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[epiAnym

Tig Ttehevtaieq Oekaetieg, €xouv Tmpotabel mMOAA pAONUOTIKA HOVIEAQ
KuKAodoplakng pong. Ta HOVTEAQ OQUTA UITOPOUV val XpnoLldomolnBouv Kotd To
oxeblaopd véwv N tn PBeAtiwon nén umapxéviwv odlkwv UToSoPwWV, yla TNV
avantuén kot Sokwn aAyopiBuwv mpoPAedng, yio TO OXESLOOMO OTPATNYLKWV
eAéyxou KukAodopiag, kaBwg kal yla TOAMEG AMeg edappoyég. Ta HovtEAa
MepAaUBAVOUV TTOPAUETPOUC TWV ONMOLWV Ol TIMEC £lval AYVWOTEC KAl HAALOTO
urnopel va dadépouv yla Sladopetikolg autokvntodpopous. Emopévwg, mpv anod
TN XPrioN TWV HOVTEAWV OE TIPOYHATIKEG EDAPUOYEG, Elval amapaitnTn n emkUpwWaon

TWV HOVTEAWV XPNOLUOTIOLWVTAC TTpayUaTtika Sedopéva Kukhodoplag.

H Sladikaoia tng emkUpwWong, amookomel otov KAtdAANAo poodLloplopnd TwV TUWV
TWV TIOPAUETPWY TWV HOVTEAWV £TOL WOTE N OVATTAPACTACN TWV KUKAOPOPLOKWY
ouvOnkwv &vog odlkol O&iktuou va eivat 6co to Suvatdv akplPrnc. H mo
ouvnBOLoUEVN TPOCEYyLon elval n eAaxlotomoinon tng amokAlong HeTafly Twv
EKTLMNCEWV TOU MOVIEAOU KOl TWV TPAYUATIKWY OESO0UEVWY, XPNOLLOTIOLWVTAG
KataAAnAoug alyopiBuoug BeAtiotonoinong. To UN-YPAUULKO, UN-KUPTO TPORANUA
EKTLLNONG TWV TIOPAPETPWY ELVAL YVWOTO OTL €XEL TTOAA TOTILKA EAGXLOTA KAL WG €K

TOUTOU £ival KaTAAAnAo va xpnolpomolouvtal Hovo alyoplBuotl mou Sgv KAvouv
XPNoN TOPOYWYWV.

2tn BBAoypadia UTIAPYXEL TTEPLOPLOUEVOG APLOOG EPYACLWY TIOU TIPAYLATOTIOLOUV
ETUKUPWON LAKPOOKOTILKWY HOVTEAWV KUKAODOPLAKAG pONG £(TE AOYW TOU YEYOVOTOG
OTL elval oxetkd SUOKOAO va QTOKTAOEL KATOLOG TMPOoBacn O TPAYUATIKA
6ebopéva kukAodopiag, eite emeldy dev eivol SLaBEOIHO, £WC TWPO, KATTOLO
epyaAeio mou va pmopel eUkoAa va xpnotponolnBel yla va emAUceL To MPOBANUa
EKTIUNONG TWV TIAPOUETPWY. ZE QUTH TNV €pyacia €vo KOLVOTOUO AOYLOULKO-
epyaleio €xel avamtuxBel yw TNV  EMKUPWON HOKPOOKOTUKWY HOVIEAWV

KUKAOOPLOKNC pONG UE Hia eUxpnotn Slemidavela epyaciog.

To epyaleio autd xpnowwomoltiOnke yla tnv olykpon OSladopwv HOVTEAWV
KukAodoplakng pPong Kavovtag xprnon mpayupoatikwv Sedopévwy amd  évav
QUTOKLYNTOSpOoUO 0To0 HVWwHEVO BooiA£lo. JUYKEKPLUEVA €EETAOTNKAV TECOEPLG

€KOOXEG EVOG LOKPOOKOTIKOU LOVTEAOU TIPWTING TAENG KABWG Kal EVA LOKPOOKOTILKO



HoVTENO SeUTEPNC TAENG, Yla AOyouG cUYKpLonG. Ta amoteAéopata ou AdBape Atav
LKOVOTIOLNTLKA YLa OAQL TOL LOVTEAQ KOl LOLOUTEPOL KATIOLOL ATTO QLUTAL OVATIAPLOTOUV TLG
ouvOnkec kukhodopiag pe peyoAUtepn akpifela. Ta efetalOpeva  HOVTEAQ
aflodoynbnkav OUYKPLTIKA KAvOvTOaG XPNon Tmpaypatikwy Sedopévwy  amod

S10POPETIKEG NUEPEC Ao ToV (610 auToKLVNTOSpOLO.



1 Introduction

This chapter includes first, in Section 1.1, a short introduction on the traffic flow
models, then, in Section 1.2, there is the description of the problem under study and
the approach followed within the thesis and finally the outline of the thesis is given

in Section 1.3.

1.1 Traffic flow models

During the last decades, several mathematical models to describe the road traffic
flow have been proposed (Hoogendoorn and Bovy, 2001). The traffic flow models
can be utilized for the planning of new road infrastructures or for the modification of
existing ones; they are also utilized for the development and testing of traffic flow
estimation algorithms, traffic control strategies and other operational tools. The
traffic flow models include a set of parameters and their values may vary for
different road networks. Depending on the level of detail they use, the models are
classified as macroscopic or microscopic. The macroscopic traffic flow models usually
include lower number of parameters compared to microscopic models; also, they
have an analytical form, which allows their usage for various significant traffic
engineering tasks (e.g traffic estimation, control strategy design etc.) beyond
simulation. The macroscopic traffic flow models are classified as first-, second- or
higher-order models, depending on the number of differential equations they
include. First-order models are known for their simplicity and computational
efficiency and for this reason have been widely used in the past. However, these
models fail to capture some real traffic phenomena such as the stop-and-go waves
and the capacity drop phenomenon. Furthermore they don’t consider factors such as
the drivers’ reaction time and the vehicles acceleration capabilities. On the other
hand, second or higher-order models include extra equations to describe the
dynamics of speed. As a result they are able to reproduce the traffic phenomena
mentioned above, however they are characterized by higher complexity, higher
number of parameters, and higher computation effort, which makes their use

difficult in optimization problems built upon them.
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1.2 Objectives and approach

Given the simplicity of first-order models, this thesis examines and compares
different formulations of a popular first-order model, namely the LWR model.
Moreover a second-order model (METANET) is included for comparison purposes.
The models are applied to a real traffic network in the UK using real traffic data. In
order to compare the examined models they are first calibrated, for this particular
network, i.e. the optimal parameter values are estimated using real traffic data. The
calibration and validation of the models is performed using the innovative software
tool CALISTO (Spiliopoulou et al., 2014) which has been recently developed and

makes the calibration and validation of macroscopic traffic flow models an easy task.

