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EuqaristÐec

Ja  jela na euqarist sw ton Anaplhrwt  Kajhght , k. Ajan�sio Li�ba gia thn kajo-

d ghs  tou kat� thn di�rkeia thc ulopoÐhshc aut c thc diplwmatik c mèqri thn olokl rws 

thc. Oi apant seic tou se di�forec aporÐec up rxan diafwtistikèc kai oi sumboulèc tou,

tìso se episthmonikì ìso kai se hjikì epÐpedo, katalutik c shmasÐac.

EpÐshc, euqarist¸ thn metaptuqiakì foit tria kai fÐlh mou Dèspoina TsipourÐdou gia

thn polÔtimh bo jei� thc kai parèmbas  thc se krÐsimec stigmèc.

Tèloc, eÐmai bajÔtata eugn¸mwn sthn oikogèneia mou kai touc entimìtatouc fÐlouc mou,

pou me bo jhsan kai me st rixan se k�je mou epilog  kai duskolÐa...
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vi PERIEQ�OMENA



Kef�laio 1

Eisagwg 

H ènnoia thc epikoinwnÐac mporeÐ na perigrafeÐ apl� wc h met�dosh plhroforÐac apì mia

dedomènh phg  se ènan kajorismèno proorismì, mèsw miac diadoq c stadÐwn epexergasÐac.

Oi teqnologikèc exelÐxeic sta thlepikoinwniak� sust mata, oi upologistèc, ta uyhl c taqÔ-

thtac plhroforiak� dÐktua kai ta sust mata polumèswn kajistoÔn th met�dosh mhnum�twn

se meg�lec apost�seic eÔkolh, axiìpisth, kai kurÐwc oikonomik . EpÐshc, kajistoÔn eÔkolh

th met�dosh meg�lou ìgkou plhroforÐac apì èna shmeÐo se èna �llo me mikr  pijanìthta

sf�lmatoc.

To pr¸to sÔsthma hlektrik� metadidìmenhc plhroforÐac  tan o thlègrafoc. H leitour-

gÐa tou thlègrafou  tan basismènh se kwdikopoihmèna mhnÔmata akolouj¸ntac ton k¸dika

Morse, ston opoÐo qrhsimopoioÔntai diadoqik� teleÐec kai paÔlec pou anaparistoÔn touc

di�forouc qarakt rec [7].

Kat� thn apìpeira aut¸n twn pr¸twn metadìsewn plhroforÐac, parathr jhke ìti ta

s mata thc lambanìmenhc akoloujÐac teÐnoun na gÐnoun pio �plati�� sugkritik� me ta s mata

thc akoloujÐac pou stèlnetai, me apotèlesma na up�rqei epik�luyh sta lambanìmena s mata.

Autì èqei san sunèpeia na paramorf¸nontai oi jèseic dieleÔsewn apì to mhdèn upobajmÐ-

zontac to s ma kai, sunep¸c, olìklhro to thlepikoinwniakì sÔsthma. 'Etsi, autì gÐnetai

pio euaÐsjhto ston prosjetikì jìrubo kai se sf�lmata sugqronismoÔ. Aut  akrib¸c h
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2 KEF�ALAIO 1. EISAGWG�H

�diapl�tunsh� kai epik�luyh twn shm�twn thc arqik c akoloujÐac, pou odhgeÐ endeqomènwc

se lanjasmènh apokwdikopoÐhsh twn shm�twn sthn èxodo, kaleÐtai allhlosumbolik 

parembol  (Inter-symbol Interference   suntomografhmèna ISI).

H ISI mporeÐ na ofeÐletai se di�fora aÐtia. MporeÐ na proklhjeÐ tìso kat� to filtr�-

risma, ìso kai apì th qr sh lanjasmènwn epilog¸n suqnot twn   mh grammik¸n diat�xewn

[7]. P¸c, ìmwc, mporeÐ na apofeuqjeÐ h ISI?

O Morse prospaj¸ntac na exaleÐyei to anepijÔmhto autì fainìmeno, apl¸c �araÐwse�

thn met�dosh. H epibr�dunsh tou rujmoÔ met�doshc bit  tan o basikìc trìpoc gia na

elegqjeÐ h ISI se autèc tic pr¸tec morfèc epikoinwnÐac. Argìtera, ìmwc, dhmiourg jhkan

gr gora oloklhrwmèna kukl¸mata, ta opoÐa epitrèpoun thn epexergasÐa s matoc elègqon-

tac thn ISI kai aux�noun tic taqÔthtec met�doshc. Akolouj¸ntac tic t�seic thc teqnologÐac

gia diark¸c auxanìmenouc rujmoÔc met�doshc bit, h meÐwsh tou rujmoÔ apostol c dedomè-

nwn apoteleÐ eÔkolh, all� mh apodekt  lÔsh. ApaitoÔntai, loipìn, �llec lÔseic gia thn

antimet¸pish thc allhlosumbolik c parembol c.

'Ena thlepikoinwniakì sÔsthma, genik�, apoteleÐtai apì trÐa mèrh. Sto èna �kro brÐske-

tai o pompìc, o opoÐoc dèqetai thn plhroforÐa apì mia phg , thn kwdikopoieÐ se mia proc

met�dosh morf  kai thn metadÐdei mèsw enìc kanalioÔ. H basik  aut  dom  tou sust matoc

met�doshc faÐnetai sto Sq ma 1. 'Otan to m numa èqei yhfiak  morf , gia na metadojeÐ

prèpei na metatrapeÐ se analogikì s ma. Aut  h metatrop  gÐnetai apì to fÐltro met�-

doshc, to opoÐo metatrèpei k�je sÔmbolo se ènan kat�llhlo analogikì palmì. Met� th

met�dosh, to fÐltro l yhc bohj� sthn an�kthsh twn yhfiak¸n tim¸n apì touc analogikoÔc

palmoÔc. 'Estw, gia par�deigma, ìti epilègontai na apostalloÔn ta s(kT ) sÔmbola miac yh-

fiak c akoloujÐac. K�je sÔmbolo antistoiqeÐ se ènan analogikì palmì pou exart�tai apì

thn tim  tou sumbìlou. O palmìc prowjeÐtai mèsw tou thlepikoinwniakoÔ sust matoc kai

sthn idanik  perÐptwsh to m numa pou ft�nei ston dèkth, o opoÐoc apokwdikopoieÐ to s ma

kai to metatrèpei se katanoht  plhroforÐa, ja prèpei na sumpÐptei me autì pou apostèllei

o pompìc (endeqomènwc me mikr  kajustèrhsh). An o analogikìc palmìc eÐnai platÔteroc
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Transmitter Channel Receiver

Σχ.1. Τα βασικά μέρη ενός τηλεπικοινωνιακού συστήματος μετάδοσης

apì ton qrìno dÔo diadoqik¸n sumbìlwn, tìte ta diadoqik� sÔmbola sthn èxodì touc ja

epikalÔptontai. ParathreÐtai, dhlad , ISI.

Se aut  thn perÐptwsh, ènac trìpoc gia na apofeuqjeÐ h ISI eÐnai na epilegeÐ o palmìc

ètsi, ¸ste na eÐnai monadiaÐoc stic qronikèc stigmèc kT kai mhdenikìc stic qronikèc stigmèc

t = mT gia k�je m 6= k. 'Etsi, h analogik  kumatomorf  stic qronikèc stigmèc t = kT

perièqei mìno thn tim  tou epijumhtoÔ sumbìlou eisìdou kai den up�rqei parembol  apì

ta geitonik� sÔmbola eisìdou. Autèc oi palmoseirèc kaloÔntai palmoseirèc Nyquist. O

Nyquist (1924)  tan o pr¸toc pou melèthse to prìblhma tou mègistou rujmoÔ shmatodosÐac

pou mporeÐ na epiteuqjeÐ se èna thlegrafikì kan�li enìc orismènou eÔrouc z¸nhc qwrÐc thn

ekd lwsh allhloparembol c metaxÔ twn sumbìlwn [4].

Wstìso, mia �llh sunhjismènh aitÐa emf�nishc thc ISI sta thlepikoinwniak� sust mata

apoteloÔn ta kan�lia pollapl¸n diodeÔsewn. Kat� th dièleush mèsa apì to kan�li eÐnai

dunatìn na up�rxoun ki �llec prìsjetec parembolèc, ìpwc autèc pou prokaloÔntai apì

�llouc qr stec tou kanalioÔ. Autèc oi parembolèc, genik�, jewroÔntai stoiqeÐa jorÔbou

asusqètista me thn akoloujÐa thc phg c [5].

'Enac sunhjismènoc trìpoc anaÐreshc thc paramìrfwshc tou kanalioÔ eÐnai h ulopoÐhsh

kat�llhlwn diat�xewn pou kaloÔntai isostajmistèc kanalioÔ (channel equalizers). O iso-

stajmist c sun jwc eÐnai èna fÐltro ston dèkth, to opoÐo anaireÐ to anepijÔmhto apotèlesma

tou kanalioÔ. Pio sugkekrimèna, mporeÐ na eÐnai èna grammikì fÐltro, oi suntelestèc tou

opoÐou eÐte metab�llontai me ton qrìno (prosarmostikì fÐltro), eÐte paramènoun stajeroÐ

gia k�poio qronikì di�sthma, p.q. gia èna pakèto, kai mporoÔn na upologistoÔn. Meionè-

kthma twn grammik¸n isostajmist¸n eÐnai ìti enisqÔoun ton jìrubo, ìtan to kan�li èqei
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fasmatik� ken�. Gia na antapexèljoume autì to prìblhma qrhsimopoioÔme mh-grammikèc

diat�xeic. 'Enac tètoioc mh-grammikìc isostajmist c eÐnai o Isostajmist c me An�drash

Apof�sewn (Decision Feedback Isostajmist c   suntomografhmèna DFE), o opoÐoc qrh-

simopoieÐ prohgoÔmenec apof�seic gia thn anaÐresh thc ISI apì prohgoÔmena sÔmbola.



