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Abstract

Sparse multipath channels are wireless links commonly found in communication
systems such as High Frequency radio channels, horizontal and vertical underwater
acoustic channels and terrestrial broadcasting channels for High Definition Tele-
vision. Their impulse responses are characterized by a few significant terms that
are widely separated in time. With high speed transmission, the length of a sam-
pled sparse channel can reach hundreds of symbol interval. Thus, the amount of
Intersymbol Interference (ISI) at the receiver is very high. Consequently, the pres-
ence of an ISI mitigating structure at the receiver, such as the Decision Feedback
Equalizer (DFE), is essential. Due to the sparse impulse responses of these chan-
nels, traditional estimation techniques such as Least Squares (LS) result in over-
parameterization and thus poor performance of the estimator. Also, classical equal-
izers become too complex for tackling these channels. The problem of estimating
and equalizing sparse multipath channels is considered in this thesis. We formu-
late the sparse channel estimation and the computation of the sparse DFE filters as
sparse approximation problems. A usual approach in sparse approximation prob-
lems is regularization with an /; norm penalty term and usage of convex optimization
techniques in order to acquire a solution [9, 10]. Other sparsity promoting penalty
functions are available, but the /; norm has the advantage to be a convex function,
making the [; norm regularized approximation problem a convex one. When a prob-
lem is formulated as a convex optimization problem, it can be solved by very fast,
efficient and reliable algorithms. In order to achieve sparser solutions and still gain
from the benefits of the convex optimization theory, the Maximally Sparse Convex
(MSC) algorithm [1] utilizes a non-convez regularization term, that promotes spar-
sity more strongly than the /; norm, but chosen such that the total cost function
remains convex. Details of the MSC algorithm are presented in chapter 2. Also,
in chapter 2 some basic concepts of the optimization theory are recapitulated. In
chapters 3 and 4, we study the application of the MSC algorithm in the sparse
channel estimation and the sparse channel equalization, respectively. Finally, the

conclusions of this thesis are presented in chapter 5.
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Chapter 1

Introduction

In this chapter, we introduce the channel model that will be used throughout this
work. We briefly explain the importance of the channel equalization and present
the most common categories of equalizers. We also introduce the notion of sparsity

and we discuss some of its impacts in communications.

1.1 Channel Model

1.1.1 Multipath propagation

In wireless communication systems, the receiver observes a superposition of attenu-
ated and delayed versions of the original transmitted radio signal, called multipath
signal components. Reflections and refractions from obstacles and buildings are the
cause of the multipath propagation phenomenon. Each path may be caused by a
single reflector or by multiple reflectors clustered together with similar delays. The

multipath effect is demonstrated in Figure 1.1.

Figure 1.1: Multipath propagation.

The baseband equivalent of a multipath channel can be modelled as a linear
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time-varying filter, with impulse response

c(t, ) = cn(1)0(T — (1)), (1.1)

where L(t) is the number of channel paths, ¢,(t) is the complex gain of the n-th
path at time ¢, and 7,,(¢) is the delay of the n-th path at time ¢.

1.1.2 Multipath Fading

The signal attenuation and distortion due to multipath propagation is called mul-
tipath fading. The type of fading experienced by a signal propagating through a
mobile radio channel depends on the nature of the transmitted signal with respect
to the characteristics of the channel.

The coherence time of a channel is a measure of how quickly the channel response
decorrelates. When the symbol period, 7', is small compared to the coherence time,
the fading is termed as slow fading. When the symbol period is comparable to the
coherence time of the channel, the fading is termed fast. In the slow fading case, the
channel may be assumed to be time invariant over several symbol periods. Thus,
L(t), 7,(t) and ¢,(t) from (1.1) do not depend on time ¢, and the multipath channel

becomes a linear time invariant filter with impulse response

L
o(T) =) cnd(r = 7). (1.2)
n=0
For the rest of this work, we consider only the time invariant case.

Another classification of the fading process depends on the relationship between
the delay spread of the channel, Ty, which is the difference in propagation time
between the longest and shortest path, counting only the paths with significant
energy, and the symbol period. When the delay spread is much smaller than the
symbol period, the fading is classified as flat, and when it is not, it is termed as
frequency selective fading.

The delay spread parameter is used to characterize the channel in the time
domain. In the frequency domain the channel is characterized by the coherence
bandwidth, B., which is the range of frequencies over which the signal strength

remains more or less unchanged.

Flat Fading Channels

If the mobile radio channel has a constant gain and linear phase response over
a bandwidth which is greater than the bandwidth of the transmitted signal, W,
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then the received signal will undergo frequency flat fading or simply, flat fading.
This type of fading is historically the most common type of fading described in
the technical literature. Flat fading channels are also known as amplitude varying
channels and are sometimes referred to as narrowband channels, since the bandwidth
of the applied signal is narrow as compared to the channel flat fading bandwidth or

the Coherence bandwidth, B.. To summarize, a signal undergoes flat fading if
W < B,

and
T>1T.

The flat fading channel consists of one tap, thus, it can be viewed as a multiplicative

channel.

Frequency Selective Channels

If the bandwidth of the transmitted signal is greater than the coherence bandwidth
of the wireless channel, then it undergoes frequency selective fading. In such cases,
the multipath delay spread is greater than the symbol interval. Consequently, the
received signal contains multiple versions of the transmitted waveform which are
attenuated and delayed in time and hence the received signal is distorted.

This kind of distortion is called Intersymbol Interference (ISI) and, roughly
speaking, has similar effect as additive noise, thus, it makes the communication
less reliable.

In the frequency domain, it is observed that different components have different
gains than the others. Frequency selective fading channels are also called wideband
channels since the symbol bandwidth is greater than the coherence bandwidth of
the channel.

Thus, a channel undergoes frequency selective fading if
W Z B,
and
T < Tu

Contrary to the frequency flat case where the channel consists of one tap, the fre-
quency selective channel consists of multiple taps (resolvable multipaths). The mul-

tipath components are resolvable if they are separated in delay by 7.
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In this work, only frequency selective channels are studied.

1.1.3 Discrete-Time Channel Model

Most of the material in this subsection is from [12]. In digital communication sys-
tems, the transmitted signal consists of discrete symbols that are sampled at the
symbol rate T" and pulse shaped with the transmit filter gr(¢). Both the transmit
filter gr(t) and the receive filter gg(t), that will be mentioned later, are Square Root
Raised Cosine filters. This pulse shaping operation at the transmitter is usually
referred to as digital-to-analog conversion. Hence, the baseband transmitted signal

can be written as
v(t) =Y urgr(t — kT),
k

where wuy, is the transmit symbol sequence.

The transmitted signal is then convolved with the physical channel ¢(t) and

corrupted by the additive noise n(t).

A basic and generally accepted model for thermal noise in communication chan-
nels is the set of the following assumptions. The noise is additive and statistically
independent of the input signal. The noise is white, i.e, the power spectral density is
flat, so the autocorrelation of the noise in time domain is zero for any non-zero time
offset. The noise samples have a Gaussian distribution. This noise model, which
is called Additive White Gaussian noise, is very efficient, even though the noise in

reality is more complex.

Finally the received signal is filtered with the receive filter gg(t) and then sampled
at the symbol rate T. The discretization operation at the receiver is normally

referred to as analog-to-digital conversion.

The continuous-time communication system described above, is illustrate in Fig-

ure 1.2.
n(t) t=mT
L gr(t) > (1) 2, > gr(t) W%Tm’

Figure 1.2: Continuous-time channel model.
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We can write the input-output relation as

r(t) = (v(t) x c(t) + n(t)) * gr(t)
(t) x c(t) * gr(t) + gr(t) x n(t)
() * gr(t) * c(t)

x gr(t) * c(t) x gr(t) + n'(t),

Il
<

= u(t

where n/(t) = n(t) * gr(t), which is also White Gaussian noise.

If we denote the overall channel impulse response h(t) = gr(t) * c(t) * gr(t), then

r(t) = u(t) h( )+ (t)
= Z +n/(t).
By taking samples r,, = r(mT) we get

rm = 1(mT)

=7(t)

t=mT

= uph(t — kT)
k t=mT

= Z ugh(mT — kT) +n'(mT).

+n'(t)

t=mt

By setting h,, = h(mT) and n}, = n/(mT), we have
k

Equation (1.3) describes the discrete-time baseband equivalent channel output as
a convolution of the input symbol sequence wu; with the sampled overall impulse
response hy. This is a very useful expression, since it provides a general description
of the input-output relation of the communication system, regardless the implemen-

tation methods, such as the transmit and receive filters or the physical channel.

In practice, h; can be truncated to some finite length N. If we assume causality
of gr(t), gr(t), and ¢(t), then hy = 0 holds for k£ < 0, and if N is chosen large enough
hi. = 0 holds also for [ > N. Therefore, (1.3) can be rewritten as:

N-1
k=0

Thus, the output of a communication system can be expressed as the output of
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up—>  hy f—e——

Figure 1.3: Discrete-time channel model.

a linear time invariant discrete-time system with input the symbol sequence of the
communication system, as shown in Figure 1.3. This is the channel model we will

use throughout this work.

