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Zroug baokaAoug Kat Toug Hadnteg mou Tote OV Exaoav TNV EMYUOVY TOUG



Abstract

Cavity QED systems have been proved to be excellent platforms for the implementation of
quantum information processing algorihms. In this thesis we review the major results in
this field and conclude by proposing how to implement the Deutch-Josza in a system of
two evanescently coupled cavities. In the first part we review the physics of both the ideal
and dissipative cases of a two-level-atom coupled to an optical cavity mode. We analyze
in detail the corresponding Jaynes-Cummings model and derive the dynamics of the
system in the presence of dissipation using both the Master Equation and the Quantum
Trajectories approach. We then proceed with a presentation of the Deutsch-Jozsa,
Grover and Shor search algorithms and review in detail some early results regarding
their implementation using flying Rydberg atoms in open microwave cavities. We extend
our study to novel systems by analyzing the quantum dynamics of a system of two
evanescently coupled optical cavities, each interacting with atomic emitters. This is done
for different regimes of interactions (dispersive, resonant and strongly coupled) using
both the Schroédinger and the Master equation approach. We conclude with a proposal
for the implementation of Deutsch-Jozsa algorithm in the presence of significant cavity
losses and analyze the robustness for different regimes by calculating the fidelity of the
basic entangling gate of the algorithm.



[TepiAnyn

'Exetl ywvel anodektd ot ta ovotrpata koldomtov KBavukrg HAsktpoduvapikng arnote-
AoUV TOAU KaAég MAATPOPUES Yia TV UAorotrjor aAyoptOpev kKBaviikrg minpodopiag. Ze
avutn ) Surdepatk S1atpiBr] KAVOUHE avaoKOMN o T®V ONHAVIIKOTEPOV ATTOTEAECHATOV
o autd To epeuvnuiko medio Kal KataAnyoupe mpoteivoviag pa péBodo udoroinong tou
aAyopiBpou Deutsch-Jozsa oe éva ouotnpa 680 ouleuyEvaV KOTAOTHTOV. 10 MPWTO HE-
POG KAVOUHE AVACKOIINOT) ThG 18aVIKLG TEPIMTOoNG Kabwg Kat TG MEPINTIOONG 1€ ATIMAEIEG
yla éva ouotnpa €vog atopou dUo emmeédmv oUlEUYHEVOU HE £vav TPOTIO TAAAVIOONG NG
OITUIKIG KOO TAG. AvaAuoulie Aertopepws o poviedo Jaynes-Cummings kat fpiokou-
HE TG €§1000e1g NG SUVAPIKEG TOU CUOTIHATOS TAPOUCia AMIWAEIDV XP1OTHOMIOIOVIAG TV
Master Equation, aAAd kat tp MéBobo KBaviikav Tpoxiwv. Zuveyidoupe petenetta pe v
napouciaon v KBaviik®v adyopibpev avalrtnong Deutsch-Jozsa, Grover kat Shor kat
rmapouotadoupe avadutika U0 amo 11§ ApX1KEG IIPOTACEIS MOU ApopOouV TV UAOIOinon
TOUG Xpnotponowwviag rttapeva atopa Rydberg oe avoikiég KoAotnteg pikpokupdatey. E-
MIEKTEIVOUE T PEALTN Pag avaduoviag T SUVANIKY CUPIEPIPOPA EVOG VEOU CUCTIIIATOS
U0 ouleuypéveov kKoot tev, Kabe pia ek v onoiewv aAAnAsrubpd pe atopa {exwplota.
Autr) n pedét yivetat yia Siapopeg rieploxeg adAnAemidpaong (reploxr) aroouvioviopou,
OUVTOVIOH0U Kal 10XUp1g 0Ueuing), xprnotporopviag kat v e§iowon Schrédinger kat tnyv
Master Equation. KataArjyoupe, mapouoiadoviag piia Kavoupyila Ipotact) UAOIIoinong tou
aAyopiBpou Deutsch-Jozsa kat avaAUoupe Vv aroteAeoPaTIKOTTA NS UAOII0iNong tou,
apousia CNUAVIIKOV AN®AEIDV, urtodoyi{oviag v mototnta (fidelity) tng Baokng muAng
€VAYKAA10p0U 10U aAyopifpou.
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Elcaywyr)

Adlapgiobrinta, £éva ano 1a CrpavIKOTEPA EMOTHOVIKA edia TTou avarntuxon-
kav katd tov 20° awwva nrav n Kéaviopnyavikn[1l, 2, (3, 4, 5]. 'Exoupe auvtr
ouypr) ot 61abesor) pag éva ouvodo arod Toug Bacikoug KAvoveg ITOU KuBepvouv
10 ZUPIAv KAl otV MPAaypatikotnta, £X0UHE @TAcEl 0 ONnpeio va pmopoupe va
QVAKAAUITTOUPE TO MWG HPITOPOUHE va £PpapPOCOUHE AUTOUS TOUG Kavoveg os dia-
@opa 1edia g Ermotung kat tng Texvoloyiag, mpokeaévou va @uiagoupe 0Aeg
TI§ OUOKEUEG NG KAONuepvhg pag {®ng' aro td NAEKIPOVIKA OUCTHHATA T®V AU-
TOKIVITOV Pag Kal Td KvNtd pag tNA£peva, £€0g Ta UIEPOoUYXPOoVA UITOAOY10TIKA
ouotruarta.

Zta mpota Brpata g KBaviopnyxavikrg, kabiepobnke o 6pog "Gedankenex-
perimenten” 1) <Nonuko Ileipapar, TPOKEIPEVOU va Tieptypadouv S1dpopeg §1da-
VIKEUHEVEG KATAOTAOEIS TIOU Sd PImopoucav va Jag EMIpEPouV va KATAVOCOUE
Ta MPOBANIATA TTOU AVEKUITIAV, TA OIToia 0t MOAAEG TIEPUTIOOELS 1)TAV EVAVILA OT)
«duoikn AwaioBnor) pag.

Katd naca mbavointa, to 1o yveotd «Nonuko I[eipapar rav autod ng repi-
enung «I'atag tou Schr(')dinger»E]

'Eva dAdo didonpo Nontuko Ieipapa, mou apopouoe v KATAoTtaon otV oroia
£xel may1deutel éva @MTOVIO 08 £€va KOUTL, XPNOolHonot|OnKe ota ermyeiprpata
mou avartuxBnkav amno toug Niels Bohr kat Albert Einstein. Xtig avoiytég ermoto-
Agg mou dnpooicuocav, n SaPprvia Toug apopd v rtapabiacn g aArPocdlopIoTIAg
EVEPYELAG-XPOVOU, OTNV MEPIMI®OT) TTOU €va PXTOVIO TTAyOeUpévo oe Eva Kouti pe
KAelotpo, emrpénetal va diaduyetl arno 10 Kouti KaBwg avoiyel 1o KAeioTpo.

Htav auto 1o vonuko meipapa, rmou odrnynoe ota ouctipatd TV oUYXPOoveVv
Koottev KBavuikng HAektpoduvapikrg Cavity QEDI6, [7], ota omoia, katd 6ia-
BoAkr) oupumteon, mapatnEnOnKe yla mpot) Qopd 1 KAtdotaon g ydtdg tou
Schroddinger. ‘OAa §exivnoav aro tov Purcell to 1946 [8], ot peAétn evog ano ta
IO PUOTHPA £0G TOTE PATVOPEVA TTIOU OUVOSEUAV TO PAOTONAEKTPIKO @atvopevo. H
HEALTN TOV MAPAPETPOV TIOU ETINPPEALOUV TOUG pUBI0UG TNG auBOPNTNG EKTIOUTING

I3y mpaypatkémta, o Schrédinger cuykAoVio£Vog artd 10 eVEEXGHEVO VA UITAPYEL £va OU-
oupa O P1a T€T01a eVayKaAlopévn Kataotaor, £é8woe auto to napadetypa pe okord va 6ei§et mdoo
yedoio 9a fjtav 1o va undpyet Eva cuotnpa o€ TETold KATtaotaot).



vi Ewcayoyn

Kal n KBAviwon 1tou niskipopayvnukou niediou [9], mpoetoipacav 1o €édagdog oto
ortoio otnpiyxtnkav ta lasers, ta masers Kat piia 0AOKAN P e0X1) oty Zuyxpovr du-
O1K1], eprAoutidoviag ta nedia g KBavukng Oruikng [10, (111 12 [13], (14, [15] xat
poopEpovtag eva adlormoto redio SoKpaV yla 1o avepxopevo redio tng KBavukng
[MAnpogopiag kat tng KBavrikng YrioAoyiotikrg [16L (17,18 [19) 120, 211, 22], 23], 24].

[Tpetapx1kog 0t0X0g 0 AUty T petantuyiakn datpBn eivat va yivel pa ouv-
TOHN KAl IEPLEKTIKY TEPypadr) ota Yapakinplouka g Kéavukng HAektpoduva-
nikng oe Koloteg kat va Hei§oupe mog autd ta ouothjpatd PIopouv va Xpnot-
portoinBouv yia trv vdonoinon Kéavukov Adyopibpov.

Zto Kegpdldato 1, meprypadoupe v kBavtion tou HM nediou kat to poviedo
Jaynes-Cummings, 1€ T0 oroio TeptypdPetal 1 armdouotepr), 18avViKn MEPIMI®ON
aAAnAenidpaong PeTog-UAng, otav Kat to nedio Kat 1o atopo eivatl mAnpeg KBavti-
opéva. Zuveyidoupe, divovtag pia ouvioun reptypadr) tov Kollotrtov K8aviikrg
HAexktpoduvapikrg, akodoubwviag kuping ta [7, (111, [14] kat avadvoviag ta Baocika
XAPAKINPE1OTIKA T®V Avolkiev Zuotnpatev (Open Systems) onwg rapouoiadoviat
ota [29], [26, 27].

210 KegpdAaio 2 divoupe 1o iepiypappia tou niediou tng KBaviikng IMAnpogopiag
KAl eplypdpoupe v KAAOn toV k6avtikav adyopiduwov avalitnong, dnAadr) tov
alyopiBpwv Deutsch-Jozsal22], 28, 23], Grover[29, 30, 31, [32] xat tou aAyopiBpou
napayovronoinong tou Shor[33].

Zto KepdAato 3 Sa napoucidooupe avadutika tyv vdornoinon teov adyopidpwv
Grover kat Shor oe cavity QED, akolouboviag tv mpoogyylon dUo mpoipiev
epyaotwv aro toug M.O. Scully [34] kat tng opdadag tou S. Haroche[35].

210 KepdAdaio 4, Sa ouvavirjooupe 10 véo Tedio 1OV «ZUoToyiov ZUlEUYUEVOU
Kowlomtow( Coupled Cavity Arrays) rou Bpioket epappoyég oty «KBavukn E-
Sopeiwon( Quantum Simulation)[21), [36, 137]. Agpou napoucidooupe cuviopa to
nedlo, mpoteivoupe €va VEO TIPOTOKOAAO yla tnv uloroinon kB8aviukeov alyopid-
H®V 0t N1KPHG KATPAKAg ouotolyieg mou anotedouvial anod {guydpla ouleUypEVOV
koottwv. Oa beifoupe 10 g kabiotatat vdoroirjoipog o adyopidpog Deutsch-
Jozsa oe auth] ) 6iatadn, kabmg Kat To 1000 agloroteg ivat 01 ITUAEG ITOU PITOPOoUV
va vloroinBouv €0 autrg O0Tav T0 oUCTHA £XEL ATIOAEIES.

H mapovoa petamuyiakn diatpiBr sotiddel kupilng os épata mou apopouv
TIG KOIAOTNTEG TTOU AEITOUPYOUV OTd HMIKPOKUPATA KAl TIS TIG EPAPHOYES TOUG OTNV
KBavtikr) Yrodoylotikr) oniwg diepsuvatatl anod v opdada tou S. Haroche oto ENS
Paris. Ioduipa onpaviiky] Kat oXoAdotiky) douleld @otooo €£xel paypatornonst
Kal and dAAeg MEPAPATIKEG OPAdeg TOU HOUAEUOUV OF OITIIKEG OUYXVOTNTEG OTO
cavity QED, avapeoa otig oroieg o1 opdadeg tov J. Kimble[38],[39],[40, [41] xat D.
Meschede[42],[43],[44].

Extog aro 1o cavity QED, £xet onueiwbel e§aipetiky) rmpoodog 6oov apopd tnv
vldonoinon KBavukov AAyopiOpev kal oe dAAeg MEPAPATIKEG MAATPOPHES TTOU
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nap€xoviat arnod nayideg ovwv( ion traps) [45, 46, 47], Mupnvikée Mayvnti-
KO Zuvtoviopo [48] kat oAu mpoopata arno v Kowotta 1oV YREPAyOytpov
KurAopatov kat 1§ opddeg oto Yale kat to E.T.H., rou agopouv éva véo €idog
MEPAPATIKAG ertideng tou poviédou Jaynes-Cummings, rou €xet odnyr|oet otnv
kabiépwon tou nediou g KBavtikng HAsktpoduvapikrig oe KurAopata(circuit
QED) [49], [50], [51].

Lt dapkea tng ouyypadng auvtng g datpBng, n oroia ypadptnKe Katd tv
niepiodo Auyouotou 2012-AekepBpiou 2012, avakotvebnke ot «To Bpabeio NoumeA
duowkng yia 1o 2012 armovéustar ano kowou otoug S. Haroche kat David J. Wineland
ya tg pnéikeAevdeg tepauatikeg pedodoug nov avertuéav kat 6ivovv t dvvarotnia
UETONONG Kal UETAYEIPLONG UEUOVOUEV®OV KEAVTIKOV OUCTNUATOVY.
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Kegpadaiwo 1

K6avtikn HAektpoduvanikng oc
Ko1lAotnteg

1.1 K6avtwon tou nAsKIpopayvyIikou nediou.

TNV At mePItoor) 10U dpoVIKOU TAAAVI® E] neptypadoupe v 18avikn re-
pirmwon evog ocopatidiou pdadag m mou Kiveital Umo Vv midpaoct evog apovikou
duvapikou oe pia Siaotaorn. 'Exoviag wg onpeio ekkivnong v £€vvold 1@V NAEKTIpOo-
HAyVNUKOV KUPAT®V, OKOIOG Pag £ival va KAtaAn§oupe otig 1008Uvapes oXEOELS
TTOU EPIEPIEXOUV TIG AVIIOTOLXES ITOCOTTEG TOU NAEKTPOPAYVTIOHOU, OtV KBavto-
HNXAVIKL Toug €KkdoX1), Tpdypa rnou dikatoloyet v ermAoyn tou opou «KBaviwon
10U nAektpopayvnukou nediovr. Ot e§lowoelg tou Maxwell oe éva xopo orou dev
UTIApXouV optia, ypadovidl &G :

V-B=
L B
VxE:—a—
Lo (1.1)
V-D=0
. - 9D
H=_-"2
V X oy

6rou B = ,uoﬁ , D= EOE , Mo KAl €y €lval 1] HAYVNTIKY] EMOEKTIKOTNTA KAl 1)
NAEKTIPIKY) H1amEPATOTNTA TOU KEVOU KAl [g€Ey = c%

Ot e§lowoeig Maxwell €xouv 10 xapaktnplotiko g avaidoietng fadpidag otnv
niepinmoon nou 6ev untapyxouv rinyes HM nebiov. Autod otnv oucia pag ermrpenet va

'H anodein g Aeyopevng “kBaviiong tou HM mediou” mepiypdgeral ota mepioodtepa PiBAia
KBavtopnyavikng, wotéco Sempoupe tg mpooeyyioeg ota [2] ,[4] xat [12] va eivar amd tg 1o
AT PELG.



2 K6Bavtiky) HAektpoduvapikin o Koldotnteg

ermAédoupe pia Babpiba katdAAnAn yia to nedio rmou erOupoUEe va PEAETHOOULIE.
Mua BoAwkr) ermdoyr) Babpidag ota npoBAnpata KBavtikng Ormtikng eivat ) fadbpiba
Coulomb, otnv omnoia aviikaB1otoUuie 10 NAEKTIPIKO E wat 10 payvnuko B nedio
anod Tg EKPPAOCELS TTOU MPOKUITIOUV HE I XPI)01 VOGS VEOU dlavuopaTikou redlou

—

A(T1), og:

. 0A
E=—— 1.2
5 (1.2)
B=VxA (1.3)
pe m ouvOnkn g Babupidag Coulomb va eivatr:
V-A=0 (1.4)

Avukabiotoviag v ékppaor yia to B arno v egiowon 01O OUVOAO £8100)-
oLV Bpiokoupe ot 1o A (7, t) kavonotel v Kupauky e§iowon:

1 92A (7 t)
2 o

To yeyovog auto pag voptporotei va daxwpiooupe to dravuopatko SUuvapiko
oe U0 pyadikoug 6poug:

V2A (7, t) = (1.5)

AR 1) = AN (7 1) + A (7 1) (1.6)

010U 0 0pOog AH) (7, t) mepiéxel 6da ta mAdmn nou petaBdAdoviat avaloya pe

10 e~ yia w > 0 evd 0 6pog AG) (7, t) mepiéxet 6Aa ta rmAdt nou petaBaddoviat

avédoya pe TV roodta et kar A = (E(+)>

Topa semAéyoupe va meplopicoupe 1 6adikacia o éva 61akpitd oUvoAo pe-
TaBAnTev, avti yia oAOKANpo to ouvexeg, 6nAadr) Sa neprypayoupe éva HM medio
IOV €ivatl MEPIOPIOPEVO OE HPld OUYKEKPTIEVH TTEPLOXT] TOU X®OPOU Katl Ya avarmtu-
Soupe 10 Hlavuopatiko SUVAPIKO 0 éva OUVOAO £§1000£®V H1aKPITOV,0000yOVIGOV
POV

AR (7 ) = eyiip(F)e ! (1.7)
k
Eb0, o1 cuviedeotég Fourier ¢, €xouv otaBepég TiEG yia Eva eAetbepo niedio. To ou-

VOAO T®V OUVAPTIOERDV ITIOU MEPLYPAPOUV TOUG TPOTIOUG TOU Slavuopatikou rnediou
Uy, (T) TIoU avtiotoloUV ot CUXVOTNTES Wy da 1KavoroouV v e§iowor

924 9N g7 —



1.1 K8avtworn Tou nAeRKTPORAYVNTIKOU nediou. 3

UTIO TOV OpO0 OTL OTOV OYKO dev mepilExetal KAmolo 61abAdaotiko vAiko. EmmAgov, ot
OUVAPTHOE1S TOV TPOTI®V ATTAITOUHE VA IKAVOIIO0UV TV OUVONKL £YKAPO10TNTAG.

