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EUQARISTIES

KatarqĹc ja ăjela na euqaristăsw ton sÔmboulo kajhghtă mou, Lèktora AnĹrguro

Delă o opoÐoc mou pareÐqe thn Ĺrtia episthmonikă kajodăghsh gia thn oloklărwsh thc

paroÔsac diatribăc.

Touc kajhghtèc mou sto Genikì Tmăma kai idiaÐtera ton Kajhghtă IwĹnnh SaridĹkh

kai ton Lèktora Emmanouăl MajioudĹkh, gia thn summetoqă touc sthn trimelă epitropă.

Touc sunadèlfouc mou metaptuqiakoÔc foithtèc gia thn hjikă sumparĹstash pou

mou pareÐqan.

Tèloc euqaristÿ thn oikogèneia mou gia thn amèristh sumparĹstash pou mou èdeixe

katĹ thn diĹrkeia twn spoudÿn mou.
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KefĹlaio 1

Eisagwgă

Ta teleutaÐa qrìnia h melèth twn morfodunamikÿn allagÿn sthn topografÐa tou pu-

jmèna potamÿn, agwgÿn kai parĹktiwn perioqÿn lìgw thc kÐnhshc fertÿn ulikÿn (sedi-

ment transport) èqei gÐnei jèma megĹlou endiafèrontoc sthn koinìthta thc mhqanikăc. H

katanìhsh gia to pwc oi morfodunamikèc allagèc epidroÔn sto peribĹllon apoteleÐ èna

shmantikì zăthma gia to peribĹllon kai gia tic epiqeirăseic. Gia parĹdeigma, h metaforĹ

izămatoc epidrĹ ston trìpo kataskeuăc twn limaniÿn allĹ kai sthn topojesÐa pou ja

epilegeÐ gia thn kataskeuă tou, diìti an megĹlec posìthtec Ĺmmou mporoÔn kai eisèrqon-

tai mèsa sto limĹni tìte to kìstoc ekbĹjunshc kai suntărhshc tou limanioÔ ja eÐnai

dusbĹstaqto me apotèlesma h pragmatopoÐhsh ă h suntărhsh tou èrgou na eÐnai asÔm-

forh. EpÐshc, h metakÐnhsh thc Ĺmmou apì mÐa touristikă paralÐa lìgw twn jalĹssiwn

reumĹtwn ja èqei wc apotèlesma thn meÐwsh thc prosèleushc touristÿn kai thn arn-

htikă epÐdrash sthn oikonomÐa thc topikăc koinwnÐac. Epiplèon, h metakÐnhsh fertÿn

ulÿn mporeÐ na meiÿsei dramatikĹ th qwrhtikìthta (fusikÿn) tamieutărwn neroÔ kai na

epifèrei allagèc sthn koÐth qeimĹrwn katĹ th diĹrkeia enìc plhmmurikoÔ gegonìtoc.

H paroÔsa ergasÐa aforĹ thn arijmhtikă epÐlush enìc katĹllhlou morfologikoÔ

montèlou to opoÐo (kĹtw apì kĹpoiec paradoqèc) mporeÐ na perigrĹyei ta parapĹnw

fainìmena. To montèlo autì apoteleÐtai apì to udraulikì mèroc kai to mèroc pou aforĹ

sthn kÐnhsh twn fertÿn ulÿn (stereometaforĹ). To udraulikì mèroc perigrĹfetai apì

tic udrodunamikèc exisÿseic rhqÿn udĹtwn (shallow water equations). Stic perasmènec

dekaetÐec to montèlo twn rhqÿn udĹtwn qrhsimopoiăjhke kai qrhsimopoieÐtai ektetamè-

na gia na perigrĹyei fusikĹ fainìmena roÿn eleÔjerhc epifĹneiac kai udrodunamikăc

genikìtera.
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Oi diaforikèc exisÿseic pou perigrĹfoun sto majhmatikì montèlo thn allhlepÐdrash

thc kÐnhshc tou neroÔ kai thc kÐnhshc twn fertÿn ulÿn den epidèqontai analutikă lÔsh

kai gi’ autì ìloi oi ereunhtèc katafeÔgoun sth qrăsh arijmhtikÿn lÔsewn gia thn

epÐlush tou problămatoc. To montèlo apoteleÐ èna mh grammikì uperbolikì sÔsthma

nìmwn diatărhshc, ìpwc ja perigrafeÐ sth sunèqeia sth monodiĹstath kai dudiĹstath

morfă tou.

Ta teleutaÐa eÐkosi qrìnia èqei gÐnei megĹlh ereunhtikă prospĹjeia na anaptuqjoÔn

apodotikĹ arijmhtikĹ sqămata peperasmènwn diaforÿn kai ìgkwn gia thn epÐlush nìmwn

diatărhshc me shmantikèc efarmogèc stouc tomeÐc thc aerodunamikăc kai thc udro-

dunamikăc, (bl. gia parĹdeigma [28, 29, 21]). H prospĹjeia aută èqei odhgăsei se

ènan sqetikĹ megĹlo arijmì apì mejìdouc katĹllhlec gia th arijmhtikă epÐlush nìmwn

diatărhshc me polÔ kalĹ apotelèsmata. Apì ta perissìtero kajierwmèna arijmhtikĹ

sqămata eÐnai ta sqămata tÔpou Godunov pou sthrÐzontai sthn epÐlush akribÿc ă pros-

eggistikĹ topikÿn problhmĹtwn tÔpou Riemann (epilutèc Riemann). EpÐshc sqămata

uyhlăc qwrikăc tĹxhc pou apaitoÔn akribăc epilutèc Riemann kai topikă anĹlush idio-

timÿn anaptÔqjhkan parĹllhla. Ta parapĹnw sqămata diakrÐnontai gia tic kalèc touc

idiìthtec, eÐnai sunthrhtikĹ kai proseggÐzoun tuqìn asunèqeiec (shocks) me polÔ megĹl-

h akrÐbeia. Parìla autĹ, ìla sqedìn èqoun to megĹlo meionèkthma ìti h jewrhtikă

touc melèth ìso kai h ulopoÐhsh touc mporeÐ na eÐnai mia polÔ qronobìra kai epÐponh

diadikasÐa, idiaÐtera gia thn epÐlush problhmĹtwn se pollèc diastĹseic.

GenikĹ mporoÔme na katatĹxoume ta diajèsima (ă piì eurèwc diadedomèna) arijmhtikĹ

sqămata se treÐc kathgorÐec. Sthn prÿth kathgorÐa anăkoun oi mèjodoi oi opoÐec

parĹgoun proseggÐseic thc lÔshc lÔnontac topikĹ mh grammikĹ problămata Riemann.

Sthn deÔterh kathgorÐa anăkoun kentrikĹ sqămata pou sthrÐzontai se mejìdouc tÔpou

Godunov ta opoÐa lÔnoun pĹnw se plègmata isapeqìntwn grammÿn me epikaluptìmenh

diĹtaxh (staggered grids). Sthn trÐth kathgorÐa (kai thn plèon nèa) anăkoun sqămata ta

opoÐa upologÐzoun tic mh grammikèc roèc mèsw twn sqhmĹtwn qalĹrwshc (relaxation).

H idèa twn sqhmĹtwn qalĹrwshc brÐsketai sth prosèggish twn arqikÿn mh grammikÿn

diaforikÿn exisÿsewn (prin gÐnei opoiadăpote diakritopoÐhsh) apì èna grammikì sÔsth-

ma nìmwn diatărhshc, to opoÐo upì proôpojèseic mporeÐ na eÐnai uperbolikì. Autì mac

parèqei polÔ megĹlh eukolÐa idiaÐtera se polÔplokec exisÿseic, ìpou h efarmogă twn

mejìdwn twn duo prÿtwn kathgoriÿn eÐnai dÔskolh eÿc adÔnath. Sqămata twn duo
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prÿtwn kathgoriÿn gia thn apofugă talantÿsewn sthn arijmhtikă lÔsh (ìtan pros-

eggÐzoun mh omalèc lÔseic) kai gia na epitÔqoun megĹlou bajmoÔ akrÐbeia apaitoÔn

anakataskeuă twn topikÿn qarakthristikÿn metablhtÿn, antÐ twn sunthrhtikÿn, me

metasqhmatismoÔc oi opoÐoi eÐnai polÔ akriboÐ ston upologismì touc. Oi mèjodoi pou

sthrÐzontai sta sqămata qalĹrwshc apofeÔgoun tètoiec diadikasÐec.

ArqikĹ h idèa twn sqhmĹtwn qalĹrwshc qrhsimopoiăjhke gia kajarĹ jewrhtikoÔc

skopoÔc, wc mÐa enallaktikă mèjodoc gia thn epÐlush twn merikÿn diaforikÿn ex-

isÿsewn. Prÿtoi oi Jin kai Xin [30] qrhsimopoÐhsan thn idèa wc mÐa nèa upologis-

tikă mèjodo gia exisÿseic se aujaÐretec diastĹseic. ’Ektote h sugkekrimènh mèjodoc

exetĹsthke kai qrhsimopoiăjhke apì ereunhtèc, kurÐwc exaitÐac thc eukolÐac pou mac

parèqei, miac kai den apaiteÐ autĹ pou proanafèrame ìti apaitoÔn Ĺllec mèjodoi. Pèran

thc aplìthtac thc mejìdou, autì pou mac prosfèrei epiplèon eÐnai, eÔkolh genÐkeush

se megalÔterec diastĹseic kajÿc kai eÔkolh prosarmogă thc mejìdou sto ekĹstote

prìblhma. To kleidÐ brÐsketai sto gegonìc ìti eisĹgoume sthn exÐswsh kainoÔrgiec

metablhtèc (relaxation metablhtèc) oi opoÐec proseggÐzoun thn roă (ă tic roèc se

megalÔterec diastĹseic) tou nìmou diatărhshc. Efìson h sunĹrthsh roăc ikanopoieÐ

kĹpoiec proôpojèseic (bl. gia parĹdeigma sto [23]) mporoÔme na efarmìsoume thn mè-

jodo, kai me katĹllhlec diakritopoiăseic sto qÿro kai qrìno na petÔqoume sÔgklish,

[27, 3].

EpishmaÐnoume edÿ ìti, h paroÔsa ergasÐa apoteleÐ thn prÿth prospĹjeia gia thn

arijmhtikă epÐlush tou montèlou metaforĹc fertÿn me katĹllhlh efarmogă sqhmĹtwn

tÔpou qalĹrwshc kai akoloujeÐ tic polÔ prìsfatec ergasÐec [17, 5, 18] ìpou ekeÐ u-

lopoioÔntai klassikèc mèjodoi peperasmènwn diaforÿn, twn dÔo prÿtwn kathgoriÿn thc

prohgoÔmenhc paragrĹfou, gia thn epÐlush tou morfodunamikoÔ majhmatikoÔ montèlou.

Sthn ergasÐa ja asqolhjoÔme arqikĹ me thn exagwgă twn exisÿsewn pou dièpoun

to fainìmeno kai ja perigrĹyoume diĹforetikèc morfèc (parallagèc) tou majhmatikoÔ

montèlou. Sth sunèqeia, ja perigrĹyoume to arijmhtikì sqăma pou basÐzetai ston pros-

eggistikì epilută Riemann tou Roe kai sth sunèqeia to sqăma qalĹrwshc twn Jin-Xin

sthn mÐa diĹstash. Mèsw triÿn problhmĹtwn ja sugkrÐnoume ta dÔo sqămata exĹgontac

katĹllhla sumperĹsmata. AnĹloga ja kinhjoÔme kai gia tic dÔo diastĹseic. Prÿta ja

perigrĹyoume tic exisÿseic pou dièpoun to fainìmeno kai tic morfèc twn exisÿsewn me tic
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opoÐec ja asqolhjoÔme. Katìpin, ja parousiasteÐ to sqăma qalĹrwshc gia to dudiĹs-

tato prìblhma thc metaforĹc izămatoc kai tèloc ja parousiĹsoume apotelèsmata thc

mejìdou mac se sugkekrimèno prìblhma.



KefĹlaio 2

Perigrafă tou MajhmatikoÔ
Montèlou

2.1 To prìblhma

S’ autì to kefĹlaio ja perigrĹyoume to sÔsthma twn diaforikÿn exisÿsewn pou

perigrĹfoun th metaforĹ izămatoc, allĹ kai genikìtera fertÿn ulÿn. To majhmatikì

autì montèlo ja qrhsimopoihjeÐ gia na epilujeÐ arijmhtikĹ.

Oi exisÿseic pou kateujÔnoun thn metaforĹ izămatoc mèsa se agwgoÔc, potĹmia kai

parĹktiec perioqèc perièqoun:

thn exÐswsh thc diatărhshc thc mĹzac,

ht + (uh)x = 0, (2.1)

thn exÐswsh diatărhshc thc ormăc,

(uh)t +

[
hu2 +

1

2
gh2

]

x

= −gBx, (2.2)

kai thn exÐswsh metabolăc thc morfologÐac tou pujmèna,

(B)t + ξqx = 0. (2.3)

H (2.1) kai (2.2) apoteloÔn to udrodunamikì montèlo thc roăc tou neroÔ kai eÐnai oi gnw-

stèc exisÿseic rhqÿn udĹtwn (shallow water equations) ă alliÿc sÔsthma Saint-Venant.

H exÐswsh (2.3) perigrĹfei thn kÐnhsh twn fertÿn ulikÿn. To h(x, t) antiproswpeÔei

8
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to sunolikì bĹjoc apì ton pujmèna, B(x, t) eÐnai to Ôyoc apì thn epifĹneia tou pu-

jmèna, u(x, t) eÐnai h taqÔthta proc thn kateÔjunsh tou x kai q(u, h) eÐnai o sunolikìc

ogkometrităc tou bajmoÔ metaforĹc izămatoc proc thn x kateÔjunsh (ekroă izămatoc),

blèpe to Sq. 2.1. Me η(x, t) ja sumbolÐsoume to Ôyoc thc epifĹneiac apì èna stajerì

shmeÐo anaforĹc D. Tèloc, ξ =
1

1− σ
ìpou σ eÐnai èna monodiĹstato mègejoc pou mac

deÐqnei pìso porÿdec eÐnai ta ulikĹ tou pujmèna (bl. Cunge et al. [6]), me 0 ≤ σ < 1.

S’ autăn thn ergasÐa qrhsimopoioÔme thn timă σ = 0.4. GenikĹ, h roă thc metaforĹc

izămatoc, q(u, h) den prokÔptei Ĺmesa apì thn sunĹrthsh tou B, me apotèlesma na

gÐnete h aitÐa ÿste na prokÔptoun duskolÐec sthn akribă eÔresh proseggistikăc lÔsh-

c se kĹpoia arijmhtikĹ sqămata (eidikĹ an h sunĹrthsh thc metaforĹc izămatoc eÐnai

algebrikĹ polÔplokh).

X

η (x,t)

h(x,t)

B(x,t)

u(x,t)

q(u,h)

Ποταµι

Πυθµενας

D

Sqăma 2.1: To qwrÐo thc metaforĹc izămatoc

2.2 Paragwgă Twn Exisÿsewn

Skopìc autăc thc paragrĹfou eÐnai na parĹgoume tic exisÿseic pou dièpoun thn

roă reustÿn gia thn metaforĹ izămatoc ìpwc anafèrjhkan sthn prohgoÔmenh enìthta.

Meletÿntac thn perioqă anĹmesa se dÔo shmeÐa x1 kai x2 se qwrÐo mÐac diĹstashc tou

Sq. 2.1, ja parĹgoume tic exisÿseic pou dièpoun to fainìmeno.
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2.2.1 Diatărhsh Thc MĹzac

Sthn perioqă apì to x1 eÿc to x2, mporoÔme na kajorÐsoume



To kajarì posì tou ìgkou
roăc pou dièrqetai apì thn
perioqă x1 kai x2


 =




Me ton bajmì allagăc tou
sunolikoÔ ìgkou thc roăc
sthn perioqă x1 eÿc to x2


 .

Tÿra, h sunolikă posìthta tou ìgkou roăc sthn perioqă apì to x1 eÿc to x2 eÐnai :
∫ x2

x1

∫ h+B

B

dydx =

∫ x2

x1

(h + B −B) dx =

∫ x2

x1

hdx

kai paragwgÐzwntac wc proc to qrìno t, paÐrnoume



Ton bajmì allagăc tou
sunolikoÔ ìgkou thc roăc
sthn perioqă x1 eÿc to x2


 =

d

dt

∫ x2

x1

hdx.

EpÐshc,



O sunolikìc ìgkoc thc
roăc pou eisèrqetai apì
to x1


 = (uh)x1

kai




O sunolikìc ìgkoc thc
roăc pou exèrqetai apì
to x2


 = (uh)x2

,

gi’ autì to lìgo



To kajarì posì tou ìgkou
roăc pou dièrqetai apì thn
perioqă x1 kai x2


 = (uh)x1

− (uh)x2
.

Epomènwc, paÐrnoume thn oloklhrwtikă morfă thc exÐswshc thc diatărhshc thc mĹzac

d

dt

∫ x1

x1

hdx + [uh]x2
x1

= 0. (2.4)

Gia na lĹboume thn diaforikă morfă oloklhrÿnoume thn (2.4) wc prìc t sto diĹsthma

[t1, t2], ìpou t2 > t1,

∫ x2

x1

h(x, t2)dx−
∫ x2

x1

h(x, t1)dx +

∫ t2

t1

[uh]x2
x1

dt = 0.

’Epeita, upojètoume ìti oi sunartăseic h(x, t) kai u(x, t) eÐnai paragwgÐshmec sunartă-

seic kai qrhsimopoiÿntac

h(x, t2)− h(x, t1) =

∫ t2

t1

∂h

∂t
dt kai [uh]x2

x1
=

∫ x2

x1

∂uh

∂x
dx.
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paÐrnoume ∫ t2

t1

∫ x2

x1

{
∂h

∂t
+

∂(uh)

∂x

}
dxdt = 0.

Epeidă x1, x2 kai t1, t2 eÐnai aujaÐretec stajerèc, paÐrnoume thn diaforikă morfă thc

exÐswshc diatărhshc thc mĹzac,

∂h

∂t
+

∂(uh)

∂x
= 0.

