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EUQARISTIES

Ja  jela na euqarist sw thn kajhg tri� mou, Kajhg tria tou Polute-
qneÐou Kr thc ka 'Elena PapadopoÔlou h opoÐa me sÔsthse se èna nèo an-
tikeÐmeno, autì twn Kuyelidik¸n Autom�twn. Me thn �rtia ekpaÐdeus  thc
p�nw sta Kuyelidik� Autìmata èdine p�nta �mesa lÔsh se ìlec tic aporÐec
kai duskolÐec pou sun�nthsa. H metadotikìthta pou èqei wc kajhg tri-
a me bo jhse na katal�bw se b�joc kai na ulopoi sw upologistik� touc
kanìnec exèlixhc pou mou dÐdaxe. Oi eÔstoqec parathr seic thc p�nw sthn
kwdikopoÐhsh tou upologistikoÔ perib�llontoc pou anaptÔxame me bo jhsan
na exelÐxw tic programmatistikèc mou dunatìthtec. Pio polÔ ìmwc ja  jela na
thn euqarist sw wc �njrwpo gia thn katanìhs  thc all� kai gia thn amèristh
sumpar�stas  thc me k�je trìpo, ¸ste na oloklhr¸sw thn ekpìnish aut c
thc ergasÐac.

Ton Kajhght  kai dieujunt  tou ergasthrÐou Efarmosmènwn Majhmatik¸n
kai Hlektronik¸n Upologist¸n tou GenikoÔ Tm matoc PoluteqneÐou Kr thc
ko G. Sarid�kh, gia ton teqnologikì kai ergasthriakì exoplismì mou pareÐqe,
qwrÐc ton opoÐo h ekpìnhsh aut c thc ergasÐac den ja  tan efikt .

Ja  jela epÐshc na euqarist sw ton ko Em. Majioud�kh EpÐkouro Ka-
jhght  tou PoluteqneÐou Kr thc gia thn paroq  polÔtimwn gn¸sewn se up-
ologistik� probl mata pou sun�nthsa kat� thn ekpìnhsh aut c thc ergasÐac.
Pio polÔ ìmwc ja  jela na ton euqarist sw gia thn hjik  upost rixh kai thn
anjr¸pinh sumperifor� tou, h opoÐa mou èdine p�nta kour�gio na oloklhr¸sw
thn ergasÐa mou.

Ja  jela na euqarist sw ton sÔntrofì mou Stèlio gia to kour�gio kai
thn hjik  st rixh pou mou pareÐqe ìlon autì ton kairì. Thn fÐlh mou MarÐa
gia tic p�nta eÔstoqec parathr seic thc all� kai gia thn axièpainh upomon 
thc na akoÔei tic anhsuqÐec kai ta �gqh mou, qrìnia t¸ra. Pio polÔ ìmwc, ja
 jela na euqarist sw touc goneÐc mou, gia thn ag�ph pou mou èdwsan tìsa
qrìnia kai gia thn pÐsth touc stic dunatìthtèc mou.
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1. EISAGWGH

1.1 Kuyelidik� autìmata kai efarmogèc touc

KUYELIDIKA AUTOMATA: Prìkeitai gia majhmatik� prì-
tupa fusik¸n susthm�twn sta opoÐa o q¸roc kai o qrìnoc eÐnai
diakritoÐ kai oi fusikèc posìthtec paÐrnoun diakritèc timèc apo èna
peperasmèno sÔnolo tim¸n. 'Ena kuyelidikì autìmato apoteleÐtai
apo èna omoiogenèc plègma sun jwc �peiro, me mÐa diakrit  tim 
se k�je pleur� (kelÐ) tou. H kat�stash tou kuyelidikoÔ autom�-
tou exart�tai apo tic timèc twn metablht¸n k�je kelioÔ, oi opoÐec
enhmer¸nontai - anane¸nontai autìmata.

Ta Kuyelidik� autìmata eÐnai idanik� gia th melèth polÔplokwn
susthm�twn, dhlad  susthm�twn pou apoteloÔntai apo èna meg�-
lo arijmì diaforetik¸n mh grammik¸n allhlepidrìntwn stoiqeÐ-
wn. Oi diaforikèc exis¸seic eÐnai idanikèc gia thn melèth apl¸n
susthm�twn kai idiaÐtera gia thn melèth topik¸n lÔsewn se èna
polÔploko sÔsthma. Apo thn �llh pleur� ta kuyelidik� autìma-
ta (K.A) mac dÐnoun �mesa apotelèsmata gia sust mata me meg�lo
bajmì eleujerÐac kai exelÐsontai mèsw qwrik¸n allhlepidr�sewn.
Tupik� aut� ta sust mata me thn qr sh kuyelidik¸n autom�twn
eÐnai aploÔstera sth dom  touc apo aut� pou paradosiak� qrhsi-
mopoioÔntai (p.q Dunamik� sust mata diaforik¸n exis¸sewn). S-
ta K.A topojeteÐtai peperasmèno pl joc swmatidÐwn se k�je kelÐ
enìc diakritoÔ plègmatoc, ta opoÐa anane¸nontai se k�je diakritì
qronikì b ma [1],[2],[3]. H diafor� metaxÔ aut¸n twn duo mejìd-
wn èggutai sto gegonìc ìti oi fusikèc posìthtec, o q¸roc kai o
qrìnoc paÐrnoun diakritèc, peperasmènec kai ìqi suneqeÐc timèc ìp-
wc sumbaÐnei se ena sÔsthma diaforik¸n exis¸sewn. Par�ola aut�
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h exèlix  touc parousi�zei mia ploÔsia dunamik  kaj¸c prathroÔme
ìti mporoÔn na par�goun mia meg�lh sullog  diaforetik¸n sumper-
ifor¸n antÐstoiqec me autèc pou prokÔptoun apo sust mata s-
ta opoÐa ìloi oi par�metroi eÐnai suneqeÐc. Epiprìsjeta, lìg-
w thc allhlepÐdrashc metaxÔ twn keli¸n mporoÔme na melet -
soume mia sullogik  kai ìqi topik  sumperifor� twn stoiqeÐwn pou
apoteloÔn to sÔsthm� mac kata thn di�rkeia thc qronik c exèlix c
tou.

Gia na orÐsoume loipìn èna Kuyelidikì autìmato ja prèpei na
l�boume up ìyin ta parak�tw qarakthristik� pou to kajorÐzoun:

EÐnai diakrit� wc proc to q¸ro: ApoteloÔntai apo shmeÐa se di-
akritì plègma.

EÐnai diakrit� wc proc to qrìno: H tim  tou k�je kelioÔ anane¸ne-
tai se diakrit� qronik� b mata.

EÐnai diakrit� wc proc thn kat�stash touc: K�je kelÐ mporeÐ na
p�rei timèc apo èna peperasmèno sÔnolo tim¸n.

EÐnai omoiogen : 'Ola ta keli� eÐnai Ðdiac di�stashc kai topojeth-
mèna se ènan kanonikì pÐnaka.

'Eqoun prokajorismèno kanìna exèlixhc: To k�je kelÐ exelÐsetai
sÔmfwna me ton Ðdio prokajorismèno kanìna.

Up�rqei topik  susqètish keli¸n : Oi kanìnec exèlixhc susqetÐ-
zoun geitonik� keli�,se sqèsh me autì pou brÐsketai upì exèlix-
h.

Up�rqei qronik  susqètish keli¸n : H tim  tou upo exèlixh kelioÔ
prokÔptei sÔmfwna me tic timèc pou eÐqan ta geitonik� tou
keli� prÐn apo prokajorismèno arijmì palaiìterwn bhm�twn.
Sun jwc lamb�nontai up' ìyin mìno oi timèc touc sto amèswc
prohgoÔmeno b ma.



1. EISAGWGH 9

Ta K.A. brÐskoun efarmog  se plhj¸ra klasik¸n majhmatik¸n
kai ìqi mìno montèlwn ìpwc ta parak�tw: Sth Reustomhqanik 
gia thn melèth reust¸n. Ta reust� apoteloÔntai apo swmatÐdia
ta opoÐa kinoÔntai se èna plègma. Se k�je kìmbo tou plègmatoc
brÐsketai ènac peperasmènoc arijmìc swmatidÐwn. Se aut� ta mon-
tèla o q¸roc,o qrìnoc kai h orm  eÐnai diakrit� megèjh. En¸ upo
orismènec sunj kec ta swmatÐdia pou brÐskontai tautìqrona se è-
nan kìmbo, mporeÐ na sugkroustoÔn kai na all�xei h kateÔjunsh
thc kÐnhs c touc. Mia idiaÐterh kathgorÐa reust¸n eÐnai ta FHP
montèla. Sta opoÐa to plègma eÐnai trigwnikì, up�rqoun èxi dia-
jèsimec dieujÔnseic taqÔthtac. H taqÔthta, h m�za kai o qrìnoc
eÐnai monadiaÐa. Mìno èna swmatÐdio me taqÔthta se dedomènh dieÔ-
junsh epitrèpetai na brejeÐ se k�je kìmbo tou plègmatoc. Tèloc,
se peript¸seic kroÔsewn diathreÐtai h m�za kai h orm [4].

Ston tomèa thc BiologÐac, h an�ptuxh thc dom c kai tou sq -
matoc twn mikroorganism¸n kaj¸c autoÐ exelÐsontai [5], mporoÔn
na perigrafoÔn me aploÔc topikoÔc kanìnec, �ra apo èna Kuye-
lidikì autìmato. Oi diakritèc timèc se k�je kìmbo antistoiqoÔn
se tÔpouc zwntan¸n kutt�rwn me thn proôpìjesh oti aut� anap-
tÔsontai se èna prokajorismèno diakritì plègma. Oi topikèc allh-
lepidr�seic metaxÔ twn organism¸n mporeÐ na odhg soun se dhmiourgÐ-
a diaforetik¸n genetik¸n qarakthristik¸n ta opoÐa kai na ka-
jorÐsoun ton genetikì tÔpo tou ek�stote kutt�rou.

'Ena akìmh autìmato tou opoÐou h exèlixh èqei melethjeÐ ek-
ten¸c eÐnai to PaiqnÐdi thc Zw c [6]. Se autì to disdi�stato autì-
mato èna kelÐ jewreÐtai nekrì an den èqei toul�qiston dÔo me treÐc
geÐtonec zwntanoÔc (paÐrnontac thn tim  0), en¸ an èqei toul�qis-
ton dÔo me treÐc geÐtonec zwntanoÔc jewreÐtai zwntanì (paÐrnontac
thn tim  1). Oi pio aplèc memonwmènec diat�xeic, amet�blhtec wc
proc to qrìno, eÐnai oi tetr�gwnec, oi opoÐec apoteloÔntai apo
tèssera katoikÐsima keli� kai oi ex�gwnec oi opoÐec apoteloÔntai
apo èxi katoikÐsima keli�. Oi diat�xeic talantwt , opou ènac kÔk-
loc tal�ntwshc apoteleÐtai apo mia seir� gnwst¸n katast�sewn.
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H aploÔsterh di�taxh aut c thc kathgorÐac eÐnai h anabosb nousa,
h opoÐa apoteleÐtai apo mia seir� 3 katoikÐsimwn keli¸n, sthn opoÐa
ènac kÔkloc epitugq�netai me perÐodo duo qronik¸n bhm�twn.

Ston tomèa twn H/U h qr sh K.A mac exasfalÐzei par�llhlh
epexergasÐa dedomènwn. Jewr¸ntac oti h arqik  di�taxh tou Kuye-
lidikoÔ Autom�tou antistoiqeÐ se èna prìgramma me ta arqik� de-
domèna prìc epexergasÐa, me thn qr sh kuyelidik¸n autom�twn h
epexergasÐa k�je dedomènou mporeÐ na epiteuqjeÐ se meg�lo arijmì
shmeÐwn tautìqrona dhlad  par�llhla.



2. JEWRIA-AUTOMATA FILTROU

2.1 Orismìc: Kuyelidik� Autìmata

'Opwc èqei ginei safèc apo ta parap�nw, to k�je kelÐ enìc
autom�tou paÐrnei diakritèc timèc apo èna peperasmèno sÔnolo, oi
opoÐec exart¸ntai apo autèc twn geitonik¸n keli¸n pou brÐskontai
se aktÐna r apo autì. Autì shmaÐnei ìti, èna autìmato mporeÐ
na anaparastajeÐ ìqi mìno apo mia seir� stoiqeÐwn, dhlad  keli�
mi�c di�stashc all� apo èna omoiogenèc plègma apoteloÔmeno apo
stoiqeÐa opoiasd pote di�stashc.

Sthn pio apl  perÐptwsh èna autìmato, apoteleÐtai apo mia
seir� stoiqeÐwn kajèna apo ta opoÐa paÐrnei tic timèc 0   1.Oi timèc
autèc enhmer¸nontai se diakrit� qronik� b mata sÔmfwna me èna
prokajorismèno kanìna, ton kanìna exèlixhc. 'Estw to stoiqeÐo
αti, dhlad  to stoiqeÐo α sth jèsh i th qronik  stigm  t,tou opoÐou
h nèa kat�stash prokÔptei apo th sqèsh :

αt+1
i = φ(αti−r, α

t
i−r+1, ..., α

t
i, ..., α

t
i+r−1, α

t
i+r) (2.1)

ìpou φ eÐnai mia duadik  sun�rthsh pou onom�zetai kanìnac exèlixh-
c. Me lÐga lìgia sÔmfwna me ton parap�nw kanìna h nèa tim  tou
upo exèlixh stoiqeÐou prokÔptei sunart sei twn tim¸n pou eÐqan
ta r geitonika keli� sto prohgoÔmeno qronikì b ma,kaj¸c kai thc
tim c tou proc exèlixh stoiqeÐou thn prohgoÔmenh qronik  stigmh.
Piì sugkekrimèna aut� pou brÐskontai stic jèseic apo i − r e¸c
kai i + r. Sthn arqik  tou kat�stash dÐnontai oi timèc ìlwn twn
stoiqeÐwn pou ekteÐnontai se ìlec tic jèseic apo −∞ e¸c kai +∞.
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2.2 Kuyelidik� Solitonik� Autìmata FÐltrou

Ta autìmata fÐltrou eÐnai mia nèa kathgorÐa kuyelidik¸n au-
tom�twn pou eis qjhsan apo touc Park, Steglitz kai Thurston [7]
gia thn melèth autom�twn. H basik  touc diafor� apo ta klasik�
K.A ìpwc orÐsthkan parap�nw eÐnai oti h nèa tim  tou k�je kelioÔ
prokÔptei sunart sei ìqi mìno twn prohgoÔmenwn katast�sewn
all� kai twn prosf�twc upologismènwn sto Ðdio qronikì b ma.
Ta nèa aut� autìmata eÐnai duadik� kai monodi�stata.

Eidikìtera: 'Estw oti èqoume p�li to autìmato pou apoteleÐ-
tai apo keli� miac di�stashc pou paÐrnoun timèc 0   1. O kanìnac
exèlixhc gia ton upologismì thc nèac tim c enìc stoiqeÐou αt+1

i plèon
èqei th morf :

αt+1
i = φ(αt+1

i−r , α
t+1
i−r+1, ..., α

t
i, ..., α

t
i+r−1, α

t
i+r)(2) (2.2)

'Opou φ eÐnai mia duadik  sun�rthsh.
ParathroÔme loipìn ìti h epìmenh kat�stash upologÐzetai sunart -

sei twn ananewmènwn katast�sewn

αt+1
i−r , α

t+1
i−r+1, ..., α

t+1
i−1

all� kai twn
αti, ..., α

t
i+r−1, α

t
i+r

pou upologÐsthkan sto prohgoÔmeno qronikì b ma.
Par� to gegonìc oti to plègma tou autom�tou mporeÐ na ekteÐne-

tai se èna di�sthma (−∞,+∞), kata thn ulopoÐhsh tou kanìna
to mègejoc tou plègmatoc eÐnai diakritì kai peperasmèno ìpwc kai
ta qronik� b mata thc exèlixhc. O kanìnac exèlixhc gia ton upol-
ogismì thc nèac kat�stashc tou ek�stote stoiqeÐou efarmìzetai
apo ta arister� proc ta dexi� stoiqeÐa tou plègmatoc. H arqik 
di�taxh apoteleÐtai apo peperasmèno pl joc m  mhdenik¸n keli¸n.
Ta nèa aut� autìmata eÐnai duadik� kai monodi�stata.
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2.3 Solitonik� kuyelidik� autìmata FÐltrou

Ta kuyelidik� autìmata fÐltrou apoteloÔn mia idiaÐtera shman-
tik  kathgorÐa lìgw thc periodik c touc sumperifor�c. Me ton
ìro periodik  (solitonik ) sumperifor� ennooÔme oti : Ta swmatÐdi-
a allhlepidroÔn sÔmfwna me ènan kanìna exèlixhc thc morf c (2.2)
kai èpeita apo peperasmèno arijmì qronik¸n bhm�twn exèrqon-
tai anèpafa me to taqÔtero swmatÐdio na prospern� ta upìloipa.
SwmatÐdio eÐnai mia sullog  diadoqik¸n jèsewn miac dom c, thc
opoÐac to pl joc eÐnai akèraioc arijmìc kai pollapl�sioc tou r+
1. EpÐshc taqÔtero jewreÐtai to swmatÐdio pou apoteleÐtai apo
tic perissìterec mon�dec. 'Allo èna qarakthristikì thc allh-
lepÐdrashc aut¸n twn swmatidÐwn eÐnai oti an den up�rxei di�s-
pash mèqri thn qronik  stigm  t = p, ìpou p eÐnai h perÐodoc tou
taqÔterou swmatidÐou tìte ta swmatÐdia allhlepidroÔn p�nta soli-
tonik�. En¸ antÐjeta se perÐptwsh di�spashc (an dhlad  q�soume
èna swmatÐdio) odhgoÔmaste se mh solitonikèc sumperiforèc.

'Estw ta swmatÐdia A = 1001101111 kai B = 1011 tìte to
A eÐnai taqÔtero apo to B kaj¸c 1A = 7 kai 1B = 3 ta opoÐa
allhlepidroÔn sÔmfwna me ènan kanìna exèlixhc. (Me 1A kai 1B
sumbolÐzetai o arijmìc twn mon�dwn twn swmatidÐwn A kai B an-
tÐstoiqa.)

t = 0 1 0 0 1 1 0 1 1 1 1 0 0 0 0 0 1 0 1 1

t = 1 1 0 0 1 1 0 1 0 0 1 0 0 1 1 1 1 0 1

t = 2 1 0 0 1 0 1 1 0 0 0 1 1 1 1 1 0 0 1

t = 3 1 1 1 1 0 1 0 1 1 0 1 1 0 1 1 0 0 1

t = 4 1 1 1 1 1 0 1 0 0 1 1 1 1 1 0 1 1 0 0 1

t = 5 1 1 1 0 0 1 0 1 1 1 1 0 1 0 1 0 0 0 1 1

t = 6 1 1 0 1 1 0 1 0 1 1 0 0 0 1 0 1 0 1 1 1

t = 7 1 0 1 0 0 1 0 0 1 0 0 1 1 0 1 1 1 1 1 1

t = 8 1 0 1 1 0 0 0 0 0 1 0 0 1 1 0 1 1 1 1
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Sto parap�nw par�deigma, ta swmatÐdia A = 1001101111 kai
B = 1011 tic qronikèc stigmèc t = 0 kai t = 8 eÐnai diatetagmèna
me ton Ðdio akrib¸c trìpo metatopismèna ìmwc proc ta arister�.
ParathreÐtai solitonik  sÔgkroush metaxÔ twn swmatidÐwn A kai
B, me perÐodo p = 7.

