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Introduction

There are many techniques for studying and analyzing stability of linear and non
linear control systems. In this study we shall focus on linear systems but we can show
that nonlinear, when are amenable to local linearization, can also be studied as if they
were linear systems. Over the last ten years many techniques have been used for
analyzing stability.

When the state space representation of linear systems was established in the late
1960s, the study of stability focused on more modern techniques as it is the Lyapunov
Criterion, which we shall see later.

The Lyapunov criterion, however, leads to a solution of matrix equations which in
many cases as in the case of discrete time linear system is nonlinear. Solving
nonlinear matrix equations require the usage of .sophisticated and considerable
computational processing and must be done before hand if the knowledge of stability
of the system is of importance in the problem under consideration. We are, therefore,
tempted to seek techniques which could lead to on line analyses. Those are a class of
Neural networks which are based on various minimization methods [1], [12] — [21].
In this study we shall show that these types of Neural networks can lead to an
acceptable analyses for the case of Lyapunov based stability [1], [2], [4] — [11], [22],
[23]. Chapter 1 analyzes the analog Neural Networks, Chapter 2 covers the theoretical
basis of Lyapunov stability and the chapter 3 includes implementations of some
models according to Lyapunov stability theory using Neural Networks.



Chapter 1

Unconstrained Optimization Algorithms

And

Neural Network Model

1.1 Necessary and Sufficient Conditions For an Extremum

Let us consider the following unconstrained optimization problem [1]:
Find a vector x €R" that minimizes the real valued scalar function
E = E(x)

The function above is called the cost, objective or energy function and x is a non-
dimensional vector called the design vector. Minimizing a function, is the same as
maximizing the negative of the function, so there is no loss of generality in our
considerations.

The point xisa global minimum for E(x) if E(x*) £ E(x) for all x €R" , and a strict
local minimum if the relation E(x") £ E(x) holds for a ball B(x; ¢).

Assuming that the first and second derivatives of E(x) exist, a point x is a strict
local minimum of E(x) if the gradient is zero (¥ E(x) = 0) and the Hessian matrix is
positive definite.



The above statement can be formulated as a theorem on necessary and sufficient
conditions for a strict local minimum.

Theorem 1: Let ¥ 2E(x) be nonsingular for point x". Then we have E(x*) < E(x) for
every x in neighborhood 0 < Il x — X'l < & with some ¢ > 0 if (Vv E(x*) = 0) and
v2E(x") is symmetric and positive definite.

1.2 Dynamic Gradient Systems

A very broad and perhaps the most important class of methods for unconstrained
optimization is that which is based on the so called gradient descent methods.
Virtually all of the gradient descent methods have their origin in standard methods
known as methods of steepest descent (also called dynamic gradient systems) and
Newton’s methods. These methods transform the minimization problem into an
associated system of first order ordinary differential equations

oE

dx; L
L= - Ny
= 7 )
= ag

de

(1.2-1)

With initial conditions x;(0) =X (starting point) which can be written in the compact
matrix form

9x  _ p(x 0)V.E(x),

dr
(1.2-2)
where
dx _ [9% "I_xlr ii"_T
il el R LT ;
E[Jﬁs-’:zn"'!"‘r:]T

And p(x,?) is a symmetric positive definite matrix on the time # and the vector x(7).
In order to find the desired vector x* that minimizes the function E(x) we need to
solve the system of ordinary differential equations with initial conditions. This means



that the minimum of the energy function is determined by the following solution
curve of the gradient system with

' = limx(t).

[ovee

In order to show that the above system of differential equations(1.2-1,1.2-2) leads to
stable solutions, we will determine the time derivative of the energy (Lyapunov)
function which has to be less or equal to zero.

J4E _ 5+ OF I VL E(x)) e (x )V E(x)E0

(1.2-3)

The above relation guarantees that the energy function E(x) decreases in time and

converges to a local minimum as t— o . When the vector dx / dt = 0, then this
implies that ¥ E(x) =0 for the system of differential equations. Therefore, it follows
that the equilibrium point coincides either with the minimum or with the inflection
point of energy function E(x). Obviously the speed of convergence to the minimum
depends on the choice of the entries of the matrix p(x, 7). In the simplest and best
known form of this method (steepest descent method) the matrix p(x, f) is reduced to
the unity matrix multiplied by a positive constant . In this case the system simplifies
to the form

dx; dk(x) 0) = xfP

(fj=1,2,.-.,mn),
(1.2-4)

Where the positive coefficient L is called the learning parameter. It is interesting to
note that the vectors dx/dt and 7 E(x) are opposite. Thus the time evaluation of x(7)
will cause the minimization of E(x) as time goes on. The trajectory x (1) moves along
the direction which has the sharpest rate of decrease and is called the direction of
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steepest-descent. This concept is used to derive algorithms on which we can base
Neural Networks designs.

1.3 Newton’s Methods

The idea behind Newton’s methods is that the energy function E(x) is approximated
locally by a quadratic function when the former tends to be minimized.

The function E(x) near the point x* (k = 0,1, 2, ....) can be approximated by the
Taylor series:

E(x) 2EGx®) + (x-x®) T VE(G)

b L x®)T P EG®)(x 50,
(1.3-1)

The point x**!) that minimizes this series must satisfy the equation:

*) 4 V2 E I(-‘tl}(:{kﬂi -J{”} =0
VE(x*) ( (132)

Since OE(x) / 6x (¥ E(x)) at a minimum point is equal to zero. If the inverse matrix
of Hessian exists then the above equation can be written as follows:

L&+ o ) (72 E(x*"))™" VE(x*)).
(1.3-3)

This equation is the standard form of the discrete-time Newton method.

The continuous time dynamical system corresponding to the above discrete time
algorithm takes the following form as compared to (1.3-4):

11



dx _ L [VPE(x))'VE(x),
de (1.3-4)

Where o > 0.
We observe that in 1.3-4,we require that the inverse of the Hessian exists.

1.4 The Quasi-Newton Methods

In some problems only the gradient of the objective function E(x) can explicitly be
determined. For such problems quasi-Newton methods can be used. The sequential quasi-
Newton methods elaborate the differences of two successive iteration points and the
difference of the corresponding gradients to approximate the inverse Hessian matrix. Thus
these methods take advantage of the Newton method while using only first order information
about the objective function. One of the most well known as well as powerful quasi-Newton

methods is the Broyden-Fletcher-Goldfrab-Shanno(BFGS) algorithm, which can be
formulated as:

RUTTI I T

(1.4-1o)
d, = ko0 g®) = - Hﬁ.’;’{lw},
(1.4-1b)
o= VE(E™) - VE(®),
(1.4-1c)
T de d dl.
H. = I'—-E*— H, f—{‘z' ]"'*:r -
kel Ty, d, vy, dy ¥
(1.4-1d)

. B = . . . . .
Where the learning rate 71" = ¥ is determined from one dimensional line search:
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) = arg mirl E[xm—?JH,,‘FEI:xm)]

mn ni0

. . g -1 . .
And Hy denotes the current approximation to " ECOI™ and the iterative

procedure starts at an arbitrary point x”’ with an initial approximation Hy, usually with
the identity matrix L.

