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EUQARISTIESJa  jela na euqarist sw ton epiblèponta kajhght  mou Dhm trh Kandul�khgia thn eukair�a pou mou èdwse na asqolhj¸ me to endiafèron autì jèmakaj¸ kai gia thn episthmonik  kajod ghsh kai thn hjik  upost rixh poumou prìsfere kat� thn di�rkeia th ekpìnhsh th ergas�a. 1Euqarist¸ ton Ep�kouro Kajhght  M�nwa Petr�kh gia ti polÔtime gn¸seipou mou pare�qe se ìlh thn di�rkeia twn spoud¸n mou kai thn summetoq  tousthn exetastik  epitrop .Euqarist¸ ton Lèktora ArgÔrh Del  gia thn summetoq  tou sthn exetastik epitrop .Euqarist¸ ta adèlfia mou Gi�nnh kai Q�rh gia thn sumpar�stash kai thn upo-mon  tou kai tou gone� ma pou ma metèdwsan thn ag�ph gia thn epist mhkai ma sthr�zoun s�ut n thn peripèteia.

1DÔo �njrwpoi taxideÔoun me èna aerìstato. O pr¸to rwt�ei "PoÔ briskìmaste;".O deÔtero skèptetai gia arket  ¸ra kai apant� "Briskìmaste se èna kal�ji k�tw apìèna mpalìni pou pet�ei". Apì thn ap�nthsh aut  katalaba�noume ìti o deÔtero e�naimajhmatikì diìti skèfthke gia poll  ¸ra kai e�pe k�ti akribè all� �qrhsto.Agn¸stou
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EISAGWGHM�a diadikas�a di�qush   èna kÔma pou br�skontai se statik  (stationary)kat�stash perigr�fetai apì m�a ex�swsh elleiptikoÔ tÔpou th morf 
−△pu = F (x, u)ìpou △pu = div(|∇u|p∇u) e�nai o p-Laplasianì telest .Skopì aut  th ergas�a e�nai h melèth th parap�nw ex�swsh sthn eidik per�ptwsh ìpou

F (x, u) = λg(x)|u|p−2u+ f(x)|u|q−2u− h(x)|u|s−2use m�a perioq  Ω pou e�nai e�te èna fragmèno anoiktì kai sunektikì uposÔ-nolo tou R
N e�te to R

N , q < p, p∗ < s, kai oi f, g, h e�nai fragmène mharnhtikè sunart sei. Oi lÔsei aut  th ex�swsh anazhtoÔntai sto q¸ro
Sobolev W

1,p
0 (Ω) pou apotele�tai apì sunart sei u : Ω → R oi opo�e maz�me ti merikè parag¸gou tou pr¸th t�xh (me thn ènnoia twn katanom¸n)br�skontai sto q¸ro Lp(Ω). ApodeiknÔoume ìti to prìblhma èqei m�a mh ar-nhtik  lÔsh me th qr sh th mejìdou fibering thn opo�a eis gage o Stanislav

Pohozaev, genikeÔonta ètsi ant�stoiqa apotelèsmata th ergas�a [2℄ ìpouh sun�rthsh h den emfan�zetai.H dom  th ergas�a e�nai h akìloujh:Sto pr¸to kef�laio d�nontai oi basikè ènnoie kai oi idiìthte pou aforoÔnsthn asjen  topolog�a enì q¸rou Banach. Sto deÔtero kef�laio or�zontaioi q¸roi Sobolev kai akoloÔjw parousi�zontai probl mata merik¸n diafori-k¸n exis¸sewn pou èqoun lÔsei se autoÔ tou q¸rou. Sto tr�to kef�laioor�zetai to prìblhma idiotim¸n tou p-LaplasianoÔ telest  kai parousi�zontaioi idiìthte th pr¸th idiotim  kai tou idiìqwrou pou antistoiqe� se aut n.Sto tètarto kef�laio melet�tai h ex�swsh ìtan to Ω e�nai fragmèno kai stoteleuta�o kef�laio melet�tai h ex�swsh ston Ω = R
N .
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1 Asjene� Topolog�e'Estw E èna q¸ro Banach, me duðkì ton E∗.Orismì 1.1 Sto q¸ro E∗ or�zoume mia b�sh perioq¸n enì shme�ou
ξ0 ∈ E∗ w ex 
Vǫ;x1,...,xn(ξ0) = {ξ ∈ E∗; |ξ(x1) − ξ0(x1)| < ǫ, ..., |ξ(xn) − ξ0(xn)| < ǫ} (1)gia k�je ǫ > 0 , n ≥ 1 kai x1, ..., xn ∈ E . H topolog�a aut  kale�taiasjen * topolog�a ston E∗ kai sumbol�zetai σ(E∗, E) .An (ξn)n∈N e�nai akolouj�a stoiqe�wn tou E∗ , aut  sugkl�nei sto ξ0 ∈ E∗gia thn asjen  topolog�a an kai mìno an gia k�je x ∈ E , ξn(x)

n→+∞
−→ ξ0(x).Orismì 1.2 Ston E or�zoume m�a b�sh perioq¸n tou shme�ou x0

Wǫ;ξ1,...,ξn
(x0) = {x ∈ E ; |〈x− x0, ξ1〉| < ǫ , ..., |〈x− x0, ξn〉| < ǫ} (2)gia k�je ǫ > 0 , n ≥ 1 kai ξ1, ..., ξn ∈ E∗ . H topolog�a aut  kale�taiasjen  topolog�a ston E kai sumbol�zetai σ(E,E∗)Apì th morf  twn perioq¸n sthn (2) blèpoume ìti prìkeitai gia thn topolog�ath kat� shme�o sÔgklish twn stoiqe�wn tou E∗ . Dhlad  m�a akolouj�a

(xn)n∈N stoiqe�wn tou E sugl�nei se èna x0 gia thn σ(E,E∗) , an kai mìnoan, gia k�je ξ ∈ E∗ isqÔei ξ(xn)
n→+∞
−→ ξ(x0) (  〈xn, ξ〉

n→+∞
−→ 〈x0, ξ〉 ).Prìtash 1.1 H topolog�a σ(E∗, E) e�nai h asjenèsterh topolog�a ston