1.3 Thesis outline

The diploma thesis is organized as follows. Chapter 2 presents the traffic flow models
that are examined in this thesis and the unknown parameters they include whose
values need to be estimated. In Chapter 3, the model calibration procedure is
described first, then the software tool CALISTO used for the calibration and
validation of the selected traffic flow models is presented, followed by the
description of the Nelder-Mead optimization algorithm which is employed to solve
the parameter estimation problem. Chapter 4, includes information about the
freeway site examined in this particular thesis and the real traffic data used for the
calibration and validation of the models. Furthermore, Chapter 4, contains the
calibration and validation for all utilized models as well as the comparison of the
examined models. Finally, Chapter 5 summarizes the main conclusions and remarks

of this thesis.
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2 Macroscopic traffic flow models

This chapter presents the macroscopic traffic flow models that are used in this
thesis. Section 2.1 includes a brief introduction on the traffic flow models and their
classification. Furthermore, in Section 2.2 various formulations of a first-order model

are presented and finally in Section 2.3 the METANET model is discussed.

2.1 Classification of traffic flow models

Over the last decades a high number of traffic flow models has been developed and
applied for different traffic engineering tasks. Traffic flow models may be classified
based on the level of detail with which the vehicular flow is described. In particular,

there are three main classes:

1. Microscopic models (high level of detail)
2. Mesoscopic models (medium level of detail)

3. Macroscopic models (low level of detail)

Microscopic models describe the space-time behavior of individual vehicles and
their interactions with the surrounding traffic. This behavior is described by dynamic
variables such as position, speed and acceleration. Microscopic models require high

computing power, but they provide accurate simulation of the traffic flow.

Mesoscopic models describe the traffic flow at a medium level of detail. In
particular, the models do not distinguish or trace the individual behavior of vehicles
but they represent the behaviour of small traffic groups, the activities and

interactions of which are described at a low detail level.

Macroscopic models describe traffic in an aggregate manner considering traffic flow
as a compressible fluid with specific characteristics. The traffic variables used to
describe the dynamics of this fluid are the mean speed, the density and the traffic
flow (or volume). The macroscopic traffic flow models are classified as first-, second-
or higher-order models, depending on the number of differential equations they
include. In this thesis several first-order models and a second-order model are
applied and compared using real traffic data from a freeway stretch in the UK. The

employed models are described in the following sections.
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Figure 1 Freeway discretization.

2.2 Various first-order model formulations

Four first-order models are examined within this thesis. All four models are
discretized versions of the LWR (Lighthill and Whitham, 1955; Richards, 1956) first-
order model. The models consider that the freeway stretch is discretized into
consecutively numbered sections i, with respective length L;, and number of lanes 4;
(see Figure 1). Time is also discretized into uniform intervals of duration T, with a
discrete time index k = 0,1, ..., K. The state variable for section i is the density
pi(k), which corresponds to the number of vehicles included in section i at the time
instant kT, and is calculated as follows:

T
pillke +1) = pi(k) + 7= 1qi-1 () — q: (k) = 5:(k) + i (R)]. (1)

This is a conservation-of-vehicles equation, where g;(k) is the traffic flow exiting
section i and entering section i + 1, r;(k) is the traffic flow entering the freeway
section i from an on-ramp and s;(k) is the traffic flow exiting the freeway section
from an off-ramp, and equals to s;(k) = B;(k)q;(k)/[1 — B;(k)] where B;(k) is the
splitting ratio. The flow g; (k) exiting each section i is estimated as the minimum of

two quantities:

qi(k) = min{D; (k), S;41(k)} )
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where D; (k) is the maximum flow that can be supplied by section i, during the time
interval k and S;;,(k) is the maximum flow that can be received by section i + 1
over the same time interval. The functions D;(k) and S;.,(k) are calculated as

follows:

Dl(k) = min{Qcap,if gl(pl(k))}(l - ﬁl(k)) (3)

Siv1(K) = min{Qcap,i+1 Wir1 (Pmaxi+1 — Pir1 (k) Aiv1} — Tipa (k) (4)

where Qcqp; and Qcgpis1 are the flow capacities of sections i and i+ 1,
respectively; pmaxi+1 is the maximum density of section i+ 1; w;;, is the
congestion wave speed of section i + 1; and gi(pi(k)) is a function that depends on

the density of section i.

The utilized demand and supply functions, D; (k) and S;(k) respectively, define the
static relation between the flow g; (k) and density p; (k) of section i, also known as
the fundamental diagram (FD). In this study, different formulations of the
fundamental diagram are utilized resulting to different first-order models. More
specifically, the supply function S;(k) is assumed to be linear (with a negative slope
w;), while the demand function D; (k) includes a non-decreasing function g;(p;(k)).

Different shapes of the function g; are examined and compared.

In particular, if a triangular-shaped FD is considered (see for example Figure 2(a)) the
CTM model (Daganzo, 1995, 1994)) is obtained. In this case, g;(p;) = v;;p;(k)4;,
gi(pcr,i) = Qcap,i ANd W; = Qcap i/ (Pmax,i — Per,i)Ai- This formulation has two main
drawbacks: first, when using realistic free flow and congestion wave speeds, it leads
to high and sometimes unrealistic capacity flow; second, only one speed value is
considered for all under critical densities which is often not compatible with traffic
observations. To overcome the first issue, a trapezoidal FD can be used (see for
example Figure 2(b)) where g;(p;) = vsipi(K)A;, 9i(Peri) = Qeapi and w; 2

Qcap,i/ (Pmax,i — Pcr,i)Ai- In this case the critical density, instead of being a fixed

14



point for both the FD parts, can be selected within an interval of densities, increasing
the degree of freedom for model calibration. Nevertheless, in real traffic the
observed speed may be characterized by a decreasing-slope behavior also for low
densities, which can be reflected by using a nonlinear concave function g;(p;) (see
Figure 2(d)), where g;(peri) = Qeapi and Wi = Qcap,i/ (Pmaxi — Per)Ai- As an
example, a nonlinear exponential function can be employed as proposed in
(Papageorgiou and Messmer, 1990). The use of such a function allows for mean
speed variations for undercritical densities, thus may produce more realistic results.
A similar behavior can also be obtained, without much loss of accuracy considering a
piecewise linear approximation (see Figure 2(c)) of the nonlinear function which is
helpful in case linear constraints are needed for the formulation of an optimization

problem.

