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Abstract

Since 1948, when Claude Shannon introduced the notion of channel capacity, the ultimate
goal of coding theory has been to find practical capacity-approaching codes. This thesis is
concerned with the analysis, design, construction, and, mainly, the decoding of an extremely
powerful and flexible family of error-control codes, called low-density parity-check (LDPC)
codes. LDPC codes can be designed to perform close to the capacity of many different
types of channels with a practical decoding complexity. The main design tool, Density
Evolution, which predicts the asymptotic performance of a belief-propagation decoder is
analysed. An effective construction method, called configuration model, for picking LDPC
codes at random from LDPC ensembles is presented in depth. In addition, a construction
tool for LDPC' codes of moderate lengths, namely the Progressive Edge Growth algorithm,
which tries to maximize the girth of a code is presented. Furthermore, we present the
analysis,design, construction and decoding of bilayer LDPC codes for the half-duplex relay
channel. To analyse the performance of bilayer LDPC' codes, bilayer Density Evolution
1s presented as an extension of the standard Density Evolution. Finally, we analyse in
depth the construction procedure of bilayer LDPC codes as an extension of single user’s

configuration model.
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Chapter

Introduction

1.1 Motivation

.@ u | Channel | € m Channel | L _ﬁ).
—> —> > sgn() .Destlnatlon
(0,15 encoder 0,1y {LLRs} decoder {LLRS} 9 01)
Figure 1.1: A typical communications system.

Suppose we have a noisy communication channel through which we wish to send informa-
tion reliably. Shannon [2] showed that arbitrarily reliable transmission is possible through
this channel if the information rate, in bits per channel use, is less than the channel capacity
of the channel. He proved that it is possible to transmit digital data with arbitrarily high
reliability, over noise-corrupted channels, by encoding the digital message with an error
correction code prior to transmission and subsequently decoding it at the receiver. The
error correction encoder maps each vector u of k£ digits, representing the message, to longer
vectors ¢ of n digits, known as codewords. The redundancy implicit in the transmission
of codewords, rather than the raw data alone, is the quid pro quo for achieving reliable
communication over intrinsically unreliable channels. The code rate r = % determines the
amount of redundancy added by the error correction code. The transmitted symbols may

be corrupted in some way by the channel, and it is the function of the error correction de-
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coder to use the added redundancy to determine the corresponding £ message bits despite

the imperfect reception. Fig. 1.1 shows a typical communications system.

1.2 Brief history of LDPC codes

LDPC codes were invented by Robert Gallager in 1960 [4] but forgotten for over 30 years,
because they were considered too complex at the time of their discovery. Parallel to the
research on turbo codes and influenced by the focus on turbo codes, in 1996 MacKay and
Neal in [21] and Sipser and Spielman in [22] rediscovered this long forgotten class of codes.

In 2001, LDPC codes drew a lot of attention as they had very good performance. As
shown in [6, 11], irregular LDPC codes can significantly outperform regular LDPC codes.
All LDPC codes which can approach the Shannon limit are irregular codes. Another
feature of LDPC codes is their simple graphical representation [5] which leads to accurate
asymptotic analysis [6].

LDPC codes are already used in some standards such as ETSI EN 302 307 for digital
video broadcasting and 802.16 (Broadband Wireless Access Working Group) for coding on
orthogonal frequency division multiple access (OFDMA) systems [25].
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Channels, codes and capacity

2.1 Binary input symmetric output memoryless

channels

A discrete channel has input a symbol X from a discrete alphabet X', known as the source
alphabet, and has output a symbol Y from a possibly different discrete alphabet, ). A
binary input channel transmits two discrete symbols, usually 0,1 or modulated +1, —1.
Unfortunately, the channels do not always map a given transmitted symbol to the same

received symbol (which is why we need error correction).

A communications channel can be modelled as follows. For a given symbol x; transmitted
at time 4, such that z; € X, the channel transition probability p(y/z) = p(Y = y;/ X = x;)
gives the probability that the returned symbol Y at time i is the symbol 3, € V. A
channel is called memoryless if the channel output at any time instant depends only on
the input at that time instant. This means that for a sequence of transmitted symbols

X = [21, T2,-+, xx] and received symbols y = [y, Y2, -, yn]:

p(y/x) = f—jp(yi/xi)- 2.1

Hence, a memoryless channel is completely described by its input and output alphabets

and the conditional probability distribution py,x(y/x) for each input-output symbol pair.



4 CHAPTER 2. CHANNELS, CODES AND CAPACITY

The three channels we consider in this thesis are the binary symmetric channel (BSC),
the binary erasure channel (BEC), and the binary input additive white Gaussian noise
(BI-AWGN) channel. They are all binary input memoryless channels.

A binary input channel is symmetric if both input bits are corrupted equally by the

channel. We define binary-input symmetric-output memoryless channels as:

Definition 2.1. A binary-input symmetric-output memoryless channel is a discrete—time
channel whose input X is 1 or {0,1}, and output Y (discrete or continuous) depends

only on the current input symbol and satisfies the following:
p(Y =y/X =1)=p(Y =-y/X =-1). 2.2
&

Gallager [?] proved that the channel capacity of a symmetric channel can be achieved
using equi-probable inputs. Therefore, the capacity-achieving input distribution of a

binary-input output-symmetric channel is uniform.

2.1.1 Binary Symmetric Channel (BSC)

The binary symmetric channel, shown in Fig. 2.1, transmits one of two symbols, the
binary digits X € {0,1} and returns one of two symbols, Y € {0,1}. The channel flips a
transmitted bit with probability € and with probability 1 — e the symbol y is the symbol

that was sent. The parameter € is called the crossover probability of the channel.

0 1—c¢ 0

1 - 1

Figure 2.1: Binary Symmetric Channel (BSC).
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So, the transition probabilities for the BSC are:

p(Y =0/X=0)=1—¢
p(Y=0/X=1)=¢
p(Y=1/X=0)=¢
p(Y=1/X=1)=1-¢

As stated previously, a binary input channel is symmetric if both input symbols are cor-
rupted equally by the channel. The BSC channel is symmetric since p(Y = 0/X =1) =
p(Y =1/X =0) and p(Y =0/X =0) = p(Y = 1/X =1). At the decoder, the output YV
received from the channel is used to decode the symbol X that was sent. In this case, we
are interested in the (a-posteriori) probability p(z/y). Assuming that the input symbols
are equally likely, the log-likelihood ratios (LLRs) for the i-th transmitted bit are:

p(Xz = O/yz) ba%/es lo p(yl/XZ = O) B 10g ﬁ, if y; =1

LLRz = g(l‘l/yz) 2 IOg = 2.3
p(Xi =1/y:) p(yi/Xi=1) log %, if y; = 0.
It can be proved that the capacity of BSC is:
C(e) =1- Hy(e), 2.4

where Hy(€) = —elog,(€) — (1 —€)log,(1 —¢€) is the binary entropy function.

2.1.2 Binary Erasure Channel (BEC)

The binary erasure channel shown in Fig. 2.2, transmits one of two symbols, usually the
binary digits X € {0, 1}. However, the receiver either receives the bit correctly or it receives
a message “7?” that the bit was erased. In other words, BEC does not introduce errors. The

BEC erases a bit with erasure probability e. Hence, the channel transition probabilities
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are:

p(Y=0/X=0)=1-e
p(Y =0/X =1) =0.
p(Y=1/X=1)=1-¢
p(Y =1/X =0) = 0.
p(Y =7/X=0)=ec
p(Y=?/X=1)=e

0 @ l—e e 0
\‘
X ? Y
€
1 @ Q1
1 —e¢€

Figure 2.2: Binary Erasure Channel (BEC).

We observe that the BEC is symmetric. The BEC does not flip bits, therefore, if YV
is received as 1 or 0 then the receiver knows the value of X. On the other hand, if the
channel has erased the transmitted bit, the receiver has no information about X and can
only use the a priori probabilities of the source. If the source is equi-probable (i.e. the

input bits 1 and 0 are equally likely) the receiver can only make a fifty-fifty guess:

p(X =0/Y =?)=05
p(X =1/Y =7) = 0.5.

Hence, for this channel, we have that the received LLRs for the i-th transmitted bit are

log% = —o0, if y; = 1,
p(Xz = O/yz) bayes p(yZ/Xl = 0)

LLR: = aifye) 2log re— 70§ = 108 o 7%, =1) -

IOgE = 07 if Yi :?7 2.5
logézoo, if y; = 0.
It can be proved that the capacity of BEC is:

C(e)=1-e. 2.6
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2.1.3 Binary AWGN Channel (BI-AWGN)

The last channel we consider, is a binary input channel with additive noise modelled as

white Gaussian. The BI-AWGN channel shown in Fig. 2.3 is described by the equation:
Y=X+N,Xe{l,-1} and N ~N(0,0?).

From the channel model, it can be inferred that output Y, conditioned on the input, follows

the Gaussian distribution with mean either +1 or —1 and variance o2.

c |0— 1 x Y L
) y—=L|l—>»
01 [1—=-1| 4,1} {LLRs}
N

Figure 2.3: The BILAGWN channel.

Assuming equi-probable transmitted symbols X;, the received LLRs are:

0= () = G =019

p(Ci=1]y;)
_ p(Xi=1/y;)
p(Xi=-1/y;)
e DX 1)
p(yi/ Xi =-1)
Ao (- %)
= 2yi~/\f<3 i) assuming y; ~ N'(1,0?%). 2.7
o? o2’ g2/’ ‘ ’

The LLR value of a bit C; is sometimes called a soft decision for C;. A hard decision for

C; or, equivalently, for X; will be:

. +1, if ¢;>0,
-1, if ¢;<0.

)

We can characterise the channel by ﬁ—g the ratio of the energy per transmitted bit to the

noise energy o2. For our setting Ey = 1 since X € +1. The measure ]]\E,—Z is often quoted
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where FE), is the energy per information bit, Ej = ETN, r is the rate, and Ny = 202 is the

By, _ By

double-sided power spectral density. We therefore have Ne = a3

Finally, we can observe that 2.2 holds, hence, BI-AWGN channel is symmetric. The
log-likelihood ratio (LLR) ¢ as a fraction of the channel output y is defined as

Lo, PY/X=1)
Uy) £ log ——=. 2.8
=108 X =)
Lemma 2.1. From the channel symmetry condition it follows [6] that
() = ~(-). 2.9
Proof.
p(y/X =1) _p(-y/X =-1)
{(y) =log = =—(~y
W8 =1) ~ pCuix =y Y
[

We call ¢ the initial message of the channel and the distribution p(¢) of ¢ the initial
density of the channel, which will be used later for density evolution and Gaussian approz-
imation. Richardson et al. [6] showed that initial densities satisfy the following symmetry

condition:

p(0) = e'p(-1). 2.10

Densities of initial LLRs for BEC, BSC and BI-AWGN channels satisfy the aforementioned
condition. As we will see in Chapter 5, p({) is the so called £-density. Two important facts
that we will use are: (i) L-distributions for binary memoryless symmetric-output channels

are always symmetric and (7i) the convolution of symmetric distributions is symmetric [6].
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For the BI-AWGN channel a calculation for the capacity (assuming equi-probable

source) is as follows:
Cprawen (o) = I(X;Y)

- H(Y) - H(Y/X)
- H(Y)-H(Z), Z~N(0,0?)

It can be proved that H(Z) = llog,2mes?. Using total probability theorem, p(y) =
ip(y/X =1)+ip(y/X =-1) where

1 (y=1)?
p(y/X ==+1) = exp| - .
Voro2 202
Thus,
1 ( ( (y—1)2) ( (y+1)2))
p(y) = exp| - +exp| - .
V8ro? 202 202
Therefore,

o0 1
Ciiawan (o) = - f p(y)logy p(y) dy — 5 log, 2meo?. 2.11

For a channel with noise level parameter x and an error correction code with rate r, the
noise level zg,, such that C'(zg,) = r, is a threshold for error correction codes with that
rate. The noise level zg, is called the Shannon limit. Shannon’s noisy coding theorem says
that for any noise level x below g, there exists a code with rate r that can achieve an
arbitrarily low probability of error, while for any noise level above xg,, no rate-r code can
achieve an arbitrarily low probability of error.

To find the Shannon limit of error correction coding with rate r, and channel parameter x,
requires that we find a value for xg, such that C'(zg,) = r. In the case of BILAWGN channel,
channel parameter x, is referred to standard deviation . Pseudo-code for computing the
Shannon limit on a BILAWGN channel within a tolerance § is given in algorithm below [13,
p.15]. The symbol r represents the rate of the code and oy, oy, are the upper and lower

limits in order to search for ogy,.
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Algorithm 1 Shannon Limit of a BILAWGN channel
1: procedure SHANNONLIMIT(r,0,07,,01)

2: repeat

3 o=1(op+0on)

4 Ciiawen(0) = [, p(y) logy p(y) dy

5: Criawan(0) = Cerawan (o) - 3 log, 2mec?
6

7

8

9

if OBIAWGN(U) > r then

oL =0
else
Og=0
10: end if
11: until og —o7, <9
12: ff—’; =101ogy 3=
13: return ﬁ—g

14: end procedure

2.2 Linear Block Codes

Assume that the output of an information source is a continuous sequence of binary symbols
over GF(2)={0, 1}, called an information sequence. The binary symbols in an information
sequence are called information bits. In block coding, an information sequence is segmented
into message blocks of fixed length; each message block consists of k information bits. There
are 2F distinct messages. At the channel encoder, each input message u of k information
bits is encoded into a longer binary sequence c of n binary digits with n > k, according to
certain encoding rules. This longer sequence is called the codeword of message u. Since
there are 2 distinct messages, there are 2 distinct codewords one for each distinct message.
This set of 2# codewords, denoted by C, is said to form an (n, k) block code. For a block
code to be useful, the 2 codewords must be distinct. The n — k bits added to each input
message by the channel encoder are called redundant bits. The redundant bits carry no
new information and their main function is to provide the code with the capability of
detecting and correcting transmission errors caused by the channel noise or interferences.
How to form these redundant bits such that an (n, k) block code has good error-correcting

capability is a major concern in designing the channel encoder.
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For a block code of length n with 2¢ codewords, unless it has certain special structure
properties, the encoding and decoding scheme would be complex for large k since the
encoder has to store 2¢ codewords of length n and the decoder has to perform a table
(with 27 entries) look-up to determine the transmitted codeword [20, p.95]. Therefore, we
must restrict our attention to block codes that can be implemented in a practical manner.

A desirable structure for a block code is linearity.

Definition 2.2. A binary block code of length n and 2% codewords is said to be a C(n, k)
linear code if, and only if, its 2 codewords form a k-dimensional subspace of the vector

space of the binary n-tuples over GF(2).

<&

The case k = 0 corresponds to the trivial linear code which consists only of the all-zero

codeword 0. Since the code forms a subspace it contains the all-zero codeword.

In other words, a code C over a field F is linear if it is closed under n-tuple addition

and scalar multiplication:
al‘C1+Oé2‘C2€C, VC1,C2€Cadea1,OCQEF. 2.12

Definition 2.3. The rate of a code C(n, k) is defined as

L

k
r = — information bits/codeword.
n

<&

Definition 2.4. ( [23, p.83]). The Hamming weight of a codeword c is the number of
non-zero components of the codeword. The minimum weight of a linear code C, is the

smallest Hamming weight of any non-zero codeword. &

Definition 2.5. ( [23, p.83]). The minimum-distance of a linear code C, is equal to the

minimum weight of any non-zero codeword. O

Recall that, since a linear code C forms a subspace of dimension k, there exist k linear
independent binary vectors in {0,1}", which form a basis of this subspace. We denote
these k vectors as g, g2, -, gx—1. Consequently, any linear combination of them generates

a codeword in C.
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Definition 2.6. A generator matrix G for a (n, k) linear code C (over field Fy = {0,1}) is

a k-by-n matrix whose row space is the given code. In other words, C = {xG |x e F§}. ©

Obviously, the rank of a generator matrix G of a linear code C over Fy equals the

dimension of C.

do,0 go1  ° Yon-1
o
T I Pont 2.13
k-1 . ' ' '
| 9k-10 YGk-11 *° Gk-1n-1 |

Let u be an information vector. The encoding process is as follows:
c =u@, where ceC.

Therefore, the codeword c for a message u is simply a linear combination of the rows of
matrix G with the information bits in the message u being the coefficients.
The utilization of generator matrix G is preferable, since it costs less storage.

Note that the representation of the code provided by G is not unique. From a given
generator matrix G, another generator G' can be obtained by performing row operations.
Then an encoding operation defined by ¢ = uG’ maps the message u to a codeword in C,

but it is not necessarily the same codeword that would be obtained using the generator G.

Example 2.1. A generator matrix for the (7,4) Hamming code is
(11010 0 0]
01 10100
G-= :
0011010
000110 1]

Encoding the message u=[1001], we have
c=uG=[1 1010 1].

Another generator G’ is obtained by replacing the first row of G with the sum of the first

two rows of 3, hence,

(1 01110 0]
o1 10100
G = .
00110710
0001101
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For u the corresponding codeword using G’ is
¢=uG'=[1 01000 1]¢c
where ¢’ €C. o

Definition 2.7. A linear block code C(nk) is called systematic if its k-by-n generator
matrix G has the form
(1. | P) 2.14

where Ij, denotes the k-by-k identity matrix and matrix P is a k-by-(n — k) matrix. &

The generator matrix G of a linear block (n,k,dn:,) code C can be brought to a
systematic form by elementary row operations and/or column permutations. Performing
elementary row operations (replacing a row with linear combinations of some rows) does
not change the row span, so that the same code is produced. If two columns of a generator
matrix are interchanged, then the corresponding positions of the code are changed, but the
distance structure of the code is preserved.

When using a systematic generator matrix G = (I | P) for encoding, the mapping
u+— uG 2.15

takes the form
ur— (u | uP) 2.16

where information word u € F5. That is, the first k entries in the encoded codeword form
the information word; which is very useful for decoding. The second part uP, consists of

parity check symbols.

Definition 2.8. Let C be an (n, k) linear code over Fy. A matrix H with the property
that HxT =0 if, and only if, x € C is called a parity-check matrix for C. &

In other words, the parity check matrix is a (n — k)-by-n matrix, whose rows are
orthogonal to the row space of matrix G, i.e., all rows of H belong to the nullspace of G.
That is, GHT = Ogx(n-k)-

In the special case where G is a systematic matrix, according to 2.14, we can take the
(n - k) x k matrix H = (PT | I,,_;) as a parity-check matrix. Notice that, if we did not
restrict ourselves to binary linear block codes, the parity-check matrix H would have the
form (-P7 | I,,_).
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Corollary 2.1. Any codeword c belongs to C if, and only if, it is perpendicular in any row

of parity check matrix, namely
ceC e cH' =0. 2.17

That is, the codewords in C lie in the (left) nullspace of H. The condition ¢H” = 0 imposes

linear constraints among the bits of c called the parity-check equations.

Theorem 2.1. ( [23], p.30). A linear block code with minimum distance d can correct
at most [%J errors using minimum-distance decoding. This bound is called the error

correcting capability of the code.