In such a case, we can present another formula for the updating matrix Hy, which is
the Barnes-Rosen formula [1].

s A LS 2
fﬂ-l =M, + — {'dj "'ffg.ﬂ.}.l.h

(1.4-2)

The variable metric methods associated with Quasi-Newton method provide many
advantages over the Newton method by saving us from the trouble of deriving second
order derivatives.

1.5 The conjugate Gradient Method

The conjugate gradient algorithm of Fletcher and Reeves requires a relatively simple
modification of the discrete time steepest descent method and often enables us to
dramatically improve the convergence rate. The conjugate gradient algorithm in its
simplest form can be formulated as [1]:

1) = pk) ﬂ(k]dk ,

dlk := ﬁk d;‘_] - ?E(I(k)) »
(1.5-1)
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Where:

~ NVEG®)IIS
TN vE(* D)

And

ne

It can be noticed that the algorithm above utilizes information about the direction
search di.; from the previous iteration in order to accelerate the convergence, and each
search direction is conjugate if the objective function is quadratic. Theoretically the
algorithm above will minimize a quadratic function in n or less iterations[1]. Using
the theoretical background presented so far, we can show that these algorithms can be
used to develop Neural Networks, which in terms can be used to analyze and solve
Lyapunov Stability problem. Based on the above algorithm we can implement Neural
Networks to solve complex problems on a quasi-on-time basis, which otherwise
would require sophisticated computational techniques.

1.6 Basic Neuron Model -- McCulloch-Pitts Model

The basic artificial neuron can be modeled as a multi-input nonlinear device with
weighted interconnections wj; , also called synaptic weights or strengths (cf.fig 1.6a).

LY é
Axon =
(Output)

Cell body
(Limiting or
Synapses  Lhreshold function)

Fig.1.6.a  Simplified functional model of an artificial basic neuron cell and its symbol
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The cell body is represented by a non linear limiting or threshold function y(u;). The
simplest model of an artificial neuron sums the n weighted inputs and passes the
result through a nonlinearity according to the equation

f

(1.6-1)
and

n

uj = [Ewﬁ-"-‘ ¢ @j"

[=

Where y is a limiting or threshold function, called an activation function, 6; ( €R")
is the external threshold also called an offset or bias, wj ,are the synaptics weights or
strengths, x; are the inputs (i = 1,2,3,...,n) is the number of inputs and y; represents
the output. Note that a threshold value 6; may be introduced by employing an
additional input xp equal to ‘ I’ and the corresponding weight wjy equal to the
threshold value. So we can write the above equation as:

J"IJ' = \]I[ Z wjl_xf]l
i=0
where

(1.6-2)

The graphical implementation of the above equation is shown in the figure (1.6.a)
below:
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Yy

(1.6.a)

The basic artificial neuron is characterized by its nonlinearity and the threshold 6;.

For example the early McCalloch-Pitts model of the neuron used only the binary
function (cf. 1.6b) where a weighted sum of all inputs is compared with a threshold
0; . If this sum exceeds the threshold, the neuron output is set to the high value “17,
otherwise is set to the low value or logic “0”.

Generally the threshold (step) function can be replaced by a more nonlinear function
(cf. fig 1.6b and fig 1.6¢) [1]. and consequently the output of the neuron y; can either
assume a value of a discrete set (-1 ,1) or vary continuously (between -1 and 1 or
generally between Y, and Ymax>Ymin). The activation level or the state of the neuron
is measured by the output signal y; (if y; = 1, then the neuron is firing (activate), if
y;j = 0 then the neuron is quiescent). Various non linear .... Have been used over the
year depending on the problem under consideration as shown in figures (1.6.b) and
(1.6.c).
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Fig. 16D Thrce possible unipolar transfer characteristics of the amplificr: sigmoid transfer
function, ramping function, hard limites
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(a) ¥i

Sigmeoid limiter

(e) i

Saturation limiter

(e) ¥i

, /
/ o 4 ;
Deadzone lhimiter

(g) ‘PI/

o| =

Simple limiler

¥ = 3:’ if z=0
0 otherwise

/.

ID| z

(i)

Quadralic-function

(b) ¥i

0

— -1

Hard limiter
(Signum function)

(d) ¥i

=]
ut

-1

Hard limiler with hysteresis
(Schmitt Trigger)

(1) ¥i
" 4 —
B -4 -
0 & F i
— _.l

Hard limiter with deadzone
(Deadspace comparator)

(h} ¥i
1
=— -
Comparator
. ¥ =|z|
(i)
—_— e W e ;

Absolule-value functlion

Fig 1.6.c Typical nonlincarity functions used in artificial ncural networks
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In the basic neural model the output signal is usually determined by a monotonically
increasing sigmoid function of a weighted sum of the input signals. Such a sigmoid
function can be mathematically described by

27yu;
=g 5
y; = tanhyy; = T
l+e ™™
(1.6-3)
For a symmetrical (bipolar) representation or
i 1
S -yu
1+e ™
(1.6-4)
For an unsymmetrical unipolar representation with :
n
u; = D w i Xi
i=0 (1.6-5)

Where vy is a positive constant or variable which controls the “’steepness ‘’ (slope) of
the sigmoidal function.

1.7 Widrow-Hoff Delta Rule or LMS Algorithm

Having defined the general architecture of the Neural Network that fits our problem
under consideration, we then need a way to determine the weights w;;. Various tools
have been used, but the most useful especially when we deal with nonlinear problems,
are adaptive ones. These adaptive algorithms as we will show below, lead to
formulations which are amenable to gradient methods applications. Many possible
adaptive algorithms, represent a mechanism-procedure by which the synaptic weights
can properly be adjusted to achieve correct values. The most popular one is the
Widrow-Hoff Delta Rule, also called the LMS (least mean squares) algorithm. The
purpose of this algorithm is to adjust the synaptic weights w;; (i=o,1,2,...,n) to assure a
minimization of the error function.
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1 3 1 2
E.:=—e(t)==(d,—u;)",
S L (1.7-1)

Which is an instantaneous estimate of the mean-square error. Applying the gradient

descent approach, (mentioned in previous chapter), we obtain the system of
differential equations

e = -,lu" S — = = Iu_. —_— -
di dwj; du; dw
(1.7-2a)
where p > 0. Hence, taking into account that
i=0
We get

dwi('r} - n"l

G T e 0n(0) = p[dy = B

(i=0,1,...,n), (1.7-2b)

Where p > 0 is the adaptive gain, x;is the i-th input associated with the weight wj; d;
is the desired output and e}, is the output error (cf. fig 1.7.1) [1]. Equation (1.7-2b) can
be implemented as a continuous-time LMS algorithm employing analog multipliers as

shown below. This algorithm will be used in the sequel to study Lyapunov-based
stability problem,.

