

apriumvTog xotd TNy VeTiny| Qopd, elvon
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Telywvo r = —4,-1,3

Tetpdmievpo =z = —4,4,4,1

[levtéyovo = = —5,—-2,4,3,0 (4.3)
E&dywvo xr = —4,-1,2,451,—-4.5

Oxtéywvo xr = —5,—-4,-1,2,3,1,—-2,-3

To tohbywva gaivovton ato oyfue (4.1).

Ye bheg TiC TePITWOELS M) axe3ric Aoon g e€lowone tou Laplace diveton omd

q (z,y) = sinh (3x) sin (3y) (4.4)

I'vwpetlovtog Ty axelfn AVor oL cuvoplaxés CUVITIXES XL Ol GUVORTHOELS

n

F9E), e (),

umopoLY Vo Ty Yol AVIAUTIXA.

To oyetxd cpdiua Eu, TOU YeNOWOTOoOUUE Yia TNV o&loAdynon tne pedodou diveton amd

I = g
E, = 0 (4.5)
7l
oTou
_ (4)
11 = max {_max 7 (5]}
pide s

1= full = max{ mas | £9 (s) — 79 (s)

1<j<n | —w<s<n

|

H vépua anelpou uroroyileton mévew o yior Tuxvr dlaéplon tou [—, 7).

4.2  Apuduntixr) Thomnoinon

‘Ohot ov apriuntixol utoloyiopol €yvay e apuiuntixy| Simhrc axpifelag oty YAOCoW TEOo-
yeoppatiopol Fortran [MREOO]. O Seixtng xotdotoonc unohoyiotnxe e v Matlab. O urolo-
YLOUOC TV OAOXANPOUATOY 610 TpdTo ehoc e (2.42) yiveton avahutixd xdvovac yerorn tou
Mpporog (3.1). T tov unohoyioud twv ohoxANEWUdTwY 610 delTERO UENOG YENOLLOTOCOUE
Vv poutiva dgawo tou Taxétou mpoypauudtewy QUADPACK [QUADPACK]. H cuyxexpwévn

coutiva otneiletar otny teyvin) Clenshaw-Curtis yia va urtohoyilel oplouévar ohoxAnemuato
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(o) Tplywvo (B") Tetpdmieugo

(") Hevidywvo (8") E&dywvo

(g) Oxtéywvo

Yxnua 4.1: Ta un-kavovikd toAUywra mov xpnoiuotoloUje yia tny oUykpion twy pebédwy SFES kai
FFX .
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e popehic cos(wz)F(z) xou sinwx)F(x). H unohoyiotinh Suoxohia 6Tov LTOAOYIoHS TETOLOU
eldouc OAOXANPEWUATWY, AOY® Tou eEXVETIXOV TIOL LUTdPYEL HEo 0TO OhOXAAPwLUa (2.43), éyxetta
070 YEYOVOC OTL 1) TIEOG OAOXAHPWOT] TOCHTNTO TUPOUGLALEL TTOA) UEYHAES BLUXUUAVOELS.

O (apduntinde) pudude ohyxhong, mou napovoidlovue otoug mivaxes (0.0.C.) opileton
oLUPWVOL PE TNV Topaxdte Aoyixy. 'Eotw E, 10 c@dhyc 6Toy YeNoWOTOOUUE T CUVAPTACELS
Bdone avd mhevpd xou K, to o@dhua 6tav yenowonowolue ¥y (> x) cuvopthoelg Bdong ovd
mhevpd. ‘Eotw 6t 1 yédodog €xel pudud obyxiione (oo ye t. Tote undpyel otadepd ¢ Tétola

oote E, = ch! émou 1o h, yoplc PAPN tne yevidtnrog, elvar —. ‘Apa
)

B C(é)t Y\
R NOR
()

t =108y, —-

4.3  Apuuntind AnoteAECUATA

O mivoxeg (4.1)-(4.5) detyvouv 10 oyetnd opdhua (Ey) %o tov pudud obyxhone (0.0.C.)
o mpog to TAdoc twv cuvapthoewy Bdong (N) avd mhevpd twv pedodwy SFFS xa FEX yia
€Vl LOOTIAEURO TELYWVO, €VaL TETEAYWVO, EVAL XOVOVIXO TEVTAYMVO, EVOL XAVOVIXO EEAYWVO %ol
YLoL €va xavovixd oxtdywvo avtiotoyyo. Ye xdle mepintwon ol ouvoptoxés cuvirixes (BC) etvou
{Bleg oe Oheg T TAEUREC TOL TOAUYWVOU V@ €youue yenotdomoiioel Dirichlet, Neumann xou
Mixed(3 = %) ouvoplaxéc cuvifixeg oe Gha To TOADY WYL

To oyfuota (4.2)-(4.7) arewoviCouv 1o oyetind opdiya v pedddonv SFES xou FFX yia

ouvoplaxéc ouvirxeg Dirichlet, Neumann xon Mixed(8 = %) avtiotouya. Ou Sioexouuéveg
z / 7. 7 2 3
Yeoués oo oy fuara ebvon oL eudelec y = vy = (3) z xay = (1) .

Avéhoyor nivaxee ( (4.0)-(4.10) ) o avdroya oyfuate ( (4.8)-(4.13) ) undpyouy xou yio ta
U XAVOVIXE TOADYWVAL.

Me emioxd6mon TwV TUEATEVE TUVAXWY Xol OYNUATWY UTOPOVUE VO GUUTEREVOUNE Tol EENC:

o Ko oL duo ygdodol cuyxiivouy.

e To ogdiua tnc SFFS pedddou eivan mdvta yixpdtepo and 1o ogdiua tne FFX pedodou.
Mo to uTtdEy oLV TEPLTTWOELS 6TV TO o@dhua TG SEES elvon uxpdtepo oyeddy xatd ula
Tén peyédoug ool un xovovixd mohlywvo (m.y. Tetpdmievpo N = 256) 1 xon nopamdve

amd yuor TeEn peyédoug otor xavovixd toAbywva (.. Ilevtdywvo N = 256).

e O pududc olyxhone tne FFX dev eivan otodepde odhd xupatveton and 1 (tetpdywvo-Mixed
BC) éwc xou 2 (m.y. e€dywvo-Mixed BC).
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e O pududc olyxhone e FFX, otic neplocdtepec nepintoelg, elvar ouvdptnor tou mo-
AUYVOU xou Oev @aiveTon va efvan 1oy LEd EEURTWUEVOG Amd TIC CUVORLOXES GUVUAXES TTOU
Yenotponotolvtal (T.y. 670 LW0OTAELEo Tplywvo elvar 1.5 yio dAec Tic cuvoplaxés cuVHT-

XEQ).

e H SFFS pédodoc éyer otadepd tetporywvixs) o0yxAion yior Gha tor ToADYwver (xovovixd xou
Un) %o YLoL OAES TIC oUVOPLAXES GUVORXEC.

Yroug mivoxeg (4.11) xan (4.12) mopoucidlouye tov delxtn xoTdoTooNG TOU TUVAXA TWY GUV-
TEAECTOV TOU YROUULXOU GUC TAUATOS YLOL XUVOVIXA Xol U Xavovixd ToAUywva avtioTtoiyo. Ot
deixtec xatdotaone gaivovtow xouw oto oyfua (4.14) xotnyoptonomnuévol avd pédodo xon avd
xornyoplar TOANYOVLY T
YyeTxd Ye Tov SelnTn xATACTAONC UTOPOUUE VO TP TNECOVUE Tal ENC:

e O delxtne xatdotaong eivan al€ovoo cuVdETNET ToL TAYoUS TV cuvapTAcewY Bdone (V)
avd TALEd xou Yo Tic duo Uedddoug xou Yo Tic Buo xatnyoplec moAuydvey. Efoipeon
anoteAel To TETEAYWVO Yoo TV SFES pédodo dnou o delxtne xatdotaong eivar otadepd

xan avedptntog Tou N.

e Yty SEFFS o pudude adénong tou delxtn xatdotaons we mpog N elvon TOA) wxpdTepog

and 6t oty FFX extdg and tnv neplntemor Tou ] xovovixol oxtorydvou xou yioo N = 4.

e Yty SFFS pédodo xou 670 un xavovixd oxtdymvo mopatneolue wa porydolo adEnor tou
OelxTn xotdoTOIONG OE OYEON UE Tot LTOAOLTAL Un xovovixd moAlywva. Ko og auty) v
TeplnTwon duwe Yo peydho N o delxtng xatdotaong tne SEFS elvan opxetd wixpdtepog

and awtov e FEX.

4.3.1 X@dipo - Kavovixd IToAOywva

1 S1nv nepintwon mou yenowwonooue Tic Blec ouvoptoxés cuvifxes oe dhec Tic Theupéc o collocation mivonag
elvon ave€dpTNToC TOL TUTOL TWV GUVOELIXGY GUVIXGY. Autd Vo qavel xadupd oe enduevo xepdhaio dTOU xau

e€etdlouue Aentopepéotepa Tic WOLOTNTES ToL collocation mivaxa.
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reg Dirichlet BC Neumann BC Mixed BC (7/3)
n=3| SFFS FFX SFFS FFX SFFES FFX

N| Ex |[|00C| Ew |00C| Ew [00C| Ex [00C| Ex | 00C| Ex [0.0C
4 [6.94E-02 2.48E-01 1.72E-02 6.88E-02 5.18E-02 1.93E-01

8 [2.04E-02| 1.77 [9.83E-02| 1.33 |4.03E-03| 2.09 |2.55E-02| 1.43 [1.33E-02| 1.97 |7.45E-02] 1.37
16 |5.44E-03| 1.90 [3.61E-02| 1.44 |1.06E-03| 1.92 |9.21E-03| 1.47 [3.39E-03| 1.97 [2.73E-02] 1.45
32 [1.40E-03| 1.95 |1.30E-02| 1.48 [2.72E-04| 1.97 [3.29E-03| 1.48 |8.67E-04| 1.97 |9.80E-03] 1.48
64 |3.56E-04| 1.98 |4.61E-03| 1.49 |6.86E-05| 1.99 |[1.17E-03| 1.49 [2.19E-04| 1.98 [3.49E-03] 1.49
128 8.96E-05| 1.99 |1.64E-03| 1.50 |1.72E-05| 1.99 [4.15E-04| 1.50 |5.51E-05| 1.99 |1.24E-03] 1.49
256 | 2.25E-05 | 2.00 |5.79E-04| 1.50 |4.31E-06 | 2.00 |1.47E-04| 1.50 |1.38E-05| 2.00 |4.38E-04| 1.50

IMTivaxag 4.1: Sine-collocation: IoémAevpo Tptywro.

reg Dirichlet BC Neumann BC Mixed BC (m/3)
n=4| SFFS FFX SFFS FFX SFFES FFX

N| Bo [00C| Bow [00C| Ex [00C| Ew | 00C| Ex | 00C| Ex |[0.0.C
4 [3.94E-02 2.59E-01 3.20E-02 4.51E-02 4.23E-02 1.54E-01

8 [1.04E-02| 1.93 [1.27E-01| 1.03 |9.78E-03| 1.71 |1.53E-02| 1.56 |1.24E-02| 1.76 |7.55E-02| 1.03
16 [2.70E-03| 1.94 [6.34E-02| 1.00 |2.66E-03| 1.88 |7.04E-03| 1.12 |3.35E-03| 1.89 [3.78E-02| 1.00
32 [6.91E-04| 1.97 |3.19E-02| 0.99 [6.88E-04| 1.95 [3.53E-03| 0.99 |8.64E-04| 1.95 |1.91E-02] 0.99
64 |1.75E-04| 1.98 |1.60E-02| 0.99 [1.75E-04| 1.98 [1.77E-03| 0.99 [2.19E-04| 1.98 [9.58E-03| 0.99
128 [4.40E-05| 1.99 |8.05E-03| 0.99 |4.40E-05| 1.99 |8.90E-04| 1.00 |5.52E-05| 1.99 |4.81E-03| 1.00
256 | 1.10E-05 | 1.99 |4.03E-03| 1.00 |1.10E-05| 1.99 |4.46E-04| 1.00 |1.39E-05| 1.99 |2.41E-03| 1.00

ITivaxag 4.2: Sine-collocation: Tetpdywvo.

reg Dirichlet BC Neumann BC Mixed BC (m/3)

n=5| SFFS FFX SFFS FFX SFFS FFX

N| Ex [00C| Ex [00C| Ex [00C| Ex | 00C| Ex |00C| Ex [0.0C
4 [2.26E-02 3.83E-02 3.09E-02 4.15E-02 2.85E-02 4.04E-02

8 [5.96E-03| 1.92 |[1.21E-02| 1.67 [8.89E-03| 1.80 |1.18E-02| 1.81 [7.99E-03| 1.83 [1.19E-02] 1.77
16 [1.61E-03| 1.89 [4.31E-03| 1.48 [2.38E-03| 1.90 |3.26E-03| 1.86 [2.12E-03| 1.91 |3.24E-03| 1.87
32 [4.15E-04| 1.95 |1.63E-03| 1.40 |6.13E-04| 1.96 |1.20E-03| 1.44 |5.46E-04| 1.96 |8.49E-04| 1.93
64 |1.05E-04| 1.98 |6.28E-04| 1.38 |1.56E-04| 1.98 |4.48E-04| 1.42 [1.39E-04| 1.98 [2.18E-04| 1.96
128 [2.66E-05| 1.99 |2.43E-04| 1.37 [3.92E-05| 1.99 |[1.68E-04| 1.42 [3.49E-05| 1.99 |[7.22E-05| 1.59
256 [6.67E-06 | 1.99 |9.42E-05| 1.37 |9.84E-06| 1.99 |6.31E-05| 1.41 |8.76E-06| 1.99 |2.57E-05| 1.49

IMivaxag 4.3: Sine-collocation: Kavoviké Ilevtdywyo.

reg Dirichlet BC Neumann BC Mixed BC (m/3)

n=6| SFFS FFX SFFS FFX SFFS FFX

N| Ex |00C| Ew |00C| Exw [00C| Ex | 00C| Ex | 00C| Ex [0.0C
4 [4.52E-03 6.72E-03 2.38E-02 3.04E-02 1.73E-02 2.25E-02

8 [1.30E-03| 1.80 [1.94E-03| 1.79 |6.64E-03| 1.84 |8.95E-03| 1.77 [4.76E-03| 1.86 |6.49E-03| 1.79
16 [3.47E-04| 1.90 [5.27E-04| 1.88 |1.77E-03| 1.91 |2.43E-03| 1.88 |1.26E-03| 1.92 [1.75E-03| 1.89
32 [8.94E-05| 1.96 |1.38E-04| 1.94 |4.56E-04| 1.96 |6.33E-04| 1.94 |3.25E-04| 1.96 |4.56E-04] 1.94
64 [2.27E-05| 1.98 |3.50E-05| 1.97 |1.16E-04| 1.98 [1.62E-04| 1.97 |8.24E-05| 1.98 |1.16E-04| 1.97
128 [5.71E-06 | 1.99 |8.87E-06| 1.98 |2.92E-05| 1.99 [4.02E-05| 2.00 |2.08E-05| 1.99 |2.90E-05] 2.00
256 | 1.43E-06 | 1.99 |2.10E-06| 2.08 |7.32E-06| 1.99 |9.83E-06| 2.03 |5.21E-06| 1.99 |7.07E-06| 2.04

IMivaxag 4.4: Sine-collocation: Kavoviké EEdywro.
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Yuvaptiioeic Bdoews avd ITkevpd (N)

n=8 | SFFS FFX SFFS FFX SFFES FFX
N| Ew |00C| Ex |00C| Ex |00C| Ex | 00C| Ex | 00C| Ew [0.0.C
4 |6.09E-03 1.19E-02 1.19E-02 1.59E-02 1.10E-02 1.56E-02
8 |1.81E-03| 1.75 |4.37E-03| 1.44 |3.51E-03| 1.77 |4.53E-03| 1.81 |3.25E-03| 1.76 |4.64E-03| 1.75
16 | 4.93E-04| 1.88 |1.47E-03| 1.57 |9.59E-04| 1.87 |1.21E-03| 1.90 |8.88E-04| 1.87 |1.28E-03| 1.86
32 [1.28E-04| 1.94 |4.79E-04| 1.62 |2.51E-04| 1.93 |3.14E-04| 1.95 |2.33E-04| 1.93 |3.66E-04| 1.80
64 |3.26E-05| 1.98 |1.54E-04| 1.64 |6.43E-05| 1.97 |9.30E-05| 1.76 |5.95E-05| 1.97 |1.14E-04| 1.68
128 |8.22E-06 | 1.99 |4.88E-05| 1.65 |1.63E-05| 1.98 |2.88E-05| 1.69 |1.51E-05| 1.98 |3.59E-05| 1.67
256 | 2.06E-06| 1.99 |1.54E-05| 1.66 |4.09E-06| 1.99 |9.01E-06| 1.68 |3.78E-06| 1.99 |1.13E-05| 1.67
IMivaxag 4.5: Sine-collocation: Kavoviké Oxtdywvo.
Dirichlet BC' (SFFS)
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Yxnua 4.2: Yeilua tng pedodov SFES ya kavovikd modUywra pe nuitovoedny ovvaptioes fdong

ka1 Dirichlet ouvopiakés ovrinke.
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Dirichlet BC' (FFX)
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Yxnua 4.3: Yeddua tng pedédov FEX ya kavovikd nodbywva e nucovoedny ouvvaptioes fdons kai

Dirichlet ovvopiakés ovvinke.

Neumann BC (SFFS)

10° T T
10—1> ' 4
1072 E
3

B
= 10
=
\g .

1 = - -
N 0
~Q
5 ;
U 3
A ;

10*6 3 —A— Io6mhevpo Teivywvo - . E

—B— Tetpdywvo =
—fe— Kavovixé Mevidywvo ..
1077 F —%x— Kavovixé EZdywvo - ) E
Kavovixéd Oxtdywvo ’
108 : :
10° 10t 102 10

Yuvaptiioeic Bdoews avd 1Ikeved (N)

Yxnua 4.4: Yeilua tng pedodov SFFS ya kavovikd modUywra pe nuitovoedny ovvaptioes fdong

ka1 Neumann ouvopiakés ovvinkes.
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Neumann BC (FFX)
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Yxnua 4.5: Yedlua tng pedédov FEX ya kavovikd todbywva pe nuicovoeidn ovvaptioes fdons kai

4 4
Neumann ouvvopiaxés ovvOnkes.

Mixed (7/3) BC (SFFS)
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Yxnua 4.6: Yeilua tng pedsdov SFES ya kavovikd modUywra pe nuitovoedny ovvaptioes fdong

kar Mized (w/3) ouvvopakés ovvirikes.
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Mixed (7/3) BC (FFX)
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Yxnua 4.7: XpdApa tng pebodov FEX ya kavovikd modUywra pe nuitovoedn ovvaptnoeg Bdong ka
Mized (7/3) ouvopuaxés ouvinkes.

4.3.2 Xg@dipo - Mn Kavovixd IToAOywva

irr Dirichlet BC Neumann BC Mixed BC (m/3)

n=3| SFFS FFX SFFS FFEX SFES FFX

N| Ex |00C| Ew |00C| Ew [00C| Ex | 00C| Ex | 00C| Ex [0.0C
4 [2.47E-01 3.02E-01 5.97E-01 6.51BE-01 4.86BE-01 5.52E-01

8 |[7.22E-02| 1.77 |9.77E-02| 1.63 [3.23E-01| 0.89 |3.81E-01| 0.77 [2.21E-01| 1.13 |2.70E-01| 1.03

16 |1.38E-02| 2.39 |1.93E-02| 2.34 |1.08E-01| 1.58 |1.49E-01| 1.35 |6.70E-02| 1.72 |8.48E-02| 1.67
32 |2.84E-03| 2.28 |3.99E-03| 2.28 |295E-02| 1.88 |5.31E-02| 1.49 |1.76E-02| 1.93 |2.84E-02| 1.58
64 |6.61E-04| 2.10 |9.31E-04| 2.10 |7.56E-03| 1.97 |1.83E-02| 1.54 |4.46E-03| 1.98 |9.70E-03| 1.55
128 |1.63E-04 | 2.02 |2.29E-04| 2.02 |1.91E-03| 1.98 |6.12E-03| 1.58 |1.12E-03| 1.99 |3.25E-03| 1.58
256 |4.07E-05| 2.00 |5.54E-05| 2.05 [4.79E-04| 1.99 |2.03E-03| 1.59 |2.82E-04| 1.99 |1.08E-03| 1.59

IMivaxag 4.6: Sine-collocation: Tptywro.
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irr Dirichlet BC Neumann BC Mixed BC (m/3)
n=4| SFFS FFX SFFS FFX SFFS FFX
N| Exw [00C| Eow |00C| Exw [00C| Ex [00C| Ex |00C| Ex [0.0.C
4 [2.70E-01 3.33E-01 2.47E-01 3.90E-01 8.00E-02 2.19E-01
8 [1.35E-01| 1.00 |1.81E-01| 0.88 |1.02E-01| 1.28 |1.85E-01| 1.08 |2.58E-02| 1.63 |7.57E-02| 1.53
16 [4.79E-02| 150 |7.14E-02| 1.34 [3.10E-02| 1.72 [6.47E-02| 1.51 |8.62E-03| 1.58 |2.39E-02] 1.66
32 [1.36E-02| 1.81 |2.32E-02] 1.62 |8.22E-03| 1.91 [2.23E-02| 1.54 [2.41E-03| 1.84 |7.75E-03| 1.62
64 |3.56E-03| 1.94 [8.05E-03| 1.52 [2.10E-03| 1.97 [7.99E-03| 1.48 [6.24E-04] 1.95 [2.74E-03| 1.50
128 [9.05E-04| 1.98 |2.90E-03| 1.47 [5.28E-04] 1.99 [2.83E-03| 1.50 |1.58E-04| 1.98 |9.50E-04| 1.53
256 | 2.28E-04 | 1.99 [1.00E-03| 1.53 [1.33E-04| 1.99 [9.70E-04] 1.54 [3.97E-05| 1.99 |3.23E-04| 1.56
ITivaxag 4.7: Sine-collocation: TetpdmAevpo.
irr Dirichlet BC Neumann BC Mixed BC (m/3)
n=5| SFFS FFX SFFS FFX SFFS FFX
N| Ew [00C| Ew |00C| EBw [00C| Ex [00C| Ex |00C| Ex |[0.0.C
4 [1.03E-01 1.65E-01 4.19E-01 7.01E-01 2.74E-01 4.33E-01
8 [1.73E-02| 2.57 [3.16E-02| 2.39 |1.65E-01| 1.35 [3.15E-01| 1.15 |9.41E-02| 1.54 |1.74E-01| 1.31
16 |4.15E-03| 2.06 |1.26E-02| 1.33 [4.77E-02| 1.79 |[1.04E-01| 1.59 |2.56E-02| 1.88 |5.44E-02| 1.68
32 [1.03E-03| 2.01 |4.16E-03| 1.60 |1.25E-02| 1.93 [3.16E-02| 1.73 [6.57E-03| 1.96 |1.62E-02| 1.75
64 |2.57E-04| 2.00 |1.30E-03| 1.68 |3.19E-03| 1.97 |9.40E-03| 1.75 |1.66E-03| 1.98 |4.82E-03| 1.75
128 |6.46E-05| 1.99 |4.03E-04| 1.69 [8.03E-04| 1.99 [3.09E-03| 1.60 |4.18E-04| 1.99 |1.74E-03| 1.47
256 | 1.62E-05 | 2.00 |1.25E-04 | 1.69 |2.02E-04| 1.99 |1.12E-03| 1.46 |1.05E-04| 2.00 |6.27E-04| 1.47
Iivaxag 4.8: Sine-collocation: Ilevtdywvo.
irr Dirichlet BC Neumann BC Mixed BC (m/3)
n=6| SFFS FFX SFFS FFX SFF'S FFX
N| Ex [00C| Ex [00C| Ex |00C| Ex | 00C| Ex |00C| Ex [0.0C
4 [1.33E-01 3.30E-01 2.16E-01 4.00E-01 2.51E-01 4.96E-01
8 [3.67E-02| 1.86 |1.17E-01| 1.50 |9.04E-02| 1.26 |2.14E-01| 0.91 |9.56E-02] 1.39 |2.39E-01| 1.06
16 |8.52E-03| 2.10 [3.47E-02| 1.75 [2.77E-02| 1.71 |8.22E-02| 1.38 [2.80E-02| 1.77 |8.74E-02| 1.45
32 [2.06E-03| 2.05 |1.07E-02] 1.70 [7.41E-03| 1.90 [2.72E-02] 1.59 [7.37E-03| 1.92 [2.86E-02] 1.61
64 |5.10E-04| 2.01 |3.36E-03| 1.67 |1.90E-03| 1.97 |8.61E-03| 1.66 |1.88E-03| 1.97 |9.04E-03| 1.66
128 [1.28E-04| 2.00 |1.09E-03| 1.63 [4.79E-04| 1.99 [2.67E-03| 1.69 [4.74E-04| 1.99 |2.81E-03| 1.68
256 |3.20E-05 | 2.00 |3.64E-04 | 1.58 |[1.20E-04| 1.99 [822E-04| 1.70 [1.19E-04| 1.99 |8.69E-04 | 1.69
IMivaxag 4.9: Sine-collocation: E&dywvo.
frr Dirichlet BC Neumann BC Mixed BC (7/3)
n=8 | SFFS FFX SFFS FFX SFFS FFX
N| Exw |00C| Ew |00C| Ex [00C| Ex | 00C| Ex |00C| Ex [0.0C
4 [6.38E-02 1.04E-01 7.23E-02 1.82E-01 2.76E-02 8.27E-02
8 [2.01E-02| 1.66 |3.79E-02| 1.46 |1.81E-02] 2.00 |5.34E-02] 1.77 [7.86E-03| 1.81 |2.12E-02| 1.97
16 |5.48E-03| 1.88 |1.16E-02| 1.71 [4.61E-03| 1.97 [1.57E-02| 1.77 |2.10E-03| 1.91 [6.11E-03] 1.79
32 [1.42E-03| 1.95 [3.41E-03| 1.77 |1.17E-03| 1.98 [4.62E-03| 1.76 [5.40E-04| 1.96 |1.82E-03| 1.75
64 |3.60E-04| 1.98 [9.85E-04| 1.79 [2.96E-04| 1.98 [1.35E-03| 1.78 [1.37E-04| 1.98 |5.42E-04| 1.75
128 [9.07E-05| 1.99 [2.83E-04| 1.80 [7.45E-05| 1.99 [3.91E-04| 1.79 |3.45E-05| 1.99 |1.61E-04| 1.75
256 |2.28E-05| 1.99 |8.08E-05| 1.81 |1.87E-05| 2.00 |1.13E-04| 1.79 |8.66E-06| 1.99 |4.78E-05| 1.75
ITivaxag 4.10: Sine-collocation: Oxtdywro.
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Dirichlet BC' (SFFS)
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Yxnua 4.8: YedAua tns pedsdov SFES ya un kavovikd modUywra e nuitovoedny ovvaptrioes fdong

xa1 Dirichlet ouvopiakés ovrinke.

Dirichlet BC' (FFX)
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Yxnua 4.9: Yedilua tng pedodov FFX ya un kavovikd noAdUywva e nuitovoedn ovvaptioes fdong

ka1 Dirichlet ouvopiakés ovvinies.
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Neumann BC (SFFS)
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Yxnua 4.10: Xpdlpa tns pedédbov SFFS yia un kavovikd molUywra e nputovoedr) ouvaptrioes

Bdong ka1 Neumann ouvvopiakés ovvinke.

Neumann BC (FFX)
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Yxnua 4.11: YdApa tng pedédov FFX ya un kavovikd nodUywva pe nuitovoedn ovvaptroes fdong

ka1 Neumann ouvvopiakés ovvinkes.
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Mixed (7/3) BC (SFFS)
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Yxnua 4.12: Yodlpa tng pedédov SFFS ywa un kavovikd molUywra ue nptovoedr) ouvaptrjoes
Bdons ka1 Mized (7/3) ouvopraxés ouvirikes.

Mixed (m/3) BC (FFX)
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Yuvaptiioeic Bdoews avd 1Ikeved (N)

Yxnua 4.13: YdApa tng peiédov FFX ya un kavovikd noAUywva pe nuitovoedn ovvaptroes fdong

ka1 Mized (w/3) ouvvopuakés ovvinkes.
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’ 4
4.3.3 Acixtne Katdotaong
Koavovixd HoAbywva ue Dirichlet, Neumann and Mixed(w/3) BC

reg] N=4 N=38 N=16 N =32 N =64 N = 128 N = 256
n | SFFS| FFX | SFFS| FFX |SFFS| FFX [SFFS| FFX |SFFS| FFX |SFFS| FFX |SFFS| FFX
3 [ 2.57[33.80] 2.85[143.77] 3.00] 536.60 | 3.15[1879.99] 3.30] 6350.58 3.51[ 20934.22] 3.71[ 67 755.87
4 | 1.09[62.19] 1.09|349.88| 1.09[1806.44] 1.09|8909.85| 1.09[42604.39 | 1.09198 999.00 | 1.09 |912 320.22
5 | 2.04[55.79| 2.28[272.01| 2.541163.71| 2.81[4626.31| 3.10|17556.28 | 3.40| 6458431 3.72 232 458.57
6 | 3.64]46.99 4.29198.22| 5.00| 778.92| 5.77/2837.20| 6.59| 9841.61| 7.47| 33003.16 | 8.40 | 107 984.30
8 | 9.19036.08 | 11.63]153.24|14.26| 548.78 | 17.12|1 801.57 | 20.20 | 5 618.93 | 23.52| 16 933.95 | 27.07 | 49 773.99

IMivaxag 4.11: O OeikTng KatdoTaong, Tov MvaKa TwY TUVTEAEOTWOV TOU YPAUMIKOU OUOTHUATOS, Yid

Ta kavovikd moAUywva, vnoAoyiouévos ue tny €vtoAn cond (4, inf) tng Matlab.

Mn Kavovixd IoAbywva ue Dirichlet, Neumann and Mixed(w/3) BC

ir] N=4 N=38 N =16 N =32 N =64 N =128 N = 256

n| SFFS | FFX | SFFS | FFX | SFFS| FFX | SFFS| FFX | SFFS | FFX SFFS | FFX SFFS FFX
3] 13.06]37.11] 15.65]139.86| 17.30] 522.74] 18.81|1789.44| 20.23| 5818.26] 21.73[18364.32| 24.70| 56 517.95
4| 763[3591| 9.03/180.76| 10.46| 797.20| 11.98|3104.16| 13.60[10995.07| 15.32[36 571.76 | 17.15| 116 490.00
5| 11.46|46.46| 14.08(217.68| 17.50| 919.57| 22.50 |3 434.11| 28.14 |11 938.38| 34.42 |39 698.21 | 41.35| 128 180.63
6 | 19.10]61.83| 22.80]257.92| 26.24|1000.48| 32.04 |3 715.31| 38.33[12752.55| 45.13|41306.55| 52.47| 12 846.52
8 [199.54 | 98.03 | 393.38 | 486.42 | 637.14 | 2 268.98 | 921.64 | 8 242.33 [ 1 313.77 | 26 741.55 | 1 757.73 | 80 850.83 | 2 252.60 | 232 522.37

IMivaxag 4.12:

O 0eiktng Katdotaong, Tov TVAKAL TV OCUVTEAEOTWOY TOU YPAUMIKOU TUOTIHATOS, Vid

Ta un kavovikd moAUywya, UTOAOYIoUEVOS e TNy €vTodl] cond (4, inf) tng Matlab.
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SFFES - Kavovixd IToAbywva FFX - Kavovixd HoAbywva

T T T T T T T T T T T T T T
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Yuvaptiioeic Bdoewe avd Ievpd (N)

(") SFFS - Mn Koavovixd ITohbywva

Suvaptiioeic Baoewe avd Hevpd (N)

(8") FFX - Mn Kavovixd ITohoywvo

Yxnua 4.14: O Selktng katdotaons Tov Tivaka Twy CVVTEAETTOY TOU YPapUIkoU TUTTHATOS WS TPOS
ny vépua aneipov. Ta ypagpripata (') ka1 (B°) apopoly ota kavovikd modUywra evd ta

ypagnuaza (y') kar (§°) ota un kavovikd noAUywra.
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4.4 XUUTEQACUAT

Yo aprduntuixd mapadelypato Tou xe@ohaiou @dvnxe Eexdibopa 6Tl 1 wédodog SFES eivan

cagéotato xalutepn pédodog and v FFX. Autéd otnpeiletan oo ot

e Ilapoucidlel opordtepn olyxhor and Ty FFX pe otadepd tetporywmvind pudud obyxhiong
0€ OAEC TIC TMEPLTTAOELC.

e To ogdhyo tng elvan mdvta xoahiTepo and autd g FEX.

e O delxtng xatdotaong tou collocation mivaxo, awgdver e€anpeTind Mo apyd amd 6Tl O
avtiotoryog oty FFX pédodo.

H mapandvey avéhuon poag odnyel oto cuunépacya 6Tt 1 pédodog SEFFS nou mpoteivouye,
elvow 1 u€dodog mou mEETeEL Vo yenotdornoteltal xoTd TNV oerdunTXr ETALCT) TN YEVLXEUMEYNS

Dirichlet-Neumann ameixévionge.
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KegdAowo 5

Aptduntixr) MeA€tn xou XVUnERLPOoPd

Enoavoinmtixwy Meboowy

O collocation nivoxag mou avtiotoryel otnyv pédodo SFES, ye nuitovoedelc ocuvapthoelg Bd-
oNG, €YEL EX XATUOXELNC Olarywvior Umhox mou efvor point Slorywwiol mivaxeg. Autd elvan éva
eCUPETIUO CUYXELTIXG TAEOVEXTNUA TNG UEVOBOU GO 0popd TNV EMAVOANTTIXY ETALOY TOU
collocation cuothAgatoc e Krylov pedodouc [SPS]. O nivaxac elvon %dn prhox Jacobi tpopud-
WOPEVOG UE AMOTEAECUO ONUAVTLXY UEWOT TOU YpOVOoUL ETUAUCTC Oyt HOVO OTNY TERIMTWOT| IOV
xenowonololpe uniox Jacobi mpopliuion odhd xau 6tav o mpopuduoThc pog ebvon o Gauss-
Seidel § o SGS. Auté ouuPaivel dott (BA. Tapdypago [1.4) 1 eniilvon twv cuotnudtwy Mz =y

TOU EUTAEXOVTOL O TNV TpopLUWOT YiveTow ThAéov TOAD Yeryopa.

e auto To XePIAono Vot UEAETACOVUE TNV CUUTEQLPORE TV BACLXMY ETAVAANTTIXWDY O TOTI-
xGv (stationary) xou Krylov pedédwv yio v eniluon tou collocation cvothuatoc (Ax = b).
H pédodoc emhoync twv collocation onuelwv elvan 1 SFFS xou w¢ cuvaptioeic Bdong Yo yern-
CUOTOLCOVUE TIC NUTOVONBE(C. XE OAa Tot TOADYWVA VeWPOVUE TIC (BLEC CUVOPLOXES CUVUTXES
(Dirichlet).

Oa emhbooupe Ty elowon tou Laplace o€ 6 xavovixd tohdywva (ouyxexpyléva yio TAfidog
mhevpv 8, 12, 19, 24, 31 xou 36) xow o€ 5 un xovovixd TohOymva xou Yot TAAY0S CUVAPTHCENY
Bdone N = 8,16,32,64 yio o xovovixd xow N = 32,64 yio tar un xavovixd. Ou x0pugéc Twv
XOVOVLXEY TIONUY VKV Tou Yo yenotponoticoupe divovton amd tov tono (4.1) eved tor un xovovixd
TOANOY v glvor autd Tou gaivovton oto oyfue (4.1). H axpBrc homn tne dragopixic e&lowong,
x9S %o 10 oYETWMS il i opilovtar 6w oty mopdyeopo (4.1). Iow tnv egoappoyy twv
ued6dwy enihuorng tou collocation cuoTuaTog €youue dlonpéoel TNV xdie Ypauur Tou collocation
Tivaol PE To BLoryvio ototyelo tne (xan avtioTolyo o dedtepo péhoc). ‘Etol ta diarydhvior pmhox
Tou collocation mivaxa elvan (oo ye tov povaduodo mivoxa dudotaong N xan o mivoxag ebvan Hon
unhox-Jacobi mpopudwouévog. H npopliuion yivetar xotd umhox 6mng autd opillovton amd Ty
Sopéplon (3.21). Doty emavolnmtixny| uédodo Gmres 1) TOUPGUETEOSC ETAVVEXIVIONGS EXEL OpLO TEL

oe 10. O péyiotog aprdude enovorewy tou emtpénouye etvor 200 xou 1 avoyy) Tou xertnelou
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Teppotiopgol (tolerance) oe dhec tic pedddouc ebvar to 1.0E — 06 “ . H apywxh| tpocéyyion
LlooUTOL UE TO BeVTEPO PéhoC Tou Yool cucTthatoc (dnhadh (0 = b). ‘Ol to TelpdpoTo
exteréotnxay o éva mohuyenotixd SUN V240 pe tnv yenron evég encéepyaotnh. (¢ yAwooo
TEOYpaaTIoNoV Yenotdonotfjooue tny Fortran xow 6hol ov utohoyiopol €ytvay e optduntixy
oumArc axpifetag. Ioapardétouye, extdg and T EMUVOUANTTIXEC UEVOBOUC, XAl ATOTEAECUATI VLo

v dueon pédodo entluonc Dgesv* tou taxétou Lapack [LAPACK].

5.1 Koavovixd IToAOywva

Kavoviko 8-ywvo
N=8 N=16 N =32 N =64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time
Dgesv 1.81E-03 2.62E-03 4.93E-04 2.26E-02 1.28E-04 1.87E-01 3.26E-05 1.83E+00
Jacobi 1.81E-03 40 5.83E-03 4.92E-04 41 1.75E-02 1.28E-04 42 5.68E-02 3.20E-05 42 3.93E-01
GS 1.81E-03 24 3.97E-03 4.92E-04 24 1.04E-02 1.28E-04 24 3.49E-02 3.24E-05 25 2.20E-01
Bicgstab 1.81E-03 6 9.67E-04 4.93E-04 6 1.54E-03 1.29E-04 6 3.43E-03 3.67E-05 6 2.09E-02
Gmres 1.81E-03 10 1.40E-03 4.92E-04 10 2.13E-03 1.28E-04 11 4.81E-03 3.27E-05 12 2.55E-02
Bicgstab2 1.81E-03 4 9.75E-04 4.92E-04 4 1.53E-03 1.28E-04 4 3.53E-03 3.29E-05 4 2.08E-02
CGS 1.81E-03 6 9.63E-04 4.93E-04 7 1.72E-03 1.27E-04 7 3.90E-03 2.96E-05 7 2.56E-02
Tfgmr 1.81E-03 8 1.33E-03 4.93E-04 7 2.20E-03 1.28E-04 8 4.64E-03 3.25E-05 9 2.98E-02
Bicgstab (GS) 1.81E-03 7 2.15E-03 4.93E-04 7 5.09E-03 1.28E-04 7 1.47E-02 3.26E-05 7 1.00E-01
Gmres (GS) 1.81E-03 10 2.13E-03 4.93E-04 10 4.56E-03 1.28E-04 10 1.28E-02 3.26E-05 10 8.28E-02
Bicgstab2 (GS) 1.81E-03 6 2.63E-03 4.93E-04 6 6.05E-03 1.28E-04 6 1.79E-02 3.26E-05 6 1.27E-01
CGS (GS) 1.81E-03 7 2.53E-03 4.93E-04 7 6.30E-03 1.28E-04 7 1.94E-02 3.25E-05 7 1.37E-01
Tfgmr (GS) 1.81E-03 7 3.06E-03 4.93E-04 7 5.18E-03 1.28E-04 7 1.50E-02 3.25E-05 7 1.02E-01
Bicgstab (SGS) 1.81E-03 3 1.91E-03 4.93E-04 3 4.35E-03 1.28E-04 4 1.65E-02 3.26E-05 5 1.26E-01
Gmres (SGS) 1.81E-03 6 2.18E-03 4.93E-04 6 4.84E-03 1.28E-04 7 1.88E-02 3.26E-05 7 1.17E-01
Bicgstab2 (SGS) 1.81E-03 2 2.38E-03 4.93E-04 2 5.91E-03 1.28E-04 2 1.81E-02 3.26E-05 4 1.83E-01
CGS (SGS) 1.81E-03 4 2.66E-03 4.93E-04 4 6.80E-03 1.28E-04 5 2.57E-02 3.26E-05 5 1.74E-01
Tfqmr (SGS) 1.81E-03 4 2.20E-03 4.93E-04 5 5.82E-03 1.28E-04 5 1.84E-02 3.26E-05 5 1.28E-01

IMivaxag T1: EravaAnnuikés uéodor yia tn emilvon tou sine-collocation ovotnuatos o€ éva kavoviko
8-ywro. Yoy mivaka gaivortar to oxetiké opdAua (Error_oo), o apiduds twv enavalr-
Yewr (Iter.) kaddg kar 0 xpdvog €mAVONS TOU Ypap kol oUOTAHATOS € OEVTEPOAETTA
(Time).

H ouurepipopd Ty emavahnmtixey uedddwy odrdler 660 oArdlel to TANYOC TV TAELEWY
Tou ToAuYhVoL. ‘Etol Yo Yewpriooupe tpelc Baocinés xatnyopiec mohuy@vwy: To wixpd (xed
mAfdoc mhevpy), ta pétpla (Uétplo TAoC Theupddv) xan to Yeydha (eydho Thidoc TAEUEMY).
Oa amolyoupe var oplooupe enaxpBie T dplar UETAE) AUTOV TWY XATNYOPLDY ETUTEETOVTAC (Lol

XATOLOL PEUC TOTNTAL.

e O apriudc twv enavorlewy auidvel 660 avgdvel xou To TAHYOC TwV TAEUPWY TOU TOAL-

YOVOU Yol OAEC TIC XATNYOPIES TWV TOALYWOVOV.