Finally the mean speed v; (k) at every section i, is computed, using the fundamental

relation v; (k) = q;(k)/p;(k)A;.

2.3 METANET

The METANET model (Messmer, Papageorgiou 1990) is a discretized and enhanced
variation of the second order model of Payne (Payne, 1971). In particular, the model
considers that the freeway is discretized into consecutively numbered sections i,
with respective length L;, and number of lanes A;. Time is also discretized into
uniform intervals of duration T. For each discrete time k = 0,1, ..., K, the model
calculates at each section i, the density p;(k), the flow g;(k) and the mean speed

v;(k) according to the following equations:

T
pi(k +1) = p;i(k) + ﬁ[qi—l(k) — q;i(k) — s;(k) + (k)] ()
qi (k) = v;(k)p; (k) A; (6)
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Figure 2 Different choices for the left-hand side of the fundamental diagram
corresponding to: (a) a triangular FD (CTM), (b) a trapezoidal FD, (c) a piecewise

linear FD and (d) a nonlinear FD.

T
vi(k+1) =v;(k) + Fvi(k) [vi—1 (k) — v; (k)] (7)

VT [pi1(k) — pi (k)]
tLi[pi(k) + K]

V(o) — wi0)] -

where 7 (a time constant), v (an anticipation constant) and k are model parameters.
The function Ve(pi(k)) corresponds to the fundamental diagram and is calculated

as follows:

Ve(pi(k)) = vy sexp l_i(pl(k)> il (8)

a; pcr,i
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where v ; is the free flow speed, p,; is the critical density (for which the flow at
section i is maximized) and ; is a further model parameter for section i. Moreover,
the mean speed calculated by the model should not be lower than a minimum value
Umin- In (Papageorgiou et al., 1990) two additional terms were proposed for more
accurate modeling of merging and lane drop phenomena. In particular, the impact
on mainstream speed due to an on-ramp merging flow is considered by adding the
term —8T r;(k) / LiA;(p;(k) + k) into (7) for the merging section, where § is a
model parameter and 1;(k) is the inflow from the on ramp. In order to take into
account the impact on speed due to intensive lane-changing at lane-drop areas, the
term —@TAAp;(k)v;(k)?/L;A;ipcri(k), is added to (7) for the section immediately
upstream of the lane drop, where ¢ is a model parameter and 44 is the number of

dropped lanes.
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3 Traffic flow model calibration

As presented in the previous chapter, the traffic flow models include a set of
parameters, whose values may differ for different freeway sites. In order to specify
the unknown model parameter values, for a particular freeway site, the models
should be first calibrated against real traffic data. In the following, Section 3.1
describes the model calibration procedure, Section 3.2 presents the software tool
CALISTO that will be employed in order to calibrate the investigated traffic flow
models and Section 3.3 shortly describes the optimization algorithm that will be

utilized to solve the parameter estimation problem.

3.1 Model calibration procedure

The model parameter calibration aims at enabling a macroscopic traffic flow model
to represent the traffic conditions of a freeway network with the highest achievable
accuracy. The estimation of the unknown model parameters is not an easy task,
since the system equations are highly nonlinear in both the parameters and the state

variables.

Consider that a macroscopic discrete-time state-space model is described by the

following state equation,

x(k +1) = f[x(k),d(k),p], k=01,.,K-1 9)
x(0) = x,

where k is the discrete time index; x is the state vector, d is the external variable
(disturbance) vector and p is the model parameter vector. In particular, the state
vector X includes the section densities in the case of all four first order formulations
and in the case of METANET model the section densities and mean speeds. The
external variable vector d consists of all known boundary conditions such as the
network inflows, the turning rates at bifurcations, and the network downstream
densities. The model parameter vector p includes the unknown model parameters

that need to be specified for each model.
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If the initial state X, is given and the external variables d(k) are known over a time
horizon k = 0, ..., K — 1, then the parameter estimation problem can be formulated
as a nonlinear least-squares output error problem which aims at the minimization of
the discrepancy between the model calculations and the real traffic data by use of

the following cost function

K-1 (10)
> v~y 12

k=0

| r

J(p) =

subject to (9); where y(k) = g[x(k)] is the measurable model output vector
(typically consisting of flows and mean speeds at various locations of the network)
and y™(k) is the real measured traffic data (consisting of flows and speeds at the
corresponding network locations). The model parameters are selected from a closed
admissible region of the parameter space, which may be defined on the basis of
physical considerations. The determination of the optimal parameter set must be
performed by means of a suitable nonlinear programming routine, whereby for each
choice of a new parameter vector p, the value of the performance index (Pl) (10)

may be computed by a simulation run of the model equations shown in Figure 3.

After the calibration procedure, the resulting traffic flow models must be validated
before their use in a real implementation. The validation procedure ensures that the
resulting model reflects reliably the traffic characteristics of the specific network,
thus it may reproduce its typical traffic conditions. To this end, the model is applied
to the same freeway, albeit using different data for the disturbance vector d and
initial state X, than the ones used for its calibration and the model output y is
compared to the corresponding real traffic data y™. In other words, the calibration
procedure uses real traffic data from a specific date, while for the validation

procedure data from different dates are being used.

The calibration and validation of the selected traffic flow models is performed by use

of the innovative software tool CALISTO, which is described in the following section.
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Figure 3 Model calibration procedure.

3.2 CALISTO software tool

CALISTO (CALlbrationS Tool) (Spiliopoulou et al., 2014) is an innovative software tool
which enables the calibration and validation of macroscopic traffic flow models for
various freeway sites using real traffic data. For the purposes of this thesis the

examined traffic flow models, presented in Chapter 2 have been programmed and
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Figure 4 CALISTO application window.

introduced into CALISTO software. This section briefly describes the software tool. In
the following, Section 3.2.1 presents the application window of the software, Section

3.2.2 describes the software tool input data and Section 3.2.3 presents the software

tool output results.

