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Abstract

A commonly encountered problem in Geosciences is that of geological media simulation.
The knownledge of the geological stratigraphy and of the physical properties of the strata, e.g.
porosity, permeability, velocity of seismic waves, concentration of chemical elements or min-
erals, is of great importance for many disciplines such as hydrogeology, mining, petroleum
engineering, geophysics and environmental restoration. The increasingly sophisticated data
acquisition methods provide huge amounts of information about the spatial, temporal or
spatiotemporal distribution of such physical attributes. However, they can not provide an
extensive and complete image of the spatial distribution of the observable properties. This is
due to the fact that such information is only available at a limited number of points which
are randomly or regularly distributed in space. The mapping and graphical interpretation
of these properties on regular grids in one, two, or three dimensions respectively, is more
desirable and helpful.

Geostatistics provides various tools for deriving such maps and graphical interpretations
via statistic and stochastic methods. The most widely used geostatistical tools are: i) Kriging
and 11) Simulation.

In this thesis, such tools are applied to a geological media simulation problem. More
explicitly, a known gridded dataset is sampled, both regularly and randomly, and it is recon-
structed with geostatistical tools. Both the regular and the random sample contain 10,16%
percentage of the original data. The first sample consists of 39 columns of the grid thus
mimicking data obtained by well-logging drill-holes. The second sample involves randomly
selected grid points. The original dataset is the Marmousi velocity model, a synthetic two-
dimensional acoustic model developed in 1988 by the Institut Francais du Petrole (IFP),
and used for a workshop on practical aspects of seismic data inversion at the 1990 EAEG
(European Association of Exploration Geophysicists) meeting in Copenhagen. The Mar-
mousi model was generated using a 2-D acoustic, finite-difference modelling program, so
as to resemble an overall continental drift geological setting. The geometry is based on a
geological profile through the North Quenguela trough in the Cuanza basin, which is located
in north-western Angola along the Atlantic Coast of West Africa. The Marmousi model is

characterized by high geological complexity: numerous large normal faults and tilted blocks,
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resulting from the continental drift, complicate the structure towards its centre. The model
also contains many reflectors, steep dips, and strong velocity variations in both the lateral
and the vertical directions.

The purpose of this thesis is the exploratory application of geostatistical tools for the
simulation of the above described geological section. The methods which are used herein
are: 1) Ordinary Kriging and ii) Directional Gradient Curvature (DGC) simulation method.
Ordinary Kriging is selected because it is the most classic and widely used geostatistical tool.
DGC is a novel, non-parametric, local simulation and gap-filling method, the comparison of
which with the Ordinary Kriging can provide useful information. For the implementation
of Kriging, software was developed in the MATLAB programming environment, while
for the implementation of DGC simulation method software developed by the Geostatistics
Laboratory (Technical University of Crete) was used. Several methods of parameter inference
and anisotropy estimation have been used in connection with OK. The results of each method
are evaluated and compared through proper validation measures (e.g. mean squared error,
maximum reconstruction error, Pearson’s correlation coefficient, Spearman’s correlation
coefficient).

The applied methods achieve relatively high correlation between the reconstructed field
and the real data, 1.e., 90-95%, for both samples. In the case of Kriging, the optimal perfor-
mance is obtained by including separate estimation of anisotropy and data transformation to
isotropy. Finally, the DGC simulation method has shown comparable, but slightly inferior,
performance measures to OK estimation. We believe that this is due to the local nature of the

latter in contrast with kriging, which accounts for correlations with longer range.



[Teplindn

‘Eva gupéwg dadedopévo mpdfanua ot I'ewemotrueg anotedel n npocouolwor evog
YewAoyxoU yécou. H axpBfic yvoon g YEWAOYIXAC OTROUATOYRUPlG Xou TV Loto-
TATWY TV OTEWUETOY (Y. TOPMOES, OLmEQUTOTNTA, ToUTNTO CELGUIXWY XUUSTWY,
CUYXEVIPWOOT YNUXWY G TolyelwY Xt opuxw’)v) elvon aVTIXEIEVO XEQPAUANUMOOUS O~
olog ye epopuoYEg o TOAAG TG TNHOVIXG TED(D, OTWS 1) UDEOYEWAOYI, 1) UETUAAEUTIXY),
1 unyevix tetpehaiou, 1 yewpuoxn xa 1 tepBoihovin anoxatdotacr. To olyypova
CUG THUTO GUALOYYIC BEBOUEVWY TOREYOUY CNUAVTIXT) TOCOTNTA TANEO(PORIAS OYETXE UE
TNV YwEeW, Yeovixt| 1| yweoyeovixy NEToorr TETolwY Quotxwy WoThtwy. [lopdia au-
T, OEV UTOPOLY VoL oG BOCOUV Ut OANOXANPWUEVY] EXOVA TN XATOVOUNC TWV LOOTATWY
TV, Autéd ogelleTon 0TO YEYOVOS OTL 1 TANPOGORIo AUTH EVIL GE YEWUAVAUPEPOUEVT)
uopqr (georeferenced), Snh. cuvdéeton ue ouYxEXPWEVA U6VO onueior Tou yweou. H yoe-
TOYEAPNON XL 1) YEUPIXT) OTEXOVIOT) AUTOV TV IBIOTATWY 68 xavovixd TAéyuata (oTig

1, 2 xou 3 Saoctdoelg Tou)\dXLoTov) elvol TEPLOGOTERO YEHOHN Xou ETVUUNTY.

H yewotatiotinh nopéyet dudpopa epyYaAela Yiol TOV OYEBLACUO TETOUWY YOUETOV X0l
YRUPIXOY UTELXOVICEWY UEGW CTUTIOTIXMY XUl OTOYACTIXWY UeVddmY. To mhéov eupéwg
YENOWOTIOLOVUEVY YEWOTUTIOTIXG epyaheior ebvan: o) 1) ywetxn tapeuBolt| pe Kriging xau
B) n Hpocoyoiwon.

YNy mopovoa dimhwpatix epyacio, tétotou eidoug epyaheio epapudlovtal yior TNV
eniAuom evég TpofArjuatog Tpocouoiwong Yewioyixol ucou. o cuyxexpueva, ovoxo-
TooxeLGLETaL VoL TAEYRATIXG GUVOAO BEBOUEVWY (cuVDETXT| PngpLod eixdva) Péow tng
YEWOTATIO TN AVAAUOTG BELYUATOY TROERY OUEVKY amtd TNV oy xh exova. Ta delypoto
TIOU YENOWOTOLOLVTOL Evor EVar xavovixod xai eva Tuyako detyuo. Kou to 600 arnoterodvton
ano €va To60oT6 oreiwy Tou avépyetor 670 10,16% cou GUVONOU TV TAEYUATIXGDY OT)-
uelov g ewodvag. To mpwto mepihopfBdver 39 oTAREG Tou dEY KO0 TAEYHATOS UE WUid
yYewuetplo Tou pueiton dedouéva and darypagpies yewtprioewy. To dedtepo delypa amo-
tehelton amo Tuyala emAeypéva onueta Tou TAEypatoc. To apyxd clvolo Bedouévey
elvor To wovtého TayUTNnToc Marmousi, éva cuvieTixd oaxoucTixd poviérho 600 oo TdoE-

OV TOU XUTAOAEVACTNXE Ue [B3don To yewhoywd mpogik tng tdgeou North Quenguela,
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otnv hexdvn Cuanza, mou Bploxeton otnyv Bopetodutiny Ayxola xon xatd urxog tng A-
Thavtiic Axtoypouurc g dutic Ageiic. To povtého Marmousi yopoxtnpelleton
amd PEYOAN YEWAOYIXY) TOAUTAOXOTNTO: TOAUdEWIUN xavovixd eyt xat ovuhwuéva
TEXTOVIXE XEQUTA, TOL OTOLAL TEOXVTITOUY OO TNV UETAUXIVNOT TNG YEWAOYIXHG TASXAC, Xt
Yo T00V TO XEVTEXG TUNUa TNE Bounc wiaitepa epimhoxo. To yovtého mepiéyel eniong
TOMNEG ETLPAVELEG avdhaong, amdToueg Pulicelg xou ueYSAES BlouUdVOELS TNG Tay UTNTOG
1600 GTNY 0ptlOVTIA OGO XL GTNY XUTOXOEURT Blebiuvon.

O oxomnde e mopoloog SimhwpaTixfc epyaciog elvon 1 SLEEEUVNTIXY EQUPUOYT| YEW-
OTATIOTIXWY UEVOOWY YLl TNV TEOCOUOIWOT TG Tupamdve) Pn@laxfc EXOVaS TOU Yew-
Aoyxol péoov. Ot pédodor mou yenowwonoiinxay eivon: o) to Koavovixd Kriging xou
B) n pédodoc mpocouoiwone Katevuvtinic Boduidag xow Koumuidtnrag (Directional
Gradient Curvature (DGC)). To Koavovixé Kriging yenouonoteiton xode ebvar 1 mo
XNAOXT) XU EVPEWC YenoyloTololuevn uédodoc ywewrc tapeuforrc. H uédodoc DGC
lvo o XOUVOTOUOL, UN-TIORaUETELXY), ToTxY| pedodog Tpocouolnwong xow ThRpwong xe-
vov, N obyxplon tng omolag ye 1o Kavovixd Kriging Yo uropoloe va dwoel ypRoyleg
mhnpogopiec. Tt v egopuoyr Tou Kriging avantiydnxe hoylouxd oo mep3dAiov
mpoypauuationol MATLAB, eve yia tnv egopuoyr tng pedosou mpocouoiwone DGC
yenoulomotfinxe Aoylouxd mou €yel avoartuydel aro tnv epeuvnuxns) Movddo I'ewotati-
otwic (ITohuteyvelo Kprng).

Audpopec puédodol yior TNV eXTUNOT TV TUPUUETEMY TwV EEETALOUEVODY UOVTEAGDY
CLVOLIOTIOPAC XAl TNV AVTLIETOTION TNS oVICOTEOTIAS LAoTOlNXay yior TNV EQUOUO-
¥ tou Kavovixol Kriging. Ta anoteréopoata twv dla@odpwy HoviéAmy ot uedodwmy
aZlohoyolvTan ot UYXpivovTal UEGK XATEANAWY OTOTIOTIXGY HETPOV (T.). HECO Te-
TEAYWVIXO GPIAUAL, UEYIOTO CPIAIL AVAXATAOKEVC, CUVTEAEG TG cuayéTiong Pearson,
OUVTEAEG TN CUoYETIoNG Spearman).

Or pédodol mou yenowwomot{inxay emttuyydvouv LYNAY cUGYETION, TN TACEWS TOU
90-95%, UETAED TOV AVOXUTOUOXEVAUOUEVHV X0 TGV TEOYUATIXGY OESOUEVKV %o YLot To dUO
octyparto. Emmiéov, and tny alloAdynom xat T oUyxeLon auTeY TEOXUTTEL OTL oL Yédodot
eXTIUNONG TWV TOPUUETEWY TKV EEETALOUEVWY HOVTEAWY UE TIC XUADTEPES ETIOOTELS Elvol
exelveg TOU TEPLAOUBAVOLY TOV UETUOYNUATIONO GE LGOTPOTUXEC cuVTETAYUEvES. TéAog,
1 pédodog mpocopoiwone DGC emtuyydver cuyxpiowo ahhd EAUPEOS XATOTEPA ATO-
teréopata (tne tEewe tou 89%) amd autd tou Kovovixol Kriging. Autéd dewpolue
OTL ogelheTon GTOV TERLOPLOUO TNG TeEheuTalag Yetddou va Sloxplvel uévo ToTixEG GUOYE-
tioewg oe avtideon ue to Kriging, to omolo Aapfdver utddn tou cuoyetioeic ueyahitepng

axtivoc.
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‘Eva gupéwg dadedopévo mpdfanua ot I'ewemotrueg anotedel n npocouolwor evog
YewAoyxoU yécou. H axpBfic yvoon g YEWAOYIXAC OTROUATOYRUPlG Xou TV Loto-
TATWY TV OTEWUETOY (Y. TOPMOES, OLmEQUTOTNTA, ToUTNTO CELGUIXWY XUUSTWY,
CUYXEVIPWOOT YNUXWY G TolyelwY Xt opuxw’)v) elvon aVTIXEIEVO XEQPAUANUMOOUS O~
olog ye epopuoYEg o TOAAG TG TNHOVIXG TED(D, OTWS 1) UDEOYEWAOYI, 1) UETUAAEUTIXY),
1 unyevix tetpehaiou, 1 yewpuoxn xa 1 tepBoihovin anoxatdotacr. To olyypova
CUG THUTO GUALOYYIC BEBOUEVWY TOREYOUY CNUAVTIXT) TOCOTNTA TANEO(PORIAS OYETXE UE
TNV YwEeW, Yeovixt| 1| yweoyeovixy NEToorr TETolwY Quotxwy WoThtwy. [lopdia au-
T, OEV UTOPOLY VoL oG BOCOUV Ut OANOXANPWUEVY] EXOVA TN XATOVOUNC TWV LOOTATWY
TV, Autéd ogelleTon 0TO YEYOVOS OTL 1 TANPOGORIo AUTH EVIL GE YEWUAVAUPEPOUEVT)
uopqr (georeferenced), Snh. cuvdéeton ue ouYxEXPWEVA U6VO onueior Tou yweou. H yoe-
TOYEAPNON XL 1) YEUPIXT) OTEXOVIOT) AUTOV TV IBIOTATWY 68 xavovixd TAéyuata (oTig

1, 2 xou 3 Saoctdoelg Tou)\dXLoTov) elvol TEPLOGOTERO YEHOHN Xou ETVUUNTY.

H yewotatiotinh nopéyet dudpopa epyYaAela Yiol TOV OYEBLACUO TETOUWY YOUETOV X0l
YRUPIXOY UTELXOVICEWY UEGW CTUTIOTIXMY XUl OTOYACTIXWY UeVddmY. To mhéov eupéwg
YENOWOTIOLOVUEVY YEWOTUTIOTIXG epyaheior ebvan: o) 1) ywetxn tapeuBolt| pe Kriging xau
B) n Hpocoyoiwon.

YNy mopovoa dimhwpatix epyacio, tétotou eidoug epyaheio epapudlovtal yior TNV
eniAuom evég TpofArjuatog Tpocouoiwong Yewioyixol ucou. o cuyxexpueva, ovoxo-
TooxeLGLETaL VoL TAEYRATIXG GUVOAO BEBOUEVWY (cuVDETXT| PngpLod eixdva) Péow tng
YEWOTATIO TN AVAAUOTG BELYUATOY TROERY OUEVKY amtd TNV oy xh exova. Ta delypoto
TIOU YENOWOTOLOLVTOL Evor EVar xavovixod xai eva Tuyako detyuo. Kou to 600 arnoterodvton
ano €va To60oT6 oreiwy Tou avépyetor 670 10,16% cou GUVONOU TV TAEYUATIXGDY OT)-
uelov g ewodvag. To mpwto mepihopfBdver 39 oTAREG Tou dEY KO0 TAEYHATOS UE WUid
yYewuetplo mou Uiueiton dedopéva amd draypapieg Yewtprioewy. To dedtepo delypo anote-
Aefton omo Tuyada emAeyuéva onueio Tou Théyuatog. To apyxd chvoho dedopévwy elvou
T0 povtého TayUTNnToc Marmousi, €vo cuVUETING axoucTIXG UOVTELD BUO BLUCTAGEWY

mou avortoydnxe to 1988 and to Ivotitodto Iletpehaiov tne 'oddiog (Institut Francais
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du Petrole). To povtého autd yenowonoinxe Yo TI¢ EQYACTNRLUXES AVAYXES EVOQ
ouvedplou g EAEG (European Association of Exploration Geophysicists) yia tnv o-
VIO TROYY| GELOUIXWY BedoUEVWY Tou Sy dn oty Koneyydyn to 1990. To poviého
Marmousi xatooxevdotnxe pe Bdon to yewioyxd mpogik tne tdgeou North Quengue-
la, otnv Aexdvrn Cuanza, mou Peloxeton oty Bopelodutiny] Ayxdha xow xotd Uixog tng
Athavtinfic Axtoypouunc e dutixic Agpwic. To povtého Marmousi yopoxtnelleton
and PEYOAN YEWAOYIXY TOAUTAOXOTNTO: TOAUdEWIUN xavovixd eyt xat ovuhwuéva
TEXTOVIXG XEQUTAL, TA OTOlOL TEOXVTTOUY OO TNV UETAXIVNON TNG YEWAOYIXHC TAAXOC, Ha-
YioT00V TO XEVTEO TUNUa TNE Boung wiaitepa epimhoxo. To yovtého nepiéyel eniong
TOMNES ETLPAVELEG avdhaong, amdToueg Bulioelg xou PEYSAES BLlouUdVOELS TNG Tay UTNTOG

1600 01NV 0pIlOVTIA OGO XL GTNY XUTOXOEURT Blebuvon.

O oxomndg g napoloog dimhwpatinfc epyaciog lvon 1 SLEEEUVNTIXNY EQUPUOYT| YEW-
OTATIOTIXGY YEVOBWY YLl TNV TEOCOUOIWCT TNG THRATAVG PNeLaxiic ELXOVIS TOU YEW-
AoywoU yéoou. O yédodol tou yenowornoidnxay eivon: o) to Kavovixd Kriging xou
B) 1 pédodog mpocopoiwone Kateuduvtinic Baduidag xon Koumuldtntog (Directional
Gradient Curvature (DGC)). To Koavovixé Kriging yenouonoteiton xodode elvar 1 mo
HXNACXT) XU EVPERC YenoyloTololuevn uédodog ywewxrc tapeuforrc. H uédodoc DGC
lvo ULor XOUVOTOUOL, UN-TIORUETEXY, ToTixY| PEY0d0¢ Tpocouolwong xou TARpwoNe Xe-
Vo, 1 olyxplon tng omolag pe to Kavovixd Kriging Yo unopoloe vo 0moeL yer|oWeS
mhnpogopiec. Tt tnv egopuoyh Tou Kriging avartiydnxe hoylouxd oo mep3dArov
mpoypaupationol MATLAB, eve vy tnv egopuoyr tng pedosou mpocoupoiwone DGC
yenowomotinxe hoyiouxd mou €yel avoartuydel ano tnv Egeuvntns) Movdda INewoto-

notxhc (ITohuteyvelo Kerne).

Yny nepintwon tou Kavovixol Kriging, ta fAuata Tng YewoTaTioTXAS avdAuong

etvan Tor e€A:

Hpoxartapxtinr Avdiuon,

Extiunon Hopouétpnmy,

Enoyh Béktiotou Movtéhou (Awotovpwtind EmBeBoaiwon),
X Extiunon, xou

A s

AZohbynon Anédoong

Y10 Brua g Extlunong Hoapopétpny yenowonolninxay mévte Taporloy€g yior Ty
eXTIUNOT TV TARPUPETEWY TV EEETAlOUEVWY HOVTEAWY. Ot Topahhayéc auTég Slapépouy
UETOEY TOUC GTOV TPOTO EXTIUNONG TNS UVICOTROTIAC (TOPAUUETEIXN 1 U1 TUPOUETELXT E-
mimon) %xo0OG XL OTNY EQPARUOYT 1 U1 HETACY NUATIONOV TV BEBOUEVKY OE LOOTEOTIXAL.

To govtého ouvdlaomopds mou peretadvton ebvan ta: o) evixeupévo Exdetind, B) I'naou-



olavd, ¥) Lgoupwd, 8) Mitern ot €) Enaptidtixo. Ot mopahhoryég yior v extiunon tov

TOPUUETEWY, Ol OTole €youV ovouaoTel avdalpeTta, elvar ol e€Ng:

* DirVar0: Aev emyeipeiton extiunon twv TopauéTeemY TNG AVICOTEOTINS €X TWV
TEOTEPWY.  l¢ EX TOUTOU YENOWOTOOUVTUL GE OAOL T GTABWL TNE AVAAUCTC OVL-
COTEOTUXES GUVORTYOELS BUPLOYEUUUATEY, Ol OTOLEC TEQLEYOLY TOV PEYLETO aptiuod
AY VOO TWY TOPUUETOMV.

* DirVarl: Apywd, exTyuodvTal ol TopdUeETEOL TS avIooTeoTlag yior xadéva amo To
e&eTalOUEVOL HOVTEAN CUVBLIOTIOPAS UE TNV YPHON XATEVIUVTIXGDY PooloYQouUdTwLY.
Ev cuveyela, ol mapdustool autég elodyovton oTnV avticToly T aviGoTROTIXY| GUVEE-
TNoN PopLoYEAUUUTOS, EAXTTOVOVTAS TOV AUl TOV oy VOC TWY TUQUUETOWY XATY
Tl Yo xdie povtého. Ot VEEC avicoTpomIXES GUVOPTATELS PuploypoUdTwY (UE Al-
YotePOUC Porduole eheudeplag) YeNoWOTOOUVTOL Yiol TNV EXTUNCT] TV UTOAOLTWY
TOUEUUETEWY.

* DirVar2: Apywd, extyuovTor ol Topdueteol Tne aviootpomiug yio xadéva amo To
e&etalOueva HOVTEAN GUVBLIOTIORAC UE TNV YPNoN XATEVHUVTIXGY BoploypouUdToY.
2T GUVEYEL, Ol TURAUETEOL AUTES YENOWOTOLOOVTAL Yol TOV UETACY NUATIOUO TOU
0EY 00 AVIGOTEOTIXO) GUC TAUATOG CUVTETAYUEVWY OE €V VEO LGOTEOTUXG GUC TN
uo.  Autéd yivetar yioa xodéva amo ta mévie poviéla cuvdlaonopds. Metd Tov
UETACY NUATIOUO TOU GUOTHUATOE CUVTETAYHUEVWY EXTYWOVTOL OL TOEGUETEOL TWV O-
VTIo TOLY WV LOOTROTUXWY GUVIPTAGEWY GUVOLAOTIORMS.

* CHI1: Apyxd, exTiu®dvTon oL TOPAUETEOL TNG AVICOTEOTIOG Yiot Xodéva amo Tol
eCetalOpEva LOVTELN GUVOLIOTIORAS PE TNV Yenon tne Booiavic tautdtntag tne
ouvdlaoTopds. Ev cuveyela, ol mapdusTtpol autéc lodyovion otV avtioTolyn o-
VIGOTPOTIXY| CUVAETNGT| PopLOYEAUUUTOS, EAUTTWVOVTAS TOV LU TWV oy VOO TWY
TOUEUUETEWY XoTd TEEG Yo xdie wovieho. Ob VEEC AVICOTEOTUXES CUVAPTYCELS
Boploypapudtwy (e Ayotepouc Boduoic eheuiepiog) yenotlotoouvIaL Yl TV €-
X©TUNON TWV UTOAOLTIWY TURUUETEWY.

o CHI2: Apyuxd, exTiu®vIoL Ol TURAUETEOL TNS ovicoTeoTiag yio xadéva amo To
eZetaloyeva LovTERA GUVOLIOTIORAS UE TNV Yehor e Eoolavic tavtétntag tne
CLUVOLIOTIOPAG. LT CUVEYELX, OL TUPEAUETEOL UTEG YENOUOTOLOUVTOL YL TOV |UE-
TAOYNUATIOUO TOU GEyIX00 AVIGOTROTIXOU GUC THUNTOS CUVTETAYHEVWY GE €V VEO
100TEOTIXG CUGTNUA. AuTO Yivetan yior xardéva amo Tor TEVTE YOVTEAN GUVBLIOTO-
edc. Metd TOvV UETACYNUATIONO TOU GUCTAUATOE GUVTETAYHEVWY EXTLUMVIOL Ol

TOURAUETEOL TWV AVTIGTOLY MV IGOTROTUXMY CUVILTACEWY CUVDLACTORAC.

H emoyn tou BéATioTou povtéhou YIvEToL UE TNV EQUPUOYT| BLIo TaUEOTIXS ETBEPo-

{wone (LOOCV). To anotehéopoto Twv Slapopmy HOVTEAWY 0ELONOYOUVTOL XaL GLYXEVO-
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VToL PEOG XATEMNAWY GTATIOTIXGY UETEWY (Y. PECO TETPOYWVIXO GQIAU, UEYIOTO
OQANIOL AVOXATUAOXEVNG, CUVTEAEC TG cuoyETiong Pearson, cuvteheotig cuoyétiong Spe-
arman). H el emhoyr| tou poviéhou yiveton BAoet evog GUVTEAEGTY, 0 0TOIOC UTOAO-
yiletan yioo xde e€etalduevo YovTéAo xou GUVOLALEL TIC TWES TOU UECOU TETEOYMVLXOU
OQANIUTOS XAl TV CUVTEAECTWY cucyETiong Pearson xau Spearman.

To amoteréopato TG mTapovcag SImAwUaTixNg pyaolaug uToduxvelouv 6Tl To Yew-
otatioTixd epyaheta ebvon Wladtepa YOO O TEPLTTWOEL OOV Tol SlodEotua DEDOUEVY
TEPLEYOUV LXavT) TANPOQOEla YIor TNV EXYCTOTE HEAETWHEVY QuUOLXY| WLOTNTA. Emouévac,
n l'ewotatio x| Yo propolioe va yenowonoinel yio Ty unooinon Twy VLo TAUEVEY
YEOPUOXDY PEVODWY YId TNV TEOCOUOIGT) YEWAOYIXODY DOUOV.

To pétpa alohdynong, xou yia Toug 600 TOmoug Seryuatoindlog, detyvouv oTL dheg
ot uédodol Tou epopudainxay enttuyydvouy UPNAY cuoyétion, tne téene tou 90-95%,
UETAC) TWV OVOXATUOXEUNCUEVGY 0L TWV TEUYUATIXOY 0edouévny. Emmniéov, and tny
oUyxelor TV pedddny mpoxuntel 6T o Kavovixd Kriging Asttoupyel pe peyaidteen
UTOTEAECUATIXOTNTA OTAV TO HEYIXO OVIGOTEOTUXO GUCTNHUN CUVTETHYUEVWY UETAC)Y NHU0-
Tileton o€ wotpomind. ‘Ocov apopd o HoVTEAA CLUVBIACTIOPAS TOU EEETACTNXAY, ANd Td
OmOTENEOUATO OEY UTOBEVUETAL 1) UTEQOYY| XATOLOU €& QUTOV OTNV LXAVOTNTA TEQLYPO-
P TV YWEIXWY CUCYETIOEMY TNG UTO PEAETN WOOTNTAC EVaVTL TwV uTohoinwy. Télog,
1 Hevodog npocopoinong DGC emtuyydver ouyxplowa, aAAd EAXPEOS XATWTEQN, AUTO-
teréopata (tne tégewe tou 89%) ond autd tou Kavovixol Kriging. Autd dewpolue
OTL OelheTon GTOV TEPLOPLOUS TNG TeEheuTalag UeVdBoU var Bloxplvel H6vo ToTXEC GUOYE-
Ttioeig oe avtideorn pe 1o Kriging, 1o omoio Aoudvel utddn tou ocucyetioeg yeyahitepng

AN TIVOC.
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Nomenclature

Roman Symbols

A Subset domain of

c;(s,s") Covariance of the random field Z between the points (s,s’)

D Subset domain of R"

E[] Expectation operator

F,(zs;s) Cumulative probability function of the event z; of the random field Z
fz(zs;8) Probability density function of the event z; of the random field Z
v.(s,s’) Variogram of the random field Z between the points (s, s”)

F,(z5,2¢38,s") Joint cumulative distribution function of the random field Z at the two points

(s,5")

Iz (zs,zs/;s,s' ) Joint probability density function of the random field Z at the two points

(s,5")

"(s) Raw statistical moment of order n of the random field Z at the point s

my

m?(s,s") Raw 2D statistical moment of order n of the random field Z between the points
(s,5")

n

?c(s) Central statistical moment of order n of the random field Z at the point s

m

m; (s, s’) Central 2D statistical moment of order n of the random field Z between the points

(s.5")
P Probability function on A

p:(s,s") Correlation of the random field Z between the points (s, s’)
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s,u  Position vectors of points belonging in D

Z(-)  Scalar spatial random field

z(+)  Single realization of the scalar spatial random field Z
Z(-) Estimate of the random variable Z(-)

zZj Single realization of the scalar spatial random field Z at the j-th point s; of the domain
D,iezj=z(sj)

Zs Single realization of the scalar spatial random field Z at the point s, i.e z; = z(s)
Greek Symbols
Q Sample space of a probability field

w State of the sample space of a probability field



Introduction

Geostatistics, since its empirical development by Matheron and Krige in the early 1960s
(Cressie, 1990; Krige, 1951; Matheron, 1971) and the subsequent theoretical enhancement,
was widely adopted by diverse scientific and engineering fields such as mining (Galetakis,
1998; Goovaerts, 1997; Pavlides et al., 2015) and petroleum engineering (Deutsch, 2002;
Kelkar and Perez, 2002), hydrogeology (Mariethoz and Renard, 2010; Papadopoulou et al.,
2009; Varouchakis and Hristopulos, 2013), meteorology (Agou, 2016; Bargaoui and Chebbi,
2009; Liu et al., 2010), atmospheric science (Zukovi¢ and Hristopulos, 2013a), remote
sensing (Zukovié and Hristopulos, 2013b), environmental and earth sciences (Christakos,
1992; Varouchakis et al., 2015), and material science (Greene, 1992). The widespread utility
and success of the tools provided by Geostatistics is due to the growing demand for efficient
analysis of the increasing amount of data being gathered by the sophisticated acquisition
methods of the last decades.

A common problem in Geosciences is that of geological media modelling, i.e. the
mapping of properties of the geological stratas’ (e.g. mineral or pollutant concenteration,
porosity, permeability, seismic waves velocity, resistivity). The graphical representation of
these properties’ spatial, temporal or spatiotemporal distribution can improve the understand-
ing of the environmental parameters affecting the geological systems of interest and the

decision-making for the scientists and engineers.

In this thesis we present an application of geostatistical methods in a problem of geolog-
ical media modelling. Random and regular samples of the Marmousi Model (Bourgeois
et al., 1990; Versteeg and Grau, 1990), a synthetic, two dimensional, acoustic model released
at the workshop of 52nd EAEG meeting in 1990, are used as data. For the reconstruction
of the original dataset, two methods are employed: 1) Kriging estimation and ii) Directional
Gradient Curvature (DGC) simulation method (Zukovi¢ and Hristopulos, 2013a). Several
methods regarding the parameter inference and anisotropy estimation of the data (i.e. para-
metric - non parametric anisotropy parameter inference) and the transformation of the data

to isotropic or not, are investigated in the case of OK. To evaluate the performance of the
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OK and the DGC simulation, proper validation measures are calculated for each method and
compared.

This thesis is structured as follows: In the first chapter a brief definition of Geostatistics
is given. The second chapter comprises basic notions of random fields, which constitute
the primary tool of Geostatistics. The third and fourth chapters present the kriging and the
simulation methods, respectively. The fifth chapter describes the commonly followed steps
of data analysis. The sixth focuses on the case study of this thesis, concerning the application
of geostatistical methods in the above described geological media modelling. Finally, in the

seventh chapter the conclusions of the thesis are presented.



Chapter 1
Spatial Interpolation and Geostatistics

Assume that at two points of a 2D space, §1(x1,y1) and s3(x2,y2), the values of a physical
variable, Z(s1) and Z(s,), respectively, are measured and known. Assume a third point in
the same space, u(x3,y3), at which the value of the physical variable is unknown, Z(u) =?.
The principle of spatial continuity (also known as the 1st Law of Geography Tobler (1970))
indicates that physical phenomena are not randomly distributed in space but exhibit spatial
correlation. As such, the information provided by the known values can be used to produce
an estimation for the missing value, i.e. Z(u) = f(Z(s1),Z(s2)). This simple problem,
illustrated in Fig. 1.1, is frequently encountered in spatial interpolation. It commonly
arises due to lack of practicality, accesibility, financing or time (or a combination of them)
demanded for an exhaustive sampling or due to malfunctions of the sampling equipment.

In practice the unknown values are usually nodes of a regular, numerical grid which covers
the area of interest. The data set which provides the necessary information for the estimation
of the missing values comprises hundreds or even thousands of known values. Thus, the
estimation of the missing values results in mapping the distribution of the investigated
physical variable in the whole area (see Fig. 1.1).

The various methods of spatial interpolation can be divided into two broad categories, the
deterministic and the stochastic methods. The first category includes methods which use
mathematical functions to calculate the values at the investigated locations based on the values
of neighboring data. Some of these methods are Thiessen polygons (also known as Dirichlet
or Voronoi diagrams), Natural Neighboors Method, Distance Weighted Methods, (Fuzzy)
k-Nearest Neighboors, Moving Average Methods and Trend Surface Analysis (Barnett,
1981; Burrough et al., 2013).

The stochastic methods combine mathematical and statistical tools to estimate the un-
known values and also assess the uncertainty of these estimations. They can be applied in

mathematical modelling of spatial, temporal and spatiotemporal correlated data.
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Figure 1.1 Graphical interpretation of Spatial Interpolation problems

The stochastic methods can be further divided into Estimation processes and Simulation
processes. The estimation processes aim to determine the optimal value at the points
of interest under one optimization criterion (e.g. minimizing the mean square error or
maximizing the likelihood). Simulation processes, on the other hand, are intended to produce
many of the possible states (alternative scenarios) of the field which satisfactorily agree with
the existing statistical limitations resulting from the training sample (e.g. mean, standard
deviation, variogram). Geostatistics belong to the stochastic methods (Lantuéjoul, 2013).

Frequently, the advantages of deterministic methods are the simplicity and ease of
implementation, and the small computational cost. Disadvantages include lack of flexibility
and uncertainty assessment. The stochastic methods, on the contrary, are more flexible,
provide uncertainty assessment and higher accuracy. The limitations of them are related
to the high computational cost and the possible big number of parameters needed to be
tunned (Chiles and Delfiner, 2012; Lantuéjoul, 2013).



Chapter 2

Random Fields

2.1 Random Field

Random Fields (RFs) comprise the primary tool of Geostatistics. Generally, a random field is
a set of random values that describe the distribution of a physical property in an n-dimensional
space. Each of these values is attributed to a particular point in the n-dimensional space and
at every point of this space the possible values follow a probability distribution function (pdf).
The pdf can be the same or differ from one point to the other. The distribution of the random
variable throughout the field can be described from the joint probability distribution function
(j-pdf), i.e. the j-pdf describes the correlations between different points. As such, the value at
one point can be written as a function of the values of other points, especially of the most
adjacent ones (principle of spatial continuity). This spatial dependence (correlation) is the
special feature that differentiates RFs from totally random (uncorrelated) processes.

A more strictly mathematical definition of random field is the following: "Given a
domain D C R" (with a positive volume) and a probability space (Q,A, P), a random field is
a function of two variables Z(s, ®) such that for each s € D the section Z(s,-) is a random
variable on (,A, P). Each of the functions Z(-, ®) defined on D as the section of the RF at
o € Q is a realization of the RF." Herein, for brevity and simplicity, RF is denoted by Z(s),
and with the lowercase z(s) is denoted a single realization of the RF at the point s (Chiles
and Delfiner, 2012).

A probability space (also known as probability field) is a mathematical triplet (Q,A, P)
consisting of:

e the sample space (or space of elementary events) €, which is a non-empty set of all
possible events of a model

e the o-algebra A, which is a set of subsets of € , called events, and
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e the probability measure P : A — [0, 1], which is a function on A, satisfying the condition
P(Q) =1 (Kolmogorov, 1960).

Depending on their properties the Random Fields can be classified into various categories.
Markov random fields (MRF) (Kindermann, 1980; Rozanov, 1982), and Gaussian random
fields (GaRF) (Adler and Taylor, 2007; Khoshnevisan, 2002) represent some of the major
amongst these categories.

2.2 Probability Functions

2.2.1 1D Probability Functions

The one-dimensional (point) probability density function (pdf) at a point s of a random field,
denoted as f;(zs; ), describes the possible situations of the field at that specific point. In
other words, the pdf gives the interval probability of the event z;

f(z538) = P(z5) = P(z1 < zs < 22). (2.1)

Similarly can be defined the cumulative distribution function (cdf) at the point s of the
random field, F;(zy;s), as
F(z5;8) = P(zs < 21)- (2.2)

From Eq. (2.1) and (2.2), if F.(zy;s) is differentiable in z;, follows that

d
fi(zs;8) = F(22582) — F(21581) = an(Zs;S)- (2.3)

Conversely, if f;(zs;8) exists, it is valid that

F.(zs;$) :/ZS fz(v;8)dv. (2.4)

Some commonly used pdf are shown in Table 2.1.

2.2.2 2D Probability Functions

The two-dimensional probability functions of a random field,i.e. the joint probability den-
sity function (j-pdf), f.(zs,2¢;8,8"), and the joint cummulative distribution function (j-cdf),
F.(z5,2¢;5,8"), describe the correlations between the possible situations of the field at two

points. Specifically, they give respectively the interval and the cummulative probabilities of
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Table 2.1 Common used probability density functions
Model Probability Density Function
1
—, € la,b
Uniform fo(zs:8) = =9 Zs € [a, D]
0, zs & [a,b]
b~texp(—=b~'x), z;>0
Exponential Z5:8) = -
p f2(25:8) {O, 2, <0
2
Gaussian felzs:8) = ( 2%6)_1exp(—%)
the appearance both of the events z;,zy
folzs,20:8,8") = P(21 < 2y <22) NP(z3 < 29 < ), (2.5)
F.(25,2¢:8,8') = P(zs < 21) N P(zy < 22). (2.6)
Note that Egs. (2.5) and (2.6) are reciprocally linked
/ 82 /
158, = F(25,2558,8 ), 2.7
fe(z5,2538,8) SRR 2(25,2¢38,5) 2.7)
s ZS/
F,(25,2¢:8,8") = / / f:(v,V';s,8")dvav'. (2.8)

2.3 Statistical Moments

The probability functions describe completely a random field, but they cannot always be easily

and accurately defined. Thus, it is more convenient to work with the statistical moments,

which contain partial (but sufficient) information about the random field and can be more

easily estimated from the data. The Statistical Moments comprise a set of deterministic

quantities, which represent average values (expectations), on all the possible states of the RF,

of various combinations of the field’s values in one or more locations.

In practical applications, the statistical moments of interest are those of low order (up to

4th-order), since the increase in the order implies harder estimation. Low-order moments

are mean, variance, skewness and kurtosis for one-dimensional pdfs, while for joint pdfs
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covariance and variogram are the main low-order moments (Casella and Berger, 2001;
Kitanidis, 1997; Papoulis and Pillai, 2002; Thijssen, 2016). An analytic description of them
is presented in the following sections.

2.3.1 1D Statistical Moments

The raw statistical moment of order n for a continuum variable is defined according to the
equation

(o]

mi(s) =B[Z' @) = [ _f(ais)dz, 2.9

where E[-] denotes the expectation operator.

To estimate the raw statistical moments of a sample, the following equation is used
== —Y 2, (2.10)

where M the size of the sample.

Another class of statistical moments is the central statistical moments, which represent
the expectation values of the field’s fluctuations around the mean value (see 2.3.1), Z'(s) =
Z(s) —m;,(s), i.e. they provide a measure of dispersion around the mean.

The central statistical moments of order n for a continuum variable and a sample are

given by

m? .(s) = E[(Z(s) —m:(s))"]| =E[(Z'(s))"] = /i(zs—mz(S))”fz(Zs;S) dzg,  (2.11)

M
1e=7"==Y (zj—my(s;)", (2.12)

respectively.
Similar equations can be derived for the estimation of raw and central statistical moments

in the case of discrete variables by replacing the integrals with summations.

Mean Value

The mean value is the 1st order statistical moment

m,(s) =E[Z(s)], (2.13)
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and represents a measure of the central tendency of the probability distribution.

The mean value may not be independent of the position s due to possible spatial de-
pendence of the one-dimensional pdf. It is common practice to model the m_(s) with a
deterministic trend function and, subtracting it from the field values, to statistically process
the fluctuations.

Variance
The variance is the 2st order central statistical moment

o2 (s) = mZ (s) = E[(Z(s) —m:(s))*] = E[(Z'(5))?], (2.14)

b4 Z,¢

and measures the dispersion from the center of the distribution. Its positive square root is the

standard deviation ©.

Skewness

The skewness is the standardized 3rd order central statistical moment

1 1
se(s) = —El(Z(s) ~m:(s))] = —E[(Z/(5))’), 2.15)

Z Z
and measures the assymetry of the distribution. Right skewed (= right tail longer) dis-
tributions have positive skewness, while the left skewed ones have negative skewness. A

symmetric distribution (i.e. gaussian) has s;(s) = 0.

Kurtosis

The kurtosis is the standardized 4th order central statistical moment

1

ko(s) = —E[(Z(s) —m(s))"] = ;]E[(Z’(s))“], (2.16)
Z

and measures the heaviness of the tail of the distribution, compared to the normal distribution

of the same variance. Gaussian distribution has k(s) = 3, distributions with narrower peaks,

called leptokurtic, have k;(s) > 3, and distributions with wider peaks, called platykurtic, have

k.(s) < 3.
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2.3.2 2D Statistical Moments
Covariance

The covariance is a 2nd order central 2D statistical moment

E[(Z(s) —m(s))(Z(s") —m(s"))]

E[Z(s)Z(s")] — m,(s)m,(s") (2.17)
E[Z'(s)Z'(s")],

and describes the quantitative dependence of the field’s fluctuations between two different

c(s, S/)

points. Higher absolute values indicate a higher dependence (correlation) and vice versa.
Positive covariance implies variables with similar behaviors, i.e. increasing or decreasing
of the one variable’s values correspond to also increasing or decreasing, respectively, of
the other variable’s values. In the opposite case, negative covariance implies variables with
opposite behaviors, i.e. increasing of the one variable’s values correspond to decreasing of
the other variable’s values.

The covariance is dependent on the distance r = s’ — s between the two points s and

s’. When the distance between the two points is oo, the covariance is zero. As the distance

decreases the covariance is increasing and when distance tends to zero, i.e. s = s’, the

covariance takes the maximum possible value, which is equal to the variance of the random
field at that point

c.(s,8) = 62(s). (2.18)

Thus, the Eq. (2.17) can be rewritten as

c:(s,8+r1)=c(s,r) =E[Z'(s)Z (s +71)]. (2.19)

The standardization of the covariance by dividing it with the product of standard devi-
ations at the two points (or with the variance if 6;(s) = o;(s’)) gives a more accurate and

meritocratic measure of the spatial dependences, which is called correlation coefficient

/
pZ(S,SI)_ CZ<S’S)

= ool €-1,1]. (2.20)

or, taking into account the dependence of covariance on r = s" — s,

c.(s,r)

o(s)os+r < R

pz(sar) -
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A graphical interpretation of the effect of different data distributions on the correlation
coefficient can be seen in Fig. 2.1 where several sets of (x,y) points with estimated correlation
coefficient are plotted. It can be noted that the correlation reflects the noisiness and direction
of a linear relationship (top row), but not the slope of that relationship (middle), nor many

aspects of nonlinear relationships (bottom).
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Figure 2.1 Several sets of (X, y) points, with the Pearson correlation coefficient of x and y for each
set [https://en.wikipedia.org/wiki/Correlation_and_dependence]

Variogram

The variogram is also a 2nd order central 2D statistical moment

7(5,8) = JE[(Z () - Z())]

_ %Var[Z’(s) ~Z'(s")],

(2.22)

and like the covariance describes the spatial dependence of the field’s fluctuations between
two different points.

Similarly to covariance, variogram is dependent on the distance between the two points
(r=s"—5). When ||r|| =0, %(s,s’) =0 and as ||r|| increases, the same does ¥;(s,s’).
However, variogram, in contrast with the covariance, does not require the a priori knowledge
of the mean value of the RF, since by differencing the values of the RF the stochastic trends
are removed. Therefore, it holds that

(5,') = 1) = S EI(Z/(5) ~ Z (s + 7)) @.23)


https://en.wikipedia.org/wiki/Correlation_and_dependence
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Basic Parameters of the 2D Statistical Moments

In order to define the 2D Statistical Moments (i.e. covariance, correlation and variogram)
and describe a random field, the following two parameters have to be determined:

e covariance (GZZ), which measures the width of the fields variations, and

e correlation length (&), which normalizes the distance (||r||) such that the covariance
can be also expressed as function of a dimensionless distance (h) instead of £.

2.4 Stationarity, Ergodicity and Isotropy

Except from the statistical moments, there are some properties of the RFs, such as stationar-
ity, ergodicity and isotropy, which are of great importance for stochastic analysis.

2.4.1 Stationarity

Stationarity (or Homogeneity) implies that the probabilistic behavior of a stochastic process
is independent of the position in space or time or spacetime. In practice, because strict
stationarity is very difficult to establish, a weakened version of it is used (Chiles and Delfiner,
2012; Shumway and Stoffer, 2011).

Definition 2.1. A random field Z(s) is called weakly or 2nd-order stationary, if it is a finite
variance process such that
(i) the mean value is constant and does not depend on position in space,
E[Z(s)] = m,,Vs € D, and
(ii) the covariance, c,(s,s’), defined in ( 2.17) depends only on r = s' — s,
c.(s,8") =c,(r),Vs,s' € D.

One important consequence of 2nd-order stationarity of a random field is that the covari-

ance and the variogram of it are related
1(r) = 02 —ci(r), (2.24)

where GZZ is the constant variance Vs € D.

2.4.2 Ergodicity

Ergodicity attributes stochastic processes that their average behavior over time remains

identical to that over space. Therefore it follows that ergodic processes are perforce stationary
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(without the reverse being true). From practical aspect, ergodicity implies that a single
sample is sufficient for the estimation of the statistical properties (i.e. moments) of a random
process (Yaglom, 1987).

Since the analysis of random fields is restricted to the study of 2nd-order moments (as
already mentioned) the ergodic behavior of a stationary RF can sufficiently be established
by demonstrating that the mean and covariance functions are ergodic (Chiles and Delfiner,
2012).

2.4.3 Isotropy & Anisotropy

A stochastic process is called isotropic if its attributes are independent of spatial direction,
i.e. it exhibits uniform behavior in all orientations. For a stationary random field, isotropy
means that its covariance and variogram can be expressed as functions of the modulus of the

vector r instead of the simple vector, i.e.

c(r) = c:(|rl]), (2.25)
and
Y(r) = v([rl). (2.26)

Generally, there are two types of anisotropy, zonal anisotropy and range or elliptical
anisotropy. In the first case, the random field exhibits directional dependent variance (GZZ).
In the later case the directionally dependent attribute of the field is the correlation length (&).

