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EuqaristÐec

Ja  jela na euqarist sw jerm� ìlouc ìsouc me st rixan gia na ulopoi sw thn ergasÐa

aut . Pio sugkekrimèna, euqarist¸ touc Anapl. Kaj. Ajan�sio Li�ba, Kaj. Nikìlao

Sidhrìpoulo kai EpÐk. Kaj. Iw�nnh Bardi�mpash gia th summetoq  touc sthn trimel 

sumbouleutik  epitrop . IdiaÐtera ja  jela na euqarist sw ton epiblèponta kajhght 

Ajan�sio Li�ba, pou mou prìteine na sunergastoÔme se mÐa dÔskolh stigm  gia th

sunèqeia twn metaptuqiak¸n spoud¸n mou. H bo jei� tou, tìso ston episthmonikì

tomèa, ìso kai ston anjr¸pino kai o qrìnoc pou dièjese  tan kajoristik� gia thn

olokl rwsh thc ergasÐac aut c. Ja  jela akìma na euqarist sw touc metaptuqiakoÔc

foithtèc tou tm matoc me touc opoÐouc sunerg�sthka kat� th di�rkeia twn metaptuqia-

k¸n majhm�twn. Euqarist¸, akìma, thn xadèrfh mou LÐna gia th bo jei� thc sth

diìrjwsh tou keimènou, kaj¸c kai touc fÐlouc mou NÐko, Maristèlla kai D mhtra,

gia thn hjik  touc upost rixh. Tèloc, ja  jela na euqarist sw touc goneÐc mou kai

thn aderf  mou, pou me st rixan ìlh th di�rkeia twn spoud¸n mou.

i



POLUTEQNEIO KRHTHS

TMHMA

HLEKTRONIKWN MHQANIKWN K' MHQANIKWN UPOLOGISTWN

HmeromhnÐa: 25 IoÔlioc 2005

Epiblèpwn:
Anapl. kaj. Ajan�sioc Li�bac

Exetastèc:
kaj. Nikìlaoc Sidhrìpouloc

EpÐk. kaj. Iw�nnhc Bardi�mpashc

ii



POLUTEQNEIO KRHTHS

HmeromhnÐa: 25 IoÔlioc 2005

Suggrafèac: LURANTWNAKH JEANW

TÐtloc: AsÔrmata Kan�lia: EpÐdrash tou sf�lmatoc

ektÐmhshc sthn amoibaÐa plhroforÐa kai

bèltisth ektÐmhsh

Tm ma: Hlektronik¸n Mhq. k' Mhq. H/U

iii



Perieqìmena

PerÐlhyh vii

Eisagwg  1

1 Kan�lia DialeÐyewn - Qarakthrismìc 3

1.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Qarakthrismìc twn kanali¸n pollapl¸n

diadrom¸n me dialeÐyeic . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Sunart seic qarakthrismoÔ kanali¸n

pollapl¸n diadrom¸n me dialeÐyeic . . . . . . . . . . . . . . . . . . . . 7

1.4 Mh-epilektik� kai epilektik�

kat� suqnìthta kan�lia . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Kan�lia mh-epilektik� kat� suqnìthta

(frequency non-selective or flat fading) . . . . . . . . . . . . . 11

1.4.2 Kan�lia epilektik� kat� suqnìthta

(frequency-selective) . . . . . . . . . . . . . . . . . . . . . . . 13

2 Qwrhtikìthta Kanali¸n 16

2.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

iv



2.3 Qwrhtikìthta Gaussian kanalioÔ . . . . . . . . . . . . . . . . . . . . 21

2.4 Upologismìc qwrhtikìthtac mplok Gaussian

kanalioÔ me amet�blhth sun�rthsh metafor�c . . . . . . . . . . . . . . 23

2.5 Upologismìc thc amoibaÐac plhroforÐac

merik� gnwstoÔ sto dèkth kanalioÔ,

me gnwst  diaspor� sf�lmatoc. . . . . . . . . . . . . . . . . . . . . . 24

2.5.1 PerÐptwsh kanalioÔ arg¸n dialeÐyewn mh epilektikoÔ kat� suqnìth-

ta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5.2 Genik  perÐptwsh . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 MegistopoÐhsh thc amoibaÐac plhroforÐac metaxÔ eisìdou -

exìdou enìc kanalioÔ me qr sh sumbìlwn ekpaÐdeushc 33

3.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Perigraf  sust matoc . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3 Orismìc tou probl matoc . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4 EktÐmhsh tou kanalioÔ . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.5 K�tw fr�gma qwrhtikìthtac . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 BeltistopoÐhsh me diat�xeic QPP . . . . . . . . . . . . . . . . . . . . 42

3.6.1 Diat�xeic QPP . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.6.2 Beltistìthta twn diat�xewn QPP-a gia �gnwsto kan�li . . . . 43

3.6.3 H epilog  thc paramètrou a . . . . . . . . . . . . . . . . . . . 47

3.7 H bèltisth katanom  enèrgeiac . . . . . . . . . . . . . . . . . . . . . . 47

EpÐlogoc 50

BibliografÐa 51

Aþ 53

v



Bþ 55

vi



PerÐlhyh

Sta plaÐsia thc ergasÐac aut c ja asqolhjoÔme me asÔrmata thlepikoinwniak�

kan�lia. AntikeÐmeno melèthc mac eÐnai h megistopoÐhsh thc qwrhtikìtht�c touc,

dhlad  thc amoibaÐac plhroforÐac metaxÔ pompoÔ kai dèkth, qrhsimopoi¸ntac sÔmbola

ekpaÐdeushc.
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Eisagwg 

EÐnai gegonìc ìti h z thsh gia paroq  asÔrmatwn uphresi¸n èqei auxhjeÐ ragdaÐa

thn teleutaÐa dekaetÐa. San sunèpeia, h èreuna p�nw sthn asÔrmath epikoinwnÐa èqei

gÐnei idiaÐtera shmantik .

Ta asÔrmata kan�lia parousi�zoun dÔo shmantik� qarakthristik�. Pr¸ton, to

s ma ft�nei sto dèkth èqontac akolouj sei pollaplèc diadromèc kai deÔteron, to

asÔrmato mèso metab�lletai me to qrìno. Lìgw twn qarakthristik¸n aut¸n, ta asÔr-

mata kan�lia qarakthrÐzontai san kan�lia pollapl¸n diadrom¸n me dialeÐyeic. Oi

mhqanismoÐ pou prokaloÔn to fainìmeno twn dialeÐyewn montelopoi jhkan gia pr¸th

for� th dekaetÐa 1950 - 1960. Oi arqèc pou anaptÔqjhkan efarmìzontan gia epikoinw-

nÐec pèran tou orÐzonta, kalÔptontac mÐa eureÐa klÐmaka suqnot thtwn (HF, UHF,

SHF). S mera, to endiafèron mac strèfetai kurÐwc sthn kinht  radioepikoinwnÐa. Ta

montèla kai oi arqèc pou anaptÔqjhkan sto pareljìn eÐnai akìma idiaÐtera qr sima.

Sto pr¸to kef�laio thc metaptuqiak c aut c ergasÐac, parousi�zontai k�poia basik�

montèla asÔrmatwn kanali¸n kai merikèc qarakthristikèc idiìthtèc touc.

H meg�lh z thsh gia thn asÔrmath epikoinwnÐa kai gia uyhl  taqÔthta sth metafor�

twn dedomènwn k�nei shmantikì ton upologismì twn dunatot twn twn asÔrmatwn kana-

li¸n. To 1948 pr¸toc o Shannon sth dhmosÐeus  tou me tÐtlo {MÐa Majhmatik 

JewrÐa thc EpikoinwnÐac}, (A Mathematical Theory of Communication), anèdeixe
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touc periorismoÔc pou dièpoun thn axiìpisth epikoinwnÐa kai ìrise th qwrhtikìth-

ta twn thlepikoinwniak¸n kanali¸n. To deÔtero kef�laio xekin� me ton orismì thc

qwrhtikìthtac enìc kanalioÔ. Dustuq¸c, h qwrhtikìthta den eÐnai dunatì na upolo-

gisteÐ analutik� gia ta perissìtera kan�lia. MÐa shmantik  perÐptwsh ìpou h qwrhti-

kìthta eÐnai dunatì na upologisteÐ analutik� eÐnai h perÐptwsh Gaussian kanalioÔ me

amet�blhth sun�rthsh metafor�c, h opoÐa eÐnai gnwst  sto dèkth. 'Otan o dèkthc dia-

jètei mÐa ektÐmhsh tou kanalioÔ, tìte o upologismìc thc qwrhtikìthtac eÐnai dÔskoloc

kai ja arkestoÔme se �nw kai k�tw fr�gmata.

MÐa eurèwc qrhsimopoioÔmenh mèjodoc gia thn ektÐmhsh kanali¸n eÐnai h ektÐmhsh

mèsw sumbìlwn ekpaÐdeushc. Sto trÐto kef�laio ja parousiasteÐ mÐa melèth gia ton

trìpo pou ja prèpei na diataqjoÔn ta gnwst� sÔmbola, ¸ste na megistopoihjeÐ h

qwrhtikìthta enìc kanalioÔ epilektikoÔ kat� suqnìthta pou parousi�zei dialeÐyeic.

Prin proqwr soume sto keÐmeno, ja prèpei na shmeiwjeÐ ìti h èntonh graf  qrhsi-

mopoieÐtai se pez� gia to sumbolismì dianÔsmatoc kai se kefalaÐa gia to sumbolismì

pÐnaka, p.q. x, di�nusma kai A, pÐnakac. 'Otan ènac pÐnakac apoteleÐtai apì �llouc

pÐnakec sumbolÐzetai epiplèon me kalligrafik�, p.q. A, mplok pÐnakac. Oi tuqaÐec

metablhtèc sumbolÐzontai me kefalaÐa gr�mmata. O suzug c arijmìc sumbolÐzetai me

*, h anastrof  me T kai h Hermitian anastrof  me H .
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Kef�laio 1

Kan�lia DialeÐyewn -

Qarakthrismìc

1.1 Eisagwg 

Poll� asÔrmata kan�lia all�zoun suneq¸c me to qrìno lìgw thc qronik c metabo-

l c tou mèsou met�doshc  /kai lìgw thc kÐnhshc tou pompoÔ kai tou dèkth. Tètoia

kan�lia aforoÔn th braqèa ionosfairik  epikoinwnÐa, 3 - 30 MHz (HF), tic troposfai-

rikèc epikoinwnÐec, 300 - 3000 MHz (UHF) kai 3000 - 30000 MHz, thn epikoinwnÐa ghc -

kinhtoÔ (LM)   kai dorufìrou - kinhtoÔ, kaj¸c kai ta kan�lia thc kinht c thlefwnÐac.

Gia par�deigma, ta iìnta p�nw sta opoÐa anakl�tai to kÔma sthn ionosfairik  met�dosh

kinoÔntai suneq¸c. H kÐnhsh aut  faÐnetai sto qr sth tou kanalioÔ wc tuqaÐa. Autì

shmaÐnei ìti an to Ðdio s ma metadojeÐ sthn HF z¸nh suqnot twn se dÔo diaforetikèc

qronikèc stigmèc, to lambanìmeno s ma ja eÐnai diaforetikì [1].

'Ena epiplèon fainìmeno pou parathreÐtai stic asÔrmatec radiozeÔxeic eÐnai ìti to

s ma ft�nei apì ton pompì sto dèkth mèsw pollapl¸n diadrom¸n (multipath). To
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lambanìmeno s ma apì k�je diadrom , diafèrei se f�sh kai pl�toc kai to anusmatikì

�jroisma ìlwn twn sunistws¸n parousi�zei shmantik  diakÔmansh. E�n o dèkthc

kineÐtai, oi diadromèc metab�llontai kai to lambanìmeno s ma parousi�zei aisjht 

diakÔmansh pl�touc kai metabolèc thc suqnìthtac (fainìmeno Doppler). Sthn

perÐptwsh pou eÐnai kinhtìc kai o pompìc kai o dèkthc to fainìmeno Doppler gÐnetai

pio èntono.

Se astikì perib�llon, oi pollaplèc diadromèc eÐnai polu�rijmec kai to m koc twn

kerai¸n eÐnai mikrì se sqèsh me to Ôyoc twn ktirÐwn. Oi mhqanismoÐ di�doshc pou

epikratoÔn eÐnai h skèdash kai oi pollaplèc anakl�seic. Oi gr gorec allagèc pou

parousi�zei h st�jmh tou s matoc, lìgw pollapl¸n diadrom¸n, onom�zontai gr -

gorec dialeÐyeic (fast fading), se antidiastol  me tic argèc dialeÐyeic (slow

fading) pou parathroÔntai gia metakÐnhsh se meg�lec apost�seic kai ofeÐlontai sth

metabol  thc mèshc st�jmhc tou s matoc lìgw apwlei¸n [2].

H meg�lh z thsh gia kinhtèc epikoinwnÐec, all� kai h apaÐthsh gia uyhl  poiìthta

se pollèc uphresÐec, ìpwc h asÔrmath met�dosh yhfiakoÔ  qou, kinoÔmenhc eikìnac

kai grapt¸n mhnum�twn, kajist� anagkaÐa thn ìso to dunatì kalÔterh ekmet�lleush

tou f�smatoc pou diatÐjetai. Gia to skopì autì, shmantikì eÐnai na epiteuqjeÐ h

statistik  perigraf  twn qronik� metaballìmenwn kanali¸n pollapl¸n diadrom¸n me

dialeÐyeic (multipath fading channels), ¸ste na gÐnei efikt  h swst  sqedÐash twn

asÔrmatwn thlepikoinwniak¸n susthm�twn [3].