Kata thn exèlixh miac opoiad pote arqik c di�taxhc genik�,
pr¸ton up�rqei peperasmèno pl joc mh mhdenik¸n swmatidÐwn, dhlad 
den eÐnai ìla ta swmatÐdia mhdenik�. DeÔteron, afoÔ up�rqei èst-
w kai èna mh mhdenikì swmatÐdio tìte up�rqei taqÔthta kata th
metatìpish twn swmatidÐwn kai tèloc an den prokÔyei di�spash
swmatidÐwn, tìte ta swmatÐdia allhlepidroÔn solitonik�.
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2.4 1oc Kanìnac exèlixhc Kuyelidik¸n monodi�statwn

autom�twn

Se aut  thn par�grafo ja melethjeÐ h exèlixh sto qrìno twn
Autom�twn FÐltrou, mèsw tou pr¸tou kanìna exèlixhc ìpwc autìc
perigr�fetai parak�tw.

'Estw to autìmato fÐltrou pou apoteleÐtai apo L stoiqeÐa, ka-
jèna apo ta opoÐa ìpwc èqei gÐnei safèc meqri t¸ra paÐrnei tic
timèc 0   1. Ta stoiqeÐa aut� eÐnai topojethmèna se èna plègma
thc morf c :

αt : ....0αt0...α
t
i...α

t
L (2.3)

ìpou αti to stoiqeÐo α th qronik  stigm  t pou brÐsketai sth jèsh
i kai èqei thn tim  0   1 gia k�je 1 ≤ i < L me thn proôpìjesh
oti αt0 = 1 kai αtL = 1. Tìte h epìmenh kat�stash upologÐzetai
diadoqik� apo ta arister� proc ta dexi� sÔmfwna me ton parak�tw
kanìna exèlixhc.

αt+1
i =

{
0, an s perittìc   0
1, an s �rtioc.

(2.4)

, ìpou

s =
1∑
j=r

αt+1
i−j +

r∑
j=0

αti+j

To r eÐnai ènac akèraioc arijmìc pou lègetai aktÐna kai r ≥ 2.
Upojètoume ìti αti = 0 gia i arket� makri� proc ta arister�.
Gia par�deigma an r = 3 tìte h tim  tou αt+1

i exart�tai apo ta
3 prohgoÔmena swmatÐdia pou upologÐsthkan sto qronikì b ma
t+1,kaj¸c kai apo thn tim  tou Ðdiou stoiqeÐou kai twn 3 epìmenwn
sto prohgoÔmeno qronikì b ma t. 'Estw loipìn h parak�tw di�taxh
tic qronikèc stigmèc t kai t+ 1:
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K�je di�taxh se k�je qronikì b ma jewreÐtai kai antimetwpÐze-
tai san mia sullog  apo swmatÐdia. Ta opoÐa parousi�zoun soli-
tonik  sumperifor� an kai mìno an den prokÔyei kamÐa di�spash ka-
ta thn exèlixh touc. EpÐshc ìpwc faÐnetai apo ton orismì tou 1oυ

kanìna exèlixhc mia diaforetik  arqik  di�taxh twn Ðdiwn swmatidÐ-
wn mporeÐ na odhg sei se diaforetik  exèlixh, gia par�deigma an
duo swmatÐdia ta qwrÐsoume me perissìtera mhdenik� tìte up�rqei
perÐptwsh na mhn allhlepidr�soun potè mèsa se qrìno t = p ìpou
p h perÐodoc tou taqÔterou swmatidÐou.
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2.5 Fast Rule Theorem

Oi Papajeod¸rou,Ablowitz kai Sarid�khc [8] eis gagan ènan
isodÔnamo me ton pr¸to kanìna exèlixhc solitonik¸n K.A fÐltrou,
all� pio akrib  to legìmeno Fast Rule Theorem , sÔmfwna me to
opoÐo proèkuyan k�poia pio analutik� apotelesm�ta, gia thn pio
analutik  melèth enìc swmatidÐou apoteloÔmenou apo mia sullog 
basik¸n swmatidÐwn.

To Fast Rule Theorem akoloujeÐ ta parak�tw tèssera b mata.

1. Topojèthse thn pr¸th mon�da se koutÐ

2. Topojèthse koutÐ se k�je epìmeno r + 1 yhfÐo, ektìc an
up�rqoun toul�qiston r+ 1 mhdenik� yhfÐa met� apo to pro-
hgoÔmeno koutÐ. Se aut  thn perÐptwsh topojetoÔme se koutÐ
thn pr¸th mon�da pou ja sunant soume met� apo ìla ta mh-
denik� yhfÐa.

3. Antikatèsthse thn tim  tou yhfÐou tou k�je koutioÔ me aut 
tou suzugoÔc tou, kai ta upìloipa �fhse ta qwrÐc allag .

4. Metatìpise ìla ta yhfÐa kata r jèseic arister�.

Parak�tw paratÐjetai èna par�deigma tou FRT ìpou r = 3.
αt : 0 1 1 0 1 1 1 0 0 0 0 0 1 1 0 0 0 0 1 1 1 1 0

αt+1 : 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 0

Basikì swmatÐdio (BS) eÐnai mia sullog  apo r + 1 diadoqikèc
jèseic miac dom c, pou arqÐzoun me kout�ki. An èna swmatÐdio
apoteleÐtai apo èna BS tìte autì onom�zetai aplì swmatÐdio.

Par�deigma: 'Estw ta swmatÐdia miac dom cA = 1101110000011000
kai B = 1111 me r = 3. Tìte to swmatÐdio A apoteleÐtai apo
tèssera basik� swmatÐdia ta A1 = 1101, A2 = 1100, A3 = 0001
kai to A4 = 1000. En¸ to swmatÐdio B eÐnai èna aplì swmatÐdio
pou apoteleÐtai apo to basikì swmatÐdio, B = 1111.
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To FRT apoteleÐ èna apo ta shmantikìtera jewr mata, kaj¸c
me th qr sh tou apodeÐqthke ìti ta Autìmata FÐltrou eÐnai sta-
jer�. Dhlad  èna basikì swmatÐdio pou apoteleÐtai apo peperas-
mèno arijmì mon�dwn sthn arqik  tou kat�stash, mporeÐ na par�gei
mìno peperasmèno pl joc mon�dwn kata thn exèlix  tou. EpÐshc
me thn efarmog  tou mporeÐ kaneÐc :

1. Na parakolouj sei thn exèlixh p-periodik¸n swmatidÐwn.
Dhlad  swmatÐdia ta opoÐa èpeita apo p qronik� b mata eÐ-
nai autoÔsia me thn arqik  touc kat�stash kat�llhla ìmwc
metatopismèna sto qrìno.

2. Na kataskeu�sei kai na melet sei swmatÐdia me perÐodo 1.

3. Na apodeÐxei upo proupojèseic ìti, an dÔo swmatÐdia qwrÐ-
zontai apo r + 1 mhdenik� kai kata thn allhlepÐdras  touc
den diasp¸ntai, tìte met� thn allhlepÐdras  touc emfanÐzon-
tai amet�blhta me to taqÔtero swmatÐdio na kineÐtai proc ta
arister�.

2.6 Exèlixh swmatidÐwn sto qrìno

'Estw α èna stoiqeÐo swmatidÐou di�stashc 1 tìte to α paÐrnei
tic timèc 0   1 kai to suzugèc tou ᾱ tic timèc 1 kai 0 antÐstoiqa. H
pr�xh ⊕ onom�zetai apokleistik  di�zeuxh kai orÐzetai wc ex c :

α⊕ 0 = α α⊕ 1 = ᾱ (2.5)

'Estw to swmatÐdio

©©©A1A2...AL©©© (2.6)

th qronik  stigm  t = 0 kai A1, AL 6= 0. 'Opou L eÐnai to
pl joc twn Basik¸n swmatidÐwn A. © eÐnai ta mhdenik� swmatÐdi-
a, dhlad  auta pou apoteloÔntai apo r+1 mhdenik�. SumbolÐzoume
me 10, 11, ...1L ton arijmì twn mon�dwn twn swmatidÐwn :

A1, A1 ⊕ A2, A2 ⊕ A3, ..., AL−1 ⊕ AL, AL (2.7)
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epÐshc me {d0}, {d1}, {d2}...{dL} sumbolÐzoume to sÔnolo twn
deikt¸n, pou deÐqnoun pou up�rqoun mon�dec sta parap�nw BS
(2.6). Dhlad  :

{dm} = {dm1 , dm2 , ..., dmlm}, (2.8)

1 ≤ dm1 < dm2 < ... < dm1m ≤ r + 1dm1 = 1, 0 ≤ m ≤ L.

Me dim sumbolÐzoume thn jèsh thc i-ost c mon�dac sto BS Am⊕
Am+1, epÐshc A0 = AL+1 = 0. Tèloc upojètoume ìti AL 6= T kai
Ai 6= Ai+1. 'Opou T eÐnai to tetrimmèno swmatÐdio, dhlad  autì
thc morf c T = 100...0. 'Eqei apodeiqteÐ ìti kata thn exèlix 
touc ta swmatÐdia den mporoÔn para na parousi�soun mia apo tic
parak�tw treÐc sumperiforèc : Pr¸ton,to swmatÐdio eÐnai peri-
odikì kai h perÐodoc p prokÔptei apo touc ìrouc thc arqik c akì-
ma di�taxhc αt. DeÔteron, to arqikì swmatÐdio mporeÐ na q�sei
èna basikì swmatÐdio apo to dexiì   aristerì tou �kro. Kai tèloc
ena swmatÐdio mporeÐ na diaspasteÐ se dÔo toul�qiston swmatÐdia,
an plhroÔntai k�poiec ikanèc kai anagkaÐec sunj kec thc arqik c
di�taxhc [11],[12].

Di�spash enìc basikoÔ swmatidÐou To swmatÐdio (2.6)
diasp�tai gia pr¸th for� thn qronik  stigm  :

• t = 10+11+...+1k−1+i, 0 ≤ k ≤ L, 1 ≤ i ≤ 1k 1−1 = 0
an kai mìno an

Aj+1|dki+1
= Ak+1|dkiA

k (2.9)

gia merik� j = k+ 1, k+ 2, ..., L, 0, 1, ...k− 1. An k = 0 tìte
j = 1, 2, ....L− 1

• t = 10 + 11 + ...+ 1k, 0 ≤ k ≤ L− 1 an kai mìno an :

Aj+1|dk+1
1
Aj = Ak+1 (2.10)

gia merika j = k + 1, k + 2, ..., L, 0, 1, ...k − 1. An k = 0 tìte
j = 1, 2, ....L− 1.
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Ap¸leia enìc BS apo to aristerì �kro : An den
èqoume di�spash mèqri th qronik  stigm  t ≥ 1, tìte to swmatÐdio
(2.2) q�nei èna basikì swmatÐdio gia pr¸th for� th qronik  stigm 
t, an kai mìno an : t = 10 + 11 + ...+ 1k, 0 ≤ k ≤ L− 1

Ak+1|dk1k© = Ak+2|dk1k© (2.11)

to swmatÐdio (2.2) den mporeÐ p�nta na q�sei èna swmatÐdio apo to
dexiì �kro. 'Opwc faÐnetai apo thn parap�nw exÐswsh autì mporeÐ
na sumbeÐ ìtan kai mìno ìtan th qronik  stigm  t−1 to pr¸to BS
autoÔ tou swmatidÐou eÐnai to tetrimèno BS.

Exèlixh enìc swmatidÐou se perÐptwsh pou den
èqei sumbeÐ di�spash : An meqri th qronik  stigm  t =
10 + 11 + ... + 1k = tk, dhlad  an èqoun parabiasteÐ oi sunj kec
(2.5)-(2.7), tìte h exèlixh tou arqikoÔ swmatidÐou dÐnetai apo :

• t = 10 + 11 + ...+ lm + i, m ≤ k − 1, 0 ≤ k ≤ L,

1 ≤ i ≤ 1m+1, 1−1 = 0, A0 = O :

(Am+1 ⊕ Am+1)i ⊕ Am+1 ⊕ (Am+2...ALA0A1...Am) (2.12)

• t = t = l0 + l1 + ...+ lm, m ≤ k ≤ L

Am+1 ⊕ (Am+2Am+3...ALA0A1...Am) (2.13)

• k = L tìte th qronik  stigm  t = 10 + 11 + ... + 1L èqoume
thn parak�tw di�taxh :

A1A2...AL (2.14)

Periodik� swmatÐdia An oi parap�nw exis¸seic (2.5)
ewc kai (2.7) parabi�zontai gia k�je 0 ≤ t ≤ tL tìte to
arqikì swmatÐdio einai periodikì, me perÐodo p :

p = 10 + 11 + ...+ 1L (2.15)
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San epex ghsh twn parap�nw sunjhk¸n ulopoi jhkan k�poia
paradeÐgmata prokeimènou na parousiastei h di�spash enìc swmatidÐou,
h ap¸leia enìc BS, h exèlixh enìc periodikoÔ swmatidÐou.
Par�deigma 2.1: Di�spash enìc swmatidÐou
'Estw to swmatÐdio A1A2A3A4 me A1 = 101011, A2 = 101111,
A3 = 000111, A4 = 001110 oi proupojèseic gia di�spash ikanopoioÔntai
kai to arqikì swmatÐdio qwrÐzetai se dÔo swmatÐdia th qronik 
stigm  t = 6 :

t=0 101011101111000111001110000000000000000000000000000

t=1 001001100111100101000110100000000000000000000000000

t=2 000001000101101101100100101000000000000000000000000

t=3 000000000001111100100000111001000000000000000000000

t=4 000000000000111000110000011011001000000000000000000

t=5 000000000000011010111000001010001100000000000000000

t=6 000000000000001011111100000010101110000000000000000

Sq ma 2.1: Par�deigma 2.1, Di�spash enìc swmatidÐou ('Eqei paraleifjei h
metatìpish sto q¸ro).

Par�deigma 2.2: Ap¸leia enìc basikoÔ swmatidÐou
JewroÔme to swmatÐdio A1A2A3A4 me A1 = 1110, A2 = 1010,
A3 = 1011 kai A4 = 0101.H sunj kh gia thn ap¸leia enìc basikoÔ
swmatidÐou isqÔei ki ètsi, ìpwc faÐnetai kai parak�tw, q�netai èna
basikì swmatÐdio th qronik  stigm  t = 4.

t=0 1110101010110101000000000000000000000000000000000000

t=1 0110001000111101100000000000000000000000000000000000

t=2 0010011001111001110000000000000000000000000000000000

t=3 0000010001011011111000000000000000000000000000000000

t=4 0000000000011111101001000000000000000000000000000000

Sqhma 2.2 : Par�deigma 2.2, Ap¸leia enìc basikoÔ swmatidÐou ('Eqei paraleifjei h
metatìpish sto q¸ro)

Par�deigma 2.3: Periodikì swmatÐdio
'Estw to swmatÐdio A1A2A3 ìpou A1 = 10101, A2 = 10111,
A3 = 01010. Ta basik� swmatÐdia eÐnai ta A1, A1 ⊕ A2 = 00010,
A2⊕A3 = 11101 kai A3. 'Etsi apodeiknÔetai ìti kamÐa apo tic sun-
j kec (2.3)-(2.7) den isqÔei gia t ≤ 10, sunep¸c to swmatÐdio eÐnai
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periodikì me perÐodo p = I0 + I1 + I2 + I3 = 10. ìpwc faÐnetai kai
parak�tw oi qronikèc stigmec t = 0 kai t = 10 eÐnai panomoiìtupec,
kat�llhla ìmwc metatopismènec wc proc ton qrìno.

t=0 101011011101010000000000000000000000000000000000000000

t=1 001010011111010100000000000000000000000000000000000000

t=2 000010001111110101000000000000000000000000000000000000

t=3 000000001011111101010000000000000000000000000000000000

t=4 000000000011101101110001000000000000000000000000000000

t=5 000000000001101001111001010000000000000000000000000000

t=6 000000000000101011111101011000000000000000000000000000

t=7 000000000000001010111111011100000000000000000000000000

t=8 000000000000000010101111111101000000000000000000000000

t=9 000000000000000000101011110101010000000000000000000000

t=10 000000000000000000001010110111010100000000000000000000

Sq ma2.3 : Par�deigma 2.3, Periodikì swmatÐdio ('Eqei paraleifjei h metatìpish
sto q¸ro)

2.7 Exèlixh periodik¸n swmatidÐwn

Sthn par�grafo aut  parousi�zetai h exèlixh enìc periodikoÔ
swmatidÐou, se mia opoiad pote dedomènh qronik  stigm , qrhsi-
mopoi¸ntac mìno thn arqik  tou di�taxh. EpÐshc melet¸ntai h
taqÔthta, h metatìpish kai h di�taxh kata thn exèlixh enoc peri-
odikoÔ swmatidÐou sto qrìno.
Je¸rhma: 'Estw to swmatÐdio :

©A1A2...AL© (2.16)

pou apoteleÐtai apo ta L basik� swmatÐdia A1, A2, ..., AL. 'Estw
10, 11, ....1L to pl joc twn mon�dwn twn parak�tw BS:

A1, A1 ⊕ A2, A2 ⊕ A3, ...AL−1 ⊕ AL, AL . (2.17)

An to swmatÐdio (2.16) eÐnai periodikì tìte h exèlix  tou dÐnetai
apo ton kanìna :

t = 10 + 11 + ....1k−1 + i, 0 ≤ i ≤ 1k,
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(0 ≤ k ≤ L 1−1 = 0 A0 = Al+1 = 0) :

k︷ ︸︸ ︷
©−©(Ak ⊕ Ak+1)i ⊕ Ak ⊕ (Ak+1...AL© A1...Ak). (2.18)

Pio sugkekrimèna, th qronik  stigm  t = 10 + 11 + .... + 1k h
di�taxh èqei ¸c exhc :

k+1︷ ︸︸ ︷
©−©⊕Ak+1 ⊕ (Ak+2...AL© A1...Ak). (2.19)

en¸ th qronik  stigm  t = p + 10 + 11 + ....+ 1L :

L+1︷ ︸︸ ︷
©−©A1A2...AL−1AL). (2.20)

Sta parap�nw me

k︷ ︸︸ ︷
©−© sumbolÐzoume ta k diadoqik� mhdenik�

swmatÐdia, jewr¸ntac oti den èqei sumbeÐ kamÐa di�spash kat� th
diarkeia twn p bhm�twn.