Shmeiÿnoume ìti mÐa koină praktikă gia thn grafă me diaforetikì trìpo thc parapĹnw

exÐswshc eÐnai
∂η

∂t
+

∂(u(η −B))

∂x
=

∂B

∂t

gia thn perÐptwsh tou stajeroÔ pujmèna, den eÐnai ìmwc swstă h qrhsimopoÐhsh tou

gia thn perÐptwsh tou kinoÔmenou pujmèna pou meletĹme edÿ diìti Bt 6= 0.

2.2.2 Diatărhsh Thc Ormăc

Sthn perioqă apì to x1 eÿc to x2, mporoÔme na kajorÐsoume ìti
[

O sunolikìc bajmìc allagăc thc
ormăc sthn kateÔjunsh tou x

]
=

[
Me thn dÔnamh pou efarmìzetai
sthn kateÔjunsh tou x

]
.

Tÿra,
[

O sunolikìc bajmìc allagăc thc
ormăc sthn kateÔjunsh tou x

]
=

d

dt

∫ x2

x1

∫ h+B

B

udydx +
(
hu2

)
x2
− (

hu2
)

x1

=
d

dt

∫ x2

x1

uh dx +
(
hu2

)
x2
− (

hu2
)

x1
.

EpÐshc [
H dÔnamh thc pÐeshc
apì ta Ĺkra

]
= g

[∫ h+B

B

(y − (h + B)) dy

]x2

x1

= g

[[
1

2
y2 − (h + B)y

]h+B

B

]x2

x1

=

[
−1

2
gh2

]x2

x1

kai [
H dÔnamh thc pÐeshc
apì ta Ĺkra

]
= −g

∫

CB1,2

h dy,
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ìpou CB1,2 eÐnai to diĹsthma oloklărwshc kai dhlÿnoume thn kampÔlh tou pujmèna sthn

perioqă x1 eÿc x2. Apì th upìjesh ìti den èqoume asunèqeiec ston pujmèna prokÔptei
[

H dÔnamh thc pÐeshc
apì ton pujmèna

]
= −g

∫ x2

x1

h
dB

dx
dx,

kai paÐrnoume
[

H dÔnamh pou efarmìzetai
sthn kateÔjunsh tou x

]
=

[
−1

2
gh2

]x2

x1

− g

∫ x2

x1

h
dB

dx
dx.

Epomènwc,

d

dt

∫ x2

x1

uh dx +
(
hu2

)
x2
− (

hu2
)

x1
=

[
−1

2
gh2

]x2

x1

− g

∫ x2

x1

h
dB

dx
dx

kai paÐrnoume thn oloklhrwtikă morfă thc exÐswshc thc diatărhshc thc ormăc,

d

dt

∫ x2

x1

uh dx +

[
hu2 +

1

2
gh2

]x2

x1

= −g

∫ x2

x1

h
dB

dx
dx. (2.5)

Gia na pĹroume thn diaforikă morfă thc exÐswshc diatărhshc thc ormăc qrhsimopoioÔme

thn Ðdia prosèggish ìpwc kĹname kai gia thn exÐswsh diatărhshc thc mĹzac. Upojèton-

tac ìti oi sunartăseic h(x, t) kai u(x, t) eÐnai paragwgÐsimec sunartăseic paÐrnoume

∂(uh)

∂t
+

[
hu2 + 1

2
gh2

]

∂x
= −ghBx. (2.6)

2.2.3 H ExÐswsh Sunèqeiac tou Pujmèna

Sthn perioqă apì to x1 eÿc to x2 mporoÔme na orÐsoume ìti



To sÔnolo thc ekroăc
thc mĹzac sthn perioqă
apì to x1 eÿc to x2


 =




Me ton bajmì allagăc thc
sunolikăc mĹzac sthn perioqă
apì to x1 eÿc to x2


 .

Tÿra, o sunolikìc ìgkoc tou izămatoc sthn perioqă apì to x1 eÿc to x2 eÐnai
∫ x2

x1

∫ B

0

dydx =

∫ x2

x1

Bdx

kai paragwgÐzontac to wc proc t, paÐrnoume



Ton bajmì allagăc thc
sunolikăc mĹzac sthn perioqă
apì to x1 eÿc to x2


 =

d

dt

∫ x2

x1

Bdx.
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Epiprìsjeta èqoume,



O sunolikìc ìgkoc tou
izămatoc pou eisèrqetai
apì to x1


 = ξq (u, h)x1

kai




O sunolikìc ìgkoc tou
izămatoc pou exèrqetai
apì to x2


 = ξq (u, h)x2

,

’Etsi, [
H sunolikă roă thc mĹzac sthn
perioqă apì to x1 èwc to x2

]
= ξ

(
q (u, h)x1

− q (u, h)x2

)
.

Epomènwc, paÐrnoume thn oloklhrwtikă morfă thc exÐswshc tou pujmèna,

d

dt

∫ x2

x1

B dx + ξ [q (u, h)]x2

x1
= 0. (2.7)

Gia na pĹroume thn diaforikă morfă thc exÐswshc tou pujmèna, qrhsimopoioÔme thn Ðdia

prosèggish ìpwc kĹname kai gia thn exÐswsh diatărhshc thc mĹzac. Upojètontac ìti oi

sunartăseic h(x, t) kai u(x, t) eÐnai paragwgÐsimec sunartăseic, paÐrnoume

∂B

∂t
+ ξ

∂q

∂x
= 0. (2.8)

2.3 H SunĹrthsh Stereoparoqăc

H sunolikă epibĹrunsh sto fainìmeno thc metaforĹc izămatoc perilambĹnei dÔo

fainìmena thn anastaltikìthta kai thn metaforĹ fortÐou. H metaforĹ fortÐou perièqei

tic epidrĹseic tou kìkkou thc Ĺmmou h opoÐa metafèretai sthn epifĹneia tou pujmèna

apì thn tribă kai thn barÔthta. H anastaltikìthta sth metaforĹ izămatoc perièqei

tic epidrĹseic tou kìkkou thc Ĺmmou oi opoÐec auxĹnoun apì thn roă tou neroÔ kai

thn metaforĹ pĹnw ap’ ton pujmèna. Gia argă roă neroÔ, h metaforĹ fortÐou eÐnai

poÐo epikratoÔsa kajÿc ìqi megĹlh posìthta izămatoc metafèretai apì thn roă tou

neroÔ, allĹ kajÿc h roă tou neroÔ auxĹnei h anastaltikìthta tou izămatoc gÐnetai poio

epikratoÔsa kai to Ðzhma mporeÐ na metaferjeÐ pĹra pollĹ mètra eidikĹ an to mègejoc

tou kìkkou eÐnai mikrì (bl. Soulsby [25] gia perissìterec leptomèreiec).

PoluĹrijmec analutikèc morfèc thc sunĹrthshc stereoparoqăc èqoun paraqjeÐ oi

opoÐec perièqoun kai ta dÔo fainìmena. H epilogă gia to poia ja qrhsimopoiăsoume

sunăjwc kajorÐzetai apì to prìblhma pou èqoume na montelopoiăsoume. S’ autăn thn

ergasÐa ja qrhsimopoiăsoume thn poÐo basikă apì ìlec tic sunartăseic stereometaforĹc

h opoÐa akoloujeÐ ènan aplì nìmo isqÔc (bl. [13, 16])

q(u) = Au|u|m−1. (2.9)
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’Opou, A eÐnai mÐa stajerĹ (s2/m), pou perikleÐei thn epÐdrash tou megèjouc tou kìkkou

kai thc kÐnhshc tou ixÿdouc h opoÐa kajorÐzetai apì peiramatikĹ dedomèna me m na eÐnai

1 ≤ m ≤ 4. H (2.9) den mporeÐ na paragwgisteÐ wc proc to u, ektìc an to u den

epitrèpetai na allĹxei prìshmo. Wstìso, meletÿntac mìno tic akèraiec timèc tou m, h

(2.9) mporeÐ na paragwgisteÐ kai isqÔei gia ìlec tic timèc tou u. Gia ton skopì autăc

thc ergasÐac, paÐrnoume m = 3 kai h (2.9) mac dÐnei

q(u) = Au3. (2.10)

ìpou tÿra mporoÔme na to paragwgÐsoume wc prìc to u.

Mèqri prìsfata, to sÔsthma twn exisÿsewn (2.1) eÿc (2.3), proseggÐzontan qrhsi-

mopoiÿntac mia stajeră prosèggish pou eÐqe protajeÐ apì touc Cunge et al. [6]. H

upìjesh thc stajerăc prosèggishc eÐnai ìti oi allagèc tou pujmèna èqoun mhdamină

epÐdrash sthn roă tou neroÔ kai epomènwc kai sto sÔsthma. To sÔsthma metatrèpetai

se mÐa prosèggish thc roăc tou neroÔ, pou upojètoume ìti brÐskete se katĹstash isor-

ropÐac, akoloujoÔmeno apì thn kÐnhsh tou pujmèna kai proseggÐzetai arijmhtikĹ me to

klassikì sqăma twn Lax-Wendroff, to opoÐo ìmwc upofèrei apì diasporĹ yeudÿn apote-

lesmĹtwn me talantÿseic pou epidroÔn sta apotelèsmata, bl. Damgaard [8]. Pollèc

teqnikèc, pou perièqoun kai uyhlăc anĹlushc mejìdouc èqoun qrhsimopoihjeÐ gia na

apaleÐyoun autèc tic talantÿseic. Dustuqÿc oi talantÿseic den apaleÐfontai oristikĹ

kai mĹlista gÐnontai poio pollèc ìtan efarmostoÔn gia megĹla qronikĹ diastămata.

Genikìtera, upĹrqoun treÐc basikèc phgèc duskoliÿn ìtan arijmhtikĹ jèloume na

upologÐsoume lÔseic twn parapĹnw exisÿsewn :

(a) H mh-grammikìthta tou sustămatoc,

(b) H emfĹnish asuneqÿn lÔsewn, pou ìmwc èqoun fusikì nìhma kai

(g) H Ôparxă phgaÐwn ìrwn (mh omogenèc sÔsthma exisÿsewn).

GenikĹ to sÔsthma twn triÿn exisÿsewn apoteleÐ èna mh-grammikì uperbolikì sÔsthma

nìmwn diatărhshc to opoÐo mporeÐ na emfanÐsei asunèqeiec (shocks) akìmh kai gia omalèc

arqikèc sunjăkec.
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2.4 Diaforetikèc Morfèc Tou MajhmatikoÔ Mon-
tèlou

UpĹrqoun dÔo eÐdh proseggÐsewn ta opoÐa mporoÔn na qrhsimopoihjoÔn gia na pros-

eggÐsoume tic exisÿseic pou kateujÔnoun thn metaforĹ izămatoc (bl. Hudson kai Sweby

[17]).

(I) H stĹsimh prosèggish (steady approach) ìpou h roă tou neroÔ upojètoume ìti

eÐnai stajeră kai oi allagèc ston pujmèna èqoun mhdenikă epÐdrash sthn roă tou

neroÔ p.q. h taqÔthta tou kÔmatoc thc exÐswshc tou pujmèna eÐnai axioshmeÐ-

wta mikră posìthta se sqèsh me thn taqÔthta thc roăc tou neroÔ. KĹnontac

autăn thn upìjesh to sÔsthma metatrèpetai se prosèggish thc roăc tou neroÔ,

kai epanalambĹnete mèqri na èrjei se katĹstash isorropÐac, akoloujoÔmeno apì

metabolă tou pujmèna.

(II) Sthn mh stĹsimh prosèggish (unsteady approach) den gÐnetai kamÐa upìjesh kai

h roă tou neroÔ kai o pujmènac upologÐzontai tautoqrìnwc. Me autoÔ tou eÐdouc

thn prosèggish h roă tou neroÔ mporeÐ na eÐnai ă stĹsimh ă ìqi kai oi allagèc

ston pujmèna eÐnai shmantikèc kai èqoun nìhma p.q. h taqÔthta tou kumatismoÔ thc

exÐswshc tou pujmèna eÐnai ìmoiac shmasÐac me thn taqÔthta roăc tou neroÔ. Gi’

autăn thn prosèggish, to sÔsthma twn exisÿsewn diakritopoiătai tautoqrìnwc.

2.4.1 Morfă A

Oi exisÿseic (2.1) eÿc (2.3) mporoÔn na qrhsimopoihjoÔn ìpwc grĹfthkan me treÐc

diaforetikoÔc trìpouc :

1. Morfă A-CV: H akìloujh mèjodoc eÐnai basikă gia tic mejìdouc stĹsimhc prosèg-

gishc kai apoteleÐtai apì :

• StĹdio StĹsimou Pujmèna, ìpou oi exisÿseic (2.1) eÿc (2.2) twn rhqÿn

udĹtwn epanalambĹnontai mèqri na ftĹsoun se mÐa stĹsimh katĹstash kratìn-

tac ton pujmèna stajerì.

• StĹdio MetablhtoÔ Pujmèna, ìpou o pujmènac metabĹlletai kajÿc kratĹme

ìlec tic Ĺllec metablhtèc stajerèc.
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Gia kĹje qronikì băma oi exisÿseic twn rhqÿn udĹtwn epilÔontai mèqri na èrjei

se stajeră katĹstash akoloujoÔmenh apì metabolă tou pujmèna. To sunolikì

qronikì băma autăc thc morfăc eÐnai to morfologikì qronikì băma thc exÐswshc

metabolăc tou pujmèna.

2. Morfă A-NC: Edÿ, oi exisÿseic twn rhqÿn udĹtwn kai h exÐswsh metabolăc tou

pujmèna epilÔontai me diadoqikèc arijmhtikèc proseggÐseic qrhsimopoiÿntac to

Ðdio qronikì băma. Aută h Morfă eÐnai ìmoia me thn Morfă A-CV kajÿc h roă

tou neroÔ upologÐzetai akìmh xeqwristĹ apì ton pujmèna. Wstìso, h roă tou

neroÔ den ftĹnei plèon se katĹstash isorropÐac ă se stĹsimh katĹstash èpeita

apì kĹje băma.

3. Morfă A-SF: Oi exisÿseic (2.1) eÿc (2.3) grĹfontai se morfă sustămatoc,




h
hu
B




t

+




hu

hu2 +
1

2
gh2

ξq




x

=




0
−ghBx

0


 (2.11)

kai ìlo to sÔsthma proseggÐzetai arijmhtikĹ tautoqrìnwc.

’Olec oi morfèc pou anafèrjhkan prohgoumènwc mporoÔn na grafoÔn se morfă

sustămatoc pou ikanopoieÐ ton nìmo diatărhshc,

wt + F (w)x = R, (2.12)

ìpou w eÐnai to diĹnusma pou perièqei touc agnÿstouc, F(w) eÐnai h sunĹrthsh roăc

(flux-function) kai to diĹnusma R perièqei ton mh omogenă ìro (phgaÐo ìro) pou sustă-

netai wc RHS kai prèpei na ton qeiristoÔme prosektikĹ gia na apofÔgoume arijmhtikèc

duskolÐec gia na lĹboume mÐa akribă prosèggish.

O Iakwbianìc pÐnakac thc sunĹrthshc roăc ja qreiasteÐ se ìlec tic periptÿseic twn

Morfÿn A. Gia tic Morfèc A-CV kai A-NC, o Iakwbianìc pÐnakac twn exisÿsewn twn

rhqÿn udĹtwn eÐnai,

A =
∂F

∂w
=

[
0 h

c2 − u2 2u

]

ìpou c =
√

gh, kai èqoun idiotimèc tic

λ1 = u− c kai λ2 = u + c
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me antÐstoiqa idiodianÔsmata

e1 =

[
1

u− c

]
kai e2 =

[
1

u + c

]

Gia thn Morfă A-SF, an h sunĹrthsh stereoparoqăc (2.9) qrhsimopoieÐtai, tìte o

Iakwbianìc pÐnakac eÐnai

A =




0 1 0
c2 − u2 2u 0
−ud d 0


,

ìpou c =
√

gh kai d =
ξ

h
Am|u|m−1. Shmeiÿnoume ìti o Iakwbianìc pÐnakac eÐnai idiì-

morfoc. Oi idiotimèc tou IakwbianoÔ pÐnaka eÐnai

λ1 = u− c, λ2 = 0 kai λ3 = u + c

me antÐstoiqa idiodianÔsmata

e1 =




1
u− c
−cd

u− c


 , e2 =




0
0
1


 kai e3 =




1
u + c
cd

u + c


 .

Shmeiÿnoume ìti h idiotimă pou sqetÐzetai me thn exÐswsh sunèqeiac tou pujmèna eÐnai

mhdenikă, lìgo thc idiomorfÐac tou IakwbianoÔ pÐnaka, kai autì sunepĹgetai ìti h ìpoia

kÐnhsh tou pujmèna dhmiourgeÐtai mìno apì thn kÐnhsh tou neroÔ.

2.4.2 Morfă B

Mia Ĺllh prosèggish pou mporeÐ na qrhsimopoihjeÐ gia na epanegrĹyoume thn exÐsw-

sh diatărhshc thc ormăc (2.2) eÐnai

ut +

[
1

2
u2 + g (h + B)

]

x

= 0, (2.13)

ìpou prokÔptei apì thn (2.1). An sunduĹsoume thn (2.1) me tic (2.13) kai (2.3) paÐrnoume

thn morfă tou sustămatoc B,




h
u
B




t

+




hu
1

2
u2 + g(h + B)

ξq




x

= 0. (2.14)
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Shmeiÿnoume ìti aută h Morfă den èqei mh omogenă ìro, epomènwc h Morfă B ja

ătan pijanÿn pio eÔkolo na upologisteÐ arijmhtikĹ. Wstìso h Morfă B den èqei thn

sunhjismènh sunthrhtikă morfă, me apotèlesma oi asunèqeiec na diadÐdontai me lĹjoc

taqÔthta. An h sunĹrthsh thc stereometaforĹc (2.9) qrhsimopoieÐtai tìte o Iakwbianìc

pÐnakac thc Morfăc B eÐnai

A =




u h 0
g u g
0 d 0


 ,

ìpou d =
ξ

h
Am|u|m−1. Shmeiÿnoume ìti o Iakwbianìc pÐnakac thc Morfăc B den eÐnai

idiìmorfoc. Oi idiotimèc, l, tou IakwbianoÔ pÐnaka den eÐnai eÔkolo na grafoÔn se

analutikă morfă, epeidă eÐnai rÐzec tou poluwnÔmou

P (λ, w) = λ3 − 2uλ2 + [u2 − g(h + B)]λ + gud = 0. (2.15)

Wstìso tic rÐzec thc (2.15) mporoÔn na upologistoÔn an qrhsimopoiăsoume thn prosèg-

gish pou anafèrete sthn ergasÐa [17], ParĹrthma A, ìpou apodeiknÔetai ìti oi idiotimèc

èinai pragmatikèc kai diaforetikèc metaxÔ touc. ’Estw mia idiotimă, λk, tìte upologÐ-

zoume to antÐstoiqo idiodiĹnusma wc

ek =




1
1

h
(λk − u)

(u− λk)
2 − gh

gh


 .

