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Abstract

We tackle the boundary control and estimation problems for a class of viscous Hamilton-Jacobi PDEs, considering bilateral actuation and
sensing, i.e., at the two boundaries of a 1-D spatial domain. We first solve the nonlinear trajectory generation problem for this type of PDEs,
providing the necessary feedforward actions at both boundaries. We then design an observer-based output-feedback control law, which
consists of two main elements—a nonlinear observer that is constructed utilizing measurements from both boundaries and state-feedback
laws, which are employed at the two boundary ends. All of our designs are explicit since they are constructed interlacing a feedback
linearizing transformation with backstepping. Due to the fact that the linearizing transformation is locally invertible, only a regional stability
result is established, combining this transformation with backstepping, suitably formulated to handle the case of bilateral actuation and
sensing. We illustrate the developed methodologies via application to traffic flow control and we present consistent simulation results.

1 Introduction

Contrary to linear parabolic Partial Differential Equations
(PDEs), for which explicit boundary control and estimation
designs are now largely available, see, for instance, [29],
[35], in the nonlinear case, the design of explicit boundary
control and estimation schemes is a more challenging prob-
lem. In addition, specific engineering applications, such as,
for example, vehicular traffic [23], [46], plasma systems [8],
fluids [9], chemical reactors [35], heat exchangers [35], and
litium-ion batteries [44], [45], to name only a few, call for
the development of systematic control and estimation design
methodologies that, besides being able to efficiently exploit
the capabilities of the available actuators and sensors, they
can also be made fault tolerant.

Motivated by scalar, conservation law models for vehicular
traffic flow that include a viscous term, in order to account
for drivers’ look-ahead ability [23], [25], [46], we consider
the problems of boundary control and estimation of a certain
class of viscous Hamilton-Jacobi (HJ) PDEs, which consti-
tutes an alternative macroscopic description of traffic flow
dynamics [11], [39]. In particular, we consider the case in
which actuation and sensing is available at both boundaries
(which we refer to as “bilateral” in our control and estima-
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tion approaches), aiming at constructing control and estima-
tion schemes capable of utilizing efficiently both the avail-
able actuators and the available measurements. Since bilat-
eral controllers and observers employ, in principle, smaller
control and observer gains, compared to unilateral counter-
parts, it is expected that bilateral controllers may require
less control effort, whereas bilateral observers may be more
robust to measurement noise.

Arguably, the most relevant results to the ones presented
here are those dealing with the controller and observer de-
signs for viscous Burgers-type PDEs, which may be viewed
as conservation law counterparts of the class of viscous
HJ PDEs with quadratic Hamiltonian considered here. The
trajectory generation problem for certain forms of viscous
Burgers equations is considered in [28], [37], [41], whereas
full-state boundary feedback laws are designed in [22], [26],
[27], [31]. Observers and output-feedback controllers are
presented in [3], [4], [9], [28]. Explicit boundary control and
observer designs for other nonlinear parabolic PDEs also
exist, see, e.g., [19], [36], [47], [50]. Although it is a differ-
ent problem, for completeness, it should be mentioned that
the control design problem of inviscid versions of Burgers
or of specific HJ PDEs is considered in, e.g., [1], [6], [11],
[26]. Bilateral controllers and observers for certain classes
of linear parabolic and hyperbolic PDEs are recently devel-
oped in [2], [49]. Linear control laws constructed combining
backstepping and flatness can be found in, e.g., [12], [38].
We should also mention here that, in comparison to [5], in
the present paper we consider, 1) a more general class of



viscous HJ PDE systems, 2) the problems of trajectory gen-
eration and tracking, and 3) the problems of bilateral control
and estimation.

Our contributions are summarized as follows. First, we solve
the nonlinear trajectory generation problem for the consid-
ered viscous HJ PDE, providing explicit feedforward ac-
tions at both boundaries. The key ingredient in our approach
is the employment of a feedback linearizing transformation
(inspired by the Hopf-Cole transformation [13], [21]) that
we introduce, which allows us to convert the original non-
linear problem to a motion planning problem for a linear
heat equation. We then establish the well-posedness of the
feedforward controllers for the original nonlinear PDE sys-
tem, for reference outputs that belong to Gevrey class (of
certain order) with sufficiently small magnitude. One of the
main contributions in our analysis is the determination of a
bound for the transformation.

Second, we design observer-based output-feedback laws in
order to achieve trajectory tracking, with an arbitrary decay
rate, as the system is not, in general, asymptotically stable
around a given reference trajectory. Two are the basic ingre-
dients of the developed output-feedback control scheme, i) a
nonlinear observer, which is constructed employing Dirich-
let boundary measurements from both ends of the spatial
domain and ii) state-feedback control laws, which are em-
ployed, via Neumann actuation, at each of the two bound-
aries. Our designs are based on the combination of a lineariz-
ing transformation together with backstepping [49], suitably
formulated to the case of a one-dimensional spatial domain.
We show that the bilateral, observer-based output-feedback
control laws achieve local asymptotic stabilization of the
reference trajectory in H' norm. Our stability result is local
in H' norm due to the fact that the linearizing transforma-
tion is invertible only locally and, in particularly, the size of
the supremum norm of the transformed PDE state should be
appropriately restricted.