Definition 2.9. Let C(n, k) be a linear code. The dual code of C, denoted by C+(n,n-k),
consists of all vectors x € '™ such that xc” =0 for all ¢ € C. That is, the codewords of C+

are “orthogonal” to C. O
An equivalent definition of a dual code is given by
Ct={xeF":xGT =0}. 2.18

Definition 2.10. Let C(n,k) be a linear code over Fy = GF(2). Consider a received
codeword y. The vector s = Hy” is called the syndrome of the received word. The vector

y is a codeword if, and only if, its syndrome is equal to 0. O

Example 2.2. Consider a (7,4) Hamming code generated by

(10000 1 1]

0100 01
G-= . 2.19

0010110

0001 11 1}
Note that matrix G is a systematic generator matrix, since G = (I | Psx3). The rate r
of the code is ‘—;. The minimum distance of the code (i.e. the minimum weight of any

codeword) is 3.

There are 24 codewords:

¢ = {(0000000), (0001111), (0010110), (0011001), (0100101),
(0101010), (0110011), (0111100), (1000011), (1001100),
(1010101), (1011010), (1100110), (1101001), (1110000), (1111111)}
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The systematic parity check matrix is of the form
H=(Pis| L),

and is given by

0111100
H=]1 01 1 0 1 0f.
1101001
Now let us consider an information word, e.g., u=[ 0100 ]. According to 2.15, we take

the codeword
c:uGz[O 10010 1]. 2.20

That is, the first 4 bits describe the information part of the codeword and the last 3 bits
describe the redundant part. In addition, if we observe the codewords of C, we will notice

that the codeword c belongs to C. Let us verify the aforementioned claim, i.e.,

2.21

= o = O O = O
Il
o o O




16

CHAPTER 2. CHANNELS, CODES AND CAPACITY




Chapter

Low-Density Parity-Check (LDPC) codes

LDPC codes constitute a powerful class of linear block codes which provide near Shannon-
limit performance on a large variety of channels while simultaneously admitting imple-
mentable decoders. The difference between an LDPC code and conventional linear codes
is the fact that the parity-check matrix of an LDPC code is sparse, i.e., the number of
non-zero entries is much smaller than the total number of entries. Since an LDPC code
belongs to the class of linear block codes, it can be represented by a bipartite graph called

Tanner graph [14].

3.1 Matrix representation of LDPC codes

We consider only binary LDPC codes and we denote with Fy the GF(2). Since LDPC
codes form a class of linear block codes, they can be described as a certain k-dimensional
subspace C of the vector space '} of binary n-tuples over 5. Given this, we can find a basis
B ={go,8g1,.-., 81} which spans C so that each c € C may be written as ¢ = uggo +u181 +
o+ Up_18k-1 for some {ui}fz‘ol € Fy. Equivalently, the aforementioned linear combination
can be rewritten as ¢ = uG, where u = [ugu; ... u;_1] and G is the generator matrix
whose rows are the (row) vectors {g;}. Since G is a basis, {g;} are linearly independent,
hence, matrix G has full row rank. From 2.18, it follows that the (n — k) dimensional
null (or dual) space C* of G is spanned by the basis B* = {hy, hy,... , h,,__1}. Thus, for
each ceC, ch? =0, for i =0,...,n -k -1, or, more compactly, cH” = 0, where H(n-k)xn
is the so called parity-check matrix whose rows are the vectors {h;}, and is the generator

for the dual space Ct. The parity-check matrix H is so named, because it performs (n - k)

17
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separate parity checks on a received word.

LDPC codes can be classified into two types: regular and irregular. Regular LDPC
codes have a constant number of symbols participating in each parity-check equation, and
each symbol participates in a constant number of parity-check equations. That is, the
column and row weights (i.e. number of 1s) of the parity-check matrix are constant as
shown in 3.1. They were originally proposed by Gallager [4] in 1962 who proved that
they are asymptotically good in the sense that their minimum distance grows linearly
with block length. This guarantees that with ML decoding, the codes do not suffer from
the error floor phenomenon, a flattening of the bit error rate (BER) curve that results
in poor performance at high signal-to-noise ratios (SNRs). Similar behaviour is observed
with iterative BP decoding as well. However, the iterative decoding behaviour of regular
codes in the so-called waterfall, or moderate BER, region of the performance curve falls
short of capacity, making them unsuitable for severely power-constrained applications,
such as uplink cellular data transmission or digital satellite broadcasting systems, that
must achieve the best possible performance at moderate BERs [24].

On the other hand, irregular LDPC codes, pioneered by Luby et al. [8] in 2001, have not
constant column and row weights. In fact, column and row weights are chosen according
to some distribution. Thus, an irregular LDPC code might have a matrix representation
in which half rows of the parity-check matrix have weight 3 and half have degree 5, while
half columns have weight 6 and half have weight 8. In the case where all columns have the
same weight, then we name this code concentrated irreqular LDPC code. In addition,
irregular codes exhibit capacity approaching performance in the waterfall but are normally
subject to an error floor, making them undesirable in applications, such as data storage
and optical communication, that require very low decoded BERs [24]. Typical performance
characteristics of regular and irregular LDPC codes on an additive white Gaussian noise
(AWGN) channel are illustrated in Fig. 3.1 where the SNR is expressed in terms of %’

the information bit signal-to-noise ratio.

Example 3.1. ( (dy, d.)-Regular LDPC code). Consider the following parity-check
matrix Hsx19 where d, denotes the number of ones in each column of ‘H and d,. denotes the
number of ones in each row. Hence, for our corresponding matrix we have d,=3 and d.=6.
The rows of H represent the parity-check equations and columns represent the codeword
bits. Also, we define as m the number of parity-check equations, i.e., m £ n—k. As we will

see in the next subsection all variable nodes will have degree 3 and all check nodes will
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have degree 6.

Ty T2 X3 Ty X5 Te X7 Tg L9 T10

|1 0 1 1 1 0 1 1 0 0
|0 1 1 0 0 1 0

H=@l1 1 0 1 1 1 0 1 0 0 3.1
¢ 10 1 1 0 1 0 1 0 1 1
cs L1 0 0 1 0 1 0 1 1 1 |

The code rate r is
pokynom g 4y 3.2
n n d.

If the rows of H are linearly independent, i.e., rank(H)=n—-k, then r = 1- z—z. The quantity

2 s referred to as the design rate [6].
Moreover, each parity-check equation ¢;, for i =1,...,5, is an even parity constraint on its

codeword bits, i.e.,

ClL:X1DT3PT1PrsDT;Drg=0
CoiTo®T3PTeD®T7®Tg®x190=0
C3:T1P Ty ®xy®r5DT6Dxg=0
Ca XD T3DT5 DT DLg®T19=0

C5:T1 DLy ® XD s ®TgdTig=0.

i
Example 3.2. ( Irregular LDPC code). Consider the parity-check matrix
Iy T2 T3 Ty X5 Le L7 T L9 T10
alr 11 1 0 1 0 1 0 1]
c|l1 0 1 1 0 0 1 1 1 1
H=@clo 1 0 1 0 1 0 1 0 0]} 3.3
cgs |1 0 O O 1 0 1 1 1 1
csLO O 1 1 1 0 1 0 1 0 J
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which corresponds to an irregular LDPC code. Observe that in contrast to matrix H, rows
and columns do not have constant number of ones. The design rate is calculated in a more
complex manner in contrast to the regular case, hence, we omit it for now. Parity-check

equations can be derived as in the regular case.

Regular vs Irregular
10 T T T T T T T T T
: =——6— Regular, n=20000
—— |rregular, n=20000

waterfall

Bit Error Rate
)

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
Eb/NO (dB)

Figure 3.1: Bit Error Rate of a (3,6) —regular and a concentrated irregular' LDPC code
with same block length over BILAWGN channel. We used BPSK modulation.

!The degree distributions are:

M) = 0.169010z + 0.16124422 + 0.005938z* + 0.016799z° + 0.1864552:°
+0.0686423 + 0.02589021° + 0.096393z'® + 0.0105312%°
+0.0046782%7 + 0.07961622% + 0.0118852>% + 0.2246912%°

and p(zx) = z*°.

We’ll explain the meaning of these polynomials after next subsection.
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3.2 Graphical representation of LDPC codes

LDPC codes are linear codes that can be described by sparse bipartite graphs. The graph-
ical representation of LDPC codes is so popular that most people refer to an LDPC code
in terms of the structure of its factor graph. A factor graph is always a bipartite graph
whose nodes are partitioned into the set of variable nodes and the set of check nodes.

Symbols used for representing variable and check nodes are depicted in Fig. 3.2.

®

Figure 3.2: The circle represents a variable node and the square represents a check node.

The graph gives rise to a linear code of block length n and dimension at least n—m in the
following way: The n coordinates of the codewords are associated with the n variable nodes.
The codewords are those vectors (z1,...,x,) such that all the parity-check equations are

satisfied. Fig. 3.3 gives an example.

s PrsaDrs Dy Parg=0

o}&

\',

OR\N
x1®w3@$4@$7@$8@$9@$10:0
N

M1 DarsPBr; Drs Drg =0

o B xry PrePrs =0

21 Do Brs Dy DagDas =0

I1

Figure 3.3: Bipartite graph representing the irregular LDPC code of the parity-check

matrix in 3.3.
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The graph representation is analogous to a matrix representation by looking at the
adjacency matrix of the graph: let H be a binary m x n-matrix in which the entry (4, 7)
is 1 if, and only if, the ¢-th check node is connected to the j-th variable node in the
graph. Hence, each row indicates which bits participate in the corresponding parity-check
equation, and each column indicates which parity-check equations the corresponding bit

participates in.

Definition 3.1. The degree of a node is defined as the number of edges connected to that
node. &

Definition 3.2. The minimum cycle length of a graph is called the girth of the graph. ¢

It is known that a cycle is a path on the graph such that the start vertex and the
end vertex are the same. Since double edges are not allowed in Tanner graphs, i.e. there
are not cycles of length 2, the minimum girth of a Tanner graph will be 4. That is, in

bipartite graphs there are not odd-lengthed cycles.

Figure 3.4: Bipartite graph representing the (3,6)-regular LDPC code of example 3.1.
The darkened edges represent a cycle of length 4.
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Let E denote the number of edges in a bipartite graph. Also observe from the figures of
this subsection that all edges are connected between the two sets. That is, the number of
edges connected to variable nodes must be the same with the number of edges connected
to check nodes. Recall that d, denotes the variable node degree of a regular code and d,

denotes the corresponding check node degree. Hence, it follows that
E=m-d.=n-d,. 3.4

An important property is that the number of edges in the Tanner graph of a (d,,d,)-
regular LDPC code is d, -n, where n is the length of the code. As n increases, the number
of edges in the Tanner graph grows linearly in n.

Using the aforementioned equation in 3.2 we prove the second equality of 3.2. Namely,
using the fact that %:‘;—Z Wetakerzgz%zl—%: —‘;—Z.

We conclude this subsection stating that any linear code has a representation as a code
associated to a bipartite graph. However, not every binary linear code has a representation
by a sparse bipartite graph.? If it does, then the code is called an LDPC code. The sparsity
of the graph structure is the key property that allows the algorithmic efficiency of LDPC
codes. In Chapter 4, we will see that the graph representation of LDPC codes plays a vital
role in decoding, since the most widely used decoding algorithm is in fact an algorithm for
marginalising functions, which can be implemented using a certain graph representation.

Additionally, it is essential for the graph to have as large a girth as possible so that the

decoding algorithm works well.

2To be more precise, sparsity only applies to matrices. A matrix is called sparse if the number of

non-zero elements about the 10% of the total entries.
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3.3 Degree Distributions & Code Ensemble

Constructing provably good codes is difficult. A standard approach to show the existence
of good codes is the probabilistic method: an ensemble of codes is “constructed” using
some random procedure and one proves that good codes occur with positive probability
within this ensemble. Often the probability is close to 1, that is almost all codes are good.
This approach, used already by Shannon in his 1948 landmark paper, simplifies the code
“construction” task enormously. An ensemble consists of all possible codes of length n and
cardinality 2¢. We endow this set with a uniform probability distribution. How to sample
from the ensemble will be discussed later.

Now consider the ensemble of regular LDPC codes with variable degree d,, check degree
d., and length n. If n is large enough, the average behaviour of almost all instances of this
ensemble concetrates around the expected behaviour [6]. Hence, regular codes referred to
by their variable and check degree and their length. When the performance and properties
of sufficiently long regular LDPC codes are of interest, they are presented only by their
variable and check node degree. For instance a (3,6)-LDPC code refers to a code with
variable nodes of degree 3 and check nodes of degree 6. The design rate of this code is %

Before defining the irregular ensemble we will introduce the so called degree distributions.

Node Perspective

Assume that an LDPC code has length n and that the number of variable nodes of degree
1 is A4, so that Y, A; = n. Likewise, denote the number of check nodes of degree i by P; so
that Y, P, =m=n-(1-r) where r is the design rate, as stated previously.

Recall that the edge counts must match up, hence

i =) iP;. 3.5

7
—_——  —

A1) P'(1)

It is convenient to introduce the following compact notation:

Cmax . Tmax .
Az) =) Aa', P(z)= ) Pa’ 3.6
122 1>2

i.e., A(x) and P(z) are polynomials with non-negative expansions around zero whose

integral coefficients are equal to the number of nodes of various degrees. From these
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definitions, we see immediately the following relationships:

A(l)=n, P(1)=m, r(A,P)zl—%. 3.7

We call A and P variable and check degree distributions from a node perspective.

Often it is useful to use the normalised degree distributions:

) lmer r) Tmes
L(x) = jfigli = Z; L;a', R(x) = 1128 = ZZ; Rz’ 3.8

Since each of {L;}y* and {R;}/7e is a probability mass function we must have that

Ymas [ = 1 and Y7 R; = 1. Thus, a variable node will be of degree 4, that is, it will be

22 122

connected with i check nodes, with probability L;. Likewise, a check node will be of degree

J, that is, it will be connected with j variable nodes, with probability 2;.

Edge perspective

For the asymptotic analysis it is more useful to take on an edge perspective. Define

_ e _ A (x) _ L'(x) RE P'(x) _ R (x)
A(x) = ZZZZ Nt = NORAOR p(z) = 1222 ot = P - R 3.9

Note that A(x) and p(z) are polynomials with non-negative expansions around zero. Some
thought shows that \;/p; is equal to the fraction of edges that connect to variable/check

nodes of degree ¢. To clarify the aforementioned claim we present a relationship for A;:

A i(ENa) ¥ iNai! A,
AMx) = ,(x) _ 2 (cfz x) _ ZZZ, T =\ = _Z, ) 3.10
A(1) A(1) A'(1) A(1)
Likewise for p; we obtain
1P
= . 3.11
pl Pl(l)

In other words, \;/p; is the probability that an edge chosen uniformly at random from
the graph is connected to a variable/check node of degree i. We call A(z) and p(z) the

variable and check degree distributions from an edge perspective.
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Furthermore, we also define the average variable and check degrees, call them ¢,,, and

Tavg, S:

1 / 1
= s 70cwg:Fg(1) = 3.12
Jo Mzx)dzx

1
Jy p(z)dx
respectively, and the design rate is given by

(A p)=1 - 1 7 1 TS

lavg = L' (1)

3.13

The design rate is the rate of the code assuming that all constraints are linearly indepen-
dent. Notice that the graph is characterised in terms of the fraction of edges of each degree

and not the nodes of each degree.

In the beginning of this section we discussed about the regular ensemble. Similar to
regular codes, it is shown [6] that the average behaviour of almost all instances of an en-
semble of irregular codes is concentrated around its expected behaviour, when the code is

large enough. Additionally, the expected behaviour converges to the cycle-free case [6].

Given the degree distribution of an LDPC code and its number of edges £ = A'(1) = P'(1),

the number of variable nodes n is
i 1
anZ—,zEf M x)dz, 3.14
~ 1 0
and the number of check nodes m is
Di 1
m:EZ—,ZzE/ p(x)dz. 3.15
el 0

The previous two equations can be proved easily using 3.10 and 3.11, respectively. Using
the last relations for n and m, we can easily calculate the design rate as

o
r=1-=41 3.16

i

Example 3.3. (Conversion from node to edge perspective). Consider the pair
(A,P):

A(x) = 61322 +2022° + 572 + 8427 + 4428, P(x) = 5002°
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with A(1) = 1000, P(1) = 500 and A'(1) = P'(1) = 3000. That is, there are 1000 variable
nodes, 500 check nodes, and 3000 edges in the graph. We know that the variable node
degree distribution from an edge perspective is given by A(z) = ¥, \;z*"!. Hence, using

from 3.10 the fact that \; = ;6%6, we have:

2-613 3-202 , 4-57 5 T7-84 , 8-44 .

T+ xo+ x°+ x°+ x
3000 3000 3000 3000 3000
Using the corresponding relation for p; in 3.11 we obtain

6-500 ; .

)= S50 = F

A(z) =

O

Example 3.4. (Conversion from edge to node perspective). Assume now that the
A(x) and p(x) distributions of the aforementioned example are known and we wish to find
the corresponding A(z) and P(z). Solving 3.10 and 3.11, w.r.t. A; and P;, respectively,
we have A; = %(1) and P, = %.(1). Therefore,

Ao - 073000 ;3383000 o 5553000 , ik -3000

2 3 4 7 8
= 61322 + 20222 + 572* + 8427 + 4428

44
: , 50003000

and

£300°. 3000
P(x)=220 5 2% = 50025.

Finally, polynomials A(z) and p(x) are very important since they determine:

v
e the code’s design rate, r=1- %

e the code’s average performance.

Additionally, from 3.14 it can be seen that, fixing the variable degree distribution of
a code, the number of edges in the factor graph of such a code is proportional to n. This
is the essential property of LDPC codes, which makes their decoding complexity linear
with the code length given a fixed number of iterations. This is because the decoding is
performed by passing messages along the edges of the graph, hence the complexity of one
iteration is of the order of E. There are many different message-passing algorithms for
LDPC codes. The purpose of next Chapter is to introduce and analyse the sum-product
algorithm (or belief propagation).
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Definition 3.3. (The standard ensemble LDPC(A,P) [1, p.78]). Given a degree
distribution pair (A,P), define an ensemble of bipartite graphs LDPC(A,P) in the following
manner. Each graph in LDPC(A,P) has A(1) variable nodes and P(1) check nodes. As
state earlier, A; variable nodes and P; check nodes have degree i. A node of degree ¢
has i sockets from which the i edges emanate, so that in total there are A'(1) = P'(1)
sockets on each side. Label the sockets on each side with the set [A'(l)] ={1,-,A'(1)}
in some arbitrary but fixed way. Let o be a a permutation on [A'(l)]. Associate to o
a bipartite graph by connecting the i-th socket on the variable side to the o(i)-th socket
on the check side. Letting o run over the set of permutations on [A'(l)] generates a set
of bipartite graphs. Finally, we define a probability distribution over the set of graphs
by placing the uniform probability distribution on the set of permutations. This is the
ensemble of bipartite graphs LDPC(A, P). In the random graph literature this is what is

called configuration model.

It remains to associate a code with every element of LDPC(A, P). We will do so by
associating a parity-check matrix to each graph. Because of possible multiple edges and
since the encoding is done over the field s, we define the parity-check matrix H as the
binary matrix that has a non-zero entry at row ¢ and column j if the i-th check node is

connected to the j-th variable node an odd number of times.

Since to every graph we can associate a code, we use these two terms interchangeably

and we refer, e.g., to codes as elements of LDPC(A,P).