I Sulnthoeic mepl Tov Slapbdpwy xpitnelnv TEpUATIOUON TV ETAVOANTTXGY uedb6dwy yivovtaw ota [SSZ07, [TEM]

2 H ouyxexpuuévn umopoutiver emAVEL TO YPOoUUXG GUGTNUY YeNolloToldviag Ty ddonoon A = LU ue uepuxd
0d7hynon.
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Kavoviko 12-ywvo
N=8 N=16 N =32 N =64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time
Dgesv 1.43E-03 9.74E-03 3.94E-04 7.92E-02 1.04E-04 6.30E-01 2.64E-05 9.65E+00
Jacobi 1.49e-03 | 200 5.63E-02 9.86E-04 | 200 1.79E-01 9.63E-04 | 200 8.12E-01 9.61E-04 | 200 8.08E+00
GS 1.43E-03 87 2.46E-02 3.95E-04 94 8.43E-02 1.04E-04 98 3.91E-01 2.69E-05 100 3.88E+00
Bicgstab 1.43E-03 10 1.50E-03 3.95E-04 10 3.15E-03 1.04E-04 12 1.63E-02 2.72E-05 11 4.97E-01
Gmres 1.43E-03 19 2.55E-03 3.94E-04 21 5.44E-03 1.04E-04 21 2.10E-02 2.68E-05 21 4.95E-01
Bicgstab2 1.43E-03 8 1.54E-03 3.96E-04 8 3.19E-03 1.04E-04 10 1.78E-02 2.64E-05 10 5.41E-01
CGS 1.43E-03 11 1.69E-03 3.94E-04 13 4.05E-03 1.03E-04 12 1.76E-02 2.65E-05 12 5.47E-01
Tfqmr 1.43E-03 12 2.08E-03 3.94E-04 13 4.80E-03 1.04E-04 13 1.84E-02 2.65E-05 13 5.84E-01
Bicgstab (GS) 1.43E-03 13 5.64E-03 3.94E-04 13 1.59E-02 1.03E-04 13 7.81E-02 2.63E-05 13 1.17E+00
Gmres (GS) 1.43E-03 29 7.77E-03 3.95E-04 29 2.19E-02 1.04E-04 30 1.16E-01 2.68E-05 30 1.42E+00
Bicgstab2 (GS) 1.43E-03 12 6.68E-03 3.94E-04 12 1.98E-02 1.04E-04 12 9.53E-02 2.65E-05 12 1.41E+00
CGS (GS) 1.43E-03 14 7.52E-03 3.94E-04 14 2.39E-02 1.04E-04 14 1.08E-01 2.63E-05 14 1.53E+00
Tfgmr (GS) 1.43E-03 14 6.51E-03 3.94E-04 16 2.04E-02 1.04E-04 16 8.91E-02 2.64E-05 16 1.39E+00
Bicgstab (SGS) 1.43E-03 7 5.84E-03 3.94E-04 7 1.62E-02 1.04E-04 7 7.64E-02 2.65E-05 7 9.69E-01
Gmres (SGS) 1.43E-03 12 5.93E-03 3.94E-04 12 1.77E-02 1.04E-04 12 8.04E-02 2.65E-05 13 9.75E-01
Bicgstab2 (SGS) 1.43E-03 6 7.09E-03 3.94E-04 6 2.12E-02 1.04E-04 6 1.03E-01 2.64E-05 6 1.25E+00
CGS (SGS) 1.43E-03 7 7.40E-03 3.94E-04 8 2.58E-02 1.04E-04 8 1.23E-01 2.67E-05 9 1.60E+00
Tfgmr (SGS) 1.43E-03 8 6.34E-03 3.94E-04 8 1.80E-02 1.04E-04 8 9.18E-02 2.65E-05 10 1.36E+00

IMivaxag T2: EravaAnnuikés uéodor yia tny enilvon tou sine-collocation ovotnuatos o€ éva kavoviko
12-ywvo. Yvov mivaka gaivortar to oxetiké opdAua (Error_oo), o apiijds twv emavaini-

Pewr (Iter.) kaOds kai o xpdvos emiluvons Tou ypaupuikod oUoTHUATOS € deuTepirenTa

(Time).
Kavoviko 19-ywvo
N=8 N=16 N=32 N =64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

Dgesv 8.41E-04 3.94E-02 2.21E-04 3.14E-01 5.66E-05 3.32E+00 1.42E-05 8.18E+01
Jacobi X x x x x x X x x x x x

GS 8.51E-04 200 1.44E-01 4.89E-04 200 4.37E-01 6.76E-04 200 2.70E+00 8.06E-04 200 4.69E+01
Bicgstab 8.41E-04 11 2.44E-03 2.20E-04 11 6.40E-03 5.88E-05 11 5.52E-02 2.02E-05 11 4.38E+00
Gmres 8.39E-04 20 3.93E-03 2.20E-04 23 1.04E-02 5.60E-05 24 7.09E-02 1.39E-05 24 4.92E+00
Bicgstab2 8.40E-04 8 2.35E-03 2.19E-04 10 7.09E-03 5.43E-05 12 7.08E-02 1.38E-05 12 5.56E+00
CGS 8.40E-04 14 3.03E-03 2.20E-04 14 8.49E-03 5.58E-05 15 7.30E-02 1.47E-05 14 5.52E+00
Tfqmr 8.40E-04 14 3.69E-03 2.20E-04 15 9.86E-03 5.59E-05 16 7.42E-02 1.41E-05 15 5.94E+00
Bicgstab (GS) 8.41E-04 35 3.06E-02 2.18E-04 35 9.29E-02 5.66E-05 36 6.62E-01 1.52E-05 36 2.36E+01
Gmres (GS) 8.38E-04 105 5.72E-02 2.17E-04 130 2.14E-01 5.80E-05 157 1.73E+00 1.96E-05 171 5.81E+01
Bicgstab2 (GS) 8.41E-04 34 3.75E-02 2.21E-04 34 1.16E-01 5.66E-05 34 7.82E-01 1.52E-05 34 2.60E+01
CGS (GS) 8.41E-04 36 4.42E-02 2.21E-04 40 1.55E-01 5.69E-05 40 1.06E+00 1.44E-05 41 3.12E+01
Tfgmr (GS) 8.41E-04 40 3.63E-02 2.21E-04 41 1.16E-01 5.66E-05 41 8.18E-01 1.44E-05 42 2.66E+01
Bicgstab (SGS) 8.41E-04 15 2.44E-02 2.21E-04 16 8.01E-02 5.64E-05 18 6.07E-01 1.44E-05 18 1.67E+01
Gmres (SGS) 8.41E-04 34 3.33E-02 2.21E-04 40 1.17E-01 5.57E-05 52 1.01E+00 1.56E-05 54 2.56E+01
Bicgstab2 (SGS) 8.41E-04 14 3.07E-02 2.21E-04 18 1.21E-01 5.65E-05 18 8.30E-01 1.37E-05 16 1.89E+01
CGS (SGS) 8.41E-04 19 4.42E-02 2.21E-04 20 1.50E-01 5.65E-05 22 1.11E+00 1.42E-05 23 2.61E+01
Tfqmr (SGS) 8.41E-04 19 3.15E-02 2.21E-04 22 1.09E-01 5.66E-05 23 7.93E-01 1.43E-05 24 2.09E+01

ITivaxag T3: EnavaAnnuikés péfodor yia tny emilvon tov sine-collocation ovotnuatos oe éva kavoviko
19-ywvo. Yvov mivaka gaivortar to oxetiké opdAua (Error_oo), o apiijds twv emavaini-

Yewr (Iter.) kaddg kar 0 xpdvos emAVONS TOU Ypapuikol CUTTAHATOS T€ OEVTEPOAETTA
(Time).
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Kavoviko 24-ywvo
N=8 N=16 N=32 N =64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

Dgesv 5.36E-04 7.93E-02 1.40E-04 6.41E-01 3.58E-05 9.89E+00 9.04E-06 1.59E+02
Jacobi X X X x X X X X x X X X

GS 2.05E-03 | 200 2.03E-01 3.06E-03 | 200 9.11E-01 3.77E-03 | 200 9.01E+00 4.15E-03 | 200 6.45E+01
Bicgstab 5.37E-04 15 4.17E-03 1.41E-04 14 1.77E-02 3.71E-05 15 8.76E-01 9.96E-06 16 8.52E+00
Gmres 5.37E-04 28 6.71E-03 1.41E-04 29 2.50E-02 3.66E-05 31 9.00E-01 9.74E-06 32 8.77E+00
Bicgstab2 5.36E-04 14 4.47E-03 1.41E-04 12 1.75E-02 3.74E-05 12 8.21E-01 9.81E-06 14 8.64E+00
CGS 5.36E-04 15 4.65E-03 1.40E-04 16 2.06E-02 3.62E-05 15 8.35E-01 1.59E-05 15 7.71E+00
Tfgmr 5.36E-04 16 5.60E-03 1.40E-04 17 2.37E-02 3.59E-05 18 1.16E+00 9.30E-06 18 9.24E+00
Bicgstab (GS) 5.36E-04 60 7.71E-02 1.39E-04 63 3.64E-01 4.71E-05 65 7.96E+00 9.79E-06 68 6.38E+01
Gmres (GS) 5.51E-04 200 1.64E-01 2.81E-04 200 6.79E-01 7.12E-04 200 1.07E+01 1.12E-03 200 9.10E+01
Bicgstab2 (GS) 5.35E-04 52 8.41E-02 1.41E-04 64 4.47E-01 3.58E-05 66 9.91E+00 8.80E-06 66 7.14E+01
CGS (GS) 5.36E-04 70 1.34E-01 1.40E-04 72 5.84E-01 3.58E-05 74 9.50E+00 9.03E-06 77 7.93E+01
Tfqmr (GS) 5.36E-04 70 9.85E-02 1.40E-04 72 4.38E-01 3.58E-05 76 7.98E+00 9.04E-06 79 6.72E+01
Bicgstab (SGS) 5.39E-04 21 5.02E-02 1.40E-04 25 2.60E-01 3.47E-05 24 4.12E+00 1.15E-05 25 3.21E+01
Gmres (SGS) 5.37E-04 50 7.34E-02 1.43E-04 78 4.64E-01 3.90E-05 102 8.21E+00 2.30E-05 | 114 7.29E+01
Bicgstab2 (SGS) 5.36E-04 20 6.30E-02 1.40E-04 22 3.00E-01 3.60E-05 24 5.25E+00 9.07E-06 30 4.80E+01
CGS (SGS) 5.36E-04 32 1.15E-01 1.40E-04 33 5.13E-01 3.58E-05 33 7.15E+00 9.19E-06 34 5.34E+01
Tfgmr (SGS) 5.36E-04 32 8.09E-02 1.40E-04 33 3.63E-01 3.58E-05 33 5.48E+00 9.05E-06 35 4.21E+01

ITivaxag T4: EravaAnnuikés uéodor yia tny emilvon tou sine-collocation ovotnuatos o€ éva kavoviko
24-ywro. Xrov nivaka gaivovtal to oxetiké opdApa (Error-oo), o apiuds twy enavalr-

Yewr (Iter.) kaldg kar 0 xpovos €mAVONG TOU Ypap kol oUOTAHATOS € OEUTEPOAETTA

(Time).
Kavoviké 31-ywvo
N=8 N=16 N =32 N =64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

Dgesv 3.53E-04 1.72E-01 9.03E-05 1.50E+00 2.28E-05 3.39E+01 5.73E-06 4.47E+02
Jacobi X X x X X x X X X X x X

GS 1.26E-03 200 3.57E-01 1.41E-03 200 1.87E+00 1.52E-03 200 3.07E+01 1.58E-03 200 1.33E+02
Bicgstab 3.53E-04 23 8.29E-03 9.03E-05 27 7.57E-02 2.30E-05 24 5.42E+00 5.61E-06 31 3.25E+01
Gmres 3.54E-04 91 2.79E-02 9.09E-05 89 1.60E-01 2.34E-05 85 1.13E+01 6.27E-06 87 4.98E+01
Bicgstab2 3.53E-04 22 8.83E-03 9.04E-05 24 7.20E-02 2.30E-05 24 5.74E+00 5.81E-06 24 2.73E+01
CGS 3.53E-04 29 1.06E-02 9.04E-05 30 8.90E-02 2.28E-05 40 9.01E+00 5.86E-06 32 3.33E+01
Tfgmr 3.53E-04 31 1.42E-02 9.03E-05 35 9.77E-02 2.28E-05 41 9.11E+00 5.73E-06 43 4.59E+01
Bicgstab (GS) 3.53E-04 98 2.07E-01 9.12E-05 106 1.27E+00 5.27E-05 109 3.91E+01 1.13E-04 114 2.01E+02
Gmres (GS) 5.46E-04 | 200 2.62E-01 7.38E-04 | 200 1.40E+00 1.02E-03 200 4.31E+01 1.20E-03 200 1.90E+02
Bicgstab2 (GS) 3.53E-04 100 2.65E-01 9.09E-05 112 1.53E+00 2.56E-05 112 4.50E+01 2.22E-05 128 2.60E+02
CGS (GS) 3.53E-04 120 3.72E-01 9.07E-05 133 2.18E+00 2.47E-05 140 6.19E+01 5.70E-06 195 4.05E+02
Tfqmr (GS) 3.53E-04 121 2.61E-01 9.03E-05 164 2.02E+00 2.27E-05 181 6.52E+01 5.73E-06 | 200 3.47E+02
Bicgstab (SGS) 3.54E-04 45 1.73E-01 9.01E-05 52 1.11E+00 2.69E-05 56 2.81E+01 5.64E-06 67 1.65E+02
Gmres (SGS) 3.57E-04 128 2.90E-01 9.65E-05 177 2.21E+00 3.00E-05 178 5.44E+01 6.58E-04 | 200 2.66E+02
Bicgstab2 (SGS) 3.53E-04 48 2.38E-01 9.04E-05 52 1.37E+00 2.28E-05 64 3.77E+01 5.72E-06 66 1.92E+02
CGS (SGS) 3.53E-04 59 3.38E-01 9.03E-05 65 2.09E+00 2.28E-05 69 4.66E+01 5.73E-06 71 2.21E+02
Tfgmr (SGS) 3.53E-04 54 2.12E-01 9.03E-05 65 1.43E+00 2.28E-05 69 3.61E+01 5.73E-06 72 1.75E+02

IMivaxag T5: EravaAnnuikés uéodor yia tny enilvon tou sine-collocation ovotnuatos o€ éva kavoviko
31-ywvo. Yrov tivakae gaivovtar to oxetiké opdAua (Error_oo), o apiduds twv enavar-
Yewr (Iter.) kaddg kar 0 xpdvos €mAVONS TOU Ypap kol oUTTAHATOS € OEVTEPOAETTA
(Time).
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Kavoviko 36-ywvo
N=8 N=16 N =32 N = 64
Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time Error_oo Iter. Time

Dgesv 2.85E-04 2.66E-01 7.12E-05 2.54E+00 1.77E-05 6.63E+01 4.41E-06 6.30E+02
Jacobi X X X X X X X X X X X X

GS 2.70E-03 200 4.82E-01 3.37E-03 200 2.64E+00 3.77€E-03 200 4.17E+01 3.98E-03 200 1.54E+02
Bicgstab 2.85E-04 34 1.51E-02 7.13E-05 39 1.49E-01 1.77E-05 38 1.25E+01 4.50E-06 37 4.37E+01
Gmres 2.87E-04 200 7.31E-02 2.08E-04 200 4.71E-01 1.42E-04 | 200 3.58E+01 1.89E-04 | 200 1.26E+02
Bicgstab2 2.85E-04 30 1.43E-02 7.12E-05 36 1.59E-01 1.77E-05 38 1.35E+01 4.62E-06 34 4.33E+01
CGS X X x X X x X X X X x X

Tfqmr 5.49E-03 200 1.02E-01 5.64E-03 79 3.38E-01 5.19E-03 200 6.35E+01 5.93E-03 200 1.73E+02
Bicgstab (GS) 2.85E-04 132 3.68E-01 7.51E-05 136 2.35E+00 2.38E-05 148 8.53E+01 3.72E-05 148 3.18E+02
Gmres (GS) 3.50E-04 200 3.46E-01 4.62E-04 200 2.03E+00 6.35E-04 | 200 5.87E+01 7.61E-04 | 200 2.15E+02
Bicgstab2 (GS) 2.86E-04 144 4.79E-01 7.22E-05 148 3.04E+00 2.17E-05 154 1.01E+02 1.41E-05 160 3.90E+02
CGS (GS) 2.86E-04 170 7.06E-01 7.15E-05 181 4.38E+00 1.86E-05 200 1.31E+02 1.89E-05 200 4.95E+02
Tfqmr (GS) 2.85E-04 200 5.65E-01 7.19E-05 200 3.43E+00 7.07E-05 200 1.09E+02 1.02E-04 | 200 4.11E+02
Bicgstab (SGS) 2.85E-04 68 3.55E-01 7.66E-05 75 2.32E+00 1.87E-05 92 7.21E+01 4.02E-05 94 2.79E+02
Gmres (SGS) 2.93E-04 200 6.16E-01 8.15E-05 200 3.53E+00 1.10E-03 200 8.22E+01 3.76E-03 200 3.04E+02
Bicgstab2 (SGS) 2.86E-04 68 4.29E-01 7.11E-05 76 2.96E+00 2.03E-05 90 8.27E+01 4.86E-06 96 3.35E+02
CGS (SGS) 2.85E-04 76 5.88E-01 7.12E-05 90 4.11E+00 1.77E-05 95 9.15E+01 4.42E-06 105 3.82E+02
Tfgmr (SGS) 2.85E-04 77 3.89E-01 7.12E-05 91 2.79E+00 1.77E-05 97 7.25E+01 4.41E-06 101 2.81E+02

ITivaxag T6: EnavaAnntikég pédodor yia tny emilvon tou sine-collocation ovotnuatos oe éva kavoviko

36-ywro. Yoy mivaka gaivovtal to oxetiké opdApa (Error_oo), o apiduds twy enavalri-
Yewr (Iter.) kaOds kar o xpdvos emAVONS TOU YPauUIKoU TUOTHUATOS T€ DeUTEPOAETTA
(Time).

H pédodoc Jacobi ouyxhivel yior uxped TOAUYwVOL €vE amoxAlvel yior HETELOL XOU UEYSAL

ToAOywva (TopatnehoTe xou ta oyfuote (5.257)5.3).

H pédodoc GS ouyxAivel oe OAEC TIC TEQITTWOELC ARG Yiot UETELOL X PUEYSAA TOADY WYL
ouyxhivelr Tohd apyd. Elvon aflomepiepyo 6Tl 1) QaoUATIXT X TVOL TOU ETOUVOANTITLXOY THvoXal
e GS av xou augdver 6oo avdvel To TARHOC TwV TAEUPEY TOL TOALYGVOL TOTE BeV YiveTou

1 a8 Thnotdler aoUUTTOTIXG TV Hovdda, 6mme gaiveton xou and to oyfua (5.3).

O yédodol Bicgstab xan Bicgstab2 ouyxAlvouv e OAeC TIC TEQITTWOOCELS OYETLXA YRTYORA.
Méhotar oL 800 autéc pédodol €youy ayeddv TNy (Bl cuureptpopd. Xta ypophuato (5.1)
BArémouye OTL 1) un TmpopuBuiouévn Bicgstab cuyxhivelr opohd yior dho Tor TOADY VAL

H pédodor Gmres, CGS xou Tfqmr cuyxhivouv ylo uixpd xon U€Telor TOAUY®WVO ohAd OE

ueydho ouyxhivouy ToAD apyd. Mdhota n CGS anoxhiiver yio o 36-ywvo.

H npopiwon pe SGS Bertiwver 1o pudud obyxhiong neplocdtepo and OTL 1 Teopliuion
ue GS.

[o wixpd moAbywvar 1 tpoptduion e SGS Beltidver to puiud chyxhiong Twv YeVddLY,
yior UETpal TOADYWVAL oL U1 TeopuIouéveg pédodol cuyxhivouy TayUTepa EVE Yial UEY AL
Tohbywva 1 tpoptduwior ye SGS xatagépvel va Betiwoel wovo tny pédodo Tigmr.

H pédodoc GS elvon toyOtepn and tnv dueon yio peydho N ohhd yior UETELOL XL UEY AL

TOAOYWvaL 0ev cuyxhivel oty emduunty Ador).
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Yxnua 5.1: H peiwon wov oxetikol opdApatos Eo,, katd tnv emilvon tou collocation ypapuixot

ovoTAMATOS O€ kavovikd ToAUYywva, ouvapTroel TV eTavaripewy Yia TS enavaAnTTIKES
pedédovs Jacobi, GS, Biscstab, Gmres, Bicgstab(SGS) ka1 Gmres(SGS). To mArjfog tewv

ouvvaptioewy Pdong elvar 32 avd mAeupd.

Kavovikad MoAUywva - O Aptudg twv EnavaAipewv
8-ywvo 12-ywvo 19-ywvo 24-ywvo 31-ywvo 36-ywvo

N --> 8 16 | 32 | 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64
Jacobi 40 |41 |42 200 || 200 || 200 | 200 x x x x x x x x x x x X x 3 x x
GS 24 |24 |24 |25 87 94 98 | 100 200 || 200 || 200 /| 200 200 || 200 || 200 /| 200 200 || 200 || 200 /| 200 200 || 200 || 200 /| 200
Bicgstab 6 6 6 6 10 10 12 11 11 11 11 11 15 14 15 16 23 27 24 31 3 3 3
Gmres 10 |10 |11 |12 19 21 21 21 20 23 24 24 28 29 31 32 91 89 35 87 200 || 200 | 200 || 260
Bicgstab2 4 4 4 4 8 8 10 10 8 10 12 12 14 12 12 14 22 24 24 24 30 36 3 3
CGS 6 7 7 7 11 13 12 12 14 14 15 14 15 16 15 15 29 30 40 32 X x X X
Tfqmr 8 8 9 12 13 13 13 14 15 16 15 16 17 18 18 31 35 41 43 200 79 | 200 || 200
Bicgstab (GS) 7 7 7 7 13 13 13 13 35 35 36 36 60 63 65 68 98 | 106 | 109 | 114 132 136 | 148 | 148
Gmres (GS) 10 |10 |10 |10 29 29 30 30 105 [130 | 157 | 171 200 || 200 || 200 || 200 200 || 200 |} 200 || 200 200 | 200 /| 200 /| 200
Bicgstab2 (GS) 6 6 6 6 12 12 12 12 34 34 34 34 52 64 66 66 100 | 112 | 112 | 128 144 | 148 | 154 | 160
CGS (GS) 7 7 7 7 14 14 14 14 36 40 40 41 70 72 74 77 120 | 133 | 140 | 195 170 | 181 | 200 /| 200
Tfqmr (GS) 7 7 7 7 14 16 16 16 40 41 41 42 70 72 76 79 121 | 164 | 181 | 200 200 || 200 || 200 || 200
Bicgstab (SGS) 3 3 4 5 7 7 7 7 15 16 18 18 21 25 24 25 45 52 56 67 68 75 92 94
Gmres (SGS) 6 6 7 7 12 12 12 13 34 40 52 54 50 78 | 102 | 114 128 | 177 | 178 | 200 200 /| 200 || 200 || 200
Bicgstab2 (SGS) 2 2 2 4 6 6 6 6 14 18 18 16 20 22 24 30 48 52 64 66 68 76 90 96
CGS (SGS) 4 4 5 5 7 8 8 9 19 20 22 23 32 33 33 34 59 65 69 71 76 90 95 | 105
Tfgmr (SGS) 4 5 5 5 8 8 8 10 19 22 23 24 32 33 33 35 54 65 69 72 77 91 97 | 101

IMivaxag T'7:

O ap1Ouds twv emavadnpewr ya tig emavaAnrnuikés pedodovs o€ 6Aa ta kavovikd ToAU-

yova.

Kavovikd lMoAvywva - O Xpovog EntiAuong twv EnavaAnntikawv Med6dwv npog to Xpovo Ertiduang tng Augons Medobou (%)
8-ywvo 12-ywvo 19-ywvo 24-ywvo 31-ywvo 36-ywvo

N --> 8 16 | 32 | 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64 8 16 32 64
Jacobi 223 |77 |30 |21 578 | 226 [ 129 84 x x x x X x x x x x x x x x x x
GS 152 [46 |19 |12 253 | 106 62 40 365 | 139 81 57 256 | 142 91 41 208 | 125 91 30 181 | 104 63 24
Bicgstab 37 7 2 1 15 4 3 5 6 2 2 5 5 B] 9 5 5 5 16 7 6 6 19 7
Gmres 53 9 3 1 26 7 3 5 10 3 2 6 8 4 9 6 16 11 33 11 27 19 54 20
Bicgstab2 37 7 2 1 16 4 3 6 6 2 2 7 6 B 8 5 5 5 17 6 5 6 20 7
CGS 37 8 2 1 17 5 3 6 8 3 2 7 6 B] 8 5 6 6 27 7 x x X X
Tfqmr 51 |10 2 2 21 6 3 6 9 3 2 7 7 4 12 6 8 7 27 10 38 13 96 27
Bicgstab (GS) 82 |23 8 5 58 20 12 12 78 30 20 29 97 57 80 40 120 85 | 115 45 138 93 [ 129 50
Gmres (GS) 81 |20 7 5 80 28 18 15 145 68 52 71 207 | 106 | 108 57 152 93 | 127 43 130 80 89 34
Bicgstab2 (GS) 100 |27 |10 7 69 25 15 15 95 37 24 32 106 70 | 100 45 154 | 102 | 133 58 180 | 120 | 152 62
CGS (GS) 97 |28 |10 7 77 30 17 16 112 49 32 38 169 91 96 50 216 | 145 | 183 91 265 | 172 | 198 79
Tfqmr (GS) 117 |23 8 6 67 26 14 14 92 37 25 33 124 68 81 42 152 | 135 | 192 78 212 | 135 | 164 65
Bicgstab (SGS) 73 |19 9 7 60 20 12 10 62 26 18 20 63 41 42 20 101 74 83 37 133 91 | 109 44
Gmres (SGS) 83 |21 |10 6 61 22 13 10 85 37 30 31 93 72 83 46 169 | 147 | 160 60 232 [ 139 | 124 48
Bicgstab2 (SGS) 91 [26 |10 |10 73 27 16 13 78 39 25 23 79 47 53 30 138 91 | 111 43 161 | 117 | 125 53
CGS (SGS) 102 |30 [14 |10 76 33 20 17 112 48 33 32 145 80 72 34 197 | 139 | 137 49 221 | 162 | 138 61
Tfgmr (SGS) 84 [26 |10 7 65 23 15 14 80 35 24 26 102 57 55 26 123 95 | 106 39 146 | 110 | 109 45

ITivaxag T8:

O xpovos emidvong twy enavaAnmtikdy puelédwy mpog tov Xpovo e€milvong tns dueons

petédov ws moo0oTO €Tl TOIS €KATO.
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Kavovikd MoAUywva - Ot riio Iprjyopeg kait ot 1ito Apyéc MéSobdot
8-ywvo 12-ywvo | 19-ywvo | 24-ywvo 31-ywvo | 36-ywvo
N> 8 1632 64 8 | 16 | 32 | 64 8 | 16 | 32 | 64 8 | 16 | 32 | 64 8 | 16 | 32 | 64 8 | 16 | 32 | 64
Dgesv 100 100 | 100 | 100 100 | 100 | 100 [JGON | 100 | 100 | 100 JJOON [ 100 | 100 | 100
Jacobi 77 | 30 | 21 84 X x x x X x x x x x X x
GS 152 [46 [ 19 [ 12| [ 253 [ 106 | 62 | 40 EaEE o | - 91 | 30 181 | 104 | 63 | 24
Bicgstab 37 | 7] 2|1 5| 4] 3| 5 5 | 39 |5 5 | 5 [ 16| 7 6 | 6 | 15| 7
Gmres 53931 % | 7| 3| 5 g | 4| 9] 6 16 | 11 | 33| 11 27 | 19 | 54 | 20
Bicgstab2 37 | 7] 2|1 6| 4] 3| 6 6 | 3| 8| 5 5 | 5 |17 ] 6 5 |6 | 20
CGS 37 [ 8] 2]1 17 5 [ 3]s 6 | 3] 8] s 6 | 6 | 27| 7 x x [ x| x
Teqmr 76 |12 3 | 2 33 8 | 4| 6 9 [ 5 | 12| 6 10 | 8 | 27 | 10 29 | 14 | 95 | 28
Bicgstab (GS) 82 | 23] 8| 5 53 | 20 | 12 | 12 97 | 57 | 80 | 40 120 | 85 | 115 | 45 138 | 93 | 129 | 50
Gmres (GS) 81 |20 7 | 5 |[ 80 | 28| 18 | 15 207 | 106 |JEOBN| 57 | [ 152 | 93 | 127 | 43 | [130| 80 | 89 | 34
Bicgstab2 (GS) | 100 | 27 [ 10| 7 69 | 25 | 15 | 15 106 | 70 | 100 | 45 154 | 102 [ 133 | 58 180 | 120 | 152 | 62
CGS (GS) 97 | 28| 10| 7 77 | 30 | 17 | 16 112 | 49 | 32 | 38 169 | 91 | 96 | 50 216 | 145 | 183 | o1 | [IEEEHISROE 75 |
Teqmr (GS) 117 | 26 6 81 | 28 | 16 | 15 133 | 40 | 25 | 33 129 72 | 81 | 43 161 | 137 |JESAN 77 | [ 231] 139 | 164 | 65
Bicgstab (SGS) 73 |19] 9] 7 60 | 20 | 12 | 10 62 | 26 | 18 | 20 63 | 41 | 42 | 20 101 74 | 83 | 37 133 | o1 | 109 | 44
Gmres (SGS) 83 [21[10] & 61 | 22 | 13 | 10 85 | 37 | 30 | 31 93 | 72 | 83 | 46 169 | 147 | 160 | 60 232 | 139 | 124 | 48
Bicgstab2 (5GS) | 91 | 26 | 10| 10| [ 73 | 27 | 16 | 13 78 | 39 | 25 | 23 79 | 47 | 53 | 30 138 | o1 | 111 | 43 161 | 117 | 125 | 53
CGS (SGS) 102 [30 14 10| [ 76 | 33 | 20 | 17 112 | 48 | 33 | 32 145 | 80 | 72 | 34 197 | 139 | 137 | 49 221 | 162 | 138 | 61
Tfqmr (SGS) 100 [ 29[ 10 8 73 | 24 | 15 | 14 86 | 38 | 25 | 26 101 | 60 | 56 | 27 129 | 97 | 106 | 39 159 | 114 | 110 | 45

IMTivaxag T9:

Or mo ypnyopes kar o1 mo apyés uédodor ya ta kavovikd moAvywra. Ta voluepa mou

avaypdportal €ivai o1 Xpovor €mAVONG Twy €NavaANTTIKOY UeJOOwY To§ Tov Xpovo €mi-

Avong tng dueons pedédov ws tooootd eni toig exatd. Exouue enrtpéper a avoxri +4%

o€ dt1 agopd to moid €ivar n TayUte €9000¢.
X

S-ywvo X XORMOOOMEROONK X 1
12-yowvot XX HABOCTERMBBIHON X X g
19-ywvo X X % 1
24-ywvo XK X XX ]
31-yowvot XK X X X 1
36-ywvo XK X XXX 1

-1 0 1 2 3 4
Real Axis

(o) Kavovixd 8-ywvo.

S-ywvot X XHKHOOMMOOOEK X X 1
12-ywvo XX HOOHORTEREOOKHOK XX g
19-ywvot XX OKOBOMISEROREICEIHICOX K 1
24-ywvo XX X KK 1
31-ywvo} X X X KX g
36-ywvo XX XX KX X d

-3 25 -2 -15 -1 -05 0 0.5 1
Real Axis

(B") Koavovixd 12-ywvo.

’ ’ . /. ’ ’ , .
Ixnpa 5.2: To gdopa tou collocation mivaxa (apiotepd) kar tov emavaAnmriko¥ mivaka tov Jacobi

(6ead) yra N = 16 ka1 y1a 6Aa ta kavovikd moAUywra mov xpnowuororjoape. Ilapatnpriote

e z 4 /. 4
0Tl OA€G 01 1010TIUES €1val TPAYUATIKES.
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Dacuatixr Axtiva

8 12 19 24 31 36
I §doc HAeuedsy Hoduvywvou

Ixnpa 5.3: O1 paouatikés aktive§ twr enavaAnmtikdy mvdkwy twv nedddwy Jacobi (umié) kar GS
(kdkKkivo) s auvdpTnon tov TAlous Twy TAEYpdY Tou ToAvydrov. XTny nepintwon tng

GS n gaouanikn axtiva tAnowdler acvurtwtikd tnr evlela y = 1.

o T'or uixpd mohlywva av xou 1 teoptduior ue SGS BeAticdvel To puiud olyxiiong dev odnyel
o€ ToyUTERES UEVOBOUC.

o [ Ohat Tt moAUYWVa o i N = 64 n dueor yedodog elvan 1 mo apyn. XTiC UnOAOLTES
TEQINTWOELS, YLot Xpd TOADYwvVa oL o apYéc pédodol elvon 1 dueon xon 1 Jacobi eved
YLor péTeLol TOADYWVa ot Yol uxed mtAdoc ocuvapthoewy Bdone (N = 8,16) 1 mo apy!
uédodog etvon 1 GS. T to 24-ywvo xou yioo N = 32 n mo apy?| pédodoc etvon  Gmres
ue GS mpopiduior. T'a to 31-ywvo xou Ao cuvapthcewy Bdong N = 32 n mo apyy
uédodog etvon n Tigmr ye GS mpoplidwon. T to 36-ywvo xou yiao N = 16, 32,64 1 mo
apy” uédodog etvon 1) CGS pe GS npoptiuon.

o ' 6ha Tt ToADYWVaL oL o Yeryopeg pédodol efvon oL emavolnmTnés ywelc mpophiuion.
[ yeydha mohdywva mo yeryopes eivon ol Bicgstab xo Bicgstab2.

e [ to 36-ywvo oL poveg emavoknmixéc Yédodol mou cuyxiivouv otny axe3y) Ao und

Tov TepLoptopd twv 200 emavahifewy eivar ou Bicgstab xaw Bicgstab2.
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5.2 Mn Kavovixd IToAbywva

Meletriooue, we mpog v olyxAlon, T emavoAnnTixéc pedoddoug Jacobi, GS, Biscstab,
Gmres, Bicgstab(SGS) xow Gmres(SGS) yia wf xovovixd mohdywvae ye thiidoc mievpmy 3,4,5,6
xan 8. Tmevduuilouye 6TL o collocation mivaxag tng pedddou sine-SEEFS €yel dorywvior umhox
mou elvan point dlorydVIoL TVAXES %o G TNV TERITTWOT] TWV 1) XUVOVIXDY TOAUYWOVWY.

O mivacog (T10) Setyvel twv aprdud twv enavokipewy xou Tov yedvo enthuong tou collocation
ovoThpatog Yl Thidog cuvaptioewy Bdone N = 32 xou N = 64. Xto oyfua (5.2) nopouvotd-
Coupe TNV Ueloaon Tou oxeTol CQIMNIATOS WS TEOS TV optdud Twv enavaliPeny yoo N = 32.

MeleTdvTag Tol AmOTEAECUOTA UTOPOUKE VO CUUTERAVOLUE Tat €ENG:
e ‘Olec o pévodol cuyxhivouv opald oe dAa ot TOADY VAL

e O apuiudc twv emavokfibewy gaiveton va elvon aveldptntog and 1o TARY0OC TwV CUVIETY-

oewv Bdong o Oheg TIC PEPOBOUC xal Ylol OAAL TOL TOALYWVAL.

o H pédodog Jacobi cuyxhivel oe dhot Tot TOADYWVAL AV X0 YO TO 8-YWVO OEV XATHUPEPVEL

emtOyel To emduunTd opdiua LTd Tov TeploploUd Twv 200 enavariPeny.

o H pédodog GS gabvetan va axohoudel tnv cuumepLpopd tng Jacobi amaut®vtag OUme TG
woég emavoldelc and v Jacobi. H GS ocuyxhivel, oto emduuntd opdiua, xou oTo

8-ywvo.
e 'Olec ou Krylov pédodol cuyxhivouv mo yeryopa and Tic stationary.

e H Gmres amoutel oyedov Tic dinmAdoieg emavohiec and tnv Bicgstab yio va emtiyet to

(8o opdiya. To (Blo woyel xan yiar Ta Tpopuiouéva (evydpta Toug.

o H mpopliuon Behtiwver onpavtxd Ty odyxior. Ou tpopuduoueveg pédodol cuyxiivouy
oTIC Woég enavarielg amd 4Tl oL un TpopudlouéveS.

o O ypdvog twv Krylov emavahnmtinoy elvon uixpdtepog and tov Ypévo tng duecrg Yedodou

OO KO OTIC UXEES TIEPLTTWOELS.

e Av xou 1 mpopOUuioT BEATIOVEL TOV pUIHS GUYXAIONC QUEAVEL TTEAVTAL TO UTOAOYLO TIXO KO-

oToC.

H toyOtepn pédodog, o dheg Tig TeplnTwoels, eivan 1 un npopuduiouévn Bicgstab.
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Meilwon tou Xyetxol Xpdluatoc oe éva Mn Kavovixé 3-ywvo

Meiwon tou Xyetxol Xpdluatoc oe éva Mn Kavovixé 4-nkeupo

100 — . 100 .
— % Bicgstab — % Bicgstab
—6— Gmres —— Gmres
#— Bicgstab (SGS) 4 Bicgstab (SGS)
Gmres (SGS) Gmres (SGS)
—A—aGS —A—GS
3 . —4&A— Jacobi ] —4— Jacobi
) 10 [S3]
I3 3
S S
X 3
0 AR 1
9 9
3 3
© o
X10-2k ] X
10 )
1073 1 1 —2 L
10° 10* 10!
Apiude Enavadiipewv Apiude Eravodripewv
(o) Mn xovovixé 3-ywvo. (B") Mn xavovind 4-nheupo.
Melwon tou Yyetxol Xpdluatoc oc éva Mn Kavovixé 5-ywvo Meiwon tou Xyetxol Xpdluatoc oe éva Mn Kavovixé 6-ywvo
100 T 107! T T
—#— Bicgstab —%— Bicgstab
—6— Gmres —6— Gmres
% Bicgstab (SGS) 4 Bicgstab (SGS)
Gmres (SGS) Gmres (SGS)
—A—GS —A—GS
3 o —4&— Jacobi 3 —4A— Jacobi
S 1 R
I3 3
S S
3 3
A N2 1
) 9
3 3
& &
-2 4
10 0
-3 10—3 1 1 1
10° 10! 10?

Apude Eravadijpewy

(") Mn xavovixd 5-ywvo.

Apiude Eravodripewv

(8") Mn xavovixd 6-ywvo.

Meiwon tou Yyetxol Xpdluatos oe éva Mn Kavovixé 8-ywvo

100 T

Yxetine Xpduo Ey
=
|

—
|
)

—3

T

—%— Bicgstab

—— Gmres

——%— Bicgstab (SGS)
Gmres (SGS)

—A—aGs

—&A— Jacobi

L L
10° 10!

.
10?

Apiude Enavadripewy

() Mn xovovind 8-ywvo.
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Yxnua 5.4: H peiwon tov oyetikol ogpdApatos Ex, katd tny emilvon tov collocation ypaupukod ov-

oTHUATOS T€ un kavovikd ToAUywva, ouvaptioel Ty eTavaApewy Yia TS €TavaAnmTikés
pedédovs Jacobi, GS, Bicgstab, Gmres, Bicgstab(SGS) ka1 Gmres(SGS). To mArjfog tewy

owaptioewy Pdong elvar 32 avd TAeupd.

Mn Kavovika MoAUywva

O Apt9udg twv EnavanPewv

O Xpovog EntiAuong tou Suotiuatog

3-ywvo |4-n}\supo| 5-ywvo | 6-ywvo | 8-ywvo

3-ywvo 4-n}\supo| 5-ywvo 6-ywvo 8-ywvo

N=32
Dgesv 1.86E-01
GS 19 12 15 28 131 4.11E-03| 4.78E-03| 8.67E-03| 2.12E-02| 1.69E-01
Bicgstab 9 6 7 10 15
Gmres 17 10 14 18 38 2.31E-03| 2.29E-03| 3.09E-03| 4.65E-03| 1.36E-02
Bicgstab (SGS) 3.19E-03| 3.80E-03| 6.49E-03| 1.09E-02| 2.81E-02
Gmres (SGS) 8 6 7 8 14 3.23E-03| 3.90E-03| 6.48E-03| 9.85E-03| 2.76E-02
N=64
Dgesv 1.49E+00
GS 19 12 16 29 139 1.22E-02 1.57E-02| 3.16E-02| 1.03E-01f 1.59E+00
Bicgstab 9 6 7 10 16
Gmres 17 10 14 18 40 4.57E-03 1.94E-01
Bicgstab (SGS) 9.40E-03| 1.19E-02| 2.52E-02| 5.99E-02| 3.28E-01
Gmres (SGS) 8 6 7 8 17 8.67E-03| 1.24E-02| 2.29E-02| 4.91E-02| 3.25E-01

ITivaxag T10: O api0uds twv enavadipewr (aprotepd) ka1 o xpdvos emidvong tou collocation ovotr-

patos (6e&id) ya un kavovikd moddywva kar ya tig emavaAnmuikés pedédovs Jacobi,
GS, Bicgstab, Gmres, Bicgstab(SGS) ka1 Gmres(SGS). Exovue xpnoiponoujoer 32
(rdvew) ka1 64 (kdtw) ovvaptrioeas fdons avd TAevpd.
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5.3 uvurnepdopota

To tehxd cupnépacua Tou Byatvel ard tnv Teonynieico avdiuor elvon 6Tl 1) un TEopLUUOUE-
v Bicgstab elvou 1 aoparéctepn xan mo anodotxr) pédodoc yia TNV ETAUCT) TNG YEVIXEUPEVNC
Dirichlet to Neumann anewxdviong oe xovovixd moAbywva Ye Ti¢ (dieg Dirichlet, Neumann A
Mixed ocuvoploxée cuviixeg oe Gheg TIC TAELEEC.

2NV TEPIMTWOTN TWV U1 XAVOVIXDY TOAUYOVOY, 0V XL TOQATNEOVUE TOROUOLN CUUTEQLPORS.
ME ToL XAVOVLXA TOADYWVAL, Elvol TEOWEO VoL BYSAOVUE EVOL YEVIXO CUUTEQUCU TUEOUOLO UE OlU-
TO TWV XAVOVXWY TOAYWOVOY. Ol mowiAeg op@éc VOC N—YMVoU, xadmg Xol Ol SLopPOPETLXOL
TEOTOL TEOGEYYIONE TOL, Elvol BUO amtd ToUg TOANOUC TOEAYOVTEC TTOU GUVNYOROLY GE QUTH TNV
xatedduvor. Blyovpa to Véua autd Yo Yog amacyorfoel 6to pehhov. IIdvtwe, yio tnv xhdon
TWV TOALYOVWY ToU EEETACUUE UTOPOUUE Vo TOUUE OTL 1) U mpopudmopévn Bicgstab eivan 7
mo amodoTixy| uédodog yio TNy emiAvor tng yevixeupévne Dirichlet-Neumann anewxéviong. e
EMEXTUOT, AUTOV TOU CUUTERAOUATOS, UTOPOUUE VA LOYUELOTOUUE OTL, OE TEQLITWOELS WY XAUVO-
VIXWV TOALYOVWY TIoL €y0uv TeoEAUEL amd UXEES DLOTAURUYES OTNY YEWUETEIOL TWV XAVOVIXODVY
TOAVYWVWY, 1) CUUTEQLPORY GUYXAGCTS TV ETAVOANTTIXGY UePOdwy Vo efvon mapduoLa ue auth

TIOU TIORATNENOUUE O TOL XAVOVIXE TOADYWVAL.
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Kegdiouwo 6

Aopun xou Iootnteg Touv Collocation

ITivonco

I'vopeiloupe 6t o collocation mivaxag tng sine-SFES €yel wor biodtepn douny: to dlaryddvia
Tou umhox ebvan point Sorydwvior mivoxee [SEES].  Auth 1 Sopr éxer mpoéhlel ex’ xatooxeunc
e SFFS pedddou. ‘Ouwe n yevixn dour; tou collocation mivoxo e€aptdton dueoo and (a) v
YewpeTplot Tou TOAUYMVOU () TIC CUVOPLIXES GUVIHXES TTIOL YENOWOTOLOUUE OE %dE TAEUES Xou
(7v) Tic ouvopthoelc Bdone. AAndlovtag autég Tic mapouéTeous ohhdleL, ev YEVEL, Xou 1) doun Tou
mivaear [SSPL ISEPS).

Y10 mopov xepdiono Yo ueAethHooupe dleCodixd tny dour xou Tig WidTNTeES Tou collocation

mivoo.

6.1 Kovovixd ITohbywva pe I8ieg Juvoptoxeg uvinreg
oe 'OAeg Tic mTAeLpEES

e auty) TNV Tapdypapo Vo EAETACOLUE TNV dopun xou TG WoTNTES Tou collocation mivaxa
otnyv TepinTtwor oty onola To ToAUYWVIXO ywelo D, Tévew 6To omolo AOVouue TNV dlopoplxn
e&lowom, elvon €va xavovixd ToAOYwVO xat oL cuvoptaxés ouvxes etvan (Bleg (B = ) oe e
TIC TAEUPES TOU TOALYWVOUL.

Xoplc BAIBN e yevrdtntog Yo Yewproovye 6Tt T0 X€VTPo Tou TOAUYKOVOU Bploxeton GTny
apy i TV aEAVEV X 6TL 1) x0pLYH 21 Peloxetor Tdve otov zz’ dEovel. Ereldh 1o mohbyevo eivor
xovovix6 Vo Loy Vel 0Tt iy = @ + ¢ 0mou «; = arg(z;41 — 2;) X ¢ pa ywvio mou e€optdta,
ATOXAELOTIXE, OO TO TARUOC TWV TAEVPMY TOU TOAUYOVOL xau tooltan pe 27 /n. H yewpetpia
TWVY XAVOVLXMY TOALYWVGY YLl TNV TERIMTWOT EVOS XAVOVLXOU OXTOYOVOU QUUVETOL GTO Oy

(6.1). ©a tapaxoloudricouye toug cuuohiopoic Tou lou xegahaiou opillovtag emmiéov Tic &g

TOUEVT TapdY oo Vo anocapnvico 70 yiatl autol oL duo meplopouol dev teplopilovy TNy yYewxdTNTO.
L Ye endue 3 UME 9 dvo TE Oev T Cou EVLX
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TOCOTNTEC:
M :=|m;| xu H :=|hy|,

oL onoleg efvan ave&dptnTes TOU .

Oél+2¢

Yxnpua 6.1: I'ewpetpia evés kavovikol 8-ydvou.

To umhox AJ (3.21)) wou collocation mivaxa yio tnv SFFS pédodo xou yio onolodfimote chvoro
ouvopTthoewy Bdong ¢, (s) Ya eivor To

Re[g) (3.1)] Re[g(2:2)] Re[g(3:3)] Re[g(3.4)] Re[g(3:5)] -]
Im [c; (1,1)] Im [c;? (}, 2)] Im [c; (1,3)] Im [c;? (},4)} Im [c; (1,5)]
|Re[g (3.1)] Re[(52)] Re[g(3:3)] Relg (2.49)] Relq(3.5)
Al = | Im [cg,(Q,l)} Im [c%(2,2)} Im [c;(Q,B)] Im [c{o(2,4)} Im [c%(2,5)]
Re[g,(3.1)] Re[e)(3,2)] Rele(3:3)] Re[g(3.4)] Relq)(3,5)]
Im [¢/ (3,1)] Im[¢}(3,2)] Im|[c](3,3)] Im[c](3,4)] Im|c](3,5)]
) (6.1)
. L |h]| i(8;—Bp 7ilmph7pmj [ il%s
c (l,r) = W@ (Bi=Pr)e /e or(s)ds. (6.2)

Yty (6.2) ov mopdyovtee |hy| [/ [hy| xou €% P) umopoty v amoherpdoiv agol |hy| = |hy|
(loo whxog mhevpdv) xau B; = B, (I8iec ouvoploxéc ouvidixes oe dheg Tic TAEUPES) avTioToLyaL.
Enouévne 1 oyéon (6.2) wwodlvopo ypdpeTton

™
A mp—mg

i i R TR 8
c(l,r):=e = /e o7, (s)ds. (6.3)

—T
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AMppa 6.1 Eotw kavoviké ToAUywro JUe n kKopU@éES kal kévtpo tov Tny apxn twy aéévwy. Téte

1wy Vowr ta Tapakdtw

(o)

arg (m;) = a; — g (6.4)
®) y
7= cot (g) T (6.5)
(v)
—mph_ " _ _ircot (g) (1 — ei(o‘f_ap)) ) (6.6)

Anodeln.