Third, we apply the developed methodologies to a model of
highway traffic flow. We illustrate, in simulation, the effec-
tiveness of the proposed control design technique, including
a comparison with the unilateral case.

We start presenting the class of viscous HJ PDEs under con-
sideration and discussing its relation to a traffic flow model
in Section 2. In Section 3 we present the nonlinear feedfor-
ward control designs. In Section 4 we present the nonlin-
ear observer design and state-feedback controllers as well as
we prove local stability of the closed-loop system under the
observer-based output-feedback laws. We present an exam-
ple of traffic flow control in Section 5. Concluding remarks
and future research directions are provided in Section 6.

Notation and Definitions: We use the common definition of
class K, £ and KL functions from [24]. We denote by
L?(0,1) and H*(0, 1) the space of square-integrable scalar
functions and the space of functions with square-integrable
(weak) derivative, respectively, in the interval [0,1]. For

a function u € L?(0,1) we denote by |lup> the norm
llullzz = fol u(z)2dz. For u € H'(0,1) we denote by

lw|| 71 the norm ||ul| g1 = \/fo 2dx+\/f0 ug(z)2dx.

We denote by C7(A) the space of functlons that have contin-
uous derivatives of order j on A. We denote an initial condi-
tion as ug(x) = u(z, tp) with some ¢ty > 0, forall z € [0, 1].
With C ([to, +00); H? (0,1)) we denote the class of con-
tinuous mappings on [tg, +00) with values into H? (0, 1).
We denote by C" ([0,1] x (to, T)) the space of functions
that have continuous spatial derivatives of order 2 and con-
tinuous time derivatives of order 1 on [0, 1] x (¢o,7T), and
define C2%! ([0,1] x (to, +o0))=C?1 ([0,1] x (tg, +00)).

Definition 1 (/32]) The function f : S — R, belongs to
Grmy (S), the Gevrey class of order v in S, if f(t) €
C (S) and there exist positive constants F, M such that
sup,cs [ f™(t)| < FM™ (n!)", foralln=0,1,2, ...

2 Problem Formulation and Motivation

We consider the following viscous HJ PDE system

u(z,t) = €Uy (x,t) — aug (z,t) (b + uy(z,t)) (1)
u,(0,t) = Up(t) (2)
Uy (1,t):U1(t), (3)

where v is the PDE state, « € [0,1] is the spatial variable,
t > tg > 0is time, € > 0 is a viscosity coefficient, a # 0
and b € R are constant parameters, and Uy, U; are control
variables. Our goal is to design an observer-based output-
feedback law utilizing boundary measurements y,,,, = u(0)
and Y, = u(1), such that the outputs y; = u (xg) and y; =
Uy (o), of the system, where xg is some fixed point within
the interval [0, 1], track some desired reference outputs.

The motivation for considering the class of systems de-
scribed by (1)—(3) comes from the fact that such PDE sys-
tems may serve as macroscopic models of vehicular traffic
flow. To see this, consider a highway stretch with inlet at
xz = 0 and outlet at x = 1. We model the traffic density
dynamics within the stretch with a conservation law PDE.
In order to account for drivers’ look-ahead ability, we in-
corporate in the expression for the traffic flow, in addition
to the term that corresponds to a conventional fundamental
diagram relation between speed and density of vehicles, an
additional term that depends on the spatial derivative of the
traffic density, giving rise to the following model, see, e.g.,
(23], [25], [46]
pe(x,t) + (p(z, )V (p(z, 1)) — €pe(,1)), = )
p(0,1) = —Uo<t> 5)
p(L,t)==U(t), (6)
where, for Greenshield’s fundamental diagram [18] we have

V (p) = a(b— p), with a, b being free-flow speed and max-
imum density, respectively, whereas p denotes the traffic



density. The density at the boundaries may be imposed ma-
nipulating either the flow or the speed of vehicles, via the
employment of ramp-metering (RM) and variable speed lim-
its (VSL), as well as exploiting the capabilities of connected
and automated vehicles see, e.g., [10], [40].

In order to bring model (4)—(6) into the form (1)—(3) we
define the following variable

ul, t)= / Py, t)dy + / Q(p(L,5), pe(L,s)) ds ()
Q (p, pz)=pV (p) — €pe- (®)

It can be shown, by direct differentiation of (7) with re-
spect to ¢t and x, and by employing (4), that the variable
u satisfies (1)—(3). In fact, the state u represents the so-
called Moskowitz function, which constitutes an alternative
macroscopic description of the dynamics of traffic flow in a
highway. In particular, the value of the Moskowitz function
M = u(x,t) is interpreted as the “label” of a given vehicle
at position x at time ¢, along a road segment [11], [39].

