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Abstract

This work is devoted to the construction of feedback laws which
guarantee the robust global exponential stability of the
uncongested equilibrium point for general discrete-time freeway
models. The feedback construction is based on a control Lyapunov
function approach and exploits certain important properties of
freeway models. The developed feedback laws are tested in
simulation and a detailed comparison is made with an existing
feedback law reported in the literature and employed in practice.
The robustness properties of the corresponding closed-loop system
with respect to measurement errors are also studied.
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1. Introduction

Freeway traffic congestion has become a significant problem for modern societies, which leads
to excessive delays, reduced traffic safety, increased fuel consumption and environmental
pollution. The main traffic control measures employed to tackle traffic congestion, are ramp
metering (RM) and variable speed limits (VSL). RM is implemented by use of traffic lights
positioned at on-ramps to control the entering traffic flow [27]. VSL are used for speed
harmonization, but recent studies have demonstrated that it may be used as a mainstream metering
device as well [3]. To achieve their goal, these control measures must be driven by appropriate
control strategies. A branch of related research has considered nonlinear optimal control and
Model Predictive Control as a network-wide freeway traffic control approach, see, e.g. [1, 2, 9,
12]. However, none of the proposed methods has advanced to a field-operational tool. Another
significant branch of freeway traffic control research has considered explicit feedback control
approaches to tackle congestion problems. A pioneering development in this direction was the I-
type local feedback ramp metering regulator ALINEA [25], which has been used in hundreds of
successful field implementations around the world, see, e.g. [26, 28]. ALINEA controls the traffic
entering from an on-ramp and targets a critical density in the mainstream merging segment so as
to maximize the freeway throughput. Other proposed local feedback control algorithms for ramp
metering include [13, 15, 31, 32], to mention just a few. Various extensions and modifications of
ALINEA were proposed and field-implemented over the years to address specific emerging
needs. Most relevant in the present context is the extension to a Pl-type regulator so as to
efficiently address bottlenecks which are located far downstream of the merge area [33]; and the
parallel deployment of Pl-type regulators to address multiple potential bottlenecks downstream of
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the metered on-ramp [34]. On the other hand, feedback control approaches for mainstream traffic
control by use of VVSL have been rather sparse, see [4]; see also [14] for a recent extension to the
multiple bottleneck case.

To adequately address the increasing freeway traffic congestion problems, it is essential to
investigate, develop and deploy the potentially most efficient methods; and recent control theory
advances should be appropriately exploited to this end. In this work, we provide a rigorous
methodology for the construction of explicit feedback laws that guarantee the robust global
exponential stability of the uncongested equilibrium point for general nonlinear discrete-time
freeway models. We focus on discrete-time freeway models which are generalized versions of the
known first-order discrete Godunov approximations [8] to the kinematic-wave partial differential
equation of the LWR-model (see [23, 29]) with nonlinear ([19]) or piecewise linear (Cell
Transmission Model - CTM, [6, 7, 10]) outflow functions (fundamental diagram). Specifically,
the constructed class of freeway models allows for: (i) consideration of generally nonlinear
(including piecewise linear) fundamental diagrams; (ii) consideration of all possible cases for the
relative priorities of the inflows at freeway nodes (see [7]), and even for time-varying and
unknown priority rules; and (iii) modified demand functions according to [20], to account for the
capacity drop phenomenon which is not reflected in the classical LWR-model and its Godunov
discretization. The construction of the robust global exponential feedback stabilizer is based on
the Control Lyapunov Function (CLF) approach (see [16]) as well as on certain important
properties of freeway models. In summary, the contribution of the present work is threefold:

e a CLF is constructed for a class of freeway models; the formulas for the Lyapunov
function are explicit (see formulas (2.19), (2.20) and (2.21)) and can be used in a
straightforward way for various purposes;

e important properties of general nonlinear and uncertain discrete-time freeway models are
proved (see properties (C1), (C2), (C3), (C4) and (C5) in Section 3);

e a parameterized family of global exponential feedback stabilizers for the uncongested
equilibrium point of freeway models is constructed. The achieved stabilization is robust
with respect to all priority rules that can be used for the inflows.

A comparison is made, by means of simulation, with an existing feedback law proposed in the
literature and employed in practice. More specifically, we consider the Random Located
Bottleneck (RLB) PI-type regulator which was proposed in [34] and is the most sophisticated of
the very few comparable feedback regulators that have been employed in field operations [28].
The simulations, presented in Section 4 of the present work, study the performance of the
corresponding closed-loop systems, as well as their robustness under the effect of measurement
errors. It was found that the performance and the robustness properties achieved by the proposed
feedback law were better than or comparable to the performance and the robustness properties
induced by the RLB PI regulator. Ongoing and future work addresses further robustness issues in
presence of modelling errors and persistent disturbances.

Definitions and Notation. In this paper, we adopt the following notation and terminology:

x R, =[0,+w). Foreveryset S, S" =Sx...xS for every positive integer n.
n times

* By CO(A; Q), we denote the class of continuous functions on AcR", which take values in
QcR™. By Ck(A;Q), where k>1 is an integer, we denote the class of functions on
AcR" with continuous derivatives of order k , which take values in Q c R™.

* The transpose of x e R" is denoted by x'. By |x| we denote the Euclidean norm of x e R".



Let ScR", DR be non-empty sets and consider the uncertain, discrete-time, dynamical
system

x"=F(,x),xeS,deD, (1.1)

where F:DxS — S is a mapping. The variable x €S denotes the state of (1.1) while here (and
throughout the paper) x™ denotes the value of the state at the next time instant, i.e., (1.1) describes
the recursive relation x(t+1) = F(d(t),x(t)). Let x" €S be an equilibrium point of (1.1), i.e.,

X" €S satisfies x* =F(d,x") for all d eD. Notice that the requirement x* = F(d,x") for all

d e D implies that d € D denotes a vanishing perturbation, i.e., a disturbance that does not
change the position of the equilibrium point of the system. In general, the decision of which
variables are vanishing or non-vanishing perturbation depends on the equilibrium point that we
have in mind: for example, a perturbation may change the position of other equilibria but not the
position of the equilibrium point that we intend to study.

We use the following definitions throughout the paper.

Definition 1.1: We say that x* €S is Robustly Globally Exponentially Stable (RGES) for system
(1.1) if there exist constants M,o >0 such that for every Xx,S and for every sequence

{d(t) e D}:';0 the solution x(t) of (1.1) with initial condition x(0) =X, corresponding to input
{d(t)e D}:';0 (i.e., the solution that satisfies x(t+1) = F(d(t), x(t)) for all t>0 and X(0)=X,)

satisfies the inequality ‘x(t) —x" forall t>0.

<M exp(—at)‘xo -x"

Definition 1.2: A function V :S — R, for which there exist constants K, >K; >0, p>0 and

" and V(F(d,x)) < AV (x) hold

for all (d,x) e DxS, is called a Lyapunov function with exponent p >0 for (1.1).

- - . 3 p *
A €[0,1) such that the inequalities K;[x—x"| <V (x) < Kz‘x—x

Remark 1.3: If a Lyapunov function with exponent p >0 exists for (1.1), then x* €S is RGES.

Indeed, if the state space were R" and not S —R" and if no disturbances were present, then we
would be able to use Theorem 13.2 on pages 765-766 in [11] and conclude that the existence of a
Lyapunov function with exponent p>0 for (1.1) is a sufficient condition for Robust Global

Exponential Stability of x* S . However, since the uncertain dynamical system (1.1) is defined

on S cR" with disturbances d € D, we cannot use the aforementioned theorem. On the other
hand, we can use the inequality V(F(d,x))<AV(x) inductively and obtain the estimate
V (x(t)) < AV (x(0)) for every solution of (1.1), for every sequence {d(t)e[O,l]”‘l}:oo and for

every integer t > 0. The required exponential estimate of the solution is obtained by combining the

. . . : : «|P «|P . : T
previous estimate with the inequality Kl‘x—x sV(x)ng‘x—x ‘ , which directly implies

* p * p *® *
Kl‘x(t)—x SAth‘x(O)—x , or ‘x(t)—x ‘SM exp(—at)‘xo—x ‘ where M :(K2/K1)”p,
azz—M for the case A >0 and arbitrary o >0 for the case 1 =0.
P



2. Freeway Models and Main Result
2.1. Model Derivation

We consider a freeway which consists of n>3 components or cells; typical cell lengths may be
200-500 m. Each cell may have an external controllable inflow (e.g. from corresponding on-
ramps), located near the cell’s upstream boundary; and an external outflow (e.g. via corresponding
off-ramps), located near the cell’s downstream boundary (Figure 1). The number of vehicles at

time t >0 in component i €{l,...,n} is denoted by x;(t). The total outflow and the total inflow of
vehicles of the component ie{l,...,n} at time t>0 are denoted by F o, (t) >0 and F;,(t) =0,

respectively. All flows during a time interval are measured in [veh]. Consequently, the balance of
vehicles (conservation equation) for each component i €{l,...,n} gives:

% (t+1) =X (0) = F o+ F in (), i =1..,n, t>0. 2.1)

Each component of the network has storage capacity & >0 (i=1...,n). Our first assumption

states that the external (off-ramp) flows from each cell are constant percentages of the total exit
flow, i.e., there exist constants p; €[0,1], i=1,...,n, such that:

flow of vehicles .
i ) =(@-p)FR o), fori=1..,n-1 (2.2)
from component i to component i +1

( flow of vehicles from

= F' t ,for i:l’_”’n. 2.3
component i to regions out of the freeway] PiFoue (1) (2.3)

The constants p; are known as exit rates, i.e. portions of F ;. (t) that are bound for the off-ramp

of the i-th cell. Since the n-th cell is the last downstream cell of the considered freeway, we may
assume that p, =1. We also assume that p; <1 for i=1,...,n—1, and that all exits to regions out

of the network can accommodate the respective exit flows.