(o) To dudvuoua m; eivon xddeto, npoc T €€w, oty TAevpd S; (oyhua 6.2). Apa

T
arg(m;) = arg(h;) — =% 5
, 2, , .
(B) ©értovioc w = 5, Omws oo oy (6.3) éyoupe
n
() = 0
an(w) = —
tan (w)  H o
T M
M
"= cot (w)m
Anhadh
M _ cot (W)
7= )

(v) Xenowomowbvrac ta (o) xou (B) xadde xou tn oyéon hy, = |hy|e™r éxouue
my, —m; Meilor=3) _ prei(ei—3)
h H etap
M e!=m/2)gion _ gil=7/2) gic;
CH
M e — e
=i

— —i% (1 — ei(aj—%))

— TN (1 — pilej—ap)
zwcot<n> (1 e\t P)

P

P
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Yxnpa 6.2: Kavovikd moAywva: arg(m;) = aj — /2.

Zj+1

Zj

_ 2
w_Qn

Yxnua 6.3: Kavovikd todUywra: % = cot (Z) .
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O
Me v yeron tou Afupotoc 6.1 1 oyéon (6.3) ddoyixd yedpeTou:
; g [t
a(l,r)=e = /e o o (8) ds
() o)
—il —imcot s l—ei AP A ifaj—ap
=e ) /e’le( ’ )Sgpr (s)ds
= ctren(Dtron ) [y )
= teen() [ e g
Anhodn
j —lmcot(Z meot( X )+is lei(ajiap)
ad(l,r)=e t(n>/e[ ()] o (s)ds. (6.7)
‘Ouoc
aj—ap=[m+({-1)¢—lan+(p-1)¢]=(—p)o
Apa
o e tronE) [l (), 63)

—T

Ocwenua 6.1 Yy nepintwon twy Kavovikwy TOAVYOvwy ue 101€ ouvoplakés owvinkes oe
OAeS TS MAeUpES o collocation mivaxas A tng SFES efvar block-Toeplitz yra omoodnmote ovoro

owvaptioewy Bdong.

Anoodedn. Apxel va deilouyue OTL yia xde TeTEddN PUOWKDY aPWIUWY P1, D2, ji, J2 UETOED TOU

1 xou Tou N UE P — J1 = P2 — Jo Vo Loy VEL, Yia T Uthox Tou mivoxar A, otu:
J1 — Ad2
Al = AP (6.9)

7 ] ’ 7 A 7 z 7
Ta orowyeiar Tou urnhox A7 divovion amd 10 TEAYUATIXG N TO PUVTUCTIXG PEPOS TWY TOCOTATLV

c(l,r), onee autée opilovion oy (6.8). Enopévac opxel vo delZouue 6t yio x&de 1,7

i (L) = (Lr),
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1} LoodUVoAL

s ™

e—lwcot(%)/e[wcot(g)—kis]lei(hp1)¢907" (S) ds — e—lwcot(%)/e[wcot<%)+i5]leiu2p2)¢<pr (S) ds
TIOL TEOPAVAG LoYVEL AoV J1 — p1 = Jo — Po. D

Ocwpnua 6.2 YTy mepintwon twy Kavorikdy ToAvydvwy ue 101€§ ouvoplakés aurvinkes oe
e TS TA€UPES o collocation mivakas A tng SFFS eivar block-circulant ya orowdnote ovrolo

owvaptoewy Pdong.

AnédeEn. Xougwva pe to Jewenua (6.1) o nivaxag A elvon block-Toeplitz. Emopévwe o

cuvixn Yo va bvon xon block-circulant etvon 1
1 _ n—j+2
Aj - Al )
v xdde 7 =2,3,...,n. Apxel va del&w Aowmov ot yio xde [, r

cjl- (I,r) = c?ijﬁ (1,r),

1} LoodUVoL

elwcot(%)/e[ﬂcot(%)Jris]lei(li)¢<10r (8) ds — 6lﬂCOt(%)/e[ﬂ-COt(%)+is]lei(nj+21>¢g07n (8) ds.

Apxel howndv va ellw ot
(i1=0)0 — (in=i+16 g gind _ |

'Eotw w n xdie ecwtepint| yovia tou toAuyovou. Tapatnedviag topea Tig Ywvieg 6Tny xopuepn
25 TOU TOALYGVOL 6To oy fua (6.1) xa éyovtac unddhy 6Tl To EPOLEUA TWV ECWTERLXDY YOVLOV

EVOC N—YOVOL LoolTolL YE (n — 2)T €YOoupE

wt+o=1=

nw +ng = nmw =

(n—2)7+np=nr =
ng = 2m.

Enopévee e = 1. O

Ta endpevo Auporta Yo gog govel yehoua
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S+
2

elval dptia av To 1 €lval TEPITTO KA1 TePITTN av To T €lval dpTio.

AYppo 6.2 MeAérn Tng sinr

S+

H owdptnon sinr*=*

Ano6oely). Oo TdpOUYE TEQITTOOELS YLl TO T

e Fotwour=135... (r=2k+1, k=0,1,2,...)
sin (r#£%) = sin [(2k + 1) 22| = sin(ks+kr+3s+ i) = cos (ks + km + 3s) =
COS[(k—F%)S}, av k=0,2.4,...
—cos[(k+%)s], av k=1,3,5,...

’ . S+ 7 ’
Apa m sinr*57 elvon dpTia

e Fotw our=2,4,6,... (r=2k k=0,1,2,...)
sin (ks), av k=10,2,4,...

: SHTY — gip (2k3ET) = i = .
sin (r#£%) = sin (2k*£T) = sin (ks + km) —sin (ks), avk=1,3,5,...

2

’ . S+ 7 I3
Apa 1y sinr*5" elvon meQLTTY.

O
Afppa 6.3 Eotw ét
; —ig "2
MI(lr)=e ™ |
Kal
] [ ’ilﬁs . +
L(lr):= /e " sinr* 7 ds.
T'éte 10xVovy ta mapakdtw
(o)
Re [M} (1,7)] = Re [M] (I, 7)] (6.10)
®)
Im [M7 (1,7)] = Im [M] (I,7)] (6.11)
(r)
I (1 j
Re [ (1,7)] = Re [ p'( )], ar TE€pl‘C‘COS‘ (6.12)
—Re [l (l,r)], av r dpriog

(3)

—Im [II (I,7)], av r meprreds
Im |17 (1 = P . 6.13
m (77 ()] { Im [IZ (I,7)], av r dpriog (6.13)
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Andoedy. Iopatnpolue 6T

G

Mj (l T) . e—lwcot %ei _
p A" - -

_ eflﬂcot%[cos(ajfap)%»isin(ajfap)] _

_ e—lﬂ' cot % Cos(aj—ap)e—ilrr cot % sin(aj—ap) _

_ gimoot 7 cos(a—ay) [cos (—Im cot Zsin (aj — ) + i sin (—Im cot Zsin (o — a))] -

Amhodt
Re [MJ (I,r)] = cos (—lm cot X sin (a; — ) gtm ot § cos(og o) (6.14)
Im [M: (1,r)] = sin (=7 cot T sin (a; — o)) gt eot § cos(o o) .
Enlong
j ilei(aj_ap)s : s+ —
I = /e sin = ds =
_ /eil[cos(aj—ap)+i sin(aj—ayp)]s Sin,r,s—i—deS —
_ /eil cos(aj—ozp)se—lsin(aj—ocp)s Sinrs—&—des —
= /e_lsm(aj_o‘p)s [cos (I cos (aj — ay,) 5) 4 isin (I cos (o — ) s)] sinrErds,
ONAod”
( ™
Re [II (I,r)] = /e‘lsm(ai_al’)s cos (L cos (aj — ay,) s) sin = ds
- . (6.15)
Im [I7 (I,r)] = /e‘l sin(e=ep)s gin (I cos (o — @) s) sinr*E2ds
\ -

(), (B) Xvvendryovrtou dueoo and ty (6.15) oot (ay, — o) = —(a; —ay,) , cos(—A) = cos(A)
xou sin(—A) = —sin(A).

(v) T r meprttd éyoupe
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Iﬁm@m}RQﬁ@M:

/elsin(ajap)s CcoS (l COs (Oéj - ap) S) sin TﬁTﬁdS o

-
m

/elsin(apaj)s cos (I cos (ap — a;) s) sinr*3rds =

—T
m

/ [e~tsin(es=ew)s cog (1 cos (aj — ay) s) — e 5@ =)s cos (I cos (ay, — ) 8)] sinrEds =

—Tr
K

/ [elsin(er—ay)s — g=lsin(ar=ai)s] cog (I cos (ay, — ) s) sinr#ETds =

—T
T

2/ sinh [Isin (a;, — ;) s] cos (I cos (o, — ;) s) sinr=ds = 0

—Tr

opoV o sinh elvou mEELTTA CUVAPTNOTN Xou ToL cos xau sin efvon dpTieg cuvapThoel (BA. Afuua
6.2]).
Apa

Re [Ig (I,r)] =Re []f (I,7)] , av r meprTToc.

[ dpTio €youyue

Re [I} (1.7)] +Re I} (L.7)] =

2/ cosh [Isin (a;, — ;) s] cos (I cos (o, — ;) 5) sinr=Fds = 0,

—Tr

apo ta cosh xon cos elvon dpTieg GUVAPTAHGELS EVE To sin elvon tepLtth cuvdptnon (Bh. Aru-
pot 6.2).
Apa

Re [I7(I,r)] = —=Re [I} (I,7)] , av r dpTioc.

(8) Opouwx pe o ()

Ocwenua 6.3 Yy mepintwon Twy Kavovikwy ToOAVYOvwy e 101€S auroplakés ouviies oe
dAes Tis mMAeypés ta ouppetpikd pmok Al kat A% zou collocation mivaxa tng sine-SFFS éour
Ty 1di0tnTa

A = WAIW, (6.16)
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émou W Buorydoviog ivaxag otov RY*N

W = diag (1,—-1,...1,—1) [ (6.17)

Anooedn. Kotapyhy ag dodue tnv dpdor tou petaoynuatiopol WBW oe éva tuyofo mivonxa
B. Av ) )
ann a1z a1z Qg
Q21 Q22 Q423 @24
B = |as a3 ass a3

Q41 Q42 Q43 A44

t6te

ay; —aie a13 —a14
—a91 ag92 —Q923 24
WBW = asp  —as2 33 —as4

—aq41 Qg2 —Q43 Q44

Enopévwe, v tnv anddelln tou Yewprpotoc, apxel vo detfoupe 6t yiow xdde p, 7,1, r oydel

. Re [ (1.1)] = Re [ (I,7)], av r nepirtoc
7 —Re [ (I,r)], avr dprog

IoyOer ot
cp(lr) = My(lr) (L, r),

6mou M (1, 1) o IJ(1,7) 6mwe oplotnxay oto Muya (6.3) Eotw 6, v otodepd I xau 7,
Ry := Re[MI(l,7)]
I == Tm[M(l,7)]
Ry := Re[IJ(l, )]
L = Im[I(1, 7).

Ané to Mupa (6.3) E€pouye 6T

M? = R, —il,,

1O oupBoropédc D = diag (dy,da, . .., dy,) onpeiver 6Tt o mivocac D ebvon dlarydviog xou to dlarydvior ototyela
Tou ebvan, Ue TNV oelEd oL avaryedpovTol, To di,da, ds, . . ., dp.
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wordOeC xot HTL

I7 =

Ry —ily , av r=1,3,5,...
—Ry+1ly , av r=2,4,6,...

Enopévec dlaxplvovtog duo TERLTTHOOELS YLoL TO 7" €YOUUE

I'a 7 nepitto

Cg) (l, T) = (Rl + ’le> (RQ + ZIQ) = (R1R2 — ]1]2) + 7 (Rl.lz + IlRQ) nouw
C? (Z,T) == (Rl - l]l) (R2 — 7/]2) == (R1R2 — 11]2) —1 (leg + IlRQ).
Anhoid

{ Re (¢ (I,7)) = Re () (I,7))
& (l,r) =—Im(c (I,r))

I r dpTio

Cg) (l,?") = (Rl +’l[1> <R2+Z[2> = (RlRQ —[1[2)+Z(R1[2+[1R2) pidein
C? (l, 7’) = (Rl — Z[l) (—RQ + Z[Q) = — <R1R2 — [112) + 1 (R1[2 -+ IIRQ).
Arphodt

(6.18)

(6.19)

IMapatvenon 6.1 I va yiva mo katavontn n popgn Tov mivaka, tns sine-collocation otny

TEPIMTWON TWY KAVOVIKWY TOAVYOVwWY e 1016 ourvopiakés ourinkes o€ OAeS TS TAEUPES, mapa-

Uétoupe tov collocation mivaka ya dvo nepintwoasn =6 karn = 7.

T'oon =26
D B C E C B]
B DB CE C
s |cBD s
E C B D B C
C EC B D B
B ¢ E C B D]

(6.20)
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Twan="7 _ e em
D B CZEZEC B
B DBCEEC
C BDBCEE
A=|E C B D B C E (6.21)
E E C B D B C
C EEC B D B
B C EFE C B D

orov D daywriog mivakag kal X =WXW pe rov W onws opiotnke ato Jecdypnua (6.3).

IagathAenon 6.2 Avagepduevor oto Jecdpnua (6.3) pumopolue va mapatnpricovue 6t ta oup-

HeTpikd umAok Tovu collocation mivaka éxovy
e To b0 pdoua rkar
e Thy idwa opilovoa.

Avté mpoximrea and to yeyovés éu W=t = W ondre o petaoynuationds mtov ouvdéa ta ouu-

METPIKd UTAOK €1val HeTaoNUATIOHOS 0Uo1dTNTAS.

6.2 I'evixotepeg Ilepintwoelg

Extéc and v neplntwor Twy Xavovixmy TOAYWVeLY Ue TG (Bleg ouvoplaxés cuvinxeg oe
ONEC TIC TAELEEC UTOPOUUE VoL EEAYAYOUUE OUUTERACUATO Oyl YLt TNV UOPPT], GAAd YL TO TS
uetofdhhetar o collocation mivaxag dtav yetopépouue, oteédouye 1) ueyedivouue To ToAOYwWVO.
Axopa unopolye va cuunepdvoupe TNy un UeTaBoAY) Tou collocation mivoxo xarde aArdlouvue
OUOLOUOPYA TIC CUVORLOXEC CUVUNXEC OF OAEC TIC TMAELPEC. XTNV TERINTWOY O TOU €YOUUE
dLapopeTXég cuvoploxés cuVIrxes oe xde TAeupd uTdpyel TedToC Vo Yedpouue Tov collocation

WS oLYBLACUS BUO 7 aTAOVCTERWV” TUVAXWY.

6.2.1 MeTapopd, Xtpopn xou Meyeduvor tou IToAuywvou

To gpdtnua mou Thetan TEOC BLEPELYNOT GE AUTYH TNV TUEAYEUPO EVOL TO TS Vol IAAAEEL, O
collocation mivaxag av petagépoupe, otpédoupe xan ueyeivoude To apyixd Uag ToALYwvo. O
AVAUPEPOUAC TE GTO 0EY L% TOADYWVO Ue 1T xou 6T0 petaoynuatiouévo ye II. Trv (Buor mpanetiny| Yo
oxohoUUACOLUE Xat Yiar Tot Ghhat oToLyElo TOU UETOOY NUATIOUEVOU TToOAUYWVOU (Yo TotoYetolue
wa "tihvte” méve oto xdde ototyelo) yio va to Eeywpiloupe and ta otouyelo Tou apyixol
mohuYOVOU. 'Ectw Aotmdv OTL TO UETACYNUATIOUEVO TOADYWVO €yel ueyeduvdel xatd A, €yet
otpogel Vetxd xatd ywvio 0 (rad) xou (to xévipo tov) éyer petagepdel xatd Cy. Ta d0o
TOAOY VAL PoVOVTOL, YOl TNV TERITTWOT] TV XAVOVLXMY TOAUYOVOV UE (BLEG GUVOPLIXES CUVUAXES

o€ Oheg TIC Thevpée xat v n = 6, oto oyfua (6.4).
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-

Z1

Yxnua 6.4: Metagopd, otpogn ka1 peyéduvon evis kavovikol ekaydvou pe kévtpo tny apxn Twv

aéévwv kai aktiva R.

Ocwenua 6.4 O collocation mivaxas yia tny SFFS puéfodo mapauéver apetdfAntos av peta-
pépouvpe, aTpéhouue 1 ueyedlivouue éva moAlywvo (kavoviké 1 un) ya onodrmote ovvolo

ouvvaptnoewy Pdong.

Anodeln. Eotw 6t Eexvdpe and €va opyxd mohdywvo 11 ye xévipo tny apyr) v a&ovev
10 onolo petacynuatilovue oc éva véo ToALywvo 11 yetogpépovtac to xévtpo tou 6to onuelo Cy
peyedivovtog To xatd A xou oTeépoviag To YeTind xotd ywvia 0. Anhady n xdde xopuyy| Tou

aEYLX0L TOAUYWOVOU z; Yol UETACYNUATIOTEL OTNY Z; OToU
Z; = Co + Aez; (6.22)

To umhox AJ tou collocation mivaxa v To apyind Torbywvo Yo eivon to (6.1) dmou to otouyeia
J ’ 7 / { ] - /
c)(l,r) opllovtan oty (6.2). Ta avticTowya ototyeio ¢ (1, 1) Yo T0 UETACYNUATIOUEVO TONDY VO

optlovton 6mKC

h;

. , Tl R T
CIlr) = =i Pl 8y /e fr . (s)ds ! (6.23)

P Zn

[Mo var 8etéouye Ty wodTnTar Twv duo collocation mvdxwy mou avtioTolyoly oo ToAOYwva 11

xou IT avtiotouyor apxel va 8et€ouye ot Yo xdde p, 7,1, r 1oy del

c;,(l, r) = E;(l, T)

1 O cuvopraxéc ouvdfixes (B;) dev enNEEdoTNXAY and AUTO TOV PETUCYTLATIOUE.
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1} LoodUVoAL

hi| —il "2 f i ﬁj , —il 2 el
%e’(ﬁrﬁp)e T /elhzjv ©r(s)ds = mez(ﬁj—ﬁp)e e, /6z gpsw(s>d8<:> (6.24)
p
—r p -
h/. i mp—m. A iis h] ,zlm p ll&s
:h—J:e R /elh; or(s)ds = —e  Fr /e 2 . (s)ds (6.25)
b o P o
‘O
~ E}H — 5] C() + )\€i92j+1 - (C() + )\eiezj) i0~i+1 T Zj i0
hj = o = o = )de T = )de hj
> > i0 i0
- Zj+12+ 5 _ Cot Az ‘g (Co+Aez) Oy + AL E o Aei®m,
xou
%j . )\eieh]’ . hj
hy, Aeh,
my —m; _ Co+ Aemy, — (Co + Ae?m;) _ e (m, —m;) _my—my
Ry Aeifh, Aeifh, h,
Enopévec n (6.25) goavepd oy deL. O

IMagatrenon 6.3

O collocation mivaxag mov avtiotoel oto mpto Hélos tng Dirichlet-Neumann areixoviong ma-
Pa€vel AUETAPANTOS O€ UETAPOPES, TTPOPES Kkal HeYeTUvaes Tou ToAVYywyou Yeyovos to omoio
dev 10xVel yia to 0evTepo uédos tns Dirichlet-Neumann aneikériong to onoio petafddetar. An-
Aadn av n odwxprtonoinon tng Dirichlet-Neumann areikévions yia éva ovykekpijévo toAUywvo
pag odnynoer ge éva ypaupkoé ovotnua Ax = b n dwkprrornoinon tng Dirichlet-Neumann
ameiorions ya éva petaoynuatiopévo noAUywrvo Oa pag odnynoer o€ éva ypaupiké ovotnua

Ax = b ue 010 tov mivaka TwY CVWTEAEOTWY Twy ayvdotwy aAdd d1agopeTiko OeUTepo 11éNOS.

6.2.2 Opotdpopyprn MetaBol Twy Juvoploxmy Juvinxoy

Ocewpnua 6.5 Eotw A o collocation tivaxag mov mpokUntel yia éva ouykekpipévo ovolo ouvo-

4 14 n z Z ’ 4 4
pakcy ovinkoy {3;};_,. Av petafdAovue oporduoppa to ovvodo twy guvoplakdy owvinkoy

0€ OAe§ TIC TAEUPES, av OnAadn

{7 };1 = {6+ (6.26)

o collocation mivaxag napauéver apetdfAnTog.
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Anooegr. O collocation mivaxag mopdyeton amd to mp@to péhog tng Dirichlet-Neumann omet-
xovion (2.42). Tapotnpddvtac mpooextixd v Dirichlet-Neumann anewdvion BAérnovye bt ot
cuvopLaxéc ouVITxec eupavioviol, 6To TEGTo Péhoc, atny woper elBi—f) . Eivor npogavéc bt
o Ej = B3, + v o napdyovtac ' %=F) 1ot pe %), H

‘Ayeon cuvénela ToL TEONYOVUUEVOU VEWENUATOS EIVOL TO ETOUEVO CUUTERAUCUOL.

Yupnépaopa 6.6 Av xpnoyuoroimoouue tg 01 owvoplakés ovrinkes oe kdle mievpd tou
noAvyrov (; = [3), o collocation mivaxas ya tny SFFS uébodo elvar avedptnrog tns tiuris

V4 / 4 7
Tov 3 yia omoiodnmote oUvolo ovvapTnoewy PAomns.

IMopatripnon 6.4 To devtepo 1édog Tou Ypaupnkol ovOTHUATOS, TOU TPOKUTTEL and Tny da-
kpronoinon tng Dirichlet-Neumann areixoviong , Oev eivar aveEdptnto ané tny emAoyn twy
owvoplakdy ouvinkoy doxeta e To av éxoure TiS 101€§ ouvopiakés ouvinkeS e OAES TIS TAEUPES.
Avté opeidetar onig cuvaptrioas gY) o1 omoles eugavilovtar ato dettepo uélog kai efaptivTal

dueoa ané ts ovvoplaxés ovvinkes (5;).

6.2.3 Auwgopetixég Yuvoptaxeg Xuvirxeg o Kdde IThcsupd

Ye auth) ™y nopdypapo VYo Yewprioouue (o) tov collocation mivoxa yio éva TOAOY@WVO pe
Tic (Bec ouvoplaxéc cuvidixec oe dhec Tic Theupéc xau () Tov collocation mivaxa yio to (Bio
TOANOYWVO OANG UE DLIPORETIXEC ouVoplaxés ouvifixee oe xdlde mAeupd xou Vo 6etlouye TNV
oyéon uyetadh Toug.

BOewpolye TNy TOCOHTNTA
7

) h . i mp—m.; i ZS

: [y

—Tr

xS xo TO PLyadixd didvuoua

By W) =01 G h2) o 6N (6.28)

p

'Onee yvopilouye axoroudolye to e€Ac Gy Y10 TV XATACKEUT, TV YRAUUOY, Tou umhox A7
Tou collocation mivaxo A yio v SFES:

17 yeopupn tou A7 — Re

27 yeapyr tou A) +—

—

3" yeapur) tou A

I
]

47 yoouush ToL Ag;

N, yoapyr tou A ._> Re |:Ej (l _ Nj_1>]

Nj77 Yeopur Tou A% —— Im [(EJ (1= Nj/2))}
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Tautdypova Vo Yewpricovue xou éva deltepo mivaxo B, tov onolo Yo ovoudooupe “ouyyern
collocation mivaxa”, tou omolou Ta umhox BJ xotaoxeudlovion eviehds avdhoyo Ue ouTd Tou

collocation mivoxa A 6mwe mopoxdte:

I
]

17 yeopun Tou BY

I

27 yeapyr| Tou B [
37 ypopys tou B — Im |
47 yoopyus Tou B)  — Re|

N;"y yeayr) Tou B — Im [Ezz (l = )]
Njn Yooy Tou Bg — Re [(EI], (I = Nj/2))]

IMapatvenon 6.5

Kai o collocation mivaxag ka1 o ovyyevng collocation mivakag elvar mpayuatikol kai Tpoépxovtal
amé Tov 1010 uryadiko mivaxa. O ovyyevns collocation mivaxas B Oa pnopotoe va Oewpnlel ws
o collocation mivaxag, ox1 tng SFFS aAAd puag dAAng pedodov mov Ja umopoioe kdAliota va
ovouaotel " ouluyne-SFES” Adyw tng otevns tng oxéons ue tny SFFS.

‘Eotw howndv 61t éyoupe xataoxeudoer tov collocation mivoxa (A) xadde xou tov cuyyevh
collocation mivaxa (B) yio éva mohbywvo Yewpdvac Tic (Blec ouvoploxéc ouvifixec oe xdde
mhevpd. Eotw tdpa 6t 9€houpe va xataoxeudoouye tov collocation nivoxa K yia tny nepintwon
TIOU €Y OUUE DLAPORETIXES CUVORLIXES CUVUTXES [3; OE xdle TAsURd j.

Xdptv amhoTnTog X avapepduevol ata umhox (p, j) twv collocation mvdxwy optlouye,yta Ty

TEPiMTON TV WY CUYORLAXOY CUVUINXWY O XdUe TAELPE, TNV TOCOTNTO

|hyl —ameoma [

’yg(l,r) = c{,(l,r) = me hp /e”%s@r(s)ds
P

—T
TMopatneolyue 6t oL tosdtnes (1, 1) Tou YEellOUasTE Yial TY XATAoXEL TwV umhox tou K
oyetilovtar dueoa pe g moodtntee ) (1, ) mou éxouue yenowoTovoe, avticTouya, Yol TV
XoTaoXeLY) Twv umhox Tou A. Eldxdtepa h@vTog Yo Tor Urhox (p, j) xou WU YerotloTousvToS

Toug autovontoug delxteg Yo €youue

c(l,r) = ei(ﬁf—ﬂp)v (I,r) =
= (cos (B; — Bp) +isin (B; — By)) (Re (v (I, 7)) +ilm (v (I, r))) =
= [cos (8; = Bp) Yr (L) —sin (B; — Bp) v (Lr)] + i [cos (B — Bp) v (Lr) +sin (B — Bp) vr (I,7)]
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Emoyévee yior TNV XATUOXEUT] TV YROUUWY TOU KIZ BArémouye OTL

TepiTTéC Ypauués —— cos (B; — By) vr (I, 1) —sin (6; — By) vr (I, 7)

dptieg Yeoppés  —— cos (B — Bp) vr (I,7) +sin (8; — B,) vr (I,7)

‘Ouwe oL TooOTNTES YR YIO TIC TEQLTTEC YEOUUES Xa Y1 YLt TIC SPTIEC Ypaués elvon auTéC Tou
YEYOWOTIOLGOUE GTNY XATACKELT) TOU A VK OL Y7 VLol TIC TEQLTTEDS YROUUES XOL YR YLl TIC SPTIES
Yeoppéc yenoulomoridnxay yio v xotaoxeur) Tou B. Opllovag dorydwio nivaxa My € RNV

T€TOLO (OOTE
My = diag(—1,1,-1,1,...,—1,1)

UTOPOVUE VO TOVUE OTL

Kj = cos(B; — 3,) A} + sin(8; — B,) My B] (6:29)

Anhody| Loy eL OTL

K=K1+ K2
oTov
cos (B — B1) A} cos(By — 1) A2 cos(fBs— B1) A3
Kl cos (B — Bo) AL cos(By — 2) A% cos(Bs— Bs) A3
~ |cos (B — B3) AL cos(Ba — B3) A% cos (B3 — B3) A3
ol

sin (/61 — 61) MNBll sin (BQ — 51) MNB% sin (ﬁg — /61) ]\4]\[Bi5
Ko — sin (ﬁl — 62) MNB% sin (ﬁg — ﬁg) MNB22 sin (ﬁg — ﬁg) MNBS
N sin (61 — ﬁg) MNB:% sin (/82 — 53) MNBg sin (ﬁg — 63) MNBg’

Me v yerion e tawtdétnrag cos(a — b) = cosacosb — sinasinb pnopolue va avahlcouue

nepantépw tov K1. Tot authiv v avdiuon opiloue emmiéov Toug xdtwii dlorydVoug Ttivaxes

Ch, Sy nou Iy
cos sin 3
Cn - ". 9 STL - ." )

cos 3, sin 3,
(6.30)

Iy := Movadiodoc otov RV*N
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‘Etolt o K1 ypdpeto

2(cos (1 cos 1 + sin B sin B1) A1 (cos B2 cos 31 + sin (B2 sin 31) A% (cos B3 cos B1 +sin B3 sin B1) A3 -
(cos (1 cos B2 + sin (1 sin B2) A (cos B2 cos B2 + sin B2 sin 32) A% (cos B3 cos B3 + sin B3 sin B2) Ag e
(cos B1 cos B3 + sin By sin B3) A (cos B2 cos B3 + sin B2 sin 33) A% (cos B3 cos B3 + sin B3 sin 33) Ag e

3 2. . . . . .
cos (31 cos 31 A% cos (33 cos (1 A% cos 33 cos 31 A? e sin 31 sin 31 A% sin B2 sin (31 A% sin (33 sin 31 A?

cos 31 cos B2 AL cosBacosBz A2 cosB3cosfB3 A3 - é Esin BisinfBe Al sinBysinBz A3 sinB3sinfe A3 - g
+ -

cos (31 cos B3 A1 cos (33 cos B3 A% cos (33 cos 33 A3 sin (31 sin B3 Aé sin B2 sin O3 A% sin B3 sin O3 A%

MUUU) N

2cosﬁ1 A1 cos (31 A% cos 31 Ail" 251nﬁ1 A1 sin 1 A% sin £1 Ail" -~~3
cos B2 A cos (32 A% cos (33 A% . sin B2 A1 sin B2 Ag sin B2 Ag
cos B3 AL cosPBs A2 cospPs A} (Cn®IN)+ sinfB3 Al sinBs A2 sinps A3 - (Sn®IN)
TR ~'~-3 “ar a4 Aé -3
A% Ag . A2 A%
=(Cn®1IN) A2 A3 (Cn®IN)+ (Sn®IN) AZ A3 ... (Sn®IN).
Arjhod
K1 = (Co® Iy) A(Co @ In) + (S ® In) A (S, ® Iy). (6.31)
Me evtehedc avdAoyo TpoTO UTopoUuE Vo Oelouue OTL
K2 = (Co @ In) MB (S, ® In) — (Sp ® Iy) MB (Cy,  In) (6.32)
OTOV
M = My ® I, = diag(-1,1,~1,1,...,—1,1). (6.33)

Emouévang éyouue amodellel To mopaxdte Yemenua

Ocwpnue 6.7 I'a tny SFFS uébodo rkar ya omoodnmote olvodo owvaptioewy Pdong, o col-
location mivaxas K, otnr mepintwon mov éxouue dapopetikés ovvoplakés ouvinkes oe kdle
TA€upd €v6S moAvywrov, ypdgetar ws ourduaoucs tov collocation mivaka A ya tny mepintwon
Tou éyouue 101€¢ oVvoplakés owvinkeS o€ OAeS TIS TAEUPES €V0S TOAUYWYOU Kal TOU TUYYevn

collocation mivaxa B w¢§ €€ng

K=(C,IN)AC,RIN)+ (S ®@IN)A(S,®Iyn)+ (6.34)
+(Cr, @ IN)MB (S, ®Iy) — (S, ® Iy) MB(C, ® Iy), (6.35)

omov Cy,, Sy, ka1 Iy 6nws éxovv opiotel otnr (6.30).

6.3 Tetpdywvo

2TNV TEPITTWON TOU TO TOAUYWVIXO YwElo, GTNY TEPIMTWOT TWV XAVOVIXDY TOAUYOVOV

ue (Blec ouvoplaxéc cuvifixec oe OAec TIC TAEUpES, €xel TEOOEPIC TAEURES (TETPAYWVO) TOTE
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epgaviCovtar emmAéov WOLOTNTEG 600 aopd cTov collocation mivaxa, ol onoleg pog emTEénouy

TNV avohLTXY €0PECT) TOU PACUATOS AUTOV.

Afppa 6.4 Ye éva tetpdywro e 01€§ ourvoplakés ovvinkes o€ OAeS TIS TAEUPES Ta HTAOK TOU
collocation mivaxa tng SFFS mov avtiotoryoly o€ kdUeteg TA€UpES elvar undeviid y1a omoiodrmote

7/ V4 V4
ovolo owvaptnoewy Bdong.

Anédeign. Eotww o ol mheupée p, j ebvan xddetec. Ta otoryeia tou umhox A7 divovion ané to
TpayUorTixd 1 To gavtacTixd pépog twv mocotitwy ¢ (1, 1) (6.7) ou onoieg yedgovton e
C]]J(l7 ,r,) — e—lw/e(ﬂ-f-is)lez(aj_ap)go’r (S) ds (636)

—T

ool yoe n = 4 = cot(m/n) = 1. Xwplc BAIBN T yevixdmtag vnodétovye 6t j > p. Tote
Loy Vel

aj — oy = <ap + g) -, = g (6.37)

xou 1 oyéon (6.36) dadoyxd yedpeTton

T

C; (l,’f‘) _ e—lw/e(ﬂ'-‘ris)leiw/z@r (S) ds

‘Opwc o /e_l”e_lsgpr (s) ds elvon évac mporypotinoc aptdude éotw R (1, 7). "Apa

—T

A(l,r) = "R (1,7), (6.38)

X0l EMOUEVKC
Re[cd (1,7)] = cos (Im) R (I, r)

. (6.39)
Im[c)(1,7)] = sin (Im) R (I, 7)
O neprttée ypoppéc—elionoels, Tou umhox A7, divovtaw ané to mparypatixd wépoc tou (1, r)

135

vl =35,5,3 . Ouwe yio autd to [ 1oy del

Re[c)(l,7)] = cos (Im) R(l,7) = 0

Anhadh 6hec oL TeEpITTES Yo oTo umhox A7 efvan undevixéc.
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Ou dptiec ypappéc—ediodhoeic, tou umhox AJ, Sivovtar and 10 goaviaotnd uépog tou (1, r)

vl =1,2,.... 'Opwg yio autd ol loydel

Im[c/(1,7)] = sin (ir) R(I,r) =0
Anhadh xou 6heg oL dpTieg Ypappés oo umhox Al eivon undevixéc. O

IMapatrenon 6.6 To va unodeviletar teAeiws éva pmhok tov collocation mivaka wyvel, pévo ya

tetpdywra agov to cot(m/n) dev elvar aképaiog tovddyiotor ya tipés tov n <= 100000.

Yuvunépaopa 6.8 Ye éva tetpdywro, pe Tig 1b1es ovvoplakés ovvinkes o€ OAeS TS TAEUPES, Ta
ouupetpikd umAok tou collocation mivaka, tng SFFS €ivai ioa yia omoodnmote ovvolo ouvapti-

oewy Pdong.

AnéddeEn. Eivou dueon ouvéneia tou Mupatog (6.4) dedopévou 6t o mivaxog ebvon block-

circulant. N

Ocwpnua 6.9 Ye éva tetpdywro ue g b1 ouvoplaés owvinkes oe GAeS Tis TA€UPES o col-
location mivakag tng sine-SFFS éyer tny napaxdtw pmAok Hoper) yia omoo0nmote oUvolo ou-
vapTnoewy Pdong:
Ay 0 DA, O
- 0 Ay 0 DA | (6.40)
DA, 0 A4y 0
0 DA O Ay

omov D daywriog mivakag
D = diag(e '™, —e *" 7T —e 747 . e~ WNi=lm —e~Nim), (6.41)

Anddedr. Apxel vo Ppolue Ty oyéon tou xdde orowyelou tou umhox A3 (=: Aj) ue o avti-
oToly0 oTotyelo Tou umhox Al(=: A;).
To otoiyelor Twv pmhox Ay xan Az dlvovton and To TEoyUATXd 1) TO QUVTACTIXO UEEOC TWV

TOCOTHTWY

ci(l,r) == e_m/e(”is)lei(alal)% (s)ds (6.42)

prdel

all,r) = e_l”/e(ﬂﬁs)lei(%al)cpr (s)ds (6.43)

—T
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avtioTolyaL.

Aedopévou 6Tt ap —ag = 0 xan a3 — o = T 0L TOPOTAVL OYETELS YEAPOVTOL

™

ey(l,r) = /eilsgpr (s)ds (6.44)

®ou
¢ (lr)= e_l’r/(z(7rJr"‘9)le”r - (s)ds = e_l“/e_l(““s)gor (s)ds =e 2”/6_“5% (s)ds (6.45)
avtloTolya.

Ané i 800 oyéoeic (6.44) xou (6.45) edxoha cuunepaivouye OTL

Re[c} (p,1)] = e " Relef (p,1)]
(6.46)
Im|[c} (p,1)] = —e " Im|c] (p,1)]

O meprttéc ypopuéc—ellomaoelg, Twv uniox A; xou As, ol omoleg avTioToly oLy GTO TEYUATIXO

135
222720 °°

Yeopupéc—eEloMOELS, oL 0TolES AVTLETOL0VY GT0 PavTacTixd Wépoc Twv Ttocothtey ¢ (1, 1) xou

pépoc twv nocotitwy cf (1, 1) xou c3(1,r) avtiotoya, divovia yio [ = eV oL dpTIES

(1, r) avtlotowya, divovton yio I = 1,2, 3, . ... Enopévoc Yo tov wivaxa Az woyle
[ e A (1) ]
—6_2WA1 (2, :)
6_37rA1 (3, I)
Ay = —e 1AL (4,:) = DA, (6.47)

6_(Nj_1)7r/41 (N] — 1, I)
—€7Nj7rA1 (Nj, 3)

IMopatripnon 6.7 Xe éva tetpdywro o collocation mivakag tng SFFS emdéyerar tny eéng na-

payovtonoinon
I 0 D oA O 0 O
0O I 0 D0 A 0 O
A=QGT = ! (6.48)
D 0 I 0 0 0 A O
0 D 0 I 0o 0 0 A

yia omodnmrote oUvodo ouvaptioewy Bdons. O mivaxag D elvar o Siayddvios tivaxag mov opiletar
otny (6.41), emouévws o nivakag G elvar aveEdptnros twy ouvaptrioewy Bdong evd o mivakas T'
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V4 7 é z V4 4 4 /.
ebaptdrar arokAeiotikd and Tis ovvaptnoegs Pdons. Eidikdtepa ta dwaywvia pumdox tov 1’ elvai

[ Re</_:ei%s¢1(s)ds> Re</_:eiés¢2(s)ds) Re(/_:eiés%(s)ds) ]

o ([aim) ([ aan) (] )
Re (/zew@l (s) ds) Re (/:ei35<p2 (s) ds) Re (/:elzswj (s) ds)
A= Im (/7;61;‘5@1 (s) ds> Im </Zei§s¢2 (s) ds) Im (/T;ei;‘swj (s) ds) (649)

T N, s N, P Y
Im (/ €' 2 % (9) ds> Im </ €'z 5y (8) ds) <oo Im </ e'2 %pn, () ds)

Ocewpnua 6.10 Ye éva tetpdywro o enavaAnmuikds mivaxas tng pmAok-Jacobi emavaAnmtikig
pedodov mov avtiotoel atov collocation nivaxa tng SFFS éxer to 1610 pdopa ya omowodnmote

oUrolo owvaptiiocewy Bdong.

Anooegn. Opllouue mivaxa

By = : (6.50)

o O O

D
0
0

o g o o
o o g o

D 0

6mou D Barydwviog ivaxog, 6mwe opileton oty (6.41). Ldugpwva pe v topathenon (L1) o
enovonmTixée Thvaxoe Tou Jacobi propel var ypagel xou wg J = I — Dt A Me ameudeloc

unoloylopd tou J, AopPdvovtag urdd ) dour) Tou A clugpwva ye to Yedpnua (6.9), éyxoupe

J=1-D;'A=
[T 0 0 0 A0 000 A, 0 DA 0
o r oo [0 At 0 0 0 A 0 DA
100 T 0 0 0 A7 o0 ||DA, 0 A 0 |
0 00 I 0 0 0 A 0 DA 0 A
[0 0 AT'DA, 0
B 0 0 0 AT'DA |
~ |A7'DA, 0 0 0 B
0 AT'DA, 0 0
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A0 00 0 0D 0][4 0 0 0
10 A" 0 0|0 0 0 D[{|O0O A 0 O
1o 0 A oD o0 0 Of|l0O 0 A4 o0
0 0 0 Ao D 0 0]J][0 0 0 A
Anhadn
J=D,'B;Dy. (6.51)

Enopévec o J €yet o (Blo @dopo pe tov By (dpotot tivaxeg) mou eivor aveZdptntog tng Bdone. 0

Ocwenua 6.11 Ye éva tetpdywro o emavaAnnuikds mivakas tov umAok-Jacobi mouv avtiotoryel
otov collocation mivaka tng SFFS, ya omowdnmote olvodo ovvaptioewy Pdons, éxel tis €€ng
1010TIUES

{£e™} (6.52)
akyefpikns moddamAdtntas 2 éxaotn. H gaouatikn axtiva tov elvar avedptntn tov mAndoug

v ouvvaptioewy Pdong kar eivar ion pe e ™ ~ 0.0432.

AnédeEn. Oo unohoyiooupe Tic WLoTWéS Tou Tvoxa B 6nwe optletar oty (6.50) pe toug

uronivoxes D 6nwe opilovtan otny (6.41). O mivaxag

I -1 0 O
p_ 0o 0 I —I
I 1 0 O
0 0 I
elvor ovTloTEEYLuog Pe Tov avTloTpoYo Tou Vo elval 0
I I 0
Pl 11-1 0 I 0
210 I 01
0 —-I 0 [
[Mopotnpotpe 6Tt
D 0 0 0
0O -D 0 O
P'B;P = (6.53)
0 0 D 0
0o 0 0 =D
Enopévec
U(Bj>:{0<D)7U(_D)7U(D)7a<_D)}: (654)
= {£e ™} U {xe} (6.55)
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4 4 4 4 4 7 —TT 7 7 4
H péyion, xatd andlutn tuy), Wotr Tou Bj elvon 1 e ™ 1 omola xou yag Sivel xon TNy Qoouortixn

ativar. O

O collocation nivaxag tng SFES etvon 2-cyclic consistently ordered (Biéne népiopa (1.3) )
ETOUEVLS dueon cuvénela Tou Toplopatoc (1.9) xou tou Yewpruartog (1.10) oe cuvduooud pe to

Vedpnua (6.11) etvon to mapaxdtey Suo Toplopoto

Ilégiopa 6.1 Ye éva tetpdywro o emavaAnrrikds nivaxag tns umdox-GS mov avtiotoiel otoy

collocation mivaka tng SFFS éyer paouatikn aktiva
1% (Tgs) = 6_2Tr ~ 0.0019
ave&dptnTn Tov mMANYous twy ouwvaptioewy Pdons, yia omoodnTote oUVYodo ouvapTioewy PAors.

IIépiopa 6.2 Ye éva tetpdywro n pédtiotn umlox-SOR emavaAnnuixn) uéodos mov avtiotoryel
otov collocation mivaxa tng SF'FS otvetar ya
B 2
ot e VT

~ 1.0005

Ka1 éxel paouatiky aktiva

l—v1—e2r
Lo,,) =Wt — 1=
P (Lony) Pt 1+vV1—e2r
aveédptnta and to mAndos twy ovvaptnoewy Pdong, kair yia omowooNToTe oUYOA0 TUVapTNOEWY

pdong.

~ 0.0005

Iapatvenon 6.8 Yny uédodo sine-SFES o1 onueaxés kar o1 utAok KAQOIKES €NAVAANTTIKES
pébodor tavtilovtar. Auté ogeiletar oto ot ta daywria umlok tou collocation mivaka elvar
daydvior ivaxes. Emopévas to Jeddpnua (0.11) kar ta mopiopata (0.1) kar (0.2) w0xvovr wg

éxouvv kai yia Ts point enavaAnmtikég peiodovs.

Iapatienon 6.9 Ia wny pédodo sine-SFE'S, Adyw tov 61 o collocation mivaxag amoteAeital

and Tpeis daywriovs, o avtiotpopos tovu (0.40) elvar o

C 0 F 0
A_1:OC’OF
F 0o C o’
0 F 0 C
émou
1

O Ten-oe)

F(i)=-D@)C ()
Avté ogeidetar oo ot ta daydria utAok tou collocation mivaka eivar diaydvior Tivakes. Emo-

Hévaws o collocation ovotnua propel va Avlel dueoa pe kéotog tng tdéews tov O(N).
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6.4 vunepdopota

e autd TO XEPIAMO UEAETHOAUE TNV dopur xou Tig WoTNTEC Tou collocation mivaxa mou
TpoépyeTan amd TNy doxprtonolnoy tne Dirichlet to Neumman cuvdvixng pe tnv yédodo SFES.
KotaAh&ope oe opiopéva cuunepdopota mou urnopody va fondicouv otny xateduvon tng ano-
dotwoTeEENC emlAucTg Tou collocation cucTuaToc.

To Boowxd cuumépaoya elvon 6TL 0NV TERITTWOT TWV XAVOVIXWV TOAVYWVWY UE (BLleg GUVO-
ploxéc ouvinxeg oe Oheg Tic mAeupéc o collocation mivoxag eivan block-circulant. Enlong mopa-
TNEHOOPE ULt ETLTAEOV, XATWE WOLOTUTY, LOPPY| CUUMETELAC OVEESH O TAL UTAOX IOV " LloamEYouV”
amd TO XEVTPIXG UTAOX NS TeAOTNS (UTAoX) Yeouuc Tou Tivaxa.

O collocation mivoxag dev emnpedleton xotd TV PETAPORd, OTEOYY 1 UeyEéduvon Tou To-
AUYOVOU 1) 0XOUOL X0 XUTE TNV OUOLOUORPT] UETABOAY] TWY GUVOELIXWY CUVINXWOY CE OAEC TIC
Theupéc.

O collocation mivoxag elvon ave&dpTnTog TwV GUVOELIXKGY cLVINXOY av auTég elvar (Bleg oe
ONEC TIC TAEVEEC.

