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Per�lhyhSthn paroÔsa ergas�a parousi�zontai katarq n oi exis¸sei
 kai oi sunoriakè
sunj ke
 twn t�sewn kai th
 ro 
 reustoÔ (  jermìthta
) se stajer  kat�stashse ep�pedo kai isìtropo diarrhgmèno por¸de
 mèso. En suneqe�a, parousi�zetaih ep�lush twn exis¸sewn h opo�a epikentr¸netai sto prìblhma th
 ro 
 toureustoÔ se stajer  kat�stash sto rhgmatwmèno mèso. H ep�lush twn exis¸-sewn twn t�sewn èqei parousiaste� analutik� apì �llou
 ereunhtè
 opìte japarousiastoÔn mìno oi telikè
 exis¸sei
 pou dièpoun to prìblhma.H ep�lush tou probl mato
 th
 ro 
 reustoÔ se stajer  kat�stash ba-s�zetai sth jewr�a twn migadik¸n dunamik¸n, sth jewr�a twn oloklhrwm�twn
Cauchy kai twn idiìmorfwn oloklhrwtik¸n exis¸sewn. Katìpin, parousi�zetaiarijmhtik  mèjodo
 pou qrhsimopoie�tai gia ton akrib  prosdiorismì th
 p�esh
twn pìrwn kai tou dianÔsmato
 th
 taqÔthta
 th
 ro 
 sto ep�pedo, pou pro-kaloÔntai exait�a
 prokajorismènh
 udraulik 
 p�esh
   ro 
 reustoÔ pou drap�nw se mia   perissìtere
 mh allhlotemnìmene
 kampulìgramme
 rwgmè
. Sthsunèqeia, g�netai èlegqo
 th
 arijmhtik 
 olokl rwsh
 twn idiìmorfwn oloklh-rwtik¸n exis¸sewn kai katadeiknÔetai h taqÔthta th
 mejìdou. Tèlo
, met�thn epituq  tekmhr�wsh tou arijmhtikoÔ algor�jmou, parousi�zontai orismènaparade�gmata ro 
 reustoÔ se pollapl¸
 rwgmatwmèna s¸mata.
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Prìlogo
H paroÔsa diatrib  ekpon jhke kat� ta èth 2002 � 2004 sto Tm ma Mhqanik¸nOrukt¸n Pìrwn tou Poluteqne�ou Kr th
 upì thn ep�bleyh tou Kajhght  mouk. Ge¸rgiou Exad�ktulou, dieujunt  tou Ergasthr�ou Melèth
 kai SqediasmoÔEkmetalleÔsewn, pro
 ton opo�on ekfr�zw ti
 jermìtere
 euqarist�e
 mou giathn amèristh sumpar�stash kai sundrom  pou mou pare�qe qwr�
 thn opo�a ja tan adÔnath h ekpìnhsh aut 
 th
 melèth
.To jèma th
 paroÔsa
 ergas�a
 ent�ssetai sta probl mata jermo-poro-mhqanik 
 twn petrwm�twn kai afor� thn di�qush th
 p�esh
 twn pìrwn kaith
 jermokras�a
 se diarrhgmèna isìtropa por¸dh mèsa. H prosèggish pouakolouje�tai gia thn ep�lush tou probl mato
 e�nai h mèjodo
 twn migadik¸ndunamik¸n se sunduasmì me eidikè
 mejìdou
 arijmhtik 
 olokl rwsh
 twn idiì-morfwn oloklhrwm�twn pou prokÔptoun kat� thn diatÔpwsh twn exis¸sewn. Toapotèlesma aut 
 th
 prosèggish
 e�nai mia oloklhrwmènh mèjodo
 ep�lush
 hopo�a mpore� na qarakthriste� taqÔtath, lìgw tou mikroÔ arijmoÔ upologism¸npou apaite�, kaj¸
 ep�sh
 kai uyhl 
 akr�beia
.H diatrib  aut  s�goura apotele� mia aplopoihmènh prosèggish tou prag-matikoÔ probl mato
 pou apant�tai sth fÔsh. Parìlaut�, h qrhsimìtht� th
ègkeitai sto ìti mpore� na qrhsimopoihje� eÔkola gia an�dromh an�lush epitìpoumetr sewn me skopì mia pr¸th ekt�mhsh twn ped�wn th
 p�esh
 twn pìrwn kai twntaqut twn ro 
 tou reustoÔ. Akìmh, e�nai dunat  h qr sh th
 gia ton èlegqoth
 akr�beia
 poluplokìterwn arijmhtik¸n algor�jmwn pou prosegg�zoun kalÔ-tera th fÔsh kaj¸
 ep�sh
 w
 tm ma enì
 eurÔterou algor�jmoÔ problhm�twnjermo-poro-mhqanik 
.Me skopì o ìgko
 th
 ergas�a
 na parame�nei se logik� ep�peda, h jewr�a hopo�a qrhsimopoi jhke se poll� shme�a th
 paroÔsa
 diatrib 
 den anaptÔssetaiei
 b�jo
. EntoÔtoi
, ìpou qrei�zetai, g�nontai anaforè
 sth sqetik  bibliogra-f�a ìpou mporoÔn na brejoÔn perissìtere
 plhrofor�e
.



iv Se autì to shme�o jewr¸ qrèo
 mou na anagnwr�sw thn sumbol  ìlwn aut¸ntwn anjr¸pwn me tou
 opo�ou
 sunerg�sthka gia thn ekpìnhsh th
 paroÔsa
diatrib 
. Katarq n, ti
 jermìtere
 euqarist�e
 mou ston Kajhght  mou k.Ge¸rgio Exad�ktulo, o opo�o
 apoteloÔse gia mèna phg  gn¸sh
 kai èmpneush
kai qwr�
 thn sumbol  tou h diekpera�wsh etoÔth
 th
 ergas�a
 ja  tan adÔnath.Ep�sh
, ofe�lw èna jermì euqarist¸ ston Kajhght  tou EjnikoÔ MetsìbiouPoluteqne�ou k. Iw�nnh Bardoul�kh tou opo�ou h empeir�a kai h gn¸sh od ghsansthn kalÔterh katanìhsh th
 fusik 
 tou fainomènou kaj¸
 ep�sh
 kai stonuperkerasmì problhm�twn pou anèkuyan. Tèlo
, den ja mporoÔsa na xeq�swtou
 anjr¸pou
 tou ergasthr�ou Melèth
 kai SqediasmoÔ EkmetalleÔsewn giathn sumpar�stash kai ti
 eÔstoqe
 parathr sei
 tou
. Tou
 euqarist¸ polÔ.Pantel 
 A. Liìlio
Qani�, Ianou�rio
 2005



Perieqìmena
Kat�logo
 Sqhm�twn vii1 Eisagwg  12 Genikè
 Exis¸sei
 52.1 P�esh twn pìrwn . . . . . . . . . . . . . . . . . . . . . . . . . . . 72.1.1 Ep�lush gia m�a rwgm  . . . . . . . . . . . . . . . . . . . . 102.1.2 Ep�lush gia sÔsthma rwgm¸n . . . . . . . . . . . . . . . . 122.2 T�sei
 kai paramorf¸sei
 . . . . . . . . . . . . . . . . . . . . . . 132.2.1 Ep�drash th
 p�esh
 twn pìrwn . . . . . . . . . . . . . . . 152.2.2 Ep�drash th
 jermokras�a
 . . . . . . . . . . . . . . . . . 163 Arijmhtik  ep�lush 193.1 Mia EujÔgrammh rwgm  . . . . . . . . . . . . . . . . . . . . . . . 203.1.1 Sunoriak  sunj kh tÔpou Dirichlet . . . . . . . . . . . . . 203.1.2 Sunoriak  sunj kh tÔpou Neumann . . . . . . . . . . . . 223.2 Kampulìgrammh rwgm  . . . . . . . . . . . . . . . . . . . . . . . . 253.3 SÔsthma kampulìgrammwn rwgm¸n . . . . . . . . . . . . . . . . . 304 Arijmhtik� Parade�gmata 335 Sumper�smata 43Bibliograf�a 45Euret rio 49



vi



Kat�logo
 Sqhm�twn
2.1 To �peiro ep�pedo S pou perièqei k1 kampulìgramme
 rwgmè
, Mlept� egkle�smata, N opè
, k2 shmeiakè
 phgè
 reustoÔ   jermì-thta
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 qx tou dianÔsmato
 taqÔthta
 th
 ro 
tou reustoÔ kat� m ko
 tou Ox �xona. . . . . . . . . . . . . . . . 37



viii KAT�ALOGOS SQHM�ATWN4.5 Apìluto sqetikì sf�lma tou upologismoÔ th
 sunist¸sa
 qx toudianÔsmato
 taqÔthta
 th
 ro 
 tou reustoÔ kat� m ko
 tou Ox�xona. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 374.6 Katanom  th
 p�esh
 twn pìrwn kat� m ko
 tou Oy �xona. . . . . 384.7 Apìluto sqetikì sf�lma tou upologismoÔ th
 p�esh
 twn pìrwnkat� m ko
 tou Oy �xona. . . . . . . . . . . . . . . . . . . . . . . 384.8 Katanom  th
 sunist¸sa
 qy tou dianÔsmato
 taqÔthta
 th
 ro 
tou reustoÔ kat� m ko
 tou Oy �xona. . . . . . . . . . . . . . . . 394.9 Apìluto sqetikì sf�lma tou upologismoÔ th
 sunist¸sa
 qy toudianÔsmato
 taqÔthta
 th
 ro 
 tou reustoÔ kat� m ko
 tou Oy�xona. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394.10 Katanom  th
 p�esh
 twn pìrwn (p(z)) sto ep�pedo. . . . . . . . . 404.11 Katanom  th
 sunist¸sa
 qx(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo. . . . . . . . . . . . . . . . . . . . . 404.12 Katanom  th
 sunist¸sa
 qy(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo. . . . . . . . . . . . . . . . . . . . . 414.13 Katanom  th
 p�esh
 twn pìrwn (p(z)) sto ep�pedo. . . . . . . . . 414.14 Katanom  th
 sunist¸sa
 qx(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo. . . . . . . . . . . . . . . . . . . . . 424.15 Katanom  th
 sunist¸sa
 qy(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo. . . . . . . . . . . . . . . . . . . . . 42