This is a subtle point: graphs are labeled (they have labeled sockets) and have a uniform
probability distribution; the induced codes are unlabelled and the probability distributions
is not necessarily the uniform one. Therefore, if in the sequel we say that we pick a code
uniformly at random we really mean that we pick a graph at random from the ensemble

of graphs and consider the induced code. &

It can be shown that ensembles with a positive fraction of degree 1 variable nodes
have non-zero bit error probability for all non-zero channel parameters even in the limit of
infinite blocklengths: by our aforementioned definition of the ensemble there is a positive
probability that two degree 1 variable nodes connect to the same check node and such a
code contains codewords of weight 2. Therefore, we only consider ensembles without degree

1 nodes.
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How to sample from an LDPC ensemble

Let us assume that we have computed the optimal (A(x),p(x)) and we wish to sample
from this ensemble.

At first, we observe that (A(x), p(x)) are the degree distributions from an edge perspective.
A way to sample is to generate the columns of the parity-check matrix H column-by-
column, generating a certain number of 1s in each column. In order to do this, we must

compute the degree distributions from a node perspective.

Lemma 3.1. If A(z) = S a1 then L(z) = Yoy Lia® with

1N\ .
Lz’: SV for Z=27'-~>£max-
X5t
Proof. Recall that \(z) = E’Ef; . Thus,

L(z) :L'(l)[IA(z)dz
0
CCKmaw .
:L'(l)f > N2z
0 =2
, ‘emaz X .
=L (1) > )\i/ 27 ldz
i=2 0

’ émaac xz
braz , )\Z ;
- 22 (z (1)-7)33
Zm(m:

1=2

Since {L;}me* is a probability mass function, we must have that Yime® L; = 1 yielding that

L'(1)= lxj . Hence, a variable node will be of degree 7, that is, it will be connected with

1 check nodjes, with probability L;. [ |

Analogous expression can be derived and proved for check node distribution. That is,

1 . .
Pizz-ﬁ% for i=2,..., "maa-
i
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In order to generate a random parity-check matrix, given (A(z), p(x)), and the length

of the codeword, n, we first compute L(x) and then proceed as in definition 3.3. Thus,
1. we compute the total number of edges, Fipiai,
2. we randomly permute the set [A'(l)],

3. for edge = 1: Eypq;, we “connect” the edge socket of the variable node side with the
permuted(edge) socket of the check node side. The most important point here is to
associate the variable node and check node sockets with the corresponding variable
and check nodes. After the association, it is easy to put “1” at the corresponding
position. That is, if i-th check node is connected to the j-th variable node an odd
number of times we put “1” in (4,j) position of the parity check matrix. Otherwise,

we put 0.
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Decoding of LDPC codes

4.1 Belief Propagation Decoding

Maximum-likelihood (ML) decoding of LDPC codes has usually exponential complexity.
We apply the belief propagation (BP) algorithm, which can be viewed as applying Bayes’
rule locally and iteratively to calculate approximate marginal a posterior: probabilities.
BP is practical since it has linear decoding complexity per iteration. In the cases where
the Tanner graph is cycle free, it can be proved that BP algorithm computes ezactly the

marginal a posteriori probabilities. Otherwise, BP provides very good approximations.

4.1.1 Factor Graphs

In this section, we follow the derivation of Chapter 2 from Richardson & Urbanke’s book [1].
Factor graphs can be used for the representation of the factorization of a multi-variable
function into a product of sub-functions. A factor graph is bipartite, i.e, the set of vertices
is partitioned into two groups, the set of nodes corresponding to variables (depicted with
circles) and the set of nodes corresponding to factors (depicted with squares). In other
words, there exists no edge that connects two factor nodes or two variable nodes. In the
following derivation, the factor graph is a (bipartite) tree, i.e., there are no cycles in the
graph. Marginals can be computed efficiently by message-passing algorithms, if the factor
graphs are trees. To simplify the calculation of a factorised function’s marginal, we will
take advantage of the distributive law. Consider that we want to compute the expression

i Ty = (X; ) (X y;) and the cardinality of 7 and j is n, it is easy to observe that, using

31
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the distributive law, we have a computational reduction from n? to 2n.

Let Z = (x1,x9, 23,24, T5, T6, T7) and a function f that can be factorised as follows:

(D) = fi(x1, 29, 3) fo(@1, 04) f3(21, 6, T7) fa( T4, 5) f5(24) fs (22) 4.1

and suppose that we wish to compute the marginal of f with respect to variable z1, then

fxi (1) = ZZZ ZZZf(xlax2ux3ax4vx5ax67x7)

2 T3 T4 T Te TT

= Z f(.Tl,IQ, €3, $4,$5,ZE6,$7)
~T1

= > filar, zo,23) fowy, 24) fs(w1, 26, 27) fa( s, 25) f5(24) fo(22) 4.2

~T]

where ~ ;1 denotes the sum over all variables except x;. Assuming that all variables take
values in a finite discrete alphabet X, brute force method requires ©(|X|”) operations for
the computation fy, (7).

Applying the distributive law in 4.2, we have:

Ix (1) = Z fi(wy, 20, 23) fowr, 24) f3(21, 265 27) fa(a, 75) f5(24) f6 (72)

~T

- [Z (f6(x2) ;3: fi(a1, s, a:g))“ >, (f5(174)f2(«’70171’4) ; f4($47$5))]

T2 T4

[ Z f3(371,$6,1’7)]- 4.3

Z6,T7

In 4.3 the first factor can be efficiently evaluated in the following manner. For each value of
variable xo and x; fixed, determine the sum over variable x5 (requires ©(]X|) operations),
multiply by fs(z2) and sum over xs. Hence, the first term will be computed in ©(|X|?)
operations. In the same fashion, the computation of the second factor requires O(|X|?)
operations. The last factor is a sum over variables xg and x7, consequently, this factor
requires O(|X|?) operations. Finally, the overall task to compute the marginal fx, (1)
requires O(|X'|?) operations, since variable x; has |X| possible values. We can observe that

applying the distributive law leads to more efficient computations.
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Figure 4.1: Factor Graph of the factorisation of function f with respect to variable x;.

Likewise, for marginal of f w.r.t. variables x5, x3, x4 etc. For instance,

fxo(x2) = Z Ji(wy, 20, 23) fo(w1, 24) f3(21, 26, 27) fa(a, 25) f5(24) f6 (72)

~To

= f6($2)[ >, ( Y falwr, 24) f5(2a) Y fa(a, 5) )( Y, fs(x1,26,27) )( ; fi(z1, 72, 73) ) ]

1 T4 5 Z6,L7

~ ~

%] | 2] |X]

X2

|23

fxi(@a) = D" fi(wy, wa, w3) fo(wr, 24) f3 (21, 26, 27) fa(@a, 25) f5 (24) fo (22)

~Ty

= f5(x4) Z(f2(3317334)( Z <f6(952) Zfl(wl,xz,wza) ) )( Zf4(334,$5) )( Z f3(1,76,77) )) .

T6,L7

~~

] | %] X[

~

|2

B
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Hence, the overall task to compute the marginals fx,(x2) and fx,(z4) requires ©(|X[*)

operations, since variables x5 and x4 have |X| possible values.

Example 4.1. Let C be a binary linear block code defined by the generator matrix

[ S S G
—_ = O
— = O
_ o O

and parity check matrix

Ty T T3 X4 Ty
=0 0 1 1 0 4.4
11 1 0 1

Recall that matrix G generates a linear code since it has full row rank. We define Fy = {0,1}
and x = (x1,...,25). Consider the function f(z1,...,25) from F} to {0,1} c R that is
defined by

1, if Hx" =0,
f($17...7175) = ]]_{xec} = 4.5
0, otherwise.

Function f is called code membership function, since it tests whether a particular word x

is a member of the code or not. Hence, due to 4.5, function f can be factorised as

f(xl) R 7x5) = ]]-{z3+x4=0} ' ﬂ-{zl+x2+x3+x5=0}' 4‘6

The Factor Graph of f is also called the Tanner graph of H and is depicted in Fig. 4.2.
Also, notice that the following Tanner graph is cycle free. That is, for each z;, there is not

a path that starts from x; that leads to itself. O
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L5
XL
4 T Dro®ars®as=0
L3
23 Dxg =0
W,
L1

Figure 4.2: Factor graph representation of the code membership function based on the

factorisation in 4.6.

4.1.2 Message Passing

Consider a factorization of a generic function g. Since the factor graph of ¢ is a bipartite

tree, g can be factorised as

g(z,...):ﬁ[gk(z,...)], KeZ*, 4.7

k=1

with the following crucial property: 2z appears in each of the factors g, but all other
variables appear in only one factor (consequence of the event that factor graph of g is a

tree). Hence, due to 4.7, the factorisation in 4.1 can be written as

f(ry,.. 7)) = [f1(3317$2,$3)f6($2)] [fz(ﬂﬁla1174)f4(3?47$5)f5(334)] [f3(9€17$6a»’177)]- 4.8

~

g1(z1,...) g2(x1,...) gs(x1,...)

We observe that the aforementioned property holds. That is, x; appears in each of the
three factors, but all other variables, appear in only one factor.

Applying the distributive law in 4.7, we obtain

gg(zw--):Zﬁ[Qk(Z,---)]=ﬁ2[gk(z,...)]. 4.9

~z k=1 k=1 ~z

marginal of product product of marginals
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Figure 4.3: Factor graph representation of expansion in 4.8.

That is, 4.3 can be equivalently written as

fxi (1) = Y fi(wy, @2, 3) fo(ar, 24) f3 (21, w6, 07) fala, 25) f (24) fo (22)

~T]

=> ( [f1(9017$2>~’173)f6(9€2)] [fz(ivl,1174)f4(9€4,3¢5)f5($4)] [f3(5€179067$7)])

~T1

~

g1(z1,...) g2(x1,...) g3(x1,...)

= [ Z f6($2)f1(3?1, 332,-733)“ Z f5(9€4)f2($1, $4)f4($4,£135)]

~T1 ~T1

l2f3($17$6,$7)]' 4.10

~IT1

We can go further applying the same recursively to each of the terms gi(z,...), until no
further expansion can be applied. Each gy is itself a product of factors and since the factor

graph is a bipartite tree, g, must in turn have a generic factorization of the form

gk(z,...):h(z,zl,...,zK)ﬁ[hk(zk,...)]. 4.11

kernel

From 4.8, we observe that the first and the second factor ( i.e. gi(z1,...) and go(z1,...) )
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can be further expanded but not the third one. According to 4.11, we have

91(w1,..) = [fi(@nwa, ) folwn) | = filan,wn,s)-[ Folea) |- 1] |

———— ——
z2 z3

kernel

g2(21,...) = [f2(901,$4)f4(174a 5175)f5(f4)] = fo(w1,24) - [f4($47$5)f5(a74)]7

~

T4

and

93(331,---)=f3(9€1,9€6>337)=f3(331,336,5137)' [1] : [1] .
—_— ) —— ——
kernel Te6 x7

4.12

4.13

4.14

; /
N _[f_4f5— _ 62
(a) (b)
Figure 4.4: Factor graph representation of the expansion of factors g; (x1,--+) and go(x1,-*)
respectively.
Consequently,

ge(2) = Zz:gk(z, )= ;h(z,zl, . ,ZK)ﬁ[hk(zk, .. )]
- Zzh(z,zl,...,zK)ﬁ[th(zk,...)].

k=1 "~z

product of marginals

4.15
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The desired marginal ¥ _, gr(z,...) can be computed efficiently by multiplying the kernel
function h(z,z1,...,2x) with the individual marginals and summing over all variables
except z. In general, nodes in the graph compute marginals (messages), which are functions
over X. This recursive splitting continues until we have reached the leaves of the tree.

Whereas, the marginal calculation follows the recursive splitting in reverse.

4.1.3 Marginalisation via Message Passing

In the previous subsection, we discussed how the marginalisation problem can be recursively
broken into smaller tasks due to the tree structure of the factor graph. Therefore, a function
(or check) leaf node has the generic form gi(z), so that gx(z) = Y., gx(2). This means
that the initial message sent by a function leaf node is the function itself. That is, in 4.13
we can further decompose the factor [ fi(z4,z5) f5(24)] according to 4.11 and we’ll have
f5(x4) = ¥.p, f5(24). The initial message for a variable leaf node is 1 as we can easily
observe from 4.12. In the sequel, we will state the message passing algorithm which will

help us compute efficiently marginals.

Message Passing Algorithm

Messages signify marginals of parts of the function and are combined in order to calculate
the marginal of the global function. Message passing originates at leaf nodes. The message
passing algorithm works in a straightforward way. Messages are passed up the tree, as
soon as a parent node has received all the incoming (child) messages. The message-passing
algorithm ends when the last parent node is the root node of the tree where the final
message multiplications happens.

Let us consider the factorisation of function f as shown in 4.1 and implement the marginal-
isation according to rule in 4.15 for function (check) nodes and point-wise multiplication
for variable nodes. The initialisation step for both the factor and the variable nodes is
depicted in Fig. 4.5(b). The initial messages sent along the edges are: fi s, (z6) = 1,
Harfs (T7) = 1, faspy (T5) = 1, fpgons (T2) = Log, fo(@2) = fo(22) and pigyp (23) = 1. In
the next time step, factor node f3 and f; as well as variable node x5, have received all the
incoming (child) messages, hence, the corresponding outgoing messages from these nodes

can be passed up the tree. Therefore, as depicted in Fig. 4.5(c), fo,p, (22) = fo(22),
qu4—>564($4) = Z~x4 f4($’4,1’5) and Hfs—zq (xl) = Z~zl f3($1ax6ax7)'
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In the sequel (see Fig. 4.5(d) ), variable node z4 and factor node f; have received all in-
coming child messages, therefore, the corresponding outgoing messages will be: fi,, 1, (74) =

f5(904) ZNM f4(904,$5) = ZNM f4(904,$5)f5(904) and ,U«fl—ncl(xl) = Zm f1($17172,503)f6(x2)-

Afterwards, factor node fy; has received all of its incoming messages, hence, as shown in

Fig. 4.5(e), tifyoe, (21) = Xy, fo(@1,74) Xopy fa(@a, 25) f5(24) = X0y fo(1,24) fa(a, T5) f5(24).
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Finally, root node x, has received all incoming child messages, therefore!

Ixi(z1) = Xoa, fifafsfafsfs.

iyl Z filafsfafsfe

Figure 4.5: Steps of Single Message Passing (SMP) Algorithm for computing marginal
f(z1).

Bidirectional Message Passing

In bit-wise MAP decoding, we need to compute marginals over all variables. If we apply the
previous single message passing algorithm we need to make the aforementioned derivation
for each variable z;, i.e., to draw for each variable, the corresponding tree rooted in this
variable and execute the single message passing algorithm with the same way as in Fig. 4.5.

It is easy to see, however, that this is computationally demanding.

!Notice that in Fig. 4.5, when we write Yu, J1fe we mean Y, f1(x1,22,23) f6(r2). We omit x;s so

that the shapes be more clear.
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4ip) Ed/s
Je
4
@ + | Q714
X3 J1 o
T
® 0] ® n—e
6 I3 X7 Ja

Figure 4.6: Equivalent Factor graph representation of Fig. 4.5(a) without hanging from

a root node.

Moreover, SMP algorithm does not depend on which x; is the root of the tree, i.e., the
factor graph remains a tree. Hence, we can spread the factor graph as shown in Fig. 4.6
and calculate all marginals simultaneously on a single tree. The marginalisation task starts
from all leaf nodes. In our case, the leaves are: fg, x3, Tg, 7, x5 and f5. Then, for every
edge we compute the outgoing message along this edge as soon as we have received all the
incoming messages along all other edges that connect to the given node. We continue in
the same fashion, until a message has been sent in both directions along every edge. Hence,
we have computed all marginals. Since the messages represent probabilities or beliefs, the
algorithm is also known as the belief propagation (BP) algorithm. The complexity of BP
algorithm is roughly the same as that of the SMP algorithm, but SMP computes a marginal

w.r.t. x;, whereas, BP computes all marginals.

XL Initialisation at f
leaf nodes
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o) = 1 (o) ) = Y 1Goreoe o) [ )

f variable/check node £
rules

Jr41
HE+1
K+1
final marginalisation L fl=) = k:];[1 pl)
step -

fi fr Ik
(b)

Figure 4.7: Message-Passing Rules for BP algorithm.

Example 4.2. Consider the factorisation in 4.1 and the corresponding factor graph as
depicted in Fig. 4.6. In order to give the intuition of how BP algorithm works, we will

present a step-by-step derivation. Recall that, the leaves are fg, x3, xg, 7, x5 and fs.

e Round 1

According to rule in Fig. 4.7(a), leaf nodes will sent the messages:

L fsoa (72) = fo(22) = X s, fo(22).
2. sy (Ta) = f5(24) = Xogy f5(w4).

3. ,uxs—>f1(:c3) =1
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4. Hae—fs (xﬁ) =1
5. farps(27) = 1.
6. ,Uz5—>f4($5) =1

Je

e Round 2

According to the two rules on the top of Fig. 4.7(b) we have:

1. Mzo—fr (ZBQ) = U fe—mxo (:EQ) = fG(zQ)'
2. :uf4—>x4('r4) = Z~x4 f4(IL‘4,I5) -1

3. Since f3 has received all of its incoming messages, we have

Pfyoay (1) = Xop, f3(21, 06, 27) - 1- 1.

 —

Je

4

l

Ja

Elfs

@14

.

D —

i)
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e Round 3

Notice that only check node f; and variable node x4 have received all of their incoming

messages. Therefore,

Lopifyng (1) = Xopy fr(@1, 22, 23) - fo(22) - 1.
2. Mx4—>f2($4) = Z~x4 f4(flf4>$5) 'f5($4)-

L9 E/s
Je l
. s Ll <
@ + | Q714
X3 fi T J2 T

e Round 4

L fipyoay (01) = Xogy f2(21,24)  flay gy (14) = Xy fo(1,04) fa(a, 25) f5(24).
2. Since z; has received the incoming messages from f; and f3, it forwards its

outgoing message to check node f,. Hence,
Ma:ﬁfz(xl) = /ifsﬂl(l'l) ',ufﬁml(ld) =Y Ji(wy, 20, 23) f3(21, 26, 27) f6 (2).

—_—

L9 E/s

Je l
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e Round 5
Note that at this point, it can be proved [10, p.59] that we are able to compute the
marginal fx, (z1) by simple point-wise multiplication of the messages over the edge
(z1,f2). That is, fx,(21) = ffyou, (1) - flay—p,(x1). Equivalently, we can omit the
aforementioned procedure and apply at each variable node, the rule on the bottom
of Fig. 4.7(b) as soon as we finish with the remaining rounds. At this round, the

outgoing messages will be:

Lo oy opy (01) = ppymay (1) gy (1) = 2oy fo(@1, 24) f3(21, 76, 07) fa (74, T5) f5(24).
20 Py gy (T1) = gy sy (T1) Ppyosay (01) = Xy J1(21, T2, 73) f2 (21, 74) fa(a, 75) f5(24) fo (22).

3. Nf2—>$4(x4) = ZNM f2($1,$4)u$1_>f2 (xl)

—
4ip) E/s

Je l

—

e Round 6

There are six outgoing messages, since there are six “available” nodes. Hence,

Lo gy (76) = Dogg [3(21, %6, 07) * play g5 (21) - 1= X frfafsfafs5 e

2. fifynar (07) = Xor f3(21, 6, 07)  ploy gy (1) - 1= Xy, frfofsfafs fe

3o ppimas (23) = Xy J1(21, %2, 03) - phag— gy (02) - paoy g (21) = Xy Srf2f3Sa 5 s
Ao fify ey (T2) = Py i (23) * fay gy (01) = Xy f1faf3fa 5.

