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Abstract. In this paper, we address the problem of vibrations of intelligent structures. Stimuli
may come from external perturbations of the system, disturbances or excitation that may
cause structural vibrations, such as wind loading or earthquake. First, an accurate model of
a piezocomposite intelligent structure with special boundary conditions is derived by using of
FEM analysis. Then the robustness of the uncertain closed-loop model performances has
been investigated. Obtained results show the higher performance of Hinsinity design approach
in rejection of disturbances.
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1 INTRODUCTION

The study of algorithms for active vibrations control in intelligent structures became an area
of enormous interest, mainly due to the countless demands of an optimal performance of me-
chanical systems. Many researchers are investigated in the field of intelligent structures [1, 2,
3,4,5,6]. A smart structure in one that monitors itself and its environment in order to re-
spond to changes in its conditions. [7,8] Smart structures, formed by a structure base, coupled
with piezoelectric actuators and sensor are capable to guarantee the conditions demanded
through the application of several types of controllers. This article shows some steps that
should be followed in the design of a smart structure. In our paper a cantilever slender beam
with rectangular cross-sections is considered. Thirty six pairs of piezoelectric patches are em-
bedded symmetrically at the top and the bottom surfaces of the beam. The beam is from
graphite- epoxy T300 — 976 and the piezoelectric patches are PZT G1195N. The top patches
act like sensors and the bottom like actuators. The resulting composite beam is modelled by
means of the classical laminated technical theory of bending. Let us assume that the mechani-
cal properties of both the piezoelectric material and the host beam are independent in time.
The thermal effects are considered to be negligible as well [8, 9].

The beam has length L, width W and thickness h. The sensors and the actuators have
width bs and b and thickness hs and ha, respectively. The electromechanical parameters of
the beam of interest are given in the table 1.

Parameters Values

Beam length, L 0.7m

Beam width, W 0.07m

Beam thickness, h 0.0096m

Beam density, p 1800kg/m®
Young s modulus of the beam, E 1.5 X 10 N/m?
Piezoelectric constant, ds; 254 X 102 m/V
Electric constant, £33 115X 103V m/N
Young’s modulus of the piezoelectric element | 1.5 X 10" N/m?
Width of the piezoelectric element bs=b,=0.07m
Thickness of the piezoelectric element hs= h,= 0.0002m

Table 1: Parameters of the composite beam.

In order to derive the basic equations for piezoelectric sensors and actuators [1, 2],
we assume that:

e The piezoelectric sensors actuators (S/A) are bonded perfectly on the host beam;
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e The piezoelectric layers are much thinner then the host beam;
e The piezoelectric material is homogeneous, transversely isotropic and linearly elastic;
e The piezoelectric S/A are transversely polarized [1, 2, 7].

2 SYSTEM MODELLING

This classical finite element procedure leads to the approximate discretized variation problem.
For a finite element the discrete differential equations are obtained by substituting the discre-
tized expressions into the first variation of the Kinetic energy and strain energy [8, 10]. Inte-
grating over spatial domains and using the Hamiltons principle [8], the equation of motion for
a beam element are expressed in terms of nodal variable g as follows,

M(t) + Da(t) + Ka(t) = £, (t) + . (1) (1)
where M is the generalized mass matrix, D the viscous damping matrix, K the generalized
stiffness matrix, f, the external loading vector and f,the generalized control force vector

produced by electromechanical coupling effects. The independent variable q(t) is composed of
transversal deflections e, and rotations v, i.e., [10, 12]

Furthermore n is the number of nodes used in analysis and vectors » and f_ are positive up-
wards. To transform to state-space control representation, let (in the usual manner),
: q(t)
x(t) = { . )
q(t)
Furthermore to express f,(t) asBu(t) we write it as f,uwhere f, the piezoelectric force is

for a unit applied on the corresponding actuator, and u represents the voltages on the actuators.
Furthermore, d(t) = f_(t) is the disturbance vector [10].