Kef�laio 1Eisagwg Up�rqei mia kathgor�a porwd¸n mèswn gia ta opo�a h je¸rhsh enì
 enia�ou sune-qoÔ
 por¸dou
 den e�nai realistik . 'Ena tètoio par�deigma apotele� h per�ptwshtwn petrwm�twn pou diasq�zontai apì fusikoÔ
 armoÔ
 (asunèqeie
) ìpw
 r gma-ta, diakl�sei
   rwgmè
. Ta mèsa aut�, ta opo�a parousi�zoun topikè
 anwmal�e
sti
 roè
 reustoÔ kai jermìthta
, onom�zontai mèsa diploÔ por¸dou
   mèsa meduo (  perissìterou
) bajmoÔ
 por¸dou
 (l.q. o èna
 bajmì
 por¸dou
 e�nai toenergì por¸de
 kai o deÔtero
 e�nai to por¸de
 pou ofe�letai sti
 p�sh
 fÔsew
asunèqeie
 pou diasq�zoun to pètrwma) ([3℄, [22℄ metaxÔ �llwn).Ta reust� twn pìrwn twn petrwm�twn emplèkontai se pollè
 dunamikè
 dia-dikas�e
 pou sqet�zontai me thn seismik  drasthriìthta th
 Gh
. Autè
 perilam-b�noun thn rhgm�twsh aut  kajeaut  kaj¸
 ep�sh
 kai metaseismik� fainìmenapou prokaloÔntai apì metabolè
 th
 katanom 
 twn t�sewn exait�a
 th
 ol�sjh-sh
 twn rhgm�twn. H metabol  (anÔywsh   ektìnwsh) th
 p�esh
 twn pìrwnmpore� na diadramat�sei shmantikì rìlo ston seismikì kÔklo kai sugkekrimè-na sthn energopo�hsh kai sth di�dosh twn rhgm�twn. Oi Hickman kai �lloi[10℄ kai Evans kai �lloi [8℄ anafèroun pollè
 episthmonikè
 ergas�e
 oi opo�e
diereÔnhsan to rìlo twn reust¸n twn pìrwn sti
 diadikas�e
 rwgm�twsh
 twnpetrwm�twn. Apì autè
 ti
 ergas�e
 prokÔptei ìti h je¸rhsh tou rhgmatwmènoufloioÔ th
 Gh
 w
 poroelastikoÔ ulikoÔ plhrwmènou me reustì e�nai apara�thth¸ste na g�nei antilhptì to fusikì fainìmeno olìklhrou tou seismikoÔ kÔklou.H melèth th
 ro 
 twn reust¸n kaj¸
 kai h melèth th
 ro 
 jermìthta
 serhgmatwmèna s¸mata èqei pollè
 akìma praktikè
 efarmogè
 ìpw
:
• Udraulik  jraÔsh se gewtr sei
 tamieut rwn petrela�ou   gewjermik¸n



2 Eisagwg ped�wn me skopì thn aÔxhsh th
 udraulik 
 diaperatìthta
 tou sqhmati-smoÔ.
• Melèth th
 ep�drash
 th
 p�esh
 twn pìrwn sthn di�dosh twn rwgm¸n sepetr¸mata kai ep� tìpou metr sei
 tou tasikoÔ ped�ou me thn mèjodo th
udraulik 
 jraÔsh
.
• Ekt�mhsh th
 diaperatìthta
 twn tamieut rwn reust¸n (p.q. petrela�ou,neroÔ).
• Udro-mhqanik  di�brwsh tou petr¸mato
 gÔrw apì gewtr sei
.
• JraÔsh twn petrwm�twn me jermik  kìpwsh.Ax�zei na shmeiwje� ed¸ ìti sti
 dÔo pr¸te
 kathgor�e
 problhm�twn, h di�qu-sh th
 p�esh
 twn pìrwn kat� m ko
 twn pleur¸n twn rwgm¸n sun jw
 agnoe�-tai.Gia thn melèth problhm�twn di�qush
 th
 p�esh
 twn pìrwn   th
 jermo-kras�a
 (probl mata dunamikoÔ, potential problems) entì
 diarrhgmènwn mèswnkaj¸
 kai thn melèth th
 katanom 
 twn t�sewn entì
 aut¸n, mporoÔn na qrh-simopoihjoÔn pollè
 diaforetikè
 prosegg�sei
, ìpw
:1. Teqnikè
 oloklhrwtik¸n metasqhmatism¸n, ìpw
 e�nai oi metasqhmatismo�

Fourier, Mellin kai Laplace [18℄, metaxÔ �llwn, oi opo�oi mporoÔn na qrh-simopoihjoÔn se mikrì arijmì eidik¸n peript¸sewn an kai h efarmog  tou
mpore� na epektaje� shmantik� an sunduastoÔn me thn teqnik  Wiener-
Hopf (p.q. eujÔgramme
   hmi-�peire
 rwgmè
 sto ep�pedo   ston ep�pedohm�qwro).2. Mèjodoi peperasmènwn stoiqe�wn (MPS)   mèjodoi peperasmènwn diafo-r¸n (MPD) ([17℄ metaxÔ poll¸n �llwn), oi opo�e
 èqoun mikr  akr�beiakat� m ko
 twn sunìrwn twn rwgm¸n.3. Mèjodoi sunoriak¸n stoiqe�wn (MSS) oi opo�e
 parousi�zoun akr�beiasta sÔnora twn rwgm¸n me thn pro�pìjesh ìti g�netai qr sh eidik¸n stoi-qe�wn sta �kra twn rwgm¸n ([1℄, [4℄, [5℄, [9℄ metaxÔ poll¸n �llwn).4. Mèjodoi migadik¸n dunamik¸n se sundiasmì me thn jewr�a twn oloklh-rwm�twn Cauchy kai twn idiìmorfwn oloklhrwtik¸n exis¸sewn oi opo�e
apaitoÔn ektetamène
 (kai suqn� dÔskole
) pr�xei
 gia thn diatÔpwsh twnexis¸sewn all� odhgoÔn se lÔsei
 kleist 
 morf 
   hmi-analutikè
 lÔ-sei
 ([2℄, [13℄, [16℄). H sugkekrimènh mèjodo
 odhge� se lÔsei
 uyhlìterh




3akr�beia
 kai taqÔthta
 se sÔgkrish me ìle
 ti
 proanaferje�se
 mejìdou
(dhl. MPS, MPD, MSS klp.).H prosèggish h opo�a akolouje�tai sthn paroÔsa ergas�a bas�zetai sthnteleuta�a kathgor�a mejìdwn kaj¸
 ep�sh
 kai sthn mèjodo arijmhtik 
 olo-kl rwsh
 Gauss - Chebyshev gia idiìmorfa oloklhr¸mata. H prwtotup�a th
paroÔsa
 lÔsh
 ègkeitai sto gegonì
 ìti mpore� na qrhsimopoihje� sthn geni-k  per�ptwsh pollapl¸n mh allhlotemnìmenwn kampulìgrammwn rwgm¸n ìpou hgewmetr�a k�je rwgm 
 den e�nai apara�thto na anaqje� se gnwst  ex�swsh. Epi-plèon, parousi�zetai h t�qisth sÔgklish th
 proteinìmenh
 lÔsh
 se mia stajer (upì thn ènnoia th
 arijmhtik 
 olokl rwsh
) ekt�mhsh. W
 ek toÔtou, mpore� naqrhsimopoihje� gia na ton èlegqo th
 akr�beia
 enì
 arijmhtikoÔ k¸dika (ìpw
MPS, MPD,   MSS), w
 ergale�o gia thn gr gorh an�dromh an�lush ep� tì-pou metr sewn p�esh
 pìrwn kai jermokras�a
   ro¸n reustoÔ kai jermìthta
kai w
 sumpl rwma gia �llo arijmhtikì k¸dika upologistik 
 an�lush
 jermo-udro-mhqanik¸n problhm�twn.
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Kef�laio 2Genikè
 exis¸sei
 touisìtropou diarrhgmènoupor¸dou
 mèsouGia thn kat�strwsh th
 majhmatik 
 jewr�a
 gia ton upologismì twn t�sewnkai th
 p�esh
 twn pìrwn   th
 jermokras�a
 se ulik� me atèleie
 th
 morf 
rwgm¸n, op¸n, egkleism�twn klp., ja qrhsimopoihje� to prìtupo tou grammi-koÔ isìtropou jermoporoelastikoÔ s¸mato
. H je¸rhsh tou montèlou autoÔpro�pojètei ìti:1. Oi sunist¸se
 twn paramorf¸sewn jewroÔntai mikrè
.2. MetaxÔ twn sunistws¸n t�sewn kai paramorf¸sewn isqÔei o grammikì
genikeumèno
 nìmo
 tou Hooke kai3. oi elastikè
, jermikè
 kai udraulikè
 idiìthte
 tou s¸mato
 e�nai �die
 pro
ìle
 ti
 kateujÔnsei
 kai anex�rthte
 apì thn jermokras�a, thn p�esh twnpìrwn kai ti
 t�sei
 (grammikì kai isìtropo ulikì).'Opw
 fa�netai sto genikì Sq ma 2.1, jewre�tai ìti to �peiro, grammikì, isì-tropo, jermoporoelastikì ep�pedo S perièqei:
• k1 eswterikè
 kampulìgramme
 rwgmè
 Li (i = 1, k1)

• M lept� egkle�smata li (i = 1, M)



6 Genikè
 Exis¸sei

• N opè
 γi (i = 1, N)

• k2 shmeiakè
 phgè
 reustoÔ   jermìthta
 isqÔo
 qi sugkentrwmène
 stashme�a bi (i = 1, k2)

• k3 shmeiakè
 fort�sei
 Pi + iQi sugkentrwmène
 sta shme�a b∗i (i = 1, k3)

• eur�sketai upì thn ep�drash omoiogenoÔ
 ro 
 reustoÔ   jermìthta
 q∞

• efelkÔetai sto �peiro apì orjè
 t�sei
 N1 kai N2

x

y

O

+ -
Li

S

i

q

â

8

+ -

i=1,k

i=1,k
i=1,N

l i

i=1,M

1

ã
i

+
-

2

i=1,k3

P +iQi i

N1

N2

q

Sq ma 2.1: To �peiro ep�pedo S pou perièqei k1 kampulìgramme
 rwgmè
, Mlept� egkle�smata, N opè
, k2 shmeiakè
 phgè
 reustoÔ   jermìthta
 qi, k3 sh-meiakè
 fort�sei
 Pi +iQi, br�sketai upì thn ep�drash omoiogenoÔ
 ro 
 reustoÔ  jermìthta
 q∞ kai efelkÔetai sto �peiro apì orjè
 t�sei
 N1 kai N2.



2.1 P�esh twn pìrwn 7Sti
 enìthte
 pou akoloujoÔn d�dontai oi genikè
 exis¸sei
 pou dièpoun thndi�qush th
 p�esh
 twn pìrwn   th
 jermokras�a
 kai th
 isorrop�a
 twn t�sewnse ep�pedo isìtropo por¸de
 mèso to opo�o br�sketai se kat�stash stajer 
ro 
 w
 pro
 to reustì   thn jermìthta. Ja prèpei na shmeiwje� ìti sthnan�lush pou akolouje� jewre�tai ìti to mèso br�sketai upì thn ep�drash mìnoenì
 ek twn dÔo proanaferjèntwn dunamik¸n ro 
 (reustì   jermìthta). Gia tolìgo autì kai efìson oi exis¸sei
 gia thn di�qush th
 p�esh
 twn pìrwn kai thndi�qush th
 jermokras�a
 e�nai oi �die
, h an�lush ja epikentrwje� mìno sthnp�esh twn pìrwn kai ja jewrhje� ìti gia thn jermokras�a isqÔoun oi an�loge
sqèsei
.2.1 Di�qush th
 p�esh
 twn pìrwnMe b�sh thn je¸rhsh ìti h ro  tou reustoÔ dièpetai apì to nìmo tou Darcy,h diaperatìthta tou mèsou den exart�tai apì thn p�esh twn pìrwn kai h ro tou reustoÔ eur�sketai se stajer  kat�stash, tìte h ex�swsh tou isozug�oum�za
 odhge� sthn gnwst  ex�swsh Laplace gia thn p�esh twn pìrwn p(x, y) stoep�pedo Oxy enì
 isìtropou por¸dou
 mèsou
∇2p(x, y) =

∂2p(x, y)