20
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Fig. 1.7.1 Implementation of continuous-time LMS (Widrow-Hol') algorithm employing analog
multiplic rs and inll:g:ral.'ws

Chapter 2

Lyapunov Stability Theory

Lyapunov’s contribution to the study of stability systems is of great importance,
especially for the stability of non linear systems. Lyaponov’s methodology is
analytical (not graphical), and is based on the differential equation which describes
the system and provides information about the stability of the system without
requiring a solution of the differential equation that describes the mathematical model
of the system under study. Results of the lyapunov theory can be separated in two (2)
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techniques (methods): the first method of Lyapunov and the second method of
lyapunov (direct method).

2.1 Introduction-Definitions

2.1.1 Basic

Consider a dynamical system which satisfies
X =fx, ) x(t)=x x€eR" (2.1-1)

We will assume that f{x, ¢) satisfies the standard conditions for the existence and
uniqueness of solutions. Such conditions are, for instance, that f{x, ¢) is Lipschitz
continuous with respect to x, uniformly in ¢, and piecewise continuous in ¢. A point
x* €R" is an equilibrium point of (2.1-1) if fix* t) =0

Intuitively, we say an equilibrium point is locally stable if all solutions which start
near x* ( meaning that the initial conditions are in a neighborhood of x* ) remain near
x* for all time. The equilibrium point x* is said to be locally asymptotically stable if
x* is locally stable and, furthermore, all solutions starting near x* tend towards x* as
1 — oo,

The time-varying nature of equation (2.1-1), however, introduces all kinds of
additional subtleties. Nonetheless, it is intuitive that a pendulum has a locally stable
equilibrium point when the pendulum is hanging straight down and an unstable
equilibrium point when it is pointing straight up. If the pendulum is damped, the
stable equilibrium point is locally asymptotically stable.

By shifting the origin of the system, we may assume that the equilibrium point of

interest occurs at x* = 0. If multiple equilibrium points exist, we will need to study
the stability of each by appropriately shifting the origin.

2.1.2 Stability in the sense of Lyapunov

The equilibrium point x* = 0 of (2.1-1) is stable (in the sense of Lyapunov)
att = tp if for any ¢ > 0 there exists a d(¢,79) > 0 such that

T -I.f- *-"_L {F —_— ;-t_rl:"t":l {:— 'E._ '-__;_'.'t } f .
l=(to) | ()] > to oo
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Lyapunov stability is a very mild requirement on equilibrium points. In particular, it
does not require that trajectories starting close to the origin tend to the origin
asymptotically.

Also, stability is defined at time instant to. Uniform stability is a concept which
guarantees that the equilibrium point is not losing stability. We insist that for a
uniformly stable equilibrium point x* J not be a function of 7, so that equation
(2.1-2) may hold for all #.

2.1.3 Asymptotic stability

An equilibrium point x* = 0 of (2.1-1) is asymptotically stable at t = 7 if

1. x* = 01is stable, and
2. x* = 0is locally attractive; i.e., there exists d(fy) such that

r(to) 5 = im a(t) = 0.
||z(to)]| < ¢ Jim () =0 (2.13)

As in the previous definition, asymptotic stability is defined at t.
Uniform asymptotic stability requires:
1. x* = 0 is uniformly stable, and

2. x* = 0is uniformly locally attractive; i.e., there exists ¢ independent
of t, for which equation (2.1-3) holds.

Further, it is required that the convergence as defined by equation (2.1-3) is
uniform.

Finally, we say that an equilibrium point is unstable if it is not stable. This is less of
a tautology than it sounds and we should be sure if we can negate the definition of
stability in the sense of Lyapunov to get a definition of instability. [22] Figure (2.1)
illustrates the difference between stability in the sense of Lyapunov and asymptotic
stability.

23



L/
Al N 04 L —
-4 T 4 -0.4 x 0.4
(b) Asymptotically stable (c) Unstable (saddle)

Figure 2.1: Phase portraits for stable and unstable equilibrium points.

Definitions 2.1.2 and 2.1.3 are local definitions. They describe the behavior of a
system near an equilibrium point. We say an equilibrium point x* is globally stable if
it is stable for all initial conditions x, € R". Global stability is very desirable, but in
many applications it can be difficult to achieve. We will concentrate on local stability
theorems and indicate where it is possible to extend the results to the global case.

Notions of uniformity are only important for time-varying systems. Thus, for time-
invarying systems, stability implies uniform stability and asymptotic stability implies
uniform asymptotic stability. It is important to note that the definitions of asymptotic
stability do not quantify the rate of convergence.
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2.2 Lyapunov’s First Method

The first method of Lyapunov [2] is based on the linearization and replacement of
the non linear differential equation, which describes the system, with a linear
differential equation. This approximation takes place for every equilibrium condition
separately and the stability results of the non linear system respond only for a small
area around of the equilibrium condition.

Consider a linear system:
X = f(x) (2.2-1)

and x, an equilibrium condition. We analyze the above equation (2.2-1) to a Taylor
series in the point x=x,, so we take the follow:

x = fjx) = fix )=+ [J—THT (X—x )+ 1 [3—x ]T 2_ ﬂ ' [
= 1 = e LFx] =X J*+ 3 [ ax ax). . o T
@ @
- (3¢ _x
= fix )+ Alx—x )+ Blx—x )]{x-x ) +...
where
[at at at
| —= —_ "
| % ax, X
] |
1-1 [I} ) . E {rTz i?_
to) = (L) . A= L] o 1E B 8% |
2 I L& Jxux | |
| . :
| [
| =
{l ix) af at at
n n n n

The matrix B(x-x,) contains terms which come from bigger rank derivatives than the
first. Because of the fact that the x, is an equilibrium point, it means that :

fixe) =0
If we now set z = x-x, then the above equation can be written as

Z =Az+ B(z)z + ... (2.2-3)

25



The first approach, which means the linear part of (2.2-3) will be
z'=Az (2.2-4)
Generally the lyapunov’s first approximation is based on the follow theorem:

Theorem 2: If every factor of matrix A has a not zero(0) real part, then the
conclusions concerning the stability of the non linear system in the area of x, can be
exported by the study of the linear system stability (2.2-4).