‘Otav 10 ToAuYVIXG Ywelo 6To onolo Advouue v e&iowaon tou Laplace eivon to tetpdywvo
o collocation mnivaxag elvon, ye v @uowr| tou Sowéplom, 2-cyclic. Autd oe cuvduooud pe to
YEYOVOS OTL €YEL WlalTeEpa AmAY| Hop®T| Hog eTETREPE TNV avoAUTIXY EVPECT] TWV LOLOTWOV TOV
ETMAVOATITIXAY TVAXGWY TV Ped6dwy Jacobi, GS xou SOR xau tov mpocdlopiopd tng BEATIOTNG
overrelaxation mopopétpou tng SOR.

2NV TepInTwoT) ToU BOVAEDOUUE UE DLAPORETIXES CLVORLAIXES CLUVITXES e Xdde TAgLEd O col-
location mivoxag pmopel va ypagel (¢ cuvduaouds duo anholctepwy block-circulant collocation

TUVEX V.
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Kegpdhouo 7

EniAlvon tncg Dirichhlet to Neumann
Amewovione ue Xenon FFT

Y10 xepdhato (0)) del€ope 6Tt o collocation mivaxag mou mpoximtel and v daxpltonoinom
e yewxevpévne Dirichlet to Neumann Map, otny neplntworn twy xavovixmy TOAYOVGLY Ue
Ti¢ (Bleg ouvoploxéc cuvihixeg oe Oheg Tic mAeupée, etvon block-circulant. Auty 1 Wwdtepn doun
umopel va pag odnyioeL o TayUTepeg pedodoug Yo Ty entAuct Tou collocation cuctApatog. Xe
awTtd 10 xePARoLo eEeTALOVUE TEOTOUC BEATILONS TV GUECHY Xl TWV ETUVOANTTIXWY UEVOBWY
XENOWOTOLOVTaG Tory UG peTaoynuatiopols Fourier mou elvan otevd cuvdedeuévol ye tnv block-
circulant Wbtnta Tou collocation nivoxa [SSP, SEPS, [VESIT7, MGES3].

7.1 Block — Circulants xou FFT

"Eotw A évac block-circulant mivooc

A Ay - A,
A, A - A,_

o (7.1)
Ay Ay - A

6mov A; € RV*N . Etvon yvewoté [TTA00] 6t yio xéde block-circulant mivonar oy leL 1 topoxdte

oyéon
(F, @ In)"A(F, ® In) =nJ (7.2)

OTOoV
Ji
Ja
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pide i
Jo=A +wVA 4 w245 D34, 4 DDA =1 n. (7.4)

e
o 2 2

—i% = cos & — jsin — (7.5)
n n

Wy =¢

"Euxolo unopel va mapatneroet xovelc Ot

J1 Ay

Ja A,

| =) | (7.6)
In A,

Ané v oyéon (7.2) mpoxinter n oyéon

A % (Fy @ In) J (Fy @ Iy)" . (7.7)

ES¢ mpéner va nopatneriooupe bt xou 1 oyéon (7.6) yio tov utoloylopd twv Jp xou 1 oyéon
(7.7) mepLéyouv toMamhactaouole pe tov mivaxa (F, @ Iy)* . To enduevo Mo Yo poc ddoel

EVOLY UTOAOYLO TLXA ATOBOTLIXG TEOTIO UTOAOYIOHOU TETOLWY TOMATAACLICUMDY.

Adppo 7.1 Ta kdOe guokd n ka1 ya kdOe dptio puoké N vndpyer petaletikds mivaxas P

TETO0G WOTE
N
Fn®IN:Pt<@Fn)P (7.8)
r=1

Kai

N
(F,®Iy)" =P ( E_BlF;> P. (7.9)

Ano6dedy. Oplle tov yetadetind mivoxa we e€ng

P=|P|, P=Le cR"N r=1,...,n, j=1,...,n,

Py

! Ko pe tov ouluyoavdotpopo tou.
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6T0U 10 €, GuUPoNLeL T0 T—001é povadlado didvuoya tou RV > Tlapatnpotue 6t 7 (7.8) woydel

apov
IRy
P(F,®Iy)P" = : (Fo®In) (I, ®e - I, ®en)

I, ® ek
TRy
_In®61TV_

(£, 0 - 0
0 F, --- 0
0 0 - R,
N

= @ F,.

k=1

Av oty mponyoluevn oyéon avtl v Tov F), yenowomnoioouue tov F amodeixvOeTol XL 1)
(7.9). O

To xépdoc mou amoxouilovye and o TEONYOUUEVO Ajupa efvon OTL €YOUUE UELDOEL TO XOOTOC
1112

TwV Ywouévev g wopwic (F, ® Iy) T and O(n*N?) e O(Nnlogn)

7.1.1 FFTmul

H nopayovtonoinon (7.7) tou mivoxo A pmopel vor ypapel we

N N
A=np' < & Fn) PJP ( & F;;) P (7.10)
r=1 r=1

H teheutala oyéon unopel va ypnowonomdel otic Krylov emavainmtixég yedoddoue yia tny peiw-
o1 oL x60TouUE Toug. Ag Yuundolue 6Tl oe T TNV xoTNYoeia TV YEVOBWY TO xLEIWE XOOTOS
TPOEPYETAL UG TOV TOMAATAACLICUO TOU THVOXOL TV GUVTEAEGTMV TOU YRUUUMX0) CUCTHUNTOS
ue dtavooparto. O mivoxag (T11) poc Belyver Ty Blapopd 6Tov Ypdvo ETUAUGTC UE ETUVOUANTTIXES
uev6d0uC, ywplc TEOPUIWOT, UE TOUC BUO TEGTOUC LUTOAOYIOOU TwY Yopévwy AT : pe ameu-
Velac unohoyiopd pe yeron tou mivoxa A (Mvmul) xa e yefon e nopayovtonoinone (7.10)
(FFTmul). And awtdv tov nivoxo Brénovye xadopd 6Tl 6e YEYSAES TERLTTHOOELS 1) Uelwon Tou

YeovoL, yenowwonokvTas Toyelc petaoynuatiopols Fourier, Eenepvder 1o 95%.

1 Oewpolye 611 10 x60T0¢ TV PeTadéoEwy eivor undopvé we Teoc To x65T0¢ TV TEdEEmY. 2 Ye auté 10

xe@dAono Yewpolue 6T log := logs.
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FFTmul vs Mvmul
Kawvovikoé 8-ywvo Kavoviké 24-ywvo
N =32 N =64 N =128 N =32 N =64 N =128
diff % diff % diff % diff % diff % diff %
Bicgstab -0.008 318 -0.015 169 0.338 38 Bicgstab 0.822 7 8.196 4 28.500 4
Gmres -0.008 263 -0.015 160 0.369 38 Gmres 0.817 9 8.432 4 31.490 5
Kavoviké 12-ywvo Kavoviko 31-ywvo
N =32 N =64 N =128 N =32 N =64 N =128
diff % diff % diff % diff % diff % diff %
Bicgstab -0.007 143 0.413 16 5.598 9 Bicgstab 5.102 6 31.100 4 92.540 5
Gmres -0.007 134 0.408 18 5.209 9 Gmres 10.753 5 47.950 4 157.680 4
Kavoviké 19-ywvo Kavoviko 36-ywvo
N =32 N =64 N =128 N =32 N =64 N =128
diff % diff % diff % diff % diff % diff %
Bicgstab -0.014 124 4.074 8 18.040 7 Bicgstab 12.297 2 42.960 3 145.720 3
Gmres -0.013 119 4.598 7 17.370 8 Gmres 35.225 2 123.930 2 385.900 3

IMivaxag T11:

FFTmul vs Mvmul: Awagopd otov xpovo emilvong Tov Ypap kol oUoTIHATOS € €Ta-
vaAnrtikés pedédous (a) xpnoponoidrtag anevieing ToAamAaoiaoud nivaka eni Sidvu-
opa (Mvmul) ka1 (B) xpnoiporowdvtag tayels petaoynuatiopods Fourier (FFTmul)
yia tov toAAatAaoiaod Tivaka eni didvvopa. Xe kdle tepintwon n tpdTn othiAn (diff)
detyver Ty dagopd 0TOUS XPOrous eTiAvong g€ devtepddenta dnAadn diff = o xpovos
emilvong xpnoiporowdvtas Mvmul ueiov to xpdvo erilvong xpnoyonowdvtas FFTmul,
€ve) N belTepn aTniAn delyvel Tov Aéyo Tov xporou emidvong ue FFTmul tpog tov xpdvo

emidvons pue Mvmul ekgpaoiévo ws mooooto eni Toi§ €xato.

7.1.2 FFTinv

Xenowonowsvtag v oyéon (7.7) uropolue va nopdZouue war dueon pédodo yio v emthuo

vevuav block circulant ypoupxov cuotnudtony. ‘Eotw howndv 6t {ntdue tnv Abon tou block

circulant ousthpatoc AT = b .

AT =1 <
%(Fn@@IN)J( F,oly) Z=10
(Fh®1In)J(F, ®IN>*?:HE)<:>
J(F,0Iy) T=nF,oly)" b e
J(F,@ly) T=n(F'oly) b <
J(F, ® Iy)* ?—n(% ;;®IN> D e
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Enopévee o olydprdpoc mou mpoteivoupe (FETinv) yia tnv Aoon block circulant ypopuxcyv
CUCTNUATWY TN LOPPNC

A Ay - A,

A, Ay o Al

o e (7.11)

Ay Ay - A

unopet va meprypagpel wg e&Ng:
Alybpdpoc 7.1 (FFTinv)
Jl Al
N
1 TroAdywe wa J;, and tny oxéon | + | = P? (QB Fn) P
k=1
Jn An
N
2 Odoe ?:%Pt(@Fg)P?
k=1

Ji

3 Avoe (dueoa) Y =7
In
— N —
4 :Pt(@Fn)P Y
k=1

To Paoixd x6c70¢, oe TEdLelc, Tne uedddou authc (FFTinv) etvor O(N2nlogn) yio v xoto-
oxeut) Tou miivaxar J (BAua 1) xow O(nN?) yiow v enthuon v n pryodixedy custrnudtey (Bhuc
3) L. Aniad to cuvolxd xdotog ebvan O(N?nlogn + nN?). To x6c10C 61Ny NERINTWON TNC
dueonc emthuonc tou ypopuxol cuctiuatoc (dgesv) ebvar O(n®N3). T v dlamioTdoouye,

YOVOpd, To péyedog TNe dlopopds ot TEAEELS LETAEY TV BLO AUTWY PEVOdWY TopotéToupE Eva
N2%nlogn +nN3

anh6 mivoxa ou Oelyvel Tov AéYyo 1 = AN

n, N.

entl TOlC EXUTO YL OLAPOPES TWES TWV

1 Oewpolyue 6t 1, cprduntid, emthuom TV YPopx®Y cuoTnudteny yivetor e v dpeorn uédodo zgesv Tou
noxétou Lapack
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N =16|N =128

n=38|l 185 1.60
n=16| 0.48 0.40
n=24| 0.22 0.18
n=32| 0.13 0.10
n=40{ 0.08 0.07
n =48 0.06 0.05

BéBawa mpémel va npoc¥écoupe dtL o mpdéelc mou amoutolvtoan oty FETinv elvon petold pi-
Yoy apldudy xou autd Yo aulhoel Tov Aéyo 1 (xatd po otoepd peyolitepn and 1 xou
wxpdTepn and 4 avdhoyo YE TNV OEYITEXTOVIXY] TOU ETEEEEYUoTH) oMM Xou TdAL TEPLUEVOUUE
onuovter Bertioon otov yeovo. ‘Eva dhho mieovéxtnuo tne FFTinv eivon ot ypetalduaocte
€Vl XAGOUOL HOVO TOU Y(EOU TOU AMOLTE(TOL Yot TNV AmoUNAXEVST) TOU TUVAXO TWV GUVTEAECTWV
A og oyéon pe v dgesv agol xat” ouclov YeNCHLOTOWVUE UOVO TNV TEMOTY UTAOX YRUUUY TOU
mivaxa Ay, ..., Ay O wivaag (T12) delyveL Toug ypdvoug eTALOTE PE TIC BUo PetddouC YLo
dLdpopeg MePITTAOOEC TwV 1 xou N. Ao autév Tov Tivaxa edxolo BAETOUUE OTL OXOUA XL OTIS
wxpéc mepintioec (n.y. n =8, N = 16) 1o xépdoc and v yerion e FETinv elvon onuovtixd.
Yug yeydheg mepintoelg PEPonar paiveton xodopd 1 avwtepdtnto tng FETinv. o va yivel mo
AATOUVONTA 1) BLAPOEA GTOUG YPOVOUC ATAS AVUPEROUIE OTL AV YO XATOLOV UTOAOYLOTY| 1) eniAuom
Tou collocation cuctAuatog yia 0 48-ywvo ye 128 cuvopthoeig Bdong avd mAeupd dlopxel 15

deutepdienta pe Ty PéYodo FFTinv pe tny pédodo dgesv Vo diapxoloe yio ohdxhnen uépal

FFTinv vs Dgesv
N=16 N =128
Dgesv FFTinv % Dgesv FFTinv %
Kavoviko 8-ywvo 0.023 0.002 8.63 26 0.345 1.35
Kavovikoé 16-ywvo 0.184 0.004 2.01 470 0.742 0.16
Kavoviko 24-ywvo 0.622 0.006 0.99 1540 1.15 0.07
Kawvoviko 32-ywvo 1.490 0.008 0.54 4390 1.57 0.04
Kavoviko 40-ywvo 3.090 0.010 0.33 7560 1.99 0.03
Kavoviko 48-ywvo 9.180 0.013 0.14 13900 2.61 0.02

ITivaxag T12: FFTinv vs Dgesv: O ypévor emidvong tou collocation ovotruatog yia Sidpopa kavovikd
moAUywra ka1 yia N = 16,128 (a) pe tnr Dgesv tov makétov Lapack kar (B) pe tny
FFTinv. H tpitn otiAn delyver tov Adyo tou xpovou enilvong tns FFTinv tpog tov

Xpovo emidvong tns Dgesv ekppaoiuéro ws moooato €nl Tois €Kato.

L Ov petefinrée J; xon A; pmopoiv vor amodnxeutody ooy (Bio, uyadxd, yheo anodfxeuonc.
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7.1.3 FFTinv(Iterative)

H pédodoc FFTinv elvon dueon 16t oo Bruc 3 6mou emAVOVTAL TaL 1 LY odIXd YRUUUXE CU-
CTAUATO YENOWOTOOLUE Wor dueoT uédodo. Elvow otnv dlaxpitixnd| Yog euy€peta Vo unv ¥er-
OWWOTIOLNCOLUE APeDT) P€V0BO YLl TNV ETUAUGT] QUTOV TWV ULYUOXOV CUCTNUATLY 0AAS XxdmoLa
emavohnmTer). 2e auth TNV tepintwon  FFTinv yédodog unopel v eldwiel we emavahnmixy.
Ewwoétepa éotw Az = b 10 %dde évo amd o 1 uyodixd GUCTHUNTA TTOL €YOUUE VoL ETLAUCOUUE
oto Tpito Pua Tou ahyopliuou (7.1). Anhadh éotw 6t Yéhouye vo eMAUCOLUE TO Uryadind
cLoTNUA

Az =b, AeCVVN geCM beCh*l (7.12)

[t v petotpédoupe to pyadind cbotnue (7.12) oe éva 1oodivauo meaypotixd Yewpolue Tic

TEAX AT OLAOTIAOELS TwV A, 2 %ol b 0TO TEAYHATIXG XAl TO QAVTACTIXG TOUG UEEOG

Ar = Re(4) rr = Re () br = Re (D)
Ar=Im(A) | oy=Im(z) | by =Im(b)

Enopévee 1o myadind ovotnua (7.12) eivon 100d0vopo ye to

(AR—F?;A]) ($R+i$]> = bg + 1by, (713)

~

)

ARJZR — A[l’[ = bR
A].TR +AR[E[ = b]

“ZL] - [Zj‘] . (7.14)

Ondte n enihuon tou wyadol yeouuxol cuotiuatog (7.12) elvar 1odivaun pe v enthuon

~

Ar —A;
Ay Ag

Tou mparypotixol (7.14). ESe mpénel v mopatneriooupe 6Tt to mporypatixd obotnua (7.14) etvou
ddotaonc 2N x 2N evdd 1o pryednd (7.12) Arav ddotaone N x N. W .

O mivoxac (T13) Setyver Touc ypdvoue enihuonc tou collocation cucthuatog pe Ty Yédodo
FFTinv yenowonowbdvtag, yio 10 30 Bua tou ahyoplduou (o) dueon emihuon twy pryadixdy
ovotnudtey o (B) emavonmuxy| enthuon péow e oxéone (7.13), vy didpopes TEPITTMOELS
twv n xow N. Iopatneodye 6Tl yio Ty mepintwon N = 16 1 emavoknmuxy| yévodog ypeetdleton
TOV OIMAACLO YedVo and TNy dueon eved Yoo N = 128 ypewdleton tov mod yedvo. Anladn yia
ueydho N 1 yenorn enavaAnmuixedy uevddwy uropet vo Bertinaoet tny toyvtnta e FETinv. Edo
TEETEL VO ONUELWCOUVUE OTL LTdEY oLV TEpLlpLa BeEATiwoNe Tng emavolnmTixng dladixactoc elte

ue v yenon complex Krylov uedédwv eite ye v yerion xatdAAnionv teopuduio Tov.

1 H pevoatpor o010 npaypotind obotnua (7.14) dev elvan o ovadinde tpbmoc enthuong evéc wyadinol cuc THLATOC
e popyhic (7.12). YTrdpyouv xou dhha 1wodlvopa npaypatind cuotiuata [DHEQL] oxdua xou vhonotioels v

Krylov emavainntixey yetddwv mou emhlouy pyadind cuc Tt
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FFTinv (Iterative) vs FFTinv (Direct)
N =16 N =128
Bicgstab 2gesv % Bicgstab Zgesv %
Kavoviko 8-ywvo 0.005 0.002 252.85 0.13 0.36 37.05
Kavovikoé 16-ywvo 0.008 0.004 225.14 0.30 0.74 40.54
Kavoviko 24-ywvo 0.013 0.006 208.20 0.51 1.17 43.68
Kavoviké 32-ywvo 0.016 0.008 202.99 0.72 1.57 45.54
Kawvoviké 40-ywvo 0.021 0.010 204.81 0.94 1.99 47.39
Kawvoviko 48-ywvo 0.026 0.013 202.34 1.35 2.59 52.12

ITivaxag T13: FFTinv(Iterative) vs FFTinv(Direct): Or xpdvor emidlvong tou collocation ovotripatog
ya ordgopa kavovikd toAUywva ka1 yia N = 16,128 ue tny péodo FFTinv emAvortag
ta uryadicd ovotiuata Jy y = ¢ (a) pe tnr zgesv tov maxérov Lapack kar (B) pe tny
emavaAnmuikn puéodo Bicgstab xwpis npopvlon. H tpitn otnhAn, oe kdle mepintwon,
detyvel Tov AGYo TOU XPOvou €TIAVONS XPNOTHOTOIdYTAS TNy enavaAnmtiky pédodo mpog
OV XPOvo €TIAVONS Ypnotporowdvtag tny dueon uébodo ekppaciévo ws mooootd ent

TOIS €KATO.

7.1.4 FFT vy Awpopetinég Xuvoptaxég Juvirxeg os Kade ITAcupd

e auth TNV nopdypago Yo e€etdooupe TNy duvatétnta yerone FETs oty enlivon colloca-
tion cuoTNUATWY oL TEOXUTTOLY amd TNV dloxprtonolnon tng Dirichlet-Neumann anewxdévion oe
AAVOVLXA TOANDYWVOL UE OLUPORETIXEG GUVORLOXES cLVIxeg oe xdde Theupd. XtV TEEyouoa To-
edrypapo Vo Topaxolouticouue Toue cuUBoliopols Tng Topaypedpou (6.2.3).

Yy napdypago (6.2.3) eldaye éva tpdmo yeapnic tou collocation ivaxa (K) otny tepintwmon
TWY BLUPOPETIXWY GUVORLIXWY GUVITX®Y Gt xdde Theupd cuvopTroet Tou collocation mivaxa (A)
TNV TEPIMTWOT TWV (BLV GUVOELIXGY cLYINXOY xou Tou cuyYeVH Tou collocation nivoxa (B).

Treviupilovye authv v oyéon (6.34)

K=(C,oIn)AC, @ IN)+ (S, ®@IN)A(S, @ IyN)+ (7.15)
+(C, @ IN) MB (S, ® In) — (S, @ IN) MB (C,, ® Iy) (7.16)

H napandve Sidonaor tou collocation mivoxo (7.15) urnopel vo ypnotponowmdel yia vo ewodryoupe
FFTs oty nepintwon twv Krylov emavoahnmtixoy yedddwy agod xou ol dVo mivaxeg A xou B
etvar block-circulant. T'vpvdvtac duwe Ayo miow oty napdypago (2.2) 6mou xotaoxeudooue
™y opdunTed wéVodo xou o cuyxexpiwéva oty oyéon (2.42) mapotnpolue 6t and xdde
e€lowon pnopel vo amodewpdet o dpoc e~ . H oyéon (6.29)

Kg = cos (B; — Bp) Af, +sin (B, — Bp) MNBZ,
amahelpovtag Tov 6p0 3, YEAPETU WS

KJ = cos (8;) A} + sin (8;) My B’
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Anhodr| loyeL 6T
[ cos By Al cos 3, A2 cos (3, AT sin 3y My B} sin 8y My B? sin 3, My B}
K cos 31 A} cos 3 A3 cos (3, A} N sin 3y My B3 sin 8, My B2 sin 3, M BY
| cos 3y AL cos B A2 cos (3, A" sin 3y My B3 sin My B? sin 3, My B"
(Al A2 Al | cos By
Al A2 A oS
K=|7"" ’ & te
A, A7 A cos (3,
MNBll % MNBIL sin 61
]\jNBQ1 % ]\4]\/3721 sin ﬁg
+ . ©
MNB% MNBEL MNBZLL sin 671
(A} A7 - A7 (Bl B} - B
Ay Aj Ag B, B3 By
K=|_ " | SN (Ch@In)+(My@In) | 7 Sl S ly) &
A, A A B, B; By
(A} A7 - A7 (Bl B} .- B
Al A2 A Bl B? By
K= " . SN CheIn)+(My@Iy) | 5. (S, @ 1Iy)
A, A A B, B; By

Anadh o 7 amehorypévoe omd tov bpo e~ collocation mivaxac K pmopet v ypopel e

K=AC,®Iy)+MB(S,® Ix)

(7.17)

H oyéon (7.17) eivon npotdrepn and v (7.15) we npoc ) xerion FETs 86t nepiéyet duo

uévo 6pouc oe avtieon pe v (7.15) 7 onola tepiéyel téooepic Gpouc. Emouévie to yvdpevo

Tou collocation mivaxo K pe éva didvuoya uropel va ypagel g e€ng

K7T<

7:
Y =(AC,®Iy)+B(S,®1Iy)) T <

1. y1 (Cn®IN)?
2.9 = (S, @1Iy) T
3.y =Ay

4.y5 =By

5.9 =0+

(7.18)

=
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6mou otov mivoxa B éyoupe evowpoatmoet xou tov mtivoxa M (dnhadr) B «— M B). To Buata 3
%ot 4 ToL TUEATAVE TEOTOU TOANATAACLAGHOY UTopoLY v bAorondoly e Ty yerion FETs agod
xau ot duo mivaxeg A xou B elvon block-circulant. O molamhaolooudc autdg unopel var yenol-
wononVel uévo otic Krylov emavoknmtinéc pedoddoug yia tny Bertivorn tou ypbdvou exteréoewg
TV YeVodwy. ‘Aueor pédodo, avdroyrn tne FETinv, onwg elyoue otnv neplntwon tov duwy
oLVopPLAXMY GUYINXGY dev Utopolue Vo €youpe. Ltov mivaxa (T'14) BAérouye to anoteléopota
¢ enthuong Tou collocation cusTAUNTOS Yior BLdPOEA HAVOVIXY TTOADYWVAL UE DLUPORETIXEC CU-
voploxée ouviixeg oe xdde Theupd yenotponowwvtog ameudelac Tolamioctooud (Myvmul) xou
xenotponowdvtag v oyéon (7.18) ue yphon wwv FETs (FETmul). Ou cuvoplaxéc cuviixes oe

xdde mhevpd S dlvovton amd Tov avadpouxd TOTo

B; = Bij_1 + g Bi=m (7.19)

Ané tov nivaxa uropolye vo oupmepdvoupe (T14) 6t

o [ pxpd mohlywva 1 yehon twv FETs auldvel o ypdvo enthuong twv yeouuxdy cu-
oTNUdTWY e OAeg TIC Yedddoug. Autd ogelleton oTo 6TL 0 Tivaxag K €xel oyeTixd pxen
ddotaon (my. 4 x 128).

o Yta pétplou peyédouc todlywva (8-ywvo, 16-ywvo xot 24-ywvo) ot tpopudouéves ué-
Yodot elvan mavtor oy Utepeg pe TN yerion FETs eved ol un-tpopuduouéveg sivon toyOtepeg

yioo peydha N.

o Yta peydha mohlywva (32-ywvo xo 40-ywvo) n yeron twv FFTs pewdver 1o xbotog
enthuong oc OAEC TIC MEPITTWOELS. 1T MEQUTTWOELS TOU oG EVOLUPEROUV TEPLOCOTERO
(peydho N - peydhot ypbvol eniluonc) 1o xépdoc and v yeron twv FETs Eenepvdet to 90
TOLG EXATO Yiat TIC U1 Tpopuiopéves pevddoug. Iopatneoldue 61, Yoo N = 128, t0 xépdog
oTIg U mpopuipouéveg uedodoug etvor TOAATAACLO omd auTéd TwV TEopLIUoUEVKDY. AuTo
ogelletan 6TO YEYOVOS OTL TO XOGTOC TWV TEOPUUUCUEVGY UeDodwY e&apTdtat, EXTOS and
T0 ToAMamhaclacpd Tou collocation mivoxa ye €var Bidvuoua, xa amd TNV ETAUCT) XATOLWY

YEUUUXWY CUOTNUATOY oV oYeTI{oVTaL UE TNV EQUPUOYT| TOU TROopUBLOTY.

E8¢) mpénel var GMUELOCOUUE OTL 1) GUUTIERLPORT TWV ETOVOANTTIXWY LEVSB0Y e€0pTdTon Loy Lpd
amo TS CUVOPLUXES CUVUAXESC Tou Ypnowornololue o xdde mievpd. Ildvtwe to x€épdog amd
™y yenon v FFTs elvar 0edopévn, 0TiIC UEYIAES TEQITTWOELS TOUAIYIOTOV, apod auTd ToU
umopel vou Yivel Ye TNV ohhayr) TV CUVORLAXWOY cUVINXGY elvon va petwdoly ol emavokielc mou
anartolvIon OoTE Yo Petwdel 0 GUVORIXOC YPOVOC ETUAUCTIC TWV YRUUUXMY OVOAOYLXA XL OTIC

dvo nepintdoee (Mvmul xow FETmul).
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AlapopeTikéG Suvoplakég Suvdnkeg o kade MAsupa (FFTmul vs Mvmul)
Kavoviko 4-ywvo Kavoviko 24-ywvo
N=16 N =128 N=16 N =128
diff % diff % diff % diff %
Bicgstab 0.004 94 -3.601 722 Bicgstab -0.039 116 324.8 7
Gmres -0.043 418 -1.841 599 Gmres -0.011 107 187.5 7
Bicgstab (SGS) -0.004 170 -0.189 142 Bicgstab (SGS) 0.305 34 77.0 66
Gmres (SGS) -0.002 162 -0.141 140 Gmres (SGS) 0.705 36 184.0 65
Kavoviko 8-ywvo Kavoviko 32-ywvo
N=16 N =128 N=16 N =128
diff % diff % diff % diff %
Bicgstab -0.047 290 9.430 46 Bicgstab 0.164 73 653.0 5
Gmres -0.029 208 5.440 47 Gmres 0.149 60 387.6 5
Bicgstab (SGS) 0.006 57 0.370 89 Bicgstab (SGS) 1.632 22 379.0 61
Gmres (SGS) 0.006 56 0.230 92 Gmres (SGS) 2.603 20 385.0 63
Kavoviko 16-ywvo Kavoviko 40-ywvo
N=16 N =128 N=16 N =128
diff % diff % diff % diff %
Bicgstab -0.102 256 168.300 9 Bicgstab 0.548 47 825.1 5
Gmres -0.044 172 104.550 8 Gmres 0.270 54 496.1 5
Bicgstab (SGS) 0.047 45 19.700 65 Bicgstab (SGS) 4.640 19 950.0 65
Gmres (SGS) 0.087 38 32.900 64 Gmres (SGS) 3.400 28 485.0 65

IMivaxag T14:

FFTmul vs Mvmul: H &agopd otov xpovo emilvong tov ypap kol ouoTiuatos He
enavaAnmTikés pedédous (a) xpnopuonoidrtag arevdeiag toAlatAaoiaoud tivakae et did-
vuvopa (Mvmul) kar (B) xpnoiporowdvtag tayels petaoynuatiopots Fourier (FFTmul)
yia tov ToAAamAaciaoud mivaka €l didvuoua oTnY TEPITTWaT) ToU éYOULE dlaPopeTIKES
ouvopiakés ovvinkes o€ kde mevpd. Ye kdOe noAUywro n tpddtn otriAn (diff) deiyver
Ty Oapopd tov xpdvou enilvong pe Mumul peiov tov xpoévo enilvong pe FETmul oe
devtepdenta evdd n 6eltepn aTnAn tov Adyo tou xpdvou emilvong ue FFTmul tpog tov

Xpovo emidvong pe Mvmul exppacévo ws mooootd ent Toi§ €xato.



124 Er{Avor tnc Dirichhlet to Neumann Anewoviong pe Xprjon FFT

7.2 uurnepdopota

And To mponyolueva @dvnxe 6Tl 1 Wiaitepn dour Tou collocation mivaxo umopel, av yen-
owgomolniel xaTdAAN AL, Vo UEWWOEL ONUavVTXd To x0cTo¢ enthuong tng Dirichlet to Neumann
ATEXOVIONG OE XovoVIXd ToADYwva. Edixdtepa unopolue var Hewdwoouue o x6010¢ twv Krylov
EMAVUANTTXOV PEVODWY O TNV TERINTWOY TV (BLwY ohAd X0t BLAPOLETIXDY GUVORLIXWY GUVUT-
%WV o€ xde TAELEAL.

XNV TERIMTWOT TWV XAVOVIXWY TOAUYOVWY UE TIS (BIEC cLVopLaxég ouvirxe oe xdie Thsupd,
Tpotelvouue v yeRomn wa dueone pedodou (FFTinv) n onola, yio yeydhes nepintddoeis, odnyel
o€ Uelwon Tou x60TouC WS Tpoc TNV dueon uédodo tou moxétou Lapack mévew and 99.5%. H
dueon auty wédodog uropel vor Bedtimiel neputépn av petatpanel o€ emavahnmTixy (emAbovTog

ETOVOANTTLINE. XATOLOL LY oIS YOS GUC THUOTOL).



Kegpdhouo 8

[TopdAAniot Y oloyiouol /
Y roAoyiwouol ITAeyuatog

ITpw pepud ypdvia 1 UmaEEn TOUEEAANAWY UTOAOYIOTIXWY CUCTUATWY TEPLOPILOTAY OF UE-
YA EQEUVINTIXGL LORUMATOL XA CUYXEXPWEVOUS XUPBEEVNTIXNO0US 0RYAVIOMOUS. 1TIG UERES Uag efvan
TEOYUOTIXOTNTA 1) UTIoEEY TUEAAANAWY UTOAOYIGTOV oXOUo Xou Yid Tpoowmxy| xenor. ‘Olol ot
véoL eNe&eQYUOTEC TOU XUXAOQYOpOLY elvar mAéov mohunlenvol. Ilopdho tnv diaparvouevn ow-
T €€ENEN, 600 aopd GTOV dELIUd TwV EMEEEQYAOTWY oVE UTOAOYIOTXG CUCTNUA, 1) EEEMEN
T0U AoYlopxoU (software) yior TNV EXPETIAAELUOT) TV BUVITOTHTWY AUTOV TV GUC TNUETWY eV
axohoinoe tny e&éMEN tou ukixol (hardware). To {ntoluevo 6TOUC ETOTNUOVIXOUS UTOAOYL-
ouoUg OV elvon 1) TALTOYEOVY EXTEAEDT) BUO 1) TEPLOCOTERMY BLAPORETIXWDY TEOYRUUUATWY OAAS
1N emlAUOY €VOC TEOPBARUATOS HE TNV TAUTOYEOVY YENHOY TOM®Y emelepyaoT®v. Av xou €youv
avomTuy el AOYLoULXA YLoL TOV AUTOUATO DU WELOUO TV EPYACLMY OE TOANOUG TAUTOYEOVA ETE-
Eepyaotée (m.y. M mapduetpoc -apo otouc MIPSpro Fortran 90 compilers yio sgi unyovéc), n
anéd0cCT) TOUC OEV EIVOL 1) AVUUEVOUEVT X0l ETOL €Vl OmoEOlTNTY), TOUASYLOTOY Yial ToL GNUEQPLVAL
OEBOUEVA, 1) TOEEUBAOCT) TOU TEOYRAUUUATIOTY Yidl TNV AmodoTIXY XeNon TwV TURSAANAWY CUC TN
wdtwyv. Kivolduevol oe auty| tnv xatedduvon Yo uhomotiooude €va TopdAANAo ahyopriuo yio Ty

enihuon Tou collocation cuothpatog pe v dueon FETinv yédodo.

8.1 O IMapdhAniog AAyopripog

Yxomog Yo efvan var topdgouye éva Tapdhhnho olyépiduo yio TNV ETAUCY) EVOC TEAYHATIXOU
Yeouuixol cucthuatoc Az = b 6mou o TV TV GUVTEAEGTOV TwV ayvOoTwy eivon block-
circulant A = beirc(Ay, Aa, ..., Ap) xou to ymhox Ap, Ag, ..o A, € RN glvon yewixol miivoeg
ywelc xdmowa Wradtepn dopn. Oa Yewprioouye 6Tt oL dtadéotuol enelepyaoctéc (Eotw N,) Stoupolv
e To TAY0g Twv umhox tou mivoxa A (n) xou Ty didotaot tou xdde umhox (N). Anhadh

ATALTOVUE VoL Loy VEL OTL
N, |n xu N, |N (8.1)
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CPU1

C1

c2

C3

_c4

N
C1l: Yroléyioe © = L+ pt ( D F*)P _b)
n ke n

J1 A
N
C2: Trordyioe : = pt ( &) Fn> P :
. k=1 .
2] L 40
C3: Aloe Jiygi = ¢, t=1,...,n

N
C4 . YTrnoréywoe T = Pt ( D Fn> P v
k=1

Yxnpua 8.1: O oepiaxds akyépiduog tng FFTinv.
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K4 :
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CPU1 g3

, —
Trolbyice ¢ = pos
T1 :
J1 Al
N .
Troldyioe : = pt < [ Fn> P T2 :
. k=1 .
2] L4 T3
Aboe Jivi =c¢ct, t=1,...,n T4 :
N
Yroréyice T = Pt ( &5} Fn> P 7 T5 :
k=1

Yxnua 8.2: O napdAdnios akydpiduos tng

Avapolpace tov J (xatd otAreq)
Yuyxévipwoe tov J atny CPU1
Avapolpace tov J (xatd ypouuéc)

—
Aiapoipace to €

Suyxévipwoes 10y otnv CPU1

FFTinv.
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H Boowr dour| twv 800 alyoplduwy mou xatacxeudooue yio Ty enthuon tou collocation cu-
otiuatog (oeplomde xou mapdhinhoc) we v FFTinv pédodo gaivetar ota oyfuato (8.1) xa

(8.2)), avtioTowya. T v xahltepn xatavonon twv duo ahyoplduwy emonuaivouye ot

e O mivaxag ouvteleoTt®y ToL Yeouuxol cucthuatog efvan block-circulant xou étou dev
etvon amopai Ty 1) amoVxeuon 0AOXANEOL Tou Tivoxo oAAS U6Vo NS TEMTNS Yeouc (1
OTHANG) TWY UTAOX.

e To ymhox tou mivaxo A dev yalpouv xdmolog Wiaitepne SOUnNC Xl TEETEL VoL UETAUPEPOVTAL

g€’ ohox\pou oTov xdlde enelepyaoty Tou To yeeldleton xdde dedopévn oTiyUy.

o To uymhox Ay, ..., A, dev xatahoufdvouy EexweloTo YWEO GTNV UVAUN 0AAS €Y0UV QOop-

Twiel & apyrc otov mivaxa J.

o Ou nvaxeg Ji,Ja, ..., J, ebvon pryodixol. To (Do toylel xou yia To DoVOOUATI € X0l
Y. Enopévec 1 ypnoylomololuevn aptduntixh eivor cprdpmntied wyadindy aprdudoy (Simhic
oxpifeLoc).

e H 7pddn tou modhamhactacpol twy mvdxey P xaw PP ue xdnoto didvuoyua dev exteheltan.
Avt autig yiveTon ot avadidtoln Twv oToyelwy Tou dlaviouatog, agol o mivaxas P etvan
mivaxac petddeone [Bruata C1, C4, K1, K4]. Avéloyo exTeENOUUE X0t TOV TOAAUTAAGLO-
OUO TWV THEATAVE TVAXWY PE xdmoto Tivaxa A Yewpmvtag 6Tl o mivoxag amoteleitan amod

Sravbopata othhee [Bruata C2, K2

N
e H npd&n tou molhamhacioouold @ F, pe éva dudvuoua () pe xdmolo mivoxo VewpoUUevo
k=1

©G 6UVOLO BLovuoudTev oThANG) unopel vo avoludel oe N Bloxpltols YETACY NUUTIONO0S
Fourier téd&€nc n (DFT(n)) ot onolot unopolv vor UTohoyio Tolv anodotxd pe N toyels pe-
Taoynuatiopols Fourier td€ne n (FFT(n)) [BrAuata C2, C4, K2, K4]. Avédloya ioybouy
xa 6Ty Tepintwon mou avtl Yo F, éyoupe F ondte xou ol yetaoynuotiopol Fourier elivon
ot avtiotpogol dnhady) IDFT (n) xou IFFT(n) [Bruata C1, K1J.

o 't Tov unohoyioud Twv FFT yenowonoolue tny éxdoor Sumhic oxplBeloc Tou Toxétou
FFTPACK (n) [FETPACK].

o H enfhuon TV Wyodindy Yeouixdy cUCTNUATOY YIVETOL HUECH UE TNV POUTIVOL ZgesV Tou
roxétouv LAPACK [LAPACK] [Bruera C3, K3].

e Ytov mapdhhnho ohyéprduo Aéyovtog dopolpaoud pac YeToAntic (). evoc dlaviopo-
T0¢) evvoolpe 6Tl 0 xde enelepyaothc hapfdver éva uépoc Tou davdouatog xou OTL GAoL
o ene€epyaotéc hopfdvouy dapopeTtind ohhd ioou peyédouc xoppdtio [Buata 71, T3].

Auté uropel xou ocupPaivel Aoyw twv Teploplopdy (8.1).
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o Y10V TopdAANAo oly6prduo petapépoupe duo popéc tov mivaxa J [BrAuata 71, T'3]. Autd
ouuPaivel 86Tl 70 Prina K2 0 xdie encéepyaothg xdvel UTOAOYIOHOUE T8V GE OAOXANEES
othheg tou J (my. yeewdleton ohdxhnen v 1n othAAn tou J ) evéd oo Prua K3 ta
CUCTAUOTA IOV XoAe(Ton v eTAUGEL 0 xdde eneéepyaocthc Peloxovtar amoUnxeuuéva xotd

Yoouuéc otov Tivaxa J.

e T'wa tnv enthuon tou Dirichlet to Neumann Map oy e, ev yével, 61t n < N.

8.2 Apuuntixd AnoteAécuoTo

Thonowjoope Toug duo alyoplduous (oelptoxd xou TUEdAANIO) YENCULOTOLOVTAS TO TEOTUTO
MPI ™ yia tplar nopddhhnha uroroyiotind cucthpata SGI - CM - CG. Ta yopaxtneloixd auTév

TWV CUCTNUATOY elvon

[SGI] Ioapdrinioc vroroyiothc SGI Origin 350 anoteholyevoc and 8 enelepyaotéc
R16000@600MHz ye 4MB L2 cache éxactoc. H cuvolx; uviun tTou cucThUaTog elvou
4GB o 1o Aetovpyixd clotnua eivon IRIX version 6.5 ye MipsPro compilers version
7.4.

[CM/CG] Xuotdda (cluster) tecodpwv x6uBwv SUN V240z dwocuvdepévov uéow ethernet
100Mbps/1Gbps avtiototya. O xdde xo6uBoc anoteheiton and éva dimhondpnvo 1.5 GHz
UltraSPARC IIIi eneepyaocty| ye 141 L2 cache. H cuvohixy| uviun xdde xéuPou eivan

2GB %o 10 Aettoupynd oo tnua ebvon Solaris 10.

H yhodooa npoypoupatiopol mou yenowonotioaue etvor 1) Fortran xou 6hot ot unoloyloyol €ytvoy
e aprdunTix oumAnc axeifetag. T'a Ty peAétn e anddoong Tou napdAhnhou akyoprduou exte-
Aoope mepduaTo Yior Lot TANYWEa xovovixwy Tohuyovey n = 8,16, 24, 32, 40, 48, 56, 64, 72, 80

e Tic (Bleg ouvoplaxéc ouvirixee oe xdde mhevpd (Dirichlet) xou yio TAYog cuvapTioewy Bdong

! Message Parsing Programming: 'Evo npétuno 1o onolo poc mopéyel Ty duvotdTnto aviehhayhc Wnvu-
udtwv(dedopévev/eviohmv) petalld dlacuvdeuévwy dlepyoaotdy (processes) xou YEVIXOTERX TNV BuvatdTNTA
emxovoviog tov depyaotdyv.  H duvatdtnra auth umopel vo ofiomomdel yia v vAomoinon mopdhiniwmvy
oalyopldumv oe mohuenegepyaoTMES unyavéS xat ouoTédes pnyavodyv. ‘Okec ol Siepyaoies (emelepyaotéc oty
du) o mepinTwon) Teéyouy éva avtiypapo Tou (Blou Tpoypdupatos ahhd oTov xdle enelepyao T éxel avatedel
€&’ opyhc évac adlwv apipde (rank) Bdon tou pmopolue Zeywpiloupe Toug emelepyoaoTés xou va divoupe
BlapopeTiXéC eVTOAéC otov xadéva. ILy.

If (rank==0) then
x = (-b+sqrt(D))/2
elseif (rank==1) then
x = (-b-sqrt(D))/2
endif

H eudivn g napainiionoinong avixel xadopd xon 46Vo GTOV TROYEUUUATIC TH.
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N = 8,16, 32,64, 128,256,512,1024. To N = 1024 €youvye anoteréopata LOVO Yol UXed TO-
Noywva (n = 8,16, 24) Moyw nepoplopmy pviune. Ta xavovixd ntohbywmvo xadde xaw 1 axpBhc
Noon e e€lowong tou Laplace moapopévouy (Bua dmee xaw otny apdypoago (4.1).

O nivoxeg /oy fpota tou mopodétoupe €xouy K¢ eEhc:

O ocuvolix6g Ye6vog enihLoTS TOL Yool cuothuatog (rivaxeg T1-T4) O ypdvoc
Tou amoute(tan YLt TNV AN enthuon tou yeouuxol cuothuatoc. ‘Oco wxpdtepog (Yo

TeplocdTEpOUS amd éva enelepyaoTtéc) TG00 xahlTEPOS 0 TEEAANAOS aAYOELIHOC.

O ypbvog extéleong twv vroloyiopov (ntivaxeg TH-T8) O ypdvoc autdc nepthayuBdvet
TOV YEOVO TV JELIUNTIXGY TEGEEMY, TOV YEOVO TeOGPBaone GTNY UVAUY, TOV XedVo Yid TO
indexing twv YETABANTOV %ot YEVXOTERA TO YpOVO EXTEAECTC OTOLACONTOTE BladLxaciog
AofBdvel yweo oty axoloudia Twv Budtwy yio Ty entAucT) ToL GUG TAUATOC GTO GUYOAO
Twv enegepyastayv. O ypdvog autdg petpiéton mavia and tov mento eneéepyaoty. ‘Oco
WxEOTEPOC (YLol TEPLOOATEPOUC amtd VoL ETEEEPYUO TES) TOGO ATOBOTIXOTEPOS O TOPAAANAOC

oy opLriuoc.

O ypovog emxowwviog (nivaxeg T9-T12) Eivou o ypdvoc nou amonteiton yior Ty ovtodhay ™
0EBOUEVLY PETAED TwV eNECepYAOTAOY. O ¥pOVOC aUTOC UETPLETOL TTAVTA OO TOV TEMTO
eneepyocth. To ddpoloya TwV Ypovwy eXTEAEONC TWV UTONOYLIOUMY X0l ETUXOVOVIOG
TEETEL VoL LOOUTOL UE TOV GUVOAXO Yeovo eiAucTg. ‘Oco uixpdtepog 1600 anodoTixdTeEpog

0 mopdAAnhog ahyopriuog.

To speedup(emitdyvvon) yio Tnv eniAuoT TOUL YERXOD CLCTHUATOG (Ttivaxeg
T13-T16 xow oyfuota [8.3-8.6) To speedup yio p enclepyactéc (éotw S(p) ) opl-
(et WS 0 AOYOG TOU YEOVOU TOU OmoLTE(TOL Yol TNV eniAucT) VoS TEOBAAUNTOC OE €val
enelepyaotd T'(1) mpog to ypdvo mou amoutelton yia T enthuomn tou (Blou tpoliruatog
oe p enelepyootéc (éotw T(p)). Anhadt

T(1)

S(N) = 6y

‘Oc0o peyahiTepo TOCO AMOBOTIXOTEROS O TAUPAAANAOS Ay OELIUOC.