V- @, (7) = 0 (1.9)

Ot oUVaPTNOELS TOV TPOTIOV TAAAVIOONG TOU Mediou, ouviotouv €va TArpeg, opbo-
KAVOVIKO GUVOAO, TO OTI010 UIopoUE va SnA®OoOoUlIE 1€ T OXEon :

/UZ(F)% (F)di" = S (1.10)

7
Autég o1 ouvaptnoelg TPONOV TtaAdavinong kabopidovial anod TG OplaKkeg ouv-
91Keg TOU PUOIKOU OYKOU IoU peAegtdtal Kabe @opd, yeyovog rou Sa arnoderyOel
egéxouoag onpaociag otn ouveéxeld. Av de@prjooupe TG KATAAANAeG §10W0EIG TRV
POV £vOg EMMIESOU KUPATOG yid £va KUBo rAsupdg L, priopoupe va g ypayou-

He ©g:

e (7) — L 3eW exp [ZEF} (1.11)

6mou pe 6N éxoune opioet to povadiaio Sidvuopa modwong. O Seiking k
KAOE TPOTIOU TOU KUPATOG MEPLYPAPEL APKETEG O1aKPITEG PETaBANTEG, TOV Seiktn NG
nodeong (A = 1,2) xabag kat ug tpeig Kapteoiavég ouviotwoeg tou davuopatog

—

d1adoong k:

271y, 271y, . 27mn,

ky = k, = —
‘ LY L L

y Mgy Ny, n, = 0,21, £2, .. (1.12)

AapBavovtag urt oY T OUVOnKI syKapmétr]tqg 10 Stdvuopa moAwong éW
MPETTEL VA 1vatl KAOETo oto k, orndte 1o Siavuopatikoé duvapiko propet va §avaypa-
@tet ot popoen:

A (= h =2 —iw %\ TwW
A(Tt) = Z \/ e [akuk (7) e" ™t 4+ ol i@k (F) e ’“t} (1.13)
k

H avtiotoixn ékdppaorn yia 1o nAektpiko niedio, topa Sa eivar:

o hw ) .
E(ft)=i) /ﬁ [akﬁk (7) et + al @ (F) ewkt] (1.14)
k

Zinv kAaooikn Sewpia tou HAektpopayvntiopou, autd ta mAdatn Fourier eivat -
yadwkoi apiBpoi. Aoym tou ot ta @petdvia eivar proddvia, dndadr) toxvouv ot
YVOPIHES PETAOETIKEG OXEOEIS TOU POVOSIAOTATOU APHUOVIKOU TaAavimty, eivatl eu-

. - At , . , ,
KOO va ermA£§0UpEe Ta d; Kat a, va etval petagu toug apoBaia avaotpopoouduyeis
(adjoint) teAeotegs.
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H 6uvapikn cupnepigpopd 1oV MAAT®V T0U NAEKTPIKOU Tediou pmopel va mept-
ypagdet and éva oUvolo ave§dptnNTOV APHOVIK®OV TAAAVIOTOV ITOU UTAKOUOUV OTI§
PETAOETIKEG OXEOEIS TOV PITOLOVIKOV TEAEOTOV :

[y, ar] = [&Lydl/] =0, [dk,d;];/} = Opk (1.15)

Ot kBavtikég Kataotdaoelg KABe tporou méov, Propouv va avalubouv avegaptnta
0 évag ano tov addo. H katdotaon otnv oroia kKaOe 1po1tog propet va reptypadet
a6 éva Kataotactako diavuopa [¥), tou xopou Hilbert, katdAAnia npooappo-
Opévo 0 autov tov Tporo. Ot Kataotaoelg 0AOKANpouU tou 1nediou opidovial tote ®g
TO TAVUOTIKO yvopevo tov Xowpev Hilbert yia 6Adoug toug tpomoug tadaviwong. H
XapiAtoviavr] yia 1o nAektpopayvntiko nedio 6idetat ano ) oxéon [4]

1 . -
H= 5/ (50E2 + MOHQ)dF (1.16)

Xpnowonowwviag v EKPPAOT) yla 10 NAeKIPIKO 1edio E, Vv 100d6Uvapun
EkPpaon yia 1o Bonbnuko nedio H kat kavoviag Xprjon tov ouvinKov opbokavo-
VIKOTNTAG KAl eyKapolottag 1 XaptAtoviavy) @Tavel otV arAouotepn) Hoporn :

1
H=>" hu (dkd,i + 5) (1.17)
k

LUVENOG £€XOUHE AMOBEIEEL OTL 1] EVEPYELN TOU NAEKTPOPAYVITIKOU Tediou ev
eival timota mapandve aro 10 abpolopa tou apldpou EXToViev 0t KABE TPOTIo
TaAdvieong Tou mediou, ouv TV MmoootnIa %hwk, OU avaraplotd tig auiopElR-
0£1G TOU Kevou oe KAbe 1porno taddvioong. X' auto 1o onpeio eivat xprioipo va
avapepBoulie otV avarapdotaon T0U XOP0U TV QPACERV XP1NOTIOTIOI®VTAS TIS Te-
TPAYRVIKEG Popdeg Tou mediou. Ot KavovikeG NeTaBANTEG X 1 Kat XQ avanapiotouv
NV Kavovikn 9€on Kal opyr] aviiotoyda.

- h
Xy =4/— (a+a
1= gy @+ ) (1.18)
Xy = iv2hw (@ — a')
XpNoonopviag auteg Tig EKPPAcElS yia éva eminedo KUpaA evog povadikou

TPOTIOU TAAAVI®OTNG, NITOPOULE VA YPAWOUE TV £KPPAOT] Y1d TO NAEKIPIKO 11edio
WG

. 1 (o) 2 . . R .
E(rt) = E (2_50) £k [Xl sin <kF— wt) — Xy cos(kr — wt)] (1.19)

Ot kavovikég petaBAntég X kat Xy eival ta mAdm 1oV IEIpayovikov Hopdov
oug ortoieg propet va avadubei 1o nedio.
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1.2 K6avtirég kataotaoelg tou HM nediou

H 61adikaoia g kBavtiong tou nAekrpopayvnukou nediou, dnpioupyel evdoya
NV TIEPLEPYELA TNG EPAPHOYIS OPLOPEVOV TEXVIKGOV TNG KBAVIIINXAVIKAG Yyid TNV
eepevvnon tev 1lotpev g Xapdtoviavrg tou nediou. Zta napakdaie, Sa ava-
(PEPOUE OUVOITIIKA OPIOPEVESG ATIO TI§ CUXVOTEPA XPTOTOITO10UEVEG KATAOTACGELS
TO0U QP®TOG ota rmAaiota tng KBaviopnyavikng.

1.2.1 Katacrtdostg Fock

H xapiAtoviavn |1 sxm 181otpég hwy, (nk + ) OTIOU TIT N, €lval QUOIKOG ap1Oog.
O1 1610Kata0'tc1081g mg ypagovial &g |ng) Kat ewvatl yvootég og kataotdaoelg Fock
1 KCltClO‘[ClOSlg aplepnong (number states). Eivail 1810katactacelg 10U 1eAeotr)
apiBunong Nk, = akak , dnAadn:

dT&k|nk> = nkﬁk (1.20)

H SepeA1®wdng katdotaon 10U appovikou TaAavity| oty ornoia ouvh0wng avapepo-
paote @g kartaoraon kevou (vacuum state), opidetal wg:

ax|0) = 0 = [0)dy' (1.21)

pAaypa to oroio onpaivel 0tt ot péon TPn v tedeotdv dnpoupyiag Kat Kata-
otpodng pndevidovialr ¢ avtnv v Kataotaor. Apoviag v Xapiltoviavy] otnv
kataotaon kevou |0), nmaipvoupe ) oxéon:

(0| H|0) = Zhwk (1.22)

H naparnave e§ionon €xet éva 18iaitepo evdiapépov. 'Onwg @aivetat, dev urapyxet
KATI010 OUYKEKPIHIEVO AVAOTEPO PPAYHA OTIG OUXVOTNTEG TOU abpoiopatog tov Tpo-
TMI®V TOU NAEKTPOPAYVITIKOU TTEG10U, OTIOTE 1] EVEPYELA TG JepeA1wdoug Katdotaong
etvat areipn. Autr) n anpoodiopiotia oto onpeio pndevikng evépyetag (Z.P.E.) dev
£val 1 povn nepintoon 1810tponev aneiplopov otnv Kéavukr HAsktpobuvapikn.
H Sadikaoia tng emakavovikonoinong katapépvel va dtaxeiplotet oe peyado Bab-
HO aUTéG TIG TIEPUTTIOOELS. LTV MPAYHATIKOTTA OP®G, I] EVEPYELD TOU KEVOU KAl Ol
dlakupavoeig g, eival n attia plag peyaing nokidiag napatnproliev @atvope-
VOV OTIeG To @awvopevo Cassimir kat n petatomon Lamb. Xt ouyyxpovn Sewpia
Babpwtov nedinv, n évvola g "Bddaccag Fermi” rmou rneptypadet 10 Kevo ©g pia
ovrotnta kKabe addo napd “adeia”, pe dHioekatoppupla copatidia va dnpioupyouv-
Tat Kat va egatAgvoviat tautdxpova, §ivel v akpiBr] ElKOva IoU MEPIyPAPEl A
n e§lowon Mta dAAn onuaviikn AEITOPEPELA TTOU 9a IIPETEL va OnHEIwbEd,
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glval 10 yeyovog 0Tl 1 KATACTAon KEVOU, OT®G KAl OAEG Ol OTACIHIEG KATAOTACELS
Tou mediou eival emiong 8ot g Xapdtoviavrg, OUeG OX1 TV TEAECTOV TOU
NAEKTPIKOU KAl PAYVNTIKOU rediou. ZUven®g otnv KATAoTaor KEVOU TO NAEKIPL-
KO KAl 10 payvnuko rniedio dev €xouv kabopiopeg tipég. Mrmopoupe €UKoAo va
UTIOAOY100UPE Tr PNOEVIKT) PEOT] T TOU NAEKIPIKOU KAl TOU HPAYVITIKOU Ted1ou
Yyld TNV KAtdotaor KeEvou, OP®G OTNV TIPAYHATIKOTNTA 01 TIHEG Toug Stakupaivoviatl
YUp® arod 1 pndeviki) PEon Toug TiUr yua v nepimtwon tou rnediou evog 1po-
rou tadaviwong. Extevng oculrnon yla ta {ntjpata rnou mpoKuUITiouV drd autég
TS 101aitepeg 1810TEG NG KATAOTAONG KEVOU, PItopouv va Bpebouv ota [13] kat
[10]. ‘Ocov agopd ta OovopaTa IOV XPNOLHIOMOIOa|e yid Toug TeAeotés a kat af
, TAéov etval mpogaveg ot oe pia Sedopévn katdotaon Fock |n) pe n potovia, o
tedeotr)g dnpoupyiag af dnuioupyel éva emmiéov potovio divoviag v Katdotaor
|n 4 1), eve 0 tedeotr)g kataotpo@rig a Sivel tnv [n — 1) pe ug avtiotoikeg otabepig
KAVOVIKOTIONongG :

i |ng) = /mn |ne — 1), al [ne) = Vg + 1 |ng + 1) (1.23)

Eekvoviag ano myv katdotaorn kevou |0), eivat §ekdBapo 6t yia va @taocet 1o
ovotpa oy Katdotaon |ng), 9a mpénet va Spdocel o tedeotrg Snuioupyiag n
(POPEG, OUVETIRG :

AN
(#)
|ng) = |0),n,=0,1,2, ... (1.24)

nk!

O1 rataotdoelg Fock sivat opBokavovikég katl mAnpelg, mpaypa nouv dniovetatl pe
TIG OXEOEIG:
(nklmi) = 0nm (1.25)

o0

> e (ng| =1 (1.26)

nE=0
Eve o1 kataotaoeig apiBpnong anoteAouv pia Xprotn avanapdotaot) yid geIovia
UYPNA®V EVEPYEIDV, TTX. AKTIVEG-Y, OTIOU 0 AP1OP0G TRV POIOVIEV £1val TIOAU HIKPOG,
dev elval n kadutepn duvatr avarapdotaon yla ontikd rnedia 6rmou 0 oUVOAIKOG
ap1Opog petoviov eivatl moAu peydlog. ErmumAéov, nmapd 1o ot priopouv va mnapa-
x6ouv nepapatikd, A.x. otav éva dropo ardnAerubpd pe éva HM nebio oe pia
uynlou ocuviedeotr) modtntag () KOWONTA Katl EKIMEUTIEL £va POVASIKO QPETOVIO,
bev eival duvatov va dnuioupynbouv moAdd ewtovia otnv idla Koldotnta. Zuvnowg
Aépe 6u1 o1 Rataotaoelg Fock gival o1 Rataotdoelg nov eRGnAdvetal nepio-
OOTEPO AI’OAEG TI§ AVAMAPACTACELS, O KBAVIIROG XApAKTNPAS TOU (PKTOG.
Xpno1oroimviag 10 XOpo TV PAcErV, £X0VIAg 0ToUG ASoVeG TIG KAVOVIKEG OUVIE-
Taypéveg o QUOIKEG povadeg, eipaote oe €01 va OMIIKOMOOOUHE TS 1610TNTEG
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AX2

X

IZxfpa 1.1: Avanapdotaon piag Karaotaong apidunong oto Xwpo TV ¢AoE®U

10V Kataotaoe®v Fock. Ot Kavovikeég OUVIETAYHEVESG OTIWG OPIoTNKAV OTIS OXEOELS
bev petatibevral, Aépe o011 10 ouotnpa dev eival kKajld eVTOTIOUEVO OTOV X@WEO
0V eaccwv. EmmAéov, pnopel eukoda va arnodeiyBei 011 o1 kataotaoelg apibunong
ueylotomoovv v abebaidtnia mg edaong, dniadn ou A¢ = 2.

1.2.2 Zupgpwveg Kataotaosig

Ot oUpP®VEG KATAOTAOELG £1val UTEPOEOELS TOV Kataotdoeav apibunong [n). Lup-
BoAidovtag pe o) xat 9a mpénet va anogevyetat n oUYX10n He TOUg TeAeoteg dn-
poupyiag kat kataotpodrg. Ot epappoyég toug ouprneptdapBdavouv v akpibr)
MEPLYPA(PI] KATAOTACE®V HOVOXPOUATIKNG AKTIVOBOAIAG 08 OUVEXT] KUPATOHPOP®T)
(CW) mdve aro 1o 0plo KATOMAIOU £ve) Ta KUPATOMIAKEIA TTOU oxnuatioviatl a-
O OUPQPOVEG KATAOTACELS TIEPYPAPOUV PE KAAT TPOOEYYIOT TIS KATAOTAOELS TV
nmaApkev laser.

Towg 0 o amAog TPOTIoG yla TNV KATavornon IOV oUP(PEOVOV KATACTACOERV vd
eival autog mou axkoloubrbnke ave§dptnra amd toug Glauber[52] kat Sudar-
shan[53], mou dikatoloyei tnv ovopaoia toug wg kataotdoelg Glauber-Sudarshan.

Av SewprjooupEe £va POVOXPOUATIKO KUPA, OUTOS OOTE VA APr)OOUE OV AKPD
tov Seiktn k, PIOpPOUPE HE T XP1 0N TOU TEAEOTY] PETATOINONG

D () = e<°‘dT_°‘*&> (1.27)

Kxat tov turto Baker-Haussdorf yia 600 tedeotég A xat B tétotoug dote [A, [A, B]| =
[B, [A, B]] = 0, va ypayoupe:

€A+B A Be—[A,B]/Q (1.28)

Zuvenog 1 €KPEAOT Y1d TOV TEAEOTH] PETATOITIONG YIVETAL:

D () = elal*/2gaat ;—a*a (1.29)
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H anédedn tou turou Baker-Haussdorf epriepiéxet ) xprion tmg akoiloubng tau-
TOTNTAG IOV 10XUEL Yia HUO0 0roloucdnote teAeoTeg:

PA g A B A lA B
GABG_A:B—{—[’ ]+[ 7[7 ]]+

1! 21 (1.30)
XpNo1omno1mvtag v mapandve tautotnta £X0UE :
Dl (a)aD (a) = a+ a

() aD () (L.31)

D' (a)a'D (o) = al + o

Auth) n ékppaot) pag eEnyel yia 1moto Adyo o teAeotng D(a) ovopadetal TeAeotrg
petatérinong. IMAéov eipaote oe 9¢on va opicoupe tn oUp@wUn kKatdotaon|a), ©g
Hla petatonopévn katdotaon revou |0).

la) = D (a) |0) (1.32)

H evalAaktiki) mpoogyylon otov oplopo g oUpd®vng Katdotaong otnpidetat otnv
axkoAoubn 1616 ta:

D' (a)ala) = D' (a) aD (a) 0)
a0)
aD?

A . (1.33)
= aD'(a) D (a)[0)
= aD' (a) |a)
Zupurepaivoupe Aortov ot :
ala) = ala) (1.34)
(ala’ = o (a] (1.35)

Av otaboupe Atyo otig 6Uo autég e61000elg, H1aMOTOVOUPE OTL Ol CUUPOVES Kata-
otdoelg eat 1810Kataoctdoelg U tefleatn kataotpo@nc. Epooov o tedeotng a dev
eival eppitiavog, ot 1810t1pég tou eivatl piyadikol apiBpoi. Xe aviiBeon pe 1§ Ka-
Taotdoelg apibunong mou TEPIEXOUV 0P1oPEVO Kal otabepd apilbuod @eToviov, ot
OUPP®VEG KATAOTAOELS eival urepbEoelg Twv Kataotaoemwv apibpnong pe pa abe-
Batdtnta otov apOpo v petovieov.I'a va anodei§oupe autr) v 1610tnta Kavoupe
XPHon tou yeyovotog ot [n) & = v/n + 1(n+ 1|a) = a(n|a) kat ing s§1’0w0qg
ou pag odnyel otn oxéon:

(nldla) = Vn +1(n + 1]a) = a(n|a) =
(n|a) = W” — o) = (1.36)
(nla) = —=(0]a)

E

!
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Xpnoponolwviag Tov TEAECTY] PETATOTIIONG TNV avartudn tou eKOeTkoU 6pou
kat my Botta a|0) = 0, gravoupe ot oxéon:

(0la) = (0|D(@)|0) = exp (~ [af* /2) (1.37)

1)(2 AXy

2'¢%

X3

Ixnpa 1.2: Avanapdotaon oto Y@eo OV GAoe®D Yla Uia OUUPOUN Katdotaon.

ZUVETI®OG, 01 CUNPROVEG KATAOTACEIS £XOUV TNV akOoAoubn avarnapdotacn os o-
pPOUG KATaotdaoewmVv apibpnong:

— — /2 (1.38)
; n) (n| a) =e Z \/— 1)

Av untoB¢ooupie 6t 9éAoupie va urtodoyiooupe Ty rmbavotnta va £XOUNE 1 pETOVId,
eivat evkoAo va deioupe 6t autn n rmbavotnta akoAoubel v katavopuny Poisson.

2n
(0%
po = lnl 0} = 2 exp o] (1.39)

[Tpoxkepévou va urodoylotel 0 pé€oog apldpog PETOVi®v Propoupe va §pdcoupe
1oV TeAeotr] apibunong, omote MPOKUITIEL OTL:

i = (a|nla) = (a]dfala) = o (a| a]a) = a*a (o] a) = |af (1.40)

IMa va peldetrjooupe v opOoymvioTd T®V OCUPPOVEV KATAOTACER®V, UTIOBETOUE
OTL UTTIAPX0UV 5U0 OUNPEVEG KATAOTACELS, £0T® (¢ Kal 3. To e0®TEPIKO TOUG YIVOIEVO
etvat:

(8] a) = (0] D'(8)D(a) [0) = p[—ﬂ 57, o5

5 (1.41)

Auto onpaivel 0t 01 oUNP®VEG Kataotdoelg Sev eivatl Petadu Toug opOBoywvieg, ortote
1 EMKAAUYN 6U0 ocUPIPEVEV Kataotdaoe®v da sivat:

(B a)|* = exp [~]a — BI*] (1.42)
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1.2.3 Oeppirég Kataotaostig

Ot kataotaoelg apiOpnong Kat ot CUPPEVEG KATAOTAOEIS AVI)KOUV OTIG AEYOHEVES
KaOapég RATACTACELG, UTIO TNV £vvold OTL TIEPTYPAPOVIAL EMAPKOG A0 TA KATA-
otaoclakd toug diravuopata Kat Tov mivakad TTUKVOTHTAG TOUG 0, Y1d TOV OTT010 10X UEL

p=>_ piltn) (Wil, (1.43)

Kl éxel v 1810tra p? = 1 (agou sivalr kaBapég kataordoelg). 'Eva otatiotikd
petypa prnopet va avanapaotabel eMaprOg pe ) XPHor ToU Mmivaka ITUKVOTTaG.
To KAAOO1KO napdadelypa plag avapelking Kkataotaong (mixed state) sivat ot 9gp-
uikeg karaoraocelg. Eitodyoviag tnv €vvold tov depHiKOV KATAOTAGE®V, Ol OTTOIEG
aAvIoTo1X0oUV ot10 €160g tng axktivoBoAiag mou cuvavidpe oto péAav oopa, £Xou-
pe ) duvatotnta va meptypaPoupe og KAAL MPOCEYY1oT) 10 depKO @og, SnAadr)
Vv aktvoBoAia mou eival mapovoa Aoywe tng deppokpaociag evog oopatog. Ava-
KAAQVIAG TNV OUVAPTNOT) EMMPEPIOROU Z and 1 Ztatiotiky Puoikn kat opidovrag
b= kBLT,Vpdq)ouus:

ef,aafa

A

O péoog ap1Bpog pwtoviov oe pia tetola Katdotaor 6idetatl and ) oxéon:

p= = (1 — eiﬂh‘*’) e—Pata (1.44)

— —Bhw = —Bhwn e—ﬁﬁw

n=0

oUVeEn®g eipacte og Yéon va avaypayoule TOV IivaKad MTUKVOTNTAS P ©G:

1/ n \"
== 1.46
=5 (n T 1) (1.46)
H xatavopr] tou apibpou teov @eIoviev, Uropoule va dtarmot®ocoupe 0Tl £ival
YEOUETPIKY], 6nAadr:
_! n )" (1.47)
b=+l '

'Eva dAAo onpaviiko XapakinplotikKo ToV JEPHIKOV KATAOTACE®V TIOU KAVEL AKOPA
10 EPPAVEG TO OTOXAOTIKO TOUG XAPAKINPEA, £ival T0 YEYovog ot 1) taén g Siaku-
pavong Tou PEcoU aplBpou eeIovieV Toug, TIOU Xapdktnpeilel ) diakupavon 1ou
ap1B110U 1OV EETOVIOV 0t 11d JeplliKr KATAoTaon eivat:

(An)* = n? —n? (1.48)
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O umoAoy10110G yla T PECT T n? pag diver:

— &\ 1
”—Z<ﬁ+1) i @%Zw

‘Apa PBpiokoupe 0Tl OVIKG I dlaKUPAvVon TOU aplBpou @ETOVIOV 0t pla JepHIKY)
Katdotaon, eivat mg tagng g péong THUng tou aplfpol eeToviey, Ipdypda mou
UTtIode1KVUEL TIOAU peydldeg Siakupdvoelg.

em i = =27° +7n (1.49)

(An) =n*+7n (1.50)

1.3 To poviédo Jaynes-Cummings

H am\ouotepn nepimwon addndenidpaong UAng-axktivoBodiag, eivatl n rnepinmwon
€vOg atopou duo erumedwv rmou arAndermdpd pe €va povadiko TpOmo TaAdvinong
10U KBavtiopévou niediou. Xe 0,11 akodoubBel avaAvoupie TG PACIKEG HABNPATIKEG
TEXVIKEG TTOU XP1O110ITO10UVTaAl ITPOKENEVOU va arnodetyBel n mAnpwg kBavupnya-
vikr) ekdoxr) tng aAAnlenidpaong nediou-vAng, to poviedo Jaynes-Cummings.