Our second assumption is dealing with the attempted outflows f;(X;), i.e. the flows that will
exit the cell if there is sufficient space in the downstream cell. We assume that there exist
functions f;:[0,8] >N, with 0< f;(x)<x for all x; €(0,5] and variables s;(t)<[0,1],
i=2,...,n, sothat:

Fiogout (1) =i (1) fi 1 (%4(1)), 1=2,..,n, =0 and F, o () = f, (%, (1)) - (2.4)

The variable s;(t) €[0,1], for each i=2,...,n, indicates the percentage of the attempted
outflow from cell (i—1) that becomes actual outflow from the same cell. The function
fi :[0,8] >R, is called, in the specialized literature of Traffic Engineering (see, e.g., [19]), the
demand-part of the fundamental diagram of the i -th cell, i.e. the flow that will exit the cell i if
there is sufficient space in the downstream cell i+1. Notice that equation (2.4) for F, o, (t)

follows from our assumption that all exits to regions out of the network can accommodate the exit
flows.



Let u; >0 (i=1,...,n) denote the attempted external inflow to component i {l,...,n} from the
region out of the freeway. Typically, u;, i=2,...,n, correspond to external on-ramp flows which

may be determined by a ramp metering control strategy. For the very first cell 1, we assume, for
convenience, that there is just one external inflow, u,. Let the variables wi(t) €[0,1], i=1...,n,

indicate the percentage of the attempted external inflow to component i e{l,...,n} that becomes
actual inflow. Then, we obtain from (2.2) and (2.4):

Frin(©) =Wy (Quy (t) and F iy (1) = w; (Ou; (0 + 5 (O - pig) fia (4 (©), 1=2,...n. (2.5)

Our next assumption is derived from the Godunov discretization (see [19]), which requires that
the inflow of vehicles at the cell ie{l,...,n} attime t>0, denoted by F ;,(t) >0, cannot exceed

the supply function of cell i e{l,...,n} attime t >0, i.e.,
Fiin(t) <min(q;,ci(a —x (1)), i=1..,n, t>0 (2.6)

where g; € (0,+00) denotes the maximum flow that the i-th cell can receive (or the capacity flow
of the i-th cell) and ¢; €(0,1] (i=1...,n) denotes the congestion wave speed of the i-th cell.

Following [7], we assume that, when the total demand flow of a cell is lower than the supply of
the downstream cell, i.e. when u;(t)+ Q- pi_y) f;1(Xi_1 (1)) < min(qi,ci (& —x (t))) for some
i €{2,...,n}, then the demand flow can be fully accommodated by the downstream cell, and hence
we have s;(t)=w(t)=1. Similarly, when uy(t) <min(0y,c;(a; —%(t))), then we have w(t)=1.
In contrast, when the total demand flow of a cell is higher than the supply of the downstream cell,
i.e. when u;(t)+ Q- piy) fisg (X1 (1)) > min(qi,ci (& —X (t))) for some ie{2,..,n} (or when
ul(t)>min(q1,cl(a1—xl(t)))), then the demand flow cannot be fully accommodated by the
downstream cell, and the actual flow is determined by the supply function, i.e. we have
Fiin(t) = min(q;, ¢ (& — % (t))) (or Fyjy (t) =min(oy,cy(a —%(t)))). Therefore, we get:

Fuin (t) = min (g, ¢ (a — X (1)), uy (1)), t=0 2.7)
s (1) = (L—d (t)) min (11 max[o, min (g, ¢i (8 — X (1)) —u; () Deri (t)min (1 min (a5, ; (8 — X; (t)))J |

(L= piza) fi (X1 (1)) (- Pi1) fia (X1 (1))
i=2,..,n,t>0 (2.8)

Fiin (®) =min(g;, ¢ (3 — X (1)), uj (t) + A— piy) fi1 (x4 (1)), i=2,..,n, t>0 (2.9)

where
di(t)e[0,1], i=2,..,n,t>0 (2.10)

are time-varying parameters. Note that, if the supply is higher than the total demand, then (2.8)
yields s; =1, irrespective of the value of d;, since the total demand flow can be accommodated

by the downstream cell. Thus, the parameter d; determines the relative inflow priorities, when the
downstream supply prevails. Specifically, when d;(t) =0, then the on-ramp inflow has absolute
priority over the internal inflow; on the other hand, when d;(t) =1, then the internal inflow has
absolute priority over the on-ramp inflow; while intermediate values of d; reflect intermediate
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Figure 1: Scheme of the freeway model.

priority cases. The parameters d;(t) [0,1] are treated as unknown parameters (disturbances).
Notice that by introducing the parameters d;(t) €[0,1] (and by allowing them to be time-varying),

we have taken into account all possible cases for the relative priorities of the inflows (and we also
allow the priority rules to be time-varying); see [5, 17, 18, 21, 22] for freeway models with
specific priority rules, which are special cases of our general approach.

All the above are illustrated in Figure 1. Combining equations (2.1), (2.2), (2.3), (2.4), (2.7)
and (2.9) we obtain the following discrete-time dynamical system:

X =% —S; F1(x) +min (g, ¢ (8 — %), uy)
=X —Sp f1 (%) + Wity
X" =X =S50 i 0) +min (g, 6 (& =), U + (- piy) i (% 4))
=% —Siy1 i () + Wit +5;(1— P 1) fi 1 (X 1)
Xn =Xy — f (%) +min(ay,, ¢, (@ — Xy ), Uy + A= Pyg) fr1(Xn1))
= Xp = fr (Xn) + Wolp + 5, A= Pn_g) fra (Xq1)

(2.11)
,fori=2,..,n-1 (2.12)
(2.13)

where s; €[0,1], i=2,...,n are given by (2.8). The values of w, €[0,1], i=1,...,n, may also be
similarly derived from (2.5) when u; >0 but they are not needed in what follows. Define
S=(0,]x(0,a,]x...x(0,a,]. Since the functions f;:[0,a]—> R, satisfy 0< f;(x) <X for all
X €(0,], it follows that (2.11), (2.12), (2.13) is an uncertain control system on S (i.e,,
X=(X,..,X;) €S)  with inputs u=(u1,...,un)'e(0,+oo)><9{2—1 and  disturbances
d =(d2,...,dn)e[o,1]”‘1. We emphasize again that the uncertainty d [0,1]"* appears in the
equations (2.11), (2.12) and (2.13) only when the supply function prevails, i.e., only when
u; () + (- pi_g) fia (X 1.(1) >min(qi,ci (& — X (t))) for some i €{2,...,n}.

We make the following assumption for the functions f;:[0,] >R, (i=1...,n):

(H) The function f;:[0,8]—> N, satisfies 0< f;(z)<z for all ze(0,a]. There exists
0; €(0,a] such that f; is continuous and increasing on [0,d;]. Moreover, there exist constants
L, €(0,), & €(0,5] such that f.:[0,a]— %R, is C' on (0,8), 1-L; < f(z) forall z(0,5;),
f(z)<1 for all ze(0,5). Finally, there exists a positive constant f™ >0 such that
f.(8) = f,(z) = ™" for all ze[5,5].

Assumption (H) includes the basic properties of the so-called “demand function” [19] in the
Godunov discretization; whereby ¢&; is the critical density, where f;(X;) achieves a maximum

value. The implications of Assumption (H) for the demand function are illustrated in Figure 2. In
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words, the fundamental diagram (FD) of cell i is composed by the increasing function f;(x;) for
X; €[0,5;]; and by the non-increasing supply function min(q;,c; (8 —%;)) for x €[5;,8]. Note,
however, that Assumption (H) includes the possibility of reduced demand flow for overcritical
densities (i.e., when x(t)>0;), since f,(x;) is allowed to be any arbitrary function (e.g.
discontinuous or decreasing or, even, increasing), taking any values within the bounds mentioned
in (H) (corresponding to the grey area in Figure 2), for x; €[&;,a;]; this could be used to reflect

the capacity drop phenomenon, as it is treated in some recent works [24, 30]. Figure 2 presents,
within the grey area of overcritical densities, three examples of demand functions, which satisfy
assumption (H). In conclusion, the model (2.11)-(2.13) is a generalized version of the known first-
order discrete Godunov approximation to the kinematic-wave partial differential equation of the
LWR-model (see [23, 29]) with nonlinear ([19]) or piecewise linear (Cell Transmission Model -
CTM, [6, 7]) fundamental diagram. However, the presented framework can also accommodate
recent modifications of the LWR-model as in [20, 24, 30] to reflect the so-called capacity drop

phenomenon. Notice that the piecewise smooth selections f; (z):qiéi‘lz for z€[0,6] and
f.(z)=q; for ze(&,a] (i=1..,n) with a >& +c; g, allow us to obtain the standard CTM
with: (i) triangular-FD (if a; =& +ci‘lqi); and (ii) trapezoidal-FD (if g > +ci‘lqi). In the latter
case, assumption (H) holds with arbitrary J; € (0,85:].