Zonal anisotropy can be modelled simply as the superposition of n number of ran-
dom fields, where n the dimensionality of the field. On the contrary, modelling range
anisotropy is more complicated, as the model’s parameters include n number of correlation
lengths &1, &5, ..., &, (one for each dimension) and m = % = 2(n”—7'2), number of rotation angles
01,0, ..., 0, (one for each plane containing two of the n axes). It is obvious that isotropy is
a subcategory of range anisotropy, where §; =& = ... =&, and ¢; = ¢ = ... = ¢,,. Fora
homogeneous random field modelling anisotropy can be achieved with the computation of

an anisotropic norm of the distance, i.e. the covariance can be expressed as

cz(r) = c.(|rll4), (2.27)

where ||r|| 4 is the anisotropic norm and is equivalent to the above mentioned dimensionless
distance h.
The analytic computation of the anisotropic norm can be derived by using transformation

matrices. Any random field can be considered as an anisotropic field, which has been derived
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from an initially isotropic one that was rescaled and rotated to its final elliptical form. In a

2D case, this can be mathematically depicted by using the following computations:

ran - RSris

x| |cos¢ —sing||& O] |x
/

Y| |sing coso | |0 & |y

x Eicos¢p —&rsing x]
RN =
Y Eising  Scos¢ | |y]

& Tan = Brjg,

(2.28)

where rjg the initial isotropic coordinations system, ra, the tranformed anisotropic coordina-
tions system, R the rotation matrix, S the rescaling matrix, B = RS the total tranformation
matrix, ¢ the rotation angle measured counterclockwise between the horizontal axis of the
coordinate system and the first met principal axis of the anisotropy ellipse, and &;, &, the
correlation lengths along each of the principal axes direction (&; refers to the direction of the
rotation angle ¢).

The anisotropic norm of the transformed (anisotropic) coordinations system, which is the
point, is equivalent to the euclidean norm of the original isotropic coordinations system, i.e.
|ran|| 4 = ||ris||. Therefore, the inversion of the transformation, a graphical representation of
which can also be seen in Fig. 2.2, and subsequently the calculation of the euclidean norm
of the inverted (isotropic) coordinations system become necessary steps for the processing of
an anisotropic field.

The transformation can be inverted as

ris = B 'ran, (2.29)
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Principal Directions

Rotation

-
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I System g

Isolevel Contours @-

Figure 2.2 Inverse transformation of anisotropic coordinations system

where

B l=[RS] 1=s"1R"!

_ [51 0]] [COS(P sin(p]]

0 & sing  cos¢
_ 1| o 1 [ cos¢  sing
&b [O 51] cos2 + sin?¢ - sin ¢ COS¢] (2.30)
1 [ cos¢  sing
_ a 0 cos¢ sin¢g _ &1 &
0 1 —sing cos¢ —sing  cos¢
& = 5

and the square of the euclidean norm of the inverted coordinations is, then, calculated as

W = ||ran); = |Eisl? = w1y
H an”A H ISH Is 1 (2.31)

— (B_lran)TB_lran — ranT(B_l)TB_lran.
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By setting A = (B™1)7B~! and substituting in Eq. (2.31) follows a more concise

expression for the dimensioneless distance

h=||ranll, = \/ ri Aran, (2.32)

where A can be computed analytically by using the Eq. (2.30) as

A= (B_I)TB_I
cos¢  sin@ "1 cos ¢ sing
S S &1 &1

—sing cos¢ —sin¢g cos¢

& & & &

cos® —sin¢ cos®  sin¢
B &1 & &1 &1 (2.33)
| sin ¢ cos¢ —sin¢g cos¢

d 52 & &
<c(;sl¢)2+<sigz¢)2 <§i12_%22> COS(PSin(p_

(b )omoime (222)" (52)

Setting

_ [cos¢ 2 sin(]))2

e (S0 (o oo
_ (sing 2 cos¢)2

Ay = ( g ) +( 52 . (2.34b)

1 1
App = (5—12 — 5—22> cos @ sin @ (2.34¢)
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in Eq. (2.33) and combining with Eq. (2.32) it follows that

h = ||ranl|, = \V IinATan

(]

= VAIXZ+2A 10Xy + Agy2.

1/2

Ar A [x/ y,} (2.35)
A Ay

Note that in case of isotropic initial random field, i.e. & = & = & and ¢ = 0, it follows

thatAj =A, =1/ 52,A12 = 0 and the resulting dimensionless distance is

h= /212 & =rll /&, (236)

as it would be expected. Also, noticeable is the fact that an anisotropic field can be equiva-
lently processed either as anisotropic by using the 2D dimensionless distance defined in Eq.
(2.35) or as isotropic, using Eq. (2.36), after inverting the transformation effect.

Similar calculations can also be applied for 3-dimensional RFs, with the difference that
three rotation angles (Euler angles) and three correlation lengths are needed in these cases to

perform the inverse transformation. The corresponding 3D transformation matrix B is

& 0 O] [cos¢; —sing; Of |1 0 0 cos¢s —singz O
B=|(0 & 0] [sing; cos¢y Of |0 cos¢p —singy| [sings cosps 0O
0 0 & 0 0 1| |0 singy cos¢h 0 0 1

2.5 Permissible Covariance Functions

The covariance functions can not be any function, but have to meet some conditions. The
conditions that determine the permissible covariance functions are provided by the Bochner’s

theorem.

Theorem 2.1. A function c,(r) is a permissible covariance function, if the following condi-
tions hold:

(i) the integral c,(k) = [ c,(r)e ™" dr exists and is symmetric ¢, (k) = ¢,(—k),

(ii) it is non negative for all frequencies k, and

(iii) is bounded for all frequencies k.
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The first condition implies that the Fourier transform of ¢,(r) (also called spectral density
function of the random field) exists. Moreover, the symmetry of c,(r) ensures the positive
semidefinitness of the covariance function, which is essential for the inversion of covariance
matrices (see section 3). The second condition demands that c;(k) >0 Vk € R". Finally,

the third condition ensures the existence of the RF’s variance (GZZ) (Bochner et al., 1959).

Table 2.2 Permissible Covariance Functions. K, (-) denote the modified Bessel functions of the
second kind of order v, I'(-) denote the Gamma function, h denotes the dimensionless distance,

A=[n} 4% Bio=2Fm|"?/2, and w1, = (jm FA|/2)"%.

Model Covariance
2
o;, h=0
Nugget Effect c;(h)=4 %’
0, h#£0
Generalized Exponential ¢;(h) = Gze_h ) O<v<2
Gaussian = 0'2 —h
2(1-1.5h+0.5h%), 0<h<1
Spherical = * ) -
h>1
35 7 3
—TR+ = —-P+=h"), 0<h<]
Cubic 4 2 + 4 ’ -
h>1
hY Ky (
Matérn (or Bessel-K) c;(h) = Gzzzvl—\llﬂ() v>0
Generalized Cauchy c.(h) = o2(14+h%)~V/*, 0<a<2, v>0
Rational Quadratic c.(h) = c2(1+h*)7Y, v>0
Exponential Sine c,(h) = 62 sin (ge’h)
in (h
Cardinal Sine c.(h) = 62 Sm}f )
ooy (SR o (22
27A h i S A2+
Mo _p No
Spartan (3D) cz(h) =19 gz¢ m=2 (o= %)7
—hw; —hw,
No e Mo
MA( ; ) m>2 (07 = (o —an))
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The mathematical expressions of some permissible covariance functions are shown in
Table 2.2, while Fig. 2.3 depicts some graphs of them.

The model of Nugget Effect describes fluctuations that are spatially uncorrelated, such
those that take place in distances shorter than the resolution of the sample or those resulting
from errors of the sampling method.

The Generalized Exponential model characterizes distributions with abrupt spatial
changes, i.e. the spatial correlation decreases rapidly with the increase of distance. The rapid-
ity of the reduction increases with the decreasing of the value of the smoothness parameter v.
The most widely used model of the Generalized Exponential family is the one with v = 1;
the Exponential model.

In contrast, the Gaussian model characterizes smoother spatial changes. However, a
strong disadvandage of it is that it can lead to numerical instabilities in the covariance matrix
calculation.

Spherical and Cubic models indicate RFs with even faster decreasing. Also, unlike the
other models which asymptotically decline to zero when & — oo, they are zeroed for 4 > 1 (h
denotes the dimensionless distance as defined in section 2.4.3).

Exponential Sine and Cardinal Sine models describe fluctuations with wavy and oscilla-
tory behavior. The Generalized Cauchy model and the Rational Quadratic model, which is
a subcase of the first, exhibit power-law dependence with different exponents in small and
large scales (Chiles and Delfiner, 2012).

The Matérn or Bessel-K model is characterized by great flexibility since different values
of the parameter v correspond to different behaviors of the model. In Table 2.3 the special
mathematical expressions of the Matérn model for different values of v are presented (Chiles
and Delfiner, 2012; Guttorp and Gneiting, 2006).

Finally, the Spartan model (SSRF) derives from the generalized Gibbs random fields
theory. It differs from the other models since it is expressed through the parameters 1y and
M instead of GZZ. The parameter 1 is the scaling factor (defined the magnitude) of the
covariance function, while the parameter 1 (rigidity parameter) is related to the shape.The
Spartan model, similar to the Matérn, exhibits great flexibility due to the different expressions
obtained depending on the value of the parameter 1;. For 1y = 2 the Spartan model is
equivalent to the Exponential model, for |efa;| < 2 it is similar to the product of Exponential
and Cardinal Sine models and exhibits oscillatory behavior, and for n; > 2 a new form is
obtained (Hristopulos and Elogne, 2007).

Furthermore, any combination (e.g. summation, multiplication, etc.) of permissible
covariance functions leads to also permissible covariance function. The most commonly used

combination is the summation of the nugget effect model with any of the other permissible
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models (Fig. 2.5). This combination enables the modelling of a data sample which contains

errors due to the low resolution or the errors of the acquisition method or equipment.

Table 2.3 Special cases of Matérn model for different values of v

v Expression Name
v=1/3 c.(h)=022*3n'3K; ;3(h)/T(1/3) von Kérman
v=1/2 ¢, (h)=02e" Exponential
v=1 c¢;(h)=02hK,(h) Whittle
v=3/2 c,(h)=02(1+h)e" Modified Exponential
o
v=2 c¢;(h)=0; ?Kz(h) -
v=5/2 c;(h)=02(1+h+=h*)e " 3rd order autoregressive
1
v=3 c(h) = c§§h3K3(h) -
h2K; 1 (h
v=7/2 c(h) =02 112(1) i

- % 25/21°(7/2)

Having determined the permissible covariance models, it is possible to determine the

corresponding variogram models, at least for stationary random fields, as Eq. (2.24) indicates.

Examples of permissible variogram models are shown in Table 2.4 and plots in Fig. 2.4.



2.5 Permissible Covariance Functions 21

Table 2.4 Permissible Variogram Functions. K, () denote the modified Bessel functions of the
second kind of order v, I'(-) denote the Gamma function, h denotes the dimensionless distance,

A=[n} 42 Bia=2Fm|"?/2, and @, = (Jm FA|/2)"%.

Model Variogram

0 h=20
Nugget Effect h)y=<"

gg Y:(h) {GZZ, h£0
Generalized Exponential ¥, (h) = 62 (1 — e‘hv> , O<v<2
Gaussian %.(h) = o? (1 - e‘hz)
, 0—3(1.5h—0.5h3), 0<h<l

Spherical Y.(h) = ;

o?, h>1

7
_ o’ 7h2—3—5h3+—h5—§h7 ., 0<h<l1

Cubic Y.(h) = + 2 4

o2, h>1

hYKy(h
Matérn (or Bessel-K) % (h) = o2 (1 — 2V1{“((v))) : v>0
Generalized Cauchy ¥(h) = 62 (1 —( +h°‘)“’/°‘> . 0<a<2 v>0
Rational Quadratic %.(h) = o? (1 —(1 +h2)_v) : v>0
Exponential Sine %:(h) = o (1 sin (ge_h))
h
Cardinal Sine %(h) = o? (1 - smh( ) >
(

Mo 1 1 ng, Sin(hP1)

S L (e <2

%n<2\/m A)e poo mis2

0 _

Spartan (3D) %(h) =< 3z (1 —e h) ; m=2,

—how, _ ,—hw
ﬂ(wz—wl) (1—¥> . M >2
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Figure 2.3 Permissible Covariance Models: a) Generalized Exponential; b) Gaussian; c) Spherical; d)
Cardinal Sine; ) Matérn; f) Spartan (3D). The used parameters are o'z2 =1,E=1andny=10(his

the dimensionless distance & = r/& where & the correlation length).
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0.2 —y=0.5|4 0.2}
=—v=1.0,

v=1.5

®

Figure 2.4 Variogram Models: a) Generalized Exponential; b) Gaussian; c¢) Spherical; d) Cardinal
Sine; e) Matérn; f) Spartan (3D). The used parameters are O'Z2 =1,& =1and no = 10 (h is the
dimensionless distance & = r/& where & the correlation length).
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Figure 2.5 Summation of Permissible Model with Nugget Effect: a) Covariance; b) Variogram.
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2.6 Experimental Covariance and Variogram

In many cases, the computation of the experimental covariance or variogram from the data is

necessary. The experimental variogram is computed as:

1 N)
7:(h Z 2(si) — z(si +h)]?, (2.38)
and the experimental covariance as:
R 1 N
C:(h) = IND) Z [2(si)z(si+h) — i (s — )iz (s; +h) ] (2.39)

where N(h) is the number of pairs of data locations i which are separated by a vector h.
Hence, in a 2D anisotropic case the space is separated into cyclical sections defined from
an upper and lower anglular limit and an upper and lower distance limit (see Fig. 2.6). For
each of these sections the corresponding experimental variogram value ¥;(s¢ k) is calculated
and attached to the center of it, sc k. For isotropic 2D cases or 1D cases, only distance limits
are applied and the experimental variogram values are attached to the center of the resulting
distance sections (or lags).
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Figure 2.6 Space separation into cyclical sections



Chapter 3

Kriging

3.1 Basic Notions of Kriging

Kriging is the method developed by the South African engineer Danie G. Krige in 1951
while working on the evaluation of the Witwatersrand reef complex (South Africa) gold
resources (Cressie, 1990; Krige, 1951). Kriging is the most commonly used geostatistical
method of interpolation. The Kriging Estimator predicts the value of a random field Z(-) at
a point sy, where no measurements are available, as a weighted average of n neighbooring
values (Z(s1),Z(s2),---,Z(sn)). The set of prediction points (S,) comprises the nodes of a
regular grid, which covers the area of interest. In this way, the estimation of the missing
values leads to the mapping and the iso-level contour representation of the random field over
it. The neighbooring points, where measurements are available, consist the sampling set (S;).
For the predictions ideally the whole sampling set is used. However, in the cases where the
computational complexity is high, it is possible to use only a part of the dataset. This can
be achieved by using only the sampling points within a user-defined kriging neighboorhood
around the prediction point.

The generalized Kriging Estimator is mathematically expressed as:

A n(w)

Z(u) =my(u)+ Y A [Z(s) —ma(si)] (3.1)

i=1

where A; are the linear weights of the sampling points and n(u) is the number of the sampling
points within the kriging neighboorhood of the prediction point sy.
The weights of the Kriging Estimator are calculated by considering three restrictions:

* the estimations must respect the real data; thus, the statistical information derived from

the data (covariance or variogram model) is used,
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¢ the variance of the error of the estimation must be minimized, and

* the unbiasedness constraint must be fullfilled.

The predictions given by the Kriging Estimator, due to the minimization of the variance
of the estimation’s error, are the best linear unbiased estimations (BLUE) (Goovaerts, 1997).
Kriging, in contrast to other methods of interpolation, makes possible the quantification of
the uncertainty of the estimations at each point, giving a validation tool for the estimations’
reliability.

3.1.1 Error Variance
The error variance is given from the equation:
62(u) = Var [Z(u) - Z(u)} . (32)

The minimization of it and therefore the obtainment of the optimal linear weights A; is
achieved by setting to zero each of the n(u) partial first derivatives of the error variance with

respect to the weights, i.e.

=0, i=1,..,n(u). (3.3)

The restriction imposed by the unbiasedness constraint, under which the optimization

must be done, ensures that the mean value of the error £(u) = Z(u) — Z(u) is zeroed, i.e.
E[e(u)] = E[Z(u) — Z(u] = 0. (3.4)

If it 1s not fulfilled by default from the Kriging Estimator (see section 3.2.2), it is imposed
as an additional restriction for the linear weights (Chiles and Delfiner, 2012; Oliver and
Webster, 2015).

3.2 Methods of Kriging

There are various methods of Kriging, with the following to be the most widely used:
» Simple Kriging (SK), which applies when the mean value of the random field is
constant and known.
* Ordinary Kriging (OK), which applies when the mean value of the field is constant

within the neighboorhood of the estimated point but unknown.
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* Universal Kriging (UK), which applies when the mean value of the field is not
constant (depends on the location) and unknown.

* Indicator Kriging (IK), which applies when the values of the random field can be
sorted into categories by using threshold values.

* Co-Kriging (CK), which applies when the values of the random field are correlated
to more than one variables, i.e. in multivariate cases, where the cross-correlation

functions between the variables must be taken into account.

Herein, only the first two methods of Kriging will be described in details.

3.2.1 Simple Kriging

Simple Kriging (SK) is applied when the mean value of the random field is known and
constant throughout the area of interest, i.e. E[Z(s)] = m,. Replacing to Eq. (3.1), the
expression for the Simple Kriging Estimator derives as:

n(u) n(u)
Zw)=m; 1= Y A| + Y AZ(sy). (3.5)
i=1 i=1

The mean of the estimation’s error is:

Ele(w)] = E[Z(u) - Z(u)]

n(u

n(u) )
—E[Z(u)—m, [1- Zl Ai| — Zl AiZ(si)]

@ (3.6)

n(u)
— E[Z(u)] — E[m,] + ; AiE[m;] —

n

(u)
; )L,'E [Z(Si)]

n(u) n(u)
=m,—m;+ Z Aim, — Z Aim, = 0.
i=1 i=1
This means that the SK Estimator fulfills by construction the unbiassedness constraint and

therefore no additional restriction has to be imposed to the error variance minimization.

The optimal linear weights A; are calculated by solving the linear equations system
deriving from Eq. (3.3):

n(u)

Ajc (si—sj) =c(si—su), i,j=1,....n(u), (3.7)

—

~
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or in formulation of matrix equation:

CijAj=Ciu
cz(s1—s1) - - c(s1—sa)| [M cz(s1—u)
CZ(SZ_SI) Cz(SZ_Sn) A Cz<52_u)
@ . . =
cz(Sn—s1) o+ -0 cz(Sn—sn)| [ cz(sn—u) (3.8)
GZZ c(s1—sn)| | A1 c;(sy—u)
cz(s2—s1) cz(s2—sn)| | A2 cz(sy—u)
= == )
c(Sn—s1) - - o’ A c;(sp—u)

where C; ; represents the covariance matrix between the neighboors of the studied missing
value, and C; , represents the covariance matrix between the neighboors and the missing
value (Goovaerts, 1997). These covariance matrices are calculated using the variogram
model, inferred from the real data, as indicated by Eq. (2.24).

The linear system has a solution if and only if the covariance function is permissible
(semi-positive definite), which implies that the covariance matrix can be inverted. The

solution is given by the following equation:
Aj=Cij 'Ciu, Vji=1,..,n(u), (3.9)

and the error variance, which determines the uncertainty of the estimation, is calculated as:

n(u)
orsk(w)=02—Y Aic(si—su), i=1,...,n(u). (3.10)

~

3.2.2 Ordinary Kriging

Ordinary Kriging (OK) is applied when the mean value of the random field is constant within
the neighboorhood of the missing point but unknown. In this case, the Ordinary Kriging

Estimator which derives from Eq. (3.1) is expressed as:

Z) =Y AZ(sp). (3.11)
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The mean of the estimation’s error is:

Efe(u)] = E[Z(u) — 2(u)] ZAZs,

3.12
n(u) (3.12)

n(u)

ZAE[Z Sl = Zl,-mz.

i=1 i=1
Considering that the mean value of the estimations has, obviously, to be equal to the mean
value of the random field, i.e. m; = m, and setting the mean of the estimation’s error to zero,
as unbiasedness constraint imposes, Eq. (3.12) leads to the following:

n(u) n(u) n(u)
Elg(m)] =0&m:— Y Am.=0&m— Y Am;=0&m | 1-) A | =0
i=1 i=1 i=1

n(u) n(u)
Sl-Y L=0&) 4=1

i=1 i=1

(3.13)

The above result indicates that the OK Estimator, as opposed to the SK Estimator, is not
unbiased by structure but the additional limitation of unit summed linear weights needs to
be imposed to the error variance minimization. This is achieved by means of the Lagrange
multiplier method, and one more partial derivative of the error variance is added to the linear

equations system of Eq. (3.3), this with respect to the Lagrange multiplier, u, i.e.

doi(u)
ou

=0. (3.14)

Therefore, the optimal linear weights A; of Ordinary Kriging are calculated by solving

the following linear equations system:

Zlcz i)+ U =c(si—Su), i,j=1,...,n(u)
(3.15)
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or in formulation of matrix equation:
o’ c(s1—s2) - c(s1—sn) 1| A c;(s1—u)
CZ(Sz —Sl) GZZ CZ(Sz—Sn) 1 lz CZ(Sz—ll)
= (3.16)
c:(Sn—51) cz(Sn—82) - o’ 1 [An c;(Sp—u)
1 1 e 1 Of (u 1
The error variance of the Ordinary Kriging estimation is calculated as:
n(ua)
ofoxm) =07 =Y Aic(si—sa) — i, i=1,...n(u). (3.17)
i=1
Comparing it with the error variance of the SK it follows that
0% ok () = O sic(w) — t, (3.18)

which, taking into account the always negative value of parameter u, indicates that the

uncertainty of OK is greater than this of SK. This is due to the assumption of unknown mean

value that OK method makes, which leads to greater uncertainty.
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Stochastic Simulations

Stochastic Simulations is a widely used tool for estimating missing values of a random field
in cases when the existing information is deemed inadequate for straightforward interpolation,
for estimating the cdf of a variable from a dataset or for estimating error margins. In general,
stochastic simulations generate a large number of realizations of the studied field, which
emulate the characteristics of the observed realization (real data). By processing statistically
these realizations the best estimation of the field, as well as the associated uncertainty can be
derived.

The main difference between stochastic simulation and kriging is that the former aims to
maintain the general characteristics of the data over local accuracy, while the later gives the
estimation with the minimum error variance without deference to the global statistics.

There are several theoretically established and practically implemented stochastic sim-
ulation methods. They can be, broadly, categorized into parametric and non-parametric
depending on the necessity or not of a priori knowledge of an explicit mathematical (para-
metric) model, as well as into conditional and unconditional depending on the placement or
not of constraints on the values generated at sampling points, so as the simulation returns the
known values (Webster and Oliver, 2007).

Herein, two methods will be briefly presented: i) Turning-Bands (TB) method, and ii)
Directional Gradient-Curvature (DGC) method.

4.1 Turning-Bands Method

The Turning-Bands Method (Chentsov, 1957; Mantoglou and Wilson, 1982) is a parametric
unconditional simulation method, which applies on second-order stationary, isotropic and
Gaussian random fields.

The general procedure of the TB method is described by the following steps:
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. Performance, if needed, of suitable transformations of the data values, aiming to

the fulfilment of stationarity, isotropy and normality preconditions. Data values are

assumed to transform from the z-space to the y-space.

2. Computation and modelling of the covariance cg(h) of the y-space data.

. Determination of a regular square or cubic grid, in two or three dimensions, respectively,

covering the study area.

. Generation of L number of random lines (bands) around an arbitrary origin of the

grid (usually a centroid located at the grid center) with the corresponding direction
vectors e uniformly distributed on the unit circle or sphere. The number of the bands is

controlled by the modeler.

. Generation, for each line, of a second-order stationary unidimensional discrete process

with zero mean and covariance function c¢s(/;), where [; is the coordinate on the
corresponding line. Due to the discrete line process, a set of bands is defined from
the limits of each discretized segment, which turn, as the lines turn; hence the name

"turning bands method’.

. Orthogonal projection of the regular grid’s nodes sg to each line and assignment to

them the corresponding values of the one dimensional discrete process. As a result
derives the generation of L independent unidimensional realizations (one for each line)
with covariance function c,(/;), i.e. at every node of the regular grid there are L values

zi(1;) assigned from the L unidimensional realizations (simulations).

. Assignment to each node the value z(sg) given by

1 L
z(sg>=ﬁ2zi<li>, i=1,..,L, (4.1)
i=1

as the realization of the two- or three- dimensional random field.

. Estimation of the uncertainty of each node’s value as

02 (sg) = Varlzi(l)z;(1)], i,j=1,...,L. (4.2)

. Back-transform the simulated y-space values to the simulated z-space values.

4.2 Directional Gradient-Curvature method

The Directional Gradient-Curvature (DGC) method, established by Zukovi¢ and Hristopulos

(2013a,b), is a novel tool for non-parametric conditional simulations designed for reconstruct-

ing missing grid data. It is based on the matching of the normalised squared gradient and
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curvature of the sample and entire domain data using conditional Monte Carlo simulations.
Direction-dependent information (e.g. non-stationarity, anisotropy) is captured by using
the local information of the immediate neighboorhood centered at each missing point. The
DGC method can be used to model complex structured random fields without requiring a
parametric formulation of it. In addition, the necessary user input is minimal.

In order to reduce the computational cost of the method, the sample’s continuously valued
field Z(ss) is transformed to an integer valued indicator field I; = I(ss) by means of threshold
levels. Thus, the reconstruction of missing data is reduced to a spatial classification problem.
The number of classes N, is defined according to the desirable resolution and accuracy of the
application. Generally, increasing NV, leads to more accurate estimations. In low resolution
applications a small number of classes (i.e. N, = 8) is sufficient. At the limit N, — oo the
DGC method approximates continuous interpolation. Consequently, the reconstruction of
the missing data is rendered equivalent to assigning a class label I, = I(sg) at each point sg
of the mapping grid.

The local square gradient and curvature terms in an arbitrary direction e, with corre-
sponding lattice step ¢, are given by

[I(Si + Otnen) — I(Si)] 2
o

Gu(I:si) = . on=1,...d, (4.3)

[7(si + 0tuen) +1(si — men) —21(s1)]

o

Cn<I;Si) =

, on=1,...d. (4.4)

The average of these terms, for each direction e,, is taken over the grid, so as to normalise
them.
The estimated indicator index of the grid nodes fg are derived through the minimization

of the following objective function:

d
Ullls) = ) [wmb Gu(Is)) +w20(Cu(ly),Cn(ly)) | (4.5)
n=1
_ /N2 /
0(x,x) = (i XS X0 (4.6)
x°, X =0

where G,(I;) and G,(I;) represent the normalized squared gradient and curvature, respec-
tively, terms in one direction, defined as averages over the grid, wy,w; are weights of the
gradient and the curvature (wy,wy > 0, w; +w, = 1), and d is the number of directions used.

The main steps of the DGC method can be summarized as follows:
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1. Definition of the number of simulations M, the number of classes N., the size of the
neighboorhood, the residual cost function tolerance ol and the maximum number of
Monte Carlo steps i,y (Optional).

2. Discretization of Z(sy) to obtain the sample class identity field I.

3. Calculation of the sample directional normalised squared gradient and curvature
Gy(ly),Gn(Iy),n=1,..d.

4. For each simulation:

(a) Assignment of initial values I;SO) to the prediction points sg, by majority rule,
based on the prevailing value of each point’s sample neighbors. If no majority is
reached up to the defined neighborhood, the initial value is assigned (i) randomly
from the range of the labels with tie votes or (ii) from the entire range of labels
1,.,Nc, if majority is not reached due to absence of sampling points within the
neighborhood.

(b) Calculation of the initial energy values G, (Iéo)),én (I;(0)), n=1,.,d, and the
objective function U®) = U (IA;,O) |L;).

(c) Definition for each grid node of the state (amongst the possible states) that
minimizes the objective function. An iterative process is followed starting from
the initial state and generating a new state by randomly adding +1 to the previous.
The updating of class identity states uses the "greedy" Monte Carlo (MC) method
(Papadimitriou and Steiglitz, 1982). If the objective function of the new state is
less than the one of the initial state, it is accepted else the initial state is kept and
the nest grid node is investigated.

5. Evaluation of the statistics from the simulations.

The Directional Gradient-Curvature (DGC) model is inspired by Spartan spatial random
fields (SSRF) (Hristopulos and Elogne, 2007), which are based on short-range interactions
between the field values. The DGC method do not strictly belong neither to the interpolation
methods nor to the conditional simulation mathods. Interpolation methods provide a single
optimal estimation of the missing values. Conditional simulation sample the entire data and
try to reconstruct the joint conditional probability density function of the missing data. On
the other hand, DGC takes account only the data that corresponds to local minima of the
objective function. The stochastic nature of the DGC derives from the multiple realizations
that it returns (Zukovi¢ and Hristopulos, 2013a).



Chapter 5
Data Analysis

Real data processing in Geostatistics is a demanding problem and consists of many succesive
steps. There is not a standard procedure applying to every data set, but each researcher can
follow different way depending on the data and the final purpose of the analysis.

In Geostatistics every data set is considered as a single realization of a random field,

summed with a trend model and an independent gaussian fluctuation, i.e.
Z(s) = me(s) +2'(s) +(s), (5.1)

where Z(s) the total random field which coincides with the real data at the sample’s points,
m,(s) the global trend model, Z’'(s) a random field with zero mean value corresponding to
the fluctuations (also called residuals) of the field Z(s) around the trend and &(s) the error.

It is common practice in geostatistical analysis to initially evaluate and remove the trend
model and then process the residuals. More specific, a general and widely accepted procedure
for data analysis includes the following indicative steps (Goovaerts, 1997):

1. Preliminary Analysis

2. Parameter Inference

3. Model Selection

4. Spatial Prediction

5. Performance Assessment

In the following sections a brief description of each step is presented.

5.1 Preliminary Analysis

Preliminary analysis of data aims to examine some basic statistical properties before any

other analysis tool is applied.
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Normality

To assess whether a data set comes from a normal (Gaussian) distribution, often the normal
probability plot of it is examined. This plot displays the theoretical quantiles of a normal
distribution (x axis) versus the experimental quantiles of the studied data (y axis). Therefore,
the normality of the data set can be assessed visually; if the resulting plot coincides with a
theoretical straight line (corresponding with the normal distribution) or deviates to a small
extend from it, the data is deemed Gaussian. Normal probability plot can also be used to
identify and remove outliers.

In the case of non-gaussian data set suitable transformations have to be implemmented
to it, so as to transform the data to a new data set with approximately normal distribution.
The most widely used transformation is the Box-Cox Power transformation (Box and Cox,

1964). The one parametric Box-Cox transformation for a variable x is defined as:

-1
NOOBED Bt /17&0,

In(x), A=0

(5.2)

and the two parametric Box-Cox transformation, which can also handle negative values of x,

is defined as:

(x+Ao)M — 1
i ) MAO 53)
ln(x—l—lz), M=0

The optimum parameters A, A, are usually calculated by maximizing the Log-Likelihood
Function (LLF), or minimizing the negative LLF (see also section 5.2.1. Note that Box-Cox
transformation cannot restore the normality for each data set. In such cases, other more
complex non-linear transformations may have to be applied. A common practice is to assume
gaussianity of the transformed dataset after applying the Box-Cox transformation in order to

avoid such complex transformations.

Trend Removal

The trend function m;,(s), which represents the deterministic part of the random field Z(s),
is usually modelled by low-order polynomials of the coordinations of the sample’s points.
Alternatively, if the data exhibits periodicity a combination of the linear with the periodic
model (sinusoidal) can be used. In Table 5.1 are shown some common trend functions for

2D cases.
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Table 5.1 Common trend models

Model Trend Function(2D)

Mean mz(s) =ap

Linear m;(s) = ap+ajx+azy

Quadratic m,(8) = ag + arx + azy + azxy + asx* + asy?

Cubic m,(8) = ag + arx + azy + azxy + asx® + asy? + agx’y + azxy? 4+ a7x® + agy’

m;(s) = ap+ a1x + azy + asxy + asx’ + asy* + agx’y + arxy* + asx® + agy’

Quartic
+ aloxzyz +a; 1x3y + a12xy3 + a13x4 + a14y4

n
m;(s) = ap+a1x+axy+ Z {a4(j—1)43COS2Tfy X+ ay(j_1)14SIN2T fy jx
j=1

+ ay(j—1)45 €08 21 fy, iy + a4(j—1)+6 sin 271:fy,jy}

Linear+Periodic
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The linear coefficients a; are usually estimated by means of Multiple Linear Regression
(MLR). The MLR method estimates the coefficients a; of the independent variables, also
called regressors, of a linear model of order p (in this case the coordinations x; and y;) that
give the least square error between the investigated model and the dependent variable or

regressand (Z(s;)) by solving the linear equations system:

Z(s;) =Ca, (5.4)
Ze)] [ A0 I Oy
7(s a (A=001=0 k=11=0 k=0 I=1 . k|

where Z(s;) = (2) ,a= _2 ,andC= | 2 _y2 2 R ? ,yz 2.)’2 ’
Z(sn) by I A VIR 0 SRR 2

[ <p).

The dominant frequencies of the data, f, ;, f,;, in x and y directions, respectively, for the
periodic model are estimated by means of Fast Fourier Transformation (FFT). The squaring
of the FFT of the data results to the magnitudes of the frequencies in the spectral domain.
Consequently, these magnitudes and the corresponding frequencies are sorted in descending
order of the magnitude, for both x and y directions. The first elements of the resulting
frequencies lists (the number of which is defined by the modeler) are the desirable quantities.

The selection of the best trend model is done by means of Information Criteria, e.g.
Akaike Information Criterion (AIC), corrected Akaike Information Criterion (AICc), Bayesian
Information Criterion (BIC) (Akaike, 1974; Schwarz, 1978), or Least Squared Error (LSE).

5.2 Parameter Inference

In the next step of the data analysis, a number of theoretical models for examination is
choosen and the optimum parameters of them 8; = [0}, 6, ..., 6,];, which give the best fitting
to the data, are estimated. The estimation of these parameters is achieved by minimizing an
objective functional, which typically matches an experimentally calculated term from the
available data with the corresponding theoretical term of the investigated model. The most
widely used methods for the parameter inference are: i) the Covariance-Variogram Fitting
(CVF), ii) the Maximum Likelihood Estimation (MLE) and iii) the Method of Moments
(MoM).

It is also possible to estimate some of the model’s parameters with different methods and

then use one of the above methods to estimate the remaining parameters. This is usually
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applied in the case of anisotropic data, where the parameters of anisotropy are firstly estimated.
In this way, the computational cost of the optimization steps is reduced significantly and the
reliability of the results is improved. The classic Directional CVF (DCVF) method and the
more modern Covariance Hessian Identity (CHI) method are some methods for estimating

the parameters of anisotropy from a data set.

5.2.1 Common Methods of Parameter Inference
Covariance-Variogram Fitting (CVF)

Covariance-Variogram Fitting (CVF) estimates the optimum parameters by minimizing
one error function between the experimentally calculated covariance or variogram and the
corresponding theoretical quantity, which derive from the investigated model. The error
functions can have various expressions. For example it can be the net sum of the squared

error for the variogram fitting:

N
fer(0 Z F(sex) — %(se, k,e)]27 (5.5)

the sum of the squared error weighted with the corresponding theoretical variogram value:

% [’}A/Z(Sc,k) - ’)/Z(Sc,k§ 9)} 2

fer(0) = ; (5.6)
er( P ,}/ZZ(SCJ(;G)
the the sum of the squared error divided by the corresponding number of pairs:
% [fr(5e) — (s )]
0) — z(Se, 2S¢ k> : (5.7)
fer( ) k;l n(sc7k)
or the combination of the last two errors:
N, 2
1 S Sck; 0
fur(6 Z () — 2l O)]° (5.8)

Sc k Y; (Sc,k§ 9)

where 7;(sc k) the experimental variogram values at the centers of the cyclical sections (see
section 2.6), ¥%:(Sck; 0) the theoretical variogram values at the centers of the cyclical sections
given by the investigated model with parameters 6, N, the number of cyclical sections, and
n(sc k) the number of pairs of data included into the kth cyclical section. Similar equations

can be derived for the case of covariance fitting.
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In practice, the angular sections are allocated between the semicycle and the separation
vectors h of the pairs corresponding to diametrically opposite directions, i.e. to angles ¢
and ¢ + &, are considered as identical. This follows from the ellipsoid representation of
anisotropy. Also, note that for the minimization of the error the rotation angle ¢ is restricted
between —7 /2 and 7 /2 in order to avoid equivalent solutions (Olea, 2006).

Maximum Likelihood Estimation (MLE)

The Maximum Likelihood Estimation, proposed by Fisher (1997) estimates optimum
parameters by maximizing the likelihood the known realization (real data) can be produced by
a given parameter set. In practice, this is achieved by minimizing the negative log-likelihood
function (NLLF). The basic concepts of the MLE method as described by Pardo-Igizquiza
(1998) are briefly represented below.

The joint pdf of n experimental multivariate Gaussian data with zero mean can be

expressed as:

1
fo(2;0) = 2m)"2|C| /2 exp{—EZC_lz}, (5.9)
where n the number of experimental data, C the nxn covariance matrix of the data,| - | denotes
the determinant, and 6 the mx1 vector of parameters that defines the covariance matrix.
The NLLF of the data given the parameters 6, then, is expressed as:

1 1
L(GZZ, 0';z) = gln(Zﬂ:) +nln(o) + 51n(|A|) + FZA_lz, (5.10)
Z

where 0’ the covariance parameters without the variance, and A = C/ GZZ the correlation

matrix.

Replacing in Eq. (5.10) the ML estimate of the variance:
o 1oy
T =-7ZA" 'z, (5.11)
n
the NLLF becomes:

1
L(62,0";z) = g (In(27) +1 =In(n)) + 7 In(]A]) + ng’lz. (5.12)

The covariance parameters 6’ are estimated as the values that minimize the Eq. (5.12),

while the variance 6Z2 is subsequently estimated according to Eq. (5.11).
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Method of Moments (MoM)

The Method of Moments (MoM) estimates the parameters of a model by relating the sample
moments to the parameters of interest and solving the resulting system (Bowman and
Shenton, 2004). More specifically the kK unknown parameters 0y, 0,, ..., 6; defining the pdf
fz(z;0) of a random variable Z are estimated as the solution of the system consisting of the k

first moments of the variable, which can be expressed as functions of 0, i.e.
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5.2.2 Estimation of Anisotropy
Directional Covariance-Variogram Fitting (DCVF)

Directional CVF is a method for estimating the parameters of anisotropy (¢,&,&;) of a
field. In this method, like in the CVF, the space is divided into cyclical sections defined from
angular and distance limits, and the experimental variogram corresponding to these sections
are computed from the data, referred to the centers (¢, §C7i) of them. However, in this case,
the theoretical model, in its isotropic form, is fitted separately to each of the j number of
angular sections. Thus, j number of parameter vectors 6, corresponding to the j angular
sections, and consequently same number of (£, @) pairs are obtained. The estimation of the
anisotropy parameters follows from the fitting of an ellipse to these pairs. The lenghts of the
ellipsis major axes correspond to the (&;,&,) parameters, while the angle between the first
met, while rotating counter-clockwise, major axis of the theoretical ellipsis and the horizontal

plane corresponds to the rotation angle.

Covariance Hessian Identity (CHI)

The CHI offers a fast, non-parametric and non-iterative method for estimating the anisotropic
parameters of a 2D random field (Chorti and Hristopulos, 2008; Hristopulos, 2002; Petrakis,
2012; Petrakis and Hristopulos, 2012). It is based on linking the second-order derivatives

of the covariance function with the ensemble average of the Gradient Kronecker Product
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(GKP) of the data. More specifically, according to Swerling (1962), the CHI of the covari-
ance function and the sample-estimated expectation of GKP are related via the following

expression:

9Z(s) Z(s) _Bzcz(h)‘
ds; aSj n &h,-ahj h:(0,0)’

where Q;; represents a tensor. Obviously, this is valid only for differentiable random fields.
For non-differentiable randoms fields numerical approximations of the derivatives can be
estimated (Chorti and Hristopulos, 2008).

In the case of a 2D, differentiable and homogeneous random field, the explicit equations
for the elements of the CHI derive by expressing the covariance function in terms of the ratio
of the correlation lengths R = &£; /&, and the rotation angle ¢:

252
011 = “%15 (cos? 9+ R?sin’9) (5.15)
272
= Gzlg (chosng +sin2¢> : (5.16)
252
Q=0 = G%g [sinq)cosq)(l —RZ)] . (5.17)
1

The anisotropic parameters R and ¢ are then estimated by minimizing the following

objective function:

On R*+tan’¢ r [le tan2¢’(1R2)r_ (5.18)

F(o.R) = [QM 1 +R%tan? ¢ Q11 1+R%*tan?¢

The constants { and &; remain undetermined from the optimization of the objective
function. The first one is eliminated by the division, thus its value doesn’t need to be
determined. The second is usually of interest and can be determined from the experimental
variogram.

5.3 Model Selection

After estimating the optimum parameters of a number of covariance models, an assessment
of their predictive accuracy is required in order to select one model, this with the best
performance, for the following steps of data analysis. This is usually achieved by means of
Cross-Validation (CV).
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Cross-Validation is a technique for providing information about how an estimated model
will perform in a real problem. In general, CV is performed by partitioning a sample dataset
into two subsets, called training subset and validation subset. The first subset is used as input
for the estimation of the missing values of the second one. The estimator in this step is the

same as the one which is intended to be applied in the next step of Spatial Prediction.

5.3.1 Common Types of Cross-Validation

The most commonly used types of CV is the exhaustive Leave-p-out Cross-Validation
(LpOCYV) and the non-exhaustive k-fold Cross-Validation (k-fold CV). Exhaustive cross-
validation methods compute all possible ways to divide the original sample into a training
and a validation set (Geisser, 1975, 1993; Seni and Elder, 2010).

Leave-p-out Cross-Validation (LpOCYV)

In LpOCYV the validation set consists of p sample points of the sample dataset, while the
remaining realizations are used as training set. The cross-validation process is repeated for
every possible combination of p number of realizations and the results are then averaged
to provide a single estimation. This method may lead to high computational cost. For this
reason it is preferred in cases where the sample dataset is relatively small.

A particular case of LpOCV with p = 1, also called Leave One Out Cross-Validation
(LOOCYV) is preferred, due to its simplicity and its lower computational cost.

k-fold Cross-Validation (k-fold CV)

In k-fold CV the sample dataset is randomly divided into k equal sized subsets. It is apparent
that this method requires a larger dataset than LOOCV. Then the CV process is repeated k
times (the folds) using each time one of the k subsets as validation set and the remaining
k — 1 subsets as training set. The results, like to LpOCYV, are also averaged to give the final
estimation. The simplest variation of k-fold CV is the one with k = 2 (2-fold CV), while in
the case of k = n (the size of the sample dataset) the k-fold CV is exactly the LOOCV.

5.3.2 Measures of Cross-Validation Performance
Common validation measures

In order to assess the performance of the cross-validation, it is usefull to compute and

compare validation measures for each model. Such measures are the Mean Absolute Error
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(MAE), the Maximum Absolute Error (MxAE), the Mean Squared Error (MSE), the Root
Mean Squared Error (RMSE), the Pearson’s correlation coefficient (p) and the Spearman’s
correlation coefficient (rg). The above mentioned errors measure the accuracy and precision
of the predictions, while the Pearson’s and Spearman’s correlation coefficients provide a
measure of the linear and non-linear, respectively the relationship between the real and the

predicted data. These measures are calculated by the following equations:

N
MnAE = ]lvl; |2(si) —z(si) |+ (5.19)
MxAE = max(|2(si) — z(si)|), (5.20)
MSE = L i [2(s:) —2(s1)]° (5.21)
N . 1 14 ’ .

RMSE = %\/ i [2(s:) —2(s1)]°, (5.22)

070 = - - — (5.23)
VEL [ets0 0] [0 - 0]
N 2
_ 1 ~i=1 (RZi - Rfi)
re=1 NV (5.24)

where R, denotes the rank of z(s;) among all z(s) values. The rank is computed by sorting
the z values in ascending order; the rank of a given value is equal to its order of appearance
in the sorted list.

These measures can be compared individually or to be combined to one kind of a
coefficient, at the rate of which will the final choice be made. In this way, a more meritocratic
measure that also enables a more automatic selection of a model derives. For instance, this

coefficient could be of the form:

——_prsi€0,1], 5.25
rp = egaPirsi € [0,1] (5.25)

1

where i corresponds to the investigated models and relMSE; = MSE;/min(MSE;) > 1 is
the model’s relative MSE. The relMSE; in the denominator is squared so as to equalize

the product of the two correlation coefficients in the numerator. As the performance of the
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investigated model improves, the correlation coefficients increase and the MSE decreases.
As the correlation coefficients increase so does the numerator of the rr, converging to
1. As the MSE decreases, the relMSE and consequently the denominator of the rr also
decreases converging to 1. Thus, as the accuracy of the investigated model improves, the

final coefficient increases converging to 1.

Classification measures

Except from the above validation measures it is often usefull to calculate some classifica-
tion measures. This requires converting the continuum valued field into a discrete one by
separating the continuum values into n equal bins and assigning » integer indicators to each
one.
Discretizing both the original and the estimated values of the field, the performance of
the classification of the unkwown values can be measured by calculating:
* the Pearson’s and Spearman’s correlation coefficients of the original and estimated
indicators of the missing values, and
* the misclassification rate (MCR), i.e. the percent of the estimations that are not equal
to the corresponding original indicators.
These measures can be estimated for both classification methods (e.g. DGC simulation

method) and interpolation methods (e.g. Ordinary Kriging).

5.4 Spatial Prediction

In this step the desirable estimation method is applied in order to predict the missing values
and to produce a map of the study area. Widely used estimation methods are the Kriging and
the Stochatic Simulations, which have been described in Chapters 3 and 4, respectively.

The parametric estimation methods (e.g. Ordinary Kriging and Turning Bands Simula-
tion) require as input the best model defined in the steps of Parameter inference and Model
Selection. On the contrary, the non-parametric method of DGC simulation, does not need
a pre-defined model, i.e. the steps 2 and 3 (Parameter inference and Model Selection) are
skipped.

The uncertainty of the estimations is also evaluated in this step, usually by means of
confidence intervals at some confidence level. The confidence interval at 95% confidence

level of the estimations in the case of Ordinary Kriging is calculated as:

(f(S,’) — 1.960&0[{(5,‘),2(5,’) + 1.96GE70K(Si). (526)






Chapter 6

Case Study: Marmousi Model

6.1 Description of the Data

6.1.1 Geologic Profile of the Data

The purpose of this thesis is the exploratory implementation of geostatistical tools for the
simulation of geological media. The tools which have been used are: 1) Ordinary Kriging
and ii) DGC simulation method. For the implementation of Kriging software was devel-
oped in MATLAB programming environment, while for the implementation of Directional
Gradient Curvature (DGC) simulation method software developed by the Geostatistics Lab-
oratory (Technical University of Crete) is used. Several variations for parameter inference
(parametric-non parametric) and anisotropy tackling (transform data to isotropic or not) have
been used in OK.