To speedup extéleong Twv uToloyiop®y (nivaxeg T17-T20 xou
oyfuata 8.348.6) To speedup yu v enihuon tou ypauuwxo) cUCTAUUTOSC Ywelc Vo
AofBdvovtar Loy oL ypovol emxowvwviag. ‘Oco peyohltepo 1660 ATOBOTIXGTEROS O

TapdAAnAoc alydprduoc.

Adyoc xpovou emixowmviag tpog Xpovo vrohoyiopty (rivaxeg T214T24) To nocootd
€Tl TOLC EXUTO TOL YPEOVOL ETUXOVWVINC TPOC TO YEOVO EXTEAECTC TwV UTOAoYLouwY. ‘Oco

WXEOTEROS TOCO XUAUTEROS O TUPIAANAOC olydpriuoc.
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SGI - O ZuvoAikog Xpovog EmtiAuong tou lpauuikou Suotruartog (Ax=b)

24 32 40 48

0.003 0.005 0.005 0.006
0.011 0.014 0.017 0.021
0.048 0.061 0.081 0.097
0.262 0.352 0.442 0.534 0.781 0.715
1.957 2.512 3.251 3.865 5.158 5.040

13.771 18.120 23.023 27.238 34.633 36.336
103.834 137.171 173.087 204.631 251.809 277.413

| n=8 | 16 | 24 32 40 48 56 64
0.003 0.003 0.004 0.005
0.008 0.010 0.012 0.014
0.031 0.039 0.050 0.060 0.091 0.078
0.154 0.207 0.263 0.314 0.450 0.429
1.110 1.385 1.836 2.214 2,918 2.854

7.687 9.664 12.710 15.074 19.065 19.360
55.305 70.704 94.934 108.974 133.524 148.872

| n=8 | 16 | 24 32 40 48 56 64
0.003 0.003 0.003 0.004
0.006 0.007 0.008 0.010
0.019 0.025 0.031 0.037
0.089 0.119 0.151 0.184
0.595 0.761 1.011 1.212

4.011 5.128 6.725 8.068
28.383 36.569 47.396 56.690

| n-=8 | 16 [ 20 | 32 40 a3

0.003 0.003 0.004

0.006 0.009 0.008

0.015 0.018 0.023 0.027

0.058 0.078 0.097 0.125

0.349 0.457 0.592 0.708

2.216 2.935 3.721 4.496

15209 | 19520 | 25334 | 30483

IMivaxag T1: SGI - O owvolikds xpovog e€midAvong Tov ypaupikol ovotnuatos, ya 1,2,4 kar 8 eneep-

YaoTés.

CM/CG - O ZuvoAik6¢ Xp6vog ErtiAuong tou papuuikou Suotrhuarog (Ax=b)

32 40 48

0.002 0.003 0.003
0.007 0.010 0.012

0.041 0.049 0.058
0.226 0.294 0.355
1.517 1.891 2.459 2.962 3.173

10.611 14.106 16.250 20.188 21.626
79.696 107.207 126.347 151.100 162.818
| n=8 | 16 | 32 40 48 56 64
0.002 0.002 0.002 0.004 0.003
0.005 0.007 0.008 0.012 0.012
0.024 0.034 0.038 0.051 0.052
0.127 0.166 0.203 0.260 0.268
0.815 1.017 1.331 1.583 1.727

5.583 7.192 8.242 10.250 11.340
41.240 52.290 61.610 73.650 84.280

ITivaxag T2: CM/CG - O ourodikds xpévog emilvons tou ypappikol ovotripatos, ya 1 kar 2 eme-
Eepyaotés.
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CM - O ZuvoAikog Xpovog EmtiAuang tou Mpapuuikou Suotruarog (Ax=b)

32 40 48 56 64
0.006 0.008 0.009 0.011 0.012
0.021 0.027 0.030 0.037 0.040
0.076 0.095 0.115 0.138 0.155
0.327 0.409 0.495 0.593 0.664
1.485 1.829 2.244 2.644 2.965
7.062 8.946 10.790 12.650 14.220
38.940 48.800 57.820 68.600 78.310

| n=8 | 16 | 32 40 48 56 64
0.007 0.009 0.010 0.012 0.014
0.027 0.035 0.041 0.049 0.055
0.106 0.135 0.161 0.189 0.215
0.429 0.541 0.647 0.766 0.865
1.805 2.253 2.729 3.195 3.739
7.835 9.826 11.710 13.800 15.630

36.580 46.060 54.620 64.140 73.360

IMivaxag T3: CM - O ouvvodikdg xpovog emiAvong Tov ypapuikol ovotiuatos, yia 4 kar 8 erebepyaotés.

CG - 0 SuvoAik6§ Xpovog Ertiduang tou paupikou Suatiparog (Ax=b)

32 40 48 56 64

0.003 0.004 0.004 0.005 0.004
0.007 0.008 0.010 0.012 0.013
0.024 0.030 0.035 0.042 0.045
0.096 0.122 0.145 0.184 0.194
0.531 0.653 0.833 1.001 1.086
3.315 4.278 4.894 6.172 6.711

23.630 30.040 35.300 42.650 48.140

32 40 48 56 64

0.003 0.003 0.004 0.004 0.005
0.007 0.008 0.009 0.012 0.012
0.022 0.033 0.035 0.044 0.045
0.088 0.108 0.125 0.151 0.166
0.393 0.488 0.604 0.716 0.791
2.169 2.712 3.183 3.879 4.268

13.840 17.250 20.580 24.500 27.780

ITivaxag T4: CG - O ovvodikdg xpovos enilvong tov ypaupikol ovotrpatos, yia 4 ka1 8 erebepyaotés.
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SGI - O Xpovog EktéAeang Twv YIoAoyLopwv

16

16

32 40 48
0.003 0.003 0.004
0.008 0.010 0.012
0.032 0.043 0.051
0.181 0.230 0.274 0.404 0.367
1.266 1.683 1.991 2.670 2.568
9.098 12.006 14.181 18.023 18.223
68.342 92.010 104.774 129.372 144.794
32 40 48 56 64
0.002 0.002 0.003
0.005 0.006 0.007
0.018 0.023 0.027
0.093 0.117 0.139
0.633 0.845 0.988
4.562 6.002 6.974
34.269 44.455 51.386
32 40 48
0.002 0.002 0.002
0.003 0.004 0.005
0.010 0.013 0.015
0.049 0.062 0.078
0.330 0.431 0.486
2.285 3.027 3.413
17.192 22.398 24.848

Iivaxag T5: SGI - O xpovog extédeong twy vrodoyoudy, ya 1,2,4 kar 8 enelepyaotés.

CM/CG - O Xp6vo

¢ EKTéAgon¢ Twv YroAoyLouwv

24 32 40 48
0.001 0.001 0.002 0.002
0.003 0.004 0.006 0.007
0.016 0.021 0.030 0.033
0.079 0.113 0.149 0.182
0.560 0.761 0.937 1.248
3.966 5.331 6.882 7.894
29.980 40.020 51.090 59.740

ITivaxag T6: CM/CG - O xpdvos extédeons twy vrokoyioudy, ya 2 enekepyaotés.



134 ITogdAAnhot Yroroyiopoi / Yrohoyiopol ITAéypatog

CM - O Xpovog EktéAeang Twv YmoAoyLopwv

32 40 48
0.001 0.001 0.001
0.003 0.004 0.004
0.012 0.015 0.018
0.058 0.077 0.091
0.387 0.473 0.613
2.664 3.437 3.860
20.040 25.350 29.120

32 40 48
0.001 0.001 0.001
0.002 0.002 0.003
0.007 0.009 0.010
0.032 0.042 0.047
0.202 0.250 0.309
1.391 1.810 1.912
10.050 12.700 14.060

IMivaxag T7: CM - O xpovog ektéeons twy vmodoyoudy, yia 4 kar 8 eneepyaotés.

CG - O Xpovog EktéAeong twv YrmoAoylouwv
24 32 40 48 56
0.001 0.001 0.001 0.001 0.002
0.002 0.003 0.004 0.004
0.008 0.012 0.015 0.018
0.041 0.058 0.076 0.090
0.283 0.389 0.474 0.613
2.012 2.669 3.446 3.865
14.980 20.060 25.440 29.300

32 40 48
0.001 0.001 0.001
0.002 0.002 0.003
0.008 0.009 0.010
0.032 0.041 0.046
0.204 0.247 0.309
1.440 1.806 1.908
10.110 12.780 14.290

IMivaxag T8: CG - O xpdvos ektédeons twv vnodoyioucy, yia 4 kar 8 enebepyaotés.
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SGI - O Xpovog Enikovwviog

32

40

48

0.000

0.001

0.001

0.002

0.002

0.002

0.006

0.007

0.009

0.026

0.033

0.040

0.119

0.153

0.224

0.567

0.704

0.893

2.362

2.924

4.200

32

40

48

ITivaxag T9: SGI - O xpovog emxowvwrias, ya 2,4 ka1 8 enebepyaotés.

CM/CG - O Xpdvog Enikotvwviog

32 40 48 56

0.000 0.000 0.000 0.000
0.001 0.001 0.001 0.001
0.003 0.004 0.005 0.006
0.014 0.017 0.021 0.026
0.053 0.080 0.083 0.102
0.252 0.310 0.348 0.399
1.221 1.197 1.877 2.042

ITivaxag T10: CM/CG - O xpdros emkowvwriag, ya 2 ene€epyaotés.
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CM - O Xpovog Emtikotvwviag

32 40 48 56 64

0.005 0.006 0.008 0.009 0.010
0.018 0.023 0.026 0.031 0.034
0.064 0.080 0.097 0.114 0.131
0.269 0.332 0.404 0.472 0.542
1.098 1.356 1.631 1.886 2.166
4.398 5.508 6.925 7.729 8.859

18.890 23.450 28.700 32.990 37.530

32 40 48 56 64

0.006 0.008 0.009 0.010 0.013
0.025 0.032 0.038 0.045 0.050
0.099 0.126 0.151 0.174 0.201
0.397 0.499 0.600 0.701 0.801
1.603 2.003 2.420 2.804 3.322
6.444 8.016 9.793 11.310 12.900

26.530 33.360 40.560 45.960 52.790

IMivaxag T11: CM - O xpdvos emxorvwviag, yia 4 ka1 8 emebepyaotés.

CG - O Xpovog Entikotvwviag

IMivaxag T12: CG - O xpdvog emkowwriag, yia 4 kar 8 enefepyaotés.
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SGI - To Speedup Ertiduong tou Mpauuikov Suothuarog (Ax=b)
Np=2 n=8 16 24 32 40 48 56 64 72 80
N =8 0.90 1.00 1.14 1.41 1.22 1.21 1.44 1.35 1.35 1.35
16 1.21 1.28 1.40 1.38 1.42 1.51 1.56 1.47 1.50 1.59
32 1.48 1.53 1.57 1.57 1.61 1.63 1.70 1.60 1.61 1.62
64 1.70 1.71 1.70 1.70 1.68 1.70 1.73 1.67 1.69 1.69
128 1.81 1.77 1.76 1.81 1.77 1.75 1.77 1.77 1.77 1.77
256 1.82 1.86 1.79 1.87 1.81 1.81 1.82 1.88 1.86 1.87
512 1.94 1.93 1.88 1.94 1.82 1.88 1.89 1.86 1.93 1.93
1024 1.98 1.98 1.94
Np=4 n=8 16 24 32 40 48 56 64 72 80
N =8 1.02 1.33 1.28 1.75 1.64 1.65 1.93 1.89 1.68 1.82
16 1.55 1.82 1.87 2.07 2.09 2.09 2.37 2.18 2.29 2.38
32 2.02 2.36 2.53 2.46 2.59 2.63 2.79 2.58 2.73 2.71
64 2.88 2.90 2.95 2.95 2.92 2.91 3.02 2.88 2.98 2.97
128 3.32 3.28 3.29 3.30 3.21 3.19 3.27 3.27 3.24 3.22
256 3.54 3.53 3.43 3.53 3.42 3.38 3.45 3.54 3.51 3.50
512 3.75 3.75 3.66 3.75 3.65 3.61 3.67 3.60 3.73 3.67
1024 3.88 3.88 3.35
n=8 16 24 32 40 48 56 64 72 80
N =38 0.73 1.07 1.37 1.72 1.63 1.67 0.69 2.06 1.93 1.80
16 1.34 1.82 2.18 2.40 1.98 2.49 2.94 2.64 2.72 2.99
32 2.31 2.81 3.18 3.29 3.55 3.67 4.02 3.68 3.48 4.03
64 3.98 4.22 4.49 4.49 4.55 4.26 4.79 4.48 4.79 4.67
128 5.09 5.45 5.61 5.50 5.49 5.46 5.55 5.35 5.53 5.49
256 5.98 6.39 6.21 6.17 6.19 6.06 6.20 6.31 6.29 6.24
512 6.66 6.67 6.79 7.02 6.83 6.71 6.77 6.74 6.93 6.91
1024 7.45 7.47 6.24

ITivaxag T13: SGI - To speedup ya tny enilvon Tov ypau ko oLoTAHATOS,

ya 2,4 ka1 8 enebepya-

0TES.
CM/CG - To Speedup EniAuang tou lpauuikou Suctiuartog (Ax=b)

Np=2 n=8 16 24 32 40 48 56 64 72 80
N =8 0.78 0.99 1.10 1.21 1.28 1.30 1.37 1.29 1.32 1.23
16 1.02 1.25 1.37 1.43 1.44 1.48 1.57 1.63 1.52 1.51

32 1.47 1.53 1.55 1.67 1.46 1.52 1.71 1.66 1.68 1.72

64 1.65 1.74 1.76 1.77 1.77 1.74 2.21 1.77 1.74 1.75

128 1.81 1.87 1.78 1.86 1.86 1.85 1.87 1.84 1.88 1.86
256 1.84 1.90 1.96 1.90 1.96 1.97 1.97 1.91 1.96 1.97
512 2.07 1.94 2.06 1.93 2.05 2.05 2.05 1.93 2.02 2.06

1024 1.99 1.93 1.66

ITivaxag T14: CM/CG - To speedup ya tny emilvon tov ypappikol ovotipatos, ya 2 eneéepyaotés.

CM - To Speedup ErtiAuong tou pauuikot Suotruarog (Ax=b)
Np=4 n=8 16 24 32 40 48 56 64 72 80
N =8 0.24 0.29 0.34 0.35 0.36 0.35 0.44 0.34 0.37 0.36
16 0.31 0.31 0.34 0.35 0.36 0.39 0.49 0.47 0.44 0.44
32 0.37 0.38 0.50 0.53 0.52 0.51 0.63 0.56 0.56 0.62
64 0.55 0.66 0.67 0.69 0.72 0.72 0.97 0.71 0.77 0.75
128 1.00 0.91 1.00 1.02 1.03 1.10 1.12 1.07 1.09 1.08
256 1.44 1.47 1.53 1.50 1.58 1.51 1.60 1.52 1.55 1.55
512 2.16 2.02 2.18 2.05 2.20 2.19 2.20 2.08 2.23 2.22
1024 2.86 2.88 2.45
n=8 16 24 32 40 48 56 64 72 80
N =8 0.19 0.23 0.27 0.30 0.32 0.31 0.41 0.29 0.30 0.29
16 0.24 0.24 0.27 0.28 0.28 0.29 0.37 0.34 0.32 0.32
32 0.28 0.28 0.36 0.38 0.37 0.36 0.46 0.40 0.42 0.44
64 0.40 0.48 0.50 0.53 0.54 0.55 0.75 0.55 0.60 0.57
128 0.79 0.81 0.81 0.84 0.84 0.90 0.93 0.85 0.89 0.89
256 1.28 1.31 1.39 1.35 1.44 1.39 1.46 1.38 1.41 1.41
512 2.28 2.12 2.31 2.18 2.33 2.31 2.36 2.22 2.42 2.39
1024 3.74 3.71 3.43

IMivaxag T15: CM: To speedup ya tny emidvon tov ypappikod ovotnuatos, yia 4 ka1 8 erebepyaotés.



138 ITagdAAniot Yroloyiopol / YTroloyiopol ITAEypatog

CG- To Speedup ErtiAuong tou Mpauuikov Suotriuarog (Ax=b)
Np=4 n=8 16 24 32 40 48 56 64 72 80
N =38 0.38 0.46 0.69 0.73 0.78 0.76 1.01 0.93 1.00 1.02
16 0.54 0.84 0.99 1.06 1.17 1.21 1.50 1.44 1.28 1.33
32 1.06 1.24 1.47 1.70 1.66 1.64 2.06 1.95 1.95 1.97
64 1.58 2.08 2.27 2.36 2.41 2.45 3.13 2.44 2.52 2.47
128 2.67 2.86 2.78 2.86 2.90 2.95 2.96 2.92 2.95 2.96
256 3.15 3.18 3.27 3.20 3.30 3.32 3.27 3.22 3.30 3.29
512 3.54 3.35 3.58 3.37 3.57 3.58 3.54 3.38 3.52 3.58
1024 3.80 3.73 3.36
n=8 16 24 32 40 48 56 64 72 80
N =38 0.26 0.36 0.53 0.64 0.79 0.85 1.13 0.93 0.95 1.03
16 0.44 0.68 0.95 1.08 1.24 1.24 1.49 1.56 1.49 1.51
32 0.89 1.23 1.64 1.88 1.49 1.66 1.96 1.95 1.99 2.25
64 1.72 2.06 2.26 2.56 2.71 2.85 3.81 2.85 3.04 3.05
128 3.15 3.55 3.74 3.86 3.87 4.07 4.14 4.01 4.10 4.11
256 4.64 4.84 5.06 4.89 5.20 5.11 5.20 5.07 5.13 5.13
512 6.01 5.72 6.18 5.76 6.21 6.14 6.17 5.86 6.18 6.20
1024 7.29 6.91 6.32

ITivaxag T16: CG - To speedup yra tny enidvon tov ypap kol ovotnuatos, yia 4 kai 8 enefepyaotés.

SGI - To Speedup EktéAeong twv YroAoyLopwv
Np=2 n=8 16 24 32 40 48 56 64 72 80
N =8 1.06 1.16 1.35 1.64 1.52 1.44 1.65 1.58 1.61 1.59
16 1.56 1.59 1.71 1.68 1.73 1.79 1.80 1.78 1.79 1.86
32 1.81 1.86 1.86 1.87 1.88 1.90 1.88 1.87 1.88 1.90
64 1.96 1.96 1.95 1.95 1.92 1.95 1.93 1.95 1.95 1.95
128 1.98 1.97 1.94 1.98 1.93 1.94 1.93 1.96 1.96 1.96
256 1.98 1.98 1.90 1.99 1.92 1.92 1.92 1.99 1.97 1.96
512 2.01 2.01 1.94 2.01 1.88 1.95 1.95 1.92 1.99 1.99
1024 2.01 2.01 1.97
Np=4 n=8 16 24 32 40 48 56 64 72 80
N =38 1.44 1.88 1.64 2.40 2.15 2.18 2.36 2.51 2.21 2.42
16 2.34 2.67 2.54 2.94 2.93 2.90 3.01 3.01 3.08 3.24
32 3.00 3.41 3.48 3.42 3.52 3.56 3.49 3.47 3.57 3.57
64 3.83 3.83 3.78 3.79 3.77 3.84 3.78 3.77 3.82 3.81
128 3.94 3.94 3.90 3.97 3.84 3.91 3.84 3.96 3.89 3.88
256 4.03 3.96 3.84 3.97 3.84 3.91 3.84 3.97 3.94 3.92
512 4.04 4.01 3.89 4.00 3.89 3.98 3.89 3.82 3.97 3.95
1024 4.02 4.02 3.47
n=8 16 24 32 40 48 56 64 72 80
N =38 1.27 1.65 2.11 2.61 2.55 2.46 0.77 3.04 2.85 2.51
16 2.78 3.49 3.71 4.14 4.02 4.38 4.51 4.60 4.53 4.99
32 4.93 5.59 5.90 5.87 6.07 6.34 6.08 6.11 6.41 6.43
64 7.06 7.06 7.07 7.20 7.10 6.84 6.99 7.18 7.31 7.34
128 7.82 7.78 7.63 7.61 7.54 7.96 7.52 7.77 7.68 7.67
256 7.91 8.02 7.61 7.93 7.61 7.98 7.63 7.87 7.82 7.82
512 7.95 7.95 7.74 7.98 7.73 8.24 7.62 7.64 7.91 7.84
1024 8.04 8.04 6.74

IMivaxag T17: SGI - To speedup ektédeons twv vnodoyioucr, ya 2,4 ka1 8 enebepyaotés.

CM/CG - To Speedup EktéAeong twv YrtoAoylouwv

Np=2 n=8 16 24 32 40 48 56 64 72 80
N =8 1.03 1.28 1.40 1.52 1.55 1.55 1.61 1.59 1.60 1.59
16 1.26 1.53 1.65 1.72 1.70 1.73 1.77 1.88 1.79 1.77
32 1.77 1.83 1.80 1.91 1.65 1.74 1.93 1.91 1.91 1.95
64 1.93 1.95 2.00 1.99 1.97 1.95 2.46 1.98 1.95 1.95
128 1.94 2.03 1.94 1.99 2.02 1.97 2.00 1.97 2.01 1.99
256 1.93 1.99 2.05 1.99 2.05 2.06 2.05 2.00 2.04 2.05
512 2.12 1.98 2.11 1.99 2.10 2.11 2.11 1.98 2.06 2.10

1024 2.05 1.95 1.77

ITivaxag T18: CM/CG - To speedup ektéAeong twy vmodoyopcy, ya 2 eneepyaotés.
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CM - To Speedup EktéAeong twv YrmoAoyiopuwv
Np=4 n=8 16 24 32 40 48 56 64 72 80
N =38 1.24 1.55 1.86 2.00 2.07 2.15 2.31 2.16 2.26 2.38
16 2.11 2.45 2.64 2.56 2.54 291 3.00 3.14 2.85 2.86
32 3.11 2.96 3.25 3.34 3.21 3.31 3.52 3.58 3.52 3.75
64 3.43 3.68 3.88 3.92 3.80 3.90 4.77 3.90 3.80 3.85
128 3.99 4.03 3.91 3.92 4.00 4.01 3.91 3.97 3.91 3.98
256 3.93 3.88 4.09 3.98 4.10 4.21 4.10 4.03 4.11 4.10
512 4.00 4.02 4.24 3.98 4.23 4.34 4.24 3.99 4.18 4.21
1024 4.15 4.01 3.78
n=8 16 24 32 40 48 56 64 72 80
N =38 1.43 1.86 2.32 2.30 2.86 2.87 3.13 2.98 3.04 3.23
16 2.91 3.34 3.92 3.86 4.07 3.96 4.65 4.39 4.32 4.25
32 4.46 5.37 5.73 6.03 5.78 5.86 6.07 6.24 6.40 6.66
64 5.62 6.62 6.82 6.98 7.04 7.50 8.88 787 7.33 7.48
128 7.34 7.76 7.62 7.52 7.56 7.96 7.59 7.61 7.66 7.74
256 7.82 7.64 7.80 7.63 7.79 8.50 8.11 7.90 8.13 8.14
512 7.92 787 8.45 7.93 8.44 8.99 8.31 7.92 8.33 8.43
1024 8.86 8.05 7.29

IMivaxag T19: CM - To speedup extéleons twv vnodoyiouwy, ya 4 ka1 8 enebepyaotés.

CG- To Speedup EktéAeong twv YmoAoylouwv
Np=4 n=8 16 24 32 40 48 56 64 72 80
N 8 1.25 1.64 1.74 2.07 2.11 2.15 2.34 2.10 2.18 2.18
16 2.13 2.34 2.43 2.43 2.49 2.89 271 3.23 3.05 3.10
32 2.72 3.20 3.43 3.45 3.36 3.31 3.61 3.55 3.53 3.66
64 3.50 3.77 3.91 3.90 3.85 3.92 4.77 3.85 3.80 3.78
128 3.94 4.04 3.84 3.90 3.99 4.01 3.89 3.97 3.91 3.98
256 4.01 3.87 4.03 3.98 4.09 4.20 3.99 4.00 4.09 4.10
512 4.00 4.02 4.22 3.97 4.21 4.31 4.21 3.99 4.15 4.21
1024 4.17 3.92 3.72
n=8 16 24 32 40 48 56 64 72 80
N =8 1.42 1.85 2.26 2.46 2.88 2.60 2.94 2.96 3.05 3.13
16 2.45 3.51 3.73 3.95 4.15 4.45 4.59 4.91 4.77 4.64
32 3.40 5.35 5.79 5.03 5.59 5.81 6.36 6.42 6.39 6.88
64 6.48 6.83 7.27 7.12 7.18 7.69 8.94 7.50 7.28 7.37
128 7.38 7.81 7.60 7.43 7.65 7.95 7.67 7.59 7.63 7.70
256 7.87 7.58 7.81 7.37 7.81 8.52 8.06 7.97 8.07 8.15
512 7.94 7.37 8.46 7.88 8.39 8.84 8.41 7.90 8.25 8.34
1024 8.82 7.80 7.10

IMivaxag T20: CG - To speedup extéleong twy vnooyiouwy, yia 4 ka1 8 enefepyaotés.
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SGI - 0 Adyog Ttou Xpovou Emtikotvwviag npog tov Xpovo EktéAeons twv YmoAoylopwv (%)
n=8 | 16 | 24 40 48 56 64 72 80
18 [ 16 [ 24 [ 18 15 17

22 22 19 15 21
19 17 17 11 17
14 14 14 11 17
9 9 11 9 11

ITivaxag T21: SGI - O Abyos tou xporou emkowwriag mpog Tov XPovo €KTEAEOTS TWY UTOAOYIOLWOV
(%), y1a 2,4 ka1 8 emebepyaotés.

CM/CG - O Adyog tou Xpbvou Ermtikotvwviag npog tov Xpovo EktéAeons twv YroAoylopwv (%)

48 56 64 72 80
18 16 20

17 12 15 17 16
14 12 15 14 13
12 11 12 12 11
7 7 7 7 7

ITivaxag T22: CM/CG - O Adyog tov xpdvou emikorvwriag Tpos Tov Xporo €KTEAEONS TwV UTOAOYITUOY
(%), ya 2 enekepyactés.
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CM - O N6yog tou Xpovou Ertikotvwviag npog tov Xpovo EktéAdsong twv YroAoyiopwv (%)

Np=4 n=8 16 24 32 40 48 56 64 72 80

N 8 402 434 437 470 479 520 422 525 505 557

16 576 692 674 632 595 645 506 570 553 553

32 738 687 550 528 521 552 460 540 527 508

64 520 458 483 468 429 444 390 447 391 417

128 300 344 292 284 287 266 249 271 260 269

256 173 165 166 165 160 179 157 165 165 164

512 85 99 95 94 93 99 93 92 88 89
1024 45 39 54

n=8 16 24 32 40 48 56 64 72 80

N =38 655 697 747 670 796 812 652 921 921 1009

16 1094 1294 1342 1289 1365 1287 1151 1181 1249 1220

32 1475 1791 1511 1471 1483 1517 1217 1443 1433 1415

64 1293 1268 1277 1230 1195 1269 1081 1245 1124 1204

128 825 855 842 794 800 784 719 797 759 765

256 511 482 462 463 443 512 455 471 478 476

512 248 247 265 264 263 288 253 257 244 253
1024 137 117 113

ITivaxag T23: CM - O Abéyos Tou Xpovou emkowvwriag mpog Tov XpOovo eKTEAEONS TwY UTOAOYIOUWDY

(%), ya 4 ka1 8 enetepyaotés.

CG - 0 Néyog tou Xpovou Emikovwviag rpog tov Xpovo ExktéAeang twv YroAoyiouwv (%)

Np=4 n=8 16 24 32 40 48 56 64 72 80

N = 8 223 252 144 180 167 181 130 124 116 112

16 288 175 145 127 111 138 81 123 138 133

32 154 157 132 103 102 101 75 82 81 86

64 121 81 72 65 59 60 52 58 51 53

128 48 41 38 36 38 36 32 36 32 35

256 27 22 23 24 24 27 22 24 24 25

512 13 20 18 18 18 20 19 18 18 17
1024 10 5 10

n=8 16 24 32 40 48 56 64 72 80

N =8 431 402 322 275 260 203 158 217 218 201

16 448 408 286 260 233 258 206 213 220 207

32 279 334 253 168 275 249 224 229 221 205

64 276 231 221 178 165 170 135 163 140 142

128 134 120 103 93 97 95 85 89 86 87

256 70 57 54 51 50 67 55 57 57 59

512 32 29 37 37 35 44 36 35 33 35
1024 21 13 12

IMivaxag T24: CG - O Adyog tou xpovou emkowvwrias mpog Tov Xporvo €KTENETNS TwY UTOAOYIOHUWDY

(%), yia 4 ka1 8 enebepyartés.

MeAeTOVTAC To ATOTEAEGUATO TOU ToEOUGLALOVTAL GTOUC TVOXES KoL T Oy NUOTAL UTOPOVUE

VoL TTPATNEHOOUUE ToL EENG

e SGI: To speedup yia TNy enthuon Tou UG TAUATOS lvol TEVTA UEYOADTERO Amd TNV LOVADL

EXTOC OO UEPES UXPEC TEPLTTWOELS Tou eugaviCovtar uévo yia N = 8. I'evixd mapa-

Tneolue por avodixy| mopela Tou speedup i GAal T TOAOYWVAL 660 awEdvel To péyevog

I

TV TEOBANUETOY eEXTOC amd TNV PeYSAN mepintwon (n = 24, N = 1024) v 2 xou 4

L Aéyovrtoc péyedog Tou TEOPBARUAUTOC EVVOOUUE TO YIVOUEVO TWV TAEURKY TOU TOAUYOVOU e To MAlog Twv

ouvopthoewy Bdong (n x N). To péyedoc tou mpofifuartos tautileton pe tnv didotacy tou collocation mivaxa

xoL 600 UEYOAUTERO elvan TO0O TO YpovofBdpa mepluévouue vao elvon 1 Abon tou cuctiuatog. Ernlone Aéyovtog

pen o ueydin tepintwon (4 npdfinua) Yo evvoolye wxpd N ueydho péyedoc tpoBiiuatoc.
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Speedup (Ax=b)
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[SGI] Np =2

—0O—n=16
—m—n=24
—O—n=32

n =40
—W—n=48
—8—n =56
—O—n=64
—Ah—n=72

n =80

" "

s s s s
16 32 64 128 256 512

Yuvaptiioeic Bdoewe avd Ievpd (N)

(o) SGI - Speedup (Ax = b).

[CM/CG] Np =2

s
1024

. .
16 32 64 128 256 512
Yuvaptioeic Bdoewe avd Ievpd (N)

(v") CM/CG - Speedup (Az =b).

n
1024

Speedup (Computation)

Speedup (Computation)

2.2

1.8

1.6

1.4

1.2

0.8

2.6

24

2.2

1.6

1.4

1.2

0.8

0.6

[SGI] Np =2

o —A—n=T2 g
n = 80
L L L L L L L L
8 16 32 64 128 256 512 1024

Yuvaptiioeic Baoewe avd Ievpd (N)
(B") SGI - Speedup (Computation).

[CM/CG] Np =2

! i i

s s s s s
8 16 32 64 128 256 512 1024

Yuvaptiioeic Bdoewe avd Ievpd (N)
(8") CM/CG - Speedup (Computation).

Ixnpa 8.3: To speedup ya tny emnidvon tov ypappikol ovotiuatos (apotepri otriin) ya 2 eneéep-

yaotés. To speedup extédeons twv vnodoyoudy (bebid otiAn) yia 2 enebepyaotés.
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[SGI] Np =4 [SGI] Np=1
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25} 1 8 1
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&2 1 3 1
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1.5 1 1
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n = 80
1r 1 1r 1
8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptiioeic Bdoewe avd Ievpd (N) Yuvaptijoeic Baoewe avd Ievpd (N)
(o) SGI - Speedup (Ax = b). (B") SGI - Speedup (Computation).
[CM] Np=4 [CM] Np=4
T T T T T T T T 5 T T T T T T T T
N
4+ —O—n=38 9 - / N\
—O—n=16 457 ]
- —l—n=24
351 o | ar |
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] o 1 8 35k i
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a5t 1% Ll ]
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N
T | 151 1
0.5F 1 1k n =80 i
- . . . . . . . . . . . . . . .
8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptiioeic Bdoewe avd Ievpd (N) Suvaptiioeic Baoewe avd Ievpd (N)
(¥") CM - Speedup (Az =b). (8") CM - Speedup (Computation).
[CG] Np=4 [CG] Np=4
T T T T T T T 5 T T T T T T T T
Fa
i | 451 ' 1
35¢ 1 0 <
=
:"3‘\ 3F | § 351 |
Zo25f 1 &
NJ 5 9 |
= | €
§ & 2.5 1
2, s
@ 15t 18 Ll |
=
0N
g ] L5t 1
0.5 1 1k n =80 i
- . . . . . . . . . . . . . . .
8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptioeic Bdoewe avd Ievpd (N) Yuvaptioeic Bdoewe avd Ievpd (N)
(e") CG - Speedup (Az =b). (¢") CG - Speedup (Computation).

Ixnua 8.4: To speedup ywa tny emnidvon tov ypappikol cvotiuatos (apotepri otriAn) ya 4 eneéep-
yaotés. To speedup extédeons twv viodoyoudy (6ebid otiAn) yia 4 erebepyaotés.
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[SGI] Np =38 [SGI] Np =38
N T T T T T T —
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8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptiioeic Bdoewe avd Ievpd (N) Suvaptioeic Baoewe avd Ievpd (N)
(o) SGI - Speedup (Ax = b). (B") SGI - Speedup (Computation).
[cM] Np=8 [cM] Np=8
8t 1 of :
—O—n=38
—O—n=16
T —m—a=u ] 81 1
—O—n=32
L n=40 1 = 7t 4
6 —m—n =48 E
= B n=56 5
LL 51 —O—n=64 1 = 6 ]
NS —A—n="72 %“
n = 80 5F m
& ar 178 7
3
& 3f 1 ?8
& st 1
ot i
) oL |
1r M b
[ s J
0 : . . . . . . . . . . . . .
8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptiioeic Bdoewe avd Ievpd (N) Suvaptiioeic Baoewe avd Ievpd (N)
(¥") CM - Speedup (Az =b). (8") CM - Speedup (Computation).
[CG] Np=38
8t 1 of :
Tr g 8 q
6 1 35 U 1
—~ =
) 3
st 1 £ of 1
],
2 =
= af 1S 9 1
T 2
g Sy J
& of 13
& st 1
ot i
oL J
e i
s J
o LT . . . . . . . . . . . . . . .
8 16 32 64 128 256 512 1024 8 16 32 64 128 256 512 1024
Yuvaptioeic Bdoewe avd Ievpd (N) Yuvaptiioeic Bdoewe avd Ieved (N)
(e") CG - Speedup (Az =b). (¢") CG - Speedup (Computation).

Ixnpa 8.5: To speedup ya tny emidvon tov ypapuikol cvotiuatos (apotepri otriAn) ya 8 eneéep-
yaotés. To speedup extéleong twy vnodoyioudy (bekid otriAn) ya 8 enebepyaotés.
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enelepyaotéc. Mdhota yio Tic dhhec Suo peydhec mepintwoec (N = 1024) yien = 8 xou
n = 16 to speedup mpoxtind tawtilovot.

e CM/CG: To speedup yla v eniAluon tou cuoThAuatos Yia 2 enelepyaotéc elvon YeYohiTE-
00 NG Povadac extoc amd Tic (uxpée) Tepinttwoec (n = 8,16, N = 8). ‘Oco avidvovton o
enelepyaoTéc TOG0 AUEGVOVTOL XAl OL TEPLTTWOELS Yia TLC oTtolec To speedup elvon pixpoTe-
p0 g povédac oo CM (m.y. v Np = 4 1o pod npofhfuata €youv speedup < 1 eved ya
Np = 8 twa 5/8 twv npoflinudtwy éyouy speedup < 1). To npdypoto BeAtidivovion otny
neplntwon tou Gigabit dixtiou CG 6mou yio speedup UxEOTERO TNE LOVADUC THEATNEEITOL
uovo v tepintoelg 6mou N = 8, 16. I'evixd napatnpolye, uio avodixr tdor tou speedup
YLor 6AoL ot TONDYWwvaL 660 awEavel To N extde and tny mepintwon (n = 24, N = 1024) yu

dVo enelepyaotéc xou téooeplc enclepyaotéc (oto CQG).

e CM/CG: I duo enelepyaotéc, oe pepéc mepintioels (t.y. oto 40-ywvo yioo N = 512)

éyoupe unepypapux6 superlinear speedup. -

e SGI/CM / CG: To speedup exTtéAeomc TwY UTOAOYIOUWMY QoiveTon Vo aUEEVEL TPOOJEUTIXS.
660 ou&dver To N yior bha T Tohdywva extog and Ty tepintwon (n = 24, N = 1024).
Ye apxeTéc TEPITTAOOELS eUpavileTon UTERYPUUUIXO speedup WOLTERO GTNY TEPITTWOTN TV

cluster (CM/CGQG).

e SGI / CM / CG: O Adyog T0oU YpdVOU ETUXOVGVING TPOS TOV YPOVO EXTEAEOTC TWVY UTO-
AoYLoP@Y xou yior x80e Tohbywvo, opyixd audvel (uéypt N = 16 4 N = 32) xou xotémy
pewdveton. H pelwon autn @tdver xou péyper povodngia voiuepa yior to SGI xau o cluster
otV TeplnTwon Ty duo enedepyacTtdv.” Xtny meplntwor tou CM 1) pelworn petd Bloc
@pTdvel to 50% v 4 eneepyactéc evdd Yo 8 enelepyacTtéc o AGyog dotnpelton mdvta
méve and 100%. Ltnv mepintwon tdpa tou CG ta npdypata eivan capds xahdTepa Aol
yio 4 ene€epyaotéc 1 Yelwon @Tdvel xdtw omd 1o 20% yio UEYANES TEPLTTAOELS EVE Yiot 8
enelepyaotéc N pelwon avépyetal 6 T0c00TA X4t Tou 50% yioe N = 512 xou xdte tou
22% vy N = 1024.

IMopatripnon 8.1 Ye uepikés mepintwoes o xpdvos emidvong tov collocation ovotnuatog ya
n = 64 elvar pukpdrepos and tov xpdvo emilvong yia n = 56 ya ta idww N (n.x. SGI ya 1

enekepyaotry kart N = 16). I'ia Ty diepedvnon avtod tov Jéuatog tapadérovue tov nivaxa (125)

1 Aéyovroc unepypopuxd speedup evvoolpe speedup peyahhiepo tou optduol twv enelepyactdv. Auté av xou
Oyt 1600 cuvrdiopévo anavtdtar TOAES Qopés o TapdhANAc TEoYEduuaTo xou opelleton xupltng oTny xahitepn
0pYaVLoT) TV TEdEewy ou pnopel vo emitlyel o compiler (m.y. Mydtepec avapopés oty xUpLol Uviun) xon Oyt
oty Uelworn Tou GUVOAXOU ool Twy TEdEewy xvntrc utodiac ToAic. ‘Eva eZoupetind napddelypo ovopépetol
o710 oto [PARS6].

2 Ac uneviuuicoupe €8 6Tl 0 xdde x6pfoc tou cluster amoteleitan ond duo eneEepyYUoTEC XL EMOUEVRS OTOY
éva TpOYpaUa exTEAElTOL oE Buo emelepyaoTéc Tou cluster Bev uTdpyel avdyxn emxovwviae YEow Tou ToTUXoD
duethou.
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TOU TEPLEXEL TOV XPOVO €KTEAEONS TwV UTOAOYIoUwY yia n = 56 ka1 n = 64 . Amé avtov tov
mivaxa PAémovpe ot ya pkpd N o xpovos ektédeong twy vtoAoyioudy ya n = 64 umopel va
elvar kpoTepos ané tov xpovo yia n = 56. Ild§ umopel va ovuPaiver kdn téroio o€ pia dpeon
pédodo emilvong ypappukdy ovotnudtwv; H andvtnon Bpioketar otov FFT. O FFT(n) uropel
va Uewpnlel wg évag ypryopos alydpidpos ya tov moAdatdaoiaoué tov mivaka Fourier tdéews
n pe éva didvvoua n Béoewv. To méoo ypryyopos elvar Suws ekaptdtar dueoa ané to n. Av to
n efvar Svvaun tov 2 tdéte o FFT(n) npdyuaett eivar tng tdéews nlogyn av duwg to n dev efvai
dUvaun tov 2 tote o FFT(n) dev elvar, anapaitnra, td€ews nlog, n 1j eivar tdéews nlog, n aAdd
pe peyaitepn otalepd . Yeny mepintwon uag kdvape éva melpaua exteddvtag tov FFT(n) ya
didgopes Tipués toun. Ta anotedéouata paivovtar oto oxnua (8.0). Andé avté to oxriua gaivetal
EexdOapa yati avtd to gawduevo mapovordletar puévo oo Levydpr (n = 56,n = 64). Tati duwg
avtdé to pawouevo eupavitetar uévo ya pkpd N; Aidt yia peyddla N o xpoévog emilvong twy
n ypapupuikdy ovotnudtov [Briupe C3/K3] vrepBaivar katd moAV tov xpdvo unoAoyiopol tou
nivaxa J [BApa C2/K2](exel eppavitovtar oo N* FFT(n)) pe arotéeona va efaveutletar n
onowe drapopd otny taxvtnta twv FFT(64) o€ oxéon pe tny tayvtnta twv FET(56).

IMapatvenon 8.2 Ia va pmopéoouvue va extiunoovue kaAitepa tny arédoon tov akyopiiiov,
Ja fitav xprioo va Eépoupe Tous emipépous xpdvous Tou kdle Bripatos (yia tov oeipakd kar tov
napdAAnio akydpiduo). I'a dvo mepintdoeas (n = 8, N = 512) kar (n = 80, N = 512) avrof o1

empépous xpdror paivovtar otov mivaka (126). Fukola pmopolue va napatnproovue ta e£ng:

o Ta Bruata C1/K1 kot C4/K4 katavakdvovr modd Afyo xpdvo (Aydtepo and to 1% tou
aouvolikoU xpdrou). Auvtd onuaiver 6t to Priua avté dev abiler va mapaddnloronlel -
T0 KOOTOS Ya TNy avtaddayn dedopévwy mbavotata Oa ekundévile kdOe képdog amé tny

TaxUtepn extédeon twy mpdéewv (BAére kéotos Bripatog T4).
e Ta mo daravnpd Pripa eivar to C3/ K3 dnkadrj n emilvon twv n ypappukdy ovotnudtwy.

e Yo CM, étav xpnouonowolue 4 eneéepyaotés ta pnuata T'1, T2 ka1 T'3 elvar téoo danavn-
pd 6oo ka1 to Priua K3. Av xpnopororrjoouue kar tous 8 eneepyaotés (dnAadry kai toug
Téooepi§ UToA0YI0TES TS ovotddag) Ta fripata T1, T2 ka1 T'3 elvar oxedov Tpes popés mo
axpifd amé to prjua K3, e anotédeoua o TeEPIoTOTEPOS XPOVoS TNS €MAVONS va avaAioketal
oty avtaAdayn dedopuévewy kar ox1 otous kalapols vrodoyiouols. Ytny mepintwon tov
CG 7o kéotos twv Bnudrwy T1,T2 ka1 T3 elvar ukpdtepo and to éva tpito Tov XpPOovou
Tov Bnpatos K3. Edd gaivetar EexdOapa to képdog mov umopel va éxouue ané tny xpnon

diktiwy VPNAdY tayutitwy ya tny diaotrdeon twy kouPwy €vog cluster vToAoyioTay.

Ioapathienon 8.3 To pripa C2 wov (oeprakot) akyopidpov uropel va Jewpnlel bg dvo Eexwpr-
otd Pripata: to Prue C2p (o1 petatéoes) kar to Pripa C2f (o1 FFTs). Kdrowog Oa mepiueve ol

3 Avo odyéprduol unopet vo ebvan e (Blog tEenc ol 0 Ypbvoc Yio TNV extéheot) Toug va dapépet. 1Ly,
0 ypbdvog extéheonc evoc aiyopiduou mou anautel 2N npdéelg etvor, Yewpnuixd, dinhdoloc and Tov Ypdvo VO
dMhou ahyoplduou tou anawtel N mpdéeic napdho Tou xou ot 0o ahydprduot eivar O(N).
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/. V4 / e V4 z 7/ /. z /.
FFTs va elvai apketd mio oaravnpol ané tg petadéoers. Avto duws dev ouuPaivel, onws gaivetar

amé tov mapakdtw Tivaka.

Xpovos Bnudtwy C2p ka1 C2f
(n=48,N = 128) [C2p |C2f
Origin (Np=1) 0.154|0.149
Andromeda (Np=1)|0.064|0.063

H napardvew ovurepipopd elvar ovvdvaouos tov yeyovotog ot o FFT efvar moAd "oOnvig” evad

n petdleon eivar kdnws “nepimAokn”.