1.2 Qarakthrismìc twn kanali¸n pollapl¸n

diadrom¸n me dialeÐyeic

An metad¸soume èna braqÔ palmì mèsa apì èna qronik� metaballìmeno kan�li pol-

lapl¸n diadrom¸n, to s ma pou ja l�boume, lìgw pollapl¸n skedast¸n oi opoÐoi
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eis�goun diaforetikèc kajuster seic, ja eÐnai dieurumèno sto qrìno (sq ma 1, 1h ku-

matomorf ). 'Ena qarakthristikì, loipìn, enìc kanalioÔ pollapl¸n diadrom¸n eÐnai h

aÔxhsh thc qronik c di�rkeiac tou lambanìmenou s matoc se sqèsh me to ekpempìmeno,

gnwst  wc di�qush sto qrìno (spreading in time).

Sq ma 1: Apìkrish qronik� metaballìmenou kanalioÔ

'Ena deÔtero qarakthristikì twn kanali¸n aut¸n eÐnai h metabol  thc fÔshc touc

me to qrìno, lìgw thc qronik c metabol c thc dom c tou mèsou. 'Oson afor� thn

akoloujÐa palm¸n, ja èqoume metabolèc stic ent�seic kai stic sqetikèc kajuster seic

twn pollapl¸n shm�twn (sq ma 1, 2h kai 3h kumatomorf ).

'Estw

s(t) = Re
(
sl(t)e

j2πfct
)
, (1.1)

to s ma pou ekpèmpetai. Upojètoume ìti up�rqoun pollaplèc diadromèc di�doshc kai

ìti k�je diadrom  eis�gei kajustèrhsh di�doshc, kaj¸c kai ènan par�gonta exasjèni-

shc, ta opoÐa eÐnai qronik� metaballìmena (lìgw twn allag¸n sto mèso met�doshc).
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Epomènwc, to lambanìmeno s ma ja eÐnai thc morf c:

x(t) =
∑
n

αn(t)s (t− τn(t)) , (1.2)

ìpou αn(t) eÐnai h exasjènish pou antistoiqeÐ sth n-ost  diadrom  th qronik  stigm 

t kai τn(t) h antÐstoiqh kajustèrhsh. Apì tic (1.1) kai (1.2) èqoume:

x(t) = Re

(∑
n

αn(t)e−j2πfcτn(t)sl(t− τn(t))ej2πfct

)
. (1.3)

EÐnai fanerì ìti to isodÔnamo qamhloperatì (equivalent lowpass) lambanìmeno s ma

ja eÐnai:

r(t) =
∑
n

αn(t)e−j2πfcτn(t)sl (t− τn(t)) . (1.4)

Apì ta prohgoÔmena prokÔptei ìti to isodÔnamo qamhloperatì kan�li mporeÐ na peri-

grafeÐ apì thn parak�tw exÐswsh:

c(τ ; t) =
∑
n

αn(t)e−j2πfcτn(t)δ (τ − τn(t)) =
∑
n

αn(τ ; t)e−j2πfcτn(t). (1.5)

OrÐzoume θn(t) = 2πfcτn(t). O ìroc autìc all�zei shmantik� gia polÔ mikrèc allagèc

thc kajustèrhshc tou s matoc, giatÐ oi suqnìthtec pou qrhsimopoioÔntai gia tic asÔr-

matec epikoinwnÐec eÐnai thc t�xhc twn MHz (106 Hz). AntÐjeta, o ìroc αn(t) apaiteÐ

meg�lec allagèc sto mèso gia na all�xei shmantik�.

Sq ma 2: Diadromèc Di�doshc S matoc
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'Opwc faÐnetai sto parap�nw sq ma, oi diadromèc di�doshc eÐnai tuqaÐec kai p�ra

pollèc. Epomènwc, mporoÔme na deqtoÔme ìti to lambanìmeno s ma eÐnai �jroisma

anexart twn, omoiìmorfa katanemhmènwn sunistws¸n. SÔmfwna me to kentrikì oria-

kì je¸rhma, to lambanìmeno s ma mporeÐ na jewrhjeÐ Gaussian [6].

1.3 Sunart seic qarakthrismoÔ kanali¸n

pollapl¸n diadrom¸n me dialeÐyeic

Sthn par�grafo aut , ja anaferjoÔn oi orismoÐ k�poiwn megej¸n polÔ shmantik¸n

gia thn perigraf  twn kanali¸n pollapl¸n diadrom¸n pou parousi�zoun dialeÐyeic.

Upojètontac ìti h kroustik  apìkrish tou kanalioÔ c(τ, t) eÐnai st�simh, me thn

eureÐa ènnoia, orÐzetai h sun�rthsh autosusqètishc wc:

φc(τ1, τ2; ∆t) = E[c∗(τ1; t) · c(τ2; t + ∆t)]. (1.6)

Sta perissìtera mèsa radiomet�doshc, h exasjènish kai h metatìpish f�shc tou

kanalioÔ pou sundèontai me mÐa diadrom  eÐnai asusqètistec me autèc pou sundèo-

ntai me tic �llec. To gegonìc autì qarakthrÐzetai san asusqètisth skèdash

(uncorrelated scattering). Epomènwc, upojètontac ìti h skèdash stic dÔo diadromèc

eÐnai asusqètisth, h exÐswsh (1.6) gÐnetai:

E[c∗(τ1; t) · c(τ2; t + ∆t)] = φc(τ1; ∆t)δ(τ1 − τ2). (1.7)

An ∆t = 0, tìte h sun�rthsh autosusqètishc φc(τ ; ∆t) gr�fetai wc ex c:

φc(τ) = E[|c(τ ; t)|2]. (1.8)

H sun�rthsh φc(τ) apoteleÐ to mèso ìro thc isqÔoc exìdou tou kanalioÔ san sun�rthsh

thc kajustèrhshc τ kai onom�zetai katanom  isqÔoc kanalioÔ pollapl¸n
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diadrom¸n (multipath intensity profile)   f�sma isqÔoc kajustèrhshc (de-

lay power spectrum) tou kanalioÔ. To eÔroc twn tim¸n τ stic opoÐec h φc(τ) eÐnai

mh mhdenik  onom�zetai di�qush pollapl¸n diadrom¸n (multipath spread) kai

sumbolÐzetai me Tm.

MÐa an�logh perigraf  tou qronik� metaballìmenou kanalioÔ pollapl¸n diadrom¸n

sto pedÐo thc suqnìthtac prokÔptei paÐrnontac to metasqhmatismì Fourier (FT) thc

kroustik c apìkrishc tou kanalioÔ, c(τ ; t):

C(f ; t) =
∫ ∞

−∞
c(τ ; t)e−j2πfτdτ. (1.9)

An h kroustik  apìkrish c(τ ; t) eÐnai Gaussian tuqaÐa diadikasÐa mhdenik c mèsh-

c tim c, tìte kai o FT, C(f ; t), eÐnai Gaussian tuqaÐa diadikasÐa mhdenik c mèshc

tim c. K�tw apì thn upìjesh ìti to kan�li eÐnai stoqastik� st�simo, me thn eureÐa

ènnoia, orÐzetai h sun�rthsh autosusqètishc, h opoÐa exart�tai mìno apì th diafor�

suqnot twn ∆f = f2 − f1, wc:

φc(f1, f2; ∆t) = E [C∗(f1; t) · C(f2; t + ∆t)] ≡ φc(∆f ; ∆t), (1.10)

kai onom�zetai sun�rthsh susqètishc wc proc th suqnìthta kai to

qrìno (spaced - frequency, spaced - time correlation function) tou kanalioÔ.

An ∆t = 0, to eÔroc suqnot twn ∆f sto opoÐo h sun�rthsh φc(∆f) eÐnai mh mh-

denik  onom�zetai eÔroc z¸nhc sumfwnÐac (coherence bandwidth) kai sumbolÐze-

tai me (∆f)c. To eÔroc z¸nhc sumfwnÐac eÐnai to eÔroc suqnot twn gia to opoÐo h

sumperifor� tou kanalioÔ mporeÐ na jewrhjeÐ perÐpou stajer  [3].

Ta megèjh (∆f)c kai Tm sundèontai me th sqèsh:

(∆f)c ' 1

Tm

. (1.11)

Epomènwc, to antÐstrofo thc di�qushc pollapl¸n diadrom¸n apoteleÐ mètro tou

eÔrouc z¸nhc sumfwnÐac.
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Sq ma 3: Sqèseic metaxÔ twn sunart sewn susqètishc kai twn sunart sewn f�smatoc isqÔoc.

Sth sunèqeia, ja anaferjeÐ èna shmantikì mègejoc gia thn perigraf  twn kana-

li¸n, ìson afor� th qronik  touc metablhtìthta. Oi qronikèc metabolèc tou kanalioÔ

eÐnai gnwstèc san (fasmatik ) di�qush Doppler (Doppler spread), eÐte san

metatìpish f�shc Doppler (Doppler shift). Gia na sundèsoume tic epidr�seic

tou fainomènou Doppler me tic qronikèc metabolèc tou kanalioÔ orÐzoume to metasqh-

matismì Fourier thc φc(∆f ; ∆t), wc proc th metablht  ∆t, lamb�nontac th sun�rthsh:

Sc(∆f ; λ) =
∫ ∞

−∞
φc(∆f ; ∆t)e−j2πλ∆td∆t. (1.12)

9



Jètontac ∆f = 0 prokÔptei:

Sc(λ) =
∫ ∞

−∞
φc(0; ∆t)e−j2πλ∆td∆t. (1.13)

H sun�rthsh Sc(λ) ekfr�zei thn èntash tou s matoc wc sun�rthsh thc suqnìth-

tac Doppler λ kai onom�zetai f�sma isqÔoc Doppler (Doppler power spectrum).

To eÔroc tim¸n λ gia tic opoÐec h sun�rthsh paÐrnei mh mhdenikèc timèc onom�ze-

tai di�qush Doppler tou kanalioÔ kai sumbolÐzetai me Bd. O antÐstrofìc thc

apoteleÐ mètro tou qronikoÔ diast matoc mèsa sto opoÐo èqoume polÔ mikr  metabol 

twn qarakthristik¸n tou kanalioÔ kai onom�zetai qrìnoc sumfwnÐac (coherence

time) tou kanalioÔ. OrÐzetai wc ex c:

(∆t)c ≈ 1

Bd

. (1.14)

O qrìnoc sumfwnÐac (∆t)c eÐnai to duikì thc di�qushc Doppler sto pedÐo tou qrì-

nou. 'Otan èna kan�li metab�lletai arg�, o qrìnoc sumfwnÐac eÐnai meg�loc kai h

di�qush Doppler, antÐstoiqa, eÐnai mikr . To ginìmeno TmBd onom�zetai par�gontac

di�qushc (spread factor) tou kanalioÔ. An TmBd < 1 to kan�li onom�zetai upodia-

qèon (underspread), diaforetik� onom�zetai uperdiaqèon (overspread).

Se genikèc grammèc, ìtan o par�gontac di�qushc tou kanalioÔ ikanopoieÐ th sunj -

kh TmBd ¿ 1, h qronik  metabol  tou eÐnai arg  sugkritik� me th di�qush pollapl c

diadrom c ((∆t)c À Tm) kai h apìkrish tou kanalioÔ mporeÐ na ektimhjeÐ me kal 

prosèggish. H ektÐmhsh mporeÐ na qrhsimopoihjeÐ sto dèkth gia kalÔterh apodiamìr-

fwsh tou lambanìmenou s matoc kai ston pompì gia beltistopoÐhsh tou ekpempìmenou

s matoc. 'Otan TmBd À 1, h ektÐmhsh thc apìkrishc tou kanalioÔ eÐnai polÔ dÔskolh

kai anaxiìpisth, an ìqi adÔnath [3].
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1.4 Mh-epilektik� kai epilektik�

kat� suqnìthta kan�lia

Sthn prohgoÔmenh par�grafo, anafèrjhkan k�poia basik� megèjh gia thn perigraf 

asÔrmatwn kanali¸n. Sth sunèqeia, ja melethjeÐ h epÐdrash twn asÔrmatwn kanali¸n

se s ma eisìdou me eÔroc z¸nhc W [3].

1.4.1 Kan�lia mh-epilektik� kat� suqnìthta

(frequency non-selective or flat fading)

'Estw s(t) to s ma basik c z¸nhc pou stèlnoume mèsw tou kanalioÔ kai S(f) to

fasmatikì tou perieqìmeno. To antÐstoiqo lambanìmeno s ma sth genik  perÐptwsh

ja eÐnai:

r(t) =
∫ ∞

−∞
c(t; τ)s(τ)dτ =

∫ ∞

−∞
C(f ; t)S(f)ej2πftdf. (1.15)

Upojètoume ìti to eÔroc z¸nhc W tou S(f) eÐnai polÔ mikrìtero apì to f�sma sum-

fwnÐac (sq ma 4), dhl. W ¿ (∆f)c ≈ 1
Tm

(antÐstoiqa Tm ¿ 1
W
). Oi fasmatikèc

sunist¸sec tou S(f) upìkeintai sthn Ðdia exasjènish kai diafor� f�shc kat� th met�-

dos  touc sto kan�li. Autì shmaÐnei ìti sto eÔroc z¸nhc W pou katalamb�nei to

ekpempìmeno s ma S(f), h qronik� metaballìmenh apìkrish suqnìthtac tou kanalioÔ

C(f ; t) eÐnai stajer  wc proc th suqnìthta. AfoÔ to s ma S(f) èqei sugkentrwmèno

ìlo to fasmatikì tou perieqìmeno sthn perioq  f = 0, ja èqoume C(f ; t) = C(0; t). 'E-

na tètoio kan�li onom�zetai mh-epilektikì kat� suqnìthta   kan�li epÐped-

wn dialeÐyewn (frequency non-selective   flat fading). H sqèsh (1.15) gia to kan�li

autì aplopoieÐtai se:

r(t) = C(0; t)
∫ ∞

−∞
S(f)e2πftdf = C(0; t)s(t) = α(t)e−jθ(t)s(t). (1.16)

Epomènwc, se èna kan�li mh-epilektikì kat� suqnìthta, to lambanìmeno s ma eÐnai

apl� to ginìmeno tou s matoc ekpomp c me èna qronik� metaballìmeno par�gonta
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C(0; t) = α(t)e−jθ(t), o opoÐoc anaparist� to qronik� metaballìmeno kan�li.