fi@ 4.

fi@) [T ATz ;\

min |- s _,,._X.-:— ___________ .:
fi

=

5:‘ 6i a; Z
Figure 2: Implications of Assumption (H)
Define the vector field F:[0,1]"xSx(0,4x0)xRT* S for all xeS:=(0,a]x...(0,a,],
d=(d,,...d,) e D=[0,1]"" and u=(uy,...,u,) € (0, +0) x R

F(d,x,u)=(F(d,x,u),... F,(d,xu) eR"
with F(d, X, u) =% —S; f; (%) +min (g, ¢y (a — %), by ),
R (d, x,u) =% — i f () +min(q;, ¢ (8 — %), U + (L— piy) i (1)), for i=2,..,n-1,
o (d, x,u) =X, — f,(%,) +min(dy, ¢, (@, = X;), Uy + (L= Pp_y) fr1(X,1) ) and

S; =(1—di)min{1, max(o, min (G, (3 =%)) j}Ldi min[l, min (G;,C; (& _Xi))J, fori=2,..,n.
A= pia) fia(Xiq) A= pig) fia(Xiq)

(2.14)
Notice that, using definition (2.14), the control system (2.11), (2.12), (2.13) can be written in the
following vector form:

x" =F(d, x,u)

(2.15)
xeS,deD,ue(0+0)xR
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2.2. Main Result

Consider the freeway model (2.15) under assumption (H). We suppose that there exist u; >0,
u" >0 (i=2,..,n)andavector X" =(x,....x1) €(0,8,)x...(0,8,) with
i-1( i1
fL(x)=u, fi0¢)=u+(1-piy) fil(xi*l)_ui*JrZ[H(l— pk)Ju’f (i=2,..,n) (2.16)
=1\ k=]

and u < min(ql,cl(al—xf)), U +(@1—pig) fig (X y) < min(qi,ci (ai —xi*))(i =2,..,n). (2.17)

This is the uncongested equilibrium point of the freeway model (2.15). Notice that assumption (H)
guarantees that an uncongested equilibrium point always exists for the freeway model (2.15) when

u >0 and ui >0 (i=2,..,n) are sufficiently small. The uncongested equilibrium point is not
globally exponentially stable for arbitrary u; >0, u >0 (i=2,...,n); indeed, for relatively large

values of external demands u; >0, ui >0 (i=2,..,n) other equilibria for model (2.15)

(congested equilibria) may appear, for which the cell densities are large and can attract the
solution of (2.15) (see the numerical Example 4.2 in Section 4).

The following result is our main result in feedback design. The result shows that a continuous,
robust, global exponential stabilizer exists for every freeway model of the form (2.15) under
assumption (H).

Theorem 2.1: Consider system (2.15) with n>3 under assumption (H) for each i=1,...,n. Then
there exist a subset Rc{L...,n} of the set of all indices ie{l..,n} with u >0, constants
o (0,1, b, €(0,u) for ieR and a constant z* >0 such that for every 7 € (0,7") the feedback
law k:S —R] defined by:
K(X) = (kg (X),..., K, (X)) € R" with
ki (X) = max(u;" 7 E(x),bi), forall xeS,ieR and k(x):=u’, forall xeS,igR (2.18)
where 7 :=71(uf —ly) and
n .
E(x)=> o' max(O, X — x,*) forall xe$S (2.19)
i=1
achieves robust global exponential stabilization of the uncongested equilibrium point x* of
system (2.15), i.e., x* is RGES for the closed-loop system (2.15) with u=Kk(x). Moreover, for

every 7€ (0,77), there exist constants Q,h,8, A,K >0 so that the function V :S — %R, defined
by:

V(X) :=Zn:ai ‘xi - X
=

+AE(x)+Kmax(O,Zn:Ii(x)—P(x)J,for all xe S (2.20)
i=1

j
where 1;(x):=>x for j=1..,n and
i=
P(x):=Q—6&min(h,E(x)) (2.21)
is a Lyapunov function with exponent 1 for the closed-loop system (2.15) with u =k(x).
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Although Theorem 2.1 is an existence result, its proof is constructive and provides formulae for
all constants and for the index set R (see following sections). Notice that the index set R is the
set of all inflows that must be controlled in order to be able to guarantee that the uncongested
equilibrium point is RGES; consequently, the knowledge of the index set R is critical.

The importance of Theorem 2.1 lies on the facts that:

e Theorem 2.1 provides a family of robust global exponential stabilizers (parameterized by
the parameter 7 € (0,7")) and an explicit formula for the feedback law (formula (2.18));

e the achieved stabilization result is robust for all possible (and even time-varying) priority
rules for the junctions that may apply at specific freeways; thus, there is no need to know
or estimate the applied priority rules;

e Theorem 2.1 provides an explicit formula for the Lyapunov function of the closed-loop
system. This is important, because the knowledge of the Lyapunov function allows the
study of the robustness of the closed-loop system to various disturbances (measurement
errors, modeling errors, etc.) as well the study of the effect of interconnections of freeways
(by means of the small-gain theorem; see [16]).

The main idea behind the proof of Theorem 2.1 is the construction of the Lyapunov function of
the closed-loop system, which acts as a Control Lyapunov Function (CLF; see [16]) for the open-
loop system. The construction of the Lyapunov function is based on the observation that there are
no congestion phenomena when the cell densities are sufficiently small, i.e.,

“There exists a set Q< S of the form Q=(0, z4]x...x(0, ,], Where
4 >0 for i=1..,n are constants, such that no congestion phenomena
are present when xeQ.”

The existence of the set 2 S is important because, when no congestion phenomena are present,
then the freeway model admits the simple (cascade) form:

X =X = f0q)+Uy, X =% = f0) + (L= pig) fig(6g) +Ujpg, fOr i=2,..,n, xeQ

and a Lyapunov function for the above form can be a function of the form

no n. .

Vi(x)=> ¢ ‘xi — X |+ AE(x) , where E(x) =) o' max(O, X; — xi*); and o <(0,1] and A>0 are
i=1 i—

appropriate constants. The Lyapunov function for the freeway model is the linear combination of

n .
the “Lyapunov function” for the uncongested model (i.e., V;(X) =) o' ‘Xi - X
i=1

+AZ=(x)) and a

n
penalty term, i.e., the term max[o,z I (x) - P(X)J, that penalizes large cell densities (and thus
i=1

penalizes the possibility of the state being out of the set Q<= S). The appropriate selection of the
weight of the penalty term K >0 forces the selected control action to lead the state in the set
Qc S (see Figure 3). In other words, the construction of the CLF guarantees that the control
action will first eliminate all congestion phenomena and then will drive the state to the desired
equilibrium,



Q \f,}-x*

<«
Figure 3: Idea behind Theorem 2.1

3. Proof of Main Result

Assumption (H) has non-trivial consequences. A list of the most important consequences of
assumption (H) is given below. All following consequences are exploited in the proof of Theorem
2.1.

Consequences of assumption (H):

(C1) The mappings [0,6;1> z —(z— f;(z))>0 are non-decreasing for i=1,...,n.

Property (C1) is a direct consequence of the fact that f;(z) <1 forall z€(0,5;).

(C2) For each i=1,...,n there exist constants 4 €(0,1), G; €[0,1] such that:

1 Sﬂi‘xi—xi*

*
1M

and [, (x) - ;

* *
i SGi‘xi_xl )

Property (C2) is a direct consequence of the fact that there exist constants L; € (0,1), 5 €(0,8]
such that f;:[0,a]— R, is cton (0,6) and 1-L; < f(z) for all ze(0,5;) and f(z) <1 for
all z<(0,4;). We conclude that (3.1) holds with 4 =L; €(0,1) and G, =1.

(C3) There exist constants & >0 (i=1..,n) such that f;(z)>6&z for all z<[0,5] and
i=1..n.

Property (C3) is a direct consequence of the fact that f;(z)>(1—L;)z forall ze (0,61 (a direct
consequence of the fact that 1— L < f;(z) for all ze(0,5,)), the fact that f;(z)> f;(5;) for all
ze€[5,6] and the fact that f,(z)> ™" for all ze[5,5] (for example, the selection
1) )

6 = mln[l L, a. Jsatlsfles (C3)).

The following consequence provides a useful linear lower bound on a weighted sum of exit rates.
Its proof is provided in the Appendix.

10



(C4) For every Iy,...,1, 20 with <min(q;,c;a;) for i=2,...,n, there exists a constant C >0
such that the following inequality holds for all xeS:=(0,a]x...(0,a,],
ueU =(0,+0)x[0, b]x...x[0, 1], d =(d,,...,d,,) e[O,l]”_l with p, =1=5s,,:

n

> (1+ pi(n—i))si+1fi(xi)2Ci(n+1—i)xi. (3.2)

i=1 i=1

Remark 3.1: The proof of property (C4) implies that the constant C >0 can be estimated in a
straightforward way. We define the positive constants Y; >0 (i=1...,n) using the recursive

formula:

L+ P (n+1-K) (+1-0(a -6 M g g 1+ py(1+1-K)

k-1 : (3.3)
n+2-k 2(n+1-k)a, +2(n+2-k)ag_; 1-py (h+2-K)a,4

kal = mln(Yk,

for k=n,n-1,..,2, with Y,, =6,,, where 8 >0 (i=1,...,n) are the constants involved in Property

Crdy — Ik
"2(1- py) fue1(Gea)
selected as C =Y;. However, the estimation of the constant C >0 by the recursive formula (3.3)
is, in general, conservative.