H morfă B den ja analujeÐ peraitèrw s’ autăn thn ergasÐa, kai anafèretai edÿ proc

qĹrin plhrìthtac.

2.4.3 Morfă C

’Otan èqoume mÐa morfă thc opoÐac o Iakwbianìc pÐnakac den eÐnai idiìmorfoc (ìpwc

eÐnai sthn morfă B), tìte qrhsimopoiÿntac ton kanìna parĹgwgou ginomènou, (hB)x =

hBx + hxB, kai grĹfoume thn exÐswsh diatărhshc thc ormăc (2.2) ÿc

(uh)t +

[
hu2 +

1

2
gh2 + ghB

]

x

= gBhx. (2.16)
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Tÿra sunduĹzontac tic exisÿseic (2.1), (2.16) kai (2.3), tic grĹfoume se morfă sustă-

matoc kai paÐrnoume




h
hu
B




t

+




hu

hu2 +
1

2
gh2 + ghB

ξq




x

=




0
gBhx

0


 (2.17)

ParathroÔme ìti h morfă C èqei kai mh omogenă ìro. An h sunĹrthsh thc stereoparoqăc

(2.9) qrhsimopoieÐtai, tìte o Iakwbianìc pÐnakac thc morfăc C eÐnai

A =




0 1 0
g(h + B)− u2 2u gh

−ud d 0


 ,

ìpou d =
ξ

h
Am|u|m−1. Oi idiotimèc, l, tou IakwbianoÔ pÐnaka den eÐnai kai pĹli eÔkolo

na grafoÔn se analutikă morfă, epeidă eÐnai rÐzec tou poluwnÔmou

P (λ,w) = λ3 − 2uλ2 + [u2 − g(h + B + hd)]λ + ghud = 0. (2.18)

Wstìso tic rÐzec thc (2.18) mporoÔn na upologistoÔn an qrhsimopoiăsoume pĹli thn

prosèggish pou anafèrete sthn ergasÐa [17], ParĹrthma A, ìpou apodeiknÔetai epÐshc

ìti oi idiotimèc eÐnai pragmatikèc kai diaforetikèc metaxÔ touc ìtan h(x, t)+B(x, t) > 0.

Epiplèon, kajÿc h parĹmetroc A → 0, oi idiotimèc

λ1 → u− c, λ2 → 0, kai λ3 → u + c.

’Estw mia idiotimă, λk, tìte upologÐzoume to antÐstoiqo idiodiĹnusma wc

ek =




1
λk

u2 − g(h + B) + (λk − 2u)λk

gh


 .

Sthn paroÔsa ergasÐa ja anaptÔxoume kai ja efarmìsoume arijmhtikĹ sqămata gia tic

morfèc A-SF kai C tou majhmatikoÔ montèlou.



KefĹlaio 3

ArijmhtikĹ Sqămata

Mèqri tÿra èqoume anafèrei tic diaforetikèc morfèc tou majhmatikoÔ montèlou. S’

autì to kefĹlaio ja perigrĹyoume arijmhtikĹ sqămata, pou mporoÔn na qrhsimopoihjoÔn

gia thn epÐlush tou montèlou metaforĹc izămatoc.

H prospĹjeia kataskeuăc proseggistikÿn lÔsewn tou sustămatoc twn nìmwn di-

atărhshc kai eidikìtera autÿn me phgaÐouc ìrouc eÐnai èna shmantikì jèma endiafèrontoc

sthn episthmonikă koinìthta (bl. gia parĹdeigma [24, 12, 19, 20, 2]). Prìsfata, èna

plăjoc apì sqămata uyhlăc tĹxhc èqoun kataskeuasjeÐ prosjètontac oriojètec ston

mh omogenă ìro ìpwc epÐshc kai sthn arijmhtikă sunĹrthsh roăc (bl. gia parĹdeigma

[15, 20]) ìpwc ja parousiĹsoume parakĹtw. Gia tic diĹforec morfèc, aută h prosèggish

epitrèpei sta uyhlăc tĹxhc sqămata na diathroÔn mia fusikă isorropÐa anĹmesa sthn

arijmhtikă sunĹrthsh roăc kai ston arijmhtikì mh omogenă ìro gia thn perÐptwsh thc

stajerăc katĹstashc (bl. Par. 3.2).

3.1 ArijmhtikĹ Sqămata Se Sunthrhtikă Morfă

Gia th diakritopoÐhsh tou sustămatoc (2.12) jewroÔme th qwrikă diamèrish {xi}
me ∆x = xi+1/2 − xi−1/2 ( ìpou xi+1/2 = xi + 1

2
∆x, xi = i∆x gia i = 1, ..., n ) kai

qronikì băma ∆t = tn+1 − tn, n = 0, 1, 2, . . .. H metablhtă w sto upologistikì kelÐ

Ci =
[
xi−1/2, xi+1/2

]
se qrìno t = tn, proseggÐzetai apì th mèsh timă thc sto Ci, wn

i .

H wn
i apoteleÐ th proseggistikă lÔsh tou problămatoc (blèpe to Sq. 3.1) me

wn
i '

1

∆x

∫ xi+1/2

xi−1/2

w(x, tn)dx.

20
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Sqăma 3.1: Proseggistikă lÔsh tou problămatoc.

Sto shmeÐo x = xi+1/2, t = tn h timă thc w sumbolÐzetai me wn
i+1/2 .

H genikă morfă tou sunthrhtikoÔ sqămatoc eÐnai,

wn+1
i = wn

i − s
(
F∗

i+ 1
2
− F∗

i− 1
2

)
+ sR∗

i , (3.1)

ìpou s = ∆t
∆x

kai wn
i ≈ w(xi, t

n) eÐnai h arijmhtikă prosèggish. Edÿ F∗
i+ 1

2

eÐnai h

arijmhtikă prosèggish thc sunĹrthshc roăc kai R∗
i perikleÐei thn prosèggish tou mh

omogenă ìrou. ’Otan paragwgÐzoume thn arijmhtikă sunĹrthsh roăc, h idiìthta thc

sunèpeiac prèpei epÐshc na ikanopoieÐtai,

F∗
i+ 1

2
→ F(w̄) kajÿc wn

i → w̄ ∀i,

ìpou w̄ eÐnai èna diĹnusma pou oi sunistÿsec tou eÐnai stajerèc. Gia na eÐmaste sÐgouroi

ìti to sqăma paramènei eustajèc, to qronikì băma upologÐzetai qrhsimopoiÿntac

∆t =
ν∆x

max(|λ|) ,

ìpou max(|λ|) eÐnai h mègisth taqÔthta kumatismoÔ (idiotimèc) kai ÿc ν sumbolÐzoume

ton arijmì CFL.
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3.2 C-Idiìthta

Ta mh omogenă sustămata twn nìmwn diatărhshc (2.12) suqnĹ odhgoÔn se stĹsimh

katĹstash gia thn opoÐa ìtan h parĹgwgoc tou qrìnou eÐnai mikră (ă mhdèn), wt ≈ 0,

upĹrqei mÐa fusikă isorropÐa anĹmesa stic sunartăseic roăc kai tou mh omogenă ìrou

dhl.,

Fx = R.

Wstìso, merikĹ arijmhtikĹ sqămata den ikanopoioÔn autăn th fusikă isorropÐa ìtan

wt ≈ 0,

F∗
i+ 1

2
− F∗

i− 1
2

= R∗
i , (3.2)

opìte odhgoÔmaste se lanjasmèna apotelèsmata, lìgo tou ìti ta arijmhtikĹ sqămata

den mporoÔn gia megĹlo qronikì diĹsthma na mimhjoÔn thn sumperiforĹ twn exisÿsewn.

Oi Bermúdez kai Vázquez [2] kataskeÔasan sqămata ta opoÐa diathroÔn thn isor-

ropÐa anĹmesa stic arijmhtikèc sunartăseic roăc kai stouc mh omogenăc ìrouc gia thn

stajeră katĹstash, ta opoÐa ikanopoioÔn thn legìmenh C-Idiìthta. Epomènwc, an èna

arijmhtikì sqăma (3.1) ikanopoieÐ thn (3.2) akribÿc ă proseggistikĹ ìtan efarmìzetai

sthn stĹsimh katĹstash, lème ìti ikanopoieÐ thn C-Idiìthta.

3.3 To Arijmhtikì Sqăma tou Roe

Ja anaptÔxoume sunoptikĹ to sqăma peperasmènwn diaforÿn-ìgkwn tou Roe (bl.

Roe[24], Hubbard kai Garcia-Navarro [15] kai Hudson [16]) ÿste na qrhsimopoihjeÐ gia

thn diakritopoÐhsh tou sustămatoc.

O Roe [24] kataskeÔase mÐa mèjodo h opoÐa epilÔei sustămata nìmwn diatărhshc

qrhsimopoiÿntac mÐa kladikă stajeră prosèggish

w(x, tn) =

{
wL an xL − ∆x

2
≤ x ≤ xL + ∆x

2

wR an xR − ∆x
2
≤ x ≤ xR + ∆x

2

ìpou wL kai wR apoteloÔn tic kladikèc stajerèc katastĹseic sto qrìno tn, kai

kajorÐzoun thn akribă lÔsh enìc grammikopoihmènou problămatoc Riemann to opoÐo
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susqetÐzetai me thn (2.12)

∂w

∂t
+ Ã(wL,wR)

∂w

∂x
= 0. (3.3)

ìpou

Ã(wL,wR) =
∂F

∂w

eÐnai ènac grammikopoihmènoc Iakwbianìc pÐnakac kai me ˜sumbolÐzoume mèsec timèc pou

antistoiqoÔn ston pÐnaka Ã. Oi ìroi λ̃, ẽ kai ã eÐnai oi idiotimèc, ta idiodianÔsmata

kai ta bĹrh twn kumĹtwn tou grammikopoihmènou IakwbianoÔ pÐnaka tou Roe, Ã, pou

prokÔptei apì thn diĹspash,

∆F =

p∑

k=1

ãkλ̃kẽk = Ã∆w ìpou ∆w = wR −wL.

Tÿra, qrhsimopoiÿntac thn prosèggish tou Roe (bl.[24], kai [15], gia perissìterec

leptomèreiec ), paÐrnoume thn arijmhtikă sunĹrthsh roăc (blèpe to Sq. 3.2)

F∗
i+ 1

2
=

1

2

(
Fn

i+1 + Fn
i

)− 1

2

p∑

k=1

[
ãk|λ̃k| (1− Φ(θk)(1− |νk|)) ẽk

]
i+ 1

2

,

ìpou

s =
∆t

∆x
, νk = sλ̃k, θk =

(ãk)I+ 1
2

(ãk)i+ 1
2

, I = i− sgn(νk)i+ 1
2
,

p eÐnai o arijmìc twn sunistwsÿn tou sustămatoc (p = 2 ă 3, exartĹtai apì thn

morfă tou) kai Φ(θk) eÐnai o oriojèthc roăc (flux limiter) MinMode ,

Φ(θk) = max(0, min(1, θk)).

O oriojèthc qrhsimopoieÐtai gia na dÿsei sto arijmhtikì sqăma deÔterhc tĹxhc akrÐbeia

sto qÿro (qwrÐc thn emfĹnish talantÿsewn), mia pou tÿra ikanopoieÐ thn idiìthta thc

Olikăc ElĹttwshc thc Metabolăc (Total Variation Diminishing) ă alliÿc thn idiìthta

TVD (bl. Harten [14] kai Sweby [26]).

Qreiazìmaste tÿra mÐa prosèggish gia touc mh omogenăc ìrouc, R∗
i h opoÐa na

mac exasfalÐsei ìti to sqăma mac ikanopoieÐ thn C-Idiìthta. Autì mporoÔme na to

petÔqoume efarmìzontac ton oriojèth sthn prosèggish tou mh omogenă ìrou, ètsi ÿste

na epèljei isorropÐa sto sÔsthma me tic arijmhtikèc sunartăseic roăc. Oi Hubbard kai
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Sqăma 3.2: Prosèggish thc sunĹrthshc roăc kai tou mh omogenă ìrou.

Garcia-Navarro [15], kai o Hudson [16] suzăthsan thn parakĹtw prosèggish gia na

proseggÐsoun touc mh omogenăc ìrouc, (blèpe to Sq. 3.2)

R∗
i = R−

i+ 1
2

−R+
i− 1

2

,

ìpou

R±
i =

1

2

p∑

k=1

[
β̃kẽk

(
1± sgn(λ̃k)(1− Φ(θk)(1− |νk|))

)]
i+ 1

2

kai oi timèc tou β̃ prokÔptoun apì thn anĹlush tou

1

∆x

p∑

k=1

β̃kẽk = R̃,

ìpou R̃ eÐnai h katĹ upologistikì qwrÐo diakritopoÐhsh tou mh omogenă ìrou, pou

prokÔptei qrhsimopoiÿntac touc mèsouc ìrouc tou Roe kai tic parĹgwgouc katĹ shmeÐo.

Gia thn morfă A-SF o pÐnakac R̃, eÐnai:

R̃ =




0

−g

2
h̃(Bi+1 −Bi)

0


 ,
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kai gia thn morfă C, eÐnai:

R̃ =




0
g

2
B̃(hi+1 − hi)

0


 .

Oi morfèc A-SF kai C mporoÔn na diakritopoihjoÔn apì thn mèjodo tou sqămatoc

Roe me ton oriojèth MinMode qrhsimopoiÿntac tic mèsec timèc gia ta λ̃ kai ẽ pou

blèpoume stouc pÐnakec (3.1) kai (3.2) antistoÐqwc, pou prokÔptoun apì thn sunĹrthsh

stereoparoqăc (2.9).

To parapĹnw sqăma eÐnai apì ta plèon diadedomèna kai efarmìsima, [17, 15], kai

gia epÐlush problhmĹtwn nìmwn diatărhshc me phgaÐouc ìrouc. Edÿ ja ulopoihjeÐ sth

morfă C gia na apotelèsei to mètro sÔgkrishc gia ta sqămata tÔpou qalĹrwshc, pou

parousiĹzontai sth sunèqeia.

3.4 To sqăma qalĹrwshc twn Jin-Xin.

Sthn enìthta aută ja meletăsoume thn mèjodo tÔpou qalĹrwshc (relaxation) gia ènan

genikì nìmo diatărhshc. H genÐkeush thc mejìdou, ìpwc anafèretai stic [30], [9] kai

[10], eÐnai efiktă gia sustămata exisÿsewn allĹ kai gia dianusmatikèc sunartăseic.

3.4.1 Genikă Perigrafă

Ja exetĹsoume thn idèa thc qalĹrwshc meletÿntac ènan genikì bajmwtì nìmo di-

atărhshc thc morfăc

ut + [f(u)]x = 0 (3.4)

me arqikĹ dedomèna

u(x, 0) = u0(x).

Gia kĹje nìmo diatărhshc mporoÔme na kataskeuĹsoume èna grammikì uperbolikì

sÔsthma me Ĺkampto phgaÐo ìro. To sÔsthma autì gia thn exÐswsh (3.4) eÐnai to exăc

ut + vx = 0, u ∈ R, (3.5aþ)

vt + c2ux = −1

ε
(v − f(u)), (3.5bþ)
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Idiotimèc λ̃1 = ũ− c̃, λ̃2 = 0, kai λ̃3 = ũ + c̃

IdiodianÔsmata e1 =




1
u− c
−cd

u− c


 , e2 =




0
0
1


 kai e3 =




1
u + c
cd

u + c




Suntelestèc bĹrouc ã1,3 =
1

2
∆h∓ 1

2c̃
(∆(uh)− ũ∆h)

kai ã2 = ∆B − d̃(∆(uh)− (ũ2 + c̃2)∆h)

(ũ + c̃)(ũ− c̃)

Suntelestèc bĹrouc gia

Mh Omogenăc ìrouc β̃1 =
c̃∆B

2
, β̃2 =

d̃ũc̃2∆B

(ũ + c̃)(ũ− c̃)
, kai β̃3 = − c̃∆B

2

Oi mèsec timèc tou Roe ũ =

√
hRuR +

√
hLuL√

hR +
√

hL

, h̃ =
1

2
(hR + hL), c̃ =

√
gh̃

kai d̃ =
Aξ∆(u|u|m−1)

∆(uh)− ũ∆h
. Gia m = 3, èqoume

d̃ =
Aξ(

√
hR +

√
hL)√

hLhR +
√

hRhL

(u2
R + uRuL + u2

L)

PÐnakac 3.1: Oi mèsec timèc tou Roe gia thn Morfă A-SF

to opoÐo ja to apokaloÔme sÔsthma qalĹrwshc. H parĹmetroc ε onomĹzetai rujmìc tou

sqămatoc qalĹrwshc kai eÐnai jetikă posìthta mikrìterh (sunăjwc polÔ mikrìterh) thc

monĹdac. H stajerĹ c eÐnai jetikă kai ja prèpei na ikanopoieÐ thn sqèsh

−c ≤ f ′(u) ≤ c (3.6)

thn opoÐa onomĹzoume upoqarakthristikă sunjăkh. Ja doÔme sth sunèqeia to kÐnhtro
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Idiotimèc λ̃3 − 2ũλ̃2 + [ũ2 − g(h̃ + B̃ + h̃d̃)] + gh̃ũd̃ = 0

IdiodianÔsmata ẽk =




1
λk

ũ2 − g(h̃ + B̃) + (λ̃k − 2ũ)λ̃k

gh̃


 .