1.2 Channel Equalization

The ability to transmit vast quantities of data through a reliable, high speed con-
nection is very important. One way to achieve a high data rate is to simply increase
the transmission speed. However, doing so inevitably increases the sampled channel
length, thereby increasing the amount of ISI.

As mentioned before, ISI acts like additive noise, degrading severely the com-
munication system. Thus, the utilization of techniques which cancel the effect of
IST are necessary. The techniques that aim in cancelling the ISI at the receiver of a

communication system are called channel equalization.

1.2.1 Optimal receiver

In the receiver, Maximum Likelihood Sequence Estimation (MLSE) using the Viterbi
algorithm on the received signal may be used to optimally reduce the effects of ISI
[14].

The MLSE for a channel with ISI has a computational complexity that grows
exponentially with the length of the channel time dispersion. If the size of the
symbols alphabet is M and the number of interfering symbols contributing to ISI is
L, the Viterbi algorithm computes ML*! metrics for each received symbol. In many
channels of practical interest, such a large computational complexity is prohibitively

expensive to implement.

1.2.2 Sub-optimal Equalizers

The computational complexity of the MLSE leads to an interest in seeking sub-

optimal equalizers. These equalizers can be divided into categories [15].
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Linear or Non-Linear Equalizers

Two broad categories of the equalization techniques are the linear and the non-linear.
The linear techniques are generally the simplest to implement and to understand
conceptually. A linear equalizer is a filter that equalizes an ISI channel by inverting
its frequency response. It is most effective when applied on mild ISI channels whose

frequency responses are relatively flat.

However, linear equalization techniques typically suffer from more noise enhance-
ment than non-linear equalizers, and are therefore not used in most wireless appli-
cations. Among non-linear equalization techniques, Decision Feedback Equalization
(DFE) is the most common, since it is fairly simple to implement and generally
performs well. The DFE consists of a Feedforward Filter (FFF) with the received
sequence as input, followed by a Feedback Filter (FBF) with the previously detected
sequence as input. Effectively, the DFE determines the ISI contribution from the
already detected symbols by passing them through the FBF. The resulting ISI is
then subtracted from the incoming symbols. The FBF of the DFE does not suffer
from noise enhancement because it estimates the channel frequency response rather
than its inverse. For channels with deep spectral nulls, DFEs generally perform
much better than linear equalizers. However, on channels with low Signal to Noise
Ratio (SNR), the DFE suffers from error propagation when symbols are decoded in

error, leading to poor performance.

Zero-Forcing or MMSE Equalizers

The two most common criteria for selecting the coefficient of a linear or a non-
linear equalizer are the total elimination of the ISI, and the minimization of the
Mean Squared Error (MSE). An equalizer implemented using the first strategy is
called Zero Forcing (ZF) equalizer. A serious problem with the ZF equalizer is the
noise enhancement, which can result in infinite noise power spectral densities after
the equalizer. The noise is enhanced at frequencies where the channel has a high
attenuation. An equalizer implemented using the second strategy is called Minimum
Mean Squared Error (MMSE) equalizer. The MMSE equalizer balances a reduction
in IST with noise enhancement. The MMSE equalizer always performs as well as, or
better than, the ZF equalizer.
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1.3 Sparsity

1.3.1 Definition

The term sparsity refers to a measurable property of a vector. It means that the
number of the non-zero elements of the vector is very small in comparison with its
dimension.

There are a lot of advantages working with sparse vectors. For example calcula-
tions involving multiplying a vector by a matrix take less time to compute in general
if the vector is sparse. Also sparse vectors require less space when being stored on
a computer as only the position and value of the entries need to be recorded.

A very simple and intuitive measure of sparsity of a vector x simply involves
the number of non-zero entries in x. The vector is sparse if there are few non-zeros

among the possible entries in x. It will be convenient to introduce the [y quasi-norm

l|1x|lo = #{i:z; #0}. (1.5)

Thus if ||x]||o is considerably less than the vector length, x is sparse.

1.3.2 Sparse Multipath Channels

Channel measurement results suggest that multipath components tend to be dis-
tributed in clusters rather than uniformly over the channel delay spread. These
clusters of paths physically correspond to large-scale objects in the scattering envi-
ronment, such as buildings and hills in an outdoor propagation environment, while
multipath components within a cluster arise as a result of scattering from small-scale
structures of the corresponding large-scale reflector, such as windows of a building
or trees on a hill. Based on the interarrival times between different multipath clus-
ters within the delay spread, wireless channels can be categorized as either rich or
sparse.

A sparse multipath channel is characterized by an impulse response that only
comprises a few significant multipath terms. However, the multipath terms are
widely separated in time, thereby creating a large delay spread. With high speed
transmission, the length of a sampled sparse channel can reach hundreds of symbol
intervals, although the majority of taps in the sampled channel are near zero-valued.

Some examples of sparse multipath channels are the High Frequency radio chan-
nels, where the large time differences between the multipath terms are caused by
reflections off the ionosphere, horizontal and vertical underwater acoustic channels,
where the long delays between the multipath terms are due to reflections off the sea

surface or sea floor, terrestrial broadcasting channels for High Definition Television



1.3. Sparsity 21

systems, cellular land mobile radio channels in hilly environments and aeronautical
channels [7].
An example of an impulse response of a sparse multipath channel of 100 taps

length and significantly less non-zero taps is illustrated in Figure 1.4.
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Figure 1.4: Sparse Multipath Channel.

1.3.3 Sparse Channel Estimation

An exact estimate of the sparse multipath channel will greatly improve the perfor-
mance of the equalization. Typically, this is accomplished by probing the channel
with a known training sequence and processing the channel output, using for exam-
ple a conventional Least Squares (LS) based channel estimation scheme.

While appropriate for rich channels, LS estimation ignores the structure of a
sparse multipath channel, which leads to poor performance, since estimation effort
is directed towards estimating all the channel coefficients, many of which might be
zZero.

Thus, other channel estimation techniques, which exploit the sparsity of the
sparse multipath channel, should be used. The performance of the LS estimation
and the sparse channel estimation techniques will be discussed in chapter 3 with

more details.

1.3.4 Sparse Equalizers

In applications where sparse multipath channels are considered, very long equalizers
have to be employed at the receiver to mitigate the resulting severe ISI. The com-

plexity of computing and implementing FIR equalizers increases with the number
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of taps. Thus, the complexity of the equalization of a sparse multipath channel may
become prohibitive.

In systems where the complexity is dominated by arithmetic operations, the
number of non-zero coefficients in the impulse response may be a more appropriate
metric to consider instead, and computational savings are realized by omitting arith-
metic operations associated with zero-valued coefficients. This leads to a demand for
long equalizers with fewer non-zero coefficients (sparse equalizers), to reduce com-
plexity at the expense of some performance loss. Thus, the sparse equalizer is better
structured to handle sparse multipath channels with large delay spreads because the
computational complexity of the filtering operation is no longer proportional to the
equalizer span.

In addition to complexity reduction, under non-ideal channel estimation, the
sparse structure can improve the equalizer’s performance because it reduces the
noise accumulation caused by the non-ideal computation of the equalizer weights.

Techniques for computing sparse DFE filters will be studied in chapter 4.
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Chapter 2

Convex Optimization

Convex optimization refers to the minimization of a convex objective function sub-
ject to convex constraints [13]. Convex optimization has found wide application
in areas such as automatic control systems, estimation and signal processing, com-
munications and networks, electronic circuit design, data analysis and modelling,
statistics, and finance. Many of the most commonly addressed optimization prob-
lems are convex. Or even if they are not convex, some times, there is a way to
reformulate them into convex form. There are great advantages to recognizing or
formulating a problem as a convex optimization problem. The most basic advantage
is that, due to the convex nature of the feasible set of the problem, any local opti-
mum is also the global optimum. Algorithms written to solve convex optimization
problems take advantage of such properties, and are faster, more efficient and very
reliable. As a result, very large problems, with even thousands of variables and
constraints, are solvable in reasonably small time. Thus, these algorithms can be
embedded in a computer-aided design or analysis tool, or even a real-time reactive

or automatic control system [8].

2.1 Basic Optimization Concepts

In order to recognize and solve convex optimization problems in engineering appli-
cations, one must first be familiar with the basic concepts of convex optimization
theory. This section provides a concise review of these optimization concepts. Most

of the material in this section is from [13].

2.1.1 Convex Set

A set C'is convex if the line segment between any two points of C lies in C. That

is, if for any x1, 29 € C' and any 0 with 0 < 6 < 1, we have
Oz, + (1 —0)zy € C.

Roughly speaking, a set is convex if every point in the set can be seen by every
other point, along an unobstructed straight path between them, where unobstructed

means lying in the set, as shown in Figure 2.1.
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(a) Convex set, (b) Non-convex set.

Figure 2.1: Convex and non-convex sets.

2.1.2 Convex Function

A function f : R™ — R is convex if the domf is a convex set and for all x,y € domf,
and € € R, with 0 < 0 < 1, we have

fox+ (1 —=0)y) <0f(x)+(1-0)f(y) (2.1)

Geometrically, this inequality means that the line segment between (x, f(x)) and
(v, f(y)) lies above the graph of f. The visualization of this geometrical interpreta-
tion, for the simple case where f : R — R and z,y € R, is illustrated in Figure 2.2.
A function f is strictly convex if strict inequality holds in (2.1) whenever x # y and
0 < 6 < 1. Wesay f is concave if — f is convex, and strictly concave if —f is strictly

convex.

