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Euqarist�eTi jermè kai eilikrine� euqarist�e mou epijum¸ na ekfr�sw ston epiblèponta thdidaktorik  diatrib  mou Kajhght  k. Iw�nnh Sarid�kh gia thn empistosÔnh pou mouèdeixe kai ton aperiìristo qrìno pou afièrwse kat� th di�rkeia ekpìnhsh th. H polÔtimhkajod ghsh, oi eÔstoqe kai endiafèrouse parathr sei tou, oi ousiastike sumboulè kaiparemb�sei sunèbalan ousiastik� sthn ekpìnhsh kai olokl rwsh th paroÔsa diatrib .Idia�tere euqarist�e ofe�lw ep�sh sta upìloipa mèlh th trimeloÔ sumbouleutik epitrop  Kajhg tria kur�a PapadopoÔlou Elènh kai Anaplhrwt  Kajhght  k. Kandul�khDhm trio gia thn �mesh sunergas�a ma, ti qr sime sumboulè tou kai th summetoq  tousthn ekpìnhsh aut  th ereunhtik  melèth.Ja  jela ep�sh na euqarist sw tou Ep�kourou Kajhghtè k. Del  An�rguro, k.Petr�kh M�nwa, k. Majioud�kh Emmanou l kai k. Manous�kh Ant¸nio, gia thn tim  poumou èkanan na summet�sqoun sthn exetastik  epitrop  th didaktorik  mou diatrib .Euqarist¸ ep�sh ìla ta mèlh tou Ergasthr�ou Efarmosmènwn Majhmatik¸n kai H/Ugia to filikì perib�llon kai kai thn �risth sunergas�a tou. Jerm� euqarist¸ ton su-n�delfo kai f�lo Dr. Anast�sh Shfal�kh gia thn polÔtimh bo jeia tou kai upost rixhtou.Tèlo, ja  jela na ekfr�sw ti euqarist�e mou stou gone� mou, to sÔzugo mou Hl�aMazokop�kh kai thn kìrh mou Karènia, gia thn upomon , thn katanìhsh kai th suneq sumpar�stash pou mou prìsferan ìla aut� ta qrìnia kai na tou afier¸sw thn ergas�amou aut .
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Per�lhyhH paroÔsa diatrib  ereun� ti idiìthte kai th sumperifor� th mejìdou Collocation twnpeperasmènwn stoiqe�wn ìtan qrhsimopoie�tai gia th diakritopo�hsh kai ep�lush problhm�-twn efarmog¸n apì ti perioqè th Mhqanik  kai th Iatrik . H Collocation mèjodouposthr�zetai apì kubik� stoiqe�a Hermite gia thn ep�teuxh prosegg�sewn uyhl  akr�beia.To basikì majhmatikì montèlo gia th perigraf  twn problhm�twn Mhqanik  qarakth-r�zetai apì thn Ôparxh periodik¸n sunoriak¸n sunjhk¸n (bl. k�nhsh planht¸n, di�doshkum�twn, stajerìthta elastik¸n susthm�twn). Gia ta probl mata aut� anaptÔssetai hkubik  Hermite Collocation kai melet¸ntai oi sunj ke pou diasfal�zoun th bèltisth sÔg-klish epanalhptik¸n mejìdwn ep�lush tou ant�stoiqou algebrikoÔ sust mato mèsw thjewr�a twn p-cyclic pin�kwn. Par�llhla fasmatikè posìthte sundèontai me ta arqik�dedomèna tou montèlou gia ton a-priori kajorismì bèltistwn diamer�sewn tou Collocationp�naka.Ta gloi¸mata apoteloÔn tou sobarìterou kai pio suqnoÔ karkinikoÔ ìgkou touegkef�lou kai oi asjene� èqoun sun jw qamhlì prosdìkoimo epib�wsh. To pio suqnìprìblhma sth di�gnwsh kai jerapèia twn asjen¸n me glo�wma e�nai h taqÔtath di jhsh twnkarkinik¸n kutt�rwn se geitonikì fusiologikì istì. Majhmatik� montèla, pou sthr�zontaise peiramatik� dedomèna apì magnhtikè kai axonikè tomograf�e dhmiourg jhkan gia naposotikopoi soun ti biologikè ènnoie kai na prosomoi�soun thn exèlixh enì karkinikoÔìgkou ston egkèfalo. Basikì qarakthristikì tou majhmatikoÔ montèlou gia thn proso-mo�wsh th di�qush twn gloiwm�twn apotele� h asunèqeia pou emfan�zei o suntelest di�qush sta shme�a diepaf  eterogen¸n perioq¸n (leuk  kai fai� ous�a). Gia ta probl -mata aut� eis�gontai nea asuneq  stoiqe�a Hermite ta opo�a den diatar�ssoun thn t�xhsÔgklish th mejìdou collocation. H sunolik  diakritopo�hsh sumplhr¸netai me sq mata
Backward Euler kai Crank Nicolson.Gia ta probl mata aut� anaptÔssetai par�llhla kai mia kainotìmo analutik  arij-mhtik  mèjodo olokl rwsh h opo�a bas�zetai sthn mèjodo metasqhmatismoÔ Fwk�. Topleonèkthma aut  th mejìdou se sqèsh me ti klassikè arijmhtikè mejìdou e�nai ìtih lÔsh tou probl mato br�sketai apeuje�a mèsw oloklhrwm�twn se opoiad pote shme�o
(x, t) qwr� na apaitoÔntai peraitèrw upologismo� se endi�mesa qronik� st�dia.
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Kef�laio 1
p-cyclic SOR gia probl matasunoriak¸n tim¸n me periodikèsunoriakè sunj ke

Sto pr¸to mèro t  paroÔsa ergas�a melet same to prìblhma sunoriak¸n tim¸n meperiodikè sunoriakè sunj ke:
u′′(x) + F (x)u(x) = g(x) , x ∈ Ix ≡ [a, b] (1.1)

u(a) − z1u(b) = w1, (1.2)
u′(a) − z2u

′(b) = w2. (1.3)Ta sugkekrimèna probl mata e�nai exairetikoÔ endiafèronto kaj¸ kalÔptoun èna meg�-lo f�sma episthmonik¸n efarmog¸n, ìpw thn k�nhsh twn planht¸n [22℄, th met�dosh toukÔmato [8℄, th stajerìthta twn elastik¸n susthm�twn [5℄ kai poll� kbantomhqanik� pro-bl mata [27℄.H efarmog  peperasmènwn stoiqe�wn se autì to e�do twn problhm�twn odhgoÔn semeg�la kai arai� sust mata twn opo�wn o p�naka e�nai p-cyclic morf . H qr sh twn
block epanalhptik¸n mejìdwn gia thn ep�lush tètoiwn grammik¸n susthm�twn, kaj¸ kai hz thsh taqèwn rujm¸n sÔgklish, apaitoÔn th bèltisth diamèrish tou p�naka suntelest¸n.Sthn ergas�a aut  w mèjodo diakritopo�hsh qrhsimopoi same thn mèjodo collocation twnpeperasmènwn stoiqe�wn me sunart sei b�sh ta polu¸numa Hermite kai gia thn ep�lushtou sust mato thn SOR mèjodo. H ep�log  th bèltisth diamèrish tou Collocationp�naka pou prokÔptei, odhge� se bèltistou rujmoÔ sÔgklish th SOR mejìdou.1



1.1 Basikè ènnoieSthn enìthta aut  ja parousi�soume mia seir� apì basikè ènnoie th Grammik  'Al-gebra pou ja qrhsimopoihjoÔn argìtera.1.1.1 Basikè epanalhptikè mèjodoiO basikì skopì th enìthta aut  e�nai h arijmhtik  ep�lush enì sust mato
Ax = b (1.4)ìpou A ∈ Rn,n, b ∈ Rn kai det(A) 6= 0 me det(A) na sumbol�zei thn or�zousa tou p�nakaA me ti legìmene epanalhptikè mejìdou. To kÔrio qarakthristikì twn epanalhptik¸nmejìdwn e�nai ìti xekinoÔn apì mia arqik  prosèggish x(0) th lÔsh x (sun jw tuqa�a) kaipar�goun me th bo jeia enì epanalhptikoÔ algor�jmou mia akolouj�a diadoqik¸n proseg-g�sewn x(m), m = 1, 2, 3 . . . , h opo�a upì orismène pro�pojèsei sugkl�nei sth lÔsh tousust mato x.Gia thn paragwg  epanalhptik¸n mejìdwn jewroÔme mia di�spash tou p�naka A:

A = M −N (1.5)me periorismoÔ:a) O p�naka M na e�nai antistrèyimo, kaib)To grammikì sÔsthma me p�naka suntelest¸n twn agn¸stwn M na lÔnetai me polÔligìtere pr�xei apì èna �llo p�naka suntelest¸n agn¸stwn A.Me th qr sh th sqèsh (1.5), h sqèsh (1.4) gr�fetai:
Mx = Nx+ b (1.6) 
x = Tx+ c (1.7)ìpou T := M−1N kai c := M−1b.H sqèsh (1.7) amèsw ma eis�gei ston epanalhptikì kanìna:

x(k+1) = Tx(k) + c, k = 0, 1, 2, . . . (1.8)me x(0) ∈ Rn tuqa�o di�nusma.O p�naka T onom�zetai epanalhptikì p�naka tou algor�jmou   th epanalhptik mejìdou.O parap�nw algìrijmo par�gei mia akolouj�a dianusm�twn {x(k)}∞k=0 h opo�a k�tw apìsugkekrimène pro�pojèsei sugkl�nei sthn lÔsh x = A−1b tou grammikoÔ sust mato.2



Orismì 1.1.1 (T�xh sÔgklish)'Estw oi p�nake A,B ∈ Cn,n. An gia k�poio jetikì akèraio m kai gia mia fusik  nìrma
‖.‖β e�nai ‖Am‖β < 1 tìte h posìthta

R(Am) := − ln[(‖Am‖β)
1

m ] =
− ln ‖Am‖β

m
, (1.9)kale�tai mèsh taqÔthta sÔgklish gia m epanal yei tou p�naka A. E�n R(Am) < R(Bm)tìte o B e�nai epanalhptik� taqÔtero tou A gia m epanal yei.Gia k → ∞ mpore� na apodeiqje� [66℄ ìti h mèsh asumptwtik  taqÔthta sÔgklish gia mepanal yei R(Am) ikanopoie� thn sqèsh:

R∞(A) := lim
m→∞

R(Am) = − ln ρ(A). (1.10)Dhlad  to pìso gr gora sugkl�nei h (1.8) exart�tai mìno apì to ρ(T ). Na shmeiwje�ìti ìso mikrìterh e�nai h fasmatik  akt�na tou epanalhptikoÔ p�naka T tìso taqÔtera hakolouj�a {x(k)}∞k=0 sugkl�nei sth lÔsh tou sust mato.Je¸rhma 1.1.1Anagka�a kai ikan  sunj kh gia th sÔgklish th akolouj�a twn paragìmenwn apì tonalgìrijmo (1.8) dianusm�twn sth lÔsh x = A−1b tou sust mato Ax = b e�nai :
ρ(T ) < 1 (1.11)ìpou ρ(T ) e�nai h fasmatik  akt�na tou p�naka T me ρ(T ) = max|λi|, i = 1, . . . n (ìpou λioi idiotimè tou p�naka T).Je¸rhma 1.1.2Mia �llh ikan  sunj kh gia th sÔgklish tou algor�jmou e�nai
‖T‖ < 1 (1.12)ìpou ‖.‖ e�nai mia opoiod pote fusik  nìrma.Lìgw th gnwst  sqèsh ρ(T ) ≤ ‖T‖ kai tou parap�nw jewr mato (1.1.1) h apìdeixhe�nai profan .Oi klassikè epanalhptikè mèjodoi shme�ou bas�zontai sthn akìloujh di�spash tou p�nakasuntelest¸n twn agn¸stwn A tou grammikoÔ sust mato Ax = b :

A = D − L− U (1.13)ìpou D e�nai diag¸nio p�naka pou perièqei ta stoiqe�a th diagwn�ou tou p�naka A, Lo k�tw trigwnikì p�naka tou A pou perièqei ta stoiqe�a tou p�naka k�tw apì th diag¸nio3



kai U o �nw trigwnikì p�naka pou perièqei ta stoiqe�a tou p�naka p�nw apì th diag¸nio.H di�spash aut  or�zetai monos manta.Gia par�deigma h di�spash tou p�naka A
A =




a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n... ...
an,1 an,2 . . . an,n




(1.14)ston
D :=




a1,1

a2,2 . . .
an,n



, (1.15)diag¸nio p�naka,

L k�tw trigwnikì p�naka
L := −




0

a2,1 0 0

a3,1 a3,2... ... . . .
an,1 an,2 . . . an,n−1 0



, (1.16)kai U �nw trigwnikì p�naka

U := −




0 a1,2 a1,3 . . . a1,n

0 a2,3 . . . a2,n

0
...

0
. . . an−1,n

0




. (1.17)
Sthn per�ptwsh twn block epanalhptik¸n mejìdwn jewroÔme p�li thn ep�lush tou gram-mikoÔ sust mato Ax = b mìno pou t¸ra or�zoume ton p�naka A se mia n× n block morf .Basik  pro�pìjesh e�nai ìti oi diag¸nioi block (upop�nake) prèpei na e�nai tetragwniko�p�nake. H di�spash toÔ p�naka A e�nai th �dia morf  ìpw sthn sqèsh (1.13) me th ba-sik  diafor� ìti o p�naka D e�nai block diag¸nio p�naka D = diag(A1,1, A2,2, . . . An,n), oip�nake L kai U or�zontai ant�stoiqa austhr� k�tw trigwniko� kai austhr� �nw trigwniko�

block p�nake tou A, ètsi ¸ste h di�spash (1.13) na e�nai monos manta orismènh.4



'Estw loipìn o p�naka A th morf :
A =




A1,1 A1,2 . . . A1,n

A2,1 A2,2 . . . A2,n... ...
An,1 An,2 . . . An,n




(1.18)oi block p�nake D, L kai U th di�spash A = D − L− U or�zontai w ex :
D :=




A1,1

A2,2 . . .
An,n



, (1.19)

L := −




O O O . . . O O

A2,1 O O . . . O O... . . . . . . ...... . . . . . . ...... . . . . . . ...
An,1 An,2 . . . . . . An,n−1 O




, (1.20)
U := −




O A1,2 . . . A1,n

O O O . . . O A2,n... . . . . . . ...... . . . . . . ...... . . . . . . An−1,n

O O O . . . O O




. (1.21)
O basikì periorismì s�ole ti epanalhptikè mejìdou e�nai ìti o p�naka D na e�naiantistrèyimo. E�nai fanerì pw to teleuta�o sumba�nei e�n kai mìno e�n oi block upop�nake

Ai,i, i = 1(1)n e�nai antistrèyimoi. To gegonì ìti o D plhro� kai th deÔterh pro�pìje-sh e�nai fanerì afoÔ èna grammikì sÔsthma me p�naka suntelest¸n agn¸stwn D sthnpragmatikìthta n sust mata me p�nake suntelest¸n Ai,i, i = 1(1)n ant�stoiqa lÔnontaioikonomikìtera apì èna p�naka suntelest¸n agn¸stwn A.Oi epanalhptiko� p�nake twn klassik¸n epanalhptik¸n mejìdwn e�nai w akoloÔjw:
• Sth mèjodo Jacobi èqoume : M = D kai N = L+ U �ra T = D−1(L+ U).5



• sth mèjodo tou Gauss-Seidel èqoume: M = D−L kai N = U tìte T = (D−L)−1U

• en¸ sthn SOR M = 1
ω
(D − ωL) kai N = 1

ω
[(1 − ω)D + ωU ] opìte T = (D −

ωL)−1[(1 − ω)D + ωU ]O epanalhptikì p�naka tou Jacobi sumbol�zetai me J kai o epanalhptikì p�naka th
SOR me Lω. 'Otan ω = 1 h SOR taut�zetai me th mèjodo Gauss-Seidel.Oi epanalhptiko� p�nake grafontai kai w ex  :

• Sth mèjodo Jacobi: J = I −D−1A,
• sth mèjodo Gauss-Seidel: T = I − (D − L)−1A,
• kai sth mèjodo SOR Lω = I − ω(D − ωL)−1AOi epanalhptiko� p�nake twn block epanalhptik¸n mejìdwn e�nai ant�stoiqoi me touprohgoÔmenou mìno pou sthn per�ptwsh aut  e�nai ìloi se block morf .1.1.2 Orismì p-cyclic pin�kwnOrismì 1.1.2'Ena p�naka A ∈ Rn×n onom�zetai weakly cyclic of index p e�n up�rqei èna metajetikìp�naka P tètoio ¸ste o p�naka PAP T na e�nai th morf :

PAP T =




O O O . . . O A1,p

A2,1 O O . . . O O

O A3,2 O . . . O O... . . . . . . ...... . . . . . . ...
O O O . . . Ap,p−1 O




(1.22)
ìpou, O e�nai mhdeniko� p�nake kai oi diag¸nioi mhdeniko� p�nake e�nai tetragwniko�.'Estw èna p�naka A th morf  :

A =




A1,1 O O . . . O A1,p

A2,1 A2,2 O . . . O O... . . . . . . ...... . . . . . . ...... . . . . . . ...
O O O . . . Ap,p−1 Ap,p




(1.23)
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me Ai,i, 1 ≤ i ≤ p tetragwniko� kai antistrèyimoi p�nake tìte o block Jacobi p�naka
Jp := D−1(L+ U) = I −D−1A (ìpou D o diag¸nio p�naka tou A , L o k�tw trigwnikìp�naka tou A kai U o o �nw trigwnikì p�naka tou A) pou par�getai apì ton parap�nwp�naka ja e�nai th morf 

Jp :=




O O O . . . O B1

B2 O O . . . O O

O B3 O . . . O O... . . . . . . ...... . . . . . . ...
O O O . . . Bp O




(1.24)
me B1 := −A−1

1,1A1,p kai Bj := −Aj,jAj,j−1, 2 ≤ j ≤ p.Orismì 1.1.3'Ena p�naka A ∈ Rn×n t  morf  (1.23) onom�zetai p-cyclic e�n o block diag¸nio p�naka
D = diag(A1,1, A2,2, . . . , Ap,p) e�nai antistrèyimo kai o block Jacobi p�naka Jp e�nai weakly

cyclic of index p.Je¸rhma 1.1.3 (Romanovsky) [66℄E�n o A ∈ Rn×n e�nai weakly cyclic of index k (k > 1), tìte isqÔei:
φ(λ) = det(λI − A) = λm

r∏

j=1

(λk − σk
j ) (1.25)ìpou m+ rk = n kai σj e�nai mia mh mhdenik  idiotim  tou A.Orismì 1.1.4'Ena p-cyclic p�naka A ∈ Rn×n t  morf  (1.23) onom�zetai consistently ordered e�nìle oi idiotimè tou p�naka

Jp(a) = aD−1L+ a(p−1)D−1U (1.26)pou par�getai apì ton Jacobi p�naka Jp = D−1(L + U) e�nai anex�rthte tou a gia a 6= 0.'Alliw oi p�nake A kai B e�nai inconsistently ordered.O epanalhptikì p�naka th SOR sumbol�zetai me Lω kai d�netai apì th sqèsh:
Lω = (D − ωL)−1[(1 − ω)D + ωU ] (1.27)ìpou ω kale�tai h par�metro th uperqal�rwsh.7



Je¸rhma 1.1.4 (Kahan) [66℄Gia thn sÔgklish th mejìdou th SOR anagka�a sunj kh e�nai:
|ω − 1| < 1, ω ∈ C =⇒ ω ∈ (0, 2), ω ∈ R (1.28)E�nai gnwstì ìti h mèjodo th SOR sugkl�nei ean kai mìno e�n ρ(Lω) < 1 kai ìsomikrìterh e�nai h fasmatik  akt�na toso pio gr gora sugkl�nei. Gi' autì sth mèjodo th

SOR e�nai shmantikì ìqi mìno na broÔme thn par�metro w gia thn opo�a sugkl�nei h mèjodo�lla ep�sh na breje� kai h bèltisth par�metro ωp pou elaqistopoie� thn ρ(Lω). Dhlad 
ρ(Lωp) ≤ ρ(Lω) ∀ω ∈ (0, 2). Parìlo pou gnwr�zoume el�qista stoiqe�a gia th bèltisthpar�metro ωp gia auja�retou p�nake, gnwr�zoume poll� perissìtera gia tou p − cyclicp�nake.Se aut  thn kateÔjunsh e�n o p�naka A e�nai èna consistently ordered p-cyclic p�nakatìte up�rqei mia basik  sqèsh metaxÔ twn idiotim¸n tou block Jacobi p�naka me ti idiotimètou epanalhptikoÔ p�naka th SOR.Je¸rhma 1.1.5 [66℄'Estw p�naka A th morf  (1.18) na e�nai consistently ordered p-cyclic me antistrèyimoutou diag¸niou p�nake Ai,i me 1 ≤ i ≤ N . E�n ω 6= 0, l mia mh mhdenik  idiotim  toup�naka Lω kai m ikanopoie� th sqèsh

(λ+ ω − 1)p = λp−1ωpµp (1.29)tìte m e�nai mia idiotim  tou block Jacobi p�naka. IsqÔei kai to ant�strofo, dhlad  anm e�nai h idiotim  tou p�naka tou Jacobi kai l ikanopoie� th parap�nw sqèsh tìte l e�nai hidiotim  tou p�naka th SOR Lω [66℄.Jewr¸nta peraitèrw ìti ìle oi idiotimè tou p�naka Jp
p ikanopoioÔn th sqèsh:

0 ≤ µp ≤ ρ(Jp
p ) < 1 (1.30)o Varga [66℄ apèdeixe ìti h bèltisth par�metro ωp , e�nai h monadik  jetik  lÔsh thex�swsh

[ρ(Jp)ω]p = pp(p− 1)1−p(ω − 1) (1.31)sto di�sthma (1, p
p−1

).Sto bèltisto ωp antistoiqe� h fasmatik  akt�na:
ρ(Lωp) = (p− 1)(ωp − 1) (1.32)Sthn per�ptwsh ìpou to p = 2 h monadik  r�za ω2 th ex�swsh (1.31) mpore� na ekfraste�ant�stoiqa w : 8



ω2 =
2

1 +
√

1 − ρ2(J2)
= 1 + (

ρ(Jp)

1 +
√

1 − ρ2(J2)
)2 (1.33)Ant�stoiqa h sqèsh pou sundèei ti idiotimè tou block Jacobi p�naka me ti idiotimètou epanalhptikoÔ p�naka th SOR gia 2-cyclic consistently ordered p�nake d�netai apì toparak�tw je¸rhma ([71℄):Je¸rhma 1.1.6 [66℄'Estw ìti o p�naka A e�nai 2-cyclic consistently ordered p�naka. E�n µ ∈ σ(J) kai likanopoie� thn sqèsh

(λ+ ω − 1)2 = ω2µ2λ (1.34)tìte λ ∈ σ(Lω). Ant�strofa , an λ ∈ σ(Lω)\{0} kai m ikanopoie� thn parap�nw sqèshtìte µ ∈ σ(J).An�loga apotelèsmata èqoun paraqje� [17, 43, 69℄ gia thn per�ptwsh ìpou oi idiotimètou p�naka Jp
p e�nai arnhtikè, dhlad :

−(
p

p− 2
)p < −ρ(Jp

p ) ≤ µp ≤ 0 (1.35)1.2 Orismì probl matoTa teleuta�a qrìnia èqoun paraqje� polÔ endiafèronta apotelèsmata sthn jewr�a thdiamèrish twn p-cyclic pin�kwn sti epanalhptikè mejìdou. Pr¸toi pou melèthsan toprìblhma t  diamèrish enì 3-cyclic consistently ordered matrix se 2-cyclic gia na pètu-qoun bèltisth SOR  tan o Markhan, Neumann, Plemmons [37℄. Oi parap�nw apèdeixan ìtih 2-cyclic SOR mèjodo sugkl�nei gia arket� mikr  tim  th paramètrou th SOR, se ant�-jesh me thn 3-cyclic morf , kai ìti h 2-cyclic prosèggish e�nai asumptwtik� grhgorìterh.Argìtera oi Galanis et al. [17℄ sta parap�nw apotelèsmata k�luyan kai thn per�ptwsh toumh arnhtikoÔ kai mh jetikoÔ f�smato σ(Jp
p ) gia opoiad pote p−cyclic diamèrish. 'Epeita oi

Pierce et al.[48℄ èkanan mia entupwsiak  epèktash tou parap�nw apotelèsmato. O pin�kaA th morf  (1.23) mpore� na diameriste� me polloÔ kai diaforetikoÔ trìpou se èna
q-cyclic p�naka me 2 ≤ q < p. Gia par�deigma èna 4 − cyclic p�naka :

A =




A1,1 O O A1,4

A2,1 A2,2 O O

O A3,2 A3,3 O

O O A4,3 A4,4


 (1.36)mpore� na diameriste� e�te sthn morf  9



A =




A1,1 O O A1,4

A2,1 A2,2 O O

O A3,2 A3,3 O

O O A4,3 A4,4




(1.37)e�te sthn morf 
A =




A1,1 O O A1,4

A2,1 A2,2 O O

O A3,2 A3,3 O

O O A4,3 A4,4




(1.38)ìpou h pr¸th per�ptwsh antistoiqe� s' èna 2− cyclic p�naka en¸ h deÔterh odhge� s' èna
3− cyclic p�naka. Oi parap�nw loipìn apèdeixan ìti h q− cyclic SOR me 2 ≤ q < p h opo�aprokÔptei apì thn diamèrish apaite� ton �dio arijmì pr�xewn se k�je epanalhptikì b maìpw kai sthn p− cyclic SOR. Argìtera oi Eirmann et al. [12℄ apèdeixan ìti h diamèrishse 2 − cyclic p�naka den odhge� p�nta se kalÔterou rujmoÔ sÔgklish akìma kai ean oiidiotimè tou p�naka Jp

p e�nai pragmatikè. Qarakthristik� e�nai kai ta apotelèsmata twn
Galanis et al. [16℄ oi opo�oi èdeixan poia e�nai h bèltisth diamèrish enì block p-cyclic con-

sistently ordered p�naka pou antistoiqe� sthn bèltisth SOR gia thn genik  per�ptwsh ìpouoi idiotimè tou p�naka Jp
p e�nai pragmatikè. Oi Hadjidimos et al. [20℄ antimet¸pisan kaiauto� to prìblhma th bèltisth diamèrish twn p-cyclic pin�kwn se q-cyclic p�nake ¸stena petÔqoun ton bèltisto rujmì sÔgklish th SOR epanalhptik  mejìdou. Argìtera taparap�nw apotelèsmata emplout�sthkan apì th jewr�a tou Varga [66℄ gia p-cyclic p�nakekai ton rìlo tou sti epanalhptikè mejìdou.Par� thn Ôparxh poll¸n jewrhtik¸n mejìdwn gia thn oikogèneia twn p-cyclic pin�kwn, oiefarmogè sqetik� me thn arijmhtik  ep�lush Problhm�twn Sunoriak¸n Tim¸n (PST), gia

p > 3 e�nai polÔ periorismène. Sthn paroÔsa ergas�a, pou genikeÔei ta apotelèsmata th[53℄, de�qnoume pìso fusik� par�gontai oi p-cyclic p�nake apì th diakritopo�hsh twn (PST)problhm�twn me periodikè sunoriakè sunj ke qrhsimopoi¸nta mejìdou peperasmènwnstoiqe�wn.W prìblhma ìpw anafèrame (1.3) jewroÔme to (PST):
u′′(x) + F (x)u(x) = g(x) , x ∈ Ix ≡ [a, b] (1.39)

u(a) − z1u(b) = w1 (1.40)
u′(a) − z2u

′(b) = w2 (1.41)me F (x) kai g(x) pragmatikè sunart sei kai a, b, z1, z2, w1, w2 stajerè.10



W mèjodo diakritopoi sh tou parap�nw probl mato qrhsimopoi same th mèjodo twnpeperasmènwn stoiqe�wn Collocation me sunart sei b�sh ta polu¸numa Hermite [4, 6, 21℄kai gia thn ep�lush tou ara�ou grammikoÔ sust mato thn SOR epanalhptik  mèjodo. Hbèltisth diamèrish tou Collocation p�naka pou prokÔptei, odhge� se bèltistou rujmoÔsÔgklish th SOR mejìdou.1.2.1 Orismì tou Collocation p�nakaJewroÔme mia omoiìmorfh diamèrish tou diast mato [a, b] se N upodiast mata Im =

[xm, xm+1] m kou h = b−a
N
, m = 1, . . . , N kai kìmbou xm = a+(m−1)h, m = 1, . . . , N +

1. Qrhsimopoi¸nta peperasmèna stoiqe�a me sunart sei b�sh ta polu¸numa Hermitey�qnoume na broÔme thn tim  th proseggistik  lÔsh un(x) sth morf :
u(x) ∼= un(x) =

N+1∑

m=1

[a2m−1φ2m−1(x) + a2mφ2m(x)], (1.42)ìpou φ2m−1(x), φ2m(x) e�nai ta Hermite [4, 53, 54℄ kubik� polu¸numa kentrarismèna stonkìmbo xm.Genik�, ta tmhmatik� kubik� polu¸numa Hermite or�zontai w ex :
φ(x) =





φ+(x) , x ∈ [0, 1]

φ−(x) , x ∈ [−1, 0]

0 , x /∈ [−1, 1]

(1.43)ìpou
φ+(x) =






(1 − x)2(1 + 2x) , x ∈ [0, 1]

0 , x /∈ [0, 1]

(1.44)
φ−(x) =






(1 + x)2(1 − 2x) , x ∈ [0, 1]

0 , x /∈ [0, 1]

(1.45)
ψ(x) =






ψ+(x) , x ∈ [0, 1]

ψ−(x) , x ∈ [−1, 0]

0 , x /∈ [−1, 1]

(1.46)
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ìpou
ψ+(x) =






x(1 − x)2 , x ∈ [0, 1]

0 , x /∈ [0, 1]

(1.47)
ψ−(x) =






x(1 + x)2 , x ∈ [0, 1]

0 , x /∈ [0, 1]

(1.48)'Ara φ(x) = (1 − x)2(1 + 2x) kai to ψ(x) = x(1 − x)2 gia x ∈ [0, 1]Se k�je kìmbo xm antistoiqoÔn dÔo sunart sei pou or�zontai w ex :
φ2m−1(x) =





φ(xm−x
h

) , x ∈ Im−1

φ(x−xm

h
) , x ∈ Im

0 , diaforetik� (1.49)kai
ψ2m(x) =






−ψ(xm−x
h

) , x ∈ Im−1

ψ(x−xm

h
) , x ∈ Im

0 , diaforetik� (1.50)ìpou oi sunart sei φ(x), ψ(x) proèrqontai apì gen�keush twn polu¸numwn Hermite sto
[0, 1].'Ena �meso sumpèrasma twn parap�nw dieukrin�sewn e�nai ìti h tim  th proseggisti-k  lÔsh un(x) gia opoiad pote x sto di�sthma Im mpore� na upologiste� prosjètontamerikoÔ mìno ìrou, dhlad 

un(x) =

2m+2∑

j=2m−1

ajφj(x), x ∈ Im. (1.51)H parap�nw sqèsh se sunduasmì me ti basikè idiìthte twn Hermite kubik¸n poluw-nÔmwn:
φ2m−1(xk) = δm,k, (1.52)
φ′

2m−1(xk) = 0, (1.53)12



x
m−1

φ
2m−1

(x)

φ
2m

(x)

x
m x

m+1Sq ma 1.1: Polu¸numa Hermite

φ2m(xk) = 0, (1.54)
φ′

2m(xk) =
1

h
δm,k, (1.55)ìpou δm,k dhl¸nei to Dèlta tou Kronecker upodhl¸nei ìti:

a2m−1 = un(xm), (1.56)
a2m+1 = un(xm+1), (1.57)
a2m = hu′n(xm), (1.58)
a2m+2 = u′n(xm+1). (1.59)Sth diakritopo�hsh h collocation mèjodo epitugq�netai epib�llonta to upìloipo

Rn(x) ≡ u′′n(x)+F (x)un(x)−g(x) na mhden�zetai sta eswterik� 2N(2 gia k�je upodi�sthma)shme�a th diamèrish tou ped�ou W a < σ2 < σ3... < σn−1 < b kai apait¸nta h proseggi-stik  lÔsh un na ikanopoie� ti sunoriakè sunj ke sta dÔo sunoriak� collocation shme�a
σ1 = a kai σn = b.Dhlad : 13



u′′n(σk) + F (σk)u(σk) = g(σk) , k = 2, . . . , n− 1 (1.60)
un(σ1) − z1un(σn) = w1 (1.61)
u′n(σ1) − z2u

′
n(σn) = w2 (1.62)Sto probl ma twn sunoriak¸n tim¸n w eswterik� collocation shme�a dialègoume ta

Gauss Points [6℄ ta opo�a e�nai oi r�ze tou Legendre poluwnÔmou deutèrou bajmoÔ stodi�sthma [−1, 1] kai dhl¸nontai apì ti sqèsei :
σ2j = xj + hσ (1.63)
σ2j+1 = xj + hσ̄ (1.64)me
σ =

√
3 − 1

2
√

3
(1.65)kai

σ̄ =

√
3 + 1

2
√

3
(1.66)Mia isodÔnamh diatÔpwsh twn parap�nw exis¸sewn e�nai to grammikì sÔsthma twn ngrammik¸n exis¸sewn me agn¸stou aj , j = 1 . . . n, dhlad  to sÔsthma

Ca = b (1.67)ìpou C e�nai o n×n collocation p�naka , a = [α1 α2...αn]T e�nai to di�nusma twn agn¸stwnkai b = [b1 b2, . . . , bn]
T to di�nusma tou dexioÔ mèrou. Gnwr�zonta ìti se k�je upo-di�sthma Ij , j = 1, . . . , N antistoiqoÔn dÔo eswterik� collocation shme�a σ2j kai σ2j+1 kaisundu�zonta ta parap�nw, mporoÔme eÔkola na diapist¸soume ìti h stoiqei¸dh ex�swshgia to j-osto stoiqe�o Ij, pollaplasiasmènh me h2 gia upologistikoÔ skopoÔ ja d�netaiapì :

Cj




α2j−1

α2j

α2j+1

α2j+2


 = h2

[
g(σ2j)

g(σ2j+1)

] (1.68)ìpou, Cj e�nai o stoiqei¸dh collocation p�naka pou dhl¸netai w ex :
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Cj := h2




Φ2j
2j−1 Φ2j

2j Φ2j
2j+1 Φ2j

2j+2

Φ2j+1
2j−1 Φ2j+2

2j Φ2j+1
2j+1 Φ2j+1

2j+2


 (1.69)me Φk

j := φ′′
j (σk) + F (σk)φj(σk).En¸ oi sunoriakè sunj ke d�nontai apì th sqèsh:

[
φ1(a) 0

0 φ′
2(a)

][
α1

α2

]
−

[
z1φ2N+1(b) 0

0 z2φ
′
2N+2(b)

] [
α2N+1

α2N+2

]
=

[
w1

w2

]
. (1.70)Qrhsimopoi¸nta ti prohgoÔmene exis¸sei kai pollaplasi�zonta me h2 èqoume ìti:

h2

[
α1

α2

]
− h2Z

[
α2N+1

α2N+2

]
= h2

[
w1

hw2

] (1.71)ìpou Z = diag(z1, z2).Dialègonta w eswterik� collocation shme�a ta Gauss-points kai qrhsimopoi¸nta wsunart sei b�sh ta polu¸numa Hermite katal goume sto stoiqei¸dh Collocation p�naka:
Cj = [Aj Bj ], j = 1, . . . , N (1.72)ìpou

Aj =

[
c1 + d1h

2F (σ2j) c2 + d2h
2F (σ2j)

c3 + d3h
2F (σ2j+1) c4 + d4h

2F (σ2j+1)

] (1.73)kai
Bj =

[
c3 + d3h

2F (σ2j) −c4 − d4h
2F (σ2j)

c1 + d1h
2F (σ2j+1) −c2 − d2h

2F (σ2j+1)

] (1.74)me
c1 = −2

√
3 c2 = −1 −

√
3 c3 = 2

√
3 c4 = −1 +

√
3

d1 =
9 + 4

√
3

18
d2 =

3 +
√

3

36
d3 =

9 − 4
√

3

18
d4 =

3 −
√

3

36Ta parap�nw loipìn ma odhgoÔn ston collocation p�naka C sthn block kuklik  morf tou: 15



C =




h2I O O O · · · O O −h2Z

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(1.75)ìpou O dhl¸nei ton 2 × 2 mhdenikì p�naka kai Z = diag(z1, z2) .1.2.2 Idiìthte tou Collocation p�naka kai tou ant�stoiqou Jacobip�nakaL mma 1Gia tou p�nake Aj kai Bj pou d�nontai apì ti sqèsei (1.73) kai (1.74) ant�stoiqa, isqÔeiìti:
det(Aj) = det(Bj), gia k�je j ∈ [1, N ] (1.76)Apìdeixh:Apì �mesou upologismoÔ katal goume ìti:

det(Aj) = P +Qh2F (σ2j) +Rh2F (σ2j+1) + Sh4F (σ2j)F (σ2j+1)

det(Bj) = P +Rh2F (σ2j) +Qh2F (σ2j+1) + Sh4F (σ2j)F (σ2j+1)ìpou
P := c1c4 − c2c3 = 4

√
3

Q := c4d1 − c3d2 =

√
3

9

R := c1d4 − c2d3 =

√
3

9

S := d1d4 − d2d3 =

√
3

108Opìte det(Aj) = det(Bj).Ex�llou èqei apodeiqje� sthn [54℄ ìti h ex�swsh (1.76) isqÔei gia k�je telest  deÔterht�xew e�n kai mìno e�n ta eswterik� collocation shme�a e�nai ta Gauss shme�a.
16



W �mesh sunèpeia tou parap�nw l mmato èqoume ìti:Gia tou p�nake Bj , j = 1, 2 . . .N , oi opo�oi dhl¸nontai sth sqèsh (1.74), isqÔei ìti:
det(Bj) 6= 0 (1.77)e�n

φF (h2) := F (σ2j)F (σ2j+1)h
4 + 12[F (σ2j) + F (σ2j+1)]h

2 + 432 6= 0 , (1.78)ìpou up�rqei mia meg�lh oikogèneia F (x) pou ikanopoioÔn thn parap�nw sqèsh (1.78). Giapar�deigma ìtan F (x) = f = stajer�, h sqèsh (1.78) ikanopoe�tai afoÔ h or�zousa thdeuterob�jmia φF (h2) e�nai ∆F = −8(12f)2 < 0 .Ant�stoiqa, ìtan h sun�rthsh F (x) e�nai fragmènh mèsa sto di�sthma ([a, b]) dhlad  :
| F (x) |≤M , 0 < M <∞ , x ∈ [a, b] , (1.79)arke�

Mh2 < 12kai h sqèsh (1.78) ikanopoe�tai afoÔ
432 > M2h4 + 24Mh2 ≥| F (σ2j)F (σ2j+1)h

4 + 12[F (σ2j) + F (σ2j+1)]h
2 | (1.80)dhlad 

| φF (h2) |≥ 432− | F (σ2j)F (σ2j+1)h
4 + 12[F (σ2j) + F (σ2j+1)]h

2 |> 0 . (1.81)H sqèsh (1.78) apotele� mia shmantik  sunj kh gia kal� orismène epanalhptikè mejì-dou, kai w ek toÔtou prèpei na isqÔei ¸ste o collocation p�naka C na e�nai consistently

ordered (N + 1) kuklikì p�naka.Gia na e�nai ep�sh to Prìblhma Sunoriak¸n Tim¸n (PST) kal� orismèno, dhlad  naèqei monadik  lÔsh èkto apì to ìti o collocation p�naka C prèpei na e�nai se (N + 1)kuklik  morf  ja prèpei ep�sh na e�nai antistrèyimo.Gia na exet�soume to parap�nw or�zoume tou 2 × 2 p�nake :
Rj := −B−1

j Aj , j = 1, 2, . . . , N , (1.82)kai
Sj := RN · · ·Rj =

N∏

k=j

Rk , j = 1, 2, . . . , N , (1.83)17



Opìte qrhsimopoi¸nta thn (1.76)
det(Rj) = det(Sj) = 1 , j = 1, 2, . . . , N . (1.84)Me ti parap�nw dieukrin�sei mporoÔme na apode�xoume ìti:L mma 2 'Estw o collocation p�naka C pou d�netai apì thn par�stash (1.75), o opo�o e�naièna block (N+1) kuklikì p�naka, w ek toÔtou isqÔoun oi sqèsei (1.77) kai (1.78). Tìte

det(C) = h4 det (Q)

N∏

j=1

det(Bj) , (1.85)ìpou
Q := I − ZS1 = I − ZRN · · ·R1 . (1.86)Apìdeixh 1.2.1 'Estw oti o collocation p�naka C d�netai apì thn sqèsh (1.75) dhl¸noumeton block stoiqei¸dh p�naka metasq matismoÔ Gauss w ex :

Gk := I +MkEk, k = 2, 3, . . . , N + 1 (1.87)ìpou Mk ∈ R2(N+1),2 kai Ek ∈ R2,2(N+1) p�nake th morf :
Mk :=




Qk

O...
O




(1.88)me
Qk := h2ZSkB

−1
k−1, k = 2, 3, . . . , N + 1 (1.89)

Sj kai Bj , j = 1, 2, . . .N p�nake pou d�nontai apì ti sqèsei (1.83) kai (1.74) ant�-stoiqa kai SN+1 ≡ I .kai
Ek := [O · · ·O I O · · ·O] (1.90)ìpou o monadia�o p�naka I br�sketai sthn k sunist¸sa.H or�zousa det(Gk) = 1 kai

G2 . . . GN+1C =




h4Q O O O · · · O O O

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(1.91)
18



C = (G2 . . . GN+1)
−1




h4Q O O O · · · O O O

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(1.92)
det(C) = det((G2 . . . GN+1)

−1




h4Q O O O · · · O O O

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




) (1.93)
det(C) = det((G2 . . . GN+1)

−1)det




h4Q O O O · · · O O O

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(1.94)
det(C) = det




h4Q O O O · · · O O O

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(1.95)
opìte

det(C) = h4 det (Q)
N∏

j=1

det(Bj) . (1.96)'Estw o collocation p�naka C (1.75) kai h akìloujh diaspas  tou:
C = DN+1 − LN+1 − UN+1, (1.97)me 19



DN+1 =




h2I O O · · · O O O

O B1 O · · · O O O

O O B2 · · · O O O... ... ... . . . ... ... ...
O O O · · · O BN




, (1.98)
LN+1 =




O O O · · · O O O

−A1 O O · · · O O O

O −A2 O · · · O O O... ... ... . . . ... ... ...
O O O · · · O −AN O




, (1.99)
kai

UN+1 =




O · · · O h2Z

O · · · O O... · · · ... ...
O · · · O O




. (1.100)
H (N+1) kuklik  morf  tou p�naka C upodhl¸nei ìti o p�nakaDN+1 e�nai antistrèyimo�ra o ant�stoiqo block Jacobi p�naka JN+1 dhl¸netai w ex :

JN+1 = D−1
N+1 (LN+1 + UN+1)