1.3.1 AAAnAeniSpacn @®@TOViou aATtopou

H mAnpwg kBaviounyaviky ¢ékdoor tou povieAou Rabi, mou pmopet va Bpebet a-
vaAutika oto [11], Sewpel tv aAAnAemnidpaon evog atopou §Uo emrednv Pe Ka-
taotdoelg |g) (Sepediodn) kat |e) (Bieyeppévn), pe éva povoxpepatko nedio ng

popor§:
. | hw
E=7¢ (a+a )sin(kz) (1.51)
€0V

Me € €xoupe oupBolAioet 1o aubaipsta kateubBuvopevo diavuopa nmodwong. Lup-
BoAidoviag wg d tov tedeotn) 61moOAIKYG porr|g, 1 XapAtoviavy] atopou-riediou Sa
eivar:

H=—-d-E (1.52)

hw

7 -sin(kz), n Xapdtoviavr) ypagetat ot popon :

®¢toviag g = —

HD = dg(a+ah) (1.53)

Oa 1mpéret va toviotel yla v anodpuyn mapepPnveldyv, ot 1o g eivat aptdpog, eve
10 |g) eivat pia katdaotaon tou atopou. Oa anodeixBei Xprio1po ot cUVEXEL TO va
0plo0OUIE TOUG TEAEOTEG TIOU TIEPLYPAPOUV TIS ATOPIKEG petabdoelg. Aedopévou ot
plAdpe ya éva ouotnpa 6Uo emnedav, da mPEMeL va UTTAPXEL £€vag TeEAEOTHG Yia va
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MEPIYPAYEL T PETABaoT) TOU Atopou and v Katdotaor |e) oty katdotaon |e), tov
ortoio 9a oupBoAidoupe pe 04 Kt €vag tedeotng iou Ya oupBoAidetl v avtiotpodn
Sradikaoia, dnAadn ) petdBaon tou atépou arno wy |e) oy |g), tov ornoio xat
oupBoAidoupe pe 0. ZUVEN®G, Ol TEAEOTEG ATOPIKNG avaBiBaong kat katabiBaong
opilovtal arno g ox£oelg:

oy = le) (4]
a_ =|g) (e (1.54)
o3 = le) e] —1g) (gl

O tedeotn|§ 03 (1) ouxvd ot BBAloypadia 6,) ovouddetal teAeotr¢ atoutkng ava-
OTPOPNI¢ KAl 1] HEOT] TOU Tiph eivatl Pétpo g avaotpodrg rmnduopmv W (t) éneg
urtode1kvuel kat n ovopacia tou. Ot TeAEOTEG TG OXEONG UTTAKOUOUV OTOUG
Kavoveg T@v rmvakev Pauli, dnAadr) priopoupe va ermBeBai®ooupie T1g PETABETIKEG

, , , 1 1 , ,
ox£éoeig petadu toug Sétoviag og: |g) = RS le) = o )01 armd Xpnotgo-
[O1WVTAG TOUG OP10H0UG TOUG ATl TV

[64,6-] =03

1.55
(63, 64] = 26+ (1.59)

Ta pova pn pndevika otoxeia tou tedeotr) SutoAkng porrig eivat ta pn-dayevia
otoixeta tou kabag (e| d |e) = (g| d|g) = 0, ondte anodewvuetat ot:

d=d|g)(e|+d"|e) (g =d6_ + d*6. =d(6_ +63) (1.56)

Eb6o 9¢oape (e| d lg) = d xar vnoBéoape ou 10 d eivar mpaypaukog apiBpdg.
Zuvenog, 9étoviag A = d—f:f n XapiAtoviavr) ypagetatl oty popor) :
HD = a6, + 6_)(a + ah) (1.57)

Av opilooupe g onpeio avadopdg g EVEPYELAS TO PECO TOV EVEPYEIAKWV ETIITEOOV
v 6U0 kataotacewv (BA. oxnpall.3) , tte n Xapdtoviavr) tou eAetBepou atopou
ypagdetal &g e§ng:

1
HA = = (Ee - Eg) (5'3 == 5%06’3 (158)

Ebd0 10 wy oupBoAilet v 16100uxvotnTa PetdBaong ToU atopou (TTou TIOAAEG QOPES
ypadetatl Kat &g we, ). H XapiAtoviavr) tou eAeubepou nediou petd v addayr) tou
ermedou pndevikng evépyelag, propel va ekppaotei otn popdr) :

Hp = hwala (1.59)

2zuvnPeg auth 1 otabepd «\» otn BBAoypadia cupBoAiletal g «g» xatl ovouddetal otabepd
ouleudng atopou-riediou. 'Onmg PIIOPOUHE va dlarmot®ooupie £Xel S1a0TAoeElg oUXVOTNTag.
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le) E, = 1w
hwo .............................................. E=0
9) )= —%hw

Ixnpa 1.3: Evepyeiara enineda 10U atOuou UeTd TOV OPLOUO TOU UECOU TG Slagopdg Tov
Ey kar E. o¢ onueio undeviknc evépyeiag. H 16100uxvomia petaéaons 1ov atduou €xet
oupboiotel Ue wy.

H ocuvoAikr) XapiAtoviavr] Aotriov yia v meptypadr] tng aAAnAemnidpaong atopou-
niediou Sa etvati:

W 1
H=Hy+Hp+HY = Shwods + hwilda +hA (64 +6-) (a+a')  (1.60)

Ty nepirmeorn tou eAeubepou nediou, Oneg eival yveoto, 1 Xpovikr] &AM tov
TeAe0T®V OnPoupyiag Kal Kataotpodrg EPIyPAPETAL ATIO TIS OXEOEG:

a(t) = a(0)e ™" (1.61)
at (t) = a'(0)e™" (1.62)

H xpovikr) e€€A€n oV atopikwv tedeot®v avabiBaong kat katabiBaong sivat:
64(t) = 6.(0)e™™0! (1.63)

Bewpavtag Aordv ) Xpoviky] e§€Agn g XapAtoviavr|g auTtoU TOU CUCTHA-
10G, Xpeladetatl va AaBoupe urmowv tig akodoubeg avaloyieg:

5’+& ~ ei(wo—w)t
&,&T ~ efi(wofw)t
(1.64)

(3'+CALT ~ 61(w0+w)t

G & ~ e—i(wo—l—w)t

YroB£toviag 0t wy ™~ w TO OIMOi0 OUCLACTIKA UITOdNAGDVEL OTL 1] OUXVOTNTA TOU HO-
voxpeuatikou rediou eivat oxedov ion pe v 18loocuxvotnta tou atopou, ot uo
tedeutaiot opot Sev Sratnpouv v evépyeta tou ouothpatog! O épog &, af avuotor-
XEl OV eKMOUITY] £VOG @®TOVIOU He v avaBiBaorn Tou Atopou, eV 0 0PoS 0_a
neptypadel v katabiBaorn tou atopou pe arnoppodnorn eetoviou. Aapbdavoviag
unoynv v JIpoogyyon Zpepousvov Kupuatog (Rotating Wave Approximation),
01 ITOOOTITEG TTOU £1val AVAAOYEG He TOUG 0pOUS wy 4w etvat ioeg pe 0 kabwg tadav-
TOVOVIAL TIOAU IT10 YPNYopd drlo TOUG OPOUG ITOU MEPIEXOUV TNV TOCOTNTAW) — W,
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ouveng 1 XaptAtoviavn maipvet ) popdn :

H = ~hwbs + hwa'a + hX (644 + 6_a") (1.65)

N[ —

X BBAloypadia 1 §iowon avapépetal g «POVIEAO Jaynes-Cummings»ﬂ
Mua e€aipetn avabswpnorn tou 9épatog urtapyet oto [55]. 'Exovtag v XapiAto-
viavr], PIopoUle va UTIOAOYIOOUHE T dUVapiKY] CUPIEPIPOPA TOU CUCTHHATOG.
[Mpwta arr’ 6Aa Sa opicoupe dUo otabepeg g Kivnong: Tov tedeotr 15e ToU pPeTpd
OV aplBpo v NAEKTPOVI®V TTOU eurnA£Kovial ot diadikacia kat tov apldpo tewv
OUVOAIKQV O1eyEPOEDV Ne oto 1edio Kat to Atopo:

Pg =le) (el +1g) (gl =1, [H,Pg] =0 (1.66)
N, = afa + |e) (e], [HN] =0 (1.67)

H XapiAtoviavy) g TapaAtnEOUNE OTlL uropetl va xwplotet oe 6U0 pEpPn :

ﬁI:mNﬁh(%—w) P (1.68)
Hyp = —hA + k) (646 + 6_a") (1.69)
0UT®G ®OTE yla toug U0 OpOouUg va 10XUEL I OXEON): [ﬂl, ﬂn] = 0. O mporog

0pOG ouVveloPEPEL OTr] AUoT POVO KATIOOUG OPOUG (PAOTS, €V O HEUTEPOS OPOG
eumepiléXel OAn ) duvapikn tou npoBAnpatog. H nmocotmta A = wy — w ovopdadetat
«aIMOOUVTOVIOROG» Kal Ipodavag eivat n Siapopd g ouxvotntag tou rnediou aro
Vv 18100UxVOTNTA TOU ATOHoU.

To povtedo Jaynes Cummings otnv nNepintwon TOU CUVIOVIGHOU.

YrnoBétoviag o1l €xoupe éva cuotnpa mou Bpioketal apXikda otn dleyeppévn Ka-
tdaotaot) tou |e), eve to nedio Bpioketat otnv kataotaon |n), Sa prnopovoape va
oupBoAicoupe auty TNV apX1KY) KAtdotaor ToU CUoTRatos &g i) = |e)|n), eve n
apxkn evépyela 9a eivar F; = %hw + nhw. H katdotaon |i) eivat ouleuypévn pe
v teliky) kataotaon |f) = |g) [n + 1), kaBag unobéoape ot undpxouv povo duo
atopka erineda. H telikn) katdotaon |f) éxet evépyela Ep = —%fu,u + (n+ 1)hw
Kal €ival 1000 TIPOPaAVEG 0G0 Kl AVAPEVOHEVO OTL 01 HU0 KATAOTACELS £XOUV 10eg

3H apykn epyaoia [54] oty oucia frav n didaxtopikr) Siatp1Br 1ou Fred W. Cummings jie
ermBAénovia tov E.T. Jaynes kat yla moAAd xpovia aro 1) dnpooicuon g to 1963 nrav daonpn
0€ TI0AU 01eVoUg akadniaikoug KUKAOUG, KaBmG 1Tav Melpapatikd oAy §UoK0AO 10 va ermteuyxdouv
o1 ouvOrikeg Tou HM niebiou (UnAoU cuviedeott] o10TNTAG OUVTOVIOTHG) KaB®g Kal Tou atdépou §uo
ETUITED®V.
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evépyeleg. EQpooov rpoortabouiie va ndpoupe pia e§100on ou va meptypadetl pnta
1 XPOVIKI] £§APTNON AUtoU TOU CUCTNHIATOG, dda §EKIVIICOUPE € TO KATACOTAOIAKO
Siavuopa |1 (t)) kat 9a Avcoupe v ediowon Schrédinger.

[(t)) = Ci(t) [2) + Cr(E) [ ) (1.70)
orou C;(0) = 1 agou 1o dropo yua t = 0 Pploketal otnv apyikr KAtdotaor,
eva Cf(0) = 0. H xpnon tou opou H;; tng Xaptoviavrg 1.69|0U]v eClowon
Schrodinger, 6ivet:

w8 — o) t-7
4 G@) 1)+ C @) 1) _ (1A (616 +6_a")] - [Ci(0) i) + Cr() | )] &

ih (c'y(o le) [n) + C(¢) |g) In + 1>) = BACy(t) (646 ]e) [n) + 6_at |e) [n)) +

FRACH (1) (4 ]g) In +1) + 50T |g) [n +1)) &
it (Cilt) e In) + Cr(t) lg) In + 1)) = BA[Ci(t) (Ie) (gl ale) [n) + |} (el &' [e) [n)
+C1(t) (le) {91 @ lg) In + 1) + |} (el a1 [g) In + 1)) |
i (Cit0)ledn) + Cr()lg) In + 1)) = ACi(1) g} (el aT le) In) +
FACK (1) [e) (gl élg) In+1)
i (Citt)le) In) + Cy(t) g) In+1)) = AC:(t) lg) &' [n) + ACy(®) le) @ln+ 1)

i (Cilt)le) In) + Cy(t) Ig) In +1)) = ACAOVR+T|g) [n+1) +

+ACr(t)Vn+1e) |n)

ZUVENOG KATAATYOUHE OTO oUOTNHaA S1aPpopiKeV §1000ERDV

Ci = —iAvn + 10y

) (1.72)
Cf = —z'/\vn + 101'
AntaAeigovtag to Oy maipvoupe ) oxéon:
Ci+Xn+1)C; =0 (1.73)

EVR 1] AVIIKATAOCTACT OTO CUOTNHA TRV 81aPopikev e§l000ewmv Sivet:

Ct(t) = —isin(Atvn + 1) (1.74)
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Yuvenag n Auon tou ripoBAnpatog Sa eivat:

[9(t)) = cos(AtVn + 1) |e) |n) —isin(AMtvn + 1) |g) |n + 1) (1.75)

Am6 10 Kataotaolako diavuopa, PIopoupe va urodoyicoupe v rmbavotnta tou
va Bpoupe 1o ouotnua otV Katdotaor |i) og:

P(t) = |Ci(t)]* = cos®’(Mtv/n + 1) (1.76)
evo 1 rubavotnta va Bpoupe to ovotnpa oty | f) Sa sivar:
Ps(t) = |Cs(t))* = sin’(\tv/n + 1) (1.77)

H atopikr) avaotpodr], ©g PE€0N TN TOU TEAEOTH] ATOUIKAG avaotpoorg, Sidstat
aro 1 oxéon:

W(t) = ((t)| a3 [(t))
= P(t) — P(t) (1.78)
= cos(2Atvn + 1)

¥~ auto 1o onpeio eipaocte MAéov o 9€or va opicoUpE TO AVAAOYO NG OUXVOTNTAG
PaBt oy KBavukr) HAektpoduvapiky), og: 2(n) = 2Ay/n + 1. Me ) xprjon mg
«ouyvotntag Rabi» n atopikr avaotpodr] Sa ypadtel og:

W (t) = cos[Q(n)t] (1.79)

'Oneg eivat kabapod and v egiowon [1.79 kat v ewkoval[l.4] n atopkn avactpon

yla éva niedio rmou Hidetar anod pia kataotaon apibpnong, eivat eplodiko, onwg Kat
OtV NUIKAAOOKT) TIEPIOXT] TOU PovieAou Rabi, 6peg urtdpyouv KAroleg e§€xouoeg
dragopég.

Znv nepinmoon g KBavilKAg NAEKTPOdUVANIKYG, UTIApXouv Talaviooelg Ra-
bi akopa kat oty nepimmwon n = 0 dndadr) ya v Katdotaon Kevou. AUTEg
ovopddoviat «tadavreoelg Rabi tou kevou» kat ev urntapyel KAAOOIKO avAaAoyo
toug. Ogeidovial otnv aubBopuntn AropPPOPNOI Kl EMAVEKITONIT] £VOS POTOVIOU,
£€va @atvopevo rou odeidetat oto @atvopevo Purcell[8] kat prmopet va rmapatnpnOet
0t KO1WAOTNTeg PeyAaAou ouviedeotr] mootntag Q, onwg Ya dovpe cuviopa. Towg
etvat evdvua otnv dwaioBnor) pag to yeyovog ott o1 kataotdoelg apibunong, ot
Mo «KBAVTIKEG» ATt OAEG TIS KATAOTAOELS TOU PROTOG eKONAGVOUV AUtV TNV oXedov
KAaoOKn ouprniepipopd. MdalAiota, Sa mepipeve Kaveig autr) n meplodikotIa va
epgavidetal oe éva apXika oupgpevo rnedio. Efetdaloviag autr) tnv mepinwon, ag
urtoB£coUE OTL TO ATOPO gival apXika oe pia unepBeon g depedivdoug Kat g
Oleyepuévng tou katdotaong, 6nAadn:

1%(0)) atom = Cyl9) + Ce l€) (1.80)
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W(t).0

0.5

t (arb. units)

2.0

Number of photons
n=>5
n=10

— n= 20

-1.0

Zxnpa 1.4: Atopukr avaotpo@n yla Kataotdoels apidunong e S1apopetind apduo n eaTo-
viov.