∂x2
+

∂2p(x, y)

∂y2
= 0 (2.1)Sthn paroÔsa ergas�a, jewre�tai ìti ìla ta shme�a tou orizìntiou epipèdou

Oxy br�skontai sto �dio gewdaitikì Ôyo
 to opo�o br�sketai k�tw apì thn frea-tik  epif�neia (pl rw
 koresmèno mèso). H anwtèrw ex�swsh ped�ou (2.1) mpore�na grafe� ep�sh
 sthn akìloujh migadik  morf 
∂

∂z

(

∂

∂z
p(z)

)

= 0 (2.2)H genik  lÔsh th
 (2.2) e�nai h akìloujh
p(z) = F (z) + F (z) = 2Re(F (z)) (2.3)ìpou F (z) e�nai analutik  sun�rthsh th
 migadik 
 metablht 
 z me z = x + iy,

i =
√
−1 e�nai h fantastik  mon�da, Re(·) upodhl¸nei to pragmatikì komm�tith
 sun�rthsh
 pou perikle�ei kai h �nw orizìntia gramm  upodhl¸nei suzug migadik  posìthta. Epiplèon, h ro  tou reustoÔ   to di�nusma taqÔthta
 ro 
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(flux) q [L/T ] d�detai apì ton nìmo tou Darcy1

q(z) = −λgradp(z) = −λ

(

∂p(z)

∂x
+ i

∂p(z)

∂y

) (2.4)ìpou λ dhl¸nei ton suntelest  diaperatìthta
 [L4/(T ·F )] tou por¸dou
 mèsou.Oi sunoriakè
 sunj ke
 th
 ro 
 reustoÔ pou parousi�zontai sthn pr�xhe�nai:1. Sunoriakè
 sunj ke
 pr¸tou e�dou
   sunoriakè
 sunj ke
 tÔpou Dirich-
let, ìtan oi timè
 th
 p�esh
 twn pìrwn d�dontai sto sÔnoro

p = f1(x, y) (2.5)2. Sunoriakè
 sunj ke
 deÔterou e�dou
   sunoriakè
 sunj ke
 tÔpou Neu-
mann ìtan oi timè
 th
 k�jeth
   th
 efaptomenik 
 sunist¸sa
 tou dia-nÔsmato
 taqÔthta
 ro 
 d�dontai sto sÔnoro

λRe(gradp) = f2(x, y) (2.6) 
λIm(gradp) = f ′

2(x, y) (2.7)H mèjodo
 pou efarmìzetai gia thn ep�lush tou probl mato
 ègkeitai sthndiatÔpwsh sÔst mato
 idiìmorfwn oloklhrwtik¸n exis¸sewn kat� analog�a methn mèjodo pou qrhsimopoi jhke sthn ergas�a twn Bardzokas kai Exadaktylos[2℄ all� se pio aplopoihmènh morf .An�loga me thn fÔsh twn sunjhk¸n ro 
 kat� m ko
 twn sunìrwn li, Li kai
γi, (Sq. 2.1) diatup¸nontai oi akìlouje
 sunoriakè
 sunj ke


p±∗ (t0) = f±
i (t0) − p0, i = 1, n1 (2.8)

−λ

(

∂p∗
∂t0

)±

= Q±
i (t0) − λ

∂p0

∂t0
, i = n1 + 1, k1 + M + N (2.9)ìpou t0 e�nai h migadik  suntetagmènh enì
 shme�ou p�nw sti
 kampÔle
 γi, li  

Li, n1 e�nai o arijmì
 twn kampul¸n p�nw sti
 opo�e
 efarmìzontai sunoriakè
sunj ke
 tÔpou Dirichlet, Qi e�nai to di�nusma taqÔthta
 th
 ro 
 se migadik 1Sthn paroÔsa ergas�a oi exis¸sei
 tou reustoÔ kai oi sunoriakè
 sunj ke
 ekfr�zontaisunart sei th
 p�esh
 par� w
 pro
 to Ôyo
 udraulik 
 st lh
 (ìpw
 sumba�nei suqn� sthnedafomhqanik ).



2.1 P�esh twn pìrwn 9morf  kai p0 e�nai h p�esh pou prokale�tai apì ti
 shmeiakè
 phgè
 kai thn omoio-gen  ro  reustoÔ q∞. Ep�sh
, to jetikì kai arnhtikì prìshmo pou emfan�zontaiw
 ekjète
 upodhl¸noun ti
 oriakè
 timè
 th
 ant�stoiqh
 sun�rthsh
 ìtan tosÔnoro prosegg�zetai apì thn '+'   '−' pleur�, ant�stoiqa (Sq. 2.1).To dunamikì th
 p�esh
 F (z) [p(x, y) = 2ReF (z)] tou roðkoÔ ped�ou stajer 
kat�stash
 p(x, y) mpore� na ekfraste� w
 ex 

F (z) =

q∞
2

ze−iβ −
k2
∑

i=1

qi

2πλ
ln(z − bi) + F∗(z) (2.10)ìpou β e�nai h gwn�a th
 omoiogenoÔ
 ro 
 reustoÔ q∞ me ton �xona Ox kai h

F∗(z) d�detai me thn morf  oloklhrwm�twn Cauchy w
 ex 
:
F∗(z) =

1

2π

(

k1
∑

i=1

∫

Li

φ1idt

t − z
+

M
∑

i=1

∫

li

φ2idt

t − z
+

N
∑

i=1

∫

γi

φ3idt

t − z

) (2.11)me φ1i, φ2i, φ3i na apoteloÔn ti
 puknìthte
 kat� m ko
 twn rwgm¸n, twn lept¸negkleism�twn kai twn op¸n, ant�stoiqa.Antikajist¸nta
 sti
 (2.8) kai (2.9) ti
 oriakè
 timè
 tou dunamikoÔ th
ro 
 pou d�detai apì thn (2.10), prokÔptei to akìloujo sÔsthma oloklhrwtik¸nexis¸sewn
2

π
Re

{

∫

L∗

mc

φmc(t)dt

t − t0
+

k1
∑

i=1
i6=c if m=1

∫

Li

φ1i(t)dt

t − t0

+
M
∑

i=1
i6=c if m=2

∫

li

φ2i(t)dt

t − t0
+

N
∑

i=1
i6=c if m=3

∫

γi

φ3i(t)dt

t − t0

} (2.12)
= f2c(t0) − Re

(

q∞t0e
iβ +

k2
∑

i=1

qi

πλ
ln(t0 − bi)

)

t0 ∈ Lc, lc, γc c = 1, n1 m = 1, 2, or 3ìpou
f2c(t0) = f+

c (t0) + f−
c (t0) (2.13)kai L∗

1c = Lc, L∗
2c = lc, L∗

3c = γc.
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2λ

π
Re

{

∫

L∗

mc

φmc(t)dt

(t − t0)2
+

k1
∑

i=1
i6=c if m=1

∫

Li

φ1i(t)dt

(t − t0)2

+
M
∑

i=1
i6=c if m=2

∫

li

φ2i(t)dt

(t − t0)2
+

N
∑

i=1
i6=c if m=3

∫

γi

φ3i(t)dt

(t − t0)2

} (2.14)
= Q2c(t0) + λRe

(

q∞eiβ +

k2
∑

i=1

qi

πλ

1

t0 − bi

)

t0 ∈ Lc, lc, γc c = n1 + 1, k1 + M + N m = 1, 2, or 3ìpou
Q2c(t0) = Q+

c (t0) + Q−
c (t0) (2.15)Ja prèpei na shmeiwje� ìti sta parap�nw oloklhr¸mata Cauchy pou anafè-rontai sta lept� egkle�smata den up�rqoun pìloi sta �kra tou
 en antijèsei meaut� pou anafèrontai sti
 rwgmè
.Sthn per�ptwsh th
 melèth
 jermikoÔ ped�ou, tìte oi proanaferje�se
 exis¸-sei
 paramènoun w
 èqoun me thn p�esh twn pìrwn p(x, y) na antikaj�statai apìthn jermokras�a T (x, y), to di�nusma taqÔthta
 ro 
 q(x, y) anafèretai sthn ta-qÔthta ro 
 th
 jermìthta
 kai o suntelest 
 diaperatìthta
 λ antikaj�stataiapì ton suntelest  jermik 
 agwgimìthta
.Se aut  thn pr¸th prosp�jeia na epiluje� to parap�nw sÔsthma, sta kef�-laia pou akoloujoÔn ja epiluje� mìno to prìblhma twn rwgm¸n kai h parous�alept¸n egkleism�twn kai op¸n ja agnohje�. Akìmh, gia na katadeiqje� h ep�dra-sh twn rwgm¸n ja agnohjoÔn ep�sh
 h omoiogen 
 ro  sto ped�o kai h ep�drashtwn shmeiak¸n phg¸n.2.1.1 Ep�lush gia m�a rwgm Katarq n g�netai je¸rhsh m�a
 rwgm 
 sto orizìntio ep�pedo Oxy. Ep�sh
, jew-re�tai ìti ep� th
 rwgm 
 dr� e�te gnwst  katanom  p�esh
 e�te gnwst  katanom taqÔthta
 ro 
 reustoÔ.H �gnwsth migadik  sun�rthsh dunamikoÔ F (z) tou stajer 
 kat�stash
ped�ou th
 p�esh
 twn pìrwn mpore� na ekfraste� apì èna olokl rwma Cauchykat� m ko
 tou sunìrou th
 rwgm 
 L w
 ex 
:
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F (z) =

1

2π

∫

L

φ(t)dt

t − z
(2.16)ìpou t ∈ L kai φ(t) e�nai h �gnwsth puknìthta h opo�a jewre�tai pragmatik sun�rthsh. 'Opw
 fa�netai apì thn (2.16) h sun�rthsh F (z) e�nai olomorfik  seìlo to ped�o ektì
 apì to L kai gia meg�la |z| èqei thn akìloujh sumperifor�:

F (z) = O

(

1

|z|

) (2.17)(efìson h rwgm  e�nai peperasmènou m kou
). An upoteje� ìti h z den br�sketaisto L h ex�swsh (2.16) mpore� na grafe� sthn morf 
F (z) = U(x, y) + iV (x, y) =

1

2π

∫

L

φ(t)dt

t − z
(2.18)Epiplèon, an lhfje� upìyin ìti

t − z = reiθ (2.19)ìpou r = |t−z| kai θ = θ(z, t) = arg(t−z), tìte me logar�jmhsh kai parag¸ghshth
 (2.19) prokÔptei
dt

t − z
= d log r + idθ (2.20)Me antikat�stash th
 (2.20) sthn (2.18) kai katìpin diaqwrismì tou apotelè-smato
 se pragmatikì kai fantastikì mèro
 lamb�netai h k�twji ex�swsh

F (z) = U(x, y) + iV (x, y) =
1

2π

∫

L

φ(t)d log r + i
1

2π

∫

L

φ(t)dθ (2.21)To pragmatikì mèro
 U(x, y) th
 F (z) apotele� èna tropopoihmèno dunamikìaploÔ str¸mato
 (simple layer) en¸ to fantastikì komm�ti V (x, y) apotele� ènadunamikì diploÔ str¸mato
 (double layer).O sunduasmì
 twn exis¸sewn (2.21) kai (2.3) odhge� sthn ex�swsh gia tonupologismì th
 p�esh
 twn pìrwn
p(z) = 2Re(F (z)) =