Then,
@) | @) O
Xt — 2nx2n 2nx2n Xt 2nx2n* Ut 2nx2n 3
® {_MlK _MID} (){lee} <){Ml} ®)
u(t)

— AX(t)+Bu(t) +Gd(t) = Ax(t) +[B G]{ } = AX(t)+Ba@) (4

d()

The previous description of the dynamical system will be augmented with the output equation
(displacements only measured) [5,11],

yO) =[x @® @ - %O =Cx() ()

The units used are compatible for instance m, rad, sec and N. [7,8]
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3 DESIGN OBJECTIVES AND SYSTEM SPECIFICATION

The structured singular value of a transfer function matrix is defined as,

1
p(M) =1 min{det(I -k, MA) =0,5(A) <1} (6)

0,1if no such structured exists

In words it defines the smallest structured A (measured in terms of & (A)) which makes
det(I-MA)=0: then (M) =1/c(A). It follows that values of x smaller than 1 are desired
(the smaller the better: a larger variation is allowed) [13, 14].

4 SYSTEM UNCERTAINTY

The main sources of uncertainty are:

* Nonlinearity and/or dynamic aspects of the system that are ignored at the modeling phase.
The error introduced in modal analysis by using only a few significant eigenmodes leads to an
uncertainty of the type discussed here. [15, 16]

* Incomplete knowledge of model values and parameters and/or natural fluctuation of those
values during system operation.

* Influence of the system's environment, in the form of disturbances.

Assume uncertainty in the M and K matrices of the form,
K=Ko(I+Kpl2nx2n9k) (7

M:M0(|+mp|2nx2n5|\/|) (8)

Also, since, D=0.0005(K+M), an appropriate form for D is,
DZO.OOOS[KO(I+kp|2nx2n5K)+Mo(|+mp|2nx2n5|\/|)]:
D0+0.0005[K0kpI2n><2n5K+M0mpI2n><2n5|\/|] (9)

Alternatively, by adopting the well-known Rayleigh damping assumption,
D=aK+pM (10)

D could be expressed similarly to K, M, as,

D:DO(|+dp|2nx2n5D) (11)
In this way we introduce uncertainty in the form of percentage variation in the relevant matri-
ces. Uncertainty is most likely to arise from terms outside the main matrices (since length can
be adequately measured).

Here it will be assumed,
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<1 (12)

hence my, k, are used to scale the percentage value and the zero subscript denotes nominal
values.

(it is reminded that for matrix An«m the norm is calculated through || Al|..=max Zn:‘a[j‘)
=1

1I<j<m

J

With these definitions Eqg. 3 becomes,
Mo(I+Mplan<andm) G(t) + Ko(l+Kplanxandi)a(t) +
+[Do+0.0005[Kokpl2nx2ndk+Momplanxandm]] (L) =fm(t)+fe(t) (13)
=Mo g(t) +Do §(t) +Koa(t)=
—~[Momplznxandm G(t) +0.0005[Kokpl2nxondk+Momplanandm] G (t)

+KoKpl2nx2ndk ()] +m(t) +fe(t) (14)
=Mo ¢i(t) +Do G (t) +Koa(®)= D () +, (1) +:(t) (15)
where,
G(t)
q,@)=|q() (16)
q()
D= [Momp Kokp 225M022 Lian 0-000505,5, 030, -
02n><2n [2n><2n5K O2n><2n O‘OOOSIZnXZn 12n><2n (17)
=G, A-G,
Writing in state space form, gives,
0 1 0 0 0
Xt — 2nx2n 2nx2n t ann* l+ 2nx2n dt + 2nx6n t
O PN (OB Byes TOR WA T 0N et O 0
= Ax(t) + Bu(t) + Gd(¢) + G,G,q, (1) (18)

In this way we treat uncertainty in the original matrices as an extra uncertainty term.