5. My fs (%4) = Ppyosay (Ta) * pomaa (T4).

6. oy ps(T4) = Ppamas (T4) - fpsmas (X4) = Ty [ifsfo Xowy f2 [5(04)-
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Ed/s

I

_ =— @4
-
4—

e Round 7

The two remaining outgoing messages are:

Lo fhayoge(T2) = fifyoay (22) = onzs J1S2S3 S0 S5
2. :uf4%965(x5) = Z~x5 f4(£€4,3}5) ‘Mx4»f4(374) = Z~x5 f1f2f3f4f5f6-

Ed/s

I

Figure 4.8: Implementation of the Belief Propagation Algorithm. Different arrows corre-
spond to different rounds. Likewise, same arrows correspond to outgoing messages at the

same round.
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e Final Marginalisation Step
In Fig. 4.8(g), we observe that messages have been sent in both directions along
every edge. Consequently, we will apply the bottom rule of Fig. 4.7(b) and we will

have:

L fx (1) = ooy (@) o (B1) a0y (1) = Ty frfof3 1S5 6.
2. fxo(22) = pf oy (T2) fhfgay (X2) = X, J1 oS3 faf5 o
Ix3(23) = figmas (23) = 2oy [1lof3faf5 6
Fxi(@a) = ppsmas (@) pisas (Ta) fofymas (X4) = X, Jrfofsfaf5 s
) =
)
) =

AR

Xoas J1f2f3faf5 f6-
2oxg J1I2S3faf5 f6-
Xoar 1f23faf5 f6-

sz (1’5) = Pfy—as (l’5

6. fXG(xﬁ) = MfS_’IS(xG
7. fX7(x7) = :uf3—>937('r7

Therefore, applying the message-passing rules for BP algorithm, we compute all marginals

efficiently on a single bidirectional tree. O

4.1.4 Decoding via Message Passing

Bit-Wise MAP Decoding

Assume a binary input X; € {1} is transmitted over a memoryless channel, i.e., py/x (y/z) =

[Ti-1 pvi/x, (yi/xi), using a linear code C whose parity-check matrix #H is defined in 4.4.
Also, assume that codewords are chosen uniformly at random i.e. p(x) = ? Then, the
rule for the bit — wise MAP decoder reads:

2 MAP (y) = argmax px, v (2:/y)

ze{£l}

(law of total probability) = argmax »_ px/y (x/y)Lxec(m)

a:ie{il} ~T;

(bayes’s rule) = argmax Zpy/x(y/x)px(x) Lxec(m)

a:ie{il} ~T;

(memoryless channel, uniform priors) = argmax Z ( H py;x; (Yj/ x])) xec) 4.16

wie{£l} ~xy \ g
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Furthermore, using the factorisation in 4.6 and applying the rule of 4.16, bit-wise map

decoder can be written as:

5
~ MAP
xi (Y) = Z ( Hp}/}/XJ (y]/xj))ﬂ{$3+1‘4—0} : ]]-{$1+:Eg+1‘3+m5:0}' 4'17
~ai \ j=1
Hence, from 4.17 it is clear that the bit-wise decoding problem is equivalent to calculating
the marginal of a factorized function and choosing the value that maximizes this marginal.
The corresponding factor graph of 4.17 is shown in Fig. 4.9. We have seen that factor
nodes represent the code membership function. We set a function node connected with

each variable node in order to represent the effect of the channel?.

p(Ys/s5)

plya/za) 21 QT3 D5 =0
p(y3/x3) T3 O ay = 0

p(y2/x2)

p(y1/x1)

Figure 4.9: Extended factor graph of Fig. 4.2 containing the effect of the channel.

Notice that the above graph is a tree. We can therefore apply the message-passing algorithm

to perform bit-wise MAP decoding.

Simplification of the Message-Passing rules

In the binary case (i.e., X; € {£1}), a message p(x) can be thought as a real-valued vector
with length 2, ((1),(=1)). The initial such message sent from the factor leaf node to
variable node i is (py,/x,(¥i/1),Pyv,/x,(yi/ = 1)). Recall that at a variable node of degree

K +1 the message-passing rule is given by point-wise multiplication therefore,

u(1) = ﬁukm, u(-1) = ﬁuk<—1>. 418

2p(yi/z;) denotes the i-th channel realization to variable node i.
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We introduce the ratio rj, £ £* (( 1)) These ratios are the likelihood ratios associated with

channel observations. Consequently
_ (1) _ Hf:l,uk(l) :ﬁrk
p(=1)  Thoy pe(=1) ke

That is, the ratio of the outgoing messages at a variable node is the product of the incom-

4.19

ing ratios. Taking the log-likelihood ratios I, = In(r;) we derive I = Y1 1.

At check nodes (or factor nodes) the proof of the outgoing message ratio is more com-
plex than the previous derivation. For a check node with degree J+1 the associated kernel

function is
f(@ w0, 20) = Lyps 4 may 4.20

Note that in example 4.1 we had modulo-2 sum for the code membership function since we
had bit values {0,1}. Now we consider bit values {1}, hence, the modulo-2 sum becomes

product. Therefore

_opd) S F(Lwr, ) T () (2.16) Yoo Lin, ajmny IT7-1 15 ()
p(-1) X, f(-1,wy, - 2g) T () e Ly aymoy T 15(25)

j==

J J o pi(zy)
Zm,-~~,m:n;-’:1:cj=1 [T5e1 115(5) ~ Zm,-",mﬂ" soy=1 o oy

J N J o pi(zy)
me',m:ﬂ;’}le—l Hj:l Hj (33]) Zm;",:v(ﬁﬂ L zj=—1 H] 1 M]( ]1)

(1+(Ej)

2

H}]:l(Tj +1) + H}]ﬂ(rj -1)

@ = J J
Zx e[l zj=—-1 H] 1 7’(“2 : Hj:l(rj + 1) N Hj=1(rj - 1)
1Tl 5=

J
(a) Zzl,---,erl'Ij:1 z;=1 Hj:l Tj

M_ 4.21
1= HJ ri+1
(1+zy) 1, T, = —1,
In (a) we simply define r; £ Z 1y» Which gives that r; * =

In (b), we expand the products H}]:1(7"j +1), H}]:1(7"j - 1) and we observe that

J (1+‘L )

ﬁ(rﬁl)ﬂi(ﬁ—l):?' > [Ir;

xl)”')‘rJ:H}'Izl :17]—1 .] 1
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Similarly,

J (1+m]-)

Ij(rj+1)_é(rj_1):2- 3 [1r,

:m,“-,:rJ:l_[;v]:l zj=-17=1

In (¢) we divided numerator and denominator by H}-jzl(rj +1).

Moreover
1+11; :i% 211, :j%
r-1 tIEg -1 ri—1
- A = 2” = L 4.22
r+1 141,25 —r  ; rj+l
A+l FlLis
1_1_[.7 7‘;+1
From r = ef, it follows that
-1 l
~ - —tanh(=). 4.23
r+1 2
To verify 4.23, we use the algebraic expression tanh(x) = 22;2:2 and we take:
S Y _q
tanh(é/?):ej ¢ z . j(e ):T ,
ez+e2 e2(ef+1) T+l
Combining with the expression in 4.22 we have:
"L () = [T ﬁt h(¢;/2) 4.24
= tan = = aln : . .
r+1 S+l g !
Hence,
J
(=2-tanh™’ ( Htanh(ﬁj/2)). 4.25
j=1

To summarize, in the case of transmission over a binary channel, the messages can be
compressed to a single real quantity. More precisely, if we choose this quantity to be the
log of the ratio of the two likelihoods, then the processing rules are simplified at variable
nodes with the addition of individual messages and at check nodes the processing rule is

stated in 4.25.
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4.1.5 BP decoding for the BEC

The binary erasure channel (BEC) shown in Figure 4.10 transmits one of two symbols,
usually the binary digits {0,1}. However, the receiver either receives the bit correctly or
it receives a message “?” that the bit was erased. In other words, BEC does not introduce
errors. The BEC erases a bit with probability e. Hence, the channel transition probabilities

are:

p(Y =0/X=0)=1--
p(Y =0/X =1) =0.
p(Y=1/X=1)=1-¢
p(Y =1/X=0)=0.
p(Y =7/X=0)=ec
p(Y=2/X=1)=e

0 @ 1—e¢ ® 0
\.
X R
€
1 @ @1
1—¢

Figure 4.10: The binary erasure channel (BEC).

The BEC does not flip bits, therefore, if Y is received as 1 or 0 then the receiver can be
completely certain of the value of X. Namely, p(X =0/Y =0)=1and p(X =1/Y =1) =1.

In the previous subsections, we introduced a message-passing algorithm to accomplish
the decoding task. We will now specialize this algorithm to the BEC. The Tanner graph
of an LDPC code (and so the factor graph corresponding to the bit-wise MAP decoding)
is not usually a tree. If the factor graph is a tree, then the decoding scheme is the classic
message-passing procedure, i.e., start at the leaf nodes and send a message once all incoming
messages required for the computation have arrived. Otherwise, (i.e. code with cycles)
we proceed in iterations. We start by processing incoming messages at check nodes and

then sending the resulting outgoing messages to variable nodes along all edges. These
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messages are subsequently processed at the variable nodes and the outgoing messages are
sent back along all edges to the check nodes. This constitutes one round of message passing.
Note that, initially, variable nodes send the messages received from the channel to their
neighbouring check nodes.

Hence the initial messages are:

(15(0), 15(1)) = (p(y;/0), p(y;/1)) 4.26

For the BEC, the possible initial messages are (1 - €, 0), (6, e), (O, 1- e) corresponding to
the received values “07, “?” and “1” respectively. Recall that the normalization of the
messages plays no role. We discussed in § 4.1.4, that we only need to know the ratio and
this inference stays valid if the graph contains cycles. Therefore, equivalently we can work
with the set of messages (1,0), (1,1) and (0,1).

We now state the processing rules. We claim that the general message-passing rules can
be simplified to the following:

At a variable node, the outgoing message is an erasure if all incoming messages are era-
sures. Otherwise, namely if there is at least a non-erasure incoming message, the outgoing
message is equal to this common value (“0” or “1”). This simplified rule can be proved
easily due to message-passing rule in Fig. 4.7(b). The outgoing message is computed by
component-wise multiplication of all incoming messages. Consider a variable node with
degree 3. If the two incoming messages are erasures, i.e., messages (1,1) and (1,1), then
the outgoing message p(x) = (1,1)-(1,1) = (1,1) will be an erasure. Otherwise, if one of
the two incoming messages is an erasure and the other is for instance the message “1” i.e.
(0,1-¢) normalized (0,1) then, the outgoing message will be p(x) = (1,1)-(0,1) = (0,1)-the
common value of the incoming message. Hence, we confirmed the simplification rule.

At a check node, the outgoing message is an erasure if any of the incoming messages is an
erasure. Otherwise, the outgoing message is the modulo-2 sum of the incoming messages.
Consider again a check node with degree 3 with two incoming messages. Since check nodes
of higher degree can be modelled as the cascade of several check nodes, each of which has
two inputs and one output.

Assume that the incoming messages are (11(0),1(1)) = (1,0) and (p2(0), p2(1)) = (0,1).
The message-passing rule at check node is stated in Fig. 4.7(b). Moreover, due to 4.20
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the outgoing message is?

(M(O)alﬁ(l)) :( Z ﬂ{x1+x2=0}ul($1)ﬂ2($2), Z ]]-{x1+x2=l}ﬂl(xl)ﬂ2(x2))

1,22 Z1,T2

T1,T2: ac1®;r2 0 T1,r2:x1Dx2=1

H(Dpa(1) + 1 (0)p2(0), i (0)pia(1) + i (1)2(0)

0-1+41-0,1-140- 0) (0,1) 4.27

( p1 (1) pra(2), Z Ml(xl)/iz(@))
¢
(

Indeed, the result in 4.27 is equal to the modulo-2 sum of the incoming messages, since,
1®0 =1 and (0,1) refer to “1” message. In addition, if the two incoming messages are
(M(O),Ml(l)) = (1,0) and (p2(0), u2(1)) = (1,1), i.e., the second message is an erasure
then, from 4.27, the outgoing message will be equal to (0-1+1-1,1-1+0-1) =(1,1), i.e.,

an erasure as we expected.

Example 4.3. Consider the LDPC code C which consists of all length-6 vectors ¢ =

(c1 ¢+ cg) with a regular parity-check matrix

O = = O

0
0
.k
1

_ O = O
= o O =

O = O =
O O ==

Assume an encoded codeword ¢ =[001011]. The vector c is sent through the BEC and
the vector y = [001777] is received. Message-passing decoding is used to recover the
erased bits. Figure 4.11 shows graphically the messages passed in the message-passing

decoder.

In iteration 0 (initialization step) the variable-to-check messages correspond to the re-
ceived values. Consequently, X which denotes the current estimate of the transmitted word

is equal to y.

3notice that in 4.20 there’s a product. In our case, this will be replaced by a summation since we have

bit values {0,1} and not symbols +1.
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check-to-variable variable-to-check
<« R —

xry
6 7?77
5 4 [
4 3 ? 7
3 > 11
2 00

1

1 00

(a) Initialization step.

At iteration 1, the messages sent to variable nodes are shown on the left of Figure

4.11(b). For instance, the messages sent from check node 1 are

#9@(y4) =0®0=0, #4@(.@2) =7, M{D(yl) =7,

We follow the same procedure for check nodes 2, 3 and 4. On the right of this figure there
are the messages sent from variable to check nodes. Hence, the iteration 1 is completed.
Observe that, in this round, the 4th variable node has the value 0 due to /L_>®(y4) and
the 5th has the value 1 due to message p%@(%) =10 =1. Therefore, we recovered
the 4th and 5th bit.
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check-to-variable

T
6 ?
5 4 1
4 3 0
3 5 1
2 1 0
1 0

(b) Iteration one.

variable-to-check
Yy }

At round 2, we attend the same as previously and we recover the 6th bit due to message

M_}@(yﬁ) =0e1=1.

check-to-variable
<_

T
5 ‘\ S 4 1
4 3 0
3 > 1
2 1 0
1 0

(c) Tteration two.

variable-to-check

e

? 4
? 3
1 2
0 1

Figure 4.11: Message passing decoding in order to find the erased part of the codeword.

The dotted arrows correspond to messages “bit=1", the solid line correspond to message

“bit= 7”7 and the broken arrows correspond to messages “bit=0".

Therefore, we recovered the codeword c.
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4.2 The principle of iterative decoding

Before studying methods of LDPC code analysis, we discuss the principle of iterative

decoding [9] to make the goal of the analysis clear.

Extrinsic information to
the next information

One iteration of

Algorithm «—— Information from the channel

(intrinsic information)

Extrinsic information from
the previous iteration

Figure 4.12: The principle of iterative decoding.

An iterative decoder, as shown in Fig. 4.12, at each iteration uses two sources of
knowledge about the transmitted codeword: the intrinsic information from the channel
and the information from the previous iteration. From these sources, the decoding algo-
rithm attempts to obtain a better knowledge about the transmitted codeword, using this
knowledge as the extrinsic information for the next iteration. In a successful decoding, the
extrinsic information is getting better and better as the decoder iterates. Therefore, in all
methods of analysis of iterative decoders, the statistics of the extrinsic messages at each
iteration are studied.

Studying the evolution of the pdf of extrinsic messages iteration by iteration is known as
density evolution. However, as an approximate analysis, one may study the evolution of a

representative of this density (e.g. mean of a Gaussian pdf).
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4.3 The decoding tree

Consider an updated message from a variable node v of degree d, to a check node in
the decoder. This message is computed from d, — 1 incoming messages and the channel
message. These d, — 1 incoming messages are in fact the outgoing messages of some check
nodes, which are updated previously. Consider one of those messages with its check node
c of degree d.. The outgoing message of this check node is computed from d. -1 incoming
messages to c. One can repeat this for all the check nodes connected to v to form a decoding

tree of depth one. An example of such a decoding tree is depicted in Fig. 4.13.

Input to the next iteration
Channel H—)‘

Output from the previous iteration

Figure 4.13: The depth-one decoding tree for a regular (3,6) LDPC code.

Continuing in the same fashion, one can get the decoding tree of any depth. Fig. 4.14
shows an example of a depth-two decoding tree. Notice that, when the factor graph is a
tree, the messages in the decoding tree of any depth are indepedent. If the factor graph
has cycles and its girth is 2- /¢, then up to depth ¢ the messages in the decoding tree are
indepedent. Therefore, the independence assumption is correct up to ¢ iterations and is

an approximation for subsequent iterations.
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Iteration i

Channel ﬂ—>

ﬁ%\mﬁ NN VZAN

Output from the previous iteration

Figure 4.14: The depth-two decoding tree for an irregular LDPC code.



Chapter

Analysis & Design of LDPC codes

5.1 Density Evolution for LDPC Codes

In 2001, Richardson and Urbanke [5] proposed a technique called density evolution, which
tracks the evolution of the pdf of the messages, iteration by iteration. Density Evolution is
the most common method for asymptotic behaviour analysis. It can predict the decoding
performance of a code ensemble in the limit of infinite blocklength using only the degree
distributions of the code. To be able to define a density for the messages, they needed
a property for channel and decoding, called the symmetry conditions. The symmetry
conditions require the channel to be symmetric (see Definition in 2.2) and the decoding
update rules to satisfy some symmetry properties as follows.

Check node symmetry: The check node update rule [9, p.25] is symmetric if

de-1
CHK(blmh b2m27 SRR bdc—lmdc—l) = CHK(m17 mo,..., mdc—l)( H bl) 5.1
i=1
for any +1 sequence (by, ba,...,bs_1). Namely, signs factor out of check node messages

maps. Here, CHK() is the check update rule, which takes d. - 1 input messages and
generates one output message.

Variable node symmetry: The variable node update rule [9, p.25] is symmetric if
VAR(—mo, , My, ..., —mdrl) = —VAR(TTL(), , My, ..., mdv,l) 5.2

i.e. sign inversion invariance of variable node message maps holds. Here, VAR() is the
variable node update rule, which has inputs d, — 1 messages together with the channel

message mg and generates one output message.

29
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Under the symmetry conditions and assuming a linear code, the convergence behaviour
of the decoder is independent of the transmitted codeword. Consequently, one may assume
that the all-zero codeword is transmitted. In practice, discrete density evolution [11] is
used. The idea is to quantize the message alphabet and use pmfs instead of pdfs to make
a computer implementation possible.

Density evolution is not specific to LDPC codes. It is a technique which can be adopted
for other codes defined on graphs associated with iterative decoding. However, it becomes

intractable when the codes are complex as in turbo codes [9, p.25].

5.1.1 BEC Channel

Rather than analysing individual codes it suffices to assess the ensemble average perfor-
mance. This is true, since, as the next theorem asserts, the individual elements of an

ensemble behave with high probability close to the ensemble average.