Sq ma 4: Kan�li san grammikì fÐltro.

C(f, t) apìkrish suqnot twn tou kanalioÔ, S(f) h fasmatik  puknìthta tou s matoc (signal

spectrum), (∆f)c to eÔroc z¸nhc sumfwnÐac (coherence bandwidth) tou kanalioÔ kai W to eÔroc

z¸nhc tou s matoc.

H taqÔthta twn dialeÐyewn mporeÐ na qarakthristeÐ eÐte apì to qrìno sumfwnÐac

(∆t)c, eÐte apì th di�qush Doppler Bd.

Gia par�deigma, èstw ìti eÐnai dunat  h epilog  tou eÔrouc z¸nhc W tou s matoc,

¸ste na ikanopoieÐtai h sunj kh W ¿ (∆f)c kai h epilog  thc di�rkeiac sumbìlou

Ts, ¸ste na ikanopoieÐtai h sunj kh Ts ¿ (∆t)c. Efìson to Ts eÐnai mikrìtero apì

to qrìno sumfwnÐac tou kanalioÔ, h exasjènish tou kanalioÔ α(t) kai h metabol  thc

f�shc e−jθ(t) eÐnai stajerèc gia qronik  di�rkeia toul�qiston Ts (kai perÐpou Ðsh me

(∆t)c). Sthn perÐptwsh aut , to kan�li onom�zetai kan�li arg¸n dialeÐyewn kai h

sqèsh eisìdou - exìdou gia to qronikì di�sthma t ∈ (t0, t0 + (∆t)c) diamorf¸netai wc

ex c:

r(t) = αe−jθs(t).
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'Otan èna mh-epilektikì kat� suqnìthta kan�li eÐnai arg¸n dialeÐyewn, o par�gontac

di�qus c tou eÐnai mikrìteroc thc mon�dac. 'Opwc proanefèrjhke, tìte ta qarakthri-

stik� tou metab�llontai arket� arg� kai mporoÔn na metrhjoÔn. Ta arg¸n dialeÐyewn

mh-epilektik� kat� suqnìthta kan�lia eÐnai ta pio eÔkola gia an�lush [3].

1.4.2 Kan�lia epilektik� kat� suqnìthta

(frequency-selective)

Sq ma 5: Kan�li san grammikì fÐltro.

C(f, t) apìkrish suqnot twn tou kanalioÔ, S(f) fasmatik  puknìthta tou s matoc (signal

spectrum), (∆f)c to eÔroc z¸nhc sumfwnÐac (coherence bandwidth) tou kanalioÔ kai W to eÔroc

z¸nhc tou s matoc.

'Estw ekpempìmeno s ma me eÔroc z¸nhc W megalÔtero apì to eÔroc z¸nhc sumfw-

nÐac (∆f)c tou kanalioÔ. Oi sunist¸sec suqnìthtac tou S(f) pou apèqoun peris-

sìtero apì (∆f)c upìkeintai se diaforetik� kèrdh kai metabolèc f�shc (sq ma 5).

Sthn perÐptwsh aut , to kan�li onom�zetai epilektikì kat� suqnìthta (frequency

- selective) [3].
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Oi sunist¸sec twn pollapl¸n diadrom¸n thc apìkrishc tou kanalioÔ mporoÔn na

diaqwristoÔn an h kajustèrhsh metaxÔ touc eÐnai megalÔterh apì 1
W
. Me th bo jeia

tou jewr matoc deigmatolhyÐac, to qronik� metaballìmeno kan�li mporeÐ na parasta-

jeÐ wc ex c:

c(τ ; t) =
L∑

n=0

cn(t)δ
(
τ − n

W

)
(1.17)

kai h antÐstoiqh qronik� metaballìmenh sun�rthsh metafor�c wc:

C(f ; t) =
L∑

n=0

cn(t)e−j2πf n
W , (1.18)

ìpou cn(t) eÐnai h qronik� metaballìmenh kroustik  apìkrish (tou diakritoÔ kanalioÔ)

kai L h t�xh tou kanalioÔ. O tuqaÐa qronik� metaballìmenoc suntelest c cn(t) mporeÐ

na parastajeÐ wc:

cn(t) = αn(t)ejθn(t). (1.19)

H sqèsh eisìdou - exìdou tou kanalioÔ diamorf¸netai wc ex c:

r(t) =
L∑

n=0

cn(t)s
(
t− n

W

)
. (1.20)

H kroustik  apìkrish cn(t) sun jwc ekfr�zetai sa st�simh, upì thn eureÐa ènnoia,

amoibaÐa asusqètisth diadikasÐa me sun�rthsh autosusqètishc [6]:

φcn(τ) = E [c∗n(t)cn(t + τ)] (1.21)

kai sun�rthsh f�smatoc isqÔoc Doppler:

Scn(λ) =
∫ ∞

−∞
φcn(τ)e−j2πλτdτ. (1.22)

'Otan Ts ¿ (∆t)c, to kan�li qarakthrÐzetai wc arg¸n dialeÐyewn. Sthn perÐptwsh

aut , h sqèsh eisìdou - exìdou ekfr�zetai wc ex c:

r(t) =
L∑

n=0

cns
(
t− n

W

)
, (1.23)
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gia t ∈ (t0, t0 + (∆t)c),   met� apì deigmatolhyÐa:

r(k) = r(kTs) =
L∑

n=0

cns(k − n), (1.24)

me s(k) = s(kTs).

Sq ma 6: Qarakthristik� kanali¸n arg¸n dialeÐyewn a) mh-epilektik¸n kat� suqnìthta, b)

epilektik¸n kat� suqnìthta.
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Kef�laio 2

Qwrhtikìthta Kanali¸n

2.1 Eisagwg 

H aÔxhsh twn efarmog¸n thc asÔrmathc epikoinwnÐac èqei entatikopoi sei thn èreuna

gia th bèltisth qrhsimopoÐhsh tou diajèsimou f�smatoc. H melèth twn periorism¸n

pou dièpoun ta asÔrmata kan�lia eÐnai polÔ shmantik  mia kai oi periorismoÐ aforoÔn

di�forouc tomeÐc: p.q. h isqÔc twn kinht¸n thlef¸nwn periorÐzetai apì kanìnec

asfaleÐac, h suqnìthta kai to eÔroc z¸nhc tou s matoc basik c z¸nhc periorÐze-

tai apì thn emporik  diajesimìthta, en¸ h fÔsh tou kanalioÔ epikoinwnÐac exart�tai

apì tic kairikèc sunj kec, apì ta fusik� empìdia, k.t.l. Epomènwc, o prosdiori-

smìc thc qwrhtikìthtac twn asÔrmatwn kanali¸n, lamb�nontac upìyh touc parap�nw

periorismoÔc, eÐnai k�ti parap�nw apì epÐkairoc. Prin orÐsoume th qwrhtikìthta enìc

kanalioÔ kai proqwr soume ston upologismì thc, skìpimo eÐnai na anafèroume k�poia

megèjh ta opoÐa ja bohj soun sthn kalÔterh katanìhsh thc sunèqeiac.
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2.2 OrismoÐ

Sth jewrÐa plhrofori¸n, gia th mètrhsh thc plhroforÐac pou sunodeÔei k�poio gegonìc

qrhsimopoieÐtai h pijanìthta na sumbeÐ to gegonìc autì. 'Etsi orÐzoume thn auto-

plhroforÐa   plhroforiakì perieqìmeno enìc gegonìtoc san ton arnhtikì

log�rijmo thc antÐstoiqhc pijanìthtac:

I(x) = − log p(x). (2.1)

Gegonìta me mikr  pijanìthta èqoun meg�lo plhroforiakì perieqìmeno, en¸ gegonìta

me meg�lh pijanìthta to antÐjeto.

O mèsoc ìroc thc autoplhroforÐac pou sunodeÔei thn emf�nish k�je tuqaÐou sum-

bìlou X sthn èxodo thc phg c diakrit c plhroforÐac, onom�zetai EntropÐa  Mèsh

PlhroforÐa an� sÔmbolo (Entropy) kai dÐnetai apì thn èkfrash [4]:

H(X) = − ∑

x∈X
p(x) log p(x). (2.2)

H entropÐa eÐnai mètro thc abebaiìthtac thc tuqaÐac metablht c.

H apì koinoÔ entropÐa (joint entropy) enìc zeÔgouc tuqaÐwn metablht¸n X,

Y me apì koinoÔ m�za pijanìthtac p(x, y) orÐzetai wc ex c:

H(X, Y ) = − ∑

x∈X

∑

y∈Y
p(x, y) log p(x, y). (2.3)

H upì sunj kh entropÐa (conditional entropy) enìc zeÔgouc tuqaÐwn metablh-

t¸n X, Y me apì koinoÔ m�za pijanìthtac p(x, y) orÐzetai wc ex c:

H(Y |X) =
∑

x∈X
p(x)H(Y |X = x) = − ∑

x∈X

∑

y∈Y
p(x, y) log p(y|x). (2.4)

H upì sunj kh entropÐa eÐnai mètro thc mèshc abebaiìthtac gia thn tuqaÐa metablht 

Y , ìtan eÐnai gnwst  h tuqaÐa metablht  X. An�loga orÐzetai h upo sunj kh entropÐa

H(X|Y ).

17



MetaxÔ dÔo sunart sewn m�zac pijanìthtac p(x) kai q(x), orÐzetai h sqetik 

entropÐa (relative entropy)   apìstash Kullback - Leibler wc ex c:

D(p||q) =
∑

x∈X
p(x) log

p(x)

q(x)
. (2.5)

H sqetik  entropÐa eÐnai p�nta mh arnhtik  kai eÐnai mhdèn an, kai mìno an, p = q.

Gia thn perÐptwsh suneq¸n tuqaÐwn metablht¸n, orÐzetai h diaforik  entropÐa

(differential entropy) wc ex c:

h(X) = −
∫

f(x) log f(x)dx, (2.6)

ìpou f(x) h sun�rthsh puknìthtac pijanìthtac thc tuqaÐac metablht c X. Se antÐ-

jesh me th diakrit  entropÐa, pou eÐnai p�nta jetik    mhdèn, h diaforik  entropÐa

mporeÐ na p�rei kai arnhtikèc timèc [5].

H apì koinoÔ diaforik  entropÐa (joint differential entropy) enìc sunìlou

X1, X2, · · · , Xn tuqaÐwn metablht¸n me apì koinoÔ sun�rthsh puknìthtac pijanìthtac

f(x1, x2, · · · , xn) orÐzetai wc ex c:

h(X1, X2, · · ·Xn) = −
∫

f(x1, x2, · · · , xn) log f(x1, x2, · · · , xn)dx1dx2 · · · dxn. (2.7)

An X, Y èqoun sun�rthsh puknìthtac pijanìthtac f(x, y), mporoÔme na orÐsoume

thn upì sunj kh diaforik  entropÐa (conditional differential entropy) wc:

h(X|Y ) = −
∫ ∫

f(x, y) log f(x|y)dxdy. (2.8)

Efìson genik� isqÔei f(x|y) = f(x, y)/f(y), mporoÔme na gr�youme:

h(X|Y ) = h(X,Y )− h(Y ). (2.9)

MetaxÔ dÔo sunart sewn puknìthtac pijanìthtac f kai g, orÐzetai h sqetik  entropÐa

(apìstash Kullback - Leibler) wc ex c:

D(f ||g) =
∫

f log
f

g
dx ≥ 0. (2.10)
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Sthn perÐptwsh pou X eÐnai suneq c tuqaÐa metablht  kanonik c katanom c, mèshc

tim c mhdèn kai diaspor�c σ2, èqoume:

f(x) =
1√

2πσ2
e−

x2

2σ2 . (2.11)

Efarmìzontac thn (2.6), h entropÐa thc tuqaÐac metablht c X upologÐzetai wc ex c:

h(X) = −
∫

f(x) ln f(x)dx = −
∫

f(x) ln

(
1√

2πσ2
e−

x2

2σ2

)
dx

= −
∫

f(x)

(
− x2

2σ2
− ln

√
2πσ2

)
dx

=
∫ x2

2σ2
· f(x)dx +

∫
ln
√

2πσ2f(x)dx

=
1

2σ2
EX2 + E

[
ln
√

2πσ2
]

=
1

2
+

1

2
ln 2πσ2 =

1

2
ln e +

1

2
ln 2πσ2

=
1

2
ln 2πeσ2 nats =

1

2
log 2πeσ2 bits. (2.12)

Epomènwc, sthn perÐptwsh tuqaÐac metablht c me kanonik  katanom  mhdenik c

mèshc tim c kai diaspor�c σ2, h entropÐa eÐnai:

h
(
N (0, σ2)

)
=

1

2
log 2πeσ2 bits. (2.13)

An èqoume èna sÔnolo tuqaÐwn metablht¸n X1, X2, · · · , Xn, apì koinoÔ kanonik¸n,

me mèsh tim  µ kai pÐnaka sundiaspor�c K, h entropÐa ekfr�zetai wc ex c:

h (Nn(µ,K)) =
1

2
log(2πe)n|K|, (2.14)

ìpou |K| h orÐzousa tou pÐnaka sundiaspor�c [5].