O, f()

(x, f(x))

Figure 2.2: Convex function.
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2.1.3 Gradient and Subdifferential

If f:R™ — R is differentiable, then the function Vf : R" — R" defined as

Vi) =1 |,

is called gradient of f at x.
An important property of a convex and differentiable function f : R — R is

that, for every x,y € R", we have

fly) > fx)+ Vi) (y —x).

A geometrical interpretation of this property for the simple case where f : R — R
and x,y € R, is illustrated in Figure 2.3.

f»

F+V () (3-x)

(x, f()

\4

Figure 2.3: Important property of gradient.

When the function of interest is not differentiable everywhere, its gradient can not
be computed at the non-smooth points. At these points, we use the subdifferential
of the function.

We define g as a subgradient of a function f, at x, if

fly)> f(x)+g"(y —x), Vye€domf.

The set of all subgradients of f at x is called the subdifferential of f at x and is
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denoted as

of(x) ={glg"(y —x) < f(y) — f(x), Vy e domf}.

A geometrical representation of the subdifferential for the simple case where f :
R — R and z,y € R, is illustrated in Figure 2.4.

A

f»

) <
\ (%, ()

\4

Figure 2.4: Subdifferential of f(x).

2.1.4 Convex Optimization Problem

A convex optimization problem is one of the form

minimize fo(x)

subject to  fi(x) <0, i=1,....,m
hi(x)=0, i=1,...,p, (2.2)
where fy, ..., f, are convex functions and hy,...,h, are affine functions, that is,

hi(x) = alx — b;. We call x € R" the optimization variable and the function
fo : R" — R the objective or cost function. The inequalities f;(x) < 0 are called
the inequality constraints, and the corresponding functions f; : R” — R are called
the inequality constraint functions. The equations h;(x) = 0 are called the equality
constraints, and the functions h; : R® — R are the equality constraint functions. If

there are no constraints, we say the problem (2.2) is unconstrained.
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The set of points for which the objective and all constraint functions are defined
is called the domain D of the convex optimization problem (2.2). A point x € D
is feasible if it satisfies the constraints fi(x) <0, i = 1,...,m, and a]x = b;, i =
1,...,p. The problem (2.2) is said to be feasible if there exists at least one feasible
point, and infeasible otherwise. The set of all feasible points is called the feasible set
or the constraint set. The feasible set of a convex optimization problem is convex,
since it is the intersection of the domain N* ,domf;, which is a convex set, with
m sublevel sets and p hyperplanes. Thus, in a convex optimization problem, we

minimize a convex objective function over a convex set.

2.1.5 Lagrangian

In order to define the Langrangian function of a convex optimization problem, we
take the constraints in (2.2) into account by augmenting the objective function
with a weighted sum of the constraint functions. We define the Lagrangian L :
D x R™ x R? — R associated with the problem (2.2) as

Lx, A\, V) = fo(x)+ Z Aifi(x) + Z vihi (),

with domL = D x R™ x RP . We refer to \; as the Lagrange multiplier associated
with the i-th inequality constraint f;(x) < 0. Similarly, we refer to v; as the Lagrange
multiplier associated with the i-th equality constraint h;(x) = 0. The vectors A and
v are called the dual variables or Lagrange multiplier vectors associated with the
problem (2.2).

2.1.6 Lagrange Dual Function

The Lagrange Dual Function (or just dual function) g : R”™ x R? — R is defined as

the minimum value of the Lagrangian over x : for A € R™, v € RP

g(A,v) = inf L(x, A V)

xEdomD
= xe(ijIcl,fl;l’D (fO (X) + z:; )\zfz(x) + 2:; Uihz‘ (X)) .

When the Lagrangian is unbounded below in x, the dual function takes on the value
—00. Since the dual function is the pointwise infimum of a family of affine functions

of (A, V), it is concave, even when the problem (2.2) is not convex.

An important property of the dual function is that it yields lower bounds on the
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optimal value p, of the problem (2.2): For any A > 0 and any v, we have

g(A, v) < p..

2.1.7 Dual Problem

The dual function provides a lower bound that depends on parameters X, v. The
best lower bound that can be obtained from the dual function is computed by the

optimization problem

maximize g(A,Vv)

subject to A > 0. (2.3)

This problem is called the Lagrange dual problem associated with the problem
(2.2). In this context, the original problem (2.2) is sometimes called the primal
problem. The term dual feasible is used to describe a pair (A,v) with A > 0 and
g(A,v) > —oo. We refer to (A, v,) as dual optimal or optimal Lagrange multipliers

if they are optimal for the problem (2.3).

The Lagrange dual problem (2.3) is a convex optimization problem, since the
objective to be maximized is concave and the constraint is convex. This is the case

whether or not the problem (2.2) is convex.

The optimal value of the Lagrange dual problem, which we denote d,, is, by
definition, the best lower bound on p, that can be obtained from the Lagrange dual
function. In particular, we have the simple but important inequality d, < p, , which

holds even if the original problem is not convex. This property is called weak duality.

We refer to the difference p, — d, as the optimal duality gap of the original
problem, since it gives the gap between the optimal value of the primal problem and
the best lower bound on it that can be obtained from the Lagrange dual function.

The optimal duality gap is always nonnegative.

If the equality d, = p, holds, i.e., the optimal duality gap is zero, then we say
that strong duality holds. This means that the best bound that can be obtained
from the Lagrange dual function is tight. Strong duality does not, in general, hold.
But if the primal problem (2.2) is convex , we usually (but not always) have strong

duality.
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2.1.8 Optimality Conditions

When a convex optimization problem is unconstrained and the objective function

fo is differentiable for all x € dom fj, then, xq is optimal if and only if

V fo(xo) = 0.

When a convex optimization problem is unconstrained, but the objective function

fo is not differentiable for all x € domf, then, xq is optimal if and only if
0 € 9 fo(xo)

For any optimization problem with differentiable objective and constraint functions
for which strong duality obtains, any pair of primal and dual optimal points, x, and
(s, vi) must satisfy the Karush Kuhn Tucker (KKT) conditions

Vio(x) + Y AaVfix.) + Afv. =0,

i=1
Ax, = b,

filx) <0, i=1,....,m,
A 20,

Aeifi(x:) =0, 1=1,...,m.

When the primal problem is convex, as in (2.2), the KKT conditions are also suffi-
cient for the points to be primal and dual optimal. In other words, if f; are convex
and h; are affine, and X, 5\, v are any points that satisfy the KKT conditions, then

X and (;\, v) are primal and dual optimal, with zero duality gap.

2.1.9 Majorization Minimization Method

The Majorization Minimization (MM) framework substitutes a difficult optimization
problem with a simpler one. It works by finding a surrogate function that minorizes
or majorizes the objective function. Optimizing the surrogate functions will drive the
objective function upward or downward until a local optimum is reached. Instead of
minimizing the objective function F'(x) directly, the MM method solves a sequence

of simpler minimization problems

Xpp1 = argmin G(x),
X
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where k is the iteration counter. Each function Gy (x) is a majorizer (upper bound)
for F'(x) and coincides with F'(x) at x = x;. That is

Gr(x) > F(x), Vx,
Gk(Xk) = F(Xk).

The MM procedure monotonically reduces the cost function value at each iteration.

Under mild conditions, the sequence x; converges to the minimizer of F'(x).

2.2 Regularization and Sparse Problems
We consider the system
y = Hx + w, (2.4)

where x € R™ is a sparse signal, y € R™ is the observed signal, H € R™*" is a linear
operator, and w € R™ is additive white Gaussian noise vector.
When the structure of x is unknown, an approximation of x is computed by the

least squares optimization problem
in |y — Hx]

On the other hand, if the structure of x is known, for example, if it has many small
values or a sparse form, then the regularized approximation is very useful.

In the basic form of regularized approximation the goal is to find a vector x that
is small, and also makes the residual (y — Hx) small. This is naturally described as
a convex optimization problem with two objectives, ||y —Hx||3 and |[|x||. A common
scalarization method used to solve an optimization problem with two objectives is
to minimize the weighted sum of the objectives. The two norms can be different.
The first, used to measure the size of the residual, is on R™ and the second, used to
measure the size of x, is on R”, and is referred to as the penalty function.

The norm used as a penalty function will depend on our knowledge about the
structure of x. For example, when we want to obtain an approximation with small
values, the well known [y norm is suitable to be used as a penalty function. In
our case, where x is sparse, the natural approach towards the sparse regularized
approximation problem is to use the [y quasi-norm, defined in (1.5), as the penalty

function. Thus, the sparse regularized approximation problem is of the form

1
min §||y—HX||§+A||XHo, (2.5)
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where A > 0. The sparsity of the approximation depends on A, with x getting more

sparse, as A increases.

Di(x)
Pp(x)

Do(x)

v

Figure 2.5: Penalty functions.