(C3) and I =min(1 j for k=2..,n. Then the constant C >0 can be

Finally, the last consequence provides useful equalities and inequalities for a weighted sum of
all vehicle densities of the freeway. Its proof is provided in the Appendix.

(C5) The following equality holds for all xeS:=(0,a]x...(0,a,], u=(u,....uy)
6(0,+°0)><5R$_l' d Z(dzf---’dn)e[oll]n_l with p, =1=sp,;:

n

i Ii(X+) = i Ii (X)+i(n +1—i)WiUi —Z(l+ pi(n —i))Si+1fi(Xi) (34)
i=1 i=1 i=1

i=1

j
where ;(x) ::Zxi for j=1..,n. Moreover, for every r,,..,r, >0 with r <min(q;,c;a;) for
i=1
I =2,...,n, the following inequality holds:

i li(x") < (1—C)Zn: |i(X)+i(n +1-i)u; , forall (x,u,d)eSxU x[0,1]"* (3.5)
i=1 i=1 i=1

where U =(0,+0) %[0, r]x...x[0,r,], and C >0 is the constant involved in (3.2).

We are now ready to provide the proof of Theorem 2.1.
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Proof of Theorem 2.1: Define #,=45, and S <(0,6], for i=1,..,n—1 to be the unique
solution of the equation

f(6)= mm{f ()ALt 51} (36)

Due to the inequalities (2.17) and the fact that £, = Nn, it follows that S >x for i=1..,n.
Define o, =¢; (ai—xi )—ui —@Q-piy) fig(6,) for i=2,..,n and wl:cl(al—xl)—ul. Next
define:

. x QU * (O . x @
c=min| B, x +— x +—* | fori=1..,n-1and g, =min X+ —- 3.7
H [ﬂ' "2 20—y )) Hn ['B” "2, j 3.7

Again, due to the inequalities (2.17) and the fact that 4 >x for i=1,...,n, it follows that s > x;
fori=1..,n.

It follows from (2.5), (2.7), (2.8), (2.9), (2.11), (2.12), (2.13), (3.6) and (3.7) that the following
equations hold when x e Q=(0, z4]x...x(0, z,] and u; €[0,u;] for i=1,...,n:

w,=1,fori=1..,nands; =1fori=2,..,n (3.8)
X =X — f0q)+u, X =% —f06)+ Q- piy) fiy(X4) +Uiy, for i=2,....n. (3.9)

To see this, notice that for all xeQ=(0,z4]x...x(0, 1,] and ue[0,u;]x...x[0,us] we have
U <min(oy,cy(a —%)) and u; +@— pi_g) fi1 (%) <min(q;,c;(a —x)) for i=2,...,n. Indeed,
assumption (H) in conjunction with equation (3.6) and definition (3.7) implies that

Uj + (L= pig) fia (6o0) < U7+ (@ pisg) fig () < U7+ (- piy) Fia (o) <

for i=2,..,n and for all xeQ=(0,4]x...x(0, 1] and u e[0,u;]x...x[0,u;]. The inequality

W <u; <q is directly implied by (2.17). Moreover, assumption (H) (and particularly the fact that
f; is increasing on [0,5] with f(z)<1 for all ze(0,5;) for i=1...,n) in conjunction with
(2.17) and definition (3.7) implies that

Ui + (1= pig) fig (X g) Ui + (A= pig) fig (X g) + (- pi—l)( fia(Xia)— fi—l(xi*—l))
< U+ (1= picg) fig (%g) + (L= pjg) max (O, Xi1— Xi*—l)
<U7 + (0= pig) fig () +% = %Ci (ai - Xi*)+%ui* +%(1— pi) fia (6 1) =¢ (ai - Xi*)_%

< (ai —xi*)—ci max(O,xi —Xi*)SCi (ai —x{“)+ci(xi*—xi):ci(ai - %)

12



for i=2,..,n and for all xeQ=(0,z4]x...x(0, 1,] and u€[0,u;]x...x[0,u]. The inequality

W <U; <c (g —x) isaconsequence of (2.17), definition (3.7) and the inequalities

Let 4 €(0,1), G; €[0,1] (i=1,...,n), be the constants involved in Property (C2). Let o €(0,1]
be a constant so that

L= max(/ln,__?wax_l(ﬂ,- +oG;(1- pi))) <1. (3.10)

Notice that max(ﬂn,. max (4 +oG;(1- pi))]<1 for all o <(0,1). In what follows, we have

i=1,...,n-1
Py =1=s,,,. Let r=u’ for i=2,..,n and let C>0 be the constant involved in (3.2). Let

Rc{L,...,n} be a subset of the set of all indices i e{L,...,n} for which u;" >0 and such that:

n+1—i)u’ < min (((n—=i)p; +1) f;(x")) and » (n+1-i)u’ <C min ((n+1-i)z) (3.11
(n+1-i)y <,min (((0=1) pi+1) ) and 3 (n+1-i)u7 <C min ((n+1-1) ) (31)
where g > xi* for i=1,...,n are the constants defined by (3.7). Such a set Rc{l,...,n} always
exists (for example, R<{L,...,n} can be the set of all indices ie{L...,n} for which u; >0).

Inequalities (3.11) imply that there exist constants ¢  (0,1) and b, € (O,u;") for i € R such that:

> (n+1-i)b+ > (n+1-i)uf < min (((n—i)pi +1) fi(xi*)) and

iR iR i=l,...,n

D (n+1-i)b+ D (n+1-i)u <&C min ((n+1-i)z). (3.12)

ieR igR =L

We next define the following parameters:

Define h:= min (ai (,ui —xi*)).

i=l...,n
e Define

Q:=max[m

n

i=1 i=1

and 0:= h_l(Q_gifﬂi_Tn((n +1-1) g4 )J

e Define " = min[h,(HL)‘lz(n +1—i)(ui* —by )J and let 7 €(0,77).
ieR
o Define A=1+(@1-L)"> o'y, where 3, =7 }(uf —by) for ieR.
ieR

13
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n . n .
Yo max(ai — X, xi*)+ A o' (ai —Xi*)—(A+ L)h
e Define K =1L =1

.....

We next prove the implication:
If xeQ=(0,z4]x..x(0, 4], d €[0,]"* and u €[0,u;]x...x[0,u] then Z(x*) < LE(x) (3.13)

where L e(0,1) is defined by (3.10) and x™ = F(d, x,u). Indeed, using (3.9) and definition (2.19),
we get for all xe Q= (0, z4]x...x(0, 1,], d €[0,1]"* and u [0, u; ]x...x[0,u"]:

Z(x1) =Zn:ai max(O, X, — fi (%) + Q= piy) fig (Gg) + Uy — xi*)+amax(0, X — f064) +u; — xf)
i =2 ) (3.14)
<o max(0,% = i04) + Fi06) =X )+ 20" A= pa)max (O, fi 1 (x.1) — Fia (X))
i=1 i=2

Using (3.1), the fact that z; < J; for i=1,...,n (a consequence of (3.6) and (3.7)) and the fact that
f; is increasing on [O,Si] for i =1,...,n (a consequence of assumption (H)), we get:

max(o, fi(xi)—fi(xi*))sGi max(O,xi—xi*),foraII x €[0,], i=L...,n.  (3.15)

Using properties (C1), (C2) and the fact that s <&; for i=1..,n (a consequence of (3.6) and
(3.7)), we get:

max(o,xi — (%) + fi(xi*)—xi*)gﬂi max(o,xi —xi*),for all % e[0,44], i=1...n. (3.16)

Combining (3.10), (3.14), (3.15), (3.16), we obtain implication (3.13).

Next, we show the implication:
If xe$S, de[0,1]"* and ue[0,u;]x...x[0,u"] then P(x*)>P(x). (3.17)

where x™ =F(d, x,u). Indeed, (3.17) is a direct consequence of (3.13) and definition (2.21) when
XeQ=(0,z4]%..x(0,14,]. On the other hand, when xeS\Q there exists at least one

ief{L...,n} for which x > . Therefore, definition (2.19) implies E(x)>_Tin (oi (,ui —xi*)),
1=L,..., n

and consequently definition (2.21) gives P(x)=Q-6h (a consequence of the fact that
h= min (ai (,ui —xi*))). Since P(x)>Q-6h for all xeS (a consequence of (2.21)), we get

i=l...,n

P(x")>Q-6h=P(x) when xeS\Q.

In what follows, we have x* =F(d,x,k(x)). Next we make the following claims. Their proofs
can be found in the Appendix.
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(Claim 1): For all xe S, d €[0,1]"%, the following inequality holds:
n..
V(X SV -@-DY o' x|, (3.18)
i=1

(Claim 2): There exist constants K, > K; >0 such that the following inequality holds.

