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Abstract
In this work we derive expressions for the effective velocity and effective dispersion coefficient for finite-sized spherical particles with
neutral buoyancy flowing within a water saturated fracture. We considered the miscible displacement of a fluid initially free of particles by
another fluid containing particles of finite size in suspension within a fracture formed by two semi-infinite parallel plates. Particle spreading
occurs due to the combined actions of molecular diffusion and the dispersive effect of the Poiseuille velocity profile. Unlike Taylor dispersion,
here the finite size of the particles is taken into account. It is shown that because the finite size of a particle excludes it from the slowest
moving portion of the velocity profile, the effective particle velocity is increased, while the overall particle dispersion is reduced. A similar
derivation applied to particles flowing in uniform tubes yields analogous results. The effective velocity and dispersion coefficient derived in
this work for particle transport in fractures with uniform aperture are unique and ideally suited for use in particle tracking models.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Sir Geoffrey Taylor [1] introduced an effective dispersion coefficient for soluble matter flowing in a cylindrical
tube. Often referred to as the Taylor dispersion coefficient,
it is a function of the dissolved constituent’s molecular diffusion coefficient and the fundamental system parameters
(i.e., centerline flow velocity and tube radius). Aris [2] extended this work through moment analysis in a more generalized manner. Sankarasubramanian and Gill [3], Johns and
DeGance [4], and Brenner [5,6] continued the study of internal flow and transport by developing exact solutions for
the dispersion of reactive solutes in a tube. Following the
Taylor–Aris procedures, scientists have examined various
aspects of contaminant transport in parallel-plate systems.
For example, Shapiro and Brenner [7–9] and Berkowitz and
Zhou [10] have obtained approximate analytical models for
the dispersion of reactive solutes in parallel-plate geometries
and concluded that the Taylor dispersion coefficient needs to
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be modified to account for system geometry and for particle flux at system boundaries due to wall reactions. Effective
parameters were also derived by Grindrod [11,12] using an
asymptotic spectral comparison method. Other important
contributions include analytical solutions for contaminant
transport in fractured porous media, where contaminants are
subject to plug flow advection, dispersion, matrix diffusion,
sorption, and decay (Tang et al. [13]; Sudicky and Frind [14];
Cormenzana [15]). Also, Abdel-Salam and Chrysikopoulos [16] derived closed-form analytical solutions for contaminant transport in single, uniform rock fractures with and
without penetration into the rock matrix for constant concentration as well as constant flux boundary conditions.
It is often assumed that solutes are infinitesimally small
and that axial advection and transverse diffusion chiefly govern contaminant fate and transport in fractures. While it
is true that many contaminants are of molecular size, this
is not always the case (Chrysikopoulos and Abdel-Salam
[17]). Many studies have shown colloids to be ubiquitous
in groundwater while often having an affinity for reactive
contaminants (Smith and Degueldre [18]; Contardi et al.
[19]). Essentially, if a contaminant sorbs onto a colloid,
the colloid itself becomes a contaminant (Abdel-Salam and
Chrysikopoulos [20,21]).
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Much of the groundwork for the development of the effective parameters for finite particles flowing in a fracture
was based upon particle flow and transport in a tube. Although the solution of Brenner and Gaydos [22] is quite
broad in nature, it is difficult to implement in a model of
colloid transport in fractured media. Often, there is insufficient information about colloidal interactions with the fluid
or medium to accurately define the coefficients in their effective parameters. In this work, the effective velocity and
effective dispersion coefficient for finite-sized, hard, spherical colloidal particles with neutral buoyancy are derived
from first principles in an intuitive fashion. It is shown that
the finite size of a particle excludes it from the slowest moving portion of the velocity profile near the walls of a fracture, causing the effective velocity of a particle plume to
be greater than the corresponding mean solute velocity. Furthermore, particle size exclusion leads to a decrease in the
effective dispersion coefficient of a particle plume. When
used in a particle tracking algorithm, excellent agreement
with an analytical solution is demonstrated.