2.3 Lyapunov’s Second Method (Direct Method)

Lyapunov’s second method which is also called as Lyapunov’s direct method
allows us to determine the stability of a system without explicitly integrating the
differential equation (2.2-1). The method is a generalization of the idea that if there is
some “measure of energy” in a system, then we can study the rate of change of the
energy of the system to ascertain stability. To make this precise, we need to define
exactly what one means by a “measure of energy.” Let B, be a ball of size (¢) around
the origin,

B, =z cR": |z| < €}

2.3.1 Basics of Direct Method

A Lyapunov function is not necessarily the energy of a dynamical system. However,
the term Lyapunov function is often used instead of the energy function, cost
function or objective function and vice versa in the neural networks community.
Strictly speaking, the Lyapunov function denoted by V(x) is positive definite. The
energy function is always bounded from below, so the relation holds
V(x) = E(x) - E(x).

Let us consider a dynamical system, described by a set of coupled differential
equations

dx _ F(x,W,8)
de (2.3-1)

g - G(x,W,8),

26



(2.3-2)

Where x = [x;(1), xx(%),...., X, (t)]T is the activation state space vector,
W(x) = [wij(t)], x n 1s the weight matrix and @ = [ 0;, 0, Qn]T is the external time
independent pattern vector. Such systems of differential equations describe a general
model of the neural network. The first of the above equations is called the generalized
neural network state equation and the second differential equation is the general
learning equation.

The energy function E = E (x, W, ©) is a function defined on the state space which
is non increasing along the trajectories and it is bounded from below. The function E
will be called a Lyapunov function if it is decreasing on all non constant trajectories
and thus the Lyapunov function forces every trajectory to a stable equilibrium point.

The Lyapunov theorem can be stated as follows:

Theorem 3: If for a given system of differential equations an energy function E
exists, called a Lyapunov function satisfying the following relation:

4E _ $n 0E 95 8 0E ¥y o
dr = ﬂxj dr im1j=1 i.'l}wu di
! (2.3-3)
with
dE _ dx _ 0 and ijE =0,
ST 0 only for dr dt

Then the system is stable, the trajectories xj(t) and wijt) converge to stationary

points as t— o0,

In such a case, it is of paramount importance to refer to the fact that since E is
bounded monotonically decreasing function of time, it converges to a limit and its
time derivative converges to (0). The time derivative dE/dt is strictly less than zero
except at the equilibrium points where it vanishes.

Obviously the Lyapunov theorem(3) doesn’t say anything about the form of the
function E or how to construct it. It gives only a sufficient condition for the

convergence for t—+ooand is not concerned with a finite time of convergence.
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Unfortunately there is no general method for constructing Lyapunov functions. In the
following we shall define some characteristics of the Lyapunov funtions and then
show how we can construct them for linear systems.

2.3.2 Locally Positive Definite Functions

A continuous function V" : IR™ xR — IR i5 a locally positive definite function
if for some ¢ > 0 and some continuous, strictly increasing function

a:R, — R,
V(0,t)=0 and V(r,t) = af|z||) Yo B., vt = 0.
(2.3-4)

A locally positive definite function is locally like an energy function. Functions
which behave globally as energy functions are called positive definite functions:

2.3.3 Positive Definite Functions

A continuous function V* : IR™ =< R4 — IR j5 a positive definite function if
it satisfies the conditions of Definition 2.3.1 and, additionally, a(p) — o as p—oo.

2.3.4 Decreasing Functions

A continuous function V" : IR™ < R — I is a decreasing function if for some
£>0 and some continuous, strictly increasing function /3 : 2, — IR,

Vix,t) < 8(||z]) Vr e B, vt >0 (23-5)

Using these definitions, the following theorem allows us to determine
stability for a system by studying an appropriate energy function.

(Theorem) :Roughly, this theorem states that when V (x, t) is a locally positive

definite function and V' (x, t) <0 then we can conclude stability of the equilibrium
point. The time derivative of V is taken along the trajectories of the system:
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- v v
% _ Ly
c=flx.t) ot + dr f

Table22 : Summary of the basic theorem of Lyapunov.

Conditions on Conditions on | Conclusions

Vi{z.t) —V{xt)
1| lpdt = 0 locally Stable
2 | Ipdt, decrescent | > 0 locally Uniformly stable
3 | lpdt, decrescent | Ipdf Uniformly asymptotically
stable
4 | pdf, decrescent | pdf Globally uniformly

asymptotically stable

Where Ipdf means locally positive definite function.

2.3.5 Basic Theorem Of Lyapunov

Theorem 4: Let V(x,t) be a non negative function with derivative V' along the

trajectories of a system:

1. If V(xt) is locally positive definite and V" (x, t) <0 locally in x and for all t,
then the origin of the system is locally stable

2. If V(x,t) is locally positive definite and decreasing, and V" (x, t) < 0 locally in
x and for all t, then the origin of the system is uniformly locally stable.

3. If V(x,t) is locally positive definite and decreasing, and -V (x, t) <0 is locally

positive definite , then the origin of the system is uniformly locally
asymptotically stable.
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4. If V(xt) is positive definite and decreasing, and -V~ (x, t) < 0 is positive
definite , then the origin of the system is globally uniformly asymptotically
stable.

The conditions in the theorem are summarized in Table 2.2

Theorem 2.3.4 gives sufficient conditions for the stability of the origin of a system.
However, the former doesn’t give a prescription for determining the Lyapunov
function V (x, 1). Since the theorem only gives sufficient conditions, the search for a
Lyapunov function establishing stability of an equilibrium point could be difficult.
However, it is a remarkable fact that the converse of Theorem 2.3.4 also exists. If an
equilibrium point is stable, then there is a function V (x, ) satisfying the conditions of
the theorem. However, the utility of this and other converse theorems is limited by the
lack of a computable technique for generating Lyapunov functions.

2.4 Finding Lyapunov Functions

From the text above comes to surface the fact that the problem of studying the
stability of a system through the second method of Lyapunov consists of finding a
Lyapunov’s function for the specific system under consideration. That function may
not be the only one and simultaneously can be difficult to be found. So far we haven’t
invented a systematical way of finding a Lyapunov function for all the specific
categories of systems. It must be noticed that when there is no possibility of finding a
Lyapunov function for a system, it means that we just can’t conclude about the
stability of a system. It doesn’t mean that the system is unstable.

There are many different types of Lyapunov theorems. The key in all cases is to find
a Lyapunov function and verify that it has the required properties.

2.4.1 Theorem

For the case of the time invarying linear systems we have the following theorem:
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Theorem 5: Consider the linear time invarying system:

x'=Ax, [A]Z 0 and x.=0

Consider the Lyapunov function V(x) = x' Px, where P is a positive definite real
symmetric matrix.

Then the function V(x) = x' Px is the Lyapunov function of the system if only for a
matrix P there is a positive definite real symmetric matrix Q satisfying the following

AP+ PA=-0Q (2.4-1)

Moreover for the time varying systems which are described by the differential
equation

X' (H)=A(t)x

the equation that we take, is the following:

P'(t) + ATHP(t) + P(DA() = - Q(t) (2.4-2)

On the other hand for the non linear systems have already suggested some methods
for finding the Lyapunov function. One of the dominants methods is either the
Schultz-Gibson or the gradient method. The latter is going to be analyzed thoroughly
in the following.