E∗ gia thn opo�a k�je grammikì sunarthsiakì ξ ∈ E∗ → 〈x, ξ〉 e�nai suneqègia x ∈ E .Apìdeixh. An h E∗ e�nai efodiasmènh me thn σ(E∗, E) , tìte h ant�strofheikìna mia geitoni� tou 0 akt�na mikrìterh tou e, e�nai to sÔnolo
{ξ ∈ E∗; |〈x, ξ〉| < ε}�ra oi apeikon�sei ξ e�nai suneqe�.Ant�strofa, èstw T m�a topolog�a ston E∗ tètoia ¸ste ìla ta grammik�sunarthsiak� ξ → 〈x, ξ〉 , x ∈ E na e�nai suneq . 'Estw x1, ..., xn shme�atou E, ǫ > 0 kai Vǫ;x1,...,xn mia geitoni� tou 0 gia thn σ(E∗, E) . H6



apeikìnish ξ → 〈xi, ξ〉 e�nai suneq  gia thn T , ètsi to sÔnolo Oi = {ξ ∈
E∗; |〈xi, ξ〉| < ε} e�nai anoiktì gia thn T . Tìte kai h tom  ⋂

i=1,...,nOie�nai anoiktì sÔnolo gia thn T kai e�nai h geitoni� Vǫ;x1,...,xn . 'Ara h T e�naiisqurìterh th σ(E∗, E) . �Omo�w apodeiknÔetai h parak�tw prìtashPrìtash 1.2 H topolog�a σ(E,E∗) e�nai h asjenèsterh topolog�a stonE gia thn opo�a ìla ta grammik� sunarthsiak� ston E∗ e�nai suneq .Prìtash 1.3 An o E∗ e�nai efodiasmèno me thn σ(E∗, E) , tìte o duðkìtou E∗ mpore� na tautiste� me ton E, dhlad  den up�rqoun �lla suneq grammik� sunarthsiak� ston E∗ ektì apì ta ξ ∈ E∗ → 〈x, ξ〉, x ∈ E.Prìtash 1.4 An o E e�nai efodiasmèno me thn topolog�a σ(E,E∗), oduðkì tou e�nai o E∗ .Apìdeixh. H topolog�a σ(E,E∗) e�nai asjenèsterh apì thn topolog�anìrma, �ra up�rqoun ligìtera grammik� sunarthsiak�. 'Omw ta stoiqe�atou E∗ paramènoun suneq . 'Ara o duðkì tou E e�nai o E∗. �Prìtash 1.5 'Estw E èna q¸ro me nìrma. K�je kurtì uposÔnolo tou Epou e�nai kleistì w pro th nìrma, e�nai ep�sh kleistì w pro thn topolog�a
σ(E,E∗) .Orismì 1.3 'Ena uposÔnolo B tou E ja lègetai fragmèno gia thn topo-log�a σ(E,E∗), an gia k�je anoiqtì sÔnolo V gia thn topolog�a σ(E,E∗)èqoume B ⊆ λV gia k�poio λ ∈ R.Prìtash 1.6 Ta uposÔnola tou E pou e�nai fragmèna gia thn topolog�a
σ(E,E∗) , e�nai ep�sh fragmèna w pro th nìrma kai ant�strofa. 'Ara ènasÔnolo B e�nai fragmèno an kai mìno an gia k�je f ∈ E∗ , up�rqei arijmìM tètoio ¸ste |f(x)| ≤M , gia k�je x ∈ B.
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2 Q¸roi Sobolev kai efarmogè tou sti Me-rikè Diaforikè exis¸sei'Estw W èna mh kenì anoiktì uposÔnolo tou R
N . Gia m ∈ N èstw Cm(Ω)o dianusmatikì q¸ro twn suneq¸n sunart sewn ϕ oi opo�e èqoun suneqe�parag¸gou Dαϕ me |α| ≤ m ìpou

Dαϕ =
∂α1

∂xα1

1

· · ·
∂αN

∂x
αN

N

ϕkai |α| = α1 + . . . + αN , kai C∞(Ω) =
⋂∞

m=0 C
m(Ω). Me C∞

0 (Ω)sumbol�zoume to uposÔnolo tou C∞(Ω) pou perièqei ti sunart sei mesumpag  forèa.Orismì 2.1 'Estw p ∈ [1,+∞). O q¸ro Sobolev W 1,p(Ω) or�zetai w
W 1,p(Ω) =

{
u ∈ Lp(Ω)

∣∣∣∣
∃g1, g2, ..., gn ∈ Lp(Ω) tètoie ¸ste∫
Ω u

∂ϕ
∂xi

= −
∫
Ω giϕ ∀ϕ ∈ C∞

c (Ω), i = 1, ...,N

}
.JewroÔme ìti o q¸ro W 1,p(Ω) e�nai efodiasmèno me th nìrma

‖u‖1,p = ‖u‖Lp +
N∑

i=1

∥∥∥∥
∂u

∂xi

∥∥∥∥
LpOrismì 2.2 O q¸ro W

1,p
0 (Ω) e�nai to kleistì per�blhma tou C1

0 (Ω)ston W 1,p(Ω) me thn ‖u‖1,p .Parajètoume ta parak�tw apotelèsmata qwr� apìdeixh.Je¸rhma 2.1 O W 1,p(Ω) e�nai anaklastikì an p ∈ (1,+∞) kai diaqw-r�simo an p ∈ [1,+∞). O W 1,2(Ω) e�nai èna q¸ro Hilbert me eswterikìginìmeno
< u, υ >=

∫

Ω
uυ dx +

N∑

i=1

∫

Ω

∂u

∂xi

∂υ

∂xi
dx
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Je¸rhma 2.2 Upojètoume ìti to W èqei omalì sÔnoro ∂Ω kai u ∈W 1,p(Ω)∩
C(Ω). Tìte oi akìlouje idiìthte e�nai isodÔname:(i) u = 0 sto ∂Ω(ii) u ∈W

1,p
0 (Ω)Prìtash 2.1 Upojètoume ìti to W èqei omalì sÔnoro kai u ∈ Lp(Ω) me

1 < p <∞. Oi akìlouje idiìthte e�nai isodÔname(i) u ∈W
1,p
0 (Ω).(ii) Up�rqei stajer� C tètoia ¸ste

∣∣∣∣
∫

Ω
u
∂ϕ

∂xi

∣∣∣∣ ≤ C‖ϕ‖Lp′ ∀ϕ ∈ C1
c (RN ), ∀i = 1, 2, ...,Nìpou p′ = p

p−1 .(iii) H sun�rthsh
ū(x) =

{
u(x), x ∈ Ω,
0, x ∈ R

N\Ω,an kei ston W 1,p(RN ) kai sthn per�ptwsh aut , ∂ū
∂xi

= ∂u
∂xi

.Prìtash 2.2 (Anisìthta Poincaré)Upojètoume ìti to anoiqtì W e�nai fragmèno kai 1 ≤ p < ∞. Tìte up�rqeistajer� C (pou exart�tai apì to W kai to p) tètoia ¸ste
‖u‖Lp ≤ C‖∇u‖Lp ∀u ∈W

1,p
0 (Ω).Orismì 2.3 Me W−1,p′(Ω) sumbol�zoume ton duðkì q¸ro tou W

1,p
0 (Ω).Prìtash 2.3 An to W e�nai fragmèno tìte oi ensfhn¸sei

W
1,p
0 (Ω) ⊂ L2(Ω) ⊂W−1,p′(Ω),

2N

N + 2
≤ p <∞,e�nai suneqe� kai puknè. An to W den e�nai fragmèno tìte oi ensfhn¸sei