2.1. Effective velocity
Assume that a fully developed, unidimensional, Poiseuille
velocity distribution exists within a fracture as shown in
Fig. 1, expressed as (Fox and McDonald [23, p. 392])

 2 
z
u(z) = Umax 1 − 4
(1)
.
b
The mean fluid velocity is
= 1
U
b

−b/2

2
u(z) dz = Umax ,
3

with a velocity corresponding to the local flow velocity at
its centroid. Particle–wall overlap is not allowed. Hydrodynamic, gravitational, van der Waals, and electrostatic forces
are not considered in the calculation of particle velocity.
As particle penetration of the fracture wall is not permitted, the finite size of a particle does not allow it to sample
the slowest moving portion of the velocity profile nearest
the wall. The average (or effective) velocity of a particle
is estimated by integrating the Poiseuille velocity distribution over the aperture available to a particle and dividing by
that same available aperture. The available aperture is the
original aperture, b, less the diameter of a particle, dp . Size
exclusion leads to an effective particle velocity of
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Note that the effective particle velocity (3) is greater than the
mean fluid velocity (2) because the particle diameter may
not be larger than the fracture aperture (dp /b < 1). Also, it
is evident that the effective velocity of a particle increases
with increasing particle diameter.

2. Mathematical derivations

b/2
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2.2. Effective dispersion coefficient
The two-dimensional, unsteady, advection–diffusion
equation with axial advection and transverse diffusion
representing the two governing transport mechanisms is
(Berkowitz and Zhou [10])
∂ 2 n(x, z, t)
∂n(x, z, t)
∂n(x, z, t)
=D
,
− u(z)
2
∂t
∂x
∂z

(2)

where Umax is the maximum velocity of the interstitial fluid
along the centerline of the fracture; z is the coordinate direction perpendicular to the walls of the fracture with its origin
at the center of the fracture; and b is the aperture of the fracture. Furthermore, assume that a spherical particle travels

(4)

where n is the number concentration of colloids and D is the
molecular diffusion coefficient of a particle with diameter
dp , given by the Stokes–Einstein diffusion equation (Bird
et al. [24, p. 513]),
D=

kT
,
3πηdp

(5)

where k is Boltzmann’s constant, T is the absolute temperature, and η is the dynamic viscosity of the interstitial fluid.
In the present derivation, the molecular diffusion in the
axial direction is neglected because it is negligible relative
to the axial dispersion due to the parabolic velocity profile.
All axial particle movement is due to advection. A quasisteady-state assumption is made by considering only advection across the plane moving with the center of mass of a
colloid particle plume such that x and t may be collapsed
into a single coordinate thereby eliminating transient term in
(4). This can be achieved by the coordinate transformation
Fig. 1. Schematic illustration of the fracture considered in this study.

ξ = x − Ueff t.

(6)
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of reference can be assumed to be nearly constant across
the aperture of the fracture. This assumption implies that
∂n(ξ, z)/∂ξ may be replaced with ∂n(ξ )/∂ξ . Integration
of (9) with respect to z yields


 3 
dp 2 z
∂n(ξ )
z
∂n(ξ, z) Umax b
=
1−
−4
∂z
3D
b
b
b
∂ξ
+ C(ξ ),

Fig. 2. Schematic illustration of the “velocity defect” represented by the
shaded areas. Bold arrows indicate axial advection of particles and open
arrows indicate transverse molecular diffusion of particles.

Applying the preceding coordinate transformation in (4)
yields the partial differential equation
 ∂n(ξ, z)
∂ 2 n(ξ, z) 
,
= u(z) − Ueff
(7)
2
∂z
∂ξ
where the term u(z) − Ueff = uξ (z) is termed the “velocity defect,” defined as the velocity that is a function of z
at a point ξ = 0 that follows the first moment of a particle
plume in time. Subtracting the effective velocity (3) from
the Poiseuille (parabolic) velocity profile (1) yields


 2 
dp 2
Umax
z
. (8)
1−
− 12
uξ (z) = u(z) − Ueff =
3
b
b

where C(ξ ) is an integration constant. Imposing the nondispersive flux boundary condition across the centerline (z = 0)
because of neutral particle buoyancy requires that the integration constant vanish:

∂n(ξ, z) 
(11)
= 0 ⇒ C(ξ ) = 0.
∂z z=0
Integration of (10) with respect to z yields

  
 4 
dp 2 z 2
∂n(ξ )
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z
n(ξ, z) =
1−
−2
6D
b
b
b
∂ξ