Theorem 5.1. ( [1, p.85], Concentration around Ensemble Average). Let a Tanner
graph G, chosen uniformly at random from LDPC(n, A, p), be used for transmission over
the BEC(€). Assume that the decoder performs ¢ rounds of message-passing decoding and
let PPP(G,e,£) denote the resulting bit erasure probability. Then for ¢ fixed and for any
given § > 0, there exist an a >0, o = a(\, p,€,0,¢) such that

P{ ‘ PbBP(G’ 676) - EG'E LDPC(n,\ I:PbBP(G/a 676)] | > 5} <e 5.3

D)

This probability tends to 0 as the blocklength tends to infinity, since ¢ is strictly positive.

In words, the theorem asserts that all except an exponentially (in the blocklength) small
fraction of codes behave within an arbitrarily small § from the ensemble average. Assuming
sufficiently large blocklengths, the ensemble average behaviour is a good indicator for the
individual behaviour. We therefore focus our effort on the design and construction of
ensembles whose average performance approaches the Shannon theoretic limit.

The concentration results proved in [5] guarantee that, for sufficiently large block
lengths, almost every code in the given ensemble will have vanishing probability of bit
error for channels with parameters below the calculated threshold.

A first big simplification stems from the realization that the performance is independent

of the transmitted codeword and is only a function of the erasure pattern: at any iteration,
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the set of known variable nodes is only a function of the set of known messages but
independent of their values. The equivalent statement is true for the set of known check

nodes.

Theorem 5.2. ( [1, p.85], Conditional Independence of Erasure Probability).
Let G be a Tanner graph representing a binary linear code C. Assume that C is used to
transmit over BEC(¢€) and assume that the decoder performs message-passing decoding on
G. Let PPP(G, ¢, £,x) denote the conditional bit erasure probability after the ¢-th decoding
iteration assuming x was sent, x € C. Then,
PPP(G e, 0,x) = |?1| S PPP(G,e,t,x) = PPP(G,e,0) 5.4
x'eC

i.e. PPP(G, ¢, (,x) is independent of the transmitted codeword.

As a consequence, we are free to choose a particular codeword and to analyse the
performance of the system assuming that this codeword was sent. It is natural to assume
that the “all-zero word”, which is contained in every linear code, was sent. We refer to
this assumption as the “all-zero codeword” assumption.

Another important statement is that for long codes (i.e. large block lengths) the average

behaviour converges (in the block length n) to that of the cycle-free case.

Description of Density Evolution

The basic assumption is that the computation graph [1, p.87] spanned by belief-propagation
at round ¢ (denoted T;) is a tree, meaning that the messages exchanged by the BP algo-
rithm are independent, hence all APPs are marginalised correctly. In BEC case, Density
Evolution tracks the mean message erasure probability of the variable-to-check messages
for each round of the belief propagation algorithm. By definition, the initial messages to
check nodes are the observed values of the variable nodes, which have an erasure probability
ee[0,1].

Theorem 5.3. ( [1, p.95]). Consider a degree distribution pair (\,p). Then there is an
explicit recursion which connects the distributions of messages passed from variable nodes
to check nodes at two consecutive rounds of belief-propagation. The expected fraction of

erasure messages which are passed in the /-th iteration, call it z,, evolves as

xp=€e-M1-p(1-x41)). 5.5
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Proof. At round 0 the mean variable-to-check erasure probability under BP is P%P = €,
where ng denotes the mean variable-to-check erasure probability under BP at round /.
Let ng = x,.We will now use induction to find an expression for z, as a function of
the erasure probability at the previous iteration, namely z,,. We start with check-to-
variable messages in the (¢ + 1)-th round. Recall that by definition of the algorithm a
check-to-variable message emitted by a check node of degree ¢ along a particular edge is
the erasure message, if any of the 2 — 1 incoming messages is an erasure. By assumption,
each such message is an erasure with probability x, and all messages are independent,
so that the probability that the outgoing message is an erasure is equal 1 — (1 — )L,
Since the edge has probability p; to be connected to a check node of degree 7 it follows
that the expected erasure probability of a check-to-variable message at (¢ + 1)-th round is
equal to Y, pi- (1= (1 —xp)" 1) =1-p(1-2,). Now consider the erasure probability of the
variable-to-check messages in the (¢ + 1)-th round. Consider an edge e that is connected
to a variable node of degree . The outgoing variable-to-check message along this edge in
the (¢ + 1)-th round is an erasure if the received value of the associated variable node is
an erasure and all ¢ — 1 incoming messages are erasures. This happens with probability
€-(1-p(1—-xp))"t. Averaging again over the edge degree distribution A we get that
PPP = wpq =Y Nive- (1= p(1 =) = - AM(1 - p(1 - 2¢)) as claimed. [ |

We now proceed to the introduction of some useful properties of density evolution,
namely the monotonicity (with respect to the channel and the iteration number /), the

concept of the threshold and, finally, the stability condition [1].

Monotonicity

Monotonicity either with respect to the channel parameter or with respect to the number of
iterations ¢ plays a fundamental role in the analysis of density evolution. The first lemma
is a direct consequence of the non-negativity of the coefficients of the polynomials A(x)
and p(z) and the fact that p(1) = 1. We skip the proof.

Lemma 5.1. ( [1, p.96], Monotonicity of f(-,-)). For a given distribution pair (A, p)
define f(e,x) = €- A(1 — p(1 —x)). Then f(e,z) is increasing in both its argument for
x,e€[0,1].

Lemma 5.2. ( [1, p.96], Monotonicity with respect to channel). Let (A, p) be a

{— o0

degree distribution pair and € € [0,1]. If PE”(e) — 0 then PEP(€") X 0forall0< € <e.
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Proof. Recall from Theorem 5.3 that P2¥(¢) = 24(e€), where zo(€) = €, 2¢(€) = f(e,24-1(¢))
and f(e,z) =€e-A(1-p(1-2)). Assume that for some £ >0, 2,(¢') < 4(¢). Then

’ ’ /v Lem.5.1
zen(€) = f(e,ze(e)) < flexe(e)) = e (e).
But if € <e, then 2¢(¢) < 29(¢) and we conclude by induction that x,(¢') < x,(€). So if

xe(€) 2% 0 then zo(€) =20, [

Lemma 5.3. ( [1, p.97], Monotonicity with respect to iteration). Let €,z € [0,1].
For ¢ =1,2,-- define x,(zo) = f(€,x-1(x0)). Then x,(xq) is a monotone sequence converg-
ing to the nearest (in the direction of monotonicity) solution of the equation f(e,x) = z.

Proof. If xg =0 or e =0 then xy = 0 for £ > 1 and the fixed point is 0. If for some ¢ > 1,
xp > Ty then xpq = f(€,24) Lengs'l f(e,xp-1) = x4 and the corresponding conclusion holds
if x; < xy_1. This proves the monotonicity of sequence {x}so. Since for € > 0 we have
0< f(e,x) < e for all z € [0,1], it follows that x, converges to an element of [0, €]-call it
Teo. It Temains to show that z., is the nearest fixed point. Consider a fixed point z such
that x¢(zg) < z for some £ > 0. Then xp.1(x0) = f(€,z¢(x0)) Lengs'l f(e,2) = z which shows
that e < z. Similarly, if z4(x¢) > z then x4 > z. This shows that x, cannot “jump” over

any fixed point and must therefore converge to the nearest one. [

Threshold

From the density evolution equations, we observe that, for every non-negative integer ¢,
PPP(e=0)=0and PP"(e=1) = 1 and these equalities hold for £ — co. Hence, a supremum

of € for which ng % 0 must exist. This value is called the threshold.

Definition 5.1. ( [1, p.97]). The threshold associated with the degree distribution pair
(A, p) call it eBP (N, p), is defined as

{— o0

eBP(\, p) =sup{ee[0,1]: Pg&p)(e) — 0}. 5.6
&

The preceding definition of the threshold is not very convenient for the purpose of
analysis. We therefore state a second equivalent definition based on the fixed points of

density evolution.
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Theorem 5.4. ( [1, p.98],). For a given degree distribution pair (A, p) and € € [0,1] let
fle,x)=e-A(1-p(l-x)).

(i). eBP(\, p) =sup{e€[0,1]:z = f(e,x) has no solutionz in (0, 1]}.
(ii). eBP(\, p) =inf{e€[0,1]:z = f(e,x) has a solutionz in (0,1]}.

Proof. Let z(€) be the largest solution in [0, 1] to x = f(e, ). Note that for any x € [0, 1] we
have 0 < f(e,x) < e. We conclude that x(¢) € [0,¢]. By Lemma 5.3, we have z,(¢) i z(e€).
We conclude that if z(e) > 0 then € is above the threshold, whereas if z(e) = 0 then € is
below the threshold. ]

The fixed point characterisation gives rise to the following convenient graphical method
for determining the threshold. Draw f(e,z)—-x as a function of z, x € (0,1]. The threshold
eBP is the largest € such that the graph of f(e,z) — x is negative.

Stability condition

Expanding the right-hand size of 5.5 into a Taylor series around zero we get
2= X (0)p (Dapq +O(7.,). 5.7

For sufficiently small z, the convergence behaviour is determined by the term linear in x,.
More precisely, the convergence depends on whether e\ (0)p'(1) is smaller or larger than
1 [1, p.100].

Theorem 5.5. ( [1, p.100]). Assume that we are given a degree distribution pair (A, p)
and €,xg € [0,1]. Let z,(xo) = f(€,2p-1(2z0)). Then

(i). (Necessity) If eA'(0)p'(1) > 1 then there exists a strictly positive constant & = £(), p, €)
such that limy . z¢(xg) > € for all zq € (0,1).

(ii). (Sufficiency) If eX'(0)p'(1) < 1 then there exists a strictly positive constant ¢ =
E(X, p,€) such that limy, z¢(zo) = 0 for all z, € (0,&).

Notice that f(e,0) =0 for any initial €, hence zero is a fized point of the recursion in

5.5. Therefore, the preceding condition is the stability condition of the fixed point at zero.
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The most important consequence of the stability condition is the implied upper bound on
the threshold:
PPN p) €
A'(0)p'(1)
This concludes our quick analysis of density evolution for the BEC. We will now proceed

to the more general family of Binary Memoryless Symmetric-Output Channels (BMSC),

of which the BEC is a member as well.

5.1.2 BMS Channels

For general binary-input memoryless output-symmetric channels, the situation is much
more involved since one has to keep track of the evolution of general distributions, which
usually cannot be parameterized by a single parameter. Let us begin by recalling the
belief-propagation algorithm. We will use the standard binary PAM map 0 - +1, 1 - -1
throughout. At each iteration, messages are passed along the edges of the graph from
variable nodes to their incident check nodes and back. The messages are typically real-
valued but they can also take on the values +oo, reflecting the situation where some bits
are known with absolute certainty.

Generically, messages which are sent in the ¢-th iteration will be denoted by m(). By

m'® we denote the message sent from variable node v to its incident check node ¢, while

by mgf/,) we denote the message passed from check node ¢ to its incident variable node v.
Each message is in log-likelihood ratio form where X is the random variable describing the
codeword bit value associated to variable node v, and y is the random variable describing

all the information incorporated into this message. By Bayes rule, we have

P =1y) ) p(y/X=1)
= p(X =-1/y) ! p(y/X =-1) >8

since X is equally likely £1. The message m is the log-likelihood ratio of the random

variable X under the independence assumption.
Let m\(,? be a message from a variable node to a check node. Under BP decoding, m‘(,ﬁ)

is equal to the sum of all incoming LLRs, i.e.,

dy—-1
m& = Y mll, 5.9
i=0
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where me,y, 7 =1,---, dy—1, are the incoming LLRs from the neighbours of the variable node

except for the check node that gets the message m\(,?, and m((;?v is the channel observation.

Since mEZQ are independent, the density fm(e) of m%) is the convolution of the densities of

the mgf‘), which can be efficiently computed in Fourier domain. Let f ) denote the density

of a random variable mgf‘),, then

dy-1
fuip = @ Lt 5.10
i= 7

where @ denotes convolution.

Before continuing, we need to write the check node message update rule in a more con-
venient form. Recall that we can restrict ourselves to the all-zero codeword for analysis,
which in this case becomes the all-one codeword, according to the BPSK mapping. Then,
the distribution of the log-likelihood ratio ¢(Y') associated with a channel observation Y
assuming that X = 1, is denoted with £ and is called an L-density. Some L-densities of

commonly used channel models [1] are:

Lppce)(y) = €Ao(y) + (1-€)A(y),
Lesc(y) = ANHpE (y) +(1- G)Am% (¥),

7 [ -2y
Lp1. J =\/— -
BI-AWGN( )(y) S exXp { N
where A, (x) = Ag(z — 2) and Ag(x) is the Dirac delta centered at zero.
A function which is closely related to £(y) is:

1- e_e(y)

d@D=tmm(£%))=1+64@)=pCY:1h0—pCY=—Uy%

where in the last step we have used Bayes rule and assumed that py (1) = px(-1) = 3. It
is easy to see that d(y) takes values in the interval [-1,1]. Also, we observe that from
¢(y) we can compute d(y), and vice versa. When we conceive d(y) as a random variable
we write D = d(y). Conditioned on X =1, we have d(y) € (-1,1]. The distribution of D
conditioned on X =1 is termed a D-distribution and is denoted by D. If « is a D-density

the symmetry takes the form

aly) _1+y

a(-y) 1-y
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We remind that the symmetry for an L-density is given in 2.10.

Another important quantity is

9(y) = (sign(y), Incoth(|¢(y)|/2)) = (sign(d(y)), ~Inld(y)]). 5.11

Again when we conceive g(y) as a a random variable, we write G = g(y). The density of G,
conditioned on X =1, is called a G-density and is denoted by G. Also, note that we define
the sign(y) as 1 if y > 0 and -1 otherwise. In addition, g(y) takes values in {1} x [0, +00].
A G-density a(s,x) therefore has the form

a(s,z) = Lega(l,z) + L qa(-1,z).
A symmetric G-density exhibits the form
a(l,z) = a(-1,z) coth(z/2).

We will see that the convolution of L-densities represents the message distribution change
at variable nodes, and the convolution of G-densities represents the message distribution
change at check nodes. L-densities, are real-valued functions, hence, their convolution
denoted by ® is well defined. However, G-densities take values in {1} x [0, +0c0], hence,
calculating their convolution is not trivial. The space R* has the well-defined convolution.
Instead of {+1} we think the set {0, 1} with modulo-two addition. The associated convo-
lution is the cyclic convolution of sequences of length two. Therefore, the convolution of
G-densities is just the two-dimensional convolution which consists of the familiar convolu-
tion over R* in one dimension and the convolution over {0,1} in the other dimension. In
other words, the new convolution is a convolution over the group {£1} x [0, +o0].

For notation purposes, the convolution in G-domain will be denoted by . Therefore, if
a and b are L-densities, then by writing a x b we refer to the transformation of a and b
into G-densities, their convolution in the G-domain and their transformation back to the

L-domain.

Description of Density Evolution

We remind that the processing rule at check nodes is given by

, de-1 m(éf)
mY = 2tanh™ H tanh (%) , 5.12
iel
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Y4 .
where m\(,iz, 1=1,

and m& is the message sent to the remaining neighbour.

---.d, — 1 are the incoming LLRs from d. -1 neighbours of a check node,

For determining the density of mgﬁ), we need to write the check node message update rule in
a more convenient form. According to [6], we define a map v : [-o00, +00] — {0, 1} x [0, +00]

as follows. Given z € [—o0,+00], z # 0, let

(@) = (11(2),70(2)) = (sen(x), —lntanh|g|). 5.13

We define —In(0) = +o00. Notice that this map is the G-density defined previously. Hence,
sgn(z) is 1 if x > 0 and —1 otherwise.

Using (), the check node message update rule can be rewritten as

de—1
m&) = 7‘1( v y(mﬁfl)), 5.14
=1

where addition is performed component-wise. This form is more convenient because, given
the indepedence assumption and the densities of all msf)c, it is relatively easy to calculate
the density of m?. Let I' denote the density transformation corresponding to v(x), ie.,

given random variable Z € R with density fz(z), the density of v(Z) is

Frzy(n(2),72(2)) = T'(f2(2)).

The aforementioned transformation has a well defined inverse, denoted by I'"!, and both
[ and I'"! are additive operators on their respective domain spaces [6]. The range space
of I is endowed with a convolution operator . Since incoming LLRs at a check node are

independent, the density f « of mé? can be computed as

fmgty = F—l(F( r(,fv)lc) I F(fr(,fv)drlc)). 5.15

More precisely, let P, and (), denote the shorthand notations for the densities of random
variables m\(,? and mgf,) respectively. By 5.14, we see that the random variable describing
the message passed from check node ¢ to variable node v is the image under y~! of a sum
of random variables from {0,1} x [0,+0c0]. As mentioned earlier, these random variables
are independent by the independence assumption. So, the density of their sum is the
convolution of their densities.

We wish to calculate the density of the messages emanating from a check node of degree

i, denoted @Qy;. At a check node of degree i, (i — 1) incoming messages are summed after
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passing through the transformation y(x). The result is then transformed into L-domain
using I'~!. All incoming messages are independent and distributed according to P, and
their images under «y(x) are also independent and distributed according to I'(F;). Hence,

the density of the messages emanating from a check node of degree i is given by
Qui =T (T (P)00). 5.16
Summing up over all the possibilities for the degrees of the check node ¢ we lead to
Q=Y piQui= Lo T (T (P C). 5.17

i>2

Since, I'"! is additive then

Qe = F_l(ZPiF(PE)*(i_l)) 5.18

>2

and with a slightly abuse of notation ), we have

Qe = F‘l(p(F(Pe))). 5.19

At variable nodes, the corresponding density is easier to compute. At a variable node of
degree j, the incoming messages from check nodes are summed along with the message
coming from the channel. Let P} denote the density of the message coming from the
channel. By the independence assumption, the messages from check nodes are i.i.d. ac-
cording to () and the channel message is independent from all other incoming messages.
Then, the density of the messages emanating from a variable node of degree j towards the
check nodes, denoted by Fy.1); is simply the standard convolution over R of all incoming

messages, i.e.,
Py = P0o Q20D 5.20
() = P @Q, :
Summing over all the possible degrees of the variable node we have

Pty = ) APy

2
=S NP e QP

322

=P Y \QR, 5.21

§>2
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substituting the expression we have derived for (), we take

®(j-1)
Puny=P'®Y, Aj(rl( ZpiF(Pg)*(il))) : 5.22

Jj=2 122

By slightly abusing notation again, the final expression for P,y is
Py = PLo AT (p(T(P2)))). 5.23

Note that P depends only on the channel observation and is actually not a function of £.
Moreover, P describes the initial L-density for BMS channels assuming that the all-one
codeword was transmitted. It can be proved [6] that Py.q) is symmetric. The average

probability of error at round (£ +1) is:

0
P(Pee) = [ Py (@) da. 5.24

From corollary 1 in [6], it follows that P.(P.1)) converges to zero if and only if Py,
converges to A, (= unit mass at infinity). Important sufficient conditions such as mono-
tonicity and stability can be found in [6].

In order to understand better the aforementioned rules for the densities of variable-to-check

and check-to-variable messages, we present an example in Fig. 5.1.