Av 1o iebo eival oe 1a vnEPOeon Kataotdoemv apibpunong, Tote

0)>fz‘eld = ZCn 1) (1.81)
n=0

ZUVen®g 1 ap)1KIr KAtdotaor T0U OUCTHATOS UITOPEl va eKPPAOTEL PE T OXEOT) :

[9(0)) = [¥(0)) atom © [¥(0)) ficia (1.82)
H Avon g eSiowong Schrodinger yia autt) v niepirtoon pag divet:
Z{ [C.Cy, cos(AtVn + 1) — iCyChpy sin(Atvn + 1)] |e) +

n=0

+[—iC.Cp_1 sin(Atv/n) + CyC,, (cos Atv/n)] [g)} [n)

(1.83)

Fevikd, autr) eivat pa «evaykaAiopévn kataotaor (entangled state). Zinv mepi-
ITIOON IOV TO ATOPO givatl apxika otnv Sieyeppévn katdotaon orou C, = 1 kat
Cy, = 0 propovpe va ypayoupe ) AUon &G :

() = l1hg(£)) |g) + [e(1)) |e€) (1.84)

orou, |1),(t)) rat |1.(t)) etval o1 ouvictwoeg tou mediou mou opidoviat and
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oxéon:

(1)) = =i > Cosin(Mv/n +1) [n+1),

o0 (1.85)
(1)) =D~ Ccos(Mv/n + 1) |n)
Topa, n atopikn avaotpodn €wvat:
W (t) = (o(t)| o3 |1(1))
= (We()] [the(t)) — (g (B)] |2h(t))
(1.86)

= Z |CL)? cos(2Atv/n + 1)
n=0

. o . . . . _lal® n
K1 urtof£tovtag Ot £X0Ule Pia OUPP®VN Katdotaon outeg wote C), = e 2 =0
avaotpodr) 9a ypdpetal g:

o _p

W(t)=e" n—‘ cos(2Atvn + 1) (1.87)
n.:

n=0

H 6wagopda and v ediowon YlvETal Ipodavig av KAVOUHE Tr YPAPIKY Ita-
pdotaon g £&lomong OMG Qaivetat TG e1KOVES Kat Katapxnv

CIw(t) 7= 10

|

| M/\/\/\/\/\(\/\/\/\/\AA ‘ MM/\/\MW/\N\At
i VW%}\/\/\/V\M}\/ V\'/ : WWV\/V VUUT

|

Ixnpa 1.5: Awouikny avaoctpopn yian = 10
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l.ojw(t) -

0.5

MU AL,
iR

=051

Ixnpa 1.6: Atoukn avactoogn yian = 5

napatnpoupe ot ot tadavinoelg Rabi katappéouv kat avayevvouvial, @otoco dev
AVAKAUITIOUV MANP®S OTO APX1KO MAATOG TOUG. XP1O1HoIolwviag Heyaiutepa Xpo-
VIKA Slaotnpata €ivatl duvatov va mapatnerjooule autr) TV akoAoubia Katappeu-
O£V KAl AVAYEVVNOE®V, HE TI§ AVAYEVVI|OELS va Yivoviatl 0Ao Kat o 6UcH1arpiteg
000 efedioostal 1o @awvopevo. Autr eival 10wg 1 onuavukotepn diadopd Petady
TV poviédov Rabi kat Jaynes-Cummings. ITpokeipiévou va e§nyrooupie auty]
dlapopd Sa mpémetl va Ppoupe pla EKPPAOT yla Toug Xpovoug katappeuong. O
néoog apBpodg eetoviev sivat i = |a 2, ouvendg 1 Kuplapyouoa ouyvotnta Rabi
etvat:

Q(7) = 22/n + 1~ 227, 7> 1 (1.88)

Qotoo0, Sa undpyxel éva eAacpa HeUTEPEUOVIOV OUXVOTNTOV, G ATIOTEAECHA TOU
gupoug v mbavortev |C), |2 YUp® armo to 7, otV rieploxt) n+An. Ta napddetypa
o1 ouxvotnteg oty rieploxr) anod Q(n — An) ¢og Q(n+ An). O xpdvog katdppeuong
. PIopel va IPooeyy1oTEl Ao v anpoodloplotia eVEPYELag-Xpovou :

t[Qn+ An) — Q(n— An)] ~ 1 (1.89)

Ed® ,10 £Upog TV oUXVOT TRV ival urteubuvo yia ) dtadopd @Aong otg taAavio-
oeig Rabi.[a pa ovpgevn katdotaon yvepitoupe ouAn = V7, CUVETOG :

Q7+ V) ~ 22/ £ VA

1
=2\ 1+ —— (1.90)
vi(1257)

=22\ £\
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, . , . . 1 , ,
Eto1, priopoupie va urodoyicoupe 1o XpOvo Katdppeuong t. = 5y, O oroiog etvat
pa roodtnta rou dev e€aptdratl aro 10 pEco apldpo eotoviev. Mia repioodtepo
apooekTKL exktipnon [11] tou xpodvou katdppeuong pag divel tnv Ekppaon

te = — (1.91)

'‘Ocov adopd 10 XpOvo avayevvnong, pe pia napopola diadikaocia Bpiokoupe ot

sivat:
2mn
e~ by = (1.92)

IIog riayxvovtatl ot yateg tou Schrodinger: H neploxn Swaonopag.

Opidoupe wg «ieploxr) Staomopdg» dispersive regime 10 CUVOAO TV CUXVOTHTOV NG
KO1AOTNTAG ITOU 1KAVOITOl0UV TNV anaitnon :

A= (w—uwy), A|A] > A (1.93)

‘Otav £xoupe TIOAU UYNAEG TIPEG ATTIOOUVIOVIOPOU 08 OUYKP10T HE 1 otabepd ou-
{euéng, n ouleudn petady atopou Kat rediou dev propet va npoxkadéoet petabaoeig,
OP®OG aKOA KAl TOTE 0 6POG OULEUENG ATOPOU-TIEGTIOU EMAVAKAVOVIKOTIOIEL TIG EVEP-
yeleg Tou ouotrjpatog. Me ) xprjon g Sswpiag Satapaxodv yia my napaperpo
A/A propoupe va ertaAnBevooupie 6t 1) «evepyog(effective) Xapidtoviavy) yia auty
Vv nepimtoon diaomopag sivat:

- 1 A2 A\ At a
Hdisp = —5 <th + E) o, + <hw - EUZ) a a (1.94)
Autr) n ékppaon pag delyvel To YEYOVOG OTL 1] EVEPYOS OUXVOTNTA TNG KOWOTNTAG
Twpa e§aptdtat and vy Kataotaor 10U atopou Kat woduvapa n dtadpopd tev evep-
YEIUKQV eMITES®V OTOV AP1OP0 TRV POTOVIEV TTOU TTEPIEXEL I KOWAoTNTd. O 0p0g TI0U
€wat avaloyog pe 1o ((3sz&) avagpépetal ot PBAoypadia wg petarormon Stark
AC, ev® 1 petatormon tou emrmédou tou kevou (6,A%/hA) ovopddetat petatdrion
Lamb. Mia daAAn mpooéyylon yla v neploxr 61aomopdg, ouviotd 1o va ermotpé-
YPOUHE OTOV OPO NG OXEONG ITOU TEPLEXEL T HUVAPIKY Tou TPoBAnpatog Kat
va urnoAoyicoupe v evepyo XapiAtoviavy.

Hepp = hy (646 +6_at) (1.95)

’ ’ 2 4 r ’ ’ ’
OTI0U opioape @G X = /\Z' Yrobétoviag Ot 1 apX1Kr) KAtaotaon ToU CUCTHHATOS
eival pa kataoctaon apibunong

[4(0)) = lg)In), (1.96)
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N Xpovikn e§€A€n tou cuotrpatog pag odnyet oty egiowon

iHepot
T h

[¥(t) =e [¥(0)) = e*™[g)In) (1.97)

ZUVETI®OG TIPOKUITIEL £vag MAPAyovIag @Aaong rou dev priopel va petpnBet yua va
pag d®oel KATola ETMITAEOV TTAN)POdOopPia.

YroB<toviag o1t avtl yia pla kataotaon apibpnong €xoupe pia ouppovr Ka-
taotaor |a), n XPOviky §€Agn tou ouotrpatog pag odnyei oty etioworn :

(1) = e~ X e) |ae™™") (1.98)

BAénoupe 611 otnv nepintmorn mou to edio BpioKeTal o Pia cUPIPGVN Katdotaor,
1O TTAAQTOG TOU OUCTHATOG TEPIOTPEPETAL OTO XWPO T®V PACE®V KATd pa yevia i,
EVR 1 KATeUOBUVON TOU KATAOTAClIAKOU dlavuopatog s§aptdatatl and tny Katdotd-
on tou atdopou |e). Yrobitoviag tHpa Ot T0 ATOHO £1val MPOETOIHACHEVO O pid
urépOeon KATAoTAcE®V |g) Kat |e), outwg (ote:

lg) + €le)
atom/) = —— (1.99)
W t > \/5
1 APX1KL] KATAoTaor Tou atopou yivetat:
¥(0)) = [Yawon) ) (1.100)

H xpovikr) e§€A€n autr|g tng ekboxng tou ouotrpatog Ya pag dmoet v EkPppaon:

. Hegot 1 . . )
() = e [9(0)) = —= (Jg)|ae™) + T XD |e) [aeTixt)) (1.101)
V2
H niaparnave ékppaon dnAdavel Sekabapa ot 1 Xpovikr) e&€AEn oty meploxy] dia-
ornopdg odnyet otov evaykaAiopd petald tou atdopou kat tou mediou. Ermidé-
yovtag to Xpovo va eivat xt = 7 (oto onoio avapepoépacte wg nadpo 5 Ppiokoupe

‘w (i» ) % (I)lic) —ie*?le)|—ia)) o

Ot kataotdoelg |g)|ia) kat |[—ia) Sapépouv kata 180° 010 XwPo TV @acemv Kat
ovopadoviat «ueyiota Saywployes kataotaoey. To pétpo tou | kabopilet av
€1VAl UAKPOOKOTIKA 1) peoookomukd Slayxwpiopeg. H mapandve Siadikaocia pag
ETUTPETIEL VA TIPOETOACOUHE CUOTHHATA TIOU ePdavi¢ouv tnv unEpbeon tng «yatag
tou Schrodinger».

Mia 51apopeTIKT] EKOOY1] TTIOU XPNOIIOIIOIEITAL TIEIPAPNATIKA, oUPTEPIAapBAavet
€va aKOPd EVEPYELAKO £rinedo TOU ATOP0U, TIOU £ival MOAU pakpld ano ta erineda
le) kat |e) kat 9a oupBoAiletat pe |f) (far), ovtwg wote Ey < Ey, pe v petdBaon
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|f) < |g) va pnv unootpidetat ano v nelpapatky didradn. Aut ) 1816tta dev
ertpénet ) Xpoviky e§EAdn g kataotaong |f)|a), onote av npostoipacoupe to
atopo ot pa urgpbeon v | f) kat |g), autd 9a pag odnyrjoet ot Xpovikny e§EAEN
TOU OPOU TI0U TIEPLEXEL TO |g) Kal ardd da ouvelopeépet vav rapdyovia @aong o¢.
H avadutikr) xpovikr €§€A1§n autng g repintoong, Sa pag dooet :

[T (0)) = [Tatom)] @) =220 10 (1)) = (|g)|ae™) +€®|f)a))  (1.103)

iy

@¢tovrag 1o Xpovo addnlenidpaong va eivat T€T010g wote Xt = 3

naipvoupe:

o (52)) =3 (=) + o)) (1108

10 oroio meprypddetl Kat At pa «yata tou Schroédinger» .

1.3.2 H mpooiyylon TV «VIUREVAV» KATAOTACEWV.

Yriapyxouv apketoi tporot yia va anodeifel kaveig 10 oUvolo e§10W0E®V TOU HO-
vtédou Jaynes-Cummings. 'Onwg eidape kail vopitepa katd ) Siadikaoia ng
aAAnAenidpaong evog atopou dUo emMEdmv Pe Eva POoVOXP@WHATIKO Tedio, umdap-
X0uv 8U0 rubavég kataotdoeig yia to ovotnua: 1 |g)|n + 1) xatn |e)|n) Miopoune
Va XP1OTHOIIO|C0UHE AUTEG TIG AEYOHEVESG «YUHVES KATAOTAOELS, KaBWg dev rmepté-
XOUV KATo10v §EKABAPO MEPIOPIoNO Yid ToV apldpod @wIoviov, g véa faon yla va
Avooupe ) duvapikr) Tou PoBANPATOg PE Evav o KOPWo tporo. To yeyovog ot
avapePOPAOTE 08 KATAOTAOELG EVOG ATOI0U OUEUYHEVOU e €va Tiedio péow tng Xa-
plitoviavrg Jaynes-Cummings, pag €§nyei to A0yo yia Tov oroio Xprotornotoupie
TOV OPO «VTUHEVEG KATAOTAOEIS TOU atopouwr 1) « dumdéta Jaynes-Cummings». O
AOYO0g yla TOV OToio €10aydyoupe T véa autr Baon €xel va KAVEL PE TO YEYOVOG
ot n XapAtoviavr) péoe autrg tg dtadikaociag Avvetal pe armdouotepo TPOIo otV
TMIEPUTTOOT TTOU UTIAPXEL ATTIOOUVIOVIOROG, KaBwg epgavidovial o mo arirn popor)
o1l 181oKataotdoelg Tou ouotnpatog. Apxika optoupe tn Baon:

[¥1n) = [e) )
[V2n) = lg) I+ 1)

Autég o1 kataotaoeig etvat opBoywvieg Kat ypadoviag ta pnrpoototxeia g Xap-
toviavrg|1.65 Hi(f) = (Yin| H |¢jn), BPAéroupe ot:

(1.105)

\(n 1
H1(1) =h [nw + 5%]

" 1
HY =h [(n + 1w — W0
2y =mwn+1=H

] (1.106)
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To yeyovog auto pag odnyet os pia Xapdtoviavr) g Hopedng

1 \/

L AAWRHT (n+ 1w — wo

v ekova delxvoupie Tov evepyelako S1ax®plopo petady TV YUPVOV Kataotd-

Energies versus detuning for the n=1,2,3 dressed state doublets

— n+

— =

09 — —

>

=

Dressed States

In, +) — o

/
/
\

Bare States

[¥1n) = le} )

Energies
°
>

hA hQ,(A)

o
=

[o2n) = lg) [n+1) ..

T “/\//\
Zxnpa 1.7: Aiaxwpiopog *
IOV EVEPYEIAKDV EMMESOV o1l -
IOV YUUVOU KalaotdoE®U
(aprotepd) Aoye g adin-
Aemibpaong e 10 nebio kar ExHpa 1.8: Evépyeieg oV VIUHEVOU KATAOTACE®U
ot «wuugvee kataotace |1,+), [2,+) kar |3, L), ovvaptioer tou amoouvtovr
(6eia). ouoU.

-0.1 0.0 0.1 0.2 0.3
Detuning in units of A/w,

0e@V [1,),|1,) Kal TV VIupévey Kataotaoewv |n, +),|n, —) Ady® tng adAnderti-
dpaong atopou-niediou, OV ouVA cuvavidtal ®g dtaywplopog Jaynes-Cummings.
H éxppaon g Xapidtoviavr)g ouprieptAapBavel POVo KATAOTACELG TTIOU drapEpouv
katd 1 otov ap1Bpo pwtoviov, cuvenag yia £va dedopévo n 1) 1610t ToU yiverat:

Ei(n) = (n + %) hw £+ R, (A) (1.108)

orou

Qn(A) = VA2 +4X2(n 4 1), (A = wy — w) (1.109)

eival n ouyxvotnta Rabi, n omoia topa cuprieptdapBavel KAt 1oV ATTOCUVIOVIOHO.
Zinv e1kova deixvoupe v €§APTNON TOV EVEPYEIAKROV EMNITESDV TOV VIUPEVOV
KATAOTACE®V A0 TOV AITOOUVIOVIOHNO, yla Tpelg dladopetikég dumdéteg. Autn 1)
€KPpaon yla ) ouyxvounta Rabi, pag diverl i duvatotnra va ypayoupe pia mo
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YEVIKI] €KAot yia 1o cuotnud, 6nAadr) 11§ «VTUPEVEG KATAOTACEISY.

|n,+) = cos <(I) ) |t1,,) + sin ( > [thar,)
(1.110)

[n,—) = —sin (CD ) |th1n) + cos ( ) |th2n)

orou ¢, eival n yovia peing mou Staiobnukd rneptypadet ) ouvelopopd Kabevog
ano ta dtavuopata g PAong oty unéPOeon) TOV KATAOTACE®V KAl opidetal og:

®,, = tan ! (@) — tan-! (QnT(O)>
sin (%) - % (1.111)

O1 VIupéveg KATAOTAOELS PAG EMTITPEIOUV vd TIEPLYPAPOUNE T HUVANIKT TOU OU-
OTHATog, Yla orotadnIiote apX 1Ky Katdotaorn autou. YmobEtoviag ot €Xoupe €va
rebio 0¢ YU1a apPX1KI KATAoTAon IToU £ivatl urépBeon AAA®V KATAOTACERDV, vd AAAn-
Aeudpd pe éva dtopo duo srurnedav mou Bpiloketat otn Sieyeppévn KAtaotaot) Tou,
1 APX1KN KATAOTAOT TOU OUCTHHATOg «atopo-Tiedior, propet va ypaget og:

[¢as(0)) = [14(0)) [e)
= Caln)le)

= Z Cn |¢1n>

(1.112)

Xpnowonolwviag v e§iowon |[1.110|yia va eKppAacoupe 1o |1)1,) 0e 6poug Viupévav
KATAOTACERDV, ) 9a mapoupe:

|1n) = cos (CD ) |n, +) — sin <%> In, —) (1.113)

ZUVEN®OG TO oUCTNHA Atopou-Tiediou, ekPppAdetal Ao v KUPATtoouvAaptnon :

|tar (0) ZCn [cos( ) In, +) — sin ((I; ) In, —>] , (1.114)
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EVR 1 XPoViKn e§€A€n tou ouotrjpatag didstat amnd ) oxéon:

[Pap (1)) = € #1t - [1h,p(0)) =

cI)n iEy (n)t . cbn _iBE_(n)t
- Z Cn |iCOS (7) ‘nv +> e +h — s (7) ’nu _> e 2 ‘|

(1.115)

1.4 IIepapata oe Cavity QED

Ewng t0pa £xoupe avadepBel oto Yenpnuiko poviedo g addnAemidpaong evog
KBavTlopEVOU povoxpapatikou nediou pe éva atopo duo emméednv. ‘Onwg os KAOe
MEPIUTTOON, 1 Yewpia mPoBAemnel OAAA evOladEPOVIA ATIOTEAECIATA, TTOU TIPETTEL
ON®G va anopplpBouv 1 va enadnBeubouv péoca oto Epyactrplo, IIPOKEIEVOU va
U100 B¢i, tpororonBet 1] eviedwg anmopp1POel Eva oUYKEKPIPEVO Fe@PNTIKO HO-
vtédo. Ot ko1Aotnteg (cavities 1) microcavities) eivail o1 cuokeuég pe ) Ponbeia twv
orolv €xel yivel ekt n nelpapatky emBeBainon plag mAnbwpag @aivopévev
g K8avropnyavikng E] H armAomnta tng faocikng 16€ag tou cuotnuatog (6ev dtagpe-
PEL TIOAU artd TO «KOUTL POTOVI®W» ), 08 oUVOUAOI0 1€ TO OXO0AAOTIKO KAl AVAAUTIKO
£€pyo Tou £xel etudeiyBel aro MoAAEG MEPAPATIKEG OPAdeG 08 OAOKATPO TOV KOO0
He Kup1otepeg T1g opadeg twv S. Haroche, J. Kimble, D. Meschede, G. Rempe and H.
Walther [56],[57] kat aAAoug, £Xel TIPOOPEPEL OTNV TEXVOYVOOIA TNG ToeToUaoia,
gfgyyou Kair KadopiouoUu Atopav oc T€tolo Pabuo, mou mAéov va eivatl autd ta d-
Topa kataAAnldotl untoyr¢lot yia epappoyeg tng KBavukrg [IAnpogpopiag. BéBaua,
bev etvat 1o cavity QED o povog urowr¢iog yla v vdonoinon adyopifpev os
AP KAlpaka. v nmpaypatikotnta UIidpXouv apd roAAol ePLoP1lopol Oneg
n «anoouvupwunon (decoherence) Adyn tg aAAnAenibpaong evog ouotrpatog pe
10 Tiep1BaAdov tou [27] Tou Tieplopidel autd Ta ouothpata arod 1o va eivat 1idavika
yla v vdornoinon KBavukov AAyopiOpov.

I dapkela ng tedeutaiag dekaetiag, €Kave v epPavior] tng pia véa yevia
vovoS1atdgemVv OTIG OITOieg £y1ve EPIKTOG 0 EAEYX0G TOV Ie®PNTIK®V MIPOBAEYE®V NG
KBavtikrg HAektpoduvauikng oe Koldotnteg, yia d1apopeg ouvOr|Keg, 0 OUOKEUEG
otepedg Kataotaong. Auteg mepldapbBavouv |[DPwtovikove Kouotaadadoug otoug o-
rnoioug €xouv evoopatwbet Kéaviikeg Tefeleg katl o nipoopata to Circuit QED
(K6avtxn Hiextpodbuvauikn oe Kukidouata. To tedeutaio €§ autov, eppavidet mo-
AU xapndoug pubpoug AneAE1WV, OUVETNIRG Je@pPeital Pia Ao T1§ IO UTTIOOXOHEVES
TEXVIKEG 00OV aAdOpd TNV €rteudn Tou otoXou g Snuioupyiag evog KBaviikou
YroAoytotr).