W
1,p
0 (Ω) ⊂ L2(Ω) ⊂W−1,p′(Ω),

2N

N + 2
≤ p ≤ 2,e�nai suneqe� kai puknè.H parak�tw prìtash qarakthr�zei ta stoiqe�a tou W−1,p′(Ω).9



Prìtash 2.4 'Estw F ∈ W−1,p′(Ω). Tìte up�rqoun f0, f1, . . . , fN ∈
Lp′(Ω), tètoie ¸ste

< F, υ >=

∫
f0υ +

N∑

i=1

∫
fi
∂υ

∂xi
, ∀υ ∈W

1,p
0 ,kai

max
0≤i≤N

‖fi‖Lp′ = ‖F‖.An to W e�nai fragmèno, mporoÔme na p�roume f0 = 0.Je¸rhma 2.3 (Rellich-Kondrachov) An to W èqei omalì sÔnoro, èqoume taparak�tw:(i) an p < N , tìte W 1,p(Ω) ⊂ Lq(Ω), ∀q ∈ [1, p∗), ìpou 1
p∗

= 1
p
− 1

N
,(ii) an p = N , tìte W 1,p(Ω) ⊂ Lq(Ω), ∀q ∈ [1,+∞),(iii) an p > N , tìte W 1,p(Ω) ⊂ C(Ω), me sumpage� ensfhn¸sei.H ensf nwsh(iv) W 1,p(Ω) ⊂ Lp∗(Ω) e�nai suneq .Je¸rhma 2.4 (tÔpo tou Green) 'Estw ìti to W èqei omalì sÔnoro kai

u, υ ∈W
1,p
0 (Ω). Tìte gia k�je i = 1, ...,N èqoume

∫

Ω
u
∂υ

∂xi
= −

∫

Ω

∂u

∂xi
υ.OMOGENES PROBLHMA DIRICHLETS' autì to kef�laio ja doÔme merikè efarmogè twn q¸rwn Sobolev.'Estw ìti to W e�nai fragmèno. Zhte�tai m�a sun�rthsh u : Ω → R pouikanopoie�

{
−△u+ u = f sto W
u = 0 sto ∂Ω

(3)ìpou
△u =

N∑

i=1

∂2u

∂x2
i

,kai f m�a dedomènh sun�rthsh p�nw sto W. H sunoriak  sunj kh u = 0 sto
∂Ω kale�tai omogen  sunj kh Dirichlet.10



Orismì 2.4 Klasik  lÔsh th (3) e�nai m�a sun�rthsh u ∈ C2(Ω) pouthn ikanopoie�.Asjen  lÔsh th (3)e�nai m�a sun�rthsh u ∈ H1
0 (Ω) pou ikanopoie�

∫

Ω
∇u∇υ +

∫

Ω
uυ =

∫

Ω
fυ ∀υ ∈ H1

0 (Ω).Prìtash 2.5 K�je klasik  lÔsh e�nai kai asjen  lÔsh.Apìdeixh. Pr�gmati, an u ∈ C2(Ω), tìte u ∈ H1(Ω) ∩ C(Ω) kai �ra
u ∈ H1

0 (Ω) apì to je¸rhma 2.2. Ex�llou, an υ ∈ C1
c (Ω), apì ton tÔpo tou

Green èqoume ∫

Ω
∇u∇υ +

∫

Ω
uυ =

∫

Ω
fυkai mèsw puknìthta h anisìthta aut  isqÔei gia υ ∈ H1

0 (Ω). �'Uparxh kai monadikìthta th asjenoÔ lÔsew. San sunèpeiatou Jewr mato Lax-Milgram èqoume:Je¸rhma 2.5 Gia k�je f ∈ L2(Ω), up�rqei monadik  asjen  lÔsh u ∈
H1

0 (Ω) th (2.2). Epiplèon, h u e�nai lÔsh tou probl mato
min

υ∈H1
0
(Ω)

{
1

2

∫

Ω
(|∇ν|2 + ν2) −

∫

Ω
fν

}Aut  e�nai h arq  Dirichlet.Gia plhrìthta anafèroume to je¸rhma Lax-Milgram:Je¸rhma 2.6 'Estw α(u, υ) èna digrammikì, suneqè kai piestikì (dhlad 
α(υ, υ) ≥ α‖υ‖2,∀υ ∈ H) sunarthsiakì. Tìte gia k�je ϕ ∈ H ′ up�rqeimonadikì u ∈ H tètoio ¸ste

α(u, υ) =< ϕ, υ > ∀υ ∈ H.Epiplèon, an to α e�nai summetrikì, tìte to u qarakthr�zetai apì thn idiìthta
1

2
α(u, u)− < ϕ, u >= min

υ∈H

{
1

2
α(υ, υ)− < ϕ, υ >

}
.Par�gwgo SunarthsiakoÔ 11



Orismì 2.5 'Estw U èna anoiqtì uposÔnolo enì q¸rou Banach Q kai
ϕ : U → R. H ϕ èqei par�gwgo kat� Gateaux ϕ′(u) ∈ X∗ sto shme�o
u ∈ U an gia k�je h ∈ X isqÔei:

lim
t→0

1

t

[
ϕ(u+ th) − ϕ(u)− < ϕ′(u), th >

]
= 0.H ϕ èqei par�gwgo kat� Frechét ϕ′ ∈ X∗ sto u ∈ U an isqÔei:

lim
h→0

1

‖h‖

[
ϕ(u+ h) − ϕ(u)− < ϕ′(u), h >

]
= 0.An h par�gwgo kat� Frechét th ϕ up�rqei kai e�nai suneq  ston U , jalème ìti h ϕ an kei ston C1(U,R).An o Q e�nai èna q¸ro Hilbert kai to ϕ èqei par�gwgo kat� Gateaux sto

u ∈ U , or�zoume thn kl�sh ∇ϕ(u) th ϕ sto u w:
(∇ϕ(u), h) = < ϕ′(u), h > .Parathr seia) H par�gwgo kat� Gateaux d�netai ep�sh apì th sqèsh:

< ϕ′(u), h >= lim
t→0

1

t
[ϕ(u+ th) − ϕ(u)] .b)K�je par�gwgo kat� Frechét e�nai par�gwgo kat� Gateaux. Apì toJe¸rhma Mèsh Tim  apodeiknÔetai ìti:Prìtash 2.6 An h ϕ èqei suneq  par�gwgo kat� Gateaux sto U tìte ϕ ∈

C1(U,R).Prìtash 2.7 'Estw W èna anoiktì uposÔnolo tou R
N kai 2 < p < ∞ .Ta sunarthsiak�

ψ(u) =

∫

Ω
|u|p dx , χ(u) =

∫

Ω
|u+|p dxe�nai kl�sh C1(Lp(Ω),R) kai isqÔei:

< ψ′(u), h >= p

∫

Ω
|u|p−2uh dx , < χ′(u), h >= p

∫

Ω
(u+)p−1h dx.