Consider a function V(x) which is a possible Lyapunov function[2]. Then :
M T
Vix) = (V) x

where

Us grad:
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and

av
ax

av
ox

(2.4-3)

If the function ¥V is known, then the function V is obtained by the integral:

' - 2 FU*

X 1 1 |V I | 2| o
V= L!?‘ﬂ dx = jn Lﬂ‘l J . Ld 2| 2

X o fx o=x L i=1,2 n-1

LI [V
+ *J- .h—ld:‘n

0 L "J

(2.4-4)

For the scalar function V to be unique, which means independent from the way it is
obtained through integration, the equation (2.4-5) has to be satisfied[2]:

W =0
(2.4-5)
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Where ¥x means the operation ‘curl’ , and for the three (3) dimension example for

cartesian coordinates x;, x», x3 becomes :

A A1 [GA oA [eA, oA
7A irﬂﬁ*'-" Lui P J—z "3 J”a
. = — e — = - 5 '-‘:-'K AX
(7%, laxa N T

Where A = A;i; + Ay ix + Az i3, and iy, iy, i3, are unary vectors to the direction of
axis xj, xz, and x;3.

Consider A = ¥V. Then

A
2 l&x?ax‘_ r11ax2 3

1 3 2. )
|- L‘UNJJI‘F[HU

) & |, 8

A

Lex1 8 K:]. (.'-':31,- i

k

=TV = |= - p—
i K aX.11
| 0% 0K, K OR, ]

For the equation (2.4-5) to be satisfied we require the following conditions to exist .

2
v &% v _ v
" BN, | BXOX, ' OaoX, | X 0%,

v &V
axaﬁxE cszl xa

(2.4-6)

The general form of the above relations must be put in the form of a matrix B as

follows:
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2y, |
a5V 82V g
A gX
E.'K? 3)(13!(2 ok
' .2
5 52\ 8%V 8"V
= 3 2 X, 8%
axy9%, 8% 2
z
il
52V 2w av
% a% ax Ax 2
= ] n 2 ﬂxn J

(2.4-7)

So far, we have converted the problem of finding a V Lyapunov function to a
problem of finding a V , which is 7* %V = 0 and of course V satisfies the

o=l = 6.

The main steps of determing counting a Lyapunov function using the gradient
method are:

1. weconsider ¥V = G(x,t)x where G is a steady matrix (2.4-8)

2. we calculate the V', and we notice to either be positive definite or to be at
least negative semi-definite

3. we bound the V' to meet constraints (2.4-5)- (2.4-7)

4. we check if after applying step 3, V still satisfies the step 2

5. we derive the V according to relation (2.4-4)

6. we check if the V satisfies the %%/l = §

Here, we can highlight the fact that if we are not able to find the Lyapunov
function with the method mentioned above, then it doesn’t mean that the system is
unstable. In this study we shall concentrate on how Neural Networks can be
implemented to study Lyapunov based stability linear time invarying problems.
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Chapter 3

Neural Networks for Matrix Algebra Problems

3.1 introduction

Researchers in modern scientific and engineering computing are actively searching
for fast, efficient and robust algorithms which are parallel in nature. Neuron- like
networks enable us to construct massively parallel algorithms in the sense that a
system of differential equations describing specific algorithms is solved
simultaneously by an associated circuit consisting of highly interconnected processing
units.

The main purpose of statements mentioned above is to describe a class of such
massively parallel algorithms for solving in real time a large variety of important
matrix algebra problems[1] such as matrix inversion, LU decomposition, QR
factorization, the eigenvalue problem, singular value decomposition (SVD), solving
the Lyapunov equation, and principal component analysis (PCA). The algorithms are
associated with neuron-like adaptive systems and are based mostly on error back-
propagation techniques. In the following, we will be occupied with solving of
Lyapunov based stability problem. As we mentioned before there exist many
Lyapunov based stability problems, the analysis of which results in the solution of a
matrix equation as shown in (2.4-1). In the following we shall show how we can solve
these problems using Neural Networks

3.2 Neural Networks for Solving Generalized Matrix Equations
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Especially Lyapunov’s Equation

In some applications, especially in mathematical control theory, that involves
Lyapunov based stability problems (2.4-1), it is required to find an unknown matrix X
which is involved in linear matrix equations containing several matrices. Such
equations are called generalized matrix equations:

AX+XB+C=0 (3.2-1)

Where the matrices A, B, C are known and the matrix X is unknown (see equation
2.4-1).

In that point we will be occupying with the Lyapunov equation
AX+XA'=-C

The problem is formulated as follows:

For given matrices A ¢ R"*", and C ¢ R"*" we will find a symmetric matrix X which
satisfies the equation (3.2-1).

To solve the problem the first step will be to implement the latter equation by an
appropriate network shown in figure (3.2.1) [1]. For such a network we can formulate
the Error (cost) function as:

(3.2-2)

Where

n n
] L]

yi=sntm= L“&&”&"' ant”t'
&k =] k=]

n
'ei = E"‘Ii =¥ = - ECU-ZJ:—_}"- L]
=1
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The equation A X + X A" = - C is shown in a block diagram form in figure (3.2.1)
below.

;=-{x S 4
=-|AT-1'|:{

Fig. 3.2.4 Nelwork architecture for solving the Lyapunov eguation

A direct minimization of the error function E(¢) in equation (3.2-2) leads to the
learning algorithm:

dx;; "
d_;J = H[E.' “_.li + Egliﬂkl' E'k]zjl
(e,j=1,2,...,n),

(3.2-3)
Where p > 0.

Unfortunately such an algorithm will not satisfy the symmetry condition of matrix
X ( X,’j = x]’,' )
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In order to meet the symmetry constraints the above algorithm (3.2-3) can be
modified as:

dx,-j iy "1' "\
S S |G+ e 4 ll ay; e*]zj + LE:,]akjE* ]z‘.]

k=1

(i,j=1,2,...,n),
(3.2-4)

An analog implementation of the above algorithm is shown in figure (3.2.2) [1].
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Fig. 3.2.2 Analog implementation of the learning algorithm

3.3 The Problem of Solving the Lyapunov Equation

Let us consider the problem of solving the Lyapunov equation [1].
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AX + XAT = - C, where the matrices A, C are known

123 724
AZ|654 C-|251
[ 416

Using the Neural Network of figure (3.2.2), in other words, we seek to find the
symmetric matrix X knowing matrices A,C.