4Aut) 1 afoonueiot mPoodog avayvepiotnke otoug 16puUTég Tou mediou pe 1o PpaBeio Nobel
duokng yia 1o 2012


http://en.wikipedia.org/wiki/Photonic_crystal
http://en.wikipedia.org/wiki/Quantum_dot
http://en.wikipedia.org/wiki/Circuit_quantum_electrodynamics
http://en.wikipedia.org/wiki/Circuit_quantum_electrodynamics
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1.4.1 PuOpilovtag evepyelaka enineda xat pubpovg auvOopnun-
NG ERKMONIIG O KOWAOTITEG

O tunog tou Purcell [8] yia tnv tpornomnoinon tou pubpou aubopuning EKMOUIIG,
EXEL @G €ENG:
Fcavity _ pc(wO) _ 271-@ _ Q )\03
Ffrc:!e Pf (WO) ‘/CWOS 4772‘/:: ’

(1.116)

0rtoU [cavitys ['iree €lvat ot pubpol aubépunTNg EKIMONIG OTO E0MTEPIKO NG KOWAS-
mtag Kat otov eAsuBepo X6Opo, ta p;(wy) oupBoAidouv Tig MUKVOTITEG KATAOTACEDV
yla ) ouxvotnta wy, 1o () givat o ouviedeotrg modTNTAg NG KOottag, Ag eivat
10 PHKOG KUPATog TG aktivoBoAiag oto Kevo kat V. eivatl 0 0yKog g KOO TAS.

H @uowkn 8atadn nou pag erurpénet va aidagoupe tov pubud auboépuning
EKTTOUIAG, €ival pia KoWotnta mou arnotedeital and Urepayayious Kabpeépteg,
o€ TI0AU XapnAég deppokrpaoieg. ApXIKA, 01 KOWAOTITEG XP1OHoIIo|OnKav ya va
napatnpnBet avtr kabeautr) n petaBodn oto pubpod auBopuning eknopnng. a
dyxko xoétntag V =~ A} (érou A\ 10 prjKog KUpAtog tng axtvoBoAiag oto Kevd,
0 pUOBNOg aubopPUNTNG EKIMTOUIG AUSAVETAl Katd €vav rapdayovia oxedov ico pe
10 ouvtedeotr] mowotntag ) g Kootrag. Qotoco, av n Kowowta dev eivatl oe
OUVIOVIOHO, Tapatnpeital peinon tou pubpou auboppuning eknopnng. H mpotn
apaAtnPEnon g evioxuong tou pubpou tng aubopuning EKIMOUING O€ P1d KOWO-
A O€ OUVIOVIONO Snpootevutnke arod toug Goy et al. o 1983 [9]. ¥ auta ta
nepapata ypnowponowdnkav ta Aeyopeva atopa Rydberg, ta oroia eivat ato-
Ba aAkadiev ota oroid To NAEKIPOVIO TG £§RTEPIKAG oto1Badag £xet Hieyepbei ot
TPOX1aKA € TTOAU UYPndo KUp1lo KBaviko aplOpo, pe anotéAsopa va £€X0uUv yid I
petaBaon n = 51 — n = 50 pia tepdotia SUTOAIKY portt) tng tagng twv ~ 1776eag
He wey/2m = 51.1GHz. Tlporeuwal yua dropa tepaotia oe peyebog, Kabig £Xouv
dapetpo g TAgNg pEpK®V pm. XT0 MElpApa auto, Xpnolporoibnkav atopa
vatpiou Sieyeppéva otnyv Kataotaon 23s, ta ornoia S1oxetevbnkav péoa o pa ure-
paywyiun Kolotta vioBiou, rou urnootr)pile ) ouxvotnta 340 GH z. H wudn g
KolAotntag €6ve 1 Huvatotna AATIOONG TOU JepHIKoU mediou eviog TG KOWO-
MTag. Ze pia dAAn Katnyopia mapeppep@v MEPAPATOV O OITIIKA K1) KUPATOG,
auto 1o Seppiko nedio propet va KataotadAel evieA®g Kat ta Mmpeta relpdpata £yt-
vav aro v opada tou Feld to 1987 [58],[59], 6rou napatnprndnke n evioxuon tou
PUOPOU NG aubBopPUNTNG EKITOMUIG O OITTIKEG KOWAOTNTEG 'O00V apopd T1§ PNETATO-
OIS TV EVEPYEIAKQOV EMMIEO®V, 1] MOAMON TOU ATOPOU Ard T AITOCUVIOVIOHEVA
pépn evog HM mebiou peyadou eUpoug, TIPOKAAEL PETATOTIIOEIS OTA EVEPYEIAKA ETTi-
rneda, pe t pertatoriion Lamb va givat n) o e&éxovoa. H petatoruon Lamb propet
va neptypadel ®g 10 AmOTEAEOHA TG EKTTONUITG K1 EMNAVATIOPPOPNONG 10TV P®-
Toviov, orote AapBavoviag Urmoytv 1o YEYOVOSg OTtL 0 aAnBivog pubpog eKIOUItg
Jropet va tpororotnOel os €vav KatdAAnAa meplopiopévo Xwpo, to 1610 Sa mpérnet
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va 10XU0EL KAl Yid Td «10£atd» autd @EIOVIA, £V 1] PETATOITON EVEPYELAG TG AKTL-
voBoAiag £xel 11§ pideg tng ot «dlaKupudvoelg Tou Kevor» Kat ivat avaloyn pe 1o
eawouevo Casimir [60].

1.4.2 KolA0TNTEG HIKPOKUPATOV KAl 1] MEPLOXI] LOXUPNG OU-
Seudng

H emoyn tng kKatdAAnAng meploxrg otnv omnoia ta @atvopeva rmou PeAETAPE Uo-
pouv va rapatnpndouv, Sivel 6U0 £EEXOVIEG UTTOWPNPIOUG: TNV IEPLOXT] T@V PIKPO-
KUPAT®V KAl TI§ OITIKEG OUXVOTNTEG. LTd £MOPEVA, TTEPLOPILOUE T OUlN|TN o) pag
OTIS OUYXVOTNTEG PIKPOKUNAT®V, ®MOTOCO0 H1d TMTOAU KAAT avabedpnon ya ot apopd
TIG OITTIKEG ouxVvotnteg propei va Ppebel oto [56]. Tig Ko1Aotnteg popoupe va
TI§ PAVIACTOUPE ®G £va oAU MIKPO owArnva laser pie uyniAng avakAaotikointag
KATOITtpa Kat H1a0tdoelg T€T01eg OOTeG 0 PUONOG auboppunIng EKIOUING vd TPO-
OTTotEi{TAl Yla TNV erOUPNTL) MEPLOXT] CUXVOTNTOV. L& OUXVOTNTEG PIKPOKUNATOV,
N KUpla TEXVIKN ITOU Xprnotpornoteital ouprepldapBavel KOWOTnteg Pe UPning a-
VARAAOTIKOTNTAG UTIEPAYOYHA KATOMIPAd KATACKEUAOHEvVA aro vioBlo, ta oroia
£1vat Kavd va avaykaocouv éva @atévio va avaxdaotei yupe otig 100 @opég oto
E0MTEPIKO TNG KOWOTNTAG, TIpv Bpet 1o dpopo tng e€66ou oto mepiBarrov. Ta Q-
TOV1A OTI§ TIEPIOXEG MIKPOKUPAT®OV £ivatl 181aitepa SUOKOAO va aviyveutouv, OToTe
N Katdotaon tou nedlou g Kootntag ouvayetat ano v adinienidpaon 1mou
npoxkaldouv oe dropa Rydberg mou Xpnotornolouvidl 0 «HETPNTES». XTI OITTKES
ouyvotnteg oupBaivel n avtiotpodpn dradikaocia, dSnAadr n Katdotaon g KO1AOTN-
Tag xpnotpornoleital yia va cuvaxbBei n kataotaon tou atopou. H por) 1ov atopev
eAéyxetal Kupiwg PEo® NG €mMAOYNG TOV TAXUTHIOV TOUG XProtpornowwviag laser
TTOU A£1TOUPYOUV @G «Iayideg» 1] Xpnotponoliviag KAe1otpo yia va gleyxOel n po-
1 v atopwv. [Ipoxkeyévou va mapatnpndouv ta @aivopeva I1mou IePypaypape
vopitepa, n otabepd ouleuing atopou mediou g 9a rmpémel va eival peyadutepn
ané 1oug PudHOUg avakapyng Tou atdpou Kat tng kootntag 7, 1 kat 7,1 kat
TTOAU peyalAuteprn) armo 10 aviiotpodo Tou Xpovou adAnAenidpaong tou atopou pe
Vv Kootnta. L' autég tig Suo ouvOnkeg ouvowidetal n 18€a g «TePOXNS LOXUPNS
ouleuéne». H 1oxupr] oudeudn petady g KoAOTNTag KAl 10U atopou UTtodnAovel
0Tl aKOPA KAl £€vd PETOVIO PEoa OtV KOWOTNTa £ival apKeToO yla vd IIPOKAAECEL
10XUpPdA H1n YPAPHIKA PAvOPevVd OT0 AToo, KaB®g Katl 0Tl akod K1 €vd ATopo otV
KOOt Ta eival apketd yla va urnootnpigel pa tadavieon laser. Mia evlekuky)
IAPAPETPOS TOU 0B€voug g oUdeudng atopou-niediou, eival n «oUvEQyaouotnIa
0U ovotnuatog» (cooperativity), n onoia opidetal wg:

o=9 (1.117)
Ky


http://en.wikipedia.org/wiki/Casimir_effect
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=xnpa 1.9: dwtoypagia g kotddtntag mou xpnoworomdnke oto [61] mow v tomodetnon
TOU TAV® Katonipou. Ameucoviletal n mopeia g 60UNg TV atoumv ue 1o LBEAog, eva oL
1€00€p1g UTOOOXEC XPNOYOTIOOUVTAL YIa TNV EYKATAOTAO!] TOU TAV® KATOTIOO0U.

omou ¢ eivat ) otabepa oueudng atopou-niediou, K givat 0 PUOPOG ATIVAEIWV AOY®
ToU mepBAAAoviog Katl ¥ 0 pubpog aubopunng EKMOUING, ON®S areikovioviat
oto oXnua 210 [61], n Kataokeur] piag oUYXPOVIG UTIEPAY®YTING KOAOTNTAG

Zxfipa 1.10: Avanapdotaon twv KUpov Tapaueipov uag siataing cavity QE D

EPLYPAPETAl AVAAUTIKA. X' autn) IV KOWAOINTA O CUVIEAEOTNG TIO0TTAG Y1id TNV
ermOupnt ouxvotnra (51.1G H 2) eivar Q = 4.2 x 100, ermtpénoviag oe éva patovio
va peivel péoa otnv Koomta ya xpovo 1. = 130ms. ' auty) i diatadn, xpnot-
porowviag t) oxéon ) = 22 N OPOUNE va UTIOAOYIo0UHE OTL 0 PUBHOG ATIWAEIDV
eivat k = 1,26 Hz. Tladaiotepeg H1atdgelg yla Vv meploxt] 1@V RIKPOKUHRATRV,
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XPNolHoIIooucay Ko\dtnteg He ouvisAeotr) nowdtntag (Q = 3 x 10% oy i61a ou-
xvotnta [62]. 'Ocov apopd 1oug pubouUg aubopunTNng EKTIOUITHG, XPNOT0ITOI®VIAS
tov kavova tou Fermi([1], propoupe va Bpoupe ott:
3Q (N3 c
presonant — 1y —= (22 ) with A\ = 27— 1.118
b 8 (5) ot e

Zinv nepinm®orn mou 1o ATOHO0 £ival EKTOG OUVIOVIOROU He TV KoAdtnta o pubpog
HElOVETal oUIP@VA 1€ T OXEoN

Foﬂ resonant _ 0 3 )\_g with \p = 2 E (1.119)
cav — * free 16@77'2 Vv 0= ﬂ.w '

Autég o1 oxéoelg potadouv pe tov tumo tou Purcell [1.116| yia wmv evioxuon ng
auBopuning eknoprnrg. [Ipokepaévou va £€xoupe pia €1KOvaA yla KATIOlEG OUVHOelg
upég wv (g, K, 7y) , avatpéxoupe ota [62], [38], 6rou kat Bpiokoupe ott:

(g9,K,7) /27 = (120,40,5.2) MHz pe C' = 69 y1a orttikég ouxvotnteg (1.120)
(g,k,7) /27 = (25,0.36,0.005) kHz pe C = 3.4 x 10° yua pikpoxupata

1.5 H pn-idavikrng nepintworn’ ditadirkaocieg pe anwm-
Agleg

Master Equation yia tig andAeieg prag KolAotntag

Xpnowponowwviag Ti§ TEXVIKEG TOU TIEplypddovial ouvonuikd pe fdon ta [25] 26,
27| oto | Ilapaptpa B. Gewpnuka epyadeia KBavuikng Omtikng, Sempoupe pia
KOWAOTNTA TTOU UTIootnpidel pia ouxvotnta we, €v® 1o medio Ing KuBepvdatal aro
m Spdon v teAectOv dnpuoupyiag Kat kataotpodng ' kat G. To mepBdAdov
NG eival pia ouAAoyr] apHOVIK®OV TAAQVIRTIOV UE OUXVOTINTIEG W, £VE KAOE TpO-

oG TOU TeP1BAAAoviog ouvodeUeTal Ao TOUG TEAEOTEG f;r Kat 7j. Yrobétovtag ot n
ouxVvOTNTa mou erméel otnv KOAoTNTa oudeUyeTal Pe ToV TPOIo TAAAVIOONG J TOU Tie-
P18aAAovVTog PE€0® TOU PUuBPOU K, 01 XaPIATOVIAVEG OTNV IMPOCEYY10T] OTPEPOUEVOU
KUPATOG, AyVO®VIAG T OUVEICPOPA TV S1aKUHPAVOERDV TOU Kevou, da sivat:

Hg = hw.ala

Hp =Y hw;lr
; n (1.121)

Hsp=> h <H;df; + h.c> -y (&f* v an)

J
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Erotpépoviag otn yevikn dwadikaoia anddeigng mg Apxouvoag ESicwong priopou-
HE Va avikataotr)00UHE TOUG 6pOUG TG, 0 aUToUg TOU OUYKEKPTHEVOU pag Iapa-
detypatog.

S1 =a

S9 :dT

R Pt (1.122)
1 =

Ry =T

Xpnowonotwviag Vv £1Kova aAAnAenidpaong yla 10ug apandave TeEAEoTEg, £X0U-
pe:

51 _ gle_iwct
52 — dTezwct
Rl _ fTeiwct

RQ = f\e—iwct

(1.123)

O1 ouvaptHoelg CUOXETIONG Yia To TIEPBAAAOV [ T Xp1on) g Ipoogyylong Markov
b1dovral anod ug oxéoeg:

(COT(1)) =0
(T (1) = 0
(T @) (1.124)
(THOT(t)) = wad (t —t)
TOTH) =r(+1)6(t—1)
-1
Zug napandve ekppdoelg, eivat n = eFE — 1 , K €lvat o pubpog anwAel®v g

KOWAONTAG., k 1 otabepd tou Boltzmann kat 1" n 9eppokpaocia tou repiBaAdoviog
1) o adnpnpéva n deppokpaocia g «UIAvViEPAg TOV TAAAVIOTOV TOU TePtBAA-
Aovtog. Xpnoponotwviag autég Ti§ OUVAPTHOElS OUOXETIONG, IpokuIttel 1) Master
EquationE] yla Tov Imivakad IuKvotntag oty e1kova aAAndenidpaong, og:
p=—kn(aa'p—a'pa) —r(n+1) (a'ap — apa’) + n.s. (1.125)
H niepattépe evaoyxoAnor pe auvtn mv e§lomor), pag épvet oe 9¢or va Sayxwpiooupie

TOUG OPOUG TTOU £X0UV 10 71, Kl €101 1 Master Equation ypagetat otn popon :

o(t) = —k (atap + pata — 2apat) — 2k (aalp + atap — afpa — apa’)  (1.126)
p p p p p

5%ta EAAnvikd, o 6pog 1ou Sempouie KatdAAndo yia v anédoon tng évvolag tng Master Equa-
tion, eivat <Apxouvoa Egioworn, kabwg eival n e§iowon mou «kuBepvdr tnv e§€AEn evog ocuoTrpatog
Pe anwAeleg.
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1o «akadnpaikd» oplo i = 0, n e§lowon yivetat:
p=—r(a'ap + pa‘a — 2apal) (1.127)

Ouo1a0TiIKd, 01 aplOUNTIKEG EPAPHIOYES Y1d TOV UTTOAOY10HO NG XPOVIKHAS £§EAENG &-
VOG OUCTAHATOG HE ATIWAEIEG Xpnotponowwviag ) pébodo g Apxouoag ESiowong,
OUYKAlVOUV OtV emiduon €vog oUCTNRATOS S1aPOPIKAV £§1000e®V e dlaotaoelg
rou kabopidovial amno 11§ Kataotdoelg apidpnong nou mepiExel apxikda n Kowotn-
1a. ®ftoviag @ep’ EUTElV TI§ TIPEG TTOU TTAPOUCLACTNKAV OV uropouvue va
ATEIKOVIOOUE Tr) XPOVIKT) e§€AEN £VOG GUOTHIATOG TTOU TIEPEXeEL pia diéyepon otnv
kol otnta, 9étoviag Tg 1Heg og: (g, £, ) = (1000, 10, 0), pévoviag otig anattijoetg
MG MEPLOXNS 10XUPHG OULEVENG.

16 Decay of a Fock state in a leaky cavity

— Monte Carlo
— Master Equation
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Zxfipa 1.11: Anwieeg pag Kotiomriag mouv mepiéyet v karaotaon apidunong |15) ue k =
10 ka1 pgoo apdud Yspukadv ewtoviev Ny, = 0, xpnowonowwuviag v UEdodo apdunIkng
enifluong g Master Equation (mpaown yoauun) Kat tov k6avtikov 1poxov (UnAs yoauun).

1.5.1 IIpooopcicwon Monte Carlo- K8avtikég Tpoxiég

Miua dAAn pébodog apOunukng emiduong tou npoBAnpatog g Kootntag pe a-
MOAELEG, €lval 1 OTOXAOTIKI) avéA§n TOU OUOTHHATOG OTo XPOvo Kat 1 Sie§aywyn
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nipooopeinwong Monte Carlo. ®a docoupe €va apadetypa epappoyng g pebo-
bou, uroBEtoviag ot €xoupe pubRO anwAelov k kat Yeppokpaocia ' = 0. Eexkivape
ypagovtag v Master Equation tou cuotrjpatog:

dp T K
— =Lp=——+= (2apa’ —a'ap — pa'a 1.128
o = Lp=—+35 (2ap p—pa‘a) (1.128)
Kavovtag tig anapa-itmieg npdelg yla va S1ax®picoupie 10 avaotpePiplo Koppdtt
g GUVaNIKNAG TOU MPOBANATOG Ao T OUVOAIKY] SUVANKI), TIAIPVOUE TV

dp

== Lop + & (2apal — alap — pa'a) (1.129)

H entionun Avorn ng Apxouvoag Elowong 6idetat amo ) oxéon:
p(t) = e“p(0) (1.130)
Eavaypagovtag tov Yrieptedeotr) Lindblad £ og:
L=T+(L-T), (1.131)
OITOU TO ATOTEAEONA TOU UTIEPTEAEOTY] 7 OTOV mivaka rmukvotntag didetat ano v:
T = CpCt (1.132)

O tedeotng C avagépetal ag «aefeotng kapappsvong |26, 63]. Ouolactuka, mnept-
YPA®del 10 RS TO TIEPIBAAAOV KATACTPEPEL TNV OUPP®VIA TIOU UTIAPXEL PE€0A OTnV
KO1AOTNTaA, 0dNny®wvtag o Tedio g KOOTNTAS va Katappéel pn-avaotpeyipa. H
XP1)o1 Tou pag epodiadet pe pia pn-povadiaia rpdén rmou otadlakd KataotpEPEL T0
nedio g kootntag. Eivatl avdadoyog pie tov tedeotr) Kataotpodrng g KoAotntag
Kat 616etat anod ) oxéon:

~

C = V2ka (1.133)
[TA£0V, TIPETIEL VA XPNOIOTION|COULE TNV TAUTOTNTA TRV UTEPTEAEOTOV

T2

0 T T
€(£+a3)x _ Z ak / dl‘k / dmk,1 . / (eﬁ(xka)seﬂ(xkka—l)s .. .Seﬁm) dl’l,
k=09 0

0
(1.134)

IIPOKEIPEVOU va Bpoupe pia €KPPAOT) yia TOV IMivaKa ITUKvOTNtag oe Xpovo t.