More explicitly, a known gridded dataset is sampled, both randomly and regularly, and
the reconstruction of it is subsequently attempted with the above mentioned methods. The
original dataset is the Marmousi Model, a synthetic 2D acoustic model created in 1988 by
the Institute Francais du Petrole (IFP), and used for the workshop on practical aspects of
seismic data inversion at the 1990 EAEG meeting in Copenhagen. It was generated using a
2-D acoustic finite-difference modeling program, so as to resemble an overall continental
drift geological setting. The geometry of the Marmousi is based on a profile through the
North Quenguela trough in the Cuanza basin. The Cuanza basin is in northwestern Angola
on the Atlantic Coast of West Africa and is about 300 km long north-south and 170 km wide
east-west (Fig. 6.1).

The geological model of the basin consists, from top to bottom, of:

* Surface and subsurface sediments of Lower and Upper Cretaceous, Paleocene, Eocene,

and Miocene strata.
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Figure 6.1 Profile through the North Quenguela trough in the Cuanza basin (Angola) after Verrier
and Branco (1972)
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* Early Cretaceous carbonate-evaporite (mainly salt) sequence and a Late Cretaceous
and Tertiary argillaceous-arenaceous sequence.

* Precambrian crystalline basement, which is partly covered by extrusive rocks and
granite-wash type sediments.

The post-Aptian (Early Cretaceous) tectonic process of the West Africa Salt Basin, has
affected significantly the salt movements into the basin. As a result of the basinward tilt of
the margin, the carbonate stratas of the Early Cretaceous and the overlying Upper Cretaceous
sequence slid on the salt layer and broke up into smaller blocks. This process caused a
mobilization of the salt and the formation of salt rollers, salt diapirs and a whole suite of raft
tectonics structures such as turtlebacks, carbonate rafts and severe folding at the toe of the
salt basin.

Occurrences of oil and gas have been reported in almost all of the stratigraphic units in the
Cuanza basin, and there is major production from the Cretaceous rocks. These hydrocarbon
occurrences are expected to be entraped into the folded carbonate and salt structures of the
basin, due to the nature of the basement and the salt tectonics (Brognon and Verrier, 1966;
Spathopoulos, 1996).

Based on this profile a geometric model was created using the MIMIC™ module of the
SIERRA package. Then this model was transformed into a 2-D velocity/density grid (Fig.
6.2). The Marmousi model contains 158 horizontally layered horizons. Numerous large
normal faults and tilted blocks, resulting from the continental drift, complicates the model
towards its center. The model sits under approximately 32 m of water and is 9.2 km in length
and 3 km in depth.The target zone is a reservoir located at a depth of about 2.5 km. The
model contains many reflectors, steep dips, and strong velocity variations in both the lateral
and the vertical direction (with a minimum velocity of 1500 m/s and a maximum of 5500
m/s) (Bourgeois et al., 1990; Irons, 2008; Versteeg and Grau, 1990).

6.1.2 Basic Notions and Assumptions for the Data

The data consists a 122x384 grid, i.e. 46848 values in total. This means that each cell of the
grid corresponds to a 24,60x23,96 m (depth x length) space. The information mentioned in
section 6.1.1 as well as the visualisation of the data (Fig. 6.2), indicate that the studied dataset
is highly complexed and possibly non-stationary, as at least the anisotropy characteristics
change significantly over the space. The geological section can be separated into three
vertical bands. The left and right bands exhibit anisotropy which can be described by an
ellipsis with an almost horizontal major axis, while in the central band the major axis turns

to about 40°. For simplicity, in this thesis the field is arbitrarily assumed stationary and
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is modelled as such. However, the reliability and the performance of the final models are
evaluated in the light of this complexity.

As mentioned above, two samples of the Marmousi Model are used, shown in Fig. 6.3.
Both of the samples contain 4758 points, which correspond a 10,16% of the original data.
The first sample consists of 39 columns of the grid, starting from the 3rd and selecting one
per 10 columns until the end of the grid. The geometry of this sample resembles, in some
way, to data obtained by well-logging drill-holes (which in this case is impractical as the
distance of the sample’s drill-holes corresponds only to 240 m).Hereafter, this sample is
called regular. The second sample is sampled randomly in the 2D space.

In order to decrease the computational cost we normalise the original values dividing
with the maximum of them (5500 m/s). In this way, the resulting values belong to [0,1]. For
the same reasons, the coordinations of the data points used are not the real coordinations
but the (i, j) indices of the 122x384 grid’s nodes. The i index correspond to the depth of the
point, while j index correspond to the distance alongside the geological section. This means
that the i’s take values from 1 to 122, with the 1 corresponding to the horizontal edge of the
grid closer to the surface, and the j’s take values from 1 to 384, with the 1 corresponding to

the eastern vertical edge of the grid.
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(a) Regular Sample: 4758 points (10,16% of
the original data) containing 39 columns of
the grid (starting from the 3rd and selecting
one per 10 columns until the end of the grid.)

(b) Random Sample: 4758 points (10,16% of
the original data) selected randomly from the
original. data

Figure 6.3 Samples of original data

6.2 Methodology

Ordinary Kriging

For the implementation of Ordinary Kriging to the samples of Marmousi Model, the general
procedure described in Chapter 5 is followed. The indicative steps of this procedure are the
following:

1. Preliminary Analysis
Parameter Inference
Model Selection (LOOCYV)
Spatial Prediction

A

Performance Assessment

For the analysis procedure the following variogram models have been used: 1) General-
ized Exponential, 2) Gaussian, 3) Spherical, 4) Generalized Matern, 5) Spartan(3D).

In the step of Parameter Inference, five variations are used. These methods differed
regarding anisotropy estimation (i.e. parametric versus non parametric) and data transforma-
tion (transform data to isotropic or not). A consice description of each variation, which are
arbitrarily named, follows (see also Table 6.1):

* DirVar0: A priori anisotropy parameter inference is not attempted. Thus, the anisotropic

variogram functions, which contain the maximum number of unknown parameters for
each model, are used in the optimization procedure of the 2nd step as well as in the

following steps.
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Table 6.1 Description of the five variations of Parameter Inference step. DVF:Directional Variogram
Fitting, CHI: Covariance Hessian Identity (P.I.: Parmaeter Inference).

Variation Anisotropy Anisotropic
P.1. Inversion
Method

DirVar0 — NO

DirVarl DVF NO

DirVar2 DVF YES

CHI1 CHI NO

CHI2 CHI YES

DirVarl: Anisotropy parameter inference is initially applied for each model by means
of Directional Variogram Fitting (DVF) (see section 5.2.2). Subsequently, the esti-
mated parameters are inserted to the corresponding anisotropic variogram functions,
reducing by three the number of unknown parameters for each model. The new
anisotropic variogram functions (with lower degrees of freedom) are used in the
optimization procedure of the 2nd step as well as in the following steps.

DirVar2: Anisotropy parameter inference is initially applied for each model by means
of DVE. Subsequently, the estimated paramaters are used in order to inverse anisotropic
effect (see section 2.4.3) for each model separately. The step of Parameter Inference
is then repeated using this time the isotropic variogram functions for each model. The
isotropic variogram functions are used in the 2nd optimization procedure as well as in
the following steps.

CHI1: Anisotropy parameter inference is initially applied for each model by means
of CHI (see section 5.2.2). Subsequently, the estimated paramaters are inserted to
the corresponding anisotropic variogram functions, reducing by three the number of
unknown parameters for each model. The new anisotropic variogram functions (with
lower degrees of freedom) are used in the optimization procedure of the 2nd step as
well as in the following steps.

CHI2: Anisotropy parameter inference is initially applied for each model by means of
CHI. Subsequently, the estimated paramaters are used in order to inverse anisotropic
effect for each model separately. The step of Parameter Inference is then repeated using
this time the isotropic variogram functions for each model. The isotropic variogram

functions are used in the 2nd optimization procedure as well as in the following steps.
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Also, the type of error used for the optimization in the step of Parameter Inference is the
error function defined in Eq. (5.8).

Finally, in the Model Selection step where Leave-One-Out-Cross-Validation is applied
the immediate neighboors are not taken into account in order to avoid overestimating the
models. The risk of overestimation holds as OK generally assigns higher weights to the
nearest neighboors and lower weights to the more distant ones. In the case of the regular
sample, this means that for each estimation the data taken into account is all the columns

except from the one containing the studied missing point.

Software for Ordinary Kriging

The above variations have been implemented to the investigated data by using software
developed in the MATLAB programming environment. Specifically, 6 main functions were
developed for:
1) detrending 2D data,
i1) calculating experimental anisotropic or isotropic variogram,
iii) fitting theoretical variogram model to the experimental variogram (parameter infer-
ence),
iv) estimating the anisotropic parameters of a random field with the directional variograms
fitting method (DVF),
v) performing cross validation, and
vi) estimating the missing values with ordinary kriging, respectively.
Some auxiliary functions, for the computation of the covariance and variogram function and
the construction of random fields, were also developed. These functions, along with a com-
plete example of their application, are available in https://github.com/billisandr/geostats2D.
For software testing purposes the above described analysis is implemented to a random
sample of a synthetic dataset presented in section 6.3.
Software developed by D. T. Hristopulos for the estimation of 2D anisotropy parameters
with the CHI method, which is available in http://www.geostatistics.tuc.gr/index.php?id=
5677.

DGC Simulation method

The DGC Simulation method (section 4.2) is implemented to the two samples of Marmousi
Model in an one-step procedure (the step of Spatial Prediction). For this method, software
developed by Milan Zukovi¢ and D. T. Hristopulos (which is currently unavailable online)

was used.


https://github.com/billisandr/geostats2D
http://www.geostatistics.tuc.gr/index.php?id=5677
http://www.geostatistics.tuc.gr/index.php?id=5677

56 Case Study: Marmousi Model

(a) Simulated Gaussian RF from General- :
ized Maitern covariance function with pa- (b) Random Sample of synthetic RF: 1188

rameters GZ2 =4.00,&, =3.00,R=1.67,¢ = points (33% of the original synthetic data)
20.0°,¢c9p = 0.20 and v = 2.00.No trend is selected randomly.
added.

Figure 6.4 Synthetic RF and random sample

6.3 Synthetic Data Test

In this section, is presented the implementation of the developed functions to synthetic data
so as to test the performance of them. Two variations of the analysis procedure, DirVar0O and
DirVarl (see Section 6.2), are used for the geostatistical analysis of synthetic data sampled
randomly from a known constructed random field. The data are simulated from a Gaussian RF
using a Generalized Métern covariance function with parameters O'Z2 =4.00,& =3.00,R =
1.67,¢ =20.0°,co = 0.20 and v = 2.00 (without adding any trend). The size of the simulated
random field is 60x60 and the sample consists of the 33% of the it (i.e. 1188 points of 3600).
The simulated RF and the sample are shown in Fig. 6.4.

6.3.1 Preliminary Analysis

The statistics (Table 6.2) and the histograms (Fig. 6.5) of the sample and the original dataset
show that the sample is representative of the original data, as well as that both of the datasets
come from a gaussian distribution.

The normal probability plot of the sample (Fig. 6.6) also indicates that the data does
come from a gaussian distribution. Moreover, the examined data are from structure gaussian

and unbiased so there is no need for any transformations or trend removal.
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Table 6.2 Original and sample datasets statistics

Dataset Min Max Mean Median Variance Skewness Kurtosis

Original -7.348 6.958 0.514 0.515 4.7717 -0.074 3.020

Sample -6.677 6.114 0.602 0.645 4.588 -0.164 3.121

800 T T T T T T T T 250

(a) Original (b) Random sample

Figure 6.5 Histograms of original and sample datasets
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Figure 6.6 Normal probability plot of random sample
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6.3.2 Calculation of Experimental Variogram

The experimental directional variograms with angular step 4° and 15° are shown in Fig. 6.7.
These figures display clearly the anisotropic characteristics of the field. More specifically, it
can be easily seen that the spatial correlation differs significantly from direction to direction;
the variogram is stabilized around a maximum value (sill) in longer distances along the

horizontal and almost horizontal directions than the other directions.

6.3.3 DirVar(

In the DirVar0 method the investigated random field (transformed and detrended Marmousi
model) is modeled by anisotropic variogram equations without estimating the anisotropy
parameters in advance. Hence, the anisotropic variogram equations contain the maximum
number of unknown parameters for each model. The parameter inference of these models is
achieved through the minimization of the error function described by Eq. (5.8) between the
experimental directional variograms and the choosen anisotropic theoretical models.

The initial values and the boundaries of the parameters for each model used in the
optimization/parameter inference step are presented in Table 6.3, and the resulting optimum
parameters are presented in Table 6.4. The estimated sigma?, &1 and ¢ for all the models
except from Spartan are very close to the real, while the nugget effect (cp) is estimated with
good accuracy only from Generalized Exponential and Generalized Métern models. From
the estimated anisotropy ratios only the one deriving from the Generalized Matern is closer
to the real, while the other models give highly underestimated ratios. From the above derives
that the most close to the reality model is the Generalized Matern, which is the one used for
the simulation of the synthetic data. The only erroneous estimation made from this model is
the estimation of the smoothness parameter v, which is undererestimated.

The scores of the LOOCYV, presented in Table 6.5, confirm the above observations as they
clarify that the Generalized Métern model has the best performance, followed by Spartan
and Generalized Exponential.

A visualisation of the the selected theoretical model’s fitting to the experimental variogram
is interpretted in Fig. 6.8, in which the directional experimental variograms of the field
on the directions 0°,30°,60°,90°,120°, and 150° are plotted against the theoretical model
(the rest directional variograms in directions 15°,45°,75°,105°,135°, and 165° can be found
in Appendix A). It can be seen that the best anisotropic model fits well to the directional
experimetnal variograms.

The estimation of the field values derived from OK with the best model is shown in

Fig. 6.9. A scatter diagram of original and estimated values of the field, as well as their
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Figure 6.7 Directional experimental variograms of the synthetic data. For both cases the angular
tolerance is 20°, the maximum distance taken into account is the 20% of the grid’s diagonal which is
equivalent to about 16, and is divided into 45 distance lags.
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Table 6.3 Initial values and boundaries of the parameters for optimization step, where g.x(=
maximum value of experimental variogram) = 5.7026, d,qx ~ 16, b = [622 = 8max, &1 = dpax1/3,R=
0.5, =10°,¢co = gmax/100], bsp = [No = 1000, &} = dax1/3,R=10.5,¢ = 10°,co = gmax/100], by =
[Gzz € [07 l'sgmax]’él € [Oadmax]vR € [0’30]’ ¢ € [_9007900]7C0 € [ngmax/s]]’bsp,b = [770 € [Oaw}vgl €
[0,1.5day], R € [0,30],¢0 € [—90°,90°],co € [0, gmax/5]]-

Model Initial Values Boundaries

Gen.

Exponential [b,v =1.5] [bp, v € (0,2)]
Gaussian [b] [bp)

Spherical [b] [bp)

Gen. Matérn D] [bp)

Spartan bsp. M =1]  [bspp, M1 € (—2,00)]

Table 6.4 Optimum Parameters of the examined variogram models

Model c? &, R ) co v
Gen.

Exponential ~ 4.965 1.694 0203 —65.2° 0.167 1.494
Gaussian 4427 1703 0213 —66.0° 0456 —
Spherical 4840 1519 0.095 —64.4° 0.000 —

Gen. Matérn 4945 1.694 0429 -—-65.2° 0.260 1.525

No &, R o co M
Spartan 165.129 0.625 0.081 —27.1° 0.000 2.000
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Figure 6.8 Fitting of the best theoretical model to the directional experimental variograms of the
field. The best model is a Gen. Matern with parameters 0'Z2 =4.945 & = 1.694,R = 0.429,¢ =
—65.2°,c9 = 0.260, v = 1.525. The experimental variogram is calculated with angular tolerance 20°,
45 distance lags and taking into account maximum distance equivalent to about 16.
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Table 6.5 Leave-One-Out Cross Validation Scores

Model MeanAE MaxAE MSE RMSE R, R, rr
Gen.

Exponential 1.171 4790 2.217 1.489 0.736 0.721 0.156
Gaussian 1.171 4780 2.216 1.489 0.736 0.721 0.156
Spherical 1.171 4773  2.216 1489 0.736 0.721 0.156

Gen. Matérn  0.855 3566 1.201 1.096 0.885 0.866 0.766

Spartan 1.142 4488 2.109 1452 0.754 0.738 0.181

(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.9 Original and Estimation of the field. The model used is a Gen. Matern with parameters
02 =4.945,& = 1.694,R = 0.429,¢ = —65.2°, ¢ = 0.260, v = 1.525.

histograms can be seen in Fig. 6.10. In general, the estimations follow the original values
achieving a good proximity to the original distribution. In Table 6.6 the measures of the
estimation performance for the three best models are presented. From these measures it
can be observed that the first model’s performance is much better than others two, which is
almost identical. In addition, Fig. 6.11 maps the confidence interval width of the estimations,
i.e. it depicts the spatial distribution of the uncertainty. The uncertainty is zero at the known
points, while it increases up to 4.7 gradually with the distance of the missing points from the

known locations.
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Figure 6.10 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Méatern with parameters GZZ =4.945.£,=1.694 R=0.429,¢ =
—65.2°,¢9 = 0.260,v = 1.525.

Table 6.6 Ordinary Kriging Scores

Model MeanAE MaxAE MSE RMSE R, R, re
Gen. Matern 0.737 3713 0904 0951 0.907 0.897 0.813

Spartan 1.194 5198 2239 1496 0.752 0.743 0.091

Gen.
Exponential 1.197 5.037 2254 1501 0.750 0.742 0.089




6.3 Synthetic Data Test 65

Figure 6.11 Uncertainty of the total field’s estimation

6.3.4 DirVarl

In the DirVarl method the investigated random field is modeled by anisotropic variogram
equations after estimating the anisotropy parameters of them. The anisotropy parameters are
estimated by means of DVF (see section 5.2.2). Subsequently, the estimated parameters are
replaced to the corresponding anisotropic variogram functions, reducing by three the number
of unknown parameters for each model. The parameter inference of the models with the
lower degrees of freedom is achieved through the minimization of the error function between
the experimental directional variograms and the chosen anisotropic theoretical models.

The initial values and the boundaries of the parameters for each isotropic model used
in the anisotropy parameter inference step with DVF method are as specified in Table 6.3
without considering the anisotropy parameters R and ¢. The anisotropy parameters for each
model are estimated by fitting an ellipse to the resulting pairs of (¢, &) of each model.The
fitting of the ellipses to the pairs of (¢, &) of each model are depicted in Fig. 6.12, while the
estimated anisotropy parameters for all models are given in Table 6.7.

All the investigated models, except from the Spartan, indicate that the major axis of the
anisotropy ellipsis lies on between 0° and 47°. These estimations are relatively close to the
used anisotropy angle of 20° for the construction of the synthetic random field. The Spartan

model diverges significantly from the other models and gives the direction of the major
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Table 6.7 Anisotropy parameters of the examined variogram models estimated with DVF method

Anisotropy Parameters

Model

&1 R ¢
Gen.
Exponential 4.867 0.563 —58.5°
Gaussian 4874 0.653 —65.5°
Spherical 11.557 0.743 —-90.0°
Gen. Matérn 1.846 0.342 —42.3°
Spartan 3.858 0.536 15.3°

Table 6.8 Optimum Parameters of the variogram models with the lower degrees of freedom

Model 0'% co \%
Gen.
Exponential 4248 0.201 1.533
Gaussian 4232  0.196 —
Spherical 4285 0.162 —
Gen. Matérn 4.066 0418 2.832
No o M
Spartan 108.431 0.000 1.759

axis on 105°. This is probably due to minimization miscalculations caused by inappropiate

objective function (very smooth or possible local minima), inappropriate initial values, etc.

As for the estimated anisotropy ratios the Generalized Matern converges to a lower value

from the real, while the rest models converge to closer values. Finally, the minor axis of the

ellipsis anisotropy is best estimated by the Generalized Matern while the other models give

much higher values and especially the Spherical. Anyway, more reliable conclusions can be

drawn after the cross validation procedure.

By replacing the estimated anisotropy parameters to the anisotropic variogram models

and minimizing the error function (Eq. (5.8)) of the "new" models and the experimental

directional variograms the rest parameters are estimated, as presented in Table 6.8.
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Figure 6.12 Fitting of ellipses to the pairs (¢, &) of the examined variogram models
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Table 6.9 Leave-One-Out Cross Validation Scores

Model MeanAE MaxAE MSE RMSE R, R, rr
Gen.

Exponential 1.079 4.319 1.888 1.374  0.794 0.773 0.228
Gaussian 1.098 4.316 1.948 1.396 0.785 0.764 0.209
Spherical 1.275 5.642 2.626 1.621  0.664 0.654 0.083
Gen. Matérn  0.812 7.452 1.149 1.072 0.873 0.868 0.758
Spartan 13.851  4177.341 16826.381 129.717 0.034 0.296 0.000

After the parameter inference Leave-One-Out Cross Validation (LOOCYV) is applied in
order to define the best models. The scores of the LOOCY, presented in Table 6.9, give
as best model the Generalized Métern, followed by the Generalized Exponential and the
Gaussian.

The fitting of the best model to the experimental variogram along the directions of
0°,30°,60°,90°,120°, and 150° is interpretted in Fig. 6.13 (the rest directional variograms
in directions 15°,45°,75°,105°,135°, and 165° can be found in Appendix A). As it can be
seen the best theoretical variogram model fits well to the experimental directional variograms.

Implementing OK with the determined best model, the resulting estimation of the field is
as shown in Fig. 6.14. The scatter diagram and histograms of the original and the estimated
values are illustrated in Fig. 6.15, and the measures of the estimation performance for the
three best models are presented in Table 6.10. In general, the estimations reproduce the
original field quite well as it be seen from the histograms. As for the models’ performance
the Gen. Matern achieved significantly higher measures than the other two which have
similar measures. Finally, Fig. 6.16 shows the spatial distribution of the ordinary kriging
estimations uncertainty. The uncertainty is zero at the known points, while it increases up to

4.7 gradually with the distance of the missing points from the known points.
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Figure 6.13 Fitting of the best theoretical model to the experimental directional variograms of the
field. The best model is a Gen. Matern with parameters sigmaf =4.066,& = 1.846,R =0.432, ¢ =
—42.3° cg = 0.418, v = 2.832. The experimental variogram is calculated with angular tolerance 20°,
45 distance lags and taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.14 Original and Estimation of the stochastic component of the field. The model used is a Gen.
Maitern with parameters sigmag =4.066,&; = 1.846,R =0.432,¢ = —42.3°,¢) = 0.418,v = 2.832.
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Figure 6.15 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component.The model used is a Gen. Matern with parameters sigma% = 4.066,&; = 1.846,R =
0.432,¢ = —42.3° ¢ = 0.418,v = 2.832.

Table 6.10 Ordinary Kriging Scores

Model MeanAE MaxAE MSE RMSE R, R,, rr
Gen. Matérn  0.798 7.558 1.115 1.056 0.878 0.878 0.771

Gen.
Exponential 0.952 4324 1489 1.220 0.852 0.841 0.402

Gaussian 0.903 4331 1357 1.165 0.857 0.849 0.491
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Figure 6.16 Uncertainty of the total field’s estimation

6.3.5 Synopsis

The above described analysis of the simple synthetic dataset indicates that the developed
codes can handle succesively such datasets and provide relatively reliable and acurrate results.
In the next sections these codes are applied to a more complex dataset.

6.4 Regular Sample of Marmousi Model

6.4.1 Ordinary Kriging
Preliminary Analysis

It is essential to examine whether the sample is representative of original data. From the
statistics of both the sample and the original datasets (Table 6.11) as well as the histograms
of them (Fig. 6.17), it is clear that the sample is totally representative of the original dataset.

The normal probability plot of the sample (Fig. 6.18), however, indicates that the data
does not come from a gaussian distribution. Thus, Box-Cox transformation is necessary
to be applied to the sample dataset. The best Box-Cox transformation is attained when
A = —0.2606. The statistics of the transformed values can be seen in Table 6.12, while
the histogram and the normal probability plot of them are presented in Fig. 6.19). It is
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Table 6.11 Original and sample datasets statistics

Dataset Min Max Mean Median Variance Skewness Kurtosis

Original 0.273 1.000 0.514 0.475 0.030 0.824 3.277

Sample 0.273 1.000 0.514 0.473 0.030 0.823 3.270
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(a) Original (b) Regular sample

Figure 6.17 Histograms of original and sample datasets

clear that the Box-Cox transformation does not provides a truly gaussian dataset, but the
transformed dataset is closer to the gaussian distribution than the original sample. Thus, no
further actions are taken and the analysis proceeds under the assumption that the transformed
dataset resembles sufficiently a dataset obtained from a gaussian distribution.

After transforming the regular sample’s values, the next step is the removal of any
possible trend. The trend models described in Section 5.1 (see Table 5.1) have been
tested. The parameters of these models are inferred by means of multilinear regression of
the transformed normalised velocities field on the (i, j) indices of the sample points. The
complete expressions of the resulting trend functions are given in Table 6.13, while the
normal probability plots of the fluctuations of each model are shown in Fig. 6.20. The
best model is choosen as the one resulting in fluctuations which are closer to the gaussian
distribution. This model, as can be seen from Fig. 6.20, is the linear trend model.

Table 6.12 Transformed (Box-Cox with A = —0.2606) dataset statistics

Min Max Mean Median Variance Skewness Kurtosis

-1.546 0.000 -0.810 -0.826  0.157 0.025 2.127
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Figure 6.18 Normal probability plot of regular sample
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Figure 6.19 Histogram and normal probability plot of the transformed regular sample. The transfor-
mation applied is the Box-Cox with A = —0.2606.
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Table 6.13 Estimated trend models (regular sample)

Model Estimated Trend Function
Mean m;(s) = —0.8105
Linear m,(s) = —0.3044 +5.1258 - 10~*x — 0.0098y
, m.(s) =—0.3316+1.6886- 10 ~*x — 0.0065y +5.1848 - 10 Oxy
Quadratic 8 2 5 9
+6.4395-1078x2 —3.5533- 107y
m.(s) = — 0.2066 — 0.0022x — 0.0066y +4.3039 - 10 xy + 8.3445 - 10~ %x?
Cubic —1.0253-107%2? — 4.8771- 10 3x%y — 1.5470- 10 "xy?
—9.1203-107%x% +5.2494 . 107y’
m.(s) = —0.2760 — 0.0043x + 0.0074y + 1.4800 - 10 xy + 3.5298 - 10 x>
—4.8234-107%? — 1.0227- 10" x*y +7.4577 - 10 "xy?
Quartic —1.1655-107 x> +3.8748 - 107%° 4+ 8.4378 - 107102y
—8.6842-10"1x}y — 6.6459 - 10~ xy> 4+ 1.4608 - 10~ 10x*
—8.4033-107%*
m.(s) =—0.3661 +5.1253-10"*x — 0.0088y + 0.0033 cos 270.0256x
, o —0.0029in270.0256x — 0.0524 cos 2710.0082y + 0.0520 sin 2710.0082y
Linear+Periodic

—4.2847 10 cos 270.0513x +0.00325in 2770.0513x
—0.0025cos270.0164y +0.0211sin270.0164y
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Figure 6.20 Normal probability plots of the fluctuations resulting from the estimated trend models.
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Figure 6.21 Multilinear regression of the transformed normalised velocities field on the indices (i, j)
of the sample points. The trend equation is given by m_(s) = —0.3044 +5.1258 - 10~*x — 0.0098y.

Table 6.14 Transformed and detrended dataset statistics

Min Max Mean Median Variance Skewness Kurtosis

-0.446 0.557 0.000 -0.025  0.033 0.744 3.745

In Fig. 6.21 the multilinear regression of the transformed normalised velocities field on
the indices (i, j) of the sample points is depicted, while in Fig. 6.22 is plotted the histogram
of the transformed and detrended data (i.e. the fluctuations), and in Table 6.14 are evaluated
the statistics of them. Finally, in Fig. 6.23 is presented the transformed and detrended
Marmousi model, in order to obtain an inspection of the random field, which we intend to
regenerate hereinafter with the five variations of the analysis procedure, described in Section
6.2.



6.4 Regular Sample of Marmousi Model

77

1000

900

800

700

600

500

400

300

200

100

0

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 6.22 Histogram of transformed and detrended sample dataset

Depth (km)

Distance (km)

Figure 6.23 Transformed and detrended Marmousi model
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Calculation of Experimental Variogram

The experimental directional variograms with angular step 4° and 15° are shown in Fig.
6.24. These figures display clearly the significant anisotropic characteristics of the field
(as it is highly expected for such geological data). More specifically, it can be easily seen
that the spatial correlation differs significantly from direction to direction; the variogram is
stabilized around a maximum value (sill) in much more longer distances along the horizontal

and almost horizontal directions than the other directions.

The experimental variograms with the smaller angular step (4°) have been calculated
only in order to provide a clearer visualization of the anisotropy of the field, while the
directional experimental variograms with the higher angular step (15°) are used in practice in
the following steps. We avoid to use the exprimental variograms with the small angular step

due to the higher computational cost that they will lead the further analysis.

DirVar(

In the DirVar0 method the investigated random field (transformed and detrended Marmousi
model) is modeled by anisotropic variogram equations without estimating the anisotropy
parameters in advance. Hence, the anisotropic variogram equations contain the maximum
number of unknown parameters for each model. The parameter inference of these models is
achieved through the minimization of the error function described by Eq. (5.8) between the

experimental directional variograms and the choosen anisotropic theoretical models.

The initial values and the boundaries of the parameters for each model used in the
optimization step are presented in Table 6.15, and the resulting optimum parameters are
presented in Table 6.16. The investigated models’ parameters generally agree, with only
exception the anisotropy ratios which exhibit relatively high discrepancies. However, the
correctness of them cannot be evaluated before the cross validation procedure.

After the parameter inference, the best model is selected by means of Leave-One-Out
Cross Validation (LOOCYV). In order to obtain the estimations of the original field (normalised
velocities) on the dataset locations and to compare them with the original values, the kriged
values are back-transformed in two steps:

a)) the corresponding trend values at the known points are added to the estimations of the
stochastic component (detrended and transformed normalised velocities), and
b)) the Box-Cox transformation is inverted.
The performance of the models is evaluated by calculating the validation measures described

in Section 5.3.2, and the best model is chosen based on the coefficient expressed by Eq.
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Figure 6.24 Directional experimental variograms of the field. For both cases the angular tolerance is
20°, the maximum distance taken into account is the 20% of the grid’s diagonal which is equivalent
to about 80, and is divided into 45 distance lags.
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Table 6.15 Initial values and boundaries of the parameters for optimization step, where g,.x(=
maximum value of experimental variogram) = 0.0384, d,,,x ~ 80, b = [GZZ = 8max, &1 = dnax2/3,R=
0.5, = 10°,¢0 = max/100], by, = Mo = 1000,& = dax2/3,R = 0.5,¢ = 10°,c0 = Zmax/100],
by = [crz2 € [0,1.58max], &1 € [0,1.5d 4], R € [0,30], ¢ € [—90°,90°],¢o € [0, Zmax/5]]:bspr =[N0 €
[0,00], & € [0,1.5d,max], R € [0,30], 0 € [—90°,90°],co € [0, gmax/5]]-

Model Initial Values Boundaries

Gen.

Exponential [b,v =1.5] [by, v € (0,2)]
Gaussian [b] [bp)

Spherical [b] [bp)

Gen. Matérn D] [bp)

Spartan Bsp-m =11 [bgpp, M € (=2,%0)]

Table 6.16 Optimum Parameters of the investigated variogram models

Model c

Gen.
Exponential 0.035 8.745 0.340 —83.8° 0.000 0.756

f &, R () Co \4

Gaussian 0.026 5.879 0.253 —85.3° 0.008 —
Spherical 0.026 7.657 0.109 —84.4° 0.008 —

Gen. Matérn 0.034 8.847 0.210 —83.8° 0.000 0.300

No &, R () o n
Spartan 4257 8306 0.085 —84.0° 0.000 88.809
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Table 6.17 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R;, rr
Gen.

Exponential  0.051 0395 0.006 0.079 0.894 0.927 0.617
Gaussian 0.051 0.393 0.006 0.078 0.896 0.928 0.640
Spherical 0.048 0.372 0.005 0.073 0.910 0.934 0.850

Gen. Matérn  0.050 0.384 0.006 0.076 0.902 0.931 0.723

Spartan 0.049  0.375 0.005 0.073 0.909 0.934 0.829

(5.25). As can be seen from the validation measures of the LOOCYV presented in Table 6.17
the best model is the Spherical, followed by the Spartan and the Generalized Matérn models.

A visualisation of the the selected theoretical model’s fitting to the experimental variogram
is interpretted in Fig. 6.25, in which the directional experimental variograms of the field
on the directions 0°,30°,60°,90°,120°, and 150° are plotted against the theoretical model
(while the rest directional variograms in directions 15°,45°,75°,105°,135°, and 165° can
be found in Appendix A). The best anisotropic model fits fairly well to the directional
experimetnal variograms.

In the next step, Ordinary Kriging is applied to the sample stochastic component field,
using the three best models and an arbitrarily defined rectangular neighboorhood of size 22x4.
This neighboorhood is selected so as to ensure that neighboors from at least two drill-holes
away on both sides will be included. Only the results of the first model is presented in detail,
while the other two are used only for comparison.

The estimation of the stochastic component of the field (i.e the transformed and detrended
normalised velocities) given by the best model is shown in Fig. 6.26. A scatter diagram
of original and estimated values of the stochastic component, as well as their histograms
can be seen in Fig. 6.27. Finally , in Table 6.18 the measures of the stochastic component
estimation performance for the three best models are presented.

By adding the trend to the estimations of the stochastic component of the field and
inverting the Box-Cox transformation, the estimation of the total field, which is shown in Fig.
6.28, is derived. As for the stochastic component, a scatter diagram of the original and the
estimated values of the total field, as well as their histograms can be seen in Fig. 6.29. In
general, the estimations follow the original values without achieving satisfying proximity of
the total distribution. Both the tails of the distribution as the middle of it exhibit significant
discrepancies.
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Figure 6.25 Fitting of the best theoretical model to the directional experimental variograms of the field.
The best model is a Spherical with parameters O'Z2 =0.026,&; =7.657,R=0.109,¢ = —84.4° ¢y =
0.008. The experimental variogram is calculated with angular tolerance 20°, 45 distance lags and
taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.26 Original and Estimation of the stochastic component of the field. The model used is the
Spherical with parameters O'ZZ =0.026,&, =7.657,R=0.109,¢ = —84.4° ¢y = 0.008.
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Figure 6.27 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is the Spherical with parameters 622 =0.026,&, =7.657,R=0.109,¢ =
—84.4°,¢o = 0.008.

Table 6.18 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spherical 0.094 0579 0.016 0.127 0.732 0.723 0.530
Spartan 0.094 0580 0.016 0.127 0.728 0.720 0.512

Gen. Matérn  0.097  0.589 0.017 0.132 0.700 0.697 0.413
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Figure 6.28 Original and estimated total field
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Figure 6.29 Histograms and Scatter plot of original and estimated values (total field)

In Table 6.19 the measures of the total field (i.e. normalised velocities) estimation
performance for the three best models are presented. From these measures it can be observed
that the two first models’ performance is almost identical, while the third one follows closely.
In addition, Fig. 6.30 maps the confidence interval width of the estimations, i.e. it depicts
the spatial distribution of the uncertainty. The uncertainty is zero at the known locations,
while at the investigated points it is equal to 0.37 with slightly smaller values at the edges.
This can be explained by the fact that the number of the neighboors taken into account by the
ordinary kriging estimations is the same for all the missing points, except for the edges of
the field where it decreases, due to the regularity of the sample.

In Table 6.20 are presented the classification measures (see section 5.3.2) for the cases

of 4 and 16 classes. By increasing the number of classes, the correlation coefficients increase,
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Table 6.19 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spherical 1.317 1.867 1.803 1.343 0935 0.943 0.881
Spartan 1.317 1.866 1.803 1.343 0.934 0.942 0.880

Gen. Matérn 1.317 1.865 1.803 1.343 0.930 0.938 0.872

10.35
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10.25

0.2

Normalised Velocity

0.15

0.1

0.05

Figure 6.30 Uncertainty of the total field’s estimation
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Table 6.20 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R;, MCR
Spherical 0.860 0.873 0.220 0916 0.936 0.584

Spartan 0.859 0.873 0.222 0914 0936 0.584

Gen. Matérn 0.852 0.867 0.227 0.906 0.931 0.588

while the MCR decreases. The increasing of the N, leads to a more complex model, which
closer to the reality. That is the reason of the correlation coefficients’ improvement. On the
contrary, the misclassification rate’s deterioration can be attributed to the thinning of the

binning, which incommodes the interpolation.

DirVarl

In the DirVarl method the investigated random field is modeled by anisotropic variogram
equations after estimating the anisotropy parameters of them. The anisotropy parameters are
estimated by means of DVF (see section 5.2.2). Subsequently, the estimated parameters are
replaced to the corresponding anisotropic variogram functions, reducing by three the number
of unknown parameters for each model. The parameter inference of the models with the
lower degrees of freedom is achieved through the minimization of the error function between
the experimental directional variograms and the chosen anisotropic theoretical models.

The initial values and the boundaries of the parameters for each isotropic model used in
the anisotropy parameter inference step with DVF method are as specified in Table 6.15
without considering the anisotropy parameters R and ¢. The anisotropy parameters for each
model are estimated by fitting an ellipse to the resulting pairs of (¢, &) of each model. The
fitting of the ellipses to these pairs for the 5 models are depicted in Fig. 6.31, while the
estimated anisotropy parameters for all models are given in Table 6.21. In general, the
investigated models’ fitting show that the major axis of the anisotropy ellipsis is either on
the almost horizontal direction (0°) or on the direction of about 30 — 40°. This results agree
with the intuitive estimations of the anisotropy angle mentioned at section 6.1.2. The non-
stationarity of the field is also indicated by the strong dependence of the correlation length
values’ on the direction as it is illustrated in Fig. 6.31. For all the models the correlation
lengths on the vertical or almost vertical directions are significantly smaller than these on the

other directions. These rapid changes may also affect negatively the optimization procedure.
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Table 6.21 Anisotropy parameters of the investigated variogram models estimated with DVF method

Anisotropy Parameters

Model
& R 0

Gen.

Exponential 3981 0.264 —90.0°
Gaussian 4.827 0.298 —90.0°
Spherical 11.550 0.397 -90.0°
Gen. Matérn 2987 0.145 —90.0°
Spartan 40.338 0.307 —-50.9°

Table 6.22 Optimum Parameters of the variogram models with the lower degrees of freedom

Model O'% co \%
Gen.
Exponential 0.033 0.000 1.012
Gaussian 0.026  0.008 —
Spherical 0.026 0.007 —
Gen. Matérn 0.031 0.002 0.700
No €o M
Spartan 0.832 0.000 1.928

As regards the variations on the estimated anisotropy ratios, no reliable conclusions can be

drawn before the cross validation procedure.

By replacing the estimated anisotropy parameters to the anisotropic variogram models and

minimizing the error function of the new models and the experimental directional variograms

the rest parameters are estimated, as presented in Table 6.22. The common parameters

generally agree for all the investigated models.

After the parameter inference Leave-One-Out Cross Validation (LOOCYV) is applied

in order to define the best models. The validation measures of the LOOCYV, presented in

Table 6.23, give as best model the Spartan, followed by the Generalized Métern and the

Generalized Exponential models.
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Figure 6.31 Fitting of ellipses to the pairs (¢, &) of the investigated variogram models
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Table 6.23 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R;, rr
Gen.

Exponential 0.053 0.401 0.007 0.081 0.887 0.923 0.562
Gaussian 0.055 0420 0.007 0.086 0.872 0914 0.437
Spherical 0.054 0411 0.007 0.083 0.880 0.919 0.502

Gen. Matérn  0.053  0.401 0.007 0.081 0.887 0.923 0.562

Spartan 0.049  0.372 0.005 0.074 0.908 0.933 0.848

Table 6.24 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, re
Spartan 0.094 0.676 0.017 0.129 0.716 0.709 0.507

Gen. Matérn 0.104  0.605 0.020 0.142 0.631 0.641 0.273

Gen.
Exponential 0.104 0.605 0.020 0.142 0.632 0.642 0.276

The fitting of the best model to the experimental variogram along selected directions
is interpretted in Fig. 6.32 (the rest directional variograms can be found in Appendix
A). As it can be seen the best theoretical variogram model diverges significantly from the
experimental directional variograms. This can be attributed to minimization miscalculations,
i.e. inappropiate objective function (very smooth or possible local minima), inappropriate
initial values or to the fields complexity (as mentioned above). Thus, the analysis is continued
without taking any further action.

Implementing OK with the determined best model, the resulting estimation of the stochas-
tic component of the field (i.e the transformed and detrended normalised velocities) is as
shown in Fig. 6.33. The scatter diagram and histograms of the original and the estimated
values of the stochastic component are illustrated in Fig. 6.34, and the measures of the
stochastic component estimation performance for the three best models are presented in
Table 6.24.

The resulting estimation of the total field, after the trend addition and Box-Cox trans-
formation inversion, is as shows Fig. 6.35, and the correspomding scatter diagram and

histograms are shown in Fig. 6.36. In general, the estimations follow the original values
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Figure 6.32 Fitting of the best theoretical model to the experimental directional variograms of the field.
The best model is a Spartan with parameters 19 = 0.832,&; = 40.338,R = 0.307, ¢ = —50.9°,¢o =
0.000,n; = 1.928. The experimental variogram is calculated with angular tolerance 20°, 45 distance
lags and taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.33 Original and Estimation of the stochastic component of the field. The model used is a
Spartan with parameters 1o = 0.832,&; = 40.338,R = 0.307,¢ = —50.9°, ¢y = 0.000,1; = 1.928.
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Figure 6.34 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component.The model used is a Spartan with parameters 19 = 0.832,&; = 40.338,R = 0.307,¢ =
—50.9°,¢9 = 0.000,1m; = 1.928.
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Figure 6.35 Original and estimated total field
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Figure 6.36 Histograms and Scatter plot of original and estimated values (total field)

without, however, achieving satisfying proximity of the total distribution; both the tails of the
distribution as the middle of it exhibit significant discrepancies. The measures of the total
field (i.e. normalised velocities) estimation performance for the three best models, presented
in Table 6.25, show that the first model has significantly better performance than the other
two which have almost the same validation measures. Finally, Fig. 6.37 shows the spatial
distribution of the ordinary kriging estimations uncertainty. The uncertainty is zero at the
drill-holes (known points), while increases from ~~ 0.30 near the drill-holes to 0.37 at great
distance between the drill-holes.

Also, in Table 6.26 are presented the classification measures for the cases of 4 and 16
classes. The same observations, as in DirVar0, apply.
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Table 6.25 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr

Spartan 1.317  1.869 1.803 1.343 0.932 0.940 0.876

Gen. Matérn 1.317 1.863 1.804 1.343 0918 0.927 0.851

Gen.
Exponential 1.317 1.863 1.804 1.343 0918 0.928 0.851
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10.3
40.25 >
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02 >
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E
0.15 szs
0.1
0.05
0
Figure 6.37 Uncertainty of the total field’s estimation
Table 6.26 Classification Measures
4 classes 16 classes
Model Rp Rsp MCR Rp Rsp MCR
Spartan 0.856 0.871 0.219 0912 0.934 0.578

Gen. Matérn 0.840 0.859 0.235 0.889 0.921 0.600

Gen.
Exponential 0.840 0.859 0.235 0.889 0.921 0.600
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DirVar2

In the DirVar2 method the anisotropy parameters are also estimated by means of DVF (see
section 5.2.2) in advance, as in the DirVarl variation, but in this case these parameters
are used for rescalling and rotating the original anisotropic coordinations system to a new
isoropic coordinations system. Subsequently, the field is modeled by isotropic variogram
equations following a similar to the previous variations procedure (i.e. parameter inference
by minimizing the error function, LOOCYV and OK).

Therefore, the 5 sets of anisotropy parameters estimated in the DirVarl method (see
Table 6.21) are used for the inversion of the anisotropic effect, giving equal number of new
coordination systems. Each system corresponds to a variogram model with the isotropic
form of which it is tested in the following steps. Before this, however, it is necessary
to examine whether the new systems are actually isotropic or have retained anisotropic
characteristics. This is dependent on the reliability of the anisotropy parameters estimation.
For this purpose, the experimental directional variograms for each coordinations system are
calculated, and subsequently the new anisotropy parameters are estimated by means of DVFE.
The results are shown in Table 6.27, while in Fig. 6.38 are displayed the experimental
directional variograms of the new coordination systems. The results show that despite small
improvement (indicated by the proximity of the new corralation length to 1 and the new
anisotropy angle to 0) the anisotropic effect remains at relatively high levels as indicated by
the very small increase of the anisotropy ratios. Nevertheless, analysis procedure continues
by assuming the new coordinations systems as isotropic.

By minimizing the error function of the isotropic variogram functions of the models
and the corresponding experimental omnidirectional (isotropic) variograms of the new
coordinations systems (see Fig. 6.39) the parameters of the isotropic models are estimated, as
presented in Table 6.28. The common parameters are generally close for all the investigated
models.

The Leave-One-Out Cross Validation (LOOCV) for the estimated models gives the vali-
dation measures presented in Table 6.29. As best model derives the Generalized Exponential,
followed by Generalized Mdtern and Spartan. As it can be seen from Fig. 6.39), though, all
the models except Spartan (probably due to optimization miscalculations) fit fairly well to
their corresponding experimental omnidirectional variograms.

The estimation of the stochastic component of the field (i.e the transformed and detrended
normalised velocities) resulting from OK is as shown in Fig. 6.40. The scatter diagram and
histograms of the original and the estimated values of the stochastic component are, also,
shown in Fig. 6.41, and the measures of the stochastic component estimation performance

for the three best models are presented in Table 6.30. The resulting estimation of the total
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Table 6.27 Anisotropy parameters of the new coordinations systems

Table 6.28 Optimum Parameters of the isotropic variogram models

Anisotropy Parameters

Model
&1 R ¢

Gen.

Exponential 0.833 0.432 5.2°
Gaussian 0.822 0.468 0.0°
Spherical 0.832 0.324 6.1°
Gen. Matérn 1.598 0.235 11.3°
Spartan 0.826 0.445 0.0°

Model c? é co v
Gen.
Exponential 0.033 1.031 0.000 0.948
Gaussian 0.025 1.002 0.007 —
Spherical 0.025 1.083 0.007 —
Gen. Matérn 0.033 1.425 0.000 0.405
No ¢ Co m
Spartan 0.045 0.081 0.000 -1.989

Table 6.29 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R, rr
Gen.