In fact, traffic flow models of the form (4)—(6) or (via (7))
of the form (1)—(3), belong to the class of the so-called first-
order macroscopic traffic flow models, which incorporate
only one PDE state for traffic density. However, systems of
the form (1)—(3) (or (4)—(6)) differ from conventional first-
order traffic flow models in that they incorporate a viscosity
term. The reason for including a viscosity term is to model
certain phenomena observed in real traffic empirically. In
particular, this term may model the fact that drivers adjust
their speed by also taking into account the downstream den-
sity. As a result, such models may capture important phe-
nomena such as, for example, the capacity drop phenomenon
[25], retaining, at the same time, their simplicity as com-
pared to more complex models, which incorporate additional
PDE states [25].

A typical aim of a traffic control scheme is to regulate the
outlet flow to a certain set-point, say ¢*, which may be the
point that achieves the maximum flow (capacity flow) [10].
In terms of the u variable this corresponds to u(1,t) track-
ing the reference trajectory ¢*t. This motivates the trajec-
tory generation and tracking problems for the class of sys-
tems described by (1)—(3). Moreover, since the value (1, t)
could be also assigned, one may choose for reference value
of —u,(1,t) the value of the density that corresponds to the
critical density (i.e., the density at which capacity flow is
achieved) of the nominal fundamental diagram relation (i.e.,
when there is no p, term in (8)) between flow and density
at the outlet of the considered stretch, which in turn would
guarantee that the obtained desired profile for u,, (or, for p)
is uniform with respect to space.

3 Trajectory Generation

In this section, we design the feedforward boundary control
laws that generate the desired reference trajectory.

Theorem 1 Ler y(t) and y5(t) be in Grar ([0,400))
class with 1 < v < 2. There exists a positive constant |11
such that if ' < py then the functions

)= () 1)
e v (0,1) + 2207(0,t)
Ur t)=—— z 2e 10
0( ) a 1 +'Ur(0,t) ( )
Ur(t):_ee%f oL (1,1) + 2o (1,2) -
1 a 1+ e%vr(L t) ’
where
r B oo 1 (m_xO)Qk k k a2b2 e
v (xﬂf)—kzzo:k (2k)! g::o .
[ee) 1 (aj - )2k7+1
T (m) o
Xy17v (t) + Z o
o € (2k + 1).
k .
k a’b?
T (m)
XmZ::o <m> ( 4e > Y2, (t) (12)
Y1) = o~ o (effyi(t) B 1) "
Yo (1) = — 42 (_ ee—gy;(t)yr(t)
ab o r
(e Eni(®)
2¢ (e ' 1)) ) (14)

satisfy the boundary value problem (1)—(3) and, in particu-
lar, u” (zg,t) = Y (t) and ul, (xo,t) = y5(t).

Proof The change of variables

v(z,t) = e 57 (e_%“(“) — 1) , (15)
and the following choice for Uy, Uy

U(t) = fge%umﬂvo(t) + g (e%““”) - 1) (16)
U(1) =~ S @02y, 1 (309 1), a7)

where V[, V; are new control variables, transform (1)—(3) to

a’b?
ve(x, 1) = €Vgp (w, ) — ?v(x, t) (13)
vz(0,8) = Vo (t) (19)
ve(1,1) = Vi (t). (20)

To generate the desired trajectory u", providing the feedfor-
ward laws U§, U7, which achieve u" (x0) =y%, ul, (o) =15,
we first generate v" satisfying (18) with v* (zo) =7, and
v, (w0) =Y5,,, Where yi ,, y5 ,, are defined in (13), (14), re-
spectively. Combining (19), (20) with (16), (17), we then get



Uj, UT. Moreover, v* should be restricted appropriately such
that (9)—(11) are well-posed, which holds true whenever

sup |[v"(z,t)| < ce” sl forall t > t, 21

z€[0,1]

for some constant ¢ € (0, 1), in addition to v (z,t) being
bounded for all € [0, 1] and ¢ > t.

Since (18)—(20) is a linear diffusion-reaction PDE the refer-
ence trajectory v" is written as in (12), see, e.g., [17], [32],
[33]1, [34], [37], [38]. Employing the results in, e.g., [37]
(Remark 4), we conclude that series (12) is convergent (with
infinite convergence radius) provided that y; ,,, y5 ,, belong
to Gy arr ([0, 400)) for 1 <+ < 2 and some Fy, M{.