[ltp<0) _ e[TJr(ﬂfT)]tp(O) _

e}
—~
~
SN—

|

D

tm to

-y / dat,, / by e / (St =t TSt — ton 1) - - TS(82)p(0)] dts

0

[en]

(1.135)



1.5 H pn-18aviki nepintoon: diadikaoicg pe anmAcieg 33

E&0, xpnowonowjoaps 10 S ou opietat ag: S = e“~ 7 H naparndve avartuin

oxvel yia kabe 7. Qotooo yla auty] ) ouyKekpipévn ermdoyt tou 7 = C pC’T, ot
opot oto avarttuypa wou p(717) €xouv pia povadiky euoiky onpaocia. H rubavouta
Yla évav TEAE10 P®TOAVIXVEUTH] TIOU €ival EYKATECTNHEVOS HE TETO0 TPOIO OUTOG
®OTE VA AVIXVEUEL OAd Ta @®TOVIa Tou da diadguyouv amod v KOWota péoa
ot éva xpoviko didotnua [0,t] va kataypdwst akpiBog m yeyovota, éva o KAOe
ATEPOoTd PIKPO XPOVIKO Sraotua [ty,, t, + dty,] € [0, t] 6ibetar ano:

D (1t oot [0,8]) = Tr [S (£ = £) TS (b — tms) ... ST(1)p(0)]  (1.136)

Ly napandve sgionon og p(0) opicape v apyikyy Katdotaor tou rnediou ng
Kolotntag. Mropoupe va opicoupe €va PI-KAVOVIKOITOUHEVO UTTO-OUVOT|KT) TTi-
vaka rurvotnag p.(t) tou ocuotiuatog, mou da kabopiletal kaBs @opa aro v
KAtaypagn 10U pTOPPEUHIATOS -OIKOG TO OPIoA|IE TIPIV-, ©OG:

Pe(t) =St — ) TSt — ti—1) ... TS(t1)p(0) (1.137)
Autog o oplopog pag eépvet oe 9€on va ypaypoupe ot :
Pm (L1, b2, ot [0,8]) = Tr [pe(t)] (1.138)

Av éxoupe évav KavovIKOIIOUHEVO, UMO-OUVONKN Tivaka rukvotntag pq(t) tou
OUCTAATOG, AUTOG OUVOEETAl HPE TOV HI] KAVOVIKOTIOUHEVO TIIVAKA ITUKVOTNTAG
aro 1 oxéon) : "
Pe(l
P = T )
XpNoonol)viag autég TG OXEOELS PITOPET KAVEIG va YpAWEL TOV «Aveu oUVONK®V»
niivaka rukvotnragp(t) og:

(1.139)

to

0o t tm
p(t) = Z/dtm/dtml.../dtlpm (t1,tas - - tm: [0,1]) pe(t) (1.140)
m=07 0

0

Metda anod avt ) pabnuatiky cudninorn, d9a mpenet va oudntrjocoulE TO PUOIKO
vonua. O uno-ouvOnkn mivakag rurvotntag p.(t) propei va epunveubet wg 1)
«PAYHATIKI KATAOTAON TOU CUCTHIATOG, UITO TOV 0po OTl yvepiloupe arpiBmg
10 10TOPIKO TG @etoaviyveuong. [Ma va mdpoupe tov «aveu-ouvOnkng» mivaka
nukvotntag, p(t), TPEMet va Tapoupe ) PEOT] TIHUT) £VvO§ GUVOAOU arod autoug ToUg
«UTO-OUVON K1) TiVAKEG ITUKVOTNTAG, OTAOPopEv) amno tig rbavotnteg Kataypapng
TV avtiotoev mbavottov aviyveuong. O TPOIog UIMTOAOY1IOHO0U NG SUVANIKIG
eivatl n d1eaynyr] aplOPNUKOV MPOCOPEIWOER®V KAl TOV Oroio ouvnbwg cuvavid-
pe agQuantum Trajectory Simulation 1| «IIpoocopeiwon KB8avtikov Tpoxiav»
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Kat avuotolyia pe toug «Tuxaioug IMeptdtougr twv Ttoxaoukov Avedigewv. Ta
va npaypatornoindel pla aptdpntiki npooopeinon pe éva MEMEPACHEVO XPOVIKO
«PBrpar At, 9a npénet va dnpioupyricoupe évav tuxaio aplOpo r oto Sidotnua ano
0 ¢wg 1. H tuBavointa va avixveuooupe €va peIOVIo -1 oroia otnv oucia 6idetat
arno ) péon TPH ToU TeAe0Tr) KAtdppeuong- o8 autd to didotnua [t, ¢+ dt], evo
KATaypAaQoULE TO 10TOPIKO TV AVIXVEUCE®V, £1val:

e =Tr [T p.(t)] (1.141)

O mivakag rmukvotntag €§eAiooetal Xpovika mpog ta eUnPog, anopaoci{oviag pe
KPUIAP10 T OUYKP10n ToU Ttuxaiou api®pou r pe 1o ywopevo pAt. Av r < p.At,
TOTE €Y1 OUPBEL €va YEYOVOG OTOAVIXVEUONG KAl 1] véa Katdaotaor da §idetat amo
1 oXéon:

pe(t + At) = Tp.(t)At (1.142)

Z avtiBetn niepinmwon, dev €xel aviyveubel pmtovio, omote 1 Kataotaon da ewvat:
pe(t + At) = S(At)p.(t) (1.143)

To vonpua tou opou «Ilopeiar TpEmel @pa va eivat epdaveg: Andovel tnv tuyaia
&x6aon evog yeyovotog. Metd v enmavdAnyn auvtrg tng dadikaoiag yia pa oepd
uxaiov apldpov r, abpoidoupe ave ToUg yia va APOUHE v €KBaoT g KOWAO-
TTAG KAl KAVOVIKOITOIOUHE TO ATIOTEAEOPRA MOTE TO 1XVOG TOU KAVOVIKOITOU|HEVOU
ivaKad TTUKVOTNTAG va €ival 100 pe 1 povada. Autog 0 TPOT0G OTOXACTIKAG AVe-
A¢ng evog mivaka rmukvotntag, erniong ovopadetat «Zroxaotiky) Master Equation».
Qotéo0o, yia éva cvotnua N Stactdoemv o mivakag mukvotntag rnepiéxel N2 otot-

\{%cuum Rabi oscillations for a damped cavity using master equation

— Cavity
— Atom excited state

o o o
> o ©
T T

Occupation probability

o
N

O'&OO 0.01 0.02 0.03 0.04 0.05 0.06
Time

ZxApa 1.12: To puoviéio Jaynes-Cummings o€ pia Kotomnta pe anwaeeg Xonouonolouiag
mv mpooéyyion 1ov K6avtukov Tpoxiov yia nirq; = 1000 wy = w = 1000, g = 100, x = 10.
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Xela, to omoio kabiotd tn PEBodo umoloyiotika anattnuiky. 'Evag mo gukolog
TPOIIOG Y1d va UToAOy10Tel 1) SUVANIKL) TOU OUCTHATog ivatl i) ermiAuon g e§low-
ong Schroédinger, ou BéBata eivatl Xeipotepn wG IPOOEYY10n OP®G ival Atyotepo
anauntukn. A ooad einape mpv, yvopidoupe mAéov 0Tl Propoupe vd YPAWOUHE :
S = e Tt T va UTIOAOY100UPE TO ATIOTEAECHIA AUTOU TOU UTIEPTEAECTI| OTOV
TVaKA TTURVOTNTAG P, XPEWAETAl TIPAOTA VA UTIOAOYI10OUHE TO:

(L—=T)tlp=(Lp)t—(Tp)t

X4
- _% [Ho, p] + wt (2apa’ — a'ap — pa'a) —t (Tp)

it o L e 1.144
- _% [Hy, p] + Kt (2apaT —alap — paTa) —t(Tp)—t(Tp) ( )

H,

_ PP

= — —kra'a | t,

(G —vaa) e

ZUVETIOG, TO ATIOTEAEoA NG 6pAong TOU UTIEPTEAEDTH], TIMOPEL VA EKPPACTEL OGS :
S(t)p = N(t)pNT(t) (1.145)

6m0u o tedeotrg N (t) 6ibetal and ) oxéon

H,
N(t) = exp K—ff; - n&*d) t] (1.146)
1
Xpnoponotwviag Tov 0plopod ToU TvaKd TTUKVOTNTAS Yid Pia Kabapr) Katdotaon

KAl TV IIPONYOUHEVH OXEOT], PUITOPOUE vd YPAWOUHE OTL:

p(t) = [N W(0)] = Np(0)N (1) = N(#)[¢:(0)) ($(0)|NT (1) (1.147)
ZUVENOG, UITOPOULE EMIONG VA YPAWOUHE Tr XPOVIKY £EEAEN TG KUPATOOUVAPTH-
ong [ (1)) og:

( HO At A
[9(t)) = N(t)](0)) = exp =, —hala t| (0)) (1.148)

ZupBoAidovrag v evepyo XapAtoviavy ©g:
N A ih AL~
Hepp = Hy— —C'C
Jr= ey (1.149)
= Hy — ihkd'a

HITOPOUE €V TEAEL VA YPAWOUHE OTL:

[9(t)) = exp [%t] 14(0)) (1.150)
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Ex mpomg owemg, autd uropei va gaiveral wg £vag rmoAu egednnpévog tpoyog va
arodeioupe v ediowon Schrodinger. Ildpauta, epocov n Xapidtoviavn 7:[8]” ¥
neplExel pn-povadiaioug 0poug ya ) duvapikn g, dev mpokettatr akpBog ya
v i61a nepimeoon. Ta va Aubel apBunukd n ortoxaotiky) e§iowon Schrodinger,
Xpeladopaote pla yevvipla tuxdiov aplfpov yia va mapoupe tov aplfpo r Kat
va TIPAYHATOo)C0UNE T oUyKplon mou da pag dwoet tnv €ékBaon tng mopeiag,
e€ediooovtag v Katdotaor pe U0 H1aPoPETIKOUG TPOITIOUG. ZUVEII®G, 1 TIOAUITAO-
KotTa g dradikactag eival g 1é&ng O(N), oe avtiBeon pe 10 O(N?) yia v
avédi€n g otoxaotkng Apyouvoag Efiowong. H rubavotnta gpetoavixveuong kat
01 Kavoveg e6EAENG G KATAoTtaong, o€ 0poUg TG UMO-0UVONKI KATAoTaong auty)
m @opd ([1(t))), meprypdpoviat pe Tig oxEoeig:

Pe = (Ue(t)|CTC|1c(1)) (1.151)

Y ouvéxela ouykpivoupe to ywvopevo p.At pe to r. ‘Otav o r < p.At, 1ot
UTIAPXEL PWTOAVIXVEUOT), OUVEN®OG 1| Kataotaon eedioostal g :

‘ic(t + At)> = ClY (1)) VAL (1.152)

Av to r > p At, to1e 1 €§€A1€n TOU CUCTHIATOG Y1a T |r avixveuorn @wtoviou, Sa
eivar:

Gt +20)) = N(AO[(D) (1159



KegpaAaio 2

KBavtiroi AAyop10pot kat K8avtikn
YnoAoylotiky)

H xaBiépworn tou opou «KBavtikn YroAoytiotikrp ouxvd arnodibetat otov Richard
Feynman mnou oe pa epyaotia tou [21], mpoortabnoe va npooopeiwoet ) KBavto-
pnxavikr pe KAaoowkoug Yrodoyiotég. Zinv npaypatkomnta, o David Deutsch
£1Xe KURAOQPOPTOEL P1a MIPOEKTUTIOOT TS £PYACIAG TOU OTNV OToid IPOTEWVE Evav
€AeyXo NG €§yNoNg t@v moAAov-ocupnaviev o 1978, n omnoia Sev dnpootevtnke
£€0g Kat 1o 1985[22], evd o Bennioff to 1980[20], énuoocicuce 10 IPOTO HOVIEAO
€VOG UITOAOY10TI] TIOU AE1TOUPYOUOE HE «€SAPTHATA» TTOU UIAKOUAV OTOUG VOI0UG
g KBavtopnyxavikrng. Xe avtibeon pe tov Feynman o Bennioff ékave 1o akpiBog
avtifeto® poontdBnoe va xpnoponoirjost KBaviopnxavik yia va pocoPEIRNoEl €-
vav KAaoo1ko urtodoyiotr]. H kevipikr 16€a iowm ano v «KBaviikr YTIoAoy1lotikn»
ftav va avuxkataotafouvyv ta 0 kat 1 tov NUIayeOylpov CUOKEU®V, Ao KATAOTAOELS
urépbeong 1 ano evaykadiopéveg kataotdoelg v |0) kat |1) mou epgavidoviat
otnv KBaviopunyavikr). Metd and auvty) 1 61jA®On IMOU OUYKEVIPOOE TNV IPOCO-
X1] €évOg peyddou pEpoug g akadnpaikng Kowodtntag oty €moxn tng, UIrpsav
eCaipeteg epyaoieg mou nepiéypadav v apnenpévn £vvola Kat Tt AEITOUPYIKOT) -
1a evog KBavtikou Yrodoytiotr). Avagopég yia 0Aa autd propouv va Bpebouv oto
kaBiepopévo BBAio twv Nielsen, Chuang, Quantum Computation and Quantum
Information[16], eve pia mo ekAaikeupévn npoogyylon akoloubeitat oto [24].

Ze 0,11 akodouBei Sa mpoorabrjooupe va meptypaPoupe Tig KUPLEG ITUAEG TTOU
XPNOHOIIO0UVIAL Y1d TNV EKPETAAAEUOT AUTOU TOU VEOU ITOPOU Iou pag Oivel 1) e-
pappoyr g Kéaviopnyavikr otnv Emottpn tov Yrodoyilotov, dndadn tig «KBav-
TikeG [TUAeg» TIOU HEiXVOUV TIG APXES TTIOU XPNOIOITIOI0UVIAL Yid va Yivouv §1apopeg
diepyaoieg tng KBavtikrg Yrodoylotikng, ave§dptnta and 1o cuotnpa oto oroio yi-
VETAL 1] UAOTOINo1n TV MUA®V Kat Tou aiyopifpou. i ouvéxela Sa neptypayoupie
1pelg adyopiOpoug Sepediwdoug onpaociag yla tyv katavonor tou nediou: 1) Tov
aAyopiBpo Deutsch-Jozsa mou xpnoiporioteital yia va edeyx0ei 1o katd mooov €-
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va vopiopa eivat PePOANTIUIKO (€Xel Y. OUO KOpwVeEG) 1] apepoAnrmo. 'Onwg Sa
doupe, oto ouyKkekppEvo adyopilBpo yivetat xpnon g diotntag tou «KBaviikou
[MapaAAnAtopou» kat adilel va avapépoupe 0Tt 10TOPIKA, NTaV 0 aAyopiBpog rmou
eykawviaoe 1o niedio g KBavrikng Yrodoyloukng. 2) O adyopiOpog avalfinong
tou Grover, ou xpnowgoroteitat ya va de§ayet oe pa avadnnon oe un tadt-
vounpévn Baon dedopévav, KAVOVIAG TOV XPOVO UAOTTOINONG TIOAU HIKPOTEPO ATIO
T0UG KAaoo1KoUg aAyopiBpoug. 3) O aAyodpiBpog tou Shor yia v emiAuorn) tou Se-
peAdwdoug rpoBArpatog g dewpiag aplOpwv mou adopd Vv eUPEOT] THOV IIPAOTHOV
apayoviov evog aplbpou. Idwaitepa o aAyopiOpog tou Shor eivat n anavinon oe
£€va gpwinua rmou artacyoAel ta Mabnuatikd €66 kat 2.000 mepimou xpovia Kat
€XEL €éva TEPAOTIO EUPOG EPAPIOYDV.

2.1 K6avtika Bits xat ITuAeg

O oxedlaopog kBaviukwv aAyopibpov, anattei apy1KA Tov IIpocdloplopo ToU «UIto-
Aoy1loTtikoU opou» 1ou Ya unootei enefepyacia. v KAACOOIKY EMMOTHAL UTIOAO-
Y10T@V, auTr] 1 TTOoOTNTa Opidetal amo v KAtdotaorn £vog KUKA®PaAtog, 6nAadr)
av 1o pevpa niepvact (1) 1 Sev mepvaet (0), emTpemovidag pag va £€X0UHE Jia APEon
Bdon otV ermkowvevia pag pe 10 KUKA®PA KAl OUVEN®OG va §1e§dyoupie OUYKeKP1-
HEVEG TIPASELG TIOU MTPAYHATOITOI0UVIAL PE T XPH 0N TV KAACGOIKGOV ITUA®V. XNV
KBavtikr] Yrodoylotikr), ta mpdypata eivat KAnwg svavua ot diaiodnor pag.
'Exovtag pia mAnbopa ouctnpdtov ta oroia £Xouv TIOAAEG H1aPOPETIKEG KATAOTA-
oelg, xpewadetat va opicoupe oe kaBe ovotnua, oe 1 9a avuoroxei to |0) kat to
|1), mpaypa mou érwg Sa doupe kabopiletat arnd ta PUOKA XaPAKIPLOTIKAE TOU
ouotpatog. Xto [KBavukn HAexktpoouvapikn oe Kollointeg eidape 1 oupBaivet
oV andn nepimoon aAAndenidpaong etog-UvAng kal €ibape ta cuotpata du-
o erunedov. Amo ta npota Pripata tou kKAadou tng KBaviikng YmoAoyiotikrg, 1
KBAVTIKI) NAEKTPOSUVANIKY] O KOAOTNTEG, £De1X Ve OTL elval €vag e§A1PETIKOG UTIO-
Yroog6 yia ) dnuioupyia K6avikov ITUAQV Pe ) XPH o1 atopev 6U0 emnednv Kat
TG KaAég HuvatonTeg avayvmong TV KATAOTACE®V TOV CUOTHIAT®V HE TIS PETPY-
oe1g KBavukng Mn Katdppevong (Quantum Non Demolition Measurements|7].
AUTOG 0 VEOG UTTOAOY10TIKOG TTIOPOG TTOU TIPOKUITTEL ATIO TNV KBAVIIKY] @UOH AUtV
TV OUCTNPATKOV, Pag divel ) duvatotnta apevog va oxediacoupe 0Aeg 11§ KAAoot-
KEG TTUAEG €K VEOU, APETEPOU VA QPTIASOUE TTUAEG € ATOKAEIOTIKY EPAPUOYT] KAl
Véa Xapaktnplotikd yia tv KBavtikn Yriodoyilotikr). O 1diaitepa evdiadpeépmv autog
UTTIOAOY10TIKOG TTOPO0G, @aiveral oto oto oxnpua OTTOU £XOUME XPNO1OIIO 0l
) opaipa Bloch yia va aneikovicoupe éva qubit otnv katdaotaon |0). To Siavuopa
(onpewwpévo pe KORKvo Xpwpa) otnv KBaviikn Yrmoloylotikn, €xetl i 6uvatotnta
va 6eietl oroodnote onpeio tng ermeavelag g oPpaipag.

H avaBempnorn tov Bacikev rpddewmv rmou ocupBaivouv ota §i1agopa otadia evog
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Zxfpna 2.1: Avanapdotaon evdg qubit otu katdotaon |0) (kKokkivn yoauur), ue xprnon mg
ogaipag Bloch. Ot povabdiaior petaoynUatiopol HetaKivovv v KOKKIVN yoauur os Siagope-
Kd onUela ot EMPAvea g opaipag xwpic va adjowwvouvy 1o unkog mg. H sucova gytve
ue  xpnon touv | Qubits on the Bloch Sphere

KBavtikou adyop1Bpou Kat meptypapouv ta KUpld XapaKIPloTKA TOUg, AKOAOUBET.
®a mapouolacoue IPOTA TI§ KBaviikég Tudeg avaloya pe to oéoa qubits d&xovtat
®g dedopéva kabwg kat 1o moteg diepyaoieg upiotavial ta qubits ano mAeupdg
duoIKAG.


http://demonstrations.wolfram.com/QubitsOnThePoincareBlochSphere/
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2.1.1 IIpafeig pe éva qubit

[Tpoxepévou va @uiagoupe éva KBaviko adyopibpo, ta qubits Sa mpérnet va uei-
otaviatl oplopévoug povadiaioug (kat avaotpéypoug) petacxnpatiopoug. Ot pd-
&elg Tou eprmAékouv €va qubit otnv oucia KAvouv «Iep1loTpodPES ToU H1avuopuatog
Tou qubit mave ot opaipa Bloch.