We can express the [ quasi-norm as

[Ixllo = Z Po(i),

where ¢g(x) is illustrated in Figure 2.5, and is given by
bo(2) { 0, if x =0,
€Tr) =
’ 1, ifz#0.

Thus, the optimization problem (2.5) can be rewritten as
o1 9
min §||y — Hx||3 —1—)\2(;50(:6@-). (2.6)

Unfortunately, the solution of (2.6) is very difficult to obtain. In order to obtain the
solution, we have to solve exhaustively, for all the possible values of ||x||o, the least
squares problem ||y —Hx]|3, making the problem Non-deterministic Polynomial-time
(NP)-hard. The difficulty of this problem is rooted in the discrete and discontinuous
nature of ¢g(x).

Searching for a candidate substitute for the [y quasi-norm in the sparse approx-
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imation problem, we examine the [, quasi-norm with 0 < p < 1, defined as

Il = (b "

%

Then, the sparse regularized approximation problem (2.5) becomes
.1
min |y — Hx|[3 + Xl (2.7)
If we define
Pp(z) = |2[",

then, the optimization problem (2.7) can be rewritten as
.1 9
min {ly ~ Hx|3 4 2 Y 6, (x). (25)

As shown in Figure 2.5, ¢,(x) is a continuous function which is geometrically very
close to ¢o(x). Unfortunately, ¢,(x) is a non-convex function, making the solution
of (2.8) difficult. Thus, ¢,(z) is not a good candidate substitute of the ¢o(x) in the

sparse approximation problem.

We can get a convex relaxation of (2.5) by replacing the [y quasi-norm with the

[y norm, which is defined as

|Ix[]1 =Z|$z‘|-

i

Then, the sparse regularized approximation problem (2.5) becomes
o1 2
min Sy — Ax|l; + Aflx]s. (2.9)
If we define
¢1(x) = |z, (2.10)
then, the optimization problem (2.9) can be rewritten as

) 1
min 5”)’—AX||§+/\Z¢1(%): (2.11)

With a geometrical observation of Figure 2.5, we can say that, among convex func-

tions, ¢1(x) is, in some sense, the closest to the ¢o(z). Thus, given the relative ease
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with which convex problems can be reliably solved, the [; norm is a basic tool in

sparse signal processing.

2.3 Maximally Sparse Convex Optimization

Convex optimization with sparsity-promoting convex (I; norm) regularization is a
standard approach for estimating sparse signals in noise. In order to promote spar-
sity more strongly than convex regularization, it is also standard practice to employ
non-convex optimization. The Maximally Sparse Convex (MSC) approach [1] uti-
lizes a non-convex regularization term chosen such that the total cost function,
consisting of the sum of the residual and the regularization terms, is convex. There-
fore, sparsity is more strongly promoted than in the standard convex formulation,
but without sacrificing the attractive aspects of convex optimization, such as the
unique minimum or the robust algorithms provided by convex optimization theory.
Most of the material in this section is from [1].

In essence, MSC optimization attempts to solve sparse regularized least squares

approximation problems of the form

n—1

. 1 2
min - F(x) = o |ly - Hx|[3 + 2; N (i3 i), (2.12)
where \; > 0, for i = 1,...,n, and ¢(z;a) is a non-convex sparsity promoting

penalty function, with the parameters a; selected so as to ensure convexity of the
total cost function F(x).

2.3.1 Sparsity Promoting Penalty Functions

One penalty function suitable for the MSC approach is the logarithmic function
defined as

Prog () = élog(l +alz]), a>0. (2.13)

As a approaches zero, the logarithmic function approaches the [; norm, providing no
significant advantage. As a increases, the logarithmic function becomes more and
more non-convex, promoting sparser solutions.

In order to study non-convex sparsity promoting penalty functions, we will com-
pare the non-convex logarithmic penalty function with the convex [; norm. Both
penalty functions are illustrated in Figure 2.6

First, we will introduce the term threshold function. Each penalty function is

related with one threshold function, which can give us some information about the
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(b) ¢log(x)
Figure 2.6: Penalty functions.

performance of the penalty function [1].

If Hin (2.12) is the identity matrix, F'(x) is separable in scalars. Thus, if z,y € R

we have
F(a) = 3y — ) + Ao(a),

and the minimization problem (2.12) becomes

6(0) = wgmin 35~ o + Ao(o) .

z€R

The function (y) is the threshold function and depends on the penalty function
().

The threshold function of a penalty function is computed by minimizing F(x),

with respect to x. The derivative of F'(z) is given by

Fl(z) =2 —y+ M\ (2).
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Setting the derivative of F(z) equal to zero gives
y =1+ A (). (2.14)

The value x that minimizes F'(x) can be found by solving (2.14). First, the deriva-
tives of the penalty functions must be found. It is obvious that both penalty func-
tions are differentiable for all x € R, except x = 0. Thus, the subdifferential d¢(z)

must be computed

(a) O¢1(x)

(b) 8(;Slog(ﬂg)
Figure 2.7: Subdifferentials of the penalty functions.

dp(x) =

{ ¢'(z), for x # 0,
[¢'(07),¢'(07)], forz=0.

For each penalty function, we have

1, for x > 0,
Op1(z) = < [-1,1], forz =0,

—1, for x < 0,
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1
_ for = > 0,
1+ alx|
Odrog(z) = < [—1,1], for x =0,
1
——— forz<0.
1+ alx|

The subdifferential of the penalty functions are illustrated in Figure 2.7.

Now, that we have obtained the ¢'(x), it is easy to form the y = = + A\¢/(z).
The case where we use the [, norm is illustrated in Figure 2.8a. For the logarithmic
function case we take two values for a, one small and one big. These cases are
illustrated in Figure 2.8b and Figure 2.8b respectively. We observe that for a big

value for a, y = x + A¢/(x) is not a strictly increasing function of z.

(a) y = = + \¢) (2), (b) y = 2 + AP, (2), for small a,

() y =z + Ag|x(2), for big a,

Figure 2.8: y = = + A\¢/(x).

The threshold function, 0(y), is computed by exchanging the y and x axes, or
by just solving (2.14) with respect to x. 0(y) for the cases we use the [; norm, or
the logarithmic penalty function with small a, are illustrated in Figure 2.9a and
Figure 2.9b respectively. If a is large, then 6,4(y) does not define a function of y,
as there is not a unique x for each y, as illustrated in Figure 2.9c. When z is not
unique, one from its values is the global minimizer of F'(x) and the other values are
local maxima and minima. So, in that case, F'(x) is not strictly convex.

In order F'(z) to be strictly convex, y = x+ ¢, (7) should be strictly increasing,
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(a) 61(y), | (b) 1o (y), for small a,

(¢) biog(y), for big a,

Figure 2.9: Threshold functions, 0(y).

That is, the derivative of z + A¢|,(7) should be positive for every x > 0.

/
<x + A(b{og(x)) >0, Vx>0,

1
log () > - Vo > 0,

a 1
—_—— > —— Ve >0
(1+ ax)? A Lo

- 1

a —

)\7

and since a > 0, the range of @, in which F(x) is strictly convex is

1
0<a< T (2.15)

A good penalty function should result in a threshold function with three prop-

erties [5] :
e Unbiasedness. The threshold function should not substantially bias (attenu-
ate) large y. When the logarithmic penalty function is used, the value y —6(y)

decays to zero as y increases. Instead, when the /; norm is used, y — 0(y) is

constant and equal to A. Thus, the logarithmic function is a better penalty
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function than /; norm in the sense of unbiasedness.

e Sparsity. The resulting estimator is a threshold rule which automatically sets
small estimated coefficients to zero. Both threshold functions set values |y| < A

to zero. So A in both functions is the threshold value.

e Continuity. When the threshold function is not continuous, it is very sensitive
to small changes in its input. Both penalty functions correspond to continuous

threshold functions.

2.3.2 Convexity Condition

We will expand the results of the previous section, about the range of a, in which
F(z) is strictly convex, in the vector case. That is, the computation of the range of
a;, in which F(x) is strictly convex [1].

We consider the function v : R — R defined as

v(x) = %xQ + Ao(z;a). (2.16)

Let S be the set of pairs (A, a) for which v(x) is strictly convex. For the logarithmic
penalty function, as shown in (2.15), the set S is given by

S:{(A,a):)\>0,0§a§§}. (2.17)

Let R be a positive definite diagonal matrix such that H”H — R is positive semidef-
inite and r; denote the i-th diagonal entry of R (i.e. [R];; =r; > 0). If we add and

subtract the term $x”Rx in F(x) we have

n—1

1 1 1
F(x) = §||Y — Hx||3 + ; Nid(xq;a;) + §XTRX — §XTRX
1 — 1 1
= 5 (yHy - yHHX - XHHHy + XHHHHX) + Z )xqu(xl, CLi) + §XTRX — §XTRX
=0
= 5XH (HHH — R)x — yAHx + EyHy + §XHRX + ; Xid (x4 a;).

We define the function ¢(x) : R* — R as

1 1
q(x) = §XH (HHH — R)X — yHHx + §yHy.