Kl‘x—x*‘£V(x)sK2‘x—x* forall xeS. (3.19)

Using (3.18), the fact that o < (0,1], and (3.19), we get forall xS, d [0,1]"*:

V(x") <V (X) - (- L)iai ‘xi —x
i=1

<V(x)-(1-L)o" ‘x—x*

< (1— (1- L)a“Kgl)v ().

The above inequality implies that the inequality

V(F(,x k(x)<LV(x) forall xeS, de[0,1]"* (3.20)

holds with L:=1-(1-L)o"K,*. Notice that [ e(0,1). Inequalities (3.19) and (3.20) show that
the function V:S — %R, is a Lyapunov function with exponent 1 for the closed-loop system

(2.15) with u=k(x). Remark 1.3 guarantees that x* is RGES for the closed-loop system (2.15)
with u=Kk(x). The proof is complete. <

Remark 3.2: The proof of Theorem 2.1 provides a methodology for obtaining an estimation of
the set Rc{l,...,n}, the constant o (0,1] and the critical constant 7*>0. Let ri:ui* for
1=2,..,n and let C >0 be the constant involved in (3.2). Select R —{},...,n} to be a subset of the

set of all indices i e{L,...,n}, for which u;" >0 and for which there exist b,  (0,u;") such that:

3 (n+1-i)b + 3 (n+1-i)uf siT_i?n(((n—i) pi +1) f; (")) and

ieR igR

iZR(n+l—i)bi +iZR(n+1—i)u;k <Cig.],.i.h,n((n+1_i)ﬂi)

where g > xi*, for i=1,...,n, are the constants defined by (3.6). Let £ €(0,1) be a constant which

satisfies Z(n+1—i)bi+2(n+l—i)ui*SgC_Tin ((n+1-i)s4). The estimation of the critical
iR iR =l

constant z* >0 may be done in the following way:

G; €[0,1] (i=1...,n), are the constants involved in Property (C2).
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e Define h::ig.i.rjn(ai (Hi —xi*)).

e Define

Q:=max( min (ui(n+1—i)) (= C)ZI (X*)+(1- C)h max ((n+1 o~ i)+zn: n+1-i) J
i=1

----- i=1 1...n

and 0:=h" (Q P Tln ((n+1—i),ui)j,where (%) :=§1:xi for j=1,

The estimated value of 7* >0 is given by 7" = min[h,(eL)‘lz(n +1—i)(ui* ~b, )) However,
ieR

the estimated value of z* >0, which is obtained by applying the above methodology, may be

conservative (significantly smaller than the actual value).

4. lllustrative Examples

The issue of the selection of which specific inflows must be controlled for the stabilization of the
uncongested equilibrium point of a freeway is crucial. The following example illustrates how
Theorem 2.1 can be used for such a selection.

Example 4.1: Consider a freeway model of the form (2.11), (2.12), (2.13), (2.8) with n=4 cells.
The first and the third cell have one on-ramp, while there are no intermediate off-ramps (i.e.,
p; =0 for i=1,2,3). Each cell has jam density a =80 [veh] and is characterized by the same

demand functions which are given by:

(9/10)z for z€[0,40]
f.(z)=1(9/10)80—z) for z(40,370/9] (i =1...4).
35 for z e (370/9,80]

Assumptions (H) hold with 6; :gi =40[veh], ¢; =9/10, d; =36 [veh] (leading to a triangular-
shaped FD) and L; =1/10 (i=1...,4). Property (C3) holds with & =7/16 for i=1,...,4. The

value of constant C >0 that satisfies (3.2) was estimated by applying the procedure described in
Remark 3.1 with b =35.9 [veh], r, =1, =0[veh] and r; =1[veh]. It was found that C >0.005.

Next, we consider inflows u; =35.5[veh], u; =u; =0 [veh] and uj >0 [veh]. The uncongested

equilibrium point exists for all u§ <0.5[veh]. However, for constant inflow u; =35.5[veh], the

uncongested equilibrium point is not globally exponentially stable due to the existence of
congested equilibria. Therefore, there is a need for controlling the main inflow u;. At this point,

the following question becomes crucial:

“For what values of ug €(0,0.5) can the uncongested equilibrium point be globally
exponentially stabilized by controlling only the inflow uy, i.e., for what

values of u; €(0,0.5) do we have R={1}?".
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We checked numerically inequalities (3.11) by computing the values of z4 from (3.6) for given

values of ug. It was found that inequalities (3.11) hold for R ={1}, provided that ug <0.1[veh].
Therefore, we conclude that the uncongested equilibrium point can be globally exponentially
stabilized by controlling only the inflow u; for uz <0.1[veh]. The answer may be conservative,
since the estimation of the constant C >0 that satisfies (3.2) is conservative. <

Example 4.2: Consider a freeway model of the form (2.11), (2.12), (2.13), (2.8) with n=5 cells.
The freeway stretch considered for the simulation test is 2.5 km long and has three lanes. The
cells are homogeneous, thus each cell is 0.5 km and it has no intermediate on/off-ramps (i.e.,
u; (t) Eui* =0 for i=2,3,4,5 and p, =0 for i=1,...,4) (Figure 4). Consequently, the only control
possibility is the inflow u; of the first cell. The simulation time step is set to T =15s. However,
since all flows and densities are measured in [veh] (as imposed by the form of the model (2.11),
(2.12), (2.13), (2.8)), the cell length, the time step and the number of lanes do not appear explicitly
but they are only reflected implicitly in the values of every variable and every constant (e.g.
critical density, jam density, flow capacity, wave speed etc.) corresponding to density or flow.
Each cell has the same critical density & =55[veh] (i=1,...,5) (corresponding to 36.7

[veh/km/lane] with the above settings) and the same jam density a =170[veh] (i=1...,5)

(corresponding to 113.3 [veh/km/lane]). We also suppose that the cell flow capacities are
g; =25[veh] 1=12,3,4 and g5=20[veh] (corresponding to 2000 [veh/h/lane] and 1600
[veh/h/lane], respectively). Note that the last cell has 20% lower flow capacity (e.g. due to grade
or curvature or tunnel or bridge etc.) than the first four cells and is therefore a potential bottleneck
for the freeway. Furthermore, the congestion wave speed is ¢; =25/115(i=1...,4) and

C5 =20/115 (corresponding to 26 [km/h] and 20.9 [km/h], respectively).

Figure 4: Freeway stretch.

Figure 5 depicts the triangular fundamental diagrams for the above model. The dash-dotted line
corresponds to the demand function, while the solid line corresponds to the supply function. More
precisely, the demand part for every cell is given by the following functions:

(5/11)z 2 €[0,55]
f.(z)=1(25/115)(170-2) < (55,87.2]
18 z €(87.2,170]
(4/11)z 2 €[0,55]
(i=1..,4), fs(z) ={(20/115)170-2) 7 (170,72.25]
17 7 € (72.25,170]

Notice that the capacity drop phenomenon has been taken into account by considering a partly
decreasing demand function for over-critical densities x; € (55,170].
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Figure 5: Fundamental diagram of every cell.

Assumption (H) holds with &; = &, =55 [veh] (i=1,...,5), L =6/11(i=1..,4), Ly=7/11.
The uncongested equilibrium point x; =11u; /5[veh] (i =1,..,4), Xt =11u; / 4[veh], exists for
u; < 20[vehl.

equilibrium point for main inflow u;" less than 17 [veh]. For higher values of the main inflow, the

uncongested equilibrium point is not globally exponentially stable due to the existence of
additional (congested) equilibria. This is shown in Figure 6, where the evolution of the Euclidean
norm of the deviation of the solution of the open-loop system, with constant inflow

U, =19.99 [veh], from the uncongested equilibrium point is depicted. In this test, the solution is

attracted by the congested equilibrium (91.8,91.8,91.8,91.8,72.25) [veh] for which the value of
the Euclidean norm of its deviation from the uncongested equilibrium point is 97,19 [veh]. The
components of the uncongested equilibrium for u =19.99[veh], are xi* =43.978 [veh]

Simulations showed that the open-loop system converges to an uncongested

(i=1..,4) and xg =54.9725[veh]. Therefore, if the objective is the operation of the freeway
with large flows, then a control strategy will be needed.

}\ 300 ] . ] .

%

€ __ 2001 1

2

S 100f

5

Tj’ 0 | ] ] ]

L 0 0.2 0.4 0.6 0.8
Time [h]

Figure 6: The evolution of the Euclidean norm of the deviation x(t)-x" of the state from the
uncongested equilibrium, i.e., ‘x(t)—x* , for the open-loop system with constant inflow

U =19.99 [veh] and with fully congested initial condition X, = (&,3,,83,8,,3s5)’ .
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We next notice that property (C2) holds with 4 =6/11, G; =5/11 (i=1,...,4), A5 =7/11 and
Gs =4/11. Therefore, we are in a position to achieve global exponential stabilization of the
uncongested equilibrium point for model by using Theorem 2.1. Indeed, Theorem 2.1 guarantees
that for every o e(0,1] there exists a constant by € (0,u;’) and a constant y >0 such that, the

feedback law k : (0,10]° — R, defined by:

ulzmax[uf—yiai max(O, X; —xi*),blj (4.1)

i=1

achieves robust global exponential stabilization of the uncongested equilibrium point
X =04, X)) € (0,55)5 for the closed-loop system.