=




O O O O · · · O O Z

R1 O O O · · · O O O

O R2 O O · · · O O O... ... ... ... · · · ... ... ...
O O O O · · · O RN O




,

(1.101)
20



ìpou Rj oi p�nake th (1.82) e�nai weakly cyclic of index N + 1 [66℄ �ra o J N+1
N+1 e�naise block diag¸nia morf  :

J N+1
N+1 = diag(ZRN · · ·R1 , R1ZRN · · ·R2 , . . . , RN · · ·R1Z) . (1.102)Kai afoÔ oi block diag¸nioi upop�nake e�nai ìmoioi, e�nai profanè ìti to f�sma σ(J N+1

N+1 )ja e�nai to �dio me to f�sma opoioud pote diag¸niou upop�naka. Dhlad :
σ(J N+1

N+1 ) = σ(N+1)(ZRN · · ·R1) = σ(N+1)(ZS1) . (1.103)Anakal¸nta th sqèsh (1.84) èqoume det(S1) = 1, dhlad 
σ(ZS1) = {λ−, λ+} (1.104)me
λ± =

τ ±
√
τ 2 − 4ζ

2
, (1.105)ìpou

τ = trace(ZS1) , ζ = det(Z) = z1z2 . (1.106)Gnwr�zoume ìti :
C = DN+1 − LN+1 − UN+1 (1.107)Opìte
LN+1 + UN+1 = DN+1 − C (1.108) 
JN+1 = I − (DN+1)

−1C (1.109)'Ara
(DN+1)

−1C = I − JN+1 (1.110)SundÔazonta ti sqèsei (1.85), (1.86) kai (1.103) e�nai fanerì loipìn ìti:
det(C) 6= 0 ean kai mìno e�n 1 /∈ σ(J N+1

N+1 ) (1.111)  isodÔnama
det(C) 6= 0 e�n kai mìno e�n 1 6= τ ±

√
τ 2 − 4ζ

2
(1.112)21



 
det(C) 6= 0 ean kai mìno e�n τ 6= 1 + ζ (1.113)1.2.3 Bèltisth kuklik  diamèrish gia th mèjodo th diadoqik uperqal�rwsh -SOR gia pragmatikì f�smaSthn enìthta aut  ja exet�soume poia e�nai h kalÔterh diamèrish tou collocation p�naka

C se q-cyclic morf  me 2 ≤ q ≤ p ¸ste na broÔme th bèltisth SOR mèjodo. 'Opw  dhèqoume anafèrei jewroÔme ton collocation p�naka C na e�nai èna antistrèyimo consistently

ordered N + 1 kuklikì p�naka gia ton opo�on isqÔoun oi sqèsei (1.77)-(1.78). 'Ep�shjewroÔme ìti to f�sma tou J N+1
N+1 e�nai pragmatikì dhlad :

τ 2 − 4ζ ≥ 0 , (1.114)ìpou τ kai ζ e�nai dhlwmèna sthn (1.106).Jewr¸nta mia p× p (p jetikì akèraio sto di�sthma [2, N + 1]) block diamèrish toup�naka C (1.75), ton p�naka C mporoÔme na ton gr�youme :
C = Dp − Lp − Up , (1.115)ìpou Dp e�nai block diag¸nio p�naka kai oi block upop�nake tou e�nai tetragwniko�kai antistrèyimoi, Lp austhr� k�tw block trigwnikì p�naka kai Up austhr� p�nw blocktrigwnikì p�naka. Tìte h ant�stoiqh mèjodo th diadoqik  uperqal�rwsh SOR d�netaiapì ti sqèsei:

x(m+1) = Lω,p x(m) + cω,p , m = 0, 1, . . . , (1.116aþ)
Lω,p = (Dp − ωLp)

−1 [(1 − ω)Dp + ω Up], (1.116bþ)
cω,p = ω (Dp − ωLp)

−1 h2 b, (1.116gþ)me x(0) arqik  prosèggish (sun jw tuqa�a), Lω,p o epanalhptikì p�naka th SOR kai
ω ∈ (0, 2) kale�tai h par�metro th uperqal�rwsh.Gia th sÔgklish th mejìdou aut  [66℄ apara�thth kai epark  sunj kh e�nai ρ(Lω,p) < 1.'Oso mikrìterh e�nai h sunj kh aut  th mon�do, tìso poio gr gora sugkl�nei h mèjodoaut . Opìte to prìblhma gia ton kajorismì tou bèltistou w, dhlad  ìtan elaqistopoe�taito ρ(Lω,p), e�nai ousi¸dou shmas�a.To prìblhma th eÔresh th bèltisth diamèrish th epanalhptik  mejìdou SOR e�naiisodÔnamo me to prìblhma th eÔresh tou de�kth q ∈ [2, N + 1] tètoio ¸ste:

̺(Lωq,q) < ̺(Lωp,p), gia ìla ta p 6= q (1.117)22



ìpou ωq kai ωp e�nai ant�stoiqa oi bèltiste par�metroi uperqal�rwsh twn epanalhpti-k¸n pin�kwn Lωq,q, Lωp,p th SOR.Ax�zei na shmeiwje� ìti oi Eirmann et al. [12℄, dieurÔnonta ta apotelèsmata twn Young[71℄ kai Varga [66℄ gia p = 2 kai p > 2 kuklikoÔ p�nake ant�stoiqa, kajìrisan leptomer¸thn par�metro uperqal�rwsh ωp th SOR mejìdou ìtan to f�sma pou antistoiqe� ston
weakly cyclic of index p block Jacobi p�naka ikanopoie� th sqèsh σ(J p

p ) ⊆ [−αp
p , β

p
p ] me :

0 ≤ αp <
p

p− 2
(∞ gia p = 2), (1.118)

0 ≤ βp < 1. (1.119)Pio sugkekrimèna apèdeixan ìti:Je¸rhma 1.2.1'Estw o Jp weakly cyclic Jacobi p�naka kai a jewr soume ti idiotimè tou p�naka J p
p nabr�skontai sto di�sthma [−αp, βp] ìpou 0 ≤ β < 1 kai 0 ≤ α < p

p−2
tìte

• E�n α ≤ β(p− 2)/p kai ρ(Jp) = β tìte h bèltisth par�metro uperqal�rwsh ω⋆
p th

p-cyclic SOR mejìdou e�nai h monadik  r�za th
(p− 1)p−1ωpβp − pp(ω − 1) = 0 (1.120)h opo�a perièqetai sto anoiqtì di�sthma (1, 1+1/(p−1)). Gia ton epanalhptikì p�nakath bèltisth SOR isqÔei:

ρ(Lω⋆
p
) = (p− 1)(ω⋆

p − 1) (1.121)
• E�n β ≤ α(p− 2)/p kai ρ(Jp) = α tìte h bèltisth par�metro uperqal�rwsh ω⋆

p th
p-cyclic SOR mejìdou e�nai h monadik  r�za th

(p− 1)p−1ωpαp − pp(1 − ω) = 0 (1.122)h opo�a perièqetai sto anoiqtì di�sthma (1−1/(p−2), 1). Gia ton epanalhptikì p�nakath bèltisth SOR isqÔei:
ρ(Lω⋆

p
) = (p− 1)(1 − ω⋆

p) (1.123)kaiJe¸rhma 1.2.2'Estw o Jp weakly cyclic Jacobi p�naka kai a jewr soume ti idiotimè tou p�naka J p
p nabr�skontai sto di�sthma [−αp, βp] kai −αp, βp ∈ σJ p

p ìpou 0 ≤ β < 1 kai 0 ≤ α < p
p−2

tìte23



• E�n β(p− 2)/p ≤ α < β tìte h bèltisth par�metro uperqal�rwsh ω⋆
p th p-cyclic

SOR mejìdou e�nai h monadik  r�za th
(
α + β

2
ω)p − α + β

β − α
(ω − 1) = 0 (1.124)h opo�a perièqetai sto anoiqtì di�sthma (1, 1+(β−α)/(α+β)). Gia ton epanalhptikìp�naka th bèltisth SOR isqÔei:

ρ(Lω⋆
p
) =

α+ β

β − α
(ω⋆

p − 1) = [
α + β

2
ω⋆

p]
p (1.125)

• E�n β(p− 2)/p ≤ α < β tìte h bèltisth par�metro uperqal�rwsh ω⋆
p th p-cyclic

SOR mejìdou e�nai h monadik  r�za th
(
α + β

2
ω)p − α + β

β − α
(1 − ω) = 0 (1.126)h opo�a perièqetai sto anoiqtì di�sthma (1− (α−β)/(α+β), 1). Gia ton epanalhptikìp�naka th bèltisth SOR isqÔei:

ρ(Lω⋆
p
) =

α+ β

α− β
(1 − ω⋆

p) = [
α + β

2
ω⋆

p]
p (1.127)Oi Wild et al. [69℄ èdeixan ìti h sÔgklish th SOR mejìdou kai h bèltisth par�me-tro uperqal�rwsh mporoÔn na kajoristoÔn exet�zonta an oi idiotimè tou Jacobi p�nakabr�skontai mèsa sto uposÔnolo tou migadikoÔ epipèdou pou oriojete�tai apì kapoia hypoc-

loidal kampÔlh. Me thn prosèggish aut  èjesan perissìterou periorismoÔ gia to f�smatou p�naka σ(J p
p ) kai ìrisan apara�thte sunj ke gia th sÔgklish th mejìdou SOR.Oi Pierce, Hadjidimos kai Plemmons [48℄ èdeixan ìti ìtan to f�sma σ(Jp

p ) e�nai mharnhtikì kai upì thn pro�pìjesh ìti ρ(Jp) < 1

ρ2 < ρ3 < . . . < ρp−1 < ρp < 1 (1.128)kaj¸ ìtan to σ(Jp
p ) e�nai mh jetikì kai upì kanèna periorismì gia to ρ(Jp) èdeixan ìtiup�rqei monadikì k ∈ {2, . . . , p} tètoio ¸ste

(
k + 1

k − 1

)k+1

p

≤ ρ(Jp) <

(
k

k − 2

)k
p

, (1.129)(me k/(k − 2) = ∞ gia k = 2 ) ¸ste
ρ2 < ρ3 < . . . < ρk < 1 < ̺(Lωq) (1.130)me q = k + 1(1)p.Tèlo ìtan to f�sma tou σ(J N+1

N+1 ) e�nai pragmatikì to prìblhma th bèltisth diamèri-sh th SOR parousi�sthke apì tou Galanis kai Hadjidimos [16℄. 'Etsi to je¸rhma thbèltisth diamèrish [16℄ p�nw sta opo�a sthr�qjhke h paroÔsa ergas�a diatup¸nontai wex : 24



Je¸rhma 1.2.3 'Estw A èna p-cyclic consistently ordered p�naka th morf  (1.23) me
p ≥ 3, J o ant�stoiqo block Jacobi p�naka (1.24) pou antistoiqe� sto grammikì sÔsthma
Ax = (D − L − U)x = b kai σ(Jp

p ) ⊂ [−αp, βb] me −αp, βb ∈ σ(Jp
p ) ìpou 0 ≤ β < 1 kai

0 ≤ α < ∞. Upojètoume ìti o p�naka A diamer�zetai se èna q-cyclic consistently orderedp�naka me 2 ≤ q < p kai dhl¸noume w ωq kai ρq thn par�metro uperqal�rwsh kai thnfasmatik  akt�na tou p�naka th bèltisth q-cyclic SOR ant�stoiqa. Tìte isqÔoun ta ex :
• E�n

0 ≤ α

β
<
p− 2

p
(1.131)tìte up�rqei èna monadikì akèraio l ∈ {2, 3, . . . , p− 1} pou ikanopoie� thn sqèsh:

(
l − 2

l

) l
p

≤ α

β
<

(
l − 1

l + 1

) l+1

p (1.132)tètoio ¸ste
ρl < ρl−1 < . . . < ρ2 < 1 (1.133)kai
ρl+1 < ρl+2 < . . . < ρp < 1 (1.134)Epiplèon, gia k�je β ∈ (0, 1) antistoiqe� mia monadik  tim  tou α dhlad :

αl,l+1 = α(β) ∈ [

(
l − 2

l

) l
p

β,

(
l − 1

l + 1

) l+1

p

] (1.135)dosmènh apì thn sqèsh:
αl,l+1 =

(
2ρ

1

l − (1 + ρ)β
p
l

1 − ρ

) l
p (1.136)ìpou, ρ e�nai h monadik  r�za sto di�sthma (0, 1) th ex�swsh:

βp(l + ρ)l+1 − (l + 1)l+1ρ = 0 (1.137)tètoia ¸ste:
ρl < ρl+1 gia (

l − 2

l

) l
p

β ≤ α < αl,l+1 (1.138)25



ρl = ρl+1 gia α = αl,l+1 (1.139)
ρl > ρl+1 gia αl,l+1 < α <

(
l − 1

l + 1

) l+1

p

β (1.140)Apo ta parap�nw loipìn sumpera�noume ìti gia thn pr¸th per�ptwsh (1.138) h l-cyclic

SOR e�nai h bèltisth, sthn deÔterh per�ptwsh (1.139) e�nai e�te h l − cyclic e�te h
l + 1 − cyclic kai sthn tr�th per�ptwsh (1.140) h l+1-cyclic SOR.

• E�n
p− 2

p
<
α

β
< 1 (1.141)tìte

ρp < ρp−1 < . . . < ρ3 < ρ2 < 1 (1.142)Opìte h arqik  p− cyclic morf  d�nei th bèltisth SOR mèjodo.
• E�n

α

β
= 1 (1.143)ìpou h per�ptwsh α = β = 0 ep�sh sumperilamb�netai, tìte

ρp = ρp−1 = . . . = ρ3 = ρ2 = βp < 1 (1.144)'Ara opoiad pote q-cyclic me q = 2(1)p e�nai h bèltisth SOR mèjodo.
• E�n

1 <
α

β
<
p− 2

p
(1.145)tìte ta apotelèsmata e�nai akrib¸ ta �dia me thn per�ptwsh

p− 2

p
<
α

β
< 1 (1.146)

• E�n
p− 2

p
<
α

β
≤ ∞ (1.147)ìpou α

β
= ∞ antistoiqe� sthn per�ptwsh ìpou α > 0, β = 0 tìte up�rqei monadikìakèraio k ∈ {2, . . . , p} tètoio ¸ste: 26



(
k + 1

k − 1

) k+1

p

< ρ(Jp) ≤
(

k

k − 2

) k
p (1.148)kai monadikì akèraio l ∈ {2, . . . , min(p− 1, k)} ikanopoi¸nta thn sqèsh:

(
l + 1

l − 1

) l+1

p

<
α

β
≤

(
l

l − 2

) l
p (1.149)tètoio ¸ste

ρl < ρl−1 < . . . < ρ3 < ρ2 < 1 (1.150)kai
ρl+1 < ρl+2 < . . . < ρk−1 < ρk < 1 ≤ ρ(Lωq) (1.151)me q = k + 1(1)p kai me thn isìthta na isqÔei ìtan ρk ≤ 1 e�n kai mìno e�n k > 2kai isqÔei h isìthta (1.148). Epiplèon, gia l = k, h l− cyclic SOR d�nei thn bèltisth

SOR. En¸ gia l < k se k�je α ∈ (0, l+1
l−1

l+1

p ) antistoiqe� mia monadik  tim  tou β:
βl,l+1 := β(α) ∈ [

(
l − 2

l

) l
p

α,

(
l − 1

l + 1

) l+1

p

α] (1.152)dosmènh apì thn sqèsh :
βl,l+1 =

(
2ρ

1

l − (1 − ρ)α
p
l

1 + ρ

) l
p (1.153)ìpou ρ e�nai h monadik  r�za sto di�sthma (0, 1) th ex�swsh:

αρ(l − ρ)l+1 − (l + 1)l+1ρ = 0 (1.154)tètoia ¸ste :
ρl < ρl+1 gia (

l − 2

l

) l
p

α ≤ β < βl,l+1 (1.155)
ρl = ρl+1 gia β = βl,l+1 (1.156)

ρl > ρl+1 gia βl,l+1 < β <

(
l − 1

l + 1

) l+1

p

α (1.157)27



Sunep¸ sthn pr¸th per�ptwsh (1.155) h l−cyclic SOR e�nai h bèltisth SOR, sthnper�ptwsh (1.156) e�nai e�te h l − cyclic SOR e�te h l + 1 − cyclic SOR h bèltisth
SOR kai sthn tr�th (1.157) per�ptwsh h l + 1 − cyclic SOR e�nai h bèltisth SOR.Sthn ergas�a aut  h eÔresh th bèltisth diamèrish th tou collocation p�naka exart�taiapì to f�sma tou σ(J N+1

N+1 ) , dhlad  exart�tai apì ti timè twn λ− kai λ+ th sqèsh (1.105)kai sunoy�zetai sto parak�tw je¸rhma :Je¸rhma 1.2.4 Jewr¸nta ton antistrèyimo consistently ordered (N + 1) collocation p�-naka C kai ton weakly cyclic Jacobi p�naka JN+1 tètoio ¸ste to f�sma tou p�naka J N+1
N+1na e�nai pragmatikì tìte h bèltisth par�metro th diamèrish q ∈ [2, N + 1] h opo�a qara-kthr�zei thn block SOR mèjodo ja d�netai apì ton parak�tw p�naka:PINAKAS BELTISTHS DIAMERISHSPERIPTWSEIS BELTISTHI II III PARAMETROS q

ζ ≥ 0 −−− −−− q = 2

τ < 0 (1.164) q = N + 1

(1.165) q = l   l + 1

ζ < 0 τ = 0 −−− Opoiod pote q ∈ [2, N + 1]

τ > 0 (1.163) q = N + 1

(1.162) q = l   l + 1Apìdeixh:To f�sma tou p�naka J N+1
N+1 e�nai pragmatikì dhlad  isqÔei h sunj kh :

τ 2 − 4ζ ≥ 0 (1.158)1. ζ ≥ 0Me τ 6= 0

0 ≤ λ− ≤ λ+ ìtan τ > 0 (1.159)kai
λ− ≤ λ+ ≤ 0 ìtan τ < 0 (1.160)28



dhlad 
σ(J N+1

N+1 ) =

{ jetikì , τ > 0arnhtikì , τ < 0
,tìte apì [48℄ h 2-cyclic repartioned SOR e�nai h bèltisth.

2. ζ ≤ 0An�loga
τ 2 − 4ζ > 0 kai λ− < 0 < λ+ . (1.161)Dhl¸noume:
α =| λ− | 1

N+1 , β =| λ+ | 1

N+1kai jètoume ti ex  sunj ke:
0 ≤ α

β
<
N − 1

N + 1
, (1.162)

N − 1

N + 1
≤ α

β
< 1, (1.163)

1 ≤ α

β
<
N + 1

N − 1
, (1.164)

N + 1

N − 1
≤ α

β
<∞. (1.165)Opìte h an�lush ma ja sthriqte� sti parap�nw upopeript¸sei.

• τ < 0

α

β
=

| λ− | 1

N+1

| λ+ | 1

N+1

=

∣∣∣∣∣∣

τ−
√

τ2−4ζ

2

τ+
√

τ2−4ζ

2

∣∣∣∣∣∣

1

N+1

> 1 (1.166)29



Dhlad  a > b. Tìte
1 <

α

β
≤ p

p− 2
=

N + 1

N − 2 + 1
=
N + 1

N − 1dhlad  ikanopoe�tai h sunj kh (1.164) opìte apì to je¸rhma (1.2.3) twn [16℄ h
N + 1-cyclic SOR e�nai h bèltisth SOR me:

ρN+1 < ρN < . . . < ρ3 < ρ2 < ρ1en¸ ìtan ikanopoie�tai h (1.165) sqèsh tìte h bèltisth SOR e�nai h l−cyclic   h
l+1−cyclic ìpou l ∈ 2, 3, . . . , N monadikì akèraio pou ikanopoie� thn sqèsh:

(
l + 1

l − 1

)l+1

<
(a
b

)N+1

<

(
l

l − 2

)l

• τ = 0Sthn per�ptwsh ìpou τ = 0, λ− = λ+ kai a
b

= 1 (Je¸rhma 1.2.3, [16℄) h bèltisth
SOR e�nai h q − cyclic me q ∈ [2, N + 1] kai h opo�a sugkl�nei.

• τ > 0

α

β
=

| λ− | 1

N+1

| λ+ | 1

N+1

=

∣∣∣∣∣∣

τ−
√

τ2−4ζ

2

τ+
√

τ2−4ζ

2

∣∣∣∣∣∣

1

N+1

< 1kai apì (Je¸rhma 1.2.3, [16℄) sumpera�noume ìti ìtan isqÔei h sunj kh N−1
N+1

≤
α
β
< 1 tìte ρN+1 < ρN < . . . < ρ3 < ρ2 < ρ1 dhlad  h N + 1 − cyclic SORe�nai h bèltisth en¸ ìtan isqÔei h sunj kh 0 ≤ α

β
< N−1

N+1
tìte up�rqei monadikìakèraio arijmì l ikanopoi¸nta th sqèsh :

(
l − 2

l

)l

<
(a
b

)N+1

<

(
l − 1

l + 1

)lìpou h l − cyclic   l + 1 − cyclic SOR e�nai h SOR pou sugkl�nei grhgorìtera.1.3 Arijmhtik� apotelèsmataSthn paroÔsa enìthta ja parajèsoume parade�gmata pou apodeiknÔoun thn orjìthtatou parap�nw jewr mato.Arqik� jewroÔme ton arijmì twn upodiasthm�twn mikrì, dhladh N = 8 opìte o colloca-

tion p�naka e�nai 9 − cyclic kai parathroÔme th sumperifor� th fasmatik  akt�na th
SOR w sun�rthsh th par�metrou th uperqal�rwsh w gia na diapist¸soume poia e�naih bèltisth diamèrish th mejìdou. 30



• Per�ptwsh 1h τ < 0 kai ζ > 0Se aut n thn per�ptwsh or�zoume w F (x) = −5 kai z1 = −0.5, z2 = −0.5.
F (x) = −5, z1 = −0.5, z2 = −0.5

τ = −4.7317, ζ = 0.25N=9 ρ=0.7122N=8 ρ=0.6977N=7 ρ=0.6999N=6 ρ=0.6818N=5 ρ=0.6602N=4 ρ=0.6178N=3 ρ=0.5399N=2 ρ = 0.41P�naka 1.1: τ < 0 , ζ > 0H bèltisth SOR e�nai h 2 − cyclic SOR ( P�naka 1.1, Sq ma 1.2 ).
• Per�ptwsh 2h τ > 0 kai ζ > 0Sthn per�ptwsh aut , h bèltisth SOR e�nai h 2 − cyclic SOR ( P�naka 1.2, Sq ma1.3 ).

F (x) = e−x, z1 = 2.1, z2 = 0.3

τ = 1.7649, ζ = 0.63N=9 ρ=0.5561N=8 ρ=0.5560N=7 ρ=0.5467N=6 ρ=0.5382N=5 ρ=0.5196N=4 ρ=0.5098N=3 ρ=0.4995N=2 ρ = 0.46P�naka 1.2: τ > 0 , ζ > 0

• Per�ptwsh 3h τ < 0 kai ζ < 0 , sunj kh (1.164)Se aut n thn per�ptwsh or�zoume w F (x) = 15e−x kai z1 = 3, z2 = −0.8.31



Opìte isqÔoun:





λ− = −2.3217

λ+ = 1.0337

a = 1.0981

b = 1.0037
a
b

= 1.0941

(1.167)
Ikanopoie�tai loipìn h sunj kh (1.164), afoÔ a

b
< N+1

N−1
. 'Ara h bèltisth SOR einai h

9 − cyclic ( P�naka 1.3, Sq ma 1.4).
F (x) = 15e−x, z1 = 3, z2 = −0.8

τ = −1.2879, ζ = −2.4N=9 ρ = 0.7789N=8 ρ=0.78N=7 ρ=0.7834N=6 ρ=0.7881N=5 ρ=0.7904N=4 ρ=0.7905N=3 ρ=0.7983N=2 ρ = 0.8119P�naka 1.3: τ < 0 , ζ < 0, sunj kh (1.164)
• Per�ptwsh 4h τ < 0 kai ζ < 0 , sunj kh (1.165)S' aut n thn per�ptwsh gia F (x) = 15e−x kai z1 = −0.15, z2 = 5 isqÔoun:





λ− = −6.4176

λ+ = 0.1169

a = 1.2294

b = 0.7878
a
b

= 1.5606

(1.168)
Dhlad  N+1

N−1
< a

b
opìte ikanopoie�tai h sunj kh (1.165). H bèltisth SOR einai h

l − cyclic   l + 1 − cyclic kai sto par�deigma autì e�nai h 3 − cyclic ( P�naka 1.4,Sq ma 5.3 ).
• Per�ptwsh 5h τ = 0 kai ζ < 0Sth sugkekrimènh per�ptwsh parathroÔme ìti h tim  th fasmatik  akt�na e�nai h�dia gia ìle ti diamer�sei ( P�naka 1.5, Sq ma 1.6).32



F (x) = 15e−x, z1 = −0.15, z2 = 5

τ = −6.3007, ζ = −0.75N=9 ρ = 0.6372N=8 ρ=0.6279N=7 ρ=0.5999N=6 ρ=0.6368N=5 ρ=0.5899N=4 ρ=0.5597N=3 ρ = 0.5372N=2 ρ = 0.5820P�naka 1.4: τ < 0 , ζ < 0, sunj kh (1.165)
F (x) = 10, z1 = 0.03, z2 = −0.03

τ = 0, ζ = −0.0009N=9 ρ = 0.03N=8 ρ=0.03N=7 ρ=0.03N=6 ρ=0.03N=5 ρ=0.03N=4 ρ=0.03N=3 ρ = 0.03N=2 ρ = 0.03P�naka 1.5: τ = 0 , ζ < 0

• Per�ptwsh 6h τ > 0 kai ζ < 0 , sunj kh (1.163)S' aut n thn per�ptwsh ìpou F (x) = 7ex, z1 = −0.2, z2 = −0.7 èqoume ìti :




λ− = −0.2551

λ+ = 0.5488

a = 0.8592

b = 0.9355
a
b

= 0.9184

(1.169)
Dhlad  N−1

N+1
< a

b
opìte ikanopoie�tai h sunj kh (1.163). H bèltisth loipìn SOR einaih N + 1 − cyclic( P�naka 1.6, Sq ma 1.7).

• Per�ptwsh 7h τ > 0 kai ζ < 0 , sunj kh (1.162)33



F (x) = 7ex, z1 = −0.2, z2 = −0.7

τ = 0.2937, ζ = −0.14N=9 ρ = 0.6567N=8 ρ=0.6760N=7 ρ=0.6776N=6 ρ=0.6757N=5 ρ=0.6776N=4 ρ=0.6883N=3 ρ = 0.7071N=2 ρ = 0.7305P�naka 1.6: τ > 0, ζ < 0, sunj kh (1.163)Tèlo gia F (x) = 10sin(−5x), z1 = −0.5, z2 = 0.2 :





λ− = −0.0815

λ+ = 1.2273

a = 0.7568

b = 1.023
a
b

= 0.7398

(1.170)
Ikanopoie�tai h sunj kh (1.162) afoÔ a

b
< N−1

N+1
. H bèltisth SOR einai h l − cyclic  

l+1− cyclic kai sto par�deigma autì e�nai h 3− cyclic ( P�naka 1.7, Sq ma 1.8).
F (x) = 10sin(−5x), z1 = −0.5, z2 = 0.2

τ = 1.1458, ζ = −0.1N=9 ρ = 0.4509N=8 ρ=0.4165N=7 ρ=0.4138N=6 ρ=0.3987N=5 ρ=0.3941N=4 ρ=0.3815N=3 ρ = 0.3383N=2 ρ = 0.3607P�naka 1.7: τ > 0 , ζ < 0, sunj kh (1.162)34
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Sq ma 1.7: τ > 0 , ζ < 0, sunj kh (1.163)
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Sq ma 1.10: τ < 0 , ζ < 0, sunj kh (1.164)

0 10 20 30 40 50 60 70
0.52

0.54

0.56

0.58

0.6

0.62

0.64

0.66

0.68

0.7

F(x)=15e−x, z
1
=−0.15, z

2
=5

cyclicity index

S
pe

ct
ra

l R
ad

iu
s 

of
 o

pt
im

al
 S

O
R

Sq ma 1.11: τ < 0 , ζ < 0, sunj kh (1.165)
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Sq ma 1.12: τ > 0 , ζ < 0, sunj kh (1.163)
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Kef�laio 2Gloi¸mata - Majhmatikì Montèlo
SwansonTa gloi¸mata apoteloÔn tou pio suqnoÔ kai epijetikoÔ (p�nw apo 50%) neoplasma-tikoÔ ìgkou tou egkef�lou kai oi asjene� èqoun sun jw qamhlì prosdìkimo zw . Tateleuta�a qrìnia èqoun anaptuqjei di�fora majhmatik� montèla gia thn kalÔterh katanìh-sh th an�ptuxh enì gloi¸mato. Sto kef�laio autì arqik� ja or�soume ti biologikèènnoie pou apaitoÔntai gia thn kalÔterh katanìhsh tou majhmatikoÔ probl mato. Sthsunèqeia ja parousi�soume mia mikr  istorik  anadrom  sqetik� me ta majhmatik� montèlapou èqoun anaptuqje� gia thn exèlixh enì gloi¸mato sto q¸ro kai to qrìno. Tèlo,ja or�soume to montèlo th Swanson p�nw sto opo�o sthr�qjhke to deÔtero mèro thparoÔsa ergas�a.2.1 EgkèfaloO egkèfalo e�nai to megalÔtero kai poluplokìtero tm ma tou KentrikoÔ NeurikoÔSust mato (K.N.S.) kai sugkrote�tai apì neurik� kÔttara (neur¸ne) ta opo�a dèqontai,epexerg�zontai kai metabib�zoun erej�smata, kai apì neurogloiak� kÔttara ta opo�a sumb�l-loun sth diat rhsh t  omoiìstash kai parèqoun st rixh kai prostas�a stou neur¸netoÔ egkef�lou (astrokÔttara, oligodendrokÔttara ependumatik� kai mikrogloiak� kÔttara)[52℄.H arqitektonik  dom  twn neur¸nwn sun�statai sto kuttarikì s¸ma (trofikì kèntrotou neur¸na) kai se dÔo prìsjeta tm mata, pou onom�zontai ≪apofu�de ≫. 'Ena apì aut�ta tm mata e�nai oi �xone   neur�xone   neurikè �ne pou rìlo èqoun th met�dosh plh-rofori¸n apì ton èna neur¸na stou �llou me tou opo�ou sundèetai. To �llo tm mae�nai oi dendr�te pou rìlo èqoun thn prìslhyh twn plhrofori¸n pou metad�dontai apì tou�xone �llwn neur¸nwn. Tìso oi �xone ìso kai oi dendr�te summetèqoun sto sqhmatismìeidik¸n shme�wn epaf , pou onom�zontai sun�yei. Se genikè loipìn grammè, oi dendr�te41



proslamb�noun, to kuttarikì s¸ma oloklhr¸nei kai oi �xone metabib�zoun (h diadikas�aonom�zetai pìlwsh), kaj¸ h plhrofor�a pou epexerg�zontai upojetik� odeÔei pro m�akateÔjunsh mìno. Oi neur¸ne organ¸nontai se polÔploke alus�de kai d�ktua, pou apo-teloÔn ti odoÔ mèsw t¸n opo�wn metad�dontai oi plhrofor�e sto neurikì sÔsthma. Tas¸mata twn neur¸nwn diat�ssontai se om�de, st le   stoib�de kai sunistoÔn th fai�(gkrizwpoÔ qr¸mato) ous�a tou K.N.S. Oi neur�xone omadopoioÔntai sqhmat�zonta de-m�tia, dhlad  sÔnola neuraxìnwn me koin  arq  kai tèlo kai koin  leitourg�a, ta opo�asunistoÔn th leuk  (leukwpoÔ qr¸mato) ous�a toÔ K.N.S [52℄.

Sq ma 2.1: Sqhmatikì di�gramma enì tupikoÔ kutt�rou (neÔrwna)

Sq ma 2.2: http://www.cerebromente.org.br/n07/fundamentos/neuron/grey.jpgO anjr¸pino egkèfalo br�sketai entì toÔ egkefalikoÔ kran�ou kai perib�lletai apìtr�a allhlodi�doqa membran¸dh peribl mata pou lègontai m nigge toÔ egkef�lou (apìmèsa pro ta èxw h qorioeid , h araqnoeid  kai h sklhr  m nigga) [52℄.O egkèfalo anatomik� diaire�tai ston telikì egkèfalo me ta egkefalik� hmisfa�ria,to di�meso egkèfalo me tou dÔo jal�mou kai ton upoj�lamo, to mèso egkèfalo me totetr�dumo pètalo kai ta dÔo egkefalik� skèlh, ton op�sjio egkèfalo me th gèfura kai thnparegkefal�da kai ton èsqato egkèfalo me ton prom kh muelì [52℄. O mèso egkèfalo, hgèfura kai o prom kh muelì apoteloÔn to egkefalikì stèleqo [52℄.Ta dÔo egkefalik� hmisfa�ria apoteloÔn to megalÔtero tm ma tou egkef�lou kai emfa-n�zoun sthn epif�nei� tou polu�rijme proexoqè kai aulak¸sei, oi opo�e onom�zontai42



èlike kai aÔlake ant�stoiqa. Oi bajÔtere aÔlake onom�zontai sqismè. H epim khsqism  qwr�zei ta hmisfa�ria metaxÔ tou, en¸ �lle sqismè qwr�zoun to k�je hmisfa�riose loboÔ, oi opo�oi e�nai o metwpia�o, o bregmatikì, o krotafikì kai o iniakì. Taegkefalik� hmisfa�ria apoteloÔntai apì èna exwterikì str¸ma fai� ous�a, to floiì twnhmisfair�wn, o opo�o sun�statai kur�w apì s¸mata neurik¸n kutt�rwn, en¸ k�tw apì tofloiì br�skontai m�ze leuk  ous�a, pou perièqoun kur�w neur�xone neurik¸n kutt�rwn[52℄. Apì fai� kur�w ous�a apotele�tai kai o j�lamo tou egkef�lou, o opo�o apotele�shmantikì kèntro upodoq  erejism�twn, tìso apì thn perifèreia, ìso kai apì ta hmisfa�-ria.2.2 Neopl�smata tou K.N.S. - Gloi¸mataTa neopl�smata tou K.N.S. diakr�nontai se prwtopaj  kai deuteropaj  (  metastatik�)neopl�smata [31, 33℄. Ta prwtopaj  neopl�smata sunistoÔn mia eure�a om�da me meg�lhpoikil�a w pro thn hlik�a kai jèsh emf�nish, th biologik  sumperifor�, thn prìgnwshkai th jerape�a. Proèrqontai apì kako jh exallag  kutt�rwn tou neurikoÔ istoÔ, twnagge�wn,   twn periblhm�twn (mhn�ggwn) tou egkef�lou [31℄. Me b�sh teleuta�a dedomènatou Pagkìsmiou OrganismoÔ Uge�a (2007) ta prwtopaj  neopl�smata tou K.N.S. emfan�-zontai me suqnìthta 18-20 an� 100.000 plhjusmoÔ kai apoteloÔn to 10% tou sunìlou twnneoplasi¸n [33℄. To 10-20% twn neoplasm�twn aut¸n emfan�zontai sta paidi� apotel¸n-43



ta ton pr¸to se suqnìthta sumpag  ìgko th paidik  hlik�a kai ton deÔtero ìlwn twnneoplasi¸n met� ti leuqaim�e [33℄.Apì tou prwtopaje� ìgkou toÔ K.N.S. oi ìgkoi neuroepijhliak  arq  apoteloÔntoÔ plèon suqnìterou se posostì 50-60%. MetaxÔ aut¸n ta gloi¸mata e�nai ta suqnìte-ra [32℄. Ta gloi¸mata e�nai prwtopaje� endokr�nioi ìgkoi pou kalÔptoun sqedìn to 40-50%twn neoplasm�twn toÔ egkef�lou [31, 32℄. H mègisth suqnìthta emf�nish tou e�nai sthnpèmpth kai èkth dekaet�a th zw  [31, 32℄. Proèrqontai sun jw apì m�a ek twn tess�rwnkathgori¸n neurogloiak¸n kutt�rwn tou egkef�lou: ta astrokÔttara (astrokutt¸mata),ta oligogodendrokÔttara (oligodendrogloi¸mata), ta ependumatik� kÔttara (ependum¸ma-ta), kai ta arqègona neurogloiak� kÔttara (gloi¸mata) [31, 32℄. Ta astrokutt¸mata e�naita sunhjèstera gloi¸mata [32℄. Ta gloi¸mata mpore� na emfan�zontai sta egkefalik� hmi-sfa�ria, ston op�sjio kraniakì bìjro, sta optik� neÔra kai sp�nia sto nwtia�o muelì [31℄,kai an�loga me ta istologik� tou qarakthristik� taxinomoÔntai se 4 kathgor�e (bajmoÔ)[31, 32, 33℄:
• Bajmì I : Pilokutarikì (triqoeidè   neanikì) astrokÔttwma
• Bajmì II : AstrokÔttwma, ependÔmwma, oligodendroglo�wma
• Bajmì III: Anaplastikì astrokÔttwma (glo�wma   oligodendroglo�wma)
• Bajmì IV : PolÔmorfo gloiobl�stwmaOi bajmo� I-IV antikatoptr�zoun kai thn epijetikìthta t¸n ìgkwn aut¸n. En¸ to pi-lokutarikì astrokÔttwma den èqei thn prodi�jesh na exel�ssetai epijetik� kai h pl rhqeirourgik  tou exa�resh sunep�getai �ash, den sumba�nei to �dio stou bajmoÔ II-IV. Stagloi¸mata bajmoÔ II an koun ta qamhl  kako jeia astrokutt¸mata pou se b�jo qrì-nou dÔnantai na exeliqjoÔn sti pio kako jei morfè III kai IV bajmoÔ. O mèso ìroepib�wsh tou asjenoÔ exart�tai apì thn hlik�a, to mègejo kai thn entìpish toÔ ìgkoukai kuma�netai apì 5-15 èth. To ependÔmwma katat�ssetai kai autì sta gloi¸mata bajmoÔII, anaptÔssetai kur�w sto koiliakì sÔsthma tou egkef�lou   kat� m ko tou nwtia�ouswl na kai en�ote odhge� se metast�sei mèsw tou egkefalonwtia�ou ugroÔ. H jerape�asun�statai sth rizik  tou qeirourgik  afa�resh kai sthn aktinojerape�a toÔ kran�ou kaitoÔ nwtia�ou swl na. To oligodendroglo�wma katat�ssetai ep�sh sta gloi¸mata bajmoÔII, anaptÔssetai kur�w stou metwpia�ou loboÔ, me idia�tera argoÔ rujmoÔ, sqhmat�-zonta kÔstei kai asbest¸sei (apotitan¸sei). Me rizik  qeirourgik  afa�resh kai /  qwr� aktinojerape�a parathre�tai uyhlì mèso ìro epib�wsh (10-15 èth). To anaplasti-kì astrokÔttwma an kei sta gloi¸mata bajmoÔ III, anaptÔssetai saf¸ pio epijetik� kaise suntomìtero qronikì di�sthma, me mèso ìro epib�wsh toÔ asjenoÔ apì 0.5-3 èth. Tè-lo, to polÔmorfo gloiobl�stwma e�nai h suqnìterh kai kakohjèsterh morf  gloi¸mato(bajmoÔ IV), me taqÔtath (se l�gou m ne) exèlixh kai to qamhlìtero mèso ìro epib�wsh44



metaxÔ twn gloiwm�twn (0.5-1 èto). Makroskopik� to polÔmorfo gloiobl�stwma e�naiìgko maljakì, nekrwtikì kai aimorragikì, me t�sh na dieisdÔei mèsw tou mesolob�ousto �llo hmisfa�rio. Suqnìtera entop�zetai sth metwpokrotafik  perioq . Shmei¸netai ìtio anaferìmeno mèso ìro epib�wsh proèrqetai apì th statistik  an�lush asjen¸n meti ant�stoiqe diagn¸sei.

Sq ma 2.3: Makroskopik  emf�nish polÔmorfou gloioblast¸matoKÔrio qarakthristikì twn gloiwm�twn e�nai h exèlix  tou apì neopl�smata kal  dia-foropo�hsh se perissìtero kako jei morfè, ìpw to anaplastikì astrokÔttwma kai topolÔmorfo gloiobl�stwma, me mia diadikas�a pou lamb�nei q¸ra se di�sthma èw kai 10et¸n. H diergas�a aut  pou e�nai gnwst  w tumor progression e�nai qarakthristik  giata astrokutt¸mata kai ofe�letai sth suss¸reush ìlo kai perissìterwn genetik¸n bla-b¸n, pou odhgoÔn sthn apìkthsh kako jwn qarakthristik¸n (apodiaforopo�hsh, aÔxhshkuttarikoÔ pollaplasiasmoÔ dihjhtik  ikanìthta) [26, 32℄. E�nai dunatìn ìmw na èqoumethn an�ptuxh ex arq  (de novo) polÔmorfou gloioblast¸mato qwr� na apotele� exèlixhneopl�smato qamhlìterh bajm�da diaforopo�hsh [26, 32℄. 'Ena ep�sh qarakthristikìtwn astrokuttwm�twn e�nai h ikanìthta tou na dihjoÔn to geitonikì fusiologikì egke-falikì istì, gegonì me apotèlesma th diaspor� karkinik¸n kutt�rwn se apomakrusmèneperioqè apì to shme�o dhmiourg�a tou ìgkou [26℄. H di jhsh tou fusiologikoÔ neurikoÔistoÔ sumba�nei diamèsou sugkekrimènwn anatomik¸n dom¸n kai e�nai idia�tera emfan  stakak  diaforopo�hsh neopl�smata, qwr� na apousi�zei ìmw kai apì ta qamhl  bajm�da[26℄.Sti misè sqedìn peript¸sei, to pr¸to sÔmptwma enì gloi¸mato e�nai h emf�nish miaestiak    genikeumènh epilhptik  kr�sh [31℄. Per�pou 60 me 75% aut¸n twn asjen¸n,ja èqoun upotropi�zouse epilhptikè kr�sei kat� thn pore�a th nìsou. Klinikè ekdhl¸-sei auxhmènh endokr�nia p�esh (ìpw ep�monh kefalalg�a, èmetoi, o�dhma twn optik¸njhl¸n, bradukard�a, diataraqè epipèdou sune�dhsh, k.�.), emfan�zontai arg� sthn exèlixht  nìsou [31℄. Sta paidi� oi ìgkoi auto�, entop�zontai sun jw sthn paregkefal�da kai pa-rousi�zontai me èna sunduasmì optik¸n diataraq¸n (pou tupik� de diorj¸nontai me guali�or�sew), ast�jeia b�dish, eterìpleurh atax�a, kai shme�a auxhmènh endokr�nia p�esh.45



H magnhtik  tomograf�a (MRI) kai se merikè peript¸sei kai h axonik  tomograf�a(CT) e�nai apara�thte gia ton kajorismì t¸n qarakt rwn toÔ ìgkou (mègejo, entìpish)[31℄. Prìsjete apeikonistikè exet�sei kaj�stantai se pollè peript¸sei apara�thtekai exuphretoÔn sugkekrimènou skopoÔ, ìpw h magnhtik  fasmatoskop�a, h leitourgik magnhtik  tomograf�a, h trisdi�stath magnhtik  tomograf�a (neuroplo ghsh) kai h tomo-graf�a ekpomp  pozitron�wn (PET scan) [19℄.