Suntelestèc bĹrouc ã =
(λ̃aλ̃b+g(h̃+B̃)−ũ2)+(2ũ−λ̃a−λ̃b)∆(uh)+gh̃∆B

(λ̃k−λ̃a)(λ̃k−λ̃b)
ìpou a 6= k 6= b

Suntelestèc bĹrouc gia

Mh Omogenăc ìrouc β̃k =
gB̃

(
2ũ− λ̃a − λ̃b

)
∆h

(
λ̃k − λ̃a

)(
λ̃k − λ̃b

) ìpou a 6= k 6= b

Oi mèsec timèc tou Roe ũ =

√
hRuR +

√
hLuL√

hR +
√

hL

, h̃ =
1

2
(hR + hL),

B̃ =
1

2
(BR + BL) kai d̃ =

Aξ∆(u|u|m−1)

∆(uh)− ũ∆h
.

Gia m = 3, èqoume: d̃ = Aξ(
√

hR+
√

hL)√
hLhR+

√
hRhL

(u2
R + uRuL + u2

L)

PÐnakac 3.2: Oi mèsec timèc tou Roe gia thn Morfă C

pou mac odăghse sthn jeÿrhsh thc (3.6). Arqikă sunjăkh gia to sÔsthma (3.5) jew-

roÔme thn

u(x, 0) = u0(x), (3.7aþ)

v(x, 0) = f(u0(x)). (3.7bþ)

Me thn epilogă aută, jewroÔme ìti to sÔsthma brÐsketai arqikĹ se isorropÐa. KatĹ

ton Ðdio trìpo se problămata sunoriakÿn timÿn, tic timèc thc relaxation metablhtăc sto

sÔnoro tic paÐrnoume me ton Ðdio trìpo ÿste to sÔsthma sta shmeÐa autĹ na brÐsketai

se isorropÐa.

Sto sÔsthma exisÿsewn (3.5), paÐrnontac to ìrio gia ε → 0+ h sqèsh (3.5α′)
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katalăgei sthn

v = f(u), (3.8aþ)

enÿ h deÔterh sqèsh tou sustămatoc

ut + f(u)x = 0. (3.8bþ)

H katĹstash pou ikanopoieÐ thn (3.8α′) onomĹzetai katĹstash topikăc isorropÐac kai h

(3.8β′) eÐnai o arqikìc nìmoc diatărhshc (3.4).

Ac doÔme ìmwc lÐgo pio prosektikĹ thn ousÐa thc mejìdou. Ja qrhsimopoiăsoume

to anĹptugma,

v(x, t) = f(u(x, t)) + εv1(x, t) + ε2v2(x, t) + O(ε3) (3.9)

to opoÐo eÐnai gnwstì wc anĹptugma Chapman-Enskog kai h morfă tou aitiologeÐtai

apì to gegonìc ìti gia ε mikrì h v sugklÐnei sthn f(u). AntikajistoÔme thn parapĹnw

sqèsh sthn (3.5α′),

ut +
[
f(u) + εv1 + ε2v2 + O(ε3)

]
x

= 0, (3.10)

ă

ut + f(u)x = −εv1x + O(ε2). (3.11)

Ja jèlame ìmwc na prosdiorÐsoume thn sunĹrthsh v1(x, t). Gia na to petÔqoume autì,

eisĹgoume thn (3.9) sthn (3.5β′),

(
f ′(u)ut + εv1t + O(ε2)

)
+ c2ux = − (

v1 + εv2 + O(ε2)
)
. (3.12)

MporoÔme na apaleÐyoume thn u(x, t) antikajistÿntac thn sthn sqèsh apì thn (3.11)

(
f ′(u)(−f(u)x − εv1x + O(ε2)) + εv1t + O(ε2)

)
+ c2ux = − (

v1 + εu2 + O(ε2)
)

(3.13)

Opìte kratÿntac ìrouc mìno prÿthc tĹxhc,

−f ′(u)f(u)x + c2ux = −v1

h opoÐa katalăgei sthn sqèsh pou zhtĹme,

v1 = − (
c2 − f ′(u)2

)
ux
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Me antikatĹstash sthn sqèsh (3.11), katalăgoume sthn

ut + f(u)x = ε (g(u)ux)x + O(ε2), (3.14)

ìpou

g(u) = c2 − (
f ′(u)2

)
. (3.15)

Apì thn sqèsh (3.14) mporoÔme na doÔme ìti ìtan to ε eÐnai jetikì, paÐzei ton rìlo

tou ixÿdouc. Autì sumbaÐnei akribÿc ìtan ikanopoieÐtai h sunjăkh (3.6), ìtan dhladă

h g(u) > 0. Thn exÐswsh (3.14) mporoÔme na thn doÔme kai wc,

ut + f(u)x = ε
(
c2uxx − utt

)
.

èqoume eisĹgei dhladă sthn arqikă exÐswsh èna kÔma uyhlìterhc tĹxhc, to opoÐo taxideÔei

me taqÔthta ±c. ’Otan h taqÔthta diĹdoshc tou arqikoÔ kÔmatoc, dhladă h f ′(u), eÐnai

fragmènh apì thn ±c, tìte exasfalÐzetai eustĹjeia.

3.5 GenÐkeush

H basikă idèa gia th melèth miac kathgorÐac mh-talanteuìmenwn arijmhtikÿn sqh-

mĹtwn se sÔsthma nìmwn diatărhshc, eÐnai na qrhsimopoihjeÐ mia topikă prosèggish. Gia

opoiodăpote sÔsthma nìmwn diatărhshc, ja kataskeuĹsoume èna grammikì uperbolikì

sÔsthma m’ ènan Ĺkampto ìro phgăc, to opoÐo ja proseggÐzei to arqikì mac mh gram-

mikì, me mia mikră diaqutikă diìrjwsh. H eidikă domă pou èqei to nèo sÔsthma epitrèpei

th qwrikă lÔsh, qwrÐc th qrăsh epilutÿn Riemann (Ĺra kai ton dÔskolo upologismì

twn idiotimÿn kai idiodianusmĹtwn) sto qÿro ă thn epÐlush mh-grammikÿn algebrikÿn

susthmĹtwn.

JewroÔme to sÔsthma nìmwn diatărhshc:

ut + [F(u)]x = 0, (x, t) ∈ R× R+, u ∈ Rn, (3.16)

ìpou F(u) ∈ Rn eÐnai omală dianusmatikă sunĹrthsh. To antÐstoiqo sÔsthma qalĹrw-

shc (relaxation system), twn Jin kai Xin [30], eÐnai:

∂

∂t
u +

∂

∂x
v = 0,

∂

∂t
v + C2 ∂

∂x
u = −1

ε
(v − F (u)),

(3.17)
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ìpou ε > 0 eÐnai h parĹmetroc qalĹrwshc kai C2 = diag(c2
1, c

2
2, ..., c

2
n) jetikìc diagÿnioc

pÐnakac. Gia mikrì ε, qrhsimopoiÿntac thn anĹptuxh Chapman-Enskog gia to sÔsthma

qalĹrwshc (3.17) blèpoume ìti to u, ikanopoieÐ:

∂

∂t
u +

∂

∂x
F(u) = ε

∂

∂x

((
C2 − F′(u)2

) ∂

∂x
u
)

+ O(ε2), (3.18)

ìpou F′(u) eÐnai o Iakwbianìc pÐnakac thc sunĹrthshc roăc F. To sÔsthma qalĹrwshc

(3.17) eÐnai prÿthc tĹxewc prosèggish wc proc ε tou (3.16), lìgw thc exÐswshc (3.18).

Gia thn exasfĹlish tou fusikoÔ ìrou diĹqushc sth (3.18), eÐnai aparaÐthto na isqÔei h

upoqarakthristikă sunjăkh:

C− F′(u) ≥ 0 gia ìla ta u. (3.19)

EÐnai safèc ìti gia to u pou poikÐllei sto fragmèno pedÐo, h exÐswsh (3.19) mporeÐ

pĹnta na ikanopoihjeÐ me thn epilogă enìc arketĹ megĹlou C. EntoÔtoic, lìgw twn

periorismÿn thc CFL sunjăkhc gia thn arijmhtikă eustĹjeia, eÐnai epijumhtì na lhfjeÐ o

mikrìteroc C pou ikanopoieÐ to kritărio (3.19). ’Estw to entropikì zeÔgoc (η(u), q(u)),

tìte

η′(u)F′(u) = q′(u), η′′ > 0. (3.20)

O deÔteroc tìnoc sumbolÐzei ton pÐnaka Hessian. EÔkola prokÔptei apì thn (3.20) ìti oi

η′′F′ kai F′(η′′)−1 eÐnai summetrikoÐ pÐnakec. ’Estw λ1 ≤ λ2 ≤ λ3 ≤ ... ≤ λn kai µ1 ≤
µ2 ≤ µ3 ≤ ... ≤ µn eÐnai oi idiotimèc twn η′′F′ kai F′(η′′)−1 antÐstoiqa. MporoÔn na

eÐnai genikeumènec idiotimèc tou F′ ìson aforĹ touc pÐnakec η′′ kai (η′′)−1 antÐstoiqa ,

upì thn ènnoia:

det(F′ − λiη
′′) = 0, det(F′ − µi(η

′′)−1) = 0, 1 ≤ i ≤ n. (3.21)

’Estw,

λ = max
1≤i≤n

|λi|, µ = max
1≤i≤n

|µi|.

Gia aplìthta ja upojèsoume ìti to C2 èqei thn eidikă morfă,

C2 = c2I, c > 0, (3.22)

ìpou I eÐnai o n × n monadiaÐoc pÐnakac. Shmeiÿnoume ìti to sqăma qalĹrwshc èqei

pĹntote èna plărec sÔnolo idiodianusmĹtwn, pou eÐnai oi qarakthristikèc metablhtèc

v ±Cu, me to C2 ìpwc sth (3.22).
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3.5.1 To SÔsthma QalĹrwshc Twn Exisÿsewn MetaforĹc
Izămatoc

Mia efarmogă twn nìmwn diatărhshc apoteloÔn kai oi exisÿseic thc metaforĹc iză-

matoc, ìpwc perigrĹfhkan sthn morfă A-SF (2.11) (antÐstoiqa mporeÐ na grafeÐ kai gia

thn morfă C (2.17) ) . Gia na lÔsoume to prìblhma ja kataskeuĹsoume to sÔsthma

qalĹrwshc, ìpwc anafèrjhke sthn prohgoÔmenh parĹgrafo. Sthn perÐptwsh thc (2.11)

paÐrnoume to parakĹtw sÔsthma qalĹrwshc,

ht + vx = 0,
q̃t + wx = −ghBx,

vt + c2
1hx = −1

ε
(v − q̃),

wt + c2
2q̃x = −1

ε

(
w −

(
q̃2

h
+

1

2
gh2

))
,

Bt + rx = 0,

rt + c2
3Bx = −1

ε
(r − ξq)

(3.23)

ìpou q̃ = hu h ekroă tou neroÔ.

Jètontac,

u =




h
q̃
B


 , v =




v
w
r


 , (3.24)

to sÔsthma (3.23) grĹfetai wc:

ut + vx = R(u),

vt + C2ux = −1

ε
(v − (F(u))),

(3.25)

ìpou u,v ∈ R3 kai C2 ∈ R3×3 jetikìc diagÿnioc pÐnakac. Ypojètoume ìti o pÐnakac C

èqei jetikèc idiotimèc cj > 0 gia j = 1, 2, 3. IsodÔnama, to (3.25) mporeÐ na grafteÐ wc:

[
u
v

]

t

+

[
0 I
C2 0

] [
u
v

]

x

=

[
R(u)

−1

ε

(
v − F(u)

)
]

. (3.26)

EpÐshc, ja meletăsoume mÐa parallagă tou parapĹnw sustămatoc twn Delis kai
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Katsaounis [9] gia thn eisagwgă tou phgaÐou ìrou, ìpou :

ht + vx = 0,
q̃t + wx = 0,

vt + c2
1hx = −1

ε
(v − q̃),

wt + c2
2q̃x = −1

ε

(
w −

(
q̃2

h
+

1

2
gh2

))
+

1

ε

∫ x

ghB′(y)dy,

Bt + rx = 0,

rt + c2
3Bx = −1

ε
(r − ξq)

(3.27)

ă se dianusmatikă morfă

[
u
v

]

t

+

[
0 I
C2 0

] [
u
v

]

x

=

[
0

−1

ε

(
v − F(u)

)− 1

ε
R̃(u)

]
(3.28)

ìpou

R̃(u) =




0

−
∫ x

ghB′(y)dy


 (3.29)

O arqikìc nìmoc diatărhshc, kai stic dÔo morfèc, èqei tÿra antikatastajeÐ apì èna

grammikì uperbolikì sÔsthma me ènan ìro phgăc o opoÐoc taqÔtata odhgeÐ to v → F(u)

(gia to sÔsthma (3.25) ) kai to v → F(u)− R̃(u) (gia to sÔsthma (3.28) ), kajÿc to

ìrio ε → 0+.

Oi stajerèc c1, c2, c3 prokÔptoun apì aplèc ektimăseic mèsw twn idiotimÿn tou Iak-

wbianoÔ pÐnaka touc F(u), antistoiqÐzontac kĹje idiotimă me thn antÐstoiqh stajerĹ c

prosèqontac na ikanopoieÐtai h upoqarakthristikă sunjăkh, dhladă na isqÔei

∀λ, |λ| ≤ cmax, (3.30)

kai cmax = maxj cj.

Shmeiÿnetai ìti ìpwc deÐqjhke sto [9] h eisagwgă tou phgaÐou ìrou ìpwc sto (3.27)

ikanopoieÐ proseggistikĹ th C-Idiìthta gia tic exisÿseic rhqÿn udĹtwn.

3.6 HmidiakritĹ sqămata

Ja arqÐsoume th melèth mac kataskeuĹzontac to hmi-diakritì sqăma, gia to sÔsthma

qalĹrwshc (3.26). JewroÔme to klassikì upwind sqăma prÿthc tĹxewc kai to deÔterhc

tĹxhc tÔpou MUSCL (Monotonic Upstream Scheme for Conservation Laws) sqăma.
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3.6.1 To sqăma tÔpou upwind

ArqikĹ jewroÔme to omogenèc sÔsthma qalĹrwshc, dhladă qwrÐc ìrouc phgăc:

ut + vx = 0,

vt + C2ux = −1

ε
(v − F(u)).

H hmidiakrită morfă tou sustămatoc eÐnai:

∂

∂t
ui +

1

∆x
(vi+1/2 − vi−1/2) = 0,

∂

∂t
vi +

C2

∆x
(ui+1/2 − ui−1/2) = −1

ε
(vi − F(ui)).

(3.31)

To grammikì uperbolikì mèroc tou (3.31) èqei dÔo Riemann analloÐwtec qarakthris-

tikèc taqÔthtec

v ±Cu,

pou susqetÐzontai me ta qarakthristikĹ pedÐa ±C , antÐstoiqa. Me ton ìro , k-Riemann

analloÐwtec, kaloÔme mÐa omală sunĹrthsh w : Ω → R an ikanopoieÐ th sqèsh:

Dw(u)rk(u) = 0, ∀u ∈ Ω.

H k-Riemann analloÐwth w eÐnai stajeră pĹnw sthn kampÔlh v : ξ ∈ R→ v(ξ) ∈ Rp,

ìpou v oloklhrÿsimh sta idiodianÔsmata rk, (dhladă, v′(ξ) = rk(v(ξ)) ), an kai mìno an

isqÔei:
d

dξ
w(v(ξ)) = Dw(v(ξ))v′(ξ) = 0.

Autì shmaÐnei ìti h k-Riemann analloÐwth eÐnai stajeră katĹ măkoc tou efaptomenikoÔ

dianusmatikoÔ pedÐou rk, [7]. Opìte, h prÿthc tĹxewc prosèggish upwind gia tic qarak-

thristikèc taqÔthtec, v ±Cu, dÐnetai apì tic:

(v + Cu)i+1/2 = (v + Cu)i kai (v −Cu)i+1/2 = (v −Cu)i+1, (3.32)

kai apì thn opoÐa paÐrnoume

ui+1/2 =
1

2
(ui + ui+1)− 1

2
C−1(vi+1 − vi),

vi+1/2 =
1

2
(vi + vi+1)− 1

2
C(ui+1 − ui).

(3.33)
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An antikatastăsoume thn (3.33) sthn (3.31), ja pĹroume thn hmi-diakrită prosèggish

upwind, prÿthc tĹxewc, gia to (3.25) eisĹgontac kai ton phgaÐo ìro R gia to sÔsthma

(3.26):

∂

∂t
ui +

1

2∆x
(vi+1 − vi−1)− 1

2∆x
C(ui+1 − 2ui + ui−1) = R(ui),

∂

∂t
vi +

1

2∆x
C2(ui+1 − ui−1)− 1

2∆x
C(vi+1 − 2vi + vi−1) = −1

ε
(vi − F(ui)).

(3.34)

3.6.2 To sqăma MUSCL-TVD

To sqăma upwind eÐnai 1ης tĹxewc wc proc th qwrikă metablhtă. ’Ena sqăma uyh-

lìterhc tĹxhc eÐnai to sqăma tÔpou MUSCL, to opoÐo eÐnai 2ης tĹxhc kai proseggÐzei

th lÔsh se kĹje upologistikì kelÐ me grammikĹ poluÿnuma, enÿ prÐn eÐqame proseg-

gÐsh me katĹ tmămata stajerèc sunartăseic. Sunepÿc oi k−sunistÿsec tou v ±Cu,

upologÐzontai antÐstoiqa :

(υ + cku)i+1/2 = (υ + cku)i +
1

2
∆xs+

i ,

(υ − cku)i+1/2 = (υ − cku)i+1 − 1

2
∆xs−i+1,

(3.35)

ìpou u, υ eÐnai oi k-sunistÿsec twn u,v antÐstoiqa kai s±ı oi klÐseic sto ı-ostì upolo-

gistikì kelÐ:

s±i =
1

∆x
(υi+1 ± ckui+1 − υi ∓ ckui)φ(θ±i ), (3.36)

me

θ±i =
υi ± ckui − υi−1 ∓ ckui−1

υi+1 ± ckui+1 − υi ∓ ckui

, (3.37)

ìpou φ eÐnai o oriojèthc klÐshc (slope limiter), ìpwc orÐzetai apì ton Sweby [26], kai

ikanopoieÐ th sqèsh:

0 ≤ φ(θ) ≤ minmod(2, 2θ). (3.38)

Gia oriojèth mporoÔme na epilèxoume tic akìloujec sunartăseic:

1. MinMod(MM) limiter

φ(θ) = max(0, min(1, θ)).
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2. Superbee(SB) limiter

φ(θ) = max(0, min(1, 2θ), min(2, θ)).