We derive next Gevrey estimates for yj ,, y5 ,, as, in order to
guarantee that (21) holds, one has to guarantee, in addition to
Yi v» Y5, belonging to Grs arx o ([0, +00)) for 1 <y < 2,
that I may be made small when F' is small. Toward that
end, from Lemmas A.1 and A.2 in Appendix A we obtain

sup ‘ <FMP(n!)", foralln=0,1,... (22)
t>0

sup |5 (”)(t)‘ <MY (n!)?, foralln=0,1,...,(23)
t>0

where

F :F|a|eF%ef%z° (24)
My = MeF'E (25)
= a ab . a b
F2 = FMQF%Q_TS'LO (e_Fe + M + Fa|) (26)

€ 2¢ €
M;= (1 + Flang> My, 27)
€
and hence, one can choose F} = Fl%‘eF%e*%xﬂ

xmax {1,e- 7 4 gy plell and My = M. Thus,
series (12) is convergent. Combining (12), (22), (23) we get

_ = 1 |"/_2 a2b2 — k
+FQZ€7€(1€.) o tMz) @9

as (k!)* < (2k)!. For all z € [0, 1] the general term, say g,

Ck+1

C
and thus, since v < 2, we conclude that limg_,

in the first series satisfies

€

Cht1
Ck
0 < 1, which in turn implies that the infinite sum converges
to a positive number, say /1. Similarly, the second sum con-
verges to a positive number, say lo. Therefore, from (28)

=1 (52 +00) (k+1)"7,

we arrive at

W' (2, t)| <max {F1, Fo} (I +12),
for all z € [0,1] and ¢ > o, (29)

and hence, choosing 111 such that max { Fy, F5 } (I + I2) <

ab
2e

ce” 12¢1, for some ¢ € (0, 1), which, according to (24), (26)
is always possible (note that [, [ are continuous functions
of I since the two series in (28) converge uniformly and
from (25), (27) it follows that M;, Ms are continuous with
respect to F'), condition (21) is satisfied. It follows from (9)
that »" is uniformly bounded with respect to ¢ and . Uniform
boundedness, with respect to ¢ and z, of v}, vy, and v;,
which, from (9), (21), imply the uniform boundedness of
uy, us., and uy, follows differentiating (12) and employing

almost identical arguments (see also, e.g., [32]). O

Remark 1 The developed approach allows the system out-
puts to be located either at an intermediate point (see also,
e.g., [37]) or at the boundary as well as it allows the consid-
eration of constant or time-varying reference outputs. The
proposed methodology also allows the construction of ex-
plicit (and even closed-form, e.g., for sinusoidal reference
outputs) feedforward control designs for a class of nonlinear
PDEs, which are new and haven’t appeared in literature. In
fact, (y1,y2) = (u(xo),us (z9)) is a “flat” output for sys-
tem (1)-(3), and thus, generation of a reference trajectory
for Gevrey-class reference outputs, which may be expressed
algebraically as a function of the reference outputs and their
derivatives, is possible. Moreover, although part of the de-
sign procedure is devoted to trajectory generation for a lin-
ear PDE, the main difficulty in showing that (9)—(14) solve
(1)-(3), satisfying u" (zo) = yj, ul (x0) = y5, is to show
that the reference trajectory derived is such that transforma-
tion (15) is invertible. Toward that end, we first prove that
the transformed reference outputs belong to Gevrey class of
same order as the original ones and we then show that their
magnitude (namely, F' in Definition 1) can be made small
when the magnitudes of the original functions are small. The
key results used in these proofs are Lemmas A.1 and A.2 in
Appendix A, which are novel and of interest on their own.

4 Trajectory Tracking

Having available the reference trajectory for (1)—(3), which
is not in general asymptotically stable, we design bound-
ary output-feedback laws and prove that they asymptotically
stabilize the reference trajectory for any initial condition.
The control laws are based on the combination of an ob-
server, which utilizes measurements from both boundaries,
with state-feedback designs that employ the observer state.

4.1 Observer design

We introduce the following observer

” ” a’b? .
V(, 1) = €Ugy(, t) — ?ﬁ(x, t)



() (G0(t) = 5(0,1))
+p1(2) (32 (1) = 5(1.1)) (30)
52(0,6) = Vo(t) + poo (Go() = (0,1)) (3D
8 (1,8) = Vi(®) +pur (31(0) = 5(1,1)) (32)
where we define
Got) = (e 20D — 1) =200 (33)
(1) = (ef%au,t) _ 1) e X 8)) (34)
Uz, t) =u(z,t) — u'(z,1) (35)
Ui(t) =U;(t) — U (), i€ {0,1}, (36)

and VO, ‘71 are related to U'O, U 1 (yet to be chosen) via

Uo(t) = ——e= "DV (2)

< o)y o
U (t) = — Sestreuy,

a

< +U1 ) 2a(l,t) _ . (38)

The gains pa(x), p1(x), poo, and p;; are designed as [49]

p2(x) = —€Pe (2,0), pi(x) = —€Pe (x,1) (39)
Poo = -P (07 0) ’ P11 = —-P (17 1) ) (40)

where P is given explicitly, for (z, ) in E' = E1UFE,, where
B = {(,§):3 e —E+1<z<¢) and By =
{('/I;af) 0<§< £<-T<1— }by

x(E+z—-1), (41)

where I; denotes the modified Bessel function of the first
kind of first order and cg > 0 is arbitrary.