Sq ma 2.4: Pro-(�nw) kai metegqeirhtik (k�tw) magnhtik  tomograf�a tupikoÔ gloiobla-st¸mato (aristeroÔ) bregmatikoÔ loboÔ se guna�ka asjen  62 et¸n. H dexi� hmip�reshapokatast�jhke metegqeirhtik�.Qeirourgik  afa�resh tou ìgkou mèsw kraniotom�a epitrèpei se genikè grammè leitour-gik  epib�wsh gia makrÔ qronikì di�sthma [31, 32℄. Neìtere teqnikè pou efarmìzontai thnteleuta�a dekaet�a kai epitrèpoun th rizikìterh afa�resh twn gloiwm�twn, akìma kai se idia�-tera dusprìsite perioqè toÔ egkef�lou, me sÔgqronh prostas�a shmantik¸n leitourgik¸nkèntrwn tou, èqoun belti¸sei shmantik� thn poiìthta zw , all� kai to mèso ìro epib�wsht¸n asjen¸n. Oi teqnikè autè e�nai h neuroplo ghsh, h leitourgik  magnhtik  tomograf�a,o diegqeirhtikì neurofusiologikì èlegqo kai h diegqeirhtik  apeikìnish mèsw uper qou  eidik¸n susthm�twn diegqeirhtik  magnhtik  tomograf�a. Se orismène peript¸seiidia�tera dusmenoÔ prìgnwsh, ìpw di jhsh perissìterwn tou enì lob¸n tou egkef�-lou   epèktash se perioq  leitourgik¸n kèntrwn (lìgou, basik¸n gaggl�wn, stelèqou),h ≪anoikt  ≫qeirourgik  epèmbash den fa�netai na prosfèrei ousiastikì ìfelo, kaj¸ meaut n den pragmatopoie�tai rizik  afa�resh toÔ ìgkou. Se aut n thn per�ptwsh sunist�taisun jw epibeba�wsh t  di�gnwsh mèsw istologik  exètash, met� th l yh stereotakti-k  bioy�a. Se kam�a per�ptwsh h magnhtik  fasmatoskop�a den antikajist� thn istologik epibeba�wsh.Se ìle sqedìn ti peript¸sei gloiwm�twn bajmoÔ II kai se ìle bajmoÔ III-IV qorhge�-tai metegqeirhtik� sumbatik  aktinojerape�a [49℄. Se ìgkou bajmoÔ III kai IV qorhge�taikai sumplhrwmatik  qhmeiojerape�a (Temozolomide) kat� th di�rkeia th aktinojerape�a,h opo�a suneq�zetai kai met� to pèra t  aktinojerape�a, b�sei jerapeutik¸n prwtokìllwn46



diarke�a èxi   d¸deka mhn¸n [49℄. H jerape�a sundu�zetai merikè forè me stereotaktik aktinoqeirourgik , idia�tera se peript¸sei mikrìterwn esti¸n   upotrop¸n.Polukentrikè melète èqoun epibebai¸sei ìti h rizik  qeirourgik  afa�resh toÔ ìgkouse posostì > 90% kai h qor ghsh aktino- kai qhmeiojerape�a metegqeirhtik�, belti¸nounshmantik� to prosdìkimo epib�wsh kai thn poiìthta zw  twn asjen¸n. EntoÔtoi, k�jeper�ptwsh prèpei na exatomikeÔetai kai na antimetwp�zetai b�sei twn isquìntwn diejn¸nprwtokìllwn antimet¸pish gloiwm�twn.2.3 Majhmatik� montèla -Istorik  anadrom Ta gloi¸mata, ìpw proanafèrjhke, apoteloÔn tou sobarìterou kai suqnìterouprwtopaje� ìgkou tou egkef�lou. To pio shmantikì prìblhma sthn ègkairh di�gnwshkai jerape�a t¸n asjen¸n me glo�wma e�nai h taqÔtath di jhsh toÔ geitonikoÔ fusiologikoÔistoÔ apì ta karkinik� kÔttara me apotèlesma thn adunam�a entìpish toÔ ìgkou sta arqi-k� st�dia me ti sun jei qrhsimopoioÔmene mejìdou apeikìnish (magnhtik  kai axonik tomograf�a).Ta parap�nw loipìn apotèlesan k�nhtro gia tou epist mone ¸ste na melet soun kai nakatano soun thn an�ptuxh twn gloiwm�twn. Ti teleuta�e dekaet�e èqoun anaptuqjei ma-jhmatik� montèla gia thn prosomo�wsh kai melèth th exèlixh enì karkinikoÔ ìgkou stonegkèfalo. Ta pr¸ta montèla bas�zontan e�te stou ekjetikoÔ e�te se Verhulst (logistic)e�te se Gompertz nìmou [39, 50, 51, 63, 68℄. Ta epìmena qrìnia ta montèla aut� antika-tast�jhkan apo ta montèla an�ptuxh tou karkinikoÔ ìgkou sto q¸ro kai to qrìno. Sthnkathgor�a aut  an koun ta deterministic montèla ta opo�a jewroÔn thn an�ptuxh tou kar-k�nou w èna fainìmeno di�dosh kÔmato kai lamb�noun upìyin tou th m�twsh kai jreptik ex�ntlhsh (nutrient depletion) [2℄, thn anosopoihtik  ant�drash [29℄   to rujmì mitwtik exallag  (mitotic rate changes) [55℄. Ta parap�nw montèla apètuqan th montelopo�hshan�ptuxh twn gloiwm�twn giat� den èlaban upìyin tou thn kuttarik  kinhtikìthta. T¸rata montèla pou qrhsimopoioÔme pio suqn� e�nai ta montèla di�qush sta opo�a me merikèdiaforikè exis¸sei prosomoi¸noume thn allag  th puknìthta tou kutt�rou tou gloi¸-mato sto q¸ro kai to qrìno. To pr¸to montèlo t  kathgor�a aut  anaptuqjhke apìton Murray to 1989 [42℄. Argìtera oi Cruywagen et al. [11℄, Tracqui et al. [64℄, Woodward

et al. [70℄, Cook et al. [10℄ kai Burgess et al. [9℄ periègrayan to montèlo th an�ptuxhkai di�qush enì gloi¸mato basismènoi sti analÔsei twn deigmatwn apo ti axonikètomograf�e twn asjen¸n me astrokÔtwma. To montèlo autì kajor�zei thn anaptuxh twnkarkinik¸n kutt�rwn basizìmenoi se dÔo paramètrou: ton pollaplasiasmì kai th di�qush.Shmei¸netai ìti mèqri to 2000 oi ereunhtè den el�mbanan upìyin tou thn anatom�a toÔegkef�lou. Pr¸th h Swanson [60℄ eis gage sth montelopo�hsh th an�ptuxh twn gloiw-m�twn thn eterogèneia pou up�rqei ston istì tou egkef�lou. Sto montèlo th up�rqoundÔo stajerè di�qush, mia gia th fai� ous�a kai mia gia th leuk  ous�a. Pio sugkekrimèna47



oi suntelestè autè di�qush e�nai stajerè kai èqei parathrhje� ìti h stajer� diaqushsthn leuk  ous�a e�nai megalÔterh apì aut n sth fai� ous�a.2.4 To majhmatikì montèlo th SwansonTo majhmatikì montèlo th Swanson [59℄- [62℄ pou èqei anaptuqje� ta teleuta�a qrìniaèqei diapistwje� ìti prosomoi�zei th sumperifor� enì pragmatikoÔ karkinikoÔ ìgkou sthndi�rkeia tou qrìnou polÔ apotelesmatik�. 'Opw èqoume  dh anafèrei h pio shmantik diafor� tou montèlou autoÔ se sqèsh me progenèstera e�nai ìti to montèlo autì lamb�neiupìyin thn anatom�a tou egkef�lou, dhlad  th diaforetik  kuttarik  kinhtikìthta sth fai�kai leuk  ous�a.To majhmatikì autì montèlo mpore� na perigrafe� w ex :
“ rujmì metabol  th puknìthta tou plhjusmoÔ twn karkinik¸n kutt�rwn =di�qush (kinhtikìthta) kutt�rwn sth leuk  kai fai� ous�a + pollaplasiasmì twn karki-nik¸n kutt�rwn.”H majhmatik  ex�swsh tou montèlou e�nai :

∂c̄

∂t̄
= ∇̄ · J + ρc̄ (2.1)ìpou c(x, t) e�nai o arijmì twn kutt�rwn sthn jèsh x kai ton qrìno t, ρ (time −1 )parist�nei to posostì th an�ptuxh twn kutt�rwn sumperilambanomènou kai tou polla-palasiasmoÔ tou kai tou jan�tou tou kai J parist�nei th di�qush ro  twn kutt�rwn. Hdi�qush ro  lamb�netai na e�nai an�logh th kl�sh th kuttarik  puknìthta, dhlad :
J = D̄∇̄c̄ (2.2)me D̄ (distance 2 / time) na e�nai h stajer� di�qush twn kutt�rwn ston istì tou egkef�lou.Opìte h ex�swsh (2.1) qrhsimopoi¸nta thn (2.2) g�netai:

∂c̄

∂t̄
= D̄∇̄2c̄ + ρc̄ (2.3) 

∂c̄

∂t̄
= ∇ ·

(
D̄(x̄)∇c̄

)
+ ρc̄ , (2.4)Lamb�nonta upìyin thn eterogèneia tou istoÔ tou egkef�lou, h stajer� di�qush pouantiproswpeÔei thn kinhtikìthta twn karkinik¸n kutt�rwn e�nai diaforetik  sth fai� kaileuk  ous�a: 48



D̄(x̄) =

{
Dg, x̄ an kei sth fai� ous�a (grey matter)
Dw, x̄ an kei sth leuk  ous�a (white matter) , (2.5)me Dg kai Dw na e�nai stajerè kai Dw > Dg.Th stajer� di�qush sth leuk  kai fai� ous�a mporoÔme na thn antistoiq�soume me thgrammik  taqÔthta qrhsimopoi¸nta thn Fisher prosèggish [9℄. Dhlad :

Dw =
u2

w

4ρ
(2.6)kai

Dg =
u2

g

4ρ
(2.7)ìpou uw kai ug e�nai ant�stoiqa oi grammikè taqÔthte th diagnwsmènh leuk  kai fai�perioq  pou èqei prosblhje� apì ton kark�no. Aut  h prosèggish prokÔptei apì thnparat rhsh ìti o plhjusmì pou dièpetai apì thn an�ptuxh kai th di�qush exapl¸netai merujmì 2

√
ρD gia meg�lo qronikì di�sthma.Peiramatik� dedomèna uyhloÔ bajmoÔ kako jeia gloi¸mato d�nontai apì ton parak�twp�naka [59℄: Par�metroi SÔmbolo Peiramatikè timè Mon�deGrammik  taqÔthta sth fai� ous�a ug 0.008 cm

dayGrammik  taqÔthta sth leuk  ous�a uw >0.016 cm
dayStajer� di�qush sth fai� ous�a Dg 0.0013 cm2

dayStajer� di�qush sth leuk  ous�a Dw >0.0042 cm2

dayPosostì an�ptuxh karkinik¸n kutt�rwn ρ 0.012 day−1'Opw prokÔptei h stajer� di�qush sth leuk  ous�a e�nai per�pou pentapl�sia th stajer�di�qush sthn fai� ous�a Dw ≃ 5Dg.Peiramatik� dedomèna ep�sh gia th st�jera di�qush sth fai� ous�a gloiwm�twn dia-fìrou bajmoÔ kako jeia entopismèna ston krotafikì lobì tou egkef�lou parousi�zontaiston p�naka 2.1 [59℄.Tèlo, jewroÔme ìti sto sÔnoro h ro  e�nai mhdèn kai ìti h arqik  phg  twn karkinik¸nkutt�rwn d�netai apì thn sqèsh:
c̄(x̄, 0) = f̄(x̄) (2.8)Sthn paroÔsa ìmw ergas�a asqolhj kame me to adi�stato prìblhma se mia qwrik di�stash. Oi adi�state loipìn metablhtè pou qrhsimopoi same [59℄ e�nai :
x =

√
ρ

Dw

x̄ , (2.9)49



Bajmì kako jeia gloi¸mato Stajer� di�qush sthn faia ous�a DgBajmì I 0.00013Bajmì II 0.0013Bajmì III 0.00013Bajmì IV 0.0013P�naka 2.1: O bajmì kako jeia enì gloi¸mato kai h ant�stoiqh stajer� di�qush sthfai� ous�a. Adi�stath posìthta tou qrìnou Pragmatikì qrìno
t = 0.01 ≈ 20 ¸re
t = 0.1 ≈ 8 mère
t = 1 ≈ 3 m ne
t = 4 ≈ 1 qrìnia
t = 10 ≈ 2 qrìniaP�naka 2.2: H sqèsh metaxÔ th adi�stath posìthta tou qrìnou (pou qrhsimopoie�taistou upologismoÔ ma) kai tou pragmatikoÔ qrìnou.

t = ρt̄ , (2.10)
c(x, t) = c̄

(√
ρ

Dw

x̄, ρt̄

)
Dw

ρN0

(2.11)ìpou N0 =
∫
f(x)dx dhl¸nei ton arqikì arijmì karkinik¸n kutt�rwn ston egkèfalo(dhlad  gia t = 0) kai

f(x) = f̄

(√
ρ

Dw
x̄

) (2.12)Opìte gia par�deigma gia ton qrìno h sqèsh metaxÔ th adi�stath posìthta kai toupragmatikoÔ qrìnou gia ρ = 0.012 day−1 d�netai apì ton p�naka 2.2.H ex�swsh loipìn tou montèlou ma diamorf¸netai w ex :
∂c

∂t
= ∇ · (D(x)∇c) + c , (2.13)me

D(x) =

{
1 , x an kei sth fai� ous�a (grey matter)
γ = Dg

Dw
, x an kei sth leuk  ous�a (white matter) , (2.14)50



kai
c(x, 0) = f(x). (2.15)To montèlo ma sth mia qwrik  di�stash mpore� na grafte� kai sth morf :





ct = (Dcx)x + c , x ∈ [a, b] , t ≥ 0

cx(a, t) = 0 kai cx(b, t) = 0

c(x, 0) = f(x)

(2.16)
Antikajist¸nta c(x, t) = etu(x, t) èqoume ìti:





ut = (Dux)x , x ∈ [a, b] , t ≥ 0

ux(a, t) = 0 kai ux(b, t) = 0 .

u(x, 0) = f(x)

(2.17)Gia thn an�lush ma jewroÔme th stajer� di�qush D(x) th morf  :
D(x) =





γ , a ≤ x < w1

1 , w1 ≤ x < w2 ,

γ , w2 ≤ x ≤ b

(2.18)

w1 w2

      

 

 

γ
      

 b

γ

a

1 1

Sq ma 2.5: Stajer� Di�qushme γ := Dg

Dw
< 1 na e�nai h adi�stath stajer� di�qush sth fai� ous�a kai 1 h adi�stathstajer� di�qush sth leuk  ous�a.H asunèqeia th stajer� di�qush �mesa sunep�getai kai asunèqeia th ux ètsi ¸steh Dux na e�nai suneq  se k�je diasÔndesh twn perioq¸n. Pio sugkekrimèna h parabolik morf  th diaforik  ex�swsh (2.17) epit�ssei sunèqeia th u kai th ro  sta shme�adiasÔndesh, dhlad  51



[u] := u+ − u− = 0 , gia x = wk , k = 1, 2 , (2.19)me
u+ := lim

x→w+

k

u(x) kai u− := lim
x→w−

k

u(x) ,kai
[Dux] := D+u+

x −D−u−x = 0 , gia x = wk , k = 1, 2 . (2.20)Opìte qrhsimopoi¸nta tou parap�nw periorismoÔ sunèqeia sta shme�a diasÔndesh,to montèlo mpore� na diamorfwje� w ex :




ut = Dℓ uxx , x ∈ Rℓ , ℓ = 1, 2, 3 , t ≥ 0

ux(a, t) = 0 kai ux(b, t) = 0

[u] = 0 kai [Dux] = 0 gia x = wk , k = 1, 2

u(x, 0) = f(x)

(2.21)
me Rℓ na dhl¸nei thn k�je perioq 

R1 := [a, w1) , R2 := (w1, w2) , R3 := (w2, b] . (2.22)Tèlo, h phg  twn karkinik¸n kutt�rwn arqik� d�netai apì th sun�rthsh f(x):
f(x) = δ(x− ξ) , ξ ∈ [a, b] , (2.23)ìpou δ(x) dhl¸nei thn Dirac sun�rthsh. Dhlad :

δ(x− ξ) ≡ δη(x) :=
1

η
√
π
e−(x−ξ)2/η2 (2.24)
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Kef�laio 3Mèjodo Immersed Interfacepeperasmène diaforè gia tomontèlo di�qush karkinik¸n ìgkwnston egkèfalo me asuneq  stajer�di�qushSto kef�laio autì ja asqolhjoÔme me thn Immersed Interface mèjodo gia thn arijmhti-k  ep�lush tou interface probl mato th di�qush karkinik¸n ìgkwn ston egkèfalo ìpouh stajèra di�qush e�nai asuneq . H basik  idèa th mejìdou aut  e�nai ìti qrhsimopoie�ti exis¸sei twn peperasmènwn diafor¸n stou kanonikoÔ kìmbou tou plègmato kai tro-popoihmène ex�swsei peperasmènwn diafor¸n stou mh kanonikoÔ kìmbou tou plègmatoètsi ¸ste na proseggistoÔn kal� oi di�fore asunèqeie. Auto� oi mh kanoniko� kìmboibr�skontai polÔ kont� sta shme�a diasÔndesh twn perioq¸n kai e�nai polÔ l�goi ¸ste namhn aux�noun to upologistikì kìsto p�ra polÔ. H mèjodo aut  exasfal�zei akr�beia stashme�a tou plègmato.3.1 To sqedi�gramma (o skeletì) th Immersed In-

terface mejìdouH mejìdo aut  anaptÔqjhke apì tou Le Veque kai Li [31℄ gia na antimetwp�soun asunè-qeie sti stajerè kai sti lÔsei pou up�rqoun sti diaforikè exis¸sei kai perigr�fetaiw akoloÔjw:
• Ep�luse thn merik  diaforik  ex�swsh s' èna kartesianì plègma.
• Qrhsimopo�hse peperasmène diaforè.53



• B�le shme�a kont� sta shme�a diasÔndesh mèsa sto kartesianì plègma.
• Ef�rmose ti peperasmène diaforè sta kanonik� shme�a tou plegmato makri� apìta shme�a diasÔndesh.
• DhmioÔrghse ti sqèsei sta shme�a diasÔndesh.
• Tropopo�hse ti exis¸sei twn peperasmènwn diafor¸n sta mh kanonik� shme�a touplègmato, dhlad  se aut� pou e�nai kont� sta shme�a diasÔndesh.
• LÔse to sÔsthma twn exis¸sewn gia na upolog�sei th proseggistik  lÔsh tou pro-bl mato.3.2 H Immersed Interface mèjodo me Implicit pepe-rasmène diaforèJewroÔme to problhm� ma ìpw to or�same sthn (2.17), dhlad :






ut = (Dux)x , x ∈ [a, b] , t ≥ 0

ux(a, t) = 0 kai ux(b, t) = 0 .

u(x, 0) = f(x)

(3.1)me th stajer� di�qush D na d�netai apì thn sqèsh (2.18).Par�goume èna kartesianì plègma me
xi = a + ih, i = 0, 1, . . . , m (3.2)kai

tn = n∆t , n = 0, 1, . . . . (3.3)ìpou h = b−a
m
. JewroÔme ìti to shme�o w1 br�sketai an�mesa sta shme�a tou plègmato

xj kai xj+1 en¸ to shme�o w2 br�sketai an�mesa sta shme�a tou plègmato xk kai xk+1.Ta shme�a xj , xj+1, xk, xk+1 pou br�skontai kont� sta shme�a diasÔndesh onom�zontai mhkanonik� shme�a tou plègmato (irregural grid points). Ta upìloipa shme�a tou plègmatolègontai kanonik� shme�a tou plègmato (regural grid points).Sta kanonik� shme�a tou plègmato efarmìzoume peperasmène diaforè. Oi timè thexarthmènh metablht  stou kìmbou tou plègmato or�zontai apì th sqèsh:
u(xi, tn) = un

i me i = 0 . . .m kai n = 0,∆t, 2∆t . . . (3.4)54



0
x a= 1

w
2
w

mx b=

x

1
x

2
x

jx 1jx + kx 1kx +

O de�kth n pou sumbol�zei th diakritopoi sh sto qrìno gr�fetai w �nw de�kth kai ode�kth pou sumbol�zei th diakritopo�hsh tou q¸rou w k�tw de�kth. Me ton trìpo autì odiaqwrismì an�mesa stou de�kte pou sumbol�zoun th qwrik  kai th qronik  diakritopoi she�nai �mesa anagnwr�simo. 'Eqonta oloklhr¸sei me th diakritopo�hsh tou ped�ou orismoÔ,

, 0x a t= =
1i i 1i+

1n+

1n 

n

t! l
h

n

i
u

x b=

t

Sq ma 3.1: Upologistikì plègmaefarmìzoume thn diaforik  ex�swsh stou kìmbou (xi, tn) :
ut(xi, tn+1) = D uxx(xi, tn+1) (3.5)ìpou

D(x) =






γ , i = 0, . . . , j

1 , i = j + 1, . . . , k ,

γ , i = k + 1, . . .m

(3.6)Gia lìgou eust�jeia gia thn pr¸th par�gwgo w pro to qrìno qrhsimopoioÔme tipro ta p�sw diaforè (backward Euler): 55



∂u

∂t

∣∣∣∣
n+1

i

=
un+1

i − un
i

∆t
+O(∆t) (3.7)en¸ gia th deÔterh par�gwgo w pro to q¸ro qrhsimopoioÔme kentrikè diaforè:

∂2u

∂x2

∣∣∣∣
n+1

i

=
un+1

i+1 − 2un+1
i + un+1

i−1

h2
+O(h2) (3.8)

1i i 1i+

1n+

1n 

n

x

t

Sq ma 3.2: Upologistikì plègmaìpou oi kìkkinoi kÔkloi ekfr�zoun tou kìmbou pou perièqontai sti peperasmènediaforè gia ton q¸ro en¸ oi × tou kìmbou pou perièqontai sti peperasmène diaforègia ton qrìno.Antikajist¸nta ti sqèsei (3.7) kai (3.8) sth sqèsh (3.5) prokÔptei h ex�swsh twnpeperasmènwn diafor¸n :
un+1

i − un
i

∆t
= D

un+1
i+1 − 2un+1

i + un+1
i−1

h2
+O(∆t, h2) (3.9)Dhlad :

ũn+1
i − ũn

i = D∆t
ũn+1

i+1 − 2ũn+1
i + ũn+1

i−1

h2
(3.10)ìpou ũ sumbol�zei thn prosèggish th u t�xew O(∆t, h2).Jètw δ = D∆t me D na d�netai apì thn sqèsh (3.6). 'Ara

−δũn+1
i+1 + (h2 + 2δ)ũn+1

i − δũn+1
i−1 = h2ũn

i (3.11)'Etsi sta shme�a tou plègmato xi me i 6= j, j+1, k, k+1 oi exis¸sei twn peperasmènwndiafor¸n d�nontai apì thn sqèsh:
−δũn+1

i+1 + (h2 + 2δ)ũn+1
i − δũn+1

i−1 = h2un
i me i = 1, 2, ..., n (3.12)56



Oi exis¸sei twn peperasmènwn diafor¸n sto sÔnoro ja e�nai :
∂

∂x
ũ(a, t) = 0 ⇒ ∂ũ

∂x

∣∣∣∣
0

1

= 0 (3.13)QrhsimopoioÔme ti pro ta emprì diaforè opìte :
−3ũ0 + 4ũ1 − ũ2

2h
+O(h2) = 0 (3.14)Dhlad :

−3ũ0 + 4ũ1 − ũ2 = 0 (3.15)Ant�stoiqa me ti pro ta p�sw diaforè :
∂

∂x
ũ(b, t) = 0 ⇒ ∂ũ

∂x

∣∣∣∣
0

n1

= 0 (3.16)
ũm−2 − 4ũm−1 + 3ũm

2h
+O(h2) = 0 (3.17)Dhlad :

ũm−2 − 4ũm−1 + 3ũm = 0 (3.18)Gia ta mh kanonik� shme�a xj , xj+1, xk, xk+1 efarmìzoume tropopoihmène peperasmènediaforè pou kajor�zontai apì th mèjodo twn aprosdiìristwn suntelest¸n.Pio sugkekrimèna akolouj¸nta th doulei� twn [30, 31℄ gia to shme�o xj jewroÔme èna
3 − shme�wn sq ma th morf :

un+1
j − un

j

∆t
+O(∆t) = D(γn+1

j,1 un+1
j−1 + γn+1

j,2 un+1
j + γn+1

j,3 un+1
j+1 ) +O(h) (3.19)ètsi ¸ste na exasfal�soume deutèra t�xew olik  qwrik  sÔgklish. AfoÔ dÔo shme�a touplègmato emplèkontai e�nai arketì na èqoume topikì sf�lma apokop  t�xew O(h) stashme�a aut�.Gia na upolog�soume to topikì sf�lma apokop  sto shme�o xj , anaptÔssoume se seir�

Taylor thn lÔsh u(xj−1), u(xj) kai u(xj+1) sto shme�o diepaf  w1 kai gia th qronik stigm  t = n + 1. AfoÔ perimènoume tou γ suntelestè na e�nai th t�xew O( 1
h2 ) prèpeina anaptÔxoume thn seir� Taylor taxew O(h3) ¸ste na petÔqoume topikì sf�lma apokop t�xew O(h).Sumbol�zoume me

u−(w1) = lim
x→w−

1

u(x), u+(w1) = lim
x→w+

1

u(x). (3.20)AnaptÔssonta thn seir� Taylor gia u(xj−1) sto shme�o w1 kai gia t = n + 1 èqoume:57



un+1(xj−1) = (u−(w1))
n+1 + (xj−1 −w1)(u

−
x (w1))

n+1 +
1

2
(xj−1 −w1)

2(u−xx(w1))
n+1 +O(h3).(3.21)Ant�stoiqa:

un+1(xj) = (u−(w1))
n+1 +(xj −w1)(u

−
x (w1))

n+1 +
1

2
(xj −w1)

2(u−xx(w1))
n+1 +O(h3) (3.22)kai

un+1(xj+1) = (u+(w1))
n+1 + (xj+1 −w1)(u

+
x (w1))

n+1 +
1

2
(xj+1 −w1)

2(u+
xx(w1))

n+1 +O(h3).(3.23)Gnwr�zoume ìmw ìti sto shme�o diasÔndesh w1 kai gia t = n+ 1 isqÔoun oi sqèsei:
[u]

∣∣n+1

w1
= (u+(w1))

n+1 − (u−(w1))
n+1 = 0 (3.24)dhlad  :

(u+(w1))
n+1 = (u−(w1))

n+1 (3.25)kai
[Dux]

∣∣n+1

w1
= D+(u+

x (w1))
n+1 −D−(u−x (w1))

n+1 = 0 (3.26)dhlad  :
(u+

x (w1))
n+1 =

D−

D+
(u−x (w1))

n+1 (3.27) 
(u+

x (w1))
n+1 = γ(u−x (w1))

n+1 (3.28)Kaj¸ ep�sh ìti:
u−t (w1) −D−u−xx(w1) = 0 (3.29)
u+

t (w1) −D+u+
xx(w1) = 0 (3.30)kai u−t (w1) = u+

t (w1)

D+(u+
xx(w1)) −D−(u−xx(w1)) = 0 (3.31)dhlad  gia t = n + 1 ja isqÔei: 58



(u+
xx(w1))

n+1 =
D−

D+
(u−xx(w1))

n+1 (3.32) 
(u+

xx(w1))
n+1 = γ(u−xx(w1))

n+1 (3.33)'Etsi antikajist¸nta sth sqèsh (3.23) ti sqèsei (3.25), (3.28) kai (3.33) prokÔpteiìti:
un+1(xj+1) = (u−(w1))

n+1+(xj+1−w1) γ(u
−
x (w1))

n+1+
1

2
(xj+1−w1)

2 γ(u−xx(w1))
n+1+O(h3)(3.34)Opìte qrhsimopoi¸nta ti sqèsei (3.21),(3.22) kai (3.34) èqoume ìti :

γn+1
j,1 un+1(xj−1) + γn+1

j,2 un+1(xj) + γn+1
j,3 un+1(xj+1) =

γn+1
j,1 [(u−(w1))

n+1 + (xj−1 − w1)(u
−
x (w1))

n+1 + 1
2
(xj−1 − w1)

2(u−xx(w1))
n+1]

+ γn+1
j,2 [(u−(w1))

n+1 + (xj − w1)(u
−
x (w1))

n+1 + 1
2
(xj − w1)

2(u−xx(w1))
n+1]

+ γn+1
j,3 [(u−(w1))

n+1 + (xj+1 − w1) γ(u
−
x (w1))

n+1 + 1
2
(xj+1 − w1)

2 γ(u−xx(w1))
n+1] +O(h3) =

(γn+1
j,1 + γn+1

j,2 + γn+1
j,3 ) (u−(w1))

n+1

+[γn+1
j,1 (xj−1 − w1) + γn+1

j,2 (xj − w1) + γn+1
j,3 γ (xj+1 − w1)](u

−
x (w1))

n+1

+1
2
[γn+1

j,1 (xj−1 − w1)
2 + γn+1

j,2 (xj − w1)
2 + γn+1

j,3 γ (xj+1 − w1)
2](u−xx(w1))

n+1 +O(h3)(3.35)Sta �dia apotelèsmata ja katal game an upolog�zame :
uxx(xj) +O(h) = u−xx(w1) (3.36)MporoÔme na exasfal�soume ìti to topikì sf�lma apokop  sto shme�o w1 kai gia thnqronik  stigm  t = n + 1 :

(Tj)
n+1 =

un+1
j − un

j

∆t
−D(γn+1

j,1 un+1(xj−1) + γn+1
j,2 un+1(xj) + γn+1

j,3 un+1(xj+1)) +O(∆t, h)(3.37)e�nai th t�xew O(h) apait¸nta oi sunteleste twn (u−(w1))
n+1, (u−x (w1))

n+1 kai
(u−xx(w1))

n+1 na mhden�zontai. 'Etsi katal goume s�ena sÔsthma tri¸n exis¸sewn me treiagn¸stou:
γn+1

j,1 + γn+1
j,2 + γn+1

j,3 = 0

γn+1
j,1 (xj−1 − w1) + γn+1

j,2 (xj − w1) + γn+1
j,3 γ (xj+1 − w1) = 0

1
2
γn+1

j,1 (xj−1 − w1)
2 + 1

2
γn+1

j,2 (xj − w1)
2 + 1

2
γn+1

j,3 γ (xj+1 − w1)
2 = γ

(3.38)59



LÔnonta to parap�nw sÔsthma upolog�soume ti timè twn γn+1
j,1 , γn+1

j,2 kai γn+1
j,3 oi opo�ed�nontai apì ti sqèsei:

γn+1
j,1 = [γ − (1 − γ)(xj − w1)/h]/Dj (3.39)

γn+1
j,2 = [−2γ + (1 − γ)(xj−1 − w1)/h]/Dj (3.40)

γn+1
j,3 = 1/Dj (3.41)me Dj = h2 + (1 − γ)(xj−1 − w1)(xj − w1)/2γAnt�stoiqa oi tropopoihmène peperasmène diaforè sto shme�o xj+1 d�nontai apì thnex�swsh (3.42):

un+1
j+1 − un

j+1

∆t
+O(∆t) = D(γn+1

j+1,1 u
n+1
j + γn+1

j+1,2 u
n+1
j+1 + γn+1

j+1,3 u
n+1
j+2 ) +O(h) (3.42)Me an�logo trìpo, mporoÔme na upolog�soume tou sunteleste γn+1

j+1,1, γ
n+1
j+1,2, γ

n+1
j+1,3 giato shme�o xj+1 lÔnonta to sÔsthma:

γn+1
j+1,1 + γn+1

j+1,2 + γn+1
j+1,3 = 0

γ γn+1
j+1,1 (xj − w1) + γn+1

j+1,2 (xj+1 − w1) + γn+1
j+1,3 (xj+2 − w1) = 0

1
2
γ γn+1

j+1,1 (xj − w1)
2 + 1

2
γn+1

j+1,2 (xj+1 − w1)
2 + 1

2
γn+1

j+1,3 (xj+2 − w1)
2 = γ

(3.43)Opìte
γn+1

j+1,1 = γ/Dj+1 (3.44)
γn+1

j+1,2 = [−2 + (1 − γ)(xj+2 − w1)/h]/Dj+1 (3.45)
γn+1

j+1,3 = [1 − (1 − γ)(xj+1 − w1)/h]/Dj+1 (3.46)me Dj+1 = h2 − (1 − γ)(xj+2 − w1)(xj+1 − w1)/2.Sth diasÔndesh th deÔterh me thn tr�th perioq  me ant�stoiqo trìpo oi tropoihmèneexis¸sei twn peperasmènwn diafor¸n ja d�nontai apì ti parak�tw sqèsei [30, 31℄:(a) gia i = k h ex�swsh d�netai apì ton tÔpo :
un+1

k − un
k

∆t
+O(∆t) = D(γn+1

k,1 un+1
k−1 + γn+1

k,2 un+1
k + γn+1

k,3 un+1
k+1) +O(h) (3.47)ìpou 60



γn+1
k,1 = [1 − (γ − 1)(xk − w2)/h]/Dk (3.48)

γn+1
k,2 = [−2 + (γ − 1)(xk−1 − w2)/h]/Dk (3.49)

γn+1
k,3 = γ/Dk (3.50)me Dk = h2 + (γ − 1)(xk−1 − w2)(xk − w2)/2.(b) gia i = k + 1 h ex�swsh e�nai :

un+1
k+1 − un

k+1

∆t
+O(∆t) = D(γn+1

k+1,1 u
n+1
k + γn+1

k+1,2 u
n+1
k+1 + γn+1

k+1,3 u
n+1
k+2) +O(h) (3.51)ìpou

γn+1
k+1,1 = 1/Dk+1 (3.52)

γn+1
k+1,2 = [−2γ + (γ − 1)(xk+2 − w2)/h]/Dk+1 (3.53)
γn+1

k+1,3 = [γ − (γ − 1)(xk+1 − w2)/h]/Dk+1 (3.54)me Dk+1 = h2 − (γ − 1)(xk+2 − w2)(xk+1 − w2)/2γ.Opìte sugkentr¸nonta ìle ti parap�nw exis¸sei katal goume sthn ep�lush enìsust mato th morf 
Au(n+1) = Bu(n) (3.55)61



me

A =




−3 4 −1

a1 a2 a3

a1 a2 a3. . . . . .
a1 a2 a3

j11 j12 j13

j21 j22 j23

b1 b2 b3. . . . . .
b1 b2 b3

k11 k12 k13

k21 k22 k23

c1 c2 c3. . . . . .
c1 c2 c3

1 −4 3




(3.56)

ìpou a1 = −δ1, a2 = h2 + 2δ1, a3 = a1,
b1 = −δ2, b2 = h2 + 2δ2, b3 = b1,
c1 = a1, c2 = h2 + 2δ1, c3 = a1

j11, j12, j13, j21, j22, j23 d�nontai apì ti sqèsei (3.39)-(3.46) ant�stoiqa62



kai k11, k12, k13, k21, k22, k23 d�nontai apì ti sqèsei (3.48)- (3.54) ant�stoiqa.

B =




0

h2

h2 . . .
h2

1

1

h2

h2 . . .
h2

1

1

h2

h2 . . .
h2

0




(3.57)

kai
u(n) :=




u
(n)
1

u
(n)
2...

u
(n)
n+1



. (3.58)me u(0) na d�netai apì thn arqik  sunj kh dhlad  apì th dèlta sun�rthsh (2.24).3.3 H Immersed Interface mèjodo me Crank-Nicolson

Implicit peperasmène diaforèSthn enìthta aut  ja parousi�soume ton algìrijmo th Immersed Interface mejìdou me
Crank-Nicolson Implicit peperasmène diaforè. QrhsimopoioÔme to �dio kartesianì plègmaìpw kai sthn prohgoÔmenh per�ptwsh kai efarmìzoume to Crank-Nicolson sq ma gia takanonik� shme�a tou plègmato ta opo�a e�nai apolÔtw stajer�. Prosegg�zoume th diafo-rik  ex�swsh (3.5) sto shme�o (j, n+ 1

2
) pou br�sketai sto mèso th apìstash pou or�zetaiapì tou kìmbou (j, n) kai (j, n + 1). 63



'Ara gia thn pr¸th par�gwgo w pro to qrìno qrhsimopoioÔme ti kentrikè diaforèdeutèra t�xew:
∂u

∂t

∣∣∣∣
n+ 1

2

j

=
un+1

j − un
j

∆t
+O(∆t2) (3.59)H deÔterh par�gwgo w pro to q¸ro arqik� gr�fetai sth morf :

∂2u

∂x2

∣∣∣∣
n+ 1

2

j

= θ
∂2u

∂x2

∣∣∣∣
n+1

j

+ (1 − θ)
∂2u

∂x2

∣∣∣∣
n

j

(3.60)ìpou θ o suntelest  baruthta me 0 < θ < 1. Sth sunèqeia efarmìzoume sti deÔtereparag¸gou kentrikè diaforè deutèra t�xew:
∂2u

∂x2

∣∣∣∣
k

j

=
uk

j+1 − 2uk
j + uk

j−1

h2
+O(h2) (3.61)ìpou k = n+ 1 kai k = n ant�stoiqa.

1j j 1j+

1n+

1n 

n

x

t

1/ 2n+

Sq ma 3.3: Upologistikì plègmaìpou oi kìkkinoi kÔkloi ekfr�zoun tou kìmbou pou perièqontai sti peperasmènediaforè gia to q¸ro en¸ oi × tou kìmbou pou perièqontai sti peperasmène diaforègia to qrìno.Antikajist¸nta ti ekfr�sei (3.59), (3.60), (3.61) sth diaforik  ex�swsh (3.5) pro-kÔptei h ex�swsh twn peperasmènwn diafor¸n:
un+1

j − un
j

∆t
= D [ θ

un+1
j+1 − 2un+1

j + un+1
j−1

h2
+ (1 − θ)

un
j+1 − 2un

j + un
j−1

h2
] (3.62)64



Gia lìgou auxhmènh t�xh kai eust�jeia qrhsimopoioÔme to arijmhtikì sq ma Crank-

Nicolson ìpou o suntelest  barÔthta θ pairnei thn tim  1
2
kai h ex�swsh peperasmènwndiafor¸n g�netai:

un+1
j − un

j

∆t
= D [

un+1
j+1 − 2un+1

j + un+1
j−1

2h2
+
un

j+1 − 2un
j + un

j−1

2h2
] +O(∆t2, h2) (3.63)Jètw δ = D∆t

2
me D h stajer� di�qush na d�netai apì th sqèsh (3.6) opìte

−δ ũn+1
j+1 + (h2 + 2δ)ũn+1

j − δ ũn+1
j−1 = δℓ ũ

n
j+1 + (h2 − 2δ)ũn

j + δ ũn
j−1 (3.64)ìpou ũ sumbol�zei thn prosèggish u t�xew O(∆t2, h2).H genik  loipìn morf  twn exis¸sewn aut¸n sta shme�a tou plègmato xi me i 6= j, j+

1, k, k + 1 e�nai:
−δ ũn+1

i+1 + (h2 + 2δ)ũn+1
i − δ ũn+1

i−1 = δ ũn
i+1 + (h2 − 2δ)ũn

i + δ ũn
i−1 (3.65)me i = 1 . . . n.Sti sunoriakè sunj ke isqÔoun oi exis¸sei (3.15), (3.18) dhlad  :

−3ũ0 + 4ũ1 − ũ2 = 0 (3.66)kai
ũm−2 − 4ũm−1 + 3ũm = 0 (3.67)Gia i = j h tropopoihmènh ex�swsh ja d�netai apì th sqèsh :

un+1
j − un

j

∆t
+O(∆t2) =

1

2
(γn

j,1 u
n
j−1 + γn

j,2 u
n
j + γn

j,3 u
n
j+1)+

+
1

2
(γn+1

j,1 un+1
j−1 + γn+1

j,2 un+1
j + γn+1

j,3 un+1
j+1 ) +O(h)

(3.68)ìpou γn+1
j,1 , γn+1

j,2 , γn+1
j,3 , γn

j,1, γ
n
j,2, γ

n
j,3 d�nontai apì ti sqèsei (3.39)(3.40)(3.41) me ant�-stoiqo trìpo gia t = n kai t = n+ 1.An�loga:

• gia i = k h ex�swsh g�netai :
un+1

k − un
k

∆t
+O(∆t2) =

1

2
(γn

k,1 u
n
k−1 + γn

k,2 u
n
k + γn

k,3 u
n
k+1)+

+
1

2
(γn+1

k,1 un+1
k−1 + γn+1

k,2 un+1
k + γn+1

k,3 un+1
k+1) +O(h)

(3.69)
65



ìpou γn+1
k,1 , γ

n+1
k,2 , γ

n+1
k,3 , γ

n
k,1, γ

n
k,2, γ

n
k,3 me an�logo trìpo apì ti sqèsei (3.48)(3.49)(3.50).

• gia i = j + 1 h ex�swsh g�netai :
un+1

j+1 − un
j+1

∆t
+O(∆t2) =

1

2
(γn

j+1,1 u
n
j + γn

j+1,2 u
n
j+1 + γn

j+1,3 u
n
j+2)+

+
1

2
(γn+1

j+1,1 u
n+1
j + γn+1

j+1,2 u
n+1
j+1 + γn+1

j+1,3 u
n+1
j+2 ) +O(h)(3.70)me γn+1

j+1,1, γ
n+1
j+1,2, γ

n+1
j+1,3, γ

n
j+1,1, γ

n
j+1,2, γ

n
j+1,3 na d�nontai apì ti (3.44)(3.45)(3.46) ant�-stoiqa gia t = n kai t = n+ 1.