D

Figure 2 illustrates the velocity defect. Note that particles
in the shaded regions have a tendency to diffuse in the direction of the open arrows because of the concentration gradient
induced by the velocity defect. It is in these shaded regions
where axial particle advection (indicated by the bold arrows)
and transverse particle diffusion (indicated by the open arrows) are important. With respect to the moving frame of
reference, the velocity of a particle that is in contact with the
wall is negative: uξ ((b − dp )/2) = −(2/3)Umax(1 − dp /b)2 .
Consequently, the apparent velocity of the particles in the
shaded areas to the left of the moving frame of reference
is negative as indicated by the direction of the bold arrows.
Because the mean particle velocity at the plane for which
ξ = 0 is zero, the transfer of particles across this plane depends only on the transverse variation of n. In view of (8),
the governing equation (7) can be expressed as


 2 
dp 2
∂n(ξ, z)
z
∂ 2 n(ξ, z) Umax
1−
. (9)
=
− 12
3D
b
b
∂ξ
∂z2
Employing the assumption that transverse concentration gradients induced by axial advection are quickly smoothed out
by transverse molecular diffusion after the frame of reference has moved beyond an “entrance length” (Kessler
and Hunt [25, Eq. (11)]), the rate of change of the particle number concentration with respect to the moving frame

(10)

+ ncl (ξ ),

(12)

where ncl (ξ ) is an integration constant. Note that evaluating
n(ξ, 0) proves that ncl (ξ ) is actually the particle concentration at the centerline of the fracture.
The average particle concentration in the z-direction over
the entire fracture aperture is defined by integrating the particle number concentration across the fracture and dividing
by the fracture aperture:
1
n̄(ξ ) =
b

b/2
n(ξ, z) dz.

(13)

−b/2

Substituting (12) into (13) and performing the integration,
the average colloid concentration is

  
1 dp
1 dp 2 ∂ n̄(ξ )
Umax b2 7
−
+
n̄(ξ ) =
6D
120 6 b
12 b
∂ξ
+ ncl (ξ ).

(14)

Note that due to averaging over b, the term ∂n(ξ )/∂ξ can be
replaced by ∂n(ξ )/∂ξ . Solving (14) for ncl (ξ ) and substituting the resulting expression into (12) defines n(ξ, z) in terms
of the average concentration across the fracture:

 
7
1 dp
1 dp 2
Umax b2
−
+
−
n(ξ, z) =
6D
120 6 b
12 b

 4 
2  2
dp
z
∂ n̄(ξ )
z
+ n̄(ξ ).
+ 1−
−2
b
b
b
∂ξ
(15)
The effective dispersion coefficient is derived from the
flux of particles across a plane that is moving with the first
moment of the particle plume in time. The average flux of
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particles in the axial direction relative to the moving coordinate, ξ , is given by
1
J¯ =
b − dp
=−

(b−d
 p )/2

n(ξ, z)uξ (z) dz
(−b+dp )/2


2 b2 
dp 6 ∂ n̄(ξ )
2 Umax
1−
,
945 D
b
∂ξ

(16)

where the latter transformation is a consequence of employing (8) and (15). The average flux is calculated only for the
portion of the fracture available to the particles, hence the
region spanned by the limits of integration.
Using the effective velocity as a moving frame of reference, the transport of particles within the fracture may
be viewed as a dispersion problem. Consequently, the
advection–diffusion equation may now be redefined as
Fick’s second law of diffusion along the moving frame of
reference, ξ , with diffusion coefficient Deff . Thus, the unsteady transport of particles can be expressed through use of
the continuity equation assuming there is no particle generation (Bird et al. [24, p. 555]),
∂ J¯
∂ n̄(ξ )
=− .
(17)
∂t
∂ξ
Substituting the expression for average particle flux (16) into
the preceding equation yields
∂ n̄(ξ )
∂ 2 n̄(ξ )
= Deff
,
∂t
∂ξ 2

(18)

where the effective dispersion coefficient, Deff , represents
the apparent particle spreading arising from the combined
effect of the advective flux of particles across the plane moving with the center of mass of a particle plume plus molecular diffusion. It is defined as

2 b2 
dp 6
2 Umax
1−
.
Deff = D +
(19)
945 D
b
For the limiting case where a particle becomes negligibly
small, dp → 0, the preceding expression for the effective
dispersion coefficient for finitely sized particles reduces to
the classic Taylor dispersion coefficient
DTaylor = D +