1

π

∫

L

φ(t)d log r =
1

π

∫

L

φ(t)
dr

r
(2.22)H fusik  ermhne�a th
 ex�swsh
 (2.22) e�nai ìti h p�esh twn pìrwn se tuqa�oshme�o z tou epipèdou e�nai antistrìfw
 an�logh th
 apìstas 
 tou apì k�je
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Sq ma 2.2: Kampulìgrammh rwgm  se �peiro ep�pedo. Suneisfor� tou k�je sh-me�ou t ep� tou sunìrou L sthn p�esh twn pìrwn tuqa�ou shme�ou z tou epipèdou.shme�o t tou L pollaplasiazìmenh
 me kat�llhlo baro
 to opo�o ekfr�zetai apìthn sun�rthsh puknìthta
 φ(t) (Sq. 2.2).En suneqe�a, o sunduasmì
 twn exis¸sewn (2.4) kai (2.22) odhge� sthn ex�-swsh gia ton upologismì tou dianÔsmato
 th
 taqÔthta
 ro 
 tou reustoÔ pro
thn x kai y kateÔjunsh se tuqa�o shme�o z tou epipèdou
q(z) =

λ

π

∫

L

φ(t)
cos α

r2
dr + i

λ

π

∫

L

φ(t)
sin α

r2
dr (2.23)ìpou α e�nai h gwn�a metaxÔ tou dianÔsmato
 ~tz kai th
 jetik 
 kateÔjunsh
 tou�xona Ox metroÔmenh aristerìstrofa.2.1.2 Ep�lush gia sÔsthma rwgm¸nTo epìmeno b ma met� thn diatÔpwsh twn exis¸sewn gia ton upologismì th
p�esh
 twn pìrwn kai tou dianÔsmato
 th
 taqÔthta
 ro 
 tou reustoÔ gia m�arwgm  e�nai h epèktash twn exis¸sewn aut¸n se sÔsthma mh allhlotemnìmenwnrwgm¸n22H lÔsh mpore� na efarmoste� kai se sÔsthma allhlotemnìmenwn rwgm¸n me thn pro�pìjeshìti sta shme�a tom 
 oi sunoriakè
 sunj ke
 ep� twn rwgm¸n ja prèpei na e�nai sumbatè
 metaxÔtou




2.2 T�sei
 kai paramorf¸sei
 13Jewre�tai, loipìn, ep�pedo to opo�o perièqei k1 mh allhlotemnìmene
 rwgmè
.Tìte, se èna shme�o z tou epipèdou Oxy to opo�o den an kei sto Li (ìpou i =
1, 2, . . . , k1) h p�esh twn pìrwn ja e�nai h sunistamènh th
 ep�drash
 ìlwn twnrwgm¸n w
 ex 


p(z) =

k1
∑

i=1

1

π

∫

Li

φi(t)
dr

ri

(2.24)ìpou φi(t), ri e�nai h puknìthta kai to mètro |t−z| th
 i-osth
 rwgm 
 ant�stoiqa.Kat� analog�a me ta parap�nw, prokÔptei h lÔsh gia thn ro  tou reustoÔ
q(z) =

k1
∑

i=1

λ

π

∫

Li

φi(t)
cos αi

r2
i

dr + i

k1
∑

i=1

λ

π

∫

Li

φi(t)
sin αi

r2
i

dr (2.25)ìpou αi e�nai h gwn�a metaxÔ tou dianÔsmato
 ~tz th
 i-ost 
 rwgm 
 kai th
jetik 
 kateÔjunsh
 tou Ox �xona.2.2 T�sei
 kai paramorf¸sei
Gia thn per�ptwsh tou isìtropou, grammik� elastikoÔ ulikoÔ mpore� na apodei-qje� ìti oi t�sei
 (pou ikanopoioÔn ti
 sunj ke
 isorrop�a
 kai sumbibastoÔ twntrop¸n) mporoÔn na ekfrastoÔn sunart sei dÔo migadik¸n analutik¸n sunart -sewn Φ(z) kai Ψ(z) th
 migadik 
 metablht 
 z = x + iy w
 ex 
 ([14℄, [15℄)
σxx + σyy = 2[Φ(z) + Φ(z)] = 4Re(Φ(z))

(σyy − σxx) + 2iτxy = 2[zΦ′(z) + Ψ(z)] (2.26)ìpou σxx, σyy oi orjè
 t�sei
 kat� tou
 �xone
 Ox kai Oy ant�stoiqa kai τxy oidiatmhtikè
 t�sei
.Ep�sh
, o katastatikì
 nìmo
 tou Hooke gia thn per�ptwsh ep�pedh
 para-mìrfwsh
 d�detai apì ti
 sqèsei
 [21℄
ǫxx =

1

E
((1 − ν2)σxx − ν(1 + ν)σyy)

ǫyy =
1

E
((1 − ν2)σyy − ν(1 + ν)σxx) (2.27)

ǫzz = 0

γxy =
2(1 + ν)

E
τxy
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ìpou ǫxx kai ǫyy kai ǫzz e�nai oi orjè
 tropè
 kat� thn x, y kai z kateÔjun-sh, ant�stoiqa, γxy e�nai h mhqanoteqnik  diatmhtik  trop  (engineering shear
strain) kai ta E, ν sumbol�zoun to mètro elastikìthta
 kai to lìgo tou Pois-
son, ant�stoiqa. Ep�sh
, h ektì
 tou epipèdou orj  t�sh σzz apod�detai apì thnsqèsh

σzz = ν(σxx + σyy) (2.28)An�loga me thn fÔsh twn sunjhk¸n fìrtish
 kat� m ko
 twn sunìrwn li,
Li kai γi, (Sq. 2.1) diatup¸nontai oi akìlouje
 mhqanikè
 sunoriakè
 sunj ke
[23℄

• Sunoriakè
 sunj ke
 pr¸tou e�dou
   sunoriakè
 sunj ke
 tÔpouDirichletsta sÔnora ìpou d�dontai oi k�jete
 kai efaptomenikè
 metatop�sei

E

1 + ν

(

−du±
i (t0)

dt0
+ i

dv±i (t0)

dt0

)

= Φ±(t0) − (3 − 4ν)Φ±(t0)

+
dt0

dt0

(

t0
dΦ±(t0)

dt0
+ Ψ±(t0)

) (2.29)
i = 1, n1ìpou t0 e�nai h migadik  suntetagmènh enì
 shme�ou p�nw sti
 kampÔle
 γi,

li   Li, n1 e�nai o arijmì
 twn kampul¸n p�nw sti
 opo�e
 efarmìzontaisunoriakè
 sunj ke
 tÔpou Dirichlet kai ui, vi e�nai h orj  kai efaptome-nik  metatìpish, ant�stoiqa. Ep�sh
, to jetikì kai arnhtikì prìshmo pouemfan�zontai w
 ekjète
 upodhl¸noun ti
 oriakè
 timè
 th
 ant�stoiqh
 su-n�rthsh
 ìtan to sÔnoro prosegg�zetai apì thn '+'   '−' pleur�, ant�stoiqa(Sq. 2.1).
• Sunoriakè
 sunj ke
 deÔterou e�dou
   sunoriakè
 sunj ke
 tÔpou Neu-

mann sta sÔnora ìpou d�dontai oi orjè
 kai efaptomenikè
 t�sei

σ±

n i(t0) − iσ±
t i(t0) = Φ±(t0) − Φ±(t0)

+
dt0

dt0

(

t0
dΦ±(t0)

dt0
+ Ψ±(t0)

) (2.30)
i = n1 + 1, k1 + M + Nìpou σn kai σt e�nai h orj  kai efaptomenik  t�sh ep� tou sunìrou, ant�-stoiqa.



2.2 T�sei
 kai paramorf¸sei
 15Ja prèpei na shmeiwje� ìti sti
 parap�nw sunoriakè
 sunj ke
 (2.29) kai (2.30)h fìrtish sto �peiro kaj¸
 kai oi shmeiakè
 fort�sei
 emperièqontai mèsa stamigadik� dunamik� Φ(t) kai Ψ(t).Oi sqèsei
 (2.26) kai (2.27) se sunduasmì me ti
 mhqanikè
 sunoriakè
 sun-j ke
 (2.29) kai (2.30) mporoÔn na qrhsimopoihjoÔn gia ton upologismì twn�gnwstwn analutik¸n sunart sewn Φ(z) kai Ψ(z). Gia thn ep�lush tou anwtè-rw probl mato
 èqoun asqolhje� pollo� ereunhtè
 ([23℄ metaxÔ poll¸n �llwn)kai gia autì to lìgo h ep�lush tou probl mato
 den ja anaptuqje� sthn paroÔsaergas�a. Ja prèpei mìno na anaferje� ìti h sun jh
 mèjodo
 pou akolouje�taigia thn ep�lush problhm�twn tètoia
 morf 
 e�nai h diatÔpwsh twn migadik¸ndunamik¸n me thn morf  oloklhrodiaforik¸n exis¸sewn ìpou sta sÔnora touek�stote probl mato
 antistoiqoÔntai idiìmorfa oloklhr¸mata tÔpou Cauchy.2.2.1 Ep�drash th
 p�esh
 twn pìrwn ston upologismì twnt�sewn kai paramorf¸sewnOi sqèsei
 (2.26) isqÔoun sthn per�ptwsh pou to rhgmatwmèno mèso br�sketaiupì thn ep�drash mìno mhqanik¸n fort�wn. An to s¸ma, ektì
 apì mhqanikè
fort�sei
, br�sketai kai upì thn ep�drash ro 
 reustoÔ tìte gia ton upologismìtwn t�sewn isqÔoun oi sqèsei
 tou Terzaghi ([19℄, [20℄)
σxx = σ′

xx + p

σyy = σ′
yy + p (2.31)ìpou èqei g�nei paradoq  ìti: a) oi surtikè
 dun�mei
 tou reustoÔ e�nai polÔmikrè
 kai b) oi kìkkoi tou ulikoÔ e�nai praktik� asumpièstoi. Ep�sh
, σxx kai σyysumbol�zoun ti
 olikè
 orjè
 t�sei
 pou askoÔntai sto s¸ma oi opo�e
 apoteloÔnh k�je m�a to �jroisma dÔo epimèrou
 t�sewn. H m�a ek twn dÔo aut¸n t�sewne�nai h p�esh twn pìrwn p h opo�a aske�tai omoiìmorfa pro
 ìle
 ti
 kateujÔnsei
en¸ h deÔterh (σ′

xx kai σ′
yy) kale�tai energ  t�sh kai anafèretai sti
 t�sei
 pouaskoÔntai ston skeletì tou por¸dou
 ulikoÔ.Me sunduasmì twn sqèsewn (2.31) kai (2.26) prokÔptoun oi exis¸sei
 giaton upologismì twn olik¸n t�sewn w
 sun�rthsh twn migadik¸n dunamik¸n
σxx + σyy = 2[Φ(z) + Φ(z)] + 2p(z)

= 4Re(Φ(z)) + 2p(z) (2.32)
(σyy − σxx) + 2iτxy = 2[zΦ′(z) + Ψ(z)]
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 Exis¸sei
Ep�sh
, apì to nìmo tou Hooke gia thn per�ptwsh th
 ep�pedh
 paramorf¸sh
kai ti
 sqèsei
 (2.31) prokÔptoun oi sqèsei
 gia ton upologismì twn trop¸n
ǫxx =