• gia i = k + 1 h ex�swsh g�netai :
un+1

k+1 − un
k+1

∆t
+O(∆t2) =

1

2
(γn

k+1,1 u
n
k + γn

k+1,2 u
n
k+1 + γn

k+1,3 u
n
k+2)+

+
1

2
(γn+1

k+1,1 u
n+1
k + γn+1

k+1,2 u
n+1
k+1 + γn+1

k+1,3 u
n+1
k+2) +O(h)(3.71)me γn+1

k+1,1, γ
n+1
k+1,2, γ

n+1
k+1,3, γ

n
k+1,1, γ

n
k+1,2, γ

n
k+1,3 na d�nontai me an�logo trìpo ìpw kai stisqèsei (3.52)(3.53)(3.54).'Ole oi parap�nw exis¸sei ma odhgoun sthn ep�lush tou susthmato

Au(n+1) = Bu(n) (3.72)ìpou o p�naka A kai to di�nusma u(n) d�nontai ant�stoiqa apì tou tÔpou (3.56) kai(3.58) en¸ o p�naka B or�zetai w ex : 66



B =




0 0 0

d1 d2 d3

d1 d2 d3. . . . . .
d1 d2 d3

d11 d12 d13

d21 d22 f23

e1 e2 e3. . . . . .
e1 e2 e3

e11 e12 e13

e21 e22 e23

f1 f2 f3. . . . . .
f1 f2 f3

0 0 0




(3.73)

ìpou d1 = δ1, d2 = h2 − 2δ1, d3 = a1,
e1 = δ2, e2 = h2 − 2δ2, e3 = b1,
f1 = d1, f2 = d2, f3 = d1

d11 = (1/2)j11, d12 = (1/2)j12 + 1, d13 = (1/2)j13,
d21 = (1/2)j21, d22 = (1/2)j22 + 1, d23 = (1/2)j23,
e11 = (1/2)k11, e12 = (1/2)k12 + 1, e13 = (1/2)k13,kai e21 = (1/2)k21, e22 = (1/2)k22 + 1, e23 = (1/2)k23.me j11, j12, j13, j21, j22, j23 na d�nontai apì ti sqèsei (3.39)-(3.46) ant�stoiqakai k11, k12, k13, k21, k22, k23 na d�nontai apì ti sqèsei (3.48)- (3.54) ant�stoiqa.3.4 Arijmhtik� apotelèsmataJewroÔme ti ex  trei perioqè:

R1 := [−5,−1] , R2 := [−1, 1] , R3 := [1, 5] . (3.74)W arqik  phg  karkinik¸n kutt�rwn jewroÔme th dèlta sun�rthsh pou d�netai apì thsqèsh : 67



δ(x) ≡ δη(x) :=
1

η
√
π
e−x2/η2 (3.75)kai sugkekrimèna dialègoume w arqik  sun�rthsh thn

f(x) = δ0.2(x+ 2) (3.76)Sta parak�tw graf mata parousi�zoume thn sumperifor� th lÔsh mèqri thn qronik stigm  tmax = 5 to opo�o shma�nei sthn pragmatikìthta ìti parathroÔme thn di�qush enìkarkinikoÔ ìgkou uyhloÔ bajmoÔ epijetikìthta gia th diarke�a enì qrìnou kai dÔo m ne(2.2).H sumperifor� th lÔsh me thn Immersed Interface Implicit mèjodo d�netai apì taparak�tw graf mata (3.4) kai (3.5):
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Sq ma 3.4: An�ptuxh tou karkinikoÔ ìgkoume thn Immersed Interface Implicit mèjodo gia
γ = 0.5.
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Sq ma 3.5: An�ptuxh tou karkinikoÔ ìgkoume thn Immersed Interface Implicit mèjodo gia
γ = 0.2.en¸ h sumperifor� th lÔsh me thn Immersed Interface Implicit Crank-Nicolson mèjodod�netai apì ta parak�tw graf mata (3.6) kai (3.7):Or�zoume thn t�xh sÔgklish w:

ooc = log2




‖Uh−Uh/2‖∞
‖Uh/2‖∞

‖Uh/2−Uh/4‖∞
‖Uh/4‖∞


 (3.77)Gia thn Immersed Interface Implicit mèjodo h t�xh sÔgklish gia γ = 0.5 d�netai apì toP�naka 3.1 kai to sqetikì sf�lma parist�netai apì to gr�fhma (3.8), en¸ gia thn Immersed

Interface Implicit Crank-Nicolson mèjodo h t�xh sÔgklish d�netai apì ton P�naka 3.2 kaito sqetikì sf�lma parist�netai apì to gr�fhma (3.9).68
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Sq ma 3.6: An�ptuxh tou karkinikoÔ ìgkoume thn Immersed Interface Implicit Crank-

Nicolson mèjodo gia γ = 0.5.
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Sq ma 3.7: An�ptuxh tou karkinikoÔ ìgkoume thn Immersed Interface Implicit Crank-

Nicolson mèjodo gia γ = 0.2.
h ooc10/16 1.261210/32 3.783610/64 2.171410/128 1.983110/256 2.009610/512 1.999110/1024 2.0006P�naka 3.1: H t�xh sÔgklish gia th Immersed Interface Implicit mèjodo gia γ = 0.5

h ooc10/16 1.706310/32 3.230210/64 2.204010/128 1.986410/256 2.009810/512 1.999110/1024 2.0006P�naka 3.2: H t�xh sÔgklish gia th Immersed Interface Implicit Crank-Nicolson mèjodogia γ = 0.5

69



10
1

10
2

10
3

10
4

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

n

R
el

at
iv

e 
E

rr
or

E=f(n)

Err
O(h)

O(h2)

Sq ma 3.8: Sqetikì sf�lma gia thn Immersed Interface Implicit Mèjodo gia γ = 0.5
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Sq ma 3.9: Sqetikì sf�lma gia thn Immersed Interface Implicit Crank Mèjodo gia γ = 0.5Ant�stoiqa gia γ = 0.2 h t�xh sÔgklish gia thn Immersed Interface Implicit mèjodod�netai apì to P�naka 3.3 kai to sqetikì sf�lma apì to gr�fhma (3.10), en¸ gia thn Im-

mersed Interface Implicit Crank-Nicolson mèjodo h t�xh sÔgklish d�netai apì ton P�naka3.4 kai to sqetikì sf�lma apì to gr�fhma (3.4).70



h ooc10/16 0.938610/32 3.705510/64 2.090110/128 1.945610/256 2.006810/512 1.996910/1024 2.0004P�naka 3.3: H t�xh sÔgklish gia th Immersed Interface Implicit mèjodo gia γ = 0.2
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Sq ma 3.10: Sqetikì sf�lma gia thn Immersed Interface Implicit Mèjodo gia γ = 0.2Sumpèrasma 3.4.1 ParathroÔme loipìn, apì ta arijmhtik� apotelèsmata pou fa�nontaistou p�nake kai ta graf mata, ìti to olikì sqetikì sf�lma paramènei O(h2) [3, 23℄.
Oi idiotimè tou p�naka A−1B kai sto Immersed implicit kai sto Immersed implicit C-

rank Nicolson sq ma ìpw fa�netai apì ta parak�tw sq mata e�nai mikrìtere th mon�da,opìte oi interface mèjodoi e�nai unconditionally stable.
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h ooc10/16 2.159310/32 2.863210/64 2.175310/128 1.980210/256 2.010210/512 1.998910/1024 2.0006P�naka 3.4: H t�xh sÔgklish gia th Immersed Interface Implicit Crank-Nicolson mèjodogia γ = 0.2
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Sq ma 3.11: Sqetikì sf�lma gia thn Immersed Interface Implicit Crank Mèjodo gia γ = 0.2
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Sq ma 3.12: Idiotimè tou p�naka A−1B(Immersed Interface Implicit Mèjodo gia γ = 0.5)
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Sq ma 3.13: Idiotimè tou p�naka A−1B(Immersed Interface Implicit Mèjodo gia γ = 0.2)73
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Sq ma 3.14: Idiotimè tou p�naka A−1B(Immersed Interface Implicit Crank-Nicolson Mèjodo gia γ = 0.5)
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Sq ma 3.15: Idiotimè tou p�naka A−1B(Immersed Interface Implicit Crank-Nicolson Mèjodo gia γ = 0.2)74



Kef�laio 4
Hermite Collocation mèjodo gia tomajhmatikì montèlo di�qushkarkinik¸n ìgkwn ston egkèfalo meeterogen  stajer� di�qush

Sto kef�laio autì parousi�zoume uyhl  t�xh arijmhtikè mejìdou sto majhmati-kì montèlo th Swanson gia thn an�ptuxh karkinik¸n ìgkwn ston egkèfalo, lamb�nontaupìyin thn eterogèneia tou egkefalikoÔ istoÔ. Pio sugkekrimèna, sth qwrik  diakrito-poi sh qrhsimopoioÔme thn Hermite Collocation mèjodo kai sth diakritopo�hsh tou qrìnouti Backward Euler kai Crank-Nicolson mejìdou. Gia na antimetwp�soume ti asunèqeiesthn pr¸th par�gwgo sta eswterik� shme�a diasÔndesh qrhsimopoioÔme tìso O(ǫ) t�xewprosegg�sei ìso kai uyhl  t�xew asuneq  Hermite kubik� stoiqe�a sta shme�a diepa-f  me skopì na diathr soume th sunolik  qwrik  t�xh sÔgklish th mejìdou. Tèlo,parajètoume arijmhtik� apotelèsmata pou apodeiknÔoun thn apìdosh th mejìdou.
4.1 O(ǫ) prosegg�sei sta shme�a diepaf 

75



4.1.1 Collocation mèjodo me polu¸numa Hermite gia th qwrik diakritopo�hsh kai Backward Euler sq ma gia th qronik diakritopo�hsh'Eqoume or�sei to problhma (2.21) :




ut = Dℓ uxx , x ∈ Rℓ , ℓ = 1, 2, 3 , t ≥ 0

ux(a, t) = 0 kai ux(b, t) = 0

[u] = 0 kai [Dux] = 0 gia x = wk , k = 1, 2

u(x, 0) = f(x)

(4.1)
me Rℓ na dhl¸nei thn k�je perioq  dhlad :

R1 := [a, w1) , R2 := (w1, w2) , R3 := (w2, b] . (4.2)th stajer� di�qush na e�nai th morf :
Dℓ =





γ, gia ℓ = 1

1, gia ℓ = 2

γ, gia ℓ = 3

(4.3)kai h arqik  sun�rthsh apì th dèlta sun�rthsh (2.24).An jewr soume par�metro ǫ > 0 me ǫ → 0 tìte apì tou parap�nw periorismoÔ sunè-qeia sta shme�a diasÔndesh sunep�gontai ant�stoiqa oi sqèsei:Sunèqeia:
u(w1 + ǫ, t) − u(w1 − ǫ, t) = 0 (4.4)
u(w2 + ǫ, t) − u(w2 − ǫ, t) = 0 (4.5)Diat rhsh th ro :

ux(w1 + ǫ, t) − γux(w1 − ǫ, t) = 0 (4.6)
γux(w2 + ǫ, t) − ux(w2 − ǫ, t) = 0 . (4.7)W ek toÔtou mia isodÔnamh èkfrash tou probl mato e�nai h lÔsh u na ikanopoie� :

ut = Dℓ uxx ℓ = 1, 2, 3 (4.8)se k�je perioq  R1(ǫ), R2(ǫ), R3(ǫ) me 76



R1(ǫ) := [a, w1 − ǫ] , R2(ǫ) := [w1 + ǫ, w2 − ǫ] , R3(ǫ) := [w2 + ǫ, b] . (4.9)me th stajer� di�qush na d�netai apì th sqèsh (4.3), maz� me ti tèsseri sunj ke(4.4)-(4.7) kai ti sunoriakè sunj ke pou anafèrontai sto prìblhma (4.1).

JewroÔme gia k�je perioq  èna omoiìmorfo plègma t × Rℓ(ǫ) pou oi pleurè e�nai pa-r�llhle stou �xone x kai t kai to b ma diakritopoi sh e�nai hℓ kai ∆t sthn x kai tant�stoiqa kateÔjunsh.

Sugkekrimèna:




h1 := (w1 − a− ǫ)/N1 ,

h2 := (w2 − w1 − 2ǫ)/N2 ,

h3 := (b− w2 − ǫ)/N3 ,

(4.10)ìpou Nℓ dhl¸nei ton arijmì twn upodiasthm�twn th k�je perioq  Rℓ(ǫ) ant�stoiqa,kaj¸ kai oi suntetagmène twn kìmbwn (xℓ,mℓ
, tn) d�nontai apì ti sqèsei :77








x1,m1
:= a+m1h1 , m1 = 0, . . . , N1

x2,m2
:= w1 + ǫ+m2h2 , m2 = 0, . . . , N2

x3,m3
:= w2 + ǫ+m3h3 , m3 = 0, . . . , N3

(4.11)kai
tn = n∆t , n = 0, 1, . . . . (4.12)Gia na efarmìsoume sth qronik  diakritopo�hsh thn Backward Euler mèjodo or�zoumeth diaforik  ex�swsh (4.8) w ex :

ut(x, tn+1) = Dℓ uxx(x, tn+1) . (4.13)Katìpin efarmìzonta thn Backward Euler mèjodo [40, 57℄ h parap�nw ex�swsh gr�fetai:
u(x, tn+1) − u(x, tn)

∆t
+O(∆t) = Dℓ uxx(x, tn+1) (4.14)Dhlad 

u(x, tn+1) − ∆tDℓ uxx(x, tn+1) = u(x, tn) . (4.15)H Backward Euler mèjodo e�nai t�xew O(∆t) akrib  sto qrìno kai antapokr�netaikal� sti asunèqeie   apìtome kl sei.Gia th qwrik  diakritopoi sh qrhsimopoioÔme thn Hermite Collocation mèjodo. Kaj¸h lÔsh u th diaforik  ex�swsh (4.8) e�nai omal  se k�je upodi�sthma Rℓ(ǫ) , ℓ = 1, 2, 3h proseggistik  lÔsh Uℓ(x, t) qrhsimopoi¸nta peperasmèna stoiqe�a me sunart sei b�shta polu¸numa Hermite ja e�nai th morf :
Uℓ(x, t) =

Nℓ+1∑

jℓ=1

[αℓ,2jℓ−1(t)φℓ,2jℓ−1(x) + αℓ,2jℓ
(t)φℓ,2jℓ

(x)] (4.16)ìpou φℓ,2jℓ−1(x) kai φℓ,2jℓ
(x) e�nai ta Hermite kubik� polu¸numa se k�je kìmbo xℓ,jℓ−1pou or�zontai w ex :

φℓ,2jℓ−1(x) =






φ
(

xℓ,jℓ−1−x

hℓ

)
, x ∈ Iℓ,jℓ−1

φ
(

x−xℓ,jℓ−1

hℓ

)
, x ∈ Iℓ,jℓ

0 , diaforetik� (4.17)kai 78



φℓ,2jℓ
(x) =





−hℓ ψ
(

xℓ,jℓ−1−x

hℓ

)
, x ∈ Iℓ,jℓ−1

hℓ ψ
(

x−xℓ,jℓ−1

hℓ

)
, x ∈ Iℓ,jℓ

0 , diaforetik� (4.18)me Iℓ,jℓ
:= [xℓ,jℓ−1, xℓ,jℓ

] , jℓ = 1, . . . , Nℓ. Oi sunart sei φ(s) kai ψ(s) proèrqontai apoth gen�keush twn Hermite kubik¸n poluwnÔmwn sto [0, 1], dhlad :
φ(s) = (1 − s)2(1 + 2s) , ψ(s) = s(1 − s)2 , (4.19)kai s ∈ [0, 1].'Ena �meso sumpèrasma twn parap�nw idiot twn e�nai ìti h tim  th proseggistik  lÔsh

Uℓ(x, t) gia opoiad pote x sto di�sthma Iℓ,jℓ
mpore� na upologiste� prosjètonta merikoÔmìno ìrou, dhlad 

Uℓ(x, t) =

2jℓ+2∑

k=2jℓ−1

αℓ,k(t)φℓ,k(x) , x ∈ Iℓ,jℓ
, (4.20)me jℓ = 1, . . . , Nℓ kai ℓ = 1, 2, 3.H parap�nw sqèsh se sunduasmì me ti basikè idiìthte twn Hermite kubik¸n poluw-nÔmwn

φℓ,2jℓ−1(xℓ,mℓ
) = δjℓ−1,mℓ

φ′
ℓ,2jℓ−1(xℓ,mℓ

) = 0

φℓ,2jℓ
(xℓ,mℓ

) = 0

φ′
ℓ,2jℓ

(xℓ,mℓ
) = δjℓ−1,mℓ

(4.21)upodhl¸nei ìti:
αℓ,2jℓ−1(t) = Uℓ(xℓ,jℓ−1, t)

αℓ,2jℓ
(t) =

∂

∂x
Uℓ(xℓ,jℓ−1, t)

αℓ,2jℓ+1(t) = Uℓ(xℓ,jℓ
, t)

αℓ,2jℓ+2(t) =
∂

∂x
Uℓ(xℓ,jℓ

, t)
. (4.22)Se k�je qronikì ep�pedo t = tn, h Collocation mèjodo prosdior�zei tou agn¸stou

α
(n)
ℓ,jℓ

:= αℓ,jℓ
(tn) , jℓ = 1, . . . , 2(Nl + 1) , ℓ = 1, 2, 3 (4.23)jètwnta thn proseggistik  lÔsh Uℓ(x, t) na ikanopoie� thn ex�swsh (4.15), dhlad :

Uℓ(x, tn+1) − ∆tDℓ
∂2

∂x2
Uℓ(x, tn+1) = Uℓ(x, tn) , (4.24)sta 2Nℓ, gia k�je ℓ = 1, 2, 3 eswterik� collocation shme�a (dÔo gia k�je upodi�sthma),kaj¸ ep�sh h lÔsh Uℓ(x, t) na ikanopoie� ti sunoriakè kai arqikè sunj ke.Gia na par�xoume ti exis¸sei sta eswterik� collocation shme�a, parathroÔme ìti hantikat�stash th ex�swsh (4.20) sthn ex�swsh (4.24) ma d�nei:79



2jℓ+2∑

k=2jℓ−1

α
(n+1)
ℓ,k

[
φℓ,k(x) − ∆tDℓ φ

′′

ℓ,k(x)
]

=

2jℓ+2∑

k=2jℓ−1

α
(n)
ℓ,kφℓ,k(x) (4.25)gia x ∈ Iℓ,jℓ

me jℓ = 1, . . . , Nℓ kai ℓ = 1, 2, 3. Dialègonta w eswterik� collocationshme�a gia k�je upodi�sthma Iℓ,jℓ
ta Gauss points ([6℄) pou or�zontai apì ti sqèsei

σℓ,2jℓ
= xℓ,jℓ−1 + hℓσ , σℓ,2jℓ+1 = xℓ,jℓ−1 + hℓσ̄ , (4.26)me

σ =

√
3 − 1

2
√

3
, σ̄ =

√
3 + 1

2
√

3
, (4.27)oi stoiqei¸dei collocation exis¸sei pou antistoiqoÔn sto stoiqe�o Iℓ,jℓ

se morf  p�nakae�nai oi ex :
(
C

(0)
ℓ,jℓ

− ∆t

h2
ℓ

Dℓ C
(2)
ℓ,jℓ

)




α
(n+1)
ℓ,2jℓ−1

α
(n+1)
ℓ,2jℓ

α
(n+1)
ℓ,2jℓ+1

α
(n+1)
ℓ,2jℓ+2




= C
(0)
ℓ,jℓ




α
(n)
ℓ,2jℓ−1

α
(n)
ℓ,2jℓ

α
(n)
ℓ,2jℓ+1

α
(n)
ℓ,2jℓ+2




(4.28)
me

C
(0)
ℓ,jℓ

≡ C
(0)
ℓ :=



s
(0)
1 hℓs

(0)
2 s

(0)
3 −hℓs

(0)
4

s
(0)
3 hℓs

(0)
4 s

(0)
1 −hℓs

(0)
2


 (4.29)ìpou s(0)

1 = 9+4
√

3
18

, s
(0)
2 = 3+

√
3

36
, s

(0)
3 = 9−4

√
3

18
kai s(0)

4 = 3−
√

3
36kai

C
(2)
ℓ,jℓ

≡ C
(2)
ℓ :=



s
(2)
1 hℓs

(2)
2 s

(2)
3 −hℓs

(2)
4

s
(2)
3 hℓs

(2)
4 s

(2)
1 −hℓs

(2)
2


 (4.30)ìpou s(2)

1 = −2
√

3 , s
(2)
2 = −1 −

√
3 , s

(2)
3 = 2

√
3 kai s(2)

4 = −1 +
√

3 . me
σ =

√
3 − 1

2
√

3
, σ̄ =

√
3 + 1

2
√

3
, (4.31)Gia na par�xoume ti sunoriakè collocation exis¸sei anagk�zoume thn proseggistik lÔsh Uℓ(x, t) na ikanopoie� ìle ti sunoriakè sunj ke gia t = tn+1.80



K�nonta qr sh twn exis¸sewn (4.21), (4.22) kai apì ti Neumann sunoriakè timèpa�rnoume ìti :
∂

∂x
U1(a, t) = 0 ⇒ α

(n+1)
1,2 = 0 , (4.32)

∂

∂x
U3(b, t) = 0 ⇒ α

(n+1)
3,2N3+2 = 0 , (4.33)kaj¸ kai apì ti sqèsei (4.4)- (4.7) èqoume ìti:

U2(w1 + ǫ, t) − U1(w1 − ǫ, t) = 0

⇓
α

(n+1)
2,1 = α

(n+1)
1,2N1+1

(4.34)
∂
∂x
U2(w1 + ǫ, t) − γ ∂

∂x
U1(w1 − ǫ, t) = 0

⇓
α

(n+1)
2,2 = γα

(n+1)
1,2N1+2

(4.35)
U3(w2 + ǫ, t) − U2(w2 − ǫ, t) = 0

⇓
α

(n+1)
3,1 = α

(n+1)
2,2N2+1

(4.36)
γ ∂

∂x
U3(w2 + ǫ, t) − ∂

∂x
U2(w2 − ǫ, t) = 0

⇓
γα

(n+1)
3,2 = α

(n+1)
2,2N2+2

(4.37)Ta parap�nw ekfr�zontai kai se morf  p�naka:



1 0 −1 0

0 γ 0 −1







α
(n+1)
1,2N1+1

α
(n+1)
1,2N1+2

α
(n+1)
2,1

α
(n+1)
2,2




=




0

0


 (4.38)

kai



1 0 −1 0

0 1 0 −γ







α
(n+1)
2,2N2+1

α
(n+1)
2,2N2+2

α
(n+1)
3,1

α
(n+1)
3,2




=




0

0


 . (4.39)

Katal goume loipìn sto Collocation sÔsthma to opoio e�nai th morf :81



Ca(n+1) = C(0)a(n) , n = 0, 1, . . . (4.40)ìpou

C =




Ã1 B1

A1 B1

�

A1 B1

I1 J1

A2 B2

�

A2 B2

I2 J2

A3 B3

�

A3 B̃3




, (4.41)

C(0) =




Ã0
1 B0

1

A0
1 B0

1

�

A0
1 B0

1

O O

A0
2 B0

2

�

A0
2 B0

2

O O

A0
3 B0

3

�

A0
3 B̃0

3




, (4.42)
kai 82



a(n) :=




α
(n)
1,1

α
(n)
1,3...

α
(n)
1,2N1+2

α
(n)
2,1...

α
(n)
2,2N2+2

α
(n)
3,1...

α
(n)
3,2N3+1




. (4.43)
Oi 2× 2 p�nake Aℓ, Bℓ, A0

ℓ kai B0
ℓ me ℓ = 1, 2, 3 or�zontai qrhsimopoi¸nta tou p�nake(4.29)-(4.30) kai sugkekrimèna isqÔei:

Cℓ :=

(
C

(0)
ℓ,jℓ

− ∆t

h2
ℓ

DℓC
(2)
ℓ,jℓ

)
=

[
Aℓ Bℓ

] (4.44)kai
C

(0)
ℓ := C

(0)
ℓ,jℓ

=
[
A0

ℓ B0
ℓ

]
, (4.45)Oi p�nake [I1 J1] kai [I2 J2] e�nai 2× 4 p�nake oi opo�oi dhl¸nontai sti sqèsei (4.38)kai (4.39) ant�stoiqa. Oi 2×1 p�nake Ã1 kai Ã0

1 prokÔptoun apì tou ant�stoiqou p�nake
A1 kai A0

1 an afairèsoume th deÔterh st lh. An�loga oi p�nake B̃3 kai B̃0
3 prokÔptounapì tou ant�stoiqou p�nake B3 kai B0

3 an afairèsoume thn pr¸th st lh. O p�naka Odhl¸nei ton 2 × 2 mhdenikì p�naka. Tèlo, to arqikì di�nusma a(0) kajor�zetai apì thnarqik  sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).4.1.2 Collocation mèjodo me polu¸numa Hermite gia th qwrik diakritopo�hsh kai Crank Nicolson sq ma gia th qronik diakritopo�hshJewroÔme to �dio prìblhma me autì sthn enìthta (4.1.1). H diaforik  loipìn ex�swshtou probl mato d�netai apì th sqèsh (4.8) me Dℓ th stajer� di�qush pou or�zetai apì thsqèsh (4.3). To prìblhma to or�zoume sti perioqè Rℓ me ℓ = 1, 2, 3 ìpou:
R1(ǫ) := [a, w1 − ǫ] , R2(ǫ) := [w1 + ǫ, w2 − ǫ] , R3(ǫ) := [w2 + ǫ, b] . (4.46)Sta shme�a diasÔndesh twn perioq¸n isqÔoun ant�stoiqa oi sqèsei (4.4)-(4.7). Oisunoriakè sunj ke or�zontai sthn (4.1) kai w arqik  sun�rthsh jewroÔme th dèltasun�rthsh (2.24). 83



JewroÔme loipìn èna omoiìmorfo plègma t×Rℓ(ǫ) pou oi pleurè tou e�nai par�llhlestou �xone x kai t kai to b ma diakritopoi sh e�nai hℓ (4.10) kai ∆t (4.12) sthn x kai tant�stoiqh kateÔjunsh.Efarmìzoume gia th qronik  diakritopo�hsh to Crank Nicolson sq ma sth diaforik ex�swsh (4.8), opìte h ex�swsh g�netai:
u(x, tn+1) − u(x, tn)

∆t
+O(∆t2) =

Dℓ

2
(uxx(x, tn+1) + uxx(x, tn)) (4.47)Dhlad 

u(x, tn+1) − u(x, tn) =
Dℓ ∆t

2
(uxx(x, tn+1) + uxx(x, tn)) (4.48)

u(x, tn+1) −
Dℓ ∆t

2
uxx(x, tn+1) =

Dℓ ∆t

2
uxx(x, tn) + u(x, tn) (4.49)H Crank Nicolson [40, 57℄ mèjodo parìlo pou den e�nai pio dÔskolh sthn efarmog  thapo thn Backward Euler e�nai t�xew O(∆t2) kai antapokr�netai kai aut  polÔ kal� stiasunèqeie pou emfan�zei to prìblhma.Sth qwrik  diakritopo�hsh qrhsimopoioÔme ìpw kai sthn prohgoumenh per�ptwsh thn

Hermite Collocation mèjodo me sunart sei b�sh ta kubik� polu¸numa Hermite. 'Etsi hlÔsh th diaforik  ex�swsh (4.8) ja prosegg�zetai apì th sqèsh:
Uℓ(x, t) =

Nℓ+1∑

jℓ=1

[αℓ,2jℓ−1(t)φℓ,2jℓ−1(x) + αℓ,2jℓ
(t)φℓ,2jℓ

(x)] (4.50)ìpou φℓ,2jℓ−1(x) kai φℓ,2jℓ
(x) e�nai ta Hermite kubik� polu¸numa pou or�zontai apì tisqèsei (4.17) -(4.19).H tim  th proseggistik  lÔsh Uℓ(x, t) gia opoiod pote x sto di�sthma Iℓ,jℓ

mpore� nagrafe� kai san �jroisma merik¸n mìno ìrwn :
Uℓ(x, t) =

2jℓ+2∑

k=2jℓ−1

αℓ,k(t)φℓ,k(x) , x ∈ Iℓ,jℓ
, (4.51)me jℓ = 1, . . . , Nℓ kai ℓ = 1, 2, 3.Se k�je qronikì ep�pedo t = tn, h Collocation mèjodo prosdior�zei tou agn¸stou

α
(n)
ℓ,jℓ

:= αℓ,jℓ
(tn) , jℓ = 1, . . . , 2(Nl + 1) , ℓ = 1, 2, 3 (4.52)jètwnta thn proseggistik  lÔsh Uℓ(x, t) na ikanopoie� thn ex�swsh (4.49), dhlad :

Uℓ(x, tn+1) −
Dℓ ∆t

2

∂2

∂x2
Uℓ(x, tn+1) =

Dℓ ∆t

2

∂2

∂x2
Uℓ(x, tn) + Uℓ(x, tn) (4.53) 84



Uℓ(x, tn+1) −
Dℓ ∆t

2

∂2

∂x2
Uℓ(x, tn+1) = Uℓ(x, tn) +

Dℓ ∆t

2

∂2

∂x2
Uℓ(x, tn) (4.54)sta 2Nℓ, gia k�je ℓ = 1, 2, 3 eswterik� collocation shme�a (dÔo gia k�je upodi�sthma),kaj¸ ep�sh h lÔsh Uℓ(x, t) na ikanopoie� ti sunoriakè kai arqikè sunj ke.AntikajistoÔme thn ex�swsh (4.51) sthn ex�swsh (4.54) gia na par�xoume ti exis¸seista eswterik� collocation shme�a. 'Etsi èqoume:

2jℓ+2∑

k=2jℓ−1

α
(n+1)
ℓ,k

[
φℓ,k(x) −

Dℓ ∆t

2
φ

′′

ℓ,k(x)

]
=

2jℓ+2∑

k=2jℓ−1

α
(n)
ℓ,k

[
φℓ,k(x) +

Dℓ ∆t

2
φ

′′

ℓ,k(x)

] (4.55)gia x ∈ Iℓ,jℓ
me jℓ = 1, . . . , Nℓ kai ℓ = 1, 2, 3.Dialègonta w eswterik� collocation shme�a ta Gauss shme�a (4.26),(4.27) gia k�jeupodi�sthma Iℓ,jℓ
, oi stoiqei¸dh collocation ex�swsei pou antistoiqoÔn sto stoiqe�o Iℓ,jℓpa�rnoun thn ex  morf  :

(
C

(0)
ℓ,jℓ

− Dℓ ∆t

2h2
ℓ

C
(2)
ℓ,jℓ

)




α
(n+1)
ℓ,2jℓ−1

α
(n+1)
ℓ,2jℓ

α
(n+1)
ℓ,2jℓ+1

α
(n+1)
ℓ,2jℓ+2




=

(
C

(0)
ℓ,jℓ

+
Dℓ ∆t

2h2
ℓ

C
(2)
ℓ,jℓ

)




α
(n)
ℓ,2jℓ−1

α
(n)
ℓ,2jℓ

α
(n)
ℓ,2jℓ+1

α
(n)
ℓ,2jℓ+2




(4.56)
ìpou C(0)

ℓ,jℓ
kai C(2)

ℓ,jℓ
e�nai 2 × 4 p�nake pou or�zontai apì ti sqèsei (4.29)-(4.30).Oi exis¸sei sto sÔnoro kai sta shme�a diasÔndesh d�nontai ant�stoiqa apì ti sqèsei(4.32)-(4.37) kai ekfr�zontai se morf  p�naka apì tou p�nake (4.38) kai (4.39).Katal goume loipìn sthn ep�lush tou sust mato:

Ca(n+1) = C1 a(n) , n = 0, 1, . . . (4.57)ìpou 85



C =




Ã1 B1

A1 B1

�

A1 B1

I1 J1

A2 B2

�

A2 B2

I2 J2

A3 B3

�

A3 B̃3




, (4.58)

C1 =




D̃1 E1

D1 E1

�

D1 E1

O O

D2 E2

�

D2 E2

O O

D3 E3

�

D3 Ẽ3




, (4.59)
kai

a(n) :=




α
(n)
1,1

α
(n)
1,3...

α
(n)
1,2N1+2

α
(n)
2,1...

α
(n)
2,2N2+2

α
(n)
3,1...

α
(n)
3,2N3+1




. (4.60)
me 86



Cℓ :=

(
C

(0)
ℓ,jℓ

− ∆t

2h2
ℓ

DℓC
(2)
ℓ,jℓ

)
=

[
Aℓ Bℓ

] (4.61)kai
C1ℓ :=

(
C

(0)
ℓ,jℓ

+
∆t

2h2
ℓ

DℓC
(2)
ℓ,jℓ

)
=

[
Dℓ Eℓ

]
, (4.62)ìpou Aℓ, Bℓ, Dℓ kai Eℓ e�nai 2 × 2 p�nake pou or�zontai qrhsimopoi¸nta tou p�nake(4.29)-(4.30).Oi p�nake [I1 J1] kai [I2 J2] e�nai 2× 4 p�nake oi opo�oi dhl¸nontai sti sqèsei (4.38)kai (4.39) ant�stoiqa. Oi 2×1 p�nake Ã1 kai D̃1 prokÔptoun apì tou ant�stoiqou p�nake

A1 kai D1 an afairèsoume th deÔterh st lh. Ant�stoiqa oi p�nake B̃3 kai Ẽ3 prokÔptounapì tou ant�stoiqou p�nake B3 kai E3 an afairèsoume thn pr¸th st lh. O p�naka Odhl¸nei ton 2×2 mhdenikì p�naka. Tèlo to arqikì di�nusma a(0) kajor�zetai apì thn arqik sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).4.1.3 Arijmhtik� apotelèsmataJewroÔme ti ex  trei perioqè:
R1 := [−5,−1] , R2 := [−1, 1] , R3 := [1, 5] . (4.63)W arqik  phg  karkinik¸n kutt�rwn jewroÔme th dèlta sun�rthsh :

δ(x) ≡ δη(x) :=
1

η
√
π
e−x2/η2 (4.64)kai sugkekrimèna w arqik  sun�rthsh dialègoume thn

f(x) = δ0.2(x+ 2) (4.65)Sta parak�tw sq mata parousi�zoume thn di�qush eno karkinikoÔ ìgkou uyhl  epi-jeikìthta meqri thn qronik  stigm  tmax = 4 h opo�a antistoiqe� se pragmatikì qrìno seèna qrìno (Bl. P�naka 2.2) .
Hermite Collocation Mèjodo -Backward Euler Sq maH sumperifor� th lÔsh gia ǫ = h ìpou h = b−a

2(N1+N2+N3)
, ∆t = 0.1 kai gia γ = 0.5 kai

γ = 0.2 ant�stoiqa d�netai apì ta graf mata 4.1 kai 4.2:H sumperifor� th lÔsh gia ǫ = h4, ∆t = 0.1 kai gia γ = 0.5 kai γ = 0.2 ant�stoiqad�netai parak�tw graf mata 4.3 kai 4.4: 87
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Sq ma 4.1: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Backward EulerMèjodo me ǫ = h γ = 0.5.)
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Sq ma 4.2: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Backward EulerMèjodo me ǫ = h kai γ = 0.2.)
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Sq ma 4.3: An�ptuxh tou karkinikoÔ ìgkou( Hermite Collocation- Backward EulerMèjodo me ǫ = h4 kai γ = 0.5.)
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Sq ma 4.4: An�ptuxh tou karkinikoÔ ìgkou( Hermite Collocation- Backward EulerMèjodo me ǫ = h4 kai γ = 0.2.)
Collocation Mèjodo -Crank Nicolson -Back Euler (Implicit scheme) Sq maGia na apofÔgoume tuqìn talant¸sei [44℄, ìpw fa�netai sto sq ma (4.5) qrhsimopoioÔ-me sta dÔo pr¸ta b mata to Backward Euler sq ma gia th qronik  diakritopoi sh kai sthsunèqeia to Crank Nicolson sq ma.H sumperifor� th lÔsh gia ǫ = h, ∆t = 0.1 kai gia γ = 0.5 kai γ = 0.2 ant�stoiqa88
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Sq ma 4.5: Emf�nish talant¸sewn sthn proseggistik  lÔsh pou parist�nei thn an�ptuxhenì karkinikoÔ ìgkoud�netai apì ta graf mata (4.6) kai (4.7) en¸ h sumperifor� th lÔsh gia ǫ = h4, ∆t = 0.1kai gia γ = 0.5 kai γ = 0.2 ant�stoiqa d�netai apì ta graf mata (4.8) kai (4.9).
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Sq ma 4.6: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Crank NicolsonMèjodo me ǫ = h γ = 0.5.)
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Sq ma 4.7: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Crank NicolsonMèjodo me ǫ = h kai γ = 0.2.)
4.1.4 Eust�jeiaPr¸ta ap�ola ja melet soume thn eust�jeia tou genikoÔ sq mato [7℄:89
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Sq ma 4.8: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Crank NicolsonMèjodo me ǫ = h4 γ = 0.5.)
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Sq ma 4.9: An�ptuxh tou karkinikoÔ ìgkou(Hermite Collocation- Crank NicolsonMèjodo me ǫ = h4 kai γ = 0.2.)
(
C(0) − θ

∆t

h2
ℓ

Dℓ C
(2)

)
a(n+1) =

(
C(0) + (1 − θ)

∆t

h2
ℓ

Dℓ C
(2)

)
a(n) (4.66) 

a(n+1) =

(
C(0) − θ

∆t

h2
ℓ

Dℓ C
(2)

)−1 (
C(0) + (1 − θ)

∆t

h2
ℓ

Dℓ C
(2)

)
a(n) (4.67)Or�zw :

W =

(
C(0) − θ

∆t

h2
ℓ

Dℓ C
(2)

)−1 (
C(0) + (1 − θ)

∆t

h2
ℓ

Dℓ C
(2)

) (4.68)'Ara
a(n+1) = Wa(n) (4.69)Gia na e�nai eustajè to parap�nw sq ma ja prèpei ìle oi idiotimè tou p�naka W nabr�skontai mèsa ston kÔklo me akt�na 1 sto migadikì ep�pedo.Me aplè pr�xei katal goume ìti o p�naka W mpore� na grafe� sthn morf :

W =

(
I − θ

∆t

h2
ℓ

Dℓ [C(0)]−1C(2)

)−1 (
I + (1 − θ)

∆t

h2
ℓ

Dℓ [C(0)]−1C(2)

) (4.70)Jètw δℓ = Dℓ∆t kai ρ = δℓ

h2
ℓ
opìte:

W =
(
I − θρ [C(0)]−1C(2)

)−1 (
I + (1 − θ)ρ [C(0)]−1C(2)

) (4.71)E�n jèsoume G = [C(0)]−1C(2) tìte: 90



W = (I − θρ G)−1 (I + (1 − θ)ρ G) (4.72)Gnwr�zoume ìmw apì th Grammik  'Algebra [7, 25℄ ìti oi idiotimè tou p�naka G èqounsqèsh me ti idiotimè tou p�naka W kai sugkekrimèna e�n λ h idiotim  tou p�naka G tìte h
1+(1−θ)ρλ

1−θρλ
e�nai h idiotim  tou p�naka W .
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Sq ma 4.10: Idiotimè tou p�naka G = [C(0)]−1C(2) gia γ = 0.5.
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Sq ma 4.11: Idiotimè tou p�naka G = [C(0)]−1C(2) gia γ = 0.2.Apì ta graf mata (4.10) kai (4.11) parathroÔme ìti oi idiotimè tou p�naka G e�naimikrìtere   �se tou mhdenì opìte e�n jèsoume λ = −ω2 ìpou ω e�nai èna pragmatikìarijmì tìte h sunj kh pou exasfal�zei eust�jeia gia to sq ma (5.1) e�nai :91



∣∣∣∣
1 − ω2(1 − θ)ρ

1 + ω2θρ

∣∣∣∣ ≤ 1 (4.73)Met� apì algebrikoÔ upologismoÔ h parap�nw sqèsh g�netai:
ω2ρ(1 − 2θ) ≤ 2 (4.74)kai e�nai alhj  gia 1

2
≤ θ ≤ 1. Ean loipìn 1

2
≤ θ ≤ 1 tìte to sq ma ma e�nai eustajè(unconditional stable).Opìte to sq ma pou proèkuye apo thn Hermite collocation mèjodo w qwrik  diakrito-poi sh kai to Backward Euler sq ma w qronik  diakritopoi sh kai e�nai th morf  :

(
C(0) − ∆t

h2
ℓ

Dℓ C
(2)

)
a(n+1) = C(0)a(n) (4.75)e�nai to genikì sq ma (5.1) gia θ = 1. 'Ara loipìn to sq ma autì e�nai eustajè(unconditional stable).Ex�llou parathroÔme sta graf mata (4.12) kai (4.13) ìti oi idiotimè tou p�naka C−1C(0)gia ∆t = 0.1 gia ǫ = h4 kai gia γ = 0.5 kai γ = 0.2 ant�stoiqa, e�nai mikrìtere   �se thmon�da gegonì pou epibebai¸nei ìti h mèjodo ma e�nai unconditionally stable.
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Sq ma 4.12: Idiotimè tou p�naka C−1C(0) th mejìdou Hermite collocation-Backward Eulergia γ = 0.5.Ant�stoiqa to sq ma pou proèkuye apo thn Hermite collocation mèjodo w qwrik diakritopoi sh kai Crank Nicolson sq ma w qronik  diakritopoi sh kai e�nai th morf  :
(
C(0) − ∆t

2h2
ℓ

Dℓ C
(2)

)
a(n+1) =

(
C(0) +

∆t

2h2
ℓ

Dℓ C
(2)

)
a(n) (4.76)92
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Sq ma 4.13: Idiotimè tou p�naka C−1C(0) th mejìdou Hermite collocation-Backward Eulergia γ = 0.2.e�nai to genikì sq ma (5.1) gia θ = 1
2
. 'Ara loipìn kai autì to sq ma e�nai eustajè(unconditional stable).Sta graf mata (4.14) kai (4.15) fa�netai ex�llou ìti oi idiotimè tou p�naka C−1C1 gia

∆t = 0.1 gia ǫ = h4 kai gia γ = 0.5 kai γ = 0.2 ant�stoiqa e�nai mikrìtere   �se thmon�da, pr�gma pou shma�nei ìti h mèjodo e�nai unconditionally stable.
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Sq ma 4.14: Idiotimè tou p�naka C−1C1 th mejìdou Hermite collocation-Crank Nicolsongia γ = 0.5 93
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Sq ma 4.15: Idiotimè tou p�naka C−1C1 th mejìdou Hermite collocation-Crank Nicolsongia γ = 0.24.1.5 Qwrikì sqetikì sf�lmaOr�zoume to qwrikì sqetikì sfalm� gia stajerì t = tn w ex 
E∞ :=

‖Uh/2 − Uh‖∞
‖Uh/2‖∞

(4.77)kai thn t�xh sÔgklish w:
ooc = log2




‖Uh−Uh/2‖∞
‖Uh/2‖∞

‖Uh/2−Uh/4‖∞
‖Uh/4‖∞


 (4.78)Parousi�zoume to sqetikì sf�lma kai thn t�xh sÔgklish gia diaforetikè timè tou ǫkai gia h ≃ h1 ≃ h2 ≃ h3.