Kef�laio 2

Thlepikoinwniak� Kan�lia

2.1 Qarakthristik� kai Sumperifor� thlepikoinw-

niak¸n kanali¸n

Gia th sqedÐash susthm�twn epikoinwnÐac gia met�dosh plhroforÐac mèsa apì fusik�

kan�lia, mac dieukolÔnei h kataskeu  majhmatik¸n montèlwn pou perigr�foun ikanopoih-

tik� ta shmantikìtera qarakthristik� tou mèsou di�doshc. K�poia apo ta basikìtera kai

sunhjèstera montèla eÐnai to kan�li prosjetikoÔ jorÔbou, to kan�li grammikoÔ fÐltrou

kai to grammikì, qronik� metaballìmeno kan�li.

Sthn paroÔsa ergasÐa, to kan�li thc di�taxhc pou qrhsimopoieÐtai eÐnai periorismènou

eÔrouc z¸nhc. 'Ena kan�li periorismènou eÔrouc z¸nhc qarakthrÐzetai wc èna grammikì

fÐltro me kroustik  apìkrish c(t) kai apìkrish suqnìthtac C(f), ìpou

C(f) =

∫ ∞

−∞
c(t)e−j2πftdt

'Estw, t¸ra, ìti h eÐsodoc se èna kan�li periorismènou eÔrouc z¸nhc eÐnai mia kumatomorf 

s matoc gT (t). Tìte, h qronik  apìkrish tou kanalioÔ eÐnai h sunèlixh tou gT (t) me to c(t),

dhlad 

z(t) =

∫ ∞

−∞
c(τ)gT (t− τ)dτ = c(t) ∗ gT (t)

5



6 KEF�ALAIO 2. THLEPIKOINWNIAK�A KAN�ALIA

  ekfrasmèno sto pedÐo twn suqnot twn

Z(f) = C(f)GT (f)

ìpou GT (f) eÐnai to f�sma tou s matoc gT (t) kai Z(f) eÐnai to f�sma tou z(t). Epomènwc,

to kan�li paramorf¸nei to metadidìmeno s ma gT (t).

Wstìso, se èna yhfiakì thlepikoinwniakì sÔsthma, h èxodoc tou fÐltrou l yhc y(t)

prèpei na deigmatolhpteÐtai periodik� sto rujmì sumbìlwn, se akribeÐc qronikèc stigmèc

deigmatolhyÐac tm = mT + τ0, ìpou T eÐnai h perÐodoc shmatodosÐac kai τ0 eÐnai mia qronik 

kajustèrhsh, h opoÐa antistoiqeÐ sthn kajustèrhsh di�doshc tou s matoc apì ton pompì

ston dèkth. Gia na ektelèsoume thn periodik  aut  deigmatolhyÐa, qreiazìmaste èna s ma

qronismoÔ ston dèkth. H diadikasÐa paragwg c enìc tètoiou s matoc qronismoÔ ston dèkth

kaleÐtai sugqronismìc sumbìlwn   an�kthsh qronismoÔ [4].

Sthn paroÔsa ergasÐa, loipìn, jewroÔme yhfiak  epikoinwnÐa, sthn opoÐa efarmìzetai h

krÐsimh leitourgÐa an�kthshc qronismoÔ. Sto kan�li me kroustik  apìkrish c(t), sto opoÐo

up�rqoun prosarmosmèna to fÐltro ekpomp c (sthn eÐsodo) me kroustik  apìkrish gT (t)

kai to fÐltro l yhc (sthn èxodo) me kroustik  apìkrish gR(t), up�rqei wc epìmenh bajmÐda

tou yhfiakoÔ sust matoc kai o deigmatol pthc. O deigmatol pthc apaiteÐ thn exagwg  tou

s matoc qronismoÔ apì to lambanìmeno s ma kajorÐzontac tic kat�llhlec qronikèc stigmèc

deigmatolhyÐac thc exìdou tou fÐltrou l yhc.

To kan�li qarakthrÐzetai apì to m koc tou, M, kai to di�nusma h. Oi suntelestèc

h0 . . . hM−1 tou dianÔsmatoc sunelÐssontai me ta bits pou fèroun thn plhroforÐa, dÐnontac

ta bits exìdou tou kanalioÔ. Prìkeitai gia èna sÔsthma 1-eisìdou/1-exìdou, tou opoÐou h

sqèsh eisìdou-exìdou perigr�fetai apì thn majhmatik  exÐswsh:

y(n) =
M−1∑
i=0

h(i)s(n− i)

ìpou

• {s(n)} eÐnai h tuqaÐa akoloujÐa tou s matoc eisìdou, apoteloÔmenh apì bits pou

paÐrnoun timèc +1,−1
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hn
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nn
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Σχ.2.1 Μοντέλο του καναλιού με πρόσθετο θόρυβο

• o ìroc y(n), antÐstoiqa, ekfr�zei ta deÐgmata exìdou

• to di�nusma thc kroustik c apìkrishc, h, ekfr�zei to apotèlesma tou sunduasmoÔ

tou fÐltrou ekpomp c, tou fusikoÔ kanalioÔ kai tou fÐltrou l yhc.

Stic perissìterec peript¸seic, sta montèla kanalioÔ pou qrhsimopoioÔntai sta sust mata,

eis�getai kai leukìc prosjetikìc Gaussian jìruboc (AWGN). 'Etsi, loipìn, èstw ìti to

s ma sthn èxodo tou kanalioÔ èqei diabrwjeÐ apì jìrubo AWGN, v(t). Tìte, sthn èxodo

tou kanalioÔ z(t) prostÐjetai o jìruboc ki epomènwc, to s ma sthn èxodo tou kanalioÔ eÐnai

thc morf c z(t) + v(t). Kaj¸c autì to s ma prowjeÐtai se epìmenec bajmÐdec, h èxodoc

tou fÐltrou l yhc dÐnei to apotèlesma n(t) = v(t) ∗ gR(t). To oloklhrwmèno montèlo tou

kanalioÔ pou perigr�fhke anaparist�tai sqhmatik� sto Sq ma 2.1.

H Ôparxh AWGN metatrèpei thn majhmatik  exÐswsh thc sqèshc eisìdou-exìdou wc

ex c:

y(n) =
M−1∑
i=0

h(i)s(n− i) + n(n) (2.1)

ìpou {n(n)} eÐnai h akoloujÐa twn sumbìlwn tou jorÔbou. Genik�, plèon, N pl joc diado-

qik¸n sumbìlwn sthn èxodo dÐnoun to di�nusma:

yn:n−N+1 ,
[

yn · · · yn−N+1

]T

ìpou T anaparist� thn pr�xh �anastrof  pÐnaka�. H exÐswsh 2.1 mporeÐ na ekfrasteÐ kai

wc

yn:n−N+1 = Hsn:n−N−M+1 + nn:n−N+1 (2.2)
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ìpou H eÐnai o N × (M + N − 1) Toeplitz pÐnakac:

H ,




h0 · · · · · · hM−1

. . . . . .

h0 · · · · · · hM−1




Praktik�, autì pou endiafèrei eÐnai to p¸c to kan�li epidr� sto metadidìmeno s ma.

Gia par�deigma, èstw ìti metadÐdetai èna pakèto s1, . . . , sN pl jouc N=150 deigm�twn. To

apotèlesma faÐnetai sto Gr�fhma 2.1. Se autì parathreÐtai pwc ta sÔmbola tou s matoc

eisìdou paÐrnoun timèc ±1. 'Omwc, met� th met�dos  touc mèsa apì to kan�li, to arqikì

proc met�dosh s ma alloi¸netai shmantik�, afoÔ ta sÔmbola eÐnai plèon �aplwmèna� kai

ìqi sugkentrwmèna gÔrw apì to ±1. Diapist¸netai, sunep¸c, emfan¸c h epÐdrash tou

fainomènou ISI.

2.2 EktÐmhsh Thlepikoinwniak¸n kanali¸n

Epanalamb�noume ìti to kan�li qarakthrÐzetai apì to di�nusma thc kroustik c apì-

krishc, h, to opoÐo ekfr�zei to apotèlesma tou sunduasmoÔ tou fÐltrou ekpomp c, tou

fusikoÔ kanalioÔ kai tou fÐltrou l yhc. Pio sugkekrimèna, se èna sÔsthma apoteloÔmeno

apì to fÐltro morfopoÐhshc ston pompì gT (t), to kan�li c(t) kai to fÐltro morfopoÐhshc

sto dèkth gR(t) h sÔnjeth kroustik  apìkrish dÐnetai apì th sunèlixh

h(t) = gT (t) ∗ c(t) ∗ gR(t).