1

E
((1 − ν2)σ′

xx − ν(1 + ν)σ′
yy) +

(1 − 2ν)(ν + 1)

E
p

ǫyy =
1

E
((1 − ν2)σ′

yy − ν(1 + ν)σ′
xx) +

(1 − 2ν)(ν + 1)

E
p (2.33)

ǫzz = 0

γxy =
2(1 + ν)

E
τxy2.2.2 Ep�drash th
 jermokras�a
 ston upologismì twn t�-sewn kai paramorf¸sewnSthn per�ptwsh pou to ulikì, ektì
 apì mhqanikè
 fort�sei
, br�sketai kai upìthn ep�drash ro 
 jermìthta
, tìte gia ton upologismì twn t�sewn lamb�netaiupìyin kai h t�sh pou prokale�tai lìgw jermokras�a
 me b�sh ton nìmo Duhamel-

Neumann w
 ex 

σxx + σyy = 2[Φ(z) + Φ(z)] + 2a

E

1 − 2ν
T

= 4Re(Φ(z)) + 2a
E

1 − 2ν
T (2.34)

(σyy − σxx) + 2iτxy = 2[zΦ′(z) + Ψ(z)]ìpou to a ekfr�zei ton jermikì suntelest  grammik 
 diastol 
 kai T e�nai hjermokras�a. Ep�sh
, apì ton nìmo tou Hooke prokÔptoun oi ekfr�sei
 twntrop¸n gia thn per�ptwsh ep�pedh
 paramìrfwsh

ǫxx =

1

E
((1 − ν2)σxx − ν(1 + ν)σyy) + aT

ǫyy =
1

E
((1 − ν2)σyy − ν(1 + ν)σxx) + aT (2.35)

ǫzz = 0

γxy =
2(1 + ν)

E
τxyTo sÔsthma twn exis¸sewn (2.12)�(2.14) se sunduasmì me ti
 exis¸sei
 (2.26)�(2.35) d�nei thn dunatìthta perigraf 
 tou entatikoÔ ped�ou kai tou ped�ou th




2.2 T�sei
 kai paramorf¸sei
 17p�esh
 twn pìrwn (  tou jermikoÔ ped�ou) tou exetazìmenou �peirou isìtropous¸mato
.
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Kef�laio 3Arijmhtik  ep�lush twnexis¸sewn th
 p�esh
 twnpìrwn'Opw
 proanafèrjhke, h paroÔsa ergas�a ja epikentrwje� ston upologismì th
p�esh
 twn pìrwn kaj¸
 oi exis¸sei
 pou dièpoun thn ro  jermìthta
 e�nai th
�dia
 akrib¸
 morf 
 me autè
 th
 p�esh
. H mình diafor� ègkeitai ston suntele-st  di�qush
 ìpou gia thn men p�esh e�nai o suntelest 
 diaperatìthta
 en¸ giathn de jermokras�a o suntelest 
 jermoagwgimìthta
. Ep�sh
, o upologismì
twn t�sewn kai metatop�sewn èqei g�nei apì allou
 ereunhtè
 (p.q. [23℄) kai giaton lìgo autì den ja parousiaste� analutik� ed¸.Gia ton upologismì tou ped�ou th
 p�esh
 twn pìrwn kai tou ped�ou th
 ta-qÔthta
 ro 
 tou reustoÔ ja prèpei na upologisje� h �gnwsth puknìthta φi(t)(exis¸sei
 2.24 kai 2.25)ètsi ¸ste h lÔsh na ikanopoie� ti
 sunoriakè
 sunj ke
ep� twn rwgm¸n. To prìblhma e�nai gnwstì w
 prìblhma antistrof 
 twn olo-klhrwm�twn Cauchy se tìxa [14℄. An kai gia aplè
 peript¸sei
 e�nai dunatìn naantistrafe� to olokl rwma Cauchy se kleist  morf , en gènei gia pio polÔplokaprobl mata h diadikas�a antistrof 
 e�nai dÔskolo   �luto prìblhma. Sto parìnkef�laio parousi�zetai m�a arijmhtik  mèjodo
 h opo�a dÔnatai na qrhsimopoih-je� gia ton upologismì twn �gnwstwn puknot twn kai mpore� na qrhsimopoihje�akìmh kai gia ti
 pio polÔploke
 peript¸sei
 sÔsthmato
 m  allhlotemnìmenwnrwgm¸n tuqa�ou sq mato
. H proteinìmenh mejodolog�a parousi�zetai ierarqik�xekin¸nta
 me ti
 aploÔstere
 peript¸sei
 kai katal gei sti
 pio polÔploke
.
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Sq ma 3.1: Apl  eujÔgrammh rwgm  kai sÔsthma suntetagmènwn.3.1 Mia EujÔgrammh rwgm 3.1.1 Sunoriak  sunj kh tÔpou DirichletKatarq n jewre�tai eujÔgrammh rwgm  (Sq. 3.1). Jewre�tai, ep�sh
, ìti mek�poio mhqanismì h p�esh mèsa sth rwgm  apokt� dedomènh katanom  h opo�aparamènei stajer  sto qrìno. Se ikan¸
 meg�lo qronikì di�sthma ¸ste naepiteuqje� ro  stajer 
 kat�stash
, sÔmfwna me thn (2.22) èna shme�o t0 pouan kei sth rwgm  L ikanopoie� thn akìloujh ex�swsh
p(t0) =

1

π

∫

L

φ(t)
dr

|t − t0|
(3.1)sthn opo�a p(t0) dhl¸nei thn sunoriak  sunj kh tÔpou Dirichlet sto shme�o

t0 tou L. H oloklhrwtik  ex�swsh (3.1) e�nai idiìmorfh kaj¸
 gia t = t0 hposìthta 1/|t − t0| apeir�zetai. Gia ton upologismì th
 �gnwsth
 puknìthta

φ(t) ja qrhsimopoihje� h mèjodo
 arijmhtik 
 olokl rwsh
 Gauss– Chebyshevgia idiìmorfa oloklhr¸mata [7℄. H sugkekrimènh mèjodo
 parousi�zei uyhl akr�beia kat� m ko
 tou sunìrou th
 rwgm 
 all� den d�nei ektim sei
 sta ìriatou diast mato
 olokl rwsh
.Ta �kra a, b th
 rwgm 
 apoteloÔn shme�a gewmetrik 
 idiomorf�a
. H fu-sik  tou probl mato
 d�nei arketè
 plhrofor�e
 sqetik� me thn sumperifor� th




3.1 Mia EujÔgrammh rwgm  21�gnwsth
 puknìthta
 φ(t) sta �kra th
 rwgm 
. Apì fusik 
 skopi�
, loipìn,an h �gnwsth puknìthta e�nai perièqetai se sun�rthsh dunamikoÔ (p.q. jermokra-s�a, p�esh pìrwn, metatop�sei
) tìte ja prèpei na e�nai fragmènh sta idiìmorfashme�a a, b. Mpore� na apodeiqje� ìti h jemeli¸dh
 sun�rthsh th
 (3.1) h opo�aqarakthr�zei thn sumperifor� th
 φ(t) sta idiìmorfa shme�a a kai b d�detai apìthn sqèsh ([6℄ kai [14℄)
w(t) =

√

(t − a)(b − t) (3.2)efìson h φ(t) e�nai fragmènh se aut� ta shme�a. Efarmìzonta
 arijmhtik  olo-kl rwsh sthn (3.1) kai lamb�nonta
 upìyin thn (3.2) prokÔptei to k�twji sÔ-sthma grammik¸n exis¸sewn
1

π

∫ b

a

√

(t − a)(b − t)
φ̂(t)

|t − t0|
dt = p(t0) ⇔

1

π

n
∑

j=1

wj

φ̂(tj)

|tj − t0r|
= p(t0r) (3.3)ìpou èqei teje� φ(t) = w(t)φ̂(t), φ̂(t) e�nai h nèa �gnwsth sun�rthsh, n e�nai oarijmì
 twn shme�wn olokl rwsh
 (integration points) kai r e�nai o arijmì
 twntaxijetik¸n shme�wn (collocation points)1.Ta b�rh th
 arijmhtik 
 olokl rwsh
 d�dontai apì thn sqèsh

wj =
π

n + 1
sin2

(

jπ

n + 1

) (3.4)Ta shme�a olokl rwsh
 tj kai ta taxijetik� shme�a t0r ta opo�a anafèrontai stodi�sthma [a, b] mporoÔn na brejoÔn me grammikì metasqhmatismì twn ant�stoiqwnshme�wn pou anafèrontai sto di�sthma [−1, 1] ìpw
 akolouje�
tj =

b − a

2
ξj +

b + a

2
(3.5)

t0r =
b − a

2
ηr +

b + a

2
(3.6)SÔmfwna me tou
 Erdogan kai Gupta [7℄ ta shme�a olokl rwsh
 ξj e�nai oi r�ze
twn poluwnÔmwn Chebyshev deÔterou e�dou
 kai t�xh
 n1Ta shme�a taxijes�a
 br�skontai polÔ kont� sta shme�a olokl rwsh
 qwr�
 ìmw
 na tau-t�zontai me aut�.
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ξj = cos

(

jπ

n + 1

)

, j = 1, 2, . . . , n (3.7)en¸ ta shme�a taxijes�a
 ηr e�nai oi r�ze
 twn poluwnÔmwn Chebyshev pr¸toue�dou
 kai t�xh
 (n + 1)

ηr = cos

(

π(2r − 1)

2(n + 1)

)

, r = 1, 2, . . . , n + 1 (3.8)H ex�swsh (3.3) apotele� èna grammikì sÔsthma (n + 1) exis¸sewn me n�gnwstou
, dhlad  ti
 puknìthte
 φ̂(tj), (j = 1, 2, . . . , n). To sÔsthma, loipìn,e�nai uper-kajorismèno all� sthn pr�xh epilègetai to n �rtio
 arijmì
 kai toshme�o pou antistoiqe� sto r = n
2 +1 den lamb�netai upìyin [7℄. Met� thn ep�lushtou (3.3), h p�esh twn pìrwn se olìklhro to ped�o mpore� na upologiste� w
 ex 


p(z) =
1

π

n
∑

j=1

wj

φ̂(tj)

|tj − z| (3.9)ìpou z tuqa�o shme�o tou epipèdou. H ex�swsh gia ton upologismì th
 ro 
 toureustoÔ se opoiod pote shme�o tou epipèdou anaptÔssetai sthn per�ptwsh th
sunoriak 
 sunj kh
 tÔpou Neumann pou akolouje�.3.1.2 Sunoriak  sunj kh tÔpou Neumann'Omoia me thn prohgoÔmenh par�grafo, jewre�tai t¸ra ìti me k�poio mhqanismìh ro  tou reustoÔ mèsa sthn rwgm  apokt� dedomènh katanom  kai paramè-nei stajer  sto qrìno. Me skopì thn diamìrfwsh tou grammikoÔ sust mato
exis¸sewn gia ton upologismì th
 �gnwsth
 puknìthta
, h ex�swsh (2.23) meta-sqhmat�zetai se mia pio exuphretik  morf . H ex�swsh (2.23), ja diatupwje� xan�gia topikì sÔsthma suntetagmènwn (s0, n0) to opo�o antistoiqe� se shme�o t0 pouan kei sthn rwgm , ìpou s0, n0 e�nai to efaptìmeno kai to k�jeto di�nusma stoshme�o t0 ant�stoiqa (Sq. 3.2). Me epana-upologismì th
 bajm�da
 th
 p�esh
(de
 (2.4) ) w
 pro
 to topikì sÔsthma sto t0 prokÔptei h metasqhmatismènhmorf  th
 (2.23)
q(t0) = qs(t0) + iqn(t0)