Hermite Collocation Mèjodo -Backward Euler Sq maGia qrìno tmax = 10∆t me ∆t = 0.1 h sumperifor� tou sf�lmato parist�netai stagraf mata (4.16),(4.17) kai h t�xh sÔgklish d�netai apì tou P�nake 4.1 kai 4.2 en¸ gia
tmax = 4 me ∆t = 0.1 h sumperifor� tou sf�lmato fa�netai sta graf mata (4.18),(4.19)kai h h t�xh sÔgklish parousi�zetai stou P�nake 4.3 kai 4.4 .
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ε=O(h4)Sq ma 4.16: H sumperifor� tou qwrikoÔsqetikoÔ sf�lmato th Hermite collocation-

Backward Euler mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.5
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ε=O(h4)Sq ma 4.18: H sumperifor� tou qwrikoÔsqetikoÔ sf�lmato th Hermite collocation-

Backward Euler mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.5
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ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.1E-01 1.064 7.6E-02 2.8539 2.86E-02 3.9019 2.13E-02 5.75460.3125 5.21E-02 1.0644 1.05E-02 1.9698 1.92E-03 2.9894 3.94E-04 4.18420.1563 2.48E-02 1.0616 2.68E-03 2.0127 2.41E-04 3.0103 2.17E-05 4.00260.0781 1.19E-02 1.0102 6.64E-04 1.9772 2.99E-05 2.9683 1.35E-06 3.95550.0391 5.89E-03 0.9964 1.69E-04 1.9788 3.82E-06 2.9731 8.71E-08 3.96590.0195 2.95E-03 1.0031 4.28E-05 1.9963 4.87E-07 2.9958 5.58E-09 3.99360.0098 1.47E-03 �� 1.07E-05 �� 6.11E-08 �� 3.5E-010 ��P�naka 4.1: H t�xh sÔgklish gia th Hermite collocation-Backward Euler mèjodo gia
γ = 0.5 kai tmax = 10dt

ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.42E-01 1.5032 8.14E-02 2.7036 3.96E-02 3.9308 3.33E-02 5.38570.3125 4.97E-02 0.8948 1.25E-02 1.9661 2.59E-03 3.0834 7.97E-04 4.17390.1563 2.67E-02 0.9841 3.2E-03 2.0126 3.06E-04 3.0604 4.41E-05 3.95820.0781 1.35E-02 0.9734 7.92E-04 1.9762 3.67E-05 2.9858 2.48E-06 3.94130.0391 6.86E-03 0.9786 2.01E-04 1.9786 4.63E-06 2.9813 1.85E-07 3.99720.0195 3.48E-03 0.9940 5.11E-05 1.9963 5.86E-07 3.0028 1.16E-08 3.97410.0098 1.75E-03 �� 1.28E-05 �� 7.31E-08 �� 7.37E-010 ��P�naka 4.2: H t�xh sÔgklish gia th Hermite collocation-Backward Euler mèjodo gia
γ = 0.2 kai tmax = 10dt

ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 9.39E-02 0.6143 7.07E-02 2.4386 2.22E-02 3.2548 1.63E-02 5.29990.3125 6.12E-02 1.0164 1.3E-02 1.9656 2.32E-03 2.9596 4.15E-04 4.06360.1563 3.02E-02 1.0443 3.33E-03 2.0115 2.99E-04 3.0065 2.48E-05 4.00280.0781 1.46E-02 1.003 8.27E-04 1.9778 3.71E-05 2.9665 1.55E-06 3.95460.0391 7.29E-03 0.9935 2.10E-04 1.9796 4.75E-06 2.9726 9.98E-08 3.96530.0195 3.66E-03 1.0013 5.32E-05 1.9965 6.05E-07 2.9952 6.39E-09 4.0160.0098 1.83E-03 �� 1.33E-05 �� 7.59E-08 �� 3.95E-010 ��P�naka 4.3: H t�xh sÔgklish gia th Hermite collocation-Backward Euler mèjodo gia
γ = 0.5 kai tmax = 4 96



ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.11E-01 0.8265 7.73E-02 2.6501 2.24E-02 3.353 1.65E-02 5.33610.3125 6.14E-02 1.0527 1.23E-02 1.9694 2.19E-03 2.9674 4.07E-04 4.1060.1563 2.93E-02 1.0638 3.13E-03 2.013 2.8E-04 3.0066 2.37E-05 3.98230.0781 1.4E-02 1.013 7.75E-04 1.9772 3.48E-05 2.9661 1.5E-06 3.95380.0391 6.9E-03 0.9983 1.97E-04 1.9788 4.46E-06 2.9721 9.66E-08 3.96670.0195 3.45E-03 1.0042 4.99E-05 1.9963 5.68E-07 2.9954 6.18E-09 4.02140.0098 1.72E-03 �� 1.25E-05 �� 7.12E-08 �� 3.80E-010 ��P�naka 4.4: H t�xh sÔgklish gia th Hermite collocation-Backward Euler mèjodo gia
γ = 0.2 kai tmax = 4
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Collocation Mèjodo -Crank Nicolson Sq maGia tmax = 10dt me ∆t = 0.1 h sumperifor� tou sf�lmato apeikon�zetai sta graf mata(4.20),(4.21) kai thn t�xh sÔgklish thn parajètoume stou P�nake 4.5 kai 4.6. Tèlo,gia tmax = 4 me ∆t = 0.1 h sumperifor� tou sf�lmato parousi�zetai sta graf mata(4.20),(4.21) kai h t�xh sÔgklish stou P�nake 4.7 kai 4.8 .
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ε=O(h4)Sq ma 4.20: H sumperifor� tou qwrikoÔsqetikoÔ sf�lmato th Hermite collocation-

Crank Nicolson mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.5
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ε=O(h4)Sq ma 4.21: H sumperifor� tou qwrikoÔsqetikoÔ sf�lmato th Hermite collocation-

Crank Nicolson mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.2
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ε=O(h4)Sq ma 4.22: H sumperifor� tou qwrikoÔsqetikoÔ sf�lmato th Hermite collocation-

Crank Nicolson mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.5
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Crank Nicolson mejìdou gia diaforetikè ti-mè tou ǫ kai γ = 0.298



ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.07E-01 0.9463 7.57E-02 2.7744 2.75E-02 3.7773 2.05E-02 5.65500.3125 5.51E-02 1.0699 1.1E-02 1.97 2.00E-03 2.9834 4.06E-04 4.17680.1563 2.62E-02 1.0633 2.82E-03 2.013 2.53E-04 3.009 2.25E-05 4.0020.0781 1.25E-02 1.0101 6.98E-04 1.9772 3.14E-05 2.9679 1.4E-06 3.95580.0391 6.19E-03 0.9967 1.77E-04 1.9788 4.02E-06 2.973 9.03E-08 3.9640.0195 3.1E-03 1.0032 4.5E-05 1.9963 5.12E-07 2.9957 5.79E-09 3.9910.0098 1.55E-03 �� 1.13E-05 �� 6.42E-08 �� 3.64E-010 ��P�naka 4.5: H t�xh sÔgklish gia th Hermite collocation-Crank Nicolson mèjodo gia
γ = 0.5 kai tmax = 10dt

ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.37E-01 1.5681 7.96E-02 2.7752 3.71E-02 4.005 3.1E-02 5.490.3125 4.59E-02 0.8864 1.16E-02 1.9586 2.31E-03 3.0539 6.89E-04 4.20690.1563 2.48E-02 0.9768 2.99E-03 2.0077 2.78E-04 3.025 3.73E-05 4.00980.0781 1.26E-02 0.9697 7.43E-04 1.9762 3.42E-05 2.9844 2.31E-06 3.93610.0391 6.42E-03 0.9765 1.89E-04 1.9785 4.32E-06 2.9782 1.51E-07 4.00570.0195 3.26E-03 0.9931 4.79E-05 1.9963 5.48E-07 3.00 9.41E-09 3.96860.0098 1.64E-03 �� 1.2E-05 �� 6.85E-08 �� 6.01E-010 ��P�naka 4.6: H t�xh sÔgklish gia th Hermite collocation-Crank Nicolson mèjodo gia
γ = 0.2 kai tmax = 10dtSumpèrasma 4.1.1 ProkÔptei loipìn apì ta graf mata (4.16)-(4.23) kai apì tou P�nake4.1 - 4.8 ìti to bèltisto sf�lma w pro to q¸ro epitugq�netai gia ǫ = O(h4). Dhlad  gia
ǫ = O(h4) h collocation mèjodo exasfal�zei tet�rth t�xew sÔglish w pro to q¸ro.
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ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 9.51E-02 0.6171 7.06E-02 2.4226 2.21E-02 3.238 1.66E-02 5.31270.3125 6.18E-02 1.0193 1.31E-02 1.9637 2.35E-03 2.959 4.18E-04 4.06230.1563 3.04E-02 1.0424 3.37E-03 2.013 3.02E-04 3.0076 2.5E-05 4.00430.0781 1.48E-02 1.0031 8.35E-04 1.9779 3.75E-05 2.9667 1.56E-06 3.95380.0391 7.36E-03 0.9931 2.12E-04 1.9794 4.80E-06 2.9725 1.01E-07 3.96610.0195 3.7E-03 1.0015 5.37E-05 1.9965 6.11E-07 2.9954 6.44E-09 3.99060.0098 1.85E-03 �� 1.35E-005 �� 7.66E-08 �� 4.05E-010 ��P�naka 4.7: H t�xh sÔgklish gia th Hermite collocation-Crank Nicolson mèjodo gia
γ = 0.5 kai tmax = 4

ǫ = O(h) ǫ = O(h2) ǫ = O(h3) ǫ = O(h4)

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.11E-01 0.8097 7.74E-02 2.6286 2.22E-02 3.3144 1.64E-02 5.30510.3125 6.21E-02 1.0481 1.25E-02 1.9686 2.23E-03 2.9672 4.14E-04 4.1020.1563 2.97E-02 1.0617 3.18E-03 2.0129 2.85E-04 3.0065 2.41E-05 3.98430.0781 1.42E-02 1.012 7.88E-04 1.9772 3.54E-05 2.9661 1.52E-06 3.95510.0391 7.01E-03 0.9978 2.00E-04 1.9788 4.53E-06 2.9721 9.83E-08 3.96680.0195 3.51E-03 1.0039 5.08E-05 1.9963 5.77E-07 2.9954 6.28E-09 3.98740.0098 1.75E-03 �� 1.27E-005 �� 7.24E-08 �� 3.96E-010 ��P�naka 4.8: H t�xh sÔgklish gia th Hermite collocation-Crank Nicolson mèjodo gia
γ = 0.2 kai tmax = 4
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4.2 Asuneq  Hermite kubik� stoiqe�a sta shme�a die-paf 4.2.1 Backward Euler sq ma gia th qronik  diakritopo�hshJewroÔme to prìblhma (2.21). Dhlad  :




ut = Duxx , x ∈ Rℓ , ℓ = 1, 2, 3 , t ≥ 0

ux(a, t) = 0 kai ux(b, t) = 0

[u] = 0 kai [Dux] = 0 gia x = wk , k = 1, 2

u(x, 0) = f(x)

(4.79)
me Rℓ na dhl¸nei thn k�je perioq 

R1 := [a, w1] , R2 := [w1, w2] , R3 := [w2, b] (4.80)
D th stajer� di�qush pou d�netai apì th sqèsh (2.18) kai w arqik  sun�rthsh jew-roÔme th dèlta sun�rthsh (2.24).Gia k�je perioq  jewroÔme èna omoiìmorfo plègma t×Rℓ pou oi pleurè e�nai par�llhlestou �xone x kai t kai to b ma diakritopoi sh e�nai hℓ me






h1 := (w1 − a)/N1 ,

h2 := (w2 − w1)/N2 ,

h3 := (b− w2)/N3 ,

(4.81)ìpou Nℓ ℓ = 1, 2, 3 o arijmì twn upodiasthm�twn se k�je perioq  Rℓ kai ∆t poud�netai apì thn sqèsh (4.12) sthn x kai t ant�stoiqh kateÔjunsh. Oi suntetagmène twnkìmbwn gia k�je perioq  (xm, tn) d�nontai apì thn sqèsh:
xm := a+ (m− 1)h, m = 1, . . . , N + 1 (4.82)me N = N1 +N2 +N3.Tèlo, or�zoume h = hℓ opoted pote to xm ∈ Rℓ me ℓ = 1, 2, 3 :

h =





h1, gia x1 ∈ R1

h2, gia x2 ∈ R2

h3, gia x3 ∈ R3

(4.83)101



JewroÔme loipìn th diaforikh ma ex�swsh sth morf  (4.8) :
ut(x, tn+1) = D uxx(x, tn+1) . (4.84)Katìpin efarmìzonta thn Backward Euler mèjodo [40, 57℄ h parap�nw ex�swsh gr�fetai:

u(x, tn+1) − u(x, tn)

∆t
+O(∆t) = Duxx(x, tn+1) (4.85)Dhlad 

u(x, tn+1) −D∆tuxx(x, tn+1) = u(x, tn) . (4.86)Gia th qwrik  diakritopoi sh qrhsimopoioÔme thn collocation mèjodo me asuneq  Hermi-

te polu¸numa. Gia omalè lÔsei u th diaforik  ex�swsh (4.84) h proseggistik  lÔsh
U(x, t) qrhsimopoi¸nta peperasmena stoiqe�a me sunart sei b�sh, ta polu¸numa Hermi-

te, ja e�nai th morf :
U(x, t) =

N+1∑

i=1

[α2i−1(t)φ2i−1(x) + α2i(t)φ2i(x)] (4.87)ìpou φ2i−1(x) kai φ2i(x) e�nai ta Hermite kubik� polu¸numa.Sugkekrimèna se k�je kìmbo xi or�zontai dÔo kubik� polu¸numa Hemite w ex :
φ2i−1(x) =





φ
(

xi−x
h

)
, x ∈ Ii−1

φ
(

x−xi

h

)
, x ∈ Ii

0 , diaforetik� (4.88)kai
φ2i(x) =





−hψ
(

xi−x
h

)
, x ∈ Ii−1

hψ
(

x−xi

h

)
, x ∈ Ii

0 , diaforetik� (4.89)me Ii := [xi, xi+1] , i = 1, . . . , N . Oi sunart sei φ(s) kai ψ(s) proèrqontai apo gen�-keush twn Hermite kubik¸n poluwnÔmwn sto [0, 1] kai or�zontai apì ti sqèsei (4.19).Sta shme�a diepaf  w1 ≡ xN1+1 kai w2 ≡ xN1+N2+1 , gia th lÔsh u tou majhmatikoÔ pro-bl mato (2.21), afoÔ up�rqoun asunèqeie e�nai profanè ìti ja prèpei na exanagk�soumethn proseggistik  lÔsh U(x, t) na ikanopoie� ti sunj ke
[DUx] := D+U+

x −D−U−
x = 0 , gia x = wk , k = 1, 2 . (4.90)102



isodÔnama:
γφ2i(x

−
i ) = φ2i(x

+
i ), i = N1 + 1 (4.91)kai

φ2i(x
−
i ) = γφ2i(x

+
i ), i = N1 +N2 + 1 (4.92)Opìte sta shme�a aut� ant� twn parap�nw poluwnÔmwn Hermite or�zoume ti sunart seib�sh φ2i(x) w ex :

1h -2h perioq  :
φ2i(x) =





−h
γ
ψ

(
xi−x

h

)
, x ∈ Ii−1

hψ
(

x−xi

h

)
, x ∈ Ii, i = N1 + 1

0 , diaforetik� (4.93)
2h -3h perioq  :

φ2i(x) =





−hψ
(

xi−x
h

)
, x ∈ Ii−1

h
γ
ψ

(
x−xi

h

)
, x ∈ Ii, i = N1 +N2 + 1

0 , diaforetik� (4.94)
Grafik� gia γ = 0.3 oi parap�nw sunart sei parist�nontai w ex  :

φ
2i−1

(x)

φ
2i

(x)

i=N
1
+1

x
i−1

x
i

x
i
+1

i=N
1
+N

2
+1

φ
2i−1

(x)

x
i−1

x
i

x
i+1

φ
2i

(x)
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'Ena �meso sumpèrasma twn parap�nw idiot twn e�nai ìti h tim  th proseggistik  lÔsh
U(x, t) gia opoiad pote x sto di�sthma Ii mpore� na upologiste� prosjètonta merikoÔ mìnoìrou, dhlad 

U(x, t) =
2i+2∑

k=2i−1

αk(t)φk(x) , x ∈ Ii , (4.95)me i = 1, . . . , N − 1.H parap�nw sqèsh se sunduasmì me ti basikè idiìthte twn Hermite kubik¸n poluw-nÔmwn:
φ2i−1(xm) = δi,m

φ′
2i−1(xm) = 0

φ2i(xm) = 0

φ′
2i(xm) = δi,m

(4.96)upodhl¸nei ìti:
φ2i−1(xm) = δi,m

φ′
2i−1(xm) = 0

φ2i(xm) = 0

φ′
2i(xm) = δi,m

(4.97)ìpou δi,m e�nai to Dèlta tou Kronecker, upodhl¸nei ìti :
α2i−1(t) = U(xi, t)

α2i(t) =
∂

∂x
U(xi, t)

α2i+1(t) = U(xi+1, t)

α2i+2(t) =
∂

∂x
U(xi+1, t)

. (4.98)Se k�je qronikì ep�pedo t = tn, h Collocation mèjodo prosdior�zei tou agn¸stou
α

(n)
i := αi(tn) , i = 1, . . . , 2(N + 1) (4.99)jètwnta thn proseggistik  lÔsh U(x, t) na ikanopoie� thn ex�swsh (4.86) dhlad :

U(x, tn+1) − ∆tD
∂2

∂x2
U(x, tn+1) = U(x, tn) , (4.100)sta 2Nℓ, gia k�je ℓ = 1, 2, 3 eswterik� collocation shme�a (dÔo gia k�je upodi�sthma),kaj¸ ep�sh h lÔsh U(x, t) na ikanopoie� ti sunoriakè kai arqikè sunj ke.Gia na par�xoume ti exis¸sei sta eswterik� collocation shme�a, parathroÔme ìti hantikat�stash th ex�swsh (4.95) sthn ex�swsh (4.100) ma d�nei:

2i+2∑

k=2i−1

α
(n+1)
k

[
φk(x) −D∆t φ

′′

k(x)
]

=

2i+2∑

k=2i−1

α
(n)
k φk(x) (4.101)gia x ∈ Ii me i = 1, . . . , N . Epilègonta w eswterik� collocation shme�a gia k�jeupodi�sthma Ii ta Gauss points pou or�zontai apì ti sqèsei:

σ2i = xi + hσ , σ2i+1 = xi + hσ̄ , (4.102)104



me
σ =

√
3 − 1

2
√

3
, σ̄ =

√
3 + 1

2
√

3
, (4.103)oi stoiqei¸dei Collocation exis¸sei pou antistoiqoÔn sto stoiqe�o Ii, i = 1 . . . Npa�rnoun th morf  :

(
C

(0)
i − D∆t

h2
C

(2)
i

)




α
(n+1)
2i−1

α
(n+1)
2i

α
(n+1)
2i+1

α
(n+1)
2i+2




= C
(0)
i




α
(n)
2i−1

α
(n)
2i

α
(n)
2i+1

α
(n)
2i+2




(4.104)
me

C
(0)
i :=



s
(0)
1

h
αi
s
(0)
2 s

(0)
3 − h

βi
s
(0)
4

s
(0)
3

h
αi
s
(0)
4 s

(0)
1 − h

βi
s
(0)
2


 (4.105)ìpou s(0)

1 = 9+4
√

3
18

, s
(0)
2 = 3+

√
3

36
, s

(0)
3 = 9−4

√
3

18
kai s(0)

4 = 3−
√

3
36kai

C
(2)
i :=



s
(2)
1

h
αi
s
(2)
2 s

(2)
3 − h

βi
s
(2)
4

s
(2)
3

h
αi
s
(2)
4 s

(2)
1 − h

βi
s
(2)
2


 (4.106)ìpou s(2)

1 = −2
√

3 , s
(2)
2 = −1 −

√
3 , s

(2)
3 = 2

√
3 kai s(2)

4 = −1 +
√

3 .Oi stajerè αi kai βi qrhsimopoioÔntai gia na xeqwr�zoume tou stoiqei¸dei p�nakegia ta stoiqe�a IN1
kai IN1+N2+1, afoÔ w sunart sei b�sh gia ta stoiqe�a aut� qrhsimo-poioÔntai ant�stoiqa oi exis¸sei (4.93)-(4.94). Dhlad 

αi =






1 , i 6= N1 +N2 + 1

γ , i = N1 +N2 + 1

(4.107)kai
βi =





1 , i 6= N1

γ , i = N1

(4.108)105



Me �lla lìgia ektì twn stoiqe�wn IN1
kai IN1+N2+1 oi stoiqei¸dei collocation p�nake

C
(0)
i kai C(2)

i e�nai 2 × 4 p�nake pou or�zontai apì ti sqèsei (4.29)-(4.30) kai sta shme�adiasÔndesh oi stoiqei¸dei collocation p�nake g�nontai:Sthn diasÔndesh th pr¸th me th deÔterh perioq  :
C

(0)
N1

:=



s
(0)
1 h1s

(0)
2 s

(0)
3 −h1s

(0)
4 /g

s
(0)
3 h1s

(0)
4 s

(0)
1 −h1s

(0)
2 /g (4.109)kai

C
(2)
N1

:=



s
(2)
1 h1s

(2)
2 s

(2)
3 −h1s

(2)
4 /g

s
(2)
3 h1s

(2)
4 s

(2)
1 −h1s

(2)
2 /g (4.110)en¸ sth diasÔndesh th deuterh me thn tr�th perioq  e�nai th morf  :

C
(0)
N1+N2+1 :=



s
(0)
1 h3s

(0)
2 /g s

(0)
3 −h3s

(0)
4

s
(0)
3 h3s

(0)
4 /g s

(0)
1 −h3s

(0)
2


 (4.111)kai

C
(2)
N1+N2+1 :=



s
(2)
1 h3s

(2)
2 /g s

(2)
3 −h3s

(2)
4

s
(2)
3 h3s

(2)
4 /g s

(2)
1 −h3s

(2)
2


 (4.112)Gia na par�xoume ti sunoriakè collocation exis¸sei anagk�zoume thn proseggistik lÔsh U(x, t) na ikanopoie� ìle ti Neumann sunoriakè sunj ke gia t = tn+1 w ek toÔtou:

∂

∂x
U(a, t) = 0 ⇒ α

(n+1)
2 = 0 , (4.113)

∂

∂x
U(b, t) = 0 ⇒ α

(n+1)
2N+2 = 0 , (4.114)Katal goume loipìn sto Collocation sÔsthma to opoio e�nai th morf :

Ca(n+1) = C(0)a(n) , n = 0, 1, . . . (4.115)ìpou
C =




Ã1 B1

A2 B2

�

AN−1 BN−1

AN B̃N



, (4.116)
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C(0) =




Ã0
1 B0

1

A0
2 B0

2

�

A0
N−1 B0

N−1

A0
N B̃0

N



, (4.117)kai a(n) :=




α
(n)
1

α
(n)
3...

α
(n)
2N+1



. (4.118)Oi 2 × 2 p�nake Ai, Bi, A0

i kai B0
i dhl¸nontai apì ti sqèsei

(
C

(0)
i − ∆t

h2
Dℓ C

(2)
i

)
=

[
Ai Bi

] (4.119)kai
C

(0)
i :=

[
A0

i B0
i

]
, (4.120)ìpou C(0)

i kai C(2)
i e�nai 2 × 4 p�nake pou or�zontai apì ti sqèsei (4.105)-(4.106).Oi 2 × 1 p�nake Ã1 kai Ã0

1 prokÔptoun apì tou ant�stoiqou p�nake A1 kai A0
1 anafairèsoume th deÔterh st lh. Ant�stoiqa oi p�nake B̃N kai B̃0

N prokÔptoun apì touant�stoiqou p�nake BN kaiB0
N an afairèsoume thn pr¸th st lh. Tèlo to arqikì di�nusmaa(0) kajor�zetai apì thn arqik  sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).4.2.2 Crank Nicolson sq ma gia th qronik  diakritopo�hshJewroÔme to �dio prìblhma me autì sthn enìthta (4.2.1).Gia k�je loipìn perioq  jewroÔme èna omoiìmorfo plègma t × Rℓ pou oi pleurè toue�nai par�llhle stou �xone x kai t kai to b ma diakritopoi sh e�nai hℓ (4.81) kai ∆t(4.12) sthn x kai ∆t ant�stoiqh kateÔjunsh.Efarmìzoume gia th qronik  diakritopo�hsh to Crank Nicolson sq ma sth diaforik ex�swsh (4.84) opìte h ex�swsh g�netai:

u(x, tn+1) − u(x, tn)

∆t
=
D

2
(uxx(x, tn+1) + uxx(x, tn)) (4.121)Dhlad 

u(x, tn+1) − u(x, tn) =
D∆t

2
(uxx(x, tn+1) + uxx(x, tn)) (4.122)107



u(x, tn+1) −
D∆t

2
uxx(x, tn+1) =

D∆t

2
uxx(x, tn) + u(x, tn) (4.123)Sth qwrik  diakritopo�hsh qrhsimopoioÔme ìpw kai sthn prohgoumenh per�ptwsh th

collocation mèjodo me asuneq  Hermite stoiqe�a. 'Etsi gia omalè lÔsei u h proseggistik lÔsh th diaforik  ex�swsh (4.84) ja d�netai apì th sqèsh:
U(x, t) =

N+1∑

i=1

[α2i−1(t)φ2i−1(x) + α2i(t)φ2i(x)] (4.124)ìpou φ2i−1(x) kai φ2i(x) e�nai ta Hermite kubik� polu¸numa pou or�zontai apì ti sqèsei(4.88) -(4.89).Gia na exaleifjoÔn oi asunèqeie sta shme�a diasÔndesh dhlad  sta stoiqe�a IN1
kai

IN1+N2+1, op¸ anafèrame sthn prohgoumènh enìthta, qrhsimopoioÔme ta kubik� polu¸numa
Hemite pou or�zontai apì ti sqèsei (4.93) kai (4.94).Dialègonta w eswterik� collocation shme�a ta Gauss shme�a (4.102) kai (4.103) giak�je upodi�sthma Ii, oi stoiqei¸dh collocation exis¸sei par�gontai an epib�loume thnproseggistik  lÔsh U(x, t) na ikanopoie� thn ex�swsh (4.123). 'Etsi me analog  diadikas�aìpw sthn enìthta (4.2.1) gia k�je stoiqe�o Ii, i = 1 . . .N oi stoiqei¸dh collocationexis¸sei sth morf  p�naka ja d�nontai apì thn parak�tw sqèsh:

(
C

(0)
i − D∆t

2h2
C

(2)
i

)




α
(n+1)
2i−1

α
(n+1)
2i

α
(n+1)
2i+1

α
(n+1)
2i+2




=

(
C

(0)
i +

D∆t

2h2
C

(2)
i

)




α
(n)
2i−1

α
(n)
2i

α
(n)
2i+1

α
(n)
2i+2




(4.125)
ìpou C(0)

i kai C(2)
i e�nai 2× 4 p�nake pou or�zontai apì tou p�nake (4.105) kai (4.106).Oi sunoriakè collocation exis¸sei d�nontai apì ti sqèsei (4.113) kai (4.114).Sugkentr¸nonta ti eswterikè stoiqei¸dei kai sunoriakè collocation exis¸sei ka-tal goume sthn ep�lush tou collocation sust mato :

Ca(n+1) = C1 a(n) , n = 0, 1, . . . (4.126)ìpou
C =




Ã1 B1

A2 B2

�

AN−1 BN−1

AN B̃N



, (4.127)
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C1 =




Ẽ1 F1

E2 F2

�

EN−1 FN−1

EN F̃N



, (4.128)kai a(n) :=




α
(n)
1

α
(n)
3...

α
(n)
2N+1



. (4.129)Oi 2 × 2 p�nake Ai, Bi, Ei kai Fi dhl¸nontai apì ti sqèsei

(
C

(0)
i − D∆t

h2
C

(2)
i

)
=

[
Ai Bi

] (4.130)kai
(
C

(0)
i +

D∆t

h2
C

(2)
i

)
=

[
Ei Fi

]
, (4.131)ìpou oi p�nake C(0)

i kai C(2)
i d�nontai apì ti sqèsei (4.105)-(4.106).Oi 2 × 1 p�nake Ã1 kai Ẽ1 prokÔptoun apì tou ant�stoiqou p�nake A1 kai E1 anafairèsoume thn deÔterh st lh. Ant�stoiqa oi p�nake B̃N kai F̃N prokÔptoun apì touant�stoiqou p�nake BN kai FN an afairèsoume thn pr¸th st lh. Tèlo to arqikì di�nusmaa(0) kajor�zetai apì thn arqik  sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).4.2.3 Arijmhtik� apotelèsmataOr�zoume to �dio prìblhma ìpw sthn enìthta (4.1.3) dhlad  oi trei perioqè na e�naioi:

R1 := [−5,−1] , R2 := [−1, 1] , R3 := [1, 5] . (4.132)w arqik  phg  karkinik¸n kutt�rwn jewroÔme thn dèlta sun�rthsh :
δ(x) ≡ δη(x) :=

1

η
√
π
e−x2/η2 (4.133)kai sugkekrimèna w arqik  sun�rthsh epilègoume thn

f(x) = δ0.2(x+ 2) (4.134)kai w qronikì b ma ∆t = 0.1. 109



H an�ptuxh tou karkinikoÔ ìgkou sto qrìno kai gia mègisto qrìno tmax = 4 dhlad pragmatikoÔ qrìnou per�pou enì ètou qrhsimopoi¸nta ti parap�nw mejìdou parousi�-zetai sta graf mata (4.24), (4.25), (4.26) kai (4.27).
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Sq ma 4.24: An�ptuxh tou karkinikoÔ ìgkoume thn collocation mèjodo me discontinuous

Hermite polu¸numa - Backward Euler sq mame γ = 0.5
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Sq ma 4.25: An�ptuxh tou karkinikoÔ ìgkoume thn collocation mèjodo me discontinuous

Hermite polu¸numa - Backward Euler sq mame γ = 0.2
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Sq ma 4.26: An�ptuxh tou karkinikoÔ ìgkoume thn collocation mèjodo me discontinuous

Hermite polu¸numa - Crank Nicolson sq mame γ = 0.5
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Sq ma 4.27: An�ptuxh tou karkinikoÔ ìgkoume thn collocation mèjodo me discontinuous

Hermite polu¸numa - Crank Nicolson sq mame γ = 0.2110



4.2.4 Eust�jeiaTo genikì sq ma twn duo parap�nw mejìdwn gia na melet soume thn eust�jeia twnsqhm�twn d�netai apì th sqèsh (5.1):
(
C(0) − θ

D∆t

h2
C(2)

)
a(n+1) =

(
C(0) + (1 − θ)

D∆t

h2
C(2)

)
a(n) (4.135)Gia th melèth th eust�jeia sthn sugkekrimènh per�ptwsh ìpou qrhsimopoi same thn

collocation mèjodo me asunèqh Hermite polu¸numa ta sumper�smata ja e�nai ant�stoiqame aut� sthn enìthta (4.1.4). Ex�llou kai sthn per�ptwsh aut  oi idiotimè tou p�naka
G = [C(0)]

−1
C(2) e�nai mikrìtere   �se tou mhdenì ìpw parathroÔme apì ta parak�twsq mata (4.28) kai (4.29).
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Sq ma 4.28: Idiotimè tou p�naka G = [C(0)]
−1
C(2) gia γ = 0.5
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Sq ma 4.29: Idiotimè tou p�naka G = [C(0)]
−1
C(2) gia γ = 0.2
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Opìte to sq ma pou proèkuye apo thn collocation mèjodo me discontinuous Hermite po-lu¸numa w qwrik  diakritopo�hsh kai to Backward Euler sq ma w qronik  diakritopoi shkai e�nai th morf  :
(
C(0) − D∆t

h2
C(2)

)
a(n+1) = C(0)a(n) (4.136)e�nai to genikì sq ma (4.135) gia θ = 1. 'Ara loipìn ìpw èqoume apode�xei (4.1.4, [7℄)to sq ma autì e�nai eustajè (unconditional stable).Ex�llou parathroÔme sta graf mata (4.30) kai (4.31) ìti oi idiotimè tou p�naka C−1C(0)gia γ = 0.5 kai γ = 0.2 ant�stoiqa e�nai mikrìtere   �se th mon�da, gegonì pouepibebai¸nei ìti h mèjodo ma e�nai unconditional stable.
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Sq ma 4.30: Idiotimè tou p�naka C−1C(0) th mejìdou discontinuous hermite collocation-

Backward Euler gia γ = 0.5
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Sq ma 4.31: Idiotimè tou p�naka C−1C(0) th mejìdou discontinuous hermite collocation-

Backward Euler gia γ = 0.2 112



Ant�stoiqa to sq ma pou proèkuye apo thn collocation mèjodo me discontinuous Hermitepolu¸numa w qwrik  diakritopoi sh kai Crank Nicolson sq ma w qronik  diakritopoi shkai e�nai th morf  :
(
C(0) − D∆t

2h2
C(2)

)
a(n+1) =

(
C(0) +

D∆t

2h2
C(2)

)
a(n) (4.137)e�nai to genikì sq ma (4.135) gia θ = 1

2
. 'Ara loipìn kai autì to sq ma autì e�naieustajè (unconditional stable) (4.1.4, [7℄).Oi idiotimè ex�llou tou p�naka C−1C1 gia γ = 0.5 kai γ = 0.2 ant�stoiqa e�nai mikrìtere  �se th mon�da gegonì pou faner¸nei ìti h mèjodo ma e�nai unconditional stable.
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Sq ma 4.32: Idiotimè tou p�naka C−1C1 th mejìdou discontinuous hermite collocation-

Crank Nicolsongia γ = 0.5
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Sq ma 4.33: Idiotimè tou p�naka C−1C1 th mejìdou discontinuous hermite collocation-

Crank Nicolson gia γ = 0.2 113



4.2.5 Qwrikì sqetikì sf�lmaJewroÔme to qwrikì sqetikì sf�lma na d�netai apì th sqèsh (4.77) dhlad  :
E∞ :=

‖Uh/2 − Uh‖∞
‖Uh/2‖∞

(4.138)Parousi�zoume to sqetikì sf�lma gia diaforetikè timè tou ∆t kai to h to epilègoumeètsi ¸ste h ≃ h1 ≃ h2 ≃ h3.
Collocation Mèjodo me discontinuous Hemite polu¸numa -Backward EulerSq maH sumperifor� tou sqetikoÔ sf�lmato parist�netai apì ta graf mata (4.34) kai (4.35)en¸ h t�xh sÔgklish th mejìdou parousi�zetai stou P�nake (4.9) kai (4.10).
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25 ∆ tSq ma 4.34: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn discontinuous hermite collocation-backward euler mèjodo me γ = 0.5

Collocation Mèjodo me discontinuous Hemite polu¸numa -Crank NicolsonSq maAnt�stoiqa h sumperifor� tou sqetikoÔ sf�lmato gia thn collocation mèjodo me di-

scontinuous Hemite polu¸numa parist�netai apì ta graf mata (4.36) kai (4.37) en¸ h t�xhsÔgklish th mejìdou parousi�zetai stou P�nake (4.11) kai (4.12).Sumpèrasma 4.2.1 Apì ta graf mata (4.34) - (4.37) kai apì tou P�nake 4.9-4.11 parath-roÔme loipìn ìti h t�xh sÔgklish th collocation mejìdou me asuneq  Hermite polu¸numa114
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25 ∆ tSq ma 4.35: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn discontinuous hermite collocation-backward euler mèjodo me γ = 0.2

tmax = ∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 3.34E-01 2.6201 4.31E-01 4.4867 4.34E-01 4.6469 4.37E-01 4.72300.3125 5.16E-02 4.6857 1.89E-02 8.7381 1.70E-02 1.1124 1.63E-02 1.38880.1563 2.00E-03 3.8888 4.42E-05 3.9260 7.63E-06 3.9353 1.07E-06 3.92610.0781 1.35E-04 3.9140 2.91E-06 3.9051 4.99E-07 3.9018 7.06E-08 3.89400.0391 8.97E-06 4.1729 1.94E-07 4.0449 3.34E-08 3.9673 4.75E-09 3.92320.0195 4.97E-07 4.6101 1.18E-08 4.2228 2.13E-09 4.0962 3.13E-010 4.28550.0098 2.04E-08 �� 6.3E-010 �� 1.25E-010 �� 1.61E-011 ��P�naka 4.9: H t�xh sÔgklish gia th Discontinuous Hermite collocation-Backward Eulermèjodo gia γ = 0.5diathre�tai ìpw kai sthn per�ptwsh th collocation mejìdou me suneq  Hermite polu¸-numa. Dhlad  paramènei tètarth t�xew w pro to q¸ro h sÔglish th collocationmejìdou me asuneq  Hermite polu¸numa.
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tmax = ∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 2.96E-01 2.0935 4.25E-01 4.0828 4.31E-01 4.4804 4.34E-01 4.64960.3125 6.49E-02 4.3832 2.44E-02 6.9259 1.89E-02 8.8305 1.7E-02 1.14230.1563 3.11E-03 3.8857 2.01E-04 3.9054 4.16E-05 3.9290 6.19E-06 3.93050.0781 2.1E-04 3.9160 1.34E-05 3.9034 2.73E-06 3.9066 4.06E-07 3.90130.0391 1.39E-05 4.1785 8.96E-07 4.0938 1.82E-07 4.0221 2.72E-08 3.93410.0195 7.69E-07 4.4948 5.25E-08 4.3513 1.12E-08 4.1759 1.78E-09 4.17160.0098 3.41E-08 �� 2.57E-09 �� 6.2E-010 �� 9.86E-011 ��P�naka 4.10: H t�xh sÔgklish gia th Discontinuous Hermite collocation-Backward Eulermèjodo gia γ = 0.2
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25 ∆ tSq ma 4.36: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn discontinuous hermite collocation-Crank Nicolson mèjodo me γ = 0.5
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25 ∆ tSq ma 4.37: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn discontinuous hermite collocation-Crank Nicolson mèjodo me γ = 0.2

tmax = 2∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 4.05E-01 3.6468 4.34E-01 4.5894 4.34E-01 4.662 4.37E-01 4.72530.3125 3.14E-02 5.8680 1.77E-02 7.6422 1.69E-02 9.7390 1.63E-02 12.8380.1563 5.37E-04 3.9008 8.87E-05 4.0279 1.97E-05 3.8642 2.22E-06 4.50340.0781 3.59E-05 3.9054 5.44E-06 3.9109 1.36E-06 3.9554 9.79E-08 3.91870.0391 2.4E-06 4.1474 3.62E-07 3.8818 8.73E-08 4.2306 6.47E-09 3.90500.0195 1.35E-07 4.5236 2.45E-08 3.9942 4.65E-09 4.379 4.32E-010 4.01440.0098 5.88E-09 �� 1.54E-09 �� 2.24E-010 �� 2.67E-011 ��P�naka 4.11: H t�xh sÔgklish gia th Discontinuous Hermite collocation-Crank Nicolsonmèjodo gia γ = 0.5
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tmax = 2∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 3.64E-01 2.9113 4.31E-01 4.2704 4.31E-01 4.5183 4.34E-01 4.65540.3125 4.61E-02 5.1520 2.19E-02 7.5693 1.85E-02 9.39 1.69E-02 11.5620.1563 1.3E-03 3.9021 1.15E-04 3.9166 2.75E-05 3.7591 5.6E-06 3.96030.0781 8.67E-05 3.9070 7.62E-06 3.8718 2.03E-06 3.9195 3.6E-07 3.90810.0391 5.78E-06 4.1553 5.21E-07 3.9031 1.34E-07 4.0895 2.4E-08 3.92600.0195 3.24E-07 4.5930 3.48E-08 4.085 7.89E-09 4.2087 1.58E-09 4.18450.0098 1.34E-08 �� 2.05E-09 �� 4.27E-010 �� 8.67E-011 ��P�naka 4.12: H t�xh sÔgklish gia th Discontinuous Hermite collocation-Crank Nicolsonmèjodo gia γ = 0.2
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4.3 O(ǫ) prosegg�sei kai asuneq  Hermite kubik�polu¸numa4.3.1 Backward Euler sq ma gia th qronik  diakritopo�hshOr�zoume to prìblhma ma ìpw sthn enìthta (4.1.1).JewroÔme par�metro ǫ > 0 me ǫ→ 0 ètsi ¸ste h diaforik  ex�swsh tou probl mato
ut = D uxx (4.139)na ikanopoe�tai se k�je perioq  R1(ǫ), R2(ǫ), R3(ǫ) me

R1(ǫ) := [a, w1 − ǫ] , R2(ǫ) := [w1 + ǫ, w2 − ǫ] , R3(ǫ) := [w2 + ǫ, b] (4.140)kai me th stajer� di�qush D na d�netai apì ton ex  tÔpo :
D =





γ, gia a ≤ x < w1 − ǫ

1, gia w1 + ǫ ≤ x < w2 − ǫ

γ, gia w2 + ǫ ≤ x ≤ b

(4.141)Sta shme�a diasÔndesh isqÔoun oi periorismo� (4.4)- (4.7), w sunoriakè sunj kejewroÔme ti ux(a, t) = 0 kai ux(b, t) = 0 kai w arqik  sunj kh th dèlta sun�rthsh (2.24).Gia k�je perioq  jewroÔme èna omoiìmorfo plègma t × Rℓ(ǫ) ìpou oi pleurè e�naipar�llhle stou �xone x kai t kai to b ma diakritopoi sh e�nai hℓ kai ∆t sthn x kai tant�stoiqa kateÔjunsh.Sugkekrimèna:




h1 := (w1 − a− ǫ)/(N1 − 1) ,

h2 := (w2 − w1 − 2ǫ)/(N2 − 2) ,

h3 := (b− w2 − ǫ)/(N3 − 1) ,

(4.142)ìpou Nℓ dhl¸nei ton arijmì twn upodiasthm�twn th k�je perioq  Rℓ(ǫ) ant�stoiqakai N = N1 + N2 + N3 kaj¸ kai oi suntetagmène twn kìmbwn (xmℓ
, tn) d�nontai apì tisqèsei :






xm1
:= a+m1h1 , m1 = 0, . . . , N1 − 1

xm2
:= w1 + ǫ+m2h2 , m2 = 0, . . . , N2 − 1

xm3
:= w2 + ǫ+m3h3 , m3 = 0, . . . , N3 − 1

(4.143)kai 119



tn = n∆t , n = 0, 1, . . . . (4.144)Tèlo, or�zoume h = hℓ opoted pote to xm ∈ Rℓ me ℓ = 1, 2, 3 :
h =





h1, gia x1 ∈ R1

h2, gia x2 ∈ R2

h3, gia x3 ∈ R3

(4.145)JewroÔme loipìn th diaforikh ma ex�swsh sthn morf :
ut(x, tn+1) = D uxx(x, tn+1) . (4.146)Efarmìzonta thn Backward Euler mèjodo h parap�nw ex�swsh gr�fetai :

u(x, tn+1) −D∆t uxx(x, tn+1) = u(x, tn) . (4.147)Gia th qwrik  diakritopoi sh qrhsimopoioÔme thn Collocation mèjodo me asuneq  Her-

mite stoiqe�a. Kaj¸ h lÔsh u th diaforik  ex�swsh (4.139) e�nai omal  se k�je upo-di�sthma Rℓ(ǫ) , ℓ = 1, 2, 3 h proseggistik  lÔsh U(x, t) qrhsimopoi¸nta peperasmenastoiqe�a me sunart sei b�sh ta polu¸numa Hermite, ja e�nai th morf :
U(x, t) =

N+1∑

i=1

[α2i−1(t)φ2i−1(x) + α2i(t)φ2i(x)] (4.148)ìpou φ2i−1(x) kai φ2i(x) e�nai ta Hermite kubik� polu¸numa kai or�zontai apì ti sqèsei(4.88) kai (4.89) gia k�je kìmbo xi.Gia th lÔsh u tou parap�nw majhmatikoÔ probl mato, afoÔ up�rqoun asunèqeie stashme�a diasÔndesh w1 ≡ xN1+1 kai w2 ≡ xN1+N2+1 e�nai profanè ìti ja prèpei na exanag-k�soume thn proseggistik  lÔsh U(x, t) na ikanopoie� thn sunj kh (4.90) dhlad :
γφ2i(x

−
i ) = φ2i(x

+
i ), i = N1, (4.149)kai

φ2i(x
−
i ) = γφ2i(x

+
i ), i = N1 +N2 + 1, (4.150)Gia na exaleifjoÔn oi asunèqeie sta shme�a diasÔndesh dhlad  sta stoiqe�a IN1+1, kai

IN1+N2+1, ìpw anafèrame sthn prohgoumènh enìthta, qrhsimopoioÔme ta kubik� polu¸numa
Hemite pou or�zontai apì ti sqèsei (4.93) kai (4.94).Gia na par�xoume ti stoiqei¸dh collocation exis¸sei epib�lloume th proseggistik lÔsh U(x, t) na ikanopoie� thn ex�swsh (4.147) sta dÔo Gauss eswterik� collocation shme�a(4.102) kai (4.103) gia k�je upodi�sthma Ii. Opìte me an�logh diadikas�a op¸ kai sti120



enìthte oi stoiqei¸dh collocation exis¸sei pou antistoiqoÔn sto stoiqe�o Ii pa�rnei thmorf  p�naka :
(
C

(0)
i − D∆t

h2
C

(2)
i

)




α
(n+1)
2i−1

α
(n+1)
2i

α
(n+1)
2i+1

α
(n+1)
2i+2




= C
(0)
i




α
(n)
2i−1

α
(n)
2i

α
(n)
2i+1

α
(n)
2i+2




(4.151)
me tou p�nake C(0)

i kai C(2)
i na d�nontai apì ti sqèsei (4.105) kai (4.106) ant�stoiqa.'Etsi sta shme�a diasÔndesh oi stoiqei¸dei collocation p�nake e�nai ìmw th morf :

C
(0)
N1

:=



s
(0)
1 ǫs

(0)
2 s

(0)
3 − ǫ

γ
s
(0)
4

s
(0)
3 ǫs

(0)
4 s

(0)
1 − ǫ

γ
s
(0)
2


 (4.152)

C
(0)
N1+1 = C

(0)
N1+N2

:=



s
(0)
1 ǫs

(0)
2 s

(0)
3 −ǫs(0)

4

s
(0)
3 ǫs

(0)
4 s

(0)
1 −ǫs(0)

2


 (4.153)

C
(0)
N1+N2+1 :=



s
(0)
1

ǫ
γ
s
(0)
2 s

(0)
3 −ǫs(0)

4

s
(0)
3

ǫ
γ
s
(0)
4 s

(0)
1 −ǫs(0)

2


 (4.154)

C
(2)
N1

:=



s
(2)
1 ǫs

(2)
2 s

(2)
3 − ǫ

γ
s
(2)
4

s
(2)
3 ǫs

(2)
4 s

(2)
1 − ǫ

γ
s
(2)
2


 (4.155)

C
(2)
N1+1 = C

(2)
N1+N2

:=



s
(2)
1 ǫs

(2)
2 s

(2)
3 −ǫs(2)

4

s
(2)
3 ǫs

(2)
4 s

(2)
1 −ǫs(2)

2


 (4.156)

C
(2)
N1+N2+1 :=



s
(2)
1

ǫ
γ
s
(2)
2 s

(2)
3 −ǫs(2)

4

s
(2)
3

ǫ
γ
s
(2)
4 s

(2)
1 −ǫs(2)

2


 (4.157)en¸ ektì twn stoiqe�wn IN1

, IN1+1, IN1+N2
kai IN1+N2+1 oi stoiqei¸dh collocationp�nake C(0)

i kai C(2)
i e�nai 2 × 4 p�nake pou or�zontai apì ti sqèsei (4.29) kai (4.30).Oi sunoriakè collocation exis¸sei d�nontai apì ti sqèsei (4.113) kai (4.114).Katal goume loipìn sto Collocation sÔsthma to opoio e�nai th morf :121



Ca(n+1) = C(0)a(n) , n = 0, 1, . . . (4.158)ìpou
C =




Ã1 B1

A2 B2

�

AN−1 BN−1

AN B̃N



, (4.159)

C(0) =




Ã0
1 B0

1

A0
2 B0

2

�

A0
N−1 B0

N−1

A0
N B̃0

N



, (4.160)kai a(n) :=




α
(n)
1

α
(n)
3...