Sun jwc, sthn pr�xh upotÐjetai ìti h kroustik  apìkrish eÐnai mÐa peperasmènh kai

aitiat  akoloujÐa, kai sunep¸c paÐrnei tic mh mhdenikèc timèc h0, h1, . . . , hM . Mèqri stigm c

oi timèc autèc jewr jhkan gnwstèc. Wstìso, sun jwc, h kroustik  apìkrish tou kanalioÔ

eÐnai �gnwsth sto dèkth. Skopìc mac sth sunèqeia eÐnai na ektim soume to �gnwsto kan�li

[6].
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Γραφ.2.1 Παραμόρφωση του σήματος λόγω ISI κατά τη μετάδοση

μέσω καναλιού με πρόσθετο θόρυβο
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'Estw ìti h epikoinwnÐa pompoÔ-dèkth diex�getai me pakèta dedomènwn. K�je pakèto pou

apostèlletai èqei thn ex c morf  :

s1 · · · si1−1 si1 · · · si2︸ ︷︷ ︸
Training−symbols

si2+1 · · · sN

ìpou ta sÔmbola pou qarakthrÐzontai �Training symbols � eÐnai gnwst� sto dèkth, den metafè-

roun plhroforÐa kai qrhsimopoioÔntai gai sugqronismì kai ektÐmhsh kanalioÔ. Upojètontac

idanikì sugqronismì, k�je lambanìmeno pakèto eÐnai thc morf c:

y1 · · · yi1−1 yi1 · · · yi2︸ ︷︷ ︸ yi2+1 · · · yN · · · yN+M .

'Estw n2 − n1 > M . Oi èxodoi tou kanalioÔ yn pou exart¸ntai mìno apì ta (gnwst� sto

dèkth) sÔmbola ekpaÐdeushc si1 , . . . , si2 mporoÔn na ekfrastoÔn wc ex c:

yi1+M = ho
0si1+M + ho

1si1+M−1 + · · ·+ ho
Msi1 + ni1+M

...

yi2 = ho
0si2 + ho

1si2−1 + · · ·+ ho
Msi2−M + ni2 .

Se morf  pin�kwn-dianusm�twn, oi parap�nw sqèseic gr�fontai wc ex c




yi1+M

...

yi2


 =




si1+M si1+M−1 · · · si1

... ... . . . ...

si2 si2−1 · · · si2−M







ho
0

...

ho
M


 +




ni1+M

...

ni2




 , me profaneÐc orismoÔc,

y = Sho + n

ìpou y kai S eÐnai gnwst� kai ho kai n �gnwsta. Anazht¸ntac to ho, ja akolouj soume

thn mèjodo elaqÐstwn tetrag¸nwn (Least Squares) [6]. Skopìc eÐnai na upologÐsoume to

hLS to opoÐo elaqistopoieÐ th sun�rthsh kìstouc

C(h) =‖ y − Sh ‖22= (y − Sh)T(y − Sh)
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ìpou h
∆
= [h0 · · ·hM ]T .

O ìroc C(h) eÐnai grammikìc sunduasmìc ginomènwn thc morf c hihj. ApodeiknÔetai,

ìti an o pÐnakac S eÐnai pl rouc bajmoÔ sthl¸n (dhlad , oi st lec tou eÐnai grammik�

anex�rthtec), tìte to prìblhma elaqistopoÐhshc èqei monadik  lÔsh, h opoÐa dÐnetai apì th

lÔsh thc exÐswshc
∂C(h)

∂h

∣∣∣∣∣
h=hLS

= 0.

Qrhsimopoi¸ntac th summetrÐa tou pÐnaka STS kai to ìti k�je bajmwtì eÐnai Ðso me to

an�strofì tou (dhlad  yTSh = hTSTy), h lÔsh thc exÐswshc eÐnai

∂C

∂h
=

∂

∂h

(
yTy − yTSh− hTSTy + hTSTSh

)

= −2
∂

∂h

(
yTSh

)
+

∂

∂h

(
hTSTSh

)

= −2STy + 2STSh

= 0.

Telik�, paÐrnoume

hLS =

(
STS

)−1

STy.

en¸ to el�qisto kìstoc eÐnai

C(hLS) = yTy − yTS

(
STS

)−1

STy.

Sth sunèqeia, ìtan anaferìmaste se ektÐmhsh kanalioÔ ja ennooÔme thn ektÐmhsh ela-

qÐstou tetrag¸nou hLS.
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Kef�laio 3

Grammik  isost�jmish

'Otan sta thlepikoinwniak� kan�lia den parathreÐtai allhlosumbolik  parembol  (sthn

idanik  dhlad  perÐptwsh), h sÔnjeth kroustik  apìkrish tou sust matoc èqei èna mìno

suntelest  pou isoÔtai me thn mon�da kai ìloi oi upìloipoi eÐnai mhdèn [5]. Wstìso, sth

sunhjismènh perÐptwsh, gia par�deigma tou kanalioÔ pollapl¸n diodeÔsewn, up�rqei ISI

kai oi mh mhdenikoÐ suntelestèc aux�nontai se sqèsh me tic diodeÔseic tou kanalioÔ. H

idèa thc isost�jmishc, ìpwc proanafèrjhke, eÐnai na ulopoihjeÐ èna fÐltro ston dèkth pou

na anaireÐ thn ISI. Sthn ousÐa, skopìc eÐnai o sunduasmìc kan�li-fÐltro na epitugq�nei

kroustik  apìkrish me mia mìno mh mhdenik  tim .

'Enac trìpoc isost�jmishc eÐnai h grammik  isost�jmish. Genik�, o grammikìc isostaj-

mist c prospajeÐ na anairèsei thn ISI epib�llontac h kroustik  apìkrish tou sust matoc

kan�li (me di�nusma h)-fÐltro isostajmist  (me di�nusma f) na eÐnai isodÔnamh me mia ka-

justèrhsh D. Sto pedÐo twn suqnot twn, dhlad , prospajoÔme na petÔqoume

H(f)F (f) ≈ e−j2π∆f

 

|H(f)F (f)| ≈ 1

Autì eÐnai epikÐnduno gia thn mh apodotik  leitourgÐa twn grammik¸n isostajmist¸n, ìtan

13
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gia k�poiec suqnìthtec isqÔei |H(f)| ≈ 0. Se autèc tic peript¸seic, lème ìti to kan�li èqei

fasmatik� ken� (spectral nulls). Tìte, to

F (f) ≈ 1/|H(f)|

paÐrnei meg�lec timèc kai, ousiastik�, o isostajmist c enisqÔei ton jìrubo.

Up�rqoun di�foroi trìpoi kai diaforetik� krit ria me b�sh ta opoÐa epilègontai oi sun-

telestèc tou bèltistou fÐltrou tou isostajmist . Mia prosèggish, gia par�deigma, eÐnai h

eÔresh tou elaqÐstou tou tetrag¸nou tou sf�lmatoc an�mesa sthn èxodo tou isostajmi-

st  kai tou arqikoÔ s matoc proc met�dosh. Autì mporeÐ na epiteuqjeÐ qrhsimopoi¸ntac

èna mplok dedomènwn ekpaÐdeushc. ElaqistopoÐhsh tou Ðdiou sf�lmatoc mporeÐ, epÐshc, na

epiteuqjeÐ kai me th qr sh enìc prosarmostikoÔ algorÐjmou, en¸ se peript¸seic pou den

qrhsimopoioÔntai sÔmbola ekpaÐdeushc eÐnai efikt  h ulopoÐhsh decision-directed isostaj-

mist¸n [5].

3.1 Di�taxh kai LeitourgÐa tou GrammikoÔ isostaj-

mist 

'Estw ìti mia akoloujÐa {s(i)} anex�rthtwn kai ìmoia katanemhmènwn (i.i.d) sumbìlwn

metadÐdetai mèsw enìc kanalioÔ. K�je sÔmbolo eÐnai +1 me pijanìthta p kai −1 me pijanìth-

ta 1−p. Sun jwc, isqÔei p = 1/2. Sta sÔmbola exìdou y(i), ta opoÐa sunistoÔn to di�nusma

y, prostÐjetai leukìc Gaussian jìruboc n(i), ìpou i > −∞. O AWGN eÐnai mhdenik c mè-

shc tim c kai èqei diakÔmansh σ2
n. Upojètoume, ìti oi diadikasÐec {s(i)}, {y(i)}, {n(i)} eÐnai

statikèc upì thn eureÐa ènnoia (WSS). Autì shmaÐnei, ìti oi mèsec timèc touc eÐnai anex�r-

thtec tou qrìnou, en¸ oi sunart seic autosusqètishc exart¸ntai mìno apì th diafor� dÔo

qronik¸n stigm¸n, èstw t1− t2, ki ìqi xeqwrist� apì tic t1, t2. Epiplèon, ta s mata {s(i)},
{n(i)} jewroÔntai asusqètista. To kan�li eÐnai FIR, èqei m koc M kai qarakthrÐzetai apì
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Channel
 h

s(i) z(i)
n(i)

y(i) Z-1 Z-1 Z-1

s(i-∆)

Σχ.3.1 Γραμμικός ισοσταθμιστής ενός FIR καναλιού με AWGN

to gnwstì di�nusma h.

h ,
[

h(0) h(1) · · · h(M − 1)
]T

Sqhmatik�, h di�taxh faÐnetai sto Sq ma 3.1.