For making clear the structure of the observer (30)-(32), it
should be noted that the change of variables

(z,t) = e 2em 2w (@05 (g 1) 42)
(z,t) =e 8D 43)

transform u to v that satisfies (18)—(20) with inputs Vo, V4.
Thus, observer (30)-(32) may be viewed as copy of v sys-
tem plus output injection, where the output-injection terms

are linear in v. This reduces the implementation complexity
of the proposed observer. Moreover, the time-varying part
in (42), which is, to the best of our knowledge, new, is cru-
cial because it allows one to transform the nonlinear, time-
varying u system into a linear, time-invariant system. This
is possible because the overall transformation (42) may be
expressed as the difference of two nonlinear functions of u
and u", respectively, which both satisfy a linear PDE (18).

4.2 Feedback control design

The boundary feedback laws are designed as

az b a -
Uo(t) = —26?“(0’” ((k(o, 0) + ;6) (e_?“(o’t) — 1)

—e%"”@’t)/ ke (0,6) 0 (&,1) dg)
+U(t)e s "0 (44)

as b .
Uy (t) = —gez“ﬂ»ﬂ ((k: (1,1) + ge) (e*:uw - 1)

1
rettrtr0n [ 1,8 0de)
0
+UT (t)e ™10, 45)
where k is given explicitly, for (z, ) in D = D1UD,, where

D = {(z,§):1 <2<, —2+1<¢<z} and Dy =
{(z,6):0<z< i z<E<1—a), by

= —1\/?1 (\/ (@=5)"= (- 5)2))

X(x+€£-1), (46)

with I; denoting the modified Bessel function of the first
kind of first order and ¢; > 0 being arbitrary. The inspiration
of (44), (45) comes from the fact that the v variable satisfies
the linear diffusion-reaction PDE (18)—(20) (with inputs V),
f/l), and thus, f/o, f/l may be chosen as [49]

Vo(t) =k (0,0)3 (0,1) — / ke (0.6)5(60)d (@47)

1

BO=kLDTLO+ [ ELOTEDE 69
0

4.3 Stability analysis

In order to show asymptotic stability of the closed-loop sys-

tem, under the observer-based output-feedback laws, in the

original variable @, we have to ensure that the linearizing
transformation v, defined in (43), is invertible. Its inverse is

a(z,t) = —zln (3(z,t) + 1), 49)



which is well-defined when the initial conditions and solu-
tions of the system satisfy for some ¢ € (0, 1]

sup |[v(z,t)| <e¢, forallt>tg. (50)
z€[0,1]

Due to the feasibility condition (50), only a local stability
result can be obtained, which is stated next.

Theorem 2 Consider a closed-loop system consisting of
system (1)—(3), the control laws (44), (45), and the observer
(30)—(32) with (47), (48). Under the conditions of Theorem 1
for the reference outputs, there exist a positive constant |1*
and a class KL function 3* such that for all initial condi-

tions (uo,f}o) € H?(0,1) x H?(0,1) which are compati-
ble with boundary conditions and which satisfy

1 (t0) llz7+ + 110 (to) Nl < u", (51)
the following holds

Q) <B*(Q(to),t —to), forallt>ty, (52)
where

Q) = 1@ (#) [l + 10 () 1 (53)

Moreover, the closed-loop system has a unique solution
u,v € C ([to, +00); H2(0,1)) with u,v € C*'([0,1]
X (to, +00)).

The proof of Theorem 2 is based on the following three lem-
mas. The proof of the third lemma can be found in Appendix
B, whereas the proofs of the first two lemmas may be estab-
lished using similar arguments to the corresponding proofs
in [5] (which considers, however, only the case a = b = 1),
and thus, they are omitted due to space limitation.

In certain instances, some of the conditions of Theorem 1 on
the reference outputs may be relaxed (see, e.g., Section 5).
For example, for a reference trajectory that incorporates a
linear function of time with positive slope, although the cor-
responding reference output may not be uniformly bounded,
stabilization may still be achieved provided that the conver-
gence rate of the linear v system is sufficiently large (e.g.,
choosing large ci, c2), as it may be seen from (42).

Lemma 1 There exists a class K function oy such that if
@€ HY(0,1) then v € H'(0,1) and the following holds

[0l < e (@) ) - (54)

Lemma 2 For all solutions of the system that satisfy (50)
for some 0 < ¢ < 1, ifv € H*(0,1) then & € H*(0,1) and
the following holds

@@l < o= 19 . (55)

(1—-¢)

Lemma 3 Under the conditions of Theorem 1 for the refer-
ence outputs, if v € H'(0,1) then © € H'(0,1) and there
exists a positive constant &, such that the following holds

15l < &ll0(E)l] - (56)

In reverse, if v € H'(0,1) then v € H*(0,1) and there
exists a positive constant &y such that the following holds

[0z < /10| a22- (57)
Proof of Theorem 2 The proof is divided into three parts.