Iapatvenon 8.4 H uéodos FFTinv emAde ypaupukd ovotiuata. H moAvmdoxdtnta Oucws
™S petodov Oev efaptdtar arokAciotikd ané to uéyelog Tov Ypaupikol ouoTnuatos aAAd amo
g mapapérpous n kar N (napdypagos 7.1.2 ). Avté gaivetar moAd kalapd oo oxripa (8.7¢).
To evdagépor elvar 6t1 avtn) N oUUTEPIPopd datnpeital ka1 oTNY TEPITTWOT) Tou mapdAAnAov
alydpidpov akdua kar otny mepintwon ovotddwy vrooyotdy (oxnuata 8.78] kar|8.7y! ). Ila-
patnpnote 6t unopel va vrdpéovy mepintoes (t.y. (n = 8, N = 512),(n = 64, N = 128))
omov 1 emilvon €vos ovotniuatos 2M X 2M elvar katd moAU tayUtepn amd Tny €miAvon €vog
ovotiuatos M x M. Avti n ovurepipopd dev napatnpetrar otny LU decomposition kai (ya

YerikoUs Tivakes) oUte 0TS €navaAnmTikés puelidous.
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(n=56,64) Xpovog EktéAeon¢ twv YrnoAoyiouwv (oe SeutepdAenta)

ITivaxag T25: SGI/CM/CG - O xpéros ektédeons twy UTOAOYIOUDY Ya TIS TEPITTDOES TwY TOAU-

yovwy pe 56 ka1 64 mAeypég kar ya ta tpia vrodoyiotikd ovoTHuata.

FFT
1071 T T T T T

,_.
2
V]

Xpbvoc Extéreonc tou FFT(n)
=
|

10_4 I I I I I
8 16 32 64 128

Awdotaon tou Iivaxa Fourier (n)

Yxnua 8.6: O xpdvog extédeons tov FFT(n) tns PifAwodrikng FFTPACK ya Sidgopes tiués tou n. Me
€YTovo TPAoIVo XPOUA EYOUUE ONUEIOTEL TO XPOvo Yia OUVAUES TOU 2 €vd L€ KOKKIVO TO

XPOvo yia n Tov éYOULE XPNOIUOTO0EL 0Ta TEPduaTa.
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(n=8,N=512) Xpovog twv Bnudtwv (oc ScutepoAenta)

| sat [ ev [ cc |[sa | cm | c6 |

o0 |
i35 | o1s2 [ k@ | 0768 | 05 |

T

T

T1 1.481 | 0.228 2.145 | 0.296
T2 0.177 | 0.056 0.169 | 1.426 | 0.321 0.172 | 2.126 | 0.225

T3 1.413 0.153 2.291 | 0.212
T4

T5 0.178 0.139 0.119 | 0.098
(n=80,N=512) Xpodvog twv Bnudrtwv (oe SeutepiAental)

]
| cm/C6 | Bripa| | sa1 | em | c6 |
| k1|
| 18398 | 2063 [ k2 | 9.296 [13818 | | 4
| k3 | 24,613 [24.

14.893 21.529
T2 1.428 | 0.531 1.662 |14.456 | 1.583 1.684 |21.463 | 2.281
14.147 21.347

| Ka |
T1 g g 15.33
T2 1.09 0.56 2.02 14.76 5.33 3.67 22.90 6.55
T3 J b d 14.63 2.55
T4

T5 184 | 231
(n=80,N=512) Xpodvog twv Bnudtwv (emi % tou

]
[ ow/c [Bipa|_sar_] awjco |

| k1|
| 573 | 150 [ k2 | 573 | 1203
| K3 |

T2 0.88 0.46 1.97 | 14.52 2.56 3.44 | 23.19 6.41

ITivaxag T26: SGI/CM/CG - O xpdrog nov anaiteftal yia tny eKtéleon twv emuépous nudtwy twy
aAyopiducwr (8.1) ka1 (8.2) ya ug nepintdoes (n = 8, N = 512) ka1 (n = 80, N =
512) ka1 ya ta tpia vrodoywotikd ovotiuata. O mpdtos vronivakas tapovordlel Toug
amOAUTOUS XPOroUs, T€ OEUTEPOAETTA, €ve) 0 OEUTEPOS TO TOTOUTG TOU XPOVou Tou kdle

Brpatos ws mpog To TUroAikd xpovo touv akyopidpov.
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[SGI] O Xpdvoc Eriduone tou Ieoyuixol Tvotriuatos

[CG] O Xpdvoc Eriluone tou Ipoyuixol Tuotiuatog

=5 Cn=s
En=16 =16
[COn=32 [COn=32
COn=04 C =064
o [ ] > ]
E E _
< <
S— — S— -
v W
N S
X X
? ]
= >
Jlﬂl_l | | | Hﬂ | ‘ |
1024 2048 4096 8192 1024 2048 4096 8192
Méyedoc HeofAruaroc (n x N) Meéyedoc HeofAruaroc (n x N)
(o) SGI - Np=L1. (B) CM - Np=4.

[CM] O Xpdvoc Eriduone tou Tpauuixot Xuothiuatoc

Cn=3
=16
Cn=3
Cn=064
<
: —
< _
S—
G
N
S
b
1024 2048 4096 8192
Meéyedoc HpofAuaroc (n x N)
(¥)) CG - Np=s.

Xxnua 8.7: O xpdvog emidvong tov ypappikol ovotiuatos yia didgopa jeyédn mpofAnudrwy.
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8.3 uunepdopota

20UPuva UE OAN) TNV TOROTAVE AVIAUGCY] UTOROUUE VO CUUTIEQREVOUUE OTL 1) dUECT] u€V0odOog
FFTinv ynopel va noparinhonoinel anoteheoyotind Oyl UOVO OE UNYAVES XOWNG UVAUNG ARG
XL 0 cUCTAdES unyoaveyv. Ilopatnerooue 6Tl 1 EMTAYUVOT TWV UTOAOYLOUWY, YLl UEYSAES
Tepintooes POdver Ty BérTiotn (Tov aptdud Twv enelepyaoTHOY) EVEK 1) ETLTEYUVON Yol TNV
AOom Tou cucTHUNTOC TANGCLALEL aAAG Bev pUdveL, ev Yével, TNy Béktiotn. Enlong o Aéyog Ttou
YEOVOU ETUXOWVOVIC TPOC TOV YPOVO EXTEAECTC TWV UTOAOYLOUWY, LOLUTEQO GTNY TERITTWON
oTNV TEPIMTWOT NS dlaouvdedeuévng ue Mbps dixtuo cuctddag, dev elvon T6G0 Uixpds 6co Yo
VENoE.

And 1o amoTEAEOUATO TTOU TOPOUGLACOUE EVOL TEOPAVES OTL YL TNV TEpauTEéPw PEATiwoT Tou
TapdhAnAou ahyoplduou xavelg Teénel var ETAUCEL AmodoTIXd TO TEOBANUA UETAUPORAS DEBOUEVLY,
TEOBANUA TO 0Ttolo Vol AVTIUETWTICOVUE GTO UEAROV.
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Kegdiouo 9
Ydnine TdEnc XOyxAion

H nutovoedrc Bdon (3.4) elvan, xatd xdmowo évvola, 1 " guoxry” emhoyy| Bdong yio Ty
apriuntx teocéyyion tng Dirichlet to Neumann anewdviong Aoyw tne otevig oyéong tne e
Touc dtaxpLtole petaoynuatiopole Fourier mou epgpavilovtoan oty (2.42). And v pepld dpwe
e Yewploc mpooeyyioewe auty 1 Bdon dev etvon Bértiotn. To epdtnua mou tideton efvon av n
oUyxMon tng Yedodou unopel var BEATILUEL YENOLLOTOLWVTAS ULl OLUPORETIXT| ETUAOYY| CUVOQTY-
oewv Bdong m.y. moAuwvuuxés ouvapthoels Baone. Xto [FEX03] avagpépeton 1 yenowonoinon
younhol Barduod tolvwviuwy (roof functions) yio v uédodo FFX. Auth n emhoyy| odnyel oe
HEYOROTEQO CQIAUOTA OO TNV NULTOVOELDT| BdoT. 210 Tapdy Xe@dhato Vo YeNoUOTOL COUUE
¢ ouvapTtrhoel Bdong moAumvupa tpospyoueva and ta Chebyshev moAudvupa mpwtou eldoug
[AST64, [CRCO3]. Oa detfouye 6Tt auth N emhoyn Bdone Behtudver xotd modd to pudud cly-
xhong tne pevodou [SEES).

[o v emhoy?| Twv collocation onuelwy Ya yenowonoicovue ty SFFS yédodo. BéBoua
Ta Otarywwviar uAox tou collocation mivaxa dev Yo elvon point draryviol ivoxeg dmwg Aoy TNy

TeplinTewon TN NUToVoEoLE Bdorg.

9.1 Chebyshev Bdon

Ta mohucvupo Chebyshev mpdtou eldoug optlovton and tnv oyéon
T, (x) = cos (narccos x) n=20,1,2,.... (9.1)
O pévog EpLoplodS TIOU EYOUE OTNY XATUOXEUT TwV cUVapTHoEWY Bdone elvan o (2.40)
o (=) = ¢ () = 0,

Onhadn oL cuvoptroels Bdong meénet vo undevilovton otar dxpa Tou dlac ThYoToS [—m, ], Mia

OXOYEVELL CUVOPTAOEWY BACTC oL IXavoToLEl AUTOV TOV TEPLOPLOUO Elvol M)

o (5) = T (f)—To(i) , Ti1,3,5,... ’
TT+1(E)_T1(;) , r=2,4,6,...
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1} LoodUVoAL

2_

1.5F ¥2

’ / /4 7 /7 7z 7 /
Yxnua 9.1: Or ntodvwruuikés ovvaptrjoes fdong mov napdyovtar and ta moAvdvuua Chebyshev mpd-
Tovu €idovs. Ilapatnpriote ot 6oo avédver to r téoo av€dvovtar or "tadavtioes” Twy

OUVaPTHOEWY.

9.2 Apuduntixd AnoteAéopota

I tov €heyyo tng anddoorg tng Chebyshev Bdong €youue emAboel tnv Dirichlet to Neu-
mann omeoOVIoT O ol TATHOE XAVOVIXMY %O U] TOALYWVOY Xl YLot TARU0C CUVIPTACEWY
Bdone N = 2,4,6,8,10,12, 14,16 ye Tic (diec (Dirichlet) cuvoplaxéc cuviixes oe dheg Tic Theu-
eéc. H avohutinr Aoon tng dlpoprc e€lowong mou emAVOUUE, 1) YEOUETPI TWV XOVOVIXWVY
TOALYDOVGLY XS XAt TO GYETIXO GPAMIOL TOL YpNOoToloVYE elvar 6Twe otny napdypagpo (4.1).

OL x0puUPEC OAWY TWV UN XAVOVIXWY TOALYWVKY Beloxovton méve otnv éAeudn
2 2
z Y
T
5 * 2

eV Ta W xavovixd ToAOYwva elvon otpoppéve xatd 0.2 (xatd tnv Yetixr popd). Xto oyfua

7 ’ ’ ’ ’ ,
(9.2) Seiyvouye, evdextxd, téooepa ond oUTA.
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4 al
3 3
2t 2
1 1t
0 0
1t -1
b -2
3} -3
—al -4
- 0 5 -5 0 5
(o) Mn xavovixd ToAdymvo Ue 8 Theupéc. (B") Mn xoavovixd moldywvo pe 12 mheupéc.
4 4
3 3
2t 2
1 1t
0 0
-1t -1
-2t -2
3l -3
-4t -4
5 0 5 - 0 5
(v") Mn xavovixd mohdywvo e 19 theupéc. (8") Mn xavovixd Tohbywvo pe 24 mheupéc.

Xxnua 9.2: Ta un kavovikd noAUywra ya tny pedétn tng Chebyshev Bdong .
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Yo oyfuoro (9.3) xon (9.4) gaivetan n peiwon tou oxeTxol GPIAUATOC GUVIPTHOEL TOU
TAfdoug Twv cuvopThoewy Bdone avd Thevpd (N). Ou DXEXOUUEVES YROUUES OTA OY AT
elvow oL evlelec y = %x Y = (%)Qx Ny = (%)?@

Fevixd mopatnpodye wor onuovtixny| Behtionon Tou oQIANIOTOS, GE OYEON UE TNV NULTOVOELDY|
Bdon. MdaAcTo 0NV TEPIMTWON TWY XAVOVIXMY TOALYWVGLY 0 pLIUOS UElONS TOU GPIAUATOC
qotveton va elvon exdetindg. Xe xdde mepintwon maving 1 TdEn obyxlong tne pedodou etvou
UEYUADTERY) OO BUO. 1ToL XOVOVIXA TOADYWVAL XL GTIC UEYAAEC TEQPLNTOELS TORATNPOVUUE EVAL
breakdown tng cUyxhong. Autd elvon mdavoy vo ogelleton oe o@dlpata 6TEOYYOAELONS TOU
UTELGERYOVTOL GTOUS UTOAOYIoUOUS (mapartneeiote 6Tt WAdpe yia o@dhpora tne téews tou 1E-
13). Auté 1o breakdown dev epgaviletar oo pn xovovixd ToAOYwva GTou 1 T8EN TwY GQoAIETELY
elvan oo peyoliTepn.

O Beixtne xotdotoong tou collocation mivaxa (oyfuoro 9.5 xou 9.6) awEdver 660 avdvet
xou To TAdog Twv cuvapthoewy Bdone. T tar uxed (n < 12) xovovixd mtohdywva elvon tévta
wxeotepog amd 500 eved yiar Tor xEd U xovovixd ToAOywva elvon Tévta wixpotepog and 1400.
I peyohitepa TOAOYWVA TOLPVEL AEXETE UEYIAES TUIES O ELOLXE OTOL U1} XAVOVIXE TTOAUYWVOL.
[Tdvteg, ota un xavovixd mohdywva, dev golvetan va etneedlel TNV oUYXAom Tng Yevddou ago,
omwe otveton and to oyfua (9.4) n uédodog cuyxAiver opahd oxdua xon GTaL UEYAAA O ORES TIC

TEQLITAOOELC.
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Kavovixd IloAywva - Dirichlet BC (SFFS)

Yyetrnd Xpddpa (Ex)

o | ég—

1071 )
101
Yuvaptiioeic Baoewe ava IIheved (N)

Yxnua 9.3: To oxetniké opdApa tng pedédov SFES ya kavovikd noAUywra pe Chebyshev ovvaptrioes

Bdons ka1 Dirichlet ovvopiaxés ovvnies.

Mn Kavovixd HoAUywva - Dirichlet BC (SFFS)

10? -
L NN
0% e I
o107 R N T
e s
St TN, NG
N
N —A—n=3
2 —B—n=14
\g 10767 —f—n=>5 7
E ——n=6
~ n =38
Lq 10787 A =12 T
0 n=19 AN
e n=24 -2
1010 F CEX o n =31 g‘:i,} i
n =36 “A
R
107" '

10!
Yuvapthioeic Baoews avd IIheued (N)

Yxnua 9.4: To oxetikdé opdAua tngs pebdédov SEFFS ya un kavovikd moddywra pe Chebyshev ovvap-

toeg fdong kar Dirichlet ovvopiaxés ouvvinie.
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Kavovixd IHolUywva - Dirichlet BC (SFF'S)
10° T

Aceixtne Kardotaone (keo)

10*
Yuvaptiioes Baoews avd ITievpd (N)

Yxnua 9.5: O delktng Katdotaons Tov Tivaka Twy TUVTEAEOTOY TOU YPappikol oUOTHUATOS Yid Ta
kavovikd moAUywva pe Chebyshev ouvvaptioes Pdong, vmodoyiopuévos pe tny evtoAn
cond (4, inf) tng Matlab.

Mpn Kavovixd ITodbywva - Dirichlet BC' (SFFS)
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Yuvaptioec Bioewe avd ITevpd (N)

Yxnua 9.6: O Oeiktng katdotaons Tov TVAKa TwY OUVTEAEOTWY TOU YPAUMIKOU OUOTAMATOS Yid T
un kavovikd noAUywra pe Chebyshev ovvaptioes Bdons, vnoAoyiouéros pe tny €vToAn
cond (4, inf) tns Matlab.
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9.3 Xuunepdopota

To cuunépacua mou Byaiver amd ta Topamdve efvon ot efvor Suvaty| 1) yeNoLLoToinoT xou AWy
cuvopETHoELY Bdone Tépa amd TNV 7 puolx” emAOY T oL €lvol oL NULTOVONBELS cUVIETHCELS Bdomg.
Mdéhota 1 ouyxexpévn emhoyr (Chebyshev) poc diver mohd xohltepn TdEn olyxhione e
ue¥6d0u xa ool xavovixd (oyeddy exdetinr) xar oo un xavovixd (eyohhTepn and TETEOYLVIXY)
mohbywva. H emhoyn xatdhinhwv cuvapthoeny Bdorng napauevel Eva Yéua avolytéd yior UEAETN

ue to omoio Ya acyoAnolue oTo UENOV.
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Kepdiowo 10
Y IVUTEQAC LT

Yy nopodoa dlatel) aoyohndixoue Ye Ty veoeoay oo pédodo tou Pwxd yio Ty emi-
AUGT) YROUUUIXWY XOL U1 YEOUULX®Y 0AoXANeGoiuwy Mepixwv Alagpopixwy Eicthoewy. Xxondg
pog Aoy 1 UeAETN TNe aprduntixdc pedodou xou ooy TEOBANUA LOVTEAD YENOWOTOLACOUE TNV
elowon tou Laplace o xhelo1d xUpTd TOALYWVIXA ywelo. Ocwpriooue Tuyaieg cUVOPLIXES
oLV XES OTIC TAEUPES TOU TOAUYWVOU ol Olaécou Tng yevixeuuévng Dirichlet to Neumann
aneoviong unoloyioope aprduntixnd tic "xddetec” dyvwoteg ouvoploxée cuviixes. H yvoon
TWV BUO AUTAOY " UAVETWY” GUVOAWY GUVORLAXWDY CUVITXWY EVOL UEXETH YLl VoL HOIG BWOOEL TNV
Aoom e Sagopixic e€lowone oto ohvopo Tou TOAUYWVOL. MECW YVWOTWY OAOXANEWTIXGOY
UETAOY NUATIOUAY €lvor duvath xou 1 edpeon Tng Abong e Slopopixiic e&lowong 610 ECWTERIXO
TOU TTOAUYMVOU.

H opuduntuen pédodog €yel duo Paduoie eheudepiog: v emhoyr twv collocation onueiwy
xadwg xou TNV emhoyr Twv ouvapthoewy Bdone. Euelc mpotelvouue Pehticdoelg xon yior Toug
dvo awtole Badpole eeudepioc. EmiéEape éva Slapopetind oivoho collocation onueiwy (SFEFS
eTAOYR) T0 omolo odnyel oe, otodepn, TETPUYWVIXY CUYXANON Yl XUVOVIXE Xou U1 TOADY -
va.  Emione xataoxevdoaye xou éva dlapopetind olvoho cuvaptioewy Bdone (Bootopévo ota
Chebyshev mohudvupa lou eldouc) 1 yeron tou omolou odnyel ce oyeddv exdetinr) cUyXhL-
o1 NS HeYO00U GTA XAVOVIXA TOADYWVOL Yol TEAVTWS UEYUADTERY MO TETEUYWWLXY| OE OAEC TIC

TEQLTTOELC.

Melet@vtag didpopeg emavalnmtixég uedodoug yio Ty entAucr tou collocation ypouuixol
CLCTARATOS XATOANEUE GTO ouuTEpaopa OTL 1) TaOTEEN XU acoréaTepr uédodog, oTnV me-
elntwon mou To moAuYWWVIXO Ywelo oTo omolo Abvoupe TNy dlapopixt| e&lowor elvan xavovixod
TOAOYWVO o €xoupe (Blou TOToU cUVOELIXES CUVITXES O OAES TIC TAELEES, elvan 1 un Tpopul-
wouévn Bicgstab. Xnv meplntowon twv un xavovixwy ToAUYOVOY, AOY® TwV TOAGY Blapo-
PETIXAV YEWUETPIXWDV UORPAOY EVOS UN-XAVOVIXOU N—Y®OVOU, elval XAmewe Tedweo vo Bydhouue
YEVIXE CUUTIERAOUATOL YLOL TNV CUUTIERLPORE TWYV ETOVOANTTIXWY YEVOBWY.

H npooextixn pehétn tou collocation nivoxa amoxdiude pépog tng mhovotog dourg Tou. XNy

TEPIMTWON TV XOVOVIXWDY TOAUYOVWY UE TS (Bleg cuvoplaxés cuviixeg oe OAEC TIC TAEURES O
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Tivoxog ebvon umAdx circulant eved 6Ty o TNV TERIMTWOT TWV BLAPOPETIXDY GUVORLIXWY GUVITXWOY
o Tivaxog uropel vor Ypael we ouvduaouog duo UG circulant mvdxwy ye Tic otadepés va efvou
OLYVIOL THVOXEG. 2TNY TERIMTWOT TOU TETRPAYMVOU UE (BlEC cuVOopLIXES GUVITXES OE OAEC TIC
Theupég M umhox circulant yopgy| Tou collocation nivaxo poc enétpede TNy ebpeot) Tou QAGUATOC
Tou Ttivaor XS %ol TOU PACUATOS TWV BUoIXWY ETAVAANTTIXDY UEFOOWV.

H ymhéx circulant popgn tou collocation mivoxa pag odrynoe otny mopaywyy| WS GUECTS
uev6dou enihvone tou (FETinv). H pédodoc auth 0dynoe oe onuavtiny| ueiwon tou ypdvou
emihuone (O€ PEYIAES TEPITTWOELS QUTH 1) Uelwon umopel vor avéllel 6e T0000 TS PeYANITERY TOU
99%).

H apuduntiny emfhvon e yevixeupévng Dirichlet Neumann omewxévione oe mohdywvor ye
UEYdho TANOOC TAELPEY UTOPEL Vo OBNYNOEL OE YEOUUXA CUCTAUNTA TWV OTOlWY O YPOVOS
enthuone elvon oyetixd yeydhoc. e auth) TNV %xotedYuvor aoyOANINUOUE UE TNV XATUOXELY
evog TapdAAN oL olydprduou yia TNy dueor pévodo FETinv xatahryoviag oto cuumépacyo Ot
N pédodog oty umopel v mapaAAnhonoetdel amoTeAECUATING Oyt WOVO OE UNYOVES XOWAC UVAUNG
oA 1o oE BixTUOL UTOAOYIC TV TNg TEENS Tou evdg Gbps.

Duowxd undpyouy onuavTd VEuata, 000 aPopd TNV aEWUNTIXY EPopUoYY) TS Uedodou
Pwxd, to onola yprlouv mepartépw YEAETNG xou eLEATUO TOVUE 6TL Vo aoyohndolue Pe oauTd 61O

dueco uélhov. Ilepinmtind avopépoupe:
o Avodutin| uerétn tne ovumeplpopds tne Chebyshev Bdorng.
o Elpeon xahltepwv Bdoewy.

o AvohuTixr) UEAET TNC CUUTERLPORAS TWV ETOVOANTTIXWY UEVABWVY Yo TNV TERITTWOT TwV

UT] XOVOVIXGY TIOAUYWVGY.
e Elpeon tou douatog tou collocation mivanca.

o Aoyt xau 1B16TNTEG Tou collocation mivoncar Yior xavovxd TOADYWVOL UE DAPORETIXES TUVO-

pLaxeg cLUVUTXES O xde TAEUEAL.

o Mehétn xou elpeon amodoTix®Y oAYoplUU®mY Yiot TNV TERITTMON TWV U1 XAVOVIXGOY TOAU-

YOVWY - TV XUTNYORPLOTIOMOY) TWV U] XOVOVIXWY TOAVYOVOV.

e Beltiotonolnon tou mapdhiniou alyoplduou pe tepantépw PelwoT ToU XOTTOUS ETUXOWVWL-

viac.
o Enlluon yevixdtepwv yeauuxdv EXheintixay HpoBinudtwy Xuvoploxmy Tiudov.

o EZétaomn Supopetinmdyv tpdmwy enthuone tou collocation nivaxo AowfBdvovtag undd Tic

ACUUTITWOTIXES OLOTNTES TOU.
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Abstract

A new approach for analyzing boundary value problems for linear and for integrable nonlinear PDEs was introduced in Fokas [A
unified transform method for solving linear and certain nonlinear PDEs, Proc. Roy. Soc. London Ser. A 53 (1997) 1411-1443]. For
linear elliptic PDEs, an important aspect of this approach is the characterization of a generalized Dirichlet to Neumann map: given
the derivative of the solution along a direction of an arbitrary angle to the boundary, the derivative of the solution perpendicularly
to this direction is computed without solving on the interior of the domain. This is based on the analysis of the so-called global
relation, an equation which couples known and unknown components of the derivative on the boundary and which is valid for all
values of a complex parameter k. A collocation-type numerical method for solving the global relation for the Laplace equation
in an arbitrary bounded convex polygon was introduced in Fulton et al. [An analytical method for linear elliptic PDEs and its
numerical implementation, J. Comput. Appl. Math. 167 (2004) 465-483]. Here, by choosing a different set of the “collocation
points” (values for k), we present a significant improvement of the results in Fulton et al. [An analytical method for linear elliptic
PDEs and its numerical implementation, J. Comput. Appl. Math. 167 (2004) 465-483]. The new collocation points lead to well-
conditioned collocation methods. Their combination with sine basis functions leads to a collocation matrix whose diagonal blocks
are point diagonal matrices yielding efficient implementation of iterative methods; numerical experimentation suggests quadratic
convergence. The choice of Chebyshev basis functions leads to higher order convergence, which for regular polygons appear to be
exponential.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

A new approach for analyzing boundary value problems for linear and for integrable nonlinear PDEs in two dimen-
sions was introduced in [5,6]. This approach was developed by several researchers, and has led to the emergence of a
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new method for solving boundary value problems. This method involves two novel features:

(a) Ityields an analytic representation of the solution in the form of an integral in the complex k-plane.

(b) Itcharacterizes a generalized Dirichlet to Neumann map through the solution of the so-called global relation, which
is an equation valid for all complex values of k, which couples specified and unknown values of the solution and
its derivatives on the boundary.

For a large class of boundary value problems, the global relation can be solved analytically, and hence the generalized
Dirichlet to Neumann map can be constructed in closed form. This includes linear evolution PDEs with spatial derivatives
of arbitrary order on the half-line [7] and on a finite interval [10], the Laplace, the bi-harmonic and the modified
Helmholtz equation in certain simple polygons [ 1-4] and the basic nonlinear integrable evolution PDEs on the half-line
for certain simple boundary conditions [8,9]. However, for general boundary value problems, the global relation must
be solved numerically.

The implementation of the new method to the case of the Laplace equation in an arbitrary bounded convex polygon
was presented in [11], where:

(a) It was shown that the global relation is not only a necessary but also a sufficient condition for existence. This
reduces the problem of solving Laplace’s equation, to the problem of solving the global relation.

(b) A collocation-type numerical method was introduced for solving the global relation. This method is based on
evaluating both the real and imaginary parts of the global relation at the following values of the complex parameter
k (“collocation points™):

k l h ! 1,2 [=1,2 N
= h,,’ p—2n(zp+1 p), p=L12,...,n, =12....5,

where n is the number of the sides of the polygon, {z;}7_, are the corners of the polygon in the complex z-plane
(with z,,41 = z1) and N, which is chosen to be even, is the number of points used for the discrete approximation of
the unknown boundary values. This choice has been motivated by the analytical integral representation in [6] (see
also Remark 2.1).

(1.1

In this paper, aiming to improve and stabilize the order of convergence and the associated conditioning number of the
collocation method in [11], we use a different set of collocation points (the values of the complex parameter k): we use
the values specified by Eq. (1.1) for the imaginary part of the global relation, but we choose the values

L . iy (1.2)

222 2
for the real part of the global relation.

The above choice, for sine basis functions, yields a linear algebraic system whose diagonal blocks of the associated
coefficient matrix are point diagonal matrices. That is, the collocation coefficient matrix is by construction block-
Jacobi preconditioned, pointing directly to the efficient implementation of iterative techniques. Numerical investigation
suggests a quadratically convergent and well-conditioned collocation method. The classical Jacobi and Gauss—Seidel
as well as the BiCGstab iterative techniques converge rapidly, yielding the discrete solution (for fixed N) after only
a few iterations. Furthermore, the rate of convergence to the continuous solution as N — oo can be improved by
choosing a different set of basis functions. In particular, for Chebyshev basis functions, numerical experiments suggest
that, for regular polygons, the convergence is exponential.

This paper is organized as follows: Section 2 outlines some of the analytical results of [11]. Section 3 presents the
details of the new numerical solution of the global relation and explains the choice of the new collocation points.
Section 4 presents numerical results for a variety of domains with different boundary conditions, and compares these
results with the analogous results of [11]. Section 5 discusses further these results.

[

2. Overview

For elliptic PDEs in two dimensions x and y, it is convenient to replace the Cartesian coordinates x and y with the
complex coordinates z and z,

z=x 41y, zZ=x—1y. 2.1

Please cite this article as: A.G. Sifalakis, et al., The generalized Dirichlet—-Neumann map for linear elliptic PDEs and its numerical implementation,
J. Comput. Appl. Math. (2007), doi: 10.1016/j.cam.2007.07.012
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Fig. 1. Part of the bounded convex polygon with vertices z ;, sides §; and interior D.

Using the equations
0, =30, —i0,), 0;=3@,+id,),

it follows that the Laplace equation in the independent variable ¢ can be rewritten in the form

0%q
i - 22
0207 (22)
This equation is equivalent to the equation
0 —ikz aq
—_ < \)=o0, 2.3
oz (e oz (2.3)

for an arbitrary complex parameter k.
Suppose that the real-valued function g (z, 7) satisfies Laplace’s equation (2.2) in a simply connected bounded domain
D with boundary 0D. Then, Eq. (2.3) together with the complex form of Green’s theorem imply the equation

. O
/ ey =0 kec. (2.4)
oD 0z
Following [6] we shall refer to Eq. (2.4) as the global relation associated with Laplace’s equation.
Suppose that g(z, z) satisfies the Laplace equation in a convex bounded polygon with vertices zj, z2, ..., 2,
(modulo ), which have indexed counterclockwise, see Fig. 1. Then the global relation (2.4) becomes
- ., 0
3 / ek 4.0, kec, (2.5)
= S; aZ

where §; denotes the side from z; to z;4 (not including the end points).

Proposition 2.1. Let the real-valued function q(z, Z) satisfy the Laplace equation in the interior D of the polygon with
corners {z;}!_, depicted in Fig. 1. Let g denote the derivative of the solution in the direction making an angle ﬂj,
Ogﬁj <, with the side S, i.e.,

cos(B))a” +sin(B))a’ =gV, zeS; 1<j<n, (2.6)
where qy) and q,gj) denote the tangential and (outward) normal components of 0q/0z along the side S;. Let f
denote the derivative of the solution in the direction normal to the above direction, i.e.,

—sin(B)as” +cos(Bpar’ = f, zes;, 1<j<n, @7

The generalized Dirichlet—Neumann map, i.e., the relation between the sets { fU )}’}: | and {gV )};’-: |» IS characterized
by the single equation '

Sl [ e 0s) g sy ds =0, ke 2.8)
j=1

T
—T
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where
1 1 .
hj:= ﬂ(Zj-‘,—l —2zj), mj:i= 5(Zj+1 +zj), j=L2,....n, Zpy1=21. (2.9)
Evaluating Eq. (2.8) on the following n-rays of the complex k-plane

)
ky=——, leRY, p=1,...,n, (2.10)
hp
and multiplying the resulting equations by exp[—i(B,+Im,/ hp)]/|h |, Eq. (2.8) yields the following set of n equations:

n

ZMe“/f.f*ﬁﬂe—(ll/hp)(mv—m-f>/ el il hp)s (£ D5y —igW(s))ds =0, [eRt, p=1,...,n. (2.11)

= 1hy| —

Proof. Leta; denote the angle of the side S; with the horizontal axis, i.e.,
aj =arg(zj11 —z;),  hj=|hjle. (2.12)
Egs. (2.6) and (2.7) can be considered as two equations expressing qs(j ) and q,gj ) in terms of g and ),

a5’ =sin(B;)g" + cos(;) £,

a,” = cos(B;)g") —sin(B;) f V).

Substituting these expressions in the identity

o0 o :
% = e (g +ig),
Z
we find
gD . . .
% — %e—l(ﬂj_ﬁ_/)(g(,l) + if(/)). (2.13)
Z

In order to evaluate the integral of the expression exp[—ikz]dg'/) /0z along the side S j» we introduce the following
local coordinates: For z € S, we let

1 s
7= E(Zj +zj41) + E(Zj-;-] —zj), —m<S<T.
Note that for s = —m and 7, z = z; and z; 11, respectively. Writing the above expression in terms of /2; and m ;, we find
z=mj+shj. (2.14)

Substituting the expressions for z and dg /) /9z from Eqgs. (2.14) and (2.13) into the global relation (2.5), and multiplying
the resulting equation by —i we find Eq. (2.8). [

Remark 2.1. Suppose that the set {g(/) }’}:1 is known. Then, Eq. (2.8) is a single equation for the » unknown functions

{fO (s)}’}zl. However, this equation is valid for all complex values of k. Thus, it is possible to generate a multitude of
equations from the single equation (2.8), by prescribing a multitude of values for . It is shown in [11] that a convenient
choice for these values is the one defined in Eq. (2.10). This choice can be motivated as follows: suppose we only

had one unknown f (P): then we would choose k in such a way that kh, is real, i.e., kh, = —I or kh, = . The latter
choice coincides with the values of k appearing in the analytical integral representation (see [6]). However, the integral
representation involves e*¢ whereas the global relation involves e “¥2, thus we now choose kh p=—L

Remark 2.2. In what follows we assume that g(/) are compatible in the corners and we seek a solution in the function
class specified in [11].
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Remark 2.3. The end values of the unknown functions f ) can be calculated by the continuity requirements q§j ) (zj)=

qéj_l)(zj). Namely, using expression (2.13) and setting 6; =a; — ﬁj we obtain (see also [11])

cos(d41 — 5j)g(j)(7'c) — gt ()
Sin(5j+1 — 5])

fPm =

b}

gV V(@ —cos(d; — 3;-1g"¥ (=)

D(_m) —
f ( T[)_ sin(éj—éj_l)

3. The numerical method

Proposition 3.1. The gen.emlized Dirichlet-Neumann map is defined by Proposition 2.1. Suppose that the set {g/) };'.:1
is given. Suppose that 9 (s) is approximated by

N
. ,&,])(s) = f*(])(s) + ZU,]qor(s), j=1,...,n, N even integer, 3.1)

r=1

where ¢,.(s) are appropriate basis functions and
: 1 . .
Lo = s+ 0w~ - o),

Then, the real coefficients U; satisfy the Nn algebraic set of equations

n

N
Z |h_/|ei(ﬁj—ﬁp)e—i(l/hp)(mp—mj) Z Uerr lh_f =G,(), p=12,...,n, (3.2)
j=1 g r=1 hp

where G ,(I) denotes the known function

n
G,,(l):iZ' f|el</f_,~—ﬁ,,)e—ml/hp)(m,,—m_,-)/ 03/ 103 () (5) 1 £ (5)) ds. (33)

Z Ih,| -

F,-(I) denotes the integral
T .
F,(l):/ e, (s)ds, r=1,2,...,N, (3.4)
—T

and L is chosen as follows: For the imaginary part of Eq. (3.2),1=1,2, ..., N/2,whereas for the real part of Eq. (3.2),
I=%3,....,N—1)2.
In the particular case that ¢, (s) are the sine basis functions, that is,

go,(s):sin[rC?)] r=1,2,....N, (3.5)

the term j = p in the summation of the left-hand side of Eq. (3.2) is given by the following:

l=3:n0{, I=1:-nU},
l:%:—nUp, l=2:nUf,
l:%:ﬂUsp, l:3:—7rU6p,

(3.6)

Proof. Substituting the representation (3.1) in Egs. (2.11) we find Egs. (3.2).
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The term j = p in the summation of the left-hand side of Egs. (3.2) is given by
N N N
D UEWD =) UIR (D +iy UL (3.7)
r=1 r=1 r=1
where R, (I) and I, (/) denote the real and imaginary parts of the integral F, (/) defined by Eq. (3.4). Let J,5 denote the
Kronecker function. Using
Rr(%) =1, Rr(%) = —76,3, Rr(%) =7d;s,
I,(1) = —nd;2, 1,(2) =ndrs, [,(4) = —mnd,s,
Eq. (3.7) yields the expressions (3.6). [

Remark 3.1. To explain the choice of the new collocation points let us isolate one of the unknown integrals in the
global relation (2.11) and denote by H), (k) the remaining terms,

n . .
/ elklitpls (P () ds = Hp(k), k= [kl ™) p=1,...,n. (3.8)
—T

Here we assume that the known linear function f*(p ) has been subtracted from £ asin (3.1) so that fP) vanishes at
s = £n. The complex conjugate, now, of Eq. (3.8) yields

n . - .
/ e Ml f D (5)ds = Hy(k), k=Kl p=1,...,n. (3.9

—T

The left-hand sides of Egs. (3.8)—(3.9) involve both sines and cosines. However, since f (P)(s) vanishes at the end
points we seek integral representations involving only sines. Thus, we let s =2¢ — 7 in Eqgs. (3.8)—(3.9) and we find the
following equations:

T

Zfo[cos(2|k||hp|t) + i sinQ|kl|R 1)1 f P (2t — 1) dt = elkIhe T 7, (— |k |e1%0)),
s

2/ [cos Ikl plt) — i sin(2lkllh, |01 fP (2t — 1) dt = e kWP 1T T, (—|k|e@0)).
0

Subtracting these equations and letting
2lk(lhpl =1, 1=1,2,...
we find

T . l . _ [
4i/ sin(lt) f P (21 — mydr = '"™?H, <_W> —eM2p, (—T> , (3.10)
0 P 2hp

forl=1,2,...,and p=1, ..., n. Taking el!™/2 a5 a common factor and using the fact that eiln

and 1 if  is even, whereas e/™/2 equals (—=D?if I is even Eq. (3.10) becomes

! - [
vl (L H,|—— |, [odd,
=D P\, ) T\, °
(=12 H, (_L>_Hp _; , [ even.
2h, 2h,
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4. Numerical results

Following directly Proposition 3.1, we construct the Nn x Nn linear system of equations, defined by relations
(3.2)—(3.6), needed to determine the Nn unknown coefficients U, ,] in (3.1). Relation (3.2), which is the discrete analogue
of the global relation (2.11), is a complex system of n equations. By choosing % values of [ for the real part of these
equations and % values of / for the imaginary part, we obtain a system of Nn real equations.

4.1. Comparison of SFFS and FFX methods for sine basis functions

The choice for the values of / specified in Proposition 3.1, in the case of sine basis functions, leads to a system whose
coefficient matrix has the structure shown schematically in Fig. 2a, that is the N x N block diagonal submatrices are
diagonal matrices. This should be compared to the block structure of the matrix obtained in [11] for the physical space
case which is shown in Fig. 2b.

To illustrate the numerical implementation of the method, as well as to compare with the one presented in [11], we
apply it to the Laplace equation for a variety of regular and irregular polygon domains with Dirichlet, Neumann and
mixed (7/3) boundary conditions. In all cases the exact solution of the Laplace equation is given by

g(x,y) = sinh(3x) sin(3y), .1

and the corresponding boundary conditions as well as the corresponding functions { f )(s)};?:1 and {gV )(s)};f= | can
be generated analytically. The relative error E,, used to demonstrate the performance of the methods, is given by

= Al

00 = s 4.2
1F oo *2)

Fig. 2. The structures of the coefficient matrices produced (a) by Proposition 3.1 (SFFS method) and (b) in [11] (FFX method), forn =6 and N =32.
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Fig. 3. Case of regular polygons and Dirichlet boundary conditions: Exo as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

where
_ ()
”f”oo—lg‘?é,,{_n“;%’;n'f (S)I} 4.3)
and
_ — Deey — £
If = flloo 12‘,‘?‘2"{_”“3"@” (s) — fy (S)I}, 4.4)
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Neumann Boundary Conditions (SFFS)
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Fig. 4. Case of regular polygons and Neumann boundary conditions: Eno as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

with f,g/ ) as in (3.1), and the max over s is taken over a dense discretization of the interval [—m, ©]. The num-
ber N of basis functions on each side remains the same in all experiments and takes successively the values N =
4,8, 16, 32, 64, 128, 256. For the direct solution of the linear systems we have used the standard LAPACK routines,
while for the computation of the right hand side vector we have used a routine (dgawo) from QUADPACK implementing
the modified Clenshaw—Curtis technique.
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Mixed (n/3) Boundary Conditions (SFFS)
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Fig. 5. Case of regular polygons and mixed boundary conditions: E«; as a function of N for the method presented here (SFES) and the method
presented in [11] (FFX).

Figs. 3-5 refer to the solution for regular polygons with Dirichlet (f ;=0), Neumann (f8; =7/2) and mixed (f; =n/3)
boundary conditions, respectively. The vertices z; of the regular n-gons used in our experiments are lying on a circle
centered at the origin with radius +/2 and they are given by

¢ = VASRDRS Gy
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Table 1
Regular triangle—Dirichlet BCs
N SFFS method FFX method
Ex 0.0.C Ex 0.0.C

4 6.94E — 02 - 2.48E — 01 -

8 2.04E — 02 1.77 9.83E — 02 1.34
16 5.44E — 03 1.91 3.61E — 02 1.45
32 1.40E — 03 1.96 1.30E — 02 1.47
64 3.56E — 04 1.98 4.61E — 03 1.50

128 8.96E — 05 1.99 1.64E — 03 1.49
256 2.25E — 05 1.99 5.79E — 04 1.50
Table 2
Regular square—Neumann BCs
N SFFS method FFX method

E 0.0.C E~ 0.0.C

4 3.20E — 02 - 4.51E — 02 -

8 9.78E — 03 1.71 1.53E — 02 1.56
16 2.66E — 03 1.88 7.04E — 03 1.12
32 6.88E — 04 1.95 3.53E-03 1.00
64 1.75E — 04 1.98 1.77E — 03 1.00

128 4.40E — 05 1.99 8.90E — 04 0.99
256 1.10E — 05 2.00 4.46E — 04 1.00
Table 3
Regular pentagon—mixed BCs
N SFFS method FFX method

Ex 0.0.C E~ 0.0.C

4 2.85E — 02 - 4.04E — 02 -

8 7.99E — 03 1.83 1.18E — 02 1.78
16 2.12E — 03 1.91 3.24E - 03 1.86
32 5.46E — 04 1.96 8.49E — 04 1.93
64 1.39E — 04 1.97 2.18E — 04 1.96

128 3.49E — 05 1.99 7.22E — 05 1.59
256 8.76E — 06 1.99 2.57E — 05 1.49
Table 4
Regular octagon—Dirichlet BCs
N SFFS method FFX method

E 0.0.C E 0.0.C

4 6.09E — 03 - 1.19E — 02 -

8 1.81E — 03 1.75 4.37E — 03 1.45
16 4.93E — 04 1.88 1.47E — 03 1.57
32 1.28E — 04 1.95 4.79E — 04 1.62
64 3.25E - 05 1.98 1.54E — 04 1.64

128 8.21E — 06 1.98 4.88E — 05 1.66
256 2.06E — 06 1.99 1.54E — 05 1.66
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SFFS Regular Polygons
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Fig. 6. Case of regular polygons: the condition numbers of the coefficient matrices as a function of N for the method presented here (SFFS) and the
method presented in [11] (FFX).

The dotted, dashed and dash-dotted lines in the figures are the lines 1/N, 1/N? and 1/N3 indicating the slopes for
convergence of order 1, 2 and 3, respectively. We note that in all cases both methods converge. However, the errors
produced by the method described in Proposition 3.1 (SFFS) are significantly smaller.
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Fig. 7. The irregular polygons used in our experiments.

Furthermore, one may easily observe that the error lines for the SFFS method are parallel to the 1/N? line indicating a
quadratically convergent method with respect to the infinity error norm. To highlight this fact, the order of convergence
(0.0.C) of both methods, for several cases of regular polygons, has been numerically estimated and included in
Tables 1-4.
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Dirichlet Boundary Conditions (SFFS)
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Fig. 8. Case of irregular polygons and Dirichlet boundary conditions: E as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

As it pertains now to the condition number of the coefficient matrix associated with the SFFS method we point out
the fact that it remains small and grows very slowly with N in contrary to the associated condition number with the
FFX method (see Fig. 6).

In complete analogy to the above numerical treatment, we proceed now to the numerical study of the case of irregular
polygons. The vertices z; of the irregular n-gons (shown in Fig. 7) used in our experiments are lying on the ellipse
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Neumann Boundary Conditions (SFFS)
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Fig. 9. Case of irregular polygons and Neumann boundary conditions: E as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

(x/5)% + (y/2)* = 1 rotated by % Their x-coordinates, before rotation, are given, in a counterclockwise motion, by
o triangle: x = —4, —1, 3;

o quadrilateral: x = —4,4,4, 1,
o pentagon: x = =5, —2,4,3,0;

Please cite this article as: A.G. Sifalakis, et al., The generalized Dirichlet-Neumann map for linear elliptic PDEs and its numerical implementation,
J. Comput. Appl. Math. (2007), doi: 10.1016/j.cam.2007.07.012



http://dx.doi.org/10.1016/j.cam.2007.07.012

16 A.G. Sifalakis et al. / Journal of Computational and Applied Mathematics 111 (1111) INI-011

Mixed (n/3) Boundary Conditions (SFFS)
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Fig. 10. Case of irregular polygons and mixed boundary conditions: E as a function of N for the method presented here (SFFS) and the method
presented in [11] (FFX).

e hexagon: x = —4,—1,2,4.5,1, —4.5;
e octagon: x = —5,—4,—1,2,3,1, =2, 3.