ExaitÐac thc �mn mhc � tou kanalioÔ, k�je mètrhsh y(i) den exart�tai mìno apì to antÐ-

stoiqo sÔmbolo eisìdou s(i), all� kai apì prohgoÔmena sÔmbola s(i−∆) kaj¸c isqÔei

y(i) = h(0)s(i) +
M−1∑

k=1

h(k)s(i− k)

︸ ︷︷ ︸
ISI

+n(i). (3.1)

O upogrammismènoc ìroc ekfr�zei thn allhlosumbolik  parembol . Skopìc tou iso-

stajmist  eÐnai na exaleÐyei thn epÐdrash autoÔ tou ìrou. Gia na epiteuqjeÐ autì, o iso-

stajmist c den qrhsimopoieÐ mìno to pio prìsfato sÔmbolo y(i), all� kai prohgoÔmena

sÔmbola {y(i − k)}, gia par�deigma k = 1, 2, . . . , L − 1. Aut� ta prohgoÔmena sÔmbola

perièqoun plhroforÐa sqetik  me ton ìro thc ISI sto y(i). Gia par�deigma, h exÐswsh pou

ekfr�zei ton ìro {y(i− k)} eÐnai

y(i− 1) = h(0)s(i− 1) +
M−1∑

k=1

h(k)s(i− 1− k)

︸ ︷︷ ︸
ISI

+n(i− 1), (3.2)

ìpou ston ìro thc ISI se aut n thn exÐswsh (ston upogrammismèno ìro), summetèqoun

kai sÔmbola dedomènwn pou summetèqoun kai ston ìro thc ISI sthn y(i) [3]. Autìc eÐnai



16 KEF�ALAIO 3. GRAMMIK�H ISOST�AJMISH

kai o lìgoc pou eÐnai krÐsimo na qrhsimopoihjoÔn prohgoÔmenec metr seic prokeimènou na

perioristeÐ h allhlosumbolik  parembol .

3.2 Upologismìc tou fÐltrou tou GrammikoÔ iso-

stajmist  mèsou tetragwnikoÔ sf�lmatoc

To fÐltro tou isostajmist  epilèqjhke, ètsi ¸ste na èqei L suntelestèc. Autì shmaÐnei

ìti se k�je qronik  stigm  i, ja qrhsimopoioÔntai oi L parathr seic:

yi:i−L+1 ,




y(i)

y(i− 1)

y(i− 2)

...

y(i− L + 1)




¸ste na ektimhjeÐ to s(i),   genik�, mia kajusterhmènh ekdoq  s(i − ∆). Sto ex c, gia

lìgouc suntomÐac to di�nusma yi:i−L+1 ja anafèretai wc y kai to sÔmbolo pou ektim jhke ja

sumbolÐzetai wc ŝ(i−∆). 'Opwc parathreÐtai kai apì to sq ma, aut  h ektÐmhsh ekfr�zetai

mèsw thc grammik c exÐswshc

ŝ(i−∆) = k(0)y(i) + k(1)y(i− 1) + · · ·+ k(L− 1)y(i− L + 1) (3.3)

 

ŝ(i−∆) = kT y (3.4)

ìpou k eÐnai to di�nusma pou qarakthrÐzei to fÐltro tou isostajmist 

k ,
[

k(0) k(1) · · · k(L− 1)
]T

me L suntelestèc kai èqei sun�rthsh metafor�c

K(z) = k(0) + k(1)z−1 + · · ·+ k(L− 1)z−(L−1).



3.2. UPOLOGISM�OS TOU F�ILTROU TOU GRAMMIKO�U ISOSTAJMIST�H M�ESOU TETRAGWNIKO�U SF�ALMATOS17

H bèltisth tim  tou k ja ekfr�zetai wc kopt. Oi eÐsodoi tou kopt ja antistoiqoÔn stouc

suntelestèc tou isostajmist .

To ektimhmèno s ma, ŝ(i−∆), ja per�sei apì mia mhqan  apof�sewn, ètsi ¸ste na gÐnei h

antistoÐqish tou sto pijanì sÔmbolo eisìdou, me telikì stìqo thn an�kthsh thc akoloujÐac

eisìdou. O sqediast c prosdokeÐ h antistoÐqish na eÐnai p�nta swst  kai gia ton lìgo autì

y�qnei touc idanikoÔc suntelestèc. H eÔresh twn idanik¸n suntelest¸n gÐnetai mèsa apì

thn elaqistopoÐhsh thc mèshc tim c tou tetrag¸nou tou sf�lmatoc (MSE), h exÐswsh tou

opoÐou eÐnai:

E|s̃(i−∆)|2

ìpou

s̃(i−∆) = s(i−∆)− ŝ(i−∆).

SÔmfwna me thn exÐswsh 3.4 paÐrnoume telik�

E|s(i−∆)− kT y|2.

'Omwc,

MSE = E|s(i−∆)− kTy|2

= E
(
s(i−∆)− kTy

)(
s(i−∆)T − yTk

)

= E
(
s(i−∆)2 − s(i−∆)yTk− kTys(i−∆)T + kTyyTk

)

dhlad ,

MSE = Rs −Rsyk− kT Rys + kT Ryk (3.5)

ìpou

Rsy , Es(i−∆) yT

me diast�seic (1×L), eÐnai to di�nusma thc eterosusqètishc an�mesa sto s(i−∆), to opoÐo

epijumoÔme na ektim soume, kai to y, en¸
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Ry , E y yT

me diast�seic (L × L), eÐnai o pÐnakac autosusqètishc tou y. EÐnai shmantik  h parat -

rhsh ìti, dedomènou pwc oi diadikasÐec {s(.), y(.)} eÐnai statikèc upì thn eureÐa ènnoia, oi

posìthtec {Rsy, Ry} eÐnai anex�rthtec tou i.

O bèltistoc isostajmist c dÐnetai apì th lÔsh thc exÐswshc:

∂MSE

∂k
= −Rsy + kT Ry = 0 (3.6)

kai dÐnetai apì th sqèsh

kT
opt = RsyR

−1
y . (3.7)

Prokeimènou na upologÐsoume analutik� ta {Rsy, Ry}, akoloujeÐtai h ex c logik . Ar-

qik�, ekfr�zetai to di�nusma y se sqèsh me to s ma eisìdou. Sunep¸c, isqÔei h parak�tw

sqèsh:

y = Hs + n (3.8)

ìpou:

• to di�nusma y èqei L eisìdouc

• to di�nusma twn shm�twn eisìdou s antistoiqeÐ sto si:i−L−M+2 me L+M − 1 eisìdouc

• o pÐnakac H tou kanalioÔ m kouc M eÐnai L× (L + M − 1) diast�sewn

• to di�nusma tou jorÔbou n antistoiqeÐ sto ni:i−L+1 me L eisìdouc.

Sunep¸c, me b�sh ta parap�nw, parathreÐtai ìti up�rqei mia grammik  sqèsh an�mesa

sta dianÔsmata {s,y} ki aut  h sqèsh mporeÐ na qrhsimopoihjeÐ gia na upologistoÔn ta

{Rsy, Ry}. 'Ara,

Ry = E( H s + n)( H s + n)T = HRsH
T + Rn (3.9)
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ìpou

Rs , EssT

diast�sewn (L + M − 1)× (L + M − 1), kai

Rn , EnnT

diast�sewn L× L. 'Ara, efìson ta {s(.), n(.)} eÐnai asusqètista

Rsy , Es(i−∆)(Hs + n)T = (Es(i−∆)sT ) HT . (3.10)

H tim  tou Es(i −∆)sT exart�tai apì thn tim  thc susqètishc metaxÔ twn metadidìmenwn

sumbìlwn. T¸ra pou ta {s(.)} eÐnai anex�rthta metaxÔ touc kai ìmoia katanemhmèna me

diakÔmansh σ2
s , isqÔei ìti

Es(i−∆) sT = Es(i−∆)
[

sT (i) sT (i− 1) · · · sT (i− L−M + 1)
]T

dhlad 

Es(i−∆) sT =
[

0 · · · 0 σ2
s 0 · · · 0

]

kai

Rs = σ2
sI. (3.11)

Me parìmoio trìpo, dedomènou pwc h akoloujÐa {n(.)} eÐnai leukìc jìruboc, dhlad  ta

stoiqeÐa eÐnai anex�rthta metaxÔ touc kai ìmoia katanemhmèna me diakÔmansh σ2
n, isqÔei gia

thn akoloujÐa tou jorÔbou

Rn = σ2
nI. (3.12)

Telik�, loipìn, prokÔptoun oi ex c sqèseic:

Ry = σ2
s H HT + σ2

nI (3.13)

kai

Rsy =
[

01×∆ σ2
s 01×L+M−∆−2

]
HT . (3.14)
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Prokeimènou na brejeÐ to bèltisto di�nusma tou isostajmist , dhlad  oi idanikoÐ sunte-

lestèc, ki epomènwc to bèltisto kT
opt, gÐnetai antikat�stash twn parap�nw apotelesm�twn

sthn isqÔousa sqèsh tou kT
opt kai prokÔptoun ta ex c:

kT
opt = σ2

se
T

∆ HT (σ2
s H HT + σ2

nI)
−1 (3.15)

ìpou to e∆ eÐnai to di�nusma

e∆ ,
[

01×∆ 1 01×(L+M−∆−2)

]T

.

Epiplèon, an sthn exÐswsh (3.5) tou MSE qrhsimopoihjeÐ h exÐswsh (3.7) pou dÐnei ta kT
opt

kai kopt prokÔptei to el�qisto mèso tetragwnikì sf�lma, to opoÐo dÐnetai apì th sqèsh:

MMSE = σ2
sI−RsyR

−1
y Rys (3.16)

kai me b�sh ta parap�nw prokÔptei:

MMSE = σ2
s(1− σ2

se
T

∆HT R−1
y He∆) (3.17)

3.3 Arijmhtik� apotelèsmata

'Estw, ìti apostèlloume mia akoloujÐa 150 tuqaÐwn sumbìlwn {±1} mèsw enìc gnwstoÔ

kanalioÔ m kouc M=6 kai to Signal-to-Noise Ratio (SNR) eÐnai 20dB. Sthn èxodo tou

kanalioÔ prostÐjetai kai leukìc Gaussian jìruboc kai h paramìrfwsh tou s matoc eÐnai

emfan c sto Gr�fhma 3.3.1. Se autì faÐnetai pwc ta sÔmbola eisìdou eÐnai sugkentrwmèna

gÔrw apì to (dhlad  paÐrnoun timèc) ±1. 'Omwc, met� th dièleush touc apì to kan�li, aut�

parathroÔntai na eÐnai �aplwmèna�. Autì shmaÐnei, pwc to s ma èqei uposteÐ paramìrfwsh.