Since HYH — R is positive semidefinite, %XT <HTH — R)x is convex. Also, since

y'Hx is affine, and 1y”y is constant, ¢(x) is convex.
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We also define the function g(x) : R* — R as

n—1

I
g(x) = §X Rx + ; Xid(xi; a;)

n—1

=3 (B 4 Aowica)

where v(z) was defined in(2.16). If (%, ai> € S, then g(x) is strictly convex.
Thus, F(x) becomes

F(x) = q(x) + g(x),

and is strictly convex if
T

(2
A problem that arises here is the computation of the positive definite diagonal
matrix R. In order to introduce sparsity more strongly, we seek for big r; that
keep H?H — R positive semidefinite. This problem is formulated as a semidefinite

optimization problem

n—1
max E T
reRn
i=0
subject to  1; > Chin

H"H - R >0, (2.18)

where ¢, is the minimal eigenvalue of H?H and the inequality HFH — R > 0
means that HYH — R is positive semidefinite. Since H?H is positive semidefinite,
Cmin 18 greater or equal to zero. The optimization problem (2.18) is always feasible,
since, in the worst case, where every 7; is equal to cpin, the eigenvalues of H7H —
Cmin are obtained by subtracting ¢, from the eigenvalues of HYH. Thus, HYH —

Cminl 18 positive semidefinite.

2.3.3 Maximally Sparse Convex Algorithm

Based on the previous discussion the forgoing approach of the MSC approach is

summarized as follows.

I. Input: y e R He R™" {\; >0, Vi=1,...,n},¢:R—=R.
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2. Find a positive semidifinite diagonal matrix R such that H?H — R is positive
semidifinite. (i.e. solve (2.18)).

3. For i = 1,...,n, set a, such that (f\—i,ai) € S. For the logarithmic penalty

function we have:
T
ai:ﬁ)\_j Where()gﬁg 1.

When 5 = 0, the penalty function is simply the /; norm. When § = 1, the
penalty function is maximally non-convex (maximally sparsity-inducing). So,

£ is always set to 1.

4. Minimize (2.12) to obtain x using a majorization minimization algorithm as

shown in the next section.

5. Output: x € R .

Other penalty functions can be used instead of the logarithmic function, but they
must have the property that v in (2.16) is convex for (A, a) € S for some set S. For
example, ¢(x,p) = |z|P, with 0 < p < 1, does not qualify.

2.3.4 Iterative Maximally Sparse Convex Algorithm

When H is nearly singular, R will be close to zero. This means for the logarithmic
penalty function, that r; is almost zero, which leads a; to be almost zero. As a
consequence, the penalty function is practically the [; norm, so the method offers no
advantage. In order to broaden the applicability of MSC algorithm, an iterative MSC
algorithm is described. In each iteration, MSC algorithm is applied only to the non-
zero elements of the sparse solution x, obtained as a result of the previous iteration,
and the corresponding columns of H. As the iterations progress, the active columns
of H decreases, R is less constrained, and eventually r; becomes greater than zero,
which leads a; to be also greater than zero. Hence, as the iteration progresses the
penalty function becomes increasingly non-convex. Therefore, the IMSC algorithm
produces a sequence of successively sparser solutions. The procedure can be repeated
until there is no change in the index set of non-zero elements. The algorithm can
be initialized with the [; norm solution, assuming it is reasonably sparse.

The IMSC procedure is described as follows, where £ > 1 denotes the iteration

index.
1. Initialization. Find the {; norm solution

n—1
xM = argmin ||y — Hx||? + Z il zil,
xER™ 1=0
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set k =1 and K© =n. H is of size m x n.
2. Identify the non-zero elements of x*), and record their indices in the set K®*)

KW = {z € Zy|ztP £ o}.

Let K® = |K®).

3. Check termination condition: If K*) is not less than K *~ then terminate.

The output is x*.

4. Define H® as the submatrix of H containing only columns [ € X®). H®) is

of size m x K®_ Find a positive semidefinite diagonal matrix R®, of size
K® x K® using (2.18).

5. Set a; such that (%, ai) € S, i € K®. For the logarithmic penalty function
we have

k ri)
alt) = 2 ie kW,

% )
%

6. Solve the K®) dimensional convex problem

uk) = argmin  F(u) = ||y — H(k)u||§ + Z A (ui; al(k)> . (2.19)

ueRK® el (k)

7. Set xF+1) ag

0, for i ¢ IC),
:L‘l(k—l—l) _ ) ¢
uf ) forie KW,

8. Set k =k + 1 and go to step 2.

It is obvious that three optimization problems appear in the algorithm. The first
one, at step 1, is a least squares problem, regularised with the {; norm. The second
one, at step 4, is a semidefinite optimization problem, and the last one, at step 6, is
a least squares problem, regularised with the a non-convex penalty function.

The first two optimization problems can be easily solved by CVX. CVX is a
software package that runs in Matlab, and is used to formulate and solve convex
optimization problems by transforming Matlab code into an appropriate modelling
language. The description of the optimization problem is typed in a form that

looks very similar to how one would write it mathematically on paper, making it
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easy to use. CVX converts the problem description into an equivalent Linear Pro-
gram, Quadratic Program, or Semidefinite Program and solves the problem. Model
specifications are constructed using common Matlab operations and functions, and
standard Matlab code can be freely mixed with these specifications. This com-
bination makes it simple to perform the calculations needed to form optimization
problems, or to process the results obtained from their solution.

Unfortunately, CVX is unable to solve the problem (2.19) due to the non-convex
nature of the penalty function, ¢(x). Thus, in order to minimize F'(x), an iterative
algorithm, based on the MM method explained in Section 2.1.9, is used [1].

To apply the MM method to minimize F'(x), one may either majorize the term
||y — Hx||3, or the penalty term >, ¢ (x (7)), or both. We choose to majorize just
the penalty term and it will be useful to consider first the scalar case.

We will find a majorizer for ¢(x) with = € R. The majorizer g(z) should be an
upper bound for ¢(x) that coincides with ¢(z) at a specified point v € R. That is

g(x) > é(x), VzeR,
g(v) = o(v). (2.20)

We will use a quadratic function to majorize the penalty function ¢(x), as shown in
Figure 2.10. Thus, g(x) will be of the form

g(z) = ma* +c. (2.21)

g(x)
(x)

:¢(V)

Figure 2.10: g(x) majorizes ¢(x).
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Since the quadratic function g(z) is a convex function, for a specified point v, g(x) is
greater or equal than the line that passes from v and has slope equal to V,g(v). Also,
since the penalty function ¢(z) is concave for > 0, for a specified point v, ¢(z) is
less or equal than the line that passes from v and has slope equal to V,¢(v). Since
the quadratic function g(z) and the penalty function ¢(z) are symmetric functions,
the conditions of a majorizer function in (2.20) can be written for quadratic function

case as

g (v) = ¢'(v), (2.22)
Combining (2.21) and (2.22), we compute m and ¢
1
m = %¢/(U)7
¢ =6(v) = 54(v).

The majorizer g(z) is therefore given by

o) = 59/ ()2 + 9(0) — 29/ (0)

With this function g, we have g(x) > ¢(z) with equality at x = v. To emphasize

the dependence of g(x) on the point v, we write

o(r,0) = 5 ()2 + 6(v) — 2 (0) (2:23)

The scalar majorizer can be used to obtain a majorizer for F'(x) in (2.19). For the

vector case, a majorizer for ) ¢ (x(n)) is the > g(z(n),v(n)). That is
> glan)v(n) = olx(n), (2.24)

with equality if x = v. The left-hand-side of (2.24) can be written compactly as

Z g(xz(n),v(n)) = %XTWX + ¢, (2.25)

where

¢’ (v(N))
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and
v
c=> ¢(v(n) - 39 (v(n)). (2.26)
According to (2.24) and (2.25), a majorizer for F(x) is given by
1 o Lop
G(x,v) = §|Iy — Ax||; + 5% Wx +c. (2.27)

Minimizing G(x, v), with respect to x, we have

1 1
VxG(x,v) = Vy <§(y — Ax)'(y — Ax) + §XTWX + c)
1

1
= Vx <§(YTY —yTAx —x"ATy + xTATAx) + §XTWX + c)
= Ay + ATAx — Wx,
and by solving V4G(x,v) = 0 we obtain

x=(ATA+W) ATy, (2.28)

where W depends on v.

Therefore, the MM update with G.(x) = G(x,x;) produces the sequence

Xpi1 = (ATA + W) 'ATy. (2.29)
In that case, we have
¢ (z1(1))
zx (1)
W, =
¢/ (xk(N))
zi(N)

The solution x;, of each iteration is expected to be sparse. Thus, some components
of x;, will go to zero and consequently some entries of W, will go to infinity, making
(2.29) numerically inaccurate. This problem is avoided by using the Matrix Inversion

Lemma [16] to write
(ATA+ W) ' =W, ' =W IAT(IT+ AW, 'AT) AW, 1

As components of x; go to zero, the entries of W,;l go to zero instead of to infinity.
By setting Ay := W,:l the quadratic MM update becomes

Xk+1 = AkATy — AkAT<I -+ AAkAT)_lAAkATy
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Chapter 3

Sparse Channel Estimation

The transmission through a sparse multipath channel, as explained earlier, intro-
duces ISI, making the implementation of an equalizer at the receiver necessary. An
exact estimate of the sparse multipath channel will greatly improve the performance
of the equalization. Thus, the channel estimation problem is of significant impor-

tance in communication systems.

