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Fuyapiotieg

Oa Hieha v eLYARIGTACL WIUTERKS TOV EMPBAETOVTA XoINYNTY LoU, Avamhnenr
Kadnynt x. Adavdoto Awdfa, yio Ty ToAUTIUN UTOCTARIEY TOU, ETLOTHUOVIXY)
xot YuyohoYIxt|, TNV UTOUOVY|, TIC EUXALRIEC XAl TOV YPOVO TOU HOU APLECKOE
T 000 autd yedvia. Xwplc tnv dtapxr) xadodrynon xa Bordetd tou, dev Ju

Aoy duvaty| 1 ohoxAfipwon Tng Tapovoag dlaTEBS, xaL o)L UoVo.
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Abstract

We consider the behavior of the transmit Wiener filter under channel and noise second-order
statistics (SOS) uncertainties. We study the influence of channel and noise SOS uncertainties
separately, by assuming that only one quantity is estimated at a time, while the other is perfectly
known. Using results from matrix perturbation theory, we derive second-order approximations to
the excess mean-square error (EMSE) induced by using the channel and noise estimates as if they
were the true quantities. In the high SNR cases, we develop simple and informative approximations
to the EMSE for both cases. In the scenario we study, it turns out that channel estimation errors

are much more significant than noise SOS estimation errors.



I. INTRODUCTION

Joint optimization of transmit and receive filters for combatting frequency selectivity and/or
interstream interference in MIMO or multiuser systems has been extensively studied (see, for
example, [1], [2] and the references therein).

If we want to keep the mobile units as simple as possible, then we may consider separate transmit
or receive processing. The transmit matched filter (TXMF), the transmit zero-forcing filter (TXxZF)
and the transmit Wiener filter (TXWF) are three linear precoding (or pre-equalization) structures that
combat frequency selectivity and/or inter-stream interference and keep the receivers simple, because
the only assumed receiver processing is a scalar scaling (see [1], [2] and the references therein).
This is particularly appealing in the broadcast scenario, where we want to keep the receivers of
non-cooperative users as simple as possible.

The TxWF outperforms the two other structures in terms of mean-square error (MSE) and bit-
error rate (BER). If the channel matrix and the input and noise second-order statistics (SOS) are
perfectly known at the transmitter (due to, for example, TDD or feedback information channel), then
the TXWF can be computed. If the channel and/or the noise SOS are unknown at the transmitter,
as it is usually the case, then a common approach towards the design of the TxWF is to estimate
the unknown quantities and use the estimates as if they were the true quantities.

We consider that only one quantity is estimated at a time, while the other is perfectly known,

and develop second-order approximations to the excess MSE (EMSE) in terms of the
1) channel estimation error covariance matrix
2) noise SOS estimation error first and second-order statistics.
Then, we consider optimal training and derive simple and informative EMSE bounds in the high

SNR cases. The bounds appear to be good approximations to the EMSE. It turns out that in



case 1) the EMSE is proportional to the minimum MSE (MMSE), while in case 2) the EMSE is
proportional to the squared noise variance, 0. We observe that the error induced by the channel

estimation error is more significant than that induced by the noise SOS estimation error.

A. Notation and useful matrix results

We use 7, * and ¥ for the transpose, componentwise conjugate and conjugate transpose, re-

spectively. E[-] denotes expectation, I denotes the M x M identity matrix, Re{-} extracts the
real part of a complex number, tr(-) and || - ||r denote, respectively, the trace and the Frobenius
norm of the matrix argument. A ® B denotes the Kronecker product of A and B and vec(-) is the
vectorization operator.