3. VanLeer(VL) limiter

φ(θ) =
| θ | +θ

1+ | θ | .

4. Monotonized Central (MC) limiter

φ(θ) = max(0, min
(1 + θ

2
, 2, 2θ)

)
.

Oi sunartăseic periorismoÔ SB, VL kai MC dÐnoun thn oxÔterh lÔsh stic asunèqeiec,

dedomènou ìti den exomalÔnoun thn klÐsh tìso polÔ, ìso o MM. Shmeiÿnoume ìti, h

sqèsh (3.38) mporeÐ na jewrhjeÐ to ikanì frĹgma gia na ikanopoieÐtai h sunjăkh TVD,

allĹ den egguĹtai 2ης tĹxhc akrÐbeia, idÐwc se perioqèc ìpou h lÔsh èqei topikĹ akrìtata,

kai sta shmeÐa autĹ to sqăma MUSCL eÐnai 1ης tĹxhc. Wstìso an qrhsimopoiăsei kaneÐc

oriojèth roăc, to 2ης tĹxhc sqăma MUSCL diathreÐ thn uyhlă akrÐbeia se ìla ta shmeÐa

tou qwrÐou.

Oi sqèseic (3.35) grĹfontai isodÔnama:

(υ + cku)i+1/2 = (υ + cku)i +
1

2
∆xs+

i ,

(υ − cku)i+1/2 = (υ − cku)i+1 −
1

2
∆xs−i+1,

Ĺra

ui+1/2 =
1

2
(ui + ui+1)− 1

2ck

(υi+1 − υi) +
∆x

4ck

(s+
i + s−i+1),

υi+1/2 =
1

2
(υi + υi+1)− ck

2
(ui+1 − ui) +

∆x

4
(s+

i − s−i+1).
(3.39)

Tìte, to 2ης tĹxhc sto qÿro hmidiakritì sqăma qalĹrwshc dÐnetai katĹ sunistÿsec apì

to sÔsthma (3.40), eisĹgontac kai ton phgaÐo ìro, gia parĹdeigma sthn morfă (3.29):

∂
∂t

ui + 1
2∆x

(υi+1 − υi−1)− ck

2∆x
(ui+1 − 2ui + ui−1)

−1
4

(
s−i+1 − s−i + s+

i−1 − s+
i

)
= 0,

∂
∂t

υi +
c2k

2∆x
(ui+1 − ui−1)− ck

2∆x
(υi+1 − 2υi + υi−1)

+ ck

4
(s−i+1 − s−i − s+

i−1 + s+
i ) = −1

ε
(υi − Fk(ui))− 1

ε
R̃k(ui),

(3.40)

ìpou R̃k, Fk eÐnai oi k-sunistÿsa twn R, F antÐstoiqa. Sthn perÐptwsh pou h klÐsh

s± = 0 ă φ = 0, to MUSCL sqăma (3.40) eÐnai isodÔnamo me to upwind sqăma (3.34).



3.7. Plărwc diakritĹ sqămata 36

3.7 Plărwc diakritĹ sqămata

H qronikă diakritopoÐhsh gia to hmidiakritì sqăma qalĹrwshc efarmozìmeno stic

exisÿseic metaforĹc izămatoc gÐnetai me th boăjeia èmmeswn-Ĺmeswn mejìdwn, Runge-

Kutta. Sto prìblhmĹ mac ja sugkrÐnoume tic dÔo qwrikèc diakritopoiăseic upwind

kai MUSCL kĹnontac qrăsh thc ’Ameshc - ’Emmeshc (explicit-implicit) Runge-Kutta

mejìdou gia th metĹbash thc lÔshc apì to qrìno t sto t + ∆t ([1], [22]). Gia qĹrh eu-

kolÐac, upojètoume arqikĹ ìti o bujìc eÐnai epÐpedoc, B ≡ 0. Tìte to sqăma qalĹrwshc

gia tic exisÿseic metaforĹc fertÿn dÐnetai apì:

ut = −vx,

vt = −C2ux − 1

ε
(v − F (u)).

(3.41)

H diakritopoÐhsh gia th prÿth exÐswsh ja gÐnei me qrăsh miac Ĺmeshc mejìdou Runge-

Kutta (ERK), enÿ gia th deÔterh ja qrhsimopoiăsoume mÐa diagÿnia peplegmènh mèjodo

(DIRK). Me dedomèna ta un,vn ta endiĹmesa bămata (un,i,vn,i) upologÐzontai apì to

akìloujo sÔsthma s-exisÿsewn:

un,i = un + ∆t

i−1∑
j=1

aij(−vn,j
x ), (3.42)

vn,i = vn + ∆t

i∑
j=1

ãij

[
−c2un,j

x +
1

ε
F (un,j)− 1

ε
vn,j

]
, (3.43)

ìpou i = 1, ..., s. IsodÔnama h exÐswsh (3.43)mporeÐ na grafteÐ:

vn,i =
1

1 + ∆t
ε

ãii

{
vn + ∆t

i∑
j=1

ãij

(−c2un,j
x +

1

ε
F (un,j)

)

+∆t

i−1∑
j=1

ãij(−1

ε
vn,j)

}
, i = 1, ..., s. (3.44)

O upologismìc thc lÔshc th qronikă stigmă tn+1 dÐnetai apì:

un+1 = un + ∆t

s∑
i=1

bi(−vn,i
x ), (3.45)

vn+1 = vn + ∆t

s∑
i=1

b̃i

(−c2un,i
x − 1

ε
vn,i +

1

ε
F (un,i)

)
, (3.46)
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ìpou

A = (ai,j), b = (b1, ..., bs), Ã = (ãi,j), b̃ = (b̃1, ..., b̃s), i, j = 1, ..., s, (3.47)

oi stajerèc pou orÐzoun tic mejìdouc (ERK) kai (DIRK) antÐstoiqa. Sta paradeÐgmata

mac ja qrhsimopoiăsoume ta akìlouja zeugĹria mejìdwn (ERK) kai (DIRK):

a.
A = [0], Ã = [1]

b = (1), b̃ = (1)
(3.48)

b.

A =

[
0 0
1 0

]
, Ã =

[ −1 0
1 1

]

b =

(
1/2
1/2

)
, b̃ =

(
1/2
1/2

) (3.49)

To zeÔgoc (a) qrhsimopoieÐtai ìtan ulopoioÔme to prÿthc tĹxhc upwind sqăma (gia

prÿth tĹxh sto qrìno) kai to zeÔgoc (b) gia to deÔterhc tĹxhc sqăma MUSCL.

ApodeiknÔetai ìti to sqăma qalĹrwshc prÿthc tĹxewc (upwind) eÐnai monìtono ìtan

ikanopoieÐtai h parakĹtw sunjăkh CFL:

max(c1, c2)
∆t

∆x
≤ 1,

ìpou ta c1, c2 kajorÐzontai apì thn upoqarakthristikă sunjăkh (3.30). To deutèrac

tĹxhc sqăma qalĹrwshc MUSCL eÐnai TVD kĹtw apì thn CFL (bl. Jin kai Xin [30]),

max(c1, c2)
∆t

∆x
≤ 1

2
.

AnalutikĹ oi exisÿseic pou perigrĹfoun ta bămata kai th diakritopoÐhsh sto deÔterhc

tĹxhc sqăma qalĹrwshc gia to sÔsthma (3.41) me qrăsh tou zeÔgouc (b) gia thn mèjodo

Runge-Kutta eÐnai:
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un,1 = un, (3.50aþ)

vn,1 = vn +
∆t

ε
(vn,1 − F(un,1)), (3.50bþ)

u(1) = un,1 −∆t∆x
+vn,1 + ∆tS(un,1), (3.50gþ)

v(1) = vn,1 −∆tC2∆x
+un,1, (3.50dþ)

un,2 = u(1), (3.50eþ)

vn,2 = v(1) − ∆t

ε
(vn,2 − F(un,2))− 2∆t

ε
(vn,1 − F(un,1)), (3.50˚þ)

u(2) = un,2 −∆t∆x
+vn,2 + ∆tS(un,2), (3.50zþ)

v(2) = vn,2 −∆tC2∆x
+un,2, (3.50hþ)

un+1 =
1

2
(un + u(2)), (3.50jþ)

vn+1 =
1

2
(vn + v(2)), (3.50iþ)

ìpou

∆x
+p =

1

∆x
(pi+ 1

2
− pi− 1

2
), (3.51)

EÐnai shmantikì na shmeiÿsoume ìti den qreiazìmaste kamÐa plhroforÐa gia tic

idiotimèc tou IakwbianoÔ pÐnaka twn mh grammikÿn roÿn, ektìc apì èna Ĺnw frĹg-

ma thc megalÔterhc idiotimăc se apìluth timă, tètoiac tĹxhc ÿste na rujmÐsoume tic

paramètrouc tou C sÔmfwna me thn upoqarakthristikă sunjăkh. Sto peribĹllon twn

sqhmĹtwn qalĹrwshc oi qarakthristikèc metablhtèc orÐzontai apì mia sunolikă metat-

ropă se antÐjesh me tic qarakthristikèc metablhtèc twn mh grammikÿn nìmwn diatărhsh-

c. Oi qarakthristikèc metablhtèc eÐnai akìmh poio aplèc apì autèc twn mh grammikÿn

nìmwn diatărhshc, epeidă to sqăma qalĹrwshc èqei grammikèc qarakthristikèc metabl-

htèc v ±Cu. Den qreiĹzetai h epÐlush mh grammikÿn exisÿsewn mia pou o phgaÐoc ìroc

den emfanÐzetai oÔte wc mia algebrikă exÐswsh oÔte wc mh grammikìc ìroc.

Anafèroume ìti aută eÐnai h prÿth ergasÐa ìpou efarmìzontai katĹllhla arijmhtikĹ

sqămata tÔpou qalĹrwshc gia thn epÐlush twn exisÿsewn metaforĹc izămatoc.



KefĹlaio 4

ArijmhtikĹ Apotelèsmata se mÐa
diĹstash

Gia na sugkrÐnoume se mia diĹstash thn sumperiforĹ tou sqămatoc qalĹrwshc qrhsi-

mopoiăsame trÐa problămata. AnaparĹgame prÿta apotelèsmata gia kĹje èna apì ta trÐa

parakĹtw problămata, qrhsimopoiÿntac thn kalÔterh mèjodo (bl. Hudson kai Sweby

[17]) thn Morfă C pou prokÔptei apì thn ekdoqă tou sqămatoc Roe me oriojètec roăc

kai ta sugkrÐname me ta arijmhtikĹ apotelèsmata tou deutèrac tĹxhc sqămatoc qalĹr-

wshc (MUSCL) epÐshc sth Morfă C qrhsimopoiÿntac thn parallagă twn Delis kai

Katsaounis [9] pou anafèrjhke sthn parĹgrafo (3.5.1). Anafèroume ìti ta apotelès-

mata gia thn morfă A ătan sugkrÐsima me autĹ thc morfăc C.

Gia thn kalÔterh anĹgnwsh twn apotelesmĹtwn sta dÔo sqămata pou sugkrÐnoume,

anafèroume ìti qrhsimopoiăjhkan oi Ðdiec timèc gia ta ∆x, CFL kai ta Ðdia arqikĹ

dedomèna pou qreiĹzontai sto kĹje prìblhma.

4.1 Prìblhma 1

To prÿto prìblhma eÐnai se kanĹli măkoc 1000m me tic akìloujec teqnikèc arqikèc

sunjăkec

h∗(x, 0) = 10−B(x, 0) kai u∗(x, 0) =
Qc

h∗(x, 0)

ìpou Qc eÐnai mia stajerĹ ekroăc kai h morfologÐa tou pujmèna eÐnai

B(x, 0) =





sin2

(
π(x− 300)

200

)
an 300 ≤ x ≤ 500,

0 diaforetikĹ.

39
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Gia na pĹroume tic arqikèc sunjăkec, ekteloÔme to aplì sqăma tou Roe ètsi ÿste h

roă tou neroÔ, me tic teqnikèc arqikèc sunjăkec, na epanalambĹnetai mèqri na èrjei se

katĹstash isorropÐac kratìntac ton pujmèna ametĹblhto,

|wn+1
i −wn

i | ≤ tol,

ìpou o tol eÐnai èna epijumhtì epÐpedo anoqăc. Autì mac exasfalÐzei ìti oi arqikèc

sunjăkec thc roăc neroÔ kai tou pujmèna eÐnai sunepăc kai se megĹlo bajmì meiÿnetai

h pijanìthta gia èna aujìrmhto xekÐnhma pou sumbaÐnei gia megĹlec timèc tou A. S’

autăn thn ergasÐa qrhsimopoioÔme tol = 10−6. Oi arqikèc sunjăkec me Qc = 10 eÐnai

eikonografhmènec sta sqămata (4.1) kai (4.2)

Gia ìlec tic metabolèc tou Problămatoc 1, qrhsimopoieÐtai h sunĹrthsh thc metaforĹc

izămatoc (2.10). Sto sqăma qrhsimopoioÔme ∆x = 10m kai CFL = 0.4 me tic basikèc

eleÔjerhc roăc sunoriakèc sunjăkec

wn+1
−i = wn

0 kai wn+1
I+i = wn

I ,

ìpou i = 1 ewc 2. S’ autì to prìblhma paÐrnoume σ = 0.4.

4.1.1 ArijmhtikĹ apotelèsmata gia mikrì pujmèna o opoÐoc
allhlepidrĹ argĹ me thn roă neroÔ

Gia to prÿto prìblhma prosomoiÿsame èna mikrì palmì ston pujmèna, o opoÐoc

allhlepidrĹ argĹ me thn roă tou neroÔ, ìpou h roă tou neroÔ kineÐtai argĹ. Gia na

petÔqoume thn prosomoÐwsh aută qrhsimopoiăsame tic timèc, A = 0.001 kai Q = 10.

Sta Sqămata apì (4.3) eÿc (4.5) emfanÐzontai ta apotelèsmata twn arijmhtikÿn lÔsewn

gia t = 238079s. Edÿ, parathroÔme ìti kai ta dÔo sqămata parăgagan sugkrÐsima

arijmhtikĹ apotelèsmata kai wc proc touc treÐc agnÿstouc (bĹjoc neroÔ, taqÔthta,

pujmènac).

Gia na parathrăsoume an ta arijmhtikĹ sqămata gÐnoun astajă gia megalÔterouc

upologismoÔc kajÿc o qrìnoc megalÿnei, trèqoume to prìblhma gia tic Ðdiec timèc mèqri

t = 150 ÿrec (540,000 deuterìlepta). Sta Sqămata (4.6) èwc (4.8) emfanÐzontai ta

apotelèsmata twn arijmhtikÿn sqhmĹtwn. Edÿ, parathroÔme ìti kai pĹli ta dÔo sqă-

mata parăgagan qwrÐc kanèna eÐdoc astĹjeiac (talantÿseic, uperdiĹqush thc lÔshc)

sugkrÐsima arijmhtikĹ apotelèsmata kai wc proc touc treÐc agnÿstouc.
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Sqăma 4.1: Oi arqikèc timèc tou pujmèna (B) kai thc epifĹneiac tou neroÔ (h + B) gia
to Prìblhma 1.
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Sqăma 4.2: Oi arqikèc timèc thc taqÔthtac (u) gia to Prìblhma 1.
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Sqăma 4.3: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn epifĹneia (h + B)
me A = 0.001 kai Q = 10 gia t = 238079sec (Prìblhma 1).
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Sqăma 4.4: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn taqÔthta (u) me
A = 0.001 kai Q = 10 gia t = 238079sec (Prìblhma 1).
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Sqăma 4.5: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia ton pujmèna (B) me
A = 0.001 kai Q = 10 gia t = 238079sec (Prìblhma 1).
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Sqăma 4.6: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn epifĹneia tou neroÔ
(h + B) me A = 0.001 kai Q = 10 gia t = 150h (Prìblhma 1).
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Sqăma 4.7: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn taqÔthta (u) me
A = 0.001 kai Q = 10 gia t = 150h (Prìblhma 1).
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Sqăma 4.8: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia ton pujmèna (B) me
A = 0.001 kai Q = 10 gia t = 150h (Prìblhma 1).
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4.1.2 ArijmhtikĹ apotelèsmata gia pujmèna o opoÐoc allh-
lepidrĹ grăgora me thn roă neroÔ

S’ autăn thn parĹgrafo ja qrhsimopoiăsoume thn timă A = 1, pou antiproswpeÔei

thn upìjesh ìti o kinoÔmenoc pujmènac allhlepidrĹ grăgora me thn roă tou neroÔ.

Dustuqÿc ìtan qrhsimopoioÔme megĹlec timèc gia to A, oi arqikèc sunjăkec pou qrhsi-

mopoioÔntai parĹgoun mia enstiktÿdh arqă gia ìlec tic astajăc proseggÐseic lìgw tou

ìti oi arqikèc sunjăkec den antiproswpeÔoun mia grăgorh kÐnhsh tou pujmèna.

Qrhsimopoiÿntac Q = 10 kai A = 1 me telikì qrìno t = 238s, paÐrnoume arijmhtikĹ

apotelèsmata pou parousiĹzontai sta Sqămata (4.9) eÿc (4.12). Shmeiÿnoume ìti o

palmìc ston pujmèna kineÐtai me mia axioshmeÐwta grăgorh taqÔthta kÔmatoc se sqèsh

me thn mikră timă tou A. Ta apotelèsmata gia thn mèjodo qalĹrwshc ìpwc kai sth

mèjodo tou Roe eÐnai omalĹ kai den ephreĹzontai apì tic arqikèc sunjăkec.