12



Apìdeixh. 'Uparxh th parag¸gou kat� Gateaux.'Estw u, h ∈ Lp. Dojènto x ∈ Ω kai 0 < |t| < 1 apì to Je¸rhma MèshTim  up�rqei λ ∈]0, 1[ tètoio ¸ste
∣∣∣|u(x) + th(x)|p − |u(x)|p

∣∣∣
|t|

= p|u(x) + λth(x)|p−1|h(x)|

≤ p
(
|u(x)| + |h(x)|

)p−1
|h(x)|.Apì thn anisìthta Hölder èqoume

(
|u(x)| + |h(x)|

)p−1
|h(x)| ∈ L1(Ω)kai apì to Je¸rhma Lebesgue sun�goume ìti

< ψ′(u), h >= p

∫

Ω
|u|p−2uh.Sunèqeia th parag¸gou kat� Gateaux.'Estw f(u) = p|u|p−2u. Upojètoume ìti un → u ston Lp. Tìte f(un) →

f(u) ston Lq me q = p
p−1 . Apì thn anisìthta Hölder pa�rnoume:

| < ψ′(un) − ψ′(u), h > | ≤ |f(un) − f(u)|q|h|pkai ètsi
‖ψ′(un) − ψ′(u)‖ ≤ |f(un) − f(un)|q

n→∞
−→ 0.

�MH OMOGENES PROBLHMA DIRICHLET'Estw Ω ⊆ R
N fragmèno kai anoiqtì. Zhte�tai m�a sun�rthsh u : Ω → Rpou ikanopoie�

{
−△u+ u = f sto W
u = g sto ∂Ω

(4)ìpou f ∈ L2(Ω) m�a dedomènh sun�rthsh kai g dedomènh p�nw sto ∂Ω.Upojètoume ìti up�rqei m�a sun�rthsh g̃ ∈ H1(Ω) ∩ C(Ω) tètoia ¸ste
g̃ = g sto ∂Ω kai or�zoume to sÔnolo

K =
{
υ ∈ H1(Ω) : υ − g̃ ∈ H1

0 (Ω)
}13



Orismì 2.6 Klasik  lÔsh th (4) e�nai m�a sun�rthsh u ∈ C2(Ω) pouthn ikanopoie�.Asjen  lÔsh th (4) e�nai m�a sun�rthsh u ∈ H1
0 (Ω) pou ikanopoie�

∫

Ω
(∇u∇υ + uυ) =

∫

Ω
fυ ∀υ ∈ H1

0 (Ω). (5)Tìte k�je klasik  lÔsh e�nai kai asjen  lÔsh.Prìtash 2.8 Gia k�je f ∈ L2(Ω) up�rqei u ∈ K monadik  asjen lÔsh th (4). Ep�plèon, h u e�nai lÔsh tou probl mato
min
ν∈K

{
1

2

∫

Ω
(|∇ν|2 + ν2) −

∫

Ω
fν

}
.Apìdeixh. ParathroÔme ìti h u ∈ K e�nai asjen  lÔsh th (4) an kaimìno an isqÔei

∫

Ω
∇u(∇υ −∇u) +

∫

Ω
u(υ − u) ≥

∫

Ω
f(υ − u) ∀υ ∈ K. (6)Pr�gmati, an h u e�nai asjen  lÔsh th (4), isqÔei

∫

Ω
∇u(∇υ −∇u) +

∫

Ω
u(υ − u) =

∫

Ω
f(υ − u) ∀υ ∈ K.Ant�strofa, an h u ∈ K ikanopoie� thn (6), epilègoume υ = u ± w sthn(6), me w ∈ H1

0 (Ω) kai pa�rnoume thn (5). Efarmìzoume tìte to je¸rhma
Stampacchia ston H = H1(Ω). �Je¸rhma 2.7 (Stampacchia)'Estw α(u, υ) èna digrammikì, suneqè kai piestikì sunarthsiakì. 'Estw Kèna kleistì, kurtì kai mh kenì uposÔnolo tou H. Gia dedomèno ϕ ∈ H ′ up�rqei
u ∈ K monadikì tètoio ¸ste

α(u, υ − u) ≥ < ϕ, υ − u > ∀υ ∈ K.Epiplèon, an to α e�nai summetrikì, tìte to u qarakthr�zetai apì thn idiìthta
1

2
α(u, u)− < ϕ, u >= min

υ∈K

{
1

2
α(υ, υ)− < ϕ, υ >

}
.14



3 H pr¸th idiotim  tou p-LaplasianoÔ Tele-st Orismì 3.1 'Estw g ∈ L∞(Ω), g 6≡ 0. M�a sun�rthsh u ∈W 1,p
0 (Ω), u 6≡

0, kale�tai idiosun�rthsh tou probl mato
{
−△pu = λg|u|p−2u, x ∈ Ω,
u(x) = 0, x ∈ ∂Ω, (7)an isqÔei ∫

Ω
|∇u|p−2∇u∇υ dx = λ

∫

Ω
g|u|p−2uυ dx (8)gia k�je υ ∈ C∞

0 (Ω). To ant�stoiqo λ kale�tai idiotim .ParathroÔme ìti an jèsoume υ ≡ u sthn (8) pa�rnoume
λ =

∫
Ω |∇u|pdx∫
Ω g|u|

pdx
.'Ara k�je idiotim  λ e�nai jetik .Orismì 3.2 Pr¸th idiotim  kale�tai o jetikì arijmì

λ1 = inf
ϕ

∫
Ω |∇ϕ|pdx∫
Ω g|ϕ|

pdx
(phl�ko Rayleigh) (9)ìpou ϕ ∈ C∞

0 (Ω), ϕ 6≡ 0.L mma 3.1 (Anisìthta Harnack)An u mh arnhtik  idiosun�rthsh, tìte
max

y∈Br(x)
u(y) ≤ C min

y∈Br(x)
u(y)ìpou C = C(N, p) kai Br(x), B2r(x) omìkentre sfa�re akt�na r kai 2rpou perièqontai sto Ω.L mma 3.2 Gia thn pr¸th idiotim  λ1 up�rqei m�a ant�stoiqh jetik  idio-sun�rthsh u1 ∈ W

1,p
0 (Ω) pou elaqistopoie� to phl�ko Rayleigh. Epiplèonk�je elaqistopoioÔsa sun�rthsh e�nai pollapl�sio th u1 opìte diathre� sta-jerì prìshmo. 15



Apìdeixh. 'Estw m�a elaqistopoioÔsa akolouj�a ϕ1, ϕ2, ... tou phl�kou
Rayleigh.Qwr� bl�bh th genikìthta mporoÔme na jewr soume ìti ∫Ω g|ϕi|

p dx = 1,
i ∈ N, opìte h {ϕi}i∈N e�nai fragmènh. Epeid  o W 1,p

0 (Ω) e�nai anaklastikì
ϕi → ui asjen¸ sto W 1,p

0 (Ω) (gia m�a upakolouj�a). ApodeiknÔetai ìti h u1e�nai m�a idiosun�rthsh.H |u1| e�nai ep�sh elaqistopoioÔsa �ra ja ikanopoie� thn (9). Epeid 
|u1| ≥ 0 apì thn anisìthta Harnack èqoume |u1| > 0. 'Ara e�te u1 > 0 stoW, e�te u1 < 0 sto W. �Je¸rhma 3.1 H pr¸th idiotim  e�nai apl  se k�je fragmèno ped�o orismoÔ.Mia idiosun�rthsh pou den all�zei prìshmo antistoiqe� sthn pr¸th idiotim .Gia perissìtere leptomèreie parapèmpoume sthn ergas�a [6℄.