2 b2
2 Umax
.
945 D

(20)

3. Discussion
Figure 3 compares the effective dispersion coefficient for
particles using (19) to an equivalent Taylor dispersion coefficient, (20). It should be noted that the molecular diffusion
coefficient used in both the effective and Taylor dispersion
coefficients was calculated from (5), even though the Taylor
dispersion coefficient assumes infinitesimally small particles. Figure 3 demonstrates that when the particle diameter is 6.5% of the fracture aperture, the effective dispersion

Fig. 3. Effective and Taylor dispersion coefficients as a function of particle-diameter-to-fracture-aperture ratio. The fracture is representative of
what might be found in the subsurface with b = 1 × 10−4 m, Umax =
1 × 10−6 m/s, at T = 288.15 K.

coefficient of the particle plume is 50% less than the corresponding Taylor dispersion coefficient.
The limiting cases where the particle diameter becomes
infinitesimally small (dp → 0) as well as when the particle diameter is comparable to the fracture aperture (dp → b)
are also examined. As the diameter of a particle becomes
infinitesimally small, the effective velocity with which the
particle plume travels is reduced to the mean flow velocity,
Ueff = 23 Umax and Deff = DTaylor . This is in agreement with
the assumption of an infinitesimally small solute made by
Taylor in his derivation. At the limit of the particle diameter
approaching the fracture aperture, the effective velocity of a
particle plume becomes Umax while the corresponding effective dispersion coefficient reduces to the molecular diffusion
coefficient. Both results arise directly from the assumptions
that each particle is assumed to travel with a velocity equal
to that found at its centroid due to the hydraulic gradient and
that particle–wall overlap is not permitted. An increased particle diameter to fracture aperture ratio implies a narrower
range of velocities for a colloid plume, thereby decreasing
the dispersive effect of the velocity gradient. If a plume is
subject to a single velocity, it spreads by molecular diffusion
alone. The expected behavior of Deff at both limits of small
and large particles is evident from (19).
Clearly, particle size should be considered when investigating the transport of finite-sized particles through a watersaturated fracture. It should be noted that there have been
other derivations of effective velocity and dispersion coefficients for solutes and particles in cylindrical and planar systems (DiMarzio and Guttman [26]; Anderson and
Quinn [27]; Brenner and Gaydos [22]); however, the results presented in this study are directly applicable to colloid
transport in a uniform aperture fracture.

4. Effects of viscous forces
Although the effects of the fracture walls upon colloid
motion have not been addressed thus far, it is important to
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note that as a colloid approaches a wall (its surface less than
a few diameters away), significant changes in velocity and
diffusivity are noted. Specifically, the velocity and diffusivity parallel and perpendicular to the wall decrease in different proportions (i.e., diffusion is no longer isotropic and
because the colloid may not penetrate the wall, its perpendicular velocity must approach zero as it nears the wall, while
parallel velocity is reduced) (van de Ven [28, Eq. (6.13)]).
Unfortunately, these effects may not be incorporated into
the analytical derivation presented above, although more
complicated solution approximations exist (e.g., method of
reflections, matched asymptotic solutions for “inner” and
“outer” regions, and truncated power series expansions by
Goldman et al. [29], O’Neill and Stewartson [30], and Goren
and O’Neill [31], respectively). In this treatment of effective parameters, if the constants Umax and D are replaced
with simple symmetric (even) functions, Umax (z) and D(z),
respectively, the wall effects may be estimated. However,
unless the colloid is larger than 10% of the aperture, edge
effects are negligible through more than 90% of the fracture, yet very near to the walls, they are significant. Without
breaking the solution space into different zones, no simple
integrable function can express the correction factor appropriately. For example, a nonanalytically integrable exponential representation of the hydrodynamic correction factor is
 
β 
2z
F (z) = 1 + α − α exp −
(21)
,
b − dp
where α (real) and β (large, positive, and even) are constants
that are calculated to match the curves of van de Ven [28,
Fig. 6.4]. Although the preceding correction factors may not
be carried through the analytical treatment of effective parameters, a numerical solution exists. While this numerical
treatment of effective parameters is beyond the scope of this
work, incorporating wall effects through (21) would serve to
decrease Ueff and Deff . Any symmetric equation that approximates the hydrodynamic correction factors may be used and
therefore (21) should not be considered unique.