α
(n)
2N+1



. (4.161)Oi 2 × 2 p�nake Ai, Bi, A0

i kai B0
i dhl¸nontai apì ti sqèsei

C :=

(
C

(0)
i − ∆t

h2
DC

(2)
i

)
=

[
Ai Bi

] (4.162)kai
C(0) :=

[
A0

i B0
i

]
, (4.163)ìpou oi p�nake C(0)

i kai C(2)
i d�nontai apì tou p�nake (4.29)-(4.30) kai gia i = N1, N1+

1, N1 +N2, N1 +N2 + 1 oi p�nake C(0)
i kai C(2)

i d�nontai apì tou p�nake (4.152)-(4.157).Oi 2 × 1 p�nake Ã1 kai Ã0
1 prokÔptoun apì tou ant�stoiqou p�nake A1 kai A0

1 anafairèsoume thn deÔterh st lh. Ant�stoiqa oi p�nake B̃N kai B̃0
N prokÔptoun apì touant�stoiqou p�nake BN kai B0

N an afairèsoume thn pr¸th st lh. Tèlo to arqikì di�nusmaa(0) kajor�zetai apì thn arqik  sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).4.3.2 Crank-Nicolson sq ma gia th qronik  diakritopo�hshJewroÔme to �dio prìblhma me autì sthn enìthta (4.3.1). Or�zoume loipìn èna omoiì-morfo plègma t×Rℓ pou oi pleurè tou e�nai par�llhle stou �xone x kai t kai to b madiakritopoi sh e�nai hℓ (4.142) kai ∆t (4.12) sthn x kai ∆t ant�stoiqh kateÔjunsh.122



Efarmìzoume gia th qronik  diakritopo�hsh th mèjodo Crank Nicolson sth diaforik ex�swsh (4.146), opìte h ex�swsh g�netai:
u(x, tn+1) − u(x, tn)

∆t
=
D

2
(uxx(x, tn+1) + uxx(x, tn)) (4.164)

u(x, tn+1) −
D∆t

2
uxx(x, tn+1) =

D∆t

2
uxx(x, tn) + u(x, tn) (4.165)Sth qwrik  diakritopo�hsh qrhsimopoioÔme op¸ kai sthn prohgoumenh per�ptwsh th

collocation mèjodo me asuneq  Hermite stoiqe�a. 'Etsi h proseggistik  lÔsh th diaforik ex�swsh (4.146) ja d�netai apì thn sqèsh:
U(x, t) =

N+1∑

i=1

[α2i−1(t)φ2i−1(x) + α2i(t)φ2i(x)] (4.166)ìpou φ2i−1(x) kai φ2i(x) e�nai ta Hermite kubik� polu¸numa pou or�zontai apì ti sqèsei(4.88) -(4.89).Gia na exaleifjoÔn oi asunèqeie sta shme�a diasÔndesh dhlad  sta stoiqe�a IN1
kai

IN1+N2+1, op¸ anafèrame sthn prohgoumènh enìthta, qrhsimopoioÔme ta kubik� polu¸numa
Hemite pou or�zontai apì ti sqèsei (4.93) kai (4.94).H tim  ìmw th proseggistik  lÔsh U(x, t) gia opoiad pote x sto di�sthma Ii mpore�na upologiste� prosjètonta merikoÔ mìno ìrou, dhlad 

U(x, t) =
2i+2∑

k=2i−1

αk(t)φk(x) , x ∈ Ii , (4.167)me i = 1, . . . , N − 1.Se k�je qronikì ep�pedo t = tn, h Collocation mèjodo prosdior�zei tou agn¸stou
α

(n)
i := αi(tn) , i = 1, . . . , 2(N + 1) , (4.168)jètwnta thn proseggistik  lÔsh U(x, t) na ikanopoie� thn ex�swsh (4.165) èqoume ìti:

U(x, tn+1) −
D∆t

2

∂2

∂x2
U(x, tn+1) = U(x, tn) +

D∆t

2

∂2

∂x2
U(x, tn) , (4.169)sta 2Nℓ, gia k�je ℓ = 1, 2, 3 eswterik� collocation shme�a, kaj¸ ep�sh h lÔsh U(x, t)na ikanopoie� ti sunoriakè kai arqikè sunj ke.AntikajistoÔme thn ex�swsh (4.167) sthn ex�swsh (4.169) gia na par�xoume ti exis¸seista eswterik� collocation shme�a. 'Etsi èqoume:

2i+2∑

k=2i−1

α
(n+1)
k

[
φk(x) −

∆tDℓ

2
φ

′′

k(x)

]
=

2i+2∑

k=2i−1

α
(n)
k

[
φk(x) +

∆tDℓ

2
φ

′′

k(x)

] (4.170)123



gia x ∈ Ii me i = 1, . . . , N .Dialègonta w eswterik� collocation shme�a ta Gauss shme�a (4.102) kai (4.103) giak�je upodi�sthma Ii o stoiqei¸dh Collocation p�naka pou antistoiqe� sto stoiqe�o Ii e�naith morf :
(
C

(0)
i − D∆t

2h2
C

(2)
i

)




α
(n+1)
2i−1

α
(n+1)
2i

α
(n+1)
2i+1

α
(n+1)
2i+2




=

(
C

(0)
i +

D∆t

2h2
C

(2)
i

)




α
(n)
2i−1

α
(n)
2i

α
(n)
2i+1

α
(n)
2i+2




(4.171)
ìpou C(0)

i kai C(2)
i e�nai 2× 4 p�nake pou or�zontai apì tou p�nake (4.105) kai (4.106)kai sta shme�a diasÔndesh apì tou p�nake (4.152)-(4.157).Oi sunoriakè collocation exis¸sei d�nontai apì ti sqèsei (4.113) kai (4.114).Sugkentr¸nonta ti eswterikè stoiqei¸dei kai sunoriakè collocation exis¸sei ka-tal goume sthn ep�lush tou collocation sust mato :

Ca(n+1) = C1a(n) , n = 0, 1, . . . (4.172)ìpou
C =




Ã1 B1

A2 B2

�

AN−1 BN−1

AN B̃N



, (4.173)

C1 =




Ẽ1 F1

E2 F2

�

EN−1 FN−1

EN F̃N



, (4.174)kai a(n) :=




α
(n)
1

α
(n)
3...

α
(n)
2N+1



. (4.175)Oi 2 × 2 p�nake Ai , Bi , A0

i kai B0
i dhl¸nontai apì ti sqèsei124



C :=

(
C

(0)
i − ∆t

h2
DℓC

(2)
i

)
=

[
Ai Bi

] (4.176)kai
C(0) :=

(
C

(0)
i +

∆t

h2
DℓC

(2)
i

)
=

[
A0

i B0
i

]
, (4.177)ìpou oi p�nake C(0)

i kai C(2)
i d�nontai apì ti p�nake (4.29)-(4.30) kai gia i = N1, N1 +

1, N1 +N2, N1 +N2 + 1 oi p�nake C(0)
i kai C(2)

i d�nontai apì ti p�nake (4.152)-(4.157).Oi 2 × 1 p�nake Ã1 kai Ẽ1 prokÔptoun apì tou ant�stoiqou p�nake A1 kai E1 anafairèsoume th deÔterh st lh. An�loga oi p�nake B̃N kai F̃ 0
3 prokÔptoun apì tou ant�-stoiqou p�nake BN kai FN an afairèsoume thn pr¸th st lh. Tèlo to arqikì di�nusmaa(0) kajor�zetai apì thn arqik  sunj kh ìpou e�nai h dèlta sun�rthsh (2.24).

4.3.3 Arijmhtik� apotelèsmataOr�zoume to �dio prìblhma ìpw kai sti enìthte (4.1.3), (4.2.3) dhlad  oi trei perioqèe�nai:
R1 := [−5,−1] , R2 := [−1, 1] , R3 := [1, 5] . (4.178)w arqik  phg  karkinik¸n kutt�rwn jewroÔme th dèlta sun�rthsh :

f(x) = δ0.2(x+ 2) (4.179)qronikì b ma ∆t = 0.1 kai ǫ =
(

b−a
N1+N2+N3

)2 .H an�ptuxh tou karkinikoÔ ìgkou sto qrìno kai mèqri tmax = 4 dhlad  enì pragmatikoÔqrìnou parousi�zetai sta graf mata (4.38),(4.39), (4.40) kai (4.41).125
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Sq ma 4.38: An�ptuxh tou karkinikoÔ ìgkoume thn eps collocation mèjodo me disconti-

nuous Hermite polu¸numa - Backward Eulersq ma me γ = 0.5
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Sq ma 4.39: An�ptuxh tou karkinikoÔ ìgkoume thn eps collocation mèjodo me disconti-

nuous Hermite polu¸numa - Backward Eulersq ma me γ = 0.2
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Sq ma 4.40: An�ptuxh tou karkinikoÔ ìgkoume thn eps collocation mèjodo me disconti-

nuous Hermite polu¸numa - Crank Nicolsonsq ma me γ = 0.5
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Sq ma 4.41: An�ptuxh tou karkinikoÔ ìgkoume thn eps collocation mèjodo me disconti-

nuous Hermite polu¸numa - Crank Nicolsonsq ma me γ = 0.24.3.4 Eust�jeiaTo genikì sq ma twn dÔo parap�nw mejìdwn gia na melet soume thn eust�jeia twnsqhm�twn d�netai apì th sqèsh (4.135).Apì ta sq mata (4.42) kai (4.43) parathroÔme ìti oi idiotimè tou p�nakaG = [C(0)]
−1
C(2)e�nai mikrìtere   �se tou mhdenì opìte ja isqÔoun an�loga sumper�smata me aut� stienìthta 4.1.4.To sq ma pou proèkuye apo thn epsilon collocation mèjodo me discontinuous Hermite126



sto�qeia w qwrik  diakritopoi sh kai to Backward Euler sq ma w qronik  diakritopoi she�nai th morf  :
(
C(0) − D∆t

h2
C(2)

)
a(n+1) = C(0)a(n) (4.180)
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Sq ma 4.42: Idiotimè tou p�naka G = [C(0)]
−1
C(2) gia γ = 0.5

−150 −100 −50 0
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Real axis

Im
ag

in
ar

y 
ax

is

Sq ma 4.43: Idiotimè tou p�naka G = [C(0)]
−1
C(2) gia γ = 0.2Opìte e�nai to genikì sq ma (4.135) gia θ = 1. 'Ara loipìn to sq ma e�nai eustajè(unconditional stable)(4.1.4, [7℄).Sta sq mata (4.44) kai (4.45) parist�nontai oi idiotimè tou p�naka C−1C(0) gia γ = 0.5kai γ = 0.2 ant�stoiqa oi opo�e e�nai mikrìtere   �se th mon�da gegonì pou epibebai¸-noun ìti h mèjodo e�nai unconditional stable.127
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Sq ma 4.44: Idiotimè tou p�naka C−1C(0) th mejìdou eps discontinuous collocation-

Backward Euler gia γ = 0.5
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Sq ma 4.45: Idiotimè tou p�naka C−1C(0) th mejìdou eps discontinuous collocation-

Backward Euler gia γ = 0.2Ant�stoiqa to sq ma pou proèkuye apo thn collocation mèjodo me discontinuous Hermitesto�qeia w qwrik  diakritopoi sh kai Crank Nicolson sq ma w qronik  diakritopoi sh e�naith morf  :
(
C(0) − D∆t

2h2
C(2)

)
a(n+1) =

(
C(0) +

D∆t

2h2
C(2)

)
a(n) (4.181)'Ara e�nai to genikì sq ma (4.135) gia θ = 1

2
. Opìte to sq ma e�nai eustajè (unconditional

stable) (4.1.4, [7℄). 128



Sta graf mata (4.46) kai (4.47) oi idiotimè tou p�naka C−1C1 gia γ = 0.5 kai γ = 0.2ant�stoiqa e�nai mikrìtere   �se th mon�da opìte h mèjodo e�nai unconditional stable.
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Sq ma 4.46: Idiotimè tou p�naka C−1C1 th mejìdou eps discontinuous collocation-Crank

Nicolson gia γ = 0.5
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Sq ma 4.47: Idiotimè tou p�naka C−1C1 th mejìdou eps discontinuous collocation-Crank

Nicolson gia γ = 0.24.3.5 Sqetikì qwrikì sf�lmaJewroÔme to qwrikì sqetikì sf�lma na d�netai apì th sqèsh (4.77). Parousi�zoume thsumperifor� tou sqetikoÔ sf�lmato gia diaforetikè timè tou ∆t sta graf mata (4.48),129



(4.49), (4.50), (4.51). Ant�stoiqa h t�xh sugklish ant�stoiqa d�netai apì tou P�nake(4.13)-(4.16).
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25 ∆ tSq ma 4.48: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn eps discontinous collocation-Backward euler mèjodo me γ = 0.5.

10
2

10
3

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

Number of elements

R
el

at
iv

e 
er

ro
r

∆ t
5 ∆ t
10 ∆ t
25 ∆ tSq ma 4.49: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn eps discontinous collocation-Backward euler mèjodo me γ = 0.2.Sumpèrasma 4.3.1 Apì ta sq mata loipìn (4.48)- (4.51) parathroÔme ìti h t�xh sÔg-klish th epsilon collocation mejìdou me asuneq  polu¸numa Hemite diathre�tai kaise aut n thn per�ptwsh tètarth t�xew w pro to q¸ro ìpw kai h t�xh sÔglish th

collocation mejìdou me suneq  Hermite polu¸numa.130



tmax = ∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.08E-01 1.1172 1.01E-01 2.4150 7.77E-02 2.4099 7.28E-02 2.37490.3125 5.76E-02 4.2954 1.95E-02 7.0909 1.55E-02 9.1093 1.42E-02 11.8140.1563 2.93E-03 3.9396 4.45E-05 3.9231 7.74E-06 3.9474 1.08E-06 3.94010.0781 1.91E-04 3.9012 2.93E-06 3.9026 5.02E-07 3.8995 7.03E-08 3.88540.0391 1.28E-05 4.1789 1.96E-07 4.0499 3.36E-08 3.9729 4.76E-09 3.93850.0195 7.05E-07 4.5371 1.18E-08 4.2307 2.14E-09 4.0163 1.11E-09 4.14570.0098 3.03E-08 �� 6.31E-10 �� 1.32E-010 �� 3.56E-011 ��P�naka 4.13: H t�xh sÔgklish gia th eps discontinuous Hermite collocation-Backward

euler mèjodo gia γ = 0.5

tmax = ∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.05E-01 0.7119 1.18E-01 1.8898 1.05E-01 2.3866 8.4E-02 2.43490.3125 6.96E-02 4.0079 3.08E-02 5.7887 1.97E-02 7.1104 1.53E-02 9.47080.1563 4.32E-03 3.9385 5.57E-04 3.9086 1.42E-04 3.9157 2.16E-05 3.93200.0781 2.82E-04 3.9034 3.71E-05 3.8947 9.43E-06 3.9004 1.41E-06 3.90770.0391 1.88E-05 4.1864 2.5E-06 4.1219 6.32E-07 4.0703 9.41E-08 3.99870.0195 1.03E-06 4.4256 5.33E-08 4.3734 1.13E-08 4.1876 5.89E-09 4.10690.0098 4.81E-08 �� 2.56E-09 �� 6.19E-10 �� 3.42E-010 ��P�naka 4.14: H t�xh sÔgklish gia th eps discontinuous Hermite collocation-Backward

euler mèjodo gia γ = 0.2

tmax = 2∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.08E-01 1.9057 8.41E-02 2.4240 7.68E-02 2.4063 7.26E-02 2.37340.3125 2.80E-02 5.6714 1.54E-02 7.4606 1.43E-02 9.4026 1.38E-02 12.62090.1563 5.50E-04 3.9279 8.76E-05 3.9981 2.11E-05 3.9483 2.19E-06 4.48160.0781 3.61E-05 3.8955 5.48E-06 3.9211 1.37E-06 3.9414 9.82E-08 3.93240.0391 2.43E-06 4.1488 3.62E-07 3.8867 8.9E-08 4.2337 6.43E-09 3.89680.0195 1.37E-07 4.5536 2.45E-08 3.99 4.73E-09 4.4060 4.32E-010 4.23080.0098 5.83E-09 �� 1.54E-09 �� 2.23E-010 �� 2.32E-011 ��P�naka 4.15: H t�xh sÔgklish gia th eps discontinuous Hermite collocation-Crank Nicol-

son mèjodo gia γ = 0.5 131
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Sq ma 4.50: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn eps discontinous collocation-Crank Nicolson mèjodo me γ = 0.5
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Sq ma 4.51: H sumperifor� tou qwrikoÔ sqetikoÔ sf�lmato gia diaforetikè timè tou ∆tgia thn eps discontinous collocation-Crank Nicolson mèjodo me γ = 0.2132



tmax = 2∆t tmax = 5∆t tmax = 10∆t tmax = 25∆t

h E∞ ooc E∞ ooc E∞ ooc E∞ ooc0.625 1.14E-01 1.3643 1.04E-01 2.4307 8.63E-02 2.4403 7.96E-02 2.43090.3125 4.24E-02 4.9873 1.89E-02 7.3481 1.57E-002 9.1551 1.46E-02 11.32470.1563 1.34E-03 3.9380 1.16E-04 3.9086 2.75E-05 3.7413 5.67E-06 3.97460.0781 8.71E-05 3.8953 7.74E-06 3.9003 2.05E-06 3.9179 3.61E-07 3.90910.0391 5.85E-06 4.1569 5.18E-07 3.8926 1.36E-07 4.0952 2.4E-08 3.92650.0195 3.28E-07 4.6249 3.49E-08 4.0919 7.95E-09 4.2191 1.58E-09 4.13490.0098 1.33E-08 �� 2.05E-09 �� 4.27E-010 �� 8.99E-011 ��P�naka 4.16: H t�xh sÔgklish gia th eps discontinuous Hermite collocation-Crank Nicol-

son mèjodo gia γ = 0.2
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Kef�laio 5Mèjodo Fwk� sto majhmatikìmontèlo t  di�qush karkinikoÔìgkou ston egkèfalo me asuneq stajer� di�qushE�nai h pr¸th for� pou efarmìzetai h mèjodo Fwk� se diaforikè exis¸sei parabo-likoÔ tÔpou me asÔneqeia sthn par�metro t  di�qush. H epèktash th mejìdou Fwk�sto probl ma montèlo pou melet�me anaptÔqjhke apo ton DionÔsio Mantzab�no sto pa-nepist mio tou Cambridge [35℄ kai parousi�zetai sthn paragrafì (5.1), en¸ h sunolik analutik  arijmhtik  mèjodo sumparousi�zetai sthn ergas�a [36℄. Me thn prwtoporiak aut  hmi-analutik  mèjodo mporoÔme, qrhsimopoi¸nta teqnikè migadik  an�lush, na pa-rast soume me oloklhr¸mata thn lÔsh mia merik  diaforik  ex�swsh. H oloklhrwtik aut  morf  e�nai kat�llhlh gia peraitèrw arijmhtikoÔ upologismoÔ. To pleonèkthma t mejìdou aut  se sqèsh me ti prohgoÔmene mejìdou e�nai ìti h lÔsh tou probl matod�netai apeuje�a se opoiad pote s meio (x, t) qwr� na qrei�zontai peraitèrw upologismo�se endi�mesa qronik� st�dia.5.1 Efarmog  t  mejìdou Fwk� sto majhmatikì mon-tèlo t  SwansonJewroÔme to problhm� ma se mia peperasmènh perioq  ìpw to èqoume  dh or�sei (2.21):H pr¸th kai h tr�th perioq  jewroÔme ìti perièqei th fai� ous�a, en¸ h mesa�a th leuk ous�a. H stajer� di�qush loipìn metab�lletai apì th mia perioq  sthn �llh, en¸ jewroÔmethn adi�stath stajer� di�qush sth fai� ous�a na e�nai γ kai sth leuk  na e�nai 1.'Opw  dh anafèrame, h asunèqeia th stajer� di�qush �mesa sunep�getai kai asunè-135



a w1 w2 b

u
x
(a
,t
)
=

0

u
x
(b
,t
)
=

0

ut = γuxx ut = uxx ut = γuxx

u(x, 0) = f(x)qeia th ux, kai w ek toÔtou sunèqeia th Dux se k�je diasÔndesh twn perioq¸n. Exait�ath grammik  parabolik  ex�swsh (2.17) perimènoume sunèqeia th u sta shme�a diasÔn-desh, dhlad 
[u] := u+ − u− = 0 , gia x = wk , k = 1, 2 , (5.1)me

u+ := lim
x→w+

k

u(x) kai u− := lim
x→w−

k

u(x) ,An�loga h ro  diathre�tai sta shme�a diasÔndesh :
[Dux] := D+u+

x −D−u−x = 0 , gia x = wk , k = 1, 2 . (5.2)'Estw ìti h uℓ(x, t), ℓ = 1, 2, 3 e�nai h lÔsh tou majhmatikoÔ montèlou (2.21) sthn
Rℓ, ℓ = 1, 2, 3 perioq  ant�stoiqa. Tìte oi parap�nw sunj ke (5.1)-(5.2) g�nontai:

u1(w1, t) = u2(w1, t) (5.3)
γu1x(w1, t) = u2x(w1, t) (5.4)
u2(w2, t) = u3(w2, t) (5.5)

u2x(w2, t) = γu3x(w2, t) (5.6)Xekin¸nta apì thn pr¸th perioq  jewroÔme ìti h u1(x, t) ikanopoie� th diaforik  ex�-swsh tou probl mato (2.21) opìte:
u1t = γu1xx (5.7)O formal adjoint u∗1(x, t) ikanopoie� thn ex�swsh :
−u∗1t = γu∗1xx (5.8)136



Pollaplasi�zonta thn (5.7) kai thn (5.8) me ũ1 kai u1 ant�stoiqa kai afair¸nta met�ti exis¸sei pou prokÔptoun katal goume sth sqèsh:
(u1u

∗
1)t − γ(u∗1u1x − u1u

∗
1x)x = 0 (5.9)H monoparametrik  oikogèneia lÔsewn th (5.8) d�netai apì th sqèsh:

u∗1(x, t; k) = e−ikx+γk2t, k ∈ C (5.10)H exiswsh (5.9) qrhsimopoi¸nta thn parap�nw sqèsh g�netai:
[
e−ikx+γk2tu1

]

t
−

[
e−ikx+γk2tγ(u1x + iκu1)

]

x
= 0 (5.11)kai kale�tai diverge form th diaforik  ex�swsh (5.7).Apì to je¸rhma Green dhlad  oloklhr¸nonta w pro to qrìno kai to q¸ro kai tadÔo mèlh th diverge form th diaforik  ex�swsh èqoume ìti:

w1∫

a

t∫

0

[
e−ikx+γk2τu1 (x, τ)

]
τ
dτdx−

−
t∫

0

w1∫

a

[
e−ikx+γk2τγ (u1x (x, τ) + iku1 (x, τ))

]

x
dxdτ = 0 ⇔

(5.12)
⇔

w1∫

a

e−ikx+γk2tu1 (x, t) dx−
w1∫

a

e−ikxu1 (x, 0) dx−

−
t∫

0

γe−ikw1+γk2τu1x (w1, τ) dτ −
t∫

0

ikγe−ikw1+γk2τu1 (w1, τ) dτ+

+

t∫

0

γe−ika+γk2τu1x (a, τ) dτ +

t∫

0

ikγe−ika+γk2τu1 (a, τ) dτ = 0

(5.13)
H sun�rthsh

f̂ (k) =

∞∫

−∞

e−ikxf (x) dx (5.14)onom�zetai metasqhmatismì Fourier th f(x). Gnwr�zonta to metasqhmatismì Fourier miasun�rthsh mporoÔme na upolog�soume xan� thn arqik  sun�rthsh mèsw tou ant�strofoumetasqhmatismoÔ Fourier : 137



f(x) =
1

2π

∞∫

−∞

eikxf̂ (r) dr (5.15)Sthn per�ptwsh twn sunart sewn dÔo metablht¸n o x- metasqhmatismì Fourier kai oant�strofo tou or�zontai an�loga:
f̂(k, t) =

∞∫

−∞

e−ikxf(x, t)dx k ∈ C, i = 1, 2, 3 (5.16)kai
f(x, t) =

1

2π

∞∫

−∞

e−ikxf̂(k, t)dx (5.17)Oi sunart sei f̂ℓ kai ûℓ(x, t) èqoun ped�o orismoÔ tou (w pro x) ìqi ìlo to R all�sugkekrimèna upodiast mata tou kai epomènw:
f̂ℓ (k) =

rℓ∫

lℓ

e−ikxfℓ (x) dx (5.18)me lℓ kai rℓ na e�nai ant�stoiqa to aristerì kai to dex� �kro k�je perioq  Rℓ kai fℓ thnarqik  sunj kh u(x, 0) sthn Rℓ perioq .Ep�sh gia thn pr¸th perioq  èqoume:
û1(k, t) =

w1∫

a

e−ikxu1(x, t)dx k ∈ C (5.19)gia th deÔterh perioq 
û2(k, t) =

w2∫

w1

e−ikxu2(x, t)dx k ∈ C (5.20)kai gia thn tr�th perioq ̂
u3(k, t) =

b∫

w2

e−ikxu3(x, t)dx k ∈ C (5.21)Or�zw ep�sh:
ũℓ

(
x, γk2

)
:=

t∫

0

eγk2τuℓ (x, τ) dτ ℓ = 1, 3 (5.22)138



ũ2

(
x, k2

)
:=

t∫

0

ek2τu2 (x, τ) dτ (5.23)kai
ũℓx

(
x, γk2

)
:=

t∫

0

eγk2τuℓx (x, τ) dτ ℓ = 1, 3 (5.24)
ũ2x

(
x, k2

)
:=

t∫

0

ek2τu2x (x, τ) dτ (5.25)K�nonta qr sh twn parap�nw orism¸n, h parap�nw ex�swsh odhge� sth onomazìmenh
Global Relation ex�swsh gia thn pr¸th perioq :

eγk2tû1 (k, t) = f̂1 (k) + γe−ikw1[ũ1x

(
w1, γk

2
)

+ ikũ1

(
w1, γk

2
)
]

−γe−ika[ũ1x

(
a, γk2

)
+ ikũ1

(
a, γk2

)
], k ∈ C

(5.26)Ant�stoiqa oi global relation exis¸sei sti �lle dÔo perioqè ja e�nai :
ek2tû2(k, t) = f̂2 (k) + e−ikw2[ũ2x

(
w2, k

2
)

+ ikũ2

(
w2, k

2
)
]−

−e−ikw1[ũ2x

(
w1, k

2
)

+ ikũ2

(
w1, k

2
)
], k ∈ C

(5.27)
eγk2tû3 (k, t) = f̂3 (k) + γe−ikb[ũ3x

(
b, γk2

)
+ ikũ3

(
b, γk2

)
]

− γe−ikw2[ũ3x

(
w2, γk

2
)

+ ikũ3

(
w2, γk

2
)
], k ∈ C

(5.28)Sundu�zonta ti sqèsei (5.3)-(5.6) kaj¸ kai ti sunoriakè sunj ke sti parap�nwsqèsei (5.26), (5.27), (5.28) oi global relation exis¸sei g�nontai:
eγk2tû1 (k, t) =f̂1 (k) + γe−ikw1[ũ1x

(
w1, γk

2
)

+ ikũ1

(
w1, γk

2
)
]

− γe−ikaikũ1

(
a, γk2

) (5.29)
ek2tû2(k, t) = f̂2 (k) + e−ikw2[ũ2x

(
w2, k

2
)

+ ikũ2

(
w2, k

2
)
]−

− e−ikw1[γũ1x

(
w1, k

2
)

+ ikũ1

(
w1, k

2
)
]

(5.30)
eγk2tû3 (k, t) = f̂3 (k) + γe−ikbikũ3

(
b, γk2

)

− γe−ikw2[
1

γ
ũ2x

(
w2, γk

2
)

+ ikũ2

(
w2, γk

2
)
]

(5.31)139



Ean jewr sw λ2 = γk2 kai c = γ−
1

2 sti sqèsei (5.29) kai (5.31) kai met� metonom�-zonta to λ se k katal goume telik� sti parak�tw sqèsei:
ek2tû1 (ck, t) =f̂1 (ck) + γe−ickw1[ũ1x

(
w1, k

2
)

+ ickũ1

(
w1, k

2
)
]

− γe−ikaickũ1

(
a, k2

)
, k ∈ C

(5.32)
ek2tû2(k, t) = f̂2 (k) + e−ikw2[ũ2x

(
w2, k

2
)

+ ikũ2

(
w2, k

2
)
]−

− e−ikw1[γũ1x

(
w1, k

2
)

+ ikũ1

(
w1, k

2
)
], k ∈ C

(5.33)
ek2tû3 (ck, t) = f̂3 (ck) + γe−ikbickũ3

(
b, γk2

)

− γe−ickw2[
1

γ
ũ2x

(
w2, γk

2
)

+ ikũ2

(
w2, γk

2
)
], k ∈ C

(5.34)Efarmìzonta ton ant�strofo metasqhmatismì Fourier sti exis¸sei (5.32)-(5.34) ka-tal goume sthn anapar�stash twn lÔsewn u1(x, t), u2(x, t), u3(x, t) mèsw oloklhrwm�twn:
u1 (x, t) =

c

2π

∞∫

−∞

eickxe−k2tf̂1 (ck) dk

− 1

2cπ

∞∫

−∞

eickx−ickw1e−k2t
[
ũ1x

(
w1, k

2
)

+ ickũ1

(
w1, k

2
)]
dk

− 1

2π

∞∫

−∞

ikeickx−ickae−k2tũ1

(
a, k2

)
dk

(5.35)
u2 (x, t) =

1

2π

∞∫

−∞

eikx−k2tf̂2 (k) dk

− 1

2π

∞∫

−∞

eikx−ikw2e−k2t
[
ũ2x

(
w2, k

2
)

+ ikũ2

(
w2, k

2
)]
dk

− 1

2π

∞∫

−∞

eikx−ikw1e−k2t
[
γũ1x

(
w1, k

2
)

+ ikũ1

(
w1, k

2
)]
dk

(5.36)
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u3 (x, t) =
c

2π

∞∫

−∞

eickx−k2tf̂3 (ck) dk

− 1

2π

∞∫

−∞

eickx−ickbe−k2tikũ3

(
b, k2

)
dk

− 1

2cπ

∞∫

−∞

eickx−ickw2e−k2t

[
1

γ
ũ2x

(
w2, k

2
)

+ ickũ2

(
w2, k

2
)]

dk

(5.37)
ParathroÔme ìti oi posìthte ũ1 (a, k2), ũ1 (w1, k

2), ũ1x (w1, k
2), ũ2 (w2, k

2), ũ2x (w2, k
2),

ũ3 (b, k2) pou emfan�zontai sti exis¸sei (5.32)-(5.34) e�nai �gnwste antikajistoÔme loipìnsti exis¸sei autè ìpou k to −k opìte g�nontai:
ek2tû1 (−ck, t) =f̂1 (−ck) + γeickw1[ũ1x

(
w1, k

2
)
− ickũ1

(
w1, k

2
)
]

+ γeikaickũ1

(
a, k2

)
, k ∈ C

(5.38)
ek2tû2(−k, t) = f̂2 (−k) + eikw2[ũ2x

(
w2, k

2
)
− ikũ2

(
w2, k

2
)
]−

− eikw1[γũ1x

(
w1, k

2
)
− ikũ1

(
w1, k

2
)
], k ∈ C

(5.39)
ek2tû3 (−ck, t) = f̂3 (−ck) − γeikbickũ3

(
b, γk2

)

− γeickw2[
1

γ
ũ2x

(
w2, γk

2
)
− ikũ2

(
w2, γk

2
)
], k ∈ C

(5.40)Oi exis¸sei loipìn (5.32),(5.38),(5.33),(5.39),(5.34),(5.40) dhmiourgoÔn èna 6 × 6 sÔ-sthma :
Gũ = f (5.41)me

G =




ickγe−icka −γicke−ickw1 −γe−ickw1

−ickγeicka γickeickw1 −γeickw1

ike−ikw1 γe−ikw1 −ike−ikw2 −e−ikw2

−ikeikw1 eikw1γ ikeikw2 −eikw2

e−ickw2ickγ e−ickw2 −ickγe−ickb

−eickw2ickγ eickw2 ickγeickb




(5.42)
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ũ =




ũ1 (a, k2)

ũ1 (w1, k
2)

ũ1x (w1, k
2)

ũ2 (w2, k
2)

ũ2x (w2, k
2)

ũ3 (b, k2)




, f =




f̂1 (ck)

f̂1 (−ck)
f̂2 (k)

f̂2 (−k)
f̂3 (ck)

f̂3 (−ck)




. (5.43)
LÔnonta loipìn to parap�nw sÔsthma mporoÔme na kajor�soume ti posìthte autè.Parat rhsh 5.1.1 Epishma�noume ìti èqoume parale�yei apì to sÔsthma tou ìrou ûℓ (±ck, t)kaj¸ e�nai mhdenik  h suneisfor� ton buℓ(±ck,t)

det(G)
[56℄.5.2 EpikampÔlia Olokl rwshOi analutikè sunart sei pou perièqontai sta oloklhr¸mata (5.35)-(5.37) epitrèpounna antikatast soume ta oloklhr¸mata aut� me epikampÔlia oloklhr¸mata sta opo�a h proolokl rwsh sun�rthsh fj�nei ekjetik� gia meg�la k [13, 47℄. Me autì ton trìpo epitug-q�noume grhgorìterh sÔgklish sto arijmhtikì ma sq ma.Sthn pr¸th perioq  :

• h posìthta eick(x−w1) me x− w1 < 0 e�nai fragmènh kai analutik  gia Im(k) < 0

• h posìthta eick(x−a) me x− a > 0 e�nai fragmènh kai analutik  gia Im(k) > 0

• h posìthta e−k2t gia t ≥ 0 e�nai fragmènh kai analutik  gia Re(k2) ≥ 0Sth deÔterh perioq  :
• h posìthta eick(x−w2) me x− w2 < 0 e�nai fragmènh kai analutik  gia Im(k) < 0

• h posìthta eick(x−w1) me x− w1 > 0 e�nai fragmènh kai analutik  gia Im(k) > 0

• h posìthta e−k2t gia t ≥ 0 e�nai fragmènh kai analutik  gia Re(k2) ≥ 0Sthn tr�th perioq  :
• h posìthta eick(x−b) me x− b < 0 e�nai fragmènh kai analutik  gia Im(k) < 0

• h posìthta eick(x−w2) me x− w2 > 0 e�nai fragmènh kai analutik  gia Im(k) > 0

• h posìthta e−k2t gia t ≥ 0 e�nai fragmènh kai analutik  gia Re(k2) ≥ 0142



SÔmfwna me ta parap�nw or�zoume to qwr�o D
D = {k ∈ C : Re k2 < 0} = {k ∈ C : arg k ∈ {(π

4
,
3π

4
) ∪ (

5π

4
,
7π

4
)}} (5.44)kaj¸ kai ta

D+ = {k : arg k ∈ (
π

4
,
3π

4
)} = D ∩ C+ (5.45)

D− = {k : arg k ∈ (
5π

4
,
7π

4
)} = D ∩ C− (5.46)

+

−

∂ + ∂ +

∂ − ∂ −

Sq ma 5.1: Oi perioqè ∂D+ kai ∂D−'Etsi gia ta oloklhr¸mata pou perièqoun tou ìrou eick(x−w1), eick(x−w2), eick(x−b) sthnpr¸th, deÔterh kai tr�th perioq  ant�stoiqa to epikampÔlio olokl rwma akolouje� to mono-p�ti ∂D−, en¸ gia ta oloklhr¸mata eick(x−a) , eick(x−w1) kai eick(x−w2) sthn pr¸th, deÔterhkai tr�th perioq  ant�stoiqa to epikampÔlio olokl rwma akolouje� to monop�ti ∂D+.Oi sqèsei (5.35)-(5.37) g�nontai:
u1 (x, t) =

c

2π

∞∫

−∞

eickxe−k2tf̂1 (ck) dk

+
cγ

2π

∫

∂D−

eickx−ickw1e−k2t
[
ũ1x

(
w1, k

2
)

+ ickũ1

(
w1, k

2
)]
dk

− cγ

2π

∫

∂D+

ikeickx−ickae−k2tũ1

(
a, k2

)
dk

(5.47)
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u2 (x, t) =
1

2π

∞∫

−∞

eikx−k2tf̂2 (k) dk

+
1

2π

∫

∂D−

eikx−ikw2e−k2t
[
ũ2x

(
w2, k

2
)

+ ikũ2

(
w2, k

2
)]
dk

− 1

2π

∫

∂D+

eikx−ikw1e−k2t
[
γũ1x

(
w1, k

2
)

+ ikũ1

(
w1, k

2
)]
dk

(5.48)
u3 (x, t) =

c

2π

∞∫

−∞

eickx−k2tf̂3 (ck) dk

+
cγ

2π

∫

∂D−

eickx−ickbe−k2tikũ3

(
b, k2

)
dk

− c

2π

∫

∂D+

eickx−ickw2e−k2t

[
1

γ
ũ2x

(
w2, k

2
)

+ ickũ2

(
w2, k

2
)]

dk

(5.49)
Gia na g�nei pio katanoht  h dunatìthta allag  tou drìmou olokl rwsh apì (−∞,∞)se ∂D+ exet�zoume me perissìtere leptomèreie to tr�to olokl rwma th sqèsh (5.35).JewroÔme mia perioq  E+

R kai ti kampÔle C+
R , C

−
R kai ∂D+

R ìpou R e�nai èna meg�lo jeti-kì arijmì ìpw fa�netai sto sq ma (5.2). H pro olokl rwsh posìthta ikeick(x−a)e−k2tũ1 (a, k2)e�nai analutik  sthn perioq  E+
R opìte apo to jewrhma tou Cauchy èqoume:

−∞ ∞−R R

E+

R

Re
(
−k2

)
< 0

E+

R

Re
(
−k2

)
< 0

D+

R

Re
(
−k2

)
> 0

C+

R
C−
R

C
D

+

R

∂D+

R

Sq ma 5.2: Ta qwr�a E+
R kai D+

R

∫

[−R,R]∪C+

R∪(−∂D+

R)∪C−

R

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk = 0 (5.50)144



R∫

−R

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk =

∫

∂D+

R∪(−C+

R )∪(−C−

R )

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk (5.51)

lim
R→∞

R∫

−R

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk = lim

R→∞

∫

∂D+

R∪(−C+

R )∪(−C−

R )

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk(5.52)Shmei¸noume ìti lim

R→∞
∂D+

R = ∂D+. AfoÔ h posìthta ike−k2tũ1 (a, k2) sugkl�nei omoiì-morfa sto mhdèn kaj¸ to R → ∞ apì to l mma tou Jordan [1℄ ta olokl rwmata stikampÔle C+
R kai C−

R mhden�zontai kaj¸ to R → ∞.
∞∫

−∞

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk =

∫

∂D+

ikeick(x−a)e−k2tũ1

(
a, k2

)
dk (5.53)Sto sÔsthma (5.41) o deÔtero ìro tou dex�ou mèlou mpore� na paraleifje� kaj¸h suneisfor� tou sthn lÔsh tou sust mato e�nai mhdenik . Gia par�deigma sto tr�toolokl rwma th sqèsh (5.35) h suneisfor� tou deÔterou ìrou tou oloklhr¸mato jaapotele�tai apo posìthte th morf :

∫

∂D+

ikeick(x−a)e−k2tek2tû1 (ck, t) dk  ∫

∂D+

ikeick(x−a)û1 (ck, t) dkH pro olokl rwsh posìthta sto D+
R e�nai analutik  opìte apì to je¸rhma Cauchy:

∫

∂D+

R

ikeick(x−a)û1 (ck, t) dk = −
∫

C
D+

R

ikeick(x−a)û1 (ck, t) dkKai epeid  h posìthta kû1 (ck, t) sugkl�nei omoiìmorfa sto 0 kaj¸ to R→ ∞ apì tol mma tou Jordan to olokl rwma sthn kamppÔlh CD+

R
mhden�zetai kaj¸ to R→ ∞

lim
R→∞

∫

∂D+

R

ikeick(x−a)û1 (ck, t) dk = 0dhlad  ∫

∂D+

ikeick(x−a)û1 (ck, t) dk = 0Gia thn metèpeita arijmhtik  antimet¸pish metafèroume ta monop�tia olokl rwsh ∂D−kai ∂D+ se mia uperbol  ([13℄,[47℄). Autì shma�nei ìti antistoiqoÔme ta shme�a k(θ) tou145



migadikoÔ epipèdou sta shme�a θ p�nw se mia pragmatik  gramm  qrhsimopoi¸nta thn ana-lutik  sun�rthsh :
k(θ) := kθ = ±i sin(β − iθ) (5.54)

Real(k)

Im
ag

(k
)

D+

D−

Sq ma 5.3: H uperbol  gia β = π/6

To + antistoiqe� sto ∂D+ kai to − antistoiqe� sto ∂D−. Sthn paroÔsa ergas�aepilèxame to β = π/6 ìpw kai sthn ([47℄). E�n epilègame to β = π/8 ([13℄) den japarathroÔsame idia�tere metabolè sta apotelèsmata ma.Opìte oi sqèsei (5.47)-(5.49) mporoÔn na graftoÔn sthn parak�tw morf :
u1 (x, t) =

c

2π

∞∫

−∞

eickxe−k2tf̂1 (ck) dk

+
cγ

2π

∞∫

−∞

eickθ(x−w1)e−k2
θt

[
ũ1x

(
w1, k

2
θ

)
+ ickθũ1

(
w1, k

2
θ

)] dk
dθ
dθ

− cγ

2π

∞∫

−∞

ikθe
ickθ(x−a)e−k2

θtũ1

(
a, k2

θ

) dk
dθ
dθ

(5.55)
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u2 (x, t) =
1

2π

∞∫

−∞

eikx−k2tf̂2 (k) dk

+
1

2π

∞∫

−∞

eikθx−ikθw2e−k2
θt

[
ũ2x

(
w2, k

2
θ

)
+ ikθũ2

(
w2, k

2
θ

)] dk
dθ
dθ

− 1

2π

∞∫

−∞

eikθx−ikθw1e−k2
θt

[
γũ1x

(
w1, k

2
θ

)
+ ikθũ1

(
w1, k

2
θ

)] dk
dθ
dθ

(5.56)

u3 (x, t) =
c

2π

∞∫

−∞

eickx−k2tf̂3 (ck) dk

+
cγ

2π

∞∫

−∞

eickθx−ickθbe−k2
θtikθũ3

(
b, k2

θ

) dk
dθ
dθ

− c

2π

∞∫

−∞

eickθx−ickθw2e−k2
θt

[
1

γ
ũ2x

(
w2, k

2
θ

)
+ ickθũ2

(
w2, k

2
θ

)] dk

dθ
dθ

(5.57)
me dk

dθ
= ± cos(β − iθ).