We selected u; =19.99 [veh], which is very close to 20 [veh], the capacity flow of cell 5. The

value of the constant by e (0,u;) was chosen to be 0.2 [veh]; this is a rather low minimum flow

value in practice, but allows us here to study the dynamic properties of the regulators in a broader
feasible control area. Various values of the constants o< (0,1] and y >0 were tested by

performing a simulation study with respect to various initial conditions. Low values for o < (0,1]
require large values for y >0 in order to have global exponential stability for the closed-loop

system. Moreover, in order to evaluate the performance of the controller, we used as a
performance criterion the total number of Vehicles Exiting the Freeway (VEF) on the interval
[O,N], i.e.,

N
VEFy =Y f5(xs(k-T)). (4.2)
k=0

Notice that the freeway performs best (and total delays are minimised) if VEF is maximized; the
maximum theoretical value for VEF is 20-(N +1), which is achieved if cell 5 is operating at

capacity flow (gg = 20[veh]) at all times. For N =200, the maximum theoretical value of VEF is
4020 [veh].

All following tests of the proposed regulator (4.1) were conducted with the same values o =0.7
and y=0.6. The response of the density of the fifth cell for the closed-loop system with the

proposed feedback regulator (4.1) and initial condition xy = (60,57,58,60,62)" is shown in Figure

7 (solid line). The densities of all the other cells have similar responses and therefore are omitted.
Notice that all initial cell density values are slightly overcritical (slightly congested). For this case,
we had VEF,qy, =3979.8 [veh]. The feedback regulator is seen to respond very satisfactorily in

this test and achieves an accordingly high performance.
A detailed comparison of the proposed feedback regulator (4.1) was made with the Random

Located Bottleneck (RLB) PI regulator, which was proposed in [34]. The RLB PI regulator for the
present system is implemented as follows:

Vi (€)= M (U My €3 (3 — 4t =), Uy € =) 7, X (Ui =1 = K, (%, (0) =%, (E-D) + K, (& -%,0)))
(4.3)
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fori=1..,5,

V() =y (1) +(L-Hv"(t-1), for i =1,...,5 (4.4)
j(t) =min {I e{,2,3,4,5}:v"(t) = _Tins(vism (t))} (4.5)
U (t) = V@) (t) . (4.6)

where v, K,,K; >0 and 3 (0,1) are constant parameters. Essentially, (4.3) reflects the parallel

(independent) operation of five bounded Pl-type regulators, one for each cell; while (4.4)
performs an exponential smoothing of the respective obtained inflows (with smoothing parameter
$). Eventually, the smoothed inflow values are compared in (4.5) in order to pick the currently
most conservative regulator; whose (unsmoothed) inflow is finally actually activated as a control
input in (4.6), see [34] for the background and detailed reasoning for this approach. The
parameters for the RLB Pl regulators are set (as proposed in [34] - with the suitable
transformation in the current units) to be K, =5/18, K; =1/90, while y =4[veh], =05,

Umin =0.2[veh] and u,x =25[veh]. These values were indeed tested, before being adopted, and

were indeed found to be near optimal. Notice that all Pl regulators were given the same gain
values for simplicity and convenience, as suggested in [34]. In all reported tests, the initial

condition for the RLB PI regulator was v;(-1) =" (-1) =, (-1) =20 [veh], for i=1,...,5, and
X(=1) = x(0) = x,, where X, is the vector of the initial values for the densities of every cell.
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Figure 7: The response of the density of the fifth cell for the closed-loop system with initial
condition X, =(60,57,58,60,62)" using: the proposed feedback regulator (4.1) (solid line); and

the RLB PI regulator (4.3), (4.4), (4.5), (4.6) (dash-dotted line).

When applied to the same initial condition xy =(60,57,58,60,62)", the RLB PI regulator

(Figure 7, dash-dotted line), led to slower convergence compared with the proposed regulator
(4.1) (Figure 7, solid line). This is also reflected in the computed value of VEF,5, =3785.9 [veh]
for RLB PI regulator. In general, conducting a simulation study with various levels of initial
conditions, the proposed regulator (4.1) exhibited faster performance than the RLB PI regulator.

For example, Figure 8 shows the evolution of the Euclidean norm ‘x(t)—x* for the closed-loop
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system with the proposed feedback regulator (4.1) (solid line) and for the closed-loop system with
the RLB PI regulator (4.3), (4.4), (4.5), (4.6) (dash-dotted line), when starting from the initial
condition Xy =(a,ay,83,84,8z)", reflecting a fully congested original state. It is again clear that
the proposed feedback regulator (4.1) achieves faster convergence and higher performance of
VEF,q, =3845.2 [veh], while VEF,q, =3007.8 [veh] resulted for the RLB PI regulator.

% 300 . . ' '

X

£ _ 200 |

o) .C

z 2

< =100 .

(h]

2 ‘~,

S ‘-"-"_""""'=.l.-.|.--— o ,

0 % 0.4 0.6 0.8 1 1.2
Time [h]

Figure 8: The evolution of the Euclidean norm of the deviation x(t)-x" of the state from the
uncongested equilibrium, i.e., ‘x(t)—x* , for the closed-loop system and initial condition

X, =(ay,8,,a3,84,a5)" for two cases: for the proposed feedback regulator (4.1) (solid line); and for
the RLB PI regulator (4.3), (4.4), (4.5), (4.6) (dash-dotted line).

We next investigated the robustness of the proposed feedback regulator with respect to
measurement errors. The applied formula for the measurements is:

%(t) = P (x(t) + Ae(t)) (4.7)

where P is the projection operator on the closure of S, e(t) is a normalized vector, and A>0 is

the magnitude of the measurement error. In this case, the feedback law (4.1) was implemented
based on the state measurement X(t) given by (4.7), i.e.,

U (t) = max(uj_‘ —yiai max(O, i (t)—xi*),bl]. (4.8)

i=1

For comparison purposes, we also present the performance of the RLB PI regulator for the
same system, under the same measurement errors. In this case, equation (4.3) is replaced by the
equation

vi(t)= min(umax ,min(cy, ¢ (g —x (t-D),u (t-12)) +v, max(umin V(=1 - Ko (%0 %t -1))+K, (& - % (t))))

(4.9
for i=1,...,5, where the state measurement X(t) is given by (4.7).

Figure 9 shows the evolution of the Euclidean norm of the deviation of the state from the
uncongested equilibrium point for two cases: for the closed-loop system with the proposed
feedback regulator (4.8) (solid line); and for the closed-loop system with the RLB PI regulator
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(4.9), (4.4), (4.5), (4.6) (dash-dotted line); where the state measurement in both cases is given by
(4.7) with A=10[veh], e(t) = L2V

N3

(11...1), @=7. The initial condition is the uncongested

equilibrium point.

| | 1

0 0.1 0.2 0.3 0.4 0.5 0.6
Time [h]

Figure 9: The evolution of the Euclidean norm of the deviation x(t)-x* of the state from the
uncongested equilibrium, i.e., ‘x(t)—x* , for the closed-loop system and initial condition the

*
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uncongested equilibrium point for two cases: for the proposed feedback regulator (4.8) (solid
line); and for the RLB PI regulator (4.9), (4.4), (4.5), (4.6) (dash-dotted line). In both cases the

state measurement is given by (4.7) with A=10[veh], e(t):(cos(a)t)/\/g)(],l,...,l) and w=r.

In this test, the RLB PI regulator is less sensitive to measurement errors than the proposed
feedback regulator (4.8), the latter producing a higher offset (Figure 9, solid line). This is also
reflected in the computed values of VEF,, = 3789 [veh] for the proposed feedback regulator (4.9)

(which is 6% less than the maximum value of VEF,q,) and VEF,y, =4016.8 [veh] for the RLB PI

regulator (which is 0.8% less than the maximum value of VEF,y,) due to the measurement error.

The ultimate mean values of the states are much closer to the equilibrium values for the RLB PI
regulator than for the proposed feedback regulator (4.8), indicating that the RLB PI regulator
achieves a much smaller mean offset in this case. It should be noted at this point that various
frequencies @ were tested for measurement errors. While Figure 9 is typical for medium and high
frequencies (the RLB PI regulator achieves a smaller mean offset than the proposed feedback
regulator (4.8)), the results indicate higher sensitivity of the RLB PI regulator with respect to
measurement errors at low frequencies (Figure 10). For low frequency measurement errors, the
proposed feedback regulator (4.8) achieves a smaller mean offset than the RLB PI regulator, as
shown in Figure 10. Figure 10 shows the evolution of the Euclidean norm of the deviation of the
state from the uncongested equilibrium point for two cases: for the closed-loop system with the
proposed feedback regulator (4.8) (solid line), and for the closed-loop system with the RLB PI
regulator (4.9), (4.4), (4.5), (4.6) (dash-dotted line), where the state measurement in both cases is

given by (4.7) with A=10[veh], e(t) =(cos(wt)/J§)(1,1,...,1), ®=0.1. The initial condition is
the uncongested equilibrium point.
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Figure 10: The evolution of the Euclidean norm of the deviation x(t)-x* of the state from the
uncongested equilibrium, i.e., ‘x(t)—x* , for the closed-loop system (4.1) and initial condition the

uncongested equilibrium point for two cases: for the proposed feedback regulator (4.8) (solid
line); and for the RLB PI regulator (4.9), (4.4), (4.5), (4.6) (dash-dotted line). In both cases the

state measurement is given by (4.7) with A=10[veh], e(t) = (cos(a)t)/\/g)(l,],...,l) and ©=0.1.