Sth sunèqeia, to paramorfwmèno s ma pern�ei apì to feedforward fÐltro tou isostaj-

mist  kai h èxodìc tou apì mia apl  mhqan  apof�sewn. Sto Gr�fhma 3.3.2 faÐnetai h

èxodoc tou isostajmist . Ta sÔmbola met� to fÐltro tou isostajmist  eÐnai omadopoihmèna

se kontinèc timèc tou ±1.
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Γρ.3.3.1.Παραμόρφωση του σήματος από το κανάλι

του γραμμικού ισοσταθμιστή με πρόσθετο Θόρυβο
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Γρ.3.3.2. Κατανομή συμβόλων στην έξοδο

του γραμμικού ισοσταθμιστή
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combined response channel- feedforward filter

Γρ.3.3.3. Σύνθετη κρουστική απόκριση του γραμμικού ισοσταθμιστή

EpÐshc, sto Gr�fhma 3.3.3 paratÐjetai h sÔnjeth kroustik  apìkrish kanalioÔ-fÐltrou,

gia thn opoÐa isqÔei ìti ènac mìno suntelest c sth jèsh D èqei tim  kont� sth mon�da kai

oi upìloipoi eÐnai sqedìn mhdenikoÐ.

Wstìso, ìla aut� isqÔoun dedomènou pwc h tim  tou SNR eÐnai arket� meg�lh. Mei¸-

nontac thn tim  aut  mei¸netai kai h apìdosh tou isostajmist , en¸ aux�netai tìso to

Bit-Error-Rate (BER) ìso kai to Mèso Tetragwnikì Sf�lma (Mean-square-Error   sun-

tomografhmèna MSE).

Pio sugkekrimèna, to BER eÐnai h pijanìthta sf�lmatoc bit kai arijmhtik� upologÐzetai
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Γρ.3.3.4. Μεταβολή του BER στον γραμμικό ισοσταθμιστή

σε σχέση με τη μεταβολή του SNR (L=10, M=6, D=6 )

wc o lìgoc tou pl jouc twn lanjasmènwn apof�sewn sthn èxodo tou isostajmist  proc

to pl joc twn sumbìlwn pou st�ljhkan. 'Estw, ìti apostèllontai 1000 pakèta twn 150

sumbìlwn. To BER upologÐzetai wc h mèsh tim  twn BERs twn pakètwn aut¸n. Sto

gr�fhma 3.3.4 faÐnetai h metabol  tou BER wc proc to SNR. Gia tic mikrèc timèc tou

SNR to BER eÐnai sqetik� meg�lo (thc t�xhc tou 10−1), ìmwc gia tic megalÔterec timèc

stajeropoieÐtai se mia mikrìterh tim .

AntÐstoiqa, endiafèrei kai h metabol  tou MSE se sqèsh me to SNR. To MSE dÐnetai apì

to tetr�gwno tou apolÔtou thc diafor�c tou s matoc sthn eÐsodo thc mhqan c apof�sewn

apì thn eÐsodo tou sust matoc. Gia thn melèth thc sumperifor�c tou wc proc th metabol 

thc tim c tou SNR, èstw ìti apostèllontai 1000 pakèta twn 150 sumbìlwn to kajèna. To

MSE upologÐzetai wc o mèsoc ìroc twn MSEs twn pakètwn gia k�je SNR. To apotèlesma

faÐnetai sto Gr�fhma 3.3.5 Se autì parathreÐtai, ìti kaj¸c h tim  tou SNR megal¸nei h
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tim  tou MSE mikraÐnei.

Endiafèron, epÐshc, parousi�zei kai h metabol  thc tim c tou el�qistou mèsou tetragw-

nikoÔ sf�lmatoc (MMSE) wc proc th metabol  sthn tim  thc kajustèrhshc D gia diafo-

retik� SNR. Autì upologÐzetai apì thn elaqistopoÐhsh thc sun�rthshc tou MSE kat� thn

diadikasÐa eÔreshc twn bèltistwn suntelest¸n tou fÐltrou tou isostajmist . H sumperi-

for� tou MMSE−1 sthn allag  tou D faÐnetai sto Gr�fhma 3.3.6. ParathroÔme, ìti gia

tic mikrèc kai gia tic meg�lec timèc tou D h apìdosh tou isostajmist  den eÐnai kal . Thn

kalÔterh apìdosh parousi�zei o isostajmist c gia tic mesaÐec timèc tou D se ìla ta SNR.

Wstìso, gia thn Ðdia tim  D mikrìtero MMSE èqei emfanèstata o isostajmist c sta 30 db.
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Kef�laio 4

Decision Feedback Isostajmist c

4.1 Dom  tou DFE

H Grammik  Isost�jmish se orismènec peript¸seic, ìpwc ìtan up�rqoun fasmatik� ken�,

den dÐnei epijumht� apotelèsmata. Mia �llh dom , pou skopìc thc eÐnai na exaleÐyei thn

allhlosumbolik  parembol , eÐnai o Isostajmist c me An�drash Apof�sewn   Decision

Feedback Equalizer (DFE). O isostajmist c autìc sunÐstatai apì dÔo fÐltra, to feedfo-

rward kai to feedback. H dom  tou isostajmist  faÐnetai sqhmatik� sto Sq ma 4.1.

Analutikìtera, èstw to FIR kan�li pou perigr�fhke sto deÔtero ed�fio. EÐnai m kouc

C(z) F(z)

B(z)

∆∆
Σχ.4.1.Decision Feedback ισοσταθμιστής

29
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M me gnwst  thn kroustik  apìkrish h kai sun�rthsh metafor�c

H(z) = h(0) + h(1)z−1 + · · ·+ h(M − 1)z−M−1

AkoloujÐa sumbìlwn {s(.)} metadÐdetai mèsw tou kanalioÔ kai sthn akoloujÐa tou s matoc

exìdou prostÐjetai leukìc Gaussian jìruboc {n(i)}, en¸ ta {s(.), n(.)} jewroÔntai asu-

sqètista. ExaitÐac thc �mn mhc � tou kanalioÔ, k�je mètrhsh y(i) den exart�tai mìno apì

apì to antÐstoiqo sÔmbolo eisìdou s(i), all� kai apì prohgoÔmena sÔmbola kaj¸c isqÔei

y(i) = h(0)s(i) +
M−1∑

k=1

h(k)s(i− k)

︸ ︷︷ ︸
ISI

+n(i) (4.1)

O upogrammismènoc ìroc ekfr�zei thn allhlosumbolik  parembol , h opoÐa ofeÐletai sth

sumbol  prohgoÔmenwn sumbìlwn. Skopìc tou isostajmist  eÐnai na exaleÐyei thn epÐdrash

autoÔ tou ìrou.

4.2 SqedÐash twn fÐltrwn

Stic sqediastikèc proôpojèseic tou sust matoc prèpei na prostejeÐ kai to ìti, gia

lìgouc eukolÐac, ta feedforward kai feedback fÐltra jewroÔntai FIR. 'Opwc faÐnetai kai

sto sq ma, to feedback fÐltro apoteleÐ ousiastik� an�drash, eÐsodoc thc opoÐac eÐnai h

èxodoc thc mhqan c apof�sewn, š(i − ∆). H mhqan  apof�sewn, antÐstoiqa, dèqetai san

eÐsodo to ektimhmèno s ma ŝ(i−∆), pou dÐnetai apì to sunduasmì thc exìdou tou feedforward

kai aut c tou feedback, kai to antistoiqÐzei sto kontinìtero pijanì s ma.

'Estw, ìti to feedforward fÐltro qarakthrÐzetai apì to di�nusma f , ìpou

f ,
[

f(0) f(1) · · · f(L− 1)
]T

me L suntelestèc kai èqei sun�rthsh metafor�c

F (z) = f(0) + f(1)z−1 + · · ·+ f(L− 1)z−(L−1)
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AntÐstoiqa, èstw ìti to feedback fÐltro qarakthrÐzetai apì to di�nusma b̃, ìpou

b̃ ,
[
−b(1) −b(2) · · · −b(Q)

]T

me Q suntelestèc kai èqei sun�rthsh metafor�c

B̃(z) = −b(1)z−1 − · · · − b(Q)z−Q.

ParathreÐtai, ìti autì to fÐltro eÐnai austhr� aitiatì. ProhgoÔmenec apof�seic (dhlad 

èxodoi thc mhqan c apof�sewn basismènec se apotèlesma thc B̃(z)) xanaqrhsimopoioÔntai

san eÐsodoi tou fÐltrou thc an�drashc kai se sunduasmì me ta apotelèsmata tou feedforward

fÐltrou ja d¸soun nèec apof�seic.

To krit rio gia thn eÔresh twn suntelest¸n twn fÐltrwn {f(i), b(i)} eÐnai, ìpwc kai

sth grammik  isost�jmish, h elaqistopoÐhsh tou mèsou tetragwnikoÔ sf�lmatoc, dhlad  h

elaqistopoÐhsh thc diaspor�c tou sf�lmatoc

s̃(i−∆) , s(i−∆)− ŝ(i−∆).