3.2.1 CALISTO application window

Figure 4 presents the application windows of the software which contains the

following basic elements:
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e Freeway network description: this feature includes all the required
information to describe the freeway site under investigation.

e Traffic data: consists of information for the simulated traffic data, such as the
measurement step, the duration of the simulation and the location of the
input file that contains the real traffic data.

e Other settings: contains the simulation step and some extra features
concerning the utilized performance index and the simulation outputs.

e Selection of the traffic flow model: one of the available traffic flow models
can be selected and its corresponding model parameter values should be
specified.

e Selection of the optimization algorithm: one of the available optimization
methods can be employed to perform the calibration of the chosen traffic
flow model.

e Selection of the operation: two operations are available, Calibration or
Validation.

e Execution (Run): the selected operation is executed taking into account all
the introduced information.

These elements are presented in detail in the following sections.

3.2.2 Network and traffic data description

The first two buttons on the application window (Freeway network description,
Traffic data) contain information related to the investigated network and the utilized

real traffic data.

The Freeway network description button opens an editor which includes all the
required information so that a freeway network is described in detail. In particular,
the user must insert the number of mainstream freeway links, the length and the
number of lanes of every link, the number of on-ramps and off-ramps and their
location, the number of detector stations and their location etc. Figure 5 shows the
Freeway network description editor which contains the information given to describe

the network considered within this thesis.

The Traffic data button opens an editor which contains all the required information
related to the utilized real traffic data. In particular, the user must define the
simulation duration, the measurement step of the real traffic data, as well as, the
location of the traffic data input file. Figure 6 shows the Traffic data editor which

includes the information used for the simulated traffic data within this thesis.
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Figure 5 Freeway network description editor.

3.2.3 Calibration/validation set-up

The third button on the application window, named Other settings, opens an editor
which includes some features related to the simulation set-up, such as the
simulation step of the employed traffic flow model. Moreover, it contains the flow
and speed error weights included in the calculation of the performance index. In
particular, the utilized (within the software) performance index is given by the

following equation:
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Pl = Wf . RMSEflOWS + Wg - RMSESpeedS

where RMSEfiows and RMSEspeeds are the root mean squared errors of the real flow
and speed measurements and the corresponding model estimations, respectively,
and wyand ws are the corresponding error weights. Finally, the editor includes some
choices regarding the simulation output plots. Figure 7 illustrates the Other settings

editor which presents the information used within this thesis.

The next step for the user is to choose one of the available macroscopic traffic flow
models included in the software. Figure 7 depicts the list of the available traffic flow
models within the current version of the software. In particular, it includes four
discretized first-order models as well as the second order model METANET. See

Chapter 2 for a description of the models.

After the selection of the macroscopic model the user must choose one of the
available optimization algorithms to perform the model calibration. There are three
available optimization methods in the current version of the software. In particular,
the Nelder-Mead algorithm, a Genetic algorithm and the Cross-entropy method.
Note that all three algorithms are derivate-free algorithms. The optimization method
used within this thesis is the Nelder-Mead optimization method. See Section 3.3 for

a detailed description of the Nelder-Mead algorithm.

Finally, the software offers to the user the option to select between two operations,
i.e. calibration or validation (see Figure 10). See Section 3.1 for a description of the

model calibration and validation procedure.

3.2.4 Calibration/validation results

In order to perform the calibration or validation of the selected model the user
should click on the Run button (see Figure 10). If the selected operation is Calibration

then the following results are obtained:

— Graph of the calibration progress over iterations as shown in Figure 11. This
graph appears only if this is selected by the user (see Figure 7).
— A window including the optimal model parameter values (as shown in Figure

12).

25



Select traffic flow model:
None l Model parameters

First-order model (Triangular FD)

First-order model (Trapezoidal FD) Algorithm parameters

First-order model (Piecewise linear FD)
First-order model (Nonlinear FD)

METANET
[oTrE |

Figure 8 List of the available traffic flow models within CALISTO software.

Select traffic flow model:
INone j Model parameters

Select optimization algorithm:

None I Algorithm parameters

Nelder-Mead
Genetic algorithm

Cross-entropy method

Figure 9 List of the available optimization algorithms within CALISTO software.

Select traffic flow model:
INone j Model parameters

Select optimization algorithm:

INone j Algorithm parameters

Select operation:

Calibration
Validation

Figure 10 List of the available operations available within CALISTO software.

26



Optimization PlotFens =RNCE X

File Edit View Inset Tools Desktop Window Help k.
Best: 18.0359
24 -
&
23+
29 L
Lt
=
m
=
o 21+
@
=
i
20
+eed
19+
00
o000
13 . . L %4000 000008000 |
i 5 10 15 20 25 30 35
Stop Pause lteration

Figure 11 Plotted calibration process.

— Time plots of the real traffic measurements (flows, speeds and densities) and
the corresponding model estimations for all detector locations (see for
example Figure 13). These plots appear only if this is selected by the user
(see Figure 7).

— Output files including all the information related to the calibration results
(e.g. optimal parameter values, flow, speed and density estimations at all

network segments, performance index value etc).

If the selected operation is Validation then the following results are obtained:

— Time plots of the real traffic measurements (flows, speeds and densities) and
the corresponding model estimations for all detector locations (see again
Figure 10).

— Output files including all the information related to the validation results
(e.g. flow, speed and density estimations at all network segments,

performance index value etc).
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3.3 Nelder-Mead algorithm

In this thesis the Nelder-Mead algorithm (Lagarias et al., 1998) is employed to solve
the model parameter estimation problem. Nelder-Mead is one of the best known
algorithms for multidimensional unconstrained optimization. The method does not
require any derivative information, which makes it suitable for problems with

nonlinear, discontinuous or stochastic cost function.

The method uses a simplex (see Figure 14), i.e. a n-dimensional geometrical shape
with n + 1 vertices. Every vertex p;, where i =1,..,n+ 1 , corresponds to a
potential solution which in turn corresponds to a cost function value, J(p;). The
method starts with an initial working simplex and then performs a sequence of
transformations of the working simplex, aiming to decrease the cost function value
at its vertices. In particular, one iteration of the Nelder-Mead method consists of the

following three steps.

1. Ordering: The algorithm orders the vertices of the working simplex with

respect to the corresponding cost function values, to satisfy J(p;) < J(p;) <

0 = J(Pntr)-

2. Centroid: The centroid p. of all the vertices is calculated excluding the worst

vertex pp+1-

P: P1

P2 Ps P2 Ps

Ps

Figure 14 Example of a simplex in R, (triangle), and a simplex in R;(tetrahedron).
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3. Transformation: The new working simplex is computed from the current one.