5. Extension to flow in cylindrical tubes

effective velocity of a finite-sized particle is

  
dp 1 dp 2
1
.
−
Ueff = Umax 1 +
2
R
4 R

The governing equation for particle transport in a tube is
∂n(r, z, t) D ∂
∂n(r, z, t)
∂n(r, z, t)
=
.
r
− u(r)
∂t
r ∂r
∂r
∂z

(24)

Following the same procedures used to derive the effective
dispersivity of a particle in a fracture (see Section 2.2), the
effective dispersion coefficient in a uniform tube is

2 R2 
dp 6
1 Umax
1−
Deff = D +
(25)
.
192 D
R
Again, for infinitely small particles, (23) and (25) are in
complete accord with the results of Taylor [1].
5.2. Comparison to other studies
DiMarzio and Guttman [26] investigated the case of flexible polymers flowing through a gel permeation column accounting for some hydrodynamic wall effects and derived an
expression for the effective velocity equivalent to (23) and
an expression for the effective dispersion coefficient that is
equivalent to (25).
Anderson and Quinn [27] derived the following expression for the effective velocity of a submicrometer particle
passing through a porous membrane,

  
dp 1 dp 2
1
−
Ueff = Umax 1 +
2
R
4 R

 3 
dp
1 dp
,
− 0.02
× 1−
(26)
6R
R
but they did not determine an equation for the effective dispersion coefficient.
Brenner and Gaydos [22] performed a comprehensive
moment analysis to obtain effective parameters of


 2
dp
dp
1
2
Ueff = Umax 1 +
(27)
− 1.225
+ O dp
2
R
R

5.1. Mathematical derivation

and

To extend our results to finite-sized particles flowing in a
cylindrical tube, a derivation equivalent to that performed in
Cartesian coordinates was performed in cylindrical coordinates. The Poiseuille velocity profile in a tube of radius R is

 2 
r
u(r) = Umax 1 −
(22)
,
R

Deff = D 1 + 0.231

where r is the radial distance from the center of the tube.
 = Umax /2 and the
The mean velocity within the tube is U

(23)
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−
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 2  
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−
+ O dp2
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+
1 − 0.931
192 D
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 2
dp
2
+ 2.42
+ O dp ,
R

(28)
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6. Particle tracking analysis

Fig. 4. Comparison of the effective parameters derived in this study with
appropriate parameters reported in previous studies. The top plot relates the
ratio of effective dispersion to Taylor dispersion as a function of particle
to tube diameter ratio. The bottom plot illustrates the relationship between
the ratio of the effective velocity to the mean flow velocity and the ratio of
particle to tube diameter.

with coefficients incorporating the effects of London, van
der Walls, viscous, and Debye double layer forces. Note that,
to first order, the expressions (23) and (25) derived here compare well with those of Brenner and Gaydos [22].
Figure 4 compares expressions (23) and (25) with the
corresponding expressions derived by DiMarzio and Guttman [26], Anderson and Quinn [27], and Brenner and Gaydos [22]. Clearly, the various results are somewhat different;
however, they indicate that the overall trend for finite-sized
particles is faster travel and decreased dispersion with increasing particle size. Certainly, the expressions derived by
Brenner and Gaydos [22] are most general, but obtaining
the coefficients in their equations requires more information
than just the particle size and the diameter of the cylinder. Of importance is to note that the expression (28) for
the effective dispersion coefficient derived by Brenner and
Gaydos [22] goes through a minimum at dp /R = 0.149 and
surpasses the Taylor dispersion coefficient at dp /R = 0.277.
Theoretically, Taylor dispersion represents the upper limit of
dispersion in a tube.
All of the previous studies discussed in this section focus
only on particle transport in cylindrical tubes. To our knowledge, the effective parameters (3) and (19) derived in this
work for particle transport in water-saturated fractures with
uniform aperture are unique. Furthermore, they are easily
implemented in particle-tracking algorithms while requiring
knowledge only of the fracture aperture and particle diameter.