Part 1: Backstepping transformation of the estimation error

We start defining the state estimation error € = ¥ — v. Using
the fact that the ¥ variable satisfies (18)—(20) and relations
(30)—(32), we get with the definition of v in (42) that the state
estimation error € satisfies the PDE é,(xz,t) = €€, (x,t) —
920 5, £) — pa()E(0, £) — 1 (x)&(1, ) with boundary con-
ditions €,(0,t) = —pgoé(0,t) and €,(1,t) = —p11€(1,¢).
Since it turns out to be convenient to shift from the variable
x to the variable z = x — %, we write the error system as

2b2
Ei(2,t) = €t (2,1) — —&(z,1)
€

1 1
(e (~5.0) ~mre(5e) o)
1 1
€. <—2,t> = —poo€ <—2,t> (59)
1 1
éz (27t> = _pllé <27t> 9 (60)

where é(z,t) =€ (2 + 3,t), pi(z) =p; (2 + 3), 1 = 1,2.

In order to derive a suitable bilateral backstepping transfor-
mation for the estimation error we may proceed as in [49].
Note, however, that the results in [49] are obtained only
for Dirichlet actuation and Neumann sensing. Moreover, al-
though the case of a one-dimensional spatial domain may be
viewed as a special case of a one-dimensional ball, it may
be useful and intriguing for a potential reader, who wishes
to focus only on one-dimensional domains, to explicitly de-
rive the backstepping transformation and its inverse for the
case of an interval, utilizing tools from 1-D backstepping
only. The backstepping transformation is written as

é@@=@@ﬂ—/ﬁM%www0®

z

. .
+/ p(z,9)w (y,t)dy, 0§z§§ (61)

@
—~
j\l
-
S—
I
S
=N
®
.y
St
+
=
—
j\l
NS
S—
S
—
&
-
S—
QL
NS

5 1
- [renewna, 50 @



where p(z,y) = P (z + %,y + %) and the kernel P is de-
fined in (41). The inverse of (61), (62) may be expressed as

@z, t) = ez, 1) + / " (e ) e (1) dy

z

—/%ﬁ(z?y)é(y,t)dy, OSZS% 63)

1
2

wet) =e(et) — | Cpy) eyt dy

1
2

B 1
+/ p(2,9)e(y,t)dy, —iézSO, (64)

z
where the kernel p(z, y) has a similar structure to p.

Invertibility of (61), (62) could be shown as follows. Replac-
ing z by —z in (62) and performing the change of variables
y — —y in the second integral of (61) and in the first inte-
gral of (62), transformation (61), (62) may be viewed as a
2 x 2 backstepping transformation (i.e., as a 2 x 2 Volterra
transformation, thus invertible) of the state (w;, @ws), where
w1 (z) = w(z) and wa(z) = w(—2),z € [0, 3], into (€1, &2),
where &1 (2) = &(z) and &(z) = &(—z), z € [0, 1], with
boundary conditions at z = 0 for the (@, ws) system as
w1(0) = w2(0) and wo, (0) = —wy,(0) (which lead to
the corresponding boundary conditions for (€1, €2), namely,
él(O) = ég(O) and €, (0) = —e1, (0))

Standard backstepping-style computations and (41) give

a?b?
wi(z,t) = €w,,(z,t) — <4€ + 02> w(z,t) (65)
_ 1 (1 B
Wy (Q,t) =W, (Q,t) = 07 (66)
as well as
0@ e < mslle(t)||a (67)
[e@) ||z < mall@ ()| a0, (68)

for some positive constants mg and my.
Part 2: Backstepping transformation of the observer state

We consider the backstepping transformation [49]

z

Wy (z,t) = 01(z,t) — [ K (2,9)01(y,t)dy, (69)

where 01 (z,t) = 0 (z+ 1,¢) and K(z,y) = k(z+ 3,
y + 3 ), with k being defined in (46). Its inverse is defined as

z

Bu(ot) = b (2, 0) + / L (,y) i1 (v, 1) dy, (70)

—Zz

where L(z,y) =1 (z+ 3,y + 3) and [ has a similar struc-
ture to k. It can be shown that w; satisfies

272

(a0 =i (2.0 - (- 4 e ) (et

¥ (m(z) [ Kewpy dy)

—Zz

X0 (—;,t) + (pl(z)

z

- [ Kennwa)o(ze) an

—Zz

1 1
Wy, <2,t> = (k(0,0) + poo) w <2,t) (72)
1 1
’LZle <2,t> = (k(l, 1) +p11)1I) <2,t> s (73)

where we also used the facts that & (3,t) = @ (3,¢) and
é(—3,t) = w(—3,t), which follow from (61) and (62),
respectively. From transformations (69), (70) it also follows
that there exist positive constants ms and mg such that

lor (8) [z < [0 (8) (74)
[0 ()] < mg |1 ()] 1 (75)