Exponential 0.025 0.350 0.002 0.048 0.962 0.974 0.937
Gaussian 0.032 0364 0.003 0.053 0953 0.967 0.609
Spherical 0.031 0.362 0.003 0.052 0.955 0.969 0.647
Gen. Matérn 0.028 0.370 0.002 0.048 0.961 0.972 0.881
Spartan 0.025 0.361 0.002 0.048 0961 0974 0.874
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Figure 6.38 Experimental directional variograms of the new coordinations systems
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Figure 6.39 Fitting of the theoretical models to the corresponding experimental omnidirectional
variograms of the new coordinations systems.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.40 Original and Estimation of the stochastic component of the field. The model used is a
Gen. Exponential with parameters 612 =0.033,& = 1.031,¢9 = 0.000, v = 0.948.

Table 6.30 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R,, rr

Gen.
Exponential 0.044 0.681 0.005 0.073 0.916 0.907 0.831

Gen. Matérn  0.046  0.661 0.006 0.074 0.914 0.905 0.783

Spartan 0.066 0.658 0.009 0.094 0.875 0.867 0.286

field, after the trend addition and Box-Cox transformation inversion, is as shows Fig. 6.42,
and the correspomding scatter diagram and histograms are shown in Fig. 6.43. In general, the
estimations follow the original values achieving a very good proximity of the total distribution.
The measures of the total field (i.e. normalised velocities) estimation performance for the
three best models, presented in Table 6.31, show that their performance is almost identical.
Also, the spatial distribution of the ordinary kriging estimations uncertainty is shown in Fig.
6.44. The uncertainty (as expected from theory) increases gradually from ~ 0.00 near the
drill-holes to 0.20 at great distance between the drill-holes, and exhibits the same patern all
over the examined space due to the regularity of the sample.

Finally, in Table 6.32 are presented the classification measures for the cases of 4 and 16
classes. The results show that for all models the measures increase as the number of classes
increase, while the best model has the higher performance rates for any number of classes.
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Figure 6.41 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Exponential with parameters GZZ =0.033,£ = 1.031,¢9 =
0.000,v = 0.948.
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Figure 6.42 Original and estimated total field

Table 6.31 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R,, rr

Gen.
Exponential 1.321 1.843 1.803 1.343 0960 0.979 0.938

Gen. Matérn  1.321  1.843 1.803 1343 0.960 0.979 0.938

Spartan 1.318 1.867 1.801 1.342 0.961 0.970 0.932
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Figure 6.43 Histograms and Scatter plot of original and estimated values (total field)
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Table 6.32 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R;, MCR

Gen.
Exponential 0.929 0930 0.116 0972 0.975 0.317

Gen. Matérn 0927 0.929 0.119 0971 0.975 0.330

Spartan 0.891 0.899 0.173 0.953 0.963 0.464

CHI1

In the CHII method the investigated random field is modeled by anisotropic variogram
equations after estimating the anisotropy parameters. The anisotropy parameters in this case
are estimated by means of CHI (see section 5.2.2) and are the same for all the models.
Subsequently, the estimated parameters are replaced to the corresponding anisotropic vari-
ogram functions, reducing by two the number of unknown parameters for each model (in
the previous variations the parameters were reduced by three) as the CHI method estimates
only R and ¢. The parameter inference of the models with the lower degrees of freedom is
achieved through the minimization of the error function between the experimental directional
variograms and the chosen anisotropic theoretical models.

The estimated anisotropy parameters are given in Table 6.33. The parameters captured by
the CHI estimator indicates that the major axis of the anisotropy ellipsis is almost horizontal
and is also significantly greater (~ 10 times) than the minor axis.

By replacing the estimated anisotropy parameters to the anisotropic variogram models and
minimizing the error function of the new models and the experimental directional variograms
the rest parameters for each model are estimated, as presented in Table 6.34. The estimated
values of the variance and the nugget effect are very close but the correlation lengths differ
depending on the model. The correlation length of the Spherical model is significantly higher
from the other models.

The Leave-One-Out Cross Validation (LOOCV) gives as best model the Spherical,
followed by Spartan and Generalized Exponential.

Table 6.33 Anisotropy parameters of the investigated variogram models estimated with CHI method

R ¢
0.108 —88.5°
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Table 6.34 Optimum Parameters of the variogram models with the lower degrees of freedom

Model c & o %
Gen.
Exponential 0.033 4.994 0.000 1.098
Gaussian 0.028 8.471 0.006 —
Spherical 0.033 79.760 0.000 —
Gen. Matérn 0.029 1.074 0.004 3.500
No £ €o m
Spartan 0.841 5.032 0.000 2.000

Table 6.35 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R;, rr
Gen.

Exponential 0.052 0.398 0.006 0.080 0.889 0.924 0.678
Gaussian 0.053 0.407 0.007 0.082 0.884 0.921 0.622
Spherical 0.050 0.386 0.006 0.077 0.900 0.930 0.837
Gen. Matérn 0.053 0.404 0.007 0.082 0.885 0.922 0.635
Spartan 0.052 0.398 0.006 0.080 0.890 0.925 0.691
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Table 6.36 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spherical ~ 0.099  0.588 0.018 0.133 0.692 0.689 0.476

Spartan 0.103  0.602 0.020 0.140 0.645 0.652 0.344

Gen.
Exponential 0.103 0.602 0.020 0.141 0.640 0.648 0.333

The fitting of the best model to the experimental variogram on selected directions is
interpretted in Fig. 6.45 (the rest directional variograms can be found in Appendix A).
As it can be seen the best theoretical variogram model diverges significantly from the
experimental directional variograms. This can be attributed to minimization miscalculations,
i.e. inappropiate objective function (very smooth or possible local minima), inappropriate
initial values or to the fields complexity. Thus, the analysis proceeds without taking any
further action.

Implementing OK with the determined best model, the resulting estimation of the stochas-
tic component of the field (i.e the transformed and detrended normalised velocities) is as
shown in Fig. 6.46. The scatter diagram and histograms of the original and the estimated
values of the stochastic component are illustrated in Fig. 6.47, and the measures of the
stochastic component estimation performance for the three best models are presented in
Table 6.36.

The resulting estimation of the total field, after the trend addition and Box-Cox trans-
formation inversion, is as shows Fig. 6.48, and the correspomding scatter diagram and
histograms are shown in Fig. 6.49. In general, the estimations follow the original values
without, however, achieving satisfying proximity of the total distribution; both the tails of the
distribution as the middle of it exhibit significant discrepancies. The measures of the total
field (i.e. normalised velocities) estimation performance for the three best models, presented
in Table 6.37, show that the first model has significantly better performance than the other
two which have almost the same validation measures. Finally, Fig. 6.50 shows the spatial
distribution of the ordinary kriging estimations uncertainty. The uncertainty is zero at the
known locations, while at the investigated points it is equal to 0.37 with slightly smaller
values at the edges.

Also, in Table 6.38 are presented the classification measures for the cases of 4 and 16
classes. The same comments, as in DirVar2, apply.
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Figure 6.45 Fitting of the best theoretical model to the experimental directional variograms of the
field. The best model is a Spherical with parameters GZZ =0.033,&; =79.760.338,R = 0.108, ¢ =
—88.5°,co = 0.000. The experimental variogram is calculated with angular tolerance 20°, 45 distance
lags and taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component

(b) Estimated Stochastic Component

Figure 6.46 Original and Estimation of the stochastic component of the field. The model used is a
Spherical with parameters GZ2 =0.033,&; =79.760.338,R = 0.108, ¢ = —88.5°,¢o = 0.000.
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Figure 6.47 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Spherical with parameters Gz2 = 0.033,&; = 79.760.338,R =
0.108,¢ = —88.5°,co = 0.000.

Table 6.37 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spherical 1.317 1.865 1.803 1.343 0.929 0.937 0.870
Spartan 1.317  1.864 1.804 1.343 0.920 0.930 0.855
Gen.

Exponential 1317 1.864 1.804 1.343 0920 0.929 0.854
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8000 T T T T T T T T 14}
I Original

7000 [ [ Estimated | 12+

6000 -

5000 |- 081

0.6

Estimations

4000 -

0.4
3000 -

021
2000 [

1000 -

\ . . , . . \ .
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
0.2 . . . . X . . . Observed Data

Figure 6.49 Histograms and Scatter plot of original and estimated values (total field)

Table 6.38 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R,, MCR
Spherical 0.848 0.864 0.228 0.904 0.929 0.591

Spartan 0.842 0.860 0.234 0.892 0.923 0.598

Gen.
Exponential 0.841 0.860 0.235 0.891 0.922 0.599
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Figure 6.50 Uncertainty of the total field’s estimation

CHI2

In the CHI2 method the anisotropy parameters are also estimated by means of CHI in
advance, as in the CHI1 variation, but in this case these parameters are used for rescalling
and rotating the original anisotropic coordinations system to a new isoropic coordinations
system. Subsequently, the field is modeled by isotropic variogram equations following a
similar to the previous variations procedure (i.e. parameter inference by minimizing the error
function, LOOCYV and OK).

Therefore, the 1 set of anisotropy parameters estimated in the CHII variation (see
Table 6.33) is used for the inversion of the anisotropic effect, giving a new coordination
systems. In order to invert the original coordination system it is assumed that §; = R, as
long as the CHI method estimates only R and ¢. Subsequently, the new system is modeled
using the 5 isotropic variogram models. Before this, however, it is necessary to examine
whether the new system is actually isotropic or have retained anisotropic characteristics.
This is obviously dependent on the reliability of the anisotropy parameters estimation. For
this purpose, the experimental directional variograms of the new coordinations system is
calculated, and then the new anisotropy parameters are estimated by means of DVF (see
section 5.2.2) using the 5 variogram models. The results are shown in Table 6.39, while
in Fig. 6.51 is displayed the experimental directional variograms of the new coordinations

system. All the models give increased anisotropy ratio relatively to the original one, but only
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Table 6.39 Anisotropy parameters of the new coordinations systems

Anisotropy Parameters

Model
&1 R ¢

Gen.

Exponential 35.297 0.394 6.1°
Gaussian 33.661 0.738 16.6°
Spherical 73.440 0.899 12.4°
Gen. Matérn 42.206 0.465 19.8°
Spartan 47.751 0.535 22.0°

Table 6.40 Optimum Parameters of the isotropic variogram models

Model o? &

Vv

Z
Gen.

Exponential 0.033 32950 0.000 0.776

Gaussian 0.026 36.473 0.007 —
Spherical 0.026 91.788 0.007 —
Gen. Matérn 0.034 48.7994 0.000 0.322
No & N
Spartan 9.687 328.725 0.001 467.369

the two of them recognize it as almost isotropic (i.e. Gaussian and Spherical). Nevertheless,

analysis procedure continues by assuming the new coordinations system as isotropic.

By minimizing the error function of the isotropic variogram functions of the models

and the corresponding experimental omnidirectional (isotropic) variogram of the new co-

ordinations system (see Fig. 6.52) the parameters of the isotropic models are estimated,

as presented in Table 6.40. All the models fit well to the experimental omnidirectional

variogram. Also, the estimated parameters are very close, except from the correlation lengths

which differ significantly depending on the model; the Spartan model is attributed by the

extremely large value of about 329, the Spherical model by the lower value of about 92 while

the rest models’ correlation length range from 32 to 49.
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Figure 6.51 Experimental directional variograms of the new coordinations system

The Leave-One-Out Cross Validation (LOOCYV) for the estimated models gives the
validation measures presented in Table 6.41. As best model derives the Spartan, followed
by Generalized Exponential and Generalized Métern. As it can be seen from Fig. 6.52),
the above mentioned models are those that fit better to the experimental omnidirectional

variogram.

The estimation of the stochastic component of the field (i.e the transformed and detrended
normalised velocities) resulting from OK is as shown in Fig. 6.53. The scatter diagram and
histograms of the original and the estimated values of the stochastic component are shown
in Fig. 6.54, and the measures of the stochastic component estimation performance for the
three best models are presented in Table 6.42. The resulting estimation of the total field,
after the trend addition and Box-Cox transformation inversion, is as shows Fig. 6.55, and
the correspomding scatter diagram and histograms are shown in Fig. 6.56. In general, the
estimations follow the original values achieving a very good proximity of the total distribution.
The measures of the total field (i.e. normalised velocities) estimation performance for the
three best models, presented in Table 6.43, show that their performance is almost identical.
Also, the spatial distribution of the ordinary kriging estimations uncertainty is shown in Fig.

6.57. The uncertainty (as expected from theory) increases quickly from ~ 0.00 near the
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Figure 6.52 Fitting of the theoretical models to the corresponding experimental omnidirectional
variograms of the new coordinations systems.
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Table 6.41 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R, rr
Gen.

Exponential 0.030 0.346 0.002 0.049 0.960 0.968 0.897
Gaussian 0.034 0346 0.003 0.054 00951 0.960 0.604
Spherical 0.032 0.344 0.003 0.052 00955 0964 0.724
Gen. Matérn 0.030 0.346 0.002 0.050 0.959 0.967 0.876
Spartan 0.030 0.347 0.002 0.049 0960 0.968 0.930

(a) Original Stochastic Component

(b) Estimated Stochastic Component

Figure 6.53 Original and Estimation of the stochastic component of the field. The model used is a
Spartan with parameters 19 = 9.687,& = 328.725,c9 = 0.001,1; = 467.369.

drill-holes to ~ 0.20 at great distance between the drill-holes, and exhibits the same patern

all over the exained space due to the regularity of the sample.

Finally, in Table 6.44 are presented the classification measures for the cases of 4 and 16

classes. The results show that for all models have almost identical performance, while the

measures increase as the number of classes increase.
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Figure 6.54 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Spartan with parameters 19 = 9.687,& = 328.725,¢9 = 0.001,n; =
467.369.

Table 6.42 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R;, re
Spartan 0.040 0.695 0.005 0.072 0920 0.908 0.835
Gen.

Exponential  0.041 0.703 0.005 0.072 0.920 0.908 0.831

Gen. Matérn  0.042  0.691 0.005 0.072 0.919 0.908 0.819

Normalised Velocity
Normalised Velocity

(a) Original Total Field (b) Estimated Total Field

Figure 6.55 Original and estimated total field
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Figure 6.56 Histograms and Scatter plot of original and estimated values (total field)

Table 6.43 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spartan 1.321 1.839 1.803 1.343 0959 0.980 0.940
Gen.

Exponential 1321  1.839 1.803 1.343 0.960 0.980 0.940

Gen. Matérn 1.321  1.839 1.803 1.343 0.960 0.980 0.940

10.18

+10.16

+10.14

0.12

0.1

0.08

Normalised Velocity

0.06

0.04

0.02

Figure 6.57 Uncertainty of the total field’s estimation
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Table 6.44 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R;, MCR
Spartan 0930 0931 0.114 0974 0976 0.295

Gen.
Exponential 0.930 0932 0.114 0974 0.976 0.295

Gen. Matérn 0.929 0.931 0.115 0974 0976 0.302

6.4.2 DGC Simulation

The DGC simulation method is applied to the original dataset (i.e normalised velocities)
in one step. The simulation is calculated using 4, 16 and 100 classes; in the first two case
the result is a classification while in the third the procedure approximates an interpolation.
The number of simulations calculated for each case is 10 and the mean of them is the final
results, which are interpretted in Figs. 6.58, 6.59, and 6.60 along with the histograms of the
original and the estimated data and the distribution of the uncertainty of the estimations. The
neighboorhood used for the DGC simulation procedure is the same as the one used in OK,
i.e 22x4. Finally, some measures of the DGC simulation performance are summarized in
Table 6.45. The classification results show that the increasing of the number of classes from
4 to 16 leads to lower errors and higher correlation coefficient. This can be explained by the
fact that the field is described better by a more complex model. The misclassification rate, on
the contrary, increases with the increasing of the N, due to the thinning of the bins which
affects negatively the accuracy of the estimations. On the other hand, the results obtained by
increasing the number of classes to 100 show that the interpolation performance is relatively
close to the classification with N. = 16, with slightly higher errors and smaller correlation
but significantly higher MCR than the later.

Table 6.45 DGC Validation Measures

Classes MnAE RMSE R, MCR
4 0.071  0.090 0.858 0.193

16 0.043  0.072 0915 0.465

100 0.045 0.079 0.894 0915
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Figure 6.58 Results of DGC simulation with 4 classes
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Figure 6.59 Results of DGC simulation with 16 classes
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Figure 6.60 Results of DGC simulation with 100 classes



118 Case Study: Marmousi Model

6.4.3 Synopsis

The results of the methods applied to the analysis of the investigated field’s regular sample are
summarized in Table 6.46. These results show that the best methods for the reconstruction of
the Marmousi model are the variations DirVar2 and CHI2, which exhibit equal performance.
As regards the investigated models, no one shows significantly better performance. However,
the Spartan model is always amongst the three best models. The DGC simulation method
has shown comparative performance rates to those of OK estimation, but slightly lower
from the later. Notable is also the fact that in all methods the increase of the number of
classes results to the improvement of the estimations as indicated by the increase of the
correlation coefficients. However, in the DGC method the increase of the classes leads also

to the worsening of the misclassification rate, as the complexity of the procedure increases.
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Table 6.46 Summarized results for the regular sample
Interpolation 4 Classes 16 Classes

Method Model MnAE RMSE R, R, MCR R, MCR
cc’a‘ Spherical 1.317 1.343 0935 0.860 0.220 0.916 0.584
2 Spartan 1.317 1.343 0934 0.859 0.222 0914 0.584
a Gen. Matérn 1.317 1.343  0.930 0.852 0.227 0.906 0.588
?5 Spartan 1.317 1.343 0932 0.856 0.219 0912 0.578
E Gen. Matérn 1.317 1.343 0918 0.840 0.235 0.889 0.600
a Gen. Expon. 1.317 1.343 0918 0.840 0.235 0.889 0.600
‘;g Gen. Expon.  1.321 1.343  0.960 0.929 0.116 0972 0.317
2 Gen. Matérn  1.321 1.343 0960 0.927 0.119 0971 0.330
a Spartan 1.318 1.342 0961 0.891 0.173 0.953 0.464
= Spherical 1.317 1.343 0929 0.848 0.228 0.904 0.591
= Spartan 1.317 1.343 0920 0.842 0.234 0.892 0.598
© Gen. Expon.  1.317 1.343 0920 0.841 0.235 0.891 0.599
S| Spartan 1.321 1.343 0959 0.930 0.114 0974 0.295
= Gen. Expon.  1.321 1.343 0960 0.930 0.114 0.974 0.295
© Gen. Matérn 1.321 1.343 0960 0.929 0.115 0.974 0.302
3
= — 0.045 0.079 0.894 0.858 0.193 0915 0.465
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6.5 Random Sample of Marmousi Model

The analysis of the random sample follows the same procedure as for the regular sample.

6.5.1 Ordinary Kriging
Preliminary Analysis

The statistics (Table 6.47) and the histograms (Fig. 6.61) of the sample and the original
dataset show that the sample is totally representative of the original data.

The normal probability plot of the sample (Fig. 6.62), however, indicates that the data
does not come from a gaussian distribution. Thus, Box-Cox transformation is necessary
to be applied to the sample dataset. The best Box-Cox transformation is attained when
A = —0.2944. The statistics of the transformed values can be seen in Table 6.48, while the
histogram and the normal probability plot of them are presented in Fig. 6.63. The Box-Cox
transformation does not provides a truly gaussian dataset, but the transformed dataset is
closer to the gaussian distribution than the original sample. However, no further actions are
taken and the analysis procedure is continued under the assumption that the transformed
dataset comes from a gaussian distribution.

After transforming the random sample’s values, the next step is the removal of any
possible trend. The trend models described in Section 5.1 (see Table 5.1) have been
tested. The parameters of these models are inferred by means of multilinear regression of
the transformed normalised velocities field on the (i, j) indices of the sample points. The
complete expressions of the resulting trend functions are given in Table 6.49, while the
normal probability plots of the fluctuations of each model are shown in Fig. 6.64. The
best model is choosen as the one resulting in fluctuations which are closer to the gaussian
distribution. This model, as can be seen from Fig. 6.64, is the linear trend model.

In Fig. 6.65 the multilinear regression of the transformed normalised velocities field on
the indices (i, j) of the sample points is depicted, while in Fig. 6.66 is plotted the histogram
of the transformed and detrended data (i.e. the fluctuations), and in Table 6.50 are evaluated
the statistics of them. Finally, in Fig. 6.67 is presented the transformed and detrended

Table 6.47 Original and sample datasets statistics

Dataset Min Max Mean Median Variance Skewness Kurtosis

Original 0.273 1.000 0.514 0.475 0.030 0.824 3.277

Sample 0.273 1.000 0.512 0.471 0.030 0.851 3.326
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Figure 6.62 Normal probability plot of random sample

Table 6.48 Transformed (Box-Cox with A = —0.2606) dataset statistics

Min Max Mean Median Variance Skewness Kurtosis

-1.583 0.000 -0.827 -0.844  0.164 0.028 2.126
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Figure 6.63 Histogram and normal probability plot of the transformed random sample. The transfor-
mation applied is the Box-Cox with A = —0.2944.

Table 6.49 Estimated trend models (random sample)

Model Estimated Trend Function
Mean my(s) = —0.8271
Linear m,(s) = —0.3023 +5.2017 - 10~*x — 0.0101y
, m.(s) =—0.3143 —2.5325-10°x — 0.0067y + 6.0531 - 10 xy
Quadratic 7.9 5.
+4.4887-107"x> —3.7038 - 10~y
m.(s) =—0.1126 —0.0037x — 0.0085y + 5.4460 - 10 xy + 1.5396 - 10 x>
Cubic —9.0123-107%y? — 6.7206 - 10~ 3x%y
—1.8463-10""xy* — 1.8824 - 107 3% +4.8737- 1077y’
m(s) =—0.1699 — 0.0068x 4 0.0063y +2.3499 - 10 >xy 4 5.3995 - 10 x>
—4.9044-107%? — 1.4725-10" "%’y +8.3151 - 10 "xy?
Quartic —1.6992-1077x* +3.9641- 107 +7.9058 - 10~ 10xy?
—2.3328-10" M3y —7.2008 - 10 xy* +1.9912- 107 10x*
—8.4700-10~%*
m.(s) =—0.3038+5.1872- 10~ *x — 0.0101y — 0.0036 cos 2710.0256x
_ o —0.00465in2710.0256x — 0.0016 cos 2710.0656y -+ 0.0217 sin 2710.0656y
Linear+Periodic

—0.0041 cos2m0.3846x + 0.0026 sin270.3846x
—0.0184cos270.0738y +0.0034 sin270.0738y
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Figure 6.64 Normal probability plots of the fluctuations resulting from the estimated trend models.
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Figure 6.65 Multilinear regression of the transformed normalised velocities field on the indices (i, j)
of the sample points. The trend equation is given by m_(s) = —0.3023 +5.2017 - 10~*x — 0.0101y.

Table 6.50 Transformed and detrended dataset statistics

Min Max Mean Median Variance Skewness Kurtosis

-0.454 0.579 0.000 -0.027  0.035 0.714 3.660

Marmousi model, in order to obtain an inspection of the random field, which we intend to
regenerate hereinafter with the five variations of the analysis procedure, described in Section
6.2.
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Calculation of Experimental Variogram

The experimental directional variograms with angular step 4° and 15° are shown in Fig. 6.68.
These figures display clearly the significant anisotropic characteristics of the field (as it is
highly expected for such geological data). More specifically, it can be easily seen that the
spatial correlation differs significantly from direction to direction; the variogram is stabilized
around a maximum value (sill) in longer distances along the horizontal and almost horizontal
directions than the other directions.

Again the experimental variograms with the smaller angular step (4°) have been calculated
only in order to provide a clearer visualization of the anisotropy of the field, while the
directional experimental variograms with the higher angular step (15°) are used in practice in
the following steps. We avoid to use the exprimental variograms with the small angular step

due to the higher computational cost that they will lead the further analysis.

DirVar(

The initial values and the boundaries of the parameters for each model used in the optimization
step are presented in Table 6.51, and the resulting optimum parameters are presented in
Table 6.52.

As can be seen from the validation measures of the LOOCYV presented in Table 6.53 the
best model is the Generalized Exponential, followed by Spartan and Spherical.

A visualisation of the the selected theoretical model’s fitting to the experimental variogram
is interpretted in Fig. 6.69, in which the directional experimental variograms of the field on
the directions 0°,30°,60°,90°,120°, and 150° are plotted against the theoretical model (the
rest directional variograms can be found in A). The best anisotropic model fits fairly well to

the directional experimental variograms.

The estimation derived from OK of the stochastic component of the field (i.e the trans-
formed and detrended normalised velocities) given by the best model is shown in Fig. 6.70.
A scatter diagram of original and estimated values of the stochastic component, as well
as their histograms can be seen in Fig. 6.71. Finally , in Table 6.54 the measures of the
stochastic component estimation performance for the three best models are presented.

By adding the trend to the estimations of the stochastic component of the field and
inverting the Box-Cox transformation, the estimation of the total field, shown in Fig. 6.72, is
derived. For the stochastic component, a scatter diagram of the original and the estimated
values of the total field, as well as their histograms can be seen in Fig. 6.73. In general,

the estimations follow the original values without achieving satisfying proximity of the



6.5 Random Sample of Marmousi Model

127

90 100
120 60
80 0.035
(f
150 30 0.03
i
=
0.025 =
IS
o
(@]
- - kel
180 e 0.02 5
0.015 §
@
210 330 0.01
0.005
240 300
270
(a) 4° angular step
90 400
120 60
80 0.035
€0
150 30 0.03
+0
0.025 3
/ . f
2" E’
o
’ (@]
) <ol Re)
180 : -*- 2 0.02 (;“
0.015 g
@
210 330 0.01
0.005
240 300
270

(b) 15° angular step

Figure 6.68 Directional experimental variograms of the field. For both cases the angular tolerance is
20°, the maximum distance taken into account is the 20% of the grid’s diagonal which is equivalent
to about 80, and is divided into 45 distance lags.
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Table 6.51 Initial values and boundaries of the parameters for optimization step, where g,.x(=
maximum value of experimental variogram) = 0.0384, d,,,x ~ 80, b = [GZZ = 8max, &1 = dnax2/3,R=
0.5,¢ = 10°,co = gmax/100], byp = Mo = 1000,&; = dpax2/3,R = 0.5,¢0 = 10°,¢0 = &max/100],
by, = [GZZ € [0,1.58max,&1 € [0,1.5d4x], R € [0,30],0 € [—90°,90°],¢cp € [07§max/5]]absp,b =[no €

[0, 0], &1 € [0, 1.5dmar], R € [0,30], ¢ € [~90°,90°], o € [0, Gmar/5]]-

Model Initial Values Boundaries

Gen.

Exponential [b,v =1.5] [by, v € (0,2)]
Gaussian [b] [bp)

Spherical [b] [bp)

Gen. Matérn D] [bp)

Spartan Bsp-m =11 [bgpp, M € (=2,%0)]

Table 6.52 Optimum Parameters of the investigated variogram models

Model o? &, R ) <o \
Gen.
Exponential 0.035 9.671 0370 —83.4° 0.000 0.734
Gaussian 0.034 108.181 0.901 —83.0° 0.008 —
Spherical 0.027 8.663 0.116 —83.9° 0.008 —
Gen. Matérn 0.035 9.848 0227 —83.4° 0.000 0.300
No & R ¢ co M
Spartan 5094 9852 0.082 —83.5° 0.000 123.852
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Table 6.53 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, Ry, re
Gen.

Exponential  0.045 0405 0.005 0.070 0.917 0.945 0.866
Gaussian 0.052  0.392 0.007 0.076 0.895 0.928 0.640
Spherical 0.046  0.401 0.005 0.072 0913 0.941 0.782

Gen. Matérn  0.046  0.391 0.005 0.072 0912 0.941 0.781

Spartan 0.046 0400 0.005 0.072 0913 0941 0.784

Table 6.54 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, rr

Gen.
Exponential 0.090 0.772 0.017 0.130 0.721 0.719 0.519

Spartan 0.096 0.582 0.017 0.131 0.719 0.711 0.488

Spherical 0.097 0572 0.017 0.132 0.715 0.707 0.472
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Figure 6.69 Fitting of the best theoretical model to the directional experimental variograms of the
field. The best model is a Gen. Exponential with parameters GZZ =0.035,{; =9.671,R=0.370,¢ =
—83.4°,¢co = 0.000, v = 0.734. The experimental variogram is calculated with angular tolerance 20°,
45 distance lags and taking into account maximum distance equivalent to about 80.
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Figure 6.70 Original and Estimation of the stochastic component of the field. The model used is a Gen.
Exponential with parameters GZZ =0.035,6, =9.671,R =0.370,¢ = —83.4°,¢co = 0.000,v = 0.734.
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Figure 6.71 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Exponential with parameters GZ2 =0.035,&, =9.671,R=
0.370,¢ = —83.4°,¢o = 0.000,v = 0.734.
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8000 - ; ‘ . . ‘ . . 1ak

I Original
7000 [ JEstimated | -| 126

6000 -

5000 081

0.6

Estimations

4000 -

0.4
3000 -

02
2000 -

1000

. , . \ . . . .
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
0.2 . . . . X . . . Observed Data

Figure 6.73 Histograms and Scatter plot of original and estimated values (total field)

total distribution. Both the tails of the distribution as the middle of it exhibit significant
discrepancies.

In Table 6.55 the measures of the total field (i.e. normalised velocities) estimation
performance for the three best models are presented. From these measures it can be observed
that the three model’s performance is almost identical with the last two performing slightly
better than the first. In addition, Fig. 6.74 maps the confidence interval width of the
estimations, i.e. it depicts the spatial distribution of the uncertainty. The uncertainty is zero
at the known points, while it increases up to 0.37 relatively quickly with the distance of the
missing locations from the known points. Also, at the edges of the field of the uncertainty is

increased due to the lack of available neighboors.
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Table 6.55 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rF
Gen.
Exponential 1.331 1.932 1.842 1.357 0927 0.943 0.872
Spartan 1.329 1905 1.840 1.357 0.931 0.940 0.875
Spherical 1.329 1904 1.840 1357 0.930 0.939 0.874
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Figure 6.74 Uncertainty of the total field’s estimation
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Table 6.56 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R,, MCR

Gen.
Exponential 0.857 0.876 0.208 0.912 0.938 0.537

Spartan 0.855 0.870 0.219 0911 0.934 0.579

Spherical 0.855 0.870 0.219 0911 0.933 0.580

In Table 6.56 are presented the classification measures for the cases of 4 and 16 classes.
The increasing of the number of classes leads to the correlation coefficients increasing and to
the MCR decreasing. The correlation coefficients’ improvement can be attributed to the more
realistic model which derives by increasing the N.. On the contrary, the misclassification rate
increases due to the thinning of the binning, which incommodes the interpolation. Also, the

first model exhibits the best performance.

DirVarl

The fitting of the ellipses to the pairs of (¢, &) of each model are depicted in Fig. 6.75, while
the estimated anisotropy parameters for all models by means of DVF (see section 5.2.2) are
given in Table 6.57. In general, the investigated models’ fitting show that the major axis of
the anisotropy ellipsis is either on the almost horizontal direction (0°) or on the direction
of about 30 — 40°. This results agree with the intuitive estimations of the anisotropy angle
mentioned at section 6.1.2. The rapid changes of the correlation lengths depending on the
direction (due to non-stationarity) may also affect negatively the optimization procedure. On
the other hand, the estimated anisotropy ratioscannot be evaluated before the cross validation
procedure.

By replacing the estimated anisotropy parameters to the anisotropic variogram models and
minimizing the error function of the new models and the experimental directional variograms
the rest parameters are estimated, as presented in Table 6.58. The common parameters

generally agree for all the investigated models.

After the parameter inference Leave-One-Out Cross Validation (LOOCYV) is applied
in order to define the best models. The validation measures of the LOOCYV, presented in
Table 6.59, give as best model the Spartan, followed by the Generalized Métern and the

Generalized Exponential models.
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Table 6.57 Anisotropy parameters of the investigated variogram models estimated with DVF method

Anisotropy Parameters

Model

&1 R ¢
Gen.
Exponential 3.338 0.212 —-90.0°
Gaussian 4288 0.489 —90.0°
Spherical 9.645 0.383 —90.0°

Gen. Matérn 3.043 0.182 —90.0°

Spartan 52.606 0.522 —50.9°

Table 6.58 Optimum Parameters of the variogram models with the lower degrees of freedom

Model O'g Co v

Gen.
Exponential 0.030 0.004 1.095

Gaussian 0.026 0.008 —
Spherical 0.026  0.008 —

Gen. Matérn 0.032 0.002 0.499

No €0 n
Spartan 0.010 0.008 -1.999

Table 6.59 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R, re
Gen.

Exponential 0.046  0.385 0.005 0.072 00912 0941 0.816
Gaussian 0.046  0.383 0.005 0.073 00911 0.940 0.810
Spherical 0.046  0.383 0.005 0.073 00911 0.940 0.809

Gen. Matérn

Spartan

0.046  0.385 0.005 0.072 0912 0.941 0.817

0.045 0403 0.005 0.072 0914 0.943 0.862
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Table 6.60 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spartan 0.097 0.829 0.021 0.145 0.639 0.655 0295

Gen. Matérn  0.092 0.792 0.018 0.133 0.701 0.700 0.491

Gen.
Exponential 0.093 0.794 0.018 0.134 0.699 0.699 0.484

The fitting of the best model to the experimental variogram along the directions of
0°,30°,60°,90°,120°, and 150° is interpretted in Fig. 6.76 (the rest directional variograms
can be found in Appendix A). As it can be seen the best theoretical variogram model
diverges significantly from the experimental directional variograms. This can be attributed to
minimization miscalculations, i.e. inappropiate objective function (very smooth or possible
local minima), inappropriate initial values or to the fields complexity. Thus, the analysis is
continued without taking any further action.

Implementing OK with the determined best model, the resulting estimation of the stochas-
tic component of the field (i.e the transformed and detrended normalised velocities) is as
shown in Fig. 6.77. The scatter diagram and histograms of the original and the estimated
values of the stochastic component are illustrated in Fig. 6.78, and the measures of the
stochastic component estimation performance for the three best models are presented in
Table 6.60.

The resulting estimation of the total field, after the trend addition and Box-Cox trans-
formation inversion, is as shows Fig. 6.79, and the correspomding scatter diagram and
histograms are shown in Fig. 6.80. In general, the estimations follow the original values
without achieving satisfying proximity of the total distribution. Both the tails of the distri-
bution as the middle of it exhibit significant discrepancies. The measures of the total field
(i.e. normalised velocities) estimation performance for the three best models, presented in
Table 6.61, show that the three model’s performance is almost identical with the last two
performing slightly better than the first. Finally, Fig. 6.81 shows the spatial distribution of
the ordinary kriging estimations uncertainty. The uncertainty is zero at the known points and
increases up to 0.37 gradually with the distance of the investigated points from the data.

Also, in Table 6.62 are presented the classification measures for the cases of 4 and 16
classes. For both N, =4 and N, = 16 the performance of the two last models is almost
identical and slightly better than the first one. Also, in the case of N, = 16 the classification

performs better than in the case of N, = 4.
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Figure 6.76 Fitting of the best theoretical model to the experimental directional variograms of the field.
The best model is a Spartan with parameters 19 = 0.010, &, = 52.606,R = 0.522, ¢ = —90.0°, ¢ =
0.008, 11 = —1.999. The experimental variogram is calculated with angular tolerance 20°, 45 distance
lags and taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.77 Original and Estimation of the stochastic component of the field. The model used is a
Spartan with parameters 1o = 0.010,&; = 52.606,R = 0.522,¢ = —90.0°,co = 0.008,1; = —1.999.
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Figure 6.78 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Spartan with parameters 19 = 0.010,&; = 52.606,R = 0.522,¢ =
—90.0°,¢9 = 0.008,m; = —1.999.

Table 6.61 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Spartan 1.331 1.945 1.846 1.359 0.904 0.930 0.838

Gen. Matérn 1.331 1932 1.843 1.357 0.923 0.939 0.867

Gen.
Exponential 1.331 1932 1.843 1.357 0923 0.939 0.866
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Figure 6.80 Histograms and Scatter plot of original and estimated values (total field)

Table 6.62 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R,, MCR
Spartan 0.838 0.864 0.221 0.888 0.925 0.537

Gen. Matérn 0.854 0.873 0.211 0.907 0.934 0.543

Gen.
Exponential 0.853 0.873 0.211 0.907 0.934 0.543
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Figure 6.81 Uncertainty of the total field’s estimation
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The anisotropy parameters of the new coordinations system, estimated by means of DVF, are
shown in Table 6.63, while in Fig. 6.82 are displayed the experimental directional variograms
of them. The results show that despite small improvement (indicated by the proximity of the
new corralation length to 1 and the new anisotropy angle to 0) the anisotropic effect remains
at relatively high levels as indicated by the very small increase of the anisotropy ratios.
Nevertheless, analysis procedure continues by assuming the new coordinations systems as
isotropic.

By minimizing the error function of the isotropic variogram functions of the models
and the corresponding experimental omnidirectional (isotropic) variograms of the new
coordinations systems (see Fig. 6.83) the parameters of the isotropic models are estimated,
as presented in Table 6.64. The parameters of the investigated models generally agree,
except from the correlation length given by the Spartan which is significantly smaller than
the other models.

The Leave-One-Out Cross Validation (LOOCYV) for the estimated models gives the
validation measures presented in Table 6.65. As best model derives the Generalized Matern,
followed by Generalized Exponential and Spherical. As it can be seen from Fig. 6.83),
though, all the models except Spartan and Gaussian fit fairly well to their corresponding

experimental omnidirectional variograms.
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Table 6.63 Anisotropy parameters of the new coordinations systems

Table 6.64 Optimum Parameters of the isotropic variogram models

Anisotropy Parameters

Model

&1 R ¢
Gen.
Exponential 1.055 0.564 —0.5°
Gaussian 0.906 0.305 4.3°
Spherical 0.940 0.325 3.4°
Gen. Matérn 1.007 0.293 5.8°
Spartan 1.320 0.269 6.1°

Model c? & co v
Gen.
Exponential 0.034 1.128 0.000 1.013
Gaussian 0.033 0.797 0.000 —
Spherical 0.026 1.219 0.006 —
Gen. Matérn 0.033 1.780 0.001 0.509
No ¢ Co m
Spartan 0.044 0.089 0.000 -1.989

Table 6.65 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R, re
Gen.

Exponential 0.032 0.430 0.003 0.057 0945 0.964 0.883
Gaussian 0.037 0.364 0.003 0.053 0.955 0.980 0.607
Spherical 0.036  0.420 0.004 0.061 0937 0.960 0.661
Gen. Matérn 0.032 0.371 0.003 0.057 0946 0.964 0.912
Spartan 0.034 0.437 0.004 0.061 0937 0.961 0.656
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Figure 6.82 Experimental directional variograms of the new coordinations systems.
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Figure 6.83 Fitting of the theoretical models to the corresponding experimental omnidirectional

variograms of the new coordinations systems.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.84 Original and Estimation of the stochastic component of the field. The model used is a
Gen. Mitern with parameters O'Z2 =0.033,& = 1.780,c¢ = 0.001, v = 0.509.

Table 6.66 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R,, rr
Gen. Matérn  0.049  0.698 0.006 0.080 0.904 0.891 0.805

Gen.
Exponential 0.054 0.763 0.008 0.087 0.885 0.876 0.554

Spherical 0.061  0.727 0.008 0.090 0.877 0.865 0.468

The estimation of the stochastic component of the field (i.e the transformed and detrended
normalised velocities) resulting from OK is as shown in Fig. 6.84. The scatter diagram and
histograms of the original and the estimated values of the stochastic component are, also,
shown in Fig. 6.85, and the measures of the stochastic component estimation performance for
the three best models are presented in Table 6.66. The resulting estimation of the total field,
after the trend addition and Box-Cox transformation inversion, is as shows Fig. 6.86, and
the corresponding scatter diagram and histograms are shown in Fig. 6.87. The estimations
follow the original values achieving a very good proximity of the total distribution. The
measures of the total field (i.e. normalised velocities) estimation performance for the three
best models, presented in Table 6.67, show that their performance is similar with the first
model to be slightly better. Also, the spatial distribution of the ordinary kriging estimations
uncertainty is shown in Fig. 6.88. The uncertainty (as expected from theory) increases

gradually from =~ 0.00 near the known locations to 0.30 at great distances from them.
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Figure 6.85 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Métern with parameters GZ2 =0.033,£ =1.780,¢0 =0.001,v =
0.509.
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Figure 6.86 Original and estimated total field

Table 6.67 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Gen. Matérn 1334  1.888 1.842 1357 0955 0977 0.932

Gen.
Exponential 1.334 1909 1.842 1.357 0952 0974 0.926

Spherical 1.333  1.899 1.842 1.357 0953 0971 0.926
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Figure 6.87 Histograms and Scatter plot of original and estimated values (total field)
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Table 6.68 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R;, MCR
Gen. Matérn 0921 0923 0.127 0.969 0972 0.347

Gen.
Exponential 0.914 0919 0.135 0.961 0.969 0.370

Spherical 0.904 0911 0.153 0.958 0.966 0.420

Finally, in Table 6.68 are presented the classification measures for the cases of 4 and 16
classes. The results show that for all models the measures increase as the number of classes

increase, while the first model has the best performance for any number of classes.

CHI1

The estimated anisotropy parameters are given in Table 6.69. The parameters captured by
the CHI estimator indicates that the major axis of the anisotropy ellipsis is almost horizontal
and is also significantly greater (~ 5 times) than the minor axis.

By replacing the estimated anisotropy parameters to the anisotropic variogram models and
minimizing the error function of the new models and the experimental directional variograms
the rest parameters for each model are estimated, as presented in Table 6.70. The estimated
values of the variance and the nugget effect are very close but the correlation lengths differ
depending on the model. The Spherical model is the one that exhibits a relatively bigger
correlation length from the other models, the correlation length of which are close.

The Leave-One-Out Cross Validation (LOOCYV) gives as best model the Generalized
Exponential, followed by Generalized Méatern and Spartan.

The fitting of the best model to the experimental variogram along the directions of
0°,30°,60°,90°,120°, and 150° is interpretted in Fig. 6.89 (the rest directional variograms
can be found in Appendix A). As it can be seen the best theoretical variogram model
diverges significantly from the experimental directional variograms. This can be attributed to

minimization miscalculations, i.e. inappropiate objective function (very smooth or possible

Table 6.69 Anisotropy parameters of the investigated variogram models estimated with CHI method

R ¢
0.280 —89.1°
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Table 6.70 Optimum Parameters of the variogram models with the lower degrees of freedom

Model c? & co v
Gen.
Exponential 0.038 0.021 0.000 0.115
Gaussian 0.026 3.533 0.008 —
Spherical 0.028 8.532 0.006 -
Gen. Matérn 0.028 1.057 0.006 3.500
No £ ) m
Spartan 0.857 2.618 0.000 2.000

Table 6.71 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE MxAE MSE RMSE R, R;, rr
Gen.

Exponential 0.040 0.391 0.004 0.062 0.937 0.955 0.895
Gaussian 0.047 0384 0.005 0.073 0911 0.940 0.448
Spherical 0.047 0.383 0.005 0.073 0911 0.940 0.449
Gen. Matérn 0.043  0.438 0.005 0.069 0919 0.947 0.546
Spartan 0.046 0.390 0.005 0.072 0912 0941 0.464
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Table 6.72 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R,, rr

Gen.
Exponential 0.083 0.562 0.013 0.114 0.804 0.788 0.634

Gen. Matern 0.086  0.788 0.016 0.127 0.736 0.734 0.355

Spartan 0.092 0.784 0.017 0.132 0.710 0.708 0.280

Table 6.73 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, Ry, rr

Gen.
Exponential 1.330 1.888 1.839 1.356 0.945 0.954 0.902

Gen. Matern 1.331 1.939 1.843 1.357 0.928 0.946 0.874

Spartan 1.331 1.933  1.842 1357 0.925 0941 0.867

local minima), inappropriate initial values or to the fields complexity. Thus, the analysis is

continued without taking any further action.

Implementing OK with the determined best model, the resulting estimation of the stochas-
tic component of the field (i.e the transformed and detrended normalised velocities) is as
shown in Fig. 6.90. The scatter diagram and histograms of the original and the estimated
values of the stochastic component are illustrated in Fig. 6.91, and the measures of the
stochastic component estimation performance for the three best models are presented in
Table 6.72.

The resulting estimation of the total field, after the trend addition and Box-Cox trans-
formation inversion, is as shows Fig. 6.92, and the correspomding scatter diagram and
histograms are shown in Fig. 6.93. In general, the estimations follow the original values
without achieving satisfying proximity of the total distribution. Both the tails of the distri-
bution as the middle of it exhibit significant discrepancies. The measures of the total field
(i.e. normalised velocities) estimation performance for the three best models, presented in
Table 6.73, show that the first model has significantly better performance than the other two
which have almost the same scores. Finally, Fig. 6.94 shows the spatial distribution of the
ordinary kriging estimations uncertainty. The uncertainty is zero at the known points, while

at the missing points it is equal to 0.37 with slightly smaller values at the edges.
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Figure 6.89 Fitting of the best theoretical model to the experimental directional variograms of the field.
The best model is a Gen. Exponential with parameters GZ2 =0.038,&; =0.021.338,R =0.208,¢ =
—89.1°,¢0 = 0.000, v = 0.115. The experimental variogram is calculated with angular tolerance 20°,
45 distance lags and taking into account maximum distance equivalent to about 80.
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(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.90 Original and Estimation of the stochastic component of the field. The model used is a Gen.
Exponential with parameters GZZ =0.038,&; =0.021.338,R = 0.208,¢9 = —89.1°,¢9 = 0.000,v =
0.115.
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Figure 6.91 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Exponential with parameters GZZ =0.038,&, =0.021.338,R =
0.208,¢ = —89.1°,¢9 = 0.000,v = 0.115.
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Figure 6.92 Original and estimated total field
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Figure 6.93 Histograms and Scatter plot of original and estimated values (total field)
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Figure 6.94 Uncertainty of the total field’s estimation

Table 6.74 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R,, MCR

Gen.
Exponential 0.876 0.886 0.197 0.936 0.948 0.538

Gen. Matern 0.862 0.880 0.201 0916 0941 0.514

Spartan 0.856 0.874 0.209 0.909 0.935 0.541

Also, in Table 6.74 are presented the classification measures for the cases of 4 and 16

classes.