16



4 'Ena prìblhma sunoriak¸n tim¸n se frag-mènh perioq JewroÔme to prìblhma
{
−△pu = λg(x)|u|p−2u+ f(x)|u|q−2u− h(x)|u|s−2u, x ∈ Ω
u(x) = 0, x ∈ ∂Ω,

(10)ìpou to Ω e�nai èna anoiqtì, sunektikì kai fragmèno uposÔnolo tou R
N meomalì sÔnoro ∂Ω, g, f, h ∈ L∞(Ω) mh arnhtikè sunart sei p < N kai

1 < q < p < p∗ < s ìpou p∗ = Np
N−p

.Ja exet�soume thn Ôparxh mh arnhtik¸n lÔsewn gia λ ≤ λ1, ìpou λ1 hmikrìterh jetik  idiotim  tou ant�stoiqou probl mato idiotim¸n
{
−△pu = λg(x)|u|p−2u, x ∈ Ω
u(x) = 0, x ∈ ∂Ω

(11)Ja asqolhjoÔme arqik� me thn per�ptwsh ìpou λ < λ1. Upojètoume ìti oq¸ro
Ls

h(Ω) = {u :

∫

Ω
h|υ|sdx < +∞}e�nai efodiasmèno me thn hminìrma

|u|h,s =

(∫

Ω
h|υ|sdx

) 1

skai o
E = W

1,p
0 (Ω) ∩ Ls

h(Ω)e�nai efodiasmèno me thn nìrma
‖u‖E = ‖u‖1,p + |u|h,s. (12)To sunarthsiakì enèrgeia pou antistoiqe� sto prìblhma (10) e�nai to

Φλ(u) =
1

p

∫

Ω
|∇u|p dx−

λ

p

∫

Ω
g|u|p dx−

1

q

∫

Ω
f |u|q dx+

1

s

∫

Ω
h|u|s (13)17



M�a sun�rthsh u kale�tai asjen  lÔsh tou probl mato, an e�nai statikìshme�o th Φλ(u) dhlad  isqÔei:
∫

Ω
|∇u|p−2∇u∇υ dx = λ

∫

Ω
g|u|p−2uυ dx+

∫

Ω
f |u|q−2uυ dx

−

∫

Ω
h|u|s−2uυ dx (14)gia k�je υ ∈ E.Ja qrhsimopoi soume th mèjodo fibering. Jètoume u(x) = rυ(x) sthn (13),ìpou r ∈ R kai υ ∈ E, opìte

Φλ(rυ) =
|r|p

p

(∫

Ω
|∇υ|p dx− λ

∫

Ω
g|υ|p dx

)
−

|r|q

q

∫

Ω
f |υ|q dx

+
|r|s

s

∫

Ω
h|υ|s dx. (15)An to u ∈ E e�nai èna kr�simo shme�o tou Φλ(u) ja prèpei

∂Φλ(rυ)

∂r
= 0,dhlad 

|r|p(

∫

Ω
|∇υ|p dx− λ

∫

Ω
g|υ|p dx) − |r|q

∫

Ω
f |υ|q dx+ |r|s

∫

Ω
h|υ|s dx = 0,opìte

|r|p−q

(∫

Ω
|∇υ|p dx− λ

∫

Ω
g|υ|p dx

)
+|r|s−q

∫

Ω
h|υ|sdx =

∫

Ω
f |υ|qdx. (16)An upojèsoume ìti f > 0 sv.p. sto Ω tìte h (16) èqei monadik  jetik  lÔsh

r = r(υ) gia k�je υ ∈ E, υ 6= 0, kai h sun�rthsh υ → r(υ) e�nai C1 [7℄.Epeid  λ < λ1 èqoume ìti (∫Ω |∇υ|p dx− λ
∫
Ω g|υ|

p dx
)
> 0 gia k�je υ ∈

W
1,p
0 (Ω), υ 6= 0. 'Estw Φ̃λ(υ) = Φ(r(υ)υ). Lìgw th (16) h (15) g�netai

Φ̃λ(υ) =

(
1

p
−

1

q

)
|r|p

(∫

Ω
|∇υ|p dx− λ

∫

Ω
g|υ|p dx

)

+

(
1

s
−

1

q

)
|r|s

∫

Ω
h|υ|s dx. (17)ParathroÔme ìti (1

p
− 1

q

)
< 0 kai (1

s
− 1

q

)
< 0 �ra Φ̃λ(υ) ≤ 0.Ja qrhsimopoi soume ta parak�tw: 18



L mma 4.1 To sunarthsiakì Φ̃λ(υ) e�nai 0-omogenè, dhlad  gia k�je
υ ∈ E, υ 6= 0 kai t ∈ R\{0} èqoume

Φ̃λ(tυ) = Φ̃λ(υ).An to υc 6= 0 e�nai kr�simo shme�o tou Φ̃λ, tìte to
uc = r(υc)υce�nai kr�simo shme�o tou Φλ. Akìma an υc ∈ E e�nai kr�simo shme�o tou Φ̃λ,tìte kai to |υc| e�nai kr�simo shme�o tou Φ̃λ.Apìdeixh. H sqèsh

Φ̃λ(tυ) = Φ̃λ(υ)e�nai �mesh sunèpeia th
(µυ)r(µυ) = υr(υ), (18)h opo�a isqÔei gia µ > 0 kai υ 6= 0. Apì thn (13) èqoume

Φ′
λ(υ)(ϕ) =

∫

Ω
|∇υ|p−2∇υ∇ϕ dx − λ

∫

Ω
g|υ|p−2υϕ dx

−

∫

Ω
f |υ|q−2υϕ dx +

∫

Ω
h|υ|s−2υϕ dx.Opìte

Φ′
λ(r(υ)υ)(ϕ) = |r|p−1

∫

Ω
|∇υ|p−2∇υ∇ϕ dx − λrp−1

∫

Ω
g|υ|p−2υϕ dx

−rq−1

∫

Ω
f |υ|q−2υϕ dx +

∫

Ω
h|υ|s−2υϕ dxkai

Φ′
λ(r(υ)υ)(υ) = |r|p−1

(∫

Ω
|∇υ|p dx − λ

∫

Ω
g|υ|p dx

)