=
λ

π

∫

L

φ(t)
cos α(t, t0)

r2
dr + i

λ

π

∫

L

φ(t)
sin α(t, t0)

r2
dr (3.10)
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Sq ma 3.2: Kampulìgrammh rwgm  sto ep�pedo kai topikì sÔsthma suntetagmè-nwn sto t0ìpou qs(t0), qn(t0) e�nai h efaptìmenh kai h k�jeth ro  ant�stoiqa kai α(t, t0)e�nai h gwn�a pou periklÔetai apì to di�nusma ~tt0 kai thn jetik  katèujunsh th
efaptìmenh
2 T0 sto shme�o t0 (Sq. 3.2). To pragmatikì komm�ti th
 ex�sw-sh
 (3.10) mpore� na prosdioriste� kai upologisje� kai den exart�tai apì to anto sunoriakì shme�o t0 prosegg�zetai apì thn p�nw (+)   thn k�tw (−) pleu-r�. Antijètw
, o upologismì
 tou fantastikoÔ kommatioÔ exart�tai apì to anto shme�o t0 prosegg�zetai apì thn p�nw (+)   thn k�tw (−) pleur� (kaj¸
 hk�jeth sunist¸sa th
 ro 
 èqei ant�jeto prìshmo an�loga me to an h rwgm prosegg�zetai apì thn p�nw   k�tw pleur�). Oi Hui kai Mukherjee [11℄ apèdei-xan ìti h tim  tou fantastikoÔ kommatioÔ th
 (3.10) den e�nai mhdèn p�nw sthnrwgm  kai h sun�rthsh th
 puknìthta
 mpore� na upologiste� me qr sh enì
ektetamènou jewr mato
 tou Plemelj gia uper-idiìmorfa oloklhr¸mata pou pro-te�noun. Parìlaut�, h mèjodo
 aut  upolog�zei thn �gnwsth puknìthta sto t0(sto opo�o ja antistoiqhjoÔn ta shme�a taxijes�a
), opìte apaite�tai parembol gia ton prosdiorismì th
 puknìthta
 sto t. Autì shma�nei epiprìsjeto sf�lmastou
 upologismoÔ
 kaj¸
 ep�sh
 kai diamìrfwsh pio polÔplokou sust mato
exis¸sewn.'Opw
 e�nai xek�jaro apì thn (3.10), arke� na kajoriste� mìno m�a apì ti
 dÔo2W
 jetik  kateÔjunsh th
 efaptomènh
 or�zetai to tm ma me thn �dia for� me thn sÔmbashfor�
 th
 rwgm 
 (bel�ki p�nw sthn rwgm  (Sq. 3.2) ).
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 th
 taqÔthta
 th
 ro 
 p�nw sto sÔnoro gia ton upologismì th
�gnwsth
 puknìthta
 φ(t). Exait�a
 autoÔ kaj¸
 ep�sh
 kai lìgw th
 prohgoÔ-menh
 an�lush
 gia to fantastikì komm�ti th
 (3.10), ja qrhsimopoihje� mìnoh efaptomenik  sunist¸sa taqÔthta
 th
 ro 
 tou reustoÔ gia ton upologismìth
 sun�rthsh
 puknìthta
.H efaptomenik  sunist¸sa th
 taqÔthta
 ro 
 tou reustoÔ qs(t0) gia ènashme�o t0 tou L d�detai apì thn sqèsh
qs(t0) =

λ

π

∫

L

φ(t)
cos α(t, t0)

r2
dr (3.11)Apì thn efarmog  tou arijmhtikoÔ sq mato
 olokl rwsh
 (3.3) sthn (3.11)prokÔptei

λ

π

n
∑

j=1

wj

φ̂(tj) cos α(tj , t0r)

|tj − t0r|2
= qs(t0r) (3.12)ìpou ta b�rh wj kaj¸
 ep�sh
 kai ta shme�a tj , t0r upolog�zontai ìmoia me thnper�ptwsh Dirichlet.Gia na e�nai to grammikì sÔsthma exis¸sewn (3.12) epilÔsimo, dhlad  h lÔshna par�gei roè
 pou èqoun fusik  ènnoia, m�a epiplèon sunj kh ja prèpei naikanopoie�tai. H sunj kh aut  onom�zetai Sunj kh Epilusimìthta
 (Condition

of Solubility) [14℄ kai kajor�zei ìti to olokl rwma th
 efaptomenik 
 sunist¸sa
th
 taqÔthta
 ro 
 tou reustoÔ w
 pro
 to s0 prèpei na e�nai p�nta mhdèn
∫

L

qs(t0)ds0 = 0 ⇒
n+1
∑

r=1

qs(t0r) = 0 (3.13)H sunj kh aut  anafèrete mìno sthn katanom  pou ja prèpei na èqei efa-ptomenik  ro  pou efarmìzetai p�nw sthn rwgm  (sunoriak  sunj kh) kai dene�nai tm ma tou grammikoÔ sust mato
 exis¸sewn. Parìla aut� h ex�swsh (3.13)apotele� thn ikan  kai anagka�a sunj kh gia thn ep�lusimìthta tou probl mato
.Met� thn ep�lush tou (3.12), oi sunist¸se
 th
 taqÔthta
 th
 ro 
 toureustoÔ sthn x kai y kateÔjunsh se tuqa�o shme�o z tou epipèdou mpore� naupologiste� me efarmog  an�logh
 arijmhtik 
 olokl rwsh
 sthn (2.23)
q(z) = qx(z) + iqy(z)

=
λ

π

n
∑

j=1

wj

φ̂(tj) cosα(tj , z)

|tj − z|2 + i
λ

π

n
∑

j=1

wj

φ̂(tj) sin α(tj , z)

|tj − z|2 (3.14)



3.2 Kampulìgrammh rwgm  25Shmei¸netai ìti t¸ra to α e�nai h gwn�a metaxÔ tou dianÔsmato
 ~tz kai th
 jetik 
kateÔjunsh
 tou �xona Ox.3.2 Kampulìgrammh rwgm Oi mèjodoi arijmhtik 
 olokl rwsh
Gauss–Chebyshev pou parousi�sthkan staprohgoÔmena kef�laia den mporoÔn na efarmostoÔn se kampulìgramme
 rwgmè
tuqa�ou sq mato
. Ja prèpei na shmeiwje� ìti se eidikè
 peript¸sei
 ìpou hrwgm  L mpore� na perigrafe� apì gnwst  ex�swsh z = z(s), ìpou s pragmatik metablht  kat� m ko
 tou L (p.q. rwgm  pou apotele� tm ma kÔklou   èlleiyh
k.l.p.), tìte me kat�llhlo metasqhmatismì twn (3.5) kai (3.6) e�nai dunatìn naparaqje� grammikì sÔsthma exis¸sewn gia ton upologismì th
 �gnwsth
 puk-nìthta
. Parìlaut�, me skopì thn je¸rhsh th
 genik 
 per�ptwsh
 rwgm 
tuqa�ou sq mato
, anaptÔqjhke kat�llhlh mejodolog�a gia ton upologismì twnshme�wn olokl rwsh
 kai taxijes�a
. H mejodolog�a bas�zetai sthn prosèggishtou sq mato
 th
 rwgm 
 apì ikanì arijmì eujÔgrammwn tmhm�twn. O algìrij-mo
 upologismoÔ twn suntetagmènwn twn shme�wn olokl rwsh
 kai taxijes�a
e�nai o �dio
 kai gia ti
 dÔo peript¸sei
 opìte ja anaptuqje� h mejodolog�a mìnogia ta shme�a olokl rwsh
 tj . Ep�sh
, ja prèpei na shmeiwje� ìti h proteinìme-nh mèjodo
 mpore� na qrhsimopoihje� kai gia uyhlìterh
 t�xh
 prosegg�sei
 tousq mato
 th
 rwgm 
 (p.q. splines), all� me skopì na diathrhje� h aplìthta th
parous�ash
 ja anaptuqje� h mèjodo
 mìno gia thn grammik  prosèggish.JewroÔntai K eujÔgramma tm mata ta opo�a prosegg�zoun mia kampulìgram-mh rwgm  (Sq. 3.3). 'Ola aut� ta eujÔgramma tm mata èqoun sunolik� (K + 1)�kra3 en¸ to sunolikì m ko
 th
 rwgm 
 e�nai to �jroisma twn epimèrou
 mhk¸ntou

D =

K
∑

N=1

√

(yN+1 − yN )2 + (xN+1 − xN )2 (3.15)ìpou D e�nai to sunolikì m ko
 kai xN , yN e�nai oi suntetagmène
 tou N -ostou�krou.Sthn sunèqeia, h arq  enì
 nèou sust mato
 suntetagmènwn topojete�tai stoèna ìrio tou diast mato
 [−1, 1], gia par�deigma to dexiì ìrio (+1). To posostìtou olikoÔ m kou
 tou diast mato
 [−1, 1] (metroÔmeno apì to dexiì ìrio) stoopo�o br�sketai k�je shme�o olokl rwsh
 ξj(perc), mpore� na upologiste� me b�shthn parak�tw sqèsh3Dedomènou ìti an� dÔo ta eswterik� �kra sump�ptoun
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Sq ma 3.3: Kampulìgrammh rwgm  diakritopoihmènh se K eujÔgramma tm mata
ξj(perc) =

1 − ξj

2
, j = 1, 2, . . . , n (3.16)ìpou ta ξj upolog�zontai apì thn sqèsh (3.7). An topojethje� h arq  enì
�llou topikoÔ sust mato
 suntetagmènwn sto èna �kro th
 kampulìgrammh
rwgm 
 (gia par�deigma to �kro a), e�nai dunatìn na upologistoÔn oi apost�sei
(metroÔmene
 apì to �kro a, Sq. 3.3) p�nw sthn rwgm  L sti
 opo�e
 prèpei natopojethjoÔn ta shme�a tj . Autì epitugq�netai pollaplasi�zonta
 to sunolikìm ko
 D th
 rwgm 
 me ta posost� ξj(perc)

tj(dist) = ξj(perc)D, j = 1, 2, . . . , n (3.17)En suneqe�a, h apìstash metaxÔ dÔo diadoqik¸n shme�wn olokl rwsh
 mpore� naupologiste� me b�sh thn parak�tw sqèsh
∆tj =

{

t1(dist) an j = 1
tj(dist) − tj−1(dist) an j > 1

, j = 1, 2, . . . , n (3.18)Epiprìsjeta, to ajroistikì di�nusma twn mhk¸n twn grammik¸n tm m�twn, taopo�a prosegg�zoun thn rwgm , èqei thn akìloujh morf 
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D(cum) =