CHI2

The new anisotropy parameters, estimated by means of DVF using the 5 variogram models,
are shown in Table 6.75, while in Fig. 6.95 are interpretted the experimental directional
variograms of the new coordinations system. All the models give increased anisotropy
ratio relatively to the original one, but they still indicate strong anisotropic characteristics.
Nevertheless, analysis procedure continues by assuming the new coordinations system as

isotropic.
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Table 6.75 Anisotropy parameters of the new coordinations systems

Anisotropy Parameters

Model
& R ¢
Gen.
Exponential 12.432 0.340 5.6°
Gaussian 13.228 0.386 3.8°
Spherical 32.732 0.381 4.9°
Gen. Matérn 16.851 0.290 20.7°
Spartan 37.306 0.404 41.6°
0 150
120 60
“co
150 30
180 0
210 330
240 300
270

Figure 6.95 Experimental directional variograms of the new coordinations system
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Table 6.76 Optimum Parameters of the isotropic variogram models

Model o? & o %

Z
Gen.
Exponential 0.033 14.426 0.000 1.006

Gaussian 0.033 9.201 0.000 —
Spherical 0.026 41.402 0.007 —

Gen. Matérn 0.033 13.192 0.000 0.554

No £ co m
Spartan 0.945 15.553 0.000 3.005

By minimizing the error function of the isotropic variogram functions of the models
and the corresponding experimental omnidirectional (isotropic) variogram of the new co-
ordinations system (see Fig. 6.96) the parameters of the isotropic models are estimated,
as presented in Table 6.76. All the models fit well to the experimental omnidirectional
variogram. Also, the estimated parameters are very close, except from the correlation lengths
which differ significantly depending on the model; the Spherical model is attributed by the
large value of about 42, while the rest models’ correlation length range from 9 to 15.

The Leave-One-Out Cross Validation (LOOCYV) for the estimated models gives the
validation measures presented in Table 6.77. As best model derives the Generalized Matern,
followed by Generalized Exponential and Spartan. As it can be seen from Fig. 6.96),
the above mentioned models are those that fit better to the experimental omnidirectional
variogram.

The estimation of the stochastic component of the field (i.e the transformed and detrended
normalised velocities) resulting from OK is as shown in Fig. 6.97. The scatter diagram and
histograms of the original and the estimated values of the stochastic component are, also,
shown in Fig. 6.98, and the measures of the stochastic component estimation performance
for the three best models are presented in Table 6.78. The resulting estimation of the
total field, after the trend addition and Box-Cox transformation inversion, is as shows Fig.
6.99, and the correspomding scatter diagram and histograms are shown in Fig. 6.100. In
general, the estimations follow the original values achieving a very good proximity of the
total distribution. The measures of the total field (i.e. normalised velocities) estimation
performance for the three best models, presented in Table 6.79, show that their performance

is identical. Also, the spatial distribution of the ordinary kriging estimations uncertainty is
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Figure 6.96 Fitting of the theoretical models to the corresponding experimental omnidirectional
variograms of the new coordinations systems.
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Table 6.77 Leave-One-Out Cross Validation Scores (see section 5.3.2

Model MnAE M=xAE MSE RMSE R, Ry, rr
Gen.
Exponential  0.023 0.398 0.002 0.044 0967 0976 0.932

Gaussian 12.844 28071.759 254337.941 504.319 0.002 0.813 0.000

Spherical 0.029 0.365 0.002 0.049 0960 0.972 0.602
Gen. Matérn  0.023 0.403 0.002 0.044 0967 0.976 0.945
Spartan 0.023 0.397 0.002 0.045 0967 0.976 0.927

(a) Original Stochastic Component (b) Estimated Stochastic Component

Figure 6.97 Original and Estimation of the stochastic component of the field. The model used is a
Gen. Matern with parameters O'Z2 =0.033,& = 13.192,¢¢ = 0.000, v = 0.554.

shown in Fig. 6.88. The uncertainty (as expected from theory) increases gradually from
~ (.00 near the known locations to 0.30 at great distance from them.

Finally, in Table 6.80 are presented the classification measures for the cases of 4 and 16
classes. The results show that for all models have almost identical performance, while the
measures increase as the number of classes increase.
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Figure 6.98 Histograms and Scatter plot of original and estimated values of the field’s stochastic
component. The model used is a Gen. Matern with parameters GZZ = 0.033,& = 13.192,¢p =
0.000,v = 0.554.

Table 6.78 Ordinary Kriging Scores

Model MnAE MxAE MSE RMSE R, R, rr
Gen. Matérn  0.048  0.721 0.006 0.080 0.903 0.892 0.806

Gen.
Exponential 0.049 0.715 0.006 0.080 0903 0.892 0.801

Spartan 0.049 0.714 0.006 0.080 0.903 0.892 0.799

Normalised Velocity

(a) Original Total Field (b) Estimated Total Field

Figure 6.99 Original and estimated total field
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Figure 6.100 Histograms and Scatter plot of original and estimated values (total field)

Table 6.79 Total Field Estimation Scores

Model MnAE MxAE MSE RMSE R, R, rr
Gen. Matérn 1.334  1.895 1.842 1357 0.954 0.977 0.932

Gen.
Exponential  1.334  1.895 1.842 1357 0.955 0.977 0.933

Spartan 1.334  1.894 1.842 1.357 0.955 0977 0.933

0.3

10.25
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Normalised Velocity

0.1

0.05

Figure 6.101 Uncertainty of the total field’s estimation
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Table 6.80 Classification Measures

4 classes 16 classes
Model R, R,, MCR R, R;, MCR
Gen. Matérn 0.923 0.925 0.124 0.968 0.973 0.342

Gen.
Exponential 0.923 0925 0.125 0968 0.973 0.345

Spartan 0.922 0.925 0.125 0.968 0.972 0.346

6.5.2 DGC Simulation

The DGC simulation method is applied to the original dataset (i.e normalised velocities)
in one step. The simulation is calculated using 4, 16 and 100 classes. The final results are
interpretted in Figs. 6.102, 6.103, and 6.104 along with the histograms of the original and the
estimated data and the distribution of the uncertainty of the estimations. The neighboorhood
used for the DGC simulation procedure is the same as the one used in OK, i.e 22x4. Finally,
some measures of the DGC simulation performance are summarized in Table 6.81. The
classification results show that the increasing of the number of classes from 4 to 16 leads
to lower errors and higher correlation coefficient. This can be explained by the fact that
the field is described better by a more complex model. The misclassification rate, on the
contrary, increases with the increasing of the N, due to the thinning of the bins which
affects negatively the accuracy of the estimations. On the other hand, the results obtained by
increasing the number of classes to 100 show that the interpolation performance is relatively
close to the classification with N. = 16, with slightly higher errors and smaller correlation
but significantly higher MCR than the later.

Table 6.81 DGC Validation Measures

Classes MnAE RMSE R, MCR
4 0.070  0.080 0.860 0.178

16 0.042  0.077 0.901 0.364

100 0.048  0.085 0.880 0.912
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Figure 6.102 Results of DGC simulation with 4 classes
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Figure 6.103 Results of DGC simulation with 16 classes
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Figure 6.104 Results of DGC simulation with 100 classes
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6.5.3 Synopsis

The results of the methods applied to the analysis of the investigated field’s random sample are
summarized in Table 6.82. These results show that the best methods for the reconstruction of
the Marmousi model are the variations DirVar2 and CHI2, which exhibit equal performance.
As regards the investigated models, no one shows significantly better performance. However,
the Generalized Exponential model is always amongst the three best models. The DGC
simulation method has shown comparative performance rates to those of OK estimation, but
slightly lower from the later. Notable is also the fact that in all methods the increase of the
number of classes results to the improvement of the estimations as indicated by the increase
of the correlation coefficients. However, in the DGC method the increase of the classes
leads also to the worsening of the misclassification rate, as the complexity of the procedure

increases.
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Table 6.82 Summarized results for the random sample

Interpolation 4 Classes 16 Classes

Method  Model MnAE RMSE R, R, MCR R, MCR

Gen. Expon. 1.331 1.357 0927 0.857 0.208 0.912 0.537

Spartan 1.329  1.357 0931 0.855 0.219 0911 0.579
Spherical 1.329  1.357 0930 0.855 0.219 0911 0.580
Spartan 1.331  1.359 0904 0.838 0.221 0.888 0.537

Gen. Matérn  1.331 1.357 0923 0.854 0.211 0.907 0.543
Gen. Expon. 1.331 1.357 0923 0.853 0.211 0.907 0.543

Gen. Matérn 1334 1357 0955 0.921 0.127 0.969 0.347
Gen. Expon. 1334 1357 0952 0914 0.135 0.961 0.370
Spherical 1.333  1.357 0953 0904 0.153 0.958 0.420

DirvVar2 DirVarl DirVar(

- Gen. Expon. 1330 1356 0945 0.876 0.197 0.936 0.538
= Gen. Matern 1.331 1.357 0928 0.862 0.201 0916 0.514
© Spartan 1.331 1.357 0925 0.856 0.209 0.909 0.541
S Gen. Matérn  1.334 1357 0954 0.923 0.124 0.968 0.342
= Gen. Expon. 1334 1357 0955 0923 0.125 0.968 0.345
© Spartan 1.334  1.357 0955 0.922 0.125 0.968 0.346
3

=] — 0.048 0.085 0.880 0.860 0.178 0.901 0.364
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6.6 Problems Encountered

During the above work two major problems were encountered: a) the common entrapement
of optimization algorithms in local minima, and b) the non positive-definiteness of some
covariance matrices used in the application of OK estimations.

The first problem is crucial for the accuracy and the reliability of the inferred parameters
and thus influences significantly the steps following. This problem is strongly related to user
defined parameters, such as the maximum distance taken into account in the calculation of the
experimental variograms and the number of bins of this distance, to the selection of objective
function that is minimized, and to the algorithm employed for the minimization. This issue,
for simplicity was addressed by assuming that the selected user defined parameters, objective
function (Eq. (5.8)) and optimization algorithm give reliable results. This assumption is
not necessarily adequate in all cases. As described in chapter 6, in a few cases the inferred
variogram model does not fit well to the corresponding experimental variograms.

Regarding the non positive definiteness of the calculated covariance matrices (despite
mathematical proof (see Bochner’s theorem in section 2.5) that every permissible covariance
function as positive definite ) it can be attributed to the fast convergence of the majority
of permissible covariance function to zero in long distances. This leads to sparse matrices
(matrices with many zero elements) that do not have positive eigenvalues. The solution
adopted to this problem was the restriction of the neighboorhood size used for OK, which

was arbitrarily chosen as described in the previous sections.






Chapter 7

Conclusions

7.1 Conclusions

The main goal of this thesis was to investigate whether geostatistical tools can be used for the
simulation geophysical properties based on partial information (i.e., data sets with missing
data), and more specifically for the simulation of a synthetic geological media stratigraphic
data set. For this purpose two geostatistical methods were applied, Ordinary Kriging and
Directional Gradient-Curvature simulation, to reconstruct the Marmousi dataset, a synthetic
2D acoustic model (workshop of 52nd EAEG meeting in 1990), using as data a random
and a regular (drill-holes) sample of the entire model. In the case of OK, five methods of
parameter inference were used. These methods differed regarding anisotropy estimation (i.e.
parametric versus non parametric) and data transformation (transform data to isotropic or
not). The results of these methods are summarized in Tables 7.1 and 7.2 for the regular and
the random sampling, respectively.

As regards the adequacy of geostatistical tools in geological media simulation, this thesis
showed that they can be very helpful if the available data can provide enough information
about the investigated property. Then, the geostatistical tools can be used to supplement
existing geophysical methods.

Performance measures for both types of sampling (see Tables 7.1 and 7.2) show that all
the methods can give relatively good estimates of the missing values, as the achieved correla-
tions between the reconstructed dataset and the real data are high. Moreover, the evaluation
and comparison of the methods shows that the OK methods with the best performance are
those including separate estimation of anisotropy and data transformation to isotropy, i.e
DirVar2 and CHI2. Finally, the DGC simulation method has shown comparable but slightly
inferior performance measures to OK estimation. We believe that this is due to the local

nature of the latter in contrast with kriging, which accounts for correlations with longer range.
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Table 7.1 Summarized scores for the regular sample

Interpolation 4 Classes 16 Classes

Method  Model MnAE RMSE R, R, MCR R, MCR

DirVar0 Spherical 1.317  1.343 0935 0.860 0.220 0.916 0.584
DirVarl Spartan 1.317 1.343 0932 0.856 0.219 0912 0.578
DirVar2 Gen. Expon. 1.321 1.343 0960 0.929 0.116 0.972 0.317
CHI1  Spherical 1.317  1.343 0929 0.848 0.228 0.904 0.591
CHI2 Spartan 1.321 1.343 0959 0930 0.114 0.974 0.295
DGC — 0.045 0.079 0.894 0.858 0.193 0915 0.465

Table 7.2 Summarized scores for the random sample

Interpolation 4 Classes 16 Classes

Method  Model ~ MnAE RMSE R, R, MCR R, MCR

DirVar0 Gen. Expon. 1.331 1.357 0927 0.857 0.208 0912 0.537
DirVarl Spartan 1.331 1.359 0904 0.838 0.221 0.888 0.537
DirVar2 Gen. Matérn 1334  1.357 0955 00921 0.127 0.969 0.347
CHI1  Gen. Expon. 1330 1356 0945 0.876 0.197 0.936 0.538
CHI2 Gen.Matérn 1.334 1357 0954 0923 0.124 0.968 0.342
DGC - 0.048 0.085 0.880 0.860 0.178 0.901 0.364

Notable is also the fact that in all methods the increase of the number of classes improves the

correlation coefficients, but leads to higher misclassification rates.

7.2 Future Studies

In future research, the improvement of the developed geostatistical codes should be the
first goal. Improving the optimization step could be essential. A sensitivity analysis that
explores the effect of the user defined parameters (i.e. maximum distance taken into account
in the calculation of the experimental variograms, number of bins of this distance, objective
function that is minimized, algorithm employed for the minimization) could provide useful

information. Moreover, different parameter inference methods, such as method of moments
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and maximum likelihood estimation, could be used. Enhancement of the currently used
methods by calculating the derivatives of objective function can also be investigated.

Another point of interest could be the tackling of the non positive-definite matrices that
appear in the ordinary kriging step. Also, a comparison of these codes with other existing
algorithms could be crucial for the assessment of their performance.

Finally, the implementation of different estimation and simulation methods, such as
indicator kriging or plurigaussian simulation method, should be explored. A challenging but
promising alternative could also be the analysis of the data with non stationary statistics, in
order to tackle the high complexity of the observed patterns.
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Appendix A

Figures

In this Appendix are presented the figures illustrating the fitting of the best estimated
anisotropic model to the experimental directional variograms implemented to the DirVarO0,
DirVarl and CHII methods for the synthetic dataset and the regular and random sample of
Marmousi model.
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A.1 Synthetic Dataset
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Figure A.1 Fitting of the best theoretical model to the directional experimental variograms of the
field. The best model is a Gen. Matern with parameters GZZ =4.945.& = 1.694,R = 0.429,¢ =

—65.2°,¢c9 = 0.260, v = 1.525. The experimental variogram is calculated with angular tolerance 20°,
45 distance lags and taking into account maximum distance equivalent to about 16.
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Figure A.2 Fitting of the best theoretical model to the experimental directional variograms of the

field. The best model is a Gen. Matern with parameters sigmag =4.066,& = 1.846,R =0.432, ¢ =

—42.3° co = 0.418,v = 2.832. The experimental variogram is calculated with angular tolerance 20°,
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Figure A.3 Fitting of the best theoretical model to the directional experimental (semi-) variograms
of the field. The best model is a Spherical with parameters GZZ =0.026,& =7.657,R=0.109,¢ =
—84.4° co = 0.008. The experimental variogram is calculated with angular tolerance 20°, 45 distance
lags and taking into account maximum distance equivalent to about 80.
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Figure A.4 Fitting of the best theoretical model to the experimental directional (semi-) variograms
of the field. The best model is a Spartan with parameters 19 = 0.832,&; = 40.338,R = 0.307,¢ =
—50.9°,¢9 = 0.000,m; = 1.928. The experimental variogram is calculated with angular tolerance
20°, 45 distance lags and taking into account maximum distance equivalent to about 80.
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Figure A.5 Fitting of the best theoretical model to the experimental directional (semi-) variograms of
the field. The best model is a Spherical with parameters O'Z2 =0.033,&, =79.760.338,R=0.108, ¢ =
—88.5%,c9 = 0.000. The experimental variogram is calculated with angular tolerance 20°, 45 distance
lags and taking into account maximum distance equivalent to about 80.



190 Figures
A.3 Random Sample
.
A.3.1 DirVar(
0.04 f 0.04
0.035 0.035 .
o PRI RTA K 3 ***********%*9% SR
003 % Kook 003} *, KRR
Tk R * ot K
0.0251 i 0.025 o
- *x *
< 002+ ok 0.02 -
,'* K
o015 g 0015
001}
0.005
O K L L L L L L 1 0 3 L L 1 L L 1 L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
r r
(a) 0° (b) 15°
0.04 0.04
P
KK
0.035 gxRRRRKgp Rk 0,035 g oy KR IHH
* * ****%¥*****x******** *
0.03 f ’
0.025
< 002}
0015 / 0.015 |
0.01 s 001 *
0.005 ff 0.005
o ‘ ‘ ‘ ‘ ‘ ‘ . 0 ‘ ‘ . ‘ ‘ . ‘
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
r r
(c) 30° (d) 45°
0.04
.035 KT
0.035 R

0.01 K

0.005 |

(e) 60°

0.015

0.01

0.005 |

0 10 20 30 40 50 60 70

() 75°



A.3 Random Sample

191

0.04 - 0.04 -
*x K Kk
* * Kk *7T K *x.
* * ¥k * * KRgT Kk
0.035 ******;g**ﬁ***** """""""""""""" **x*x* 0.035 - *%*******x*** """ **% """"""""""" * ********
003F ¥ 003F
0.025 0025 /
F ; F
002 002
0.015 f 0.015
0.01 f# 0.01 tk
0.005 | 0.005 |-
0 ‘ ‘ ‘ ‘ ‘ ‘ . 0 ‘ . . ‘ . . ‘
10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
r r
O [e]
(g) 90 (h) 105
0.04 0.04F
L Ko X egeg o B L P B —
0.035 ***%’x*** ¥ *’** *%******* 0.035 . ***%* ******** *%*yg& *T¥ ********
003F ¥ 003F -
1" Tx'
F /
0.025F 0025 /
= = *
< 002 < oo02f
0.015 [ 0.015 [/
0.0 0.01 f
0.005 | 0.005 |
0 ‘ . ‘ ‘ . ‘ . o . . . . . . .
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
r r
3 (o] 3 e}
(i) 120 (j) 135
0.04 0.04F
,,,,,,,,,,,,,,,, Fy ok I
0.035 T T e = 0.035 - K ¥ o KT e *.
***** i HHHIH ke *********H* * LR
0.03 e 0.03 *
0025+ [ 0025  *¥
= ¥ =
= * = ;
002} ; 002 *¥
0.015 0.015 /
" ;
001 0.01F;
0.005 f 0.005 H
0 L 1 1 L 1 1 1 O [ 1 1 1 1 1 1 L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
r r
(o] (o}
(k) 150 I 165

Figure A.6 Fitting of the best theoretical model to the directional experimental (semi-) variograms
of the field. The best model is a Gen. Exponential with parameters 612 =0.035,&; =9.671,R =
0.370,¢ = —83.4°,cop = 0.000, v = 0.734. The experimental variogram is calculated with angular
tolerance 20°, 45 distance lags and taking into account maximum distance equivalent to about 80.
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Figure A.7 Fitting of the best theoretical model to the experimental directional (semi-) variograms
of the field. The best model is a Spartan with parameters 19 = 0.010,&; = 52.606,R = 0.522,¢ =
—90.0°,¢c9 =0.008,1n; = —1.999. The experimental variogram is calculated with angular tolerance
20°, 45 distance lags and taking into account maximum distance equivalent to about 80.
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Figure A.8 Fitting of the best theoretical model to the experimental directional (semi-) variograms
of the field. The best model is a Gen. Exponential with parameters O'Z2 =0.038,&; =0.021.338,R =
0.208,¢ = —89.1°,¢cp = 0.000, v = 0.115. The experimental variogram is calculated with angular
tolerance 20°, 45 distance lags and taking into account maximum distance equivalent to about 80.






Appendix B

Codes in MATLAB environment

B.1 Synthetic Dataset

W

2

)

)
3

% Synthetic Data — Test

sl clc;clear variables;close all;

DH#H###HAHAHAH#AH#AH#A Preliminary Analysis #####H#HAHAHAHFHHHHAHAHAHAHAHHH

(074 j— j— j— j— j— — J— J—

0 = = = = = = == ==

% Construct Synthetic Data

[x,y,rf] = randomfield ( Mate’ ,[4,3,1.8,20,0.2,2]1,60,60,0); %random field
I9Mx = 1.2 + 0.1%xx + 0.0l=y; %trend

data = rf; %synthetic data

nx = 60; ny = 60;

sl [row_all, col_all, v_alll] = find(data);

s|% >>>0riginal Data Plots <<<

figure; %Simple plot plus colorbar

pcolor(data); shading interp %flat

%title (" Synthetic data )

colorbar

set(gca,’ XTick’ ,[],  YTick’ ,[])

s data_tot_vec = data(:); %total image data in vector form

% Random Sampling (33% of original data)
spoints = 0.33xnumel(data); %number of sample points
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198 Codes in MATLAB environment

[~,idx] = datasample(data_tot_vec ,spoints, Replace’,false); %sampling

gpoints = data_tot_vec; qpoints(idx) = O0;

gpoints = reshape (qpoints ,ny,nx); %"matrix form" of unknown points

sample = data — qpoints; %"matrix form" of known data

[grow,qcol ,qvl] = find (gpoints); %unknown points coordinations and
values — VALIDATION SET

[row,col ,vl] = find(sample); %known points coordinations and values —

TRAINING SET
N = length(vl); %number of known points

% Plot Sample

figure; %Simple plot plus colorbar
pcolor (sample); shading interp %flat
Jtitle (’Random Sample ")

colorbar

set(gca,’ XTick’ ,[],  YTick’ ,[])

J%>>>Data Histograms & Statistical Moments<<<

sl numbins = 15;

% Total image histogram

figure;

Josubplot (1,2,1)
histfit(data_tot_vec ,numbins)
alpha (0.5)

J%title (* Total image histogram )
% Sample data histogram

figure ;%subplot(1.,2,2)
histfit(vl,numbins)

alpha (0.5)

Jtitle (’ Sample data histogram ’)

% Total image data moments

totim_stats = [min(data(:)) max(data (:)) mean(data (:)) median(data (:))
var (data (:)) skewness(data(:)) kurtosis(data(:))];

% "Drill —holes" data moments

sample_stats = [min(vl) max(vl) mean(vl) median(vl) var(vl) skewness(vl)
kurtosis (vl)];

%>>>Normality of data checking and Transformation<<<

% Histogram and Normal Probability Plot
figure; %same as the previous figure plus NPP
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Josubplot (1,2,1)

histfit (vl,numbins)

alpha (0.5)

%title (’ Sample data histogram ’)

figure ;%subplot(1.,2,2)

nnp = normplot(vl);

h_ch=get(gcf, Children’);h_str=get(h_ch(1l),  Title );set(h_str,’String’,’

’); % remove normplot title

s| [h_orig ,kst_p_orig ,ksstat_orig ,cv_orig] = kstest(vl(:));

v = vl
qv = qvl;
v_all = v_alll;

fluc = v(:); Mx = zeros(size(fluc)); gMx = zeros(size(qcol));
qfluc = qv—qMXx;
fluc_all = v_all—zeros(size(v_all));

%>>> Statistical Analysis of Residuals <<<
% Residuals/Fluctuations moments

fluc_stats = [min(fluc) max(fluc) mean(fluc) median(fluc) var(fluc)

skewness (fluc) kurtosis (fluc)];

9%Maximum distance

slc = [col ,row];

[k,1] = find(triu(true(N)));
d = hypot(c(k,1)—c(l,1),c(k,2)—c(1,2));
% d = triu(pdist2(c,c));

ncpc = 0.2;

maxdist = max(max(d))=ncpc;

clear k 1 d

(/A —_

(0 =

Y #H#H#H###HHAHA##H##### Experimantal Variogram
H#HHHHHHAHHAHHHHH AR AR AR HH

% >>> Initialize Basic Parameters <<<

load(’statanal .mat’)
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¢ = {col,row}; %known points  coordinations
qc = {qcol,qrow}; %"unknown" points’ coordinations
Yoncpc = 0.2;

N = size(col,1);

3)Nu = size(qcol,1);

9omaxdist = hypot(col(l,1)—col(N,1),row(l,l)—row(N,1))=ncpc;
nrbins = 45;
phistep = 15;
phitol = 20;
N_kr_mod = 3;

% >>> Experimental (Semi—)Variogram (anisotropic) <<<

x = col; y = row; rf = fluc; iso = 0; flag = 1;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

[gexp, nr_pairs, c_centers] = expvar(x,y,rf,iso,ncpc,nrbins, phistep,
phitol , flag);

gexpmax = max(max(gexp));

(oA J—
© ==

9o ######HFH#FHAHAHHE DirVarQ) #4#H##HAHAHAHHHHHHAHAHAHAHFHHHH

O J—
© ==

% >>> Fitting I and Parameters of Anisotropic Correlation Estimation (s2
,xil ,xi2 ,phi,cO,v or etal) <<<

% Desired Models
models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};
n_models = length (models);

% Initial Values and Limits for optimization

b = [gexpmax, maxdist*1/3,0.5,10,gexpmax/100]; % s2,xil ,R,phi & c0

b_Ib = [eps,eps,eps,—90,eps]; b_ub = [gexpmax=*1.5,maxdist,30,90, gexpmax
/5]; %lower and upper limits

bsp = [1000,maxdist*1/3,0.5,10,gexpmax/100]; % etaO, xil ,R,phi & c0

bsp_lb = [eps,eps.,eps,—90,eps]; bsp_ub = [inf, maxdist,30,90,gexpmax/5];
Y%lower and upper limits

31/% Summary cells

model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

simodel_par_lb = {[b_lb,eps];b_lb;b_lb;[b_Ib,0.3];[bsp_Ilb,—2+eps]}; %lower

bounds
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model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

clear b b_lb b_ub bsp bsp_lb bsp_ub

% Estimation of Parameters (s2,xil,xi2,phi,cO,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0; tit{n_models,1}=[];
iso = 00;objmod = 'NWErm’; flag = 1;

3l for 1=1:n_models

model . function = models{i,1};
model . paramsO = model_parO{i,1};
model . paramslb

model_par_lb{i,1};

model . paramsub = model_par_ub{i,l};

[bmodel{i,1},fval(i,l),tit{i,1}] =...
variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);
end

% Anisotropy Estimation (#Not Necessary#)
RO(n_models,1) = 0;phi0(n_models,1) = 0;xil0(n_models,1) = 0;xi20(
n_models ,1) = 0;
for i=1:n_models
RO(i,1) = bmodel{i,1}(1,3);
phiO(i,1) = bmodel{i,1}(1,4);
xil0(i,1) = bmodel{i,1}(1,2);
xi20(i,1) bmodel{i,1}(1,2)/R0O(i,1);
if RO(i,1)>1
RO(i,1) = 1/RO(i,1);bmodel{i,1}(1,3) = RO(i,1);
xil0l = xil0(i,1);
xil0(i,1) xi20(i,1); bmodel{i,1}(1,2) = xil0(i,1);
xi20(i,1) xil01;
if phiO(i,1)>0
phiO(i,1)
else
phiO(i,1)

phiO (i, 1) —90;

phiO(i,1)+90;
end
bmodel{i,1}(1,4) = phiO(i,1);
end
end

R = mean(RO); phi = mean(phiO);xil = mean(xil0);xi2 = mean(xi20);

% >>> Cross Validation <<<
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% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];

cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

93|% Inputs definition

iso = 00; d_col = 1;

% Cross Validation

for i=1:n_models
model . function = models{i,1};
model . params = bmodel{i,1};
model.r_ok = [6,6];

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,1}] =...
crossval (x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,1}(:,2:end));
end

% Cross Validation Scores

table_h = { MeanAbsErr’,  MaxAbsErr’ ,”MSE’ ,’RMSE’ , *rpearson’,’rspearman’,
>finalscore ’ };

% % table_r = {’Gexp’;’ Gaus’;’ Sphe’;’  Matel/3’;  Matel.0’;’ Matel.5’;  Mate2
.0’;’  Mate2.5’;

% % "Mate3 .0 ’;’ Mate3.5°; Spar’};

table_r = { ’Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

slrelMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."A2).#%cv_Ss(:,5).%xcv_Ss(:,6); %finalscore

sicv_Ss = [cv_Ss, FinalScore|;

cv_Ssf = array2table (cv_Ss,’ VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for i=1:n_models

cv_matr{i,l1}.Z_tr = cv_matr{i,l}.Z;

cv_matr{i,l}.Z_ibtl = cv_matr{i,1}.Z_tr;

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,1}.Z_ibtl);
cv_realZ (i,l) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>
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cv_St(i,:) = correlstats (vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
end

% Total Cross Validation Scores

25| relMSE = ¢cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xcv_St(:,5).%xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore ];

cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , ’RowNames’ ,table_r);
clear relMSE FinalScore

P%Plots

for 1i=1:n_models

% Stochastic Component’s figures
ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];

cc2 [col ,row,cv_matr{i,1}.Z(:);qcol,qrow, zeros(Nu,1)];
Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,1)) = cc2(j.3);

end

figure ;pcolor(Z1l);%title (*’Sample Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’Estimation of Sample Stochastic
Component \n%s’, tit{i,l}));

view (2) ;shading interp;colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (rf(:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l1}.Z(:), BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (’ Histograms of Sample Stochastic Component’)
legend ({ "Original >, *Estimated’});

clear h
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271

% Total Data figures

273 cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col ,row,cv_matr{i,l}.Z_ibt(:);qcol,qrow,zeros(Nu,1) ];

275 Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;

277 for j = l:size(cc3,1)

Z3(cc3(j,2),cc3(j,l)) = cc3(j,3);

279 Z4(ccd(j,2),ccd(j,1)) = ccd4(j,3);
end

281 % figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

% colorbar;set(gca,’ XTick’,[],  YTick’,[]);

283 figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’ Estimation
of Original Sample \n%s’,tit{i,1}));
colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);

285 figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:), filled’,’d’);hold on;
dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];

287 plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5]1,’r7);

axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
289 Ptitle (° Scatter Plot )

xlabel (’Observed Data’)

291 ylabel (’Estimations’)

figure;h = histogram (vl (:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
293 hold on

histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)

295 Ytitle (* Histograms of Sample Data’)
legend ({ *Original’, “Estimated’});

297 clear h

299 clear Z1 7Z2 73 74 dvecl dvec2

01| end

% >>> Ordinary Kriging <<<
305
% Sort models based on cross validation scores

[~,ind] = sort(table2array(cv_Stf(:,7)), descend’);

5]

39|% Matrices and Cells preallocation
Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];




w
w

O

317

el

329

3

349

B.1 Synthetic Dataset 205

kr_matr{N_kr_mod,1}=[];
kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];

5| CTI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition

xu = qcol; yu = qrow; iso = 00;

% Ordinary Kriging

for 1=1:N_kr mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model .r_ok = [6,6];

[Z{i,1},Z_error{i,1},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,l1} = table_r{ind(i),1};

%Confidence Intervals (95%)

CIt{i,1}.low = Z{i,1} — 1.96xsqrt(Z_error{i,1});
CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});
CIt{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,1} = real(CIl1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>

35| end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = 0;
Z_ibt1 {N_kr mod,1} = 0;Z_ibt{N_kr_mod,1} = O0;
for i=1:N_kr_mod

Z_tr{i,1} = Z{i,1};

Z_ibtl{i,1} = Z_tr{i,1};

Z_ibt{i,1} = real(Z_ibt1{i,1});
kr_realZ (i,1) = isreal (Z_ibtl1{i,1}); %#0ok<SAGROW>
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kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end
% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE
FinalScore = ((1./relIMSE)."2).«kr_St(:,5).xkr_St(:,6); %finalscore

w63 kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’ VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

71%Plots

for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc (:) ];

cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Z1l);%title (> Original Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
%title (° Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7)

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)

%title (’ Histograms of Stochastic Component’)

legend ({ "Original >, “Estimated’});
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395 clear h

397 % Total Data figures
cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

399 cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];
Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

401 74=73;
for j = l:size(cc3,1)

403 Z3(cc3(j,2),cc3(j,1)) = cc3(j.3);

Z4(cc4(j,2) ,ccd(j,1)) ccd(j,3);

405 end
figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

407 colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter(qvl (:),Z_ibt{i,1}(:), filled’,’d’);hold on;

409 dvec2 = [qvl (:);Z_ibt{i,1}(:)];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

411 axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )

413 xlabel (’Observed Data’)
ylabel (’Estimations’)

415 figure ;h = histogram (qvl(:) ,16, FaceColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

417 histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges,’ FaceColor’ ,[0.2 1 0],

*FaceAlpha’ ,0.7)

Ptitle (’ Histograms of Data’)

419 legend ({ "Original °, *Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title('95% Confidence
Interval *);

21 colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);

clear h

423
clear ccl cc2 cc3 cc4 Z1 Z2 7Z3 Z4 dvecl dvec?2
425
end

427

20| 9o HEHHHHHFHARAHAHA#E DirVarl HAHAHAHFHHHHFHAHAHAHAHAH RS RS
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431

% >>> Fitting I and Anisotropy Estimation <<<

% Desired Models
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models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};
n_models = length (models);

% Initial Values and Limits for optimization

b = [gexpmax , maxdist*1/3,gexpmax/100]; % s2,xi & c0

b_lb = [eps,eps,eps]; b_ub = [gexpmax=1.5,maxdist,gexpmax/5]; %lower and
upper limits

bsp = [1000, maxdist=1/3,gexpmax/100]; % etaO, xi, cO

bsp_lb = [eps,eps,eps]; bsp_ub = [inf, maxdist,gexpmax/5]; %lower and

upper limits

% Summary cells
model_parO0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_1b {[b_lb,eps];b_lb;b_Ib;[b_1b,0.3];[bsp_lb,—2+eps]}; %lower

bounds

model_par_ub {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper

bounds

clear b b_Ib b_ub bsp bsp_lb bsp_ub

s1{% Estimation of Anisotropy

R(n_models ,1)=0;phi(n_models ,1)=0;xil (n_models,1)=0;xi2 (n_models ,1)=0;%
matrices preallocation

erl (n_models,1)=0;er2(n_models,1)=0; %matrices preallocation

objmod = 'NWErm’; flag = 1;

55|% nrsampl = 10; samplpc = 50;

for i=1:n_models
model . function = models{i,1};
model . params0 = model_par0{i,1};
model . paramslb

model_par_lb{i,1};

model . paramsub

model_par_ub{i,1};

[R(i,1),phi(i,1),xil(i,1),xi2(i,1),erl(i,1),er2(i,1)] =...
aniso_dvf(x,y,rf ,model,objmod, ncpc,nrbins , phistep , phitol , flag);
% [R(i,1),phi(i,l),xil(i,1),xi2(i,l),erl(i,l),er2(i,l)] =...
% dirvar_ccv_s(x,y,rf ,model ,objmod ,N_ms, ncpc,nrsampl ,samplpc,

nrbins , phistep , phitol , flag);

end

9% >>> Fitting Il and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Initial Values and Limits for optimization
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b{n_models ,1}=[];b_lb{n_models,1}=[];b_ub{n_models,1}=[];
for 1 = 1:n_models
b{i,1} = [gexpmax,xil(i,1),R(i,1),phi(i,1),gexpmax/100];
b_1b{i,1} = [eps,xil(i,1),R(i,l),phi(i,1),eps];
b_ub{i,l1} = [inf ,xil(i,1),R(i,1),phi(i,l),gexpmax/5];
end

% Summary cells

model_par0 = {[b{1,1},1.1];b{2,1};b{3,1};[b{4,1},1.5];[b{5,1},11}; %
initial parameters values

model_par_1b = {[b_Ib{1,1},eps];b_1b{2,1};b_1b{3,1};[b_lb{4,1},0.3];[
b_Ib{5,1},—2+eps]};%lower bounds

model_par_ub = {[b_ub{1,1},2];b_ub{2,1};b_ub{3,1};[b_ub{4,1},3.5];[b_ub
{5,1},inf]}; %upper bounds

% Estimation of Parameters (s2,cO,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];
iso = 00;objmod = 'NWEr_m’;flag = 1;
for i=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ib{i,1};

model . paramsub = model_par_ub{i,1};

[bmodel{i,1},fval(i,l1),tit{i,1}] =...
variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);
end

% >>> Cross Validation <<<

% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];
cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

% Inputs definition
iso = 00; d_col = 1;

% Cross Validation

for 1=1:n_models
model . function = models{i,l};
model . params = bmodel{i,1};
model .r_ok = [6,6];
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[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,1}] =...
crossval (x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,1}(:,2:end));
end

% Cross Validation Scores

table_h = { MeanAbsErr’,  MaxAbsErr’,”MSE’ ,’RMSE’ , ’rpearson’,’rspearman’,
finalscore ’ };

table_r = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE
FinalScore = ((1./relIMSE) .A2).%xcv_Ss(:,5).%cv_Ss(:,6); %finalscore
cv_Ss = [cv_Ss, FinalScore];
cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r);
clear relMSE FinalScore
%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for i=1:n_models
cv_matr{i,l}.Z_tr = cv_matr{i,l1}.Z;

cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
cv_realZ(i,1l) = isreal (cv_matr{i,l1}.Z_ibtl);

cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
end

% Total Cross Validation Scores
relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

s| FinalScore = ((1./relMSE)."2) .xcv_St(:,5).xcv_St(:,6); %finalscore

cv_St = [cv_St, FinalScore ];
cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

9%Plots
for 1=1:n_models

% Stochastic Component’s figures
ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];
cc2 = [col,row,cv_matr{i,1}.Z(:);qcol,qrow, zeros(Nu,1)];




557

559

561

565

567

569

571

573

575

577

579

581

587

589

591

593

B.1 Synthetic Dataset 211

%

Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,l)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,1)) = ¢cc2(j,3);

end

figure ;pcolor(Zl);%title (’Sample Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (rf(:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Potitle (° Scatter Plot’)

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l1}.Z(:), BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col,row,cv_matr{i,l1}.Z_ibt(:);qcol,qrow,zeros(Nu,l) ];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);
Z4(cc4(j,2),ccd(j,1)) = ccd(j.3);

end

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

colorbar;set(gca,’ XTick’,[],  YTick’,[]);
figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’ Estimation
of Original Sample \n%s’,tit{i,1}));
colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (vl (:) ,cv_matr{i,1}.Z_ibt(:),’ filled’,’d’);hold on;
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dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r7);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (vl (:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, "EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)

%title (’ Histograms of Sample Data’)

legend ({ *Original’, “Estimated’});

clear h

clear Z1 72 73 7Z4 dvecl dvec?2

end

3|% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];

CIT {N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition

s/xu = qcol; yu = qrow; iso = 00;

71% Ordinary Kriging

for i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model .r_ok = [6,6];

[Z{i,1},Z_error{i,1} ,kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,1} = table_r{ind (i) ,1};
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end

%Confidence Intervals (95%)

CIt{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,1});
CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});
CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});
UNC{i,1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CIl1{i,1}.uncer);

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’  VariableNames’ ,table_h , "'RowNames’ ,table_r2);
clear relMSE FinalScore

s3|%Trend addition and Boxcox Inversion

kr_St(N_kr_mod,6)= 0; Z_tr{N_kr mod,1} = 0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;

for

end

i=1:N_kr_mod

Z tr{i,1} = Z{i,1};

Z_ibtl{i,1} = Z_tr{i,1};

Z_ibt{i,1} = real(Z_ibtl{i,1});
kr_realZ (i,1) = isreal(Z_ibtl{i,1});

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relMSE) ."2) .«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’  VariableNames’ ,table_h , ’RowNames’ ,table_r2);
clear relMSE FinalScore

9%Plots

for

i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc (:) ];
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cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#Hok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

cel(j.3);
cc2(j,3);

end

figure ;pcolor(Zl);%title (°Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick” ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf (’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7) 3

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],"
FaceAlpha’ ,0.7)

%title (’ Histograms of Stochastic Component’)

legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];

Z3 (max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

74=73;

for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(cc4(j,2) ,ccd(j,1))

cc3(j,3);
ccd(j,3);

end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));
colorbar;set(gca, XTick’ ,[], YTick’ ,[]);

figure;scatter(qvl (:),Z_ibt{i,1}(:), filled’,’d’);hold on;
dvec2 = [qvl (:);Z_ibt{i,1}(:)];
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719 plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
721 Ptitle (° Scatter Plot’)
xlabel (’Observed Data’)
723 ylabel (’Estimations’)

figure;h = histogram(qvl (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
725 hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

727 Ptitle (* Histograms of Data’)
legend ({ *Original’, “Estimated’});
729 figure ;pcolor(Z4); view(2);shading interp; %title (’95% Confidence

Interval ) ;
colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
731 clear h

733 clear ccl cc2 cc3 ccd4 7Z1 Z2 Z3 7Z4 dvecl dvec?2

735| end
%

C:/Users/Vasilis/Desktop/AB/Dissertation/DiplomaThesis/MyThesis/Appendix2/Test4 Appendix.m

B.2 Regular Sample

% Dissertation
% Regular Sample

)

4l clc;clear variables;close all;

Dott#####H##A##H#H###H# Preliminary Analysis ########AHAHAHHHHHHHHAHAHAHHHH

0, — —_ —
0 = = =

% Basic parameters
n_data = 2; %if 2 normalised velocities are used,else if 1 are used
Yvelocities in km/s,else if O the original velocities are

used
pln_dr = 10; %distance between drills
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% Load Data

load marm. in

ny = 122; nx = 384; %>>a priori known size of the image<<
marm_rf = reshape (marm,ny,nx);

marm_rf = flipud (marm_rf);

idata0 = marm_rf; %original velocities (m/s)

idatal = marm_rf/1000;%velocities in km/s

idata2 = marm_rf/max(max(marm_rf)); %normalised velocities
color = ’white’;fsize = 18.0; font = “Cambria’; fweig = ’“bold’;

if n_data==0

data = idataO;

colbtitle = *Velocity (m/s)’;
elseif n_data==1

data = idatal ;

colbtitle = *Velocity (km/s) ;
elseif n_data==2

data = idata2;

colbtitle = "Normalised Velocity’;
else

error (" Error: Not valid value for n_data input. It must be 0,1 or 2.