At first the algorithm tries to replace only the worst vertex p,,;1 with a better

point by using reflection, expansion or contraction. If this succeeds, then the

accepted point becomes the new vertex of the working simplex. If this fails,

the algorithm shrinks the simplex towards the best vertex p;. In this case, n

new vertices are computed.

In the following, the working simplex transformations are described in detail.

Reflection: The algorithm computes the reflected point p,, = p. +
{(Pc — Pn+1)- If the reflected point is better than the second worst,
but not better than the besti.e.: J(p;) < J(p,) < J(p,) then the new
working simplex is obtained by replacing the worst point p,41 with
the reflected point p,- and the algorithm returns to the first step.
Expansion: If the reflected point is the best point computed so far,
i.e.: J(pr) <J(p1), then the method computes the expanded point
Pe = Pc + X(P: — Pns1)- If the expanded point is better than the
reflected point, J(p.) < J(p,), then the new working simplex is
obtained by replacing the worst point p,,41 with the expanded point
p. and the algorithm returns to the first step. Otherwise the new
working simplex is obtained by replacing the worst point p,41 with
the reflected point p,- and the algorithm goes to the first step.
Contraction: If J(p,) =J(p,), the contraction point Pconer iS
computed as Peoner = Pe + ¥ (Pe — Pra1)- If J(Pcontr) <J(Pns1)
then the new working simplex is obtained by replacing the worst
point p,41 with the contracted point p.onsr and the algorithm
returns to the first step. Otherwise, the algorithm performs a shrink
transformation.

Shrink: The algorithm replaces all points, except for the best, using
the equation p; = p; + o(p; — p1) foralli € {2,...,n + 1}. Then the

algorithm returns to step 1.
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The simplex transformations in the Nelder-Mead are controlled by four parameters:
¢ for reflection, y for contraction, y for expansion and o for shrinkage. Typical values

for these parameters used in most implementations are

The procedure described above continues until the working simplex becomes

sufficiently small or when the values J(p;) are close enough to each other.

The Nelder-Mead method typically requires only one or two function evaluations per
iteration, except in shrink transformations, which are extremely rare in practice. This
is very important in applications where each function evaluation is very expensive or
time-consuming. For such problems, the method is often faster than other methods,
especially those that require at least N function evaluations per iteration. On the
other hand, in some cases the method may perform a large number of iterations
without significant improvement of the cost function value. To cope with this
problem, restarting the algorithm several times, with reasonably small number of
allowed iterations per each run may be a heuristic solution. Moreover, the evolution
of the working simplex and the produced best solution are dependent on the initial
working simplex, since the algorithm searches for the new points using the vertices
of the working simplex. To face this fact, multiple algorithm runs should be carried

out using different initial vertices for the working simplex.
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4 Calibration and Validation results

This chapter includes the calibration and validation results of various macroscopic
first-order traffic flow models, which are based on the same simple first-order model
but they use different formulation of the fundamental diagram. Moreover, a second-
order model is included for comparison purposes. In the following, Section 4.1
describes the examined freeway site and the real traffic data used in the presented
investigations. Section 4.2 includes the calibration and validation results for all
examined models obtained by use of the innovative tool CALISTO. Finally, Section 4.3

summarizes the obtained results and compares the investigated models.

4.1 Freeway site and real traffic data

The freeway stretch considered for the present investigations is a part of the M56
motorway in the United Kingdom, direction from Chester to Manchester. The
considered 3-lane freeway stretch is 9.45 km long and includes one off-ramp and a
two-lane on-ramp, which, before reaching the motorway, is divided into two
separate lanes which enter the freeway at two different locations, as shown in Figure
15. In order to model the network by use of the examined traffic flow models, the
freeway stretch is divided into 7 links and each freeway link is subdivided in model
cells (or segments) of equal length (about 250 m each). Note that the model
equations (presented in Chapter 2) are directly applicable to the motorway cells.
Figure 15 displays the length of each link, the location of the on-ramps and off-ramp,

as well as the locations of the detectors stations.

.-f’, '\'i
D 8257 D 8228 D 8204 DE]ENE\D 8180 DB167

i i . i o i i o ] . ™ v ™ -l i v e il e s i e s v ™ i s e = " ‘i B

"
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Figure 15 Representation of the considered freeway stretch.
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Figure 16 Time-space diagram of the real measured speed at the considered freeway

for three different days.

The traffic data used in the current investigations are obtained from the MIDAS
database(Highways Agency, 2007) which includes traffic information from most
motorways in the United Kingdom. The real traffic data contain flow and speed

measurements obtained from 6 detector stations (see Figure 15). The

measurements’ time interval is 60 s.

Figure 16 depicts the space-time diagrams of the real speed measurements for 3
different days: 03/06/2014, 19/06/2014 and 24/06/2014. It is observed that
congestion is created upstream of the second on-ramp during the morning peak
hours (between 7-8 a.m.). The created congestion spills back few kilometers
upstream, without reaching the upstream end of the considered stretch. The
freeway network and traffic data presented above are used to calibrate and validate

the selected traffic flow models presented in Chapter 2.
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4.2 Models calibration and validation

This section includes the calibration and validation results of all investigated traffic
flow models. Note that the software tool CALISTO (see Section 3.2) was employed to
calibrate and validate the examined models. The models were calibrated using traffic
data from 03/06/2014, while the validation of the produced models was done using
traffic data from 19/06/2014 and 24/06/2014. The simulation step of all examined
models was set equal to T = 5 s. Moreover, a single fundamental diagram was used
for all motorway cells at all examined models. This implies that all motorway cells
are considered to have the same characteristics, described by a common FD. Finally,
it should be noted that, for each model, various calibration tests were carried out,
starting the algorithm from different initial parameter vectors p, (see Figure 15). The
best obtained results, for each examined model, are presented in the following

sections.

4.2.1 First-order model with triangular FD

A first-order model with triangular FD (CTM) was investigated first. The parameter
vector under calibration consists of the free flow speed vy, the congestion wave
speed w and the critical density p., (see also Figure 2). Table 2 displays the optimal
parameter values estimated through the calibration process, along with the
minimum value of the objective function. It should be noted that during the initial
calibration tests the estimated value for the parameter vy was very low (lower than
the observed free flow speed at the network). To face this fact the parameter vy was
finally considered as fixed and equal to 112 km/h. Figure 17 illustrates the space
time diagram of the real speed measurements and the model’s estimation of speed
for the calibration day. It is observed that the reproduction of the real traffic
conditions is satisfactory as the model creates the congestion at the same area and

time period, as observed in the real traffic data.
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Table 1 Optimal parameter values for the first-order model with triangular FD.