'Opwc gÐnetai safèc apo ta parap�nw h perÐodoc p + 10 + 11 +
.... + 1L kajorÐzetai apo ton arijmì twn mon�dwn twn basik¸n
swmatidÐwn (2.17).
Par�deigma 2.4'Estw ta basik� swmatÐdiaA1 = 10101 , A2 =

10111 , A3 = 01010. Sunep¸c

A1 ⊕ A2 = 00010, A2 ⊕ A3 = 11101

ìpou

10 = 3, 11 = 1, 12 = 4, 13 = 2 και p = 10.

Efarmìzontac to parap�nw je¸rhma gia thn exèlixh tou swmatidÐou
A1A2A3 tic qronikèc stigmèc t = 3 kai t = 7 prokeÐptoun ta ex c:

t = 3 : A1 ⊕ (A2A3©) : 00010|11111|10101|, (2.21)
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afoÔ A1 ⊕ A3 = 11111 Gia th qronik  stigm 

t = 7 : (A2⊕A3)3⊕A2⊕(A3©A1A2) : 00001|01011|11110|11100|.
(2.22)

Epeid 

(A2⊕A3)3 = 11100 A2⊕A3 = 11101, A2⊕A1 = 00010, A2⊕A2 = 00000

kai
11100⊕ (11101|10111|00010|00000)

prokÔptei h di�taxh (2.22). Parat rhsh: Gia sugkekrimènec epi-
logèc twn A1...AL, eÐnai pijanì na prokÔyei periodik  sumperifor�
p̃, me perÐodo p̃ < p,ìpou p̃ = p/m kai p̃,m akèraioi arijmoÐ. Sth
genik  perÐptwsh ìmwc h perÐodoc eÐnai p. Gia thn anapar�stash
thc kat�stashc enìc swmatidÐou thc morf c A1...AL apaiteÐtai kai
o orismìc thc taqÔthtac kaj¸c kai thc metatìpis c tou.
Pìrisma 'Estw ta sÔnola

{d0}, ..., {dL} {dm} = {dm1 , ...., dmlm} (2.23)

'Opou dmi dhl¸nei th jèsh thc i-ost c mon�dac sto basikì
swmatÐdio Am⊕Am+1 kai A0 ≡ A0 ≡ 0. An li eÐnai to pl joc twn
mon�dwn se autì to BS. 'Estw to sÔnolo {d} = {d1, ...., di, ...}
ìpou:

di =


k(r + 1) + dkj , i = 10 + 11 + ....1k−1 + j, 1 ≤ j ≤ 1k,

1 ≤ k ≤ L, 1−1 = 0
mL(r + 1) + dj, i = mL(10 + l1 + ....1L) + j,

1 ≤ j ≤ l0 + ...+ lL, m = 1, 2, ...
(2.24)

H metatìpish tou periodikoÔ swmatidÐou A1...AL thn tuqaÐa
qronik  stigm  t = i sumbolÐzetai me ∆i kai eÐnai h apìstash thc
pr¸thc mon�dac th stigm  t = i apo thn pr¸th mon�da th qronik 
stigm  t = 0.

∆i = di+1 − d1 (2.25)
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Par�deigma èstw A1 = 10011, A2 = 01101. Tìte

A1|A1 ⊕ A2|A2 = 10011|11110|01101

'Ara d1 = 1, d2=4, d3 = 5, d4 = 6, d5 = 7, d6 = 8, d7 = 9, d8 =
12, d9 = 13, d10 = 15, d11 = d10 + d1.... Tìte h metatìpish ja eÐnai
: ∆1 = 3,∆2 = 4, ....,∆9 = 14,∆10 = 15, .... To stoiqeÐo A1...AL

metakineÐtai mia apìstash (L+1)(r+1) sto qrìno p. 'Etsi h mèsh
taqÔthta up th qronik  stigm  t = p ja isoÔtai (L+ 1)(r + 1)/p.
En¸ thn qronik  stigm  t = i to swmatÐdio metatopÐzetai kat� ir
jèseic arister�. Sunep¸c th qronik  stigm  t = i h pragmatik 
metatìpish isoÔtai me ir+d1−di+1 en¸ h pragmatik  mèsh taqÔthta
th qronik  stigm  t = p isoÔtai me [pr − (L+ 1)(r + 1)]/p.

O pio aplìc periodikìc sqhmatismìc apoteleÐtai apo dÔo peri-
odik� swmatÐdia Ðshc taqÔthtac sundedemèna me tètoio trìpo wste
na allhlepidroÔn gia p�nta. H mèsh taqÔthta isoÔtai me thn mèsh
taqÔthta twn xeqwrist¸n swmatidÐwn pou apoteloÔn autì ton sqh-
matismì.

2.8 Exèlixh kai allhlepÐdrash apl¸n swmatidÐwn

'Opwc èqei proanaferjeÐ aplì swmatÐdio onom�zetai èna swmatÐdio
pou apoteleÐtai apo èna BS. Ta apl� swmatÐdia eÐnai periodik�, me
perÐodo Ðsh me to pl joc twn mon�dwn pou to apoteloÔn. 'Estw ta
swmatÐdia A kai B, me pl joc mon�dwn 1A kai 1B antÐstoiqa. Tìte
an lA > lB tìte to swmatÐdio A eÐnai taqÔtero apo to B. H allh-
lepÐdrash metaxÔ apl¸n swmatidÐwn me diaforetikì pl joc mon�d-
wn eÐnai solitonik , dhlad  met� thn allhlepÐdrash ta swmatÐdia
pou prokÔptoun eÐnai akrib¸c ta Ðdia me ta arqik� kai sthn Ðdia
di�taxh.

Sthn perÐptwsh ìpou to B eÐnai taqÔtero apo to A, ta swmatÐdia
arqÐzoun na allhlepidroÔn met� apo 2lA qronik� b mata,¸ste sto
tèloc to B na prohgeÐtai tou A. An to swmatÐdio B th qronik 
stigm  t = 0 brÐsketai mprost� apo to A, ta swmatÐdia endèqetai
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na allhlepidr�soun xan� mèqri na katal xoun sthn arqik  touc
di�taxh. To pl joc twn allhlepidr�sewn mporeÐ na upologisteÐ
me akrÐbeia kai exart�tai apo thn arqik  di�taxh twn swmatidÐwn
th qronik  stigm  t = 0 kaj¸c kai apo to pl joc twn mhdenik¸n
swmatidÐwn pou ta qwrÐzoun.

Sthn eidik  perÐptwsh ìpou 1A = 1B, up�rqoun dÔo endeqìmena,
eÐte ja prokÔyei mia kai mìno allhlepÐdrash kai ta swmatÐdia ja
qwristoÔn taxideÔontac anex�rthta to èna apo to �llo, eÐte ja
sqhmatÐsoun ènan periodikì sqhmatismì kai ja allhlepidroÔn gia
p�nta.
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Par�deigma 2.5: 'Estw ta swmatÐdia A=1000011 kai B=1110001,
pou qwrÐzontai apo dèka mhdenik� th qronik  stigm  t = 0 To
swmatÐdio B eÐnai taqÔtero apo to A kaj¸c 1B = 4 kai 1A =
3.Thn qronik  stigm  t = 1 arqÐzei h allhlepÐdrash metaxÔ twn
swmatidÐwn A'=1110000, B'=1100011 kai th stigm  t = 7 sta-
mat� h solitonik  allhlepÐdras  touc (dhlad  meta apo 2lA = 6
qronikèc stigmèc).An kai to taqÔtero swmatÐdio B' eÐnai mprost�
apo to A' aut� swmatÐdia ja allhlepidroÔn xan�. Th qronik 
stigm  t = 9 emfanÐzontai ta B

′′
= 1111000 kai A

′′
= 1000011

arqÐzoun th solitonik  touc allhlepÐdrash h opoÐa diarkeÐ 2lB′′ =
8 qronik� b mata (meqri thn stigm  t = 17).AfoÔ to pio argì
swmatÐdioA

′′′
= 1110000 proporeÔetai tou taqÔterouB

′′′
= 1110001,

ja allhlepidr�soun solitonik� mèqri th qronik  stigm  t = 24
(met� apo 2lA′′′ = 6. Ta swmatÐdia den allhlepidroÔn xan� ).Thn
stigm  t = 32 ta arqik� B kai A epanemfanÐzontai.

1000011000000000011100010000000000000000000000000000000000000000000000 t=0

0000011100000000001100011000000000000000000000000000000000000000000000

0000000000011000010000010000110100000000000000000000000000000000000000

0000000000000000010000110000101001101100000000000000000000000000000000

0000000000000000000000000001110001011011011100000000000000000000000000

0000000000000000000000000000000001100011110110011000010000000000000000

0000000000000000000000000000000000000001000110101100010000110000000000

0000000000000000000000000000000000000000000000001100011000000001110000 t=7

000000000000000000000000010001110000000011000010000000000000000000000

000000000000000000000000000111100000000100001100000000000000000000000

000000000000000000000000000011100010000101001100100000000000000000000

000000000000000000000000000001100011000101101100110000000000000000000

000000000000000000000000000000100011100101111100111000000000000000000

000000000000000000000000000000000011110101110100111100000000000000000

000000000000000000000000000000000001110100110100011100010000000000000

000000000000000000000000000000000000110100010100001100011000000000000

000000000000000000000000000000000000101000001000001000111000000000000

000000000000000000000000000000000000000100001100000000011110000000000 t=17

000000000000000011100000000011100010000000000000000000000000000000000

000000000000000000110000100001100001001000000000000000000000000000000

000000000000000000010000110001101001001100000000000000000000000000000

000000000000000000000000001110011011010011100000000000000000000000000

000000000000000000000000000011001111101000110000100000000000000000000

000000000000000000000000000000100111010100001000011000000000000000000

000000000000000000000000000000000111000100000000011100000000000000000 t=24

0000000000000000000000000000000000110001100000000011000010000000000000000

0000000000000000000000000000000000010001110000000001000011000000000000000

0000000000000000000000000000000000000001111000000000000011100000000000000

0000000000000000000000000000000000000000111000100000000001100001000000000

0000000000000000000000000000000000000000011000110000000000100001100000000

0000000000000000000000000000000000000000001000111000000000000001110000000

0000000000000000000000000000000000000000000000111100000000000000110000100

0000000000000000000000000000000000000000000000011100010000000000010000110 t=32

Sq ma 2.4: Par�deigma 2.5, solitonik  allhlepÐdrash metaxÔ duo apl¸n swmatidÐwn
akolouj¸ntac ton pr¸to kanona exèlixhc. To taqÔtero swmatÐdio prospern� to
pio argì, afou èqoun allhlepidr�sei solitonik� duo forèc ('Eqei paraleifjei h
metatìpish sto q¸ro).
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Par�deigma 2.6: 'Estw ta apl� swmatÐdia A=100011 kai
B=110010, ta opoÐa th qronik  stigm  t = 0 qwrÐzontai apo oqt¸
mhdenik�. Th stigm  t = 1 xekin�ei allhlepÐdrash metaxÔ twn
A'=111000 kai B'100101, h opoÐa telei¸nei th qronik  stigm  t =
7. Th qronik  stigm  t = 8 ta swmatÐdia allhlepidroÔn xan�
kai th stigm  t = 15 epanemfanÐzetai h arqik  dom . 'Etsi ta
swmatÐdia èqoun dhmiourg sei ènan periodikì metasqhmatismì me
perÐodo t = 15.

Sq ma 2.5: Par�deigma 2.6, DhmiourgÐa periodikoÔ sqhmatismoÔ metaxÔ duo apl¸n
swmatidÐwn

Par�deigma 2.7:
'Estw t¸ra ta swmatÐdia A=10101 kai B=11100 Ðshc taqÔthtac

ta opoÐa alllepidroÔn mÐa for� kai th stigm  t = 2IA + 1 =
2IB + 1 = 7 stamat� h allhlepÐdras  touc gia p�nta.
Par�deigma 2.8: 'Estw A=10011110,B=10111100 duo peri-

odikoÐ sqhmatismoÐ kai r = 3. Tìte h arqik  dom  epanemfanÐzetai
th stigm  t = 24.
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Sqhma 2.6: Par�deigma 2.7, apl� swmatÐdia pou allhlepidroÔn mìno mia for�

Sq ma 2.7: Par�deigma 2.8, solitonik  allhlepÐdrash metaxÔ duo periodik¸n sqh-
matism¸n.

Par�deigma 2.9: 'Estw o periodikìc sqhmatismìc A =
10110000001101, ena aplì swmatÐdio B = 11111 kai r = 4.
ParathreÐtai ìti h arqik  dom  epanemfanÐzetai th qronik  stigm 
t = 15 me to swmatÐdio B na kineÐtai taqÔtera apo ton A.
Par�deigma 2.10: 'Estw oi periodikoÐ sqhmatismoÐ A =

100110000000110001 kai B = 101111011010 kai r = 5. Oi domèc
A kai B qwrÐzontai th stigm  t = 16 me to taqÔtero swmatÐdio na
kineÐtai mprost� apo ton periodikì sqhmatismo.
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Sq ma 2.8: Par�deigma 2.9, allhlepÐdrash metaxÔ duo periodik¸n sqhmatism¸n A
kai B, to taqÔtero swmatÐdio B prospern� to A.

Sqhma 2.9 : Par�deigma 2.10, Duo periodikoÐ sqhmatismoÐ qwrÐzontai, me èna
taqÔtero swmatÐdio na kineÐtai mprost� apo ton periodikì shmatismì

2.9 AllhlepÐdrash tuqaÐwn swmatidÐwn

An kata thn allhlepÐdrash duo tuqaÐwn periodik¸n swmatidÐwn
den prokÔyei prìwrh di�spash tìte ja sumbeÐ èna apo ta parak�tw
endeqìmena. Mèqri na arqÐsei h allhlepÐdrash twn swmatidÐwn, h
exèlixh touc eÐnai prokajorismènh apo apo th jewrÐa swmatidÐwn.
Pio sugkekrimèna, an èna swmatÐdio A apoteleÐtai apo LA basik�
swmatÐdia, A1, A2, ...ALA, kai an dA eÐnai to diatetagmèno sÔnolo
twn mon�dwn, twn basik¸n swmatidÐwn A1, A1 ⊕ A2, ..., ALA−1 ⊕
ALA, ALA, tìte h metatìpish tou swmatidÐou A th qronik  stigm 
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t = i eÐnai di+1
i+1.

An h apìstash metaxÔ twn swmatidÐwn A kai B eÐnai S th
qronik  stigm  t = 0 kai to A brÐsketai arister� tou B, tìte
o diaqwrismìc touc th stigm  t = i eÐnai S + di+1

B − di+1
A,ìpou

di+1
A eÐnai h metatìpish tou A th qronik  stigm  t = i.EpÐshc

an to aristerì swmatÐdio eÐnai grhgorìtero apo to aristerì kai h
metaxÔ touc apìstash arket� meg�lh,tìte ta duo swmatÐdia den ja
allhlepidr�soun potè.

Tèloc, an ta dÔo swmatÐdia A, B arqÐsoun na allhlepidroÔn
me to A arister� tou B kai de sumbeÐ di�spash mèqri th stigm 
t = PA, ìpou PA eÐnai h perÐodoc tou A, tìte ta dÔo swmatÐdia
allhlepidroÔn solitonik�. EpÐshc an h apìstas  touc eÐnai r+1−
m−dBi+1+d

A
i+1. An èqoume di�spash se t < PA, tìte anaferìmaste

s�ut n san prìwrh di�spash.
Sunep¸c, katal goume sta ex c sumper�smata : Pr¸ton, gia

k�je qronikì b ma h metatìpish enìc swmatidÐou dÐnetai apo ton
tÔpo di, en¸ an den sumbeÐ prìwrh di�spash ta swmatÐdia allh-
lepidroÔn solitonik�.

Je¸rhma 2.9.1. 'Estw duo swmatÐdia A kai B. An upojèsoume
oti : ta swmatÐdia qwrÐzontai apo r + 1 + m mhdenik� th stigm 
t = 0,(ìpou m ≥ 0 kai m ∈ Z),ta swmatÐdia allhlepidroÔn th
qronik  stigm  t = 1, me to A arister� tou B kai oti den prokÔptei
prìwrh di�spash kata thn di�rkeia twn allhlepÐdr�sewn touc.

Tìte an to B eÐnai taqÔtero apo to A, ta swmatÐdia ja allh-
lepidr�soun, all� ja qwristoÔn me to taqÔtero swmatÐdio B na
eÐnai mprosta apo to argìtero A. O akrib c arijmìc twn mon�dwn
upologÐzetai apo touc ìrouc dBi , d

A
i kai m. En¸ an ta swmatÐdia

A kai B èqoun thn Ðdia taqÔthta, tìte   ja sqhmatisteÐ ènac peri-
odikìc sqhmatismìc   ja allhlepidr�soun mia for� kai ja qwris-
toÔn taxideÔontac anex�rthta to èna apo to �llo.
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2.10 Solitonik� Kuyelidik� Autìmata me periodikèc sunoriakèc

sunj kec

Se aut  thn enìthta parousi�zetai mia �llh kathgorÐa kuye-
lidik¸n autom�twn, ta periodik� kuyelidik� autìmata fÐltrou. Ta
autìmata aut� eÐnai duadik� kai h diafor� touc me ta solitonik�
kuyelidik� autìmata fÐltrou eÐnai h periodikìthta stic sunoriakèc
sunj kec, me thn ènnoia oti den jewreÐtai mhdenikì to sÔnoro proc
ta dexi� kai arister� thc k�je di�taxhc, all� eÐnai taineioeidèc.
'Etsi san aristerì sÔnoro jewroÔntai oi teleutaÐec jèseic thc
prohgoÔmenhc di�taxhc, en¸ san dexÐ sÔnoro qrhsimopoioÔntai oi
pr¸tec, prosf�twc upologismènec jèseic thc nèac di�taxhc.

'Allo èna qarakthristikì twn autom�twn aut¸n eÐnai oti èqoun
stajerì m koc d. Me ati sumbolÐzetai h tim  sth jèsh i gia to
qronikì b ma t. H kat�stash ati mporeÐ na p�rei tic timèc 0   1, gia
ìla ta i, me a1,ad sumbolÐzetai to pr¸to kai to teleutaÐo stoiqeÐo
thc di�taxhc at :

at : at1a
t
2...a

t
d (2.26)

Ta stoiqeÐa at1 kai atd mporoÔn na p�roun tic timèc 0   1 kai ìqi
anagkastik� 1 ìpwc sthn perÐptwsh twn K.A. FÐltrou.