Iujin '‘Ovoua IMivakxag
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IMivakag 2.1: K6avukég nuieg mou Spouv oe éva qubit

H moAn Pauli Q@ kavel pla otpodr] tou diavuopatog tou qubit yupe anod tov
agova x katd m. Ouolaotukda eivat n kBavukn udn NOT, apou anewkovidet 1o |0)
oo |1) kat avtiotpopa. H mudn Pauli U kavel pua otpogr) tou §iavuopatog tou
qubit yUpe and tov afova y katd 1. Aneikovidet to |0) oto i|1) kat to |1) oto —i|0)
H rAn Pauli Z avarapiotd pa meplotpodr yupe arod tov agova z katd . Ot
MEPLOTPOPESG YUP® Ao Tov 2, adAddouv ) @aorn tou qubit, dnAadr) n yovia 9 otn
opaipa Bloch. H muAn Pauli Z, aprjvel avaddoieto 1o |0) kat anewovidet to |1)
ot —|1). H rmvAn Hadamard eivatl iowg n mo onpavukn ar’ 6Aeg 11§ MUAeG 10U
agpopouv éva povadiko qubit. Xinv avanapdaotaocn Bloch mepilotpépet éva qubit
KAtd yovia 7 yupe and toug d§oveg = kat z, dndadr) aneikovidet v katdotaor |0)

otV % kat v ketl otnv %, dnpoupyoviag uniepBeoelg kKataotdoenv. H

rUAn KBavrkng edong S aprvet 1o |0) og éxet kat ardddel ) @don tou |1) o ez |1).
AvriKel 0TV O1KOYEVELD TV TTUA®V aAAayng @Aong rmou 51e§ayouv replotpodeg povo
ooov agdopd 1 @aon tou qubit, dnAadn dev aAAdouv v mbavotnta va petpnOet
éva ek wv |0) 1 |1) , addAd owv oucia aprvouv T0 iXvVog £VOG 10NHUEPIVOU TIOU
Kaduret yovia 6. Ta v moudn @dong S etvat § = 7. Kado Sa rjrav va movne
otl otV oucia 1 muAn Pauli-Z eivat unonepimmon g KBavikng mUAng @aong

ya § = 7. Mua aképa cuvnBiopévn mudn addayrg @aong eivatl i muAn g, orou
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_or . . : . : , .

0 =7 Aogriver 10 |0) 0g éxel kat adddadet ) @don tou |1) dote va Seiyvetl ot Séon
m ' ' ’ . ’

e+ |1). O mivakag IAPOUO1Ael CUYKEVIP®TIKA Ta 0UPB0Aa, ta ovopata Kat TG

aAVarapaoctdoelg MVAKOV TV ITo ONUAvVIKOV Ipdieav ot éva qubit.

2.1.2 IIUAeg pe 6Uo qubits

Ot npdégetg pe 6o qubits eivatl YepeAdwdoug onpaociag yla 6Aoug toug aidyopibpoug.
IV KAAOO1KI] EITIOTNHT UTTIOAOY10T®V, XP1O1HOITOI0UE OUYKEKPTIEVEG TTUAEG Yia
va va KAvoupe T Aoyikr mpddn rx. «Av A 10te kdve 10 Br. Ztnv kBavukr| uro-
AOY10TIKY], Td MIPAYHATA €ival ApKETA TTo TEpimAoka. Aedopévou o1l urdpyouv
ieploplopot 6oov agopa 1g dradikaoieg oU mEPLEXOVIAl 0T0UG KBAVIIKOUG aAyo-
p1Opoug, yla va anopuyoupe v Kataotpodn g KBavikng rminpogopiag. Amnod
Ta onpavukotepa eyxepidia otg apyxég g KBaviukng YroAoylotikng, urnfjpgav ot
onpewwoelg tou Preskill otig oroieg e§etdidoviatl eKT0g 1oV AAA®V KAl AUTOl Ot Tte-
ploplopoi. Mag apkel va moupe 0t Hev eMMTPETIETAL 1] AVIYPAPT] P1AG KATACTAONG,
IOV €ivat 1mo yveoto pe tov 0po no-cloning theorem, ondte eiplaote avaykaopévol
va XP1NOIIOTIO00UE avilotpewipeg 61adikaoieg (mou xpnotaornolouv 6nAadr) po-
vadiaioug tedeotég) yla va datnprooupe TG KBAVIIKEG 1010TNTEG TOU OUOTHIATOG.
Eutuxog, n dadikaoia xprjong avactpéyipev alyopibpav, unrpde aviukeipevo -
peuvag ToAAd Xpovia Tiptv v epdavion g KBaviikng YmoAoyiotikrg Kat amnodei-
XOnke 611 for1Onoe anoPaciotika ¢ auto TToU 9a A1vOTaV 0 KATIO0V AVUTIEPBANTO
gumno6io. 'Eva dAAo XapaKinplotiko mou Hev emMTPETETAl, ival ol BPoXol TIAvVe oe
éva adyopiBpo, orote Sa propovoape va rmovupe Ot ot kKBaviikol aAyopiOpot sivat
axkuxkAotl (acyclic). H mpotn mudn 6vo qubit rmou Sa napouociacoupe sivat 1 mUAn
control-NOT 1 muAn C-NOT. A¢xetal wg dedopéva 6uo qubits mou aidouv to podo
TOU «€AEYKTI) KAl TOU «0toX0ou» avtiotoiya. H mpadn mou rmpaypatoroteitat anod v
C-NOT eivat [c) [t) = |c) |t & ¢), érou @uokd |c) to qubit-gdeyktrg kat |t) qubit-
otoxog. To oupBoAo @ avarnapiotd v rpadn modulo 2, n onoia petappadetat o
«vBporvn yAowooa» og: av 1o qubit-eAeyktrg etvat |1), to qubit-otoxog avarodo-
yupilel, e10aAdng pevel og £xet. H muAn SWAP kdavel autd akpiBog rmou dSnA®vet 1)
ovopaoia g evaddooel o qubits. Mmopel va @aivetat amr), opwg Sa amodet-
x6el ot ouvéxela iapa mMoAU xpron avty n dwadikacia. H muAn Control-Z eivat
napopota pe mv C-NOT, wotdco avti va kavet tny ripadn NOT, die§ayet pia otpodn)
Pauli Z oto qubit-otdxo av autd Bpioketat otnv katdotaon |1), e18aAdeg 1o agprivet
onwg eivat. Tevikevoviag, priopovpe va @UASOUHE Oroladnote muAn TouU TUITOU
Controlled-U, 6mou U eival évag ortotoodrnote povadiaiog petacxnuatiopos. ‘Eva
aropa rapadetypa ewvat 1 1muAn eAeyXopevng @Aaong (1 muAn kBavikng @Aaong)
(Controlled-Phase Gate 1) Quantum Phase Gate), n ortoia aAAddet ) @don av to
qubit-otoxog Bpebet otnv kataotaon |1), petatpénoviag oto oty Kataotaon i|1) ,

aAAddoviag ) @Aaon Tou Katd ;.


http://www.theory.caltech.edu/people/preskill/ph229/index.html#lecture
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ITujn ‘Ovoua Iivaxag
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IMivarag 2.2: ITujeg pe dvo qubits

2.1.3 ITuAeg pe tpia qubits

Aépe 6t pa Aoyikn 1UAn L eival avaotpéywipn, av yia €éva orotodr)Iote arnote-
Aeopd G Y, UTTAPXEL €vd Povadiko dedopévo €10060U T TET010 WOTE epappodoviag
v L va tapoupe L(z) = y. Av pa rudn L eivat avaotpéyipn, t0Te undapyet pia
avtiotpopn uAn L' téroa wote L'(y) = x.

Ao g Kowveg rudeg Aoyikrg, povo np NOT swvat avaotpéyun. H yveoory AN D
yla tapadetypa, dev eivatl avaotpeyin. Qotooo Urapxet £vag TPOItog yia va rmapa-
Kapu@Oei n avdykn mg. AUo e§alpetikd mapadelypata napdkapyng tov KAAGoIKOV
Aoyikav TTUAwv ewvat ot tuAeg Toffoli kat Fredkin, ot omoieg meptypagovial tapa-
Katw. H mAn Toffoli, ertiong rmudn CCNOT npotadnke ar6 tov Tomasso Toffoli
10 1980 ka1 avhKel OtV KATyopia TV «KAOOAK®OW avaoTpéPiuev ITUAQV, Tpdy-
114 TO Ortoio orpaivel 0Tt oro1adIoTe CUVAPTHOT] UIMOPEL VA @TIAXTEL ATIOKAEIOTIKA
He ) xpnon mg. Xpnowpornotet tpia qubits e1008ou (ag rovpe |a), |b), |¢)) kat ta
anewkovidel ota |a),|b) xkat [¢) XOR (Ja) AND |b)). Apydtepa arodeixinke ou pia
rtudn Toffoli propel va kataokeuaotel xpnowponowwviag 5 rmuAeg yia 2 qubits[64].
Mia dAAn ouyxva Xpnotuonoloupevr) KaBoAKn) avaotp€yipin AoylKn mUAn eivat n
ruAn Fredkin, n omoia evaddooet ta duo tedeutaia qubits av to qubit eivat otnv
kataotaon |1).
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ITujin '‘Ovoua Iivaxag
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ITivarag 2.3: [TUuAec o1V qubits

2.2 O aAyop1Opog Deutsch-Jozsa

'Exovtag nepiypdyet kat opioet ta faocikd ototxeia evog kBaviikou adyopibpou, Sa
TIEPTYPAYOUHE TOV MP®TO KBAVIIKO adyopiOpo rmou da pag amnacyoAroel 0 autr)
v epyaocia. Avagpepopaote otov adyopidpo Deutsch-Jozsa, mou rmapd 1o ot dev
Auvel kamowo 161aitepa SUokoAdo TPoBANpa, armodelkvuel IV 10XU IOV KBAVIIK®OV
aAyopibpev.

To npd6BAnpa: Yriobétoviag ot €xoupe pia ouvdaptorn f(z) mou éxet wg nedio
optopou g tpég * = 0 op = 1 kat tg anewkovidel oto 0, 1, S¢doupe va yvopi-
Joupe av n f eivat otaBepry 11 6x1. 'Eva armo rnapddetypa ylia va Katavorjcoupe
TL onpaivel 1 TIAPATIAVE TIPOTACT] €1VAL (PAVIACTOUE OTl £XOUHE €va VOPoPd TO
ortoio 9éAdoupe va paboupe av €xel Kat otg U0 MAEUPEG TOU Kopova/ypdppata 1)
av eivat kavovike. H apyikn dnpooieuon and tov Deutsch[22] , mepiéypade éva
HIN-VIETEPUIVIOTIKO aAyopiOpo, o oroiog €61ve tnv anavinon pe rmbavotnua 1/2.
'Extote, akoloubnoe n ekdoxr tou otn dnpooisuon padl pe tov Jozsa 1o 1992
[28], n omoia tedsiomo)Onke amo toug Arthur Ekert, Richard Cleve kat Michele
Moscal23].

O alyopiBpog déxetat wg dedopéva v katdotaon n + 1 xat myv [0)¥"|1). An-
Aadn, ta npota n qubits eivat oy katdotaon |0) kat to erurtdéov qubit oty
kataotaon |1). Mia rudn Hadamard epappodetat oe kaBe qubit yia va AdBoupe
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0) —F/~— Hon Ho A=
Us
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1) L H |

Zxnpa 2.2: Ajyopduog Deutsch-Jozsa

TeAKA TV Katdotaon:
m—1

T Z |2)(|0) — [1)) 2.1)

H rudn Uy eivat n kapd1d tou ouotipatog. Aneikoviel v katdotaor |z)|y) oty
|z)|y @ f(x)). Epappooviag v Uy naipvoupe v Katdotaon:

2"—1

ﬂ— > [(f() =11 f() 2.2)

Ia ka6e z, f(r) = 0 1) 1,0mote priopovpe va ypawoupe :

2" —1
WZ

Y& auto 1o onueio to Bondntiko qubit TToU apX1KA TIPOETONACTNKE OtV KATAOTAON)
|1) propei va ayvonbet. Egapnodoviag pia akopa rudn Hadamard oe kaBéva aro
1a qubits naipvoupe

@z)(|0) — |1)) (2.3)

1 22! 2"—1 R
—_ _1\f(=@) Ty V@ 1\zy
on m:o( 1) yz;( D™ly) = o yz; Lz;( 1)@ (—1) ] ly) (2.4)

OTIOU T+ Y = XY BT1Y1 D+ + - Tp_1Yn—1 €lval 1o AOpolopa TRV YIVOPEVRV TV qubits.
Tehkd, egetddoupe v mbavotnta pétpnong tou |0)"

2" —1

2% Z(_l)f(:r)

=0

2
(2.5)

Aut) pag 8wet 1 av n f(z) eival ota®epn xat 0 av n f(z) sivat ota®piopé-
vi. AGidel va avagepbei 0Tl akOpa KAt oty anAoUotep) IMEPIMI®ON evog qubit
xpetadopaote 10 Bondnuko qubit. Auto to ermrAéov qubit eivat to k6otOg Yia Vv
UAoroinon T®v avactpEéPipev alyopibpev.

H BeAtioon tou aAyopibpou rou cuvelopepObnke ano toug Ekert et al[23], xpn-
oworoinoe @g Bondnukd qubit v katdotaon |0) — |1), xwpig €01 va unapyet
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0) —#*—1H="] (HE A=
Us

0) = [1)

Zxnpa 2.3: BeAuwpucvn éxdoon tov aiyopiduov Deutsch-Jozsa[23]

avaykn yia pua udn Hadamard oe autd. H mpoetopacia teov qubits e10660u
otV Kataotaon unépbeong, eivat mou pag 6ivetl ) Suvatotnta va KAVOUHE XP1on
TOU XAPAKTINPIOTIKOU T0U KBAVTIKOU IapaAAnAlopol. 10 OUYKEKPIIEVO TTAPAdELy-
Ha, o aAyopiOpog arogaivetal oe €va PoAlg Pnpa, kabwg ot rmudeg Hadamard
dnuoupyouv unepbéoeig tov kataotacewv |0) kat |1), divoviag pag ) Suvatduta
va ¥elplotoupe tapdiAnda ta qubits e10060u, Kal va TIAPOUE TO ATIOTEAECHA TOU
povadiaiou petaoynpatiopov Uy,

2.3 O aAyop1Opog avalntnong tou Grover

O aAyopiBpog tou Deutsch onpatodotnoes pia oglpd dnpoolevoe®mv OXETIKA Pe Td
mBbavd npoBAnpata ou Sa propovcav va ermAvcouv ot K8avtikol YmoAoyiotég.
'Onwg eidape, n xpron tou petacxnpatopou Uy oty ouvoia Sétet ota dedopéva to
EPWINUA y1la to av r ouvaptnorn [ eivat otabepr) 1) otabuiopévn yia va arnopavOei
o€ éva povo Prjpa tou adyopibpou. Autrn n Asttoupyia, €dwoe tnv 16€a g Xpn-
0NgG AVTioTOX OV PETAOXNPATIOPN®V Yid TipoBAnpata peyaAutepng MOAUTTIAOKOTNTAG,
npoBAnpata cav auvto nou xepidetal o aAyopiBpog tou Grover.

To npoBAnpa: Asbopévng piag pn tagivopnpévng Bdaong dedopévav peyéboug
N = 2" Bpeite 10 QVUKEIPEVO TIOU €XEL TNV EUKETA 1.

'Eva nipaktiko napadetypa sivat n avtiotpopn avalntnorn os €vav tNAEPOVIKO
katddoyo, dnAadr), yvopidoviag tov ap1Opo tnAepovou KATo1ou, va Bpoupie 10 6vo-
pa oto oroio avtiotolkel. Autn eivatl piia moAU anattntiky (UnoAoylotikd) epyaocia,
KaOwg KAaookd av e§etacoupe k kataypadEg tou Katadoyou, £xoupe rubavotnta
% va Bpoupe 1o emBupnto aviikeipevo. O KAAOOIKOG aAyop10p10g pe tv KaAutepn
arodoon €xel KOOTog g tagng O(v/2) yia va eviorioet 1o ermOUPNTO AVIIKEHIEVO.

O aAyopiOpog avadntnong tou Grover [29],[30], dev eivat katt Stapopetikod ano
pla enéktaon tou adyopibpou Deutsch-Jozsa. H Baowkn 16¢a eivat n dnpiovpyia
Hlag ouvdptnong rnou da Asttoupyel ®G «pAving yia va urnodeietl to ermbupnto
AVIIKEIPEVO. ZUVEMRG, Yia KAOe aviikeipevo MPEMeL va opiooupe pia d1apopeTIKY)
ouUVAPTINOT], TIPOKETHEVOU VA OAOKAT|P®OOOUNE EMMTUX®OG TOV aAyopiOpo. O adyopib-
pog tou Grover gival emiong VIEIEPHUIVIOTIKOG, TTOU onpaivetl ot tavta 9a divetl to
O®OTO ATIOTEAEONA, EV® O AP1OPOg TOV EMAVAANYEDV TIOU ATIAITOUVTAl £1val TTIOAU
HIKPOTEPOG A0 TOUG KAQOOIKOUG aAyopiOpoug ornwg Sa H1armotdooupe ot ouve-
xewa. H mepilepyn oviomnta tou «pavirnpy £xel KAroleg 1610tnteg o1 onoieg Ya pag
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ATIA0X0AN|00UV O aUTO 10 onpeio. Mia Kaln 61a100ntikY pooeyylon akoAoubei-
Tat and tov Jozsa oto [32] yia to g akpiBaig doulevet o «pavingy. [Ipokettat otnv
ouoia ywa évav povadiaio petacxnpatiopo, mou opidetat amno ) oxéon:

) ) wE£E,
Ly |2) = { o) wE=E, (2.6)

IMa armowmrta Sa ypnowpornoirjooupe 10 oupBoAlopod I yia va avapepboupe otov
«pavirp mou evrortidel 1o otoxeio 7 g Paong dedopévav. 'Onwg pPriopovpe va
dlaruotwooupe ano v 0plopd tou, o tedeot)§ I, aviiotpégel to otolkeio |7).
Mropoupe va dei§oupe Ot:

U - ]|T> Ut = IU\T> 2.7)

KaBwg ertiong rat
— I, =1, (2.8)

Mta akopa 1mo Xprotiin Hopdr] ToU TEAE0T] «HIAVTN» £lvat n
I.=1,—2|7) (7| (2.9

onou I, eivat o povadiaiog mivakag pe diaoctdoeig n. Av xpnoponotjooupe to |0)
OTNV MAPATIAve EKGPAOoT], TIAIPVOUE TOV TEAEOTY)

Io = I, — 2|0)(0] 2.10)

o ortoiog ovopddetatl teAeotrg draxuong.
Ta Brjpata tou adyopibpou €xouv wg eENg:

1. dudde pua ungpbeon OAwv tov Slavuopdtey rou opidouv ta avikeipeva, otnv
kataAAnAn Baon

2. Egpappooe tov tedeotr] pAvin yid vd TAUTOITO)0elg TO erMOUPNTO AVIIKEIIEVO
avtiotpEPoviag To MAATog Tou.

3. Epdppooe tov tedeotr) 81aXU0NG MPOKEIEVOU vd EVIOKUOEIS TO TTAATOS TG
ermbupntig Kataotaong.

H yeopetpikn arnodeiln tng Aetoupykotntag tou adyopibpou tou Grover pag
divel 61aiobnon yia 1o g akplBig oudevet o adyop1Opog kat ylati ot tedeotég I,
kat Iy €xouv v popon mou dwoape mpv [18].