)

end

[row_all, col_all, v_alll] = find(data);

% >>>0riginal Data Plots <<<

figure ;%Simple plot

pcolor(data); shading interp %flat

Ptitle (° Geological Section (Velocity Model) )

set(gca,’ XLim’ ,[0 nx], YLim’ ,[0 ny],’ XTick’ ,[], YTick’ ,[])

figure; %Simple plot plus colorbar

pcolor(data); shading interp %flat

Ptitle (° Geological Section (Velocity Model) )

¢ = colorbar;

c.Label. String = colbtitle;

set(gca, XLim’ ,[0 nx], YLim’,[0 ny], XTick’ ,[], YTick’ ,[])

figure; %Plot with actual distances and colorbar
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pcolor (flipud(data)); shading interp %flat
%title (* Geological Section (Velocity Model) )

¢ = colorbar;

w
o

ew|c.Label.String = colbtitle;
xlabel (’Distance (km)’);
ylabel (*Depth (km)’);

ax = gca;

6

)

o4| ax . XAxisLocation = ’top’;

ax .XLim = [0 nx]; ax.YLim = [0 ny];
ol ax . XTick = (0:9.2)%nx/9.2;

ax . XTickLabel = (ax.XTick) *9.2/nx;
s ax.YTick = (0:0.5:3)=*ny/3;

ax . YTickLabel = (ax.YTick)*3/ny;

nlax.YDir = ’reverse

»| data_tot_vec = data(:); %total image data in vector form

74|% >>>Define "drill —holes"<<<

data2 = data;

6 drl = floor ((nx — floor(nx/n_dr)sn_dr)/2)+1; %location of first "
drilling" on x axis

data2 (:,drl:n_dr:nx)= 0;

7| [qrow , qcol ,qvl] = find (data2); %unknown points coordinations and values

drills = data — data2; %square form of "drill —holes"

so| [row,col ,vl] = find(drills); %known points coordinations and values —
TRAINING SET
N = length(vl); %number of known points

% >>>Sample ("drill —holes") Plot<<<
84
figure; %Simple plot

86

pcolor(drills); shading interp %flat
%title (""" Drill —holes": part of geological section taken as data’)
ss| set(geca, ' XLim’ ,[0 nx],’ YLim’ ,[0 ny],’ XTick’ ,[], YTick’ ,[])

ofl figure; %Simple plot plus colorbar

pcolor(drills); shading interp %flat

n|%title (" Drill —holes ": part of geological section taken as data’)
cl = colorbar;

oscl.Label. String = colbtitle;

set(gca, XLim’ ,[0 nx], YLim’,[0 ny], XTick’ ,[], YTick’ ,[])

96

figure; %Plot with actual distances and colorbar

os| pcolor (flipud (drills)); shading interp %flat
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Ptitle (* Geological Section (Velocity Model) )
] cl = colorbar;

cl.Label. String = colbtitle;

02| xlabel (*Distance (km)’);
ylabel (" Depth (km)’);

04 ax = gca;

ax . XAxisLocation = ’top’;

6] ax . XLim = [0 nx]; ax.YLim = [0 ny];
ax . XTick = (0:9.2)%nx/9.2;

0s] ax . XTickLabel = (ax.XTick)*9.2/nx;
ax.YTick = (0:0.5:3)=ny/3;

0| ax . YTickLabel = (ax.YTick) *3/ny;
ax.YDir = 'reverse ’;

%>>>Data Histograms & Statistical Moments<<<
114
numbins = 15;

116/% Total image histogram

figure ;

Ysubplot (1,2,1)

histfit (data_tot_vec ,numbins)
20| alpha (0.5)

Jtitle (* Total image histogram ’)

11

o

122|% " Drills —holes" data histogram
figure ;%subplot(1,2.,2)

4l histfit (vl ,numbins)

alpha (0.5)

16|%title (" Drill —holes data histogram ’)

128|% Total image data moments

totim_stats = [min(data_tot_vec) max(data_tot_vec) mean(data_tot_vec)
median(data_tot_vec) var(data_tot_vec) skewness(data_tot_vec)
kurtosis (data_tot_vec) ];

130|% "Drill —holes" data moments

drills_stats = [min(vl) max(vl) mean(vl) median(vl) var(vl) skewness(vl)
kurtosis(vl)];

132

134|%>>>Normality of data checking and Transformation <<<

136|% Histogram and Normal Probability Plot
figure; %same as the previous figure plus NPP
Yosubplot (1,2,1)

histfit (vl ,numbins)

®
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alpha (0.5)

%title (’ Drill —holes data histogram )

figure; %subplot(1,2,2)

nnp = normplot(vl);

h_ch=get(gecf, Children’);h_str=get(h_ch(1l),’ Title );set(h_str,’String’,’
’); % remove normplot title

[h_orig ,kst_p_orig ,ksstat_orig ,cv_orig] = kstest(vl(:));

% BoxCox Transformation

[v, lambda] = boxcox(vl); %known points boxcox transformation

qv = (qvl.Alambda —1)/lambda; %unknown points boxcox transformation

v_all = (v_alll .Alambda —1)/lambda; %all points boxcox transformation

figure;

Yosubplot (1,2,1)

histfit (v,numbins)

alpha (0.5)

%title (" Transformed data histogram )

figure; %subplot(1,2,2)

normplot(v)

h_ch=get(gcf, Children’);h_str=get(h_ch(l), Title );set(h_str,’ String’,’
’); % remove normplot title

[h_bxtr,p_bxtr, ksstat_bxtr ,cv_bxtr] = kstest(v(:));

%>>> Data Trend Estimation <<<

nfr = 2;

trmodel = ’linear’;

v_trend = reshape(v,ny,N/ny);

[ fluc ,Mx,Mx_func,a, trend_scores ,dfreq,a_trends] = detrendv (col ,row,
v_trend , nfr , trmodel ,0) ;

gMx = Mx_func(qcol ,qrow,a); %trend on the unknown points

qfluc = qv—gMx; %fluctuations/residuals on the unknown points

%Plot data & trend
X =col(:); Y=row(:); rfl = v_trend(:);

figure;

scatter3 (X, flipud (Y) ,rfl , ¢, filled )

hold on

Xfit = min(X) :1:max(X); nxfit = length (Xfit);

Yfit min(Y):1:max(Y); nyfit length (Yfit);
[XFIT,YFIT] = meshgrid ( Xfit, Yfit);

VFIT Mx_func (XFIT (:) ,YFIT (:) ,a);

VFIT flipud (reshape (VFIT, nyfit , nxfit));
mesh (XFIT, YFIT, VFIT)

colorbar
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Poxlabel ("x7)

Yylabel ("y’)

xlabel (* Alongside Section’)
ylabel (" Depth’)

zlabel (’ Transformed Normalised Velocity )
Yoset (gca,’ YTick’, flipud (get(gca,’  YTick’)));
Yset (gca,’  YDir’, reverse ') ;

%title (’Data & Trend Model *)

view (—52,6)

shading interp

¢ = colorbar; c.Label.String = 'Transformed Normalised Velocity ;

%Detrend whole dataset
Mx_all = Mx_func(col_all ,row_all ,a); %trend on the unknown points
fluc_all = v_all-Mx_all; %fluctuations/residuals on the unknown points

fluc_all = reshape(fluc_all ,ny,nx);

figure; %Plot with actual distances and colorbar
pcolor (flipud (fluc_all)); shading interp %flat
Ptitle (’ Detrended Geological Section )

cl = colorbar;

% cl1.Label.String = colbtitle;
xlabel (’ Distance (km)’);

ylabel (*Depth (km)’);

ax = gca;

ax . XAxisLocation = ’top’;

ax .XLim = [0 nx]; ax.YLim = [0 ny];

ax . XTick = (0:9.2)%nx/9.2;

ax . XTickLabel = (ax.XTick)*9.2/nx;

ax.YTick = (0:0.5:3)=*ny/3;

ax. YTickLabel = (ax.YTick)*3/ny;

ax.YDir = 'reverse ’;
9%>>> Statistical Analysis of Residuals <<<

% Residuals/Fluctuations moments
fluc_stats = [min(fluc) max(fluc) mean(fluc) median(fluc) var(fluc)
skewness (fluc) kurtosis (fluc)];

% Histogram and Normal Probablity Plot
figure ;

Ysubplot (1,2,1)

histfit (fluc ,numbins)

alpha (0.5)
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221

Jtitle (*Histogram of detrended data’)
figure; %subplot(1,2,2)
normplot (fluc)

h_ch=get(gcf, Children’);h_str=get(h_ch(1l),  Title’);set(h_str,’String’,’

>); % remove normplot title
[h_fluc ,p_fluc , ksstat_fluc ,cv_fluc] = kstest(fluc (:));

(/A

(¥

9o H##t##H##H##H##H#####H##H Experimantal Variogram
H##HHHHHAHHAFHHFHAHH AR A HHHHH

% >>> Initialize Basic Parameters <<<

¢ = {col,row}; %known points’ coordinations
gqc = {qcol,qrow}; %"unknown" points’ coordinations
ncpc = 0.2;

N = size(col,1);

Nu = size(qcol,1);

maxdist = hypot(col(l,1)—col(N,1),row(l,1)—row(N,1))=ncpc;
nrbins = 45;

phistep = 15;

phitol = 20;

N_kr_mod = 3;

248|% >>> Experimental (Semi—)Variogram (anisotropic) <<<

x = col; y = row; rf = fluc; iso = 0; flag = 1;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr.

high analysis

[gexp, nr_pairs, c_centers]| = expvar(x,y,rf,iso,ncpc,nrbins, phistep,
phitol , flag);

gexpmax = max(max(gexp));

(/A

(¥

T #H#######HAHARFHARE DirVarQ ##H#A#HHHHAHHAHHHHHHHHAHHHHHHHH

(/A

(¥

% >>> Fitting I and Parameters of Anisotropic Correlation Estimation

,xil ,xi2 ,phi,cO,v or etal) <<<

% Desired Models
models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};

(s2
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n_models = length (models);

% 1
b =

nitial Values and Limits for optimization
[ gexpmax , maxdist+2/3,0.5,10,gexpmax/100]; % s2,xil ,R,phi & c0

b_lb = [eps.,eps,eps,—90,eps]; b_ub = [gexpmax*1.5,maxdist%1.5,30,90,

bsp
bsp

gexpmax/5]; %lower and upper limits
= [1000, maxdist*2/3,0.5,10,gexpmax/100]; % etaO, xil ,R,phi & c0

_1b = [eps,eps,eps,—90,eps]; bsp_ub = [inf,maxdist*1.5,30,90, gexpmax

/5]; %lower and upper limits

% Summary cells

model_par_1lb

model_par_ub

»»| model_parO0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

{[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower
bounds

{[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

clear b b_lb b_ub bsp bsp_lb bsp_ub

278|% Estimation of Parameters (s2,xil ,xi2,phi,cO,v or etal)

bmodel {n_models ,1}=[]; fval(n_models,1)=0; tit{n_models,1}=[];

iso

for

end

= 00;0objmod = 'NWErm’; flag = 1;
i=1:n_models

model . function = models{i,1};
model . paramsO0 = model_par0O{i,1};
model . paramslb

model_par_lb{i,1};

model . paramsub

model_par_ub{i,1};

[bmodel{i,1},fval(i,1),tit{i,1}] =...
variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);

% Anisotropy Estimation (#Not Necessary#)
RO(n_models,1) = 0;phi0(n_models,1) = 0;xil0(n_models,1) = 0;xi20(

for

n_models ,1) = 0;

i=1:n_models

RO(i,1) = bmodel{i,1}(1,3);

phiO(i,1) = bmodel{i,1}(1,4);

xil0(i,1) bmodel{i,1}(1,2);

xi20(i,1) = bmodel{i,1}(1,2)/RO(i,1);

if RO(i,1)>1
RO(i,1) = 1/RO(i,1);bmodel{i,1}(1,3) = RO(i,l);
xil0l = xil0(i,1);
xil0(i,1) = xi20(i,1); bmodel{i,1}(1,2) = xi20(i,1);
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end

R =

% >

xi20(i,1) = xil01;
if phi0(i,1)>0
phi0 (i, 1)

phiO (i,1) —90;
else

phi0O(i,1) = phiO(i,1)+90;

end
bmodel{i,1}(1,4) = phiO(i,1);
end

mean(RO); phi = mean(phi0);xil = mean(xil0);xi2 = mean(xi20);

>> Cross Validation <<<

% Matrices and Cells preallocation

cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];

cv_

% 1

X =

rf

matr {n_models ,1}=[]; cv_Ss(n_models,6)= 0;

nputs definition
reshape(x,ny,N/ny); y = reshape(y,ny,N/ny);
= reshape(rf ,ny,N/ny); iso = 00; d_col = 1;

% Cross Validation

for

end

i=1:n_models
model . function = models{i,l};
model . params = bmodel{i,1};

model .r_ok = [22,4];

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,l1}] =...
crossval (x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));

% Cross Validation Scores

tab

tab

le_h = {’MeanAbsErr’, MaxAbsErr’, " MSE’ ,’RMSE’ , "rpearson’, rspearman’,
>finalscore’ };
le_r = {’Gexp’; Gaus’; Sphe’;’ Mate’; Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

Fin
cv_
cv_
cle

alScore = ((1./relMSE) ."2).xcv_Ss(:,5).%xcv_Ss(:,6); %finalscore

Ss = [cv_Ss, FinalScore];

Ssf = array2table (cv_Ss, VariableNames’ ,table_h , RowNames’, table_r);
ar relMSE FinalScore
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6| %Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
ug| for 1=1:n_models

350 cv_matr{i,l1}.Z_tr = Mx + cv_matr{i,l}.Z;
352 if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

354 elseif lambda==
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);
356 else
cv_matr{i,l}.Z_ibtl

(lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)

s

358 end
cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
360 cv_realZ(i,l) = isreal(cv_matr{i,l1}.Z_ibtl); %#ok<SAGROW>
362 cv_St(i,:) = correlstats (vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
364 el’ld

366|/% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

s6s| FinalScore = ((1./relMSE) ."2).xcv_St(:,5).xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore ];

cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

37(

372

9%Plots

374 for 1=1:n_models

376 % Stochastic Component’s figures
Z1 = reshape(rf ,ny,N/ny);

378 Z2 = reshape(cv_matr{i,l}.Z,ny,N/ny);
380 figure ;pcolor(Z1l);%title (’Sample Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
382 figure ;pcolor(Z2);%title (sprintf (’ Estimation of Sample Stochastic

Component \n%s’,tit{i,1}));

view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
384 figure;scatter (Z1(:) ,Z2(:), filled’,’d’);hold on;

dvecl = [Z1(:);Z2(:) ];
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%

%

end

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(Z1(:) ,16,  EdgeColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z2(:) ,’BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1 0]’,~
FaceAlpha’ ,0.7)

J%title (*Histograms of Sample Stochastic Component’)
legend ({ "Original >, *Estimated’});

clear h

% Total Data figures
73
Z4 = reshape(cv_matr{i,l}.Z_ibt ,ny,N/ny);

reshape (vl,ny ,N/ny);

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick’” ,[]1,  YTick”’ ,[]);
figure;pcolor(Z4);view(2);shading interp; %title (sprintf(  Estimation
of Original Sample \n%s’,tit{i,1}));
¢ = colorbar; c.Label.String = "Normalised Velocity ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter (Z3(:) ,Z4(:), filled’,’d’);hold on;
dvec2 = [Z3(:);Z4(:) ];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (Z3(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (Z4 (:) ,’BinEdges’ ,h.BinEdges, "EdgeColor’ ,[0.2 1 0],°
FaceAlpha’ ,0.7)
Ptitle (’ Histograms of Sample Data’)
legend ({ "Original >, *Estimated’});
clear h

clear Z1 Z2 73 7Z4 dvecl dvec?2
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% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];

CII1 {N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition
x = reshape(x,ny,N/ny); y = reshape(y,ny,N/ny); rf = reshape(rf,ny,N/ny)

xu = reshape(qcol ,ny,Nu/ny); yu = reshape(qrow,ny,Nu/ny); iso = 00;

% Ordinary Kriging

for i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model .r_ok = [22,4];

[Z{i,1},Z_error{i,l},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig(x,y,rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats(Z{i,l},qfluc);

table_r2{i,1} = table_r{ind(i),h1};

%Confidence Intervals (95%)

CIl{i,1}.low = Z{i,1} — 1.96xsqrt(Z_error{i,1});

Cli{i,1}.up = Z{i,1} + 1.96%sqrt(Z_error{i,l});

CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});

UNC{i,1} = real(CIl1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE) .A2).xkr_Ss(:,5).%«kr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r2);
clear relMSE FinalScore
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%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = O0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = O0;
for 1=1:N_kr_mod

Z_tr{i,1} = qMx + Z{i,1};

if lambda==00
Z_ibt1{i,1} = Z_tr{i,1};
elseif lambda==
Z_ibtl{i,1} = exp(Z_tr{i,1});
else
Z_ibtl1{i,1} = (lambdaxZ_tr{i,1} + 1).~(1/lambda);
end
Z_ibt{i,1} = real(Z_ibtl{i,1});
kr_realZ(i,1) = isreal (Z_ibtl1{i,1}); %#ok<SAGROW>
kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./reIMSE)."A2).«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’  VariableNames’ ,table_h , RowNames’ , 6 table_r2);
clear relMSE FinalScore

%Plots
for 1i=1:N_kr_mod

% Stochastic Component’s figures
ccl = [col,row,rf(:);qcol,qrow, qfluc(:)];
cc2

[col ,row,rf (:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl,l)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2) ,cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Zl);%title (*Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic

Component \n%s’, tit{ind(i),1}));
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508 view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;
510 dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r’);

512 axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (’ Scatter Plot )

514 xlabel (’Observed Data’)
ylabel (’Estimations’)

516 figure ;h = histogram (qfluc (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’
,0.7) 3
hold on

518 histogram (Z{i,1}(:) , BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],”’

FaceAlpha’ ,0.7)

%title (" Histograms of Stochastic Component’)
520 legend ({ *Original >, ’Estimated’});

clear h

% Total Data figures

524 cc3 = [col,row,vl (:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row, zeros(size(col,1),1); qcol,qrow ,UNC{i,1}];
526 Z3 (max(cc3(:,2)),max(cc3(:,1)))=0; %#ok<SAGROW>

74=73;
528 for j = l:size(cc3,1)

Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);

530 ZA(cc4(j,2),ccd4(j,l)) = cc4(j,3);

end
532 figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’

Estimation of Original Data \n%s’, tit{ind(i),1}));
¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
L1, 7 YTick” ,[1) 3

534 figure;scatter(qvl(:) ,Z_ibt{i,1}, filled’,’d’);hold on;
dvec2 = [qvl(:);Z_ibt{i,1}(:)1;
536 plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)

+0.5],’r7);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
538 %title (’ Scatter Plot’”)

xlabel (’Observed Data’)

540 ylabel (’Estimations’)

figure;h = histogram(qvl (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
542 hold on

histogram (Z_ibt{i,1}(:), BinEdges’,h.BinEdges, FaceColor’ ,[0.2 1 0],
*FaceAlpha’ ,0.7)

544 Jtitle (’ Histograms of Data’)
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legend ({ "Original >, “Estimated’});
figure ;pcolor(Z4); view(2);shading interp; %title ('95% Confidence

Interval ) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick’” ,[1, YTick’ ,[1);
clear h

clear ccl cc2 cc3 ccd4 Z1 Z2 7Z3 7Z4 dvecl dvec?2
end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts (qvl,edgesd);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod, 1)
=0;

558/ MCR4(N_kr_mod , 1) =0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCRI16(N_kr_mod, 1) =0;

for i=1:N_kr_mod
[~,~,ind4_est{i,l}] = histcounts(Z_ibt{i,1},edges4);
ind4_est{i,l}(Z_ibt{i,l}<=edgesd (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4 (i,1) = corr(ind4_est{i,l},ind_data4d);
Rspearman4 (i ,1) = corr(ind4_est{i,1},ind_data4 ,’type’,’ Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_data4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,l}(Z_ibt{i,l}<=edgesl6 (1)) = 1;
indl16_est{i,l1}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1l) = corr(indl6_est{i,l},ind_datal6);

Rspearmanl6(i,l) = corr(indl6_est{i,l},ind_datal6,’ type’, Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;

end

s2/% Kriging Indicators Scores Table
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table_h = { MeanAbsErr’, MaxAbsErr’ ,’MSE’ ,’RMSE’ ,’ Rpearson’,’Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’,’RMSE’ ,’ Rpearson’,’ Rspearman’
,  Rpearson4’,’Rspearman4’ , " MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16" };

kr_iSsf = array2table(kr_Ss(:,l:end—1),’  VariableNames’ ,table_h , ’RowNames
*,table_r2);

ssol kr_iStf = array2table ([ kr_St(:,l1:end—1),Rpearson4 ,Rspearman4 ,MCR4,

Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , "RowNames’ ,

table_r2);

58
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% >>> Fitting I and Anisotropy Estimation <<<

594

% Desired Models

s9s| models = {°Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

n_models = length (models);

598

% Initial Values and Limits for optimization

ool b = [gexpmax, maxdist*2/3,gexpmax/100]; % s2,xi & c0

b_lb = [eps,eps,eps]; b_ub = [gexpmax=1.5,maxdist=1.5,gexpmax/5]; %lower
and upper limits

62| bsp = [1000, maxdist*2/3,gexpmax/100]; % etaO, xi, cO

bsp_lb = [eps.,eps.,eps]; bsp_ub = [inf, maxdist+1.5,gexpmax/5]; %lower and
upper limits

604

% Summary cells

o0s| model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

{[b_lb,eps];b_lb;b_Ib;[b_1b,0.3];[bsp_lb,—2+eps]}; %lower

model_par_1b
bounds

«s| model_par_ub

{[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

ool clear b b_lb b_ub bsp bsp_lb bsp_ub

612|% Estimation of Anisotropy

R(n_models ,1)=0;phi(n_models ,1)=0;xil (n_models,1)=0;xi2 (n_models ,1)=0;%
matrices preallocation

o4/ erl (n_models ,1)=0;er2 (n_models ,1)=0; %matrices preallocation

objmod = 'NWEr.m’; flag = 1;

616/% nrsampl = 10; samplpc = 50;
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for i=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ilb{i,1};

model . paramsub = model_par_ub{i,1};

[R(i,1),phi(i,1),xil(i,1),xi2(i,l),erl(i,1),er2(i,1)] =...
aniso_dvf(x,y,rf ,model,objmod,ncpc,nrbins , phistep , phitol , flag);
% [R(i,1),phi(i,l),xil(i,1),xi2(i,l),erl(i,l),er2(i,1)] =...
%0 dirvar_ccv_s(x,y,rf ,model,objmod ,N_ms,ncpc,nrsampl ,samplpc,

nrbins , phistep , phitol , flag);

end

save (’dirvarl_iso.mat’)

% >>> Fitting Il and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Initial Values and Limits for optimization
b{n_models ,1}=[];b_lb{n_models,1}=[];b_ub{n_models,1}=[];
for 1 = 1:n_models
b{i,l1} = [gexpmax,xil(i,l),R(i,1),phi(i,l),gexpmax/100];
b_lb{i,1} = [eps,xil(i,1),R(i,1),phi(i,1),eps];
b_ub{i,1} = [inf ,xil(i,1),R(i,1),phi(i,1),gexpmax/5];
end

% Summary cells

model_par0 = {[b{1,1},1.1];b{2,1};b{3,1};[b{4,1},1.5];[b{5,1},11}; %
initial parameters values

model_par_1b = {[b_Ilb{1,1},eps];b_1b{2,1};b_1b{3,1};[b_lb{4,1},0.3];[
b_lb{5,1},—2+eps]};%lower bounds

model_par_ub = {[b_ub{1,1},2];b_ub{2,1};b_ub{3,1};[b_ub{4,1},3.5];[b_ub
{5,1},inf]}; %upper bounds

% Estimation of Parameters (s2,c0O,v or etal)
bmodel{n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];
iso = 00;objmod = 'NWEr_m’; flag = 1;
for i=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ib{i,1};
model . paramsub = model_par_ub{i,1};
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end

% >

[bmodel{i,1},fval(i,1),tit{i,1}] =...
variogramfit (gexp,nr_pairs ,c_centers ,iso ,model,objmod, flag);

>> Cross Validation <<<

% Matrices and Cells preallocation

cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=][];

cv_

% 1
X =

rf

matr {n_models ,1}=[]; cv_Ss(n_models,6)= 0;

nputs definition
reshape(x,ny,N/ny); y = reshape(y,ny,N/ny);
= reshape (rf ,ny ,N/ny); iso = 00; d_col = 1;

% Cross Validation

o for

end

i=1:n_models
model . function = models{i,l};
model . params = bmodel{i,1};

model .r_ok = [22,4];

[cv_scores{i,l}, cv_checks{i,l}, cv_matr{i,l1}] =...
crossval(x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));

% Cross Validation Scores

tab

tab

le_h = { MeanAbsErr’, MaxAbsErr’, " MSE’,’RMSE’, rpearson’,’rspearman’,
>finalscore ’ };
le_r = {’Gexp’; Gaus’; Sphe’;’ Mate’;’ Spar’};

reIMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

Fin
cv_
cv_
cle

9%Tr
cv_
for

alScore = ((1./relMSE)."2).%xcv_Ss(:,5).xcv_Ss(:,6); %finalscore

Ss = [cv_Ss, FinalScore];

Ssf = array2table (cv_Ss, VariableNames’ ,table_h , RowNames’, table_r);
ar relMSE FinalScore

end addition and Boxcox Inversion
St(n_models ,6)= 0;
i=1:n_models

cv_matr{i,l1}.Z_tr = Mx + cv_matr{i,l}.Z;

if lambda==00
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cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

700 elseif lambda==

cv_matr{i,l}.Z_ibtl = exp(cv_matr{i,l}.Z_tr);
702 else
cv_matr{i,l}.Z_ibtl

(lambdaxcv_matr{i,1}.Z_tr + 1).7(1/lambda)

s

704 end
cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
706 cv_realZ(i,l) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>
708 cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
710| end

% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xcv_St(:,5).%xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore];

-
S

7

=

76 cv_Stf = array2table (cv_St, VariableNames’ ,table_h , 'RowNames’,table_r);
clear relMSE FinalScore

9%Plots

70| for 1i=1:n_models

722 % Stochastic Component’s figures
Z1 = reshape(rf ,ny,N/ny);
724 Z2 = reshape(cv_matr{i,l}.Z,ny,N/ny);
726 figure ;pcolor(Z1l);%title (*Sample Stochastic Component’);
view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
728 figure ;pcolor(Z2);%title (sprintf (’ Estimation of Sample Stochastic

Component \n%s’, tit{i,1}));
view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);

730 figure;scatter (Z1(:) ,Z2(:), filled’,’d’);hold on;
dvecl = [Z1(:);Z2(:) ];

732 plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
734 %title (° Scatter Plot )
xlabel (’Observed Data’); ylabel (’Estimations’);

736 figure; h = histogram(Z1(:) ,16, EdgeColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on
738 histogram (Z2(:) ,’BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1 0]’,’

FaceAlpha’ ,0.7)
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J%title (’ Histograms of Sample Stochastic Component’)
legend ({ "Original >, “Estimated’});
clear h

% Total Data figures
Z3 = reshape(vl,ny,N/ny);
Z4 = reshape(cv_matr{i,l}.Z_ibt ,ny,N/ny);

% figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

% ¢ = colorbar; c.Label.String = Normalised Velocity ";set(gca,’
XTick” ,[]1,  YTick”’ ,[]);
figure ;pcolor(Z4);view(2);shading interp; %title (sprintf(’  Estimation
of Original Sample \n%s’,tit{i,1}));
¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter (Z3(:) ,Z4(:), filled’,’d’);hold on;
dvec2 = [Z3(:):;Z4(:) ];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (Z3(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (Z4 (:) , BinEdges’ ,h.BinEdges,  EdgeColor’ ,[0.2 1 0],"
FaceAlpha’ ,0.7)
%title (’ Histograms of Sample Data’)
legend ({ *Original’, “Estimated’});
clear h
clear Z1 7Z2 73 74 dvecl dvec2

end

% >>> Ordinary Kriging <<<

%o

Sort models based on cross validation scores

[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation
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Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];

| kr_

kr_
CI1

% 1

X =

Xu

matr {N_kr_mod,1}=[];
Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

nputs definition
reshape(x,ny,N/ny); y = reshape(y,ny,N/ny); rf = reshape(rf,ny,N/ny)

= reshape(qcol ,ny ,Nu/ny); yu = reshape(qrow,ny,Nu/ny); iso = 00;

% Ordinary Kriging

for

end

i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};

model .r_ok = [22,4];

[Z{i,1},Z_error{i,1},kr_checks{i,l}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats(Z{i,l},qfluc);

table_r2{i,1} = table_r{ind(i),1};

%Confidence Intervals (95%)

Cli{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,l});
Cli{i,1}.up = Z{i,1} + 1.96%sqrt(Z_error{i,l});
CIl{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,1} = real (CIl{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>

% Kriging Scores
relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

Fin
kr_
kr_
cle

%Tr
kr_
Z_i
for

alScore = ((1./relMSE) .*2).xkr_Ss(:,5).xkr_Ss(:,6); %finalscore

Ss = [kr_Ss, FinalScore];

Ssf = array2table (kr_Ss,’ VariableNames’ ,table_h , ’RowNames’ ,table_r2);
ar relMSE FinalScore

end addition and Boxcox Inversion
St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = 0;
btl {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
i=1:N_kr mod

Z_tr{i,1} = qgMx + Z{i,1};

if lambda==00
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end

Z_ibt1{i,1} = Z_tr{i,1};
elseif lambda==

Z_ibtl1{i,1}
else

Z_ibtl1{i,1}

exp(Z_tr{i,l1});

(lambdaxZ_tr{i,1} + 1).7~(1/lambda);
end

Z_ibt{i,1} = real(Z_ibtl{i,1});

kr_realZ (i,1) = isreal (Z_ibtl{i,1}); %#ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,l});%total kriging scores

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relMSE) ."2) .«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore ];

kr_Stf = array2table (kr_St,’ VariableNames’ ,table_h , ’RowNames’ ,table_r2);
clear relMSE FinalScore

%Plots

for

i=1:N_kr mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc(:) ];

cc2 = [col,row,rf (:);qcol,qrow,Z{i,1}];
Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71,

for j = l:size(ccl,l)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,1)) = cc2(j,3);

end

figure ;pcolor(Z1l);%title (*Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
%title (° Scatter Plot )

xlabel (’Observed Data’)
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862 ylabel (’Estimations’)
figure ;h = histogram (qfluc (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’
,0.7)

864 hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)

866 %title (* Histograms of Stochastic Component’)
legend ({ *Original’, “Estimated’});

868 clear h

870 % Total Data figures
cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

872 cc4d = [col ,row, zeros(size(col,1),1); qcol,qrow ,UNC{i,1}];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>

874 74=73;
for j = l:size(cc3,1)

876 Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);

Z4(cc4(j,2) ,ccd(j,1)) ccd(j,3);

878 end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

880 ¢ = colorbar; c.Label.String = "Normalised Velocity ;set(gca, XTick’
1,7 YTick” J[1) 3

figure;scatter(qvl(:),Z_ibt{i,1}, filled’,’d’);hold on;

882 dvec2 = [qvl (:);Z_ibt{i,1}(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

884 axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )

886 xlabel (’Observed Data’)
ylabel (’Estimations’)

888 figure ;h = histogram (qvl(:) ,16,  FaceColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

890 histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges,’ FaceColor’ ,[0.2 1 0],

*FaceAlpha’ ,0.7)

Jtitle (’ Histograms of Data’)

892 legend ({ "Original >, “Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title('95% Confidence
Interval *);

894 cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick’ ,[1, YTick’ ,[1);
clear h

896

clear ccl cc2 cc3 ccd4 Z1 Z2 7Z3 7Z4 dvecl dvec?2
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898

end

900

9% >>>Correlation Coefficient of Indicators <<<

on| edgesd = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edges4);

o| ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod,1)
=0;

MCR4(N_kr_mod, 1) =0;

906

edgesl6 = (1500:4000/16:5500)/5500;

o8| [~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

910 MCR16(N_kr_mod , 1) =0;

o] for 1=1:N_Kkr_mod
[~,~,ind4_est{i,1}] = histcounts(Z_ibt{i,l},edges4);

914 ind4_est{i,l}(Z_ibt{i,1}<=edgesd (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;

916 Rpearson4 (i,1) = corr(ind4_est{i,l},ind_data4d);
Rspearman4 (i,1) = corr(ind4_est{i,1},ind_data4 ,’type’,’ Spearman’);

918 MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

920 [~,~,ind16_est{i,l}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,l}(Z_ibt{i,1}<=edgesl6(l)) = 1;

922 indl16_est{i,l}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);

924 Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6,’type’,  Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;
96| end

928/% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,"MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’
}s

o3| table_h2 = {’MeanAbsErr’, MaxAbsErr’ ,”"MSE’ ,’RMSE’ , *Rpearson’, Rspearman’
, Rpearson4’ , Rspearman4’ , ' MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
2}

kr_iSsf = array2table (kr_Ss(:,l:end—1), VariableNames  ,table_h , ’RowNames
" ,table_r2);

»| kr_iStf = array2table ([kr_St(:,l:end—1),Rpearson4 ,Rspearman4 ,MCR4,

Rpearsonl6 ,Rspearmanl6 ,MCR16],’  VariableNames’ ,table_h2 , ’RowNames’ ,

table_r2);

S]
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load (’dirvarl_iso.mat’)
% >>> Rescaling and Rotation of the random field
% (Inverse) Transformation Matrix

A{n_models,1} = [];c_tr{n_models,1} = [];x_tr{n_models,1}
n_models,1} = [];

[1;y_tr{

qc_tr{n_models,1} = [];qgx_tr{n_models,1} = [];qy_tr{n_models,1} = [];
R_tr(n_models,1)=0;phi_tr(n_models,1)=0;xil_tr(n_models,1)=0;xi2_tr(
n_models ,1) =0;

gexp_tr{n_models,1}=[]; nr_pairs_tr{n_models,1}=[]; c_centers_tr{
n_models ,1}=[];

for i=1:n_models
A{i,1} = [cos(phi(i,l)*pi/180)/xil(i,1), sin(phi(i,l)*pi/180)/xil(i,1);
—sin(phi(i,1)*pi/180)/xi2(i,l), cos(phi(i,l)*pi/180)/xi2(i,1)];

% Rescale and Rotate Coordinations

c_tr{i,1} = A{i,l}=[c{l,1}’;¢c{1,2} ]; %transformed coordinations of
known points

x_tr{i,1} = reshape(c_tr{i,l1}(1,:) ,ny,N/ny);

y_tr{i,1} = reshape(c_tr{i,1}(2,:)  ,ny,N/ny);

gc_tr{i,1} = A{i,l}*[qc{l,1}’;qc{1,2}’]; %transformed coordinations of
unknown points

gx_tr{i,1} = reshape(qc_tr{i,1}(1,:)  ,ny,Nu/ny);

qy_tr{i,1} = reshape(qc_tr{i,1}(2,:)  ,ny,Nu/ny);

% >>> Check isotropy <<<

% Experimental Variogram (anisotropic)

x = x_tr{i,l}; y = y_tr{i,1}; rf = fluc; iso = O0;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

%| gexp_tr{i,l}, nr_pairs_tr{i,l}, c_centers_tr{i,l}] = expvar(x,y,rf,iso

,ncpc,nrbins , phistep , phitol ,2);

% Estimation of New Anisotropy
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070/ model . function = models{i,1};
model . params0 = model_parO{i,1};

ol model . paramslb = model_par_lb{i,1};
model . paramsub = model_par_ub{i,l};

974

976

978

980

982

984

986

988

990

992

994

996

998

1000

1002

1004

[R_tr(i,l),phi_tr(i,1),xil_tr(i,1),xi2_tr(i,l),~,~] =
aniso_dvf(c_tr{i,1}(1,:),c_tr{i,1}(2,:),rf,model, NWEr_m’ ,1.5%ncpc,
nrbins , phistep , phitol ,0);

end

% >>> Fitting Il and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Experimental (Semi—)Variogram (isotropic)

gexp2{n_models ,1}=[];nr_pairs2{n_models,1}=[]; c_centers2{n_models
A1=01;

gexpmax2 (n_models ,1)=0; maxdist2 (n_models,1)=0;

for i=1:n_models

x = x_tr{i,l}; y=y_tr{i,1}; rf = fluc; iso = 1; flag = 1;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

[gexp2{i,l}, nr_pairs2{i,1}, c_centers2{i,l}] = expvar(x,y,rf,iso, ncpc,
nrbins , phistep , phitol , flag);

gexpmax2(i,l) = max(max(gexp2{i,l}));

maxdist2(i,l) = hypot(c_tr{i,1}(1,1)—c_tr{i,1}(1,N),c_tr{i,1}(2,1)—c_tr{
i,1}(2,N))=ncpc;

end

% Initial Values and Limits for optimization

b{n_models ,1}=[];b_lb{n_models,1}=[];b_ub{n_models,1}=[];

for i = 1:n_models
b{i,l} = [gexpmax2(i,l),maxdist2(i,1)*2/3,gexpmax2(i,1)/100];
b_Ib{i,1} = [eps,eps,eps];
b_ub{i,1} = [inf,maxdist2(i,1)=*1.5,gexpmax2(i,l)/5];

end

% Summary cells

model_par0O = {[b{1,1},1.1];b{2,1};b{3,1};[b{4,1},1.5];[b{5,1},11}; %
initial parameters values

model_par_1b = {[b_Ib{1,1},eps];b_1b{2,1};b_1b{3,1};[b_lb{4,1},0.3];[
b_lb{5,1},—2+eps]};%lower bounds

model_par_ub = {[b_ub{1,1},2];b_ub{2,1};b_ub{3,1};[b_ub{4,1},3.5];[b_ub
{5,1},inf]}; %upper bounds
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1006|% Estimation of Parameters (s2,c0,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];
s| iso = 1;0bjmod = 'NWEr_m’; flag = 1;

for i=1:n_models

1010 model . function = models{i,1};
model . params0 = model_parO{i,1};

1012 model . paramslb = model_par_Ib{i,1};
model . paramsub = model_par_ub{i,1};

1014

[bmodel{i,1},fval(i,l),tit{i,1}] =...

1016 variogramfit (gexp2{i,1},nr_pairs2{i,l},c_centers2{i,l},iso ,model,
objmod , flag);

end

1018

1020/% >>> Cross Validation <<<

1022|% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];
04| cv_matr{n_models ,1}=[]; cv_Ss(n_models,6)= 0;

1026|/% Inputs definition
x = reshape(x,ny,N/ny); y = reshape(y,ny,N/ny);
is| rf = reshape (rf ,ny,N/ny); iso = 1; d_col = 1;

1030|% Cross Validation
for i=1:n_models

1032 x = reshape(x_tr{i,l1},ny,N/ny); y = reshape(y_tr{i,l1},ny,N/ny);
model . function = models{i,1};
1034 model . params = bmodel{i,1};

r_okl = pdist2 ([x(1,1),y(1,1)],[x(1,2),y(1,2)])%2.0;
1036 r_ok?2 pdist2 ([x(1,1),y(1,1)],[x(2,1),y(2,1)]) «4.0;
model .r_ok = [r_okl, r_ok2];

1038
[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,l1}] =...
1040 crossval(x,y,rf ,iso,d_col ,model);

cv_Ss(i,:) = table2array (cv_scores{i,l}(:,2:end));

1042 end

1044/% Cross Validation Scores

table_h = { MeanAbsErr’, MaxAbsErr’,”MSE’ ,’RMSE’ , *rpearson’,’rspearman’,
“finalscore ’ };

46| table_r = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};
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08| TelMSE = ¢v_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE) .*2).%xcv_Ss(:,5).%cv_Ss(:,6); %finalscore

1050l cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r);
02| clear relMSE FinalScore

10s4|%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
56| for i=1:n_models

1058 cv_matr{i,l}.Z_tr = Mx + cv_matr{i,l}.Z;
1060 if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

1062 elseif lambda==0
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);
1064 else

cv_matr{i,l}.Z_ibtl (lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)

s

1066 end
cv_matr{i,l}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
1068 cv_realZ(i,l) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>
1070 cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
1072 end

1074|% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

06| FinalScore = ((1./relMSE) .*2) .xcv_St(:,5).%xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore];

ws| cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

1080
9%Plots

02| for i=1:n_models

1084 % Stochastic Component’s figures
Z1 = reshape(rf ,ny ,N/ny);
1086 Z2 = reshape(cv_matr{i,l}.Z,ny,N/ny);
1088 figure ;pcolor(Z1l);%title (°Sample Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);

k)
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%

%

figure ;pcolor(Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (Z1(:) ,Z22(:), filled’,’d’);hold on;

dvecl = [Z1(:):;Z2(:) 1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(Z1(:) ,16,  EdgeColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z2(:) ,’BinEdges’ ,h.BinEdges,  EdgeColor’ ,[0.2 1 0]’,~
FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ *Original’, ’Estimated’});

clear h

% Total Data figures
7Z3 = reshape(vl,ny,N/ny);
Z4 = reshape(cv_matr{i,l}.Z_ibt ,ny,N/ny);

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick” ,[],  YTick”’ ,[]);
figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’ Estimation
of Original Sample \n%s’,tit{i,l}));
¢ = colorbar; c.Label.String = *Normalised Velocity ;set(gca, XTick’
1, 7 YTick” [ [1)
figure;scatter (Z3(:) ,Z4(:), filled’,’d’);hold on;
dvec2 = [Z3(:):;Z4(:) ];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r7);
axis ([min(dvec2) —0.5,max(dvec2)+0.5 , min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’)
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (Z3(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (Z4 (:) , BinEdges’ ,h.BinEdges, "EdgeColor’ ,[0.2 1 0],
FaceAlpha’ ,0.7)
%title (’ Histograms of Sample Data’)
legend ({ "Original ’, *Estimated’});
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clear h

clear Z1 72 73 7Z4 dvecl dvec?2

end

2|% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition
rf = reshape(rf ,ny,N/ny); iso = 1;

% Ordinary Kriging
for i=1:N_kr_mod
x = reshape(x_tr{i,l},ny,N/ny); y = reshape(y_tr{i,l},ny,N/ny);
xu = gx_tr{i,l}; yu = qy_tr{i,l};
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
r_okl = pdist2 ([x(1,1),y(1,1)],[x(1,2),y(1,2)])=*2.0;
r_ok2 = pdist2 ([x(1,1),y(1,1)],[x(2,1),y(2,1)])*4.0;
model .r_ok = [r_okl, r_ok2];

[Z{i,1},Z_error{i,1} ,kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,1} = table_r{ind(i),1};

%Confidence Intervals (95%)

CIt{i,1}.low = Z{i,1} — 1.96xsqrt(Z_error{i,l1});

CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});

CIt{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,l1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end
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% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).+xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’  VariableNames’ ,table_h , "RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr mod,1} = 0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
for i=1:N_kr_mod

Z_tr{i,1} = qMx + Z{i,l};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==0
Z_ibtl{i,1}

exp(Z_tr{i,1});
else
Z_ibtl1{i,1}

(lambdaxZ_tr{i,1} + 1).~(1/lambda);
end

Z_ibt{i,1} = real (Z_ibtl1{i,1});

kr_realZ(i,1) = isreal(Z_ibtl{i,1}); %#ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’  VariableNames  ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

9%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc (:) ];

cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];
Z1(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#Hok<SAGROW>
72=71;

for j = l:size(ccl, 1)
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Z1(ccl(j,2),ccl(j,l)) = ccl(j,3);

1214 Z2(cc2(j,2),cc2(j,l)) = cc2(j,3);

end
1216 figure;pcolor(Z1l);%title (* Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick” ,[], YTick’ ,[]);
1218 figure ;pcolor(Z2); %title (sprintf(’Estimation of Stochastic

Component \n%s’, tit{ind(i),1}));
view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);

k]

1220 figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;
dvecl = [qfluc (:);Z{i,1}(:)1;
1222 plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)

+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
1224 Ptitle (° Scatter Plot )

xlabel (’Observed Data’)

1226 ylabel (’Estimations’)
figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7);

1228 hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],"
FaceAlpha’ ,0.7)

1230 %title (’ Histograms of Stochastic Component’)
legend ({ "Original >, “Estimated’});
232 clear h
1234 % Total Data figures
cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];
1236 cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];
Z3 (max(cc3(:,2)) ,max(cc3(:,1)))=0; %#Hok<SAGROW>
1238 74=73;
for j = l:size(cc3,1)
1240 Z3(cc3(j,2),cc3(j,1)) = cc3(j.3);

Z4(cc4(j,2),ccd(j,1))

ccd(j,3);

1242 end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

1244 ¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter (qvl (:) ,Z_ibt{i,1}, filled’,’d’);hold on;

1246 dvec2 = [qvl(:);Z_ibt{i,1}(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);

1248 axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’)
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xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram(qvl (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

Ptitle (’ Histograms of Data’)

legend ({ "Original >, *Estimated’});

figure;pcolor(Z4); view(2);shading interp; %title (’95% Confidence

Interval 7) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick” ,[], YTick’ ,[]);
clear h

clear ccl cc2 cc3 cc4 Z1 Z2 7Z3 Z4 dvecl dvec2

end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edges4);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod,1)
=0;

MCR4(N_kr_mod, 1) =0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCRI16(N_kr_mod, 1) =0;

for i=1:N_kr _mod
[~,~,ind4_est{i,l}] = histcounts(Z_ibt{i,1}, ,edges4);
ind4_est{i,1}(Z_ibt{i,l}<=edgesd (1)) = 1;
ind4_est{i,1}(Z_ibt{i,1}>=edges4(end)) = length(edgesd) —1;
Rpearson4 (i,l) = corr(ind4_est{i,l},ind_data4);
Rspearman4 (i,1) = corr(ind4_est{i,l},ind_datad4 , type’, Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,1}(Z_ibt{i,l}<=edgesl6 (1)) = 1;
ind16_est{i,l}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);
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Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6,’ type’, Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;
end

% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,”MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’
}s

table_h2 = {’MeanAbsErr’,  MaxAbsErr’, MSE’, ’RMSE’ ,’Rpearson’,’ Rspearman’
, Rpearson4’ ,’Rspearman4’ , ' MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
2}

kr_iSsf = array2table (kr_Ss(:,l:end—1), VariableNames  ,table_h ,  RowNames
’,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCRI16],  VariableNames’ ,table_h2 , "'RowNames’,
table_r2);

90 H####H##HHH#FHAHAHEE CHI ##H###AHAHAHHHHHHAHAHAHAHHH RS HH

% ==

% >>> Anisotropy estimation with CHI <<<

x1 = reshape(x,ny,N/ny);yl = reshape(y,ny,N/ny);rfl = reshape(rf,ny,N/ny
)3
[R,phi] = aniso_cc_grid(x1l,yl,rfl);

if R>1
R = 1/R;
if phi>0

phi = phi —90;
elseif phi<0
phi = phi+90;
end
end

save(’chil_iso.mat’)

% >>> Fitting II and Parameters of Correlation Estimation (s2,c0,v or

etal ) <<<

% Desired Models
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models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};
n_models = length (models);

% Initial Values and Limits for optimization

b = [gexpmax , maxdist=1/3,R, phi,gexpmax/100]; % s2,xi & c0

b_lb = [eps,eps,R,phi,eps]; b_ub = [gexpmax=*1.5,maxdist,R, phi,gexpmax
/5]; %lower and upper limits

bsp = [1000, maxdist=1/3,R, phi,gexpmax/100]; % etaO, xi, cO

bsp_lb = [eps,eps,R,phi,eps]; bsp_ub = [inf,maxdist,R, phi,gexpmax/5]; %
lower and upper limits

% Summary cells
model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_1b {[b_lb,eps];b_lb;b_Ib;[b_1b,0.3];[bsp_lb,—2+eps]}; %lower

bounds
model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

clear b b_Ib b_ub bsp bsp_lb bsp_ub

% Estimation of Parameters (s2,xil,cO,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];

i) iso = 00;0bjmod = 'NWEr.m’; flag = 1;

for i=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb

model_par_Ib{i,1};

model . paramsub = model_par_ub{i,1};
[bmodel{i,1},fval(i,l),tit{i,1}] =...

variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);
end

% >>> Cross Validation <<<

56| % Matrices and Cells preallocation

cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];
cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

% Inputs definition
x = reshape(x,ny,N/ny); y = reshape(y,ny,N/ny);
rf = reshape(rf,ny,N/ny); iso = 00; d_col = 1;
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% Cross Validation

for i=1:n_models
model . function = models{i,1};
model . params = bmodel{i,1};
model . r_ok = [22,4];

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,l1}] =...
crossval (x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));
end

% Cross Validation Scores

table_h = { MeanAbsErr’,  MaxAbsErr’ ,”MSE’ ,’RMSE’ , rpearson’,’rspearman’,
>finalscore’ };

table_r = {’Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE) ."2).%xcv_Ss(:,5).xcv_Ss(:,6); %finalscore
cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for i=1:n_models

cv_matr{i,l}.Z_tr = MXx + cv_matr{i,l}.Z;

if lambda==00
cv_matr{i,l}.Z_ibtl = cv_matr{i,1}.Z_tr;

elseif lambda==0
cv_matr{i,l}.Z_ibtl

else
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);

(lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)

end

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,1}.Z_ibtl);

cv_realZ (i,1) = isreal(cv_matr{i,1}.Z_ibtl); %#ok<SAGROW>
cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores

end

% Total Cross Validation Scores
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1106 TeIMSE = ¢cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relMSE) ."2).xcv_St(:,5).%xcv_St(:,6); %finalscore

8| cv_St = [cv_St, FinalScore];

cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , RowNames’ , 6 table_r);
0| clear relMSE FinalScore

2|%Plots

for i=1:n_models

=
S

1414

% Stochastic Component’s figures
1416 Z1 = reshape(rf ,ny ,N/ny);

Z2 = reshape(cv_matr{i,l}.Z,ny,N/ny);
1418

figure ;pcolor(Z1);%title (’Sample Stochastic Component’) ;

1420 view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’,tit{i,1}));

1422 view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (Z1(:) ,Z2(:), filled’,’d’);hold on;

1424 dvecl = [Z1(:);Z2(:) ];
plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r’);

1426 axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’”)

1428 xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram (Z1(:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
1430 hold on

histogram (Z2(:) , BinEdges’ ,h.BinEdges, "EdgeColor’ ,[0.2 1 0]’,~
FaceAlpha’ ,0.7)

1432 J%title (’ Histograms of Sample Stochastic Component’)
legend ({ *Original’, “Estimated’});
1434 clear h

1436

% Total Data figures

1438 Z3 = reshape(vl,ny,N/ny);
Z4 = reshape(cv_matr{i,l}.Z_ibt ,ny,N/ny);
1440 | Y0 figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)
% ¢ = colorbar; c.Label.String = ’Normalised Velocity ’';set(gca,’
XTick” ,[],’ YTick”’ ,[]);
1442 figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’Estimation

of Original Sample \n%s’,tit{i,1}));
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¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
1, 7 YTick” ,[1);

figure;scatter (Z3(:) ,Z4(:), filled’,’d’);hold on;

dvec2 = [Z3(:):;Z4(:) ];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
%title (’ Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (Z3(:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (Z4 (:) ,’BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1 0],"
FaceAlpha’ ,0.7)