− rq−1

∫

Ω
f |υ|q dx + rs−1

∫

Ω
h|υ|s dx = 0.'Etsi apì ton kanìna th alus�da kai thn prohgoÔmenh sqèsh èqoume

Φ′
λ(υ)(h) = r(υ)Φ′

λ(r(υ)υ)(h) +
dr

dυ
(r(υ)υ)(h)Φ′

λ(r(υ)υ)(υ)

= r(υ)Φ′
λ (r(υ)υ) (h) (19)19



gia k�je h ∈ E. 'Estw t¸ra ìti to υ0 e�nai statikì shme�o th Φ̃λ(·). Tìte
Φ′

λ(υ)(h) = 0 gia k�je h ∈ E �ra apì thn (19), Φ′
λ(r(υc)υc)(h) = 0 �ra

Φ′
λ(r(υc)υc) = 0 opìte to r(υc)υc e�nai statikì shme�o th Φλ. �L mma 4.2 [2℄ 'Estw èna sunarthsiakì H : E → R gia to opo�o up�rqei

c ∈ R ¸ste na isqÔei
H ′(υ)(υ) 6= 0gia k�je υ ∈ G = {u ∈ E : H(u) = c}. Tìte k�je upì sunj kh kr�simoshme�o tou probl mato

crit{Φ̃λ(υ); H(υ) = c} (20)e�nai kr�simo shme�o tou Φ̃λ.Apìdeixh. 'Estw υc èna kr�simo shme�o tou probl mato (20). Tìteup�rqoun µi , i = 1, 2, tètoia ¸ste
µ1Φ̃

′
λ(υc) = µ2H

′(υc) (21)kai
µ2

1 + µ2
2 > 0.Apì thn (21) èqoume

µ1Φ̃
′
λ(υc)(υc) = µ2H

′(υc)(υc).'Omw apì to L mma 4.1 Φ̃′
λ(υc)(υc) = 0 kai H ′(υ)(υ) 6= 0 apì thn upìjesh.'Ara µ1 6= 0, µ2 = 0. 'Etsi

Φ̃′
λ(υc) = 0,dhlad  to υc e�nai kr�simo shme�o tou Φ̃λ. �

20



Jètoume
Hλ(υ) =

∫

Ω
|∇υ|p dx − λ

∫

Ω
g|υ|p dx +

∫

Ω
h|υ|s dxkai

G = {υ ∈ E : H(υ) = 1} .Ja de�xoume ìti to G e�nai fragmèno. Gia υ ∈ G èqoume:
∫

Ω
|∇υ|p dx− λ

∫

Ω
g|υ|p dx ≤ 1Lìgw th (9) pa�rnoume

∫

Ω
|∇υ|p dx ≤ λ

∫

Ω
g|υ|p dx + 1 ≤

λ

λ1

∫

Ω
|∇υ|p dx + 1

(
1 −

λ

λ1

)∫

Ω
|∇υ|p dx ≤ 1

∫

Ω
|∇υ|p dx ≤

λ1

λ1 − λOpìte to G e�nai fragmèno ston W
1,p
0 (Ω). Epeid  ∫

Ω h|υ|
s dx ≤ 1, to Ge�nai fragmèno kai ston Ls

h(Ω). Ara to G e�nai fragmèno ston E.ParathroÔme ìti Hλ(υ) ≥ 0 epeid  ∫Ω |∇υ|p dx − λ
∫
Ω g|υ|

p dx ≥ 0 kai∫
Ω h|υ|

s dx ≥ 0 . Akìma èqoume
H ′

λ(υ)(υ) = p

[∫

Ω
|∇υ|p dx − λ

∫

Ω
g|υ|p dx

]
+ s

∫

Ω
h|υ|s dxkai epeid  p < s

H ′
λ(υ)(υ) > p

[∫

Ω
|∇υ|p dx − λ

∫

Ω
g|υ|s dx

]
+ p

∫

Ω
h|υ|s dx.'Ara

H ′
λ(υ)(υ) > pHλ(υ).Pa�rnonta loipìn ton periorismì

Hλ(υ) = 121



ikanopoioÔntai oi sunj ke tou L mmatos(4.2). Exet�zoume t¸ra to prìblhma
mλ = inf

{
Φ̃λ(υ) : Hλ(υ) = 1

}
. (Pλ)ParathroÔme ìti to sÔnolo {∫Ω f |υ|q dx : Hλ(υ) = 1
} e�nai fragmèno. Apìthn (16) èqoume ìti

rp−q ≤

∫
Ω f |υ|

q dx

‖υ‖p
1,p

kai rs−q ≤

∫
Ω f |υ|

q dx

|υ|sh,s

.Opìte
r ≤ min





(∫
Ω f |v|

q dx

‖v‖p

) 1

p−q

,

(∫
Ω f |v|

q dx

|v|sh,s

) 1

s−q



 < +∞.'Ara to sÔnolo r(G), e�nai ep�sh fragmèno. Apì thn (17), to sÔnolo I =

{Φ(r(υ)υ) : υ ∈ G} e�nai èna di�sthma tou R me �kra α, β ≤ 0. IsqÔeidhlad  α = infυ∈G Φ(r(υ)υ) ≤ Φ(r(υ)υ) ≤ β ≤ 0. Ja de�xoume ìti to
Φ(r(υ)υ) pa�rnei kai thn tim  α. 'Estw loipìn m�a akolouj�a υn ∈ G tètoia¸ste Φ(r(υn)υn) → α. Epeid  h {υn}n∈N e�nai fragmènh stou W 1,p

0 kai
Ls

h ja èqoume, toul�qiston gia m�a upakolouj�a ìti υn → υ0 asjen¸ stou
W

1,p
0 kai Ls

h. H akolouj�a rn = r(υn) e�nai fragmènh, �ra mporoÔme naupojèsoume ìti up�rqei d ∈ R tètoio ¸ste r(υn) → d. Tìte r(υn)υn → dυ0asjen¸ stou W 1,p
0 kai Ls

h. 'Etsi gia to Φ(dυ0) èqoume:
Φ(dυ0) = |d|p

(
1

p
−

1

q

)(∫

Ω
|∇υ0|

p dx− λ1

∫

Ω
g|υ0|

p dx

)

+ |d|s
(

1

s
−

1

q

)∫

Ω
h|υ0|

s dx ≤

≤ lim inf

[
|r|p

(
1

p
−

1

q

)(∫

Ω
|∇υn|

p dx− λ1

∫

Ω
g|υn|

p dx

)

+|r|s
(

1

s
−

1

q

)∫

Ω
h|υn|

s dx

]
=

= lim inf Φ (r(υn)υn) = αEpeid  υn → υ0 asjen¸ stou W 1,p
0 kai Ls

h oi sqèsei Hλ(υn) = 1 kai (16)d�noun ∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx+