Ektìc apì ta parap�nw qr sima megèjh, eÐnai shmantik  h eisagwg  enìc megè-

jouc pou na qarakthrÐzei to kan�li plhroforÐac. To mègejoc autì eÐnai h ènnoia thc

diaplhroforÐac, apì thn opoÐa ja odhghjoÔme ston orismì thc qwrhtikìthtac tou

kanalioÔ.
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Wc diaplhroforÐa   amoibaÐa plhroforÐa (mutual information) metaxÔ

dÔo tuqaÐwn metablht¸n X kai Y , orÐzetai h sqetik  entropÐa metaxÔ thc apì koinoÔ

sun�rthshc m�zac pijanìthtac p(x, y) kai tou ginomènou twn perijwrÐwn p(x)p(y):

I(X; Y ) = D (p(x, y)||p(x)p(y)) =
∑

x∈X ,y∈Y
p(x, y) log

p(x, y)

p(x)p(y)
. (2.15)

MporeÐ na apodeiqjeÐ ìti:

I(X; Y ) = H(X)−H(X|Y ) ≥ 0. (2.16)

Dhlad , h amoibaÐa plhroforÐa apoteleÐ th meÐwsh thc abebaiìthtac gia thn X, exaitÐac

thc gn¸shc thc Y .

Lìgw summetrÐac isqÔei:

I(X; Y ) = H(Y )−H(Y |X). (2.17)

H upì sunj kh diaplhroforÐa (conditional mutual information) twn tuqaÐwn

metablht¸n X kai Y me gnwst  thn Z orÐzetai wc ex c:

I(X; Y |Z) = H(X|Z)−H(X|Y, Z) = H(Y |Z)−H(Y |X, Z). (2.18)

Sthn perÐptwsh suneq¸n tuqaÐwn metablht¸n X kai Y me apì koinoÔ sun�rthsh

puknìthtac pijanìthtac f(x, y), h amoibaÐa plhroforÐa orÐzetai wc ex c:

I(X; Y ) =
∫

f(x, y) log
f(x, y)

f(x)f(y)
≥ 0, (2.19)

me thn isìthta na isqÔei an, kai mìno an, f(x, y) = f(x)f(y) (X kai Y anex�rthtec).

Apì ton orismì prokÔptei eÔkola ìti:

I(X; Y ) = h(X)− h(X|Y ) = h(Y )− h(Y |X). (2.20)

Epeid  h amoibaÐa plhroforÐa eÐnai mègejoc mh arnhtikì, apì thn (2.17) prokÔptei ìti

h sunj kh mei¸nei thn entropÐa, dhlad :

H(Y |X) ≤ H(Y ), (2.21)
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me thn isìthta na isqÔei an, kai mìno an, oi X kai Y eÐnai anex�rthtec. Gia thn

perÐptwsh suneq¸n metablht¸n isqÔei antÐstoiqa:

h(Y |X) ≤ h(Y ). (2.22)

Shmantik  idiìthta thc entropÐac kai thc diaforik  entropÐac apoteleÐ o kanìnac

alusÐdac, pou ekfr�zetai wc ex c [5]:

H(X1, X2, ..., Xn) =
n∑

i=1

H(Xi|Xi−1, ..., X1) ≤
n∑

i=1

H(Xi)

h(X1, X2, ..., Xn) =
n∑

i=1

h(Xi|Xi−1, ..., X1). (2.23)

O kanìnac alusÐdac isqÔei antÐstoiqa gia thn amoibaÐa plhroforÐa:

I(X1, X2, ..., Xn; Y ) =
n∑

i=1

I(Xi; Y |Xi−1, ..., X1). (2.24)

Tèloc, orÐzetai h qwrhtikìthta (capacity) enìc kanalioÔ wc to mègisto thc amoibaÐac

plhroforÐac metaxÔ thc eisìdou X kai thc exìdou Y :

C = maxp(x)I(X; Y ), (2.25)

ìpou to mègisto lamb�netai p�nw se ìlec tic pijanèc puknìthtec pijanìthtac thc

eisìdou [4].

2.3 Qwrhtikìthta Gaussian kanalioÔ

Ta kan�lia me ta opoÐa ja asqolhjoÔme eÐnai kan�lia pou mporoÔn na perigrafoÔn apì

th sqèsh:

r = C s + n, (2.26)

ìpou r to s ma sto dèkth, C o pÐnakac tou kanalioÔ, s to s ma ekpomp c kai n o

jìruboc. Shmantik� kan�lia pou mporoÔn na perigrafoÔn apì thn parap�nw sqèsh
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eÐnai ta epilektik� kat� suqnìthta kan�lia me mÐa eÐsodo kai mÐa èxodo (SISO frequency

selective), ìtan ta jewroÔme se epÐpedo mplok dedomènwn, kai ta mh-epilektik� kat�

suqnìthta kan�lia me pollèc eisìdouc kai pollèc exìdouc (MIMO flat fading).

Sq ma 7: Montèlo diakritoÔ kanalioÔ.

Gia par�deigma, jewr¸ntac kan�li me mÐa eÐsodo kai mÐa èxodo (sq ma 7), me

kroustik  apìkrish c = [c(0) · · · c(L)], h opoÐa paramènei stajer  gia tic qronikèc

stigmèc k = 0, · · · , N − 1, h sqèsh eisìdou - exìdou tou kanalioÔ dÐnetai apì thn

èkfrash:

r(k) =
L∑

n=0

c(n) · s(k − n) + n(k) (2.27)

Upojètontac ìti gia k < 0, s(k) = 0, h (2.27) mporeÐ na grafeÐ se epÐpedo mplok sth

morf  [8]:




r(0)

r(1)
...

r(N − 1)




︸ ︷︷ ︸
r

=




c(0)

c(1) c(0)

· · · ... · · ·
c(L) · · · ... · · ·
· · · · · · c(L) · · · c(0)




︸ ︷︷ ︸
C

·




s(0)

s(1)
...

s(N − 1)




︸ ︷︷ ︸
s

+




n(0)

n(1)
...

n(N − 1)




︸ ︷︷ ︸
n

.

(2.28)
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2.4 Upologismìc qwrhtikìthtac mplok Gaussian

kanalioÔ me amet�blhth sun�rthsh metafor�c

Ac upojèsoume ìti:

r = Cs + n,

 , qrhsimopoi¸ntac sumbolismì tuqaÐwn dianusm�twn:

R = CS + N, (2.29)

ìpou C eÐnai o pÐnakac tou kanalioÔ kai N mhdenik c mèshc tim c Gaussian jìru-

boc me anex�rthta Ðshc diakÔmanshc (variance) pragmatik� mèrh. Upojètoume ìti

E[NNT ] = σ2I, dhlad  ìti oi sunist¸sec tou jorÔbou eÐnai anex�rthtec metaxÔ touc.

Ja jewr soume, akìma, ìti to s ma ekpomp c eÐnai mhdenik c mèshc tim c, me pÐnaka

sundiaspor�c P. Kat� sunèpeia, to lambanìmeno s ma R ja eÐnai kai autì mhdenik c

mèshc tim c, en¸ o pÐnakac sundiaspor�c tou ja eÐnai CPCT +σ2I. H amoibaÐa plhro-

forÐa metaxÔ tou s matoc ekpomp c kai tou s matoc l yhc, me dedomèno to kan�li,

dÐnetai apì thn parak�tw sqèsh:

I(R;S|C) = h(R|C)− h(R|S,C)
(2.14)
= h(R|C)− N

2
· log(2πe)− 1

2
log |σ2 · I|, (2.30)

ìpou N to m koc tou dianÔsmatoc tou lambanìmenou s matoc. Lamb�nontac upìyh mac

to je¸rhma ìti h amoibaÐa plhroforÐa gia dedomèno pÐnaka sundiaspor�c megistopoieÐ-

tai an to lambanìmeno s ma (kai kat� sunèpeia kai to ekpempìmeno) eÐnai kanonik c

katanom c, h (2.30) gÐnetai:

I(R;S|C) =
N

2
· log(2πe) +

1

2
log |σ2 · I + CPCT | − N

2
· log(2πe)− 1

2
log |σ2 · I|

=
1

2
log |σ2 · I + CPCT | − 1

2
log |σ2 · I|

=
1

2
log |I +

1

σ2
CPCT |. (2.31)
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2.5 Upologismìc thc amoibaÐac plhroforÐac

merik� gnwstoÔ sto dèkth kanalioÔ,

me gnwst  diaspor� sf�lmatoc.

2.5.1 PerÐptwsh kanalioÔ arg¸n dialeÐyewn mh epilek-

tikoÔ kat� suqnìthta

Se autì to ed�fio ja jewr soume ìti to kan�li mac èqei èna pragmatikì suntelest 

c. Epomènwc, h sqèsh eisìdou - exìdou th qronik  stigm  k diamorf¸netai wc ex c:

r(k) = cs(k) + n(k). (2.32)

Ja epikentrwjoÔme sthn perÐptwsh enìc sumbìlou, �ra h sqèsh (2.32) aplopoieÐtai

sth morf :

r = cs + n (2.33)

 , qrhsimopoi¸ntac sumbolismì tuqaÐwn metablht¸n:

R = cS + N.

Upojètontac ìti N ∼ N (0, σ2
N) kai ES2 = σ2

S, h amoibaÐa plhroforÐa metaxÔ eisìdou

- exìdou tou megistopoieÐtai gia S ∼ N (0, σ2
S) kai dÐnetai apì th sqèsh:

I(S; R) =
1

2
log

(
1 +

c2σ2
S

σ2
N

)
. (2.34)

Upojètoume ìti to kan�li eÐnai �gnwsto ston pompì, en¸ o dèkthc diajètei mÐa ektÐmhs 

tou. Gia na upologisteÐ èna fr�gma thc amoibaÐac plhroforÐac, ènac trìpoc pou

proteÐnetai apì th Muriel Médard [8] eÐnai o diaqwrismìc tou kanalioÔ se gnwstì

mèroc c̄, mèshc tim c E(c̄) = c̄ kai se sf�lma C̃, mhdenik c mèshc tim c kai diaspor�c

σ2
C (sq ma 8).
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To kan�li mac eÐnai to:

C = c̄ + C̃.

Sunep¸c, to lambanìmeno s ma dÐnetai apì th sqèsh:

R = (c̄ + C̃)S + N. (2.35)

Sq ma 8: Montèlo merik¸c �gnwstou kanalioÔ me sf�lma.

Gia na upologÐsoume thn amoibaÐa plhroforÐa eÐnai aparaÐthtoc o upologismìc thc

entropÐac tou lambanìmenou s matoc, jewr¸ntac gnwstì to s ma ekpomp c kai kat�

èna mèroc to kan�li. H upì sunj kh aut  entropÐa ja eÐnai:

h(R|S = s, c̄) = h(sc̄ + sC̃ + N |S = s, c̄) = h(sC̃ + N |S = s, c̄). (2.36)

PaÐrnontac mèsh tim  wc proc S, lamb�noume:

h(R|S) =
∫

pS(s)h(sC̃ + N)ds. (2.37)

O upologismìc tou parap�nw oloklhr¸matoc eÐnai dÔskoloc an de gnwrÐzoume th

sun�rthsh katanom c tou sf�lmatoc ektÐmhshc C̃ tou kanalioÔ. Akìma ìmwc kai

an h katanom  eÐnai gnwst , den eÐnai bèbaio ìti h (2.37) mporeÐ na upologisteÐ se

kleist  morf . Gia autoÔc touc lìgouc ja upologisteÐ èna k�tw kai èna �nw fr�gma

thc epiteÔximhc amoibaÐac plhroforÐac.

H amoibaÐa plhroforÐa dÐnetai apì th sqèsh:

I(R; S) = sup
p(S)

(h(S)− h(S|R)) ≥ h(S)− h(S|R), για S ∼ N (0, σ2
S). (2.38)
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Epomènwc, gia ton upologismì tou k�tw fr�gmatoc ja jewr soume ìti to ekpempìmeno

s ma eÐnai Gaussian , parìlo pou mporeÐ na eÐnai s ma kai �llhc katanom c.

H upì sunj kh entropÐa tou s matoc ekpomp c S, me dedomèno to lambanìmeno

s ma R, mporeÐ na grafeÐ gia ∀α ∈ R, wc:

h(S|R = r) = h(S − αR|R = r), (2.39)

efìson h afaÐresh stajer�c den all�zei th diaforik  entropÐa. PaÐrnontac mèsh tim 

wc proc R, èqoume:
∫

h(S|R = r)pR(r)dr =
∫

h(S − αR|R = r)pR(r)dr, (2.40)

pou eÐnai:

h(S|R) = h(S − αR|R). (2.41)

H sunj kh mei¸nei thn entropÐa kai h Gaussian katanom  gia dedomènh diaspor� th

megistopoieÐ, epomènwc, h (2.41) gÐnetai:

h(S|R) = h(S − αR|R) ≤ h(S − αR) ≤ 1

2
ln (2πVar(S − αR)) . (2.42)

H parap�nw sqèsh isqÔei gia k�je α, �ra ja isqÔei kai gia to α pou elaqistopoieÐ th

diaspor� Var(S − aR).