4.1.3 ArijmhtikĹ apotelèsmata gia megĹlh taqÔthta me pu-
jmèna o opoÐoc allhlepidrĹ argĹ me thn roă neroÔ

’Olec oi metabolèc tou Problămatoc 1 èqoun gÐnei me mikră taqÔthta me apotèlesma

ènan mikrì Froude arijmì,

Fr =
u√
gh

.

o opoÐoc qarakthrÐzei to eÐdoc thc roăc upokrÐsimh - uperkrÐsimh (an Fr < 1 kai Fr > 1

antÐstoiqa). Edÿ qrhsimopoioÔme Q = 50 kai A = 0.001 gia na prosomoiÿsoume èna

mikrì palmì ston pujmèna autì akìmh allhlepidrĹ argĹ me thn roă tou neroÔ, allĹ

h taqÔthta thc roăc tou neroÔ auxĹnetai. Gi’ autì to prìblhma o Fr arijmìc proseg-

gÐzei to 0.5, kai h roă paramènei upokrÐsimh. Sto Sqăma (4.13) eÿc (4.15) emfanÐzontai

ta apotelèsmata twn arijmhtikÿn lÔsewn, gia qrìno t = 1904 deuterìlepta. Edÿ,

parathroÔme ìti kai ta dÔo sqămata parăgagan polÔ sugkrÐsima arijmhtikĹ apotelès-

mata, kai gia touc treÐc agnÿstouc.

Epomènwc, ta sqămata mac èdwsan omalĹ arijmhtikĹ apotelèsmata me kajìlou ta-

lantÿseic.
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Sqăma 4.9: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn ekroă me A = 1 kai
Q = 10 gia t = 238sec (Prìblhma 1).
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Sqăma 4.10: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn epifĹneia tou
neroÔ (h + B) me A = 1 kai Q = 10 gia t = 238sec (Prìblhma 1).



4.1. Prìblhma 1 47

0 100 200 300 400 500 600 700 800 900 1000
1

1.01

1.02

1.03

1.04

1.05

1.06

1.07

1.08

ve
lo

ci
ty

x

Formulation C
Relaxation

Sqăma 4.11: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn taqÔthta (u) me
A = 1 kai Q = 10 gia t = 238sec (Prìblhma 1).
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Sqăma 4.12: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia ton pujmèna (B) me
A = 1 kai Q = 10 gia t = 238sec (Prìblhma 1).



4.1. Prìblhma 1 48

0 100 200 300 400 500 600 700 800 900 1000
9.65

9.7

9.75

9.8

9.85

9.9

9.95

10

10.05

10.1

w
a

te
r 

le
ve

l

x

Formulation C
Relaxation

Sqăma 4.13: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn epifĹneia tou
neroÔ (h + B) me A = 0.001 kai Q = 50 gia t = 1904sec (Prìblhma 1).
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Sqăma 4.14: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia thn taqÔthta (u) me
A = 0.001 kai Q = 50 gia t = 1904sec (Prìblhma 1).
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Sqăma 4.15: SÔgkrish twn diaforetikÿn arijmhtikÿn lÔsewn gia ton pujmèna (B) me
A = 0.001 kai Q = 50 gia t = 1904sec (Prìblhma 1).

4.2 Prìblhma 2

Oi arqikèc timèc tou pujmèna s’ autì to prìblhma (bl. Crnjaric-Zic et al. [5] ) eÐnai

B(x, 0) =
1

1 + exp

(
x− 400

5π

) ,

kai meletoÔme thn perÐptwsh thc izhmatikăc asunèqeiac pou allhlepidrĹ grăgora me thn

roă tou neroÔ. S’ autăn thn perÐptwsh paÐrnoume Q = 10, A = 1 kai σ = 0.2. Oi arqikèc

timèc dÐnontai sta Sqămata (4.16)-(4.18). Ta apotelèsmata sta Sqămata (4.19)-(4.21)

lambĹnontai gia ∆x = 10m, CFL = 0.4 kai t = 700sec. Apì to Sqămata (4.19)-(4.21)

mporoÔme na katalĹboume ìti to sqăma qalĹrwshc sumperifèretai polÔ kalĹ kontĹ stic

asunèqeiec diìti ta apotelèsmata pou paÐrnoume eÐnai polÔ kajarĹ, akribă kai sugkrÐsima

me dhmosieumèna apotelèsmata, bl. [5], allĹ kai me autĹ tou sqămatoc Roe me mia mikră

apìklish sta apotelèsmata tou bĹjouc neroÔ kai thc taqÔthtac.
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Sqăma 4.16: Oi arqikèc timèc thc epifĹneiac tou neroÔ (h + B) gia to Prìblhma 2.
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Sqăma 4.17: Oi arqikèc timèc thc taqÔthta (u) gia to Prìblhma 2.
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Sqăma 4.18: Oi arqikèc timèc tou pujmèna gia to Prìblhma 2.
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Sqăma 4.19: SÔgkrish twn mejìdwn gia thn epifĹneia tou neroÔ (h + B) me A = 1 kai
Q = 10 gia t = 700sec (Prìblhma 2).
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Sqăma 4.20: SÔgkrish twn mejìdwn gia thn taqÔthta (u) me A = 1 kai Q = 10 gia
t = 700sec (Prìblhma 2).
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Sqăma 4.21: SÔgkrish twn mejìdwn gia ton pujmèna (B) me A = 1 kai Q = 10 gia
t = 700sec (Prìblhma 2).
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4.3 Prìblhma 3

To trÐto prìblhma (bl. Crnjaric-Zic et al. [5] ) deÐqnei thn sumperiforĹ twn ar-

ijmhtikÿn mac sqhmĹtwn ìtan o pujmènac eÐnai asuneqăc. Oi arqikèc sunjăkec eÐnai

orismènec ÿc

B(x, 0) =

{
1, an 300 ≤ x ≤ 500,

0, diaforetikĹ.

Edÿ meletĹme mia argă allhlepÐdrash tou pujmèna me thn roă tou neroÔ. PaÐrnoume

Q = 10, A = 0.001 kai σ = 0.4. Gia na pĹroume ta apotelèsmata pou blèpoume s-

ta Sqămata (4.25)-(4.27) qrhsimopoiăsame ∆x = 5m, CFL = 0.4 kai t = 238.000sec.

’Opwc blèpoume sto Sqăma (4.25) mporoÔme na katalăxoume ìti părame kalĹ apotelès-

mata antÐstoiqa me thn ekdoqă tou sqămatoc Roe sthn Morfă C kai sugkrÐsima me

dhmosieumèna apotelèsmata [5], akìma kai ìtan oi arqikèc mac sunjăkec eÐnai asuneqăc.
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Sqăma 4.22: Oi arqikèc timèc thc epifĹneia tou neroÔ (h + B) gia to Prìblhma 3.
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Sqăma 4.23: Oi arqikèc timèc thc taqÔthtac (u) gia to Prìblhma 3.
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Sqăma 4.24: Oi arqikèc timèc tou pujmèna (B) gia to Prìblhma 3.
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Sqăma 4.25: SÔgkrish twn mejìdwn gia thn epifĹneia tou neroÔ (h + B) tou neroÔ me
A = 0.001 kai Q = 10 gia t = 238.000sec (Prìblhma 3).
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Sqăma 4.26: SÔgkrish twn mejìdwn gia thn taqÔthta (u) me A = 0.001 kai Q = 10 gia
t = 238.000sec (Prìblhma 3).
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Sqăma 4.27: SÔgkrish twn mejìdwn gia ton pujmèna (B) me A = 0.001 kai Q = 10 gia
t = 238.000sec (Prìblhma 3).



KefĹlaio 5

To Majhmatikì Montèlo kai to
Sqăma QalĹrwshc se DÔo
DiastĹseic

S’ autì to kefĹlaio, ja parousiĹsoume to montèlo thc metaforĹc izămatoc se dÔo

diastĹseic. Sto dudiĹstato montèlo, kĹnontac thn upìjesh ìti o pujmènac èqei pĹli

stajeră porÿdh epifĹneia, apoteleÐtai apì thn exÐswsh diatărhshc thc mĹzac

ht + (uh)x + (vh)y = 0, (5.1)

thn exÐswsh diatărhshc thc ormăc sthn kateÔjunsh tou x,

(uh)t +

[
hu2 +

1

2
gh2

]

x

+ (huv)y = −ghBx, (5.2)

thn exÐswsh diatărhshc thc ormăc sthn kateÔjunsh tou y,

(uh)t + (huv)x +

[
hu2 +

1

2
gh2

]

y

= −ghBy, (5.3)

kai thn exÐswsh thc morfologÐac tou pujmèna,

(B)t + ξ(p1)x + ξ(p2)y = 0, (5.4)

Edÿ, h(x, y, t), u(x, y, t), v(x, y, t), B(x, y, t), p1(x, y, t) kai p2(x, y, t) shmaÐnoun to

Ôyoc tou neroÔ, h taqÔthta stic kateujÔnseic x, kai y , h morfologÐa tou pujmèna kai

h metaforĹ tou izămatoc proc thn x, kai y kateÔjunsh, antÐstoiqa.

57
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Gia na parousiĹsoume tic arijmhtikèc teqnikèc s’ autăn thn ergasÐa, qrhsimopoioÔme

tic basikèc sunartăseic stereometaforĹc tou Grass [13] stic duo diastĹseic, kai paÐrnoume

p1(u, v) = Au
(
u2 + v2

) 1
2
(m−1)

kai p2(u, v) = Av
(
u2 + v2

) 1
2
(m−1)

(5.5)

katĹ th x kai y kateÔjunsh antÐstoiqa. Shmeiÿnoume ìti oi dudiĹstatec sunartăseic

stereometaforĹc èqoun gÐnei perissìtero polÔplokec apì ìti sth mÐa diĹstash prĹg-

ma pou dhmiourgeÐ perissìterec duskolÐec sthn prospĹjeia upologismoÔ arijmhtikÿn

lÔsewn. S’ autăn thn ergasÐa, ja qrhsimopoioÔme m = 3.

To antÐstoiqo me to monodiĹstato sÔsthma tou nìmou diatărhshc eÐnai

wt + F (w)x + G (w)y = R, (5.6)

ìpou F (w) kai G (w) eÐnai oi sunartăseic roăc, to diĹnusma R perièqei touc mh omogenăc

ìrouc. H (5.6) orÐzei èna genikì sÔsthma exisÿsewn pou den eÐnai epilÔshmo algebrikĹ

kai epomènwc arijmhtikèc mèjodoi ulopoioÔntai gia na proseggÐsoun th lÔsh.

5.1 Oi Morfèc A-SF kai C tou MajhmatikoÔ Mon-
tèlou stic 2 DiastĹseic

Oi exisÿseic (5.1) eÿc (5.4) grĹfontai sthn morfă sustămatoc A-SF,




h
uh
vh
B




t

+




uh

hu2 +
1

2
gh2

huv
ξp1




x

+




vh
huv

hv2 +
1

2
gh2

ξp2




y

=




0
−ghBx

−ghBy

0


 (5.7)

kai ìlo to sÔsthma proseggÐzetai arijmhtikĹ tautoqrìnwc. Ja onomĹsoume kat’ antis-

toiqÐa me th mÐa diĹstash thn morfă aută wc morfă A.

H dudiĹstath morfă C tou sustămatoc (èqontac qrhsimopoiăsei ton kanìna thc

alusÐdac stic exisÿseic diatărhshc thc ormăc sth x kai y kateÔjunsh) èqei thn parakĹtw

morfă,




h
uh
vh
B




t

+




uh

hu2 +
1

2
gh2 + ghB

huv
ξp1




x

+




vh
huv

hv2 +
1

2
gh2 + ghB

ξp2




y

=




0
gBhx

gBhy

0


 (5.8)



5.2. To Sqăma Tou Roe se 2 DiastĹseic 59

Kai oi dÔo parapĹnw morfèc anăkoun sth kathgorÐa thc mh stĹsimhc prosèggishc

tou problămatoc (unsteady approach), ìpwc analÔjhke sth parĹgrafo 2.4. Basikìc

stìqoc mac eÐnai na parousiĹsoume kai na sugkrÐnoume ta arijmhtikĹ apotelèsmata twn

sqhmĹtwn qalĹrwshc gia tic dÔo autèc morfèc, akoloujìntac ta akribă apotelèsmata

thc mÐac diĹstashc.

5.2 To Sqăma Tou Roe se 2 DiastĹseic

Sth paroÔsa enìthta parousiĹzoume sunoptikĹ, kai gia lìgouc plhrìthtac, to sqăma

tou Roe stic dÔo diastĹseic. To sqăma autì ja qrhsimopoihjeÐ sth sunèqeia gia

thn arijmhtikă lÔsh twn dudiĹstatwn exisÿsewn rhqÿn udĹtwn me stajeră topografÐa

(Bt=0) kai me stìqo thn dhmiourgÐa katĹllhlwn arqikÿn timÿn gia ta problămata tou

epìmenou kefalaÐou.

To TVD-Roe sqăma gia tic dÔo diastĹseic ([15],[18]) mporeÐ tÿra na grafă (gia èna

orjogÿnio plègma bl. sqăma 5.1) wc,

wn+1
i,j = wn

i,j − sx

(
F∗

i+ 1
2
,j
− F∗

i− 1
2
,j

)
+ sx

(
f−
i+ 1

2
,j

+ f+
i− 1

2
,j

)

−sy

(
G∗

i,j+ 1
2

−G∗
i,j− 1

2

)
+ sy

(
g−

i,j+ 1
2

+ g+
i,j− 1

2

) (5.9)

ìpou F∗,G∗ oi arijmhtikèc sunartăseic roăc kai f±,g± oi diakritopoÐhseic tou phgaÐou

ìrou dÐnontai ÿc,

F∗
i+ 1

2
,j

=
1

2

(
Fn

i+1,j + Fn
i,j

)− 1

2

3∑

k=1

[
ãF

k |λ̃F
k |

(
1− Φ(θ̃F

k )(1− |ν̃F
k |)

)
ẽF

k

]
i+ 1

2
,j

f±
i+ 1

2
,j

=
1

2

3∑

k=1

[
β̃F

k ẽF
k

(
1± sgn(λ̃F

k )(1− Φ(θ̃F
k )(1− |ν̃F

k |))
)]

i+ 1
2
,j

ν̃F
k = sxλ̃

F
k , θ̃F

k =
(α̃k)

F
I+1/2,j

(α̃k)F
i+1/2,j

, I = i− sgn
(
ν̃F

k

)
i+1/2,j

, sx =
∆t

∆x
, sy =

∆t

∆y

ìpou Φ(θ̃k) eÐnai o minmod oriojèthc roăc. Oi proseggÐseic twn Gn
i,j+1/2 kai g±i,j+1/2

prokÔptoun me parìmoio trìpo. ’Opou me˜sumbolÐzontai oi mèsec timèc tou Roe gia tic

idiotimèc (λ), idiodianÔsmata (e) kai ta bĹrh (α, β).
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Gia na exasfalÐsoume ìti to sqăma ja paramènei eustajèc, qrhsimopoioÔme metabl-

htì qronikì băma (bĹsh thc sunjăkhc CFL)

∆t =
ν min(∆x, ∆y)

2 maxi,j (|λF |, |λG|) .

x

y

ij

G*
i,j+1/2

G*
i,j−1/2

F*
i+1/2,jF*

i−1/2,j

∆x

∆y

x
i

x
i+1

x
i−1 x

i+1/2
x

i−1/2

y
j−1/2

y
j+1/2

y
j−1

y
j

y
j+1

Sqăma 5.1: Upologistikì plègma stic dÔo diastĹseic

To sqăma isorropeÐ thn prosèggish twn mh omogenÿn ìrwn me tic arijmhtikèc sunartă-

seic roăc gia problămata isorropÐac,

Fx + Gy = R

kai lìgw autoÔ ikanopoioÔn thn idiìthta C twn Bermúdez kai Vázquez [2]. Gia na

exasfalÐsoume autăn thn isorropÐa, to arijmhtikì sqăma qwrÐzei touc mh omogenăc

ìrouc,

R = f + g ⇒ Fx = f kai Gy = g

ìpou f kai g perièqoun touc ìrouc pou èqoun prokÔyei paragwgÐzwntac touc wc proc

thn x kai y kateÔjunsh, antÐstoiqa.
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5.3 To Sqăma QalĹrwshc Gia to DudiĹstato Prìblh-
ma

To sqăma qalĹrwshc gia to prìblhma thc metaforĹc izămatoc, prokÔptei apì to

sqăma qalĹrwshc tou [30] gia touc nìmouc diatărhshc stic dÔo diastĹseic. ’Estw to

klassikì dudiĹstato prìblhma twn nìmwn diatărhshc

ut + f(u)x + g(u)y = 0, (x, y) ∈ R2, t > 0,

u(x, y, 0) = u0(x, y), (x, y) ∈ R2,
(5.10)

EisĹgoume tic bohjhtikèc metablhtèc u , w sto (5.10), kai to grammikì sÔsthma

qalĹrwshc dÐnetai ÿc,
ut + vx + wy = 0,

vt + c2ux = −1

ε
(v − f(u)),

wt + d2uy = −1

ε
(w − g(u)),

(5.11)

me arqikèc sunjăkec
u(x, y, 0) = u0(x, y),

v(x, y, 0) = v0(x, y) = f(u0(x, y)),

w(x, y, 0) = w0(x, y) = g(u0(x, y)),

ìpou oi mikrèc parĹmetroi ε eÐnai o bajmìc qalĹrwshc (0 ¿ ε ¿ 1) kai c , d jetikèc

stajerèc. To sÔsthma (5.11) prèpei na ikanopoieÐ thn parakĹtw upoqarakthristikă

sunjăkh
f ′(u)2

c2
+

g′(u)2

d2
≤ 1 ∀u, (5.12)

h opoÐa egguĹtai ìti to sÔsthma (5.11) eÐnai mh grammikĹ eustajèc, opìte gia mikrì

bajmì qalĹrwshc (ε → 0+) xanapaÐrnoume to sÔsthma (5.10).

Akoloujÿntac thn prohgoÔmenh metatropă kai ergazìmenoi ìpwc sto [9], genikeÔ-

oume kai epekteÐnoume to sqăma qalĹrwshc gia thn metaforĹ izămatoc stic dÔo diastĹ-

seic me ton phgaÐo ìro thc topografÐac tou pujmèna. Jewrÿntac ìti

u =




h
q1

q2

B


 , v =




v1

v2

v3

v4


 , w =




w1

w2

w3

w4


 , (5.13)
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mporoÔme na grĹyoume to sÔsthma ÿc

ut + vx + wy = R(u),

vt + C2ux = −1

ε
(v − F(u)),

wt + D2uy = −1

ε
(w −G(u)),

(5.14)

ìpou tÿra u,v,w ∈ R3 kai C2,D2 ∈ R3×3 eÐnai jetikoÐ diagÿnioi pÐnakec. Upojètoume

qwrÐc blĹbh thc genikìthtac ìti oi C,D èqoun jetikèc idiotimèc cj, dj > 0 gia j =

1, 2, 3, 4. Epomènwc, kajÿc to ìrio ε → 0+ to sÔsthma (5.14) proseggÐzei to pragmatikì

sÔsthma (5.6) me topikă isorropÐa v → F(u) kai w → G(u). To sÔsthma (5.14) mporeÐ

epÐshc na grafeÐ se dianusmatikă morfă




u
v
w




t

+




0 I 0
C2 0 0
0 0 0







u
v
w




x

+




0 0 I
0 0 0

D2 0 0







u
v
w




y

=




R(u)
−1

ε
(v − F(u))

−1
ε
(w −G(u))


 .