Typically, this is accomplished by probing the channel with a known training

sequence and processing the channel output.

3.1 Training Sequence

In order to estimate the channel, a sequence of N pseudo-random pilot symbols
is sent through the channel, and observed at the receiver. By pseudo-random, we
mean that the values the pilot symbols are chosen to be random independent and

identically distributed (i.i.d.), but they are known in advance at the receiver.

We assume x is the training sequence of length N, h is the channel impulse
response of length L, r is the resulting vector of observations of length N + L — 1,
which is corrupted by independent Additive White Gaussian Noise vector w. The

resulting input-output relation

L
'n = E hlxn—l + Wy,
=0

can also be expressed as a matrix-vector product. By symmetry, either the training

signal or the channel impulse response could be rewritten as a convolution matrix
r =Xh+w. (3.1)

The goal is to obtain an estimate of the channel impulse response h from knowledge

of the observations r and training signal x.

Assuming that, before and after the transmission of the training sequence, no
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symbol is transmitted, the matrix X is of the form

- 0
T2
X = = (3.2)
N i)
L O xN =

The pause of the transmission before and after the transmission of the training
sequence is called guard interval and has length at least L —1. When guard interval
is not available, the zeros in the convolution matrix in (3.2) would be replaced by
the data sequence, thus, the first and last L — 1 observations contain contributions
from the unknown data, rendering them useless for estimation purposes [6].

Therefore, in the absence of guard interval, the training sequence matrix is of

the form
Xy, Tr-1 cee ) €1
X — Tr+1 Ty s 3 T2 7
Trym—1 Tr+M-2 “°° TM+1 TM

where M = N — L + 1.

3.2 Least Squares Estimation
Conventional LS based channel estimation schemes, solves the minimization problem
hpg = arglljnin [|Xh — r||s,
which has a closed form solution
hpg = (XAX)I X,

where AT is the pseudoinverse of A.

While appropriate for rich channels, LS estimation ignores the structure of a
sparse multipath channel, which leads to poor performance, since estimation effort
is directed towards estimating all the channel coefficients, many of which might be
Zero.

As shown in Figure 3.1, the LS estimator fails to estimate the sparse channel
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impulse response. The length of channel impulse response is L = 100 and the length
of the the training sequence is N = 150. The SNR is set to 15dB.
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Figure 3.1: Channel estimate with LS estimator.

3.3 Sparse Channel Estimation

Due to the sparse impulse response of the channel, a better estimate will be provided
by regularizing with the /; norm, as discussed in the previous chapter. The channel

estimation problem becomes
. 1 )
h;, = argmin §HXh_rH2+>‘HhHl- (3.3)
h

A problem that arises here is the computation of a A that provides good estimates.
If we assume that for each element of h we have a different weight \;, we can rewrite
(3.3) as

A 1
hy, = argmin = F(h) = S|[Xh —r[|3 + > Xigi (ha), (3.4)
b 2

where ¢1(h;) = |hy.
When the cost function F'(h) in (3.4) is strictly convex and since the penalty

function ¢, is differentiable except at zero, then h* minimizes F'(h) if [11]

X (r — Xh*)]; = Xi¢f (), for hj # 0,
A (07) < [XH(r — Xh")]; < X\ (07),  for b} =0, (3.5)

where [v]; denotes the i-th component of the vector v.
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The condition (3.5) can be used to set the values of A; [1]. If h = 0in (3.1), then

r consists of noise only (i.e. r = w). Then (3.5) gives
A (07) < [XFwi < Ay (07). (3.6)
Since ¢1(07) = —1 and ¢1(07) = 1, (3.6) becomes
XA w];| < A\ (3.7)

The larger the \; is, the more h; will be attenuated. Hence, it is reasonable to set

A; to the smallest value satisfying (3.7):
i ~ max |[X7wl;. (3.8)

Since, w is unknown in practice, (3.8) can be estimated based on knowledge of

statistics of the noise. For example, assuming that w is white Gaussian noise with
2

w?

variance o, we can empirically set )\; as the product of the standard deviation of

[XHw]; with a small positive number
i & 30, |1X(:,7)||2, (3.9)

where X(:, 1) is the i-th column of X.
If X is a linear convolution matrix, as in our case, then all the columns of X

have equal norm. So (3.9) becomes
/\i =\= 30’w||XH2.

As shown in Figure 3.2, the estimates of the channel impulse response are very
accurate. The length of channel impulse response is 100 taps and the length of the
the training sequence is 150. The SNR is set to 15dB.
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Figure 3.2: Channel estimate with /; norm regularized estimator.

In order to achieve even more accurate estimates we could use the MSC algo-
rithm, explained in the previous chapter. The application of the MSC algorithm
in the sparse channel estimation problem is straightforward. The estimates of the
channel impulse response, acquired by the MSC algorithm, are illustrated in Fig-
ure 3.3. The length of channel impulse response is 100 taps and the length of the
the training sequence is 150. The SNR is set to 15dB.
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Figure 3.3: Channel estimate with MSC algorithm estimator.

We observe that the estimates of the taps with high amplitude are decreased,
because of the bias introduced by the penalty functions. In order to improve the
biased estimates, we obtain the support from these estimations and then proceed
in solving a LS estimation problem for these positions. One way to obtain the

support of the estimations, since usually the knowledge of the exact number of the
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strong taps of the channel impulse response at the receiver is not possible, is to use a
threshold. We set the threshold approximately in the order of the standard deviation
of the noise, o, and the taps that exceed that threshold gives us the support of the
estimate. Finally we solve a LS estimation problem for the positions of the support.
The biased and unbiased estimates of the [; norm and MSC estimator are illustrated

in Figures 3.4 and 3.5 respectively.
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Figure 3.4: Unbiased channel estimate with /; estimator.
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Figure 3.5: Unbiased channel estimate with MSC algorithm estimator.

3.4 Results

To illustrate the performance of the estimators, we compute the MSE by employing

the MSC algorithm and the [; norm regularized estimator. The estimation error
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using MSE evaluation criterion can be defined as
MSE =E {Hh - ﬁu;} .

To evaluate the MSE performance of channel estimators, it is very meaning-
ful to compare their achievements with theoretical performance bounds in practical
communication systems [4]. When they reach these bounds, they are approximate
optimal and further improvements in these systems are impossible. This motivates
the development of lower bounds on the MSE of estimators on sparse channel esti-
mation. Thus, assuming that we know the location set T = {i | |h;| > 0} of the

dominant channel taps, we define the oracle estimator as
f107’0,cle - (XQI{XT)il Xj}{rT7 (310)

where X is the partial training signal constructed from columns of training signal
X corresponding to the dominant taps of the sparse multipath channel vector h.

We compare the performance of the MSC algorithm in the channel estimation and
the [; norm regularized estimator versus different SNR, which were chosen between 0
and 30. For each SNR we generate 1000 realizations. In each realization we estimate
a different channel impulse response of length 100, using a BPSK training sequence
of length 150. As a reference, the oracle estimator is also plotted as MSE lower
bound. It is seen that, as expected, the performance of all estimators improves with
increasing SNR. For low SNR, the two estimators have simillar performance. For
high SNR the MSC algorithm exceeds the [; norm regularized estimator, and as the
SNR increases their performance gap is getting bigger. The results are illustrated
in Figure 3.6.
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Figure 3.6: MSE performance versus SNR.
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We also compare the performance of the estimators versus different length of
BPSK training sequence which were chosen between 120 and 180. For each length
of training sequence we generate 1000 realization. In each realization we estimate
a different channel impulse response of length 100, with the SNR set to 15dB. As
a reference, the oracle estimator is also plotted as MSE lower bound. It is seen
that, as expected, the performance of all estimators improves with growing number
of training sequence. The MSC algorithm provides estimates with better MSE
performance for all the available lengths of the training sequence. The results are

illustrated in Figure 3.7.
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Figure 3.7: MSE performance versus the length of the training sequence.

As explained earlier, we obtain the support from the estimations and then pro-
ceed in solving a LS estimation problem for these positions. We repeat the same
experiments as above for the unbiased estimations. The accuracy of both estimations
is improved, while the MSC algorithm remains superior, showing that it provides
a better support than the /; norm estimator. The MSE performance versus the
SNR and the length of the training sequence are illustrated in Figures 3.8 and 3.9

respectively.
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Chapter 4

Decision Feedback Equalizer

In the previous chapter, we estimated the sparse channel impulse response. The
accurate estimation is necessary, in order to design an equalizer at the receiver that
will cancel the effects of ISI. This kind of equalizer is called channel estimation based,
since the coefficients of the filter are computed after the estimation of the channel
impulse response. The finite-length MMSE-DFE is a well established ISI mitigating
structure on linear, noisy and dispresive channels [3]. A typical block diagram of a
DFE is that of Figure 4.1. The DFE consists of the FFF and the FBF. The input of
the first filter is the sequence received at the receiver, while the input of the second
is the sequence of decisions provided by the detector of the system. Assuming that
every equalizer introduces a delay A, the FFF is responsible for the cancellation
of the ISI produced by the A symbols that follow the symbol of interest. On the
other hand, the FBF is responsible for the cancellation of the ISI produced by the
symbols that reached the receiver before the symbol of interest. In this section, we
recapitulate known results concerning the MMSE-DFE. We assume that the channel

impulse response is perfectly known.