To express our system consider in the frequency domain Fig. 6
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Fig. 6 Uncertainty block diagram
This diagram is the weighted block diagram in the frequency domain. Wd, We, Wu, Wn are
the weight of the disturbances, errors, control, noise. H(s) is our system, K(s), is the controller
and A define the uncertainties. [16, 17]

The matrices E;, E, are used to extract,

def] Q(t)
q,()=|q@) (19)
q(t)
Since,
1(t 1(t t
|00 ana =)0 =] 2 @0
G(t) G q(1)
appropriate choices for Ey, E; are,
Oz - Laman Oaman  Oaan
B =l Doy Oapon b £2=| 020y 02y (21)
2nx2n 2nx2n 12n><2n 2nx2n
The idea is to find an N such that,
q, P, N,., N, \
e ~ ....P.u."....: ..... dudy T % N, N,
e, _Ndw’ N = Npe INd,e n.e - (22)
o : ! N21 sz
u, n, Npuu Ndwu nyu

or in the notation of Fig. 6,
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w z
We’ll use a methodology known as “pulling out the A’s”. To this end, break the loop at

points py, qu (which will be used as additional inputs/outputs respectively) and use the auxilia-
ry signals «, f and y. [18,19]

To get the transfer function N, , (from d, to qu):
1
qu= Ga(E2p+E1y)= Gz(Ezg +E1)y (24)

y=GWyd,+Bu+A L y=GWyd,+BKC L y+A L y
s s s

—y=(-BKC L -AL ) lGw,d, 5
s s
Hence,
1 1 1 4
N, . = Ga(E2—+E1)(I-BKC—~-A—) "GWjy
S s s
Now, N, N,. N, aresimlarto N, , . N,, ,N,, with GWq replaced by Gy, i.e.,

N,, = c;2(52l +E1)(I—BKC1 Al ) Gy
o S S S

N, . =W,JH[I+B[K(I-CHBK)CH]G, (26)

p!le

M,, =W,K(I-CHBK)'CHG,

putt

Finally to find Ny o

1
Qu= G2(E2B+E1y)= Gz(Ezg +E1)y (27)

y=Bu+Al y =BK(Wqny+Y) +Al y =BKWpn,,+BKC 1 y+A4 1 y
s s s s

1

—y=(I-BKC — Al Y BKWiny, (28)
S S

Hence,
N, , =Ga(Ez L +E1)(I-BKC 1Al Y BKW, (29)
wdu S S S

Collecting all the above yields N:
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-1 -1 -1
1 1,1 1 1,1 1 1,1
G,|E,=+E [ 1-BKCZ-AZ| G, G,|E,=+E, | 1-BKCZ-AZ| GW, G,[E,=+E, |I-BKC=—A=| BKW,
2[ “s 1]( s sj ' 2[23 J[ s sj ’ 2(23 lj[ s sj "1(30)
W,3H]1 + BK (1 - CHBK) 'CF [5, W,J(I - HBKC) "HGW, W,J (I - HBKC) " HBKW,
W,K (I - CHBK)CFG, W, (1 - KCHB)KCHGW, W, (1 — KCHB) KW

Having obtained N for the beam problem, all proposed controllers K(s) can be compared using
the structured singular value relations. [18, 19]

5 INPUTS

A typical wind load (Fig. 7) acting on the side of the structure. The wind load is a real life
wind speed measurements in relevance with time that took place in Estavromenos of Heraklion
Crete. We transform the wind speed in wind pressure with,

Loading corresponds to the wind excitation. The function f,(t) has been obtained from the
wind velocity record, through the relation

£, 0= PC V) (31)
where V=velocity, p=density and C,=1.2.

1.6

1.4}

1.2}

-
T

Force (N)

0 500 1000 1500 2000 2500 3000 3500
sec

Fig.7 External load

Moreover, in all simulations, random noise has been introduced to measurements at system
output locations within a probability interval of £1%. Due to small displacements of system
nodal points, noise amplitude is taken to be small, of the order of 5 x 10°. On the other hand,
the signal is introduced at each node of the beam by a different percentage, that percentage
being lower at the first node due to the fact that the beam end point is clamped. The controller
obtained by applying H., control has an order equal to 36. For this controller, y = 0.074<1.

6 RESULTS

Robust analysis is carried out through the relations:
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Sup H, (Nll(ja)))<1

weP

for robust stability, and,

supt, (N(jw))<1

weP

for robust performance

For the H., found, robust analysis was performed for the following values of mp,kp.