Gia ton upologismì autoÔ tou α, ja efarmìsoume thn ektÐmhsh tou grammikoÔ

el�qistou mèsou tetragwnikoÔ sf�lmatoc (Linear Minimum Mean Square

Error). H ektÐmhsh eÐnai:

Ŝ = αR,

en¸ to sf�lma ektÐmhshc eÐnai:

E = S − Ŝ = S − αR.
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H mèsh tim  tou tetrag¸nou tou sf�lmatoc eÐnai sun�rthsh tou α giatÐ E(E2) =

E[(S − αR)2] = f(α). To α pou elaqistopoieÐ thn E(E2) dÐnetai apì th sqèsh:

α =
E[SR]

E[R2]
=

E[S(Sc̄ + SC̃ + N)]

E[(Sc̄ + SC̃ + N)2]

=
c̄E[S2] + E[S2] · E[C̃] + E[S]E[N ]

c̄2E[S2] + E[S2] · E[C̃2] + E[N2]

=
c̄σ2

S

c̄2 · σ2
S + σ2

C · σ2
S + σ2

N

. (2.43)

H diaspor� tou el�qistou mèsou tetragwnikoÔ sf�lmatoc, Var(S − αR), dÐnetai apì

th sqèsh:

Var(S − αR) =
σ4

S · σ2
C + σ2

N · σ2
S

c̄2 · σ2
S + σ2

C · σ2
S + σ2

N

. (2.44)

SÔmfwna me th sqèsh (2.42) (thn opoÐa an pollaplasi�soume me −1 ja all�xei h for�

thc anisìthtac) kai lìgw thc (2.44), h amoibaÐa plhroforÐa gr�fetai:

I(S; R) ≥ h(S)− h(S|R) ≥ 1

2
ln(2πeσ2

S)− 1

2
ln

(
2πe

σ4
S · σ2

C + σ2
N · σ2

S

c̄2 · σ2
S + σ2

C · σ2
S + σ2

N

)

=
1

2
ln

(
σ2

C · σ2
S + σ2

N + c̄2 · σ2
S

σ2
C · σ2

S + σ2
N

)

=
1

2
ln

(
1 +

c̄2 · σ2
S

σ2
C · σ2

S ·+σ2
N

)
. (2.45)

Prospaj¸ntac na ermhneÔsei kaneÐc thn parap�nw sqèsh mporeÐ na pei ìti h qeirìterh

epÐdrash tou sf�lmatoc ektÐmhshc tou kanalioÔ eÐnai na leitourgeÐ san prosjetikìc

leukìc jìruboc. To fr�gma thc (2.45) apoteleÐ, loipìn, th qwrhtikìthta pou prokÔptei

ìtan steÐloume Gaussian s ma diaspor�c c̄2 ·σ2
S mèsa apì èna kan�li me jìrubo diaspo-

r�c σ2
C · σ2

S + σ2
N .

O upologismìc tou �nw fr�gmatoc gÐnetai me ton parak�tw aplì sullogismì. Epei-

d  to s ma ekpomp c S eÐnai anex�rthto apì to kan�li C, isqÔei ìti:

h(S|C) = h(S). (2.46)

Epiplèon,

h(S|R, C) ≤ h(S|R). (2.47)
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H amoibaÐa plhroforÐa metaxÔ eisìdou - exìdou tou kanalioÔ dÐnetai apì th sqèsh:

I(S; R) = sup
p(S)

(h(S)− h(S|R)) , (2.48)

en¸ gia dedomèno to kan�li,

I(S; R|C) = sup
p(S)

(h(S|C)− h(S|R, C)) . (2.49)

Lìgw twn (2.47− 2.49), prokÔptei:

I(S; R) ≤ I(S; R|C). (2.50)

Gia kan�li C gnwstì kai Ðso me c, h mègisth amoibaÐa plhroforÐa I(S; R|C = c),

dÐnetai apì th sqèsh:

I(S; R|C = c) =
1

2
ln

(
1 +

c2σ2
s

σ2
N

)
=

1

2
ln

(
c2σ2

s + σ2
N

σ2
N

)
. (2.51)

Epomènwc:

I(S; R|C = c̄ + C̃) = EC̃

(
1

2
ln(σ2

S(c̄ + C̃)2 + σ2
N)− 1

2
ln 2πeσ2

N

)

=
1

2
EC̃

(
ln

c̄2 · σ2
S + C̃2 · σ2

S + 2c̄ · C̃ + σ2
N

σ2
N

)
. (2.52)

Qrhsimopoi¸ntac ìti h ln eÐnai koÐlh sun�rthsh, h (2.52) gÐnetai:

I(S; R|C) ≤ 1

2
ln EC̃

(
c̄2 · σ2

S + C̃2 · σ2
S + 2c̄ · C̃ + σ2

N

σ2
N

)
. (2.53)

Lìgw twn (2.50) kai (2.53), to �nw fr�gma thc amoibaÐac plhroforÐac metaxÔ eisìdou

kai exìdou tou kanalioÔ dÐnetai apì th sqèsh:

I(S; R) ≤ 1

2
ln

(
c̄2 · σ2

S + σ2
C · σ2

S + σ2
N

σ2
N

)
=

1

2
ln

(
1 +

c̄2 · σ2
S + σ2

C · σ2
S

σ2
N

)
. (2.54)

To fr�gma thc (2.54) apoteleÐ th qwrhtikìthta kanalioÔ pou ja proèkupte an stèl-

name èna s ma diaspor�c c̄2 · σ2
S + σ2

C · σ2
S mèsw enìc Gaussian kanalioÔ prosjetikoÔ

jorÔbou diaspor�c σ2
N .
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Diaisjhtik� mporoÔme na poÔme gia ta dÔo fr�gmata ìti to �nw apoteleÐ thn

perÐptwsh pou to sf�lma ektÐmhshc eÐnai ex' olokl rou qr simo, en¸ to k�tw fr�gma

apoteleÐ thn perÐptwsh pou to sf�lma ektÐmhshc eÐnai ex' olokl rou epiz mio [8].

Apì tic (2.45) kai (2.54) mporeÐ na brejeÐ èna �nw ìrio sthn ap¸leia thc amoibaÐac

plhroforÐac, exaitÐac tou ìti to kan�li den eÐnai gnwstì, wc ex c:

−I(S; R) ≤ −1

2
ln

(
σ2

C · σ2
S + σ2

N + c̄2 · σ2
S

σ2
C · σ2

S + σ2
N

)

I(S; R|C) ≤ 1

2
ln

(
c̄2 · σ2

S + σ2
C · σ2

S + σ2
N

σ2
N

)

Prosjètontac tic parap�nw anisìthtec kat� mèlh prokÔptei:

I(S; R|C)− I(S|R) ≤ 1

2
ln

(
1 +

σ2
C · σ2

S

σ2
N

)
. (2.55)

Parathr¸ntac tic sqèseic (2.45) kai (2.54) blèpoume ìti an h diaspor� tou sf�lmatoc

teÐnei sto mhdèn, tìte h amoibaÐa plhroforÐa sugklÐnei sthn amoibaÐa plhroforÐa thc

perÐptwshc ìpou den up�rqei sf�lma ektÐmhshc kanalioÔ.

2.5.2 Genik  perÐptwsh

Est¸ ìti h sqèsh eisìdou - exìdou tou kanalioÔ eÐnai:

r = Cs + n. (2.56)

Qrhsimopoi¸ntac sumbolismì tuqaÐwn metablht¸n, h sqèsh eisìdou - exìdou gr�fetai

wc ex c:

R = CS + N = C̄S + C̃S + N. (2.57)

'Estw ìti stèlnoume Gaussian s ma S k amoibaÐa anexart twn sunistws¸n, me gnwstì

pÐnaka sundiaspor�c ΛS, mèsa apì èna kan�li C prosjetikoÔ jorÔbou N, me pÐnaka

sundiaspor�c ΛN. To kan�li qwrÐzetai se gnwstì mèroc C̄ kai se mèroc C̃, pou
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apoteleÐ to sf�lma mètrhshc tou kanalioÔ, mhdenik c mèshc tim c. H entropÐa thc

eisìdou eÐnai (blèpe 2.14):

h(S) =
1

2
ln

(
(2πe)k|ΛS|

)
. (2.58)

Ja sumbolÐsoume ton pÐnaka sundiaspor�c twn posot twn S, R me ΛS,R. Gia na

upologÐsoume to k�tw fr�gma thc mègisthc epiteÔximhc amoibaÐac plhroforÐac metaxÔ

eisìdou kai exìdou, h diadikasÐa eÐnai Ðdia me aut  pou akolouj jhke sto prohgoÔmeno

ed�fio. AntÐstoiqa me thn (2.42), isqÔei:

h(S|R) ≤ h(S−AR) ≤ 1

2
ln

(
(2πe)k|ΛS−AR|

)
, (2.59)

ìpou A opoiosd pote pÐnakac k × k. Skopìc mac eÐnai na broÔme ton pÐnaka A gia

ton opoÐo to AR na apoteleÐ thn grammik  ektÐmhsh el�qistou mèsou tetragwnikoÔ

sf�lmatoc (Linear Minimum Mean Square Error) tou ekpempìmenou s matoc S. H

sqèsh (2.43) gÐnetai:

A = Λ(S,R)Λ
−1
R ⇒

A = Λ(S,C̄S)Λ
−1
R

= Λ(S,C̄S)(ΛC̄S + ΛC̃S + ΛN)−1, (2.60)

lìgw tou ìti to s ma S eÐnai statistik� anex�rthto apì to jìrubo N kai apì to

sf�lma mètrhshc tou kanalioÔ C̃. To sf�lma ektÐmhshc thc eisìdou apì thn èxodo

isoÔtai me:

E = S−AR.

O pÐnakac sundiaspor�c tou sf�lmatoc dÐnetai apì th sqèsh:

ΛE = E [(S−AR) (STRTAT )
]

= E[SST ] + E[ARRTAT ]− E[SRTAT ]− E[ARST ]

= ΛS + AΛRAT −ΛSRAT −AΛRS
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= ΛS + ΛSRΛ−1
R ΛRS + ΛSRΛ−1

R ΛRS −ΛSRΛ−1
R ΛRS

= ΛS −ΛSRΛ−1
R ΛRS

= ΛS −Λ(S,C̄S)(ΛC̄S + ΛC̃S + ΛN)−1Λ(C̄S,S). (2.61)

K�nontac qr sh tou L mmatoc Antistrof c Pin�kwn1, mporeÐ na apodeiqteÐ ìti:

Λ−1
E = Λ−1

S + C̄T (ΛC̃S + ΛN)−1C̄. (2.62)

H (2.59), lìgw twn parap�nw, gr�fetai wc ex c:

h(S|R) ≤ h(S−αR) = h(E)

≤ 1

2
ln

(
(2πe)k|ΛE |

)

=
1

2
k ln(2πe) +

1

2
ln(|ΛE |)

=
1

2
k ln(2πe)− 1

2
ln(|Λ−1

E |)

=
1

2
k ln(2πe)− 1

2
ln

(∣∣∣Λ−1
S + C̄T (ΛC̃S + ΛN)−1C̄

∣∣∣
)
. (2.63)

Epomènwc, h amoibaÐa plhroforÐa ja eÐnai 2:

I(S;R) = sup
p(S)

(h(S)− h(S|R))

≥ 1

2
k ln(2πe) +

1

2
ln(|ΛS|)− 1

2
k ln(2πe) +

1

2
ln

(∣∣∣Λ−1
S + C̄T (ΛC̃S + ΛN)−1C̄

∣∣∣
)

=
1

2
ln

(∣∣∣ΛS||Λ−1
S + C̄T (ΛC̃S + ΛN)−1C̄

∣∣∣
)

=
1

2
ln

(∣∣∣I + C̄T (ΛC̃S + ΛN)−1C̄ΛS

∣∣∣
)
. (2.64)

Apì thn (2.64), mporeÐ na pei kaneÐc ìti h amoibaÐa plhroforÐa èqei san k�tw fr�gma

thn amoibaÐa plhroforÐa metaxÔ eisìdou kai exìdou enìc gnwstoÔ kanalioÔ C̄, me

prosjetikì jìrubo sundiaspor�c ΛC̃S +ΛN. Epomènwc, mporoÔme na jewr soume ìti

èqoume èna kan�li C̄ sto opoÐo up�rqei jìruboc N̂ = C̃S+N kai paÐrnoume èxodo Ŷ.
1(A + BCD)−1 = A−1 −A−1B[C−1 + DA−1B]−1DA−1

2QrhsimopoieÐtai h sqèsh |A||B| = |AB|.
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Sq ma 9: Kan�li me amoibaÐa plhroforÐa thn isìthta thc (2.64)

To �nw fr�gma thc amoibaÐac plhroforÐac gia th genik  perÐptwsh eÐnai an�logo tou

�nw fr�gmatoc thc amoibaÐac plhroforÐac mh epilektikoÔ kat� suqnìthta kanalioÔ

arg¸n dialeÐyewn, ìpwc autì ekfr�sthke sth sqèsh (2.54). 'Etsi èqoume:

I(S;R|C̄) ≤ 1

2
ln

( |Λ(C̃+C̄)S + ΛN|
|ΛN|

)

=
1

2
ln

(
|Λ−1

N Λ(C̃+C̄)S + I|
)

=
1

2
ln

(∣∣∣Λ−1
N C̄ΛSC̄

T + Λ−1
N ΛC̃S + I

∣∣∣
)
. (2.65)

To parap�nw fr�gma apoteleÐ th qwrhtikìthta pou ja proèkupte stèlnontac Gaussian

s ma sundiaspor�c Λ(C̃+C̄)S mèsw enìc kanalioÔ leukoÔ prosjetikoÔ jorÔbou me pÐ-

naka sundiaspor�c ΛN [8].
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Kef�laio 3

MegistopoÐhsh thc amoibaÐac

plhroforÐac metaxÔ eisìdou -

exìdou enìc kanalioÔ me qr sh

sumbìlwn ekpaÐdeushc

3.1 Eisagwg 

Se poll� sust mata epikoinwnÐac qrhsimopoioÔntai deÐgmata ekpaÐdeushc gia thn ektÐ-

mhsh tou kanalioÔ. Sthn perÐptwsh aut  dhmiourgoÔntai dÔo probl mata ta opoÐa

prèpei na antimetwpistoÔn: an qrhsimopoihjoÔn lÐga deÐgmata gia ekpaÐdeush to kan�li

den ektim�tai ikanopoihtik�, en¸ an qrhsimopoihjoÔn poll� den mènei qrìnoc gia thn

apostol  twn dedomènwn. Sto prohgoÔmeno kef�laio melet jhke to kat� pìso ta

sf�lmata ektÐmhshc tou kanalioÔ ephre�zoun th qwrhtikìtht� tou.