Ytitle (* Histograms of Sample Data’)

legend ({ *Original >, ’Estimated’});

clear h

clear Z1 7Z2 73 7Z4 dvecl dvec?2

end

% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition
x = reshape(x,ny,N/ny); y = reshape(y,ny,N/ny); rf = reshape(rf,ny,N/ny)

xu = reshape(qcol ,ny,Nu/ny); yu = reshape(qrow,ny,Nu/ny); iso = 00;

% Ordinary Kriging

for i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
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model .r_ok = [22,4];

[Zz{i,1},Z_error{i,1},kr_checks{i,l}, kr_matr{i,1}] =...
ordkrig(x,y,rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats(Z{i,l},qfluc);

table_r2{i,1} = table_r{ind (i) ,1};

%Confidence Intervals (95%)

Cli{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,l});

Cli{i,1}.up = Z{i,1} + 1.96%sqrt(Z_error{i,l});

CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});

UNC{i,l1} = real(CIl{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."2).#kr_Ss(:,5).xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = 0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
for i=1:N_kr_mod

Z_tr{i,1} = qMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==
Z_ibtl{i, 1}

exp(Z_tr{i,1});
else
Z_ibtl1{i,1}

(lambda*Z_tr{i,1} + 1).~(1/lambda);

end

Z_ibt{i,1} = real(Z_ibtl{i,1});

kr_realZ (i,1) = isreal (Z_ibtl{i,1}); %#ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores

end

% Total Kriging Scores
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Fin
kr_
kr_
cle

%P1
for

1566

reIMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

alScore = ((1./relMSE).~2).xkr_St(:,5).xkr_St(:,6); %finalscore

St = [kr_St, FinalScore];

Stf = array2table (kr_St, VariableNames  ,table_h , ’RowNames’ ,table_r2);
ar relMSE FinalScore

ots
i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf(:);qcol,qrow,qfluc(:)];

cc2 = [col,row,rf (:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl,l)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Z1l);%title (" Original Stochastic Component’) ;
view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (’ Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure ;h = histogram (qfluc (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’
,0.7) 3

hold on

histogram (Z{i,1}(:) , BinEdges’,h.BinEdges, FaceColor’ ,[0.2 1 0],”’
FaceAlpha’ ,0.7)

%title (* Histograms of Stochastic Component’)

legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row, zeros(size(col,1),1); qcol,qrow ,UNC{i,1}];
Z3 (max(cc3(:,2)),max(cc3(:,1)))=0; %#ok<SAGROW>
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74=73;

for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(ccd(j,2) ,ccd(j,1))

cc3(j,3);
ccd(j,3);

end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

¢ = colorbar; c.Label.String = "Normalised Velocity ;set(gca, XTick’
01,7 YTick” ,[1);

figure;scatter(qvl(:),Z_ibt{i,1}, filled’,’d’);hold on;

dvec2 = [qvl(:);Z_ibt{i,1}(:)1;

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’”)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure ;h = histogram (qvl(:) ,16, FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

%title (’ Histograms of Data’)

legend ({ "Original >, “Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title ('95% Confidence
Interval ) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick’” ,[1, YTick’ ,[1);
clear h

clear ccl cc2 cc3 ccd4 Z1 Z2 7Z3 7Z4 dvecl dvec?

end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edgesd);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod, 1)
=0;

MCR4(N_kr_mod , 1) =0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl16 (N_kr_mod
,1)=0;
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MCRI16(N_kr_mod, 1) =0;

for i=1:N_kr_mod
[~,~,ind4_est{i,1}] = histcounts (Z_ibt{i,1},edges4);
ind4_est{i,l}(Z_ibt{i,l1}<=edgesd (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4 (i,1) = corr(ind4_est{i,l},ind_data4d);
Rspearman4 (i ,1) = corr(ind4_est{i,1},ind_data4 ,’type’,’ Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

[~,~,ind16_est{i,l}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,l}(Z_ibt{i,1}<=edgesl6(l)) = 1;
indl16_est{i,l1}(Z_ibt{i,l1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);

Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6,’ type’,  Spearman’)

MCR16(i,1) = sum(ind16_est{i,l}~=ind_datal6)/Nu;
end

% Kriging Indicators Scores Table

table_h = { MeanAbsErr’, MaxAbsErr’ ,’MSE’ ,’RMSE’ ,’ Rpearson’,’Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’,’RMSE’ ,’ Rpearson’,’ Rspearman’
,  Rpearson4’ ,’Rspearman4’ , 'MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
s

kr_iSsf = array2table(kr_Ss(:,l:end—1),  VariableNames  ,table_h , ’'RowNames
> ,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , "RowNames’ ,
table_r2);

9o ####H##HHF#AHAHAHRSE CHI2 ##H###AHAHAHHHHAHAHAHAHAHHHHAHS

07 j— j— j— j— j— J—
(o = = = = =

load(’chil_iso.mat’)
% >>> Fitting II and Estimation of xil & Xi2 <<<

xil = R;xi2 = 1;
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1640|% Desired Models
models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};
62| n_models = length (models);

i644|% >>> Rescaling and Rotation of the random field
1646|% (Inverse) Transformation Matrix
A = [cos(phixpi/180)/xil, sin(phixpi/180)/xil;

1648 —sin (phixpi/180)/xi2, cos(phixpi/180)/xi2];

16s0|% Rescale and Rotate Coordinations
c_tr

Ax[c{1,1}’;¢c{1,2}]; %transformed coordinations

62| X_tr = reshape(c_tr(1,:) ,ny,N/ny);

y_tr = reshape(c_tr(2,:)  ,ny,N/ny);

164 qe_tr = Ax[qc{1,1}’;qc{1,2} ]; %transformed coordinations of unknown
points

qQx_tr

1656| qy _tr

reshape(qc_tr (1,:) ’,ny,Nu/ny);

reshape(qc_tr(2,:) ’,ny,Nu/ny);

1658 % >>> Check isotropy <<<

1660/% Experimental Variogram (anisotropic)

X = x_tr; y = y_tr; rf = fluc; iso = O0;

62| [~,~,~] = expvar(x,y,rf,iso ,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

%| gexp_tr, nr_pairs_tr, c_centers_tr] = expvar(x,y,rf,iso,ncpc,nrbins,
phistep , phitol ,2);

1664

%Initial Values and Limits for optimization

1666| b = [gexpmax , maxdist=1/3,gexpmax/100]; % s2,xi & cO

b_Ib = [eps,eps,eps]; b_ub = [gexpmax=*1.5,maxdist,gexpmax/5]; %lower and
upper limits

68| bsp = [1000, maxdist=1/3,gexpmax/100]; % etaO, xi, c0

bsp_lb = [eps,eps,eps]; bsp_ub = [inf, maxdist,gexpmax/5]; %lower and
upper limits

1670

%Summary cells

62| model_parO = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

{[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower

model_par_1lb

bounds
174l model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

76| clear b b_lb b_ub bsp bsp_lb bsp_ub
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% Estimation of New Anisotropy

R_tr(n_models ,1)=0;phi_tr (n_models ,1)=0;xil_tr(n_models,1)=0;xi2_tr(
n_models ,1) =0;

for i=1:n_models
model . function = models{i,1};
model . paramsO0 = model_par0O{i,1};
model . paramslb = model_par_Ib{i,1};
model . paramsub = model_par_ub{i,1};
[R_tr(i,1),phi_tr(i,1),xil_tr(i,l),xi2_tr(i,l),~,~] = ...

aniso_dvf(c_tr(1,:),c_tr(2,:),rf ,model, ' NWEr_m’ ,20,0.4,nrbins ,

phistep , phitol ,0);

end

% >>> Fitting III and Parameters of Correlation Estimation (s2,cO,v or
etal ) <<<

% Experimental (Semi—)Variogram (isotropic)

X = x_tr; y = y_tr; rf = fluc; iso = 1; flag = 1;

[~,~,~] = expvar(x,y,rf,iso ,ncpc,nrbins ,4,phitol ,flag); %exper. variogr.
of high analysis

[gexp2, nr_pairs2, c_centers2] = expvar(x,y,rf,iso,ncpc,nrbins , phistep,
phitol , flag);

gexpmax2 = max(max(gexp2));

% Initial Values and Limits for optimization
maxdist2 = hypot(c_tr(1,1)—c_tr(1,N),c_tr(2,1)—c_tr(2,N))=*ncpc;

b = [gexpmax2,maxdist2*2/3,gexpmax2/100]; % s2,xi & c0

b_lb = [eps.,eps,eps]; b_ub = [gexpmax2=x1.5,maxdist2*1.5,gexpmax2/5]; %
lower and upper limits

bsp = [1000, maxdist2%2/3,gexpmax2/100]; % etaO, xi, cO

bsp_lb = [eps,eps,eps]; bsp_ub = [inf, maxdist2*1.5,gexpmax2/5]; %lower

and upper limits

% Summary cells
model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_1lb {[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower

bounds

model_par_ub {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper

bounds
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clear b b_Ib b_ub bsp bsp_lb bsp_ub

% Estimation of Parameters (s2,cO,v or etal)
bmodel2 {n_models ,1}=[]; fval2(n_models,1)=0;tit2 {n_models,1}=[];
iso = l;objmod = 'NWErm’;flag = 1;
for i=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ib{i,1};

model . paramsub = model_par_ub{i,1};
[bmodel2{i,1},fval2(i,1),tit2{i,1}] =...

variogramfit (gexp2,nr_pairs2 ,c_centers2 ,iso ,model ,objmod, flag);

end

% >>> Cross Validation <<<

% Matrices and Cells preallocation

»|cv_scores{n_models,1}=[]; cv_checks{n_models,1}=[];

cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

% Inputs definition
x = reshape(x_tr ,ny,N/ny); y = reshape(y_tr ,ny,N/ny);
rf = reshape(rf,ny,N/ny); iso = 1;d_col = 1;

% Cross Validation

for i1=1:n_models
model . function = models{i,1};
model . params = bmodel2{i,1};
r_okl = pdist2 ([x(1,1),y(1,1)],[x(1,2),y(1,2)])=*2.0;
r_ok?2 pdist2 ([x(1,1),y(1,1)],[x(2,1),y(2,1)]) «4.0;
model .r_ok = [r_okl, r_ok2];

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,l1}] =...
crossval(x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array (cv_scores{i,l}(:,2:end));
end

% Cross Validation Scores

table_h = { MeanAbsErr’, MaxAbsErr’,”MSE’ ,’RMSE’ , *rpearson’,’rspearman’,
“finalscore ’ };

table_r = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};
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1756| TeIMSE = ¢v_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE) .*2).%xcv_Ss(:,5).%cv_Ss(:,6); %finalscore

175s) cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r);
70| clear relMSE FinalScore

1762| %Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
1764| for i=1:n_models

1766 cv_matr{i,l}.Z_tr = Mx + cv_matr{i,l}.Z;
1768 if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

1770 elseif lambda==0
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);
1772 else

cv_matr{i,l}.Z_ibtl (lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)

s

1774 end
cv_matr{i,l}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
1776 cv_realZ(i,l) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>
1778 cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
1780] end

1782|/% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

178¢| FinalScore = ((1./relMSE) .A2) .xcv_St(:,5).xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore];

76| cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

1788
9%Plots

1790| for i=1:n_models

1792 % Stochastic Component’s figures
Z1 = reshape(rf ,ny ,N/ny);
1794 Z2 = reshape(cv_matr{i,l}.Z,ny,N/ny);
1796 figure ;pcolor(Z1l);%title (°Sample Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);

k)
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%

| %

figure ;pcolor(Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ;shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (Z1(:) ,Z22(:), filled’,’d’);hold on;

dvecl = [Z1(:):;Z2(:) 1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(Z1(:) ,16,  EdgeColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z2(:) ,’BinEdges’ ,h.BinEdges,  EdgeColor’ ,[0.2 1 0]’,~
FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ *Original’, ’Estimated’});

clear h

% Total Data figures
7Z3 = reshape(vl,ny,N/ny);
Z4 = reshape(cv_matr{i,l}.Z_ibt ,ny,N/ny);

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick” ,[],  YTick”’ ,[]);
figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’ Estimation
of Original Sample \n%s’,tit{i,l}));
¢ = colorbar; c.Label.String = *Normalised Velocity ;set(gca, XTick’
1, 7 YTick” [ [1)
figure;scatter (Z3(:) ,Z4(:), filled’,’d’);hold on;
dvec2 = [Z3(:):;Z4(:) ];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r7);
axis ([min(dvec2) —0.5,max(dvec2)+0.5 , min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’)
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (Z3(:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (Z4 (:) , BinEdges’ ,h.BinEdges, "EdgeColor’ ,[0.2 1 0],
FaceAlpha’ ,0.7)
%title (’ Histograms of Sample Data’)
legend ({ "Original ’, *Estimated’});
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clear h

clear Z1 72 73 7Z4 dvecl dvec?2

end

% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition

x = reshape(x_tr ,ny,N/ny); y reshape (y_tr ,ny,N/ny);

rf = reshape(rf,ny,N/ny); xu = gqx_tr; yu = qy_tr; iso=1;

% Ordinary Kriging
for i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel2{ind (i) ,1};
r_okl = pdist2 ([x(1,1),y(1,1)],[x(1,2),y(1,2)])=*2.0;

r_ok2 = pdist2 ([x(1,1),y(1,1)],[x(2,1),y(2,1)])*4.0;

model .r_ok = [r_okl, r_ok2];

[Z{i,1},Z_error{i,l},kr_checks{i,1}, kr_matr{i,1}] =...

ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats(Z{i,l},qfluc);

table_r2{i,1} = table_r{ind (i) ,1};

%Confidence Intervals (95%)

Cli{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,l});

CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});

CIt{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,1} = real(CIl{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores
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relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE) ."2).+xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’VariableNames’ ,table_h , ’'RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = O0;
Z_ibt1 {N_kr mod,1} = 0;Z_ibt{N_kr_mod,1} = O0;
for i=1:N_kr_mod

Z_tr{i,1} = qgMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==0
Z_ibtl1{i,1}

exp(Z_tr{i,1});
else

Z_ibt1{i,1} = (lambda*Z_tr{i,1} + 1).~(1/lambda):

end
Z_ibt{i,1} = real(Z_ibt1{i,1});
kr_realZ (i,1) = isreal (Z_ibtl{i,1}); %#0ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2) .«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’ VariableNames’ ,table_h , ’RowNames’ ,table_r2);
clear relMSE FinalScore

9%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc(:) ];

cc2 = [col,row,rf (:);qcol,qrow,Z{i,1}];
Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>
72=71;

for j = l:size(ccl, 1)

1920

Z1(ccl(j,2),ccl(j,l)) = ccl(j.,3);
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Z2(cc2(j,2),cc2(j,1)) = cc2(j,3);
end
figure ;pcolor(Zl);%title (*Original Stochastic Component’) ;
view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf (’Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));
view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;
dvecl = [qfluc (:);Z{i,1}(:)1;
plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);
axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7)
hold on
histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)
%title (* Histograms of Stochastic Component’)
legend ({ *Original’, “Estimated’});
clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];

Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#ok<SAGROW>

74=73;

for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(cc4(j,2) ,ccd(j,1))

cc3(j,3);
ccd(j,3);

end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
L1, 7Y Tick” ,[1);
figure;scatter (qvl (:) ,Z_ibt{i,1}, filled’,’d’);hold on;

dvec2 = [qvl(:);Z_ibt{i,1}(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (’ Scatter Plot )

xlabel (’Observed Data’)
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ylabel (’Estimations’)

figure;h = histogram(qvl(:) ,16,  FaceColor’,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

%title (* Histograms of Data’)

legend ({ *Original >, ’Estimated’});

figure;pcolor(Z4); view(2);shading interp; %title ('95% Confidence
Interval *) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick” ,[1, YTick” ,[1);

clear h

clear ccl cc2 cc3 cc4 Z1 Z2 7Z3 Z4 dvecl dvec2

end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edgesd);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod,1)
=0;

MCR4(N_kr_mod,1)=0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

indl16_est{N_kr_mod,1}=[];Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCR16(N_kr_mod, 1) =0;

for 1=1:N_kr mod
[~,~,ind4_est{i,1}] = histcounts (Z_ibt{i,1}, edges4);
ind4_est{i,l}(Z_ibt{i,1}<=edgesd (1)) = 1;
ind4_est{i,1}(Z_ibt{i,l1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4(i,1) = corr(ind4_est{i,l},ind_data4d);
Rspearman4 (i,1) = corr(ind4_est{i,l},ind_datad4 , type’, Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,l}(Z_ibt{i,1}<=edgesl6(l)) = 1;
indl16_est{i,l1}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);

Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6 ,’type’,  Spearman’)

5
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MCR16(i,1) = sum(ind16_est{i,l}~=ind_datal6)/Nu;
end

% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,”MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’,’MSE’ ,’RMSE’ ,’ Rpearson’,’ Rspearman’
,  Rpearson4’,’Rspearman4’ , ' MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
2}

kr_iSsf = array2table(kr_Ss(:,l:end—1),’  VariableNames  ,table_h , 'RowNames
*,table_r2);

kr_iStf = array2table ([kr_St(:,l1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCRI16], VariableNames’ ,table_h2 , "RowNames’,
table_r2);

%

C:/Users/Vasilis/Desktop/AB/Dissertation/DiplomaThesis/MyThesis/Appendix2/AIIRG4Appendix.m

B.3 Random Sample

% Dissertation

% Random Sample
clc;clear variables;close all;

Dott#######A###H#H###H#E Preliminary Analysis #########H#HHAHHHHHHHHHHHHHHHHH

(oA

(o = ==

% Basic parameters
n_data = 2; %if 2 normalised velocities are used (values from O to 1),
else
%if 1 are used velocities in km/s,else if O the original
Jvelocities are used (m/s)

% l.oad Data

load marm. in

ny = 122; nx = 384; %>>a priori known size of the image<<
marm_rf = reshape (marm,ny,nx);

marm_rf = flipud (marm_rf);
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idata0 = marm_rf; %original velocities (m/s)

idatal = marm_rf/1000;%velocities in km/s

idata2 = marm_rf/max(max(marm_rf)); %normalised velocities

color = “white’;fsize = 18.0; font = *Cambria’; fweig = ’“bold  ;%figure

appearance parameters

if n_data==

data = idataO;

colbtitle = *Velocity (m/s)’;
elseif n_data==

data = idatal;

colbtitle = *Velocity (km/s) ;
elseif n_data==

data = idata2;

colbtitle = ’Normalised Velocity ;

sl else

error ("Error: Not valid value for n_data input. It must be 0,1 or 2.
)
end

[row_all, col_all, v_alll] = find(data);

% >>>0riginal Data Plots<<<

3| figure ;%Simple plot

pcolor(data); shading interp %flat

s|%title (° Geological Section (Velocity Model) *)

set(gca,’ XLim’ ,[0 nx],’YLim’ ,[0 ny],’ XTick’ ,[], YTick’ ,[])

figure; %Simple plot plus colorbar
pcolor(data); shading interp %flat
%title (" Geological Section (Velocity Model) )
¢ = colorbar;

c.Label. String = colbtitle;

sl set(gea, 'XLim’ ,[0 nx], YLim’,[0 ny], XTick’ ,[], YTick’ ,[])

figure; %Plot with actual distances and colorbar

pcolor (flipud (data)); shading interp %flat

s711%title (° Geological Section (Velocity Model) )

¢ = colorbar;
c.Label. String = colbtitle;
xlabel (’Distance (km)’);
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ylabel (*Depth (km)’);

ax = gca;

ax . XAxisLocation = ’top’;

ax . XLim = [0 nx]; ax.YLim = [0 ny];
ax . XTick = (0:9.2)%nx/9.2;

ax . XTickLabel = (ax.XTick)*9.2/nx;
ax.YTick = (0:0.5:3)=*ny/3;

ax . YTickLabel = (ax.YTick)*3/ny;
ax.YDir = 'reverse ’;

data_tot_vec = data(:); %total image data in vector form

% Random Sampling (122%39=4758 points)

s| spoints = 122%39; %number of sample points
[~,idx] = datasample(data_tot_vec ,spoints,’ Replace’, 6 false); %sampling
gpoints = data_tot_vec; qpoints(idx) = 0;
gpoints = reshape (qpoints ,ny,nx); %" matrix form" of unknown points
sample = data — qpoints; %"matrix form" of known data
[grow,qcol ,qvl] = find (gpoints); %unknown points coordinations and

values — VALIDATION SET

[row,col ,vl] = find(sample); %known points coordinations and values —

TRAINING SET
N = length(vl); %number of known points

% Plot Sample

figure; %Simple plot

pcolor (sample); shading interp %flat

%title (’Random Sample ")

set(gca,’ XLim’ ,[0 nx],’YLim’ ,[0 ny],’ XTick’ ,[], YTick’ ,[])

figure; %Simple plot plus colorbar
pcolor (sample); shading interp %flat
Ytitle (’Random Sample ")

slcl = colorbar;

cl.Label.String = colbtitle;
set(gca, XLim’ ,[0 nx], YLim’,[0 ny], XTick’ ,[], YTick’ ,[])

figure; %Plot with actual distances and colorbar
pcolor (flipud (sample)); shading interp %flat
Jtitle (° Geological Section (Velocity Model) )
cl = colorbar;

cl.Label.String = colbtitle;

xlabel (’Distance (km)’);
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ylabel (*Depth (km)’);

ax = gca;

ax . XAxisLocation = ’top’;

ax . XLim = [0 nx]; ax.YLim = [0 ny];
ax . XTick = (0:9.2)%nx/9.2;

ax . XTickLabel = (ax.XTick)*9.2/nx;
ax.YTick = (0:0.5:3)=*ny/3;

ax . YTickLabel = (ax.YTick)*3/ny;
ax.YDir = 'reverse ’;

9%>>>Data Histograms & Statistical Moments<<<

numbins = 15;

% Total image histogram

figure;

Yosubplot (1,2,1)

histfit (data_tot_vec ,numbins)
alpha (0.5)

%title (’ Total image histogram ’)
% Sample data histogram

figure ;%subplot(1,2.,2)
histfit (vl ,numbins)

alpha (0.5)

Ytitle (’Sample data histogram )

% Total image data moments

totim_stats = [min(data(:)) max(data (:)) mean(data (:)) median(data (:))

var(data (:)) skewness(data(:)) kurtosis(data(:))];

% "Drill —holes" data moments

sample_stats = [min(vl) max(vl) mean(vl) median(vl) var(vl)
kurtosis(vl)];

%>>>Normality of data checking and Transformation <<<

% Histogram and Normal Probability Plot
figure; %same as the previous figure plus NPP
Yosubplot(1,2,1)

histfit (vl ,numbins)

alpha (0.5)

%title (’Sample data histogram °)

figure ;%subplot(1.,2,2)

nnp = normplot(vl);

skewness (vl)
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h_ch=get(gecf, Children’);h_str=get(h_ch(l), Title );set(h_str,’String’,’
’); % remove normplot title
45| [h_orig ,kst_p_orig , ksstat_orig ,cv_orig] = kstest(vl(:));

1471% BoxCox Transformation

[v, lambda] = boxcox(vl);%known points boxcox transformation

wlqv = (qvl.”Mlambda —1)/lambda; %unknown points boxcox transformation

v_all = (v_alll .~lambda —1)/lambda; %all points boxcox transformation

figure;

Josubplot (1,2,1)

histfit (v, numbins)

alpha (0.5)

155|%title (’ Transformed data histogram )

figure ;%subplot(1.,2,2)

normplot(v)

h_ch=get(gcf, Children’);h_str=get(h_ch(1l),  Title );set(h_str,’String’,’
’); % remove normplot title

5o [h_bxtr,p_bxtr,ksstat_bxtr ,cv_bxtr] = kstest(v(:));

15

o}

15

)

15

161|%>>> Data Trend Estimation <<<

63| nfr = 2;

trmodel = ’linear’;

65| v_trend = reshape(v,ny,N/ny);

[ fluc ,Mx, Mx_func,a,trend_scores ,dfreq ,a_trends] = detrendv (col ,row,
v_trend , nfr , trmodel ,0) ;

1671/gMx = Mx_func(qcol ,qrow,a); %trend on the unknown points

qfluc = qv—gMx; %fluctuations/residuals on the unknown points

169

%Plot data & trend

X =col(:); Y=row(:); rfl = v_trend(:);

figure;

73| scatter3 (X, flipud (Y) ,rfl , r’, filled ’)

hold on

75| Xfit = min(X) : 1:max(X); nxfit = length (Xfit);

Yfit = min(Y):1:max(Y); nyfit = length(Yfit);

77| [ XFIT, YFIT] = meshgrid ( Xfit, Yfit);

VFIT = Mx_func(XFIT (:) ,YFIT(:) ,a);

179 VFIT = flipud (reshape (VFIT, nyfit , nxfit));

mesh (XFIT, YFIT, VFIT)

51| colorbar

Yoxlabel (’x7)

Y%ylabel ("y’)

xlabel (" Alongside Section’)

17
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ylabel (*Depth’)

zlabel (’ Transformed Normalised Velocity )

Yset (gca,’ YTick’, flipud (get(gca,’ YTick’)));

Y%set (gca,’  YDir’, reverse ’);

%title (" Data & Trend Model *)

view (—52,6)

shading interp

¢ = colorbar; c.Label.String = 'Transformed Normalised Velocity  ;

%Detrend whole dataset

Mx_all = Mx_func(col_all ,row_all ,a); %trend on the unknown points
fluc_all = v_all-Mx_all; %fluctuations/residuals on the unknown points
fluc_all = reshape(fluc_all ,ny,nx);

figure; %Plot with actual distances and colorbar
pcolor (flipud (fluc_all)); shading interp %flat
%title (’ Detrended Geological Section ’)

cl = colorbar;

% cl.Label.String = colbtitle;
xlabel (" Distance (km)’);

ylabel (" Depth (km)’);

ax = gca;

ax . XAxisLocation = ’top’;

ax .XLim = [0 nx]; ax.YLim = [0 ny];

ax . XTick = (0:9.2)%nx/9.2;

ax . XTickLabel = (ax.XTick)*9.2/nx;

ax.YTick = (0:0.5:3)=%ny/3;

ax . YTickLabel (ax.YTick) *3/ny;

slax.YDir = ’reverse '

25|%>>> Statistical Analysis of Residuals <<<

% Residuals/Fluctuations moments
fluc_stats = [min(fluc) max(fluc) mean(fluc) median(fluc) var(fluc)
skewness (fluc) kurtosis (fluc)];

% Histogram and Normal Probablity Plot
figure;

3|/%subplot (1,2,1)

histfit (fluc ,numbins)

alpha (0.5)

%title (* Histogram of detrended data’)
figure ;%subplot(1.,2,2)
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normplot(fluc)

h_ch=get(gcf, Children’);h_str=get(h_ch(l), Title );set(h_str,’ String’,’
’); % remove normplot title

[h_fluc ,p_fluc , ksstat_fluc ,cv_fluc] = kstest(fluc(:));

23| %Maximum distance

239

241

247

249

)
G

253

255

259

261

263

265

267

¢ = [col,row];

25| [k,1] = find(triu (true(N)));

d = hypot(c(k,1)—c(l,1),c(k,2)—c(1,2));

% d = triu(pdist2(c,c));
ncpc = 0.2;

maxdist = max(max(d))=ncpc;
clear k 1 d

(¥

9o H##t##H##H##H##H##H##H### Experimantal Variogram
H#HHHHH A H AR SR

% >>> Initialize Basic Parameters <<<

bl

¢ = {col,row}; %known points’ coordinations

)

gqc = {qcol,qrow}; %"unknown" points’ coordinations

Joncpc = 0.2;

N = size(col,1);

Nu = size(qcol,1);

%maxdist = hypot(col(l,1)—col(N,1),row(1,1)—row(N,1))=ncpc;
nrbins = 45;

phistep = 15;

phitol = 20;

N_kr_mod = 3;

% >>> Experimental (Semi—)Variogram (anisotropic) <<<

x = col; y = row; rf = fluc; iso = 0; flag = 1;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

[gexp, nr_pairs, c_centers]| = expvar(x,y,rf,iso,ncpc,nrbins, phistep ,
phitol , flag);

gexpmax = max(max(gexp));

(/A
(¥
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20| 9o ##H#H##HAHAHAHAH#AHAR DirVarQ ####H#HAHAHAHAHHHHHHAHAHAHAHHHH

[/ — — — — —

(o = = = = =

% >>> Fitting I and Parameters of Anisotropic Correlation Estimation (s2
,xil ,xi2 ,phi,cO,v or etal) <<<

273

% Desired Models

275l models = {’Gexp’; Gaus’;’ Sphe’; Mate’;’ Spar’};

n_models = length (models);

277

% Initial Values and Limits for optimization

o9lb = [gexpmax, maxdist+2/3,0.5,10,gexpmax/100]; % s2,xil ,R,phi & c0

b_lb = [eps.,eps,eps,—90,eps]; b_ub = [gexpmax*1.5,maxdist*1.5,30,90,
gexpmax/5]; %lower and upper limits

x| bsp = [1000, maxdist*2/3,0.5,10,gexpmax/100]; % etaO, xil ,R,phi & c0

bsp_lb = [eps,eps,eps,—90,eps]; bsp_ub = [inf, maxdist=1.5,30,90,gexpmax
/5]; %lower and upper limits

% Summary cells
25| model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values
{[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; wlower

model_par_1lb

bounds
2371 model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

ol clear b b_lb b_ub bsp bsp_lb bsp_ub

291|% Estimation of Parameters (s2,xil ,xi2,phi,cO,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0; tit{n_models,1}=[];
2031 iso = 00;0bjmod = 'NWErm’; flag = 1;

for i=1:n_models

295 model . function = models{i,1};
model . params0 = model_parO{i,1};

297 model . paramslb = model_par_Ib{i,1};
model . paramsub = model_par_ub{i,1};

299
[bmodel{i,1},fval(i,l1),tit{i,1}] =...

301 variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);
end

% Anisotropy Estimation (#Not Necessary#)
35| RO(n_models ,1) = 0;phiO(n_models,1) = 0;xil10(n_models,1) = 0;xi20(
n_models ,1) = 0;
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for i=1:n_models

307 RO(i,1) = bmodel{i,1}(1,3);

phiO(i,1) = bmodel{i,1}(1,4);

309 xil0(i,1) bmodel{i,1}(1,2);

xi20(i,1) bmodel{i,1}(1,2)/R0O(i,1);

311 if RO(i,1)>1

RO(i,1) = 1/RO(i,1);bmodel{i,1}(1,3) = RO(i,1);

313 xil0l = xil0(i,1);
xilO(i,1) = xi20(i,1); bmodel{i,1}(1,2) = xil0O(i,1);
315 xi20(i,1) = xil01;
if phiO(i,1)>0
317 phiO(i,1) = phiO(i,1)—90;
else
319 phiO(i,1) = phiO(i,1)+90;
end
321 bmodel{i,1}(1,4) = phiO(i,1);

end
13| end

e}

»5|R = mean(RO); phi = mean(phi0);xil = mean(xil0);xi2 = mean(xi20);

% >>> Cross Validation <<<

% Matrices and Cells preallocation

cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];

cv_matr{n_models,1}=[]; cv_Ss(n_models ,6)= 0;

% Inputs definition
iso = 00; d_col = 1;

S

]

% Cross Validation

for i=1:n_models

339 model . function = models{i,1};
model . params = bmodel{i,1};
341 model . r_ok = [22,4];
343 [cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,1}] =...
crossval (x,y,rf ,iso,d_col ,model);
345 cv_Ss(i,:) = table2array (cv_scores{i,l}(:,2:end));
end

347

% Cross Validation Scores
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table_h = {’MeanAbsErr’, MaxAbsErr’ ,’MSE’ ,’RMSE’ , *rpearson’,’ ’rspearman’,
>finalscore’ };
table_r = {’Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

reIMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

53] FinalScore = ((1./relMSE) .*2).xcv_Ss(:,5).%xcv_Ss(:,6); %finalscore

cv_Ss = [cv_Ss, FinalScore];
cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for 1i=1:n_models

cv_matr{i,l1}.Z_tr = Mx + cv_matr{i,l}.Z;

if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

elseif lambda==
cv_matr{i,l1}.Z_ibtl

else
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);

(lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)
end

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);

cv_realZ (i,1) = isreal(cv_matr{i,1}.Z_ibtl); %#ok<SAGROW>

cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
end

% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relIMSE) .A2).xcv_St(:,5).%xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore ];

cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , ’RowNames’ ,table_r);

33 clear relMSE FinalScore

s|%Plots

for 1=1:n_models

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];

cc?

[col ,row,cv_matr{i,1}.Z(:);qcol,qrow, zeros(Nu,1)];
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25| %

%o

Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,1)) = cc2(j,3);

end

figure ;pcolor(Zl);%title (°Sample Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick” ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ; shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (rf(:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf(:) ,16,  EdgeColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,1}.Z(:), BinEdges’,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col ,row,cv_matr{i,l}.Z_ibt(:);qcol,qrow,zeros(Nu,1) ];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);
Z4(ccd(j,2),ccd(j,1)) = ccd4(j,3);

end

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick” ,[],’ YTick”’ ,[]);
figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’  Estimation
of Original Sample \n%s’,tit{i,1}));
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¢ = colorbar; c.Label.String = ’Normalised Velocity ;set(gca, XTick’
1, 7YTick” ,[1);

figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:),’  filled’,’d’);hold on;
dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
%title (° Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (vl (:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’,h.BinEdges, EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)

%title (’ Histograms of Sample Data’)

legend ({ *Original >, ’Estimated’});

clear h

clear Z1 7Z2 73 74 dvecl dvec?2

end

T 4 = toc(tl)/60-T_1-T_2-T_3

% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

5|% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr {N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition

xu = qcol; yu = qrow; iso = 00;

% Ordinary Kriging

for i=1:N_kr _mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model.r_ok = [22,4];




469

473

477

479

481

483

485

487

489

491

493

495

497

199

501

503

505

507

509

5

278 Codes in MATLAB environment

[Z{i,1},Z_error{i,l},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig(x,y,rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,1} = table_r{ind (i) ,1};

%Confidence Intervals (95%)

CIl{i,1}.low = Z{i,1} — 1.96xsqrt(Z_error{i,1});

CIl{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,l});

CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});

UNC{i,1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2) .xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’  VariableNames’ ,table_h , "RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_ mod,1} = O0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
for i=1:N_kr_mod

Z_tr{i,1} = qMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==0
Z_ibtl{i,1} = exp(Z_tr{i,1});
else
Z_ibtl1{i,1} = (lambdaxZ_tr{i,1} + 1).~(1/lambda);
end
Z_ibt{i,1} = real(Z_ibtl{i,1});
kr_realZ (i,1) = isreal (Z_ibt1{i,1}); %#0ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores

end

% Total Kriging Scores
relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE
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3| FinalScore = ((1./relMSE) .*2) .xkr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

s| kr_Stf = array2table (kr_St,  VariableNames’ ,table_h , RowNames’, 6 table_r2);

clear relMSE FinalScore

%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf(:);qcol,qrow, qfluc(:)];

cc2 = [col,row,rf (:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j.3);

end

figure;pcolor(Zl);%title (*Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf (’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
%title (’ Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7) ;5

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],”’
FaceAlpha’ ,0.7)

Jtitle (’ Histograms of Stochastic Component’)

legend ({ "Original >, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>

74=73;
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for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(ccd(j,2) ,ccd(j,1))

cc3(j,.3);
ccd(j.3);

end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’, tit{ind(i),1}));

¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter(qvl (:) ,Z_ibt{i,1}(:), filled’,’d’);hold on;

dvec2 = [qvl(:);Z_ibt{i,1}(:)1;

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r7);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram(qvl (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

Ytitle (’ Histograms of Data’)

legend ({ *Original’, “Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title ('95% Confidence
Interval ) ;

cl = colorbar; cl.Label.String = Normalised Velocity’; set(gca,’
XTick” ,[], YTick’ ,[1);
clear h

clear ccl cc2 cc3 ccd Z1 Z2 Z3 Z4 dvecl dvec?2
end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edges4);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod, 1)
=0;

MCR4(N_kr_mod, 1) =0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCRI16(N_kr_mod, 1) =0;
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for i=1:N_kr_mod
[~,~,ind4_est{i,1}] = histcounts(Z_ibt{i,1},edgesd4);
ind4_est{i,l}(Z_ibt{i,1}<=edgesd4 (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4 (i,l) = corr(ind4_est{i,l},ind_data4);
Rspearman4 (i ,1) = corr(ind4_est{i,1},ind_data4 ,’ type’,’  Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_data4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,1}(Z_ibt{i,l}<=edgesl6(1)) = 1;
indl16_est{i,l1}(Z_ibt{i,l1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);

Rspearmanl6(i,l) = corr(indl16_est{i,l},ind_datal6,’ type’, Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;
end

% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,”"MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’
}s

table_h2 = {’MeanAbsErr’,  MaxAbsErr’, MSE’ ,’RMSE’ ,’Rpearson’,’Rspearman’
, Rpearson4’ ,’Rspearman4’ , ' MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
2}

kr_iSsf = array2table (kr_Ss(:,l:end—1), VariableNames  ,table_h , RowNames
*,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearmand ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’  VariableNames’ ,table_h2 , ’RowNames’ ,
table_r2);

(0 = = = =
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o — — — —

(0 = = = =

% >>> Fitting I and Anisotropy Estimation <<<

% Desired Models
models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};

n_models = length (models);

% Initial Values and Limits for optimization
b = [gexpmax,maxdist*2/3,gexpmax/100]; % s2,xi & cO
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b_lb = [eps,eps,eps]; b_ub = [gexpmax=*1.5,maxdist=1.5,gexpmax/5]; %lower
and upper limits

bsp = [1000, maxdist*2/3,gexpmax/100]; % etaO, xi, cO

bsp_lb = [eps.,eps,eps]; bsp_ub = [inf,maxdist=1.5,gexpmax/5]; %lower and
upper limits

% Summary cells
model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_1lb {[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower

bounds

model_par_ub {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper

bounds
clear b b_lb b_ub bsp bsp_lb bsp_ub

% Estimation of Anisotropy
R(n_models ,1)=0;phi(n_models ,1)=0;xil (n_models,1)=0;xi2 (n_models ,1)=0;%
matrices preallocation
erl (n_models ,1)=0;er2(n_models ,1)=0; %matrices preallocation
objmod = 'NWEr.m’; flag = 1;
% nrsampl = 10; samplpc = 50;
for 1=1:n_models
model . function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ib{i,1};
model . paramsub = model_par_ub{i,1};

[R(i,1),phi(i,1),xil(i,1),xi2(i,1),erl(i,1),er2(i,l)] =...
aniso_dvf(x,y,rf ,model,objmod,ncpc,nrbins , phistep , phitol , flag);
% [R(i,1),phi(i,l),xil(i,1),xi2(i,l),erl(i,l),er2(i,l1)] =...
% dirvar_ccv_s(x,y,rf ,model ,objmod ,N_ms, ncpc,nrsampl ,samplpc,
nrbins , phistep , phitol , flag);

end

save( dirvarl_iso .mat’)

% >>> Fitting Il and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Initial Values and Limits for optimization

b{n_models ,1}=[];b_lb{n_models,1}=[];b_ub{n_models,1}=[];
for 1 = 1:n_models
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b{i,1} = [gexpmax,xil(i,l),R(i,1),phi(i,1),gexpmax/100];

b_Ib{i,1} = [eps,xil(i,1) ,R(i,1),phi(i,1),epsl;

b_ub{i,1} = [inf,xil(i,1),R(i,1),phi(i,1),gexpmax/5];
end

% Summary cells

model_par0O = {[b{1,1},1.1];b{2,1};b{3,1};[b{4,1},1.5];[b{5,1},11}; %
initial parameters values

model_par_1b = {[b_Ib{1,1},eps];b_1b{2,1};b_1b{3,1};[b_lb{4,1},0.3];[
b_lb{5,1},—2+eps]};%lower bounds

model_par_ub = {[b_ub{1,1},2];b_ub{2,1};b_ub{3,1};[b_ub{4,1},3.5];[b_ub
{5,1},inf]}; %upper bounds

% Estimation of Parameters (s2,c0O,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];
iso = 00;objmod = 'NWEr_m’; flag = 1;
for i=1:n_models
model. function = models{i,1};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ilb{i,1};
model . paramsub = model_par_ub{i,1};

[bmodel{i,1},fval(i,l),tit{i,1}] =...
variogramfit (gexp,nr_pairs ,c_centers ,iso ,model,objmod, flag);
end

% >>> Cross Validation <<<

% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];

cv_matr{n_models,1}=[]; cv_Ss(n_models ,6)= 0;

% Inputs definition
iso = 00; d_col = 1;

% Cross Validation

for i=1:n_models
model . function = models{i,1};
model . params = bmodel{i,1};
model.r_ok = [22,4];

[cv_scores{i,l}, cv_checks{i,l1}, cv_matr{i,l1}] =...
crossval (x,y,rf ,iso,d_col ,model);
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cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));
end

% Cross Validation Scores

table_h = {’MeanAbsErr’, MaxAbsErr’ ,’MSE’ ,’RMSE’ , *rpearson’,’ ’rspearman’,
*finalscore ’ };

table_r = { ’Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."2).#%cv_Ss(:,5).%xcv_Ss(:,6); %finalscore
cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for i=1:n_models

cv_matr{i,l1}.Z_tr = MXx + cv_matr{i,l}.Z;

if lambda==00
cv_matr{i,l}.Z_ibtl

elseif lambda==
cv_matr{i,l}.Z_ibtl

else
cv_matr{i,l}.Z_ibtl

cv_matr{i,l}.Z_tr;

exp(cv_matr{i,l}.Z_tr);

(lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)
end

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);

cv_realZ(i,1) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>

cv_St(i,:) = correlstats (vl,cv_matr{i,1}.Z_ibt) ;%total cv scores

5| end

371% Total Cross Validation Scores

reIMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."A2).#%cv_St(:,5).xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore];

cv_Stf = array2table (cv_St,’ VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

P%Plots

for i=1:n_models
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%

% Stochastic Component’s figures
ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];

cc? [col ,row,cv_matr{i,1}.Z(:);qcol,qrow,zeros(Nu,1)];

Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Zl);%title (*Sample Stochastic Component’);

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ;shading interp;colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (rf(:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf(:) ,16, EdgeColor’,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l}.Z(:), BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (*Histograms of Sample Stochastic Component’)
legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col,row,cv_matr{i,l}.Z_ibt(:);qcol,qrow,zeros(Nu,l1) ];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);
Z4(cc4(j,2) ,ccd(j,1)) = ccd(j.3);

end
figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)
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785| %o ¢ = colorbar; c.Label.String = *Normalised Velocity ’;set(gca,’

XTick’ ,[1,  YTick”’ ,[]);

figure ;pcolor(Z4);view(2);shading interp; %title (sprintf(’  Estimation
of Original Sample \n%s’,tit{i,1}));

¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
L1, 7 YTick” ,[1);

figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:),’ filled’,’d’);hold on;
dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
Ytitle (’ Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (vl (:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)

%title (’ Histograms of Sample Data’)

legend ({ *Original’, “Estimated’});

clear h

clear Z1 7Z2 73 74 dvecl dvec?2

end

% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores

[~,ind] = sort(table2array(cv_Stf(:,7)), descend’);

813l% Matrices and Cells preallocation
Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];

kr_matr{N_kr_mod,1}=[];
kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CII {N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition

xu = qcol; yu = qrow; iso = 00;

% Ordinary Kriging
sl for 1=1:N_kr_mod
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model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model .r_ok = [22,4];

[Z{i,1},Z_error{i,1} ,kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,1} = table_r{ind(i),1};

%Confidence Intervals (95%)

CIi{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,l});

CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});

CIt{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore
kr_Ss = [kr_Ss, FinalScore];

s|kr_Ssf = array2table (kr_Ss,’ VariableNames’ ,table_h , 'RowNames’ ,table_r2);

clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = 0;
Z_ibt1 {N_kr mod,1} = 0;Z_ibt{N_kr_mod,1} = O0;
for i=1:N_kr_mod

Z_tr{i,1} = gMx + Z{i,1};

if lambda==00
Z_ibtl1{i,1} = Z_tr{i,1};
elseif lambda==0
Z_ibtl1{i,1}

exp(Z_tr{i,l});
else

Z_ibtl1{i,1} (lambdaxZ_tr{i,1} + 1).7~(1/lambda);

end
Z_ibt{i,1} = real(Z_ibtl{i,1});
kr_realZ (i,1) = isreal (Z_ibtl{i,1}); %#ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores

end
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% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./reIMSE) ."2).xkr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’  VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc (:) ];

cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];
Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#Hok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,l)) = cc2(j,3);

end

figure ;pcolor(Z1l);%title (*Original Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf (’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ;shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5]1,’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ytitle (° Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7)

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)

%title (* Histograms of Stochastic Component’)

legend ({ *Original’, “Estimated’});

clear h

% Total Data figures

907

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];
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cc4d = [col ,row,zeros(size(col,l1),1); qcol,qrow ,UNC{i,1}];

Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

74=73;

for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(cc4(j,2),ccd(j,1))

ce3(j.3):
ccd(j,3);

end

figure;pcolor(Z3); view(2);shading interp; %title (sprintf (’
Estimation of Original Data \n%s’,tit{ind(i),1}));

¢ = colorbar; c.Label.String = ’Normalised Velocity ;set(gca, XTick’
1, 7YTick” ,[1);
figure;scatter (qvl (:),Z_ibt{i,1}(:), filled’,’d’);hold on;

dvec2 = [qvl(:);Z_ibt{i,1}(:)];

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.571,’r);

axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure ;h = histogram(qvl(:) ,16,  FaceColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

Ptitle (* Histograms of Data’)

legend ({ "Original >, ’Estimated’});

figure;pcolor(Z4); view(2);shading interp; %title (’95% Confidence
Interval *) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick” ,[1, YTick” ,[1);

clear h

clear ccl cc2 cc3 cc4 Z1 Z2 7Z3 Z4 dvecl dvec2
end

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edges4);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod,1)
=0;

MCR4(N_kr_mod,1)=0;

edgesl6 = (1500:4000/16:5500)/5500;
[~,~,ind_datal6] = histcounts(qvl,edgesl6);
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oss| ind16_est{N_kr_mod,1}=[]; Rpearsonl6 (N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCR16(N_kr_mod, 1) =0;

947

for i=1:N_kr_mod

949 [~,~,ind4_est{i,l}] = histcounts(Z_ibt{i,1},edges4);
ind4_est{i,1}(Z_ibt{i,1}<=edgesd (1)) = 1;

951 ind4_est{i,1}(Z_ibt{i,l1}>=edges4(end)) = length(edgesd)—1;
Rpearson4 (i,l) = corr(ind4_est{i,l},ind_data4);