The network depicted in figure (3.2.2) has been simulated in Matlab in order to solve
the problem. Actually the point is to approximate as much as possible the real values
of X, something which will not be that easy because of the error possibility and the
complexity of the algorithm presented above.

d(-;;j % €ilj + eu; lL“t:Et]Z + ng.-“e_t]z‘_l

(i,fj=1,2,...,n}),

E=o el

"
Lfﬁ
=

Through function eig() in Matlab, we were able to find the eigenvalues of matrix A
in order to see if the system was asymptotically stable. The results are shown below:

A=-2.0113
11.4534

4.5580
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Hence with a quick look the system is not asymptotically stable, since the
eigenvalues of matrix A are not in the closed left half plane. In order to succeed
asymptotical stability the eigenvalues of the matrix A should be negative (in the
closed left half plane).

Now we will apply the Lyapunov method taking into consideration our Matlab
code. We chose a positive definite matrix C (all the eigenvalues of C are positive,
A=2.3134,4.4072, 11.2794), in order to apply our method.

The simulation results using Matlab for the matrices A and C given above yield the
values of the elements X171, X12 =X21 ,X22, X23 =X32 | X33, X13= X3] of the matrix X. Our
code was able to find the graphical representations of matrix X (3*3) and the E(?)
which is the Error (cost) function, as they can be seen below in figures (3.3.1)-(3.3.2)

24

Fig .3.3.1: graphical representation of matrix X (3*3).
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Where the X-axis presents the number of iterations and the Y-axis presents the
matrix X-values. The first line from above is the value x3; | the second line is the x;;
the third line is the x;, =x,; the fourth line is the xy, the fifth line is the x23 =x3; |
and finally the sixth line is the x;3- x3;.

In order for the system to be stable, all the eigenvalues of matrix X (values of X are
shown in the above graphical representation) must be positive according to theorem 5.
Matlab, through its function eig(), gave us the following results

A= -0,18157
-0,042606

0,01319

As we can see the theorem 5 is not confirmed, because all the eigenvalues of matrix
X are not in the closed right half plane (which means that the eigenvalues are not all
positives). Hence X is not positive definite and the Lyapunov test indicates that the
system under consideration is not stable.

Concerning the Error (cost) function graphical representation, it takes the following
form:
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Fig. 3.3.2: graphical representation of error (cost) function.

Where the X-axis presents the number of iterations and the Y-axis presents the
error.

What we see above is that the Error function E(t) decreases while 7 increasing until
the stored energy reaches a value. The above Error function is very small and
converges after some iterations (between 40-50 iteration we succeed the
convergence).

Now we will present another example for Lyapunov stability. The example is a
linearized model that describes the dynamics of an aircraft that possesses vertical take
off and landing. The equation of the model is:

X =Ax + Biu; + Bous
(3.3-1)

Where:
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-0.0366 0.0271 0.3 -0.4555-

0.0482 10100 0.0024 -4.0208

A=
A2 03681 -0.TOTO 14200
L[] [} 1 [}
And
[ 442z ]
35446
B, -
-5.5200
L 0 4
[ 0761 ]
5 . 75922
-
4.4900
L0 i

The elements of the state vector are: i) X; which corresponds to the horizontal
component of the velocity, ii) x, which corresponds to the vertical component of the
velocity, 1ii) x3 which corresponds to rate of change of the inclination angle
(degrees/seconds), 1iv) x4 which corresponds to the inclination angle
(degrees/seconds) The input u; is used mainly for the motion control of vertical axis,
while u, is used for the control of the motion of the horizontal axis.

The matrix C is positive definite, where C=I. So we have :

-0.0366 00271 00188 -0.4555 ]
00482 10100 00024 -40208
61002 03681 -0.T0TO 14200

0 L 1 L
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Through function eig() in Matlab, we were able to find the eigenvalues of matrix A
in order to see if the system was asymptotically stable. The results are shown below:

A= 0.2758 + 0.25761
0.2758 - 0.25761
-0.2325

-2.0727

Hence with a quick look the system is not asymptotically stable, since the
eigenvalues of matrix A are not in the closed left half plane (the eigenvalues are in the
right half plane). In order to achieve asymptotical stability the eigenvalues of the
matrix A should be negative (in the closed left half plane). However, the system under
consideration is controllable from either u; or u,. If the aircraft loses somehow the
control of the vertical motion through u;, then the control u, can be used to control
both vertical and horizontal motion and vice versa.

Now we will apply the Lyapunov method (AX + XA” = - () taking into
consideration our Matlab code, as we did in the previous example. We chose a
positive definite matrix C=I as it can be seen above, in order to apply our method.

The simulation results using Matlab for the matrices A and C given above, yield the
values of the elements X11, X22, X33, Xq4, X12=X2] , X13=X3] , X]4= X4] X24= X42 X23= X32 X43= X34
of the matrix X. Our code was able to find the graphical representations of matrix X
(4*4) and the E(t) which is the Error (cost) function, as they can be seen below in
figures (3.3.3)-(3.3.4).
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Fig .3.3.3: graphical representation of matrix X (4*4).

Where the X-axis presents the number of iterations and the Y-axis presents the
matrix X-values.

In order for the system to be stable, all the eigenvalues of matrix X must be positive
according to theorem 5. Matlab, through its function eig(), gave us the following
results

A= -0,034316
0.00093076
0.015528
0.048074

As we can see the theorem 5 is not confirmed, because all the eigenvalues of matrix
X are not in the closed right half plane (which means that they are not all positives).
Hence X is not positive definite and the Lyapunov test indicates that the system under
consideration is not stable. But as we mentioned above the system under
consideration is controllable from either u; or u,, something which is very important
for the safety of the airplane and its passengers. Hence if the aircraft loses, for any
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reason, its control of the vertical motion through u;, then the control u, will be used to
control both vertical and horizontal motion and vice versa.

In this point we will proceed with an analysis of the problem above, concerning its
stability. The stability theorem in [23](which can be seen in Appendix) is so powerful,
where someone would like to seek, depending on the same theorem, what it could
happen, if the system was unstable in a specific sense as we explained below.

The above question is already been examined and proved by [23]. Hence if the
solution of the equation AP + PA = -C gives a matrix P to be positive definite as well
as eigenvalues of matrix A are discrete and in the left half plane except for one, then
the system is proved to be unstable. From that theorem we can conclude, however it is
not the target of this dissertation, that the instability of the system is further confirmed
when the matrix P is not positive definite, like in our case.

Although, even in that case where we study practical applications of the above
theorem, like in this study, where we deal with an example for Lyapunov stability
which contains a linearized model that describes the dynamics of an aircraft that
possesses vertical take off and landing, the methodology that we have already
developed can help us determine if and in what level our system is controllable. This
controllability can be used for the safe operation of a system

In that case if the system is controllable, we guarantee its safe operation even if the
mechanical, the operational and the economical design enforced us to select
parameters which made the matrix A unstable. The alteration of the parameters could
be the result of system deterioration due to time or other causes.