Next, we present some useful matrix results used in this work. If A € CM>*¥ and o € C then
(1]

(AT A4 aIn)PAT = AH(AAT 4 ady) ™t (1)

If AA is a perturbation to matrix A, then a first-order approximation to the inverse of A + AA is
given by [4, p. 131]

(A+AA) T =Aa"1_A7tAAA7L 2)

For matrices with compatible dimensions [3, ch. 2, 4 and 9]

tr(ABCD) = vec” (D) (CT ® A) vec(B) 3)
vec(ABC) = (CT ® A) vec(B) 4)
AB®CD = (A®C)(B® D) (5

vec(AT) = K,pvec(A) (6)

Kpm(A® B)Kng = (B® A),  A(m xn), B(pxq) (7



tr(A® B) = tr(A)tr(B) (8)

where K, is the mn X mn commutation matrix [3, p. 9].

The trace of a m x m matrix A is defined as

m
tI'(A) = Z Au
i=1
If the eigenvalues of A are, )\;, ¢ = 1,...,m, then it can be shown that
m
tr(A) = A )
i=1

Some useful results, concerning the derivatives of matrix functions are [6]

otr (AX)  r
—ox A (10)
otr (AXH) —0 1
—ax - (1)
Otr XAOXHAl %
( X ) = AT x* AT (12)
OAX*
oxe — A4 (13)

We also remind that for a function g of a complex-valued matrix X [7]

V%(9) £ Vx- [Vx(g)].

The structure of this report is as follows. In Section II, we present the derivation of the TxWEF,
assuming that the channel and the noise SOS are known at the transmitter [2]. In Section III,
we develop second-order approximations to the excess MSE, assuming either channel or noise
SOS estimation errors. We continue with Section IV, where we support our theoretical results with

simulations.



Fig. 1. System model

II. TRANSMIT WIENER FILTER

We consider the pre-equalized, baseband-equivalent, discrete-time MIMO system, with n; trans-
mit antennas and n, receiver antennas (with n, < ny), depicted in Fig. 1 and described by the

expression

§=HPs+n (14)

where s is the n, x 1 input signal, P is the n; X n, pre-coding matrix, H is the n, X n; channel
matrix and n is the n, x 1 additive channel noise. This model is particularly appealing in the
broadcast scenario, when the users cannot cooperate in order to combat inter-symbol and/or inter-
stream interference; thus, the need for pre-equalization is imperative. In this case, the i-th element
of vector s is the symbol intended for the i-th receiver. Vectors s and n are complex-valued, circular,
zero-mean, independent with covariance matrices Rs and R, respectively. Further, the noise n is
assumed to be Gaussian.

Our aim is to find the transmit filter that minimizes the MSE, E [||s — §||3], under the transmit
power constraint

E [||Ps|3] = Eu- (15)

It can be shown that in order to fulfill this power constraint, we should allow the transmit filter
to generate a receive signal with possibly different amplitude from the original desired signal [1].

Therefore, we replace the estimate § by the weighted version 3718 (3 € RY), and the MSE function



is defined as [1]

mse(P, ) £ E [[|s — 87's]3] . (16)
We can write function mse(-) analytically as

mse(P, §) = tr(Rs) — 6~ tr(HPR,) — (R, PEHY) + 3 2e(HPR,PTHY) + 57%tr(R,,).

a7
Using (15) and (16), the optimization problem becomes [1]
(Py, 3,) = argn}%yiél mse(P, ) st E[||Ps|3] = Ei. (18)
In order to solve this problem, we construct the Langrangian function
L(P,3,\) = mse(P, 3) — \ (tt(PRsP") — Ey,) (19)

with A € R, and set its derivatives with respect to P, 3 and A equal to zero. By setting the derivative

of L with respect to P equal to zero, and using (17) and (10)-(12), we obtain

L
gfp = B 'H"R] + 37 ?H"H*P*R] — A\P*R]
(20)
= (-8 'HT + 32H'H*P* - \P*)R! = 0.

Since RT is invertible, solving (20) with respect to P, we get
P=p3H"H - \3?1,,)'H. (1)

From the constraint (15), using (21), we obtain

By =t (8 (HH ~ A8L,,) " HYR,H (HTH - \8L,,) "' 8)
(22)

= (% (H"H — \3*1,,,) *H"R,H) .