1. mp =0, kp = 0.9. This corresponds to a £90% variation from the nominal value of the stiff-
ness matrix K. In Fig.8 are shown the bounds on the x values. As seen the system remains
stable and exhibits robust performance, since the upper bounds of both values remain below 1
for all frequencies of interest. This result is validated in Fig.9, where the displacement of the
free end and the voltage applied are shown at the extreme uncertainty. Comparison with the
open loop response for the same plant shows the good performance of the H., controller. Re-
sults are very good, and the beam remains in equilibrium even under realistic wind conditions.
Reduction of vibrations is observed, while piezoelectric add-ons produce voltage within their
tolerance limits (£500volt)

Bounds ufp,mp:D,kaB, H inf contraller

1 T T - T T T

08 — upper ||
lower

0B b

M

0.4 4

0.2 -

1
0&r B

0BF B
0.4r- b
0.z b

D 1 1 1
107" 10° 10" 10’ 10° 1n? 10°

Fig. 8 u-bounds o H, the controller for my=0, k,=0.9
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Fig.9 Displacement and control at free end for the H., controller with m, =0, k, =0.9

2. mp =0.9, kp = 0. This corresponds to a £90% variation from the nominal value

of the mass matrix M.

In Fig. 10 are shown the bounds on the x values. As seen the system remains stable and ex-
hibits robust performance, since the upper bounds of both values remain below 1 for all fre-
quencies of interest. This result is validated in Fig. 11, where the displacement of the free end
and the voltage applied are shown.

Comparison with the open loop response for the same plant shows the good performance

of the controller. By employing the H,, control, vibration reduction is achieved, while the
voltage applied is significantly lower that 500 V.

Bounds of 4, mF=IZI.EI, -‘fp=D, H inf corntroller

1 T 3 T T T

0.8F upper
lawner

- 2
10 10 10 10

n.&r
0EF
-
=
0.4r
n.z2r

Fig. 10 u-bounds of the H,, controller for m, =0.9, k, =0.
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Fig. 11 Displacement and control at free end for the H,, controller with m, =0.9, k, =0

3. mp =0.9, kp = 0.9. This corresponds to a £90% variation from the nominal values of both
the mass and stiffness matrices M, K.

In Fig. 12 are shown the bounds on the x values. As seen the system remains stable and exhib-
its robust performance, since the upper bounds of both values remain below 1 for all frequen-
cies of interest. This result is validated in Fig. 13, where the displacement of the free end and
the voltage applied are shown.

Comparison with the open loop response for the same plant shows the good performance of
the controller. Results are very good, and the beam remains in equilibrium even under realis-
tic wind conditions. Reduction of vibrations is observed, while piezoelectric add-ons produce
voltage within their tolerance limits.

Bounds afy, kp=D.9, km=D.9, H inf cantraller

f ' R e o e ]
e 1
_ 06} — .
< 04l — ower |
0.2 .
u -1 ID I'1 I2 I3 I4 5
10 10 10 10 10 10 10
! ' ' ' TR RN
0.8 -
0.6- 1
=
0.4F .
0.2 .
0 . .
10" 10° 1’ 10° 10° 10 10°

[rd]

Fig. 12 Displacement and control at free end for the H,, controller with m, =0.9, k, =0

8675



Amalia J. Moutsopoulou, Georgios E. Stavroulakis, Anastasios D. Pouliezos

% 107" displacement free end

—— mp0Skp09
Gl

0 0.2 0.4 0.6 0.8 1

conrol free end

0 0.2 0.4 0?6 0j8 1
Fig.13 Displacement and control at free end for the H,, controller with m, =0.9, k, =0

Furthermore, we control the structure with variations of the nominal values of the
mass matrix M, stiffness matrix K and matrices A and B. We take into consideration nonline-
arities and system dynamics neglected in modeling, incomplete knowledge of disturbances,
environment influence in the form of disturbances, and unreliability of system sensor meas-
urements.

7 CONCLUSIONS

This paper describes an integrated approach to design and implement robust controllers for
intelligent structures. The mathematical model derived using robust control is compared with
models obtained by more conventional and well known methods. Using this model, a Hinfinity
(Hx y controller is designed for vibration suppression purposes. This robust controller accom-
modates the limited control effort produced by actuators. These designs are all then realized
as digital controllers and their closed-loop performances have been compared. In particular,
the robustness properties of the controller have been verified for variations in the mass of the
test article and the sampling time of the controller. Complete vibration reduction was
achieved even for variations of beam mass and stiffness up to 90%. H., controller results were
very satisfactory and prove that H. control can reduce smart structures vibrations and deal
with modeling uncertainty, external disturbances, and noise in measurements.