Part 3: Stability estimates and well-posedness

The (w,w;) system is a cascade in which, the homoge-
nous part of both subsystems is an exponentially sta-
ble (also in the H' norm) heat equation and the non-
autonomous part, i.e., the w; subsystem, is driven by the
autonomous w subsystem. Therefore, employing simi-
lar arguments to the proof of Theorem 5.1 in [43] (see
also, e.g., [14], [15], [42], [48], [49]) one can conclude
that the (w, ;) system is exponentially stable in the H'

norm, and hence, so is system (é, 131) (based on estimates
(67), (68), (74), and (75)). Thus, ||0(t)||z1 + |E@®)|m <
p(||5(t0)||H1 + Hé(to)HHl) e~ A=) for all t > to, for

some positive constants 7 and ji. Therefore, with relation
€ = v — v and employing Lemma 3 we arrive at

15O + 0() |10 < 1 <||5(t0)||H1 + IIfJ(to)HHl)
xe Ft=to) " forall t > ty, (76)

for some positive constant ;. From Lemma 1 (relation (54))
we conclude that

10| + [0(E) |2 < p (Ili(to)I\Hl + Hﬂ(to)llm)
xe ME=t0)  forall t > ty, (77)

where the class K, function p is given by p(s) = 718 +
v1aq(s). Since sup,epoqy [0(z,t)| < 2[|0(¢)| z1, for any



6 € H'(0,1), choosing any positive constant p* such that
p* < p7t (%), for some 0 < ¢ < 1, we get that (50) holds.
Thus, using Lemma 2 (relation (55)) we get (52).

Due to the regularity properties of all control and observer
kernels as well as of the reference trajectory, using the fact
that v is related to u via (42), (43), (49) it follows that well-
posedness of the closed-loop system may be studied using
the (@, 107) system (65), (66), (71)—(73), with initial condi-
tion (wo,w1,) € H? (—3,%) x H? (-3, 3), which satis-
fies the compatibility conditions. Well-posedness of (@, w1 ),
with regularity as in Theorem 2, may be established with,
e.g., [7], [16], following the arguments employed in, e.g.,
[49], (see also [27], [42]) and exploiting the cascade form
of (w, 1) together with the regularity of w. O

5 Application to Traffic Flow Control

We consider the model presented in Section 2. Setting a =
b = 1, we obtain yi(t) = 1t and y5(t) = —1, since the
maximum value of p (1 — p) is achieved at p = 3 and is
equal to % (see Section 2). Employing (9)-(11), the reference

trajectory and reference inputs are given in closed form as

' 1 1-2
u'(z,t) = Zt—i— 5 (78)

1
Up(t)=Ui(t)=~3- (79)

The control laws are given in (44), (45) with ¢y = ¢35 = 1.

We choose ¢ = (.25, whereas the initial condition for the
plant is defined as u(z, 0) = u*(z,0)40.1sin (7z) = 152+
0.1sin (7z) and for the observer as o(x,0) = —0.1sin (7).
Fig. 1 shows the output u(1,t). It is evident that trajectory
tracking is achieved. Fig. 2 shows the highway density p.
One observes that p converges to the desired reference pro-
file, namely, to the uniform profile p°(z) = 3,V « € [0, 1].
Note that the output u,(1,¢) equals —p(1,t) and, according
to Fig. 2, converges to ul,(1,t) = —1. Fig. 3 compares the
bilateral control efforts with the control efforts in the uni-
lateral case (see, e.g., [5], [29]). It is evident that the unilat-
eral design results in larger control effort, which may lead
to practically unrealistic ordered values for flows or speeds.

6 Discussion and Future Work

In principle, a bilateral control design, besides requiring, in
general, less total energy, it can be also made fault tolerant.
To see this note that a bilateral control design can be made
robust to the failure of one of the actuators, that is, one could
switch to a unilateral control law as long as a fault is detected.
Furthermore, it is expected that bilateral observers would be
more robust with respect to, e.g., measurement noise, since,
as in the case of bilateral control designs, in general, smaller
output-injection gains are required compared to unilateral
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Fig. 1. Solid line: Output wu(l,¢) of system (1)-(3) with
a =0b =1, e = 0.25, under the feedback laws (44), (45) with
(30)—(32), (47), (48) for c1 = c2 = 1 and initial conditions
u(z,0) = 5% + 0.1sin (7z), v(z,0) = —0.1sin (7z). Dashed
line: The reference output u*(1,t) = +t.
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Fig. 2. The density evolution of the highway stretch.

observers. More sophisticated fault-tolerant and robust con-
trol/observer designs could be pursued as future research.