Concerning the Error (cost) function graphical representation, it takes the following
form:
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Fig. 3.3.4: graphical representation of error (cost) function.

Where the X-axis presents the number of iterations and the Y-axis presents the
error.

What we see above is that the Error function E(t) decreases while 7 increasing until
the stored energy reaches the minimum value. The above Error function is very small
and converges after 20 iterations.

Now we have to analyze the parameters and the vectors of the algorithm (3.2-4).

n

=Ele u +eu + 1%
2| Jti L“&ift

k=1

Z; + liukje*]zll

k=1

(i,j=1,2,...,n),
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=-|AT-1'|:{

Fig. 3.2.4 Nelwork architecture for solving the Lyapunov eguation

e=d-y
y=r+p
r=A*v
p=x*u
v=x*z
u=a *z

d=-c*z

u=learning rate=0,026

z(t)=sin(kwqt) where k(1,2,3...) depending on the inputs
w=5.00000182%10°

t=10"

The parameter t was chosen to be t=10"" cause we obtained quick and effective
convergence.
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Conclusion

In this study we have developed a methodology based on neural networks, with
which we can compute the inverse of a matrix, eigenvalues of a matrix and solve
linear and non linear matrix equations. This methodology can be applied to control
systems which have been designed to operate in a stable manner and for some reason,
through time, they turn into instability.

Our method gives us the means to determine the controllability and stability. If it is
not possible to change the parameters in order to achieve stability, then we can
examine in a very fast way if the system is controllable, so that we can maintain its
safe operation.

This method can be applied to airplanes and nuclear reactors where stability is of
paramount importance. In more revolutionary techniques the same methodology can
be applied even in the case where the whole changing of all eigenvalues of the matrix
A is either needed or desired.
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Appendix

Hessian matrix:

Let © € R™ and let /* B" — R pe 3 real valued function having 2nd-order
partial derivatives in an open set [/ containing . The Hessian matrix of f is the
matrix of second partial derivatives evaluated at &':
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82 _f 82 _f 8‘2 f

Or?  Omdry  Or10z,
A _Pf
H(z) := | 0z2011 or2 7 Oraz,

obf ¥

|0z, 0ry Oxndzy 022

If f isin CX(U), H(x) is symmetric because of the equality of mixed partials. Note

that H(x), the jacobian of the gradient of f.Given a vector V € R" , the Hessian of
f at v is:

Here we view vasa 1 by 71 matrix so that v is the transponse of ¥.

The Hessian of f at © is a quadratic form, since

H(z)(rv) = r*H(z)(v) forany r € R.

If f is further assumed to be in C*(U), and Zis a critical point of f such that
H(x) is positive definite, then Z'is a strict local minimum of f.

This is not difficult to show. Since H(x) is positive definite, the Rayleigh Ritz b

theorem shows that there is a ¢ > 0 such that for all * € Rn,
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h"H(z)h > 2¢||h||*

Thus by Taylor’s theorem®

1
fle+h) = flz)+ §FLTH{:L*]3L + o(||h||*) > ¢||hl]* + ol||h][*).

For small Ilhll the first term on the right dominates the second, so that both sides are
positive for small I[hll.

1) Theorem : Rayleigh-Ritz

Let A € C™7F be a Hermittian (complex square matrix) matrix. Then its
eigenvectors are the critical points (vectors) of the ‘Rayleigh quotient’ which is the
R:.CH{0} - R
real function

xH Ax
R0 = 2% ] £ 0

A
Hy

and its eigenvalues are its values at such critical points.

Asa consequence we have :

xH Ax
Apar = MAax 7
|pell20 XP X

. xTAx
Amin = Min —
x[l#0 x7x
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2) Theorem : Taylor’s theorem

Let Ube an open subset of a real banach space (X111 is a normed vector space).

If f:U =R differiantiable n +1 times on U, it may be expanded by Taylor's
formula:

f(z) = fla)+Df(a)- h+ %D“ fla)-h* + -+ &D“ fla)-h™ + Ry(z),

Taylor series:

The resulting infinite series is called the Taylor Series of the function f (x) expanded
about the point a. If it converges to the value of the function we get

fla+h) = £(a) + @) + 57" (@)+ o+ S @) + o

If a = 0 then the series is known as the Maclaurin Series of the function f, which we
might write as:

fz) =£(0) +zf'(0) + ‘;—ff-’-’w} oot gf':”’j(ﬂ} +o

Example
What is the Maclaurin series of f (x) = e*?

To write down the Maclaurin series we need to know the value at x = 0 of every
derivative of the function. This is usually the practical problem that we face in
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working out Taylor series. In this case it is easy since every derivative of " is ¢* and
this has value 1 at x = 0. So the Maclaurin series becomes

Tixts Dogees D
X E. E

It turns out that this is actually equal to the value of ¢* for any value of x (I cannot
prove that here). So we have the famous result that

2 _1,.3 .1"4 m

_ X X
€ —1+T+E+E+I+"'+E+"'

Lipschitz condition and Lipschitz continuity:

Definition (Lipschitz-continuous function).

Lipschitz-continuity comes in three different flavours.

Let f:R™ — R™.

Given an open set &2 < IR we say that f is Lipschitz-continuous on the open
subset B if there exists a constant & < IRg (called the Lipschitz constant of f on
B) such that

[f(x) = Fy)l = Alx—yl, VeyebB )
The function f'is called locally Lipschitz-continuous, if for each = < IR™ there

exists an L > 0 such that f is Lipschitz-continuous on the open ball of center z and
radius L
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Br(z):={ycR": |y —z| <L}. @

If f is Lipschitz continuous on all of the space IR™ (i.e. B= IR™" in (1)), then f is
called globally Lipschitz-continuous.

Remark (local vs. global)

Notice the fundamental difference between the local and global versions of the
Lipschitz-continuity. Whereas in the local version the Lipschitz constant /A and
the open set B depend on each point = < IF.™ in the global version the constant /A
is fixed and B = IR"™, In particular, a globally Lipschitz-continuous function is
locally Lipschitz-continuous, but the vice versa is not true.

Remark (norms and Lipschitz constants)

In (1) the norm I[-1I' can be any norm. However, once a norm has been chosen one
should stick to that single norm, as the Lipschitz constant\x depends on the particular
choice of this norm. Unless otherwise stated, we use the Euclidean norm in all our
analysis.

Interpretation

To see what these definitions mean, let us consider the situation in one dimension.
Suppose f is a Lipschitz function on a neighborhood B of @ < IF. This implies
that, Vi € B |

(@) — f(u)| < Ajz—y| = ‘f(f}"f{”j <A

£Ir—=1y

flz+h)— f(x) <A
h -

by puttingy=x + h

If we were to let 7 — O and if the function f were differentiable, then the
result would mean
| #7 (=) = A, (the derivative is bounded by the Lipschitz constant).
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However, there is nothing in the definition of Lipschitz-continuity that implies that
f is differentiable. So in general we can’t proceed to this limit, since we don’t know
if f is differentiable at x. But this tells us all we need to know: being Lipschitz just
means f can’t be too steep, the bound on the difference quotient being /.