The conclusions of this simulation study are:

e The proposed feedback regulator (4.1) can achieve a faster convergence of the state to the
equilibrium compared to the RLB PI regulator in the absence of measurement errors.

e The proposed feedback regulator (4.1) is quite robust to measurement errors. However, it
IS more sensitive to measurement errors with high frequency than the RLB PI regulator;
but it is less sensitive to low-frequency measurement errors than the RLB PI regulator.
Intended future extensions are expected to improve the properties of the proposed

feedback regulator in this respect, as well as in cases of modelling errors or persisting
disturbances.

5. Conclusions

This work provided a rigorous methodology for the construction of a parameterized family of
explicit feedback laws that guarantee the robust global exponential stability of the uncongested
equilibrium point for general nonlinear and uncertain discrete-time freeway models. The
construction of the global exponential feedback stabilizer was based on the CLF (control
Lyapunov function) approach as well as on certain important properties of freeway models.

Simulation-based comparisons were made with an existing feedback law, which was proposed
in the literature and has been in practical use. More specifically, we compared the performance
and some robustness properties of the closed-loop system under the effect of the proposed
feedback law and under the effect of the Random Located Bottleneck (RLB) PI regulator [34]. In
most cases, it was found that the performance and the robustness properties guaranteed by the
implementation of the proposed feedback law were good and comparable to or better than the
performance and the robustness properties induced by the RLB PI regulator.

23



Future research will address robustness issues in a rigorous way: the knowledge of a Lyapunov
function for the closed-loop system can be exploited to this purpose. Finally, the present approach
does not consider the impact of inflow control on upstream traffic flow conditions (e.g. queue
forming at on-ramps); future extensions will address these issues appropriately. Testing of the
proposed feedback approach with other (e.g. second-order) traffic simulation models is also under
way.
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Appendix

Proof of (C4): We prove the following claim:
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(Claim): For all m=1,...,n-1 there exists a constant C, >0 such that the following inequality
holds for all XxeS:=(0,a]x...x(0,a,], ueU =(0,+00)x[0,r,]x...x[0,1,],
d =(d,,...d,) e[0,2]" :

i(l'i‘ pi(n—i))si+1fi(xi)ZCmZn:(n+1—i)Xi . (Al)

i=m i=m

Property (C4) is a direct consequence of the above claim.

Chan — Iy
’ 2(1_ pn—l) fn—l(é‘n—l)
Property (C3), we get for all (X,.1,X,)<(0,8,4]x(0,a,], ueU =(0,+0)x[0,r,]x...x[0, 1],
d =(d,,...d,) €[0,2]"* with s, >1,:

First we prove the claim for m=n-1. Define |, = min(l J Indeed, using

fo (%) +(1+ Pr1) S Fra (Xh 1) =

(- 1+p, (A2)
Ly (14 Pt ) GhaXna +GnXn = (X, +2xn_1)m|n(9n,T”1|n0n_lJ

On the other hand, for all (x,4,X%,)€(0,a,1]1x(0,a,], ueU =(0,+0)x[0,r,]x...x[0, 1],
d =(d,,...d,) €[0,1]"* with s, <y, it follows from (2.8) that
(- Pn1) frg (Xn_1) + Uy >min(ay,, ¢, (a, —X,)) . We distinguish the cases:

o min(dy,,c,(a, —%,))=C,(a, —X,) . In this case, we have a,—c,lq, <x,. Assumption
(H) in  conjunction with the fact that u,<r,<c,a, implies that

I, (- prg) fra (Ong) +1, > (@, — X,). which by  virtue of  definition
. Cha, — . 1 _ .

I, =min| 1, n“n__n , gives X, >=(a,—c.'r, ). Using Property (C3), we

" ( 2(1_ pn—l) fn—l(é‘n—l) J " 2( " " n)

get:
fn (Xn) +(1+ pn—l)sn fn—l(xn—l) 2 49an 2 en %(an _CrTlrn ) 2 en %(an _CrTlrn )21—25
e min(q,,c,(a,—X,))=0,. In this case, we obtain from (2.8) and the fact that u, <r, <q,
On —n
(1_ pn—l) fn—l(Xn—l)

the inequality s, > . Using Property (C3), we get:

!
fo (Xa) + (14 Pn1) S Frca (K1) = 62X, +(1+ Pt ) ‘in_ pn
n
qn _rn 2Xn_1 . qn _rn 1+ pn_l
> 0%, +(1+ ————=2>(X, +2X4_ )Min| G,
o ( pn_l)l_ Pn 2854 ( " n_l) ( "1- Pn 2871 j
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It follows from (A.2) and the above inequalities that (A.1) holds with

1
C,,=min| @ 1+ Py 1.0 Hn (an ~n I‘n) 1+ Phg Oh— M
i " " 128, ) 1o Py 280,

Next, we suppose that the claim holds for m=k €{2,...,n—1} and we show that the claim holds

2(1— py-1) feea(Sa)
(C3), we obtain for all xeS:=(0,a]x...x(0,a,], ueU=(0,+0)x[0,r,]x...x[0,1,],

d =(d,,...,d,) €[0,2]"* with s, > :

for m=k—1. Define I, :min(l, S~k ] Using (A.1) for m=k and Property

D> (1+ p(n=i))si,1 (%)
i=k-1

Z (1+ pi(n=i)) 5,1 F06) + (14 py_g (N +1-K)) 5y 1 (X o)

= ) (A.3)
>Cy Y (n+1-1)% +(1+ Py (N+1-K) )l G 1% =

k
n
Zmin(C L (0 +12K)Peg ) g 1j > (n+1-i)x

n+2-k ]

On the other hand, for all xeS:=(0,a]x...x(0,a,], ueU =(0,+0)x[0,r,]x...x[0,1,,],
d =(d,,...,d,) e[0,1]"* with Sk <y it follows from (2.8) that
e (L= Py_1) fr1 (Xeg) + U >min (g, ¢ (@ —Xc)). We distinguish the cases:

e min(0y,Cy(ax — X)) =Cx(a —X). Assumption (H) in conjunction with the fact that
Ug <n <cea, implies that I, (1—py_y) fua(S1) + 1 > C (8 — %), which by virtue of
G — T
2(1= py1) f1(Sk1)
m=Kk and Property (C3), we get'

n

D 1+ pi(n—i))sip fi (X)>Z 1+ pi(n—i))si, £ (4)

i=k—-1

definition I :min[L J gives X >%(ak —cglrk). Using (A.1) for

zckZ(n +1-i)x =C, Z (N+1-i)x +C, (N+1-K)x,
i=k i=k+1
>C, Z (n+1-i)x +Cy (n+1-k) = (ak—cglrk)
i=k+1
(n+1-K)x, +(n+2-K)x 1
(n+1-k)a, +(n+2-Kk)a,_4

>C, Z (n+1-i)x +C (n+1-k)= (ak— n )
i=k+1

(n+1—k)(ak—c|{1rk) n

S (n+1-i)x
2(n+1-K)a, +2(n+2-k)ay_y ;5

>C, min| 1,
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e min(qy,c(ax —Xc))=0. In this case, we obtain from (2.8) and the fact that u, <r, <q

Ok — Ik

. Consequently, we get:
(- pxa) fea(Xh0)

the inequality s, >

n

Z 1+ pi(n—i))si,1 i (%)

=k-1

Z (14 pi(n=1)) 841 £ 06) +(1+ Pa (N +1-K)) 8 Fie 1 (X1)

n —
Ce Y (N+1-i)x; +(1+ P g (n+1—k)) kT
i=k 1- pk—l

\

n

Z(n+1 )% +(1+ e (n+1— k)) —h (N+2-K)X4

1-pgq (N+2-Kk)ay 4

> min| ¢, , Sk =fic 1+ P (n+1-k) Z(n+1 )X
- “1-py (N+2-K)a, et

It follows from (A.3) and the above inequalities that the claim holds for m =k —1 with:

-1
G, , =min| c, T Paln+1-K), , (+1-KC (& -6 ) g —r 1+ py(n+1-K) )
“ T2k Yol -K)a +2(n+2—K)a; 1-py (N+2-K)a, |

Proof of (C5): The following equations hold for all xeS:=(0a]x...(0,a,],
U=(Uy,....u,) €(0,40) xR, d=(d,,....d,) e[0,]"* with p,=1=s,,,; and are direct

j
consequences of (2.11), (2.12), (2.13) and definitions Ij(x) ::in for j=1,

i=1
j j—1
Ij(X+):Ij(X)+ZJ:V\’iUi_JZ:Si+1pi fi(Xi)—Sj+1fj(Xj),f0r j:2,...,n—1 (A4)
i=1 i=1
() =1, (x)+2wu Zs.mo.f(x) o (%n) (A5)
i=1

Equality (3.4) is a consequence of (2.11), (A.4), (A.5) and definitions p, =1=5,,;.