Py denotes the density of log % given X; = 1.
By ® By ® Py
P,
By =T} (T(Po) * () By =T (T(Py) * ()

R Pl P P

Figure 5.1: Graphical representation of Density Evolution rules.
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5.1.3 Discrete Density Evolution

Density Evolution is too complicated for direct use. A computer implementation becomes
possible through discrete density evolution, i.e., quantizing the message alphabet and
studying the evolution of pmfs instead of pdfs. Here we provide a qualitative descrip-
tion [11] of density evolution and the formulation of discrete density evolution for the
Belief-propagation algorithm.
In the first iteration, the decoder is initialized with messages from the channel. This is
the initial density of messages from variable nodes to check nodes. Given this density and
knowing the update rule at the check nodes, we can compute the density of the output mes-
sages from the check nodes. Considering the update rule for a check node with two inputs
whose input densities are given as pmf; and pmf; and assuming a uniform quantization of
the messages with a quantization interval A, the pmf of the output can be computed as
puflk]= % pmf,[ilpmb[], 5.25
(i,§)h-A=R(IA,jA)

where
R(z,y) = Q(? tanh™! (tanh(g) tanh(g))).

We denote the probability mass function (pmf) of a quantized message w by p,[k] =
Pr(w = kA) for k € 7Z. Here Q(-) is the quantization function defined as:

|2+ 1] A ifw> %,
Qw) =112 -11. A ifw< -2,
0, otherwise.

For check nodes of higher degree, the output density can be computed by noticing that the

sum-product check node update rule satisfies
CHK(ml,mg, ey mdc,l) = CHK(ml, CHK(?TLQ, ey mdc,l)). 5.26

Knowing the output density (pmf) of check nodes and the update rule at the variable
nodes we can find the message density at the output of the variable nodes. Considering a
variable node with two inputs whose pmfs are given by pmf; and pmf; the output pmf for

the update rule can be computed as

pmf[n] = pmf, [n] ® pmf,[n], 5.27
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where @ represents discrete convolution. For variable node of higher degrees we use the
fact that

VAR(ml,mg, Ty mdv_l) = VAR(ml, VAR(TTLQ, Ty mdv_l)). 5.28

This finishes density evolution for one iteration of decoding. We can repeat this task for as
many iterations as required and find the density of messages at each iteration. Assuming
that a “0” information bit is mapped to a +1 signal on the channel and a “1” information
bit is mapped to a —1 signal, the message error rate is the negative tail of the density,
since a negative message is carrying a belief for a “1” information bit. The negative tail
of density should vanish if the decoding is successful. The proofs for the validity and an

analysis of accuracy of discrete density evolution can be found in [11].

5.1.4 LDPC Code Design

In this thesis, we present the optimization technique presented by S. Y. Chung in [3, p.197].

We remind that the rate for a given degree distribution pair is

Diz2 Pi/i ‘
ZizQ /\i/i

The purpose is to maximize the rate of the code while maintaining some constraints:

T()\,p) =1-

L A(1)=1and \; 20, 2<i<dy;

2. the new A(z) is not significantly different from the old one (required to guarantee

that the linear programming formulation is valid);
3. the new A(x) is better than the old one (produces smaller probability of error).

Let AM(z) = %, \izi! denote the current left degree distribution and and let \'(x) =
Zf:VQ M\;z-! denote the updated (hopefully improved) left degree distribution.

Initially, we choose A(z) = z%~!  to make the initial rate low.

Let e, denote the probability of error (i.e. probability of being negative) of the input

message to check nodes at the (-th iteration when A(z) is used, i.e.,

dy
er= A€, 5.29
=2
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where ey ; is the probability of error of the output message of the degree-i variable node at
the ¢-th iteration. Similarly, we define e; as the probability of error of the input message
to check nodes at the /-th iteration when A(x) is used up to (¢ - 1)-th iteration and \'(z)
is used at the ¢-th iteration. Note that elé is linear in \;’s, 1 =2, -+, d,.

We use the following for the constraint 2 above:
ley — eg] < max[0,8(eq1y —er)], 1<€<m 5.30

where ¢ << 1 is a small positive number and m is the maximum number of iterations. Note
that this constraint is linear in )\;’s. The “max” operation is not needed if the density
evolution for the belief-propagation algorithm is perfect. However, since the probability of
error can increase for the discrete density evolution, we need to make sure that the right
hand side of the aforementioned inequality is non-negative.

The following is the constraint 3 above:
elg <eq-1), 1 <l<m. 5.31

Notice that all constraints here and the objective function (rate) are linear in \’s, 2 <i < d,.
We first fix p(z), then choose the initial A(z). We run the above linear program several
times until it converges. If the resulting rate is not equal to the desired rate, then we
change p(z) and we repeat the steps. Sometimes, we need to try several different initial
A(z)’s for better results. We use concentrated p(z)’s only, p(x) = (1-p)zi=t + paJ for some
integer j > 2. This restriction not only makes it easier to optimize p(z), especially for large
maximum variable degrees, but also is not too restrictive since codes optimized in this way
are almost as good as codes with both degree distributions optimized. The average check
degree p,, is used to parametrize p(x) where p,, = (1-p)(j-1)=7-1+p.

Some very good half-rate codes are illustrated in Table 8.4 in [3]. For instance, a very good
degree distribution pair with p,, = 17,which is 0.00495dB of the Shannon limit for n = 1e7,
is:

() =0.105332x + 0.1037642% + 0.0352372° + 0.1009412° + 0.0291122

+0.0995612" + 0.084268x*° + 0.034889x% + 0.0885402'? + 0.027687 2247
+0.05949423% + 0.0976412%% + 0.07092829%9 + 0.062606239%

sincej—1+p=17— p(x) = z'".
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For the following simulation we used 1200 decoding iterations and block-length 106.

10°

10k

- =—©— Optimized Irregular, n=1e6
10 "F | = = = DE threshold
= # = Shannon limit

10k

Bit Error Rate

10k %-

10k i

10

0.2 0.25 0.3 0.35 0.4 0.45 0.5
Eb/NO (dB)

Figure 5.2: Bit Error Rate of an optimized irregular LDPC code.

5.2 Gaussian Approximation

In [5], it has been shown that starting with a symmetric pdf, i.e., a pdf f(x) that satisfies
f(z) = e*f(-x), and using belief-propagation decoding, the pdf of LLR messages in the
decoder remains symmetric.

A Gaussian pdf with mean p and variance o2 is symmetric if, and only if, 02 = 2u [12].
As a result, a symmetric Gaussian density can be expressed by a single parameter. Inter-
estingly, the density of LLR intrinsic messages for a Gaussian channel is symmetric, and
hence, under belief-propagation decoding, remains symmetric.

As stated earlier, Density Evolution is an algorithm for computing the capacity of LDPC
codes under message-passing decoding. For memoryless binary-input continuous-output
additive white Gaussian noise channels and sum-product decoders, the authors in [12] use
a Gaussian approximation for message densities under Density Evolution to simplify the
analysis of the decoding algorithm. Therefore, the infinite-dimensional problem of itera-
tively tracking message densities, which is needed to find the exact threshold, is reduced to
a 1-D problem of updating means of symmetric Gaussian densities. This simplification

not only allows to calculate the threshold quickly and to understand the behaviour of the
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decoder better, but also makes it easier to design good irregular LDPC codes for AWGN
channels. Finally, Gaussian approximation is based on approximating message densities
as Gaussians for regular LDPC codes and as Gaussian mixtures for irregular LDPC codes.

We remind that the prerequisites for this analysis are:

1. The Tanner graph of the LDPC codes is cycle-free;
2. The all-one codeword is transmitted;

3. During each iteration, due to 1, the messages are independent and identically dis-

tributed and, more specifically, they follow the symmetric Gaussian distribution.

5.2.1 Gaussian Approximation for Regular LDPC codes

At first, we assume regular (d,,d.) LDPC codes and remind the BP rules.

At variable nodes:

dy—1
v= >, 5.32
i=0

where v is a message in LLR form from a variable node to a check node and {ui}f:o_ ! are
the incoming LLRs from the neighbours of the variable node except the check node that
gets the message v. wug is the observed (channel) LLR of the output bit associated with

the variable node. The LLR message uy from the channel is Gaussian with mean U% and

variance ;%, where 02 is the variance of the channel noise. Thus, if all {u;, ¢ > 1} [which
are i.i.d] are Gaussian in 5.32, then the resulting sum is also Gaussian because it is the
sum of independent Gaussian random variables.

At check nodes:
tanh(g) :ilcjtanh(%), 5.33

where {v; };li;l are the incoming LLRs from d. -1 neighbours of a check node, and u is the
message sent to the remaining neighbour.

Assuming symmetric Gaussian distributions, that is, v ~ N (py, 24 ) and u ~ N (m, 24,
and independent messages, during the ¢-th BP round (variable-to-check and, back, check-

to-variable) so for a degree-d, variable node we obtain

i) = prug + (dy = DY, 5.34
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where i, is the mean of uy and ¢ denotes the /-th round. We omit the index ¢ because,
as explained earlier, the u;’s are i.i.d. for 1 <7 < d, and have the same mean p,. Note that
19 =0 since the initial message from any check node is 0.

The update mean ,ul(f) at the /-th round can be calculated by taking expectations on each

side of 5.33, i.e.,
® N
U v
S[tanh(Tﬂ = {E[tanh<7)]} ; 5.35

where we have omitted the index j and simplified the product because the v;’s are i.i.d.
One complete round begins at variable nodes and then ends at the check nodes. Note that
the expectation & [tanh%] depends only on the mean p, of u, since u is Gaussian with
mean i, and variance 2u,; i.e.,

S[tanhg]= ﬁétanh(%)ew du. 5.36

We define the following function ¢(x) for x € [0, +00), which will be useful and convenient

for further analysis.

Definition 5.2. ( [12], Definition 1).

1--2 tanh (% -e_(uz)Q du, if x > 0;
o(x) = Viamz TR (2) 5.37
1, if =0,

It is easy to check that ¢(z) is continuous and monotonically decreasing on [0, +o0), with
»(0) =1 and ¢(o0) =0, &

For practical purposes the following approximation for ¢(x) is commonly used

qg( ) 670.4527m0‘86+0.0218, if ¢ < 10;
€T =

T T Tz

E( @), if x> 10.

The first part of ¢(z) (2 < 10) is easily invertible. The second one, is a fairly well-behaved
function and can be inverted using a lookup table.

Is is easy to see that, if u ~ N (g, 241, ), then

5[%&hg]=1—¢0m) 5.38
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Substituting the aforementioned equation in 5.35 we have

1= o) = [1- 0]

de—1
5§4p_¢gmo+au—1ndﬁ”ﬂ . 5.39

Thus, the update rule for uf, becomes
¢ _ -1 (e-1)y %!
po=¢(1- [1 = O (g + (dy = 1) i )] 5.40

with ) = 0.

We will now illustrate Density Evolution together with Gaussian approximation for the
(3,6) LDPC ensemble over the BILAWGN channel. The threshold for this ensemble has
been found to be o* = 0.8747. We will present the message densities after a certain number
of iterations and we will set firstly the noise variance equal to ¢ = 0.8511 < ¢* and secondly
0 =0.9411 > o*.

Variable-to-check message densities:

Initial pdf, regular, n=2000 n=2000, variable2check iter No1

T T
Density Evolution
assuming N~(m,2m)

T
Density Evolution
= assuming N~(m,2m)

021

0.15f

0.1

0.05r

| ‘ L
. . . 0 . . . .
20 30 40 50 -20 -10 0 10 20 30 40 50

LLR magnitude

(a) Initial LLR distribution (b) Iteration 1



n=2000, variable2check iter No3 n=2000, variable2check iter No5
Density Evolution Density Evolution
ing N~(m, 21 ing N~(m, 21
ozl assuming N~(m,2m) i ozl assuming N~(m,2m) i
0.151 q 0.151 q
0.1p q 0.1p q
0.05F b 0.05r b
0 - . | . . . 0 . . . . . .
-20 -10 0 10 20 30 40 50 -20 -10 0 10 20 30 40 50
LLR magnitude LLR magnitude
(c) Iteration 3 (d) Iteration 5
n=2000, variable2check iter No8 n=2000, variable2check iter No15
’ Density Evolution ’ Density Evolution
assuming N~(m,2m assuming N~(m,2m
o2l uming N~(i )| o2l uming N~( )|
0.15F b 0.15F b
0.1r b 0.1r b
0.05F b 0.05r b
0 L . L . . L 0 Ly L . . L .
-20 -10 0 10 20 30 40 50 -20 -10 0 10 20 30 40 50

LLR magnitude

(e) Tteration 8

LLR magnitude

(f) Iteration 15
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n=2000, variable2check iter No28
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(g) Tteration 28

40 50

Figure 5.3: Density Evolution and Gaussian approximation for the BILAWGN channel for

o< o*.
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Check-to-variable messages densities:

n=2000, check2variable iter No1

T T T
Density Evolution |4
assuming N~(m,2m)

-3 -2 -1 0 1 2 3 4
LLR magnitude

(a) Tteration 1

n=2000, check2variable iter No3

451

351

0.5F

T T T
Density Evolution |4
assuming N~(m,2m)

-4

-3 -2 -1 0 1 2 3 4
LLR magnitude

(b) Iteration 3



80 CHAPTER 5. ANALYSIS & DESIGN OF LDPC CODES

n=2000, check2variable iter No5 n=2000, check2variable iter No8
5 Density Evolution |4 5 Density Evolution |4
assuming N~(m,2m) assuming N~(m,2m)
451 b 451 b
ar 1 ar 1
35F b 35F b
3r b 3r b
25F R 25 R
2r b 2r b
15 b 15F b
1t 1 1t 1
0.51 q 0.51 q
0 . . L . 0 . . . [\
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
LLR magnitude LLR magnitude
(c) Iteration 5 (d) Iteration 8
n=2000, check2variable iter No15 n=2000, check2variable iter No8
T T T I T T T T T T T T T T
5 Density Evolution |4 5 Density Evolution |4
assuming N~(m,2m) assuming N~(m,2m)
451 b 451 b
ar 1 ar 1
35F b 35F b
3r b 3r b
25r b 25F b
2r b 2r b
15F R 15F R
1t 1 it 1
05r b 0.5r b
0 . ! | \ ! 0 . ! ! [\‘_A .
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
LLR magnitude LLR magnitude
(e) Tteration 15 (f) Tteration 28

Now will present the message densities for o > o*. We will observe that the densities
start moving to the right, but return to a fixed point after a certain number of iterations,
leading to a non-zero probability of error. In this case, even after infinite number of

iterations, the message density will not tend to a point mass at +oo.
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Variable-to-check message densities:
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n=2000, variable2check iter No10 n=2000, variable2check iter No50
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Figure 5.4: Density Evolution and Gaussian approximation for the BILAWGN channel for

o>0*.

Check-to-variable messages densities:
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5.2.2 Gaussian Approximation for Irregular LDPC codes

We again consider an ensemble of random codes with degree distributions A\(z) = Y%, \zi-!

()5

and p(z) = zd~1. We assume that u; ’’s are i.1.d. symmetric Gaussian. Then, the message

leaving a variable node of degree 7 is symmetric Gaussian with mean

J4 0—
B8 = g + (- D, 5.41

1) .

where 1, is the mean 1, and ,uu is the mean of u at the (£-1)-th iteration, where u is a

Gaussian mixture in general (when p(z) is not concentrated in one degree [3, p.168]). The
variance of the output density is given by 2,u5? . Therefore, at the /-th iteration, using the
total probability theorem an incoming message v to a check node will have the following

Gaussian mixture density:

fow () = Z A N(x /JJVEZ), 2;1\(,(1)), 5.42

where ,u\(ﬂ) is the mean of the Gaussian output from a degree-i variable node. Using the

previous equation we get:
(ﬁ)
€{tanh VT = f tanh g)f\,@)(x) dx
ftanh (Z)\N(a: u‘(ﬂ), (Z))) dx
_ , T (0 9 (f)
_;)\Z/]};tanh<2)/\/'(x [y 2 )dx

=Y a(1-0(ulD)

S
U
[\V]

=1- ZA@(M(Z) 5.43

Thus, for the message u(® that leaves a check node of degree j, we have

Sltanh( ;Z))] {E[tanh( (2[))]}

= (1-0(u))) =( ZMb(u“) )
= ul) = ¢ ( (1 ZW 3))j_ ) 5.44

-1

j-1
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and the mean of u(® is given by

(f) Zpﬂﬂ(f)
7-1
=ij<b1( (1 wa“)) )
j=2
-1
=§im¢1( (1 Zmb(uuw(z—l)u“ ”)) ) 5.45
j=2

Unfortunately, the aforementioned relation is not useful for code design because it is not
linear in the \;. However, we can derive an analogous expression [12] linear in the \;.

We define for 0 < s < 00, 0 <7 < 1 and concentrated p(z),
ha(s,m) = (s + (i = 1)¢7 (1= (1=7)%));
dy
h(s,r) = Nhi(s,r). 5.46
i=2

Let us prove it. Let us assume concentrated p(z) = 41 and v ~ A (pd™0, 2,4,

(0)

Then, at check nodes, we have messages with mean p,’ that can be computed as follows:

1= o(u?) = (1- o))"
ud = ¢ ( —(1—¢(ug—1)))dc_l)- 5.47

Then, for a degree-i variable node, we obtain that vy)

is symmetric Gaussian with mean
i) =+ (- 1), 5.48

Thus, v(® is Gaussian mixture of the form

SN (1, 2ul)).

122

From 5.43, we have

v
S{tanhT}—l Zw(,ﬂ))
=1- ZA@(M(O) +(i-1)ui)

5.47 | _ Z)\z¢( (0)+(Z 1)¢—1( (1 ¢(N(Z 1))) )) 5.49
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In addition, the aforementioned relation can be written as

dy de-1
L= o) =1- Zw(m&o’ +(i- 1)¢1(1 -(1-o() ))
i=2
dy de-1
o o)) = Zw(u&“) +(i- 1>¢1(1 = (1=0() )) 5.50
i=2
Hence, if we define r, = qb(ug)), we obtain

S O, (; 1 Aot
re=Y Nl ot + (i - 1)o7 1= (1-701) . 5.51
=2
Then,
re="h(s,1e1), 5.52

with s = u{”. The initial value of rq is ¢(s). ]
The convergence condition is satisfied if r > h(s,r), Vr € (0,¢(s)) [12]. We can design an

LDPC code by solving the following continuous optimization problem.

Vmax )\Z
max —
=2 !
subject to 7> h(s,r), V € (0,¢(s)) 5.53

Vmax

Z )\z = 17 )\z > 07 fori = 27"'7Vmax-

1=2

Approximate solutions can be obtained by discretization of parameter r € [0, ¢(s)).

Definition 5.3. ( [3, p.169] ). The threshold s* is the infimum of all s in R* such that

r¢(s) converges to oo as £ — oo. O

Therefore, the threshold in terms of noise variance is equal to Sl Since ¢(x) is mono-
tonically decreasing on 0 < x < oo, we conclude that h(s,r) is monotonically increasing on
both 0 < s < 0o and 0 <7 < 1. By induction, we conclude that for all s > s*, r,(s) > re(s*)

and 7,(s) will converge to co.
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In the case where p(x) = Z?;Q p;x?~1 it can be proved [12] that

dy d, do-1
m=ZM¢(u&°)+(i—1)Zm¢1(1—(1—7“@_1) )) 5.54
i =2

As for the regular case, we illustrate Density Evolution together with Gaussian Approxi-

mation for an irregular LDPC ensemble with degree distributions

M) =0.1534252 + 0.1475262% + 0.0415392° + 0.1475512° + 0.0479382'7 + 0.1195552'®
+0.0363792°* + 0.1267142°° + 0.1793732%°.
p(z) = 0.5z +0.52"3.