Model parameters vr(km/h) w(km/h) per(veh/km/lane)
Optimal values 112 22.2 18.7
Pl 18.0
Real Traffic Data Triangular FD
Date:03/06/2014 Date:03/06/2014
4
'§. ’ga EB
36 Z6 m
S o m
[{o] [{o]
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Figure 17 Space-time diagram of the real speed measurements and the first-order

model with triangular FD estimation of speed for 03/06/2014.

In more detail, Figure 18 shows the time series of the real speed measurements and
the corresponding model estimation of speed (for the same day) at all detector
locations (see also Figure 15). It is shown here that this model estimates free flow
speed at all areas outside congestion (i.e. a straight line is estimated for speed, for all
periods except for congestion period). Moreover, Figure 19 presents the time series
of the real flow measurements and the corresponding model estimations for all
detector locations. It is observed here that the model estimations are very close to
the real traffic data. However, as expected, this model is not able to reproduce the
well-known capacity-drop phenomenon. See for example the model estimations at

Link 6, at the time that congestion sets in.
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Figure 18 Time series of the real speed measurements and the first-order model with

triangular FD estimation of speed for 03/06/2014.
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Figure 19 Time series of the real flow measurements and the first-order model with

triangular FD estimation of speed for 03/06/2014.
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Figure 20 Space time diagram of the real speed measurements and the first-order
model with triangular FD estimation of speed for 19/06/2014 and 24/06/2014.

As mentioned before, after the calibration procedure the resulted model should be
validated, i.e. should be tested using different traffic data sets than the one utilized
for its calibration. Figure 20 shows the space-time diagram of the real speed
measurements and the model’s estimation of speed for two different days,
19/06/2014 and 24/06/2014. It is observed that this model is able to reproduce the
traffic conditions of this motorway stretch also for other days. In more detail, Figure
38, Figure 39, Figure 40 and Figure 41 in the Appendix, display the time series of the
real speed and flow measurements and the corresponding model’s estimations for

these two validation dates.

4.2.2 First-order model with trapezoidal FD

The second investigated model is a first-order model with trapezoidal FD. The

parameter vector under calibration consists of the free flow speed v, the maximum
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Table 2 Optimal parameter values for first-order model with trapezoidal FD.

Model parameters  ve(km/h)  ppq(veh/km/lane) w(km/h) Qcap(veh/h)

Optimal values 112 164.5 17.4 6183
Pl 18.1
Real Traffic Data Trapezoidal FD
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Figure 21 Space-time diagram of the real speed measurement and the first-order
model with trapezoidal FD estimation of speed for 03/06/2014.

density ppqx, the congestion wave speed w and the capacity flow Q.4 (see Figure

2).

Table 3 presents the optimal parameter values obtained through the calibration
procedure. During the calibration the estimated value for the parameter v was very
low (lower than the observed free flow speed at the network) similar to the first-
order model with triangular FD. To face this fact the parameter vy was again
considered as fixed and equal to 112 km/h. Table 3 also contains the corresponding
minimum value of the objective function. It is observed that the obtained PI value is
very close to the PI value of the first order model with triangular FD. Figure 22
displays the space time diagram of the real speed measurements and the model’s
estimation of speed for the calibration day (03/06/2014). It is observed that also this
model is able to reproduce the traffic conditions in this motorway stretch with
sufficient accuracy creating the congestion at the right place and for the right

duration.

38



Speed (km/h)

Speed (km/h)

Link: 1 - Det.: M56/8257B

Link: 2 - Det.: M56/8228B  Link: 3 - Det.: M56/8204B

150 150 E 150
Model — Mode! Model
100 WV : 100 100
50 : 50 50
Q : 0 0
65 7 75 8 85 65 7 75 8 85 65 7 75 8 85
Link: 4 - Det.: M56/8199B  Link: 6 - Det.: M56/8180B  Link: 7 - Det.: M56/8167B
150 160 150
— Model — Mode! Model
100 100 100W
50 : 50 50
0 0 0 :
65 7 75 8 85 65 7 75 8 B85 65 7 75 8 85
Time (hours) Time (hours) Time (hours)

Figure 22 Time series of the real speed measurements and the first-order model with
trapezoidal FD estimation of speed for 03/06/2014.
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Figure 23 Time series of the real flow measurements and the first-order model with
trapezoidal FD estimation of flow for 03/06/2014.
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Figure 24 Space time diagram of the real speed measurements and the first-order
model with trapezoidal FD estimation of speed for 19/06/2014 and 24/06/2014.

Figure 22 shows, in more detail, the time series of real speed measurements and the
corresponding model estimation of speed for the same day. Similar to the previous
model, this model estimates free flow speed at all areas outside congestion.
Furthermore, Figure 23 depicts the time series of the real flow measurements and
the corresponding model estimations for the same day. It is observed that the model
estimations are very close to the real traffic data without, though, reproducing the

capacity drop phenomenon.

The resulted model was validated using real data from 19/06/2014 and 24/06/2014.
Figure 24 shows the space-time diagram of the real speed measurements and the
model’s estimation of speed for the two days. It is observed that the model is able to
reproduce the traffic conditions of this motorway stretch also for other days. In
more detail, Figure 42, Figure 40, Figure 42 and Figure 43, in the Appendix display
the time series of the real speed and flow measurements and the corresponding

model’s estimations for these two validation dates.
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Table 3 Optimal parameter values for the first-order model with piecewise linear

FD.

Model Ur Pecr Pa w Qcap
parameters (km/h)  (veh/km/lane) (veh/km/lane)  (km/h) (veh/h)

Optimal
111.6 24.6 14.2 14.8 6260
values
PI 12.6
Real Traffic Data Piecewise linear FD
Date:03/06/2014 Date:03/06/2014
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Figure 25 Space-time diagram of the real speed measurements and the first-order

model with piecewise linear FD estimation of speed for 03/06/2014.

4.2.3 First-order model with piecewise linear FD

The third examined model is a first-order model with piecewise linear FD. The
parameter vector under calibration consists of the free flow speed vy, the
congestion wave speed w ,the critical density p.., the capacity flow Q.4 and the

density p, (see Figure 2).