Sunep¸c, o sqediast c perimènei ìti to ŝ(i−∆) ja eÐnai arket� kont� sto s(i−∆), ètsi

¸ste h mhqan  apof�sewn na mporeÐ na antistoiqÐzei to ŝ(i−∆) sto swstì sÔmbolo kata

th diadikasÐa an�kthshc thc akoloujÐac. 'Etsi, ta {f(i), b(i)} ja dojoÔn apì th lÔsh

minE|s̃(i−∆)|2

H parousÐa thc mhqan c apof�sewn metatrèpei thn parap�nw diadikasÐa se mh grammikì

prìblhma beltistopoÐhshc. Autì sumbaÐnei giatÐ to ŝ(i−∆) prokÔptei mh grammik� apì thn

mètrhsh twn sumbìlwn {y(i)}. Gia th dieukìlunsh, loipìn, thc sqedÐashc twn {F (z), B(z)}
jewreÐtai, ìti h mhqan  apof�sewn dÐnei swst� apotelèsmata. 'Estw, dhlad , ìti isqÔei ìti

oi apof�seic {š(i−∆)} eÐnai swstèc kai Ðsec me {s(i−∆)}
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Parathrhsh: Aut  h je¸rhsh krÔbei ènan kÐnduno gia thn swst  isost�jmish. An dojeÐ

mia lanjasmènh apìfash, tìte autì to l�joc ja qrhsimopoihjeÐ apì to feedback fÐltro ki

autì ja exakolouj sei na dÐnei anepijÔmhta apotelèsmata exapl¸nontac to l�joc. Autì

upobajmÐzei olìklhrh thn dom  kai periorÐzei thn apìdos  thc, idiaÐtera gia qamhlèc timèc

tou Signal-to-Noise Ratio (SNR).

'Opwc diapist¸netai kai apì to Sq ma, isqÔei ìti

ŝ(i−∆) = [f(0)y(i) + f(1)y(i− 1) + · · ·+ f(L− 1)y(i− L + 1)]

− [b(1)š(i−∆− 1) + b(2)š(i−∆− 2) + · · ·+ b(Q)š(i−∆−Q)]

= [f(0)y(i) + f(1)y(i− 1) + · · ·+ f(L− 1)y(i− L + 1)]

− [b(1)s(i−∆− 1) + b(2)s(i−∆− 2) + · · ·+ b(Q)s(i−∆−Q)] (4.2)

Prospaj¸ntac na apodojoÔn oi parap�nw exis¸seic se mia pio sumpuknwmènh morf  me

th qr sh dianusm�twn, orÐzoume:

fT ,
[

f(0) f(1) · · · f(L− 1)
]

en¸, sugkentr¸nontac touc suntelestèc tou −B(z) se èna di�nusma gramm  me mia monadiaÐa

eÐsodo, isqÔei

bT ,
[

1 b(1) · · · b(Q)
]

H exÐswsh (4.2) tou sf�lmatoc s̃(i−∆), loipìn, mporeÐ na xanagrafteÐ wc ex c

s̃(i−∆) = s(i−∆)− ŝ(i−∆)

= s(i−∆)−
(

L−1∑
j=0

f(i)y(i− j)−
Q∑

j=1

b(i)s(i−∆− j)

)

= bT s∆ − fTy (4.3)
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ìpou

y ,




y(i)

y(i− 1)

y(i− 2)

...

y(i− L + 1)




, s∆ ,




s(i−∆)

s(i−∆− 1)

s(i−∆− 2)

...

s(i−∆−Q)




L× 1 kai (Q + 1)× 1 diast�sewn, antÐstoiqa. Opìte to prìblhma beltistopoÐhshc gÐnetai

minE|bT s∆ − fTy|2 (4.4)

y�qnontac ta kat�llhla f ,b. Ta bèltista f , b ja sumbolÐzontai wc fTopt kai bT
opt.

AntÐ na gÐnei prosp�jeia elaqistopoÐhshc thc exÐswshc sf�lmatoc mèsw beltistopoÐhshc

twn f ,b tautìqrona, eÐnai pio eÔkolo na jewrhjeÐ k�poio apì ta dÔo gnwstì, èstw to b, kai

na anazhthjeÐ h bèltisth lÔsh gia to �llo, èstw tou f [3]. 'Etsi, tÐjetai o ìroc bT s∆ = α,

opìte h exÐswsh sf�lmatoc gÐnetai

s̃(i−∆) = α− fTy (4.5)

en¸ to mèso tetragwnikì sf�lma gÐnetai:

MSE = E|α− fTy|2 (4.6)

kai h elaqistopoÐhs  tou eÐnai, plèon, èna klassikì grammikì prìblhma elaqÐstwn mèswn

tetrag¸nwn (l.m.s.e) y�qnontac to kat�llhlo f .

'Etsi, isqÔoun ta parak�tw

MSE = E|s̃(i−∆)|2

= E|α− fTy|2

= E
(
α− fTy

)(
α− yT f

)

= E
(
α2 − αyT f− fTyα + fTyyT f

)
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= Rα −Rαyf− fT Ryα + fT Ryf (4.7)

ìpou Rα = E(α2) = E(bT s∆sT
∆b) = bT Rsb, Rαy = E(αyT ), Ryα = E(yT α) kai Ry =

E(yyT ) kai apì th lÔsh tou probl matoc elaqistopoÐhshc prokÔptei h exÐswsh

∂MSE

∂f
= −Rαy + fT Ry = 0 (4.8)

apì thn opoÐa dÐnetai to fTopt

fTopt = RαyR
−1
y . (4.9)

'Omwc, qrhsimopoi¸ntac ìti

Rαy , EαyT = EbT s∆yT (4.10)

kai Rsy = E(s∆yT ) prokÔptei apì thn (4.9) ìti

fTopt = bT RsyR
−1
y . (4.11)

Qrhsimopoi¸ntac thn exÐswsh (4.11) h sun�rthsh tou mèsou tetragwnikoÔ sf�lmatoc dÐne-

tai:

MSE = Rα −Rαyfopt − fToptRyα + fToptRyfopt

= bT Rsb− bT RsyRyRysb− bT RsyR
−1
y Rysb + bT RsyR

−1
y RyRyRysb

= bT Rsb− bT RsyR
−1
y Rysb

= bT [Rs −RsyR
−1
y Rys]b

= bT Rδb (4.12)

ìpou oi sunart seic autosusqètishc dÐnontai apì

R , E


 s∆

y





 s∆

y




T

,


 Rs Rsy

Rys Ry




ki èqoun diast�seic
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Rs : (Q + 1)× (Q + 1) kai Rsy : (Q + 1)× (L)

'Opwc me ton grammikì isostajmist , ètsi kai t¸ra, upojètoume ìti oi diadikasÐec {s(.), y(.)}
eÐnai statikèc upì thn eureÐa ènnoia, kai sunep¸c oi posìthtec { Rsy, Ry} eÐnai anex�rthtec

tou i. EpÐshc, gÐnetai h upìjesh ìti o pÐnakac thc sun�rthshc autosusqètishc R eÐnai

jetik� orismènoc kai kat� sunèpeia antistrèyimoc. H idiìthta tou jetik� orismènou pÐnaka

R eggu�tai, epÐshc, ìti tìso to Ry, ìso kai to sumpl rwma Schur tou R, Rδ, wc proc Ry

eÐnai jetik� orismènoi pÐnakec [3], dhlad  isqÔei:

Ry > 0 kai Rδ , Rs −RsyR
−1
y Rys > 0.

Epomènwc, oi pÐnakec twn posot twn {Rδ, Ry} eÐnai ki autoÐ antistrèyimoi.

Sth sunèqeia, prèpei na lujeÐ to

minbb
T Rδb (4.13)

y�qnontac to bèltisto b.

An lhfjeÐ upìyin ìti to di�nusma b èqei mon�da ston pr¸to suntelest , tìte prokÔptei

èna akìmh dedomèno gia thn eÔresh tou zhtoÔmenou bT
opt, afoÔ prèpei na isqÔei ìti

bTe0 = 1

ìpou e0 eÐnai to di�nusma (Q + 1)× 1 diast�sewn di�nusma

e0 ,
[

1 0 0 · · · 0
]T

ProkÔptei, dhlad , èna prìblhma tetragwnik c elaqistopoÐhshc upì grammikì periori-

smì. Gia thn epÐlus  tou qrhsimopoieÐtai to parak�tw majhmatikì l mma [3] :

L mma 1 'Estw A ènac (n×n), ermitianìc, jetik� orismènoc pÐnakac kai èstw X ∈ Cn×m,

B ∈ Cn×k kai C ∈ Cm×k. 'Estw, epÐshc, ìti o B eÐnai pl rouc bajmoÔ sthl¸n Ðsou me k
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(opìte n > k). Tìte, h monadik  lÔsh sto prìblhma elaqistopoÐhshc

minXX∗AX

upì ton periorismì

X∗B = C

dÐnetai apì

Xopt = A−1B(B∗A−1B)−1C∗

Dedomènou, loipìn, ìti to Rδ eÐnai ermitianìc, jetik� orismènoc pÐnakac kai to e0 eÐ-

nai pl rouc bajmoÔ sthl¸n kai ta b, e0 eÐnai dianÔsmata, h efarmog  tou l mmatoc sthn

perÐptws  mac dÐnei

bopt = R−1
δ e0(e

T
0 R−1

δ e0)
−1

Dhlad  prokÔptei, telik�, ìti

bT
opt =

eT
0 R−1

δ

eT
0 R−1

δ e0

(4.14)