(5.15)

EpÐshc meletoÔme mia parallagă tou parapĹnw sustămatoc qalĹrwshc pou se dianus-

matikă morfă grĹfetai wc




u
v
w




t

+




0 I 0
C2 0 0
0 0 0







u
v
w




x

+




0 0 I
0 0 0

D2 0 0







u
v
w




y

=




0

−1
ε
(v − F(u))− 1

ε
R̃(u)

−1
ε
(w −G(u))− 1

ε

˜̃
R(u)


 .

(5.16)

ìpou

R̃(u) =




0

−
∫ x

gh(s, y)
∂B

∂x
(s, y)ds

0

0




kai ˜̃
R(u) =




0

0

−
∫ y

gh(x, s)
∂B

∂y
(x, s)ds

0




,
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ă

R̃(u) =




0

−1

2

∫ x

gh(s, y)
∂B

∂x
(s, y)ds

−1

2

∫ x

gh(s, y)
∂B

∂y
(s, y)ds

0




kai ˜̃
R(u) =




0

−1

2

∫ y

gh(x, s)
∂B

∂x
(x, s)ds

−1

2

∫ y

gh(x, s)
∂B

∂y
(x, s)ds

0




To sqăma qalĹrwshc (5.16), proseggÐzei kajÿc to ìrio ε → 0+ to pragmatikì sÔsthma

(5.6) me topikă isorropÐa

v = F(u)− R̃(u) kai w = G(u)− ˜̃
R(u).

O pragmatikìc nìmoc diatărhshc, se ìlec tic morfèc, èqei tÿra antikatastajeÐ apì èna

grammikì uperbolikì sÔsthma me ènan phgaÐo ìro tou sqămatoc qalĹrwshc to opoÐo

taqÔtata kateujÔnetai se mÐa katĹstash topikăc isorropÐac kajÿc o bajmìc qalĹrwshc

kateujÔnetai sto mhdèn (ε → 0+). Se merikèc periptÿseic mporeÐ na deiqjeÐ analutikĹ

ìti oi lÔseic tou sustămatoc (5.15) proseggÐzei tic lÔseic tou pragmatikoÔ sustămatoc

twn nìmwn diatărhshc.

MÐa genikă kai aparaÐthth sunjăkh h opoÐa prèpei na ikanopoieÐtai gia sugklÐnei to

sqăma eÐnai h upoqarakthristikă sunjăkh. Gia ta sustămata (5.15) kai (5.16) qreiazì-

maste thn
λ2

i

c2
i

+
µ2

i

d2
i

≤ 1, ∀ i = 1, 2, 3, 4 (5.17)

me λi, µi na eÐnai oi idiotimèc twn ∂F(u)/∂u kai ∂G(u)/∂u antÐstoiqa. Me autìn

ton trìpo exasfalÐzoume ìti oi qarakthristikèc taqÔthtec twn uperbolikÿn merÿn thc

(5.15) ă (5.16) eÐnai tìso mikrèc ìso megĹlec eÐnai oi qarakthristikèc taqÔthtec tou

pragmatikoÔ problămatoc. Epomènwc, epilègontac tic katĹllhlec stajerèc cj, dj ètsi

ÿste h upoqarakthristikă sunjăkh na isqÔei kajÿc o bajmìc qalĹrwshc ε → 0+,

xanapèrnw thn (5.10) kai gia ta dÔo sqămata qalĹrwshc (5.15) kai (5.16).
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5.4 HmidiakritĹ Sqămata QalĹrwshc Se 2 DiastĹ-
seic

H genikă morfă tou dudiĹstatou sqămatoc se sunthrhtikă morfă (arqikĹ qwrÐc

phgaÐouc ìrouc) dÐnetai wc

∂

∂t
uij +

1

∆x
(vi+ 1

2
,j − vi− 1

2
,j) +

1

∆y
(wi,j+ 1

2
, −wi,j− 1

2
) = 0,

∂

∂t
vij +

1

∆x
C2(ui+ 1

2
,j − ui− 1

2
,j) = −1

ε
(vij − F(uij)),

∂

∂t
wij +

1

∆y
D2(ui,j+ 1

2
− ui,j− 1

2
) = −1

ε
(wij −G(uij)).

(5.18)

Edÿ gia suntomÐa ja perigrĹyoume mìno to sqăma tÔpou MUSCL. Gia na kataskeuĹ-

soume èna sqăma deutèrac tĹxhc akrÐbeiac, h stajeră prosèggish katĹ shmeÐo

(v + Cu)i+1/2,j = (v + Cu)ij, (v −Cu)i+1/2,j = (v −Cu)i+1,j,

(w + Du)i,j+1/2 = (w + Du)ij, (w −Du)i,j+1/2 = (w −Du)i,j+1.
(5.19)

antikajÐstatai apì th MUSCL katĹ shmeÐo grammikă parembolă h opoÐa efarmìzetai

sthn k-ostă sunistÿsa twn v ±Cu kai w ±Du dÐnei antistoÐqwc

(v + cku)i+ 1
2
,j = (v + cku)ij + 1

2
∆xsx,+

ij ,

(v − cku)i+ 1
2
,j = (v − cku)i+1,j − 1

2
∆xsx,−

i+1,j,

(w + dku)i,j+ 1
2

= (w + dku)ij + 1
2
∆ysy,+

ij ,

(w − dku)i,j+ 1
2

= (v − dku)i,j+1 − 1
2
∆ysy−

i,j+1,

(5.20)

ìpou u, v kai w eÐnai h k-ostă (1 ≤ k ≤ 4 gia to prìblhma thc metaforĹc izămatoc)

sunistÿsa twn u, v kai w antistoÐqwc, me s na eÐnai h klăsh sto (i, j) upologistikì

kelÐ, kai orÐzetai wc

sx,±
ij =

1

∆x
(vi+1,j ± ckui+1,j − vij ∓ ckuij)φ(θx,±

ij ), (5.21)

me

θx,±
ij =

vij ± ckuij − vi−1,j ∓ ckui−1,j

vi+1,j ± ckui+1,j − vi,j ∓ ckuij

, (5.22)



5.4. HmidiakritĹ Sqămata QalĹrwshc Se 2 DiastĹseic 65

kai

sy,±
ij =

1

∆y
(wi,j+1 ± dkui,j+1 − wij ∓ dkuij)φ(θy,±

ij ), (5.23)

me

θy,±
ij =

wij ± dkuij − vi,j−1 ∓ dkui,j−1

wi,j+1 ± dkui,j+1 − vi,j ∓ dkuij

, (5.24)

ìpou φ eÐnai o oriojèthc roăc ( bl. parĹgrafo (3.6.2) ). UpĹrqoun arketèc epilogèc

gia na epilèxoume ènan oriojèth roăc, ìpwc eÐdame kai sthn mÐa diĹstash.

Epomènwc, apì thn (5.19) paÐrnoume:

ui+ 1
2
,j = 1

2
(uij + ui+1,j)− 1

2ck
(vi+1,j − vij) + ∆x

4ck
(sx,+

ij + sx,−
i+1,j),

vi+ 1
2
,j = 1

2
(vij + vi+1,j)− ck

2
(ui+1,j − uij) + ∆x

4
(sx,+

ij − sx,−
i+1,j),

(5.25)

ui,j+ 1
2

= 1
2
(uij + ui,j+1)− 1

2ck
(wi,j+1 − wij) + ∆y

4dk
(sy,+

ij + sy,−
i,j+1),

wi,j+ 1
2

= 1
2
(wij + wi,j+1)− dk

2
(ui,j+1 − uij) + ∆y

4
(sy,+

ij − sy,−
i,j+1).

(5.26)

To deÔterhc tĹxhc (wc proc ton qÿro) hmidiakritì sqăma qalĹrwshc, dÐnetai apì

∂
∂t

uij + 1
2∆x

(vi+1,j − vi−1,j) + 1
2∆y

(wi,j+1 − wi,j−1)

− ck

2∆x
(ui+1,j − 2uij + ui−1,j)− dk

2∆y
(wi,j+1 − 2wij + wi,j−1)

+1
4
(sx,+

ij − sx,−
i+1,j − sx,+

i−1,j + sx,−
ij + sy,+

ij − sy,−
i,j+1 − sy,+

i,j−1 + sy,−
ij ) = 0,

∂
∂t

vij +
c2k

2∆x
(ui+1,j − ui−1,j)− ck

2∆x
(vi+1,j − 2vij + vi−1,j)

+ ck

4
(sx,+

ij + sx,−
i+1,j − sx,+

i−1,j − sx,−
ij ) = −1

2
(vij − Fk(uij))− 1

2
R̃k(uij),

∂
∂t

wij +
d2

k

2∆y
(ui,j+1 − ui,j−1)− dk

2∆y
(wi,j+1 − 2wij + wi,j−1)

+dk

4
(sy,+

ij + sy,−
i+1,j − sy,+

i−1,j − sy,−
ij ) = −1

2
(wij −Gk(uij))− 1

2

˜̃
Rk(uij),

(5.27)

me R̃k,
˜̃
Rk, Fk, Gk eÐnai oi k-ostèc suntetagmènec twn R̃,

˜̃
R,F kai G, antistoÐqwc.

Shmeiÿnoume ìti sthn perÐptwsh ìpou h klăsh s± = 0 ă φ = 0 , to MUSCL sqăma

(5.27) metatrèpetai se sqăma UPWIND, prÿthc qwrikăc tĹxhc.
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5.5 Plărwc DiakritĹ Sqămata

S’ autăn thn parĹgrafo ja parousiĹsoume thn diakritopoÐhsh wc proc ton qrìno twn

hmidiakritÿn sqhmĹtwn qalĹrwshc pou efarmìzontai sto prìblhma thc metaforĹc iză-

matoc. To profanèc pleonèkthma, ìpwc kai sth mÐa diĹstash, gia ta sqămata qalĹrwshc

eÐnai ìti o diaforikìc telestăc eÐnai grammikìc kai mporeÐ eÔkola na diagwniopoihjeÐ.

EpÐ plèon, h sunăjh diaforikă exÐswsh pou kajorÐzetai ap’ thn dexiĹ meriĹ eÐnai èna

dÔskampto allĹ grammikì sÔsthma. Shmeiÿnoume ìti ut = 0 kai gi’ autì to lìgo

oi èmmesec mèjodoi mporoÔn na efarmostoÔn qwrÐc na lujeÐ to grammikì sÔsthma twn

exisÿsewn. Autì eÐnai pou kĹnei ta sqămata qalĹrwshc tìso elkustikĹ.

Gia na aplopoiăsoume thn parousÐash, upojètoume ìti B ≡ 0 , kai

(A) DÐnontai oi arqikèc timèc twn un, vn, wn kai efarmìzoume mia mèjodo peperas-

mènwn qwrÐwn (UPWIND, MUSCL) gia na proseggÐsh ta u,v kai w wc proc ton

qrìno ∆t lÔnontac to omogenèc grammikì uperbolikì sÔsthma



u
v
w




t

+




0 I 0
C2 0 0
0 0 0







u
v
w




x

+




0 0 I
0 0 0

D2 0 0







u
v
w




y

=




0
0
0


 . (5.28)

kai paÐrnoume tic nèec timèc u(1),v(1) kai w(1)

(B) ananeÿnoume tic u(1),v(1),w(1) stic un+1,vn+1,wn+1 lÔnontac to sÔsthma:

ut = 0,

vt = −1
ε
(v − F(u)),

wt = −1
ε
(w −G(u)).

Gia thn epÐlush tou parapĹnw sustămatoc qrhsimopoieÐtai h èmmesh-Ĺmesh (implicit-

explicit) Runge-Kutta pou èqei protajeÐ sto [30], kai efarmìsthke sth mÐa diĹstash

gia th MUSCL diakritopoÐhsh. H mèjodoc diaqwrÐzei to sÔsthma kai qeirÐzetai qwristĹ

touc Ĺkamptouc kai mă ìrouc. Touc Ĺkamptouc ìrouc ( 1
ε
(v−F(u)), 1

ε
(w−G(u)) ) touc

qeirÐzetai èmmesa kai touc mh Ĺkamptouc Ĺmesa. H grammikìthta ìmwc twn Ĺkamptwn

ìrwn mac dÐnei thn dunatìthta na lÔsoume touc ìrouc autoÔc Ĺmesa. ’Etsi èqoume

èna plărwc diakritì sqăma to opoÐo eÐnai telikÿc Ĺmeso kai eÔkolo sth lÔsh (kat’

antistoiqÐa thc mÐac diĹstashc).
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Oi exisÿseic pou akoloujoÔn perigrĹfoun to telikì sqăma gia to sÔsthma (5.15),

èqontac afairèsei proswrinĹ touc kĹtw deÐktec i, j,

un,1 = un, (5.29aþ)

vn,1 = vn +
∆t

ε
(vn,1 − F(un,1)), (5.29bþ)

wn,1 = wn +
∆t

ε
(wn,1 −G(un,1)); (5.29gþ)

u(1) = un,1 −∆t(∆x
+vn,1 + ∆y

+wn,1) + ∆tR(un,1), (5.29dþ)

v(1) = vn,1 −∆tC2∆x
+un,1, (5.29eþ)

w(1) = wn,1 −∆tD2∆y
+un,1; (5.29˚þ)

un,2 = u(1), (5.29zþ)

vn,2 = v(1) − ∆t

ε
(vn,2 − F(un,2))− 2∆t

ε
(vn,1 − F(un,1)), (5.29hþ)

wn,2 = w(1) − ∆t

ε
(wn,2 −G(un,2))− 2∆t

ε
(wn,1 −G(un,1)); (5.29jþ)

u(2) = un,2 −∆t(∆x
+vn,2 + ∆y

+wn,2) + ∆tR(un,2), (5.29iþ)

v(2) = vn,2 −∆tC2∆x
+un,2, (5.29iaþ)

w(2) = wn,2 −∆tD2∆y
+un,2; (5.29ibþ)

un+1 =
1

2
(un + u(2)), (5.29igþ)

vn+1 =
1

2
(vn + v(2)), (5.29idþ)

wn+1 =
1

2
(wn + w(2)), (5.29ieþ)

ìpou

∆x
+pij =

1

∆x
(pi+ 1

2
,j − pi− 1

2
,j), (5.30)

kai

∆y
+pij =

1

∆y
(pi,j+ 1

2
− pi,j− 1

2
). (5.31)

MporoÔme na parathrăsoume ìti oi treÐc prÿtec exisÿseic an kai eÐnai èmmesec m-

poroÔn na metatrapoÔn se Ĺmesec lìgw thc grammikìthtac tou sustămatoc. To Ðdio

isqÔei kai gia tic exisÿseic (5.29ή) kai (5.29θ́). EÐnai shmantikì na shmeiÿsoume ìti den

qreiazìmaste kamÐa plhroforÐa gia tic idiotimèc tou IakwbianoÔ pÐnaka twn mh grammikÿn

roÿn ektìc apì èna Ĺnw frĹgma, ètsi ÿste na rujmÐsoume tic paramètrouc twn C, D sÔm-

fwna me thn upoqarakthristikă sunjăkh. Tèloc oi parapĹnw exisÿseic den parĹgoun
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mh grammikoÔc ìrouc kai den apaitoÔn epÐlush grammikÿn susthmĹtwn. Epiprìsjeta, to

deÔterhc tĹxhc sqăma qalĹrwshc eÐnai stajerì an ikanopoieÐ thn CFL sunjăkh

max

(
(max

i
ci)

∆t

∆x
, (max

i
di)

∆t

∆y

)
≤ 1. (5.32)

EĹn jèloume to arijmhtikì sqăma (bl. [30, 27, 3]) na eÐnai TVD eustajèc, mÐa peris-

sìtero perioristikă sunjăkh apaiteÐtai gia ton swstì prosdiorismì tou qronikoÔ bă-

matoc ∆t

max

(
(max

i
ci)

∆t

∆x
, (max

i
di)

∆t

∆y

)
≤ 1

2
.

Gia tic arqikèc sunjăkec sta sqămata qalĹrwshc epilègoume na qrhsimopoioÔme tic

parakĹtw sqèseic

u(x, y, 0) = u0(x, y),

v(x, y, 0) = v0(x, y) ≡ F(u0(x, y)),

w(x, y, 0) = w0(x, y) ≡ G(u0(x, y)).

Gia mikrèc timèc tou bajmoÔ qalĹrwshc (ε → 0+) to sqăma qalĹrwshc mac deÐqnei edÿ

ìti ikanopoieÐ thn topikă isorropÐa, kai epilègontac ta parapĹnw v kai w apofeÔgoume

na eisĹgoume ènan arqikì strÿma (initial layer) mèsa sto sqăma qalĹrwshc. AnĹloga

douleÔoume kai me tic sunoriakèc sunjăkec ÿste na apofÔgoume thn emfĹnish teqnitÿn

sunoriakÿn strwmĹtwn (boundary layers).

GenikĹ h epilogă twn stajerÿn ck, dk, k = 1, 2, 3, 4 basÐzetai se prìqeirouc upol-

ogismoÔc twn Iakwbianÿn pinĹkwn tou arqikoÔ mh grammikoÔ sustămatoc ∂F(u)/∂u,

∂G(u)/∂u.

Mia Ĺllh epilogă gia tic stajerèc ci, di eÐnai na upologÐzontai topikĹ se kĹje upol-

ogistikì kelÐ oi idiotimèc twn Iakwbianÿn (ìtan eÐnai sqetikĹ eÔkolo na upologistoÔn

kai me mikrì kìstoc) kai telikĹ na paÐrnoume to mègisto autÿn twn idiotimÿn apì to

kĹje kelÐ ÿc,

ci+ 1
2
,j = max

uε{u
i+1

2 ,j
,u

i− 1
2 ,j
}
|∂F(u)/∂uk|, di,j+ 1

2
= max

uε{u
i,j+1

2
,u

i,j− 1
2
}
|∂G(u)/∂uk|

ck = dk = max
i,j

(ci+ 1
2
,j, di,j+ 1

2
).