Figs. 8-10 depict the relative error Eo, as a function of N of both SFFS and FFX methods when they apply to the
solution of the discrete global relation for the case of irregular polygons with Dirichlet, Neumann and mixed (/3 j=n/3)
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Table 5
Irregular quadrilateral—Dirichlet BCs
N SFFS method FFX method
Eso 0.0.C Eso 0.0.C

4 2.70E — 01 - 3.33E - 01 -

8 1.35E — 01 1.00 1.81E — 01 0.88
16 4.79E — 02 1.49 7.13E — 02 1.34
32 1.36E — 02 1.82 2.31E - 02 1.63
64 3.56E — 03 1.93 8.05E — 03 1.52

128 9.05E — 04 1.98 2.90E — 03 1.47
256 2.28E — 04 1.99 1.00E — 03 1.54
Table 6
Irregular Pentagon—Neumann BCs
N SFFS method FFX method

Ex 0.0.C Ex 0.0.C

4 4.19E — 01 - 7.01E — 01 -

8 1.65E — 01 1.34 3.15E - 01 1.15
16 4.77E — 02 1.79 1.04E — 01 1.60
32 1.25E — 02 1.93 3.16E — 02 1.72
64 3.19E — 03 1.97 9.40E — 03 1.75

128 8.03E — 04 1.99 3.09E — 03 1.61
256 2.02E — 04 1.99 1.12E — 03 1.46
Table 7
Irregular hexagon—mixed BCs
N SFFS method FFX method

E 0.0.C Ex 0.0.C

4 2.51E - 01 - 4.96E — 01 -

8 9.56E — 02 1.39 2.39E — 01 1.05
16 2.80E — 02 1.77 8.74E — 02 1.45
32 7.37E — 03 1.93 2.86E — 02 1.61
64 1.88E — 03 1.97 9.04E — 03 1.66

128 4.74E — 04 1.99 2.81E — 03 1.69
256 1.19E — 04 1.99 8.69E — 04 1.69
Table 8
Irregular octagon—Dirichlet BCs
N SFFS method FFX method

Ex 0.0.C Ex 0.0.C

4 6.38E — 02 - 1.04E — 01 -

8 2.01E — 02 1.67 3.79E — 02 1.46
16 5.48E — 03 1.87 1.16E — 02 1.71
32 1.42E — 03 1.95 3.41E — 03 1.77
64 3.60E — 04 1.98 9.85E — 04 1.79

128 9.07E — 05 1.99 2.83E — 04 1.80
256 2.28E — 05 1.99 8.07E — 05 1.81
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SFFS Irregular Polygons
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Fig. 11. Case of irregular polygons: the condition numbers of the coefficient matrices as a function of N for the method presented here (SFFS) and
the method presented in [11] (FFX).

boundary conditions, respectively. Once more, both methods converge and the errors produced by the SFFS method
are considerably smaller.

The quadratic convergence property of the SFFS method for the case of irregular polygons is being highlighted
through Tables 5-8.
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Fig. 12. The relative error E~ as a function of Jacobi iterations for (a) a regular and (b) an irregular pentagon (N = 64).

Finally, Fig. 11 refers to the behavior of the condition number of the coefficient matrices associated with the SFFS
and FFX methods. Similar to the case of regular polygons, the condition number associated with the SFFS remains
small and grows very slowly with N.
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Fig. 13. The relative error E as a function of Gauss—Seidel iterations for (a) a regular and (b) an irregular pentagon (N = 64).

4.2. Performance of iterative solution methods for sine basis functions

Here we present some preliminary results for the performance of the iterative methods employed for the solution
of the linear systems produced by the two methods (SFFS and FFX). A complete study for the behavior of iterative
methods is outside the scope of the present work and will be presented elsewhere. Here we consider the classical Jacobi
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Fig. 14. The relative error E~ as a function of BiCGstab iterations for (a) a regular and (b) an irregular pentagon (N = 64).
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and Gauss—Seidel as well as the Bi-Conjugate Gradient stabilized (BiCGstab) iterative methods. The results depicted
in Figs. 12—14 refer to the reduction of the relative error E, with respect to the number of iterations for the regular
and irregular pentagons described earlier with the number of basis functions per side fixed at N = 64. To improve the
convergence properties of the point Jacobi and Gauss—Seidel iterative methods for the linear system produced by the
method in [11], we also considered their block analogs (the block size is fixed to N). For the same reason, together
with the unpreconditioned BiCGstab we have also considered its block Jacobi preconditioned analog. In these cases,
the computational cost increases due to the factorization involved. The maximum number of iterations allowed for all
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Regular Polygons—Chebyshev Basis—Dirichlet B.C. (SFFS)
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Fig. 15. Exo as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with Dirichlet boundary conditions.

methods to perform is set to 200 and the zero iterate U©) is set to be equal to the right-hand side vector. The stopping
criterion used for the Jacobi and Gauss—Seidel methods is

1 _ 10D — ™
N 71 TI

<107,
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Regular Polygons—Chebyshev Basis—Neumann B.C. (SFFS)
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Fig. 16. Ex as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with Neumann boundary conditions.

while for the BiCGstab method is
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Regular Polygons—Chebyshev Basis—Mixed B.C. (SFFS)
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Fig. 17. Exo as a function of N for the SFFS method with Chebyshev basis functions for regular polygons (top panel) and irregular polygons (bottom
panel) with mixed (7/3) boundary conditions.

where A, b and U denote the coefficient matrix (with the appropriate modifications for the preconditioned cases),
the right-hand side vector and the mth iterate, respectively.
Figs. 12-14 indicate the following:

e All iterative methods for the SFFS-algorithm converge rapidly in a few iterations. Specifically, for the case of
the regular pentagon the Jacobi, Gauss—Seidel and BiCGstab iterative methods converge in 9, 7 and 4 iterations,
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respectively. For the case of the irregular pentagon the corresponding numbers of iterations are 30, 16 and 7,
respectively.

e The same iterative methods for the FFX-algorithm appear to have weak convergent properties. Namely, the Jacobi
method diverges and the unpreconditioned BiCGstab method fails to reduce the relative error EC(XZD) to a value less
than 107° after 200 iterations for both cases of regular and irregular pentagons. The Gauss—Seidel method converges
in 69 and 125 iterations for the case of regular and irregular pentagons, respectively. The situation improves by
using the block Jacobi and Gauss—Seidel as well as the block Jacobi preconditioned BiCGstab methods, but this
leads to extra computational cost due to the direct factorization involved. In these cases, the iterations needed for the
convergence of the block-Jacobi, block-Gauss—Seidel and preconditioned-BiCGstab methods, respectively, are 46,
24 and 10 for the regular pentagon and 34, 21 and 10 for the irregular pentagon.

4.3. Higher-order convergence

The sine basis functions ¢, (s) used in the approximation (3.1) in both the SFFS and FFX methods are natural
in that they are closely connected to the underlying Fourier transform [cf. (3.4)]. Indeed, this is the reason that the
diagonal blocks in the matrix are diagonal. However, from the point of view of approximation theory, these functions
are not optimal. Thus, we can ask: Can the convergence be improved by using other basis functions? Here we explore
only one choice, namely, Chebyshev polynomials. Since the endpoint values of the unknown functions ) have been
removed (see Remark 2.3), the basis functions should vanish at the endpoints s ==7. To obtain reasonable conditioning,
we construct polynomial basis functions from the Chebyshev polynomials 7, (x) = cos(ncos~ 1 (x)), defining ¢, (s)
forr=1,...,Nby

e (2) (). e

s s
T4 (—) - T (—) r even.
T TT

The Fourier transforms of these functions needed for (3.4) can be computed using the recursion relation

T,y (X) _ T,y (x)

n—+1 n—1

Qr(s) =

2T, (x) = , n>1.

Figs. 15—17 show the error E as a function of N for the SFFS method using this Chebyshev basis for the regular and
irregular polygon cases of Section 4.1. In each case the convergence is faster than quadratic; for the regular polygons, it
appears to be exponential. The convergence is slower for the irregular polygons; the eventual breakdown of convergence
may be due to roundoff error. In each case the error for a given value of N is smaller than that obtained with the sine
basis. While the diagonal blocks in the linear system are no longer diagonal, the matrices are still well-conditioned,
with condition numbers (not shown) typically less than 10 until the convergence breaks down.

5. Conclusions and remarks

We have introduced a revised implementation of the collocation numerical method introduced in [11] for solving
linear elliptic PDEs with constant coefficients on arbitrary polygonal domains. The new version is based on a different
choice of “collocation points”, as well as different choice of basis functions and produces significantly better approx-
imations, especially for regular polygons. This is numerically demonstrated in Section 4; however, a rigorous proof
for the convergence remains open. The associated condition number for polygons with relatively few number of sides
remains confined and smaller than the corresponding one in [11].

For the case of sine basis functions, the computational advantage of our method is based on the fact that the block
diagonal submatrices of the coefficient matrix of the linear system obtained from the discrete analog of the global
relation (cf. [5,6]) are strictly diagonal. Thus, by construction and without introducing any computational cost from
direct factorization, the coefficient matrix is “block-Jacobi preconditioned”. This property, besides the fact that it can be
used to reduce the computational cost of direct factorization methods, points directly to the efficient implementation of
the classical SOR-like and CG-like iterative methods. The rapid convergence properties of the Jacobi, Gauss—Seidel and
BiCGstab iterative methods are numerically demonstrated in the previous section for regular and irregular pentagons.
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A complete numerical study for the behavior of iterative methods pertaining to our algorithm, as well as their rigorous
convergence analysis, is in progress.

For the case of Chebyshev basis functions, the block diagonal submatrices are no longer diagonal matrices, but
the condition number is still small and numerical experiments indicate higher order of convergence. In particular, for
regular polygons, it appears that the method converges exponentially.

This new method has been implemented recently to the modified Helmholtz and to the Helmholtz equations in the
interior of a convex polygon.
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Numerical Study of Iterative Methods for the
Solution of the Dirichlet-Neumann Map for Linear
Elliptic PDEs on Regular Polygon Domains

A. G. Sifalakis and E. P. Papadopoulou and Y. G. Saridakis

Abstract—A generalized Dirichlet to Neumann map is
one of the main aspects characterizing a recently introduced
method for analyzing linear elliptic PDEs, through which it
became possible to couple known and unknown components
of the solution on the boundary of the domain without
solving on its interior. For its numerical solution, a well con-
ditioned quadratically convergent sine-Collocation method
was developed, which yielded a linear system of equations
with the diagonal blocks of its associated coefficient matrix
being point diagonal. This structural property, among others,
initiated interest for the employment of iterative methods for
its solution. In this work we present a conclusive numerical
study for the behavior of classical (Jacobi and Gauss-Seidel)
and Krylov subspace (GMRES and Bi-CGSTAB) iterative
methods when they are applied for the solution of the Dirich-
let to Neumann map associated with the Laplace’s equation
on regular polygons with the same boundary conditions on
all edges.

Keywords—Elliptic PDEs, Dirichlet to Neumann Map,
Global Relation, Collocation, Iterative Methods, Jacobi,
Gauss-Seidel, GMRES, Bi-CGSTAB.

I. INTRODUCTION

New approach for analyzing boundary value prob-
lems for linear and for integrable nonlinear PDEs
in two dimensions was introduced in [1] and [4].
This approach characterizes a generalized Dirichlet to
Neumann map through the solution of the so-called
global relation, namely, an equation, valid for all values
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of a complex parameter k, coupling specified known
and unknown values of the solution and its derivatives
on the boundary.

For a large class of boundary value problems, the global
relation can be solved analytically (see e.g. [4]-[6]), and
hence the generalized Dirichlet to Neumann map can
be constructed in closed form. However, for general
boundary value problems, the global relation must be
solved numerically.

The implementation of the new method to the case
of the Laplace equation in an arbitrary bounded con-
vex polygon was presented in [2], where a Sine-
Collocation type numerical method was also intro-
duced. In [3], we introduced a new set of Collocation
points which yielded a well-conditioned quadratically
convergent Sine-Collocation method. Moreover, the di-
agonal blocks of the associated coefficient matrix of the
corresponding linear system were diagonal matrices.
That is, the collocation coefficient matrix is by con-
struction block-Jacobi preconditioned, pointing directly
to the efficient implementation of iterative techniques.
The first indicative numerical results, included in [3],
relevant to the behavior of certain iterative methods,
provided further support to this argument.

In the work herein, we present a conclusive numerical
study for the behavior of the classical Jacobi and
Gauss-Seidel as well as the GMRES[7] and the Bi-
CGSTABI8] iterative techniques applied to the solution
of the model Dirichlet to Neumann map related to the
Laplace’s equation on several regular polygons with the
same boundary conditions on all edges. We concluded
that, while for polygons with small number of edges
all methods converge rapidly, the Bi-CGSTAB method
is the method of choice as it converges always faster in
all cases of polygons independently of the number of
edges, the number of basis fuctions and the boundary
conditions.

The paper is organized as follows: Section 2 outlines
some of the analytical results of [2] and [3] together
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with the construction of the related Collocation linear
system. Section 3 presents the numerical study for the
behavior of the iterative methods considered.

II. OVERVIEW

To fix notation (see [2], [3]), let us consider the
complex form of Laplace’s equation in the independent
variable ¢

0%q
= 1
020% M
The above equation is equivalent to the equation
9 ik 04
— E =1 =0 2
0z (6 02) @

for an arbitrary complex parameter k. Suppose, now,
that the real-valued function ¢(z, z) satisfies Laplace’s
equation (1) in a simply connected bounded domain
D with boundary dD. Then, equation (2), combined
with the complex form of Green’s theorem implies the

equation
9q
—ikz
—dz =0,
/ 0z

oD

keC. 3)

Equation (3) is referred to as the global relation as-
sociated with Laplace’s equation. If we now consider
the case of D being a convex bounded polygon with
vertices z1, 29, ...,2, (modulo n) have been indexed
counter-clockwise (see Fig. 1), then the global relation
(3) becomes

n » 8(]
ikz _
E / e B dz =0,

where \S; denotes the side from z; to zj;1 (not includ-
ing the end points).

keC, 4)

Fig. 1. Part of the bounded convex polygon with vertices
zj, sides \S;, and interior D.

Let, now, for z € S;, 1<j<mn,

IJAMCS VOLUME 4 NUMBER 3 2007 ISSN 1307-6906

o g denote the derivative of the solution in the
direction making an angle 3;,0 < 3; < 7 with
the side S, i.e.

cos (8;) ¢ +sin (8;) ¢ = gV,

o ) denote the derivative of the solution in the
direction normal to the above direction, i.e.

—sin (8;) ¢ + cos () ) = £,

and q(] ) denote the tangential and (outward)
1 along the side .S;. For z € S

where q(j )
normal components of
and -7 < s < T, W1th

1
z = (Z] + zj+1) + (ZJH Zj)

the Genemltzed Dlrlchlet—Neumann map, that is the re-
lation between the sets {f(J)(s)}j:1 and {g(J)(s)}jzl,
is characterized by the single equation

n
Z |h ‘ez(ﬂ7 km;)
7=1
n 5)
. /eikhis (f(j) - z'g(j)) ds=0, keC
where, for j =1,2,...,n,
1
hj = 5 (21 = 2), (6)
1
mj =g (241 +25) (7

and z,4+1 = 2;1. Evaluating equation (5) on the follow-
ing n-rays of the complex k-plane

leRY, p=1,...,n (8)

and multiplying the resulting equations by
exp [—i (Bp + Ilmp/hy)] / |hp|, equation (5) yields the
following set of n equations (cf. [2]):

Z 2 (B, =B,) g~ s (mp =),
7]

E )
/ellhp (f(j) _ ig(j)) ds =0,
forp=1,.

Suppose that the set {g(]) };L: is given, and that

{f(j) (s) }7.1 is approximated by { ) (s)}n . where
J:
f](\?) (s) ) s) + Z Ulpr(s) (10)
r=1
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with N being an even integer, and

=5+ m) 19 (r) -
— (= m) 9 (=) .

Note that the values of f)(7) and fU)(—x) can be
computed by the continuity requirements at the vertices
of the polygon. The set of functions {¢, (s)}ivzl are the
basis functions which, for the purpose of this paper, are
constructed from the Sine functions; namely

2 (s) an

i i

or(s) = sin(r ) (12)

Then, the real coefficients U; satisfy the (Nn) x (Nn)
system of linear algebraic equations (cf. [3])

Z 17l i8-8,
|hp|

ZW/ (s = Gy 1)

2 l (mpfmj).

13)

where G(1) denotes the known function

=3
_ (14)
: /Uﬂeilhis (g(j) (s) +ifY (s)) ds

—T

(mp*mj) .

6.7 ﬁp)e

and [ is chosen as follows:

o For the real part of equations (13) ,

13
=== ...
2727 )

N -1

2

o For the imaginary part of equations (13)

1=1,2,...,N/2.

It was the choice of the aforementioned collocation
points (defined by the choice of the parameter /) that
lead us to a well conditioned point diagonal collocation
matrix, shown schematically in Fig. 2. The, numerically
observed, convergence rate of the method is quadratic
[3] and as the matrix is, by default, Block Jacobi
Preconditioned, iterative methods appear to be a natural
choice for the solution of the corresponding collocation
system.
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Fig. 2. The structure of the collocation coefficient matrix
forn =6 and N = 32

III. NUMERICAL STUDY OF ITERATIVE METHODS

In this section we have included results, from the
numerical study conducted, pertaining to the behavior
of iterative methods for the class of Laplase’s problems
having the same boundary conditions on all polygon’s
edges. For this class, following the analysis included
in section II and particularly equation (13), which
describes the linear system under consideration, one
may easily verify that the Collocation coefficient matrix
depends only on the choice and the number of the basis
functions as well as on the number of the polygon’s
edges, while at the same time remains independent
from the form of the boundary conditions and the form
of the exact solution of Laplace’s equation. Therefore,
the numerical study focuses on the convergence behav-
ior of iterative methods with respect to the number of
vertices and the number of basis functions. However,
for the sake of completeness, we have included exper-
iments of all kind of boundary conditions for different
polygon sizes. For simplicity and space economy, the
results included here are related to a model Laplace
equation with exact solution ([2], [3])

q(z,y) = sinh(3z) sin(3y) . (15)
We are pointing out once more, that all iterative meth-
ods behave similarly in all cases of problems of this
class with Dirichlet (3; = 0), Neumann (8; = 7/2)
or Mixed (3; = 7/3) boundary conditions. The rel-
ative error F,, used to demonstrate the convergence
behavior of the iterative methods, is given by

1S = [ lloo

B = :
> 1 1loo

(16)
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where

1o = max{ max If(j)(s)l} a7

1<j<n | —w<s<rm

and

1f = fxlloo = max { max |f<j><s>—fﬁ><s>|}7

1<j<n | —7m<s<m
(18)

with f](\?) as in (10), and the max over s is taken
over a dense discretization of the interval [—m, 7).
For the direct solution of the linear systems we have
used the standard LAPACK routines, while for the
computation of the right hand side vector we have used
a routine (dgawo) from QUADPACK implementing the
modified Clenshaw-Curtis technique. Apart from the
classical Jacobi and Gauss-Seidel methods we have
also considered the representative Krylov GMRES(10)
and Bi-CGSTAB methods in two forms : (a) the un-
preconditioned form or, equivalently, the block Jacobi
preconditioned, due to the structure of the collocation
matrix, and (b) the Symmetric Gauss-Seidel (SGS) pre-
conditioned form, a two sided preconditioning method
derived from the Symmetric SOR preconditioner for
w = 1. The maximum number of iterations, allowed for
all methods to perform, is set to 200 and the tolerance
for the stopping criteria in all methods is set to 1076,
The zero iterate U(©) is set to be equal to the right hand
side vector. The results we have included refer to the
representative cases of regular polygons with 8, 12, 19,
24 , 31 and 36 edges. All polygons are constructed as
in [3]. All experiments were conducted on a multiuser
SUN V880 system using the Fortran-90 compiler.

10°

—s— Bi-CGSTAB no pre.
' =@=" GMRES no pre.
—fe— Bi-CGSTAB SGS pre.
+=m@= ' GMRES SGS pre.

GS ]
= A = Jacobi

¢
X" ”o
10"

Fig. 1 : 8-gon/Dirichlet BC : Reduction of E vs Iterations (/N = 32)
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TABLE I
REGULAR OCTAGON / DIRICHLET BC : NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel | unpre | pre | unpre pre
8 40 24 10 6 6 3
16 41 24 10 6 6 3
32 42 24 11 7 6 4
64 42 25 12 7 6 5
TABLE II

REGULAR OCTAGON / DIRICHLET BC : TIME (SECx10~2)

N LU Jac- | Gauss- GMRES Bi-CGSTAB
obi Seidel | unpre | pre | unpre pre
8 0.6 2.1 1.0 0.4 0.6 0.5 0.5
16 | 45 4.7 2.6 1.3 1.7 14 1.7
32 | 406 | 139 8.5 5.8 9.3 4.85 124
64 | 414 105 34 31 30 24 39

10 T
—a— Bi—-CGSTAB no pre.
=&= ' GMRES no pre.
—fe— Bi-CGSTAB SGS pre.
+=0b= ' GMRES SGS pre.

GS i
= A = Jacobi

10"

10

3|

10

10™
10

0

2

10

Fig. 2 : 12-gon/Dirichlet BC : Reduction of E, vs Iterations (/N = 32)

TABLE IIT
REGULAR 12-GON / DIRICHLET BC : NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre | pre | unpre pre
8 200 87 19 12 10 7
16 200 94 21 12 10 7
32 200+ 98 21 12 12 7
64 200+ 100 21 13 11 7
TABLE IV
REGULAR 12-GON / DIRICHLET BC : TIME (SECx10~2)
N LU Jac- Gauss- GMRES Bi-CGSTAB
obi Seidel | unpre ‘ pre unpre ‘ pre

8 1.95 22.5 7.59 1.33 1.99 1.24 1.84
16 15.8 51.1 22.1 6.0 6.3 4.0 6.7
32 135 152 78 23 27 22 28
64 | 1450 | 1360 739 239 267 222 271
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10

10

-3

10

10

5

10

—— Bi-CGSTAB no pre.

== GMRES no pre.

—k— Bi—-CGSTAB SGS pre.

+=m@b= ' GMRES SGS pre. 4
GS

= A = Jacobi

10°

Fig. 3 : 19-gon/Neumann BC : Reduction of E, vs Iterations (N = 32)

10"

10°

TABLE V
REGULAR 19-GON / NEUMANN BC : NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre | pre | unpre pre
8 div 200+ 20 37 11 14
16 div 200+ 23 53 11 16
32 div 200+ 24 53 11 17
64 div 200+ 24 52 11 19
TABLE VI
REGULAR 19-GON / NEUMANN BC : TIME (SEC)
N LU Jac- | Gauss- GMRES Bi-CGSTAB
obi Seidel unpre pre unpre ‘ pre
8 0.08 - >0.44 0.03 0.12 0.03 0.08
16 | 0.66 - >1.18 0.16 0.65 0.12 0.35
32 | 5.46 - >4.33 0.76 2.86 0.67 1.68
64 159 - >92.9 144 59.5 12.5 429
10° :
AA —#— Bi~-CGSTAB no pre.

-5

10

'+ =@=" GMRES no pre.

—fe— Bi-CGSTAB SGS pre.

+=m@= ' GMRES SGS pre. 4
GS

= A = Jacobi

10°

Fig. 4 : 24-gon/Dirichlet BC : Reduction of E, vs Iterations (/N = 32)
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TABLE VII
REGULAR 24-GON / DIRICHLET BC : NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel | unpre | pre | unpre pre
8 div 200+ 28 50 15 21
16 div 200+ 29 78 14 25
32 div 200+ 31 102 15 24
64 div 200+ 32 114 16 25
TABLE VIII
REGULAR 24-GON / DIRICHLET BC : TIME (SEC)
N LU Jac- | Gauss- GMRES Bi-CGSTAB
obi Seidel | unpre | pre | unpre | pre
8 0.2 — >0.72 0.07 0.25 0.06 | 0.19
16 | 1.37 - >2.00 0.28 1.71 024 | 0.95
32 | 17.6 - >16.8 3.67 21.6 3.61 10.7
64 | 323 - >134 27.4 183 26.0 80.5
10° & ;
A —a— Bi—-CGSTAB no pre.
# == GMRES no pre.
—fe— Bi-CGSTAB SGS pre.
107 ‘A . =O- GMRES SGS pre. |
A GS
= A = Jacobi
107 1
107 '\ 1
1075 0 ‘ 1 ‘ 2
10 10 10

Fig. 5 : 31-gon / Mixed BC : Reduction of E, vs Iterations (N = 32)

TABLE IX
REGULAR 31-GON / MIXED BC: NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre | pre
8 div 200+ 91 103 23 44
16 div 200+ 89 157 31 53
32 div 200+ 85 200+ 24 57
64 div 200+ 87 200+ 28 59
TABLE X
REGULAR 31-GON / MIXED BC : TIME (SEC)
N LU Jac- | Gauss- GMRES Bi-CGSTAB
obi Seidel | unpre ‘ pre unpre ‘ pre
8 0.35 - >1.17 0.36 0.83 0.14 0.64
16 | 2.96 - >3.2 1.56 5.38 0.95 3.38
32 | 66.3 - >61.1 33.0 >144 16.0 69.1
64 | 909 - >271 144 >635 84.2 345
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-3

10

—i— Bi-CGSTAB no pre.
+=&= ' GMRES no pre.
~—fe— Bi-CGSTAB SGS pre.
+=mb= ' GMRES SGS pre.

GS

= A = Jacobi
1075 L L

10° 10" 10°

-4

10

Fig. 6 : 36-gon/Dirichlet BC : Reduction of E, vs Iterations (/N = 32)

The Jacobi method diverges for polygons with
medium and large number of edges

The Gauss-Seidel method converges smoothly but
very slowly

The un-preconditioned versions of both Krylov
methods converge smoothly

The un-preconditioned version of the GMRES
method fails to converge within 200 iterations for
the case of the regular 36-gon

The un-preconditioned Bi-CGSTAB converged in
all experiments rapidly and its convergence rate re-
mained faster than the un-preconditioned GMRES
and the two classical iterative methods

The SGS preconditioner for polygons with
medium and large number of edges did not im-
prove the convergence rate of both the Krylov
methods and increased in all cases the computa-
tional cost

The Krylov methods (except GMRES for the case
of the 36-gon) are spectacularly more efficient than
LU-factorization.

TABLE XI
REGULAR 36-GON / DIRICHLET BC : NUMBER OF ITERATIONS
N Jacobi Gauss- GMRES Bi-CGSTAB
Seidel unpre pre unpre pre
8 div 200+ 200+ | 200+ 33 68
16 div 200+ 200+ | 200+ 35 76
32 div 200+ 200+ | 200+ 37 93
64 div 200+ 200+ | 200+ 37 95
TABLE XII

REGULAR 36-GON / DIRICHLET BC : TIME (SEC)

In conclusion, the un-preconditioned version of the
Bi-CGSTAB is the most efficient and safe method
to be employed for the solution of the linear system
arising from the solution of the Dirichlet to Neumann
map associated with the Laplace equation on regular
polygons with the same Dirichlet, Neumann or Mixed
Boundary Conditions on all edges. A spectral analysis
for the theoretical justification of these results is under

N LU Jac- | Gauss- GMRES Bi-CGSTAB

obi Seidel | unpre pre unpre ‘ pre
8 0.6 — >1.6 >1.1 >2.2 0.3 1.4
16 4.7 — >4.7 >54 | >104 1.6 7.0
32 133 — >87 >105 | >200 35 178
64 | 1300 — >322 >389 | >748 134 695

Figure 1 and Tables I and II summarize the results
pertaining to the case of a Regular Octagon, a represen-
tative case for polygons with relatively small number
of edges (triangles, squares, pentagons, hexagons, etc).
Inspecting these data one may easily observe that :
o All methods converge smoothly in a few iterations
o The convergence rate of the Bi-CGSTAB method
is faster that all other iterative methods
« Preconditioning improves the rate of convergence
but increases the computational cost
o The convergence rate remains independent of NV
o LU-factorization competes with the iterative meth-
ods only for small N.
As, now, the number of edges increases we observe that
(see Fig. 2-6 and Tables III-XII):
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Abstract

In this work we derive the structural properties of the Collocation coefficient matrix
associated with the Dirichlet-Neumann map for Laplace’s equation on a square
domain. The analysis is independent of the choice of basis functions and includes
the case of same type of boundary conditions on all sides, as well as the case of
different boundary conditions on each side of the square domain. Taking advantage
of said properties, we present efficient implementations of direct factorization and
iterative methods, including classical SOR-type and Krylov subspace (Bi-CGSTAB
and GMRES) methods appropriately preconditioned, for both Sine and Chebyshev
basis functions. Numerical experimentation, to verify our results, is also included.

Key words : elliptic PDEs, Dirichlet-Neumann map, global relation, collocation, iterative methods, Jacobi,
Gauss-Seidel, GMRES, Bi-CGSTAB
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1 Introduction

Recently, Fokas[1,4] introduced a new unified approach for analyzing linear and
integrable nonlinear PDEs. Central issue to this approach is a generalized Dirichlet
to Neumann map, characterized through the solution of the so-called global relation,
namely, an equation, valid for all values of a complex parameter k, coupling specified
known and unknown values of the solution and its derivatives on the boundary. In
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particular, for the case of Laplace’s equation, ¢,z = 0, in a convex bounded polygon
D with vertices z1, 22, . .., 2, (modulo n) indexed counter-clockwise, the associated
Global Relation takes the form (see also [2,3])

Z/ Fq.dz=0, keC, (1.1)
J= 15
where S; denotes the side from z; to zj41 (not including the end points). If, for

z€8j, 1<j<n,wenow let

e ¢\ denote the derivative of the solution in the direction making an angle Bj,
0 < B; < 7, with the side S;, namely :

cos (B3;) ¢ + sin (8;) ¢ = gV, (1.2)

e ) denote the derivative of the solution in the direction normal to the above
direction, namely :

—sin (8;) ¢ + cos (8;) ¢’ = fY) (1.3)

where qgj ) and q,(I) denote the tangential and (outward) normal components of g,

along the side Sj, then the Generalized Dirichlet-Neumann map, that is the relation
between the sets { f (J } and { g J) } _,» 1s characterized by the single equation

Z |h;| etPi=hkmi) /e_’khjs (f(j) — zg(])) ds=0, keC (1.4)
=1 A
where, for j =1,2,...,n, and 2,41 = 21,
1 zZ—m;
hi= o (i —z)  my=g(atey) = B, o (1.5)

For the numerical solution of the Generalized Dirichlet-Neumann map in (1.4), a
Collocation-type method has been developed (see [2] and [3]) : Suppose that the
set { g (s)}?zl is given through the boundary conditions, and that { i (5)}?:1

is approximated by { ](Vj) (s)}n , where
]:

£ (s) = £ () + Y Ulpr(s) (1.6)
r=1

with N being an even integer, 27rf£3) (5) == (s+m) fO () = (s =) fU) (=n) (the
values of ) () and f)(—n) can be computed by the continuity requirements at
the vertices of the polygon), and the set of real valued linearly independent functions
{or (s)}i\;1 being the basis functions. If we evaluate equation (1.4) on the following



n-rays of the complex k — plane: k), = —hip, leR", p=1,...,n, then the real

coefficients U7 satisfy the system of linear algebraic equations

Z :Zp: i(B; ﬁp (mp my;) ZUJ/e hp ‘Pr( )dS:Gp (l) (17)

—T

where Gy (1) denotes the known function

Zl mp—m; 7 ilﬁs ; . (g
ZH e ) [ (o) (s) g9 () ds . (18)

—Tr

[sS)

, .,% and [ = 1,2,..., Y 5 for the real and
espectively, defining a set of Collocation points.

and [ is chosen as follows: | = %,
imaginary part of equations (1.7),

=N

2 Collocation Matrix Structure for Square Domains

Consider, now, the square with vertices z; and sides Sj, j = 1,2,3,4 (modulo 4),
indexed counter-clockwise, and interior D, depicted in Fig. 2.1. Without any loss of
the generality, we may assume that the square is centered at the origin, scaled and
oriented so that one vertex (say z1) is located at 1 so that

zj=#"1 §=1,2,34 (2.1)

and the angle «; of the side S; from the real axis (measured counterclockwise) is
given by

. ™ .
aj = arg(zjs1 —2) = (2/ +1) 7, 7=1,2,34. (2:2)
AlIm
zZ2
So s,
D
7T (o7
0= —
%3 ] 2 /\ » Re
zZ1
Sg S4
z4

Figure 2.1 Square domain with vertices z;, sides S; and interior D.



Case I : Same Boundary Conditions on all Sides

Assuming that the real-valued function ¢ (z, z) satisfies the Laplace’s equation in
the interior D of the square, described above, subject to the same type of Poincaré
boundary conditions on all sides, that is

cos (B) ¢V +sin(B)¢{) =g\, z€8;, 1<j<4, (2.3)

and observing that the local coordinates of (1.5) take the form

1 . ™ 1 0 \x 1 .
mj =g (2 + 2j41) = |myle@™2) = 562(2171)1 = 721-(2]*1)/2 : (2.4)
and
By — 1 (2 2) = |h; ]emﬂ _ Lei(%ﬁrl)% — ii@jﬂ)/? (2.5)
I gp VLT ™2 ™2 ’ .

we can easily obtain, from (1.4), that:

Lemma 2.1 Let the real-valued function q(z, Z) satisfy the Laplace equation in the
interior D of the square described above in this section. Let g\9) denote the derivative
of the solution in the direction making an angle 3, 0 < 8 < w, with the side S; (see
(2.3)), and let f9) denote the derivative of the solution in the direction normal to
the above direction. The generalized Dirichlet-Neumann map is characterized by the
equation

4 s
Ze—kzMj/e—k:Hjs (f(j)(s) _ ig(j)(s)> ds=0, keC, (2.6)
j=1

where

1 . 1 .
Mj = imj = E i(23+1)/2 and Hj = ihj = 71_7\/5 i(2j+3)/2 . (27)

) 1

Proof. Upon simplification of the factors |h;| and e as |hj| = o and 3; = f3,
T

from (1.4), the proof follows immediately. O

Hence, upon evaluation of (2.6) on the following four rays of the complex k-plane

l
kp:—hfp, leRT, p=1,2,3,4, (2.8)

we obtain that:

Proposition 2.1 Consider the generalized Dirichlet-Neumann map in Lemma 2.1.
Suppose that the set {g(j)}jzl is given through (2.3) and that the set {f(j)}?zl 18

Y4 .
approximated by { ](\?)} . defined in (1.6). Then, the real coefficients U} satisfy
J:
the 4N x 4N linear system of equations

1
S el pZU (1i777) =Gy (), p=1,2,3,4 , (2.9)
j=1 r=1



where G (1) denotes the known function

4 ™
Gy () =33 [ g0 e) 4 i1 () (210)
j=1 i
F, (1) denotes the integral
™
F. ()= /eilscpr(s)ds, r=12...,N, (2.11)
-
. , 13 N -1
and l is chosen as follows: For the real part of equations (2.9) 1 = 370 g
whereas for the imaginary part of equations (2.9) 1=1,2,...,N/2 .
Proof. Observe that
Mi_riir and Hi_gorir (2.12)
D hy

Thus, evaluation of (2.6) at (2.8) yields the set of the four equations

™

4
Zelm’”’/e“ g (f(”(s) - z‘g“’(s)) ds=0, leR*, p=1,234, (2.13)
j=1

—T

hence, the proof follows immediately upon substitution of (1.6) into (2.13). O

If we now let A, ; € RMN (p,j = 1,2,3,4), to denote the N x N matrix with
elements al; defined by

( e T 13 N-1
Re [ ™77 [ s g (s)ds |, 1=2,2,...,—=
( _fﬂ " 2" 2 2
apdl = , (2.14)
Im (elm'ﬂp f elsi? p+1g0r(8)d8> : 1=1,2,... ,N/2
—Tr
for ¢ = 2l and r = 1,2,..., N, then the collocation linear system, described in
Proposition 2.1, may be written as
AcU=G , Ac e R4 U, G eR*Y | (2.15)
where
A1 A1p A1z Ara U, G
A — Ag1 Ao Aoz Agy U= U, G- Go (2.16)
Az Az2 A3z Asa U; G3
Ay Agp Az Agg Uy Gy



and U; € RN and G, € RM1 denote the real vectors

U = {Ui} = (U{ Ul ... U}'V)T : (2.17)
and
G, ={a} = (fo Gh ... ijv)T , (2.18)
i 13 N-1
Re(GpD) 1= 550 =5
Gy = . q=2 . (2.19)

m(G,(1)), 1=1,2,...,N/2,

Following the notation above we prove:

Lemma 2.2 The N x N real submatrices Ay j = {a%;;i}, with aé’jg being as defined
in (2.14), satisfy

AO ) p:]
Apj=ES A, p-jl=2 (2:20)

where the elements of the matriz Ay = {aqyr}éVTzl are defined through the Finite
Cosine/Sine Fourier Transform of the linear independent real valued basis functions

6, (s), namely

s

J cos(4s)pr(s)ds , q= odd

—T

gy = : (2.21)
jr sin(4s)¢r(s)ds , q = even

the matriz A1 is defined by

Ay =DAy , D= diag(dy,...,dn) ,dy=(-1)1"1e 9" | g=1,...,N , (2.22)

the matrix O denotes the null matriz and the diagonal matriz E is defined by

E = diag(e1,...,en) , eg=e€2" , g=1,...,N . (2.23)

Proof. Recall the definition of the elements a?7 from (2.14) and notice that, for
7 = p, there holds

T 1
Re(f e”scpr(s)ds> , l:§,g,...,T

—Tr

—Tr

Im(f e”sgor(s)ds> , 1=1,2,...,N/2



Evidently, therefore,
aPP = 3™

q,r af]ﬂ"
where a4, are as defined in (2.21), hence
Ay, =FEAy , p=1,2,3.4.

Similarly, as i/~ = —1 for |j — p| = 2, there holds

cos(ls)pr(s)ds , 1=

Re <}T e‘“sgor(s)ds> =

Jq%#

with ¢ = 2. Hence, for |j — p| = 2,

agjﬁ = (—1)‘1’16*%”%77” = G%ﬂ' ((—1)qileiqﬂ-aq,7‘) ’

and therefore
Apyj:EDAOZEAl s |p—j’:2.

Finally, for |j — p| = odd, we have

™

api= | [ entsias

— T

Re (e*™) = cos(Ir) =0 , 1=

Im (™) = £sin(lr) =0, =

and, therefore,
Ap:j:O ’ ‘p_]|:Odd 9

which completes the proof.

Therefore, it becomes apparent that

Im (jfr e‘“scpr(s)ds) =— }r sin(ls)or(s)ds , 1=1,2,...

(2.24)

(2.25)

Proposition 2.2 The Collocation linear system in (2.15) is equivalent to the sys-

tem

AU= (Lo EHG,

where @ denotes the Kronecker (tensor) matrixz product, A is defined by

Ay O A O I ODO
O Ay O A O1OD
A= = (I4®A0),
A1 O Ay O DOIO
O A O Ay ODO I

(2.29)

(2.30)

14 denotes the 4 x 4 identity matrix, and the matrices Ay ,A1 , D and E are as

defined in Lemma 2.2 above.



Remark 2.1 Notice that, as the basis functions ¢, (s) are appropriately chosen real
valued linearly independent functions, Ag is nonsingular. Nonsingular is also the
matrix B, defined by

1 ODO
O1O0D

B = , (2.31)
DOIO

ODO I

as is apparently symmetric, strictly diagonally dominant and positive definite. There-
fore, both matrices A in (2.30) and A¢ in (2.16) are nonsingular too.

Remark 2.2 Observe that the matrix A in (2.30) is evidently Block Circulant. Nat-
urally therefore, as Ac = (I4 ® E)A, the collocation matrix A¢ in (2.16) is Block
Circulant too. In [5] it is shown that the Collocation coefficient matrix, although
does not possesses the special sparse structure of (2.30), remains Block Circulant
for the case of general Regular Polygons with the same type of boundary condi-
tions on all sides, allowing the deployment of FFT for the efficient solution of the
corresponding collocation linear system.

Case II : Different Boundary Conditions on each Side

Let us now assume that the real-valued function ¢ (z, Z) satisfies the Laplace’s equa-
tion in the interior D of the square, described at the beginning of this section, sub-
ject to different type of Poincaré boundary conditions on each side, that is (see also
equation (1.2))

cos (8;) a7 +sin (8)) ¢ = g9, z€8;, 1<j<4. (2.32)

Then, the associated generalized Dirichlet-Neumann map is characterized by the
equation

4 ™
Zeiﬁje_ij/e_kHjs <f(j)(3) — ig(j)(s)) ds=0, keC, (2.33)
i=1 A

where M; and H; are as defined in Lemma 2.1, while Proposition 2.1 is being
replaced by

Proposition 2.3 Consider the generalized Dirichlet-Neumann map in (2.33). Sup-
pose that the set {g(j)}?zl is given through (2.32) and that the set {f(j)}jzl is
approzximated by { ](Vj)}% defined in (1.6). Then, the real coefficients Ui satisfy
the 4N x 4N linear syst]ejrlz of equations

4 N

Zeiﬁjelm"‘” Z UIF, (Ii77) =Gp(l), p=1,2,3,4 , (2.34)
7=1 r=1



where G (1) denotes the known function

4 ™
G (1) = i3l [ ) i (s))ds, (239
j=1

—T

F, (1) is as in (2.11) and 1 is chosen as in Proposition 2.1.

The collocation linear system, described in Proposition 2.3 above, obviously is in
the block partitioned form of (2.16) with the difference that the elements af. of
the submatrices A, ;, used to defined the collocation matrix Ac in (2.16), are now
defined by

. g T i 1
Re (ez,@jelﬂ'ﬂ P f elszJ p+l(,0r(8)d8> , | = 57

—T

O‘Iq):Z — ,  (2.36)

Im (eiﬂjelwijl) f 6l8ijp+1gor(8)d8> =12, ,N/Q

—T

and, of course, the vector G now refers to (2.35) instead of (2.10). It takes only a
few simple algebraic manipulations to verify that

b = abl cos(8;) + ab sin(f;) (2.37)

where b is as defined in (2.14) and a2 is defined by

Gop o 13 N -1
—Im (elm] p_{r els? p+190r(5)d3> , 1= 5 Ty
bl = , (2:38)
Re (elwijp f elSijp+lg0r(S)dS> 7 1=1,2,..., N/2
\ —T

with ¢ = 2] as always. Therefore,using also Proposition 2.2, the collocation coeffi-
cient matrix A¢c now takes the form

Ac = (L@ E)A(D. @ Iy) + A(Ds® Iy) | (2.39)

where the matrices A and E are as defined in (2.30) and (2.23), respectively, the
diagonal matrices D, and D, are defined by

D. = diag (COS(ﬂl), 005(62)7 COS(63), COS(ﬂ4)) (240)

and
D, = diag (sin(f1), sin(f2), sin(Bs), sin(fs)) (2.41)
and the matrix A € R*V4N s in the block partitioned form
Al,l A1,2 A1,3 A1,4
. Ay Ago Ags A
Ao A2,1 A2,2 A2,3 A2,4 7 (2.42)
Az Az2 Asz Asa

Ay Agp Asz Aga



with the elements dé’jr' of the submatrices flp,j € R¥N (p,j = 1,2,3,4,) being
defined in (2.38). With this notation we now prove that

Lemma 2.3 The N x N real submatrices /Alp,j = {&g:i}, with dgji being as defined
in (2.38) satisfy

EAO ) P =

A ~EDAy , |p—j|=

Apj = . : (2.43)
DA, , p—j=-13
DAQ ) p_] = 7_3

~ N
where the elements of the matriz Ag = {dg?r)} L are defined through the Finite
q7T:
Cosine/Sine Fourier Transform of the linear independent real valued basis functions

r(s), namely

™

— [ sin(2s)o.(s)ds , q= odd

—T

al0) = (2.44)

J cos(ds)gr(s)ds , q= even

~ N
the elements of the matriz A1 = {d((“«} | are defined by
q?T:
iff) = [ ¥ (s)as. (2.45)

~ N
the elements of the matriz As = {&QJ“} are defined by
q77‘:

™

of2) = (-1 [ o (s)ds (2.16)

—Tr

the matrices D and E are as defined in Lemma 2.2 and the diagonal matriz D is

defined by

N

D = diag (sin(g), Cos(2g), .. sin((N — 1)%),cos(Ng)> . (2.47)

Proof. As in Lemma 2.2, recall the definition of the elements @b from (2.38) and
notice that, for j = p, there holds

)
T 1
—Im (f e”sgor(s)ds> , 1= 3

—T

Q>
23
i~
Il
®<\.
3
Q
Il
DO
o~~~

Re(fe”sgpr(s)ds> , 1=1,2,...,N/2

10



Evidently, therefore,
P — e3m5(0) (2.48)

where &g?r) are as defined in (2.44), hence
A,,=EAy , p=1,2,3,4. (2.49)
Similarly, as i/~? = —1 for |j — p| = 2, there holds

—Im <_f e_ilsgpr(s)d8> = f sin(ls)g,(s)ds , 1= %’

—T

—T

Re (}r e”sgpr(s)ds> = f cos(ls)pp(s)ds , 1=1,2,...,N/2

with ¢ = 2. Hence, for |j — p| = 2,

il = (~1)7e87alf) = —ef™ ((—1)1 e alf)) (2.50)
and therefore R R
Apj=-EDAy , [p—jl=2. (2.51)
Now, as i/ P = —j for j —p= —1 or j — p = 3, we have
T , 13 N -1
—Im (e7"™) =sin(ir) , l=2,5,...,——
Ag:i = /elsgpr(g)ds . 2°2 2 ,
i Re (e7™) = cos(Ir) , 1=1,2,...,N/2
and, therefore, ) o
Apj=DAy , p—j=-13. (2.52)
Finally, as i/ P =i for j —p=1or j — p = —3, we have
T . 13 N -1
. —Im (e’l”) =—sin(lr), l==,-,...,——
apd = /e_ Sor(s)ds ' 2°2 2 ,
o Re (e'™) = cos(I) , 1=1,2,...,N/2
and, therefore, ) o
Apj=DAy , p—j=1-3, (2.53)
which completes the proof. O
Evidently, therefore, the matrix Ain (2.42) can be expressed as
A= (I, ® E)A, + (I, ® D)A, , (2.54)
where A; and A, denote the block circulant matrices
Ay O —-DA, O O Ay O A
. o A O -DA . AL 0 4 O
A = T | and A,=| "7 7 7| . (259)
—-DAy O Ag @) O A O A
O —-DAy O A Ay O A O

11



If we now let the matrix B to be defined by

I O -D O

, O I O -D

B= : (2.56)
-D O I O
O -D O I

then, upon combination of the results above, we obtain

Proposition 2.4 The Collocation coefficient matriz Ac, associated with the linear
system described in Proposition 2.3, is expressed as

Ao = (I B) (B(I1® Ao) (De® In) + B(Ii© Ao) (Dy @ In) ) +

N (2.57)
+(I4 & D)Ag (Ds ® IN) .

where the diagonal matrix E and the matriz Ag are defined in Lemma 2.2, the
matrices B and B are as defined in (2.81) and (2.56) respectively, the diagonal
matrices D, and Dy are as defined in (2.40) and (2.41) respectively, the matriz Ag
is defined in Lemma 2.3 and the matriz Ay is as defined in (2.55).