The Lyapunov Matrix Equation:

j.’ = ;‘1..'}:'. (3)

The derivative can be determined without explicitly solving for the solutions of (3) by
noting that

o) =d'e+a'd = (Ax) =+ 2" (Ax)
=27 (AT + A)

=

If the matrix A is such that u’(x) is negative for all = # U then it is reasonable to
expect that the distance of the state of (3) from x=0 will decrease with increasing time

and that the state will therefore tend to the equilibrium x=0 of (3) with increasing time
L.

In the following discussion we will employ as a ** generalized distance function ©
the quadratic form given by:

v(z) =" Pz, P=P",
“4)

Where P is a real n x n matrix .The time derivative of u(x) along the solutions of
(3) is determined as:

v(r) = iTPr+ 2T Pi =2t AT Py + 2T PAx
= 2T (ATP + PA)x;

0=z Cr,

®)

where

v _ AT ,
C=A"P+ PA. 6)
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Note that C is real and C" = C. The system of equations given in (6) is called the
Lyapunov Matrix Equation.

We recall that since P is real and symmetric, all its eigenvalues are real.

Theorem 1: The equilibrium x=0 of (3) is stable if there exists a real, symmetric,
and positive definite n x n matrix P such that the matrix C given in (6) is negative
semidefinite.

Proof. Along any solution
d(t, o) £ P(t)

of (3) with
(0, 19) = @(0) = xp,

we have:
of

- o b - - -
o(t) T Po(t) = xf Py + [ W(m"mﬁ(u}du=xrd Pzxo + / o(n)" Codln)dn
A L)

forall t = U Since P is positive definite and C is negative definite we have:

o(t)T Pop(t) — x2 Pro <0

forall ¥ = U, And there exist:
o = >0
such that

e1 || 6(t) 12< o) T Pé(t) < 2T Prg < ez || w0 |

forall ¢ = U, It follows that

| &(t) < (e2f/er)'/? || =0 |

forall t = U and for any xy ¢ R". Therefore the equilibrium x=0 of (3) is stable.

Theorem 2: The equilibrium x=0 of (3) is exponentially stable in the large if there
exists a real, symmetric, and positive definite n x n matrix P such that the matrix C
given in (6) is negative definite.

Proof. We let:
o(t,z0) = o(t)

denote an arbitrary solution of (3) with
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o(0) = Zn

In view of the hypotheses of the theorem, there exist constants

co =y =0
and
gy = cq >0
such that:
. - 2l _ i T s . j 2
cr || o(t) |7 v(olt)) = o(t)” Po(t) < ca || o(t) ||
and

—ca || (t) [IP< 0(e(t)) = (1) Co(t) < —cu || 3(2) ||

for all t = 0 and for any xy € R™.

Then
§(6(0)) = 6T Po(D) < (~ea/e2)(t) Po)
= (_ﬂrif(cE}T][é{tj} for all
t =ty

This implies, after multiplication by the appropriate integrating factor, and integrating
from O to ¢, that

v(@(t)) = o(t)T Po(t) < 2l Prye(er/e)t
or

1 || f.‘) ||‘2-:': (.Jf } Pm[ }{ o | To ||2 —{eafea)t

or
i

| o(t) || < (uftl}l’u | xo || ™2 (eafea)t L= 0.

This inequality holds for all xy ¢ R". Therefore, the equilibrium x=0 of (3) is
exponentially stable in the large.

Theorem 3: The equilibrium x=0 of (3) is unstable if there exists a real, symmetric n
x n matrix P that is either negative definite or indefinite such that the matrix C given
in (6) is negative definite.

Proof: We first assume that P is indefinite. Then P possesses eigenvalues of either
sign, and every neighborhood of the origin contains points where the function:

v(zr) = =’ Px

is positive and negative. Consider the neighborhood
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Ble) ={x e R" || z ||< ¢},

where
Il - Il denotes the Euclidean norm and let

G ={xe Ble):v(r) <0}.

On the boundary of G we have either Il x ll=¢ or u(x) = 0. In particular, note that the
origin x=0 is on the boundary of G. Now, since the matrix C is negative definite, there
exist constants ¢3 > c4 > 0 such that

—ca ||z P< 2’ Cr=i(r) < —ea | = |?

for all x ¢ R". Let
At xg) £ )
and

20 = ¢(0) € G

Then u(x,) = - o < 0. The solution ©(¥) starting at x=0 must leave the set G. To see
this, note that as long as
o(1) € G,u((1) < —a
since
o(z) <0 inG .
Let —c=sup {u’(x): x e G and u(x) < -a}.

Then ¢>0 and

v(o(t)) = v(zg) + frl 0(p(s))ds < —a — ]f cds

0 0
= —a — te, T = fy.

The inequality shows that &(7) must escape the set G in finite time because u(x) is
bounded from below on G. But &(t) cannot leave G through the surface determined by
u(x) = 0 since

v((t)) < —a.

Hence, it must leave G through the sphere determined by Il x || = ¢. Since the above
argument holds arbitrarily small ¢ > 0, it follows that the origin x=0 of (3) is unstable.

Next we assume that P is negative definite. Then G as defined is all of B(¢). The
proof proceeds as above.

The proof of the above theorem shows that for ¢ > 0 sufficiently small when P is
negative definite, all solutions @&(¢) of (3) with initial conditions xp ¢ B (¢) will tend
away from the origin. This constitutes a severe case of instability called complete
instability.

Theorem 4: Assume that the matrix A [for the system (3)] has no eigenvalues with
real part equal to zero. If all the eigenvalues of A have negative real parts or if at
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least one of the eigenvalues of A has a positive real part then there exists a quadratic
Lyapunov function

v(e) = 2" Pz, P=P,

whose derivative along the solutions of (3) is definite (it is either negative or positive
definite).

This result shows that when A is a stable matrix, then from (3) the conditions of
Theorem 1 are also necessary conditions for stability. Moreover, in the case when the
matrix A has at least one eigenvalue with positive real part and no eigenvalues on the
imaginary axis, then the conditions of Theorem 3 are also necessary conditions for
instability.

Controllability:

A system with internal state vector x is called controllable if and only if the system
states can be changed by changing the system input.

X’ =Ax+ Bu
x is the state vector,
u is the input or control vector,
A is the state matrix,
B is the input matrix.
The controllability matrix is given by:
R=[B AB A’B ... A"'B].

The system is controllable if the controllability matrix R has a full row rank of p
where p is the dimension of the matrix A, and p x g is the dimension of matrix B.
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