H di�taxh 2.26 exelÐsetai, jewr¸ntac tic periodikèc sunj kec:

at+1
i−d = ati

at+1
i = ati+d

'Opou d eÐnai to m koc thc arqik c di�taxhc. Tìte h epìmenh
kat�stash upologÐzetai diadoqik� apo ta arister� proc ta dexi�
sÔmfwna me ton parak�tw kanìna exèlixhc:

αt+1
i =

{
0, an s perittìc   0
1, an s �rtioc.

(2.27)

'Opou s: Gia 1 ≤ i ≤ r,

s =
r∑
j=1

atd+i−j +
r∑
j=1

ati+j (2.28)
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Gia r + 1 ≤ i ≤ d− r,

s =
r∑
j=0

ati+j +
r∑
j=1

at+1
i−j (2.29)

Gia d− (r − 1) ≤ i ≤ d,

s =
r∑
j=1

at+1
i−j +

r∑
j=0

ati+j (2.30)

Me r sumbolÐzetai o jetikìc arijmìc r ≥ 2, pou onom�zetai
aktÐna.

San epex ghsh tou parap�nw kanìna, gia r = 4, to at+1
i exart�tai

apo tic akìloujec jèseic. Gr�fontac thn kainoÔria kat�stash
k�tw apo thn prohgoÔmenh, prokÔptei to epìmeno par�juro:

at1 a
t
2 ... a

t
i ... a

t
d

at1 a
t
2 ... a

t
i ... a

t+1
1

'Olec oi timèc se autì to par�juro eÐnai gnwstèc ektìc thc at+1
1 .

H opoÐa ìmwc upologÐzetai sÔmfwna me touc tÔpouc 2.28-2.30. Pio
sugkekrimèna gia ton upologismì tou at+1

1 , oi jèseic pou perilam-
b�nontai ston kanìna gia ton prosdiorismì tou eÐnai oi :

at1 a
t
2...a

t
r+1

atd−r+1 ... a
t
d−1 a

t
d α

t+1
1

Oi jèseic pou lamb�nontai upìyin gia ton upologismì enìc endi�me-
sou stoiqeÐou at+1

i eÐnai oi:

ati a
t
i+1...a

t
i+r

at+1
i−r a

t+1
i−r+1 ... a

t+1
i−1 α

t+1
i

en¸ gia ton prosdiorismì tou teleutaÐou stoiqeÐou at+1
d lamb�non-

tai upìyin oi ex c jèseic:
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atd a
t
d+1...a

t
d+r

at+1
d−r a

t+1
d−r+1 ... a

t+1
d−1 α

t+1
d

ìmwc apo tic periodikèc sunoriakèc sunj kec isqÔei oti: atd+i =
at+1
i , gia i = 1, 2, ...r. �ra to paragìmeno stoiqeÐo atd prokÔptei

apo tic timèc:

atd a
t+1
1 ...at+1

r

at+1
d−r a

t+1
d−r+1 ... a

t+1
d−1 α

t+1
d

2.10.1 Sumperifor� kuyelidik¸n autom�twn me periodikèc

sunoriakèc sunj kec

Kata th melèth [13] thc sumperifor�c twn periodik¸n K.A.
parathr jhkan poikÐlec sumperiforèc swmatidÐwn, an�loga me to
eÐdoc twn swmatidÐwn (BS, apl¸n, sÔnjetwn), thn aktÐna allh-
lepÐdrashc kaj¸c kai to m koc thc k�je di�taxhc.

K�je periodikì swmatÐdio me perÐodo p, epanemfanÐzetai th qronik 
stigm  t = p panomoiìtupo me to arqikì swmatÐdio thc qronik c
stigm c t = 0 (a0 = ap), anex�rthta apo thn metatìpis  tou sto
qrìno. Profan¸c ta swmatÐdia pou prokÔptoun kata thn exèlixh
periodik¸n swmatidÐwn se k�poio qronikì b ma, eÐnai epÐshc peri-
odik�, me thn Ðdia perÐodo. Sthn eikìna 2.10 faÐnetai h exèlixh
tou periodikoÔ swmatidÐou 0010100011101010 me aktÐna r = 3 kai
perÐodo p = 13.

Epiplèon, parathr jhke oti stic perissìterec diat�xeic me Ðdio
m koc kai sugkekrimèno r h perÐodoc paramènei stajer . Oi eikìnec
(2.11), (2.12) deÐqnoun thn exèlixh twn swmatidÐwn 1100001000111001
kai 1111111100000000 antÐstoiqa, me thn Ðdia aktÐna r = 3 kai Ðdia
perÐodo p = 13.

Kai ed¸ mporeÐ na sunant sei kaneÐc mh periodik� swmatÐdia,
dhlad  swmatÐdia pou ekfullÐzontai sth mhdenik  kat�stash,  
swmatÐdia pou q�noun èna   perissìtera BS.
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Sq ma 2.10: Periodikì kuyelidikì autìmato me aktÐna r = 3

Sq ma 2.11: Periodikì swmatÐdio, me perÐodo p = 13 kai aktÐna r = 3

Par�deigma (2.11.1) Sthn eikìna 2.13 parousi�zetai h exèlix-
h enoc mh periodikoÔ swmatidÐou 111010100010101011, gia aktÐ-
na r = 3. ed¸ sto qronikì b ma t = 3,faÐnetai oti h di�taxh
apotelèitai mìno apo tetrimèna BS (dhlad  thc morf c 1000), ta
opoÐa sto epìmeno qronikì b ma ìpwc prokÔptei kai apo ton kanìn-
a exèlixhc ekfulÐzontai se mhdenik� BS.
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Sq ma 2.12: Periodiko swmatÐdio p�li me perÐodo p = 13 kai aktÐna r = 3

Sq ma 2.13: Mh Periodikì swmatÐdio pou ekfullÐzetai se mhdenikì swmatÐdio, me
aktÐna r = 3.

Par�deigma (2.11.2) sthn eikìna 2.14 parousi�zetai h exèlix-
h tou m  periodikoÔ swmatidÐou 011110000110101000111001, kata
thn opoÐa prokÔptei ap¸leia enìc BS.

Sq ma 2.14: Ap¸leia enìc basikoÔ swmatidÐou th qronik  stigm  t = 6.



3. GENIKEUMENOS KANONAS EXELIXHS

Sto kef�laio autì melet�tai h exèlixh sto qrìno K.A. twn
opoÐwn ta stoiqeÐa an koun sto Zn, eÐnai disdi�stata kai duadik�
  stoiqeÐa kuklik¸n om�dwn t�xhc n [10]. Gia th melèth stoiqeÐwn
aut c thc morf c anaptÔqjhke o genikeumènoc kanìnac exèlixhc
ìpwc autìc perigr�fetai parak�tw.

3.1 Abelianèc om�dec

Sthn par�grafo aut  parousi�zetai o genikeumènoc kanìnac
exèlixhc K.A, ta basik� qarakthristik� tou kaj¸c kai oi idiìthtec
kai ta qarakthristik� twn stoiqeÐwn pou an koun se mia abelian 
om�da. ApodeiknÔetai ìti swmatÐdia twn opoÐwn ta stoiqeÐa an k-
oun se abelianèc om�dec mporoÔn na eisaqjoÔn se èna K.A kai
akolouj¸ntac ton genikeumèno kanìna exèlixhc na epideÐxoun an-
tÐstoiqh solitonik    mh sumperifor�, ìpwc akrib¸c kai ta duadik�
monodi�stata swmatÐdia pou èqoun parousiasteÐ sto prohgoÔmeno
kef�laio (Kef�laio 2).
Orismìc 3.1 'Estw G = {0, g1, g2, ..., gn} mia peperasmènh

om�da efodiasmènh me thn pr�xh ⊗. JewroÔme oti to 0 eÐnai to
tautotikì stoiqeÐo, dhlad  0 ⊗ g = g ⊗ 0 = g kai ḡ eÐnai to
antÐstrofo stoiqeÐo tou g, dhlad  g ⊗ g = g ⊗ g = 0.
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Orismìc 3.2 ('Ena genikeumèno solitonikì kuyelidikì autì-
mato)

'Estw G mia peperasmènh om�da, kai èstw

αt : 0...0αt0...α
t
i...α

t
L , L <∞ (3.1)

ìpou 0, L 6= 0.
Tìte

αt+1
i =

{
0, ,an ìla ta stoiqeÐa tou Sk eÐnai 0

Sk ⊗ c⊗ αtk+r, alli¸c.
(3.2)

ìpou,

Sk =
k+r−1∑
j=k⊗

αt+1
j−r ⊗ αtj

kai c = αtk+rìtan ìla ta stoiqeia tou Sk eÐnai 0, diaforetik�
paramènei Ðdio.
O parap�nw kanìnac eÐnai mia genÐkeush tou 1ou kanìna exèlixhc.
Parat rhsh 3.1 An G =(⊗, Zn)me Zn = {0, 1, ...n} kai

⊗ sumbolÐzei to akèraio upìloipo n, tìte o parap�nw kanìnac
aplopoieÐtai efìson G eÐnai mia abelian  om�da :

Sk =
r∑

j=1⊗

αt+1
k−j ⊗

r−1∑
j=0⊗

αtk+j (3.3)

kai

αt+1
i =

{
0, ,an ìla ta stoiqeÐa tou Sk eÐnai 0

Sk ⊗ αtk+r ⊗ c, alli¸c.
(3.4)

ìpwc to c orÐsthke parap�nw.



3. GENIKEUMENOS KANONAS EXELIXHS 39

Epiplèon lìgw twn idiot twn thc pr�xhc tou akèraiou upoloÐpou
o parap�nw kanìnac mporeÐ na grafeÐ kai wc ex c.

Sk =
r∑
j=1

αt+1
k−j +

r−1∑
j=0

αtk+j (3.5)

kai

αt+1
i =

{
0, ,an ìla ta stoiqeÐa tou Sk eÐnai 0

Sk + αtk+r + c, alli¸c.
(3.6)

ìpwc to c orÐsthke parap�nw.

Orismìc 3.3 'Ena basikì swmatÐdio eÐnai mia sullog  apo
r+1 stoiqeÐa tou G. Me Bi sumbolÐzoume to basikì swmatÐdio pou
paÐrnoume mèsw thc akìloujhc pr�xhc : antikatèsthse ta stoiqeÐa
tou B mèqri to i-ostì mh tautotikì stoiqeÐo me ta antÐstrof� touc
kai antikatèsthse to upìlloipo komm�ti tou B me mhdenik�. Gia
par�deigma, èstw B = g10g2g3 tìte to B1 = ḡ1000, B2 = ḡ10ḡ20,
B3 = ḡ10ḡ2ḡ3.

Orismìc 3.4(Enallaktikìc orismìc tou genikeumènou kuyel-
lidikoÔ autom�tou)
An toG eÐnai mia opoiad pote peperasmènh om�da tìte èna genikeumèno
Kuyelidikì Autìmato orÐzetai apo thn akìloujh exèlixh. An

αt : A1A2...ALAO0...0OB1B2...BLBO0...0OF 1F 2...FLFO0...
(3.7)

ìpou ta pr¸ta stoiqeÐa twn A1, B1, ..., F 1, ... eÐnai diaforetik� tou
O kai ta ALA, BLB , ..., FLF , ... den eÐnai tetrimèna basik� swmatÐdia
(dhlad  thc morf c T = g 0..0︸︷︷︸

r

), oÔte O dhlad  na apoteloÔntai

apo r + 1 diadoqik� mhdenik� tìte :

αt+1 : A1
1⊗(A1A2...ALA)A1

1O...OB
1
1⊗(B1B2...BLB )B1

1O0...0OF 1
1⊗(F 1F 2...FLF )F 1

1O...
(3.8)
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O parap�nw orismìc dÐnei mia mia genÐkeush tou FRT . MporeÐ na
apodeiqjeÐ ìti ta Kuyelidik� autìmata pou dhl¸nontai sÔmfwna
me touc orismoÔc (3.2) kai (3.4) eÐnai isodÔnama, efìson h dom 
pou apokt jhke apo ton orismì (3.4) eÐnai metatopismènh kata r
jèseic dexi� k�je qronik  stigmh.

Par�deigma 3.1 'Estw G = Z4 = {0, 1, 2, 3}, ìpou 1 = 3,
2 = 2, 3 = 1. Ja efarmìsoume ton genikeumèno kanìna exèlixhc
se èna swmatÐdio pou apoteleÐtai apo dÔo BS gia r = 3 kai A1A2,
me A1 = 1023 kai A2 = 1101.('Eqei paraleifjei h metatìpish sto
q¸ro).

t=0 1023110100000000000000000

t=1 0023010130000000000000000

t=2 0003012130200000000000000

t=3 0000012230210000000000000

t=4 0000002233210300000000000

t=5 0000000233010320000000000

t=6 0000000033030322000000000

t=7 0000000003031322100000000

t=8 0000000000031022110000000

t=9 0000000000001023110100000

3.2 Efarmogh tou genikeumènou kanìna exèlixhc se kuklikèc

om�dec

O genikeumènoc kanìnac exèlixhc ìpwc orÐsthke sth sqèsh 3.1,brÐskei
efarmog  akìmh kai se stoiqeÐa pou an koun se kuklikèc om�dec
t�xhc n. An G eÐnai mia peperasmènh mh abelian  om�da sunduas-
m¸n n stoiqeÐwn kai

αt : 0...0αt0...α
t
i...α

t
L0...0 L <∞ (3.9)
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ìpou αit, 0 6 i 6 L eÐnai stoiqeÐa tou G, me αt0 6= 0 kai αtL 6=
0.Tìte:

• αt+1
k = 0, an ìla ta stoiqeÐa tou Sk einai 0

• αt+1
k = Sk ⊗ c⊗ αtk+r, an Sk 6= 0

(3.10)

• αt+1
k = Sk ⊗ αtk+r ⊗ c, an Sk = 0 kai ta stoiqeÐa tou Sk ìqi

ìla 0

'Opou Sk =
∑k+r−1

j=k⊗ αt+1
j−r ⊗ αtj kai c = αtk+r.

Mia tètoia om�da ja mporoÔse na eÐnai h Sn = {σ1, σ2, σ3, ..., σn!},
dhlad  h mh abelian  om�da twn sunduasm¸n n stoiqeÐwn. An to
0 eÐnai to tautotikì thc stoiqeÐo tìte : 0 ⊗ σi = σi ⊗ 0 = σi kai
σ̄i to antÐstrofo stoiqeÐo tou σi, dhlad  σ̄i ⊗ σi = σi ⊗ σ̄i = 0.

Par�deigma 3.2: San epex ghsh tou kanìna gia tic mh A-
belianèc om�dec jewroÔme thn S3, om�da twn sunduasm¸n tri¸n
stoiqeÐwn. Dialègoume thn akìloujh apeikìnish tou S3:

0 =

(
1 2 3
1 2 3

)
, σ1 =

(
1 2 3
2 3 1

)
, σ2 =

(
1 2 3
3 1 2

)
,

σ3 =

(
1 2 3
2 1 3

)
, σ4 =

(
1 2 3
1 3 2

)
, σ5 =

(
1 2 3
3 2 1

)
opìte brÐskoume:
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0 σ1 σ2 σ3 σ4 σ5
0 0 σ1 σ2 σ3 σ4 σ5
σ1 σ1 σ2 0 σ4 σ5 σ3
σ2 σ2 0 σ1 σ5 σ3 σ4
σ3 σ3 σ5 σ4 0 σ2 σ1
σ4 σ4 σ3 σ5 σ1 0 σ2
σ5 σ5 σ4 σ3 σ2 σ1 0

Sq ma 3.1: 'Oloi oi pijanoÐ sunduasmoÐ twn stoiqeÐwn pou an koun se kuklik 
om�da S3

SÔmfwna loipìn me ton parap�nw pÐnaka prokÔptoun ta ex c: σ1 = σ2,
σ2 = σ1, σ3 = σ3, σ4 = σ4, σ5 = σ5
'Estw h parak�tw kat�stash αt kai r = 2.

αt = 0 0 0 σ1 σ2 σ3 0 0 0 αt
0 = σ1, αt

1 = σ2, αt
2 = σ3

S−2 = 0⊗ 0̄⊗ 0⊗ 0̄ = 0 ⇒

αt+1
−2 = 0, afoÔ ìla ta stoiqeÐa tou S−2 eÐnai mhdèn kai c = αt

0 = σ1.

S−1 = 0⊗ 0̄⊗ 0⊗ σ̄1 = σ̄1 ⇒

αt+1
−1 = (S−1 ⊗ c⊗ αt

1) = (σ̄1 ⊗ σ1 ⊗ σ̄2) = σ2

S0 = 0⊗ σ̄1 ⊗ σ2 ⊗ σ̄2 = σ̄1 ⇒

αt+1
0 = (S0 ⊗ c⊗ αt

2) = (σ̄1 ⊗ σ1 ⊗ σ̄3) = σ3

S1 = σ2 ⊗ σ̄2 ⊗ σ3 ⊗ σ̄3 = 0⇒

αt+1
1 = (S1 ⊗ αt

2 ⊗ c) = (0⊗ 0̄⊗ σ1) = σ2

S2 = σ3 ⊗ σ̄3 ⊗ σ2 ⊗ 0̄ = σ2 ⇒
αt+1
2 = (S2 ⊗ c⊗ αt

3) = (σ2 ⊗ σ1 ⊗ 0̄) = 0
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S3 = σ2 ⊗ 0̄⊗ 0⊗ 0̄ = σ2 ⇒

αt+1
3 = (σ2 ⊗ σ1 ⊗ 0̄) = 0

S4 = 0⊗ 0̄⊗ 0⊗ 0̄ = 0 ⇒

αt+1
4 = 0, afoÔ ìla ta stoiqeÐa tou S4 eÐnai mhdèn.