The weight 3 is

Etr

) (23)
tr ((HHH —A\R2I,,) 2 HHRSH)

6=




Unfortunately it is not possible to solve for (5 in (23). Thus, we shall proceed in a indirect way. If

we put « = —A\32, (o € R), in (23) we obtain

Etr
tr ((HHH +al,)? HHRSH>

6=

Thus, 8 and P are functions of «

Etr

ﬁ =
@) tr ((HH H+al,) 2 HH RSH)

and

P(a) = B(a)(HYH + arI,,) 'HY.

Thus, the constrained optimization of (18) can be reduced to the following unconstrained optimiza-

tion with respect to «, since the constraint is fulfilled with the choice of 3 [1]
a, = argmin ¢ («) (24)
0%

where

(@) £ mse (P (), (a)) = t(R,) — 2ur (H(H" H + al,,) ' H"R,)

+u(HH"H + al,) 'HYR,H(H"H + oI,,) ' HY) (25)

+u((H"H + oI,,) *H" R,H) tr(ER") :

tr

Using (1), we rewrite the term of the second line of (25) as

w(H(H"H + al,,) " HYRH(H"H + aI,,) " H')

=tw((H"H + al,,,) *HYHH" R, H). (26)

Using the expression of (26), function &(-) from (25) becomes
e(a) = t(Ry) — 2u((H"H + al,,,) "H" R,H)

+u((H"H + al,,) *H"HH"R,H) (27)

tr(Ry,)
Etr .

+t((HYH + al,,)*H" R,H)



At this point, we can find the optimal « by setting the derivative of ¢(«), with respect to «, equal

to zero

9= ()

= 2u((HY H + oI,,,) *H" R H)
«

—2u((H"H + oI,,) *HYHH" R,H) (28)

tr(R,,)
Etr

Because of the linearity of the trace, the above equation can be written as

= 0.

—2u((H"H + oI,,) *H" R H)

tr <(HH H+al,)™ (m’m — trgz") Int> HH RSH> =0 (29)
tr

which is equivalent to

tr(R,,) -3
<a -5 ) w((HH + al,,) " HYRH) = 0.

Using the fact that tr ((HHH + od'm)_3 HHRSH> > 0, we obtain

tr(Ry,)
N Etr )

(30)

Term «, has been used in [2, eq. 5] as a measure of inverse SNR. Thus, as high SNR cases we
consider the cases that lead to o, < 1.

Thus, using (21), (23) and (30), the closed form solution of the optimization problem (18) is

r Etr
P,=p3,P, and = —=—
o /30 o 60 tr(PORsPOH)
5 H loH
with B, = (H H+ aolm) HY 31)
In the sequel we assume that the covariance matrix of s is
R,=1,,. (32)

Using that P, = ﬁoﬁ’o, we express the minimum MSE (MMSE) as

MMSE £ mse(P,, 3,) = te(I,,,) — 2te(P,H) + tr(HP,PYH") 4 o, tr(P,P?).  (33)
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III. COMPUTATION OF THE EXCESS MSE

We continue with the computation of the excess MSE assuming channel and noise SOS estimation
errors. We start by giving a general expression for the excess MSE. We denote with ]S the estimate
for the scaled pre-coding matrix P,, for the cases where we have estimated either the channel or
the noise SOS. We will consider separately each case in detail further on.

We return to (16) and use the pre-coding matrix estimate P = B]é’ as if it were the true pre-coding

matrix. Then, the MSE achieved by ﬁ is

A A

tr(PPH)

MSE(P) 2 mse(P, 3) = tr(I,,) — 2Re (u(ﬁH))Hr(HﬁﬁHHHH -

tr(R,). (34)
Expanding function MSE(-) around P,, we obtain the second-order expansion
MSE(P) = MSE(P, + AP) = MSE(£,) + tr(AP!MSE" (B,) AP) (35)

where MSE" (P, ( ») is the second derivative of the MSE evaluated at the point P,and AP £ P P,.