REFERENCES

[1] Bandyopadhyay B., Manjunath TC. & Unapathy M., Modeling Control and Implementa-
tion of Smart Structures, Springer ISBN-10 3-540-48393-4, 2007.

[2] Burke JV, Henron D, Kewis AS and Overton ML, Stabilization via Nonsmooth, Noncon-
vex Optimization, Automatic Control IEE. Vol. 5, Issue 11, pp. 1760-1769, 2006.

8676



Amalia J. Moutsopoulou, Georgios E. Stavroulakis, Anastasios D. Pouliezos

[3]

[4]
[5]

[6]
[7]
[8]

[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

Doyle J C, Glover K, Khargoneker P & Francis B., State space solutions to standard h2
and ho control problems, |IEE Trans. Automatic Control 34, 831-847.

Francis B A., 4 course on Ho control theory, Springer - Verlag. 1987.

Friedman J and Kosmatka K., An improved two node Timoshenko beam finite element, J.
Computer and Structures, Vol 47, pp. 473-481, 1993.

Kimura H., Robust stability for a class of transfer functions, IEE Transactions o Automatic
Control 29, 788-793, 1984.

Miara B, Stavroulakis G and Valente V., Topics on mathematics for smart systems, Pro-
ceedings of the European Conference. Rome, Italy, 26-28 October 2006.

Moutsopoulou A, Pouliezos A. and Stavroulakis GE. Modelling with Uncertainty and Ro-
bust Control of Smart Beams. Paper 35, Proceedings of the Ninth International Conference
on Computational Structures Technology, B.H.V. Topping and M. Papadrakakis, (Editors),
Civil Comp Press, 2008.

Packard A, Doyle J & Balas G. Linear, multivariable robust control with a p perspective.
ASME Journal of Dynamic Systems, Measurement and Control, 50th Anniversary Issue,
115(2b), 310-319, 1993.

Stavroulakis GE, Foutsitzi G, Hadjigeorgiou E, Marinova D and Baniotopoulos CC., De-
sign and robust optimal control of smart beams with application on vibrations suppression,
Advances in Engineering Software, Vol.36, Issues 11-12, pp. 806-813, 2005.

Tiersten HF., Linear Piezoelectric Plate Vibrations, Plenum Press New York, 1969.

Yang SM and Lee YJ., Optimization of non collocated sensor, actuator location and feed-
back gain and control systems, Smart materials and structures J. , 8, 96-102, 1993.

Zames G., Feedback minimax sensitivity and optimal robustness, Autom. Control, 28, 585—
601, 1983.

Zhang N and Kirpitchenko I., Modelling dynamics of a continuous structure with a piezo-
electric sensor/actuator for passive structural control, Journal of Sound and Vibration, Vol.
Comp Press, Stirlingshire Scotland, Civil Comp Press, 2002.

Zhang X, Shao C, Li S and Xu D., Robust Hoo vibration control for flexible linkage
mechanism systems with piezoelectric sensors and actuators, Journal of Sound and Vibra-
tion,243(1),pp. 145-155, 2001.

Zhang N and Kirpitchenko I. Modelling dynamics of a continuous structure with a piezo-
electric sensor/actuator for passive structural control, Journal of Sound and Vibration, Vol.
249, pp. 251-261, 2002.

Kwakernaak H. ,Robust control and Hoo optimization, Automatica, 29(2), pp.255-273,
2003.

Chandrashekara K. & Varadarajan S. , Adaptive shape control of composite beams with
piezoelectric actuators, Intelligent Materials Systems and Structures, pp.112-124, 1993.

Lim Y. H., Senthil Gopinathan V., Vasundara Varadhan V. & Vijay Varadan K., Finite
element simulation of smart structures using an optimalutput feedback controller for vibra-
tion and noise control, Journal of Smart Materials and Structures 8(8), pp.324-337, 1999.

8677