5.3 Oloklhr¸mataExait�a t  kat�llhlh epilog  t¸n monopati¸n olokl rwsh h pro olokl rwshsunart sei fj�noun ekjetik� gr gora [13℄ kai ètsi mporoÔme na perikìyoume ta ìria olo-kl rwsh se [−Ra,Ra] gia to pr¸to olokl rwma sti sqèsei (5.55)-(5.57) kai se [−R,R]gia to deÔtero kai tr�to olokl rwma sti sqèsei (5.55)-(5.57) qwr� shmantik  ap¸leiaplhrofori¸n. To parap�nw gegonì fa�netai kai apì ta sq mata (5.4) kai (5.5).Gia thn pr¸th loipìn perioq  h lÔsh u1 (x, t) mpore� na grafe� sth morf :
u1 (x, t) = u1a (x, t) + u1b (x, t) + u1c (x, t) (5.58)147
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Sq ma 5.4: To pragmatikì mèro tou oloklhr¸mato u1a, u1b kai u1c gia x = −π kai giadiaforetikè timè tou t. Pr�sino gia t = 0.1, mple gia t = 1 kai kìkkino gia t = 10.
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Sq ma 5.5: To olokl rwma (apìluth tim  gia to pragmatikì mèro se logarijmik  kl�maka)gia u1a, u1b kai u1c gia x = −π kai gia diaforetikè timè tou t. Pr�sino gia t = 0.1, mplegia t = 1 kai kìkkino gia t = 10. Shme�wsh: O �xona ton y èqei perikope�.me
u1a (x, t) =

c

2π

Ra∫

−Ra

eickxe−k2tf̂1 (ck) dk (5.59aþ)
u1b (x, t) = +

cγ

2π

R∫

−R

eickθ(x−w1)e−k2
θt

[
ũ1x

(
w1, k

2
θ

)
+ ickθũ1

(
w1, k

2
θ

)] dk
dθ
dθ (5.59bþ)

u1c (x, t) = − cγ

2π

R∫

−R

ikθe
ickθ(x−a)e−k2

θtũ1

(
a, k2

θ

) dk
dθ
dθ (5.59gþ)148



Ant�stoiqa mporoÔn na graftoÔn kai ta oloklhr¸mata twn �llwn dÔo perioq¸n. Gia thnarijmhtik  ep�lush twn oloklhrwm�twn qrhsimopoi same ton sÔnjeto kanìna tou trapez�ou.5.4 Idiìthte oloklhrwm�twn5.4.1 H poluplokìthta th arijmhtik  olokl rwsh'Estw ìti jèloume na broÔme thn arijmhtik  lÔsh u(x, t) gia èna shme�o sthn pr¸thperioq . Ja prèpei loipìn na upolog�soume ta tria oloklhr¸mata th (5.59). Gia lìgouaploÔsteush ja qrhsimopoi soume èna aplì kai ìqi prosarmostikì (adaptive) arijmhti-kì kanìna olokl rwsh N shme�wn gia ìla ta oloklhr¸mata pou ja upolog�soume. Giathn eÔresh tou olokl rwmato u1a (x, t) prèpei na upolog�soume thn pro olokl rwsh po-sìthta N forè. K�je for� ìmw ja prèpei na upolog�zoume xeqwrist� thn posìthta
f̂1 (ck) to opo�o e�nai èna olokl rwma. 'Etsi gia to u1a (x, t) ja prèpei na upolog�sw telik�
N + 1 oloklhr¸mata. Gia ta oloklhr¸mata u1b (x, t) kai u1c (x, t) èqoume �koma perissì-terou upologismoÔ na k�noume. Kai autì giat� perièqoun kai pìsìthte ìpw h ũ1x thnopo�a thn upolog�zoume lÔnonta to sÔsthma (5.41). All� gia ton upologismì tou dexioÔmèlou tou sust mato ja prèpei na upolog�soume èxi kainoÔrgia oloklhr¸mata t  mor-f  f̂1 (ck). Epomènw gia ton upologismì twn oloklhrwm�twn u1b (x, t) kai u1c (x, t) jaqreiastoÔn 6N +1 upologismo� oloklhrwm�twn. Ajro�zonta loipìn ìlou tou parap�nwupologismoÔ, èqoume sunolika 13N+3 oloklhr¸mata. Gia auja�reth arqik  sunj kh f(x)o qrìno arijmhtikoÔ upologismoÔ twn parap�nw oloklhrwm�twn e�nai shmantikì. Gia nabroÔme loipìn th lÔsh se M diakrit� shme�a ja qreiastoÔme M(13N + 3) upologismoÔoloklhrwm�twn, ta opo�a praktik� e�nai p�ra poll�. Gia na xeper�soume loipìn aut n thnkat�stash prèpei na parathr soume ìti h pro olokl rwsh posìthta s�ena shme�o sundèe-tai me to �llo shme�o. Sthn paroÔsa ergas�a ekmetalleut kame thn parap�nw idiìthta meto na upolog�zoume sthn arq  k�poie posìthte. Gia par�deigma gia na upolog�soume to
u1a (x1, t1) ja prèpei na upolog�soume metaxÔ twn oloklhrwm�twn kai to olokl rwma

∞∫

−∞

eickx1e−k2t1 f̂1 (ck) dk (5.60)kaj¸ kai gia ton upologismì tou oloklhr¸mato u1a (x2, t2) ja prèpei na upolog�soumeto olokl rwma :
∞∫

−∞

eickx2e−k2t2 f̂1 (ck) dk (5.61)E�n qrhsimopoi soume loipìn èna kanìna olokl rwsh me ton �dio arijmì shme�wn, ìpw149



o sÔnjeto kanìna tou trapez�ou pou qrhsimopoi same sthn paroÔsa ergas�a, tìte upo-log�zoume kai sti dÔo peript¸sei thn posìthta f̂1 (ck) sta �dia shme�a. E�nai fanerìloipìn ìti mporoÔme arqik� na upolog�zoume thn pìsìthta f̂1 (c[k1, k2, . . . k3]) kai meta nath qrhsimopoioÔme me th morf  pou th qreiazìmaste.5.4.2 SummetrikìthtaGia na mei¸soume tou apaitoÔmenou upologismoÔ, ja apode�xoume ìti to pragmatikìmèro twn oloklhr¸matwn sti sqèsei (5.55)-(5.57) e�nai �rtio, en¸ to fantastikì e�nai pe-rittì. Ex�llou gia ta oloklhr¸mata u1a, u1b kai u1c h summetrikìthta dhlad  to pragmatikìmèro aut¸n twn oloklhrwm�twn, fa�netai kai sta parap�nw sq mata (5.4) kai (5.5).Pr¸ta ap�ola ja exet�soume th summetrikìthta t  pro olokl rwsh posìthta touoloklhr¸mato u1a. Exet�zoume arqik� to olokl rwma th morf  :
f̂i (ck) =

∫

a

w1

e−ickxf1 (x) dx (5.62)Opìte
f̂i (ck) =

∫

a

w1

e−ickxf1 (x) dx =

∫

a

w1

[cos(ckx)f1(x)dx− isin(ckx)]f1(x)dx =

∫

a

w1

cos(ckx)f1(x)dx− i

∫

a

w1

sin(ckx)f1(x)dx

(5.63)
H parap�nw sqèsh mpore� na grafe� sth morf :

f̂i (ck) = A(k) − iB(k) (5.64)me
A(k) = cos(ckx)f1(x) (5.65)kai
B(k) = sin(ckx)f1(x) (5.66)ParathroÔme ìti isqÔei :

A(−k) = A(k) kai B(−k) = −B(k) (5.67)Opìte h pro olokl rwsh posìthta (5.59aþ) me b�sh th sqèsh (5.64) ja g�nei:150



eickxe−k2tf̂1 (ck) = eickxe−k2t(A(k) − iB(k)) =

e−k2t[cos(ckx) + isin(ckx)](A(k) − iB(k)) =

e−k2t[(A(k)cos(ckx) +B(k)sin(ck)) + i(A(k)sin(ckx) − B(k)cos(ckx))]

(5.68)'Ara to pragmatikì mèro e�nai �rtio kai to fantastikì mèro perittì, kai epomènw toolokl rwma u1a mpore� na grafe� sth morf :
u1a (x, t) =

c

2π

Ra∫

−Ra

eickxe−k2tf̂1 (ck) dk =
c

π

Ra∫

0

Re
[
eickxe−k2tf̂1 (ck)

]
dk (5.69)Gia thn apìdeixh th summetrikìthta twn oloklhrwm�twn u1b kai u1c ja qreiastoÔmeto parak�tw l mma:L mma 5.4.1 'Estw A,B,∈ Rn,n, uR, uI , bR, bI , ũR, ũI ,∈ Rn,1 tìte gia th lÔsh twn dÔogrammik¸n susthm�twn:






(A + iB) (uR+iuI) = bR + ibI

(A− iB) (ũR+iũI) = bR − ibI

(5.70)isqÔei ìti :




ũR = uR

ũI = −uI

. (5.71)Apìdeixh 5.4.1 'Estw to sÔsthma :
(A + iB) (uR + iuI) = bR + ibI (5.72)To suzugè tou ja e�nai:
(A + iB) (uR + iuI) = bR + ibI (5.73)
(A− iB) (uR − iuI) = bR − ibI (5.74)H sqèsh (5.74) b�sei th (5.70) ma d�nei:





ũR = uR

ũI = −uI

. (5.75)151



Ta stoiqe�a tou p�naka tou sust mato (5.41) kaj¸ kai ta stoiqe�a tou dexioÔ mèloumporoÔn na sugkentrwjoÔn kai na kathgoropoihjoÔn sti parak�tw trei kathgor�e:
• e−ick = e−ic(R+iI) = ecI [cos(cR) − isin(cR)] = ecIcos(cR) − iecIsin(cR)

• ike−icka = i(R + iI)ecIa[cos(cRa) − isin(cRa)] = −ecIa(Icos(cRa) + Rsin(cRa)) +

iecIa(Rcos(cRa) − iIsin(cRa))

• f̂i (ck) =

∫

a

w1

e−ickxf1 (x) dx =

∫

a

w1

e−ic(R+iI)xf1 (x) dx =

=

∫

a

w1

ecIx(cos(cRx) − isin(cRx))f1 (x) dx =

=

∫

a

w1

ecIxcos(cRx)f1 (x) dx− i

∫

a

w1

ecIxsin(cRx)f1 (x) dxOpìte ìla ta stoiqe�a, tìso tou p�naka ìso kai tou dexioÔ mèlou tou sust mato,èqoun thn idiìthta to pragmatikì mèro tou na e�nai �rtio kai to fantastikì mèro tou nae�nai perittì.'Etsi e�n u+ = uR + iuI e�nai lÔsh tou sust mato (5.41) gia k = R + iI, tìte h lÔshtou sust mato (5.41) gia k = −R + iI ja e�nai u− = uR − iuI .Oi pro olokl rwsh sunart sei twn oloklhrwm�twn u1b (5.59bþ) kai u1c (5.59gþ) èqounth morf :
eickxe−k2t (u1 + icku2) (5.76)ìpou u1 kai u2 d�nontai apì th lÔsh tou sust mato (5.41). E�n jèsoume u1 = a + ib,

u2 = d+ if kai k = R + iI tìte h sqèsh (5.76) g�netai:
eickxe−k2t (u1 + icku2) =

eic(R+iI)xe−(R+iI)2t (u1 + ic(R + iI)u2) =

e−cIx−(R2−I2)tei(cRx−2IRt) (u1 − cIu2 + icRu2) =

e−cIx−(R2−I2)t[cos(cRx− 2IRt) + isin(cRx − 2IRt)] (u1 − cIu2 + icRu2) =

e−cIx−(R2−I2)t[cos(cRx− 2IRt) + isin(cRx− 2IRt)][(a+ ib) − cI(d+ if) + icR(d+ if)] =

e−cIx−(R2−I2)t · {[(a− cId− cRf) cos (cRx− 2IRt) − (b− cIf + cRd) sin (cRx− 2IRt)]

+i[(a− cId− cRf) sin (cRx− 2IRt) − (b− cIf + cRd) cos (cRx− 2IRt)]}(5.77)E�nai fanerì ìti to pragmatikì mèro t¸n pro olokl rwsh sunart sewn (5.59bþ) kai(5.59gþ) e�nai �rtio, en¸ to fantastikì mèro perittì opìte:152



u1b (x, t) =
cγ

π

R∫

0

eickθ(x−w1)e−k2
θt

[
ũ1x

(
w1, k

2
θ

)
+ ickθũ1

(
w1, k

2
θ

)] dk
dθ
dθ (5.78aþ)

u1c (x, t) = −cγ
π

R∫

0

ikθe
ickθ(x−a)e−k2

θtũ1

(
a, k2

θ

) dk
dθ
dθ (5.78bþ)Epomènw lamb�nonta upìyin ti parap�nw summetr�e h lÔsh u1(x, t) ja d�netai apìthn parak�tw sqèsh :

u1 (x, t) =
c

π

Ra∫

0

eickxe−k2tf̂1 (ck) dk

+
cγ

π

R∫

0

eickθ(x−w1)e−k2
θt

[
ũ1x

(
w1, k

2
θ

)
+ ickθũ1

(
w1, k

2
θ

)] dk
dθ
dθ

− cγ

π

R∫

0

ikθe
ickθ(x−a)e−k2

θtũ1

(
a, k2

θ

) dk
dθ
dθ

(5.79)
An�loga sumper�smata mporoÔn diatupwjoÔn kai gia ti �lle dÔo perioqè.5.5 Arijmhtik� apotelèsmata t  mejìdou Fwk� stoprìblhma di�qush5.5.1 H sumperifor� th lÔsh tou probl matoH sumperifor� th lÔsh gia to prìblhma (2.21) me ti ex  perioqè :

R1 := [−5,−1] , R2 := [−1, 1] , R3 := [1, 5] . (5.80)kai w arqik  phg  karkinik¸n kutt�rwn th dèlta sun�rthsh:
f(x) = δ0.2(x+ 2) (5.81)d�netai apì ta parak�tw graf mata:5.5.2 Oi idiìthte twn oloklhrwm�twn sth lÔsh tou probl matoGia na upolog�soume th lÔsh tou probl mato, ìpw proanafèrame, ja prèpei na upolo-g�soume èna arijmì apì oloklhr¸mata. H prosèggish twn oloklhrwm�twn e�nai arijmhtik ,opìte h akr�beia th lÔsh u(x, t) exart�tai apì ti parak�tw paramètrou:153
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Sq ma 5.6: H sumperifor� th lÔsh me th mèjodo toÔ Fwk� gia γ = 0.5
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Sq ma 5.7: H sumperifor� th lÔsh me th mèjodo toÔ Fwk� gia γ = 0.2

• R: Gia na prosegg�soume to deÔtero kai to tr�to olokl rwma (5.55) èqoume perikìyeita ìria olokl rwsh [−∞,∞] se [−R,R]. JewroÔme to sqetikì sf�lma (to opo�oexart�tai apì to R) na e�nai:
ERi

:=
‖URi

− URi+1
‖∞

‖URi+1
‖∞

(5.82)'Opw parathroÔme sto sq ma (5.8) to sqetikì sf�lma fa�netai na stajeropoie�taigia mikrè timè tou R akìma kai mikrìtere tou 5. Autì ofe�letai sto gegonì ìti oiposìthte pro olokl rwsh u1b kai u1c fj�noun ekjetik� polÔ gr gora. Sto sq ma154



(5.9) parathroÔme ìti h par�metro R mikra�nei ìso aux�netai o qrìno. Gia na e�naiex�llou o ekjèth th posìthta e−k2t ìpou e�nai to ginìmeno tou k2 me t praktik� mhmhdenikì ja prèpei k�jw o qrìno aux�netai to k na mei¸netai.
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Sq ma 5.8: To sqetikì sf�lma ER gia diaforetikè timè tou t
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Sq ma 5.9: To Ropt w sun�rthsh tou qrìnou t.
• Ra: Gia na prosegg�soume to pr¸to olokl rwma th sqèsh (5.55) èqoume perikìyeita ìria olokl rwsh [−∞,∞] se [−Ra, Ra]. To sqetikì sf�lma (to opo�o exart�taiapì to Ra) d�netai apì th sqèsh: 155



ERai
:=

‖URai
− URai

‖∞
‖URai

‖∞
(5.83)H sumperifor� tou sqetikoÔ sf�lmato e�nai parìmoia me aut  tou sqetikoÔ sf�l-mato w pro R ( Sq mata (5.10),(5.11)). Dhlad , ìso o qrìno aux�netai tìsomikra�nei to Ra. Oi timè bèbaia th paramètrou Ra e�nai megalÔtere apì ti ant�-stoiqe tou R to opo�o ofe�letai sto gegonì ìti h pro olokl rwsh posìthta tou

u1a mei¸netai pio arg� se sqèsh me ti pro olokl rwsh posìthte u1b kai u1c (Bl.Sqhma (5.4),(5.5)).
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Sq ma 5.10: To sqetikì sf�lma ERa gia diaforetikè timè tou t.
• N: sumbol�zoume ton arijmì twn shme�wn olokl rwsh gia to sÔnjeto kanìna toÔtrapez�ou gia na upolog�soume ti pro olokl rwsh posìthte u1b kai u1c. Or�zoumeto sqetikì sf�lma (to opo�o exart�tai apì to N) na e�nai:

ENi
:=

‖UNi
− UNi+1

‖∞
‖UNi+1

‖∞
(5.84)Apì ta graf mata (5.12), (5.13) kai (5.14) prokÔptei ìti oi timè tou sqetikoÔ sf�l-mato EN e�nai sten� sundedemène me thn par�metro R. H kalÔterh sumperifor�epitugq�netai gia bèltisth tim  tou R h opo�a e�nai per�pou R = 3.5 gia t = 0.1,

R = 2.7 gia t = 1 kai R = 2.3 gia t = 10. Gia ti bèltiste timè tou R h sÔgklish e�-nai ekjetik . H ekjetik  sÔgklish paramènei gia timè tou R plhsiìn kai megalÔteretou bèltistou R, all� den diathre�tai gia timè mikrìtere tou bèltistou R.156
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Sq ma 5.11: To Raopt w sun�rthsh tou qrìnou t.
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Sq ma 5.12: To sqetikì sf�lma EN gia t = 0.1 gia diaforetikè timè tou R.
• Na: sumbol�zoume ton arijmì twn shme�wn olokl rwsh gia ton sÔnjeto kanìna toutrapez�ou gia na upolog�soume thn pro olokl rwsh posìthta u1a. Gia ìle tipeript¸sei jewroÔme to Na = 256. 157
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Sq ma 5.13: To sqetikì sf�lma EN gia t = 1 gia diaforetikè timè tou R.
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Sq ma 5.14: To sqetikì sf�lma EN gia t = 10 gia diaforetikè timè tou R.
• Ni: sumbol�zoume ton arijmì twn shme�wn olokl rwsh gia ton sÔnjeto kanìna toutrapez�ou gia na upolog�soume to oloklhr¸mata (5.19)- (5.21). Gia ìle ti peript¸-sei jewroÔme to 256. 158



5.5.3 SÔgkrish twn mejìdwn Fwk� kai th collocation mejìdouSthn enìthta aut  sugkr�noume th mèjodo Fwk� me th collocation mèjodo me sunart seib�sh ta asuneq  polu¸numa Hermite w qwrik  diakritopoi sh kai w qronik  diakrito-poi sh thn Implicit kai thn Crank-Nicolson mèjodo. Se ìle ti peript¸sei upolog�zoumeth lÔsh tou probl mato se 101 shme�a (xi, t) gia sugkekrimènou qrìnou. H akr�beia thlÔsh ucoll th collocation mejìdou exart�tai apì:
• ton arijmì twn collocation shme�wn(Ncol) se k�je perioq  kai
• to qronikì b ma ∆tOr�zoume th sqetik  apìstash metaxÔ th lÔsh t  mejìdou Fwk� ufok kai th lÔsht  collocation mejìdou ucoll na d�netai apì ton tÔpo:

E :=
‖ucoll − ufok‖∞

max{‖ucoll‖∞, ‖ufok‖∞} (5.85)gia diaforetikè timè tou qrìnou 1SÔgkrish t  mejìdou Fwk� me th collocation mejìdo me asuneq  polu¸numa
Hermite w qwrik  diakritopoi sh kai Implicit sq ma w qronik  diakritopoi -sh.ParathroÔme ìti gia meg�lo arijmì Ncol to sqetikì sf�lma E sugkl�nei grammik� kaj¸to qronikì b ma ∆t aux�netai(Bl. Sq mata (5.15), (5.16), (5.17))Apì tou p�nake (5.1) kai (5.2) kaj¸ kai apì ta graf mata (5.18), (5.19), (5.20)parathroÔme ìti o qrìno th collocation mejìdou e�nai polÔ megalÔtero apì autìn pouapaite�tai gia th mèjodo Fwk� kai aux�netai me polÔ megalÔtero rujmì kaj¸ to qronikìb ma ∆t mei¸netai. O qrìno pou apaite�tai gia th mèjodo Fwk� e�nai anex�rthto touqronikoÔ b mato ∆t kai upolog�zei thn lÔsh tou probl mato apeuje�a se opoiad poteqronik  stigm  qwr� upologismoÔ se endi�mesa b mata. O qrìno th collocation mejìdouemfan�zetai na e�nai mikrìtero apì autìn pou apaite�tai sth mèjodo Fwk� qwr� na sepeript¸sei ìmw pou h sqetik  apìstash tou E e�nai meg�lh.SÔgkrish t  mejìdou Fwk� me thn collocation mejìdo me asuneqe� polu¸nu-ma Hermite w qwrik  diakritopoi sh kai Crank Nicolson mèjodo w qronik diakritopoi sh.Se aut  thn per�ptwsh gia meg�lo arijmì Ncol to sqetikì sf�lma E sugkl�nei tetragw-nik� kaj¸ to qronikì b ma ∆t aux�netai(Bl. Sq mata (5.21), (5.22), (5.23))1Ta ucoll kai ufok e�nai dianÔsmata 101 shme�wn kai epomènw anaferìmaste se nìrme dianusm�twn.159
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Sq ma 5.15: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 0.1.
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Sq ma 5.16: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 1.Lìgw th tetragwnik  sÔgklish, oi qrìnoi th collocation mejìdou me to Crank Nicol-

son sq ma e�nai polÔ kalÔteroi apì tou qrìnou th collocation mejìdou me to Implicitsq ma. To gegonì autì mporoÔme na to parathr soume stou p�nake (5.3) kai (5.4) ka-j¸ kai sta graf mata (5.24), (5.25), (5.26) gia Ncol = 256. E�nai ex�llou fanerì ìtise sqèsh me prohgoÔmenh per�ptwsh sthn sugkekrimènh per�ptwsh h collocation mèjodo160
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Sq ma 5.17: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 10.
t = 0.1 t = 1 t = 10

dt RE tcoll RE tcoll RE tcoll1.00E-01 - - 3.03E-02 <0.1 1.43E-03 <0.11.00E-02 2.17E-02 <0.1 3.07E-03 <0.1 1.43E-04 <0.11.00E-03 2.22E-03 <0.1 3.07E-04 <0.1 1.43E-05 0.611.00E-04 2.22E-04 <0.1 3.07E-05 0.61 1.43E-06 6.131.00E-05 2.19E-05 0.63 3.06E-06 6.11 1.43E-07 60.891.00E-06 1.86E-06 7.86 3.02E-07 61.04 1.40E-08 909.101.00E-07 2.20E-07 91.09 2.55E-08 807.56 2.11E-09 8973.30P�naka 5.1: SÔgkrish th mejìdou Fwk� kai th collocation -Implicit gia Ncol = 128. Oqrìno gia th mèjodo Fwk� e�nai 1.4 secs gia ìle ti peript¸sei. O qrìno th collocation

(secs) fa�netai ston parap�nw p�naka.me to Crank Nicolson sq ma e�nai arket� antagwnistik  se sÔgkrish me th mèjodo Fwk�.Up�rqoun ìmw kai p�li peript¸sei idia�tera se sqetik� meg�lou qrìnou ìpou h mèjodoFwk� upertere�.
161



t = 0.1 t = 1 t = 10

dt RE tcoll RE tcoll RE tcoll1.00E-01 - - 3.03E-02 <0.1 1.43E-03 <0.11.00E-02 2.17E-02 <0.1 3.07E-03 <0.1 1.43E-04 0.111.00E-03 2.22E-03 <0.1 3.07E-04 0.12 1.43E-05 1.101.00E-04 2.22E-04 0.16 3.07E-05 1.63 1.43E-06 11.031.00E-05 2.22E-05 1.41 3.07E-06 16.37 1.43E-07 110.21.00E-06 2.20E-06 16.18 3.07E-07 112.23 1.43E-08 1652.601.00E-07 1.99E-07 205.08 3.04E-08 1560.5 3.57E-09 15746.0P�naka 5.2: SÔgkrish t  mejìdou Fwk� kai th collocation-Implicit gia Ncol = 256. Oqrìno gia th mèjodo Fwk� e�nai 1.4 secs gia ìle ti peript¸sei. O qrìno th collocation

(secs) fa�netai ston parap�nw p�naka.
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Sq ma 5.18: O qrìno pou apaite�tai sti duo mejìdou gia t = 0.1.
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Sq ma 5.19: O qrìno pou apaite�tai sti duo mejìdou gia t = 1.
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Sq ma 5.20: O qrìno pou apaite�tai sti duo mejìdou gia t = 10.
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Sq ma 5.21: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 0.1.
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Sq ma 5.22: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 1.
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Sq ma 5.23: To sqetikì sf�lma metaxÔ ufok kai ucoll gia t = 10.
t = 0.1 t = 1 t = 10

dt RE tcoll RE tcoll RE tcoll1.00E-01 - - 4.78E-03 <0.1 2.47E-05 <0.11.00E-02 3.48E-03 <0.1 5.12E-05 <0.1 2.49E-07 <0.11.00E-03 3.69E-05 <0.1 5.12E-07 <0.1 2.48E-09 0.831.00E-04 1.77E-07 0.1 2.86E-09 0.89 1.57E-11 8.711.00E-05 4.00E-07 0.84 - - - -P�naka 5.3: SÔgkrish th mejìdou Fwk� kai th collocation Crank-Nicolson gia Ncol =

128. O qrìno gia th mèjodo Fwk� e�nai 1.4 secs gia ìle ti peript¸sei. O qrìno th
collocation (secs) fa�netai ston parap�nw p�naka.
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t = 0.1 t = 1 t = 10

dt RE tcoll RE tcoll RE tcoll1.00E-01 - - 4.78E-03 <0.1 2.47E-05 <0.11.00E-02 3.48E-03 <0.1 5.12E-05 <0.1 2.49E-07 0.161.00E-03 3.73E-05 <0.1 5.17E-07 0.12 2.49E-09 1.221.00E-04 3.53E-07 0.18 4.86E-09 1.55 2.61E-11 16.051.00E-05 2.30E-08 1.71 3.25E-10 15.62 - -P�naka 5.4: SÔgkrish th mejìdou Fwk� kai th collocation Crank-Nicolson gia Ncol =

256. O qrìno gia th mèjodo Fwk� e�nai 1.4 secs gia ìle ti peript¸sei. O qrìno th
collocation (secs) fa�netai ston parap�nw p�naka.
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Sq ma 5.24: O qrìno pou apaite�tai sti duo mejìdou gia t = 0.1.
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Sq ma 5.25: O qrìno pou apaite�tai sti dÔo mejìdou gia t = 1.
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Sq ma 5.26: O qrìno pou apaite�tai sti dÔo mejìdou t = 10.
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Kef�laio 6Sumper�smata - Ep�logoO basikì stìqo th paroÔsa diatrib  e�nai na ereun sei ti idiìthte kai th sumpe-rifor� th Collocation mejìdou twn peperasmènwn stoiqe�wn ìtan aut  qrhsimopoie�tai giath diakritopo�hsh kai ep�lush problhm�twn - efarmog¸n apì ti perioqè th Mhqanik kai th Iatrik .Sto kef�laio autì, sugkentr¸nontai kai sunoy�zontai ta shmantikìtera stoiqe�a poutekmhri¸jhkan kat� thn pragmatopo�hsh th:
• De�xame ìti h efarmog  th kubik  Hermite Collocation mejìdou se Probl mataSunoriak¸n Tim¸n me periodikè sunoriakè sunj ke odhge� se meg�la kai arai�sust mata twn opo�wn o p�naka e�nai p-cyclic morf .
• Diamorf¸same ti sunj ke pou diasfal�zoun th bèltisth sÔgklish th epanalhptik mejìdou th SOR mèsw th bèltisth diamèrish tou p-cyclic Collocation p�naka.
• Apode�xame ìti h efarmog  asuneq¸n stoiqe�wn Hermite sta shme�a diasÔndesh twneterogen¸n perioq¸n (fai� ous�a-leuk  ous�a) tou egkef�lou sto majhmatikì mon-tèlo th di�qush gloiwm�twn den diatar�ssei thn t�xh sÔgklish th Collocationmejìdou.
• De�xame ìti qrhsimopoi¸nta th mèjodo metasqhmatismoÔ Fwk� h lÔsh tou parap�nwmajhmatikoÔ montèlou pou prosomoi¸nei thn exèlixh tou karkinikoÔ ìgkou sto qrì-no br�sketai apeuje�a se opoiod pote shme�o (x, t) qwr� na apaitoÔntai peraitèrwupologismo� se endi�mesa qronik� b mata.Tèlo, ped�o mellontik  èreuna mporoÔn na apotelèsoun:
• H dieÔrunsh tou arijmoÔ twn eterogen¸n periìqwn (fai� kai leuk  oÔs�a) tou egke-f�lou kai h melèth th t�xew sÔgklish th collocation mejìdou.
• H epèktash tou montèlou sti dÔo qwrikè diast�sei.169



• H dhmiourg�a kat�llhlou plègmato diakritopo�hsh pou na prosomoi�zei to qwr�otou egkef�lou kai h efarmog  th collocation mejìdou, kai
• H epèktash th mejìdou Fwk� sti parap�nw peript¸sei.
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The employment of finite element or finite difference discretization schemes, for the
numerical solution of Boundary Value Problems (BVPs) with periodic type Boundary
Conditions (BCs), leads to a large and sparse linear system whose coefficient matrix is
in normal p-cyclic form. The use of block iterative methods, for the solution of such linear
systems, and the demand for fast convergence rates, require the optimal repartitioning of
the coefficient matrix. In this work, we make use of the finite element Hermite collocation
method to discretize the BVP and the SOR iterative method to solve the corresponding
sparse linear system. The optimal repartitioning of the collocation coefficient matrix leads
to SOR methods with optimal rates of convergence.
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1. Introduction

Recently, some very interesting results, pertaining the theory of p-cyclic matrices in iterative analysis [18], appeared in
the literature. Triggered by the works of Niethammer et al. [12] and Markham et al. [10] for the analysis of the 3-cyclic
and 2-cyclic block SOR methods, respectively, applied to the solution of large least-squares problems, the works of Pierce
et al. [14], Eirmann et al. [5] and Galanis and Hadjidimos [6] confronted the problem of optimally repartitioning the p-
cyclic coefficient matrix into a q-cyclic one (2 � q � p) in order for the corresponding SOR method to attain optimal rate of
convergence. The above results enriched further Varga’s theory of p-cyclic matrices and their role in iterative analysis [18].
Although a rich set of theoretical tools is available for the p-cyclic family of matrices, the applications for p > 3 are almost
limited to systems arising in queuing network problems in Markov analysis [8].

The aim of the present work is twofold:

• To enrich applications of the p-cyclic matrix theory by showing that p-cyclic matrices arise naturally from the dis-
cretization of BVPs, with periodic BCs, by the finite element methods, extending further the results in [15–17].

• To obtain optimal rates of convergence for collocation matrices by applying the p-cyclic optimal repartitioning results
for the SOR method.
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As an extension of our results in [15,16], we consider in Section 2 the discretization of the well-posed normal 2-point
BVP

u′′(x) + F (x)u(x) = g(x), x ∈ [a,b], (1.1a)

u(a) − z1u(b) = w1, (1.1b)

u′(a) − z2u′(b) = w2, (1.1c)

where F (x) and g(x) are nontrivial real-valued functions and a, b, z1, z2, w1, w2 are real constants. From the collocation
finite element method with Hermite cubic elements (e.g. [1,3]) it follows that the collocation matrix is p-cyclic matrix in
normal form. The properties of the collocation matrix and its associated block Jacobi iteration matrix are included in Sec-
tion 3. In Section 4 we have included the analysis for the optimally repartitioned collocation matrix and the corresponding
convergence rate of the SOR iterative method, while Section 5 is devoted to numerical experiments.

Concluding we should mention that the BVP in (1.1) covers a rich number of scientific applications. The well-known
case of Hill’s type equations (F (x) periodic) [9], for example, describes many physical situations such as the motion of the
planets (e.g. [7]), stability of elastic systems (e.g. [2]), wave propagation (e.g. [4]), and many others.

2. Hermite collocation approximation

To fix notation, assume a uniform partition of the interval [a,b] into N subintervals Im ≡ [xm, xm+1] of length h = b−a
N ,

m = 1, . . . , N and nodes xm = a + (m − 1)h, m = 1, . . . , N + 1.
Hermite finite element approximations seek an approximate solution un(x) in the form

u(x) ∼= un(x) =
n/2∑

m=1

[
α2m−1φ2m−1(x) + α2mφ2m(x)

]
, n = 2(N + 1), (2.1)

where φ2m−1(x) and φ2m(x) are the well-known Hermite cubic basis functions centered at the node xm (see e.g. [1,15,16]). The
determination of the unknowns in (2.1) above by the collocation method is being achieved by forcing the residual Rn(x) ≡
u′′

n(x)+ F (x)un(x)− g(x) to vanish at n −2 = 2N (two per subinterval) interior collocation points a < σ2 < σ3 < · · · < σn−1 < b
and by forcing the approximate solution un to satisfy the boundary conditions at the two boundary collocation points σ1 = a
and σn = b, leading to a linear system of n algebraic equations in the n unknowns α j , j = 1, . . . ,n; that is to say

Cα = b, (2.2)

where C is the n × n collocation coefficient matrix, α = [α1 α2 · · · αn]T is the unknown vector and b = [b1 b2 · · · bn]T is
the right side known vector. By choosing as interior collocation points the Gauss points [3], defined for each subinterval I j ,
j = 1, . . . , N by

σ2 j = x j + hσ and σ2 j+1 = x j + h(1 − σ) where σ =
√

3 − 1

2
√

3
, (2.3)

and working similarly as in [15,16] it can be verified (cf. [13]) that the elemental equations for the jth element I j , multiplied
by h2 for computational purposes, are given by

C j

⎡
⎢⎢⎣

α2 j−1
α2 j

α2 j+1
α2 j+2

⎤
⎥⎥⎦ = h2

[
g(σ2 j)

g(σ2 j+1)

]
, (2.4)

where C j , the jth elemental collocation matrix, is taking the form

C j = [A j B j], j = 1, . . . , N, (2.5)

with

A j =
[

c1 + d1h2 F (σ2 j) c2 + d2h2 F (σ2 j)

c3 + d3h2 F (σ2 j+1) c4 + d4h2 F (σ2 j+1)

]
(2.6)

and

B j =
[

c3 + d3h2 F (σ2 j) −c4 − d4h2 F (σ2 j)

c1 + d1h2 F (σ2 j+1) −c2 − d2h2 F (σ2 j+1)

]
, (2.7)

where
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c1 = −2
√

3, c2 = −1 − √
3, c3 = 2

√
3, c4 = −1 + √

3,

d1 = 9 + 4
√

3

18
, d2 = 3 + √

3

36
, d3 = 9 − 4

√
3

18
, d4 = 3 − √

3

36
.

Observing also that the boundary equations may take the form (cf. [13])

h2
[

α1
α2

]
− h2 Z

[
α2N+1
α2N+2

]
= h2

[
w1

hw2

]
, Z := diag(z1, z2), (2.8)

it is evident that the collocation coefficient matrix C of (2.2) assembles in the block form

C =

⎡
⎢⎢⎢⎢⎢⎣

h2 I O O O · · · O O −h2 Z
A1 B1 O O · · · O O O
O A2 B2 O · · · O O O
...

...
...

...
. . .

...
...

...

O O O O · · · O AN BN

⎤
⎥⎥⎥⎥⎥⎦ , (2.9)

where O denotes the 2 × 2 null matrix.

3. Properties of the collocation and its associated Jacobi matrices

The use of the Gauss points as interior collocation points implies:

Lemma 3.1. For the matrices A j and B j , defined in (2.6) and (2.7) respectively, there holds

det(A j) = det(B j), (3.1)

for each j = 1,2, . . . , N.

Proof. By straight forward calculation it can be easily verified that

det(A j) = P + Q h2 F (σ2 j) + Rh2 F (σ2 j+1) + Sh4 F (σ2 j)F (σ2 j+1),

det(B j) = P + Rh2 F (σ2 j) + Q h2 F (σ2 j+1) + Sh4 F (σ2 j)F (σ2 j+1),

where

P := c1c4 − c2c3 = 4
√

3, Q := c4d1 − c3d2 =
√

3

9
,

R := c1d4 − c2d3 =
√

3

9
, S := d1d4 − d2d3 =

√
3

108
,

and the proof follows. �
In fact, in [16], we have shown that relation (3.1) holds for any normal second order operator iff the interior collocation

points are the Gauss points. The detour, from [16], we followed in proving the above lemma is based on the necessity
in establishing conditions for the nonsingularity of the square matrices B j , j = 1,2, . . . , N , defined in (2.7). Now, as an
immediate consequence of the above lemma, we obtain

Corollary 3.1. For the matrices B j , j = 1,2, . . . , N, defined in (2.7), there holds

det(B j) �= 0 (3.2)

whenever

φF
(
h2) := F (σ2 j)F (σ2 j+1)h

4 + 12
[

F (σ2 j) + F (σ2 j+1)
]
h2 + 432 �= 0. (3.3)

It is worthwhile mentioning that there are large families of functions F (x) satisfying relation (3.3). For instance, when-
ever

F (x) = f = constant

relation (3.3) is unconditionally satisfied since the discriminant �F of the quadratic φF (h2) of (3.3) satisfies

�F = −8(12 f )2 < 0.
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Similarly, whenever F (x) is bounded in the domain of (1.1a), namely∣∣F (x)
∣∣ � M, 0 < M < ∞, x ∈ [a,b],

it suffices

Mh2 < 12

for (3.3) to hold, since in this case

432 > M2h4 + 24Mh2 �
∣∣F (σ2 j)F (σ2 j+1)h

4 + 12
[

F (σ2 j) + F (σ2 j+1)
]
h2

∣∣,
hence ∣∣φF

(
h2)∣∣ � 432 − ∣∣F (σ2 j)F (σ2 j+1)h

4 + 12
[

F (σ2 j) + F (σ2 j+1)
]
h2

∣∣ > 0.

Relation (3.3) constitutes a necessary condition for well-defined block iterative methods, hence assumed to be valid
throughout this paper so that the collocation matrix C of (2.9) is a consistently ordered (N + 1)-cyclic matrix in normal
form (cf. [18]).

Furthermore, as the BVP in (1.1) is well-posed, hence has a unique solution, it is natural to consider that C , apart from
being block (N + 1)-cyclic, is also nonsingular. To investigate the implications of this consideration, let us define the 2 × 2
matrices

R j := −B−1
j A j, j = 1,2, . . . , N, (3.4)

and

S j := RN · · · R j =
N∏

k= j

Rk, j = 1,2, . . . , N, (3.5)

with, in view also of (3.1),

det(R j) = det(S j) = 1, j = 1,2, . . . , N. (3.6)

With these definitions and by simply considering appropriate block Gauss transformations one may verify (cf. [13]) that:

Lemma 3.2. Let the collocation matrix C of (2.9) be a block (N + 1)-cyclic matrix, namely relations (3.2) or, equivalently, (3.3) are
valid. Then

det(C) = h4 det(Q )

N∏
j=1

det(B j), (3.7)

where

Q := I − Z S1 = I − Z RN · · · R1. (3.8)

Let us, now, write the collocation matrix C of (2.9) as

C = DN+1 − LN+1 − U N+1, (3.9)

where

DN+1 = diag
[
h2 I, B1, . . . , BN

]
, (3.10)

and

LN+1 =

⎡
⎢⎢⎢⎢⎢⎣

O O O · · · O O O
−A1 O O · · · O O O

O −A2 O · · · O O O
...