[

D1, D1 + D2, . . . ,
K
∑

N=1

DN

] (3.19)ìpou DN e�nai to m ko
 tou N -ostoÔ eujÔgrammou tm mato
.Efìson up�rqoun n shme�a tj o algìrijmo
 ja prèpei na epanalhfje� n forè
.Ep�sh
, m�a metablht , h opo�a ja onomaste�Metrht 
 M kou
 (DM), prèpei naupolog�zetai se k�je kÔklo kai h arqik  tou tim  or�zetai �sh me mhdèn. Epiplèon,or�zetai èna arqikì shme�o b�sh
 to opo�o se aut  thn per�ptwsh ja e�nai to �kro
a th
 rwgm 
 L (ja prèpei na e�nai to �dio me thn arq  tou topikoÔ sust mato
suntetagmènwn pou qrhsimopoi jhke sthn ex�swsh (3.17) ) me suntetagmène
 xa,
ya. Tèlo
, or�zetai w
 DN(cum) to N -ostì stoiqe�o sto ajroistikì di�nusmatwn eujÔgrammwn tmhm�twn D(cum) kai h arqik  tim  tou N or�zetai �sh me 1.Oi arqikè
 sunj ke
, loipìn, èqoun w
 ex 


DM = 0
xbase = xa

ybase = ya

N = 1

(3.20)O algìrijmo
 èqei w
 ex 
:An to �jroisma tou DM me to trèqon ∆tj e�nai mikrìtero th
 trèqousa
tim 
 DN(cum), tìte ekteloÔntai ta epìmena b mata:1. To trèqon tj upolog�zetai apì thn ex�swsh
tj = ∆tje

iω + (xbase + iybase) (3.21)sthn opo�a ω e�nai h gwn�a metaxÔ tou Ox �xona kai tou trèqonto
 N -ostoÔgrammikoÔ tm mato
 th
 rwgm 
 metroÔmeno kat� thn jetik  kateÔjunsh(aristerìstrofa) (Sq. 3.4(a') ).2. To nèo DM e�nai to �jroisma th
 prohgoÔmenh
 tim 
 tou DM kai th
trèqousa
 tim 
 tou ∆tj .3. To nèo shme�o b�sh
 e�nai h trèqousa tim  tou tj .Akolouje� h epistrof  sthn arq  tou algor�jmou gia thn ektèlesh tou epìmenoukÔklou. To Sq ma (3.4(a') ) anaparist� grafik� thn diadikas�a pou perigr�fhkese aut n thn per�ptwsh.Apì thn �llh, an to �jroisma tou DM me to trèqon ∆tj e�nai megalÔtero  �so me to trèqon DN(cum) tìte akoloujoÔntai ta k�twji b mata:
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ôñÝ÷ïí t j

R

R

xN+ iyN
( )íÝï óçìåßï âÜóçò(bþ)Sq ma 3.4: Upologismì
 twn shme�wn olokl rwsh
 kat� m ko
 rwgm 
 tuqa�ousq mato
. (a') Per�ptwsh 1h: To shme�o olokl rwsh
 pou upolog�zetai prèpeina topojethje� sto trèqon eujÔgrammo tm ma. (b') Per�ptwsh 2h: To shme�oolokl rwsh
 pou upolog�zetai prèpei na topojethje� sto epìmeno eujÔgrammotm ma.



3.2 Kampulìgrammh rwgm  291. Mia nèa metablht  h opo�a ja onomaste� Upìloipo (R) upolog�zetai w
ex 

R = DM + ∆tj − DN(cum) (3.22)2. H tim  tou N aux�netai kat� 1

N = N + 1 (3.23)3. To nèo shme�o b�sh
 ja e�nai
xbase = xN

ybase = yN
(3.24)ìpou xN , yN upodhl¸noun ti
 suntetagmène
 tou N -ostoÔ �krou twn eu-jÔgrammwn tmhm�twn th
 rwgm 
 L4. An to R e�nai mikrìtero apì to m ko
 tou trèqonto
 m kou
 tou N -ostoueujÔgrammou tm mato
 th
 kampÔlh
 tìte to trèqon tj upolog�zetai apìthn akìloujh èkfrash

tj = Reiω + (xbase + iybase) (3.25)ìpou ω e�nai h gwn�a metaxÔ tou �xona Ox kai tou trèqonto
 eujÔgrammoutm mato
 th
 rwgm 
 (Sq. 3.4(b') ).Ant�jeta, an to R e�nai megalÔtero   �so me to trèqon m ko
 tou N -ostoÔeujÔgrammou tm mato
 th
 kampÔlh
 tìte to R upolog�zetai ek nèou w
ex 

R = R −

√

(yN+1 − yN)2 + (xN+1 − xN )2 (3.26)kai o algìrijmì
 gur�zei p�li p�sw sto b ma (2) th
 2h
 per�ptwsh
. Tob ma autì exasfal�zei ìti o algìrijmo
 akolouje� thn kampÔlh se opoia-d pote pijan  per�ptwsh.5. To nèo DM ja e�nai to �jroisma tou palaioÔ DM me to trèqon ∆tj .6. To nèo shme�o b�sh
 ja e�nai h trèqousa upologismènh tim  tou tj .Akolouje� h epistrof  sthn arq  tou algor�jmou gia thn ektèlesh tou epìmenoukÔklou. To Sq ma (3.4(b') ) anaparist� grafik� thn diadikas�a pou perigr�fhkese aut n thn per�ptwsh.O parap�nw algìrijmo
 ektele� n kÔklou
 èw
 ìtou upologistoÔn ìla tashme�a tj . Met� ton upologismì twn shme�wn olokl rwsh
 kai twn shme�wntaxijes�a
, h p�esh twn pìrwn kai to di�nusma th
 taqÔthta
 ro 
 tou reustoÔmpore� na upologiste� ìpw
 anaptÔqjhke sti
 prohgoÔmene
 paragr�fou
.



30 Arijmhtik  ep�lush3.3 SÔsthma kampulìgrammwn rwgm¸nJewre�tai pollapl� diarrhgmèno ep�pedo to opo�o fèrei k1 mh allhlotemnìmene
rwgme
. Ep�sh
, jewre�tai ìti sti
 pr¸te
 n1 rwgmè
 efarmìzontai sunoriakè
sunj ke
 tÔpou Dirichlet en¸ sti
 upìloipe
 (k1 − n1) rwgmè
 efarmìzontaisunj ke
 tÔpou Neumann.O sunduasmì
 twn oloklhrwtik¸n exis¸sewn (2.24) kai (3.1) odhge� sthnoloklhrwtik  ex�swsh gia èna shme�o t0 pou an kei se rwgm  ep� th
 opo�a
efarmìzontai sunj ke
 tÔpou Dirichlet

p(t0c) =
1

π

∫

Lc

φc(t)

|t − t0c|
dr +

1

π

k1
∑

i=1
i6=c

∫

Li

φi(t)

|t − t0c|
dr, c = 1, 2, . . . , n1 (3.27)ìpou p(t0c) e�nai h sunoriak  sunj kh tÔpou Dirichlet sto shme�o t0 th
 c-osth
rwgm 
. H ex�swsh (3.27) se sunduasmo me thn (3.3) odhge� sto grammikì sÔ-sthma algebrik¸n exis¸sewn pou anafèretai sti
 sunoriakè
 sunj ke
 Dirichlet

1

π

n
∑

j=1

wj

φ̂c(tjc)

|tjc − t0rc|
+

1

π

k1
∑

i=1
i6=c

n
∑

j=1

wj

φ̂i(tji)

|tji − t0rc|
= p(t0rc), (3.28)

c = 1, 2, . . . , n1sto opo�o gia lìgou
 eukol�a
 èqei qrhsimopoihje� �dio
 arijmo
 shme�wn olo-kl rwsh
 kai taxijes�a
 an� rwgm . To sÔsthma (3.28) apotele� èna grammikìsÔsthma (n1 x n) exis¸sewn me (k1 x n) agn¸stou
. Oi upìloipe
 ((k1−n1) x n)exis¸sei
 oi opo�e
 apaitoÔntai gia thn ep�lush tou sust mato
 ja prokÔyounapì ti
 sunoriakè
 sunj ke
 tÔpou Neumann.O sunduasmì
 twn exis¸sewn (2.25) kai (3.11) odhge� sthn oloklhrwtik ex�swsh gia èna shme�o t0 pou an kei se rwgm  ep� th
 opo�a
 efarmìzontaisunoriakè
 sunj ke
 tÔpou Neumann

qs(t0c) =
λ

π

∫

Lc

φc(t) cosα(t, t0c)

|t − t0c|2
dr

+
λ

π

k1
∑

i=1
i6=c

∫

Li

φi(t) cos α(t, t0c)

|t − t0c|2
dr, (3.29)

c = n1 + 1, n1 + 2, . . . , k1



3.3 SÔsthma kampulìgrammwn rwgm¸n 31ìpou qs(t0c) e�nai h efaptomenik  ro  sto shme�o t0 th
 c-osth
 rwgm 
. H sqèsh(3.29) se sunduasmì me thn (3.12) odhge� sto grammikì sÔsthma algebrik¸nexis¸sewn pou anafèretai sti
 sunoriakè
 sunj ke
 tÔpou Neumann

λ

π

n
∑

j=1

wj

φ̂c(tjc) cosα(tjc, t0rc)

|tjc − t0rc|2
+

λ

π

k1
∑

i=1
i6=c

n
∑

j=1

wj

φ̂i(tji) cosα(tji, t0rc)

|tji − t0rc|2
= qs(t0rc), (3.30)

c = n1 + 1, n1 + 2, . . . , k1Oi sqèsei
 (3.28) kai (3.30) apoteloÔn grammikì sÔsthma (k1 x n) algebrik¸nexis¸sewn me (k1 x n) agn¸stou
 (dhlad  ti
 �gnwste
 puknìthte
 φ̂i(t)).Met� ton upologismì twn �gnwstwn puknot twn twn rwgm¸n ta ped�a th
p�esh
 twn pìrwn kai th
 ro 
 tou reustoÔ se tuqa�o shme�o z tou epipèdoumporoÔn na upologistoÔn ant�stoiqa apì ti
 sqèsei

p(z) =

1

π

k1
∑

i=1

n
∑

j=1

wj

φ̂i(tji)

|tji − z| (3.31)kai
q(z) = qx(z) + iqy

=
λ

π

k1
∑

i=1

n
∑

j=1

wj

φ̂i(tji) cosα(tji, z)

|tji − z|2

+ i
λ

π

k1
∑

i=1

n
∑

j=1

wj

φ̂i(tji) sin α(tji, z)