Sunep¸c:
αt: 0 0 0 σ1 σ2 σ3 0 0 0
αt+1: 0 0 0 σ2 σ3 σ2 0 0

An suneqisoume thn exèlixh ja parathr soue oti to sugkekrimeno swmatidio
eÐnai periodikì me p = 6

t = 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ1 σ2 σ3

t = 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ2 σ3 σ2 0

t = 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ3 σ2 σ1 0 0

t = 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ2 σ1 σ3 0 0 0

t = 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ1 σ3 σ1 0 0 0 0

t = 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ3 σ1 σ2 0 0 0 0 0

t = 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ1 σ2 σ3 0 0 0 0 0 0
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Parak�tw paratÐjetai par�deigma solitonik c sÔgkroushc twn
swmatidÐwn A=σ10σ4 kai B=σ1σ2σ3,gia r = 2.

t = 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s1 0 s4 0 0 0 0 s1 s2 s3

t = 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s4 s2 0 0 0 0 s2 s3 s2 0

t = 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s2 0 s4 0 0 0 s3 s2 s1 0 0

t = 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s4 s1 0 0 0 s2 s1 s3 0 0 0

t = 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s1 0 s4 0 s2 s3 s3 0 s4 0 0 0

t = 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s4 s2 s2 s3 s5 0 s4 s2 0 0 0 0

t = 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s2 s2 s1 s5 0 0 s2 0 s4 0 0 0 0

t = 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s2 s1 s3 0 0 0 0 s4 s1 0 0 0 0 0

t = 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s1 s3 s1 0 0 0 0 s1 0 s4 0 0 0 0 0

t = 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 s3 s1 s2 0 0 0 0 0 s4 s2 0 0 0 0 0 0

t = 10 0 0 0 0 0 0 0 0 0 0 0 0 0 s1 s2 s3 0 0 0 0 0 s2 0 s4 0 0 0 0 0 0

t = 11 0 0 0 0 0 0 0 0 0 0 0 0 s2 s3 s2 0 0 0 0 0 0 s4 s1 0 0 0 0 0 0 0

t = 12 0 0 0 0 0 0 0 0 0 0 0 s3 s2 s1 0 0 0 0 0 0 s1 0 s4 0 0 0 0 0 0 0

t = 13 0 0 0 0 0 0 0 0 0 0 s2 s1 s3 0 0 0 0 0 0 0 s4 s2 0 0 0 0 0 0 0 0

t = 14 0 0 0 0 0 0 0 0 0 s1 s3 s1 0 0 0 0 0 0 0 s2 0 s4 0 0 0 0 0 0 0 0

t = 15 0 0 0 0 0 0 0 0 s3 s1 s2 0 0 0 0 0 0 0 0 s4 s1 0 0 0 0 0 0 0 0 0

t = 16 0 0 0 0 0 0 0 s1 s2 s3 0 0 0 0 0 0 0 0 s1 0 s4 0 0 0 0 0 0 0 0 0
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Je¸rhma 3.2.1. (Exèlixh apl¸n swmatidÐwn ) 'Estw to swmatÐdio

t = 0 :©A1A2...AL© (3.11)

pou apoteleÐtai apo L BS A1, ..., AL me stoiqeÐa apo to G. an
l0, l1, ..., lL o arijmìc twn mh mhdenik¸n stoiqeÐwn sta akìlouja
basik� swmatÐdia,

A1, Ā1 ⊗ A2, Ā2 ⊗ A3, ..., ĀL−1 ⊗ AL (3.12)

ìpou an to A perilamb�nei ta stoiqeÐa α, to Ā perièqei swmatÐdia ᾱ.
Tìte an to swmatÐdio (3.10)eÐnai periodikì, dhlad  oÔte diasp�tai
oÔte q�nei k�poio BS, h exèlix  tou èqei wc ex c :

gia t = l0 + l1 + ...+ lk−1 + i, 0 < i ≤ lk :

©
k︷︸︸︷... ©(Āk ⊗ Ak+1)i ⊗ Āk ⊗ (Ak+1...AL© A1...Ak) (3.13)

Pio sugkekrimèna sto

t = l0 + l1 + ...+ lk :

©
k+1︷︸︸︷... ©Āk+1 ⊗ (Ak+2...AL© A1...AkAk+1), (3.14)

kai sto qronikì b ma

t
.
= p = l0 + l1 + ...+ lL

©
L+1︷︸︸︷... ©A1A2...AL. (3.15)

Me ©
k︷︸︸︷... © sumbolÐzoume ta k sto pl joc mhdenik� basik�

swmatÐ-dia.

Je¸rhma 3.2.2. (AllhlepÐdrash periodik¸n swmatidÐwn) Jew-
roÔme duo periodik� swmatÐdia A kai B ta opoÐa arqÐzoun na allh-
lepidroÔn th qronikl  stigm  t = 1. An den èqoume prìwrh di�s-
pash (dhlad , an den èqoume diaspash se qrìno t = p,ìpou p h
perÐodoc tou swmatidÐou pou brÐsketai sta arister�) tìte h allh-
lepÐdrash metaxÔ twn A kai B ja eÐnai solitonik .
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Par�deigma 3.3 San par�deigma thc solitonik c allhlepÐdra-
shc metaxÔ duo swmatidÐwn, jewroÔme thn om�da pou orÐsthke sto
par�deigma (3.2) kai ta swmatÐdia A = σ10σ4 kai B = σ1σ2σ3 kai
aktÐna r = 2.

3.3 Disdi�stata,duadik� solitonik� kuyelidik� autìmata

O genikeumènoc kanìnac exèlixhc, ìpwc perigr�fetai stic sqè-
seic 3.2 - 3.4, brÐskei efarmog  kai se autìmata twn opoÐwn k�-
je kelÐ mporeÐ na p�rei wc tim  ènan 2-di�stato pÐnaka. To 2-
di�stato K.A èqei wc periorismoÔc oti mporeÐ na kineÐtai mìno se
mÐa kateÔjunsh (èstw ton orizìntio �xona) kai to k�je stoiqeÐo
tou (ìpou plèon eÐnai pÐnakac 2 diast�sewn) èqei el�qisto pl joc
sunduasm¸n metaxÔ twn gramm¸n kai twn sthl¸n tou. Parak�tw
akoloujoÔn duo paradeÐgmata efarmog c tou genikeumènou kanìna
exèlixhc se èna periodikì swmatÐdio kai se dÔo periodik� swmatÐdia.
Par�deigma 3.4 (Ena periodikì swmatÐdio) 'Estw r = 2,

G = A3×2(Z2), dhlad  mia om�da pin�kwn di�stashc 3 × 2 me s-
toiqeÐa 0   1. JewroÔme loipon thn parak�tw di�taxh :

1 0 0 0 1 0 1 1 0 1 1 0
0 0 0 0 0 1 1 1 1 1 0 1
0 1 0 0 1 1 0 0 1 0 1 1

thn opoÐa mporeÐ kaneÐc na jewr sei wc èna aplì swmatÐdio to
opoÐo apoteleÐtai apo dÔo BS ta A = α1 α2 α3 kai B = b1 b2 b3
ìpou :

α1 =
1 0
0 0
0 1

,α2 =
0 0
0 0
0 0

,α3 =
1 0
0 1
1 1

,b1 =
1 1
1 1
0 0

,b2 =
0 1
1 1
1 0

, b3 = α3

Tìte

A1 = α1©©, A2 = A, A⊗B =
0 1
1 1
0 1

0 1
1 1
1 0

0 0
0 0
0 0

, (A⊗B)=
0 1
1 1
0 1

©©,

(A⊗B)2 = (A⊗B).
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t=0

0 0 0 1 0 1 1 0 1 1 0 0

0 0 0 0 1 1 1 1 1 0 1 0

1 0 0 1 1 0 0 1 0 1 1 0

t=1

0 0 0 0 1 0 1 1 0 1 1 0 0 0 0 0

0 0 0 0 0 1 1 1 1 1 0 1 0 0 0 0

0 0 0 0 1 1 0 1 1 0 1 1 0 1 0 0

t=2

0 0 1 1 0 1 0 0 0 0 0 0 1 0

0 0 1 1 1 1 0 0 0 0 0 0 0 1

0 0 0 1 1 0 0 0 0 1 0 0 1 1

t=3

0 0 0 1 0 0 1 1 0 0 1 0 1 1

0 0 1 1 0 0 1 1 0 0 0 1 1 1

0 0 1 0 0 0 0 0 0 0 1 1 0 1

t=4

0 0 0 0 1 1 0 1 1 0 1 1 0 1 0 0

0 0 0 0 1 1 1 1 0 1 1 1 1 1 0 0

0 0 0 0 0 0 1 0 1 1 0 1 1 0 0 0

t=5

0 0 0 0 0 1 1 0 0 0 0 1 0 0 1 1

0 0 0 0 1 1 0 1 0 0 1 1 0 0 1 1

0 0 0 0 1 0 1 1 0 1 1 0 0 0 0 0

t=6

0 0 1 0 0 0 0 0 0 0 1 1 0 1

0 0 0 1 0 0 0 0 0 0 1 1 1 1

0 0 1 1 0 1 0 0 0 0 0 0 1 0

t=7

0 0 0 0 0 1 0 1 1 0 1 1 0 0

0 0 0 0 0 0 1 1 1 1 1 0 1 0

0 0 1 0 0 1 1 0 0 1 0 1 1 0
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Par�deigma 3.5(AllhlepÐdrash metaxÔ duo periodik¸n swmatidÐwn.)
An sugkrÐnete ta qronik� b mata t = 0 kai t = 10 gia r = 2 ja deÐte oti
h sÔgkroush eÐnai solitonik , me to taqÔtero swmatÐdio na feÔgei proc ta
arister�('Eqei paraleifjei h metatìpish sto q¸ro).

t=0

1 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 0 1 0 0

1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 1

0 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1

t=1

0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1

0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0

0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1 1 0

t=2

0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 0 1

0 0 1 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0 1 0

0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1 1

t=3

0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0

0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0

0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 1 1 0 1 0 0 0

t=4

0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 0 0 0 1 1 0 0

0 0 1 1 0 0 0 1 0 0 0 1 1 1 1 1 0 1 0 1 0 0

0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 1 0 0 1 0 0 0

t=5

0 0 0 0 1 1 1 0 1 1 1 0 1 0 0 0 1 1 1 0 0 0

0 0 0 0 0 1 1 1 0 1 1 1 0 0 0 1 0 1 1 1 0 0

0 0 0 0 1 0 0 1 1 0 0 1 0 0 0 0 1 0 0 1 0 0
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t=6

0 0 1 0 1 1 0 1 1 0 0 0 0 0 1 0 0 0 1 1

0 0 1 1 0 1 1 0 0 0 0 1 0 0 1 1 0 0 0 1

0 0 1 1 0 1 1 0 0 0 0 0 0 0 1 0 0 1 0 0

t=7

0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0

0 0 0 1 1 0 1 1 0 1 0 0 0 0 0 0 0 1 1 1 0 0 0

0 0 1 0 1 1 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0

t=8

0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 1

0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1

0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0

t=9

0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0

0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0

0 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0

t=10

0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0

0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0

0 0 1 0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0
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Se autì to kef�laio melet¸ntai ìloi oi algìrijmoi pou anap-
tÔqjhkan gia thn ulopoÐhsh twn kanìnwn exèlixhc pou parousi�sth-
kan sta prohgoÔmena kef�laia. Pio sugkekrimèna ja parousias-
toÔn oi algìrijmoi pou ulopoioÔn ton pr¸to kanìna exèlixhc K.A
FÐltrou miac di�stashc, oi algìrijmoi tou genikeumènou kanìn-
a exèlixhc gia autìmata me stoiqeÐa miac di�stashc pou an koun
se abelianèc om�dec, gia autìmata twn opoÐwn ta stoiqeÐa eÐnai
duadik� kai disdi�stata kaj¸c kai gia autìmata twn opoÐwn ta
stoiqeÐa an koun se kuklikèc om�dec mèqri kai tètarthc t�xhc.

4.1 O pr¸toc kanìnac exèlixhc autom�twn fÐltrou

Sthn par�grafo 2.4 parousi�sthke o pr¸toc kanìnac exèlixhc
K.A fÐltrou, pou apoteloÔntai apo duadik� stoiqeÐa miac di�s-
tashc. Gia th melèth thc exèlixhc swmatidÐwn miac di�stashc
sthn paroÔsa ergasÐa, anaptÔqjhke o antÐstoiqoc algìrijmoc u-
lopoÐhshc tou 1oυ kanìna exèlixhc 2.4. Ston sugkekrimèno al-
gìrijmo wc plègma tou K.A fÐltrou qrhsimopoieÐtai k�je for� mia
gramm  enìc pÐnaka (èna di�nusma), me peperasmèno pl joc jèsewn
(keli¸n), kajèna apo ta opoÐa mporeÐ na p�rei mìno tic timèc 0   1,
en¸ prÐn apo thn eisagwg  thc arqik c di�taxhc ìla ta keli� èqoun
thn tim  0. Gia thn orj  eisagwg  thc arqik c di�taxhc gÐnontai
oi aparaÐthtoi elègqoi ¸ste ìla ta stoiqeÐa k�je swmatidÐou na
eÐnai duadik� kai na up�rqei toul�qiston 1 m  mhdenikì swmatÐdio.
Met� loipìn thn epituq  eisagwg  apo to qr sth miac di�taxhc
a0 eis�getai o epijumhtìc arijmìc qronik¸n bhm�twn Time kaj¸c
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kai h aktÐna (Rad). Arqik� topojeteÐtai h dojeÐsa di�taxh a0 ston
ènan pÐnaka A[m,n] ìpou k�je tou gramm  eÐnai h kat�stash at thc
di�taxhc kata tic qronikèc stigmèc 0 ≤ t ≤ Time. Gia par�deigma
to stoiqeio tou pÐnaka A[2,3] eÐnai to 3o stoiqeÐo thc di�taxhc kata
to qronikì b ma 2. H arqik  di�taxh topojeteÐtai stic grammèc 0
kai 1, pio sugkekrimèna stic diadoqikèc jèseic A[0, n−dist−Rad]
mèqri A[0, n − Rad], afoÔ h exèlix  proqwr�ei apo ta dexi� proc
ta arister�. H sugkekrimènh topojèthsh bohj�ei ¸ste na gÐnetai
swst� o upologismìc tou stoiqeiou ait+1 kaj¸c gia ton upologismì
tou apaitoÔntai ta geitonik� Rad prohgoÔmena diadoqik� stoiqeÐa
(AntÐstoiqa Rad diadoqik� stoiqeia thc prohgoÔmenhc gramm c t)
all� kai ta Rad prosf�twc upologismèna (AntÐstoiqa Rad diado-
qik� stoiqeia thc gramm c t+1). Me dist : sumbolÐzetai to pl joc
twn stoiqeÐwn thc di�taxhc pou eis gage o qr sthc). Parak�tw
paratÐjetai o algìrijmoc me th morf  yeudogl¸ssac.
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Algìrijmoc UlopoÐhshc tou pr¸tou kanìna exèlixhc soli-

tonik¸n kuyelidik¸n autom�twn FÐltrou.

Dedomena : time, r, base, dist
Gia j apo 0 mèqri dist− 1
A[0,max− dist− (r + 1) + j] = base[j]

Tèloc j Epan�lhyhc
Gia i apo 1 mèqri time
Gia j apo r + 1 mèqri max− (r + 1)
c = 0
An (A[i− 1, j] = 1) tìte c = c+ 1
Gia k apo 1 mèqri rad
An (A[i, j − k] = 1) tìte c = c+ 1
An (A[i− 1, j + k] = 1) tìte c = c+ 1

Tèloc k epan�lhyhc
An (c = 0   c mod 2 = 1) tìte
A[i, j] = 0

Alli¸c
A[i, j] = 1

Tèloc An
Tèloc j epan�lhyhc

Tèloc i epan�lhyhc
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4.2 Upologistik  ulopoÐhsh tou kanìna exèlixhc se periodik�

kuyelidik� autìmata fÐltrou

Sthn par�grafo 2.10 parousi�sthkan ta periodik� kuyelidik�
autìmata, me periodikèc sunoriakèc sunj kec. Gia thn ulopoÐhsh
tou kanìna exèlixhc ìpwc autìc perigr�fetai stic sqèseic : 2.26,
2.28-2.30 anaptÔqjhke kai o antÐstoiqoc algìrijmoc. 'Opwc se
ìlouc touc upìloipouc algorÐjmouc basik  proôpìjesh eÐnai o
qr sthc na eis�gei thn arqik  di�taxh, thn aktÐna rad kaj¸c kai
to pl joc twn qronik¸n bhm�twn time. O qr sthc eis�gei thn
di�taxh se èna di�nusma kai upologÐzetai to pl joc dist, twn s-
toiqeÐwn thc di�taxhc aut c. O kanìnac exèlixhc ja efarmosteÐ
se pÐnaka A prokajorismènhc di�stashc kai pio sugkekrimèna a-
paitoÔntai time grammèc kai 3dist st lec. Oi pr¸tec dist st lec
qrhsimopoioÔntai gia ton upologismì twn pr¸twn rad stoiqeÐwn
thc ek�stote di�taxhc. Oi teleutaÐec dist st lec qrhsimeÔoun gia
ton upologismì twn teleutaÐwn rad stoiqeÐwn k�je di�taxhc, en¸
h arqik  di�taxh topojeteÐtai sthn mhdenik  gramm  stic jèseic
apo dist e¸c 2dist kai sthn pr¸th gramm  stic jèseic 1 e¸c dist.

O kanìnac exèlixhc efarmìzetai sta stoiqeÐa apo dist e¸c kai
2dist, k�je gramm c apo ta arister� proc ta dexi�. Gia ton up-
ologismì k�je stoiqeÐou ìpwc èqei  dh anaferjeÐ stic sqèseic
2.28-2.30, an to stoiqeÐo brÐsketai stic jèseic dist + rad e¸c
2dist − rad, lamb�nontai upìyin ta rad diadoqik� geitonik� aris-
ter�, prosf�twc upologismèna stoiqeÐa, kaj¸c kai ta rad diado-
qik� dexi� stoiqeÐa, pou upologÐsthkan sto prohgoÔmeno qronikì
b ma antÐstoiqa. Pio sugkekrimèna, sthn perÐptwsh pou to s-
toiqeÐo pou prìkeitai na upologisteÐ brÐsketai stic pr¸tec dist
e¸c dist + rad jèseic, tìte gia ton upologismì touc lamb�nontai
upoyin ta teleutaÐa rad stoiqeÐa pou upologÐsthkan sto prohgoÔ-
meno qronikì b ma. Sthn perÐptwsh upologismoÔ twn teleutaÐwn
dist−rad stoiqeÐwn lamb�nontai upìyin ta pr¸ta rad stoiqeÐa thc
prosf�twc upologismènhc di�taxhc. Gia ìlouc autoÔc touc lìgouc
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k�je nèo stoiqeÐo thc jèshc j pou upologÐzetai (dist ≤ j ≤ 2dist)
antigr�fetai tìso sth jèsh j − dist, tou epìmenou qronikoÔ b -
matoc, ìso kai sth jèsh j + dist tou prohgoÔmenou qronikoÔ
b matoc. 'Opwc loipìn gÐnetai safèc apo ta parap�nw h anti-
graf  k�je di�taxhc stic pr¸tec jèseic tou epìmenou qronikoÔ
b matoc, qrhsimeÔei ston upologismì, twn pr¸twn rad stoiqeÐwn
thc epìmenhc di�taxhc. H antigraf  thc di�taxhc sto prohgoÔ-
meno qronikì b ma qrhsimeÔei ston upologismì twn teleutaÐwn
dist − rad + 1 stoiqeÐwn tou qronikoÔ b matoc pou brÐsketai h
exèlixh th dedomènh stigm .