Combining (3.4) and (3.2), we get:

Zn:Ii(x+)gili(x)—czn:(nﬂ—i)xi+Zn:(n+1—i)wiui,for all (x,u,d)eSxUx[0,1]"?. (A.6)
i1 i=1 i=1 i=1

n n
Since w;, €[0,1] (i=1..,n)and ) I;(x)=> (n+1-i)x, it follows from (A.6) that (3.5) holds. <
i1 i1
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Proof of the Claim 1 made in the proof of Theorem 2.1: We distinguish two cases.

Case 1: xeQ=(0, z4]x%...x(0, 14,], d €[0,1]" .

Definition (2.20) and equations (3.4), (3.8), (3.9) with u; =k;(x) <u;" give:

V(x") = U‘Xl S CORIUES Xik""_zai ‘Xi — f,06) +(@— pi_g) fia(Xi_g) +U =X
) ) = i (A7)
+K max(O, D L= A+ =i)p) fiOg)+ D (n+1-i)u; - P(x*)j+ AZ(x™)

i=1 i=1 i=1

with p, =1. Using (3.13), property (C2), the fact that Sgi for i=1,...,n (a consequence of
(3.6) and (3.7)) and definition (3.10), we get from (A.7):

V(x")< LG:ai ‘xi —xi*‘+zn:ai ‘ui —ui*‘+ LAZ(X)

i:1n i i=1 i (A8)

+K maX(O,Z |i(X)—Z(1+(n—i) Pi ) fi(Xi)+Z(n +1—i)ui - P(X+)J
i=1 i=1 i=1

It follows from the combination of (2.18) and inequality (A.8) that the following inequality holds
forall xeQ:

V(xH) < LG:ai ‘xi —xi*‘+Zai min(yiE(x),ui* ~b, )+ LAZ(X)

i—ln n ieR n (Ag)
+K maX[O,Z Ii (X) —Z(l+ (n —|) P ) fi (Xi) +Z(n +1—i)ui - P(X+)]
i=1 i=1 i=1
Inequality (3.2) and equations (3.8) imply that:
Zn:(1+(n—i)pi) f.(x) zci 1 (%). (A.10)
i=1 i=1
Using (A.8) and (A.10), we get:
V(x*H) < LG:a‘ ‘xi —xi*‘+ 3o min(;/iE(x),ui* b )+ LAZ(x)
i=1 i ieR i (All)
+K max[o, @-C)D L)+ (n+1-i)u; — P(xﬂj
i=1 i=1

We next distinguish two cases:
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Case 1(i): E(x)<z. In this case we have pE(x)<ui —b for all ieR. Since Z(x)<h (a
consequence of r<z'<h), we get from (3.13) and definition (2.18) that
U =ki(x)=u -y Z(x)>b, for all ieR and min(h,E(x*))sLmin(h,E(x)). Using the

i
definitions 1;(x) =% for j=1,..,n, P(x):=Q-6#min(h,Z(x)) and the facts

i=1
e Q>(1- C)ZI (x') +(1-C)h max ((n+1 o i)+zn:(n+1—i)ui*
= Ee i=L
o D (n+l-i)y =) (n+l-i (u —b) ‘1Z(n+1—i)(ui*—bi)26?L (a consequence
ieR ieR ieR
of r< 7" < (L)Y (n+1-1)(uf by )),

ieR
. Zn: n+1-i)(x —x)<Z((n+l |)a‘)o max(0,  ~X') < max ((n+1 |)a‘) (X) for

i 1 = T
i=1,...,n (aconsequence of definition (2.19)),

we get:

N
LN
IN
[uN

Q> 6OLE(X) - Z (N+1-i)yE(X) + (- C)Zl(x)+(1 C)Z (n+1- |(x—x)+z n+1l-i)u’ =

ieR

Q> emin(h,a(x+))+(1-C)Z 10+ (n+1-1) (U -7200)+ Y (n+1-i)u =

i=1 ieR iR

Zn: n+1-i)u; + (- C)ZI (x)—P(x™)
i-1

i=1
Combining (A.11) with the above inequality, we obtain:

V(xt) < LG:a‘ ‘xi -x;"\+ 3 o'yiE(x) + LAZ(). (A.12)
i=1 ieR

It follows from (A.12) and the fact that A>(1— L)‘lzaiyi that (3.18) holds when E(x) <7 .

ieR
Case 1(ii): Z(x)>7. In this case y;E(x)>u; by for all ieR. Definition (2.18) implies that
ki(xX)=b; for all ieR. Moreover, in this case there exists at least one ie{l,...,n} for which

X; > xi*. Since f; is increasing on [0, 4] for i=1,...,n (a consequence of (H) and the fact that
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1 <6;), we conclude that there exists at least one ie{l,...n} for which f. (%) > fi.(%).
Consequently, we get from (3.12) and the fact that u; =k; (x) =b; forall ieR:

n n

D (n+1-i)u =D (n+1-i)b + Y (n+1-i)u < min (((n—i)pi +1) fi(xi"))sZ((n—i)pi +1) (%) -

i—1 ieR izR 1=1..n i—1

Combining (3.17), (A.9) with the above inequality and using the fact A>(1— L)_lzieRUi?’i , We
conclude that (3.18) holds when Z(x) > 7.

Case 2: xeS\Q, d <[0,1]"*.

In this case, there exists at least one ie{l,...,n} for which x, > z. Therefore, definition (2.19)

implies Z(x) > h:iglinn(ai (/,zi —xi*)), and consequently definition (2.21) gives P(x)=Q-6h.

Moreover, definition (2.18) gives k;(x)=b, for all ieR (a direct consequence of the facts that
r<7" <h and y :r‘l(u?—bi)zh‘l(u;‘—bi)). Combining, we get from definition (2.20) and
(3.17):

V(x") =iai ‘x,* X
i—1

+AZ(X")+K maxLO, i i (x") - P(X+)J
=1 (A.13)

no
<o % —x

i=1

+K max[o,zn: I (x") —Q+¢9hJ+ AZ(x™)

i=1

Using (35), the facts that u; =kj(x)=b for all ieR, Q-6h=¢ min ((n+1-i)z) and

1=l,..., n
D (n+1-i)b + > (n+1-i)uf SgC_Tin ((n+1-i)4) (which  both imply  that
ieR iR =l

D (n+1-i)b + D (n+1-i)u <C(Q-6h)), we get:
ieR iR

max[o,zn: Ii(x+)—Q+9h]s (1—C)max(0,zn: Ii(x)—Q+9h]. (A.14)

i=1 i=1

Combining (A.13) and (A.14), we get:

+ *
Xi — X

V(x+)szn:a‘

i=1

+K(l—C)max(O,Zn:Ii(x)—Q+9h]+ AZ(x). (A.15)
i=1

Definition (2.19) in conjunction with (A.15) implies that the following inequality holds:

V(x*)giai max(ai —xi*,xi*)+ K@1-C) max(o,ili(x)—Q+0hJ+ Aioj (ai —xi*). (A.16)

i=1 i=1 i=1
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The fact that there exists at least one i €{l,...,n} for which x; > s, implies that

n n
D) =D (n+1-i)x Z_Tin ((n+1-i) ). (A.17)
i1 i—1 =L,
Using (A.16), (A.17) and the fact that Q —6h = g_Tin ((n+1-i) ), we obtain:
i=1,...,n

V(x") szn:ai max(ai —xi*,xi*)+ K max(o,znlli(x)—Q+6?hj
i—1 i—1 (A18)

i=l1,...,n

+A_Zn1:oi (ai —xi*)—KC(l—g)_min ((n+1-i) )

>0t max(a - )+ AY o' (- ) - (A+Dh @
. (1- e)C min ((n+1-1)4) ’EJ ‘Xi_Xi‘Zd(th’m

Since K >

conclude from (A.18) and deflnltlon (2.20) that (3.18) holds. The proof is complete. <

Proof of the Claim 2 made in the proof of Theorem 2.1: Since o €(0,1], we get forall xe S :

n . n .
a“‘x—x*‘SZa' ‘xi —xi*‘s‘x—x*‘Za' . (A.19)
i=1 i=1
Similarly, using definition (2.19), we get for all xeS:

n n.o.
OSE(X)SZJ"xi—xi*‘s‘x—x*‘Zo'. (A.20)
i=1 i=1
Using (A.20), the fact that Ij(x):ZZij=1Xi for j=1,..,n, definition (2.21) and the fact that
Q= Z?:l i (X) (a consequence of (3.5) and the fact that
Qz(l—C)Zi i (X )+Z (n+1-i)u;), we get forall xeS:

max[O,Zn: I (x)— P(x)j < max[o,zn: 1;(x) —Zn: Ii(x*)]+ max{o,zn: I (X)) - P(x)j

i=1 i=1 i=1 i=1

smax{o,zn:(nﬂ—i)(xi—xi*)}rmax(o,znlIi(x*)—Q+0min(h,E(x))]
i1 i1 (A21)
<3 (n+1- i)‘x —xi*‘+max£0,zIi(x*)—Q)+9min(h,E(x))

i=1 i=1
3 (n+1- |‘x —X; ‘+¢9 (x)<‘x x*‘zn: n+1—i +¢9‘x X ‘ZG
:1 i=

It follows from definition (2.20) and (A.19), (A.20), (A.21) that there exist constants K, >K; >0
such that inequality (3.19) holds. The proof is complete. N
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