Oi timèc autèc den prèpei na apèqoun polÔ apì tic idiotimèc, diìti eisĹgoun sto

sqăma arijmhtikì ixÿdec. H prÿth epilogă gia ton upologismì twn qarakthristikÿn
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taqutătwn apodeiknÔete arketĹ eparkeÐc gia touc upologismoÔc mac, ìla autĹ apoteloÔn

mia endiafèrousa perioqă thc arijmhtikăc anĹlushc sthn opoÐa upĹrqei qÿroc gia epÐ

plèon diereÔnhsh.



KefĹlaio 6

ArijmhtikĹ Apotelèsmata se DÔo
DiastĹseic

Gia na kajorÐsoume th sumperiforĹ tou sqămatoc qalĹrwshc kai gia tic dÔo morfèc

tou majhmatikoÔ montèlou stic dÔo diastĹseic qrhsimopoioÔme èna prìblhma ìpou o

pujmènac prosomoiÿnei ènan kwnikì swrì Ĺmmou, ìpwc exetĹsthke sta Chesher et at.

[4], De Vriend [11]kai Hudson [16]. To prìblhma parousiĹzetai se èna kanĹli măkouc

1000m× 1000m me teqnhtèc arqikèc sunjăkec

h∗(x, y, 0) = 10−B(x, y, 0) u∗(x, y, 0) =
Q

h∗(x, y, 0)
, u∗(x, y, 0) = 0

kai me arqikèc sunjăkec tou pujmèna tou kwnikoÔ swroÔ Ĺmmou,

B(x, y, 0) =





sin2

(
π(x− 300)

200

)
sin2

(
π(y − 400)

200

)
an 300 ≤ x ≤ 500, 400 ≤ y ≤ 600

0 diaforetikĹ.

ìpwc blèpoume sta sqămata (6.1).

Oi sunoriakèc sunjăkec sto pĹnw sÔnoro eÐnai

hn+1
−i,j = hn

0,j, (uh)n+1
−i,j = Q, (vh)n+1

−i,j = (vh)n
0,j, kai Qn+1

−i,j = Qn
0,j,

ìpou Q eÐnai mia stajeră timă kai oi kĹtw sunoriakèc sunjăkec eÐnai

wn+1
I+i,j = wn

I,j, wn+1
i,−j = wn

i,0, kai wn+1
i,J+j = wn

i,J ,

ìpou i, j = 1, 2.

70



71

 

 

Y

X

0

100

200

300

400

500

600

700

800

900

1000
0 100 200 300 400 500 600 700 800 900 1000

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Sqăma 6.1: Arqikă timă gia ton pujmèna B sto dudiĹstato prìblhma

Gia na pĹroume tic arqikèc sunjăkec, apì tic parapĹnw teqnikèc arqikèc, upologÐ-

zoume th roă tou neroÔ epanalambĹnontac to sqăma tou Roe (ìpwc parousiĹsthke sth

parĹgrafo 5.2) gia tic exisÿseic rhqÿn udĹtwn se dÔo diastĹseic, mèqri h roă na èr-

jei se stĹsimh katĹstash (wt = 0), kratìntac dhladă pĹnta ton pujmèna stajerì

(Bt = 0). JewroÔme ìti èqoume petÔqei to parapĹnw an

|wn+1
i,j −wn

i,j| ≤ tol,

ìpou tol eÐnai mia epijumhtă anoqă. S’ autăn thn ergasÐa paÐrnoume Q = 10 kai me timă gia

ton arijmì CFL = 0.5, tol = 10−6 ă stamatĹme ton qrìno epanĹlhyhc sta 15 leptĹ an h

roă tou neroÔ eÐnai argă kai upojètoume ìti èqei èrjei plèon se stĹsimh katĹstash. To

apotèlesma me bĹsh ta parapĹnw gia tic pragmatikèc arqikèc sunjăkec parousiĹzontai

sto sqăma (6.2). Shmeiÿnoume ìti mikrĹ exogkÿmata pou emfanÐzontai stic arqikèc

sunjăkec, den anaptÔssontai sthn exèlixh tou qrìnou. Oi parapĹnw arqikèc timèc ja

qrhsimopoihjoÔn sto sqăma qalĹrwshc gia to dudiĹstato prìblhmĹ mac.
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Sqăma 6.2: Arqikèc timèc gia to prìblhma.

6.1 ArijmhtikĹ Apotelèsmata se 2D gia to Sqăma
QalĹrwshc

Stic epìmenec paragrĹfouc ja qrhsimopoiăsoume to deuterobĹjmio sqăma qalĹrw-

shc (tÔpou MUSCL) kai gia tic dÔo morfèc A kai C gia na pĹroume thn proseggistikă

lÔsh tou problhmatìc. To dudiĹstato prìblhmĹ mac (bl. Hudson [16]) qrhsimopoieÐ-

tai me ton pujmèna na allhlepidrĹ argĹ ă grăgora me thn roă tou neroÔ, kai stic dÔo

morfèc A kai C gia na tic sugkrÐnoume. Oi sunartăseic thc metaforĹc izămatoc (5.5)

qrhsimopoioÔntai me bajmì porìdouc σ = 0.4.

Gia ìla ta arijmhtikĹ sqămata s’ autăn thn parĹgrafo qrhsimopoioÔme ∆x = ∆y =

20m kai ton minmod oriojèth roăc. Sto arijmhtikì mac sqăma qrhsimopoioÔme to CFL

= 0.45. Tèloc anafèroume ìti den qrhsimopoioÔme to tropopoihmèno sqăma qalĹrwshc

ìpwc kĹname gia na pĹroume ta apotelèsmata sto prwtobĹjmio sqăma.
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6.1.1 ArijmhtikĹ apotelèsmata gia pujmèna pou allhlepidrĹ
argĹ me thn roă neroÔ

Prÿta meletăsame to prìblhmĹ mac me ton pujmèna na allhlepidrĹ argĹ me thn roă

neroÔ, A = 0.001. ParousiĹzoume apotelèsmata se dÔo qronikèc stigmèc t = 24h kai

t = 100h, gia tic dÔo morfèc A kai C, sugkrÐnontac ta apotelèsmata gia thn kÐnhsh tou

pujmèna, thn epifĹneia tou neroÔ kai thc taqÔthtac u.

O De Vriend [11], anazăthse mÐa proseggistikă lÔsh gia thn gwnÐa diĹqushc enìc

ìgkou ston pujmèna. Gia to parĹdeigma tou kÿnou Ĺmmou, o ìgkoc ston pujmèna

suneqÿc allĹzei morfă me sugkekrimèno trìpo kajÿc pernĹei o qrìnoc, sqhmatÐzon-

tac mia morfă “asterioÔ” (star shape pattern). MÐa proseggistikă lÔsh gia thn gwnÐa

diĹqushc gia thn sugkekrimènh morfă, mporeÐ na brejeÐ upojètontac ìti o pujmènac

allhlepidrĹ argĹ me thn roă tou neroÔ (dhl. A < 0.01) kai h roă tou neroÔ brÐskete

se stĹsimh katĹstash. H analutikă prosèggish thc lÔshc thc gwnÐac diĹqushc me thn

sugkekrimènh morfă (bl. Hudson [16]) eÐnai

tan α =
3
√

3(m− 1)

9m− 1

kai an m = 3 h gwnÐa diĹqushc eÐnai

α = tan−1

(
3
√

3

13

)
= 21.7867893o.

Ta arijmhtikĹ apotelèsmata apì th morfă A gia to B kai gia t = 24h parousiĹzontai

sta sqămata (6.3)-(6.5), kai antÐstoiqa gia th morfă C sta sqămata (6.6)-(6.8). Gia

tic dÔo morfèc h arqikă morfă tou pujmèna èqei arqÐsei na metafèretai katĹ măkoc

tou kanalioÔ kai na diaqèetai sth morfă “asterioÔ” auxĹnontac to sunolikì bĹjoc

tou neroÔ me tautìqronh meÐwsh thc u taqÔthtac se sqèsh me tic arqikèc timèc. Ta

apotelèsmata kai gia tic dÔo morfèc paramènoun omalĹ me thn morfă C na emfanÐzei

megalÔterh diasporĹ wc proc to apotèlesma tou pujmèna allĹ kratìntac ta epÐpeda

tou bĹjouc kai thc taqÔthtac u plhsièstera sta arqikĹ dedomèna.

Ta arijmhtikĹ apotelèsmata kai twn dÔo morfÿn gia qrìno t = 100h parousiĹ-

zontai sta sqămata (6.9) eÿc (6.14) kai parathroÔme ìti oi dÔo morfèc mac parĹgoun

omalĹ apotelèsmata kai sugkrÐsima. H morfă tou “asterioÔ” gia tic dÔo morfèc èqei

sqhmatisteÐ sqedìn sthn Ðdia èktash kai gia tic dÔo morfèc, auxĹnontac tautìqrona
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Sqăma 6.3: Arijmhtikì apotèlesma gia to B (morfă A kai A = 0.001) gia t = 24h
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to sunolikì bĹjoc tou neroÔ. Shmeiÿnoume edÿ ìti h aÔxhsh aÔtă ofeÐletai sto polÔ

megĹlo arijmì qronikÿn upologistikÿn bhmĹtwn mèqri tou telikoÔ qrìnou twn 100 wrÿn

me tautìqronh qrăsh stajerăc ekroăc san pĹnw sunoriakă sunjăkh.

Ta apotelèsmata eÐnai sqedìn sugkrÐsima metaxÔ touc allĹ kai me ta apotelèsmata

dhmosieÔsewn (bl. Hudson [16]). Epiplèon ìpwc deÐqnoume sta sqămata (6.15) kai

(6.16) ta apotelèsmata kai twn dÔo morfÿn akoloujoÔn th gwnÐa diĹdoshc tou pujmèna.

6.1.2 ArijmhtikĹ apotelèsmata gia pujmèna pou allhlepidrĹ
grăgora me thn roă neroÔ

Se aută th parĹgrafo ja meletăsoume tÿra to prìblhmĹ mac me ton pujmèna na

allhlepidrĹ grăgora me thn roă neroÔ, A = 1. Qrhsimopoiăsame wc telikì qrìno

t = 500 deuterìlepta. Ta arijmhtikĹ apotelèsmata me thn mèjodo tou relaxation gi-

a tic morfèc A (bl. sqămata (6.17)-(6.19} eÐnai sugkrÐsima kai metaxÔ touc kai me

dhmosieumèna apotelèsmata (bl. Hudson [16]). Sta sqămata (6.17) kai (6.21) blèpoume

ìti to arijmhtikì sqăma qlĹrwshc mac dÐnei omalĹ qwrÐc talantÿseic apotelèsmata kai

stic dÔo morfèc. Sta sqămata (6.18) kai (6.22) parathroÔme ìti gia to olikì Ôyoc tou

potamoÔ ta apotelèsmata mac èqoun meÐnei kontĹ stic arqikèc timèc, enÿ h mègisth timă

thc taqÔthtac kai stic dÔo morfèc èqei elĹqista mikrÔnei.
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Sqăma 6.9: Arijmhtikì apotèlesma gia to B (morfă A kai A = 0.001) gia t = 100h
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Sqăma 6.10: Isoôyăc kampÔlec gia to B (morfă A kai A = 0.001) gia t = 100h
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Sqăma 6.11: ArijmhtikĹ apotelèsmata gia to h + B kai u (morfă A kai A = 0.001) gia
t = 100h
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Sqăma 6.12: Arijmhtikì apotèlesma gia to B (morfă C kai A = 0.001) gia t = 100h
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Sqăma 6.13: Isoôyăc kampÔlec gia to B (morfă C kai A = 0.001) gia t = 100h
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Sqăma 6.14: ArijmhtikĹ apotelèsmata gia to h + B kai u (morfă C kai A = 0.001) gia
t = 100h
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Sqăma 6.16: H gwnÐa diĹdoshc kai ta apotelèsmata gia th morfă C
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Sqăma 6.18: ArijmhtikĹ apotelèsmata gia to h + B kai u (morfă A kai A = 1) gia
t = 500s
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Sqăma 6.19: Arijmhtikì apotèlesma gia to B (morfă A kai A = 1) gia t = 500s
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Sqăma 6.20: Arijmhtikì apotèlesma gia to B (morfă C kai A = 1) gia t = 500s
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Sqăma 6.21: Isoôyăc kampÔlec gia to B (morfă C kai A = 1) gia t = 500s
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Sqăma 6.22: ArijmhtikĹ apotelèsmata gia to h + B kai u (morfă C kai A = 1) gia
t = 500s
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6.2 TelikĹ SumperĹsmata

Sthn paroÔsa ergasÐa parousiĹsthke èna aplopoihmèno morfodunamikì montèlo pou,

kĹtw apì kĹpoiec paradoqèc, mporeÐ na perigrĹyei tic allagèc sth topografÐa tou

pujmèna se udrodunamikèc roèc. To montèlo autì apoteleÐtai apì to udraulikì mèroc

(pou perigrĹfetai apo tic plăreic udrodunamikèc exisÿseic rhqÿn udĹtwn) kai to mèroc

pou aforĹ sthn kÐnhsh twn fertÿn ulÿn.

Akoloujÿntac prìsfatec ereunhtikèc ergasÐec, arqikĹ parousiĹsthkan treÐc di-

aforetikèc morfèc tou parapĹnw montèlou sth mÐa diĹstash kai epilèqjhkan dÔo apì

autèc gia na epilujoÔn arijmhtikĹ, oi morfèc A-SF kai C, ìpou èqoun sqetikĹ diafore-

tikèc sunartăseic roăc (flux functions) kai mă omogenăc (phgaÐouc) ìrouc. Oi dÔo autèc

morfèc anăkoun sth kathgorÐa thc mh stĹsimhc prosèggishc, ìpou h roă tou neroÔ kai

oi metabolèc tou pujmèna upologÐzontai tautìqrona kai gia aută thn prosèggish to

sÔsthma twn exisÿsewn diakritopoiătai tautoqrìnwc.

Sth sunèqeia parousiĹsthke kai ulopoiăjhke to deÔterhc, qwrikăc, tĹxhc upwind

arijmhtikì sqăma tou Roe, pou basÐzetai sthn proseggistikă lÔsh mh-grammikÿn prob-

lhmĹtwn tÔpou Riemann, katĹllhla tropopoihmèno ÿste na epilÔei tic parapĹnw morfèc

tou montèlou. AnaparĹqjhkan ta kalÔtera arijmhtikĹ apotelèsmata, me qrăsh autoÔ

to sqămatoc, ÿste na apotelèsoun èna mètro sÔgkrishc gia to sqăma tÔpou qalĹrwshc

pou parousiĹsthke sth sunèqeia, allĹ kai gia na upologistoÔn katĹllhlec arqikèc

timèc gia kĹje prosomoÐwsh.

Ta arijmhtikĹ sqămata qalĹrwshc, ìpwc parousiĹsthkan sth sunèqeia, basÐzon-

tai ston metasqhmatismì qalĹrwshc twn mh-grammikÿn uperbolikÿn nìmwn diatărhshc

se èna grammikì sÔsthma nìmwn diatărhshc, ìpou den qreiĹzetai plèon h epÐlush mh-

grammikÿn problhmĹtwn tÔpou Riemann. To pleonèkthma autì twn sqhmĹtwn qalĹr-

wshc eÐnai shmantikì ìtan to majhmatikì montèlo eÐnai polÔploko kai eÐnai dÔskolh ă

èqei megĹlo upologistikì kìstoc h lÔsh problhmĹtwn tÔpou Riemann. H prosèggish

qalĹrwshc mporeÐ na jewrhjeÐ kai san prosèggish thc sunĹrthshc roăc (flux function)

kai eÐnai dunatìn na efarmosteÐ gia ìpoia sunĹrthsh roăc, ìpwc fĹnhke gia tic dÔo

morfèc, A-SF kai C, tou montèlou metaforĹc fertÿn. Ja mporoÔsame na poÔme ìti h

prosèggish qalĹrwshc grammikopoieÐ to prìblhma Riemann. Ta arijmhtikĹ apotelès-

mata gia to deÔterhc tĹxhc sqăma qalĹrwshc tÔpou MUSCL kai gia tic dÔo morfèc kai
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gia ìla ta problămata pou parousiĹsthkan èdwsan omalĹ apotelèsmata kai apolÔtwc

sugkrÐsima me autĹ tou sqămatoc tou Roe.

H epèktash kai efarmogă tou montèlou qalĹrwshc stic dÔo diastĹseic parousiĹsthke

sth sunèqeia kai gia tic dÔo morfèc, A-SF kai C, dÐnontac sqedìn sugkrÐsima metaxÔ

touc apotelèsmata kai sugkrÐsima me antÐstoiqa dhmosieumèna apotelèsmata.

FusikĹ prèpei na gÐnoun efarmogèc tou montèlou kai tou sqămatoc qalĹrwshc kai

se Ĺllec periptÿseic kai pijanèc sugkrÐseic me dedomèna pedÐou ă se ergasthriakèc

periptÿseic, ÿste na elegqjeÐ h axiopistÐa twn pareqìmenwn problèyewn. Prèpei,

epÐshc, na dokimastoÔn kai Ĺlloi tÔpoi stereometaforĹc, ÿste to montèlo na dÿsei

plèon axiìpista apotelèsmata.

Epiplèon ereunhtikèc kateujÔnseic, ÿc proc to sqăma qalĹrwshc, mporeÐ na apotelè-

soun h kataskeuă trÐthc tĹxhc akrÐbeiac sqămatwn kajÿc kai h kataskeuă kai melèth

katĹllhlwn Runge-Kutta mejìdwn proc thn kateÔjunsh twn peplegmènwn (implicit)

sto qrìno sqhmĹtwn ìpou den periorÐzontai apì thn sunjăkh CFL kai epitrèpoun

megalÔtera upologistikĹ qronikĹ bămata, prĹgma idiaÐtera qrăsimo me prosomoiÿseic

megĹlhc qronikăc diĹrkeiac.
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