Proof. Recall (2.55) and observe that A; = B(I;®Ay). This, combined with relations
(2.30), (2.39) and (2.54) yields (2.57) and the proof follows. O

3 Analysis and Implementation of Numerical Methods

Based on the structure, as well as the properties, of the Collocation coefficient
matrix, in this Section we analyze and implement direct and iterative methods for
determining the solution of the generalized Dirichlet-Neumann map associated to
Laplace’s equation on square domains. For the numerical experiments included, we
considered the solution of the model Laplace’s equation, with exact solution (cf.
[2]-(3))

q(z,y) = sinh(3z) sin(3y) . (3.1)

The relative error Fo, used to demonstrate the convergence behavior of the direct
and iterative methods considered, is given by

where
11l = g { mm 1960} 33)
and
17 = Al = s { o 179) - 5901} 3.4

12



with f](\g) as in (1.6), and the max over s is taken over a dense discretization of
the interval [—m, 7]. For the direct solution of the linear systems we have used the
standard LAPACK routines, while for the computation of the right hand side vec-
tor we have used a routine (dgawo) from QUADPACK implementing the modified
Clenshaw-Curtis technique. As it pertains to the iterative methods, the maximum
number of iterations, allowed for all methods to perform, is set to 200 and the zero
iterate U is set to be equal to the right hand side vector. All experiments were
conducted on a multiuser SUN V240 system using the Fortran-90 compiler.

Case I : Same Boundary Conditions on all Sides

It is the special sparse structure, revealed in the previous section, of the collocation
system, in (2.29), that allow us to efficiently and rapidly solve it.

Direct Solution

Taking advantage of the block structure of the matrix A in (2.30), and observing
that the inverse of the matrix B in (2.31) is readily available by

Bl'=BI,20), (3.5)

where B is as defined in (2.56) and C' is the diagonal matrix

1 1
BT Rl er=r R L R

C = diag(ci,...,cn) , ¢4
with d; denoting the diagonal elements of the matrix D in (2.22), it is evident that
the collocation system (2.29) can be written as

(I;® AU =B(L,oC) Iy @ ETHG , (3.7)
or, equivalently, as
AU, =CE ' (G,—DGy) , p=(p+2)modd , p=1,2,3,4, (3.8)

since the matrices C, D and E are diagonal and commute. The matrix Ay, defined
in Lemma 2.2, depends on the choice of basis functions ¢, (s), as its elements are
defined through their discrete cosine/sine Fourier transforms (see (2.21)). In [3] we
considered the following two choices of basis functions :

(1) Sine Basis Functions

¢T(s):sin<r<ﬂg_s>) Cr=1,....N. (3.9)

(2) Chebyshev Basis Functions

T (2) = To (

S
i ., r=1,...,N, (3.10)
T (2) - T (

or(s) =

Nl J|w

where Ty, () = cos (ncos™(z)).

13



For the case of sine basis functions the matrix Ay is point diagonal, hence the
solution of (3.8) is readily available with computational cost of O(N). In general,
though, including the case of Chebyshev basis functions, it is well known that the
computational cost for solving the system (3.8) is O(N3).

Tterative Solution

For an iterative analysis, independent from the choice of basis functions, one may
take advantage of the 2-cyclic (cf. [9]) nature of the matrix A in (2.30). Observing
that its associated weakly cyclic of index 2 (cf. [9]) block Jacobi iteration matrix Ty
can be expressed as

To= (L ® Ag")(I = B)(I1® Ao) , (3.11)

hence is similar to the matrix

OO0DO
000D

I-B=-— (3.12)
DOOO

ODOO

where B is as defined in (2.31) and D is the diagonal matrix of (2.22), its spectrum
o(Ty) satisfies
o(Tp) = {£e ™, +e T}, (3.13)

and, obviously, its spectral radius o(7p) is given by
o(Ty) = e ™ = 0.0432 , (3.14)

revealing a fast rate of convergence. Moreover, using well known results from the
literature (e.g. cf. [9]), the spectral radii of the iteration matrices 71 and T,
associated to the Gauss-Seidel and the optimal SOR iterative methods, respectively,
satisfy

o(T1) = 0*(Tp) = e 2™ = 0.0019 , (3.15)

and
2

=Wt — 1 =
) = Wopt 1+vVI—e2r

revealing rapid convergence rates. However, we have to point out that, in view of
(3.8), iterative methods may only compete direct factorization, since for all methods
the main computational cost comes from the factorization of the matrix Ag. To be
more specific, with the change of variables

o(T,,, —120.0005 , (3.16)

V =AU, (3.17)

the above iterative methods may be implemented through the following expressions:

o Jacobi

Vi) - _DV;?Z) +E'G, , P=(p+2)modd , p=1,2,3,4, (3.18)

14



o Gauss-Seidel

VI(DmH) = _DV(T)Q +E7IGy ;o p=12
(m-+1) (met1) (3.19)
Vp—|—2 = _DVP + Eile , D= 172
e SOR
Vi = (1 —w)vi” —wDVI) + wETIG,  , p=1,2 520
VI = (1) V) —wDVI Y s wETlG, |, p=1.2 |

Consequently, by making also use of the fast convergence properties of the iterative
methods considered, it is apparent that the computational cost, for the iterative
solution, is O(N) for the case of sine basis functions, while, in general, including
the case of Chebyshev basis functions, is O(N3).

For completeness and uniformity (with the case of different boundary conditions)
only purposes, we also consider two of the main representatives from the family of
Krylov subspace iterative methods, namely the Bi-CGSTAB [6] and the GMRES
[7] methods, for the solution of the preconditioned system

AM™YU = (I, ® ETHG (3.21)

where, of course, U = MU. Observing that both spectra o(Tp) and o(T}) = o2(Tp)
of the block Jacobi and block Gauss-Seidel iteration matrices, respectively, are real
and clustered around zero, it is evident that if we choose the preconditioning matrix
M to be the splitting matrix of the Jacobi or the Gauss-Seidel iterative methods,
namely

M=My=1,® Ay or MEMle(I4®A0) (3.22)
where
1 00O0
O10O0
F = , (3.23)
DOIO
ODOI

then the spectrum of the preconditioned matrix AM ~! would satisfy
o (AMy') =1-0(Ty) or o(AM;')=1-0(T1), (3.24)

since Ty = I — Mo_lA, T =1-— Ml_lA and the matrices M~'A and AM ™! are
obviously similar. Therefore, the eigenvalues of the preconditioned matrices AM !
and AM L are all real, located in the half complex plane with the origin being out-
side or towards the boundary of the the convex hull containing them, and clustered
around unity. Hence, following [8], the Bi-CGSTAB is expected to have effective
convergence properties.

To numerically demonstrate the above results we include Table 1 referring to the
performance of all mentioned numerical methods when they apply to the model

15



Imaginary Axis

problem, described at the beginning of this section, for the case of Chebyshev basis
functions.

Table 1 Performance of Numerical Methods (Same BC — Chebyshev Basis Functions)

Precondi- N=28 N =16
Method
tioner Error ‘ Iter. ‘ Time Error ‘ Iter. ‘ Time
LU-factorization — 2.09e-05 — 1.50e-04 | 5.78e-13 — 2.33e-04
Jacobi — 2.09e-05 13 2.52e-04 5.78e-13 13 4.74e-04
Gauss-Seidel — 2.09e-05 7 1.64e-04 | 5.78e-13 7 2.89e-04
SOR — 2.09e-05 7 2.05e-04 | 5.78e-13 7 3.52e-04
Bi- Jacobi 2.09e-05 2 7.27e-04 | 5.78e-13 2 8.43e-04
CGSTAB Gauss-Seidel | 2.09¢-05 | 2 | 7.22¢-04 | 5.78¢-13 | 2 | 8.37e-04
Jacobi 2.09e-05 4 9.21e-04 | 5.78e-13 4 1.08¢-03
GMRES(10)
Gauss-Seidel | 2.09e-05 3 8.71e-04 | 5.78e-13 3 1.02e-03

Case II : Different Boundary Conditions on each Side

The numerical treatment, for the case of different boundary conditions on each side
of the square domain, largely depends on the boundary conditions used per se.
Hence, the numerical results included for this case, are indicative and refer to the
mixed boundary conditions (see (2.32)) obtained by making use of the following

angles:
T

T s
ﬁl_ﬂ- ) /62_1 ) ﬁ?)_g ) 54—5

Recall, now, the associated, to the above boundary conditions, collocation matrix
Ac, defined in Proposition 2.3, and observe that relation (2.57) or, equivalently, re-
lation (2.39) combined with relation (2.54), contributes to its efficient construction,
as it is written as a matrix combination of circulant matrices, one of which is the
matrix A, defined in (2.30), associated to the case of same boundary conditions on
all sides of the square.

Eigenvalues of T, (sine basis) Eigenvalues of T1 (sine basis)
0.6f 1 061 1
X
0.4r 1 0.4r 1
X
X
0.2r 1 0.2 1
(2]
X X
X <
X
el
ot x g ] 0 x x % ¥ B
X =)
X ]
X 1S
-0.2f T -02 1
X
X
-0.41 -0.4 1
X
-0.6 -0.6 1
-06 -04 -02 0 0.2 0.4 0.6 -06 -04 -0.2 0 0.2 0.4 0.6
Real Axis Real Axis

Fig. 1 : Eigenvalues of the block Jacobi and GS iteration matrices Ty and T for Sine Basis Functions (N = 64)
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Eigenvalues of the Collocation Matrix AC (sine basis)

15

Eigenvalues of A’lAC (sine basis)

3r |
W ]
2t x, x 1 k4
% x S "t
1t ¥ y X 1 03¢ * o |
4 0 *
*
%‘ or X X X X R E or * 1
E % ; £ *
-1r % X 1 -05f :%ne 1
X>><< X N % * ¥
-2t X ks 4 £
b ]
sl ]
‘ ‘ ‘ ‘ ‘ ‘ ‘ s ‘ ‘ ‘ ‘
3 2 0 1 2 3 <15 -1 -05 05 1 15
Real Axis Real Axis
Fig. 2 : Eigenvalues of the Matrices Ac and A~! Ao for Sine Basis Functions (N = 64)
For sine basis functions, iterative methods are an effective alternative to direct fac-
torization. And this because, as the collocation method, combined with the sine
basis functions of (3.9), is quadratically convergent, it is necessary to use a suffi-
ciently large number of basis functions (large N) to achieve a sufficiently small error
norm.
To illustrate the convergence behavior of the classical block Jacobi and Gauss-Seidel
(GS) methods, with iteration matrices Ty = M, ' Ny and Ty = M; ' Ny respectively,
where
4
_ (p) : (» _ A
My = @ My with My’ = E [ Agcos(Bp) + Ao sin(Gp) (3.25)
p=1
and M defined analogously, we included Figure 1 depicting their eigenvalue dis-
tribution for a typical case (N = 64). Pertaining to the Krylov Bi-CGSTAB and
GMRES methods, it is apparent that the use of the un-preconditioned versions is
not suggested due to the A¢’s eigenvalue distribution depicted in Figure 2.
Table 2 Performance of Numerical Methods (Different BC — Sine Basis Functions)
Precondi- N =32 N =128 N =512
Method
tioner Error ‘ Iter. ‘ Time Error ‘ Iter. ‘ Time Error ‘ Iter. ‘ Time
LU-factor. — 2.05e-03 | — | 2.29¢-02 | 1.31e-04 | — | 1.51 | 7.69e-06 | — | 192.00
Jacobi — 2.05e-03 | 35 | 2.53¢-02 | 1.31e-04 | 43 | 0.76 | 7.67e-06 | 53 | 35.20
GS — 2.05e-03 | 16 | 1.36e-02 | 1.31e-04 | 20 | 0.39 | 7.69¢-06 | 24 19.30
Jacobi 2.05e-03 8 1.48¢-02 | 1.31e-04 | 9 0.51 | 7.70e-06 | 9 17.60
Bi-
CGSTAB Gs 2.05¢-03 | 4 1.08¢-02 | 1.31e-04 | 5 0.40 | 7.69¢-06 5 15.30
A 2.05e-03 | 29 | 8.98¢-03 | 1.31e-04 | 25 | 0.09 | 7.62e-06 | 32 15.00
Jacobi 2.05e-03 | 12 | 1.36e-02 | 1.31e-04 | 14 | 0.47 | 7.68¢-06 | 16 17.20
GMRES(10) GS 2.05e-03 7 1.06e-02 | 1.31e-04 7 0.31 | 7.70e-06 7 12.70
A 2.05e-03 | 37 | 8.44e-03 | 1.31e-04 | 35 | 0.07 | 7.67e-06 | 37 9.18
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Imaginary Axis

With respect to their preconditioned analogs, together with the block Jacobi and
block GS preconditioning, we have also considered the case of using the block circu-
lant matrix A of (2.30) as a preconditioner. And although the eigenvalue distribution
of the preconditioned matrix A~ A¢ (depicted in Figure 2) is not that encouraging,
the fact that A~! inverse is readily available combined with the large size of the
matrices needed to be directly factored out, yields a very efficient preconditioning.
In fact, the A-preconditioned GMRES method is significantly less time consum-
ing, hence it is the method of preference. The performance results for all numerical
methods considered for the case of sine basis functions have been included in Table
2 above.

For the case of Chebyshev basis functions the Collocation method appears to con-
verge exponentially (cf. [3]). Therefore, one may achieve a small error norm with a
few basis functions.

Eigenvalues of T0 (chebychev basis) Eigenvalues of T (chebychev basis)

0.6

0.6} x 1 06l
X
0.4r 1 0.4}
X
0.2 X 4 0.2}
)
: 2
j= X
O X % B % 0 F X X ><>R§(
X [
E
-0.21 X 1 -0.21
X
-0.4r1 1 -0.41
X
-0.6f % 1 -0.6f
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 -0.6 -0.4 -0.2 0 0.2 0.4
Real Axis Real Axis

Fig. 3 : Eigenvalues of the block Jacobi and GS iteration matrices Tp and T for Chebyshev Basis Functions (N =

Fig. 4 : Eigenvalues of the Collocation Matrix A¢ of (2.57) for Chebyschev Basis Functions (N = 16)

Eigenvalues of the Collocation Matrix AC (cheb basis)

6,
at
X
X
X
2 2f X7 X XX& *
é x X ><>< X x
> XX X
o Of XX XK XK XX X X
= X X Xy
=3 X
g « X X %X x
T -2r Xy XX
X <
X
X
_4,
_6,
-6 -4 -2 0 2 4 6
Real Axis
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This fact leads to small size matrices and, therefore, direct factorization is more
effective, than iterative methods, for their solution. Nevertheless, for comparison
and demonstration purposes, together with the direct factorization method, we also
consider the block Jacobi and GS methods, as well as their preconditioning analogs
combined with the Bi-CGSTAB and GMRES methods. The eigenvalue distribution
of the associated matrices Ty, 17 and Ac are depicted in Figures 3 and 4, while
the performance results of all numerical methods considered are included in Table
3 below.

Table 3 Performance of Numerical Methods (Different BC — Chebyshev Basis Functions)

Precondi- N=38 N =12 N =16
Method
tioner Error ‘ Iter. ‘ Time Error ‘ Iter. ‘ Time Error ‘ Iter. ‘ Time
LU-factor. — 4.38e-05 — 5.67e-04 | 1.45e-08 — 1.37e-03 | 1.15e-12 — 2.76e-03
Jacobi — 4.38e-05 66 5.65e-03 | 1.45e-08 74 9.96e-03 | 1.16e-12 95 1.93e-02
GS — 4.38e-05 30 3.16e-03 | 1.45e-08 34 5.23e-03 | 1.16e-12 36 8.28e-03
Bi- Jacobi 4.38e-05 11 2.51e-03 1.45e-08 12 4.12e-03 1.16e-12 13 6.41e-03
CGSTAB GS 4.38¢:05 | 7 | 2.27e03 | 1.45¢08 | 7 | 3.36e-03 | 1.15e-12 | 7 | 4.93¢-03
Jacobi 4.38e-05 23 3.02e-03 | 1.45e-08 26 3.89¢-03 | 1.16e-12 28 8.56e-03
GMRES(10)
GS 4.38e-05 12 2.39e-03 1.45e-08 13 4.00e-03 1.16e-12 13 5.24e-03
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A new and novel approach for analyzing boundary value problems for linear and for integrable non-
linear PDEs was recently introduced. For linear elliptic PDEs, an important aspect of this approach is
the characterization of a generalized Dirichlet-Neumann map: given the derivative of the solution along
a direction of an arbitrary angle to the boundary, the derivative of the solution perpendicularly to this
direction is computed without solving on the interior of the domain. For this computation, a collocation-
type numerical method has been recently developed. Here, we study the collocation’s coefficient matrix
properties. We prove that, for the Laplace’s equation on regular polygon domains with the same type of
boundary conditions on each side, the collocation matrix is Block Circulant, independently of the choice
of basis functions. This leads to the deployment of the FFT for the solution of the associated colloca-
tion linear system, yielding significant computational savings. Numerical experiments are included to
demonstrate the efficiency of the whole computation.

Keywords: Elliptic PDEs, Dirichlet-Neumann Map, Global Relation, Collocation, Block Circulant Ma-
trices, FFT

1. Introduction

A new method for solving boundary value problems for linear and for integrable nonlinear PDEs in two
dimensions was introduced by Fokas in 1 (1997),2 (2001). This method involves two novel features:

(a) Ityields an analytic representation of the solution, in an integral form, in the complex k-plane.

(b) It characterizes a generalized Dirichlet-Neumann map through the solution of the so-called global
relation, an equation, valid for all complex values of k, which couples known and unknown com-
ponents of the solution and its derivatives on the boundary.

For a large class of boundary value problems, the global relation can be solved analytically, and hence
the generalized Dirichlet-Neumann map can be constructed in closed form. This includes linear evolu-
tion PDEs with spatial derivatives of arbitrary order on the half-line 4 (2002) and on a finite interval 5
(2005), the Laplace, the bi-harmonic and the modified Helmholtz equation in certain simple polygons
12 (2004),6 (2001)-9 (2004), and the basic nonlinear integrable evolution PDEs on the half-line for cer-
tain simple boundary conditions 10 (2002)-11 (2004). However, for general boundary value problems,
the global relation must be solved numerically.

In 12 (2004) and 13 (2007) a well conditioned and fast convergent collocation-type numerical
method was developed and studied for the numerical solution of the Generalized Dirichlet-Neumann
map associated to the generic model problem of Laplace’s equation on an arbitrary convex polygon do-
main. The present work, which is a natural continuation of our work in 13 (2007), aims to the efficient
solution of the associated collocation linear system. For the case of regular polygon domains, with the
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same type of boundary conditions on each side, we prove, among other properties, that the Colloca-
tion coefficient matrix is Block Circulant, independently of the choice of basis functions. Evidently,
therefore, by deploying the Fourier Matrix , the collocation matrix is transformed into a similar block
diagonal matrix, the construction of which is implemented through the Fast Fourier Transform (FFT),
yielding efficient implementation of direct and iterative methods for the solution of the collocation linear
system.

This paper is organized as follows: Section 2 outlines some analytical results, as well as the collocation
method of 13 (2007). Section 3 presents the structure and the properties of the collocation coefficient
matrix for the case of regular polygons. And, finally, Section 4 presents the implementation through the
FFT as well as numerical results, for a variety of boundary conditions, to demonstrate the efficiency of
the whole computation.

2. Overview

For elliptic PDEs in two dimensions it is convenient to replace the Cartesian coordinates (x,y) with the
complex coordinates (z,Z) = (x+ iy,x — iy). In doing so and using the equations

1
5 (
Laplace’s equation in the independent variable g can be written in the form

1
o —idy) , d:= 3 (O +idy) ,

9%q
— = 2.1
9207 1
This equation is equivalent to the equation
J ikz dq
T =1=0 2.2
0z (e dz ’ 2

for an arbitrary complex parameter k.

The Global Relation

Suppose that the real-valued function ¢(z,Z) satisfies Laplace’s equation (2.1) in a simply connected
bounded domain D with boundary dD. Then, equation (2.2) together with the complex form of Green’s
theorem imply the equation

]{e—”‘zﬁdz —0, keC, 2.3)
dz
oD

which is referred to (cf. 2 (2001)) as the global relation associated with Laplace’s equation. For the
case of D being a convex bounded polygon with vertices z1,z22,...,z, (modulo n), which have indexed
counter-clockwise, the global relation (2.3) becomes

n 9
y / k%, 0, kec, (2.4)
=) dz

J

where S; denotes the side (zj,zj11).
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The Generalized Dirichlet-Neumann Map

Using the identity

dq 1_,a(<> ()
)

=3 o +ig!), z€S;, o =arg (201~ 7). 2.5)

() ()

d
where ¢y’ and ;7 denote the tangential and (outward) normal components of 4 along the side S,

dz

as well as the local coordinates
z=mj+sh;, z;<z<ziy1, —A<S<T, (2.6)
with

1
(ZJ+Z]+1) h]:ﬁ(zj+l 7Z]) ) (27)

I\JM—‘

mj =
it was shown (e.g. 13 (2007)) that:

PROPOSITION 2.1 Let the real-valued function q(z,Z) satisfy the Laplace equation in the interior D of
the convex bounded polygon with corners {z;};_, described above. Let g\Y) denote the derivative of the
solution in the direction making an angle B;, 0 < B; < 7, with the side S, namely

cos (B;) gs >—&—sm(ﬁj) :g(-f), z€S;, 1<j<n. (2.8)
Let f (/) denote the derivative of the solution in the direction normal to the above direction, namely

—sin(B;) gs )—I—cos(ﬁ]) —fm, zeS;, 1<j<n. (2.9

n n

The generalized Dirichlet-Neumann map, that is the relation between the sets { f (j)} - and {g(j)} _
Jj= j
is characterized by the single equation

.3

Zn: || (Bt / e ikhjs (f<f>(s)—ig<f>(s)) ds=0, keC. (2.10)

-7
Evaluating equation (2.10) on the following n-rays of the complex k-plane
l
kp:—h—7 lIeR", p=1,...,n, (2.11)
p

and multiplying the resulting equations by exp[—i(B)
lowing set of n equations:

n Ton
Y 1] i(8,-B,) 5 m p*mf)/e’lﬁ"‘ (f</>(s)_ig<f>(s)) ds=0, [€R", p=1,...n. (2.12)
Sl g,

Suppose, now, that the function set { g(j> }n is known through appropriate boundary data. Then, it

j=1
becomes apparent that the generalized Dirichlet-Neumann map, in its convenient form of (2.12), may
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be used to determine the function set { fu )} . The end values of the unknown functions /) can be

j=1
calculated by the continuitity requirements qgj ) (zj) = qi’ - (zj). Namely, rewriting equation (2.5) as
0 1 _; . .
a—q = sl (s9+ifD), zes;, 2.13)
b4

assuming that g(/) are compatible in the corners and setting & ; = ot — 3; we obtain (cf 12 (2004))

cos (811 — 8;) gV (m) — gt (m)
sin (5j+1 —5j) ’

()=

g(j_1> (77.') —COS (51 — 61',1 ) g(j) (771')
sin (6j—6j_1) '

I (=m) =

The Numerical Method

The collocation-type numerical method, developed in 12 (2004)-13 (2007), for the determination of the
function set { f m} ~,1s being described in the form of the following proposition (cf 13 (2007)):

PROPOSITION 2.2 Consider the generalized Dirichlet-Neumann map in Proposition 2.1. Suppose that

R .
the set {g(f)} - is given. Suppose that f(f) (s) is approximated by
j=

. . N
fli/) (s) = f*(j) (s)+ ZU,](p,(s), j=1,...,n, N even integer, (2.14)

r=I1

where @,(s) are appropriate basis functions, N is even and
. 1 .
N (s) = 5 |(s+m) £ (1) = (s =) fU) (=)

Then, the real coefficients Ui satisfy the Nn algebraic set of equations

“ Lhj
ZU (Bi=Bp) o1 (o~ '"J)ZUJF( )_Gp(z), p=12..n, (2.15)
Jj=1 |h | r=1 hP
where G, () denotes the known function
=l ) [
= i(Br8r) 1 (o / (60 (s) + i (5))ds, (2.16)
F (1) denotes the integral
/3
F ()= /el’%p,( Vds, r=1,2,....N, 2.17)

-7

and 1 is chosen as follows: For the imaginary part of equations (3.2) 1 =1,2,...,N /2, whereas for the
1

L part ti 32),l==,=,...,———
real part of equations (3.2) 25 5
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It is worthwhile to point out that different choices of the basis functions ¢,(s) affect the convergence
rate and the condition number of the method, as well as the structure of the coefficient matrix (cf 13
(2007) for a detailed treatment).

3. Matrix Properties for Regular Polygons

Let us now consider the regular polygon, depicted in Fig. 3.1, with vertices z; and sides §;, j=1,...,n
(modulo n), indexed counter-clockwise, and interior D. For notational simplicity and without any loss
of the generality, we assume that the polygon is centered at the origin, scaled and oriented so that one

. . . 2n . .
vertex (say zp) is located at 1, that is z; = 1. Setting 6 = —, the vertices may be written as
n

1

=0 o= j=1,...n, (3.1)

and the angle ¢; of the side S; from the real axis (measured counterclockwise) is given by
1 ) T . T
o =arg(zjp1 —zj) = 5[0+ 2/ -1D0] =S +(2j-1), j=1....n. (3:2)

Suppose that the real-valued function ¢ (z,Z) satisfies the Laplace’s equation in the interior D of the
regular n-gon, described above, subject to the same type of Poincaré boundary conditions on all sides,
that is

cos(B) gy +sin(B)gi’ =gV, zes;, 1<j<n. (3.3)
T
Dirichlet and Neumann boundary conditions correspond to the special cases of B =0 and 8 = 5 Te
spectively.
A Im
S3 23
u
[ ]
D
[ ]
[
Zj—1
! S
Sj_l e ZIn
(]
Zj L
Sj Zj+1

Figure 3.1 Regular n-gon with 'vertices z;, sides S; and interior D.

Recalling, now, the local coordinates of (2.6) and observing that their parametrization of (2.7) is ex-
pressed as

T
iaj—=) T i2j-1)= T )
(Zj+Zj+l) = |mj|e( T2 :cos(;)e " :cos(;)a)(z]*l)/z7 (3.4)

N =

mj =
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and T
1 1 .1 . m_ii-H— 1 . «® .
hjZE(sz—zj) :E|hj\e’“/ :z;sm(;)e n zzgsm(;)a)(z] Nz (3.5)
it follows easily, from Proposition 2.1, that:

COROLLARY 3.1 Let the real-valued function q(z,7) satisfy the Laplace equation in the interior D of
the regular n-gon with corners {z;};_, described above in this section. Let g(«’), defined in (3.3), denote
the derivative of the solution in the direction making an angle B, 0 < B < &, with the side S, and let

f () denote the derivative of the solution in the direction normal to the above direction. The generalized
Dirichlet-Neumann map is characterized by the single equation

T

Y ek / e~ ikhs ( 7O (s) = ig) (s)) ds=0, keC, (3.6)
=

-7

which, upon evaluation on the n-rays of the complex k-plane defined in (2.11), yields the following set
of n equations:

Zel‘pwjl’/eilmjl’s (f(j)(s)figm(s))ds:o, [€RY, p=1,....n 3.7)
=

V3
—TT
where

o=moots | @, =wl (38

and @ = ' being as in (3.1).

Proof. The relations

mphpmf —ip(w;,—1) and é = . (3.9)
together with the appropriate simplifications of constant quantities, relax equation (2.10) to (3.7) and
the proof follows immediately. O

As an immediate consequence of Corollary 3.1 and its combination with Proposition 2.2, one may
readily obtain that:

COROLLARY 3.2 Consider the generalized Dirichlet-Neumann map in Corollary 3.1. Suppose that the
set {gm} . is given through (3.3) and that the set {f(j>} - is approximated by {f,g,])} - defined
Jj= Jj=

in (2.14). Then, the real coefficients U/ satisfy the Nn algebraic set of equations
n N )
Y 9r Y UJF, (lo;,) =G, (1), p=1.2,....n, (3.10)
j=1 r=1
where G, (1) denotes the known function

V1

Gy (1) =iY /@ / i () (5) +i £ (5))ds, G.11)
J=1 -

T
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F; (1) denotes the integral
/s

F,(l):/eilsqor(s)ds, r=1,2,...,N, (3.12)

-7

¢ and j, are as defined in (3.8), and | is chosen as in Proposition 2.2, namely: For the imaginary part

13 N-—1
of equations (3.10) 1=1,2,...,N/2 whereas for the real part of equations (3.10) | = Ty
System’s Structure
Following Corollary 3.2, let C(p, j,/,r) be defined by

T
C(p,j,l,r) = % F, (lw;,) = /% /e”“’jps(p,(s)ds, (3.13)

-
with Cr(p, j,l,r) and C;(p, j,I,r) to denote its real and imaginary parts respectively, that is

Let, also, C,, ; € RNV denote the real N x N matrix with elements

. 13 N—-1
. . CR([T,],Z,F) ) 1:5’5’.“’T
Coy={hl} . ol = Cr=12...N. (315
Cl(p7j7l7r) ) l:1,2""7N/2
If, now, U; € R¥! and G, € R¥'! denote the real vectors
U ={u,=luvl vl ... v, (3.16)
and
G ={G}). =[G & .. G, (3.17)
where
1 N-—1
GZ(Z) 9 125757”'7Ta
G/ = , (=20, (3.18)
GM(l) , I=12,...N/)2,

with Gi(1) and GY (1) to denote respectively the real and imaginary parts of G, (/) in (3.11), then it can
be easily seen that:

PROPOSITION 3.1 The linear system, described by equations (3.10)-(3.12) in Corollary 3.2, is given
by

cU=G, CeRNN  UGeR™, (3.19)
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where
Ciy - Cj - Cin U,
C=| Cou - Cpj - Cpp , U= U; , G=
Cn,l te Cn,j T Cn.n Un

with Cp j, U; and G, are as defined in (3.15)-(3.17).

Gy

Gy, | (3.20)

Proof. Recall (3.13)-(3.14) and observe that the set of equations in (3.10) is written as

iz p.]vl7rU —G (l) s p=l,2,...,n
j=1r=1

or, equivalently, as

N
i ZC (p, J,l,r)UJ Gr(l) and Z ZCI D, j,l,r)U]
j=1r=1 j=1r=1

Zn:ZCZ/U =Gy, p=12,....n

1 3
d, by letting [ = ~, 1, =
and, by letting 7 b3

which completes the proof.

Coefficient Matrix Properties

(3.21)

G (I) . (3.22)

(3.23)

(3.24)

To reveal, now, the properties of the coefficient matrix C of (3.20) we first prove that :

PROPOSITION 3.2 The coefficient matrix C, defined in relations (3.19)-(3.20) of Proposition 3.3, is

Block Circulant. Namely,

(& G G o Gy

G, G G - G

Cnfl Cn Cl et Cn73
C=bcirc{C;,Cy, ..., Ci}=| . . . .

Cs Cy Cs --- (C

C C; Cy - Gy

where
CjZCLj y j=1,...,n

and Cy j are as defined in (3.15).

Cy
Ci1
Ci—
: (3.25)
G
Ci
(3.26)
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Proof. 1t suffices to prove that, for any u = 1,...,n— 1, the matrices C, ; (p,j =1,...,n) of (3.15)
satisfy

Cpj=Cpj, (3.27)
where
ptu ;o Isp<n—p
p = (3.28)
ptu—n , n—p+l<u<n—1
and
Jtu ;o lspu<n—j
j = . (3.29)

jtu—-n , n—j+1<u<n—1
For this, recall C(p, j,r,1) from (3.13) and observe that, for fixed r and /, there holds
C(p,j,nl)=C(p,j,nl) (3.30)
since, from (3.1) and (3.8), @™ = 1 and

()

-~ i
j/p/:a)/ r = @’ p:(l)jp. 3.31)

Evidently, therefore, for fixed r and [, we obtain, from (3.15), that

. .
pj _ P
Crr = 1y > (3.32)

and the proof follows. U

We know (e.g. 14 (1983), 15 (1979)) that the block circulant property of the coefficient matrix C allows
its block diagonal factorization. To be specific, let F,, € C™" denote the Fourier Matrix, that is

1 1 1
0] (02 . a)”*]
F—| 1 o? o . w21 7 (3.33)
i wr;—l w2(;1—1) . a)(n—l.)(n—l)
where @ = ¢2"/" is as in (3.1). Let also P, € R™" denote the cyclic permutation matrix
010 ---0
001 .- 0
I )l Oncn L
P=|: o —< | 01,,,_1)’ (3.34)
000 -1
1 00 -0

where I, denotes the g X g identity matrix and O, , the p x g null matrix. It is, also, well known that,

among other celebrated properties,

1
F'=-F", (3.35)

n n n
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where F,’ denotes the conjugate transpose, while

¢ Onvy Iny
P!=1, and Pn:( "Ié' OZW_[) for {=1,....n—1, (3.36)
and, furthermore,
P,=FQ,F "' | Q,=diag(l,0,0° - 0" ). (3.37)

If we now let ® and & denote the Kronecker product and direct sum of matrices, respectively, then:

PROPOSITION 3.3 The block circulant matrix C, defined in (3.25) of Proposition 3.2, is expressed as

C=(F,®ly) (@ <Zw" No-N¢ ))(F @ly) . (3.38)

(=1

(P '®1y) ( Cj)
Pt

(B E ) o) @q)

Proof. Observing that

™=

CcC =

~.
Il
=

|
NgE

~.
I

Il
M=

~.
Il
=

(Foly) (2 'oly) (F, ' ely) < T Cj)
=1
&

Iy)

= (F®ly) <i (QI'®ly) <écj)>(Fnl

(@w” Wu=He ))(Fnl@bv)

the proof follows. O
At this point we would like to conclude this section with the following remarks:

= (Fn®IN <

™= 1

REMARK 3.1 For the case of regular polygons with the same type boundary conditions on all sides, the
coefficient matrix C of (3.25) is independent of the angle B; = 8 the derivative of the solution is making
with the side ;. Namely, C is independent of the type (i.e. Dirichlet, Neumann or Mixed) of Boundary
Conditions.

REMARK 3.2 The coefficient matrix properties revealed in this section are independent of the choice of
basis functions and the number of polygon sides. However, certain choices of basis functions may enrich
the properties of the coefficient matrix. For example, for the natural choice of sine basis functions, i.e.

@ (s) = sin [r<”;s>} ; (3.39)

studied in 13 (2007), and in addition to the property that the block diagonal submatrices of C are point
diagonal, that is (cf 13 (2007))

Cy = ndiag(1,—1,-1,1,...,(=D)""' (=1)V), (3.40)
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it takes only a few algebraic manipulations to verify that (cf 16 (2007)), for regular polygons with the
same type of boundary conditions on all sides, there also holds

Cyji2=DC;D , D=diag(1,—1,....,1,=1) , j=2,....4 , (3.41)

where i = n/2 if n = even while i = (n+1)/2 if n = odd. Similarly, if one considers the case of
a square domain, with the same type of boundary conditions on all sides, then, independently of the
choice of basis functions, one may easily verify (cf 17 (2007)) that

G =C4=0 and C3=DC, , D=diag(d,,...,dy) , d,=(=1)""'e™  r=1,....N. (3.42)

4. Implementation & Numerical Verification

Having in mind that the cost for solving the linear system in (3.19), by the classical LU-factorization, is
0 (n*N?), in this section we are aiming at the efficient implementation of the results in Propositions 3.2
and 3.3 and its numerical verification. For this purpose, recall the relation (3.38) and observe that, upon
substitution in (3.19), the linear system at hand may be written as

Au=g , 4.1
where
A =bdiag(Ay,...,A,) = éAg . Ay= (i co(“><fl>cj> , (4.2)
=1 Jj=1
u=(F,'oly)U , (4.3)
and
g=(F,'®Iy)G , (4.4)

with C;, U & G and F, to be as defined in (3.26), (3.20) and (3.33), respectively. The cost of the
solution, by the classical LU, of the equivalent block diagonal system in (4.1) has already been reduced
to 0 (nN 3), implying substantial savings especially for regular polygons with a large number of sides.
Of course, in addition to this cost, one has to consider also the cost to convert the system from its form
in (3.19) into the form of (4.1). And in order to enjoy the said cost savings, this conversion has to be
efficient. In this direction, aiming at the efficient deployment of the FFT, let us first observe that

A1 Cl
L =Ee) | , (4.5)
A, Gy

and prove that:

LEMMA 4.1 Given the Fourier matrix in (3.33) there holds

E(F,®Iy)E" =PF, , (4.6)
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where E € R"N"N denotes the permutation matrix
E;
E= l:;, , E,:In®e,T€R"’"N , r=1....N, j=1,....n, @.7
y
with e, to denote the r — th unit vector of RV:1.

Proof. Simply observe that

L@el
E(F,®Iy)ET = : (Foly) ( Lhoe - Loey)

I, ®el
L®el

= : (Fioer - Foey )
In@ﬂ{;
F, O - O
O F, - O
0O O - F

O
Evidently, therefore, we can write
Ay N C
An r=1 Cn

g=ET (@Fn_1>EG , 4.9)
and

N
U=ET (@Fn>Eu . (4.10)

r=1

Hence, the cost of computing the vectors g or U is equivalent to the cost of applying N independent
(parallel) IFFT/FFTs of order n, that is ¢/(Nnlogn). Similarly, the cost of computing the matrices
A;, £=1,...,nis equivalent to the cost of performing N independent (parallel) FFTs of order n, that
is 0(N?nlogn). Thus, by following relations (4.8)-(4.10), the total cost of constructing and solving the
system in (4.1) is O(N>n+N>nlogn).
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To demonstrate the efficiency of our implementation we consider the solution of the model Laplace’s
equation, with exact solution (cf. 12 (2004)-13 (2007))

q(x,y) = sinh(3x)sin(3y) , 4.11)

by the direct LU-factorization method and, two main representatives of the Krylov subspace iterative
methods, the BICGSTAB and the GMRES(10) methods. The basis functions used are the sine functions

defined in (3.39), and the relative error E.., used to demonstrate the convergence behavior of the methods
considered, is given by

g = W= Iille @4.12)
£ 1l
where
_ ()
1711 = ma, { max 177601} @13)
and
_ _ W) () — £U)
1S fN||w—II£fén{¥gé”|f () =Sy (S)}, (4.14)

with fZE,] ) as in (2.14), and the max over s is taken over a dense discretization of the interval [—7, 7].
For the direct solution of the linear systems we have used the standard LAPACK routines, while for
the computation of the right hand side vector we have used a routine (dgawo) from QUADPACK im-
plementing the modified Clenshaw-Curtis technique. We have considered the un-preconditioned forms
of the both BICGSTAB and GMRES iterative methods. However, we point out that, as we are using
the sine basis functions, the diagonal blocks Cy, defined in (3.26), are point diagonal matrices (cf 13
(2007)), hence the coefficient matrix C of (3.25) may be considered as block Jacobi preconditioned.
The maximum number of iterations, allowed for all iterative methods to perform, is set to 200 and the
zero iterate U©) is set to be equal to the right hand side vector. The results we have included refer to
the representative cases of regular polygons with 8, 16, 24, 32, 40 and 48 vertices. All polygons are
constructed as in 12 (2004). All experiments were conducted on a multiuser SUN V240 system using
the Fortran-90 compiler.

Table 4.1 Regular 8-gon (n = 8)

N=16 N =128
Method Regular FFT Regular FFT
E. | Time E. | Time E. | Time E. | Time
LU 4.93E-04 | 0.023 | 4.93E-04 | 0.002 | 8.22E-06 25 8.22E-06 | 0.345
BiCGSTAB | 4.93E-04 | 0.004 | 4.93E-04 | 0.006 | 8.22E-06 | 0.226 | 8.15E-06 | 0.233
GMRES 4.92E-04 | 0.005 | 4.93E-04 | 0.006 | 8.74E-06 | 0.227 | 8.09E-06 | 0.269
Table 4.2 Regular 16-gon (n = 16)
N=16 N =128
Method Regular FFT Regular FFT
Eo [ Time Eo [ Time Eo [ Time Eo [ Time
LU 2.71E-04 | 0.184 | 2.71E-04 | 0.004 | 4.46E-06 470 | 4.46E-06 | 0.742
BiCGSTAB | 2.70E-04 | 0.013 | 2.71E-04 | 0.011 | 5.46E-06 | 0.744 | 3.91E-06 | 0.576
GMRES 2.70E-04 | 0.014 | 2.71E-04 | 0.014 | 5.82E-06 | 0.763 | 4.62E-06 | 0.837
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Table 4.3 Regular 24-gon (n = 24)

N=16 N =128
Method Regular FFT Regular FFT
E.. | Time E.. | Time E.. | Time E.. | Time
LU 1.40E-04 | 0.622 | 1.40E-04 | 0.006 | 2.23E-06 | 1540 | 2.23E-06 | 1.150
BiCGSTAB | 1.41E-04 | 0.024 | 1.40E-04 | 0.018 | 5.72E-06 | 1.300 | 8.86E-06 | 0.970
GMRES 1.41E-04 | 0.032 | 1.40E-04 | 0.028 | 3.57E-06 | 1.510 | 2.23E-06 | 2.370
Table 4.4 Regular 32-gon (n = 32)
N=16 N=128
Method Regular FFT Regular FFT
E.. | Time E.. | Time E.. | Time E.. | Time
LU 8.68E-05 | 1.490 | 8.68E-05 | 0.010 | 1.34E-06 | 4390 | 1.34E-06 | 1.570
BiCGSTAB | 8.67E-05 | 0.060 | 8.69E-05 | 0.020 | 1.30E-06 | 3.160 | 2.08E-06 | 1.290
GMRES 8.74E-05 | 0.110 | 8.67E-05 | 0.080 | 1.88E-06 | 6.880 | 1.50E-06 | 4.980
Table 4.5 Regular 40-gon (n = 40)
N=16 N=128
Method Regular FFT Regular FFT
E. [ Time E. [ Time E. [ Time E. [ Time
LU 6.05E-05 | 3.090 | 6.05E-05 | 0.010 | 8.73E-07 | 7560 | 8.73E-07 | 1.990
BiCGSTAB | 6.02E-05 | 0.110 | 6.08E-05 | 0.030 | 8.62E-07 | 7.130 | 8.92E-07 | 1.860
GMRES 3.27E-04 | 0.310 | 6.08E-05 | 0.140 | 2.35E-03 | 12.50 | 1.97E-03 | 7.660
Table 4.6 Regular 48-gon (n = 48)
N=16 N=128
Method Regular FFT Regular FFT
E. [ Time E. [ Time E. [ Time E. [ Time
LU 5.09E-05 | 9.180 | 5.09E-05 | 0.010 | 6.69E-07 | 13900 | 6.69E-07 | 2.610
BiCGSTAB | 4.32E-05 | 0.190 | 5.09E-05 | 0.040 | 7.73E-07 | 12.80 | 7.34E-07 | 2.500
GMRES 1.06E-02 | 0.380 | 2.50E-03 | 0.220 | 1.27E-02 | 15.50 | 1.32E-02 | 10.70

Inspecting Tables 4.1-4.6 and Figs 1-3 it can be readily verified that:

e Applying the FFT formulation, all direct and iterative methods perform significantly faster, espe-

cially the direct solution method (LU -factorization, Fig 1).

e The unpreconditioned BiCGSTAB iterative method outperforms the upreconditioned GMRES(10),
while GMRES fails to converge within 200 iterations for polygons with medium to large number

of edges.

e [terative methods compete with direct only for large nymber of basis functions (Fig 3)
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FIG. 1. Performance of the LU-factorization with (FFT) and without (regular) applying the FFT formulation (cases of N = 16 and

N =128).
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5. Conclusions and Remarks

We have studied the properties of coefficient matrix of the collocation linear system associated with the
Dirichlet-Neumann map for linear PDEs in regular polygon domains with the same type of boundary
conditions. It was shown (Section 3) that, independently of the choice of basis functions, the matrix is
block circulant and independent of the boundary conditions. These properties allowed the use of the
FFT (Section 4), for the efficient solution of the collocation linear system, with significant improvement
of the performance for both direct and iterative methods considered.

The set of matrix properties may be expanded if one considers certain choices of basis functions (see
Remark 3.2). Finally, we note that an investigation for the matrix properties for other cases of regular
and irregular polygons has already been undertaken.
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