To further illustrate the effect of particle size on particle transport in a uniform, water-saturated fracture, particletracking simulations were conducted. Particle-tracking algorithms are stochastic solutions to linear partial differential
equations that do not provide direct numerical solutions and
therefore do not suffer from numerical dispersion as do the
finite element and finite difference methods. Each particle is
individually considered (i.e., stored in a memory location),
thus retaining its own unique characteristics including, for
example, particle diameter.
Particle-tracking techniques have frequently been applied
to investigations of contaminant transport in porous and
fractured media (Chrysikopoulos et al. [32]; Thompson et
al. [33]; James and Chrysikopoulos [34–36]; Reimus and
James [37]; Chrysikopoulos and James [38]). The general
particle tracking transport equation consists of an absolute
term, in this case due to advection; and a stochastic term representing dispersion in the system (Kitanidis [39]). In vector
notation the particle-tracking equation is given by (Thompson and Gelhar [40])
√
Xm = Xm−1 + A(Xm−1 ) t + B(Xm−1 ) · Z
t,

(29)

where exponent m is the numerical step number, Xm is
the three-dimensional position vector at time level m t,
A(Xm−1 ) is the absolute forcing vector evaluated at Xm−1
(i.e., a function of the velocity distribution), B(Xm−1 ) is a
deterministic scaling second-order tensor evaluated at Xm−1
(i.e., a function of the dispersion coefficient), and Z is a vector of three independent normally distributed random numbers with zero mean and unit variance. The terms of
√ the
diagonal second-order tensor B(Xm−1 ) are equal to 2D
(Ahlstrom et al. [41]).
The two-dimensional particle tracking equations for the
uniform aperture fracture examined in this work can be written as

 m−1 2 
√
z
m
m−1
x =x
t + Z1 2D t,
+ Umax 1 − 4
b
(30)
√
m
m−1
+ Z2 2D t.
z =z
(31)
Using the effective velocity and dispersion coefficient derived in this work, the preceding two-dimensional particle
tracking equations may be replaced by a one-dimensional
particle tracking equation:
x m = x m−1 + Ueff t + Z1 2Deff t.

(32)

Particles encountering the wall are reflected as a mirror image (James and Chrysikopoulos [33]).
Breakthrough curves generated for both the one- and twodimensional particle tracking algorithms were indistinguishable from a breakthrough curve obtained by the analytical
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greater than the mean particle location in Fig. 5a due to the
increased average particle velocity for the plumes of finitesized particles as determined by (3). Second, the spread of
the particle plumes in Figs. 5b and 5c is less than that in
Fig. 5a because the finite size of the particles reduces the
effective dispersion of the particle plume according to (19).
Certainly, the particle tracking results show that the finite
size of the particles do indeed affect the transport behavior
of a particle plume. The snapshots of the particle plumes
in Figs. 5b and 5c show indistinguishable characteristics,
suggesting that the two-dimensional particle tracking equations can be replaced by the more computationally efficient
one-dimensional particle tracking equation that employs the
effective parameters.
7. Summary

Fig. 5. Snapshots of a 5,000-particle plume with (a) infinitesimally small
diameter determined by a two-dimensional particle tracking algorithm;
(b) diameter dp = 5 × 10−6 m determined by a two–dimensional particle tracking algorithm; and (c) diameter dp = 5 × 10−6 m determined by
a one-dimensional particle tracking algorithm employing the derived effective parameters (here t = 70 days, b = 1 × 10−4 m, Umax = 1 × 10−6 m/s,
and T = 288.15 K).

solution provided by Carslaw and Jaeger [42, p. 258],


(x − Ueff t)2
n0
exp −
n̄(x, t) =
(33)
,
4Deff t
(4πDeff t)1/2
where n0 is the initial number of particles introduced into the
fracture per cross-sectional area of the fracture (James [43]).
Note that (33) is the analytical solution to (18) subject to
an instantaneous particle injection described by n̄(ξ, 0) =
n0 δ(ξ ) and n̄(∞, t) = 0, where δ is the Dirac delta function,
with ξ replaced by x − Ueff t.
Snapshots of particle tracking simulations for both infinitesimally small and finite-sized particles are presented
in Fig. 5. Results are obtained after approximately 70 days
of travel time using a time step of t = 100 s through a
fracture with aperture b = 1 × 10−4 m and centerline velocity of Umax = 1 × 10−6 m/s. Figure 5a is a snapshot of
two-dimensional particle tracking results for infinitesimally
small particles (D = 8.41 × 10−14 m2 /s). Figure 5b presents
two-dimensional particle tracking results for particles with
diameter dp = 5 × 10−6 m (5% of the fracture aperture)
and diffusion coefficient determined by the Stokes–Einstein
equation. Figure 5c is a snapshot from the one-dimensional
particle tracking algorithm based on the effective parameters derived in this work for particles with finite diameter
(dp = 5 × 10−6 m). It should be noted that the z-location
of each particle across the fracture in Fig. 5c was randomly
selected after the x locations of the particles in the plume
were determined. Comparing Fig. 5a with Figs. 5b and 5c,
two important features are evident. First, the mean particle locations for the particle plumes in Figs. 5b and 5c are