∫

Ω
h|υ0|

s dx ≤ 122



kai
|d|p−q

[∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx

]
+ |d|s−q

∫

Ω
h|υ0|

s dx ≤

≤

∫

Ω
f |υ0|

q dx. (22)Apì thn (22) èqoume d ≤ r(υ0). Ja de�xoume ìti d = r(υ0). Upojètoumeloipìn ìti d < r(υ0), opìte
|d|p−q

(∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx

)
+ |d|s−q

∫

Ω
h|υ0|

s dx

<

∫

Ω
f |υ0|

q dx.Up�rqei monadikì µ > 1 tètoio ¸ste
|dµ|p−q

(∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx

)
+ |dµ|s−q

∫

Ω
h|υ0|

s dx =

∫

Ω
f |υ0|

q dx.ParathroÔme ìti
Φ(rυ0)

∂r
= rp−1

(∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx

)
+ rs−1

∫

Ω
h|υ0|

s dx

−rq−1

∫

Ω
f |υ0|

q dx =

= rq−1

[
rp−q

(∫

Ω
|∇υ0|

p dx− λ

∫

Ω
g|υ0|

p dx

)
+ rs−q

∫

Ω
h|υ0|

s dx

−

∫

Ω
f |υ0|

q dx

]
< 0.'Ara h Φ(rυ0) e�nai gnhs�w fj�nousa sto di�sthma [0, r(υ0)] kai epeid 

d < r(υ0), èqoume
Φ(dυ0) > Φ(r(υ0)υ0). (23)'Estw γ ≥ 1 tètoio ¸ste 23



∫

Ω
|∇γυ0|

p dx− λ

∫

Ω
g|γυ0|

p dx+

∫

Ω
h|γυ0|

s dx = 1, (24)dhlad  γυ0 ∈ G. Apì to L mma 4.1 kai ti (24), (23) èqoume
Φ(r(γυ0)γυ0) = Φ(r(υ0)υ0) < Φ(dυ0) ≤ lim inf Φ (r(υn)υn) = α,pou e�nai �topo. 'Ara d = r(υ0) kai Φ̃(υ0) = Φ(r(υ0)υ0) = mλ. Apì th sqèsh(17), Φ̃(|υ0|) = Φ̃(υ0), opìte mporoÔme na upojèsoume ìti υ0 ≥ 0. To L mma4.1 exasfal�zei ìti h r(υ0)υ0 e�nai lÔsh tou probl mato. Apode�xame loipìnto parak�twJe¸rhma 4.1 'Estw 1 < p < q < p∗ < s, λ < λ1, f, g, h ∈ L∞(Ω) mharnhtikè sunart sei kai f > 0 sv.p. Tìte to prìblhma (10) èqei toul�qistonm�a mh arnhtik  asjen  lÔsh u ∈ E.Ja exet�soume t¸ra thn per�ptwsh λ = λ1. JewroÔme to sÔnolo

W = {υ ∈ E : Hλ1
(υ) = 1} ,ìpou

Hλ1
(υ) =

∫

Ω
|∇υ|p dx − λ1

∫

Ω
g|υ|p dx +

∫

Ω
h|υ|s dx.Ja exet�soume to prìblhma

mλ1
= inf

{
Φ̃λ1

(υ) ; Hλ1
(υ) = 1

}
(Pλ1

)'Estw m�a akolouj�a υn ∈W pou elaqistopoie� to (Pλ1
) dhlad  Hλ1

(υn) = 1kai Φ̃λ1
→ mλ1

. Ja de�xoume ìti h υn e�nai fragmènh.Epeid  ∫Ω h|υn|
s ≤ 1, h υn e�nai fragmènh ston Ls

h(Ω). Mènei na de�xoume ìtie�nai fragmènh kai stonW 1,p
0 (Ω). 'Estw loipìn ìti ‖υn‖1,p → +∞ . Jètoume

tn = ‖υn‖1,p opìte èqoume υn = tnwn me ‖wn‖1,p = 1 .'Etsi :
Hλ1

(υn) = Hλ1
(tnwn)

=

[∫

Ω
|∇tnwn|

p dx − λ1

∫

Ω
g|tnwn|

p dx

]
+

∫

Ω
h|tnwn|

s dx

= tpn

[∫

Ω
|∇wn|

p dx − λ1

∫

Ω
g|wn|

p dx

]
+ tsn

∫

Ω
h|wn|

s dx

= 1 24



'Ara [∫

Ω
|∇wn|

p dx − λ1

∫

Ω
g|wn|

p dx

]
≤

1

t
p
n
→ 0 (25)kai ∫

Ω
h|wn|

s dx ≤
1

tsn
→ 0. (26)'Etsi èqoume

lim
n→∞

λ1

∫

Ω
g|wn|

p dx = 1'Omw h wn e�nai fragmènh �ra èqei upakolouj�a pou sugkl�nei, dhlad 
wn→w asjen¸ stou W 1,p

0 (Ω) kai Ls
h(Ω). Epeid  ∫Ω |∇wn|

pdx = 1 apì thn(25) èqoume ìti
lim

n→∞
λ1

∫

Ω
g|wn|

p dx = 1kai apì to Je¸rhma 2.3 pa�rnoume
λ1

∫

Ω
g|w|pdx = 1 (27)�ra w 6= 0. 'Omw

∫

Ω
|∇w|pdx ≤ lim inf

∫

Ω
|∇wn|

pdx = 1�ra ∫Ω |∇w|pdx ≤ 1. Apì ti (25) kai (27)
∫

Ω
|∇w|pdx = 1 =

∫

Ω
g|w|pdxdhlad  to w e�nai idiodi�nusma, opìte w > 0. All� apì thn (26)

∫

Ω
h|w|sdx ≤ lim inf

∫

Ω
h|wn|

sdx = 0pou e�nai �topo. 'Ara h akolouj�a υn e�nai fragmènh. Ergazìmaste ìpwsthn per�ptwsh λ < λ1 kai èqoume to parak�twJe¸rhma 4.2 'Estw 1 < p < q < p∗ < s, λ = λ1, f, g, h ∈ L∞(Ω) mharnhtikè sunart sei kai f > 0 sv.p.. Tìte to prìblhma (10) èqei toul�qistonm�a mh arnhtik  asjen  lÔsh u ∈ E.25



5 H ex�swsh ston R
N

Ja exet�soume thn per�ptwsh Ω = R
N . Ja ergastoÔme ston q¸ro V poue�nai h pl rwsh tou q¸rou C∞

0 (RN ) w pro th nìrma
‖u‖V =

(∫

Ω
|∇u|pdx+

∫

Ω

|u|p

(1 + |x|)p
dx

) 1

p

.Tìte o V e�nai èna omoiìmorfa kurtì (�ra anaklastikì) q¸ro Banach.'Estw E = V ∩ Ls
h(RN ).JewroÔme to prìblhma

−△pu = λg(x)|u|p−2u+ f(x)|u|q−2u− h(x)|u|s−2u

u ∈ E. (28)Upojètoume ìti 1 < p < q < p∗ < N , g ∈ L∞(RN )∩L
N
p (RN ), f ∈ L∞(RN )∩