...
...

. . .
...

...
...

O O O · · · O −AN O

⎤
⎥⎥⎥⎥⎥⎦ , (3.11)

U N+1 =

⎡
⎢⎢⎢⎣

O · · · O h2 Z
O · · · O O
... · · · ...

...

O · · · O O

⎤
⎥⎥⎥⎦ . (3.12)
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The (N + 1)-cyclic nature of C implies that DN+1 is nonsingular, so that the associated block Jacobi iteration matrix JN+1,
defined by

JN+1 = D−1
N+1(LN+1 + U N+1)

=

⎡
⎢⎢⎢⎢⎢⎣

O O O O · · · O O Z
R1 O O O · · · O O O
O R2 O O · · · O O O
...

...
...

... · · · ...
...

...

O O O O · · · O RN O

⎤
⎥⎥⎥⎥⎥⎦ , (3.13)

where the matrices R j are as defined in (3.4), is weakly cyclic of index N + 1 (cf. [18]), hence the matrix J N+1
N+1 is block

diagonal in the form

J N+1
N+1 = diag(Z RN · · · R1, R1 Z RN · · · R2, . . . , RN · · · R1 Z). (3.14)

And as its block diagonal submatrices are obviously similar matrices, it is evident that its spectrum σ(J N+1
N+1 ) is the same

(within a (N + 1)-multiplicity) with the spectrum of any of its diagonal submatrices. That is to say

σ
(

J N+1
N+1

) = σ (N+1)(Z RN · · · R1) = σ (N+1)(Z S1). (3.15)

Recalling relationship (3.6) we have det(S1) = 1, whence

σ(Z S1) = {
λ−, λ+}

with λ± = τ ± √
τ 2 − 4ζ

2
, (3.16)

where

τ = trace(Z S1) and ζ = det(Z) = z1z2. (3.17)

Combining, now, relations (3.7)–(3.8) and (3.15), or simply by observing the well-known fact that

D−1
N+1C = I − JN+1, (3.18)

it is apparent that

det (C) �= 0 iff 1 /∈ σ
(

J N+1
N+1

)
, (3.19)

or, equivalently, by using (3.16) and after some simple algebraic manipulations,

det (C) �= 0 iff τ �= 1 + ζ. (3.20)

4. Optimally repartitioned SOR for real spectra

Following the discussion in the above section, our analysis for optimal convergence properties of the SOR iterative
method takes into consideration that the collocation matrix C , defined in (2.9), is a nonsingular consistently ordered (N + 1)-
cyclic matrix, namely relationships (3.2)–(3.3) and (3.19)–(3.20) are valid. Furthermore, our investigation concentrates on the
case of a real spectrum of the matrix J N+1

N+1 , which is characterized by the condition

τ 2 − 4ζ � 0, (4.1)

where τ and ζ are as defined in (3.17), while the case of complex spectra will be treated in a future publication.
Assuming a p × p (p positive integer in [2, N + 1]) block partitioning of the matrix C of (2.9), we may write

C = D p − Lp − U p, (4.2)

where D p is a block diagonal matrix with square and nonsingular diagonal blocks while L p and U p are respectively strictly
lower and strictly upper block triangular matrices. Notice that p also denotes the cyclicity index of the collocation matrix C .
The associated with (4.1) block SOR iterative method is then described by

x(m+1) = Lω,px(m) + cω,p, m = 0,1, . . . , (4.3a)

Lω,p = (D p − ωLp)−1[(1 − ω)D p + ωU p
]
, (4.3b)

cω,p = ω(D p − ωLp)−1h2b (4.3c)

with x(0) being arbitrary, Lω,p being the SOR iteration matrix and ω ∈ (0,2) being the relaxation parameter. It is well known
e.g. [18] that a measure for the asymptotic rate of convergence of the SOR method is 
(Lω,p), where 
(·) denotes the
spectral radius, while 
(Lω,p) < 1 constitutes a necessary and sufficient condition of its convergence.
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The problem of optimal repartition of the SOR method is equivalent to the problem of determining an index q ∈ [2, N +1]
such that


(Lωq,q) < 
(Lωp ,p), for all p �= q, (4.4)

where ωq and ωp denote respectively the optimal relaxation factors of the Lω,q and Lω,p SOR iteration matrices. At this
point we remark that Eirmann et al. [5], extending the classical results of Young [20] and Varga [18] for p = 2 and p > 2
cyclic cases respectively, determined explicitly the optimal relaxation factor ωp of the SOR method when the spectrum of
the associated weakly cyclic of index p block Jacobi matrix satisfies σ(J p

p ) ⊆ [−α
p
p , β

p
p ] with

0 � αp <
p

p − 2
(∞ if p = 2), (4.5a)

0 � βp < 1. (4.5b)

The later conditions, imposed on the spectrum of the J p
p matrix, are based on the work of Wild and Niethammer [19]

(for special cases see also [18] and [11]) and comprise necessary convergence conditions for the SOR method; namely,
violation of (4.5) implies that SOR diverges for any value of ω. Observe however that condition (4.5a) is not restrictive, as
the possibility of repartitioning a p-cyclic matrix into a q-cyclic one (2 � q � p), combined with the fact that p/(p − 2)

strictly decreases with respect to p and the fact (cf. [14])

σ
(

J p
p
) \ 0 = σ

(
J q

q
) \ 0, p �= q, (4.6)

implies that, as long as (4.5b) is valid, there will always exist a unique index 2 � κ � p, satisfying(
κ + 1

κ − 1

)κ+1

� ακ+1
κ+1 = α

p
p = ακ

κ <

(
κ

κ − 2

)κ

, (4.7)

such that{

(Lω j , j) < 1, for all 2 � j � κ,


(Lω j , j) � 1, for all κ + 1 � j � p.
(4.8)

In this sense we may say that (4.5b) is a necessary and sufficient condition for convergent optimal SOR schemes. For the
collocation case considered here condition (4.5b) is equivalent to

λ+ < 1 ⇔ τ < min{1 + ζ,2}, (4.9)

where τ and ζ are as defined in (3.17), and assumed to be valid throughout this section.
When the spectrum of the matrix J N+1

N+1 is real, the problem of optimal repartitioning of the SOR has been treated
successfully in the works of Pierce, Hadjidimos and Plemmons [14], for nonpositive or nonnegative spectra, and Galanis and
Hadjidimos [6], for general real spectra. In these works it became apparent that, in view of (4.6), the solution of optimal
repartition of the SOR depends on the spectrum of J N+1

N+1 , that is it depends on the values λ− and λ+ of (3.16).
Omitting the trivial case


(JN+1) = 0 ⇔ λ− = λ+ = 0 ⇔ τ = ζ = 0, (4.10)

for which (see [14] for example)


(Lωp ,p) = 0, ωp = 1 for all indices p ∈ [2, N + 1], (4.11)

we adjust the results in [14] and [6] for the collocation case, described in Sections 2 and 3, by means of the following
theorem:

Theorem 4.1. Consider the nonsingular consistently ordered (N + 1)-cyclic collocation matrix C of (2.9) and let the necessary and
sufficient convergent condition (4.9) be valid. Then the optimal repartitioning index q ∈ [2, N + 1] of the SOR method is given by:

Optimal repartitioning table.

Conditions Optimal index q

I II III

ζ � 0 — — q = 2
τ < 0 (4.14c) q = N + 1

(4.14d) q = l or l + 1 (4.15)

ζ < 0 τ = 0 — Any q ∈ [2, N + 1]
τ > 0 (4.14b) q = N + 1

(4.14a) q = l or l + 1 (4.16)
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Fig. 1. τ < 0, condition (4.14d) is satisfied, κ = 65, l = 14, 15-cyclic is optimal.

Proof. Recall condition (4.1) and observe that if ζ � 0 then τ �= 0 with

0 � λ− � λ+ when τ > 0

and

λ− � λ+ � 0 when τ < 0.

That is to say

σ
(

J N+1
N+1

) =
{

nonnegative, τ > 0,

nonpositive, τ < 0,

and therefore, from [14], the 2-cyclic repartitioned SOR is optimal and convergent, as (4.9) assumed valid.
Let us now assume ζ < 0. Then

τ 2 − 4ζ > 0 and λ− < 0 < λ+. (4.12)

Therefore, if we define

α := αN+1 = |λ−| 1
N+1 and β := βN+1 = |λ+| 1

N+1 , (4.13)

and the set of conditions

0 � α/β <
N − 1

N + 1
, (4.14a)

N − 1

N + 1
� α/β < 1, (4.14b)

1 < α/β � N + 1

N − 1
, (4.14c)

N + 1

N − 1
< α/β � ∞, (4.14d)

then, direct application of Theorem 2.1 of [6] implies that:

• In case of τ < 0 there holds α > β . Therefore, whenever condition (4.14c) holds the (N + 1)-cyclic SOR is optimal, while
whenever condition (4.14d) holds the l-cyclic or (l + 1)-cyclic SOR is optimal, where l is the unique integer satisfying(

l + 1

l − 1

)l+1

<

(
α

β

)N+1

�
(

l

l − 2

)l

. (4.15)

We remark that condition (4.14c), combined with (4.9), implies that (4.5) holds for all p ∈ [2, N + 1], hence all p-cyclic
optimal SOR schemes are convergent, whereas condition (4.14d) implies that if α � (N + 1)/(N − 1) then only the
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Fig. 2. τ < 0, condition (4.14d) is satisfied, κ = 11, l = 5, 5-cyclic is optimal.

Fig. 3. τ > 0, condition (4.14b) is satisfied, κ = 65, 65-cyclic is optimal.

j-cyclic ( j = 2, . . . , κ) optimal SOR schemes are convergent, where κ ∈ [2, N] is given by (4.7) (see also [6]), and of
course l � κ .

• In case of τ = 0 there holds α = β . Therefore, any q-cyclic SOR is optimal (q ∈ [2, N + 1]) and convergent. Also observe
that in this case the condition (4.9) simplifies to −1 < ζ � 0.

• In case of τ > 0 there holds α < β . Therefore, whenever condition (4.13b) holds the (N + 1)-cyclic SOR is optimal while
whenever condition (4.13a) holds the l-cyclic or (l + 1)-cyclic SOR is optimal, where l is the unique integer satisfying(

l − 2

l

)l

<

(
α

β

)N+1

�
(

l − 1

l + 1

)l+1

. (4.16)

In this case too, all p-cyclic (p ∈ [2, N + 1]) optimal SOR schemes are convergent.

This completes the proof. �
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Fig. 4. τ > 0, condition (4.14a) is satisfied, κ = 65, l = 3, 4-cyclic is optimal.

We remark that, as an immediate consequence of Theorem 4.1, for the family of BVPs considered in (1.1) the boundary
conditions alone are the decisive factor that determines weather or not the general p-cyclic case prevails the 2-cyclic one.

5. Numerical results

In this section, we use several numerical experiments (depicted in Figs. 1–4) to demonstrate the behavior of spectral
radius of optimal SOR as a function of the cyclicity index q ∈ [2, N + 1] in order to further enlighten some characteristic
cases covered by Theorem 4.1. In all examples considered, we kept ζ < 0, N = 64 while, for homogeneity purposes, the
independent variable x of the BVP is considered to be in the interval [0,1].
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Abstract—Over the past few years, mathematical modeling for
studying highly diffusive brain tumors has been well developed.
Focusing on gliomas, most common and malignant brain tumors,
we consider a known mathematical model for tumor growth and
invasion, independent of treatment, that incorporates information
about brain tissue heterogeneity by a discontinuous diffusion
coefficient. In the direction of producing high order numerical
approximation methods, in this work, concentrating on the one
dimensional case, we study the implementation and behavior of
the Hermite Collocation, as the spatial discretization method,
combined with Backward (implicit) Euler (BE) time discretiza-
tion schemes. Continuity constrains across discontinuity inter-
faces are used to treat first derivative discontinuities. Numerical
experiments are included to demonstrate the performance of the
method.

Index Terms—Gliomas,Discontinuous Diffusion Coefficient,
Backward Euler, Hermite Collocation

I. INTRODUCTION

Gliomas are difficult to treat brain tumors characterized
by their aggressive diffuse invasion of brain normal tissue.
Based on analysis of serial Computerized Tomography (CT)
scans, the basic mathematical model (cf. [8], [2], [3], [15],
[16]) considered a reaction-diffusion equation to study diffuse
tumors and effects of surgical resection and chemotherapy.
To incorporate the brain tissue heterogeneity (white and grey
matter), Swanson [11] (see also [12]-[14]) generalized said
model to

∂c̄

∂t̄
= ∇ · (D̄(x̄)∇c̄

)
+ ρc̄ , (1)

where c̄(x̄, t̄) denotes the tumor cell density, ρ denotes the
net proliferation rate, and D̄(x̄) is the diffusion coefficient
representing the active motility of maligmant cells satisfying

D̄(x̄) =
{

Dg , x̄ in Grey Matter
Dw , x̄ in White Matter , (2)

with Dg and Dw scalars and Dw > Dg. The model for-
mulation is completed by zero flux boundary conditions on
the anatomy boundaries and an initial spatial distribution of
malignant cells c̄(x̄, 0) = f̄(x̄). The above model has been
extensively studied (e.g. [11]-[14]) and found to be very
effective in simulating the behavior of real malignant brain
tumors in the time frame for gliomas.

The model we are considering in the present work is a
dimensionless analog of (1) in one spatial dimension. To
be precise, by making use (cf. [11]) of the dimensionless
variables:

x =
√

ρ

Dw
x̄ , t = ρt̄ ,

c(x, t) = c̄

(√
ρ

Dw
x̄, ρt̄

)
Dw

ρN0
, f(x) = f̄

(√
ρ

Dw
x̄

)
,

with N0 =
∫

f(x)dx to denote the initial number of tumor
cells in the brain at t = 0, the model in (1) reduces to





ct = (Dcx)x + c , x ∈ [a, b] , t ≥ 0

cx(a, t) = 0 and cx(b, t) = 0

c(x, 0) = f(x)

(3)

or, equivalently, by substituting c(x, t) = etu(x, t),




ut = (Dux)x , x ∈ [a, b] , t ≥ 0

ux(a, t) = 0 and ux(b, t) = 0 .

u(x, 0) = f(x)

(4)

For our analysis we also consider that the diffusion coefficient
D(x) takes the form

D(x) =





γ , a ≤ x < w1

1 , w1 ≤ x < w2 ,
γ , w2 ≤ x ≤ b

(5)

ba

γ γ

11

w
1

w
2

where γ := Dg

Dw
< 1 is the dimensionless diffusion coefficient

in grey matter, 1 is the dimensionless diffusion coefficient in
white matter and εw := w2 − w1 is the dimensionless width
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of the white matter tract (considered small with respect to the
width of the grey matter tract), as well as the initial source of
tumor cells f(x) is given by

f(x) = δ(x− ξ) , ξ ∈ [a, b] , (6)

where δ(x) denotes Dirac’s delta.
Primarily, we are aiming at the development and deploy-

ment of high order Collocation finite element discretization
schemes for studying the solutions of the models described
above. In this framework, here, using appropriate continuity
boundary conditions at the interfaces x = wk , k = 1, 2,
we equivalently restate the model and develop fourth order
Hermite-Collocation spatial and first order Backward Euler
time discretization schemes for its solution (Section II). The
behavior of the numerical method deployed, as well as its
stability, are numerically demonstrated in Section III.

Concluding these introductory remarks, we would like to
point out that the models discussed in this section may per-
fectly adapted to describe a great variety of physical problems
(heat, electrostatic, porous media/oil reservoirs, etc) involving
materials with different diffusion (conduction) parameters.
Obviously, the number k of the interfaces can be as large
(finite) as the problem demands. The fact we are using k = 2
in the model considered here is attributed to simplicity reasons
without any loss of the generality.

II. BACKWARD EULER / HERMITE COLLOCATION
DISCRETIZATIONS

The discontinuous diffusion coefficient D(x), described in
(5), directly implies discontinuity of ux, hence continuity of
Dux, across each interface. In fact, as the linear parabolic
nature of the initial-boundary value problem (4) (or (3))
implies continuity u (or c) across each interface, that is

[u] := u+ − u− = 0 , at x = wk , k = 1, 2 , (7)

where

u+ := lim
x→w+

k

u(x) and u− := lim
x→w−k

u(x) ,

integration of the equation in (4) over the discontinuity inter-
faces yields

[Dux] := D+u+
x −D−u−x = 0 , at x = wk , k = 1, 2 . (8)

In view now of the above continuity constrains (7)-(8) an
alternative way to state the model (4) can be described by





ut = Duxx , x ∈ R` , ` = 1, 2, 3 , t ≥ 0

ux(a, t) = 0 and ux(b, t) = 0

[u] = 0 and [Dux] = 0 at x = wk , k = 1, 2

u(x, 0) = f(x)

(9)

where R` denote the region

R1 := [a, w1) , R2 := (w1, w2) , R3 := (w2, b] . (10)

If we now consider a parameter ε > 0 and take into account
the definition of D(x) in (5), then, within O(ε) and as ε → 0,
the constrains (7) and (8) respectively imply that

u(w1 + ε, t)− u(w1 − ε, t) = 0 , (11)
u(w2 + ε, t)− u(w2 − ε, t) = 0 , (12)

and

ux(w1 + ε, t)− γux(w1 − ε, t) = 0 , (13)
γux(w2 + ε, t)− ux(w2 − ε, t) = 0 . (14)

Hence, an equivalent, within O(ε), expression of the model in
(9) is to require u to satisfy the equation

ut = Duxx (15)

in each of the intervals R1(ε), R2(ε) and R3(ε), where

R1(ε) := [a,w1 − ε] , R2(ε) := [w1 + ε, w2 − ε] ,

R3(ε) := [w2 + ε, b] ,
(16)

together with the four boundary conditions described in (11)-
(14) and subject, of course, to the Neumann boundary and
initial conditions included in (9).

To derive a numerical approximation of the solution u of
(15) in each of the subintervals R`(ε) , ` = 1, 2, 3, let us
consider for each region t×R`(ε) a rectilinear grid with sides
parallel to the x and t axes and grid spacings h` and τ in the
x and t directions respectively. Of course,





h1 := (w1 − a + ε)/N1 ,

h2 := (w2 − w1 − 2ε)/N2 ,

h3 := (b− w2 − ε)/N3 ,

(17)

where N` denotes the number of subintervals of R`(ε), while
the grid points (x`,m`

, tn) are given by




x1,m1 := a + m1h1 , m1 = 0, . . . , N1

x2,m2 := w1 + ε + m2h2 , m2 = 0, . . . , N2

x3,m3 := w2 + ε + m3h3 , m3 = 0, . . . , N3

(18)

and
tn = nτ , n = 0, 1, . . . . (19)

To obtain Backward Euler’s finite difference time discretiza-
tion schemes let us consider

ut(x, tn+1) = Duxx(x, tn+1) . (20)

Upon writing

u(x, tn+1)− u(x, tn)
τ

+ O(τ) = Duxx(x, tn+1) , (21)

the celebrated Backward (implicit) Euler (BE) scheme (cf e.g.
[6], [10]) is expressed as

u(x, tn+1)− τDuxx(x, tn+1) = u(x, tn) . (22)

The BE scheme is O(τ) accurate in time, with excellent sta-
bility properties, and known to respond well to discontinuities
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or steep gradients. Increased accuracy hybrid Euler schemes
will be considered in a future publication.

Let us now briefly describe Hermite Collocation as the
spatial discretization of our model. Since the solution u of
(15) is smooth in each subinterval R`(ε) , ` = 1, 2, 3, Hermite
approximations seek O(h4

`) approximate solutions U`(x, t) in
the form

U`(x, t) =
N`+1∑

j`=1

[α`,2j`−1(t)φ`,2j`−1(x) + α`,2j`
(t)φ`,2j`

(x)]

(23)
where the Hermite cubic basis functions φ`,2j`−1(x) and
φ`,2j`

(x), centered at the node x`,j`−1, are defined by

φ`,2j`−1(x) =





φ
(

x`,j`−1−x

h`

)
, x ∈ I`,j`−1

φ
(

x−x`,j`−1

h`

)
, x ∈ I`,j`

0 , otherwise

(24)

and

φ`,2j`
(x) =





−h`ψ
(

`,j`−1−x
h`

)
, x ∈ I`,j`−1

h`ψ
(

x−`,j`−1
h`

)
, x ∈ I`,j`

0 , otherwise

(25)

with I`,j`
:= [x`,j`−1, x`,j`

] , j` = 1, . . . , N`, and the
functions φ(s) and ψ(s) being the generating Hermite cubics
over [0, 1]; that is

φ(s) = (1− s)2(1 + 2s) , ψ(s) = s(1− s)2 , (26)

and s ∈ [0, 1]. As an immediate consequence of the above
definitions one may readily verify that the value of the
approximate solution U`(x, t), at any x in some interval I`,j`

,
is being determined by adding only a few terms ; that is to
say

U`(x, t) =
2j`+2∑

k=2j`−1

α`,k(t)φ`,k(x) , x ∈ I`,j`
, (27)

with j` = 1, . . . , N` and ` = 1, 2, 3. The above relationship,
combined with the basic properties of the Hermite cubic basis
functions

φ`,2j`−1(x`,m`
) = δj`−1,m`

φ′`,2j`−1(x`,m`
) = 0

φ`,2j`
(x`,m`

) = 0
φ′`,2j`

(x`,m`
) = δj`−1,m`

(28)
where δm,k denotes the Kronecker delta, implies that

α`,2j`−1(t) = U`(x`,j`−1, t)

α`,2j`
(t) =

∂

∂x
U`(x`,j`−1, t)

α`,2j`+1(t) = U`(x`,j`
, t)

α`,2j`+2(t) =
∂

∂x
U`(x`,j`

, t)
.

(29)
At each time level t = tn, Collocation determines the
unknowns

α
(n)
`,i`

:= α`,i`
(tn) , i` = 1, . . . , 2(Nl + 1) , ` = 1, 2, 3

by asking the approximate solution U`(x, t) to satisfy equation
(22), namely

U`(x, tn+1)− τD
∂2

∂x2
U`(x, tn+1) = U`(x, tn) , (30)

at 2N`, for each ` = 1, 2, 3, interior collocation points (two
per subinterval), as well as U`(x, t) to satisfy all boundary and
initial conditions.

To produce the interior collocation equations, observe that
substitution of (27) in equation (30) yields

2j`+2∑

k=2j`−1

α
(n+1)
`,k

[
φ`,k(x)− τDφ

′′
`,k(x)

]
=

2j`+2∑

k=2j`−1

α
(n)
`,k φ`,k(x)

(31)
for x ∈ I`,j`

with j` = 1, . . . , N` and ` = 1, 2, 3. By choosing
as interior collocation points for each subinterval I`,j`

the
Gauss points [1], defined by

σ`,2j`
= x`,j`−1 + h`σ , σ`,2j`+1 = x`,j`−1 + h`σ̄ , (32)

where

σ =
√

3− 1
2
√

3
, σ̄ =

√
3 + 1
2
√

3
, (33)

the elemental collocation equations that correspond to the
element I`,j`

take the matrix form

(
C

(0)
`,j`

− τ

h2
`

DC
(2)
`,j`

)




α
(n+1)
`,2j`−1

α
(n+1)
`,2j`

α
(n+1)
`,2j`+1

α
(n+1)
`,2j`+2




= C
(0)
`,j`




α
(n)
`,2j`−1

α
(n)
`,2j`

α
(n)
`,2j`+1

α
(n)
`,2j`+2




(34)
where

C
(0)
`,j`

≡ C
(0)
` :=




s
(0)
1 h`s

(0)
2 s

(0)
3 −h`s

(0)
4

s
(0)
3 h`s

(0)
4 s

(0)
1 −h`s

(0)
2


 (35)

with s
(0)
1 = 9+4

√
3

18 , s
(0)
2 = 3+

√
3

36 , s
(0)
3 = 9−4

√
3

18 and
s
(0)
4 = 3−√3

36 , while

C
(2)
`,j`

≡ C
(2)
` :=




s
(2)
1 h`s

(2)
2 s

(2)
3 −h`s

(2)
4

s
(2)
3 h`s

(2)
4 s

(2)
1 −h`s

(2)
2


 (36)

with s
(2)
1 = −2

√
3 , s

(2)
2 = −1 − √

3 , s
(2)
3 = 2

√
3 and

s
(2)
4 = −1 +

√
3 .

To produce the boundary collocation equations we force
the approximate solution U`(x, t) to satisfy all boundary
conditions at time level t = tn+1. In doing so, and by making
use of relationships (28)-(29), from the Neumann boundary
conditions we obtain

∂

∂x
U`(a, t) = 0 ⇒ α

(n+1)
1,2 = 0 , (37)

∂

∂x
U`(b, t) = 0 ⇒ α

(n+1)
3,2N3+2 = 0 , (38)
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while from the boundary conditions (11)-(14) we obtain

U`(w1 + ε, t)− U`(w1 − ε, t) = 0
⇓

α
(n+1)
1,2N1+1 = α

(n+1)
2,1

(39)

∂
∂xU`(w1 + ε, t)− γ ∂

∂xU`(w1 − ε, t) = 0
⇓

γα
(n+1)
1,2N1+2 = α

(n+1)
2,2

(40)

U`(w2 + ε, t)− U`(w2 − ε, t) = 0
⇓

α
(n+1)
2,2N2+1 = α

(n+1)
3,1

(41)

γ ∂
∂xU`(w2 + ε, t)− ∂

∂xU`(w2 − ε, t) = 0
⇓

α
(n+1)
2,2N2+2 = γα

(n+1)
3,2

(42)

which are expressed in matrix form as




1 0 −1 0

0 γ 0 −1







α
(n+1)
1,2N1+1

α
(n+1)
1,2N1+2

α
(n+1)
2,1

α
(n+1)
2,2




=




0

0


 (43)

and




1 0 −1 0

0 1 0 −γ







α
(n+1)
2,2N2+1

α
(n+1)
2,2N2+2

α
(n+1)
3,1

α
(n+1)
3,2




=




0

0


 . (44)

A careful assembly of all interior elemental and boundary
collocation equations, described above, leads to the Colloca-
tion system

Ca(n+1) = C(0)a(n) , n = 0, 1, . . . (45)

where

C =




Ã1 B1

A1 B1

�
A1 B1

I1 J1

A2 B2

�
A2 B2

I2 J2

A3 B3

�
A3 B̃3




,

(46)

C(0) =




Ã0
1 B0

1

A0
1 B0

1

�
A0

1 B0
1

O O
A0

2 B0
2

�
A0

2 B0
2

O O
A0

3 B0
3

�
A0

3 B̃0
3




,

(47)
and

a(n) :=




α
(n)
1,1

α
(n)
1,3
...

α
(n)
1,2N1+2

α
(n)
2,1
...

α
(n)
2,2N2+2

α
(n)
3,1
...

α
(n)
3,2N3+1




. (48)

The 2×2 matrices A`, B`, A0
`and B0

` are defined in an obvious
way through (35)-(36) and the relationships

C` :=
(

C
(0)
`,j`

− τ

h2
`

DC
(2)
`,j`

)
=

[
A` B`

]
(49)

and
C

(0)
` :=

[
A0

` B0
`

]
, (50)

while [I1 J1] and [I2 J2] denote the 2×4 matrices in (43) and
(44) respectively. The 2×1 matrices Ã1 and Ã0

1, are obtained
from the corresponding matrices A1 and A0

1 by omitting their
second column. Similarly, B̃3 and B̃0

3 are obtained from the
corresponding matrices B3 and B0

3 by omitting their first
column. Finally, O denotes the 2 × 2 null matrix. The initial
vector a(0) is, of course, determined by making use of the
initial condition in (9).

Concluding this section we would like to remark that the BE
/ Hermite Collocation method developed above is first order
accurate in time and O(ε) + O(h4) accurate in space, where
h := max{h1 , h2 , h3}. Therefore, the optimal error order
in space is obtained whenever ε = O(h4).

III. NUMERICAL RESULTS

In this section we use numerical experiments to demonstrate
the behavior of BE / Hermite Collocation method developed
in Section II above. In all scenarios considered Dirac’s Delta,
used as an initial source of tumor cells, is having the form

δ(x) ≡ δη(x) :=
1

η
√

π
e−x2/η2
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Also all scenarios refer to the following model data :

α = −5 , w1 = −0.5 , w2 = 0.5 , b = 5 .

The first and second scenarios consider an initial function
f(x), described by

f(x) = δ0.2(x + 2)

depicted in Fig. 1 which follows. The behavior of its solution

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

Fig. 1: f(x) = δ0.2(x + 2)

is demonstrated through Figs 2 and 3 which correspond to
γ = 0.5 and γ = 0.2 respectively.

−6 −4 −2 0 2 4 6
0

2

4

6

8

10

12

N
1
=64 , N

2
=16 , N

3
=64 , τ=0.1 , t

max
= 4 , γ=0.5

Fig. 2: Tumor growth for f(x) = δ0.2(x + 2) and γ = 0.5

−6 −4 −2 0 2 4 6
0

2
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10

12
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16

18

N
1
=64 , N

2
=16 , N

3
=64 , τ=0.1 , t

max
= 4 , γ=0.2

Fig. 3: Tumor growth for f(x) = δ0.2(x + 2) and γ = 0.2

The third and forth scenarios consider an initial function f(x),
described by

f(x) = δ0.4(x + 3)

depicted in Fig. 4 which follows. The behavior of its solution

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

Fig. 4: f(x) = δ0.4(x + 3)

is demonstrated through Figs 5 and 6 which correspond to
γ = 0.5 and γ = 0.2 respectively.

−6 −4 −2 0 2 4 6
0
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6

8

10

12

14

N
1
=64 , N

2
=16 , N

3
=64 , τ=0.1 , t

max
= 4 , γ=0.5

Fig. 5: Tumor growth for f(x) = δ0.4(x + 3) and γ = 0.5

−6 −4 −2 0 2 4 6
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12

14

16

18

N
1
=64 , N

2
=16 , N

3
=64 , τ=0.1 , t

max
= 4 , γ=0.2

Fig. 6: Tumor growth for f(x) = δ0.4(x + 3) and γ = 0.2

Fig. 7 depicts the typical behavior of the spatial relative error
E∞ := ‖Uh/2−Uh‖∞

‖Uh/2‖∞ , for fixed t = tn, and different choices
of the ε parameter. Obviously, the optimal error order in space
is obtained whenever ε = O(h4).
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Fig. 7: Typical behavior of the spatial relative error for
different choices of ε

Finally, Figs. 8 and 9 graphically demonstrate the distribution
in the complex plane of the eigenvalues of the matrix C−1C(0)

for the last two scenarios and for τ >> h. Apparently, all
eigenvalues are modulus less or equal to unity, hence the
scheme is unconditionally stable.
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Fig. 8: Eigenvalues of C−1C(0) for f(x) = δ0.4(x + 3) and
γ = 0.5
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Fig. 9: Eigenvalues of C−1C(0) for f(x) = δ0.4(x + 3) and
γ = 0.2

Concluding, we would like to point out that a detailed in-
vestigation for the behavior of the approximation method at
hand is included in [9] together with the development of
Discontinuous Collocation schemes.
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Abstract. Over the past decade, mathematical modelling for studying
highly diffusive brain tumours, such as gliomas, has been well developed.
The known mathematical model we consider in this work has been re-
cently developed and successfully tested for the case of gliomas. It is
based on the two parameters of proliferation and diffusion and incor-
porates information about brain tissue heterogeneity (white and grey
matter) by a discontinuous diffusion coefficient. Working towards the
development of high order numerical approximation schemes, here, con-
centrating on the one space dimension case, we develop and implement
a spatial discretization numerical scheme which is based on the Colloca-
tion method with Discontinuous Hermite elements to treat first derivative
discontinuities at internal interface points. To evolve in time, the later
discontinuous collocation method is combined with the stable Backward
Euler (BE) time discretization scheme. Numerical experiments are in-
cluded to demonstrate the performance of the method.

1 Introduction

Gliomas are among the most malignant forms of primary brain tumours and
characterized by their aggressive diffusive behaviour of brain normal tissue.
Mainly due to this behaviour, the prognosis for patients with high-grade gliomas
is generally very poor. Basic mathematical models that simulate the progress of
diffusive brain tumours, such as those in [3],[11], [12] and Burgess ([2]), have
been recently upgraded by Swanson ([7],[8]) to incorporate brain tissue hetero-
geneity in addition to net proliferation and tumour cell motility. This is achieved
by introducing a discontinues diffusion coefficient to the basic reaction-diffusion
equation, since glioma cells migrate more rapidly in white than in gray matter.
In this manner, the differential equation included in the upgraded mathematical
model took the form (e.g. [7]):

∂c̄

∂ t̄
= ∇ ·

�
D̄(x̄)∇c̄

�
+ ρc̄ , (1)
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where c̄(x̄, t̄) denotes the tumour cell density, ρ denotes the net proliferation rate,
and D̄(x̄) is the diffusion coefficient representing the active motility of malignant
cells satisfying

D̄(x̄) =

�
Dg , x̄ in Grey Matter
Dw , x̄ in White Matter

, (2)

with Dg and Dw scalars and Dw > Dg.
The mathematical description of the model completes by considering zero flux
boundary conditions on the anatomy boundaries and an initial spatial distribu-
tion of malignant cells c̄(x̄, 0) = f̄(x̄).
The above model has been extensively studied (e.g. [7]-[10]) and found to be
very effective in simulating the behavior of real malignant brain tumours in the
time frame for gliomas.

To decrease the number of the effective parameters, the model we are con-
sidering in the present work is a dimensionless analogue of (1) in one spatial
dimension. To be precise, by making use (e.g. [7]) of the dimensionless variables:

x =

�
ρ

Dw
x̄ , t = ρt̄ , c(x, t) = c̄

��
ρ

Dw
x̄, ρt̄

�
Dw

ρN0
,

f(x) = f̄

��
ρ

Dw
x̄

�
and u(x, t) = e−tc(x, t)

with N0 =
�
f(x)dx to denote the initial number of tumour cells in the brain at

t = 0, the model in (1) reduces to






ut = (Dux)x , x ∈ [a, b] , t ≥ 0

ux(a, t) = 0 and ux(b, t) = 0 .

u(x, 0) = f(x)

(3)

For our analysis we also consider that the diffusion coefficient D(x) takes the
form

D(x) =






γ , a ≤ x < w1

1 , w1 ≤ x < w2 ,
γ , w2 ≤ x ≤ b

(4)

ba

! !

11

w1 w2
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where γ :=
Dg

Dw
< 1 is the dimensionless diffusion coefficient in grey matter and

1 is the dimensionless diffusion coefficient in white matter.

The initial source of tumour cells f(x) is given by

f(x) = δ(x− ξ) , ξ ∈ [a, b] , (5)

where δ(x) denotes Dirac’s delta.

In this work, working towards the development of high order numerical

schemes and as a continuation of our work in [5], we develop (Section 2) a

Collocation method with appropriate Hermite cubic elements, combined with a

Backward Euler (BE) scheme to evolve in time, for the numerical solution of

(3)− (4). To treat first derivative discontinuities of the solution u(x, t) in (3), at

the internal interface points w1 and w2 of (4), we use appropriate discontinuous

Hermite cubic nodal basis functions at these interfaces. Numerical experimenta-

tion, included in Section 3, reveals a fourth order spatial approximation by the

proposed Discontinuous Hermite Collocation (DHC) method.

2 BE - DHC discretizations

Following [5], let us first observe that the discontinuous diffusion coefficient

D(x), described in (4), directly implies discontinuity of ux, hence continuity of

Dux, across each interface. In fact, as the linear parabolic nature of the initial-

boundary value problem (3) implies continuity of u (or c) across each interface,

that is

[u] := u
+ − u

−
= 0 , at x = wk , k = 1, 2 , (6)

where

u
+
:= lim

x→w+
k

u(x) and u
−
:= lim

x→w−
k

u(x) ,

integration of the equation in (3) over the discontinuity interfaces yields

[Dux] := D
+
u
+
x −D

−
u
−
x = 0 , at x = wk , k = 1, 2 . (7)

BE finite difference time discretization schemes for the equation in (3) are

readily available by considering uniform time discretization steps in the form

tn = nτ , n = 0, 1, . . . . (8)

where τ is constant, and use (3) to write

ut(x, tn+1) = Duxx(x, tn+1) . (9)

Then, upon writing

u(x, tn+1)− u(x, tn)

τ
+O(τ) = Duxx(x, tn+1) , (10)

the celebrated BE scheme ( e.g. [4], [6]) is expressed as

u(x, tn+1)− τDuxx(x, tn+1) = u(x, tn) . (11)
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The above BE scheme is O(τ) accurate in time, with excellent stability proper-

ties, and known to respond well to discontinuities or steep gradients. Increased

accuracy hybrid Euler schemes will be considered in a future publications.

To describe the DHC as the spatial discretization method of our model, let

us first define the spatial regions

R1 := [a,w1] , R2 := [w1, w2] , R3 := [w2, b] , (12)

and consider a uniform partition in each one of them of length

h1 := (w1 − a)/N1 , h2 := (w2 − w1)/N2 , h3 := (b− w2)/N3 , (13)

respectively, where N� denotes the number of subintervals of R�. Then, at each

time level tn, the grid points (xm, tn) are given by

xm := a+mh , m = 1, . . . , N + 1 , (14)

where N = N1 +N2 +N3 and h = h� whenever xm ∈ R� , � = 1, 2, 3.

For sufficiently smooth solutions u, Hermite cubic polynomial approximations

seek O(h4
max), hmax = max{h1, h2, h3}, approximate solutions U(x, t) in the

form

U(x, t) =

N+1�

j=1

[α2j−1(t)φ2j−1(x) + α2j(t)φ2j(x)] (15)

where the Hermite cubic basis functions φ2j−1(x) and φ2j(x), centered at the

node xj , are defined by

φ2j−1(x) =






φ

�
xj−x

h

�
, x ∈ Ij−1

φ

�
x−xj

h

�
, x ∈ Ij

0 , otherwise

, φ2j(x) =






−hψ

�
xj−x

h

�
, x ∈ Ij−1

hψ

�
x−xj

h

�
, x ∈ Ij

0 , otherwise

(16)

with Ij := [xj , xj+1], and the functions φ(s) and ψ(s) being the generating

Hermite cubics over [0, 1]; that is

φ(s) = (1− s)
2
(1 + 2s) , ψ(s) = s(1− s)

2
, s ∈ [0, 1]. (17)

For the solution u of our model problem in (3), since there are discontinuities

at the interface points w1 ≡ xN1+1 and w2 ≡ xN1+N2+1, it is apparent that we

have to force the approximate solution U(x, t) of (15) to satisfy the conditions

described in (7); namely,

[DUx] := D
+
U

+
x −D

−
U

−
x = 0 , at x = wk , k = 1, 2 , (18)

or, equivalently, after using well known properties of the Hermite cubic functions,

γ φ2i(x
−
i ) = φ2i(x

+
i ) , i = N1 + 1 , (19)
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φ2i(x
−
i ) = γ φ2i(x

+
i ) , i = N1 +N2 + 1 . (20)

This can be achieved if, instead of the Hermite cubics in (16), we define the basis

functions φ2i(x) as follows:

φ2i(x) =






−h
γψ

�
xi−x
h

�
, x ∈ Ii−1

hψ
�
x−xi
h

�
, x ∈ Ii

0 , otherwise

, i = N1 + 1 (21)

and

φ2i(x) =






−hψ
�
xi−x
h

�
, x ∈ Ii−1

h
γψ

�
x−xi
h

�
, x ∈ Ii

0 , otherwise

, i = N1 +N2 + 1 , (22)

shown schematically below for γ = 0.3. Forcing now the approximate solution

!2i (x)

xi!1
xi

!2i!1 (x) i=N1+1

xi+1

!2i (x)

xi xi+1

!2i!1 (x) i=N1+N2+1

xi!1

U(x, t) to satisfy equation (11) at the two Gauss interior collocation points (cf.

[1])per subinterval and working similarly as in [5], the elemental collocation

equations that correspond to the element Ij , j = 1, . . . , N take the matrix form

�
C(0)

j − τ

h2
DC(2)

j

�





α(n+1)
2j−1

α(n+1)
2j

α(n+1)
2j+1

α(n+1)
2j+2





= C(0)
j





α(n)
2j−1

α(n)
2j

α(n)
2j+1

α(n)
2j+2





(23)
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where τ, h and D are as defined in (8), (14) and (4) respectively, while

C(κ)
j =




s(κ)1

h
αj

s(κ)2 s(κ)3 − h
βj
s(κ)4

s(κ)3
h
αj

s(κ)4 s(κ)1 − h
βj
s(κ)2



 , κ = 0, 2 (24)

with s(0)1 =
9+4

√
3

18 , s(0)2 =
3+

√
3

36 , s(0)3 =
9−4

√
3

18 , s(0)4 =
3−

√
3

36 , s(2)1 =

−2
√
3 , s(2)2 = −1−

√
3 , s(2)3 = 2

√
3 and s(2)4 = −1 +

√
3 . The constants αj

and βj are used to distinguish the elemental matrices for the elements IN1 and

IN1+N2+1 since the basis functions in those elements are using equations (20)

and (21) respectively. Therefore, for j ∈ {1, . . . , N}

αj =






1 , j �= N1 +N2 + 1

γ , j = N1 +N2 + 1

, βj =






1 , j �= N1

γ , j = N1

. (25)

To produce the boundary collocation equations we force the approximate solu-

tion U(x, t) to satisfy the boundary conditions in (3) at t = tn+1; therefore

α(n+1)
2 = 0 , α(n+1)

2N+2 = 0 . (26)

As in [5], a careful assembly of all interior elemental and boundary collocation

equations, described above, leads to the Collocation system

Aa(n+1)
= Ba(n) , n = 0, 1, . . . (27)

where a(n) =
�
α(n)
1 α(n)

3 · · ·α(n)
2N+1

�T
and

A =





Ã1 B1

A2 B2

�
AN−1 BN−1

AN B̃N




, B =





F̃1 G1

F2 G2

�
FN−1 GN−1

FN G̃N




. (28)

The 2 × 2 matrices Aj , Bj , Fj and Gj are defined in an obvious way through

(22)-(24) and the relationships

�
Aj Bj

�
=

�
C(0)

j − τ

h2
DC(2)

j

�
and

�
Fj Gj

�
= C(0)

j . (29)

The tilde analogues of the above matrices are obtained by omitting their second

column.

3 Numerical Results

To demonstrate the behavior of BE-DHC method, developed in Section 2 above,

we used the following model data

α = −5 , w1 = −0.5 , w2 = 0.5 , b = 5 , γ = 0.5 and f(x) =
1

η
√
π
e−(x+2)2/η2

,
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with η = 0.3 to obtain the results depicted in the figures included. Simple in-

spection of the said figures reveals that brain white matter serves as a high way

for tumour growth as well as the DHC spatial discretization method developed

here conserves the fourth order of convergence known for continuous problems.
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