Pio sugkekrimèna gia thn ulopoÐhsh tou kanìna exèlixhc 2.26
efarmìsthke o ex c algìrijmoc :
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Algìrijmoc ulopoÐhshc KA fÐltrou me periodikèc
sunj kec

Dedomena : time, rad, base, dist//
C :base eÐnai èna di�nusma di�stashc dist pou perièqei th di�tax-

h pou eis gage o qr sthc.
Gia j apo 0 mèqri dist− 1

A[0, dist+ j] = base[j]
A[1, j] = base[j]

Tèloc j Epan�lhyhc
Gia i apo 1 mèqri time

Gia j apo dist mèqri 2 ∗ dist
c = 0
An (A[i− 1, j] = 1) c = c+ 1
Gia k apo 1 mèqri rad

An (A[i, j − k] = 1) c = c+ 1
An (A[i− 1, j + k] = 1) c = c+ 1

Tèloc k epan�lhyhc
An (c = 0) tìte

A[i, j] = 0
Alli¸c

An (c mod 2) = 1 A[i, j] = 0
Alli¸c A[i, j] = 1

Tèloc An
A[i+ 1, j − dist] = A[i, j]
A[i− 1, j + dist] = A[i, j]

Tèloc j epan�lhyhc
Tèloc i epan�lhyhc
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4.3 O genikeumenoc kanìnac exèlixhc gia stoiqeia pou an koun

se abelianèc om�dec

Sthn par�grafo 3.1 parousi�sthke o genikeumènoc kanìnac
exèlixhc gia K.A twn opoÐwn ta stoiqeia an koun se Abelianèc
om�dec Zn Gia thn ulopoÐhsh tou kanìna exèlixhc 3.4 anaptÔqjhke
antÐstoiqoc algìrijmoc. PrÐn xekin sei h efarmog  tou genikeumè-
nou kanìna exèlixhc 3.4 prèpei na gÐnoun aparaÐthtec eisagwgèc
apo ton qr sth, dhlad  ta qronik� b mata thc exèlixhc Time,
h aktÐna Rad, h t�xh thc abelian c om�dac sthn opoÐa an koun
ta swmatÐdia n kai tèloc h arqik  di�taxh twn swmatidÐwn. Na
shmeiwjeÐ ed¸ ìti h arqik  di�taxh twn swmatidÐwn pou eis�gei o
qr sthc topojeteÐtai se ènan monodi�stato pÐnaka A prokajoris-
menhc di�stashc sth gramm  0. H metablht  C arqik� perièqei to
pr¸to mh mhdenikì stoiqeÐo thc ek�stote di�taxhc se k�je qronik 
stigm , en¸ kata thn di�rkeia thc exèlixhc sto Ðdio qronikì b ma
h tim  tou anane¸netai, �n up�rqoun diadoqik� mhdenik� r + 1 s-
toiqeÐa an�mesa se dÔo swmatÐdia, paÐrnontac thn tim  tou pr¸tou
mh mhdenikoÔ stoiqeÐou (met� ta mhdenik� swmatÐdia).
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Algìrijmoc ulopoÐhshc genikeumènou kanìna exèlixh-
c se stoiqeÐa pou an koun se abelianèc om�dec

Dedomèna A[0,max], T ime,Rad,C, n
Gia t apo 0 mèqri Time
Gia j apo 0 mèqri max−Rad
S1 = 0
S2 = 0
S3 = 0

C : 'Opou S1 eÐnai ajroist c twn Rad− 1 diadoqik¸n arister¸n stoiqeÐwn.
C : S2 eÐnai ajroist c twn Rad− 1 diadoqik¸n suzug¸n epìmenwn stoiqeÐwn.
C : S3 eÐnai ajroist c twn Rad− 1 diadoqik¸n epìmenwn stoiqeÐwn.

Gia i apo 1 mèqri Rad− 1
An j < Rad tìte
S1 = 0

Alliwc
S1 = S1 +A[t+ 1, j − i]

Tèloc an
S2 = S2 + n−A[t, j]
S3 = S3 +A[t− j]

Teloc i Epan�lhyhc
Sk = S1 + S2 + (n−A[t, j])

C : Prosjètoume kai to suzugèc stoiqeÐo thc jèshc sthn opoÐa briskìmaste
An S1 + S3 +A[t, j] = 0 tìte
A[t, j] = 0
C = A[t, j +Rad]

C :Krat�me gia C to pr¸to mh mhdenikì stoiqeÐo, afou èqoume metr sei Rad+1
mhdenik� diadoqik� stoiqeÐa.
Alli¸c

A[t+ 1, j] = ((Sk + n−A[t, j +Rad]) + c)mod n)
Teloc An

Teloc j Epan�lhyhc

Tèloc t Epan�lhyhc
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4.4 Upologistik  ulopoÐhsh tou genikeumenou kanìna

exèlixhc,se diat�xeic me duadik� disdi�stata stoiqeÐa

Gia thn kataskeu  enìc 2-di�statou KA, jewroÔme to K.A pou
parousi�sthke stouc orismoÔc 3.2 kai 3.4 tou opoÐou to k�je kelÐ
mporeÐ na p�rei wc timèc ènan 2-di�stato pÐnaka. H di�taxh pou
eis�gei o qr sthc topojeteÐtai stic teleutaÐec st lec twn pr¸twn
gramm¸n enìc pÐnaka A, o opoÐoc èqei prokajorismènh di�stash.
To k�je stoiqeÐo èqei n grammèc kaim st lec, epÐshc èqoun qrhsi-
mopoihjeÐ epiplèon dÔo pÐnakec S1 kai S2 stouc opoÐouc ajroÐ-
zoume ta arister� Rad prosf�twc upologismèna stoiqeÐa apo th
jèsh sthn opoÐa briskìmaste kai ta Rad epìmena suzug  upolo-
gismèna stoiqeÐa antÐstoiqa. Se ìlouc touc prohgoÔmenouc algorÐ-
jmouc mèqri t¸ra èqoun qrhsimopoihjeÐ pÐnakec opou topojeteÐtai
h di�taxh twn swmatidÐwn gia k�je qronikì b ma ki ètsi desmeÔon-
tai tìsec grammèc ìsec kai to pl joc twn bhm�twn pou eis gage
o qr sthc. AntÐjetwc, se aut  thn ulopoÐhsh desmeÔontai mìno
tìsec grammèc ìsec eÐnai kai to pl joc twn gramm¸n twn stoiqeÐwn
thc k�je di�taxhc, ètsi se k�je qronikì b ma epanaqrhsimopoioÔn-
tai oi Ðdiec jèseic me autèc tou prohgoÔmenou b matoc, perièqontac
bèbaia ta ananeomèna stoiqeÐa pou prokÔptoun apo thn efarmog 
tou kanìna exèlixhc (3.4) gia to ek�stote qronikì b ma.
Se k�je qronikì b ma o deÐkthc p diatrèqei ìla ta stoiqeÐa thc
di�taxhc A. An ta geitonik� stoiqeÐa tou p kai to Ðdio to stoiqeÐo
thc jèshc p eÐnai mhdenik� tìte kai to ananewmèno stoiqeÐo p ja
eÐnai to mhdenikì. EpÐshc, arqÐzei h anaz thsh tou C dhlad  tou
pr¸tou mh mhdenikoÔ stoiqeÐou èpeita apo Rad + 1 diadoqik� mh-
denik� stoiqeÐa. Se antÐjeth perÐptwsh efarmìzetai o kanìnac
exèlixhc ¸c ex c : ston pÐnaka S1 prostÐjentai ìla ta stoiqeÐ-
a apo tic jèseic p − Rad ∗ m mèqri kai th jèsh p pou eÐnai ta
prosf�twc upologismèna stoiqeÐa. Ston pÐnaka S2 prostÐjentai
ta suzug  twn stoiqeÐwn p + m mèqri kai p + Rad pou eÐnai up-
ologismèna apo to prohgoÔmeno qronikì b ma. Tèloc ajroÐzontai
ta S1, S2 kai to C. to suzugèc autoÔ tou ajroÐsmatoc eÐnai h
ananewmènh tim  tou stoiqeÐou pou brÐsketai sth jèsh p. Ta Ðdia
b mata akoloujoÔntai gia k�je stoiqeÐo thc di�taxhc se opoiod -
pote qronikì b ma.
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Algìrijmoc ulopoÐhshc genikeumènou
kanona exèlixhc se disdi�stata K.A

Dedomèna A[n,max], T ime,Rad
Gia t apo 0 mèqri Time
Gia p apo Rad mèqri max−m ∗Rad me b ma m
Count = 0
Gia i apo 0 mèqri n
Gia j apo 0 mèqri n− 1
S1[i, j] = 0
S2[i, j] = 0

Tèloc j Epan�lhyhc
C :'Opou S1 eÐnai o ajroist c twn prohgoÔmenwn Rad stoiqeÐwn
C :S2 o ajroist c twn epìmenwn prosf�twc upologismènwn Rad suzug¸n

stoiqeÐwn sÔn to suzugèc thc jèshc sthn opoÐa briskìmaste
Tèloc i Epan�lhyhc

C : 'Elegqoc gia to an qrei�zetai na upologisteÐ to nèo C stoiqeÐo.
Gia i apo 0 mèqri n− 1
Gia z apo p mèqri p+m ∗ (Rad+ 1)
An A[i, z] = 0 Count = Count+ 1

Tèloc z Epan�lhyhc
Tèloc i Epan�lhyhc
An Count = (Rad+ 1) ∗m ∗ n tìte
j = p C : Krat�ei th st lh tou stoiqeÐou proc epexergasÐa
elem = 0 C : Metrht c twn stoiqeÐwn mèqri na broÔme to Carry

( Xekin�ei h anaz thsh tou pr¸tou mh mhdenikoÔ stoiqeÐou dhlad  tou C)
Arq  Epan�lhyhc
Zeros = 0

C : O metrht c Zeros metr�ei ta mhden thc k�je st lhc. An to Zeros
p�rei tim  mikrìterh tou n (twn gramm¸n tou k�je stoiqeÐou) shmaÐnei oti
brèjhke to pr¸to m  mhdenkì stoiqeÐo.

Gia i apo 0 mèqri n− 1
An A[i, j] = 0 Zeros = Zeros+ 1

Tèloc i Epan�lhyhc
An Zeros = n tìte
j = j + 1
An j mod m = 0 tìte elem = elem+ 1

C :To elem aux�netai k�je for� pou èqw sumplhr¸sei m st lec, ìsec
eÐnai kai oi st lec enìc stoiqeÐou.

Mèqric 'Otou n > Zeros   j = max
C2 = p+ elem ∗m
Gia i apo 0 mèqri n− 1
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Gia j apo C2 mèqri C2 +m− 1
C[i, j − C2] = A[i, j]

Tèloc j Epan�lhyhc
Tèloc i Epan�lhyhc
Tèloc An
Gia z apo p−m ∗Rad mèqri p me b ma m
Count2 = Count2 + 1

C : O metrht c Count2 aux�netai k�je for� pou ajroÐzetai èna stoiqeÐo
sto S1

Gia i apo 0 mèqri n− 1
Gia j apo z mèqri z + count2 ∗m− 1
S1[i, j − z] = S1[i, j − z] + A[i, j]

Tèloc j Epan�lhyhc
Tèloc i Epan�lhyhc

Tèloc z Epan�lhyhc
Gia z apo p mèqri p+m ∗Rad me b ma m
Count3 = Count3 + 1 C :O metrht c Count3 aux�netai k�je

for� pou ajroÐzetai èna stoiqeÐo sto S2
Gia i apo 0 mèqri n− 1
Gia j apo z mèqri z + Count3 ∗m− 1
S2[i, j − z] = S2[i, j − z] + (A1[i, j]modn)

Tèloc j Epan�lhyhc
Tèloc i Epan�lhyhc

Tèloc z Epan�lhyhc
count = 0
Gia i apo 0 mèqri n− 1
Gia j apo 0 mèqri m− 1
An S1[i, j] + S2[i, j]] = 0 tìte count = count+ 1

Tèloc j Epan�lhyhc
Tèloc i Epan�lhyhc

C An to S1 + S2 dÐnoun mhdenikì stoiqeÐo tìte nèo stoiqeÐo eÐnai to mh-
denikì

An count = n ∗m tìte
Gia i apo 0 mèqri n− 1
Gia j apo 0 mèqri m− 1

A[i, p+ j] = 0
Tèloc j Epan�lhyhc

Tèloc i Epan�lhyhc
Alli¸c
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Gia i apo 0 mèqri n− 1
Gia j apo 0 mèqri m− 1
S[i, j] = (S1[i, j] + S2[I, j] + C[i, j])modn

C : Diaforetik�, ta S1 kai S2 kaj¸c kai to C prostÐjentai. To suzugèc
autoÔ tou ajroÐsmatoc eÐnai to nèo stoiqeÐo.

A[i, p+ j] = S[i, j]
Tèloc j Epan�lhyhc

Tèloc i Epan�lhyhc
Tèloc An

Tèloc p Epan�lhyhc
Tèloc t Epan�lhyhc
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4.5 Upologistik  ulopoÐhsh tou genikeumenou kanìna

exèlixhc,se diat�xeic me stoiqeÐa pou an koun se kuklikèc

om�dec

Sthn par�grafo 3.2 orÐsthkan oi mh abelianèc om�dec metajè-
sewn kai o trìpoc efarmog c tou genikeumènou kanìna exèlixhc
3.10 se diat�xeic tètoiwn stoiqeÐwn. O pÐnakac metajèsewn sq -
ma 3.1 prokÔptei mèsw miac sun�rthshc pou dhmiourg jhke gia na
par�gei ìlec tic pijanèc metajèseic. H diafor� se sqèsh me s-
toiqeÐa �llwn om�dwn eÐnai h allhlepÐdrash metaxÔ twn stoiqeÐwn.
Ta stoiqeÐa metaxÔ touc den allhlepidroÔn pia mèsw thc prìsjesh-
c mod n, all� mèsw twn metajèsewn twn stoiqeÐwn twn kuklik¸n
om�dwn. Ta swmatÐdia upologistika mporoÔn na anaparastajoÔn
san ènac pÐnakac 2 gramm¸n kai m sthl¸n, ìpou m eÐnai h t�x-
h thc om�dac. Ta stoiqeÐa thc k�je gramm c eÐnai oi diadoqikoÐ
akèraioi arijmoÐ apo 1 e¸c m, en¸ ta stoiqeÐa thc deÔterhc gram-
m c paÐrnoun timèc epÐshc apo 1 e¸c m, ìqi ìmwc upoqrewtik�
diadoqikèc. Pio sugkekrimèna, èstw h allhlepÐdrash metaxÔ twn
stoiqeÐwn Sk kai A, to k�je stoiqeÐo thc deÔterhc gramm c tou
Sk upagoreÔei apo poia st lh thc deÔterhc gramm c tou A ja
prokÔyei h nèa tim  thc ek�stote st lhc, gia to paragìmeno s-
toiqeÐo thc allhlepÐdrashc. H sun�rthsh pou ulopoieÐ aut  thn
allhlepÐdrash eÐnai h ex c:

Sun�rthsh SunduasmoÐ (Sk, A, place,m)
Gia j apo place mèqri place+m

; col = Sk[2, j]
Sk[2, j] = A[2, col]

Tèloc j Epan�lhyhc
Tèloc SunduasmoÐ

Sthn sun�rthsh SunduasmoÐ to nèo stoiqeÐo thc allhlepÐdrash-
c metaxÔ twn Sk kai A apojhkeÔetai ston pÐnaka Sk. EpÐshc basik 
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proôpìjesh eÐnai ìla ta stoiqeÐa pou allhlepidroÔn na èqoun ar-
qikopoihjeÐ, dhlad  h pr¸th touc gramm  na apoteleÐtai apo tic
timèc 1 e¸c m. Me th qr sh aut c thc sun�rthshc epitugq�ne-
tai h paragwg  ìlwn twn metajèsewn miac om�dac opoiasd pote
t�xhc kai tautìqrona an thn klhjeÐ gia Rad diadoqik� epìmena s-
toiqeÐa thc di�taxhc A, mporeÐ na par�gei to Sk gia ton upologismì
tou ananewmènou aplacet+1 stoiqeÐou kata th di�rkeia k�je qronikoÔ
b matoc. Ja prèpei akìmh na shmeiwjeÐ oti h sunarthsh aut  è-
qei ulopoihjeÐ se gl¸ssa programmatismoÔ C, epofeloÔmenoi to
gegonìc oti touc pÐnakec touc diaqeirÐzetai san deÐktec kai opoiad -
pote allag  an sumbeÐ se k�poio apo ta orÐsmata an autì eÐnai pÐ-
nakac, epistrèfetai sto kurÐwc prìgramma qwrÐc na qrei�zetai na
dhl¸jeÐ k�poio epiplèon ìrisma exìdou.

SÔmfwna me ton genikeumèno kanìna exèlixhc èprepe na up-
�rqei dunatìthta upologismoÔ suzugoÔc swmatidÐou. 'Opwc èqei
proanaferjei, an èna stoiqeÐo allhlepidr�sei me to suzugèc tou
tìte prokÔptei to mhdenikì stoiqeÐo ìpwc autì èqei oristeÐ sthn
par�grafo 3.2. Gia thn kataskeu  tou suzugoÔc kataskeu�sthke
h sun�rthsh Suzugèc:

Sun�rthsh Suzugèc (A, S, place,m)
Gia j apo place mèqri place+m

col = A[2, j]
S[2, col] = A[1, j]

Tèloc j Epan�lhyhc
Tèloc Suzugèc

Ston algìrijmo pou ulopoiei ton genikeumèno kanìna exèlixhc
3.10 o qr sthc eis�gei thn aktÐna Rad, ta qronik� b mata Time
to swmatÐdio kai thn t�xh thc om�dac m sthn opoÐa an kei to
swmatÐdio. Kai ed¸ h exèlixh proqwr�ei apo ta dexi� proc ta aris-
ter� gi' autì to swmatÐdio aplì   sÔnjeto èis�getai stic teleutaÐec
st lec tou pÐnaka A duo gramm¸n kai enìc arijmoÔ pollapl�siou
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thc t�xhcm, max sthl¸n af nwntac p�nta tic teleutaÐec Rad∗m
st lec me mhdenik� stoiqeÐa. O pÐnakac A prin topojethjeÐ to
swmatÐdio tou qr sth arqikopoieÐtai apoteloÔmenoc apo mhdenik�
stoiqeÐa. Dhlad  apo stoiqeÐa thc morf c :

0 =

(
1 2 3
1 2 3

)
PrÐn xekin sei h exèlixh k�je qronikoÔ b matoc krat�tai h jèsh

sthn opoÐa brÐsketai to stoiqeÐo C dhlad  to pr¸to mh mhdenikì
stoiqeÐo thc paragìmenhc di�taxhc sth metablht  c1, en¸ h jèsh
tou teleutaÐou stoiqeÐou sth metablht  last. 'Opwc analÔetai
parak�tw se k�je qronikì b ma gia thn paragwg  k�je stoiqeÐou
lamb�nontai upìyin taRad geitonik� stoiqeÐa pou brÐskontai ekatèr-
wjen tou proc exèlixh stoiqeÐou. Arister� tou brÐskontai ta pros-
f�twc upologismèna stoiqeÐa en¸ dexi� ta stoiqeÐa pou proèkuyan
sto prohgoÔmeno qronikì b ma. Gia ton upologismì tou Sk tou
kanìna exèlixhc kaleÐtai h sun�rthsh SundiasmoÐ, en¸ gia thn
paragwg  twn suzug¸n stoiqeÐwn kaleÐtai h sun�rthsh Suzugèc
ìpwc parousi�sthke se aut  thn par�grafo.