For this ensemble, the threshold in terms of noise variance, is o* = 0.97704. In our simula-
tion, we used o =0.9441 < o*. We omit the case for ¢ > o* since as in the regular case, we
will observe that the densities start moving to the right, but return to a fixed point after
a certain number of iterations, leading to a non-zero probability of error.

Variable-to-check message densities:

Initial pdf-irregular-n=20000 variable2check iter Nol
experimentally experimentally
assuming N~(m,2m) assuming N~(m,2m)
0.21 il 0.2f GMM prediction
0.15F b 0.15F
0.1f q 0.1
0.05+ 1 0.05+ k
0 . . . . . 0 . L . . .
-20 -10 0 10 20 30 40 50 -20 -10 0 10 20 30 40 50

(g) Initial LLR distribution (h) Tteration 1
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0.15r q 0.15r q
0.1 1 0.1 1
0.05r 1 0.05r 1
0 . L . . . 0 . . .
-20 -10 0 10 20 30 40 50 -20 -10 10 20 30 40 50
(i) Iteration 3 (j) Iteration 5
variable2check iter No8 variable2check iter No15
T T T T T T T -
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0.2 GMM prediction i 0.21 GMM prediction i
0.15r 1 0.15r 1
0.1 1 0.1 1
0.05r 1 0.05r 1
0 . . . " . o . . n T —
-20 -10 0 10 20 30 40 50 -20 -10 10 20 30 40 50
(k) Tteration 8 (1) Tteration 15
variable2check iter No25 variable2check iter No35
T T T - T T T -
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assuming N~(m,2m) assuming N~(m,2m)
0.2 GMM prediction i 0.2 GMM prediction i
0.15r q 0.15r q
0.1 1 0.1 1
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0 w . ) ; — 0 w . ‘ , —
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39

variable2check iter No50

0.2

0.051

experimentally
assuming N~(m,2m)
GMM prediction

-10

(o) Tteration 50

Figure 5.5: Density Evolution and Gaussian approximation for the BILAWGN channel for

irregular codes with o < o*.

Check-to-variable message densities:

check2variable iter Nol

451

351

0.5

T T
experimentally H

assuming N~(m,2m)
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-3

(a) Tteration 1

4.5

3.5

25

15

0.5

check2variable iter No3

T T
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assuming N~(m,2m)

-4

(b) Iteration 3
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From the previous figures for irregular codes we can observe that Gaussian approxima-
tion is not accurate. This seems to suggest that, as the maximum variable degree of the
code increases, the Gaussian approximation becomes less accurate because the irregularity
of the code increases, even though the fraction of high-degree variable nodes increases.
Hence, we restrict the maximum variable degree to 10 in order to restrict the Gaussian
mixture density. Then, it can be inferred that restricting the variable node degree not
greater than 10, we limit the range of design rate of the codes between [0.5,0.9] [12]. For
small variable degrees the Gaussian approximation works reasonably well and provides

thresholds very close to the corresponding thresholds provided from Density Evolution.
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Chapter

Relay Channel

6.1 Introduction

The relay channel was first introduced in 1971 by van der Meulen [18] and further studied
in 1979 by Cover and El Gamal [19]. The classic work of Cover and El Gamal describes
two basic strategies for the relay channel: a Decode-and-Dorward (DF) strategy in which
the relay completely decodes the transmitted message and partially forwards the decoded
message using a binning technique to allow the complete resolution of the message at the
destination, and a more complex compress-and-forward strategy in which the relay does
not need to decode the source message. The capacity of the general relay channel is still

not known, however, Decode-and-Forward outperforms any other scheme proposed so far

when the source-relay channel is strong.

relay
Yii Xy

R+:[(X;Y1/X1) Ry = I(X1;Y)

Y destination

Y

source X

R_=I1(X;Y/X))

Figure 6.1: Relay Channel from an information theoretic view.
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In the sequel, we focus on practical implementation of the DF strategy for half-duplex
relay channel. We restrict our attention to Gaussian relay channels at low signal-to-noise
ratios (SNRs) for which binary linear block codes are suitable. We show that, within
a linear coding framework, the binning strategy in which a bin index of the codeword
is transmitted by the relay to the destination can be interpreted as a parity-forwarding
scheme [7]. Conventional LDPC codes are not suitable since we need to design an LDPC
code working at two different channel SNRs: a higher SNR at the relay and a lower SNR
at the destination. This represents a novel embedded LDPC code construction named
Bilayer LDPC' codes. In addition, two new ensembles of LDPC codes, bilayer-expurgated
codes and bilayer-lengthened LDPC codes, are proposed to simultaneously approach the

capacities of two Gaussian channels at two different SNRs.

The code design problem for optimal DF strategy involves the construction of two codes:
X, of rate Ry and X of rate R. While the relay’s codebook X; can be constructed as a
conventional error-correcting code that guarantees successful decoding at the destination,
the source’s codebook X must be constructed so that it can be decoded at both the relay
and the destination.

The SNR at which the source-relay code must work is denoted by SNR, and the SNR
at which the source-destination code must work is denoted by SNR_. All channels are
assumed to be Gaussian, hence, for Gaussian inputs, the capacities of the source-relay link

and the source-destination link are

1
R, = 5 log(1+SNR,) 6.1

1
R_= > log(1+SNR.) 6.2
respectively. The overall DF rate in terms of R, and R_ becomes
R=min{R,, R + R_}. 6.3

Throughout this chapter we assume that the source-relay link is reliable, and, the extra
parity bits generated by the relay are given to the destination “in hand” (i.e. without using

a different codebook).
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6.2 Bilayer Expurgated LDPC Codes

Let C be a linear (n,n —k;) LDPC code of rate ("_—nkl) The codebook X should be a
capacity-approaching code for the source-relay channel at SN R, with a rate R,. Let ks
be the number of extra parity bits on the source codeword x, generated by the relay and
forwarded to the destination. Then, a sub-code of C which satisfies two sets of parities:
ky zero parities enforced by the source’s codebook and ks presumably non-zero parity bits
provided by the relay, should form an (n,n — (k; + k3)) capacity approaching code for
decoding at the destination, i.e., at SNR_ with a rate R_. Note that the performance of
a practical bilayer code is characterized by two gaps to the capacities at SNR, and at
SNR_.

The decoding of the sub-code of C with the extra ko presumably non-zero parity bits can
be performed in the same way as the decoding of a conventional LDPC code. A graphical

representation follows.

relay

YrR =X+ 1R
®
|y

destination
Yp =X+ np

Y

source X

Figure 6.2: Parity-forwarding scheme for the relay channel.

To be more clear:

1. For the source-relay link, x € C, with parity-check matrix H such that Hx = 0.
2. rate(C)< rate(source — relay). Hence, relay decodes x.
3. rate(C)> rate(source — destination). Hence, destination cannot decode x.

4. The parity-check matrix of Cpijjayer denoted by Hyjjayer is given by

H
Hbilayer = H ’
1
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where H; is the upper layer of the bilayer graph. In the general case

0
Hbilayer "X = )
p

and p can be computed as HiXp.

5. Finally, rate(Chiayer)< rate(source — destination) and, therefore, destination decodes

x using Hyijayer and parity vector p sent by the relay.

The proposed LDPC code structure is shown in Fig. 6.3. We call the proposed code
structure bilayer-expurgated LDPC code [7], as the overall graph represents an expurgated
sub-code of the lower layer code. The first (lower) layer corresponds to an (n,n - k) code
and the second (upper) layer consists of the ko extra parity bits which modify the first
layer in a way that the resulting (n,n— (ki +k2)) sub-code represented by the overall graph

is suitable for the source-destination channel.

Figure 6.3: The bilayer expurgated code. The lower sub-graph represents an LDPC code

for source-relay channel. The overall graph represents an LDPC code for the destination.

Bilayer-Expurgated LDPC Code Ensemble

An ensemble of bilayer-expurgated LDPC codes is defined as follows. The bilayer graph

of the code, consists of three sets of nodes and two sets of edges. The three sets of nodes
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correspond to one set of variable nodes and two sets of check nodes: the lower check nodes,
corresponding to the check nodes in the lower sub-graph of Fig. 6.3, and the upper check
nodes, corresponding to the check nodes in the upper sub-graph in Fig. 6.3. Edges are
grouped in two sets: those connecting the variable nodes to the lower check nodes, and
those connecting the variable nodes to the upper check nodes. We call an edge a lower
edge if it connects a variable to a lower check node. Similarly, an upper edge denotes an
edge belonging to the upper sub-graph in Fig. 6.3.

The lower degree of a variable node is defined as the number of lower edges connected
to it. Likewise, the upper degree of a variable node is defined as the number of upper
edges connected to it. Notice that the minimum lower variable degree is 2, since, the lower
sub-graph should be a valid LDPC code for the source-relay channel. The minimum upper
variable degree is 0, since the bilayer graph is simply the vertical concatenation between
the valid LDPC code for the source-relay and the upper layer. Hence, some variable nodes
may not participate in any of the ks extra parity checks generated by the relay. A variable
node is said to have degree (i, j) if it has a lower degree i and an upper degree j. Similarly,
an edge is of degree (i,7) if it is connected to a degree (i, j) variable node.

We assume regular check degrees for both lower and upper check nodes. The lower check
degree is denoted by d. and the upper check degree is denoted by d.. The ensemble of
bilayer LDPC codes can be characterised by a variable degree distribution

Xij, 122,720 with Z Xij=1,
22,720

which defines the percentage of edges with lower degree i and upper degree j and a pa-

deky
dck1+d. ko

rameter 0 < n = < 1 which defines the percentage of lower edges in the bilayer

graph.

Bilayer Density Evolution

Because the ensemble of bilayer-expurgated LDPC codes is different from a conventional
LDPC code ensemble, conventional density evolution cannot be applied. This gives rise to
bilayer density evolution [7]. The evolution of two densities should be tracked: the lower
density corresponding to the density of messages in the lower sub-graph, and the upper
density corresponding to the density of the messages in the upper sub-graph.

Let p’ and ¢° denote the message probability density functions (pdf) at the input of the

lower and upper check nodes at ¢-th decoding iteration. Let p" and ¢'* denote the evolved
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versions of pf and ¢° after the check updates'. Then, the density-evolution update at a

degree (i, ) variable node can be computed as follows:

P = (@) @ (&7 ) ®pe, 22,520 6.4
¢V = (e ) @ (&) ®pe, 122,520 6.5

where p. denotes the density of the log-likelihood ratio received from the channel, and ®°
denotes convolution of order .

Averaging over \; ;, the input message densities to the lower and upper check nodes at the

2,79

(¢ + 1)-th iteration are computed as follows:

(+1) _ EUESNCEY
p - . .\, pl y 9 6.6
izzz,j:zo v+ I
(e+1) _ J o - (£+1) 6.7
q = - Niiq 5 .
z’z2z,j:20 iy

where % is the probability that a degree (i, j) edge is a lower edge and li—J is the probability
that a degree (7,7) edge is an upper edge.

The lower-graph degree (i,7) error profile function e; ;(p*, ¢‘) is defined as the message

(e+1
,J
with input message densities p’ and ¢f. The aforementioned error probability can be

error probability corresponding to the density p ) after one density evolution iteration

computed using [1, equation (4.54), p.201]. Likewise, e7;(p, ¢*) is defined as the message
(+1
(2%

with input message densities p* and ¢‘. Hence, the overall message error probability at

error probability corresponding to the density ¢ ) after one density evolution iteration

(¢ + 1)-th decoding iteration e(pt™*1D ¢(**1)) can be computed as:

1 J ot
€(p(£+1)7q(z+1)) = /\i,' _ezl ‘(peaqe) + - -C; (p »d ) 6.8
iZ;ZO .7(7/ +7 sJ i+ »J )

Bilayer-Expurgated LDPC Code Optimization

The design of a bilayer-expurgated LDPC code involves finding a variable degree distri-

bution \;;, i > 2, j > 0, a parameter 1, and a pair of check degree d. and d, such that

2,7
the lower sub-graph represents a capacity-approaching LDPC code over the source-relay
channel at SN R, , and the overall bilayer code is capacity approaching at SNR_ < SNR,.

The design approach is to fix the lower graph code to be an optimal capacity-approaching

1p'é and qlé can be computed using the conventional density evolution check node rule described in [6].
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LDPC code at SNR, and search for a variable degree distribution J; ; that is consistent
with the lower graph code and is capacity-approaching at SNR_.
By fixing the lower graph, i.e., fixing n, k; and the lower variable degree distribution \;,
the rate of the bilayer code, defined by 1 - (kln;k"’) can be maximized by minimizing ko or
equivalently maximizing 7. The lower degree distribution J; is related to A; ; as follows:
i
Ai =;]m/\i,j- 6.9

For fixed )\;, the aforementioned equation can be written as

D - Aij = 1A = 0. 6.10

S0+

Hence, the linear program can be written as:

max
)\iv'r]vj 77
subject to Z ;)\m -\ =0, ©>2
S0l
? J
Z 17]<~_61,] (pé’ qé) + .—eij(pz, qﬁ)) < :uhe(pz? qé)v (= 17 ) L
i>2,7>0 J t+]
> Aij=1
22,520

where h is the optimization iteration number and ¢ is the decoding iteration number.
To initialize the above iterative optimization, i.e., to find a good initialisation degree dis-

tribution, we solve the following linear programming problem:

min
Aism,J g
subject to > A =1
22,520
1
Zf&',j—n)\ﬁ(), 122

which will result in an initial code with maximum number of parity checks k5, which
ensures quick decoding convergence. We mention that when the gap between SN R, and
SNR_ is small, the difference between the optimal d. and d, is likely to be small, and the
aforementioned scheme works well. For the case where the gap is large, we introduce in
the following subsection the bilayer-lengthened LDPC codes.

Finally, we present a simulation under all-zero codeword assumption, using A;; degree
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distribution of code A illustrated in Table I in [7]. Note that since we assumed that the
relay decodes reliably and that we send the all-zero codeword, it follows that all parity

bits and therefore the extra ky parity bits must be 0.

n=100000

10 ; ‘ 400 —6—§ ‘ ; ; ; ;
—A&— SL (Relay) —&— SL (Relay)
—O— BL (destination) 350l : —6— BL (destination) | |
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10 (-} <
1
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i 1
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1
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(a) Bit Error Rate (b) Average number of iterations

Figure 6.4: Bit Error Rate of a bilayer-expurgated LDPC code. Dashed lines represent the

theoretical limits.

6.3 Bilayer Lengthened LDPC Codes

We now propose a second coding structure for DF based on code lengthening, which is
designed to address the problem of the expurgated structure for large SNR differences.
Lengthening of a linear code refers to the process of increasing the codeword length while
keeping the number of parity-check equations fixed. Fig. 6.5 depicts a bilayer-lengthened
LDPC code [7] in which the overall graph corresponds to a lengthened version of the lower
code. Designing a bilayer-lengthened code corresponds to finding an overall graph so that
the lower graph corresponds to a good LDPC code at rate R_ optimized for SN R_, while
the overall bilayer graph, which can be constructed by adding extra variable nodes to
the lower graph, represents a good LDPC code at rate R, optimized for SNR,. Being
capacity-approaching at two different rates is a core feature of this code.

The source encodes its data using the bilayer LDPC code corresponding to the overall
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graph. Thus, each codeword satisfies all parity-check nodes present in the bilayer graph in
contrast to the expurgated scheme where the source encodes its data over the lower sub-
graph. The relay first decodes the source codeword over the bilayer graph. It then helps
the destination by sending the values of upper ny variable nodes in the next block using
the following scheme. The relay generates a set of ko = (1 — R_)ny extra parity bits for the
upper variable nodes, using the parity-check matrix of a separate conventional LDPC code
Cy of rate R_ optimized for SNR_. The relay forwards these presumably non-zero extra
parity bits to the destination using another code of rate ;. The destination first decodes
the set of ko extra parity bits for upper ns variable bits provided by the relay. These ko
parity bits are used to decode the upper ny variable nodes of the source codeword, which
are then removed from the graph, reducing the resulting code’s rate and thus allowing the

destination to decode the remaining n, variable nodes.

Figure 6.5: The bilayer-lengthened code. The relay decodes the overall graph and provides
the value of upper variable nodes to the destination. The destination decodes the lower

sub-graph.

Observe that, when the destination removes the upper ns variable nodes, the value of
the parity-check nodes in the graph must be updated. That is, consider the leftmost check
node of Fig. 6.5. Since the relay works reliably, i.e., all parity-check equations of the bilayer
graph have even-parity, it follows that Vi@ Vo @ Vi@V, ;1 @ V,,, 12 = 0. After removing the
upper ny variable nodes, the aforementioned equation becomes Vi @ Vo @ V5=V, ;1 @V, 2.

Under the aforementioned assumptions, the bilayer-lengthened construction can be done
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using two conventional LDPC constructions which correspond to the lower graph and upper
graph and then we have to concatenate (row-wise) the two parity-check matrices in order
to construct the bilayer graph (code).

Let us define the bilayer-lengthened LDPC code ensemble. The nodes are grouped into one
set of check nodes and two sets of variable nodes: the lower variable nodes corresponding
to the lower graph and the upper variable nodes corresponding to the upper graph. The
edges are grouped into two sets: those connecting the check nodes to the lower variable
nodes, and those connecting check nodes to the upper variable nodes. As in the expurgated
case we assume regular check degrees.

The ensemble of bilayer-lengthened LDPC codes is defined by the lower variable degree
distribution A}, > 2, which corresponds to the probability that a lower edge in connected to
a degree 7 variable node, the upper variable degree distribution A?,i > 2, which corresponds
to the probability that an upper edge is connected to a degree ¢ variable node. The lower
and upper distributions A} and A? satisfy Y50 Al =1, and Y5 A2 = 1.

The ensemble of bilayer-lengthened LDPC codes is not equivalent to conventional LDPC
codes, because in a conventional LDPC code there is only one variable degree distribution.

This gives rise to bilayer density evolution since conventional density evolution is not valid.

Bilayer Density Evolution

It is clear that in order to predict the performance of an infinite-length bilayer-lengthened
LDPC code, we need to track the evolutions of two densities in the upper and lower sub-
graphs of the lengthened graph. Let p® and ¢ denote the message densities in the lower
and upper parts of the graph at the beginning of the /-th decoding iteration. Let p'e and
q; denote the evolved versions of pf and ¢¢ after check node updates. plg and q; can be

computed as follows:

Py = (¥%71pt) * (x%q) 6.11

gy = (x%ept) + (xdeLgt) 6.12

where x is the convolution operator as described in 5.15.

Let pghl)(qi(“l)) denote the output message density after a variable update at a variable

node of degree i in the lower(upper) sub-graph, with an input message density p’(q").
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Then we have:

(£+1) i-1,7¢

b; =®" P ®pc, 122 6.13
qi(“l) = ®i_1q'z ® Pe, 122, 6.14

where p, is the channel message density.
The message densities in the lower and upper sub-graphs after the variable update rule at

the beginning of (£ + 1)-th iteration, p(*1) and ¢(“*1), can be computed as follows:

pn = Sl 6.15
i

q(€+1) _ Z)\?ql(€+l) 6.16
i

Let e(p(D ¢(*+1) denote the message error probability of the message densities p(t+1)

and ¢! at the beginning of the (£ + 1)-th decoding iteration. Let e}(p, ¢*) denote the
(+1

message error probability corresponding to p, ), which is the message density of degree-i
lower nodes after one density evolution iteration with input message densities p¢ and ¢*.
Similarly, let e(p?, ¢*) denote the message error probability corresponding to qf“l), which
is the message density of degree-i upper nodes after one density evolution iteration with
input message densities p¢ and ¢‘. The overall message error probability at the beginning

of the (¢ + 1)-th iteration, e(p*D ¢(**1) can be computed [7] as

e(P, g D) = Y nhlel (0, ¢") + (L-m)Afel (0, "), 6.17
122
where 7 = dfff - denotes the percentage of lower edges in the bilayer-lengthened graph.