Using (12) and (13) we obtain
MSE"(P,) = HY H + a,1,,. (36)

A general expression for the excess MSE (EMSE) can be obtained by taking expectation in (35)
with respect to estimation errors
EMSE(P) 2 E [ — MSE(P )}
- [ (APH MSE" (P, )AP)} 37)
g (AP (HTH + 0oL, )AP)] .
From (37), we can derive the EMSE for the above mentioned cases, by expressing the term AP

in the appropriate form.
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A. Channel estimation errors

Starting with the channel estimation errors, we express the estimate of the filtering matrix H as
H2H+ AH (38)

where A H denotes the channel estimation error. A H is assumed to be zero-mean, complex-valued,
circular, with

Riec(am) £ E [VeC(AH)VecH(AH)] =Y.
If we use H as if it were the true channel matrix in (31), we compute the scaled pre-coding matrix
2 ~ N —1 .

We continue by applying (2) to (39), taking into consideration (38) and ignoring products of error

terms

P= (ﬁHﬁ[ n aofm) o

((HH +AHT)(H + AH) + aoIm) Y & AEM)

-1
( HYH + apl,, + HYAH + AHHH) (HY + AHH) (40)
A Ka

—~
~

= [(HYH + aol,,) ™ — (HYH + aol,,) ' KaA(HY H + a1,,) ] (H? + AHY)
=P, — (HYH + o,I,,,) Y (KaP, — AHM).

Thus, a first-order approximation to term AP is

AP =—(H"H + a,I,) Y (KaP, — AHM). (41)
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Having expressed AP as a function of the channel estimation error AH we return to (37) and
write for the EMSE, using (3)
EMSE(P) = E [t (APT(HTH + a,1,)AP))|

"

=E [tr((HHH + aOInt)_l(KAPO B AHH) In (KAPO N AHH)HH

—

3) E [tr(vecH (KAPO — AHH) (Inr ® (HHH + aOInt)_l)vec(KAfN’O - AHH)>]

—tr ((Inr © (H'H + apl,,) ) E [vec(KAﬁo — AH")vec! (KaP, — AHH)D .
(42)
Before taking the expectation in (42), we express term 7; = vec (K. AP, — AH' ), using (4) and
the definition of Ka from (40), as
71 £ vec (KA]E’O — AHH> = vec (HHAHPO> + vec (AHHHPO> — vec(AHH)

— vec(HTAHB,) + vec (ImAHH (HPO ~ Im>) (43)

—

Y (BT @ B yvee(AH) + (PTHT - I, ) ® I, )vec(AH™).

Using (6) and noting that the expectation of the cross terms of the product 737, vanishes, due to

the circular symmetry of vec(AH), we can go back to (42) and write for the EMSE

EMSE(P) = tr(([m ® (H"H + a,1,,) ") B [LT] )

= tt((I, & (H"H + L, ) ™) (P © H"Rueoamn) (P © H))

+ tr(([nr ® (H'H + oo, ) ) (PTHT - 1,,) Int)Kntner/ec(AH)Krjz:nr((H*F)o* —I,)® Im))

=A + Ay
(44)
where
Av 2 (1, @ (HH + agL) ™) (BT © H"Rueiam (P © H))
— (P @ H) (Lo, ® (HH + 0oLy, ) ™) (PT @ H"Ryeciam) ) *3)

—
=

= tl‘((PO*pOT ®H(HHH+ OéaInt)ilHH)Rvec(AH))'
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@i K, (HP} = 1,) 9 1))

and
Ao 2 w((In, @ (HTH + 0, ) ™) (BTHT = 1) @ 1,) Kon, Rie
= tr(Kntnr(<H*P: —In,) @ In,) (In, ® (HTH + 0o, )" (PTHT = I,) @ Im)KntmRiec(AH>)
= (KL, (B} = 1,)(BTHT = 1,,) © (HH + a0T0,) ™) Knin, Riceiam))
: Riec(AH))‘
(46)

tr(((HHH +aol,) " @ (H'P; — I, )(PTHT — 1,,.))