4. UPOLOGISTIKH ULOPOIHSH 65

Algìlijmoc genikeumènou kanìna exèlixhc
se stoiqeÐa kuklik¸n om�dwn
Gia p apo c1 mèqri last me b ma m

C :Mhdenismìc Sk, S
Gia j apo 1 mèqri m

Sk[1, j] = j
Sk[2, j] = j
S[1, j] = j
S[2, j] = j

Tèloc j epan�lhyhc
C :An ìla ta Rad geitonik� stoiqeÐa tou p eÐnai mhdenik� tìte to stoiqeÐo thc

jèshc p eÐnai to mhdenikì
zeros = 0
notzeros =Yeud c
'Oso i < p+m ∗Rad kai notzeros =Yeud c epan�labe

An A[2, i] = A[1, i] tìte
zeros = zeros+ 1
i = i+ 1

alli¸c
notzeros =|Alhj c

Tèloc An
Tèloc Epan�lhyhc
An notzeros=Yeud c tìte

Gia j apo 1 mèqri m
Ak[2, p+ j] = j

Tèloc j epan�lhyhc
C :Sthn Ðdia perÐptwsh arqÐzei kai h anaz thsh tou stoiqeÐou C

Anaz thshC(A, p,C)
C :Mèsw tou upoprogr�mmatoc Anaz thshC(A, p,C) to opoÐo dèqetai wc ìris-

mata thn di�taxh A kai th jèsh apo thn opoÐa arqÐzei h anaz thsh p, upologÐzetai
kai epistrèfetai to nèo C.

Alli¸c
C :Sthn perÐptwsh ìpou ta geitonik� Rad den eÐnai mhdenik� o kanìnac exèlixhc

efarmìzetai ¸c ex c:
Gia k apo p−m ∗Rad mèqri p

SunduasmoÐ(Sk, A, k,m)
Suzugèc (A,S, k +Rad ∗m,m)
SunduasmoÐ(Sk, S, 1,m)

Tèloc k epan�lhyhc
C :An to stoiqeÐo Sk EÐnai to mhdenikì tìte stoiqeÐo thc jèshc p prokÔptei apo

thn pr�xh Sk ⊗ ap+Rad ⊗ C
An Sk = 0

Suzugèc (S,A, p+m ∗Rad,m)
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C : to suzugèc tou A[p+Rad ∗m] apojhkeÔetai sto S
SunduasmoÐ(Sk, S, 1,m)

C : to S epidr� to sto Sk
SunduasmoÐ(Sk, C, 1,m)

C : to C epidr� to sto Sk
Suzugèc (S, Sk, 1,m)

C : to suzugèc tou Sk apojhkeÔetai sto S
Alli¸c An Sk 6= 0

C :Sthn perÐptwsh ìpou to Sk 6= 0 tìte to nèo stoiqeÐo thc jèshc p upologÐzetai
apo thn pr�xh Sk ⊗ C ⊗ ap+Rad

SunduasmoÐ(Sk, C, 1,m)
C : to S epidr� to sto Sk

Suzugèc (S,A, p+m ∗Rad,m)
C : to suzugèc tou A[p+Rad ∗m] apojhkeÔetai sto S

SunduasmoÐ(Sk, S, 1,m)
C : to S epidr� to sto Sk

Suzugèc (S, Sk, 1,m)
C : to suzugèc tou Sk apojhkeÔetai sto S

Tèloc An
Gia j apo 1 mèqri m

A[2, p+ j] = S[2, j]
Tèloc j epan�lhyhc

Tèloc p epan�lhyhc

Se k�je qronikì b ma proc exèlixh prèpei arqik� na melet�tai an
ìla ta geitonik� Rad stoiqeÐa pou brÐskontai sth jèsh p mazÐ kai
me to stoiqeÐo p eÐnai mhdenik�. An o isqurismìc autìc isqÔei tìte
to stoiqeÐo thc jèshc p eÐnai to mhdenikì. Sthn Ðdia perÐptwsh
arqÐzei kai h anaz thsh tou pr¸tou mh mhdenikoÔ stoiqeÐou C an
metaxÔ tou mhdenikoÔ stoiqeÐou p kai tou epìmenou stoiqeÐou parem-
b�lontai perissìtera apo Rad+ 1 mhdenik� stoiqeÐa. Se antÐjeth
perÐptwsh to nèo stoiqeÐo thc jèshc p exart�tai apo to Sk. To
Sk perièqei thn allhlepÐdrash metaxÔ twn Rad prosf�twc upol-
ogismènwn stoiqeÐwn kaj¸c kai twn suzug¸n twn Rad stoiqeÐwn,
upologismènwn sto prohgoÔmeno qronikì b ma. H allhlepÐdrash
aut  gÐnetai me thn ex c seir�: To stoiqeÐo at+1

p−i allhlepidr� me
to atp+i (ìpou 1 ≤ i ≤ Rad kai 0 ≤ t ≤ Time),to apotèles-
ma thc allhlepÐdrashc apojhkeÔetai sto Sk kai autì me th seir�
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tou allhlepidr� me to epìmeno at+1
p−(i+1) stoiqeÐo k.o.k. Epeid  stic

om�dec metajèsewn den isqÔei h antimetajetik  idiìthta, èprepe
na dojeÐ idiaÐterh prosoq  sth seir� me thn opoÐa upologÐzetai h
allhlepÐdrash metaxÔ twn ek�stote stoiqeÐwn. Gi' autì ton lìgo

an Sk = 0 tìte to at+1
p = Sk ⊗ atp+Rad ⊗ C en¸ an to Sk 6= 0 tìte

at+1
p = Sk ⊗ C ⊗ atp+Rad.
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SUMPERASMATA

Sthn paroÔsa ergasÐa, kat� thn melèth tou Genikeumènou kanìn-
a exèlixhc se swmatÐdia pou an koun se kuklikèc om�dec parousi�sthke
ènac nèoc kanìnac exèlixhc. O kanìnac autìc orÐzei me piì austhrì
trìpo pwc anane¸netai h kat�stash k�je nèou stoiqeÐou αt+1

k ,
ìpou k h jèsh tou se mia di�taxh th qronik  stigm  t+1. Pio sug-
kekrimèna, o genikeumènoc kanìnac exèlixhc ìpwc parousi�sthke
stic sqèseic (3.2)-(3.6), lìgw thc mh antimetajetikìthtac thc pr�xh-
c me thn opoÐa allhlepidroÔn ta stoiqeÐa twn kuklik¸n om�dwn,
den mporoÔse na efarmosteÐ autoÔsioc. Parathr jhke loipìn oti h
tim  tou Sk paÐzei kajoristikì rìlo, gia ton upologismì k�je nèou
stoiqeÐou. Dhlad , ìtan to Sk eÐnai to mhdenikì stoiqeÐo epeid ,
ìla ta stoiqeÐa tou eÐnai mhdèn tìte αt+1

k = 0. En¸ an Sk = 0 kai

ta stoiqeÐa tou den eÐnai ìla mhden, tìte αt+1
k = Sk ⊗ αtk+r ⊗ c.

Diaforetik�, dhlad  an Sk 6= 0 tìte αt+1
k = Sk ⊗ c⊗ αtk+r.

EpÐshc gia ìlouc touc kanìnec exèlixhc pou parousi�sthkan
sta kef�laia 3 kai 4, anaptÔqjhkan kai oi antÐstoiqoi algìrijmoi
ulopoÐhs c touc, oi opoÐoi sunjètoun to upologistikì perib�llon
pou kataskeu�sthke.
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#include<stdio.h>

#include<stdlib.h>

#include<string.h>

#define max 200

#define max2 1200

int Sc[2][3],Skc[2][3],Cc[2][3];

int Ac[2][max2];

void Sundiasmoi(int a1,int a2,int choice);

void Suzuges(int a1,int a2,int choice);

int main(void)

{

char ep;

char b;

char answer=’Y’;

while (answer==’Y’)

{

system("cls");

printf("***SOLITONIC CELLULAR AUTOMATA***\n");

printf("Are you interested in one or two dimensions?\n");

printf("Press 1 For one dimension automata\n");

printf("Press 2 For two dimension automata\n");

printf("Press 3 For Cyclic groups\n");

scanf("%c",&ep);

while (ep!=’3’ && ep!=’1’ && ep!=’2’)

{

printf("You can only choose between 1 and 2 dimensions\n");

scanf(" %c",&ep);

}

if (ep==’1’)

{

printf("Press 0 - For periodic Boundary\n");
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printf("Press 1 - For Non periodic Boundary\n");

scanf(" %c",&b);

while (b!=’0’&& b!=’1’)

{

printf("You can only choose between of those two options 0-periodic and 1-non periodic\n");

scanf(" %c",&b);

}

if (b==’1’) one_dimension();

if (b==’0’) periodic();

}

if (ep==’2’)

{

two_dimension();

}

if (ep==’3’)

{

Cycle_teams();

}

printf("Do you want to continue?\nPress Y-if your answer is yes\n");

printf("Press N- if your answer is no :\n");

scanf(" %c",&answer);

while ((answer!=’Y’)&&(answer!=’N’)&&(answer!=’y’)&&(answer!=’n’))

{

printf("You can only choose between Y-Yes and N-No\n");

scanf(" %c",&answer);

}

}

}

//*************************************************************************

int periodic()
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{

char pa[200];

int dist,base[200],rad,t;

printf("Enter the particle:\n");

scanf("%s",pa);

printf("Enter the radious\n");

scanf("%d",&rad);

printf("Enter the time steps");

scanf("%d",&t);

dist=strlen(pa);

int A[200][200];

int i,j,k,c;

for (i=0;i<200;i++)

{

base[i]=0;

for(j=0;j<200;j++)

{

A[i][j]=0;

}

}

for(i=0;i<dist;i++)

{

if (pa[i]==’1’)

base[i]=1;

else

base[i]=0;

}

for(j=0;j<dist;j++)

{

A[0][dist+j]=base[j];
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A[1][j]=base[j];

}

for (i=1;i<=t;i++)

{

for(j=dist;j<2*dist;j++)

{

c=0;

if (A[i-1][j]==1)

c++;

for (k=1;k<=rad;k++)

{

if(A[i][j-k]==1) c++;

if (A[i-1][j+k]==1) c++;

}

if (c==0)

A[i][j]=0;

else

{

if (c%2==1)

A[i][j]=0;

else

A[i][j]=1;

}

A[i+1][j-dist]=A[i][j];

A[i-1][j+dist]=A[i][j];

}

}

for (i=0;i<=t;i++)

{

for (j=dist;j<2*dist;j++)
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{

if (A[i][j]==0)

printf(".");

else

printf("’w");

}

printf("\n");

}

}

//*************************************************************************

//One Dimension Automata

int one_dimension()

{

int i,j,Base[max],Rad,Time,mhkos,A[max][max];

int n,SK,S1,S2,S3,c,l,k;

int dist;

char answer;

char Morio[max];

char tsa[2],ss;

FILE *fp;

for(i=0;i<max;i++)

{

for(j=0;j<max;j++)

{

A[i][j]=0;

}

}

for (i=0;i<max;i++)

{
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// Morio[i]=’0’;

Base[i]=0;

}

//Rad=0;

Time=0;

//Insert

printf("Enter the particle :\n");

scanf("%s",&Morio);

dist=strlen(Morio);

//ss=gets(Morio);

//printf("%c %c \n",Morio[0],Morio[1]);

printf("Enter the Radious :\n");

scanf("%d", &Rad);

printf("Enter the steps\n");

scanf("%d",&Time);

printf("Enter the module\n");

scanf("%d",&n);

for (i=0;i<dist;i++)

{

tsa[0]=Morio[i];

//Base[i+Rad+2+(Rad+1)%2]=atoi(tsa);

Base[max-dist-Rad+i]=atoi(tsa);

}

// printf("-->%d\n",Rad);

printf("\n");
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for(j=dist;j<max;j++)

{

A[0][j-dist]=Base[j];

}

for(j=max-dist;j<=max;j++)

{

//A[1][j+2*Rad+1]=Base[j];

A[1][j]=Base[j];

}

//CALCULATIONSSSS

for(k=0;k<=Time;k++)

{

for (j=0;j<max-Rad;j++)

{

S1=0;

S2=0;

S3=0;

for (i=1;i<Rad;i++)

{

if (j<Rad)

{

S1=0;

}

else

S1+=A[k+1][j-i];

if(max-j<Rad)

{

S2=0;
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S3=0;

}

else

{

S2+=n-A[k][j+i];

S3+=A[k][j+i];

}

}

if(j<Rad)

{

S1=0;

}

else

S1+=A[k+1][j-Rad];

SK=S1+S2+(n-A[k][j]);

if (S1+S3+A[k][j]==0)

{

A[k+1][j]=0;

c=A[k][j+Rad];

}

else

{

A[k+1][j]=(n-((SK+(n-A[k][j+Rad])+c)%n))%n;

}

}

}

for (i=0;i<=Time;i++)

{

for(j=100;j<=max-dist;j++)
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{

printf("%d",A[i][j]);

}

printf("\n");

}

}

int two_dimension()

{

FILE *fp;

int Time,Rad,m,n1,m1,A[max][max],i,j,n,s,k1,k2,k3,rep;

char rep2;

for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{

A[i][j]=0;

}

}

Time=0;

char name[max];

printf("-------EISAGWGH DEDOMENWN--------\n");

printf("Eisagete to onoma tou arxeiou\n");

scanf("%s",name);

printf("Choose your shift press \n 1 - Left shift \n 2- Without shift \n");

scanf("%d",&rep);

if (rep==1)

{

s=0;



81

fp=fopen(name,"r");

fscanf(fp,"%d \n",&n1);

fscanf(fp,"%d \n",&m1);

s=m1/m;

for (i=0;i<n1;i++)

{

for (j=0;j<m1;j++)

{

fscanf(fp,"%d \n",&A[i][max-m1+j]);

printf("%d",A[i][max-m1+j]);

}

printf("\n");

}

fclose(fp);

printf("Enter the elements dimension \n");

scanf("%d %d",&n1,&m);

printf("Enter the Radious\n");

scanf("%d", &Rad);

printf("Enter the steps\n");

scanf("%d",&Time);

printf("Enter the module\n");

scanf("%d",&n);

printf("\n");

k1=cell1(n1,m,Rad,Time,m1,n,A);

printf("Do you want to repeat the evolution without shift?\nPress Y-for Yes\nPress N for No\n");

scanf(" %c",&rep2);

if (rep2==’Y’)

{
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for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{

A[i][j]=0;

}

}

s=0;

fp=fopen(name,"r");

fscanf(fp,"%d \n",&n1);

fscanf(fp,"%d \n",&m1);

s=m1/m;

printf("It’s a particle with %d elements\n",s);

for (i=0;i<n1;i++)

{

for (j=0;j<m1;j++)

{

fscanf(fp,"%d \n",&A[i][j+2*m*Rad]);

// printf("%d",A[i][max-m1+j]);

}

// printf("\n");

}

fclose(fp);

k2=cell3(n1,m,Rad,Time,m1,n,A);

}

}

else if(rep==2)

{

s=0;

fp=fopen(name,"r");
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fscanf(fp,"%d \n",&n1);

fscanf(fp,"%d \n",&m1);

// s=m1/m;

// printf("It’s a particle with %d elements\n",s);

for (i=0;i<n1;i++)

{

for (j=0;j<m1;j++)

{

fscanf(fp,"%d \n",&A[i][j+2*m*Rad]);

printf("%d",A[i][j+2*m*Rad]);

}

printf("\n");

}

fclose(fp);

printf("Enter the elements dimension \n");

scanf("%d %d",&n1,&m);

printf("Enter the Radious\n");

scanf("%d", &Rad);

printf("Enter the steps\n");

scanf("%d",&Time);

printf("Enter the module\n");

scanf("%d",&n);

printf("\n");

k3=cell3(n1,m,Rad,Time,m1,n,A);

printf("Do you want to repeat the evolution with Left shift?\nPress Y-for Yes\nPress N for No\n");

scanf(" %c",&rep2);

if (rep2==’Y’)

{

for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{

A[i][j]=0;
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}

}

fp=fopen("hell3","r");

fscanf(fp,"%d \n",&n1);

fscanf(fp,"%d \n",&m1);

s=m1/m;

printf("It’s a particle with %d elements\n",s);

for (i=0;i<n1;i++)

{

for (j=0;j<m1;j++)

{

fscanf(fp,"%d \n",&A[i][max-m1+j]);

}

}

fclose(fp);

k2=cell1(n1,m,Rad,Time,m1,n,A);

}

}

}

int cell1(int n1 ,int m,int Rad,int Time ,int m1,int n,int A[max][max])

{

int i,j,A1[max][max];

int C[max][max],c1,S[max][max],c2;

int k,mhden,Temp[max][max],l,S1[max][max],S2[max][max],B[max][max],p,z,count,count2;

k=0;

//Rad : radious

//Time : Time steps
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//A : Evolution Matrix

//n1: number of element’s lines

//m: number of element’s rows

//m1: number of particle’s rows

for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{

A1[i][j]=0;

C[i][j]=0;

Temp[i][j]=0;

S1[i][j]=0;

S2[i][j]=0;

S[i][j]=0;

B[i][j]=0;

}

}

for (i=0;i<n1;i++)

{

for(j=m*Rad;j<max;j++)

{

B[i][j-(Rad)*m]=A[i][j];

}

}

for (i=0;i<n1;i++)

{

for(j=0;j<max;j++)

{

A[i][j]=B[i][j];

}
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}

for (k=0;k<=Time;k++)

{

printf("To swmatidio A th xronikh stigmh Time=%d\n",k);

printf("\n");

for(i=0;i<n1;i++)

{

for(j=150;j<max-m*(Rad);j++)

{

printf(" %d",A[i][j]);

}

printf("\n");

}

printf("**********************\n");

//Elegxos diastashs me th xrhsh ths prwths mh mhdenikhs sthlhs

/*if (c1<=0)

{ printf("Ektos oriwn\n");

goto telos;

}*/

// ME8ODOSSSSSSSSSSS!!!!!!!!!!!!!!!

count=0;

count2=0;

for(p=m*Rad;p<max-m*Rad;p=p+m)

{

count=0;
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for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

S1[i][j]=0;

S2[i][j]=0;

}

}

for (i=0;i<n1;i++)

{

for (z=p;z<p+m*(Rad+1);z++)

{

if (A[i][z]==0)

count=count+1;

}

}

if (count==(Rad+1)*m*n1)