Table 4 presents the optimal parameter values obtained through the calibration
procedure and the corresponding objective function value. It is observed that the
obtained Pl value is about 30 % lower compared to the Pl of the first two models.
Figure 25 displays the space time diagram of the real speed measurements and the
model’s estimation of speed for the calibration day. It is observed that the model’s
estimations are close to the real traffic data, not only during the congested period

but also during the uncongested period.
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Figure 26 Time series of real speed measurement and the first-order model with

piecewise linear FD estimation of speed for 03/06/2014.
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Figure 27 Time series of real flow measurement and the first-order model with

piecewise linear FD estimation of flow for 03/06/2014.
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Figure 28 Space-time diagram of the real measurements of speed and the first-

order model with piecewise linear FD estimation of speed for 19/06/2014 and
24/06/2014.

In more detail, Figure 26 show the time series of the real speed measurements and
the corresponding model estimation of speed at different detector locations for the
same day. It is shown here that, in contrast to the first two models, this model
calculates lower speed than the free flow speed, downstream of the congestion
creation area; see for example the speed estimations at Link 6 and 7, between 7-8
a.m. This is due to the utilized FD shape, where for densities in the range [pg, Pcrl
the mean speed is lower than the free flow speed vy (see also Figure 2). Moreover,
Figure 27 presents the time series of the real flow measurements and the
corresponding model estimations for the same day. Compared to the previous
models, the model estimations are closer to the real traffic data; however, as with

the other two models, it is not able to reproduce the capacity-drop phenomenon.

The obtained model was validated using real traffic data from 19/06/2014 and
24/06/2014. It is shown here that this model is able to reproduce the traffic
conditions of this motorway stretch for other days, allowing for mean speed

variations outside of the congestion area. In more detail, Figure 46, Figure 47, Figure
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48 and Figure 49 in the Appendix, display the time series of the real speed and flow

measurements and the corresponding model’s estimations for the validation dates.

4.2.4 First-order model with nonlinear FD

The forth investigated model is a first-order model with nonlinear FD. The parameter
vector under calibration consists of the free flow speed vy, the congestion wave
speed w ,the critical density p., and the capacity flow Q.q,. Table 5 presents the
estimated optimal parameter values and the obtained Pl value through the

calibration procedure.

Figure 29 displays the space time diagram of the real speed measurements and the
model’s estimation of speed for the calibration day (03/06/2014). It is observed here
that the model achieves an accurate representation of the prevailing traffic
conditions and, similar to the model with piecewise linear FD, allows for mean speed

variations outside of the congestion area.

Table 4 Optimal parameter values for the first-order model with nonlinear FD.

Model vr(km/h) per(veh/km/lane)  w(km/h) Qcap(veh/h)
parameters
Optimal values  113.3 25.1 12.2 6219
PI 12.6
Real Traffic Data Nonlinear FD
Date 03/06/2014 Date:03/06/2014
\i
S8 _8
g & E
f.; % 6 % 6
824 24 OFF-RAMP
QX v BN-RAMB 2
2 52
S
\i 8.5 7 75 8 85 g
E—— : L ——
20 40 60 80 100 120

Figure 29 Space-time diagram of real speed measurements and the first-order

model with nonlinear FD estimation of speed.
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Figure 30 Time series of real speed measurement and the first-order model with

nonlinear FD estimation of speed for 03/06/2014.
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Figure 31 Time series of real flow measurement and the first-order model with
nonlinear FD estimation of flow for 03/06/2014.
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Figure 32 Space-time diagram of the real measurements of speed and the first-
order model with nonlinear FD estimation of speed for 19/06/2014 and 24/06/2014.

In more detail, Figure 30 shows the time series of the real speed measurements and
the corresponding model estimation of speed for the same day. Similar to the model
with piecewise linear FD, this model calculates lower speed than the free flow speed,
downstream of the congestion creation area; for example see the speed estimations
for Link 6 and Link 7 during the congestion period. In contrast to the model with
piecewise linear FD, this model calculates different speed for different undercritical
densities (compare Figure 26 and Figure 30). This is a result of the utilized nonlinear
FD function. Furthermore, Figure 31 shows the time series of flow measurements
and the model’s estimations for the calibration day. As with the previous models, the
estimations are similar to the real flow measurements; however, also this model is

not able to reproduce the capacity drop phenomenon.

The model was validated using real traffic data from different dates (19/06/2014 and
24/06/2014). Figure 32 shows that the model reproduces the traffic conditions of
the motorway stretch for the validation days, allowing for mean speeds variations
outside the congestion area, similar to the model with the piecewise linear FD. In the

Appendix the time series of the real speed and flow measurements and the

46



corresponding model’s estimations for the validation days are presented with detail

in Figure 50, Figure 51, Figure 52 and Figure 53.

4.2.5 METANET

Finally, a second-order model is investigated for comparison purposes. The
parameter vector under calibration consists of the free flow speed vy, the critical
density p., and the parameters a, 7, v and §. Table 6 displays the optimal parameter
values estimated through the calibration process, along with the minimum value of
the objective function. Figure 33 presents the space-time diagram of the real speed
measurements and the models’ estimations. It is shown that the model’s estimations

are very close to the real traffic conditions observed.

Table 5 Optimal parameter values for the second-order model METANET.

Model ve(km/h)  pcr(veh/km/lane) a 1(s) v(km?/h)  §(h/km)
parameters
Optimal 114,1 28,8 2,5 289 47,8 0,1
values
PI 7,7
Real measurements Metanet
Date:03/06/2014 Date:03/06/2014
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Figure 33 Space-time diagram of the real speed measurements and the second-order

model METANET estimation of speed for 03/06/2014.
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Figure 34 Time series of real speed measurements and the METANET model
estimation for 03/06/2014
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Figure 35 Time series of real flow measurements and the METANET model
estimation for 03/06/2014
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Figure 36 Space-time diagram of the real measurements of speed and the
METANET model estimation of speed for 19/06/2014 and 24/06/2014.

Figure 34 shows the time series of the real speed measurements and the estimations
made by the model for the calibration day. The second-order model METANET,
produces a more realistic representation of the prevailing traffic conditions thanks to
the fact that this model takes into account factors such as the vehicle acceleration
capabilities and the drivers’ reaction time. Additionally, Figure 35 presents the real
flow measurements and the METANET model estimations for 03/06/2014. It is
observed that unlike the first-order models, METANET model is able to reproduce
the capacity drop phenomenon (see the model estimation at Link 6 when congestion

sets in).