We have expressed the EMSE in terms of Ryec(afr). Expressions (44)-(46) are admittedly compli-

cated and do not provide significant insight. In the sequel, we shall consider the high SNR cases

and derive a simple and informative expression for the EMSE.
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1) Simplifications in the high SNR cases: For sufficiently high SNR, we can derive a simple
approximation for the EMSE. First, we determine the covariance matrix of vec(AH ), assuming
that we have estimated the channel in an optimal way.

Assuming that we have used training-based estimation with optimal training block and the noise
is spatially and temporally white, circularly symmetric complex Gaussian with variance o2 (see
Appendix), the covariance matrix of vec(AH) is given by [5, p.175]

0_2

Rvec(AH) = ﬁlmnr 47)

T

where Ny, is the number of independent columns of the training block we used for estimating H.
We continue by writing terms .4; and As, from (45) and (46) respectively, in a more simple
form. We start with A;, which becomes

2

A =2 tr(P;‘PZ ® H(HTH + aOIm)—IHH). (48)

tr

At this point we will examine term H(HHH + ozolnt)_lHH. It can be shown that ([4, p. 138])

, H -1 .7\ _ )‘Z(HHH)
A (H(H H+aol,) ' H )_Ai(HHHH%gl (49)

where \;(-) denotes the i-th eigenvalue of the matrix argument. Thus, for the trace of this term we

can write that

i HYH a,<K1
UITH) (st oy (50)

H S ) (49)
t(H (HIH +aok) 7 HT) = ;Ai(HHHHaO

In the high SNR cases (o, < 1), matrix H(H® H + a,I,,)"*H* is very close to the identity

matrix [,, . We return to term A, and using (8) and (50) we get

2 ~ ~
7 (P;POT ® H(HTH + ayl,, )*1HH)

tr

A =

(8)7(50) 02 =k 5T

tr

2
nyo N*NT)
% (prPTY
N, r(o 0
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We continue with term 45, and using (47) we obtain

§ ~ ~
Ao = %tr((HHH + ozoInt)—l ® (H*P; _ Im)(PoTHT . In)) (52)
tr

At this point, we will examine term <(H *p*— I, ) (PTHT — I, )) Using the expression of P,

r r

from (31) it can be shown that the eigenvalues of this term are

o?

e . 53
O (HIH) + o) oY

N (B = 1, )(PFHT ~ 1,,)) =

r

For the high SNR case we study (o, < 1)

a2

° ~ 0. 54
(A (HEH) + a,)? )

N ((H Py = L) (PTHT = 1)) =

Thus, for the trace of this term we have that

~ ~ 4
w (P} — 1) (BTHT ~ 1,,)) 2. (55)

Then, using (8), term Ay becomes

2

(" H +ooh,) Y (BB - 1) (BTET - 1,) 0. 66

A2 - Ntr

Thus, we conclude that term A5 is negligible compared with A; (this claim is confirmed in the

simulations section). We return to the EMSE expression and using (51) we get

2 2 o 2
EMSE(P) ~ A, ~ =7 ¢ (P;POT) LTS (57)
Ntr Ntr

We can simplify (57) further, if we examine term tr(P*P!) which is equal to tr(P,P). Using

(33) and (50), we obtain that for the high SNR cases
MMSE = tr(1,,) — 2tr(P,H) + tr(P,PF H? H) + a, tr(P,PF)
= t(I,,) — 2ur ((HH H+ a,ly,) ' HY H>
+ur ((HH H+apl,)  HYH (HPH + a,1,,) " HY H) +a, tr(P,PHy  (58)
(e 1) .

tr(I, ) — 2tr(1,, ) + tr(I, ) + a, tr( P, P

— autr (popH) .

[
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Thus, from (58) we get

tr (POPOH ) ~ L MMSE . (59)

(679

We return to the EMSE expression (57), which becomes

2 21
EMSE(P) ~ =7~ MMSE
tr Qo
o Etr

B Ntr

MMSE.