Bilayer-Lengthened LDPC code optimization

The design of a bilayer-lengthened LDPC code involves finding a pair of variable degree
distributions Al and A? (i > 2) and a pair of check degrees d. and d, for the lower and
upper sub-graphs in the bilayer structure of Fig. 6.5, such that the overall graph is a
capacity-approaching LDPC code for a Gaussian channel at SN R, while the lower graph
is a capacity-approaching LDPC code at SNR_.

Similar to the previous design we fix the check degrees d. and d,, we also fix the lower
variable degree distribution A} to be a capacity-approaching distribution for a conventional

LDPC code optimized at SNR_ (which is found independently). The design problem is
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now reduced to finding an upper variable-degree distribution A? such that the overall
lengthened graph is a capacity-approaching code at SN R,. Observe that, in contrast to

the expurgated case, the lower rate is fixed here and the higher rate code is optimized.

k
ni+ng’

/ 2 .
to 3.14, the number of upper variable nodes ny is given by d, - k- Y ;50 ’\7 Thus, fixing

where k is the number of check nodes. According

The rate of the bilayer graph is 1 -

the lower graph code and d,, the rate of the overall code can be maximized by maximizing

2 U . .
Yis2 ’\7 Fixing 7, d. and d,, the linear programming update for A? can be formulated as

follows:
22
max Z —
A7 ix2 U
subject to Y nAle; (p’,q") + (L-nm)Xef (p", )
i>2

< ,Lbhe(pe?qe)v (= ]-7"'7L

Y Ar=1

i>2
where h denotes the optimization iteration round, and ¢ is the decoding iteration number.
As an initialisation, )\fnax( o) = 1 is used. This code class covers the cases where the gap
between SN R, and SN R_ is large. Thus, expurgated and lengthened bilayer LDPC codes
are complementary code structures which cover the entire range of SNRs.
Finally, we present a simulation, under all-zero codeword assumption, using A} and \?

degree distributions of code F illustrated in Table II in [7].

n=100003,n1=6.039430e+04,n2=3.960326e+04
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Figure 6.6: Bit Error Rate of a bilayer-lengthened LDPC code. Dashed lines represent the

theoretical limits.
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6.4 (aussian Approximation for Bilayer Codes

Since bilayer density evolution has high computational complexity, the authors in [17]
propose a Gaussian approximation for bilayer-expurgated codes. We denote the mean of
message updates at the (-th iteration at the input of lower (upper) check nodes by v (u2").
In the same fashion, we denote the mean of message updates at the output of lower (upper)

check nodes by ,uque(ui’e). Using the message update rule at a degree (i,7j) variable node

we have
1,0 . 1,(6-1 2,(¢6-1
uv,i-=qu+(l—1)uu§j v MUE )
1,(¢-1) 2,(¢-1)

N
/’1’\2/'77;] /"LU0+Z /"Luzj +(j_]')./"6u717j

where i, denotes the channel LLR mean. Working with the mean message updates at

the variable nodes, we can obtain as in [12, equation (14)],
et = ¢(uu0 + (i - 1)¢-1(1 - MW*D](dc—l))
+jort(1-[1- ui’“‘”]d'fl))
- g{u e, y30),
et = ¢(uu0 (=1 (1= [1- D)D)
+ igb‘1<1 -[1- Mi’“l)]dc—l))
_ h( 1,(¢-1) Mg,(zq))'

The overall mean of message updates at variable nodes [12] can then be written as

/’If/: Z )\(_:uv j :uv)

22,520 +J i+]

1,(6-1)  2,(6-1 J 1,(-1)  2,(6-1
:Z&(—g(u()u()) h(()u())).
22,520 1+ L+

We can also calculate uf using n as

o =m-pt+ (L-n)-pt
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According to [12], a necessary condition to obtain successful decoding is given by

(e 20 T (e 2

<neptH (L=m) gt
The aforementioned expression is approximately linear in A;; and this allows for linear
optimization programming. The goal is to maximize the rate of the lower graph, that is,

max A

g iz2 b

subject to )" )\z’Qb(,uuo + (i - 1)925‘1(1 -[1- uv]dc‘l)) < fhiehtly,

122

B S SR ROV XA AN BN SR N2 R XCAY
Z )\173(2'+jg</"tv y v )+Z+jh(luv ”LLV ))

122,520

<n-pt+ (L=n) - p2t
| .

1
)\i:_ _/\z,
nj;)zw ’

Naturally, the codes designed using the Gaussian approximation perform slightly worse

than those designed using density evolution but there is a complexity trade-off.
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Construction of LDPC Codes

After designing a code, which in fact means finding a good degree distribution pair (A, p)
for the specific channel, we have to construct a code from the optimised ensemble. It is
vital to choose a good graph or equivalently a good parity-check matrix representation
of the ensemble in order to achieve the best possible performance. Various constructions
exist, each having its pros and cons. We will present Gallager codes, the historically first
construction, the configuration model [1] which we use to construct all the codes of this
thesis, and concluding with the construction through progressive edge growth algorithm
which avoids cycles and optimize the girth of the graph to be as large as possible. In
addition, we will extend the use of configuration model to Bilayer LDPC codes which we

use to construct parity-check matrices for the relay channel.

7.1 Gallager Construction

This is the original method for constructing regular LDPC codes introduced by Gallager
in [4].

The goal is to construct a (n, j, k) parity-check matrix, where n is the number of columns,
j is the number of 1’s in each column and k is the number of ones in each row. Since, in
a Tanner graph the number of edges in each side must be the same, it follows that the
number of rows of the parity-check matrix is % Hence, the rate r of the code is given by

r>1- % with equality if and only if the parity-check matrix is full-rank.

107



108 CHAPTER 7. CONSTRUCTION OF LDPC CODES

In order to construct an ensemble of (n,j, k) matrices we proceed as follows:
e The matrix H is divided into j sub-matrices each of which has 7 rows. Namely,
Ha
2
e Let H; denotes the first of the sub-matrices. It contains all its 1’s in descending
order. That is, the i-th row of H; contains 1’s in columns (i — 1)k + 1 to ik.
e The other sub-matrices can be constructed by merely column permutations of H;.
To clarify the aforementioned construction procedure we illustrate the following example:

Example 7.1. Assume that n =20, j =3 and k = 4. Therefore, the parity-check matrix H

will be divided into 3 sub-matrices, namely

Hy
H2|Hy |-
Hs

Each of the sub-matrices will have % rows. The i-th row of H; will have 1’s in columns

(i—1)-4+1 to 4i. Consequently,

11110000O00O0OO0OO0OO0OO0OOO0OO0TO0O®O
0000111 10O00O0O0O0O0O0O0O0O0O0
Hi=10 0 00OOO0OO0OO0OT1T1T110O0O0O0O0O0O0 O0].
0000OO00ODOOODOODO1TT1TT1TT1O0O0O00
0000000000O00CO0O0OO0O0C11 1 1}
To construct H we need two random permutations of H; say
(001 00010000000000 11 0]
000000OO0O1T1O0O01O0O01O0O0O0O0OOQO0
Hy=10 0O 0OO1T 0O0OO0O0O0DO0OO0OT1T1O0O0T1TO0O0 Of.
1 100000O0OO0O1TO0O0O0O0OO0OO0OODO0OO0OO01
000101000010000100 0 0]
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and ) -
00000OO0O1TO0OO0ODO0OO0O11TO0O0O11TO0O0OT1TO00O0
110000O0OO0OO0OO0OOOT1TO0OO0OO0OO0OO0OO0T1

Hs=10 0O 0OOO10100O00O0OO0OO0O0T1T1O0O0O0
001100001O0O0O0O0O0O0O0OO0OO0OO0OT1OQO0
0000100001 100100000 0]

By concatenating the 3 matrices we constructed H. Note that as the block length increases,
the probability that any two columns are equal or linearly dependent decreases. Thus, the
probability that the actual rate is close to the design rate increases. This construction is
rather simple, but it gives no guarantee for the rank of the resulting parity-check matrix, it
does not avoid small cycles and it can only create regular codes. Another drawback of this

method is that we can not create codes that are encodable with linear time complexity. <

7.2 Configuration Model

Recall that in § 3.3 we showed how to sample from an ensemble. In this section, we will
give an extra graphical representation of the construction procedure. It is crucial to trans-
form a given degree distribution pair (), p) from an edge perspective to the corresponding
degree distribution pair (L, R) from a normalized node perspective. We remind that the
coefficients L; of the latter distribution pair can be calculated as

1N

Li:—)\_" fori:2,...,€max. 7.1

K
Using L; we can calculate the number of variable nodes per degree and the corresponding

number of edges, since, L; represents the probability of a variable node be of degree 1.

Namely,

#variable_nodes_per_degree_i = L; - n

# of edges_connected_to_variable nodes_of _degree i = L; - n - degree_i

where n denotes the block-length of the code and degree_i the corresponding variable node
degree. After computing the aforementioned quantities we can proceed to the construction

procedure as follows:
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e “Generate” n variable nodes and m check nodes with their sockets.

e Label the variable and check node sockets separately with the set [A’(1)] = {1,...,Y;iA;}.

’ total_edges
\Y4 .<
n
total_edges

Figure 7.1: Labeled Tanner graph of a concentrated irregular LDPC code.

total_ edges is the last socket (edge) which is equal to the total number of edges (=
Yiil;).

e Pick a permutation 7 on [A’(1)] at random with uniform probability from the set of

all (Zi iAi)! such permutations.

e Let m be a permutation on [A’(1)]. Connect i-th variable node edge socket with

7(i)-th check node edge socket.

e Put “1” in the appropriate position of H. That is, if i-th check node is connected to
the j-th variable node an odd number of times put 1 in (4,j) position of the parity

check matrix. Otherwise, put 0.
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v, @&
total_edges

Figure 7.2: Connection procedure of a concentrated irregular LDPC code.

e The last step is to try to remove short-length cycles to boost code’s performance.

7.3 Progressive Edge Growth (PEG) Algorithm

As we have seen, the constructions containing cycles in randomly generated graphs, have a
probability which tends to 0 as the block length tends to infinity. However, for a code to be
practical, its length can not be arbitrarily large. For short or moderately lengthed LDPC
codes (up to, say, some thousand bits), the unfavourable constructs have relatively high
probability, thus having non-negligible impact on the code’s decoding performance. Our
goal is to construct a graph having as large girth as possible, given the code length and
degree distribution, which is a rather hard combinatorial problem. However, a suboptimal
yet simple and well performing algorithm was proposed in [16].

The basic idea is pretty straightforward: the graph is constructed in an edge-by-edge
manner with each edge placed so that it has the minimum possible impact on the overall
graph girth. This means that, fundamentally, an edge is placed between the variable node
in question and the most distant check node in the graph. In the optimal case where the
distance is infinite, i.e. no path exists between the variable node and the check node, the

new edge creates no additional cycles.
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Given the number of variable nodes, the number of check nodes and the variable node
degree distribution, this algorithm assigns degrees to each variable node according to the
degree distribution and calculates the degree distribution of the check nodes, making it as
unt form as possible.

Before describing the algorithm, we will explain the notation used. ¢; and s; denote the i-th
check and variable node respectively. Eg. denotes the set containing all edges incident to
variable node s; and £} denotes the k-th edge incident to s;. N is the neighbourhood of
variable node s; at depth ¢ and is defined as the set containing all check nodes reached by a
sub-graph spreading from variable node s; within depth ¢. /T/fj denotes the complement of
./\/'fj Ji.e., the st containing all check nodes which are not reached by a sub-graph spreading

from variable node s; within depth /.

Algorithm 2 PEG Algorithm
1. procedure PEG(\,n,m) > A := A(x), n:= block-length, m := # check nodes

2 for j=0ton-1do

3 for k=0tod,,-1do

4 if £ =0 then

5: EQ <« edge(c;, s;), where EY is the first edge incident to s; and ¢;

6 is a check node such that it has the lowest check-node degree

7 under the current graph setting Fy, U Ey, U UFE, .

8 else

9 expand a sub-graph from variable node s; up to depth ¢ under the
10: current graph setting such that the cardinality of /\ffj stops increasing
11: but is less than m, or Nﬁj # @ but ./T/’ifﬂ) =@, then Ef « edge(c;, s;),
12: where Efj is the k-th edge incident to s; and ¢; is a check node picked
13: from the set /T/ij having the lowest check-node degree.
14: end if
15: end for
16: end for

17: end procedure

To clarify the PEG algorithm, we illustrate an example in an edge-by-edge manner.
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Example 7.2. Consider a Tanner graph with L(x) = 0.52% + 0.523. Numbers in variable
nodes refer to number of edges in each node. As mentioned earlier, the goal is to make the

graph have as large girth as possible.

I 2 ) 1 1

2 O 2 O 2 @

; @ g .o g .o =
. © + B . © 2 . © 2
s © H: . ¢ H: . ¢ -+
s © H: «© H: «© 4
70 70 70

s © s © s ©

(a) Initial unconnected graph (b) Step 1 (c) Step 2

1 1 1

2 2 2

; O N - b ‘
. @ : , 9 2,9 2
5 © B: .o > 5 @ ’
60 4 60 4 69 4
70 79 79

s © s © s ©
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+ @ ? 2
5 © 3 3
s © 1 4
7 ©
s ©

(h) Step 7 (i) Step 8

(j) Step 9 (k) Step 10 (1) Step 11
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(p) Step 15 (q) Step 16 (r) Step 17

Figure 7.3: Edge-by-edge derivation of a Tanner graph using PEG algorithm. Broken
arrows represent edges emanating from variable nodes with degree 3. Edges in red represent
a cycle of length 4. Blue broken arrows needs more intuition to choose the appropriate

(most distant) check nodes.

We omit the last steps for the reader. Notice that in our example we couldn’t avoid

length four cycle. PEG algorithm for a (3,6) regular LDPC ensemble is optimal, i.e., for
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moderate block-lengths the parity-check matrix of a (3,6) LDPC code has usually girth
10 or 12. Obviously PEG is used and for irregular ensembles. O

Without going into details, using a slight modification [16], PEG algorithm can produce
codes which are in upper triangular form, possessing the very pleasant property of having
linear time encoding. This modification only affects the (m — 1) first variable nodes, since
they correspond to the mxm sub-matrix of H,,x, which we want to be upper triangular. For
the remaining variable nodes, the unmodified PEG algorithm is used. The modification is
quite simple, we only allow connections which result in 1’s over the diagonal line of the first
m x m sub-matrix while making sure that the diagonal line has strictly non-zero elements,
so that the Hi.m, 1. is guaranteed to have full rank.

Below we present an example in order to compare the two last mentioned constructions.

(3,6) regular, n=2048

10 ;
—©— Configuration Model
—*— PEG
10tk - Shanns)n Limit
107}
Q
2
24
5 10°}
]
5
10 s
1
1
_ 1
10°F 1y
1
1
10_6 1 i i i i
0 0.5 1 1.5 2 25
Eb/NO (dB)

Figure 7.4: Bit Error Rate of a (3,6) regular LDPC code using configuration model and
PEG algorithm.
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7.4 Configuration Model for Bilayer Construction

In this section, we present an extension of § 7.2 which will be used for the construction
of bilayer-graphs. At first, let us consider the construction of a bilayer-expurgated graph
depicted in Fig. 6.3. After the optimization procedure J; ; table is known. As for the
single-user graph it is crucial to transform A;; to L;; which represents the probability of
a variable node be of lower degree ¢ and upper degree j. An extension of the equation we

derived from L; is as follows:

LN
Li,j_ : s 2227]20. 7.2

- Akl 4+ 9
Dk 20 Trt J

Bilayer-Expurgated Construction

Recall that the distribution J; is related to \;; as follows:

1 7
A== =i
Nizot+)

Hence, given \; and d.., the source-relay parity-check matrix, which corresponds to the lower
graph of the bilayer graph, can be constructed as a conventional LDPC code explained in
§ 7.2.

The non-trivial part of the bilayer construction is to construct the upper layer in such a
way so that to be compatible when we concatenate the two parity-check matrices of the

two layers. The upper layer construction can be done as follows:

1. After computing L, ; table, we can calculate the number of upper edges with respect
to lower degrees ¢ and upper degrees j. Namely, using a Matlab like notation, up-
per_edges(i, j)=[ n-L;;j-j | for i =2,... lpax and j = 0,.. ., "max Where lrax and rypax

are the maximum lower and upper degrees.

2. The number of variable nodes with respect to lower degree i and upper degree j for
each i > 2,j > 0, can be computed as [L;; - n], where n is the block-length of the

code.

3. For each (fixed) i we find the number of upper edges. That is, using a Matlab like
notation again, we have i_num_of upper_edges(i)= sum(upper_edges(i,:)). In other

words, we find the number of upper edges corresponding to each lower degree .



118 CHAPTER 7. CONSTRUCTION OF LDPC CODES

4. We repeat the previous step for variable all nodes and therefore we have

i_num_of_variable_nodes(i)=sum(num_of_variable_nodes(i,:)).

5. Taking the summation of i_num_of_variable_nodes and i_num_of_upper_edges we can

find the total number of variable nodes and upper edges respectively.

6. The extra ko check nodes can be computed as sum(i_num_of upper_edges)/d, where

d., is the upper degree of check nodes.

7. Using the aforementioned steps, we are able to associate properly the upper edges to

the corresponding variable nodes using exactly the same way as in § 7.2.

Therefore, by concatenating the matrices of the two layers, we create the bilayer parity-

check matrix.

Bilayer-Lengthened Construction

The bilayer-lengthened construction is quite straightforward since we have to construct one
parity-check matrix for the lower graph, which has n; variable nodes and k check-nodes
with a rate R_, and a second parity-check matrix for the upper layer with ns variable nodes
and k check nodes. Then the bilayer graph can be constructed by row-wise concatenation
between the two matrices. The variable degree distributions for lower and upper graphs
are A\] and A? respectively. Because lower graph and bilayer graph have the same number
of check nodes it follows that
1-R_

. 7.3
1 - R+

ny=n

Hence, given k, d. and A! we can construct the lower graph as in § 7.2. Also, given k, d,
’ 2
and A\? we compute the upper variable nodes ny as d, - k Y59 AT and then we are able to

construct the upper graph with the same way as the lower one. Finally, we construct the

bilayer graph as mentioned earlier.



Chapter

Conclusion

We saw that LDPC codes can be designed to perform close to the capacity of different
types of channels. They possess several distinct advantages. First, belief-propagation
decoding for LDPC codes have linear, with the code length, complexity for fixed number
of iterations. Second, they have an easily understood graphical representation which is
helpful for their analysis. Furthermore, we presented an effective construction method for
picking LDPC codes at random from LDPC ensembles and we extended it for Bilayer LDPC
codes. Finally, the main design tool, Density Evolution, which predicts the asymptotic
performance of a belief-propagation decoder is also presented for both LDPC and Bilayer
LDPC codes.
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