{

j=p;

int elem;

elem=0;

do

{

mhden=0;

for (i=0;i<n1;i++)
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{

if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j+1;

if (j%m==0) elem=elem+1;

}

} while (mhden>=3);

c2=p+elem*m;

for (i=0;i<n1;i++)

{

for (j=c2;j<c2+m;j++)

{

C[i][j-c2]=A[i][j];

}

}

}

else

{
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for (z=p-m*Rad;z<p;z=z+m)

{

count=count+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+count*m;j++)

{

A1[i][j-z]=A[i][j];

S1[i][j-z]=S1[i][j-z]+(A1[i][j-z]);

}

}

}

for (z=p;z<=p+m*Rad;z=z+m)

{

count2=count2+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+count2*m;j++)

{

A1[i][j-z]=A[i][j];

S2[i][j-z]=S2[i][j-z]+(A1[i][j-z]%n);

}

}

}

mhden=0;
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for (i=0;i<n1;i++)

{

for(l=0;l<m;l++)

{

S[i][l]=(S1[i][l]+S2[i][l]);

if (S[i][l]==0) mhden=mhden+1;

}

}

if (mhden==m*n1)

{

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

A[i][p+j]=0;

}

}

}

else

{

for(i=0;i<n1;i++)

{

for (l=0;l<m;l++)

{

S[i][l]=(S1[i][l]+S2[i][l]+C[i][l])%n;

}

}

for (i=0;i<n1;i++)
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{

for (j=0;j<m;j++)

{

A[i][p+j]=S[i][j];

}

}

}

}

}

}

telos:

return 0;

}

int cell2(int n1 ,int m,int Rad,int Time ,int m1,int n,int A[max][max])

{

int i,j,A1[max][max],c3;

int C[max][max],c1,S[max][max],c2;

int k,mhden,Temp[max][max],l,S1[max][max],S2[max][max],B[max][max],p,z,count,count2;

k=0;

//Rad : radious

//Time : xronika bhmata

//A : O Pinakas mesa ston opoio ginontai oi prakseis twn stoixeiwn

//n1: oi grammes tou ka8e stoixeiou

//m: oi sthles tou ka8e stoixeiou

//m1: to plh8os twn sthlwn tou swmatidiou
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for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{

A1[i][j]=0;

C[i][j]=0;

Temp[i][j]=0;

S1[i][j]=0;

S2[i][j]=0;

S[i][j]=0;

B[i][j]=0;

}

}

for(i=0;i<n1;i++)

{

for(j=2*Rad*m;j<m1+2*Rad*m;j++)

{

printf(" %d",A[i][j]);

}

printf("\n");

}

//ksekinaei o xronos

for (k=0;k<=Time;k++)

{

for (i=0;i<n1;i++)

{

for(j=0;j<max-m*Rad;j++)
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{

B[i][j+m]=A[i][j];

}

}

for (i=0;i<n1;i++)

{

for(j=0;j<max;j++)

{

A[i][j]=B[i][j];

}

}

for (i=0;i<n1;i++)

{

for(j=0;j<max;j++)

{

B[i][j]=0;

}

}

//Telos elegxou (O A exei kataskeuastei epituxws)

//Metatopizoume ta swmatidia Rad 8eseis deksia (olis8hsh)

// parakatw briskoume to Ck (prwto mh mhdeniko stoixeio)

j=0;

do

{

mhden=0;

for (i=0;i<n1;i++)

{
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if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j+1;

}

}while (mhden>=3);

c1=j;

printf("c1= %d \n",c1);

// parakatw briskoume thn teleutaia mh mhdenikh sthlh)

j=max;

do

{

mhden=0;

for (i=0;i<n1;i++)

{

if (A[i][j]==0)

{

mhden=mhden+1;

}

}
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if (mhden==3)

{

j=j-1;

}

}while (mhden>=3);

c3=j;

printf("c3= %d \n",c3);

//Kataxwrhsh tou stoixeiou Ck

printf("\n");

printf("---Ck---\n");

for (i=0;i<n1;i++)

{

for (j=c1;j<c1+m;j++)

{

C[i][j-c1]=A[i][j];

// printf(" %d",C[i][j-c1]);

}

printf("\n");

}

printf("To swmatidio A th xronikh stigmh Time=%d\n",k);

printf("\n");

for(i=0;i<n1;i++)

{
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for(j=2*m*(Rad+1);j<30;j++)

{

printf(" %d",A[i][j]);

}

printf("\n");

}

// ME8ODOSSSSSSSSSSS!!!!!!!!!!!!!!!

// Elegxos diastashs me th xrhsh ths teleutaias mh mhdenikhs sthlhs

if (c3>=max-m*Rad)

{ printf("Ektos oriwn\n");

goto telos;

}

count=0;

count2=0;

for(p=c1-m*Rad;p<=max-m*Rad;p=p+m)

{

count=0;

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

S1[i][j]=0;

S2[i][j]=0;

}

}
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for (i=0;i<n1;i++)

{

for (z=p;z<=p+m*Rad+1;z++)

{

if (A[i][z]==0)

count=count+1;

}

}

if (count==(Rad+1)*m*n1)

{

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

A[i][p+j]=0;

}

}

j=p;

do

{

mhden=0;

for (i=0;i<n1;i++)

{
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if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j+1;

}

} while (mhden>=3);

c2=j;

for (i=0;i<n1;i++)

{

for (j=c2;j<c2+m;j++)

{

C[i][j-c2]=A[i][j];

}

}

}

else

{

for (z=p-m*Rad;z<p;z=z+m)

{
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count=count+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+count*m;j++)

{

A1[i][j-z]=A[i][j];

S1[i][j-z]=S1[i][j-z]+(A1[i][j-z]);

}

}

}

for (z=p;z<=p+m*(Rad);z=z+m)

{

count2=count2+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+count2*m;j++)

{

A1[i][j-z]=A[i][j];

S2[i][j-z]=S2[i][j-z]+(A1[i][j-z]%n);

}

}

}

for(i=0;i<n1;i++)

{

for (l=0;l<m;l++)
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{

S[i][l]=(S1[i][l]+S2[i][l]+C[i][l])%n;

}

}

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

A[i][p+j]=S[i][j];

}

}

}

}
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}

// }

telos:

return 0;

}

int cell3(int n1 ,int m,int Rad,int Time ,int m1,int n,int A[max][max])

{

int i,j,A1[max][max],c3;

int C[max][max],c1,S[max][max],c2,count;

int k,mhden,Temp[max][max],l,S1[max][max],S2[max][max],B[max][max],p,z,counter1,counter2;

k=0;

//Rad : radious

//Time : xronika bhmata

//A : O Pinakas mesa ston opoio ginontai oi prakseis twn stoixeiwn

//n1: oi grammes tou ka8e stoixeiou

//m: oi sthles tou ka8e stoixeiou

//m1: to plh8os twn sthlwn tou swmatidiou

for (i=0;i<max;i++)

{

for (j=0;j<max;j++)

{
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A1[i][j]=0;

C[i][j]=0;

Temp[i][j]=0;

S1[i][j]=0;

S2[i][j]=0;

S[i][j]=0;

B[i][j]=0;

}

}

for(i=0;i<n1;i++)

{

for(j=2*m*Rad;j<m1+2*m*Rad;j++)

{

printf(" %d",A[i][j]);

}

printf("\n");

}

//ksekinaei o xronos

for (k=0;k<=Time;k++)

{

for (i=0;i<n1;i++)

{

for(j=0;j<max-m*Rad;j++)

{

B[i][j+m*Rad]=A[i][j];

}

}

for (i=0;i<n1;i++)

{

for(j=0;j<max;j++)

{
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A[i][j]=B[i][j];

}

}

for (i=0;i<n1;i++)

{

for(j=0;j<max;j++)

{

B[i][j]=0;

}

}

j=0;

do

{

mhden=0;

for (i=0;i<n1;i++)

{

if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j+1;

}
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}while (mhden>=3);

c1=j;

printf("c1= %d \n",c1);

// parakatw briskoume thn teleutaia mh mhdenikh sthlh)

j=max;

do

{

mhden=0;

for (i=0;i<n1;i++)

{

if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j-1;

}

}while (mhden>=3);

c3=j;

//printf("c3= %d \n",c3);

//Kataxwrhsh tou stoixeiou Ck

printf("\n");

//printf("---Ck---\n");
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for (i=0;i<n1;i++)

{

for (j=c1;j<c1+m;j++)

{

C[i][j-c1]=A[i][j];

// printf(" %d",C[i][j-c1]);

}

printf("\n");

}

printf("To swmatidio A th xronikh stigmh Time=%d\n",k);

printf("\n");

for(i=0;i<n1;i++)

{

for(j=c1;j<=c1+m1+m+1;j++)

{

printf(" %d",A[i][j]);

}

printf("\n");

}

// ME8ODOSSSSSSSSSSS!!!!!!!!!!!!!!!

// Elegxos diastashs me th xrhsh ths teleutaias mh mhdenikhs sthlhs

if (c3>=max)

{ printf("Ektos oriwn\n");
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goto telos;

}

counter1=0;

counter2=0;

for(p=c1-m*Rad;p<max-m*Rad;p=p+m)

{

count=0;

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

S1[i][j]=0;

S2[i][j]=0;

}

}

for (i=0;i<n1;i++)

{

for (z=p;z<=p+m*Rad+1;z++)

{

if (A[i][z]==0)

count=count+1;

}

}

if (count==(Rad+1)*m*n1)
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{

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

A[i][p+j]=0;

}

}

j=p;

do

{

mhden=0;

for (i=0;i<n1;i++)

{

if (A[i][j]==0)

{

mhden=mhden+1;

}

}

if (mhden==3)

{

j=j+1;

}

} while (mhden>=3);

c2=j;
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for (i=0;i<n1;i++)

{

for (j=c2;j<c2+m;j++)

{

C[i][j-c2]=A[i][j];

}

}

}

else

{

for (z=p-m*Rad;z<p;z=z+m)

{

counter1=counter1+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+counter1*m;j++)

{

A1[i][j-z]=A[i][j];

S1[i][j-z]=S1[i][j-z]+(A1[i][j-z]);

}

}

}
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for (z=p;z<=p+m*(Rad);z=z+m)

{

counter2=counter2+1;

for(i=0;i<n1;i++)

{

for(j=z;j<z+counter2*m;j++)

{

A1[i][j-z]=A[i][j];

S2[i][j-z]=S2[i][j-z]+(A1[i][j-z]%n);

}

}

}

for(i=0;i<n1;i++)

{

for (l=0;l<m;l++)

{

S[i][l]=(S1[i][l]+S2[i][l]+C[i][l])%n;

}

}

for (i=0;i<n1;i++)

{

for (j=0;j<m;j++)

{

A[i][p+j]=S[i][j];
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}

}

}

}

}

telos:

return 0;

}

int Cycle_teams()

{

int B[2][max2],i,j,l,m1,n1,m,Rad,s,n2,m2,Time,c1;
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int p,window,window2,stoixeio,z,metrhths,mhdenika,k,stoixeio2,tel;

int mhden,c2,mhden2,stoixeio3;

char name[max];

FILE *fp1,*fp2;

c1=260;

//Mhdenismos Pinakwn

for (i=0;i<2;i++)

{

for (j=0;j<max2;j++)

{

Ac[i][j]=0;

B[i][j]=0;

}

}

for (i=0;i<2;i++)

{

for (j=0;j<3;j++)

{

Skc[i][j]=j+1;

Cc[i][j]=j+1;

}

}

//printf("Enter the Radious\n");

//scanf("%d",&Rad);

Rad=2;

//printf("Dwse taksi omadas\n");

//scanf("%d",&m);

m=3;

printf("Eisagete onoma arxeiou\n");

scanf("%s",name);

//printf("Enter the Steps\n");
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//scanf("%d",&Time);

for (i=0;i<2;i++)

{

for (j=0;j<max2;j=j+3)

{

for(l=j;l<j+3;l++)

{

Ac[i][l]=l-j+1;

B[i][l]=l-j+1;

}

}

}

printf("************");

fp1=fopen(name,"r");

fscanf(fp1,"%d \n",&n1);

fscanf(fp1,"%d \n",&m1);

s=m1/m;

printf("Einai swmatidio me %d stoixeia\n",s);

for (i=0;i<2;i++)

{

for (j=0;j<m1;j++)

{

fscanf(fp1,"%d \n",&Ac[i][max2-m1-m*Rad+j]);

}

}

fclose(fp1);

for (i=1104;i<max2-m*Rad;i=i+m)

{

if (Ac[1][i]==1)
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{

if (Ac[1][i+1]==2)

printf("O ");

else

printf("S4 ");

}

else if (Ac[1][i]==2)

{

if (Ac[1][i+1]==3)

printf("S1 ");

else

printf("S3 ");

}

else

{

if (Ac[1][i+1]==1)

printf("S2 ");

else

printf("S5 ");

}

}

printf("\n \n");

printf("Enter the Radious\n");

scanf("%d",&Rad);

printf("Dwse taksi omadas\n");

scanf("%d",&m);

printf("Enter the Steps\n");

scanf("%d",&Time);

//XRONOSSSSSS

for (k=0;k<=Time;k++)

{
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//Edw htan prin

l=0;

do

{

mhden=0;

if (Ac[0][l]==Ac[1][l])

{

mhden=mhden+1;

}

if (mhden==1)

{

l=l+1;

}

}while (mhden>=1);

c1=l;

if (Ac[0][c1]==1)

{

//Kataxwrhsh tou stoixeiou Ck

for (i=0;i<n1;i++)

{

for (j=c1;j<c1+m;j++)

{

Cc[i][j-c1]=Ac[i][j];

}

}

}
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else

{

//Kataxwrhsh tou stoixeiou Ck

c1=c1-1;

for (i=0;i<n1;i++)

{

for (j=c1;j<c1+m;j++)

{

Cc[i][j-c1]=Ac[i][j];

}

}

}

i=max2-1;

do

{

mhden2=0;

if (Ac[0][i]==Ac[1][i])

{

mhden2=mhden2+1;

}

if (mhden2==1)

{

i=i-1;

}
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}while (mhden2>=1);

tel=i;

if (Ac[0][tel]==2)

tel=tel-1;

else if (Ac[0][tel]==3)

tel=tel-2;

printf("Time=%d ",k);

for (i=1104;i<max2-m*Rad;i=i+m)

{

if (Ac[1][i]==1)

{

if (Ac[1][i+1]==2)

printf("O ");

else

printf("S4 ");

}

else if (Ac[1][i]==2)

{

if (Ac[1][i+1]==3)

printf("S1 ");

else

printf("S3 ");

}

else

{

if (Ac[1][i+1]==1)

printf("S2 ");

else
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printf("S5 ");

}

}

printf("\n \n");

for (p=c1-m*(Rad);p<tel+m;p=p+m)

{

for (j=0;j<3;j++)

{

Skc[0][j]=j+1;

Sc[0][j]=j+1;

Skc[1][j]=j+1;

Sc[1][j]=j+1;

}

window=0;

mhdenika=0;

for (i=p-m*Rad;i<(p+m*(Rad));i++)

{

if (Ac[1][i]==Ac[0][i])

{

mhdenika=mhdenika+1;

}

}

if (mhdenika==2*Rad*m)

{

for (i=0;i<2;i++)

{

for(j=0;j<3;j++)

{

Ac[i][p+j]=j+1;



118

}

}

l=p;

do

{

mhden=0;

if (Ac[0][l]==Ac[1][l])

{

mhden=mhden+1;

}

if (mhden==1)

{

l=l+1;

}

}while (mhden>=1);

c2=l;

if ((Ac[0][c2]==1))

{

for (i=0;i<n1;i++)

{

for (j=c2;j<c2+m;j++)

{

Cc[i][j-c2]=Ac[i][j];
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}

}

}

else if ((Ac[0][c2]!=1))

{

//Kataxwrhsh tou stoixeiou Ck

c2=c2-1;

for (i=0;i<n1;i++)

{

for (j=c2;j<c2+m;j++)

{

Cc[i][j-c2]=Ac[i][j];

}

}

}

}

else

{

for (z=p-m*(Rad);z<p;z=z+m)

{

Sundiasmoi(z,z+m,5);//Skc sto Ac

Sundiasmoi(j=z+(Rad)*m,z+(Rad+1)*m,1);//Ac sto Sc

Sundiasmoi(0,m,2);//Skc sto Sc
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}

int count=0;

for (j=0;j<m;j++)

{

if (Skc[1][j]==j+1) count++;

}

if (count==m)

{

Sundiasmoi(p+m*Rad,p+m*(Rad+1),1);//Ac sto Sc

Sundiasmoi(0,m,2);//Skc sto Sc

Sundiasmoi(0,m,3);//Skc sto Cc

Suzuges(0,m,2); // Suzuges tou Sk

for (i=0;i<2;i++)

{

for(j=0;j<m;j++)

{

Ac[i][p+j]=Sc[i][j];

}

}

}

else

{

Sundiasmoi(0,m,3);//Skc sto Cc

Suzuges(p+m*Rad,p+m*(Rad+1),1);//Suzuges Ac

Sundiasmoi(0,m,2);//Skc sto Sc

Suzuges(0,m,2); //Suzuges tou Sk

for (i=0;i<2;i++)

{

for(j=0;j<m;j++)

{
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Ac[i][p+j]=Sc[i][j];

}

}

}

}

}

}

return 0;

}

void Sundiasmoi(int a1,int a2,int choice)

{

int j;

int stoixeio;

if (choice==1)

{

for(j=a1;j<a2;j++)

{

stoixeio=Ac[1][j];

Sc[1][stoixeio-1]=Ac[0][j];

}

}

else if(choice==2)

{

for(j=a1;j<a2;j++)

{

stoixeio=Skc[1][j]; //Skc sto Sc

Skc[1][j]=Sc[1][stoixeio-1];

}
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}

else if (choice==3)

{

for(j=a1;j<a2;j++)

{

stoixeio=Skc[1][j]; //Skc to Cc

Skc[1][j]=Cc[1][stoixeio-1];

}

}

/*else if (choice==4)

{

for(j=a1;j<a2;j++)

{

stoixeio=Skc[1][j];//Skc sto Sc

Sc[1][stoixeio-1]=Sc[0][j];

}

}*/

else if (choice==5)

{

for(j=a1;j<a2;j++)

{

stoixeio=Skc[1][j-a1];//Skc sto Ac

Skc[1][j-a1]=Ac[1][a1+stoixeio-1];

}

}

}

void Suzuges(int a1,int a2,int choice)

{

int j,stoixeio;

if (choice==1)

{
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for(j=a1;j<a2;j++)

{

stoixeio=Ac[1][j];

Sc[1][stoixeio-1]=Ac[0][j];

}

}

else

{

for(j=a1;j<a2;j++)

{

stoixeio=Skc[1][j];//Skc sto Sc

Sc[1][stoixeio-1]=Sc[0][j];

}

}

}