The METANET model was validated using real traffic data from 19/06/2014 and
24/06/2014. It is shown here that this model is able to reproduce the traffic
conditions of this motorway stretch in a realistic way also for other days. In more
detail, Figure 54, Figure 55, Figure 56 and Figure 57 in the Appendix display the time
series of the real speed and flow measurements and the corresponding model’s

estimations for these two validation dates.
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Figure 37 Space-time diagrams of the real speed measurements and the models’
estimations of speed for 03/06/2014.

4.3 Models’ comparison

This section summarizes and comments on the obtained results. Figure 37 presents
the space time diagram of the real speed measurements and the estimations of
speed for all investigated models. As described in the previous sections, the first two
formulations of the LWR model (with triangular and trapezoidal FD) estimate free
flow conditions outside the congestion area. The next two formulations (with
piecewise linear and nonlinear FD) allow for mean speed variations, outside the
congestion area, i.e. for undercritical densities, and as a result they achieve higher
accuracy compared to the first two formulations. Finally, the second-order model
METANET reproduces the traffic conditions with higher accuracy compared to all
first-order model formulations as this model takes into account the vehicles’
acceleration capabilities and the drivers’ reaction time by including an extra

eqguation to describe the speed dynamics.

Table 7 contains the estimated models’ parameter values and the corresponding
performance indices for the calibration and the validation days. It is observed that
the four formulations of the LWR model calculated similar value for the capacity

parameter (Q.qp). Moreover, the formulation with the triangular FD estimated the
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Table 6 Calibration and validation results for all investigated models.

pCT pmax pa
'Uf w Qcap Pl Pl Pl

Model (veh/km (veh/km  (veh/km

(km/h) (km/h)  (veh/h) 3/6 19/6 24/6

/lane) /lane) /lane)

Trian. FD 112 18.7 22.2 6283 113.0 - 18.0 239 18.6
Trap. FD 112 - 17.4 6183 164.5 - 18.1 243 16.9
PWL FD 111.6 24.6 14.8 6260 165.4 14.2 12.6 19.2 13.0
NL FD 113.3 25.1 12.3 6219 195.4 - 12.6 19.1 13.3
METANET | 114,1 28,8 - 6608 - - 7.7 150 121

lowest value for the critical density parameter (p.,), as it was expected. Regarding

the performance indices the formulations with piecewise linear and nonlinear FD

achieve higher accuracy compared to the triangular and trapezoidal in both the

calibration and validation dates. Finally the second order model METANET achieves

the lowest PI value compared to all first order formulations. Note that only some of

the METANET parameters are displayed in Table 7, while the rest parameter values

are included in Table 6.

51



5 Conclusions and future work

Within this thesis four first-order macroscopic traffic flow models and one second-
order model were employed and examined. In particular, four different formulations
of the LWR model (using different shapes for the FD) and the METANET model were
calibrated and validated using real traffic data from a motorway in the UK. The
models were compared regarding their ability to reproduce the prevailing traffic
conditions on the motorway. The calibration and validation results showed that all
investigated models were able to reproduce the real traffic data with sufficient
accuracy. As it was expected, the second-order model METANET was the most
accurate compared to all first-order models. Comparing the first-order model
formulations, it was observed that the models using a piecewise linear or nonlinear
FD were more accurate than the models using a triangular or trapezoidal FD,
especially during the uncongested period. It should also be noted that none of the
four first-order formulations were able to reproduce the capacity drop phenomenon,

while the second-order model was able to reproduce it.

The innovative software tool CALISTO was utilized for the calibration and validation
procedure. CALISTO has been recently developed and makes the calibration and
validation procedure an easy task. In the utilized version of the software the
examined models were programmed and introduced. Moreover, the software
includes three optimization algorithms that can be used for the calibration
procedure, the Nelder-Mead algorithm, a genetic algorithm and the cross-entropy
method. The first optimization method was employed in the presented

investigations.

Future work should aim at the improvement of the examined first-order model
formulations. For example, focus on the reproduction of the capacity drop
phenomenon. Moreover, the software tool CALISTO, could further be extended, by
including more macroscopic traffic models, already existing or recently proposed,

and also by including a bigger selection of optimization algorithms.
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Appendix
In this Appendix the time series of the real flow and speed measurements and the

corresponding models’ estimations are presented for the two validation days.
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Figure 38 Time series of the real flow measurements and the first-order model with

triangular FD estimation of speed for 19/06/2014.
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Figure 39 Time series of the real flow measurements and the first-order model with
triangular FD estimation of flow for 19/06/2014.



Figure 40 Time series of the real speed measurements and the first-order model

with triangular FD estimation of speed for 24/06/2014.
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triangular FD estimation of flow for 24/06/2014.
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Figure 42 Time series of the real speed measurements and the first-order model
with trapezoidal FD estimation of speed for 19/06/2014.
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Figure 43 Time series of the real flow measurements and the first-order model with
trapezoidal FD estimation of flow for 19/06/2014.
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Figure 44 Time series of the real speed measurements and the first-order model
with trapezoidal FD estimation of speed for 24/06/2014.
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Figure 45 Time series of the real flow measurements and the first-order model with
trapezoidal FD estimation of flow for 24/06/2014.
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Figure 46 Time series of the real speed measurements and the first-order model
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with piecewise linear FD estimation of speed for 19/06/2014.
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Figure 47 Time series of the real flow measurements and the first-order model with

piecewise linear FD estimation of flow for 19/06/2014.



Figure 48 Time series of the real speed measurements and the first-order model
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Figure 49 Time series of the real flow measurements and the first-order model
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Figure 50 Time series of the real speed measurements and the first-order model
with nonlinear FD estimation of speed for 19/06/2014.
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Figure 51 Time series of the real flow measurements and the first-order model
with nonlinear FD estimation of flow for 19/06/2014.
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Figure 52 Time series of the real speed measurements and the first-order model
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Figure 53 Time series of the real flow measurements and the first-order model with
nonlinear FD estimation of flow for 24/06/2014.
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Figure 54 Time series of the real speed measurements and the second-order model
METANET estimation of speed for 19/06/2014.
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Figure 55 Time series of the real flow measurements and the second-order model
METANET estimation of flow for 19/06/2014.
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Figure 56 Time series of the real speed measurements and the second-order model
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Figure 57 Time series of the real flow measurements and the second-order model
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