Sto kef�laio autì, ja parousiasteÐ h melèth twn Srihari Adireddy, Lang Tong
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kai Harish Viswanathan, oi opoÐoi upologÐzoun th bèltisth di�taxh twn sumbìlwn

ekpaÐdeushc (training symbols) gia thn ektÐmhsh tou kanalioÔ, ìpou h beltistìthta

orÐzetai wc proc th megistopoÐhsh thc amoibaÐac plhroforÐac [9].

Ja prèpei na shmei¸soume ìti sth sunèqeia, gia aploÔsteush tou sumbolismoÔ, oi

tuqaÐec metablhtèc kai oi ulopoi seic touc ja sumbolÐzontai me ton Ðdio trìpo.

3.2 Perigraf  sust matoc

To kan�li pou melet�tai eÐnai epilektikì kat� suqnìthta kai èqei kroustik  apìkri-

sh pou dÐnetai apì to di�nusma c = [c0, c1, ..., cL]T . Upojètoume ìti to di�nusma c

apoteleÐtai apì L + 1 anex�rthta omoiìmorfa katanemhmèna Gaussian deÐgmata, mh-

denik c mèshc tim c kai diaspor�c 1
L+1

. Epiplèon, upojètoume ìti h kroustik  apìkrish

paramènei stajer  gia qrìno T periìdwn sumbìlou, èpeita paÐrnei timèc anex�rthtec

twn prohgoÔmenwn kai paramènei stajer  gia qrìno T periìdwn sumbìlou, katìpin

all�zei k.o.k. JewroÔme ìti oÔte o pompìc oÔte o dèkthc gnwrÐzoun to kan�li.

Ta sÔmbola pou stèlnoume eÐnai se morf  pakètwn m kouc (T − L). Sthn arq 

k�je pakètou prostÐjetai èna mplok sk, m kouc L, me gnwst� sÔmbola.

Gia to qronikì di�sthma T periìdwn sumbìlou pou jewroÔme ìti to kan�li paramènei

stajerì, to sÔsthma mac mporeÐ na perigrafeÐ apì thn parak�tw sqèsh:



r1

r2

...

...

rT




︸ ︷︷ ︸
r

=




cL · · · c0

cL · · · c0

. . . . . .
. . . . . .

cL c0




︸ ︷︷ ︸
C




sk

s1

...

sN+P

sk




︸ ︷︷ ︸
s

+




n1

n2

...

...

nT




︸ ︷︷ ︸
n

. (3.1)

O prosjetikìc jìruboc n eÐnai Gaussian mhdenik c mèshc tim c kai diaspor�c σ2
nI. To

s ma sthn èxodo tou kanalioÔ r eÐnai sun�rthsh twn sumbìlwn tou trèqontoc pakètou
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s = [sT
k , s1, · · · , sT ]T kai tou mplok twn gnwst¸n sumbìlwn sk sthn arq  tou epìmenou

pakètou.

K�je pakèto s apoteleÐtai apì N �gnwsta kai P +L gnwst� sÔmbola. Ta gnwst�

sÔmbola topojetoÔntai se mplokc m kouc α ≥ L. Sto parak�tw sq ma faÐnetai h

di�taxh tou dianÔsmatoc [sT sT
k ]T . Genik�, k�je di�taxh prosdiorÐzetai apì dÔo deÐktec

m,n. O deÐkthc m = (m1, ..., mj) dÐnei ta m kh twn mplokc me ta �gnwsta sÔmbola,

en¸ o deÐkthc n = (n1, ..., nj+1) dÐnei ta m kh twn mplokc me ta gnwst� sÔmbola.

Sq ma 10: Di�taxh pakètou.

AfoÔ k�je pakèto arqÐzei me toul�qiston L gnwst� sÔmbola, to n1 eÐnai toul�qi-

ston Ðso me L. EpÐshc, eÔkola mporeÐ na parathr sei kaneÐc ìti to J + 1 mplok twn

gnwst¸n sumbìlwn perièqei ta pr¸ta L gnwst� sÔmbola thc arq c tou epìmenou

pakètou. Epomènwc, efìson to nJ+1 eÐnai toul�qiston Ðso me L, h mikrìterh tim 

tou j eÐnai h mon�da kai antistoiqeÐ sthn perÐptwsh pou ìla ta sÔmbola ekpaÐdeushc

topojetoÔntai sto tèloc tou pakètou.

O dèkthc apoteleÐtai apì ènan ektimht  kanalioÔ kai ènan apokwdikopoiht . H

ektÐmhsh ĉ pou lamb�noume basÐzetai mìno sta sÔmbola ekpaÐdeushc. Efìson to

kan�li all�zei apì mplok se mplok, o ektimht c leitourgeÐ an� mplok. An me sk
it

sumbolÐzetai to k-ostì sÔmbolo, tou i-ostoÔ mplok ekpaÐdeushc, tìte to di�nusma

twn sumbìlwn ekpaÐdeushc ja eÐnai:

st =
[
s1
1t...s

n1
1t ...s

1
(j+1)t...s

nj+1

(j+1)t

]T
.
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To di�nusma sk twn gnwst¸n sumbìlwn sthn arq  k�je mplok ja eÐnai:

sk =
[
s1
1t...s

L
1t

]T
.

SumbolÐzoume me rt to mèroc tou lambanìmenou s matoc pou ofeÐletai mìno sta sÔm-

bola ekpaÐdeushc. To upìloipo mèroc tou lambanìmenou s matoc sumbolÐzetai me rd.

O apokwdikopoiht c qrhsimopoieÐ ta rd, ĉ = g(rt, st) kai st gia na k�nei thn apokw-

dikopoÐhsh [9].

H sunolik  isqÔc ekpomp c P diatÐjetai kat� èna mèroc Pt gia thn ektÐmhsh tou

kanalioÔ kai kat� èna mèroc Pd gia thn apostol  twn dedomènwn sd. O periorismìc

isqÔoc kajorÐzetai apì thn parak�tw sqèsh:

1

(N + P + L)

(
Etr(sds

H
d ) + tr(sts

H
t )

)
= 1. (3.2)

Lamb�nontac upìyh ìti Pd = 1
N

Etr(sds
H
d ) kai Pt = 1

P+L
tr(sts

H
t ), h (3.2) gÐnetai:

NPd + (P + L)Pt

N + P + L
= 1.

3.3 Orismìc tou probl matoc

Sth sunèqeia ja melet soume th bèltisth di�taxh twn sumbìlwn ekpaÐdeushc. OrÐ-

zoume wc P = (m,n) th di�taxh twn gnwst¸n sumbìlwn kai twn dedomènwn. H

qwrhtikìthta tou sust matoc orÐzetai wc ex c:

C(P , Pd, Pt, st)
4
= max

fi.i.d(sd)
I(rd, ĉ; sd), (3.3)

ìpou h sun�rthsh puknìthtac pijanìthtac fi.i.d(sd) kai ta sÔmbola ekpaÐdeushc st eÐnai

tètoia ¸ste na ikanopoieÐtai o periorismìc isqÔoc. Stìqoc eÐnai na brejeÐ h bèltisth

di�taxh Po = (mo,no), h bèltisth katanom  isqÔoc (P o
d , P o

t ) kai ta bèltista sÔmbola

ekpaÐdeushc so
t , ètsi ¸ste na megistopoihjeÐ h qwrhtikìthta tou sust matoc, dhlad :

(Po, P o
d , P o

t , so
t ) = arg max

P, Pd, Pt, st

C(P , Pd, Pt, st).
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3.4 EktÐmhsh tou kanalioÔ

H èxodoc tou kanalioÔ rt, h opoÐa ofeÐletai mìno sta deÐgmata ekpaÐdeushc, dÐnetai

apì th sqèsh:

rt = Stc + nt (3.4)

ìpou

St =




S1t

S1t

...

S(J+1)t




. (3.5)

O pÐnakac Sit eÐnai ènac (ni−L)× (L+1) Toeplitz pÐnakac, o opoÐoc sqhmatÐzetai apì

ta sÔmbola tou i−ostoÔ mplok ekpaÐdeushc wc ex c:

Sit =




s
(L+1)
it · · · s1

it

... . . . ...

sni
it · · · s

(ni−L)
it




. (3.6)

H ektÐmhsh tou kanalioÔ sÔmfwna me ton ektimht  elaqÐstou mèsou tetragwnikoÔ

sf�lmatoc (MMSE) ja eÐnai:

ĉ = CovcrtCov−1
rtrH

t
rt

= E
[
c(Stc + nt)

H
] (

E
[
(Stc + nt)(Stc + nt)

H
])−1

rt

= E
[
ccHSH

t + cnH
t

] (
E

[
Stcc

HSH
t + Stcn

H
t + ntc

HSH
t + ntn

H
t

])−1
rt

=
1

L + 1
SH

t

(
St

1

L + 1
SH

t + σ2
nI

)−1

rt

= SH
t

(
StS

H
t + (L + 1)σ2

nI
)−1

rt. (3.7)

OrÐzoume to sf�lma ektÐmhshc wc ex c:

c̃ = c− ĉ. (3.8)
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Epomènwc, o pÐnakac sundiaspor�c tou eÐnai:

E[c̃c̃H ] = E
[
(c− ĉ)(cH − ĉH)

]

= (Cov−1
c + SH

t Cov−1
nt

St)
−1

=




(
I

L + 1

)−1

+ SH
t (σ2

n)−1St



−1

=

(
(L + 1) +

(L + 1)SH
t St

(L + 1)σ2
n

)−1

=
1

L + 1

(
I +

SH
t St

σ2

)−1

(3.9)

ìpou σ2 = (L + 1)σ2
n.

An perioristoÔme se orjog¸niouc pÐnakec ekpaÐdeushc, dhlad  se pÐnakec St gia

touc opoÐouc SH
t St = cI, h parap�nw sqèsh gÐnetai:

E[c̃c̃H ] =
I

(L + 1)(1 + c
σ2 )

. (3.10)

Ta l�jh ektÐmhshc c̃ eÐnai asusqètista metaxÔ touc kai wc gnwstìn eÐnai orjog¸nia

me thn ektÐmhsh ĉ tou kanalioÔ. O pÐnakac sundiaspor�c thc ektÐmhshc ĉ mporeÐ na

upologisteÐ wc ex c:

E[ĉĉH ] = E[ccH ]− E[c̃c̃H ]

=
I

L + 1
− I

(L + 1)(1 + c
σ2 )

=
I

L + 1

(
c

σ2

1 + c
σ2

)
. (3.11)

O periorismìc gia thn isqÔ pou diatÐjetai gia thn ekpaÐdeush tou kanalioÔ, sthn

perÐptwsh aut , eÐnai:

c ≤ (P + L)Pt. (3.12)
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3.5 K�tw fr�gma qwrhtikìthtac

'Opwc èqei anaferjeÐ se prohgoÔmeno kef�laio, eÐnai dÔskolo na upologisteÐ h qwrhti-

kìthta C(P , Pd, Pt, st) tou kanalioÔ. Gia to lìgo autì, arqik� ja upologÐsoume èna

k�tw fr�gma, to opoÐo sth sunèqeia ja beltistopoi soume. H qwrhtikìthta dÐnetai

apì th sqèsh 1:

C(P , Pd, Pt, st) = max
fi.i.d(sd)

I(rd; sd|ĉ). (3.13)

H sqèsh eisìdou - exìdou tou kanalioÔ gia to rd eÐnai:

rd = Cd · sd + Tc + nd. (3.14)

H sqèsh (3.14) gr�fetai analutik� wc ex c:



r1d

r2d

...

rJd




︸ ︷︷ ︸
rd

=




Cm1 0 · · · 0

0 Cm2 0
... . . .

0 CmJ




︸ ︷︷ ︸
Cd

·




s1d

s2d

...

sJd




︸ ︷︷ ︸
sd

+




T1

T2

...

TJ




︸ ︷︷ ︸
T

·c + nd. (3.15)

K�je stoiqeÐo tou pÐnaka Cd, Cmi
, eÐnai Toeplitz pÐnakac megèjouc (mi + L)×mi thc

morf c:

Cmi
=




c0 0 · · · 0

c1 c0
. . . ...

... c1
. . . 0

cL
... . . . c0

0 cL c1

... 0
. . . ...

0 · · · · · · cL




(mi+L)×mi

. (3.16)

1Efarmìzontac ton kanìna alusÐdac sthn (3.3) prokÔptei: I(rd, ĉ; sd) = I(ĉ; sd)︸ ︷︷ ︸
0

+I(rd; sd|ĉ).
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To di�nusma sd eÐnai èna mplok di�nusma. K�je stoiqeÐo tou, sid, eÐnai di�nusma m kouc

mi, pou apoteleÐtai apì ta sÔmbola dedomènwn tou i−ostoÔ �gnwstou mplok sumbì-

lwn (s1
id · · · smi

id ).