|tji − z|2 (3.32)
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Kef�laio 4Arijmhtik� Parade�gmataPrin thn parous�ash arijmhtik¸n paradeigm�twn, e�nai apara�thto
 o èlegqo
 th
sÔgklish
 th
 proteinìmenh
 arijmhtik 
 ep�lush
. Ep�sh
, apì anaskìphsh th
diejnoÔ
 bibliograf�a
 den brèjhke kamm�a lÔsh kleist 
 morf 
 gia to en lìgwprìblhma opìte o �meso
 èlegqo
 th
 akr�beia
 th
 lÔsh
 den e�nai efiktì
.Gia thn melèth th
 sÔgklish
 th
 lÔsh
 jewre�tai eujÔgrammh rwgm  pouke�tetai p�nw ston �xona Ox me thn arq  tou sust mato
 suntetagmènwn topo-jethmènh sto kèntro th
 (Sq. 4.1). H rwgm  katalamb�nei to di�sthma [−1, 1]kai upob�lletai se omoiìmorfh monadia�a p�esh. Jewre�tai ep�sh
 ìti o suntele-st 
 diaperatìthta
 tou mèsou e�nai �so
 me 1. To Sq ma 4.2 parousi�zei thnkatanom  th
 p�esh
 twn pìrwn p kat� m ko
 tou �xona Ox gia 4, 8, 12, 16,
20 kai 24 shme�a olokl rwsh
, ant�stoiqa. Ep�sh
, to Sq ma 4.3 parousi�zeito apìluto sqetikì sf�lma (to posostì th
 apìluth
 diafor�
) metaxÔ enì
upologismoÔ kai tou prohgoÔmenou me ligìtera shme�a olokl rwsh
. Mpore�na parathrhje� ìti h diafor� sthn upologismènh lÔsh metaxÔ 20 kai 24 shme�-wn olokl rwsh
 e�nai ligìtero apì 5%, opìte jewre�tai ìti h lÔsh sugkl�neip�nw apì 20 shme�a olokl rwsh
. Ep�sh
, prote�netai na mhn epilègontai p�rapoll� shme�a olokl rwsh
 diìti h lÔsh e�nai eua�sjhth sto sf�lma stroggu-lopo�hsh
. Ta Sq mata 4.4 kai 4.5 parousi�zoun thn orizìntia sunist¸sa th
taqÔthta
 ro 
 tou reustoÔ qx kat� m ko
 tou �xona Ox kai to apìluto sqetikìsf�lma ant�stoiqa. Akìmh, ta Sq mata 4.6, 4.7 kai 4.8, 4.9 parousi�zoun thnp�esh twn pìrwn p, thn katakìrufh sunist¸sa taqÔthta
 ro 
 tou reustoÔ qykai ta apìluta sqetik� tou
 sf�lmata kat� m ko
 tou �xona Oy, ant�stoiqa. Hkatakìrufh sunist¸sa th
 taqÔthta
 ro 
 tou reustoÔ qy kat� m ko
 tou Ox�xona kaj¸
 ep�sh
 kai h qx kat� m ko
 tou Oy �xona den parousi�zontai kaj¸




34 Arijmhtik� Parade�gmatato apotèlesma e�nai praktik� mhdèn (timè
 th
 t�xh
 O(10−14)) ìpw
 anamenìtanlìgw summetr�a
. Ep�sh
, ìpw
 mpore� na parathrhje� apì thn (3.10), e�nai adÔ-naton na upologiste� h katakìrufh sunist¸sa th
 taqÔthta
 ro 
 tou reustoÔ
qy (qy = qn se aut n thn per�ptwsh) p�nw sthn rwgm . Autì
 e�nai o lìgo
gia thn meg�lh ast�jeia pou parousi�zetai ston upologismì th
 qy kat� m ko
tou �xona Oy ìtan to shme�o upologismoÔ plhsi�zei thn rwgm  (thn arq  tousust mato
 suntetagmènwn).Gia na anadeiqjoÔn oi dunatìthte
 th
 mejìdou, epilèqjhkan dÔo tuqa�a pa-rade�gmata pollapl� rwgmatwmènwn mèswn. Sto pr¸to par�deigma jewroÔntaitre�
 kampulìgramme
 rwgmè
 ep� twn opo�wn efarmìzontai sunoriakè
 sunj ke
tÔpou Dirichlet. Ta Sq mata 4.10, 4.11 kai 4.12 parousi�zoun ta ped�a th
 p�e-sh
 twn pìrwn p(z) kai twn sunistws¸n twn taqut twn ro 
 tou reustoÔ sthn
x (qx(z)) kai y (qy(z)) kateÔjunsh, ant�stoiqa. Se aut n thn per�ptwsh èqounqrhsimopoihje� 30 shme�a olokl rwsh
 an� rwgm , suntelest 
 diaperatìthta

λ = 1 kai oi k�twji sunoriakè
 sunj ke
:1. Sth rwgm  pou br�sketai sto kèntro twn sqhm�twn epidr� stajer  p�eshh opo�a d�detai apì p(s) = 2 − 4

l2
(s − l/2)2 (ìpou s pragmatik  metablht kat� m ko
 th
 rwgm 
 kai h arq  tou sust mato
 suntetagmènwn th
 e�naito èna �kro, kai l e�nai to m ko
 th
 rwgm 
).2. H rwgm  sthn p�nw arister  gwn�a twn sqhm�twn br�sketai k�tw apìstajer  omoiìmorfh p�esh p(s) = 1.3. Sthn �llh rwgm  sthn k�tw dexi� gwn�a epidr� stajer  omoiìmorfh p�esh

p(s) = 0 (fainìmeno sphla�wsh
).Sto deÔtero par�deigma, (Sq mata 4.13-4.15) jewroÔntai dÔo rwgmè
 ek twnopo�wn sthn m�a dra stajer  efaptomenik  taqÔthta ro 
 reustoÔ en¸ h deÔterhparousi�zei fainìmeno sphla�wsh
. P�li, qrhsimopoi jhkan n = 30, λ = 1 kaioi akìlouje
 sunoriakè
 sunj ke
:1. Stajer  efaptomenik  taqÔthta ro 
 reustoÔ qs(s) = 8
l3

(s− l/2)3 efarmì-zetai sthn p�nw arister� rwgm . Ja prèpei na shmeiwje� ìti h sugkekri-mènh sunoriak  sunj kh ikanopoie� thn Sunj kh Epilusimìthta
 (ex�swsh3.13).2. H �llh rwgm  sthn k�tw dexi� gwn�a twn sqhm�twn br�sketai k�tw apìstajer  omoiìmorfh p�esh p(s) = 0 (fainìmeno sphla�wsh
).Shmei¸netai, ep�sh
, ìti k�poie
 ast�jeie
 pou parathroÔntai kont�   p�nwsti
 rwgmè
 ofe�lontai sta shme�a tou kan�bou pou qrhsimopoi jhke. 'Otan
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Sq ma 4.1: EujÔgrammh rwgm  pou katalamb�nei to di�sthma [−1, 1] p�nw ston�xona Ox.èna shme�o upologismoÔ e�nai kont� se èna shme�o olokl rwsh
, tìte h tim  toute�nei na g�nei idiìmorfh (te�nei na parousi�sei apeirismì). Ta mìna shme�a polÔkont� sta shme�a olokl rwsh
 sta opo�a h lÔsh e�nai akrib 
 e�nai ta taxijetik�.Parìlaut�, to fainìmeno autì den ephre�zei thn sumperifor� th
 lÔsh
 makri�apì ta shme�a olokl rwsh
.
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Sq ma 4.2: Katanom  th
 p�esh
 twn pìrwn kat� m ko
 tou Ox axona.
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Sq ma 4.3: Apìluto sqetikì sf�lma tou upologismoÔ th
 p�esh
 twn pìrwnkat� m ko
 tou Ox �xona.
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Sq ma 4.4: Katanom  th
 sunist¸sa
 qx tou dianÔsmato
 taqÔthta
 th
 ro 
tou reustoÔ kat� m ko
 tou Ox �xona.
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Sq ma 4.5: Apìluto sqetikì sf�lma tou upologismoÔ th
 sunist¸sa
 qx toudianÔsmato
 taqÔthta
 th
 ro 
 tou reustoÔ kat� m ko
 tou Ox �xona.
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Sq ma 4.6: Katanom  th
 p�esh
 twn pìrwn kat� m ko
 tou Oy �xona.
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Sq ma 4.7: Apìluto sqetikì sf�lma tou upologismoÔ th
 p�esh
 twn pìrwnkat� m ko
 tou Oy �xona.
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Sq ma 4.8: Katanom  th
 sunist¸sa
 qy tou dianÔsmato
 taqÔthta
 th
 ro 
tou reustoÔ kat� m ko
 tou Oy �xona.
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Sq ma 4.9: Apìluto sqetikì sf�lma tou upologismoÔ th
 sunist¸sa
 qy toudianÔsmato
 taqÔthta
 th
 ro 
 tou reustoÔ kat� m ko
 tou Oy �xona.
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Sq ma 4.10: Katanom  th
 p�esh
 twn pìrwn (p(z)) sto ep�pedo.

Sq ma 4.11: Katanom  th
 sunist¸sa
 qx(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo.
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Sq ma 4.12: Katanom  th
 sunist¸sa
 qy(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo.

Sq ma 4.13: Katanom  th
 p�esh
 twn pìrwn (p(z)) sto ep�pedo.
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Sq ma 4.14: Katanom  th
 sunist¸sa
 qx(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo.

Sq ma 4.15: Katanom  th
 sunist¸sa
 qy(z) tou dianÔsmato
 taqÔthta
 th
ro 
 tou reustoÔ sto ep�pedo.



Kef�laio 5Sumper�smataArqik� parousi�sthke to pl re
 sÔsthma exis¸sewn pou perigr�foun to prì-blhma th
 stajer 
 ro 
 reustoÔ se ep�pedo, isìtropo, porwde
 mèso pou fèreisÔsthma rwgm¸n, lept¸n egkleism�twn, op¸n kai shmeiak¸n phg¸n. Oi �die
exis¸sei
 mporoÔn na efarmostoÔn kai sthn per�ptwsh th
 di�qush
 th
 jermo-kras�a
. Ep�sh
, parousi�sthkan sunoptik� oi exis¸sei
 me ti
 opo�e
 mporoÔnna upologisjoÔn oi t�sei
 kai oi paramorf¸sei
. En suneqe�a, parousi�sthkeh hmi-analutik  lÔsh stajer 
 ro 
 reustoÔ se pollapl� rwgmatwmèno mèso.Ta ped�a th
 p�esh
 twn pìrwn kai th
 taqÔthta
 ro 
 tou reustoÔ mporoÔn naupologistoÔn e�te apì sunoriakè
 sunj ke
 tÔpou Dirichlet, e�te apì sunoriakè
sunj ke
 tÔpou Neumann, e�te apì sunduasmì tou
. H arijmhtik  olokl rwshpou qrhsimopoi jhke gia thn ep�lush e�nai apl , sugklinei gr gora kai mpore�na eisaqje� eÔkola se hlektronikì upologist . An kai to montèlo pou jew-r jhke qarakthr�zetai apì pollè
 aplopoi sei
 (p.q. stajer  ro  sto qrìno,grammikìthta, isotrop�a), mpore� na brei pollè
 qr sime
 efarmogè
 sthn pr�xh.Parade�gmato
 q�rh, mpore� na qrhsimopoihje� gia ton èlegqo th
 akr�beia
 enì
arijmhtikoÔ k¸dika (ìpw
 MPS, MPD,   MSS), w
 ergale�o gia gr gorh an�-dromh an�lush ep� tìpou metr sewn taqÔthta
 ro 
 reustoÔ   p�esh
 twn pìrwn,w
 sumpl rwma �llou arijmhtikoÔ k¸dika gia thn ep�lush jermo-poro-mhqanik¸nproblhm�twn klp.H epèktash tou arijmhtikoÔ algor�jmou me skopì thn ep�lush tou probl ma-to
 th
 allhlep�drash
 metaxÔ op¸n, rwgm¸n kai lept¸n egkleism�twn apotele�mellontikì stìqo. Ep�sh
, h gen�keush th
 proteinìmenh
 jewr�a
 se anisìtropapor¸dh mèsa apotele� ènan akìmh mellontikì stìqo o opo�o
 an kai parousi�zeiuyhl  duskol�a kr�netai w
 apara�thto
 kai tautìqrona uyhl  qrhsimìthta
.
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