Thus, in the high SNR cases we have that

Etr

tr

EMSE(P) ~

MMSE. (60)

As we see from (60), we derived a simple and informative bound for the EMSE. In extensive
simulation studies we have observed that this is a very good approximation to the true EMSE. We
observe that the EMSE is proportional to the MMSE, which decreases for increasing SNR. The
proportionality factor is the ratio of transmit power E;. and the dimension of the training block
Ny

Expression (60) can be used as a criterion for the choice of the length of the training block Ny,

and/or the total transmit power FEj,.



B. Noise estimation errors
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In this section, we assume that the channel is perfectly known at the transmitter and we estimate

the SOS of the received noise. The estimate of the noise covariance matrix is expressed as

R, 2 R, + AR,.

The scaled pre-coding matrix becomes

1
tr(R,, + ARn)Int> I

P=(H"H+
Etr

Next, we apply (2) to (62) in order to compute AP

2 tr(A -1
P:(HHH+OéoInt+MIm> HY
—_— E
A
AA
- tr(AR -1
_ p,_ WAR) (HHH + aOIm) B,

Etr

Thus, a first-order approximation to AP is

5 tr(ARn) H -1

(61)

(62)

(63)

(64)

Having expressed AP as a function of the noise covariance matrix estimation error AR,,, we return

to (37) and we write for the EMSE using (64)

EMSE(P) = E [tr(APH (HHH + aOInt)Alf’)}

(64) E [tr?(ARy)]
-

tr(POPOH (HPH + aolm)—l)

EMSE(P) = L)) [trzE(fR”)]

tr<]50 PH(FH T 4 aolnt)*l).

(65)

We have expressed the EMSE as a function of E [tr?(AR,)]. In the sequel, we consider the high

SNR cases and derive a simple and informative expression for the EMSE.
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1) Simplifications in the high SNR cases: In the high SNR cases, we can simplify expression
(65) and give a simple approximation to the EMSE.

We start by making specific assumptions for the noise SOS estimate. Considering that we have
estimated the channel, we can estimate the noise covariance matrix, using the channel estimate.
More specifically, we prove in the Appendix that for the spatially and temporally white Gaussian
noise case we consider, the unbiased estimator of the noise variance given by [5, p. 174], has

variance
4

2 29\?| _ g
E[(a _U”_nr(Ntr—nt)' (66)

Using the assumptions we made for the noise, we return to (65) and using (66) we obtain

E [tr’(AR,)]
Ej,

n.E [<a2 — 572>2]
_ = tr (popf(HHH + aoInt)’1>
04 tr

= w(P,PYH"H T _1).
Ef (Ny — ny) r( oFo'l + aoln,)

EMSE(P) = tr (POPE(HHH - aoInt)71>

(67)

Next, we examine term tr (POZSOH(HHH + aOInt)*1>. Using (31), we obtain

tr (ﬁoﬁgf (H7H + aozm)fl) — (H (HYH + a,I,,,) " HH) . (68)

It can be shown that the eigenvalues of the matrix inside the trace are ([4, p. 138])

N (HYH)
O\ (HEH) + a,)®

Ai (H (HYH + aply,) " HH) _

and for the high SNR case (o, < 1)

' H =3 H\ 1 (*_) 1
)\1<H(H H+aol,,) "H )NAZZ(HHH) M\ (HHH)

where at point (¥) we used that if A1, ..., \, are the eigenvalues of HH ', then \y,..., A, ,0,...,0
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are the eigenvalues of H HIT. Thus, for the trace of (68) we get

(PP (HPH + k) ) = 0 (H (H7H 4 a0,,) ™ H)
Uz

1
“Z 2 H
2252 (HHY)

=S x((E™)?) (69)

= Il (EH") "

Thus, combining expressions (67) and (69), we obtain

4

g —1
- ||(HH"Y 2. (70)