As another potential topic of future research one may con-
sider problems that involve interconnections of viscous HJ
PDEs with Ordinary Differential Equations (ODEs), as it is
the case, for example, in [20], which considers an intercon-
nected system consisting of a viscous Burgers PDE and a
linear ODE. The bilateral backstepping design used in this
work can potentially deal with more complex PDE-ODE
couplings than the standard unilateral design, thus we expect
to be able to consider new families of previously unexplored
systems. Another possible next step may be problems that
incorporate viscous HJ PDE systems with actuator (or sen-
sor) dynamics governed by certain types of ODEs or PDEs,
as it is the case with, e.g., [31], which are dealing with vis-
cous Burgers PDEs with ODE input dynamics.
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Appendix A

Lemma A.1 Ler f(t) be in Grpay ([0,400)) with
v € [1,2). Then the function g(t) = ef®) — 1 belongs to
Gry v, ~ ([0, 400)) with Fy = Fef and M, = MeT.

Proof From the power series expansion of the exponential
function and the triangular inequality we obtain that

dar f(t) k
dtm

‘g(") (t)‘ < gl - (A1)

We claim that for any k-th power of f the following holds
foralln=0,1,...

d" f(t)*

T[S+ DFLERM™ ()7 (A.2)

sup
t>0

which we prove by induction. For £ = 1 our claim is true
by assumption. Assume next that (A.2) holds for £ > 1. We
show that it holds for k£ + 1. Employing Leibniz formula for
the n-th derivative of the product of two functions we get

O IS~ (7 po 408
dtm - ; (Z)f (t) dtn—i ) (A.3)
and hence, using (A.2) we obtain
d"FO (7 ] 46 k=1 ok
dt"<;(i>‘f (t)‘(n—z—kl) F
xM™ ™ ((n —i))7, (A4)

which, under the assumption that f € Gg s, ([0, +00)), in

turn implies that

dnf(t)kJrl

< Fk+1M’rL 1 k—1
an | = (n+1)

x io <’Z) (i) ((n — )17 . (A5)

Thus, from the definition of the binomial coefficient we get

dnf(t)k-i-l

i < (n + 1)k—1Fk+1Mn (n!)“/

n n 1—v
X Z (Z) , (A.6)

=0

which gives ‘%‘ < (n+1)FFFL(M)™ (n!)?, where

we used the fact that ). (’;)1_7 <3t ,l=n+1,for
v € [1,2). Hence, (A.2) is proved, which gives with (A.1)

oo

1 Fk (n+1)F
I
=1

9 (1) < " (nl)”

and hence, |g™ ()] < M™ (n!)” =5 (eF("T1) —1). Since
e" —1<re",Vr >0, we get the following estimate

sup ‘g(") (t)‘ < Fel (eFM)n (n!)7, (A.8)

>0
foralln =0,1,2,..., which concludes the proof. O

Lemma A.2 Let f(t) and §(t) be in G p, a1, (0, 400)) with
€ [1,2). Then the function h(t) = e/(Dg(t) belongs to

Gry M,y ([0,+00)) with Fy = F (14 Fef) and M, =

(1 + Fel’ ) Met.

Proof We start by writing the function h as h(t) =

(ef(t) - 1) g(t) + g(t). Using Leibniz formula for the

n-th derivative of the product of two functions we get

R = [0, (Mgt w +g™(t)], and
=0 \¢ dt

hence, from Lemma A.1 we obtain

@) < PR () @) (0= i)y
(0| < PR > ;) @7 (=i

+EM*" (nl)”, (A.9)
where M* = max {M, M, }. With similar arguments to the

proof of Lemma A.1 and employing Bernoulli’s inequality
we get the following estimate for alln = 0,1,2, ...

sup ‘h@) (t)’ <F(+F)M™1+F)" (). (A.10)
>0

The proof is completed with M and F; from Lemma A.1. O



Appendix B
From (42) and (9) it follows that

5z, t) = §(x, t)e” 37 (ﬁi’%r(m) + 1) : (B.1)

Under the conditions of Theorem 1, which also guarantee
that v" is uniformly bounded with respect to ¢t and x (see
(21)), we obtain for all z € [0, 1] and ¢ > t, that §(z,t)? <
Vlﬁ(x, t)2, for some positive constant v, and hence,

15172 < mllo@®)]Z-- (B.2)

Moreover, differentiating (B.1) with respect to = we get that
’am(-ﬁ, t) = iw(l‘, t) <1}r(x, t) + e—%fz)

() <v;(x,t) _ab (B.3)

Mimicking the arguments of boundedness for v" in the proof
of Theorem 1, it is shown that v} is uniformly bounded
with respect to ¢ and z. Hence, it follows from (B.3) that
[0 (8) |72 < val|0(t)]|%:, for some positive constant vs,
and thus, with (B.2) we arrive at (56) with ; = /vy + /2.
Under the conditions of Theorem 1, using relations (21),
(B.1) we obtain from (B.1) for all z € [0,1] and ¢ > ¢

1501122 < el 11— 2 |Ia(t)]2.. (B:4)
With (21), solving (B.3) for ¥, and using (B.4), there exists

a positive constant v such that [|0,(¢)[|3. < vsl|o(t)[3:,
ab

and hence, with (B.4) we get (57) with {&; = \/v3 + e

2e
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