Antikajist¸ntac thn parap�nw sqèsh tou bT
opt sthn exÐswsh tou mèsou tetragwnikoÔ

sf�lmatoc MSE = bT Rδb telik� prokÔptei h exÐswsh tou MMSE

MMSE =
1

eT
0 R−1

δ e0

(4.15)

Anakefalai¸nontac, loipìn, oi exis¸seic pou dÐnoun touc bèltistouc suntelestèc {f(i), b(i)}
tou DFE, jewr¸ntac pwc oi apof�seic {š(i−∆)} eÐnai swstèc eÐnai:

bT
opt =

eT
0 R−1

δ

eT
0 R−1

δ e0

(4.16)
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kai

fTopt = bT
optRsyR

−1
y (4.17)

Oi treic autèc exis¸seic perièqoun san ìrouc, touc pÐnakec twn sunart sewn autosusu-

sqètishc {Rs, Rsy, Ry}, oi opoÐoi mporoÔn na upologistoÔn lamb�nontac up�oyin to montèlo

tou kanalioÔ kai ta statistik� dedomèna gia ta {s(.), n(.)}. Gia ton skopì autì, arqik�,

ekfr�zetai to y san sun�rthsh twn sumbìlwn proc met�dosh. Sunep¸c, isqÔei ìti

y = Hs + n. (4.18)

Diapist¸netai, loipìn, ìti up�rqei mia grammik  sqèsh metaxÔ twn dianusm�twn y, s kai aut 

mporeÐ na qrhsimopoihjeÐ, gia na upologisteÐ to Ry, gia to opoÐo isqÔei ìti

Ry = E(Hs + n)(Hs + n)T = HRsH
T + Rn (4.19)

ìpou Rs , EssT , diast�sewn (L + M − 1) × (L + M − 1) kai Rn , EnnT , diast�sewn

(L× L).

AntÐstoiqa, dedomènou ìti ta {n(.), s(.)} eÐnai asusqètista, isqÔei ìti

Rsy = Es∆(Hs + n)T = E(s∆sT )HT . (4.20)

Prèpei, t¸ra, na upologisteÐ to Es∆sT wc sun�rthsh twn metadidìmenwn sumbìlwn. Fusi-

k�, h tim  tou Es∆sT exart�tai apì th susqètish metaxÔ twn sumbìlwn.

Parathrhsh: Prèpei na epishmanjeÐ ìti sto s∆ di�nusma, to D twn eisìdwn èqei nìhma na

epileqjeÐ ètsi, ¸ste oi eÐsodoi autoÔ tou dianÔsmatoc na sumpÐptoun me tic eisìdouc tou

s. Autì proôpojètei to m koc tou kanalioÔ, oi suntelestèc twn fÐltrwn kai h tim  D na

ikanopoioÔn thn sqèsh:

∆ + Q 6 L + M − 2

Me aut  thn proôpìjesh, loipìn, kai jewr¸ntac ìti ta {s(.)} eÐnai anex�rthta kai ìmoia

katanemhmèna me diakÔmansh σ2
s , prokÔptei ìti
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Es∆sT =
[
0(Q+1)×∆ σ2

sIQ+1 0(Q+1)×(L+M−∆−Q−1)

]
(4.21)

ParomoÐwc, èstw ìti kai h diadikasÐa tou jorÔbou {n(.)} eÐnai leuk  me diakÔmansh σ2
n,

¸ste Rn = σ2
nI.

Sunep¸c, prokÔptei ìti

Ry = σ2
sHHT + σ2

nIL (4.22)

kai

Rsy =
[
0(Q+1)×∆ σ2

sIQ+1 0(Q+1)×(L+M−∆−Q−2)

]
HT (4.23)

ìpou èstw

P =
[
0(Q+1)×∆ σ2

sIQ+1 0(Q+1)×(L+M−∆−Q−2)

]
(4.24)

EpÐshc, isqÔei ìti

Rδ = σ2
sI−Rsy(σ

2
sHHT + σ2

nIL)−1Rys (4.25)

Qrhsimopoi¸ntac autèc tic exis¸seic mporoÔn, plèon, na dojoÔn apotelèsmata gia touc

zhtoÔmenouc bèltistouc suntelestèc twn fÐltrwn kai tou MMSE.

Parathrhsh: Kat� thn ulopoÐhsh twn parap�nw sqèsewn, gia na pollaplasi�zetai o

pÐnakac P me ton HT ja prèpei, lìgw tou teleutaÐou mplok pÐnaka mhdenik¸n me diast�seic

(Q + 1)× (L + M −∆−Q− 2), na isqÔei ∆ + Q 6 L + M − 2.

4.3 Arijmhtik� apotelèsmata

SÔmfwna me tic parap�nw exis¸seic ulopoioÔntai ta fÐltra tou DFE sto MATLAB.

Autì pou endiafèrei arqik�, eÐnai na diapist¸soume, an pragmatik� o isostajmist c exaleÐfei

thn allhlosumbolik  parembol .

'Estw, ìti apostèlloume mia akoloujÐa 150 tuqaÐwn sumbìlwn {±1} mèsw enìc gnwstoÔ

kanalioÔ m kouc M=6 kai to Signal-to-Noise Ratio (SNR) eÐnai 20dB. Sthn èxodo tou

kanalioÔ prostÐjetai kai leukìc Gaussian jìruboc kai h paramìrfwsh tou s matoc eÐnai
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emfan c sto Gr�fhma 4.2.1. Se autì, en¸ ta sÔmbola eisìdou eÐnai sugkentrwmèna gÔrw

apì to {±1}, ta sÔmbola exìdou tou kanalioÔ eÐnai �aplwmèna�.

Wstìso, to paramorfwmèno s ma pern�ei apì to feedforward fÐltro, thn mhqan  apo-

f�sewn kai telik� apì to feedback fÐltro. Sto Gr�fhma 4.2.2. èqei sqediasteÐ h katanom 

twn sumbìlwn thc exìdou tou isostajmist . ParathreÐtai, ìti aut� eÐnai omadopoihmèna

gÔrw apì to {±1}.
Fusik�, ìpwc kai sthn grammik  isost�jmish, ìla aut� isqÔoun dedomènou pwc h tim 

tou SNR eÐnai arket� meg�lh. Mei¸nontac thn tim  aut  mei¸netai kai h apìdosh tou

sust matoc, en¸ aux�netai tìso to Bit-Error-Rate (BER) ìso kai to Mean-square-Error

(MSE). Sto Gr�fhma 4.2.3 faÐnetai h metabol  tou BER se sqèsh me to SNR. Gia tic mikrèc

timèc tou SNR to BER eÐnai sqetik� meg�lo (thc t�xhc tou 10−1), en¸ gia tic megalÔterec

timèc stajeropoieÐtai se mia mikrìterh tim .

AntÐstoiqa, endiafèrei kai h metabol  tou MSE se sqèsh me to SNR. Gia thn parat -

rhs  tou, èstw ìti kai p�li apostèllontai 1000 pakèta twn 150 sumbìlwn to kajèna kai

upologÐzetai o mèsoc ìroc twn MSEs twn pakètwn gia k�je SNR. To apotèlesma faÐnetai

sto Gr�fhma 4.2.4

Tèloc, sto Gr�fhma 4.2.5 parathroÔme p¸c metab�lletai to el�qisto mèso tetragwnikì

sf�lma se sqèsh me th metabol  sthn kajustèrhsh D gia diaforetikèc timèc tou SNR. To

MMSE (Minimum-Mean-Square-Error) upologÐzetai apì thn elaqistopoÐhsh thc sun�rth-

shc tou MSE kat� thn eÔresh twn idanik¸n suntelest¸n twn fÐltrwn tou DFE. Gia tic

mikrèc timèc thc kajustèrhshc parathreÐtai pwc to MMSE belti¸netai stadiak�, ft�nei se

mia megisth tim  kai met� stajeropoieÐtai.

Ta parap�nw apotelèsmata proèkuyan, dedomènou ìti to kan�li eÐnai gnwstì, èqei m koc

M=6, h kajustèrhsh eÐnai D=6, en¸ to feedforward kai feedback fÐltro èqoun suntelestèc

L = 10 kai Q = 5, antÐstoiqa. Wstìso, endiafèronta eÐnai ta apotelèsmata pou prokÔptoun

• an antÐ gia to gnwstì kan�li qrhsimopoihjeÐ kan�li pou ektim jhke me th mèjodo LS

kai
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Γρ.4.2.1.Παρμόρφωση του σήματος στο καναλι του DFE με πρόσθετο Gaussian θόρυβο
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Γρ.4.2.2. Κατανομή συμβόλων στην έξοδο του DFE
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Γρ.4.2.3. Μεταβολή του BER στον Decision Feedback ισοσταθμιστή

σε σχέση με τη μεταβολή του SNR (L=10, M=6, Q=5, D=6 )
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Γρ.4.2.4. Μεταβολή του MSE στον Decision Feedback ισοσταθμιστή

σε σχέση με τη μεταβολή του SNR(L=10, M=6, Q=5, D=6 )
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στον DFE (L=10, Q=5,M=6 )
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Γρ.4.3.1. Μεταβολή του BER

• an antÐ twn apof�sewn thc mhqan c apof�sewn sthn eÐsodo tou feedback fÐltrou

qrhsimopoihjeÐ h pragmatik  akoloujÐa tou s matoc eisìdou.

Oi diaforèc touc faÐnontai sta apotelèsmat� touc kat� ton upologismì tou BER kai

tou MSE gia timèc SNR 0-35 d.