EMSE(P) ~

This approximation states that the EMSE is proportional to the squared noise variance, 0%, which
decreases “fast” enough for increasing SNR. The proportionality factor is determined by the transmit
power, Ej,., the length of the training block used for channel estimation, Ny, and the number of
the transmit antennas, n;. The Frobenius norm || (HH* )71 ||2 is also a constant which depends
on the specific realization of the channel matrix. In the simulations section we will see that this

bound is a good approximation to the EMSE, especially at high SNR.
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Table 1

Elements of channel matrix H

-0.0648+0.0388*) | -0.0547+0.2974%*j | 0.2588-0.0954%]

0.4186+0.2072%j | -0.5157-0.3955%j | 0.3897-0.1856%j

IV. SIMULATIONS

In this section, we present simulations which support our theoretical results. We consider a
broadcast system with n, = 3 transmit antennas and n, = 2 non-cooperative receivers.

The filtering matrix H is a realization of a 2 X 3 random matrix, with elements i.i.d. complex,
circular, zero-mean Gaussian random variables, normalized so that ||H||% = 1. Its elements are
given in Table I.

The noise is spatially and temporally white, circularly symmetric complex Gaussian. We assume
that the noise variance is o2, the same for all receivers.

We set the transmit power E;. = n;. We assume that the training block is composed of Ny, = 20
columns.

Simulation 1. Channel estimation errors.

In Fig. 2, we plot the theoretical second-order approximation (44), the corresponding experi-
mentally computed EMSE and the bound (60). We observe that the experimental and theoretical
EMSE values practically coincide for SNR higher than 5dB, while expression (60) is a good
approximation to the EMSE, especially at high SNR. Analogous results have been observed in
extensive simulations.

In Fig. 3, we plot terms A; and Ay of the theoretical EMSE of (44). We observe that, for
SNR higher than 15 dB, the contribution of term A, to the EMSE is negligible compared to the

contribution of term .4;. Thus, our claim that the EMSE is approximately equal to term .4; for
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Fig. 2. Theoretical EMSE (second-order approximation), experimentally computed EMSE and bound (60) for the case

of channel estimation errors.

the high SNR cases (57), is confirmed.
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Fig. 3. Terms A; and Az of the second-order approximation EMSE (44) for the case of channel estimation errors.

Simulation 2. Noise estimation errors.

In Fig. 4, we present the theoretical second-order approximation (67), the corresponding exper-
imentally computed EMSE and the bound (70). We observe that the first two quantities coincide.
Regarding the bound, we observe that it is a very good approximation to the EMSE for SNR higher
than 15 dB.

Comparing the EMSEs for the two cases we study (see Fig. 2 and Fig. 4), we observe that the
error induced by the channel estimate is much more significant than that induced by the noise SOS

estimate.
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Fig. 4. Theoretical EMSE (second-order approximation), experimentally computed EMSE and bound (70) for the case

of noise SOS estimation errors.

V. CONCLUSION

In this work, we considered the behavior of the transmit Wiener filter (TXWF), under channel
and noise SOS uncertainties. Using matrix perturbation theory, we developed second-order approx-
imations to the EMSE in terms of channel and noise SOS estimation errors. We derived simple
EMSE bounds in the high SNR cases. In particular, for the case of channel estimation errors we
concluded that the EMSE is proportional to the MMSE, with the proportionality factor determined
by the transmit power Fy. and the length of the training block V.. For the case of noise SOS
estimation errors, we showed that the EMSE is proportional to the squared noise variance, o*. A
comparison of the EMSEs for the two cases we study, shows that the error induced by the channel

estimate is much more significant than that induced by the noise SOS estimate.
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APPENDIX
CHANNEL AND NOISE VARIANCE ML ESTIMATES

The ML estimate of the channel gain matrix H and the noise variance estimate can be derived
from training-based estimation [5]. Using the training block X; of dimension n; x N, the received

block of dimension n, x Ny is given by [5]
Y,=HX,+ E;

where F is the corresponding n, X N, noise matrix. The additive noise is assumed to be spatially
and temporally white Gaussian.