In this work an effective velocity (3) and an effective
dispersion coefficient (19) for finite-sized, spherical, particles traveling in a uniform aperture fracture are derived. The
slowly flowing carrier fluid forms a parabolic velocity profile within the fracture. Because particle–wall overlap is not
allowed, and because a particle is assumed to flow at a velocity equal to that found near its centroid, the size of a particle
physically excludes it from the slowest moving portion of
the velocity profile located at the fracture walls. While this
size exclusion serves to increase the effective travel velocity
of a particle plume, it also decreases its effective dispersion
coefficient. The effective dispersion coefficient derived here
is found to be similar in form to the Taylor dispersion coefficient. In fact, in the limit of a particle diameter becoming
infinitesimally small, the newly derived effective dispersion
coefficient reduces to the classic Taylor dispersion coefficient. Extension of the parallel plate results to a uniform
tube show similar particle behavior. Although other investigators have derived expressions for Ueff and Deff applicable
to particle transport in cylindrical tubes, the effective parameters derived in this work for particle transport in fractures
with uniform aperture are unique. A particle tracking analysis is presented to compare the results between the transport
of particles that are either infinitesimally small or of finite
diameter. The results presented in this work suggest that
the finite size of constituent particles increases the effective plume velocity and decreases the overall spreading of a
particle plume.
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b
B
C
dp
D
Deff
DTaylor
D
J¯
F
k
m
n
n̄
n0
ncl

r
R
t
t
T
u(z)
uξ (z)

U
Ueff
Umax
x
X
z
Z1 , Z2
Z

α
β
δ
η
ξ

fracture aperture (L)
deterministic scaling tensor (L t−1/2 )
integration constant (L−4 )
particle diameter (L)
dispersion coefficient (L2 t−1 )
effective dispersion coefficient for a plume of
finite-sized particles (L2 t−1 )
Taylor dispersion coefficient for a plume of infinitesimally small particles (L2 t−1 )
molecular diffusion coefficient (L2 t−1 )
average axial flux of particles relative to the moving
coordinate ξ (L−2 t−1 )
hydrodynamic correction factor for wall effects (–)
Boltzmann’s constant (M L2 t−2 T−1 )
time step number (–)
number concentration of particles per unit volume
of interstitial fluid (L−3 )
average number concentration of particles per unit
volume of interstitial fluid across the fracture (L−3 )
initial number of particles introduced into the fracture per cross-sectional area of the fracture (L−2 )
number concentration of particles per unit volume
of interstitial fluid at the centerline of a fracture
(L−3 )
radial distance from the center of a cylindrical
tube (L)
radius of a cylindrical tube (L)
time (t)
time step (t)
absolute temperature of the interstitial fluid (T)
local interstitial fluid velocity (L t−1 )
velocity defect, equal to u(z) − Ueff (L t−1 )
mean velocity of the interstitial fluid (L t−1 )
effective velocity of a particle (L t−1 )
maximum interstitial fluid velocity along the centerline in the x-direction (L t−1 )
coordinate along the fracture length (L)
three-dimensional position vector (L)
coordinate perpendicular to the fracture (L)
randomly generated normally distributed number
with zero mean and unit variance (–)
three-dimensional vector of randomly generated
normally distributed numbers with zero mean and
unit variance (–)
constant in the hydrodynamic correction factor (–)
constant in the hydrodynamic correction factor (–)
Dirac delta function (–)
dynamic viscosity of the interstitial fluid
(M L−1 t−1 )
coordinate transformation, equal to x − Ueff t (L)
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