\ 4

u—n> h —»M a Zn ; Un,y, Jl_ Un

Figure 4.1: Decision feedback equalizer.
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4.1 MMSE-DFE

Since the optimization criterion that we will use for the computation of the DFE
filters is the minimization of the mean square error, it would be useful to express

the error of the equalizer at time n as

€p = Up—A — Up

H H ~
= Up—A — (a rn:anerl —b uanflzanbe);

where r is the received sequence, a is the FFF of length Ny, b is the FBF of length

Ny, u, is the i.i.d. input symbols with symbol variance o2, 4, is the pre-detected

u?

decision, 1, is the detected decision variables, and A is the decision delay introduced

by the equalizer.

Assuming all the decisions are correct, u = u, we get

H H
€n = Up—A — (a rn:anf+1 -b uanflzanbe)

Inin—N,+1
= Up—-A — [aH _bH] d )
Up—A—1:n—A—N,

and denoting f# = [aH —bH] the (Ny + Np)-length vector stacking the FFF and

FBF tap weights, and t = Frin=Ny+1 we have [2]
Un—A—1:n—A—N,

en = Up_n — FIF.

The MSE of the equalizer can be expressed as

MSE = [|en)?]
El|t_n — £77|7]

El|tn_al] + tHEFF)f — 7 E[F w' 5] — Elu,_a H]f. (4.1)

In order to acquire the correlation matrices needed for the computation of the
MSE, we rewrite the input-output relation of the discrete-time baseband equivalent

channel, considering a block of N; output symbols, as

ho - hg 0
ho -+ hg

0 ho - - hr
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where h = [hg...hz]", is the channel impulse response of length L + 1, and w is
the (independent of the data sequence) additive white Gaussian noise with variance

02. The input-output relation (4.2) can be expressed more compactly as

rn:n—Nf—H - Hun:n—Nf—L—H + Wn:n—Nf+1~ (43)

The first term of (4.1) is computed as

Ellun-al*] = Ellun|*] = or,.

u

The (Ny+ N,) x (Ny + Np) auto-correlation matrix appearing in the second term
of (4.1) is given by

R,» o2HJI A
Rf‘f‘ = )
o2JHEH" o2y,

where
R, = 02 HH” + Ry,

and
(
Oa+1)xn,
Iy, , for A <s,

JA = L OS—Abe

Oatn)xny for A > s

L | Ls+vi-a O(S—Nb—A)X(A—s)]

with s = Ny + L — N, — 1.

The cross-correlation appearing in the third term of (4.1) is given by

. aiH
E[r uy_A] = [02J ] en.
u A

. o’H
We denote pa = ) CA.
UUJA

All the correlation matrices presented in this section are computed analytically

in Appendix A.

Now that we obtained all the correlation matrices needed, we can proceed to the
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computation of the MSE as
MSE = o2 + fHRf — fps — phf. (4.4)

We observe that the MSE in (4.4) is a convex function of f. Assuming that Rg is

non-singular, the optimal f is obtained by

V;MSE =0
2Rzifop — 2Pa = 0
fopt - ;flf)A~ (45>

The optimal FFF and FBF are obteained from f as follows

Aopt = fl:Nfa

bopt - fo+1Nf+Nb

Substituting the f of (4.5) in (4.1) we obtain the MMSE:

MMSE = o} + £ Risfop — £2,Da — DA Lo

opt

=0, — pAR; Pa.

rr

4.2 Sparse DFE

As explained in chapter 2, a sparse equalizer has many benefits in the equalization of
sparse multipath channels. The computation of the coefficients of a sparse equalizer
can be approached as a sparsity-performance trade off. As an equalizer is getting
more and more sparse, its performance is decreasing, and vice versa. In this section,
a convex optimization based approach to design a sparse DFE is presented [2]. A
convex optimization based solution for sparse DFE is formulated given a maximum
allowable loss in the MSE.

Since R from the previous section is symmetric, and we have already assumed
that is non-singular, we can define the Cholesky factorization [16] of R as Ry =
LL", where L is a an (N; x Ny) lower triangular matrix, and rewrite equation (4.1)

as

MSE = o2 + fILLYf — fLL 'p — pYL- ALY, (4.6)



4.3. MSC application on Sparse DFE 59

If we add and subtract p¥L~7L7p, in (4.6), we have

MSE = o2 + fPLLYf — fPLL 'pa — YL PLAT + pHL YL py — pHL YL p,
= (02 = pAL7LYp,A) + (fYLLf — f'LL 'pa — PAL YLYf + pALL"p,)
= o2 — AL "LYpa + ||IL7f — L'pall3
= MMSE + ||L¥f — L 'pal 2. (4.7)

We define the term ||[L7f — L™ 'pal|2 as MSEepcess-

It is obvious from (4.7) that f controls the MSE only via the MSFE,yeess, since
MMSE does not depend on f. If the minimum value of M SFEereess 18 achieved,
since M SFE, zcess > 0, then MSE = MMSE. The combined FFF and FBF that
achieves that is the fopt. For any other selection of f we have M SFepeess > 0 and
consequently MSE > MMSE, which translates into performance degradation.

In general, fopt is not sparse, hence, its implementation complexity is high. A
practical performance-complexity trade-off can be achieved if we design a sparse f
such that MSFE, ccss < €, where € is a small positive number which controls the

tolerable performance loss in terms of MSFE increase. This can be achieved by

solving the optimization problem

min |||,
f
subject to  ||L7f — L7'palf? <e. (4.8)

The objective function in this minimization is convex, and the constraints define a
convex set. Thus, this is a convex optimization problem. From this, we know that
any local minimizer of the objective subject to the constraints will also be global

minimizer.

4.3 MSC application on Sparse DFE

The promising results of the MSC algorithm in the sparse approximation problem,
presented in Section 2, has motivated us to search the potentials of the use of this
algorithm for the computation of a sparse DFE. Our goal is to observe how much
sparsity will be gained by the use of this algorithm, and how this algorithm will
affect the performance of the equalization.

The MSC algorithm, as explained earlier, solves a least squares regularized op-
timization problem. The form of the optimization problem (4.8) is quite different.
In order to use the MSC algorithm for the computation of a sparse DFE, we need

to reformulate (4.8) as an unconstrained least squares problem, regularized by the
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{1 norm
N S P -
m?ln §||LHf—L palls + Al|f]|L (4.9)

for some A > 0.

To do so, we have to prove that the optimization problems (4.8) and (4.9) are
equivalent, and that there is relation between e and A. This is proven by showing
that there exists a f, that satisfies the KKT conditions of problems (4.8) and (4.9). If
we define b = L™!'pa and A = L and take the KKT condition for the optimization
problem (4.9) we have

1 . N
vf<§||Af* —b||3+x||f*||1> ~o. (4.10)

Taking the KKT condition for the optimization problem (4.8) we have

orl I+ AV (AR bl ) 50 (a.11)
|Af, —b||2 —e <0, (4.12)
A >0,

A*(HAE; — bl - e) = 0.

The optimality conditions of (4.10) can be rewritten as

1 5 3
5 VellAL = bll3 + Adg[|£.][1 5 0

(AHAF* - AHb) +25|E| > 0. (4.13)
Also, the optimality conditions of (4.11) can be rewritten as
2\, (AHAE; — AHb> + 0 |£.]|1 = 0. (4.14)

Assuming that the inequality constraint in (4.12) is active, then A, > 0, so (4.14)

becomes

1

%afuf;ul 50 (4.15)

(AHAF* _ AHb> +
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It is obvious that if

(4.16)

then (4.13) and (4.15) are the same. Thus, there is an f, that solves both problems
(4.8) and (4.9).

Since we have proven that we can rewrite the optimization problem (4.8) as a [y
norm regularized least squares problem, as in (4.9), we can replace the [y norm with

the logarithmic penalty function. Our optimization problem then becomes
1 n—1
: rHe _ 71-1= |2 [.
min éHL f—L pA||2+)‘ZO¢(flval)> (417)

and we can apply the MSC algorithm.

4.4 Results

In this section, we consider the optimization problems (4.8) and (4.17) in order to
obtain DFE filters. Our goal is to examine if the MSC algorithm could provide more
sparse filters with better performance, in terms of Bit Error Rate (BER) and MSE.

Thus, we compare the BER, the MSE and the number of non-zero taps of the
DFE filters acquired by the MSC algorithm and the /; norm, versus different SNR,
which were chosen between 0 and 30. For each SNR we generate 10000 realizations,
and in each one we send 700 BPSK symbols. The length of the channel impulse
response used is 100.