Gia par�deigma, sto Gr�fhma 4.3.1 faÐnetai tautìqrona h metabol  tou BER wc proc to

SNR, ìtan qrhsimopoioÔntai oi apof�seic thc mhqan c apof�sewn, ta sÔmbola eisìdou kai

h ektÐmhsh kanalioÔ (sthn perÐptwsh thc ektÐmhshc kanalioÔ qrhsimopoioÔntai oi apof�seic

ki ìqi to arqikì s ma eisìdou).
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Γρ.4.3.2. Μεταβολή του MSE

ParathreÐtai, loipìn, ìti kalÔtera apotelèsmata (mikrìterh tim  BER) dÐnontai ìtan

qrhsimopoioÔntai ta sÔmbola eisìdou, en¸ ta qeirìtera, ìtan to kan�li èqei ektimhjeÐ.

Wstìso, oi diaforèc touc eÐnai mikrèc, en¸ gia ta megalÔtera SNR, pou h tim  tou BER

stajeropoieÐtai, oi diaforèc touc eÐnai akìmh mikrìterec.

AntÐstoiqa, elègqontai ta apotelèsmata pou prokÔptoun kat� ton upologismì tou MSE

gia tic Ðdiec peript¸seic. Aut� faÐnontai sto Gr�fhma 4.3.2. Kai p�li ta kalÔtera apo-

telèsmata, me mikrèc diaforèc, dÐnontai ìtan qrhsimopoioÔntai ta sÔmbola eisìdou, en¸ ta

qeirìtera, ìtan to kan�li èqei ektimhjeÐ kai stic megalÔterec timèc tou SNR oi grafikèc
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anaparast�seic teÐnoun na tautistoÔn.



Kef�laio 5

SÔgkrish twn Isostajmist¸n

'Opwc proanajèrjhke, prokeimènou na exaleifjeÐ to fainìmeno thc ISI kai to s ma {s(i)},
pou apostèletai, na anakthjeÐ qwrÐc paramìrfwsh, o grammikìc isostajmist c qrhsimopoieÐ

tìso tic prìsfatec, ìso kai tic prohgoÔmenec metr seic {y(i−k)}, ìpou k = 0, 1, · · · , L−1.

Autì sumbaÐnei, giatÐ oi prohgoÔmenec metr seic perièqoun plhroforÐa sqetik  me ton ìro

thc ISI sto {y(i)} kai sunep¸c, mporoÔn na bohj soun ston periorismì thc. Fusik�, ja

 tan protimìtero, antÐ na qrhsimopoioÔntai prohgoÔmenec metr seic {y(i−1), y(i−2), · · · },
na qrhsimopoioÔntai ta Ðdia ta prohgoÔmena sÔmbola {s(i−1), s(i−2), · · · } gia na exaleifjeÐ

h epÐdrash pou èqoun sto y(i).

Aut  h idèa qrhsimopoieÐtai ston Decision Feedback Isostajmist , o opoÐoc qrhsimo-

poieÐ prohgoÔmenec apof�seic gia na anairèsei thn ISI. Q�rh sto feedback fÐltro, o DFE

trofodoteÐtai me prìsfatec apof�seic, ki ètsi mei¸nei thn epÐdrash thc ISI se nèec kaju-

sterhmènec ektim seic tou s(i).

AntÐjeta, sthn grammik  isost�jmish, to feedforward fÐltro mei¸nei thn ISI prospa-

j¸ntac na epib�llei

H(f)F (f) ≈ e−j2π∆f

Genik�, autì eÐnai dÔskolo na epiteuqjeÐ, eidik� se kan�lia me shmantik  ISI [3]. Exe-

47
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t�zontac ton DFE, to H(f)F (f) dÐnei akoloujÐa kroustik c apìkrishc pou ja èqei akìmh

deÐgmata allhlosumbolik c parembol c. 'Etsi, qrhsimopoieÐtai to feedback fÐltro, ¸ste na

exaleÐyei aut� ta deÐgmata.

Pragmatik�, èstw h perÐptwsh thc apostol c pakètwn 150 sumbìlwn mèsw tou DFE,

ìpou to kan�li eÐnai gnwstì, èqei m koc M=6, h kajustèrhsh eÐnai D=9, en¸ to feedforward

kai feedback fÐltro èqoun suntelestèc L = 10 kai Q = 5, antÐstoiqa (exet�zetai, dhlad ,

mia polÔ kal  perÐptwsh gia thn apodotikìthta tou DFE ). 'Otan up�rqei kajustèrhsh

D=9, h sÔnjeth kroustik  apìkrish tou sust matoc kan�li- feedforward fÐltro eÐnai ìpwc

faÐnetai sto Gr�fhma 5.1.

Sto Gr�fhma autì gÐnetai emfanèc, ìti h morf  thc kroustik c apìkrishc den eÐnai h

epijumht . H idanik  perÐptwsh eÐnai na up�rqei ènac mìno suntelest c kont� sth mon�da

sth jèsh D. Wstìso, sthn prokeimènh perÐptwsh, up�rqoun suntelestèc apì th jèsh D kai

met�, pou eÐnai mh mhdenikoÐ. Autì shmaÐnei, ìti to feedforward fÐltro den anaireÐ thn al-

lhlosumbolik  parembol . To feedback fÐltro èqei anal�bei ton rìlo thc anaÐreshc aut¸n

twn sumbìlwn pou prokaleÐ h ISI kai den anaireÐ to feedforward fÐltro. Autì epibebai¸-

netai sto Gr�fhma 5.2, sto opoÐo gÐnetai tautìqronh par�jesh twn sÔnjetwn kroustik¸n

apokrÐsewn kanalioÔ- feedforward fÐltrou kai antÐjetou feedback fÐltrou-pÐnaka kajustè-

rhshc D. Se autì to gr�fhma, faÐnetai ìti oi kroustikèc apokrÐseic eÐnai sqedìn antÐjetec.

Dhlad , to feedback fÐltro ìntwc anaireÐ sÔmbola thc ISI.

Sta Graf mata 5.3 kai 5.4 gÐnetai sÔgkrish thc apìdoshc tou grammikoÔ isostajmist 

kai tou Decision Feedback isostajmist  wc proc to BER kai to MSE, antÐstoiqa. Ta

apotelèsmata dÐnontai met� apì apostol  1000 pakètwn twn 150 sumbìlwn gia kajustèrhsh

D=6 to kajèna gia SNR 0-35 dB kai gia thn Ðdia poluplokìthta twn dÔo isostajmist¸n.

EÐnai emfanèc, ìti gia tic mikrèc timèc tou SNR o grammikìc isostajmist c èqei kalÔterh

apìdosh apì ton Decision Feedback isostajmist  ìson afor� to BER. Gia timèc, ìmwc,

apì 5dB kai p�nw kalÔterh apìdosh emfanÐzei o DFE, o opoÐoc èqei polÔ mikrìtero BER.

Met� ta 20 dB perÐpou h tim  tou BER stajeropoieÐtai se mia mikr  tim  tìso gia ton DFE
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Γρ.5.1. Σύνθετη Κρουστική Απόκριση Καναλιού-Feedforward φίλτρου

(L=10, Q=5, M=6, D=9 )
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Γρ.5.2. Σύνθετες Κρουστικές Αποκρίσεις

Καναλιού-Feedforward φίλτρου, αντίθετου Feedback φίλτρου-καθυστέρηση Δ

(L=10, Q=5, M=6, D=9 )
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Γρ.5.3. Μεταβολή BER του LE και του DFE

(L=10, Q=5, M=6, D=6)
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ìso kai gia ton grammikì, me ton DFE na èqei emfan¸c mikrìterh tim  BER.

H sumperifor� twn dÔo isostajmist¸n eÐnai parìmoia kai ìson afor� to MSE. Gia tic

mikrèc timèc tou SNR (perÐpou èwc ta 7 db) o grammikìc isostajmist c emfanÐzei mikrìterh

tim  MSE. Sta megalÔtera SNRs, ìmwc, o DFE èqei kalÔterh apìdosh. H apìdosh kai twn

dÔo suneq¸c belti¸netai (to MSE mikraÐnei), taqÔterh, ìmwc, beltÐwsh eÐnai emfanèstata

aut  tou Decision Feedback isostajmist .

Tèloc, sto Gr�fhma 5.6 faÐnetai h metabol  tou MMSE−1 gia touc dÔo isostajmistèc me

dedomèno SNR (30 db), ìtan metab�lletai h kajustèrhsh D. To MMSE (Minimum-Mean-

Square-Error) dÐnetai apì thn elaqistopoÐhsh thc sun�rthshc tou MSE kat� thn eÔresh

twn idanik¸n suntelest¸n twn fÐltrwn ston grammikì isostajmist  kai ston DFE. Apì to

gr�fhma sumperaÐnoume ìti o Decision Feedback Isostajmist c èqei kalÔterh apìdosh, afoÔ

h beltÐwsh tou MMSE eÐnai taqÔterh. EpÐshc, gia to Ðdio SNR to MMSE èqei mikrìterh

tim  ston DFE. Gia tic mikrèc timèc tou D, perÐpou ewc 5, h apìdosh tou isostajmist 

den eÐnai kal , en¸, sth sunèqeia, mèqri thn mègisth dunat  tim  tou D, pou èqei nìhma h

leitourgÐa tou DFE, h tim  tou MMSE mikraÐnei kai faÐnetai na stajeropoieÐtai kai gia touc

dÔo isostajmistèc.
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Γρ.5.4. Μεταβολή MSE του LE και του DFE

(L=10, Q=5, M=6, D=6 )
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