O pÐnakac Ti eÐnai sun�rthsh twn L sumbìlwn ekpaÐdeushc (sni−L+1
it , ..., sni

it ) kai

(s1
(i+1)t, ..., s

L
(i+1)t), prin kai met� to i-ostì mplok twn �gnwstwn sumbìlwn kai èqei th

morf :

Ti =




0 sni
it sni−1

it · · · sni−L+1
it

0 0 sni
it · · · sni−L+1

it

... 0
. . . . . . ...

0
... . . . . . . sni

it

s1
(i+1)t 0 · · · 0 0

s2
(i+1)t s1

(i+1)t 0
... 0

... ... . . . . . . 0

sL
(i+1)t · · · · · · s1

(i+1)t 0




. (3.17)

Oi pÐnakec autoÐ eis�gontai stouc upologismoÔc giatÐ ta pr¸ta kai ta teleutaÐa L

deÐgmata tou rid exart¸ntai apì ta sÔmbola ekpaÐdeushc.

To lambanìmeno s ma rd mporeÐ na ekfrasteÐ san sun�rthsh thc ektÐmhshc ĉ kai

tou sf�lmatoc ektÐmhshc c̃ wc ex c:

rd = Ĉdsd + Tĉ + C̃dsd + Tc̃ + nd. (3.18)

An afairèsoume th stajer  posìthta Tĉ apì to rd prokÔptei:

ŕd = Ĉdsd + C̃dsd + Tc̃ + nd︸ ︷︷ ︸
vd

. (3.19)

Epeid  h afaÐresh stajer c posìthtac de metab�llei thn amoibaÐa plhroforÐa, èqoume:

I(rd; sd|ĉ) = I(ŕd; sd|ĉ). (3.20)

O analutikìc upologismìc thc I(ŕd; sd|ĉ) eÐnai dÔskoloc, gi' autì ja ex�goume èna k�tw
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fr�gma. Arqik�, ja upologÐsoume tic upì sunj kh statistikèc pr¸thc kai deÔterhc

t�xhc tou vd wc ex c:

Mèsh tim :

E[vd|ĉ] = E[C̃dsd + Tc̃ + nd|ĉ]
= E[C̃d|ĉ]sd + TE[c̃|ĉ] + E[nd]

= 0 · sd + T · 0 + 0 = 0.

PÐnakac sundiaspor�c:

E[vdv
H
d |ĉ] = E

[
(C̃dsd + Tc̃ + nd)(s

H
d C̃H

d + c̃HTH + nH
d )|ĉ

]

= E[C̃dsds
H
d C̃H

d ] + E[Tc̃c̃HTH ] + E[ndn
H
d ]

= PdE[C̃dC̃
H
d ] +

1

(L + 1)(1 + c
σ2 )

TTH + σ2
nI

4
= Rv. (3.21)

MporeÐ na apodeiqjeÐ ìti gia dedomèno pÐnaka sundiaspor�c jorÔbou h qwrhtikìthta

tou kanalioÔ elaqistopoieÐtai an o jìruboc eÐnai Gaussian 2.

Epomènwc, isqÔei:

C(P , Pd, Pt, st) ≥ Clb(P , Pd, Pt, st)

Clb(P , Pd, Pt, st) = E
[
log det

(
I + PdR

−1
v ĈdĈ

H
d

)]
, (3.22)

ìpou h mèsh tim  lamb�netai wc proc thn ektÐmhsh ĉ. H qwrhtikìthta aut  apoteleÐ th

qwrhtikìthta pou prokÔptei ìtan stèlnoume Gaussian s ma me pÐnaka sundiaspor�c

PdI mèsw enìc kanalioÔ Ĉd me Gaussian prosjetikì jìrubo me pÐnaka sundiaspor�c

Rv.
2L mma 5.2.1. [11].
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O pÐnakac PdE[C̃dC̃
H
d ] thc (3.21) eÐnai thc morf c:

PdE[C̃dC̃
H
d ] =




PdE[C̃m1C̃
H
m1

] 0 · · · 0

0 PdE[C̃m2C̃
H
m2

] 0
... . . .

0 PdE[C̃mj
C̃H

mj
]




. (3.23)

K�je pÐnakac E[C̃mj
C̃H

mj
] eÐnai ènac diag¸nioc pÐnakac, diìti ta sf�lmata ektÐmhshc

eÐnai asusqètista metaxÔ touc (blèpe 3.10). K�je diag¸nio stoiqeÐo eÐnai mikrìtero  

Ðso me to trE[c̃c̃H ] = 1
1+ c

σ2
. OrÐzoume ton pÐnaka Rvl wc ex c:

Rvl =

(
Pd

1 + c
σ2

+ σ2
n

)
I +

1

(L + 1)(1 + c
σ2 )

TTH . (3.24)

Apì tic sqèseic (3.21) kai (3.24), prokÔptei ìti 3:

|I + PdR
−1
vl ĈdĈ

H
d | ≤ |I + PdR

−1
v ĈdĈ

H
d |. (3.25)

H (3.25) qrhsimopoieÐtai gia ton prosdiorismì tou k�tw fr�gmatoc thc (3.22), pou

t¸ra mporeÐ na ekfrasteÐ wc ex c:

Clb(P , Pd, Pt, st) = E

[
log

∣∣∣∣∣I + Pd

c
σ2

1 + c
σ2

R−1
vl C̄dC̄

H
d

∣∣∣∣∣

]
(3.26)

ìpou o pÐnakac C̄d prokÔptei apì kanonikopoÐhsh tou Ĉd. Pio sugkekrimèna, to kan�li

c̄ pou par�gei to C̄d èqei stoiqeÐa a.o.k., kanonik c katanom c me mhdenik  mèsh tim 

kai diaspor� 1
L+1

(blèpe 3.11) [9].

3.6 BeltistopoÐhsh me diat�xeic QPP

Sto ed�fio autì, ja melethjeÐ h bèltisth di�taxh gia ta gnwst� kai �gnwsta mplokc

dedomènwn.
3Gia jetik� orismènouc pÐnakec isqÔei ìti an A ≥ B tìte |A−1| ≤ |B−1|. Oi pÐnakec auto-

susqètishc eÐnai jetik� orismènoi kai isqÔei Rvl ≥ Rv, epomènwc mporeÐ na efarmosteÐ h parap�nw
idiìthta.
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3.6.1 Diat�xeic QPP

Oi diat�xeic QPP apoteloÔn oikogèneia diat�xewn, oi opoÐec qwrÐzontai se di�forec

kathgorÐec me b�sh to el�qisto epitrepìmeno mègejoc tou mplok twn gnwst¸n sumbì-

lwn. H kathgorÐa gia thn opoÐa to α eÐnai to el�qisto mègejoc tou mplok sumbolÐzetai

me QPP −α. H di�taxh QPP −α sqhmatÐzetai qwrÐzontac pr¸ta ta gnwst� sÔmbola

se ìso to dunatìn perissìtera mplokc, k�je èna megèjouc toul�qiston α, kai èpeita

topojet¸ntac ta ètsi, ¸ste ta �gnwsta sÔmbola na eÐnai isokatanemhmèna.

Orismìc: Me dedomèno to α kai èna mplok me N �gnwsta kai P ≥ α gnwst�

sÔmbola, orÐzoume Jα = bP
α
c + 1. MÐa di�taxh P = (n,m) an kei sthn kathgorÐa

QPP − α an kai mìno an:

1. n ∈ N Jα , ìpou

N Jα =

{
(n1, ..., nJα+1) :

Jα∑

i=2

ni = P & n1 = nJα+1 = L

& min(n2, ..., nJα) ≥ α} . (3.27)

2. m ∈MJα , ìpou

MJα =

{
(m1, ..., mJα) :

∑

i

mi = N & mi ∈
{⌊

N

Jα

⌋
,

(⌊
N

Jα

⌋
+ 1

)}}
. (3.28)

K�je stoiqeÐo tou N Jα sumbolÐzetai wc nJα = (n̄1, ..., n̄Jα). An�loga, k�je stoiqeÐo

tou MJα sumbolÐzetai me mJα = (m̄1, ..., m̄Jα) [9].

3.6.2 Beltistìthta twn diat�xewn QPP-a gia �gnwsto

kan�li

Sthn par�grafo aut , ja upologisteÐ mÐa bèltisth tetr�da (Po, P o
d , P o

t , so
t ):

(P , P o
d , P o

t , so
t ) = arg max

P, Pd, Pt, st

Clb(P , Pd, Pt, st). (3.29)
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UpologÐzoume pr¸ta èna mègisto tou k�tw fr�gmatoc Clb(P , Pd, Pt, st) thc qwrhtikìth-

tac tou kanalioÔ. Apì thn (3.26) eÐnai gnwstì ìti dÐnetai apì th sqèsh:

Clb(P , Pd, Pt, st) = E

[
log

∣∣∣∣∣I + Pd

c
σ2

1 + c
σ2

R−1
vl C̄dC̄

H
d

∣∣∣∣∣

]
, (3.30)

ìpou

Rvl =

(
Pd

1 + c
σ2

+ σ2
n

)
I +

1

(L + 1)(1 + c
σ2 )

TTH . (3.31)

Apì thn (3.31) prokÔptei ìti:

Rvl ≥
(

Pd

1 + c
σ2

+ σ2
n

)
I. (3.32)

Epiplèon, an A ≥ B, kai A, B pÐnakec jetik� orismènoi, tìte A−1 ≤ B−1. Lam-

b�nontac upìyh tic (3.12) kai (3.32), kaj¸c epÐshc kai thn idiìthta thc orÐzousac

|I + AB| = |I + BA|, to mègisto tou Clb(P , Pd, Pt, st) diamorf¸netai wc ex c:

Clb(P , Pd, Pt, st) ≤ E

[
log

∣∣∣∣∣I +
Pd

σ2
n

c

c + (L + 1)(Pd + σ2
n)

C̄dC̄
H
d

∣∣∣∣∣

]

≤ E

[
log

∣∣∣∣∣I +
Pd

σ2
n

(P + L)Pt

(P + L)Pt + (L + 1)(Pd + σ2
n)

C̄H
d C̄d

∣∣∣∣∣

]

=
J∑

i=1

E

[
log

∣∣∣∣∣I +
Pd

σ2
n

(P + L)Pt

(P + L)Pt + (L + 1)(Pd + σ2
n)
· C̄H

mi
C̄mi

∣∣∣∣∣

]

4
=

J∑

i=1

g(Pd, Pt,mi). (3.33)

Oi pÐnakec C̄H
mi

C̄mi
eÐnai jetik� orismènoi Toeplitz pÐnakec. O isqurismìc autìc mporeÐ

na apodeiqteÐ wc ex c:

C̄H
mi

C̄mi
=




c̄∗0 · · · c̄∗L 0 · · · 0

0 c̄∗0 · · · c̄∗L 0 · · ·
... · · · ...

0 · · · 0 c̄∗0 · · · c̄∗L







c̄0 0 · · · 0

c̄1 c̄0
...

... c̄1
. . . 0

c̄L
... . . . c̄0

0 c̄L c̄1

... 0
. . . ...

0 · · · · · · c̄L



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=




∑ |c̄2
i |

∑
c̄∗i−1c̄i · · · ∑

c̄∗i−mi
c̄i

∑
c̄∗i c̄i−1

∑ |c̄2
i | · · · ...

... ... . . . ...
∑

c̄∗i c̄i−mi
· · · · · · ∑ |c̄2

i |




. (3.34)

Epiplèon, mporeÐ na apodeiqteÐ ìti h sun�rthsh g pou orÐzetai sthn (3.33) èqei thn

idiìthta:

2g(Pd, Pt, n) ≥ g(Pd, Pt, n + k) + (Pd, Pt, n− k), (3.35)

∀n ∈ Z+, & k ∈ {0, 1, ..., n} 4.

Apì thn parap�nw idiìthta, h opoÐa ousiastik� upodeiknÔei ìti h sun�rthsh g

parousi�zei qarakthristik� koÐlhc (concave) sun�rthshc, mporeÐ na apodeiqjeÐ ìti:

• gia J = Jα, isqÔei:
J∑

i=1

g(Pd, Pt,mi) ≤
Jα∑

i=1

g(Pd, Pt, m̄i), (3.36)

ìpou mJα = (m̄1, ..., m̄Jα) eÐnai o deÐkthc pou dÐnei ta m kh twn mplokc twn �gnwstwn

sumbìlwn gia th di�taxh QPP − α.