953 Rspearman4 (i,1) = corr(ind4_est{i,l},ind_datad4 , type’, Spearman’);

MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

955

[~,~,ind16_est{i,l}] = histcounts(Z_ibt{i,1},edgesl6);
957 indl16_est{i,1}(Z_ibt{i,1}<=edgesl6(l)) = 1;
ind16_est{i,l1}(Z_ibt{i,l}>=edgesl6(end)) = length(edgesl6)—1;
959 Rpearsonl6(i,l) = corr(indl16_est{i,l},ind_datal6);

Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6,’type’,  Spearman’)

961 MCR16(i,1) = sum(ind16_est{i,l}~=ind_datal6)/Nu;

end

963

% Kriging Indicators Scores Table

os| table_h = {’MeanAbsErr’, MaxAbsErr’, MSE’ ,’RMSE’ ,’Rpearson’,’Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’,’RMSE’ ,’ Rpearson’,’ Rspearman’
,  Rpearson4’ ,’Rspearman4’ , 'MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
s

97| kr_iSsf = array2table (kr_Ss(:,l:end—1), VariableNames  ,table_h , RowNames
> ,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , "RowNames’ ,
table_r2);

969 | Yo = = = = = ==

971

9o ##H##H##AHFH#FHAHAHFS DirVarl #H#H##HAHAHAHHHHHHAHAHAHAHAHHIH

973 P7L = = = = = ==

975 load (> dirvarl_iso.mat’)

9771% >>> Rescaling and Rotation of the random field

979|% (Inverse) Transformation Matrix
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A{n_models,1} = [];c_tr{n_models,1} = [];x_tr{n_models,1} = [];y_tr{
n_models,1} = [];

gc_tr{n_models,1} = [];qx_tr{n_models,1} = [];qy_tr{n_models,1} = [];

R_tr(n_models ,1)=0;phi_tr (n_models ,1)=0;xil_tr (n_models,1)=0;xi2_tr(

n_models ,1) =0;

gexp_tr{n_models ,1}=[]; nr_pairs_tr{n_models,1}=[]; c_centers_tr{
n_models ,1}=[];

for i=1:n_models
A{i,1} = [cos(phi(i,1)*pi/180)/xil(i,1), sin(phi(i,1)*pi/180)/xil(i,1);
—sin(phi(i,1)*pi/180)/xi2(i,1), cos(phi(i,l)*pi/180)/xi2(i,1)];

% Rescale and Rotate Coordinations

c_tr{i,1} = A{i,1}*[c{1,1} ;¢c{1,2}’]; %transformed coordinations of
known points

x_tr{i,1} c_tr{i,l}(1,:)";

y_tr{i,1} = c_tr{i,1}(2,:)";

qgce_tr{i,1} = A{i,1}=[qc{l,1} ;qc{1,2} ]; %transformed coordinations of

unknown points
gx_tr{i,l} = qc_tr{i,1}(l,:)";
qy_tr{i.1} = qe_tr{i,1}(2,:)

% >>> Check isotropy <<<

% Experimental Variogram (anisotropic)

x = x_tr{i,l}; y=y_tr{i,1}; rf = fluc; iso = O0;

[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

%| gexp_tr{i,l}, nr_pairs_tr{i,l}, c_centers_tr{i,l}] = expvar(x,y,rf,iso

,ncpc,nrbins , phistep , phitol ,2);

% Estimation of New Anisotropy

model . function = models{i,1};

model . params0 = model_parO{i,1};

model . paramslb = model_par_lb{i,1};

model . paramsub = model_par_ub{i,1};

[R_tr(i,l),phi_tr(i,l),xil_tr(i,l),xi2_tr(i,l),~,~] =
aniso_dvf(c_tr{i,1}(1,:),c_tr{i,1}(2,:),rf,model, NWErm’ ,ncpc,
nrbins , phistep , phitol ,0) ;

5l end
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0i5|% >>> Fitting Il and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

1017|/% Experimental (Semi—)Variogram (isotropic)

gexp2{n_models,1}=[];nr_pairs2{n_models,1}=[]; c_centers2{n_models
JA1=11

09| gexpmax2 (n_models ,1)=0;maxdist2 (n_models ,1)=0;

[k,I] = find(triu(true(N)));

21| for i=1:n_models

x = x_tr{i,l}; y=y_tr{i,1}; rf = fluc; iso = 1; flag = 1;

03| [~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis

[gexp2{i,l}, nr_pairs2{i,l}, c_centers2{i,l1}] = expvar(x,y,rf,iso,ncpc,
nrbins , phistep , phitol , flag);

05| gexpmax2(i,1) = max(max(gexp2{i,l1}));

d = hypot(c_tr{i,1}(1l,k)—c_tr{i,1}(1,1),c_tr{i,1}(2,k)—c_tr{i,1}(2,1));

27| maxdist2(i,1) = ncpcxmax(max(d));

clear d

1029] end

1031{% Initial Values and Limits for optimization

b{n_models ,1}=[];b_lb{n_models,1}=[];b_ub{n_models,1}=[];

033 for 1 = 1:n_models

b{i,l} = [gexpmax2(i,l),maxdist2(i,1)*2/3,gexpmax2(i,1)/100];
1035 b_Ib{i,1} = [eps,eps,eps];

b_ub{i,1} = [inf,maxdist2(i,1)=*1.5,gexpmax2(i,l)/5];

1037| end

1039|% Summary cells

model_par0 = {[b{1,1},1.1];b{2,1};b{3,1};[b{4,1},1.5];[b{5,1},11}; %
initial parameters values

41| model_par_Ib = {[b_lb{1,1},eps];b_Ib{2,1};b_Ib{3,1};[b_1b{4,1},0.3];[
b_lb{5,1},—2+eps]};%lower bounds

model_par_ub = {[b_ub{1,1},2];b_ub{2,1};b_ub{3,1};[b_ub{4,1},3.5];[b_ub
{5,1},inf]}; %upper bounds

1043

% Estimation of Parameters (s2,cO,v or etal)

45| bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];

iso = l;objmod = 'NWEr_m’;flag = 1;

047 for 1=1:n_models

model . function = models{i,1};

1049 model . params0 = model_parO{i,1};

model . paramslb = model_par_Ib{i,1};

1051 model . paramsub = model_par_ub{i,1};
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[bmodel{i,1},fval(i,1),tit{i,1}] =...
variogramfit (gexp2{i,1},nr_pairs2{i,l},c_centers2{i,l},iso ,model,
objmod , flag);
end

% >>> Cross Validation <<<

% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];
cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

% Inputs definition
rf = rf(:); iso = 1; d_col = 1;

% Cross Validation

for i=1:n_models
x = x_tr{i,1}(:); y = y_tr{i,1}(:);
model . function = models{i,1};
model . params = bmodel{i,1};
rx_tr = pdist2(x_tr{i,1}(:),x_tr{i,1}(:));
ry_tr = pdist2(y_tr{i,1}(:),y_tr{i,1}(:));
model.r_ok = [mean(rx_tr (:))/5,mean(ry_tr (:))/5];

[cv_scores{i,l}, cv_checks{i,l1}, cv_matr{i,l1}] =...
crossval (x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));
end

% Cross Validation Scores

table_h = {’MeanAbsErr’, MaxAbsErr’ ,’MSE’ ,’RMSE’ , *rpearson’, ’rspearman’,
>finalscore’ };

table_r = {’Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xcv_Ss(:,5).%xcv_Ss(:,6); %finalscore
cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , "'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
for i=1:n_models
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cv_matr{i,l1}.Z_tr = MXx + cv_matr{i,l}.Z;

if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;

elseif lambda==
cv_matr{i,l}.Z_ibtl

else
cv_matr{i,l}.Z_ibtl

exp(cv_matr{i,l}.Z_tr);

(lambdaxcv_matr{i,1}.Z_tr + 1).~(1/lambda)

end
cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);
cv_realZ (i,l) = isreal (cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>

cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores

end

% Total Cross Validation Scores
relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

3 FinalScore = ((1./relMSE) .*2) .xcv_St(:,5).%xcv_St(:,6); %finalscore

cv_St = [cv_St, FinalScore ];
cv_Stf = array2table (cv_St,  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

9%Plots

for i=1:n_models

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];
cc2 = [col,row,cv_matr{i,1}.Z(:);qcol,qrow, zeros(Nu,1)];
Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>
72=71;
for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,l)) = cc2(j,3);

end

figure ;pcolor(Zl);%title (*Sample Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ;shading interp;colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (rf (:) ,cv_matr{i,1}.Z(:), filled’,’d’);hold on;
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%

dvecl = [rf(:);cv_matr{i,l1}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf (:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,1}.Z(:), BinEdges’ ,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ "Original >, *Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col ,row,cv_matr{i,l}.Z_ibt(:);qcol,qrow,zeros(Nu,1) ];
Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);
Z4(cc4(j,2),ccd(j,1)) = ccd(j.3);

end

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick’ ,[],’ YTick”’ ,[]);
figure ;pcolor(Z4);view (2);shading interp; %title (sprintf(’Estimation
of Original Sample \n%s’,tit{i,1}));
¢ = colorbar; c.Label.String = ’Normalised Velocity ;set(gca, XTick’
L1, 7Y Tick” ,[1);
figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:), filled’,’d’);hold on;
dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (’ Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (vl (:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)
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%title (’ Histograms of Sample Data’)
1173 legend ({ "Original >, “Estimated’});
clear h

1175
clear Z1 7Z2 73 74 dvecl dvec2
1177
end

1179

nsi|% >>> Ordinary Kriging <<<

1s3|% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);
1185
% Matrices and Cells preallocation

ns7| Z{N_kr_mod ,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

nso| kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];

CI1 {N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

1191
% Inputs definition

nos| rf = rf(:); iso = 1;

1n9s|% Ordinary Kriging
for i=1:N_kr_mod

1197 X = x_tr{i,1}(:); y = y_tr{i,l}(:);
xu = gx_tr{i,1}(:); yu = qy_tr{i,1}(:);
1199 model . function = models{ind (1) ,1};
model . params = bmodel{ind (i) ,1};
1201 rx_tr = pdist2(x_tr{i,1}(:),x_tr{i,1}(:));
ry_tr = pdist2(y_tr{i,1}(:),y_tr{i,1}(:));
1203 model.r_ok = [mean(rx_tr (:))/5,mean(ry_tr(:))/5];
1205 [Z{i,1},Z_error{i,l},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig(x,y,rf ,xu,yu,iso ,model);
1207 kr_Ss(i,:) = correlstats (Z{i,l},qfluc);

table_r2{i,1} = table_r{ind(i),h1};
1209

%Confidence Intervals (95%)

1211 CIl{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,1});
Cli{i,1}.up = Z{i,1} + 1.96%sqrt(Z_error{i,l});
1213 CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});

UNC{i,1} = real(CIl1{i,1}.uncer);
1215 realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
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end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’ VariableNames’ ,table_h , 'RowNames’ ,table_r2);

3| clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = O0;
Z_ibt1 {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
for 1=1:N_kr mod

Z_tr{i,1} = gMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==
Z_ibtl1{i,1}

exp(Z_tr{i,l});
else
Z_ibtl1{i,1}

(lambda*Z_tr{i,1} + 1).~(1/lambda);
end

Z_ibt{i,1} = real(Z_ibtl{i,1});

kr_realZ(i,1) = isreal (Z_ibtl1{i,1}); %#ok<SAGROW>

kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

reIMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."A2).«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’ VariableNames’ ,table_h , RowNames’ , 6 table_r2);
clear relMSE FinalScore

%Plots
for 1=1:N_kr_mod

% Stochastic Component’s figures
ccl = [col,row,rf(:);qcol,qrow, qfluc(:)];
cc2 = [col,row,rf (:);qcol,qrow,Z{i,1}];

1259

Z1(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>
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72=71;

1261 for j = l:size(ccl,l)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);

1263 Z2(cc2(j,2),cc2(j,1)) = cc2(j,3);

end
1265 figure ;pcolor(Z1l);%title (*Original Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
1267 figure;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic

Component \n%s’, tit{ind(i),1}));
view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);

1269 figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;
dvecl = [qfluc (:);Z{i,1}(:)1;
1271 plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)

+0.5]1,°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
1273 Ptitle (’ Scatter Plot )

xlabel (’Observed Data’)

1275 ylabel (’Estimations’)
figure;h = histogram (qfluc (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’
,0.7) 5

1277 hold on

histogram (Z{i,1}(:) , BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],”’
FaceAlpha’ ,0.7)

1279 %title (* Histograms of Stochastic Component’)
legend ({ *Original’, “Estimated’});

1281 clear h

1283 % Total Data figures
cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

1285 cc4d = [col ,row, zeros(size(col,1),1); qcol,qrow ,UNC{i,1}];
Z3 (max(cc3(:,2)),max(cc3(:,1)))=0; %#ok<SAGROW>

1287 74=73;
for j = l:size(cc3,1)

1289 7Z3(cc3(j,2),cc3(j,1)) = cc3(j,3);

Z4(cc4(j,2),cc4(j,1))

ccd(j.3);

1291 end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’, tit{ind(i),1}));

1293 ¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
01,7 YTick” ,[1);
figure;scatter(qvl (:) ,Z_ibt{i,1}(:), filled’,’d’);hold on;

1295 dvec2 = [qvl(:);Z_ibt{i,1}(:)1;

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r7);
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axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (’ Scatter Plot’”)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure ;h = histogram (qvl(:) ,16, FaceColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

Ptitle (’ Histograms of Data’)

legend ({ "Original >, “Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title ('95% Confidence

Interval ) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick’” ,[1, YTick’ ,[1);
clear h

clear ccl cc2 cc3 ccd4 Z1 Z2 7Z3 7Z4 dvecl dvec?2

end

% >>>Correlation Coefficient of Indicators <<<

5| edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts (qvl,edges4);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod, 1)
=0;

MCR4(N_kr_mod,1)=0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearson16(N_kr_mod,1)=0;Rspearmanl16 (N_kr_mod
,1)=0;

323 MCR16(N_kr_mod, 1) =0;

»s| for 1=1:N_kr_mod

[~,~,ind4_est{i,l}] = histcounts(Z_ibt{i,1},edges4);
ind4_est{i,l}(Z_ibt{i,l1}<=edgesd (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4 (i,1) = corr(ind4_est{i,l},ind_data4d);

Rspearman4 (i ,1) = corr(ind4_est{i,1},ind_data4 ,’type’,’  Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_data4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
ind16_est{i,l}(Z_ibt{i,1}<=edgesl6 (1)) = 1;
indl16_est{i,l}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
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Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);
Rspearmanl6(i,l) = corr(indl6_est{i,l},ind_datal6,’ type’, Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;

end

% Kriging Indicators Scores Table

3| table_h = {’MeanAbsErr’ , MaxAbsErr’ ,"MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’

1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’,’RMSE’ ,’ Rpearson’,’ Rspearman’
, Rpearson4’ ,’Rspearman4’ , 'MCR4’ ,’ Rpearsonl6’,’ Rspearmanl6’, MCRI16’
s

kr_iSsf = array2table (kr_Ss(:,l:end—1),  VariableNames’ ,table_h , ’RowNames
*,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , "RowNames’ ,
table_r2);

9o ####H##HFHHFHAHAHESE CHI ##H###AHAHAHHHHAHAHAHAHAHHH RS HS

[ — J—

(0 = ==

% >>> Anisotropy estimation with CHI <<<

55| [R, phi] = aniso_interp_scatter (x,y,rf ,nx, v4d’);
if R>1
R = 1/R;
if phi>0

phi = phi—90;
elseif phi<0

phi = phi+90;
end

33| end

save(’chil_iso.mat’)

% >>> Fitting II and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Desired Models
models = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};
n_models = length (models);
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% Initial Values and Limits for optimization
b = [gexpmax,maxdist*1/3,R,phi,gexpmax/100]; % s2,xi & c0

75| b_lb = [eps,eps,R,phi,eps]; b_ub = [gexpmax==1.5,maxdist,R, phi, gexpmax

/5]; %lower and upper limits

bsp = [1000,maxdist=1/3,R, phi,gexpmax/100]; % etaO, xi, cO

bsp_lb = [eps,eps,R,phi,eps]; bsp_ub = [inf,h maxdist,R,phi,gexpmax/5]; %
lower and upper limits

% Summary cells
model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values
{[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower

model_par_lb
bounds
model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper

bounds

clear b b_lb b_ub bsp bsp_lb bsp_ub

% Estimation of Parameters (s2,xil,cO,v or etal)
bmodel {n_models ,1}=[]; fval(n_models,1)=0;tit{n_models,1}=[];
iso = 00;objmod = 'NWErm’; flag = 1;
for i=1:n_models
model . function = models{i,l};
model . params0 = model_parO{i,1};
model . paramslb = model_par_Ilb{i,1};
model . paramsub = model_par_ub{i,l};

[bmodel{i,1},fval(i,l),tit{i,1}] =...
variogramfit (gexp, nr_pairs ,c_centers ,iso ,model ,objmod, flag);
end

% >>> Cross Validation <<<

% Matrices and Cells preallocation
cv_scores{n_models,1}=[]; cv_checks{n_models,1}=][];
cv_matr{n_models,1}=[]; cv_Ss(n_models ,6)= 0;

% Inputs definition
x =x(:); y =y(:);rf = rf(:);
iso = 00; d_col = 1;

% Cross Validation

for i=1:n_models
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model . function = models{i,1};
1413 model . params = bmodel{i,1};
model .r_ok = [22,4];

1415

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,1}] =...
1417 crossval (x,y,rf ,iso,d_col ,model);

cv_Ss(i,:) = table2array(cv_scores{i,1}(:,2:end));
1419 end

121|% Cross Validation Scores

table_h = {’MeanAbsErr’, MaxAbsErr’ ,”MSE’ ,’RMSE’ , *rpearson’,’rspearman’,
>finalscore ’ };

3| table_r = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

15| TelMSE = ¢v_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xcv_Ss(:,5).%xcv_Ss(:,6); %finalscore
112711¢v_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r);
10| clear relMSE FinalScore

1431|%Trend addition and Boxcox Inversion
cv_St(n_models ,6)= 0;
4331 for i=1:n_models

1435 cv_matr{i,l}.Z_tr = Mx + cv_matr{i,l}.Z;
1437 if lambda==00
cv_matr{i,l1}.Z_ibtl = cv_matr{i,1}.Z_tr;
1439 elseif lambda==0
cv_matr{i,l}.Z_ibtl = exp(cv_matr{i,l}.Z_tr);

1441 else

cv_matr{i,l}.Z_ibtl (lambdaxcv_matr{i,1}.Z_tr + 1).7(1/lambda)

s

1443 end
cv_matr{i,l1}.Z_ibt = real(cv_matr{i,1}.Z_ibtl);
1445 cv_realZ(i,l) = isreal(cv_matr{i,1}.Z_ibtl); %#0ok<SAGROW>
1447 cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
1449 end

1451|% Total Cross Validation Scores
relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE
1153 FinalScore = ((1./reIMSE) .A2) .xcv_St(:,5).%cv_St(:,6); %finalscore
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cv_St = [cv_St, FinalScore];

cv_

Stf = array2table(cv_St, VariableNames’ ,table_h , 'RowNames’,table_r);

clear relMSE FinalScore

9%Plots

for

i=1:n_models

% Stochastic Component’s figures

ccl = [col ,row,rf(:);qcol,qrow,zeros(Nu,l1)];

cc? [col ,row,cv_matr{i,l1}.Z(:);qcol,qrow,zeros(Nu,1)];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Z1l);%title (’Sample Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’,tit{i,1}));

view (2) ; shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (rf (:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l1}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl )+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
%title (’ Scatter Plot )

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf (:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,1}.Z(:), BinEdges’ ,h.BinEdges,  EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ "Original >, *Estimated’});

clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,zeros(Nu,1)];

cc4d = [col ,row,cv_matr{i,l}.Z_ibt(:);qcol,qrow,zeros(Nu,1) ];
Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

74=73;

for j = l:size(cc3,1)
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1495 Z3(cc3(j,2),cc3(j,1)) = cc3(j.3);
Z4(cc4(j,2),cc4(j,1)) = ccd(j.3);
1497 end
% figure;pcolor(Z3);view(2);shading interp; %title (’ Original Sample
)
1499 | % ¢ = colorbar; c.Label.String = *Normalised Velocity ’;set(gca,’

XTick > ,[1,  YTick’* ,[]);

figure;pcolor(Z4);view(2);shading interp; %title (sprintf(  Estimation
of Original Sample \n%s’,tit{i,1}));

1501 ¢ = colorbar; c.Label.String = ’Normalised Velocity  ;set(gca, XTick’
1, 7 YTick” ,[1);

figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:),’  filled’,’d’);hold on;

1503 dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

1505 axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
%title (° Scatter Plot )

1507 xlabel (’Observed Data’)
ylabel (’Estimations’)

1509 figure;h = histogram (vl (:),16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

511 histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, EdgeColor’

,[0.2 1 0], FaceAlpha’ ,0.7)
%title (* Histograms of Sample Data’)
1513 legend ({ *Original’, “Estimated’});
clear h

1515
clear Z1 72 73 74 dvecl dvec2
1517
end

1519

% >>> Ordinary Kriging <<<
1523
% Sort models based on cross validation scores

155 [~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

12711% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
150 kr_matr {N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];

1531| CIT{N_kr_mod , 1} =[];UNC{N_kr_mod,1}=[];
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% Inputs definition

xu = qcol; yu = qrow; iso = 00;

% Ordinary Kriging

for i=1:N_kr_mod
model . function = models{ind (i) ,1};
model . params = bmodel{ind (i) ,1};
model . r_ok = [22,4];

[Z{i,1},Z_error{i,1},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats (Z{i,1},qfluc);

table_r2{i,1} = table_r{ind (i) ,h1};

%Confidence Intervals (95%)

CIt{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,1});
CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});
CI1{i,1}.uncer = 1.96%sqrt(Z_error{i,1});

UNC{i,1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#0ok<SAGROW>

3l end

% Kriging Scores

relMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xkr_Ss(:,5).%xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’  VariableNames’ ,table_h , ’RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr mod,1} = O0;
Z_ibt1 {N_kr_ mod,1} = 0;Z_ibt{N_kr_mod,1} = O0;
for i=1:N_kr_mod

Z_tr{i,1} = qgMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==
Z_ibtl1{i,1}

exp(Z_tr{i,l});
else
Z_ibtl1{i,1}

(lambdaxZ_tr{i,1} + 1).7~(1/lambda);
end
Z_ibt{i,1} = real(Z_ibtl{i,1});
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kr_realZ(i,1) = isreal(Z_ibtl1{i,1}); %#ok<SAGROW>
kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./reIMSE) ."2).xkr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,  VariableNames’ ,table_h , 'RowNames’,table_r2);
clear relMSE FinalScore

%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col ,row,rf(:);qcol,qrow,qfluc(:)];

cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];

Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#Hok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Zl);%title (°Original Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick” ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf (’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Potitle (° Scatter Plot’)

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7) 3

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)

%title (’ Histograms of Stochastic Component’)
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legend ({ "Original >, “Estimated’});
clear h

% Total Data figures

cc3 = [col ,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row,zeros(size(col,l1),1); qcol,qrow ,UNC{i,1}];

Z3 (max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

74=73;

for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1))
Z4(cc4(j,2),cc4(j,1))

cc3(j,3);
ccd(j,3);

end

figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));

¢ = colorbar; c.Label.String = ’Normalised Velocity ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter (qvl (:),Z_ibt{i,1}(:), filled’,’d’);hold on;

dvec2 = [qvl(:);Z_ibt{i,1}(:)1;

plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);

axis ([min(dvec2) —0.5,max(dvec2)+0.5, min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (° Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram(qvl (:) ,16,  FaceColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)

Jtitle (’ Histograms of Data’)

legend ({ "Original °, *Estimated’});

figure ;pcolor(Z4); view(2);shading interp; %title (’95% Confidence
Interval *) ;

cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick’” ,[], YTick’ ,[]);
clear h

clear ccl cc2 cc3 cc4 Z1 Z2 7Z3 Z4 dvecl dvec2
end
% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;
[~,~,ind_data4] = histcounts(qvl,edges4);
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ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod, 1)
=0;
MCR4(N_kr_mod,1)=0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

ind16_est{N_kr_mod,1}=[]; Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCRI16(N_kr_mod, 1) =0;

for i=1:N_kr_mod
[~,~,ind4_est{i,1}] = histcounts (Z_ibt{i,1},edges4);
ind4_est{i,l}(Z_ibt{i,1}<=edgesd4 (1)) = 1;
ind4_est{i,l}(Z_ibt{i,1}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4 (i,l) = corr(ind4_est{i,l},ind_data4);
Rspearman4 (i ,1) = corr(ind4_est{i,1},ind_data4 ,’ type’,’ Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_data4)/Nu;

[~,~,ind16_est{i,1}] = histcounts(Z_ibt{i,1},edgesl6);
indl16_est{i,l}(Z_ibt{i,1}<=edgesl6 (1)) = 1;
indl16_est{i,l}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1l) = corr(indl6_est{i,l},ind_datal6);

Rspearmanl6(i,l) = corr(indl16_est{i,l},ind_datal6,’ type’, Spearman’)

MCR16(i,1) = sum(indl16_est{i,l}~=ind_datal6)/Nu;
end

% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,"MSE’ ,’RMSE’ , ’Rpearson’,’Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’, ’RMSE’,’ Rpearson’,’ Rspearman’
,  Rpearson4’ ,’Rspearman4’ , ’MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
2}

kr_iSsf = array2table(kr_Ss(:,l:end—1),  VariableNames’,table_h , ’RowNames
’,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , "RowNames’ ,
table_r2);

C = = = =
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1689 | 70 =

01| load (*chil_iso.mat’)

1603|% >>> Fitting Il and Estimation of xil & xi2 <<<
wos| xil = R;xi2 = 1;

10071% Desired Models

models = { Gexp’; Gaus’; Sphe’; Mate’; Spar’};
1600| n_models = length (models);

101|/% >>> Rescaling and Rotation of the random field
173|% (Inverse) Transformation Matrix

A = [cos(phixpi/180)/xil, sin(phixpi/180)/xil;

10s|—sin (phi#pi/180)/xi2, cos(phi*pi/180)/xi2];

1707

% Rescale and Rotate Coordinations

1709| ¢_tr Ax[c{1,1}’;¢c{1,2}’]; %transformed coordinations of known points

X_tr = c_tr(1,:);

ly_tr = c_tr(2,:)7;

qgc_tr = Ax[qc{l,1} ;qc{1,2}°]; %transformed coordinations of unknown
points

73| qx_tr = qe_tr(1,:) 7

qy_tr = qc_tr(2,:)’;

1715
% >>> Check isotropy <<<
1717
% Experimental Variogram (anisotropic)
7o|Xx = X_tr; y = y_tr; rf = fluc; iso = O0;
[~,~,~] = expvar(x,y,rf,iso,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of
high analysis
i21|%[ gexp_tr, nr_pairs_tr, c_centers_tr] = expvar(x,y,rf,iso,ncpc,nrbins,

phistep , phitol ,2);

1m23|%Initial Values and Limits for optimization

b = [gexpmax,maxdist*1/3,gexpmax/100]; % s2,xi & cO

s\ b_Ib = [eps,eps,eps]; b_ub = [gexpmax=*1.5,maxdist,gexpmax/5]; %lower and
upper limits

bsp = [1000,maxdist=1/3,gexpmax/100]; % etaO, xi, c0

127 bsp_lb = [eps,eps,eps]; bsp_ub = [inf,maxdist,gexpmax/5]; %lower and

upper limits
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29|%Summary cells

model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_lb = {[b_lb,eps];b_Ilb;b_lb;[b_1b,0.3];[bsp_lb,—2+eps]}; %lower
bounds

model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper

bounds

clear b b_lb b_ub bsp bsp_lb bsp_ub

% Estimation of New Anisotropy

R_tr(n_models ,1)=0;phi_tr (n_models ,1)=0;xil_tr(n_models,1)=0;xi2_tr(
n_models ,1) =0;

for i=1:n_models
model . function = models{i,1};
model . paramsO0 = model_par0O{i,1};

model . paramslb model_par_lb{i,1};
model . paramsub = model_par_ub{i,1};
[R_tr(i,1),phi_tr(i,1),xil_tr(i,l),xi2_tr(i,l),~,~] = ...
aniso_dvf(c_tr(1,:),c_tr(2,:),rf ,model, ' NWEr_m’ ,20,0.4,nrbins ,
phistep , phitol ,0);
end

% >>> Fitting III and Parameters of Correlation Estimation (s2,c0,v or
etal ) <<<

% Experimental (Semi—)Variogram (isotropic)
X = x_tr; y = y_tr; rf = fluc; iso = 1; flag = 1;

5| [~,~,~] = expvar(x,y,rf,iso ,ncpc,nrbins ,4,phitol ,2); %exper. variogr. of

high analysis

[gexp2, nr_pairs2, c_centers2] = expvar(x,y,rf,iso,ncpc,nrbins , phistep,
phitol , flag);

gexpmax2 = max(max(gexp2));

% Initial Values and Limits for optimization

[k,I] = find(triu(true(N)));

d = hypot(c_tr(1,k)—c_tr(l,1),c_tr(2,k)—c_tr(2,1));

maxdist2(i,l) = ncpcsmax(max(d));

% maxdist2 = hypot(c_tr(l,1)—c_tr(1,N),c_tr(2,1)—c_tr(2,N))=ncpc;

b = [gexpmax2,maxdist2*2/3,gexpmax2/100]; % s2,xi & c0




1765

1767

1769

=
=)

1773

1779

1781

1785

1787

1789

1791

1793

1795

1797

1799

1801

1803

B.3 Random Sample 311

b_lb = [eps.,eps,eps]; b_ub = [gexpmax2=x1.5,maxdist2«1.5,gexpmax2/5]; %
lower and upper limits

bsp = [1000, maxdist2%2/3,gexpmax2/100]; % etaO, xi, cO

bsp_lb = [eps,eps,eps]; bsp_ub = [inf, maxdist2«1.5,gexpmax2/5]; %lower
and upper limits

% Summary cells
model_par0 = {[b,1.5];b;b;[b,1.5];[bsp,1]}; %initial parameters values

model_par_1lb {[b_1b,eps];b_lb;b_lb;[b_lb,0.3];[bsp_lb,—2+eps]}; %lower

bounds
model_par_ub = {[b_ub,2—eps];b_ub;b_ub;[b_ub,3.5];[bsp_ub,inf]}; %upper
bounds

clear b b_lb b_ub bsp bsp_lb bsp_ub

s|% Estimation of Parameters (s2,cO,v or etal)

bmodel2 {n_models ,1}=[]; fval2(n_models,1)=0;tit2 {n_models,1}=[];
iso = l;objmod = 'NWErm’;flag = 1;
for i=1:n_models

model . function = models{i,1};

model . params0 = model_parO{i,1};

model . paramslb = model_par_Ib{i,1};

model . paramsub = model_par_ub{i,1};
[bmodel2{i,1},fval2(i,1),tit2{i,1}] =...
variogramfit (gexp2,nr_pairs2 ,c_centers2 ,iso ,model ,objmod, flag);
end
% >>> Cross Validation <<<
% Matrices and Cells preallocation
cv_scores{n_models ,1}=[]; cv_checks{n_models,1}=[];

cv_matr{n_models,1}=[]; cv_Ss(n_models,6)= 0;

% Inputs definition

X = X_tr; y = y_tr; iso = l;d_col = 1;

rx_tr

pdist2 (x_tr (:) ,x_tr(:));
pdist2 (y_tr(:),y_tr(:));

ry_tr

% Cross Validation
for i=1:n_models

model . function = models{i,1};
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model . params = bmodel2{i,1};
model.r_ok = [mean(rx_tr (:))/5,mean(ry_tr (:))/5];

[cv_scores{i,l}, cv_checks{i,1}, cv_matr{i,l1}] =...
crossval(x,y,rf ,iso,d_col ,model);
cv_Ss(i,:) = table2array(cv_scores{i,l}(:,2:end));
end

% Cross Validation Scores

;| table_h = {’MeanAbsErr’, MaxAbsErr’ ,”"MSE’ ,’RMSE’ , rpearson’, ’rspearman’,

>finalscore ’ };
table_r = { Gexp’; Gaus’; Sphe’; Mate’;’ Spar’};

relMSE = cv_Ss(:,3)/min(cv_Ss(:,3)); %relative MSE

FinalScore = ((1./reIMSE)."A2).#%cv_Ss(:,5).%xcv_Ss(:,6); %finalscore
cv_Ss = [cv_Ss, FinalScore];

cv_Ssf = array2table (cv_Ss,’  VariableNames’ ,table_h , 'RowNames’ ,table_r);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion

x| cv_St(n_models ,6)= 0;

for 1=1:n_models

cv_matr{i,l1}.Z_tr = Mx + cv_matr{i,l}.Z;

if lambda==00
cv_matr{i,l}.Z_ibtl

elseif lambda==
cv_matr{i,l1}.Z_ibtl

else
cv_matr{i,1l}.Z_ibtl

cv_matr{i,l}.Z_tr;

exp(cv_matr{i,l}.Z_tr);

(lambdascv_matr{i,1}.Z_tr + 1).~(1/lambda)

s

end

cv_matr{i,l1}.Z_ibt = real(cv_matr{i,l1}.Z_ibtl);

cv_realZ (i,l) = isreal (cv_matr{i,l1}.Z_ibtl); %#0ok<SAGROW>

cv_St(i,:) = correlstats(vl,cv_matr{i,1}.Z_ibt) ;%total cv scores
end

% Total Cross Validation Scores

relMSE = cv_St(:,3)/min(cv_St(:,3)); %relative MSE

FinalScore = ((1./relMSE)."2).xcv_St(:,5).%xcv_St(:,6); %finalscore
cv_St = [cv_St, FinalScore ];
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cv_

Stf = array2table (cv_St, VariableNames’ ,table_h , RowNames’,table_r);

clear relMSE FinalScore

9%Plots

for

i=1:n_models

% Stochastic Component’s figures
ccl = [col,row,rf (:);qcol,qrow, zeros(Nu,1)];
cc2

[col ,row,cv_matr{i,1}.Z(:);qcol,qrow,zeros(Nu,1)];

Zl(max(ccl (:,2)) ,max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1))
Z2(cc2(j,2),cc2(j,1))

ccl(j,3);
cc2(j,3);

end

figure ;pcolor(Zl);%title (°Sample Stochastic Component’) ;

view (2) ;shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure ;pcolor (Z2);%title (sprintf(’ Estimation of Sample Stochastic
Component \n%s’, tit{i,1}));

view (2) ; shading interp;colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure;scatter (rf(:),cv_matr{i,l}.Z(:), filled’,’d’);hold on;

dvecl = [rf(:);cv_matr{i,l}.Z(:)];

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],’r7);

axis ([min(dvecl) —0.5,max(dvecl)+0.5, min(dvecl) —0.5,max(dvecl)+0.5])
Ptitle (° Scatter Plot’)

xlabel (’Observed Data’); ylabel (’Estimations’);

figure; h = histogram(rf (:) ,16, EdgeColor’,[0 O 1], FaceAlpha’ ,0.7);
hold on

histogram (cv_matr{i,l1}.Z(:), BinEdges’,h.BinEdges, EdgeColor’ ,[0.2 1
0], FaceAlpha’ ,0.7)

%title (° Histograms of Sample Stochastic Component’)
legend ({ *Original’, “Estimated’});

clear h

% Total Data figures
cc3 = [col,row,vl(:);qcol,qrow, zeros(Nu,1)];
cc4d = [col ,row,cv_matr{i,l1}.Z_ibt(:);qcol,qrow,zeros(Nu,l) ];
Z3(max(cc3(:,2)) ,max(cc3(:,1)))=0; %#ok<SAGROW>
74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = ¢cc3(j,3);
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%o

%

end

Z4(cc4(j,2),ccd(j,1)) = ccd(j.3);

end

figure ;pcolor(Z3);view(2);shading interp; %title (° Original Sample
)

¢ = colorbar; c.Label.String = ’Normalised Velocity ’;set(gca,’
XTick” ,[1,  YTick”’ ,[]);
figure ;pcolor(Z4);view(2);shading interp; %title (sprintf(’  Estimation
of Original Sample \n%s’,tit{i,1}));
¢ = colorbar; c.Label.String = "Normalised Velocity ;set(gca,’ XTick’
1, 7 YTick” ,[1);
figure;scatter (vl (:),cv_matr{i,l}.Z_ibt(:), filled’,’d’);hold on;
dvec2 = [vl(:);cv_matr{i,l}.Z_ibt(:)];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],°’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
Ptitle (’ Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure;h = histogram (vl (:) ,16, EdgeColor’ ,[0 O 1], FaceAlpha’ ,0.7);
hold on
histogram (cv_matr{i,l}.Z_ibt(:), BinEdges’ ,h.BinEdges, EdgeColor’
,[0.2 1 0], FaceAlpha’ ,0.7)
%title (’ Histograms of Sample Data’)
legend ({ "Original >, *Estimated’});
clear h

clear Z1 Z2 73 7Z4 dvecl dvec?2

% >>> Ordinary Kriging <<<

% Sort models based on cross validation scores
[~,ind] = sort(table2array (cv_Stf(:,7)), descend’);

% Matrices and Cells preallocation

Z{N_kr_mod,1}=[]; Z_error{N_kr_mod,1}=[];kr_checks{N_kr_mod,1}=[];
kr_matr{N_kr_mod,1}=[];

kr_Ss(N_kr_mod,6)= 0; table_r2{N_kr_mod,1} = [];
CI1{N_kr_mod,1}=[];UNC{N_kr_mod,1}=[];

% Inputs definition
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X = X_tr; y = y_tr; Xu = gx_tr; yu = qy_tr; iso=1;

% Ordinary Kriging
for 1i=1:N_kr mod
model . function = models{ind (i) ,1};
model . params = bmodel2{ind (i) ,1};
model.r_ok = [mean(rx_tr (:))/5,mean(ry_tr(:))/5];

[Z{i,1},Z_error{i,1l},kr_checks{i,1}, kr_matr{i,1}] =...
ordkrig (x,y, rf ,xu,yu,iso ,model);

kr_Ss(i,:) = correlstats(Z{i,l},qfluc);

table_r2{i,1} = table_r{ind(i),1};

%Confidence Intervals (95%)

Cli{i,1}.low = Z{i,1} — 1.96%sqrt(Z_error{i,l});

CIt{i,1}.up = Z{i,1} + 1.96xsqrt(Z_error{i,1});

CIl{i,1}.uncer = 1.96xsqrt(Z_error{i,l});

UNC{i,1} = real(CI1{i,1}.uncer);

realCI(i,1) = isreal (CI1{i,1}.uncer); %#ok<SAGROW>
end

% Kriging Scores

reIMSE = kr_Ss(:,3)/min(kr_Ss(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."A2).xkr_Ss(:,5).xkr_Ss(:,6); %finalscore

kr_Ss = [kr_Ss, FinalScore];

kr_Ssf = array2table (kr_Ss,’VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

%Trend addition and Boxcox Inversion
kr_St(N_kr_mod,6)= 0; Z_tr{N_kr_mod,1} = 0;
Z_ibtl {N_kr_mod,1} = 0;Z_ibt{N_kr_mod,1} = 0;
for i=1:N_kr _mod

Z_tr{i,1} = qMx + Z{i,1};

if lambda==00
Z_ibtl{i,1} = Z_tr{i,1};
elseif lambda==0
Z_ibtl1{i,1} = exp(Z_tr{i,1});
else
Z_ibtl1{i,1} = (lambda*Z_tr{i,1} + 1).~(1/lambda);
end
Z_ibt{i,l1} = real(Z_ibtl{i,1});
kr_realZ (i,1) = isreal (Z_ibtl{i,1}); %#ok<SAGROW>
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kr_St(i,:) = correlstats(qv,Z_ibt{i,1});%total kriging scores
end

% Total Kriging Scores

relMSE = kr_St(:,3)/min(kr_St(:,3)); %relative MSE

FinalScore = ((1./relIMSE)."2).«kr_St(:,5).xkr_St(:,6); %finalscore

kr_St = [kr_St, FinalScore];

kr_Stf = array2table (kr_St,’ VariableNames’ ,table_h , 'RowNames’ ,table_r2);
clear relMSE FinalScore

%Plots
for i=1:N_kr_mod

% Stochastic Component’s figures

ccl = [col,row,rf (:);qcol,qrow, qfluc (:) ];

cc2 = [col ,row,rf(:);qcol,qrow,Z{i,1}];
Z1(max(ccl (:,2)),max(ccl (:,1)))=0; %#ok<SAGROW>

72=71;

for j = l:size(ccl, 1)
Z1(ccl(j,2),ccl(j,1)) = ccl(j,3);
Z2(cc2(j,2),cc2(j,1)) = cc2(j,3);

end

figure ;pcolor(Z1l);%title (> Original Stochastic Component’) ;

view (2) ; shading interp; colorbar;set(gca,’ XTick’ ,[], YTick’ ,[]);
figure ;pcolor(Z2); %title (sprintf(’ Estimation of Stochastic
Component \n%s’, tit{ind(i),1}));

view (2) ; shading interp; colorbar;set(gca, XTick’ ,[], YTick’ ,[]);
figure;scatter (qfluc (:) ,Z{i,1}(:), filled’,’d’);hold on;

dvecl = [qfluc (:);Z{i,1}(:)1;

plot ([min(dvecl) —0.5,max(dvecl)+0.5],[min(dvecl) —0.5,max(dvecl)
+0.5],°’r’);

axis ([min(dvecl) —0.5,max(dvecl)+0.5,min(dvecl) —0.5,max(dvecl)+0.5])
%title (° Scatter Plot )

xlabel (’Observed Data’)

ylabel (’Estimations’)

figure;h = histogram (qfluc (:) ,16, FaceColor’,[0 O 1], FaceAlpha’
,0.7)

hold on

histogram (Z{i,1}(:), BinEdges’ ,h.BinEdges,  FaceColor’ ,[0.2 1 0],’
FaceAlpha’ ,0.7)

%title (’ Histograms of Stochastic Component’)

legend ({ "Original >, “Estimated’});
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clear h

% Total Data figures

cc3 = [col,row,vl(:);qcol,qrow,Z_ibt{i,1}];

cc4d = [col ,row,zeros(size(col,l),1); qcol,qrow ,UNC{i,1}];
Z3(max(cc3(:,2)),max(cc3(:,1)))=0; %#Hok<SAGROW>

% >>>Correlation Coefficient of Indicators <<<

edges4 = (1500:4000/4:5500)/5500;

[~,~,ind_data4] = histcounts(qvl,edgesd);

ind4_est{N_kr_mod,1}=[]; Rpearson4 (N_kr_mod,1)=0;Rspearman4 (N_kr_mod,1)

=0’

74=73;
for j = l:size(cc3,1)
Z3(cc3(j,2),cc3(j,1)) = cc3(j.3);
Z4(cc4(j,2) ,ccd(j,1)) = ccd(j.3);
end
figure ;pcolor(Z3); view(2);shading interp; %title (sprintf(’
Estimation of Original Data \n%s’,tit{ind(i),1}));
¢ = colorbar; c.Label.String = ’Normalised Velocity ;set(gca, XTick’
1, 7 YTick” ,[1);
figure;scatter (qvl (:),Z_ibt{i,1}(:), filled’,’d’);hold on;
dvec2 = [qvl (:);Z_ibt{i,1}(:)];
plot ([min(dvec2) —0.5,max(dvec2)+0.5],[min(dvec2) —0.5,max(dvec?2)
+0.5],’r’);
axis ([min(dvec2) —0.5,max(dvec2)+0.5,min(dvec2) —0.5,max(dvec2)+0.5])
%title (° Scatter Plot )
xlabel (’Observed Data’)
ylabel (’Estimations’)
figure ;h = histogram(qvl(:) ,16,  FaceColor’ ,[0 O 1],  FaceAlpha’ ,0.7);
hold on
histogram (Z_ibt{i,1}(:), BinEdges’ ,h.BinEdges, FaceColor’ ,[0.2 1 0],
"FaceAlpha’ ,0.7)
%title (" Histograms of Data’)
legend ({ *Original’, “Estimated’});
figure ;pcolor(Z4); view(2);shading interp; %title ('95% Confidence
Interval *);
cl = colorbar; cl.Label.String = "Normalised Velocity’; set(gca,’
XTick” ,[1, YTick” ,[1);
clear h
clear ccl cc2 cc3 ccd Z1 Z2 Z3 7Z4 dvecl dvec2
end
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MCR4(N_kr_mod, 1) =0;

edgesl6 = (1500:4000/16:5500)/5500;

[~,~,ind_datal6] = histcounts(qvl,edgesl6);

indl16_est{N_kr_mod,1}=[];Rpearsonl6(N_kr_mod,1)=0;Rspearmanl6 (N_kr_mod
,1)=0;

MCR16(N_kr_mod, 1) =0;

for 1=1:N_kr mod
[~,~,ind4_est{i,l}] = histcounts(Z_ibt{i,l},edges4);
ind4_est{i,l}(Z_ibt{i,1}<=edgesd4 (1)) = 1;
ind4_est{i,1}(Z_ibt{i,l}>=edgesd4(end)) = length(edgesd)—1;
Rpearson4(i,1) = corr(ind4_est{i,l},ind_data4d);
Rspearman4 (i,1) = corr(ind4_est{i,l},ind_datad4 , type’, Spearman’);
MCR4(i,1) = sum(ind4_est{i,l}~=ind_datad4)/Nu;

[~,~,ind16_est{i,l}] = histcounts(Z_ibt{i,1},edgesl6);
ind16_est{i,l1}(Z_ibt{i,l}<=edgesl6(1l)) = 1;
indl16_est{i,1}(Z_ibt{i,1}>=edgesl6(end)) = length(edgesl6)—1;
Rpearsonl6(i,1) = corr(indl6_est{i,l},ind_datal6);
Rspearmanl6(i,1) = corr(indl6_est{i,l},ind_datal6,’type’,  Spearman’)
MCR16(i,1) = sum(ind16_est{i,l1}~=ind_datal6)/Nu;

end

% Kriging Indicators Scores Table

table_h = {’MeanAbsErr’,  MaxAbsErr’ ,"MSE’ ,’RMSE’ , ’Rpearson’,’ Rspearman’
1

table_h2 = {’MeanAbsErr’, MaxAbsErr’, ’MSE’,’RMSE’ ,’ Rpearson’,’ Rspearman’
,  Rpearson4’ ,’Rspearman4’ , 'MCR4’ ,’ Rpearsonl6’,’Rspearmanl6’, MCRI16’
s

kr_iSsf = array2table(kr_Ss(:,l:end—1),  VariableNames’,table_h , ’RowNames
*,table_r2);

kr_iStf = array2table ([kr_St(:,1:end—1),Rpearson4 ,Rspearman4 ,MCR4,
Rpearsonl6 ,Rspearmanl6 ,MCR16],’ VariableNames’ ,table_h2 , ’RowNames’ ,
table_r2);

%

C:/Users/Vasilis/Desktop/AB/Dissertation/DiplomaThesis/MyThesis/Appendix2/AlIRN4 Appendix.m
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