Lq1(RN ), ìpou q1 = p∗

p∗−q
kai h ∈ L∞(RN ) ∩ Lq2(RN ), ìpou q2 = p∗

p∗−s
mharnhtikè sunart sei kai f > 0 sv.p. M�a sun�rthsh u ∈ E kale�tai asjen lÔsh tou probl mato, an isqÔei:

∫

RN

|∇u|p−2∇u∇υ dx = λ

∫

RN

g|u|p−2uυ dx+

∫

RN

f |u|q−2uυ dx−

−

∫

RN

h|u|s−2uυ dxgia k�je υ ∈ E.L mma 5.1 ([3℄, L mma 2.3)JewroÔme to prìblhma idiotim¸n
−△pu = λg|u|p−2u

u ∈ V. (29)Tìte to prìblhma (29) èqei m�a pr¸th idiotim  λ1 h opo�a e�nai jetik  kai qa-rakthr�zetai apì to phl�ko Rayleigh. H λ1 e�nai ep�sh apl  kai memonwmènh.An h u1 e�nai idiosun�rthsh pou antistoiqe� sthn λ1 tìte h u1 den all�zeiprìshmo ston R
N . 26



L mma 5.2 (Anisìthta Hardy)An u ∈ V tìte
∫

RN

|u|p

(1 + |u|)p
dx ≤

(
p

N − p

)p ∫

RN

|∇u|pdx.Apì thn anisìthta (1.46) tou [5℄ èqoume ìti an u ∈ V tìte u ∈ Lp∗(RN ) kai
‖u‖p∗ ≤ c‖∇u‖p. Epeid 

g ∈ L∞(RN ) ∩ L
N
p (RN ),apì ti anisìthte twn Hölder kai Sobolev èqoume

∫

RN

g|u|pdx ≤

(∫

RN

g
N
p dx

) p

N
(∫

RN

|u|p
∗

dx

) p

p∗

≤ c

(∫

RN

g
N
p dx

) p

N
(∫

RN

|∇u|pdx

) (30)Upojètoume ìti λ < λ1. 'Opw sto Je¸rhma 4.1 mporoÔme na de�xoume ìtigia k�je υ ∈ G èqoume
∫

RN

|∇υ|pdx ≤
λ1

λ1 − λ

Hλ(υ) =

∫

RN

|∇u|p dx− λ

∫

RN

g|u|p dx+

∫

RN

h|u|s dxkai Vλ = {υ ∈ E,Hλ(υ) = 1}. Apì thn anisìthta Hardy kai thn (30) ta∫
RN

|υ|p

(1+|x|)pdx kai ∫
RN g(x)|υ|

pdx e�nai fragmèna gia υ ∈ G. 'Ara
‖υ‖V ≤ cgia k�je υ ∈ Vλ. JewroÔme to prìblhma
inf

υ∈Vλ

Φ̂(υ) (31)'Opw sto Je¸rhma 4.1 apodeiknÔetai ìti to sÔnolo Φ̂(Vλ) e�nai fragmènokai Φ̂(υ) ≤ 0 ìtan υ ∈ Vλ. 'Estw {υn} m�a elaqistopoioÔsa akolouj�a touprobl mato (31). Tìte epeid  h υn e�nai fragmènh kai o V e�nai anaklastikì27



up�rqei υc ∈ V tètoio ¸ste υn → υc asjen¸ ston E. JewroÔme ton telest 
G : V → V ∗ pou or�zetai apì th sqèsh

〈G(u), υ〉 =

∫

RN

g(x)|u|p−2uυdx.Qrhsimopoi¸nta thn anisìthta (30) blèpoume ìti o G e�nai kal� orismèno.Apì to L mma 2.2 sthn [5℄, o telest  G e�nai sumpag . 'Omw
〈G(un), un〉 − 〈G(u), u〉 = 〈G(un), un〉 − 〈G(u), un〉 + 〈G(u), un〉 − 〈G(u), u〉

= 〈G(un) −G(u), un〉 + 〈G(u), un − u〉. (32)Epeid  o G e�nai sumpag  G(un) → G(u) ston V ∗. 'Ara apì thn (32)
〈G(un), un〉 → 〈G(u), u〉 dhlad  ∫

RN g|un|
pdx →

∫
RN g|u|

pdx. Or�zoume ep�-sh F : V → V ∗ apì th sqèsh
〈F (u), υ〉 =

∫

RN

f |u|q−2uυ dxEpeid 
|〈F (u), υ〉| ≤

∫

RN

f |u|q−1|υ| dx

≤

(∫

RN

|u|p
∗

) q−1

p∗
(∫

RN

(f |υ|)
p∗

p∗−γ+1

) p∗−γ+1

p∗

≤ c1

(∫

RN

|u|p
∗

) q−1

p∗
(∫

RN

|υ|p
∗

dx

) 1

p∗
(∫

RN

fγ1 dx

) 1

γ1o F e�nai kal� orismèno. Apì to L mma 2.2 sthn [5℄ èqoume ìti o F e�naisumpag . 'Opw sthn per�ptwsh tou G apodeiknÔetai ìti
∫

RN

f |un|
q dx→

∫

RN

f |u|q dx.Ergazìmaste ìpw sto Je¸rhma 4.1 gia na apode�xoume to parak�twJe¸rhma 5.1 'Estw 1 < p < q < p∗ < N , g ∈ L∞(RN ) ∩ L
N
p (RN ),

f ∈ L∞(RN ) ∩ Lq1(RN ), ìpou q1 = p∗

p∗−q
kai h ∈ L∞(RN ) ∩ Lq2(RN ), ìpou

q2 = p∗

p∗−s
mh arnhtikè sunart sei kai f > 0 sv.p. Tìte to prìblhma (28)èqei toul�qiston m�a mh arnhtik  asjen  lÔsh u ∈ E.An λ = λ1 ergazìmaste ìpw to progoÔmeno je¸rhma kai to Je¸rhma 4.2gia na apode�xoume to parak�tw 28



Je¸rhma 5.2 'Estw 1 < p < q < p∗ < N , g ∈ L∞(RN ) ∩ L
N
p (RN ),

f ∈ L∞(RN ) ∩ Lq1(RN ), ìpou q1 = p∗

p∗−q
kai h ∈ L∞(RN ) ∩ Lq2(RN ), ìpou

q2 = p∗

p∗−s
, mh arnhtikè sunart sei kai f > 0 sv.p. Tìte to prìblhma (28)èqei toul�qiston m�a mh arnhtik  asjen  lÔsh u ∈ E.

Ta parap�nw apotelèsmata mporoÔn na efarmostoÔn kai sthn per�ptwsh pouant� twn sunoriak¸n sunjhk¸n Dirichlet èqoume omogene� sunoriakè sun-j ke ìpw gia par�deigma thn
|∇u|p−2∇u · η + α(x)|u|p−2u = 0.

29
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