• gia J < Jα isqÔei:
J∑

i=1

g(Pd, Pt,mi) =
J∑

i=1

g(Pd, Pt,mi) +
Jα∑

i=J+1

g(Pd, Pt, 0)

︸ ︷︷ ︸
0

=
Jα∑

i=1

g(Pd, Pt, ḿi)

≤
Jα∑

i=1

g(Pd, Pt, m̄i), (3.37)

ìpou ḿi = mi, gia i = 1, ..., J kai ḿi = 0, gia i = (J+1), ..., Jα. H anisìthta prokÔptei

lìgw thc (3.36). Telik�, apì tic (3.36) kai (3.37) gia J ≤ Jα, sunep�getai ìti:
J∑

i=1

g(Pd, Pt,mi) ≤
Jα∑

i=1

g(Pd, Pt, m̄i). (3.38)

4H apìdeixh brÐsketai sto Par�rthma B.
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K�tw apì ton periorismì ìti k�je mplok gnwst¸n sumbìlwn apoteleÐtai toul�qiston

apì α sÔmbola, o arijmìc twn mplokc twn �gnwstwn sumbìlwn eÐnai J ≤ Jα. Epomè-

nwc, to k�tw fr�gma thc qwrhtikìthtac gia dedomèna me di�taxh QPP − α fr�ssetai

wc ex c:

Clb(P , Pd, Pt, st) ≤
Jα∑

i=1

g(Pd, Pt, m̄i). (3.39)

MÐa bèltisth epilog  sumbìlwn ekpaÐdeushc

Upojètoume ìti α ≥ (2L + 1) kai P ≥ α. H di�taxh P o kai ta sÔmbola ekpaÐdeushc

so
t eÐnai bèltista an:

1. P o an kei sthn oikogèneia QPP − α

2.

|sk
it| =





√
(P+L)Pt

J−1
, an k = (L + 1), i = 2, ..., J

0, alloÔ.
(3.40)

H sugkekrimènh epilog  twn sumbìlwn ekpaÐdeushc so
t , ìpwc prokÔptei apì thn

(3.40), sunep�getai ìti k�je pakèto arqÐzei me L mhdenik�. Epiplèon, k�je mplok

gnwst¸n sumbìlwn arqÐzei kai telei¸nei me L mhdenik� kai èqei mìno èna mh mhdenikì

sÔmbolo ekpaÐdeushc. H enèrgeia pou diatÐjetai gia thn ekpaÐdeush moir�zetai isìposa

se ìla aut� ta mplokc. Gia aut  thn epilog  ekpaÐdeushc prokÔptei ìti o pÐnakac T

thc (3.15) eÐnai mhdenikìc pÐnakac. Epiplèon, SH
t St = (P + L)PtI. Lìgw thc sqèshc

aut c, o pÐnakac sundiaspor�c Rvl gÐnetai:

Rvl =
Pd

1 + (P+L)Pt

σ2

I. (3.41)

To k�tw fr�gma mporeÐ eÔkola na upologisteÐ kai eÐnai Ðso me:

Clb(Po, Pd, Pt, s
o
t ) =

Jα∑

i=1

g(Pd, Pt, m̄i). (3.42)

Apì thn (3.39) prokÔptei ìti h di�taxh aut  eÐnai bèltisth [9].

46



3.6.3 H epilog  thc paramètrou a

To el�qisto mègejoc α tou mplok twn gnwst¸n sumbìlwn apoteleÐ par�metro sqe-

dÐashc tou sust matoc. Gia α ≥ 2L + 1 isqÔei (blèpe 3.42):

Clb(Po, Pd, Pt, s
o
t ) =

Jα∑

i=1

g(Pd, Pt, m̄i). (3.43)

ParathroÔme ìti to k�tw fr�gma Clb thc qwrhtikìthtac exart�tai apì to α mìno mèsw

tou Jα. 'Oso to α mei¸netai, to Jα aux�netai (Jα = bP
α
c+ 1). Epomènwc, an α1 > α2,

tìte Jα2 > Jα1 kai lìgw thc (3.38) isqÔei [9]:

Jα1∑

i=1

g(Pd, Pt, m̄i) <
Jα2∑

i=1

g(Pd, Pt, m̄i). (3.44)

Gia α ≥ 2L+1, to k�tw fr�gma thc qwrhtikìthtac eÐnai monìtona fjÐnousa sun�rthsh

tou α. Epomènwc, h epilog  tou α pou megistopoieÐ to k�tw fr�gma thc qwrhtikìthtac

eÐnai h α = 2L + 1.

3.7 H bèltisth katanom  enèrgeiac

H di�taxh pou analÔsame eÐnai bèltisth gia k�je katanom  enèrgeiac. Sthn par�grafo

aut , ja brejeÐ h bèltisth katanom  enèrgeiac metaxÔ ekpaÐdeushc kai dedomènwn,

me thn upìjesh ìti ta dedomèna eÐnai bèltista diatetagmèna kai ìti qrhsimopoioÔntai

bèltista sÔmbola ekpaÐdeushc [9].

Apì thn (3.33) parathroÔme ìti h epÐdrash twn paramètrwn Pd kai Pt sto k�tw

fr�gma thc qwrhtikìthtac emfanÐzetai mìno mèsw tou ìrou peff :

peff
4
=

Pd

σ2
n

(P + L)Pt

(P + L)Pt + (L + 1)(Pd + σ2)
. (3.45)

Efìson o log�rijmoc eÐnai aÔxousa sun�rthsh, gia na megistopoihjeÐ arkeÐ na megisto-

poi soume to ìrism� tou, dhlad  na broÔme to mègisto peff k�tw apì ton periorismì
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isqÔoc:

NPd + (P + L)Pt

N + P + L
= 1 ⇒ NPd + (P + L)Pt = N + P + L = T. (3.46)

An jewr soume q to posostì isqÔoc pou diatÐjetai sta dedomèna, tìte NPd = qT kai

(P + L)Pt = (1− q)T [10].

Epomènwc, h (3.45) mporeÐ na grafeÐ:

peff =
q T

N
(1− q)T

σ2
n

[
(1− q)T + (L + 1)

(
σ2 + q T

N

)]

=
T 2

Nσ2
n

q(1− q)

T − qT + (L + 1)σ2 + q T
N

(L + 1)

=
T 2

Nσ2
nT (N−L−1)

N

q(1− q)
(L+1)σ2

n+T

T (1−L+1
N

)
− q

=
T

σ2
n(N − L− 1)

q(1− q)
(L+1)σ2

n+T

T (1−L+1
N

)
− q

. (3.47)

Jètoume γ = (L+1)σ2
n+T

T (1−L+1
N

)
, opìte h (3.47) gÐnetai:

peff =
T

σ2
n(N − L− 1)

q(1− q)

γ − q
. (3.48)

Gia na broÔme to mègisto thc (3.48) wc proc q ja jèsoume thn par�gwgo wc proc q

Ðsh me to mhdèn. MporeÐ na apodeiqteÐ ìti:

arg max
0<q<1

q(1− q)

γ − q
= γ −

√
γ(γ − 1). (3.49)

H bèltisth posìthta enèrgeiac pou qrhsimopoieÐtai gia th met�dosh twn dedomènwn

eÐnai:

P o
d =

qT

N
=

(γ −
√

γ(γ − 1))T

N

=

√
γ

z

(√
γ −

√
γ − 1

)
, (3.50)

ìpou z = N
T
.
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H bèltisth posìthta enèrgeiac pou qrhsimopoieÐtai gia ekpaÐdeush eÐnai:

P o
t =

(1− q)T

P + L
=

(√
γ − 1)(

√
γ −√γ − 1)

)
T

P + L
. (3.51)
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EpÐlogoc

Sthn ergasÐa aut  asqolhj kame me asÔrmata kan�lia. Ta asÔrmata kan�lia eÐnai

qronik� metaballìmena, gi' autì to lìgo d¸same mÐa statistik  perigraf  touc.

Sth sunèqeia, parousi�same orismoÔc gia basik� megèjh pou qarakthrÐzoun ta

asÔrmata kan�lia kai d¸same èmfash sth qwrhtikìthta. EÐdame ìti se perÐptwsh

Gaussian kanalioÔ pou eÐnai gnwstì sto dèkth, h qwrhtikìthta eÐnai dunatì na upo-

logisteÐ analutik�. Qrhsimopoi¸ntac mÐa ektÐmhsh tou kanalioÔ, upologÐsame �nw

kai k�tw fr�gmata thc qwrhtikìthtac. Parathr same ìti to �nw fr�gma antistoiqeÐ

sthn perÐptwsh pou h epÐdrash tou sf�lmatoc ektÐmhshc eÐnai ex' olokl rou jetik 

kai to k�tw fr�gma thn perÐptwsh pou h epÐdrash tou sf�lmatoc ektÐmhshc eÐnai ex'

olokl rou epiz mia.

'Epeita, parousi�same to prìblhma sqedÐashc bèltistwn diat�xewn sumbìlwn ek-

paÐdeushc gia èna epilektikì kat� suqnìthta kan�li, jewr¸ntac to se epÐpedo mplok

dedomènwn. Upojèsame ìti o dèkthc ektim� to kan�li me ènan grammikì ektimht  el�qi-

stou mèsou tetragwnikoÔ sf�lmatoc (MMSE). Ta gnwst� sÔmbola topojet jhkan

se mplokc m kouc α ≥ 2L + 1, ìpou L + 1 h t�xh tou kanalioÔ. ApodeÐqjhke ìti, gia

α ≥ 2L+1 oi diat�xeic gnwst¸n sumbìlwn pou an koun sthn oikogèneia QPP-α eÐnai

bèltistec. Tèloc, parousi�sthke mÐa apì tic bèltistec diat�xeic kai dìjhkan ekfr�-

seic gia th bèltisth katanom  thc isqÔoc sta sÔmbola ekpaÐdeushc kai sta dedomèna.
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Par�rthma Aþ

Sto par�rthma autì ja parousiastoÔn dÔo montèla kanali¸n diakritoÔ qrìnou

(apotèlesma deigmatolhyÐac). Pr¸ta ja perigrafeÐ to SISO kan�li, dhlad  kan�li

mÐac keraÐac ekpomp c kai mÐa l yhc kai katìpin to MIMO kan�li, dhlad  kan�li

poll¸n kerai¸n ekpomp c (MT ) kai l yhc (MR).

SISO kan�li

Gia thn perÐptwsh kanalioÔ mh-epilektikoÔ kat� suqnìthta (flat fading), to lam-

banìmeno (deigmatolhpthmèno) s ma ja eÐnai:

r[k] =
√

Escs[k] + n[k]. (Aþ.1)

Gia thn perÐptwsh kanalioÔ epilektikoÔ kat� suqnìthta (frequency selective) k�je

deÐgma tou lambanìmenou s matoc dÐnetai apì th sqèsh:

r[k] =
√

Es [c[L− 1] · · · c[1]c[0]]




s[k − L + 1]
...

s[k + T − 1]




+ n[k]. (Aþ.2)
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Gia T suneqìmena deÐgmata tou lambanìmenou s matoc, h sqèsh eisìdou - exìdou

mporeÐ na grafeÐ wc ex c:



r[k]
...

r[k + T − 1]




=
√

EsC




s[k − L + 1]
...

s[k + T − 1]







n[k]
...

n[k + T − 1]




, (Aþ.3)

ìpou C eÐnai ènac Toeplitz pÐnakac diast�sewn T × (T + L− 1) thc morf c:

C =




c[L− 1] · · · c[0] 0 · · · 0

0 c[L− 1] · · · c[0] · · · 0
... ... ... ... ...

0 · · · 0 c[L− 1] · · · c[0]




. (Aþ.4)

MIMO kan�li

Sthn perÐptwsh kanalioÔ mh-epilektikoÔ kat� suqnìthta, to kan�li montelopoieÐtai me

ènan pÐnaka C, diast�sewn MR ×MT . To montèlo dÐnetai apì th sqèsh:

r[k] =

√
Es

MT

Cs[k] + n[k], (Aþ.5)

ìpou r[k] eÐnai to di�nusma tou lambanìmenou s matoc di�stashc MR × 1, s[k] to

di�nusma tou ekpempìmenou s matoc di�stashc MT × 1, en¸ n[k] to di�nusma tou

jorÔbou di�stashc MR × 1.
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Par�rthma Bþ

'Enac summetrikìc Toeplitz pÐnakac di�stashc n anaparÐstatai wc ex c:

Rn =




r0 · · · rn−1

... . . . ...

rn−1 · · · r0




. (Bþ.1)

Gia k�je n, o pÐnakac Rn diamerÐzetai wc ex c:

Rn =




Rn−1 rn

rT
n r0


 , (Bþ.2)

me

rn =




rn

rn−1

...

r1




.

SÔmfwna me thn parap�nw diamèrish, h orÐzousa tou pÐnaka Rn mporeÐ na grafteÐ sth

morf :

det(Rn) = det(Rn−1) det(r0 − rT
nR−1

n−1rn). (Bþ.3)

Qrhsimopoi¸ntac ton algìrijmo Levinson-Durbin, h orÐzousa enìc pÐnaka Toeplitz
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mporeÐ na upologisteÐ anadromik�, sÔmfwna me ton tÔpo:

det(Rn)

det(Rn−1)
= an = a0

n∏

i=1

(1− k2
i ), (Bþ.4)

ìpou |ki| < 1.

Epomènwc, gia i < j sunep�getai ìti ai ≥ aj.

O lìgoc det(Rn)
det(Rn−k)

mporeÐ na grafeÐ wc ex c:

det(Rn)

det(Rn−k)
=

det(Rn)

det(Rn−1)
· · · det(Rn−k+1)

det(Rn−k)
= an · an−1 · · · an−k+1. (Bþ.5)

OmoÐwc, o lìgoc det(Rn+k)
det(Rn)

gr�fetai wc ex c:

det(Rn+k)

det(Rn)
= an+k · an+k−1 · · · an+1

(B.5)

≥ an · · · an−k+1 =
det(Rn)

det(Rn−k)
⇔ (Bþ.6)

det2(Rn) ≥ det(Rn+k) · det(Rn−k). (Bþ.7)

LogarijmÐzontac thn (Bþ.7) èqoume:

2 log |Rn| ≥ log |Rn+k|+ log |Rn−k|. (Bþ.8)

Epomènwc, lìgw thc (Bþ.8), h sun�rthsh g1 èqei thn idiìthta:

2g(Pd, Pt, n) ≥ g(Pd, Pt, n + k) + (Pd, Pt, n− k), (Bþ.9)

∀n ∈ Z+, & k ∈ {0, 1, ..., n}.

1UpenjumÐzoume ìti h sun�rthsh g dÐnetai apì th sqèsh: g(·, ·, n) = E log |I + αC̄H
n C̄n|
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