We have shown that the MSE can be expressed as a sum of the MMSE and the
MSFE,;cess. The MMSE depends on the SNR, and the M SFE,,..ss is controlled by a
small positive number, €. If we use the same € to control the M SFE,,..ss for all the
available SNRs, it might not always result in a sparse solution. In order to control
better the level of sparsity of the solutions for all the SNRs, we use a percentage of
the MMSE as e. That is

e=¢ MMSE,

where 0 < ¢ < 1.

A small € results in a solution that is very close to the MMSE-DFE, and will not
be very sparse. As we increase € the sparsity increases as well. In order to examine
in which cases the MSC algorithm has an advantage, we will use three values for ¢’
throughout our experiments.

Once we choose the €, we proceed in solving the optimization problem (4.8).
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The performance and the sparsity of the resulting DFE filters are studied and used
as a reference for the MSC-DFE filters. The solution is obtained using CVX, which
also returns the dual optimal \.. As shown in (4.16), A, helps us determine the A
that we will use in the optimization problem (4.17).

For ¢ = 0.01, as shown in Figure 4.4, the MSC algorithm provides more sparse
DFE filters. Also, as shown in Figure 4.3 and Figure 4.2, the performance of the

two resulting DFEs are very similar, giving an advantage to the MSC algorithm.
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Figure 4.2: Bit error rate for ¢ = 0.01.
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Figure 4.3: Mean square error for ¢ = 0.01.
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For ¢ = 0.1 the MSC algorithm obtains much more sparse filters, as shown in

Figure 4.7, but the performance is slightly degraded, as shown in Figure 4.5 and

Figure 4.6.
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Figure 4.7: Tap support for ¢ = 0.1.

In order to make a more fair comparison, we adjust the A, used in the MSC al-

gorithm, in order to provide us a less sparse solution, but with similar performance

with the [y norm. In that case, as shown in Figures 4.8, 4.9 and 4.10, we achieved

similar performance and a more sparse filter.



4.4. Results 65

BER

MSE

10

10

-6

10

10
0

10

10

10

b
il
:

)
=

10 12 14 16 18 20
SNRyp

Figure 4.8: Bit error rate for ¢ = 0.1 and adjusting .

‘—0—11 norm-DFE
—MSC-DFE
——MMSE-DFE

15 20 25 30
SN Ryp

Figure 4.9: Mean square error for ¢ = 0.1 and adjusting A.
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For ¢ = 0.4, as shown in Figure 4.11, Figure 4.12 and Figure 4.13, the MSC

algorithm obtains more sparse filters with similar performance with the {; norm.
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Figure 4.13: Tap support for ¢ = 0.4.
By adjusting the A used in the MSC algorithm, we observe that we can still

obtain a sparser filer, and also achieve better performance, as shown in Figure 4.14,
Figure 4.15 and Figure 4.16.
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Finally, in order to understand the structure of the sparse filters, we plot in
Figure (4.17) the vector stacking the FFF and FBF tap weights of the MMSE-DFE,
the 1 norm DFE and the MSC-DFE, for SNR 15dB. We observe that the sparse
filters increase the amplitude of some taps, since they do not have the assistance of
small taps in the equalization. This increment is more apparent in the MSC-DFE

filters, since they have less non-zero taps.
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Figure 4.17: DFE filters.
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Chapter 5

Conclusion

In this thesis, we considered the estimation and equalization of sparse multipath
channels using convex optimization techniques. We examined the MSC algorithm,
which solves convex optimization problems using non-convex and more sparsity pro-
moting penalty functions than the [; norm. The MSC algorithm was used for the
channel estimation problem and provided us with more accurate estimates than the
[y norm regularized approximation problem. The MSC algorithm was also used
for the computation of sparse DFE filters. It was shown that we can obtain more
sparse filters and also achieve the same or better performance than when the /; norm

regularization is used.
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Appendix A

The (N;+ Np) x (Ny + Np) auto-correlation matrix appeared in the second term of

(4.1) can be analysed as

Ri; = E[r"]

- B rn:n—Nf—i-l H H

- [rn:n—Nf—l-lun—A—l:n—A—Nb]
un—A—l:'r‘L—A—Nb

H H

=F rn:n—Nf+1rn:n—Nf+1 Prnin—Ny+1Up—A—1:n—A—N,

T u r u uf
n—A—-1n—A—-Nylnin—N;+1 n—A-1n—A-NyUn_A—1:n—A—N,

E[rn:n—Nf—l—lr»,Il{;n_NfJ,_l] E[rn:n—Nf—i-lu?iI—A—l:n—A—Nb] ] (5 1)

H H
E[un,Afl;anbern:n,Nerl] E[uanfl:anbeuanfl:anbe]
where

H 2
E[un—A—lm—A—Nbuanflzanbe] =0y INb’

and the (Ny x N¢) output auto-correlation matrix R,, can be analysed as
Ry = E[rn:n_Nf'i'lrﬁn—Nf-‘rl}
[ H
=F Hun:n—Nf—L+1 + Wn:n—Nf—l—l) (Hun:n—Nf—L—H + Wn:n—Nf+1) i|
:HE |:uﬂ1n—Nf—L+1u7Iin—Nf—L+1:| HH + HE |:un:n—Nf—L+1W'rI],{:n—Nf+l:| +

[ H | g H
E Wnln—Nf-‘rlun:n—Nf—L—‘,-l H”"+E |:Wn:n—Nf+an;n—Nf+1:| :

Since the the data sequence is independent from the noise, the cross-correlation

matrices E unm,Nf,Lﬂwffnfj\,ﬂr1 and F [an,NfHuﬁanffLH} are equal to 0.

Also, the (N; + L) x (Ny + L) input auto-correlation matrix is given by
Ruu = E[un:n—Nf—L+1uganffL+1] = Ug INf—l-L;
and the (Ny x N¢) noise auto-correlation matrix is given by

— H 2
wa - E[WTLITL—Nf-Fan:anf#»I] =0y INf'
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Thus, R, is given by
R, = HR, HY + Ry,

and (5.1) is rewritten as

R — RI‘I‘ E[rnm—Nf"rlurI;I—A—l:n—A—Nb] (5 2)
3 . .
E[un—A—lzn—A—Nbrfzn_Nf_H] U?LINb
Let s = Ny+ L — N, — 1. If A <5, we have
H H
E[rnm—Nf'i‘lun—A—l:n—A—Nb] =H E[unin_Nf—L+1un—A—1:n—A—Nb]
Un:n—A
H
=HE Up—A—1:n—A—N, unAl:nANb]

Wp—A—Ny—1in—Ny—L+1
H
un:n—Aun—A—lzn—A—Nb
_ H
=HE uTL—A—1In—A—Nbun—A—1:n—A—Nb
H
uTL*A*N{,*LTL*Nf*L+1uanfl:anbe
H
E [unln—Aun—A—l:n—A—Nb]
_ H
=H E [un*Aflin*A*Nbuanfl:anbe]

H
_E [u”_A_Nb—lin—Nf—L-‘rlun—A—l:n—A—Nb]

Oat1)x N,
=H O-SINb
| Os—axn,
Oa+1)xN,
= O—LQLH INb

OS*AXN{,
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If A > s, we have

H _ H
E[rn:n—Nerluanq;anbe] =H E[unﬁn—Nf_L+1uan71:'anbe]

Up:n—A
— : H H
=HE W A—1in—N;—L+1 Un—N;—Lin—A-N,
un—A—l:n—Nf—L+1
H H
_HE un:n—Aun—A—lsn—Nf—L—H un:n—Aun—Nf—L:n—A—Nb

H H
un—A—l:n—Nf—L—l—lun_A_l;n_Nf_L+1 un—A—l:n—Nf—L+1un_Nf_L;n_A_Nb

H H
_H E[unin—Aun—A—lzn—Nf—L—i-l] E[un:n—Aun—Nf—L:n—A—Nb

H H
_E[uanfltanf*L+1un7A71:n7Nf7L+1] E[uanfltanf*L+1uanffL:anbe

O(a+1)x(Np+L-1-2)  OA+1)x(A+Ny,—N;—L+1)

oL N,—n 0(s—Ny—A)x(A—s)

_ o2 Q@

Liing—a  Op—ny—a)x(a—s)

We denote Ja a (Nf+ L) x N, matrix, whose structure depends on A as follows

/

[0(a+1)xN,
In, , for A <s,
JA = L Os—Abe
0
(AF+L)x Ny ,  for A >s.
[ | Tseve—a OG-n,—a)x(a-s)

Then (5.1) becomes

R, o2HJ,

2THHH 42
o.JAH o.In,

Ri: =
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The cross-correlation appeared in the third term of (4.1), is computed as

E[F u;,_a] = E[f“uﬁanffLHeA]

= E[fuﬁanffLﬂ]eA

rn:anerl H
un:n—Nf—L-l-l €a

un—A—l:n—A—Nb

E

_ E[rn:anerl ug:n—Nf—L+1] e
]

H
E[un—A—lin—A—Nbun:n—Nf—L+l

i H
. H E[un:anffLJrl un:anLJrl]] e

H
E[un—A—lzn—A—Nbun:n—Nf—L-i-l]

B [ O‘ZH o
2{ L PN TN | R ®
_ _O'ZH .
_O'?LJA 2

. o’H
We denote pa = ) en.
UuJA
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