A. ML estimate of the channel matrix

The ML estimate of the channel H based on the received training block Y; is given by [5, p.
174]

H=vx" (x,;x")™".

This estimate is unbiased and the covariance matrix of vec(AH) is given by [5, p. 175]
5 2 B [vec(AH)vec! (AH)] = o ( (xx/) @ Im) .
As shown in [5, p. 176], the optimal training block X; should satisfy
X, XM 1,

B. ML noise variance estimate

Having estimated the channel matrix H, the ML noise variance estimate is [5, p. 174]

1
5% = tr (VP
trTlr ¢
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where P+

Xp is the orthogonal projector onto the orthogonal complement of the column space of

X[ 1t can be shown that this estimate is biased. More specifically,
tr (YtP)L(tHytH> = tr ((HXt + B) Phu (XFTHT + Eﬁ))
— tr (Ef EiP )
giving that

Etr (YtPj‘(tHY;H> = (N — ) nyo>.

Thus, an unbiased estimate of o2 is given by

R 1 1

22 1L H 1 H
= —t (YP nY, )th (YP Y, )

o nr(Ntr _nt) r{l Xt c r{rte Xt

where

c=n, (N —ny) .

We continue with the computation of the variance of the unbiased noise variance estimator

2

R o2 1
varg? = E [‘02 - &2‘ } =E||l0? - —tr (PJ)ZHE#Et>
C t

1
w (PLaEE)|| | + 5 E [
t C

2
tr (P Bl Et)) }

=co?

1 2
=—0'+ 5 E Utr (P)L(HEf’Et)( ] :
C t

B

In order to compute term B, we examine tr (P)i(HEtH Et>
t

tr (PAp Bl Ey) = tr (P Bf 1, B
® vecl (EtT) (Inr ® P)L(H> vec(E[)
~—— t ) N——

A =e*
=eT

—eT (Inr ® P)l({,) e*.
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Thus,
[ 2
B=E ||t (P)L(tHEtHEt)’ ] —E |or (Pxs B/ B 0 (Prs BB
=E _eT (Inr ® P)L(tH> e el (Inr ® P)L(tH> e*}
[ 1L T T 1 T
—E |tr <(In ® PXtH> ote (Inr ®PX{,> e*e )]

(3) E [veCT (eeH) <In,. - P)L(tz;)T 2 (Im ® P)lQH) vec (e*eT):|

=E [tr <<In ® Pfff)T ® (Inr ® Pf{f) vec (e*eT) vecl (eeH)>}
= tr ((Inr ® Pé‘(F)T ® (In,‘ ® Pé‘cf;) E [vec (e*e’) vec” (eeH)]> .
* o H

Terms vec (e*e’) and vec” (ee”) can be computed analytically, by writing down the exact form

of each vector. Thus, having computed these terms, we take expectation, using [8, p. 508]
E (zjzjrim) = E (ziz;) E (zpar) + E (z72) E (2;27) -
Applying this property to the last term of 13, we obtain
E [vec (e*e'’) vec! (ee!)] = oI, n,. + o*vec (I, n,,) vec (I, w,,) .

Thus, term B becomes

T
B=tr((1n 0 Ps) " @ (1 8 P5) (o, + 0" vee v, vee” (1))
4 1 T 1
— ot ((In @Pks) @ (I, @ PXtH)>

T
+ otr (veCH (In,N,,) ((Im ® Pé‘(f) ® (Im ® P)L(tH)> vec (Im‘N”)>

3),(8
3L o'n? (Niy —n)? + ottr ((I"T @ P>Lff’) (I"T © P)L(tH))

= 04712 (Ntr — nt)2 -+ 04tr (Inr &® P)L(tH)

= 0204 + 004.

Now, we return to vara2, which becomes

A 1 1
Vara2 = —04 + = (0204 + ca4) = — 04.
c? c



Thus, for the unbiased case of the noise variance estimate, the variance is given by

~ o\ 2 0'4
~2 2 ~2
vard” = E (a —a)]—.
|: nr(Ntr _nt)
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