Ag 9ewpriooupie 1o ermtinedo mou opidetat anod ta davuopata |s’) kat |w), érou
|s") etvat éva ket otov unoxepo mou sivat kabetog oto |w). tnv npe 1 enavdAnyn
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T0U aAyopifpou nmdve otnv apXiky katdotaon |s), epocov 1o |w) sivat éva and ta
dtavuoparta g Baong tou |s) n erukdAuyn toug vat:

|s') = 2.11)

L& YE@UETPIKOUG Opoug, 1 yeovia /2 petadu tou |s) kat tou |s') bibetat and 1)

oxéon: .
sinf/2 = — (2.12)

Ixnpa 2.4: Teopctoikt anodeiln tov aiyopiduou tou Grover

O tedeotig U, eivat pia avaxdaon oto urnepeninedo mou eival kabeto oto |w)
yla Siavuopata oto eninedo mou opiletat ano ta Savvopata |s') kat |w), SnAadn
Aettoupyei wg avakAaon rave oto |s'). O tedeotr)g Uy eival pia avakAaon diapéoou
0U |s). Zuvenog, 1o 81dvuopa rapapével oto ertinedo mou opidouv ta |s') kat |w)
peta aro kabe epappoyn v tedeotwv Ug kat U, eve eival oto 1610 potiBo to
va eAéySoupie 1o yeyovog ot o tedeotrg UsU,, kdbe piag anod 1g enavaifiyelg tou
aAyopiBpou meplotpéget 1o Hiavuopa Katd pia yevia 6 = 2 arcsin \/Lﬁ [Tpémet va
otapatjooupe dtav o §1avuopa QTacel Kovid oto |w), Kabohg av mepacoupe arno
auto, o aAyop1Bpog 9a £xel pikpotepn mbavotnta va daoet ) owotn anavinon. H
axkp18rg mbavotnta va AdBoupe 1 OOt ATTAvInon £ivat:

({39

orou 7 eival o aképalog aplOpog twv ernavadnyev tou adyopibpou Grover. O
HIKPOTEPOG XPOVOG OTOV OIT010 PITOPOUNE va €XOUME T BEATiOn amdavinon ewvat
OUVETI®G TOO0G WOTE VA YIVOUV ENMAVAAT|YPELG TTAT)O0UGr ~2 %ﬁ.
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'Exovtag mepiypdyel mog 0 «paving pag odnyel oto embupntod anotédsopda,
elpaote £€topot va rneptypayoupie ) Siadikaoia mou pag ermrpEnetl va rmapoue 1o
emOupnto avukepevo. [pota ar’ 6Aa mPEMeL va MPOETOIACOUE TO0 CUOTNHIA PaS
o€ pa urEpOHeon OA®V TV MBAVOV KATaoTAoE®V, 01 OTT0lEg OTIOG elrajle TIPETEL va
€KPPAOTOUV Ot Pld KATtdAAnAn Pdon. Zdaut v unépbeon Kataotaocsnv, Sa dpa-
OOUHE TOV «pavirp Tou ototxeiou 7 6nAadr) tov [, o oroiog Sa aviiotpéyet 10 TAATOG
g ermbupntg kataotaong. H Aettoupyia tou adyopiBpou kavel xprjon tou xa-
PAKTNP10TIKOU TOU KBaAVTIKOU mapaAAnAiopou, 1o oroio anattet tTov evaykaAlopo.
[Tpoxkepévou va svaykaAiotouv 600 (1) reploocotepa) qubits xpnotpomnolovpe pa
ruAn Hadamard. To enopevo Prjpa Sa sivatl va epappocoupe 1ov teAeotr) Hi1axuong
In = I — 2|0)(0|, poxepévou va evioxubei n Katdotaon Mou avuotpddnKke arnd
Tov tedeotr) [, Kat tedikda va epappocoupe dAAn pa udn Hadamard yua va yivet
avayvoolpo To arnotédeopa tou adyopibpou. Zuvenwg o ayAopiBpog tou Grover
elvatl pia ogpd anod enavaAnyelg 1ou povadlaiou petacynpatiopou

Q=—-HI,HI, (2.13)

n
g, =1 =2|7)(r| xat H = [] H; eivat to ywvopevo tov
i=1
nuAov Hadamard mou §pouv oto qubit-i. Autr) n drkdppaon tou adyopibpou [32],
eival woobuvapn pe v apXiki ekppaorn orneg diatunwbnke ota [29],[30].

orou Iy = I —2|0)(0

Qf = —I,HI,H (2.14)

H akp18rg ékppaon Tou petaoxnpatiopou mou npaypartornotei n muAn Hadamard

| B {|o>,- = 2 (]0), + [1),)
|1>i — \/Lﬁ (|0>z - |1>z)

Zinv mpaypaukotnta o aAyopifpog tou Grover Propei va Xp1o1poIIol|oel Orolo-
drjmote povadiaio petaoxnpatiopo avii yua v mudn Hadamard, nipaypa mmou otn
XEPOTEPT TV MEPUTINOEDV TTPOKAAel pia otabepr) audnon tou apibpov Tewv enava-
Afyemv ou xpetadetatl yla va ouykAivel o adyopiBpog oto embupnto anotédeopa
[31], omote propet va ypaget otn yeviky popon :

(2.15)

i

Q=-UlLU 'L (2.16)

2.3.1 IIapadelypa tng Xpnong tou Grover pe TECOEPA AVILKEL-
Heva.

Av @avtaotoupe ot £xoupe xpopatioteg kapteg (Kokkivn, Ilpdowvr, MmAe kat Ki-
Tp1vr)) O1 Ooroieg eival yuplopéveg pe v deUtepn MAEUPA TOUG TTOU £1val O OAEG
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pauvpn, OMG o€ Pid TPdrnouda Kail 9¢doupe va Bpoupe mola amo auteg sivat n
nipdown. Klaocowkd, autd 1o mpoBAnua arattet 2,25 emmavaAnyelg Katd PEco o-
PO, TIPOKEIPEVOU VA EVIOTHIOOUHE TNV €MOUNNTI KAPTA, ®OTO00 0 aAyopiOpog Tou
Grover pag urnooyetat va Bpoupe v andvinon pe éva Pnpa. Ipopa mpénet va
opiocoupe Vv KatdAAndn Pdon ya 1o mpoBAnpd pag. Autr n Bdon pmnopsi va
eEKPpaotel ©G:

Y)y=10)=(1 00 0)"
Gy=1)=(0 10 0)1 o17)
By=12)=(0 0 1 0)
Ry =13)=(0 0 0 1)

'Exovtag opioet t Bdorn, mpénet va dnpioupyrjcoupe pia vriépbeon |V) dAev tov
KATAOTACERDV KOG :

0) +11) +12) +[3)
V4
Egooov 9¢doupe va eviorticoupe v npdoivy Kapta, Sa opiocoupe tov aviiotoyo

WAV OG:

|¥) = (2.18)

Ie =1, — 2|G) (G] (2.19)

eve o tedeotng Sidxuong [y 9a opiletat wg:

o =1, — 2|0) (7] (2.20)

. -- ) -
00 10l ~10
i

T 7 3 7

Ixnpa 2.5: ITAam mdavo- Exnpa 2.6: IIAdam mdavotn- ZxApa 2.7: I[Idam mda-
mTag yla ug 1E00EpIg Kata- tag UETA TNV EPAPUOYN TOU Te- VOTNTAag UETA THY EPAPUOYN
OTAOEIS O UTEPDEDT. Aoty avaotpoprc 0V tefleotn diayvong

Tug ewkoéveg [2.5)2.6]2.7, @aiverar 1o nog addadel to mddatog rubavotnag tev
TE00AP®V KATAOTACE®V PETd 1) dpdon KAOe tedeotr).
2.4 O aAyop1Opog tou Shor
H kpurmtoypd¢non Kat 1 arnokpumroypddnon undpxouv 600 UMAPXEl 1] AVAYKI

yla v npootaocia «cuaiodntov dedopévav. Iin didpkela tou B Ilaykoopiou Ilo-
Aépou éytve EekAOAPO OTL MPOKEIPEVOU VA ATTIOKTAOEL KATIOWA artd T1g SU0 MMAEUPEG
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TO TTAEOVEKTNHA Of P10 OUYKEKPIHEVI] (PACT TOU TTOAEPOU, 1] ATIOTEAECHIATIKOTH-
10 NG AVIIKATAOKOTIEIAS KAl 1 1KAVOTNTA TIAPAKOAOUONOoNG T®V TNAETTIKOIVEOVIOV
Tou avurtddou Sa nrav kaboplotiky onpaociag ywa tmyv €ékBaorn tou moAépou. H
KPUIIoypdgpnon mnpopopiov e§acdpadilet 611 povo o erubupntog napainming Sa
HITOPECEL VA ATTIOK®OIKOIONOEl TO PHVURd, TTPAYHA TOU otnVv £MoXnN pag Bpioket
£PAPPOYEG ATIO TIG TPATIEQIKEG OUVAAAAYES €06 TIG TNAETTIKOIVROVIEG OE Ha 1daitepa
anaunuka ernoxn. O aAdyopiOpog RSA (yia mepiocotepeg rAnpodopieg PA. [65]),
otov ortoio otnpidoviat 0Aeg o1 ouyxpoveg PEO0SO1 Kpurtoypdadnong Xpnotponotet
Tpia frjpata: Anploupyia KAe16100, KOS1KOMOINON KAl anokwdikonoinon.
H Sabikaoia dnpioupylag kAe1d1dv, 11 KOSIKOIIOINON KAl AMTOK®OIKOIIOINOT £VOG
pnvipatog M, petadu 6Uo atopwev, (ag toug rmoupe AAiRn kat Baoidn) €xel og
234l

1. AwaAéyoupe 6Uo Hrakpitoug potoug aplfpoug p kat q. I'a Aoyoug acpaleiag
Ya npémet autoi o1 6Uo apBpoi va eival tuxaiol Kat va €Xouv 1o 1610 PrKog
oe bits.

2. Ynodoyidoupe 10 yivopevo n = pq

3. Ynodoyidoupe 1o ¢(n) = (p—1)(¢ — 1) dmou ¢ eivar n ouvédptnorn urodoirou
tou Euler (Euler’s totient function).

4. Erudéyoupe évav apidpd e tétoov oote 1 < e < ¢(n) rat o péylotog Kowog
Suapéng wv (e,¢(n)) = 1 (va eivar potot petadu toug). O apBpdg e
anodeopevetal WG To Snpooio KAe1di emkowveviag

5. TIpoodiopidoupe évav apBuoé d tétowov dote: d = e (mod ¢(n)). O d @u-
Adooetal g 10 191TIKO ekBeTkO Tou KAedou. Katd ) didpkela g kpu-
nroypa¢nong ocupbatvel n akodoubn Sadkaoia:

6. H A)ixn otédvet 1o Snuooio kAedi ing (n,e) otov BaoiAn Kat Kpatdel PUCTIKO
10 1010TIKO NG KAE161.

7. O BaoiAng tote emmBupel va oteldet €va pnvupa M otnv AAikrn, onote mpota
HETATPEMEL TO Prvupd tou M oe évav aképalo m outwg oote 0 < m < n
XPNOTHOTIOI)VIAG €Va MTPOCURPAOVIHIEVO IIPOTOKOAAO KAl PETA UrtoAoyiet to
kpurttokeipevo (ciphertext (¢ urtoAoyidovtag v mocotnta m = cd(mod n).

8. 'Exovtag anokpurttoypadrjost to prjvupa, o BaoiAng otéAvetl 10 kpurttoket-
pevo ¢ oy AAikn. H AMAikn, pmopel va mdpel 10V akKEPALOo m Adrd 10 KPU-
ITtoKeipevo ¢ unodoyidoviag 1o m = cd(mod 1) Kat Xprotponomviag to mpo-
OUPQOVNIEVO TIPOTOKOAAO Y1a va TO PETATpEWPeL §ava oto M.
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Etlvat epgavég ot n 10xUg tou aAdyopiBpou RSA otnpidetat oto yeyovog ot dev undp-
xouv kiaoouol ajlyopiduotl apketd arodotTikol yia va Tapayovtonotoovy Ueyaloug
apduoug, kKabwg 0 KaAutepog aAyopiOpog yia évav aplOpo pnkoug b — bits (peya-
Autepog ard 100 bits etvatl o adydp1Opog «yevikou KOOK1vou» (general number field
sieve), ToOU £xel XPOVO UTIOEKOETIKO, NG TAgNg

O (exp ((5)"" 10g)*?) ) (2.21)

O alydp18pog tou Shor xpetadetat xpovo tégng poAig O(H?) (moAuevuniko) kat Xo-
po tng tagng O(b) yia ta debopéva nou xpnoporotei. H anotedeopatkota tou
aAyopibpou tou Shor ogeidetat oty anodotikotnta tou KBavtikod Metaoxnpa-
Tiopou Fourier oniwg 9a Soupe oe Aiyo.

H 9:swpia aplOpov pag rapéxel pia CUVIOHEUOT] Yld TV ITAPAyOVIOoinor)
peyddev apbpev Eumnepiéxet v eupeon g mepltodou piag OUYKEKPIHEVNG OU-
vapinong. Ia va kavoupe ta npdypata mo anid, S9a dwooupe éva aplOpnuko
napadeypa:

Ag unoBécoupe ot 9¢Aoupe va Mapayovionojcoupe to 15.

1. Bpiokoupe évav apiBpo npoto pe 1o 15 (ag movpe 1o 11).

2. Awapoupe 1o 11 pe 1o 15 yia va ridpoupe O pe urtddoro 11

3. Yyovoupe 010 TEPAY®VO TO UTTOAOTo yia va riapoupe 121.

4. Aapoupe to 121 pe 1o 15 yua va mapoupe 8 pe urtddouro 1.

5. Yywvoupe oty 1ptin 6uvape 1o 11 yua va tdpoupe 1331.

6. Alaipoupe to 1331 pe 1o 15 yia va idpoupe 88 pe untoAouro 11.

e [lapatnpoupe ol ta urodowria 11 kat 1 evaddccoviatl pe mepiodo 2.
Aépe Aowov o « mepiodog tou 11 otav Swaipeitar pe 1o 15 givar 2»

7. Tvapiloviag v niepiodo (2) upovoupe to 11 otnv nepiodo tou pe ) Sraipeon
pe 10 15, 6ndadn 1o 2 yia va ndpoupe 112 = 121.

8. Bpilokoupe ) pida tou v 121 = 11.
9. Agaipoupe kat ipoobetoupe 1 yla va apoupe to {guyapt apOpwv 10 kat 12.

10. Bpiokoupe tov péyioto koo Siaipétn v euyapiov (10, 15) = S kat (12,15) =
3 (pe tov adyopibpo tou EukAeidn).


http://mathworld.wolfram.com/NumberFieldSieve.html
http://mathworld.wolfram.com/NumberFieldSieve.html
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Autn n 6abkaoia sivat TouAdayiotov yedoio va yivel yia pikpoug apifuoug, opwg
yla peyaloug apiBpoug o kBaviukog petaoxnpatiopog Fourier yia v eupeon tng
neplodou, divel tepdotia taxutnta otov adyopibpo. IIpv meptypdyoupe autr) tv
urnopoutiva tou Shor, Sa 6kooupe ) yevikn popdr) tou adyopibpou. To mpo-
BAnpa: 'Exoviag évav mepttto (o1 dptiol £Xouv Tov TEIpIPpPEvo dialpétn 2), ouvOeto
apOpo N, Bpeite évav aképato d avotnpd petadu v 1 kat N rou va Saipei tov
N. H Avon:

1. Tpé&e éva kptnplo ya va enadnbevoeig av o NV eivat Oviwg ouvOetog apldpog
Kat 0X1 PoTOog.

2. AldAee évav tuxaio apOpo a < N
3. YroAdyioe tov M.K.A. gcd(a, N) pe tov adyopiBpo tou EuxAeidn.

4. Avged(a, N) # 1 tdte undpyet £vag pn tetpippévog apayoveag tou N, ondte
OTApATAE.

5. AAM®G, XpPNoomnoinoe v unopoutiva eUpeong g reptodou, yia va Ppelg
10 7, TNV Tiepiobo dnAabdr) g akoAoubng cuvapinong:

f(z) = a” mod N (2.22)

dndadn v 1aén r wu a oto (ZN)X,IO oroio ewvat o PKPOTEPOG SeTIKOG
appdg r yua wv ornoio f(z +r) = f(x) f f(x +7r) = ¢ mod N =
a® mod N.

6. Av o 7 eivatl tepittog yupva oto Brjpa 1.
7. Av /a = —1( mod N) yUpva oto Brpa 1.

8. O ged(y/a + 1, N) eivat évag pn tetpiapévog mapayovrag tou N kat o adyo-
P1O0G 0AOKANPOONKE.

2.4.1 O K6avtirog petacxnpatiopog Fourier

H onpaoia tou KBavuikou Metaoxnpatiopou Fourier tov kaBiotd kavo va opidet
£€va 0AOKANPO CUVOAO TIPOBANIAT®OV TIOU PITOPOUV vd XP1otponoinfouyv e autov.
Tétowa mpoBAnpata eKtog ard tov ailyoptdpo tou Shor eivat o adyopibpog exti-
HNoNng eAong IouU ETUTPETIEL TNV EKTIPNOT TOV 1810TIIOV £vog povadilaiou TeAEoTr)
Kat 1o poBAnpa ng Kpuppévng urtoopadagl66],[67]. O xkBaviikoég petaoxnpatt-
opog Fourier eivat 1o avaloyo tou kKAaooikou Atakpttou Metaoxnpatiopou Fourier
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(D.F.T., o omntoiog maipvel éva diavuopa otov CN, (o, 1, T2, ..., Ty—_1) KAL TO ATIEL-
Kovilel o éva iavuopa (Yo, Y1, Y2, ---, YN—1) OUHNPOVA HE TOV TUTIO:

1 .
> (2.23)

AvakaAdviag v tautotnta tou Euler e + 1 0 9¢toupe wg w v N-ootr) pK-
Tevouoa pida g povadag, dndadr: w = e x [Mapopola o QFT pestatpénet éva
olavuoua

k6t¢ = CLO|'¢> + a1|¢> + ...CLN_1|'¢> (224)
epappodoviag tov D F'T' ota mAdtn tou, divoviag 6nAadr):
1) = Bolv) + BulY) + ...Bn-1[) (2.25)
Aedopévou evog tuxaiou Siavuopartog|iy))
2n71
) = aalz) (2.26)
=0

orou n givat o aplOpog v qubits, o QFT|1)opiletal wg:

on— 12n 1 27”
ag.e2"
[¥') = QFT|y) = ZZ : (2.27)
z=0 y=0
Eavaypdgpovtag 1o mponyoupevo abpoiopa Sétoviag M, = e2™iwy/2" Bhiokoune

étl: gn— 12VL 1 2 y on— 1 on 1
A, e2m
y) Myyaz | |¥) (2.28)
S g % (5 )

LUVEN®OG 0 MivaKag PETAoXNIATIopou rou opidet o Q F'T amotedeital amo ta otot-
xeta M, xat priopei va urodoytotet 6t eivat:

11 1 1 |
1 w w? w3 WwN-1
1|1 w? wh W6 W2(N-1)
Fy = VN 1 W wb W? cee o W3IN=D) (2.29)
i wz\'fq u)2(1'\171) w3(].\771) o w(Nfl.)(Nfl)

To kKUKA®Pa rou vdornotei tov QFT anewkoviletatl oty elkova
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—T—l 1)
’ 7r/2

|?J2>

— DRI p— Rﬂ/zﬂ_z I |yn—’]/+1>
X®T,,_,

— Ryjpn-z|— - Y1)

— — Rﬂ-/anl s T |yn>

IZxfpa 2.8: Avanapdotaon tov K6avtucou Afyopiduou mou anetkovifet tov K6avtikd Meta-
oxnuatoud Fourier yia n qubits

2.4.2 Eupseon tng nepiodou prag ouvaptnong pe tov QFT

H vAormoinon tou aAyopifBpou tou Shor onwg dnAcvetatl amno 1o 1610 10 TIPoBANHa,
anattel CUYKERPIPEVA KUKA®PATA yia KABe mpoBAnpa. Xin YEVIKY] TIEPUTIOON
evog apBpou N Kt evog tuyaiou a, arnattoupe dUo pnipeoa yua input kat ouput
rou anotedovvtat and L qubits, ovtag wote N? < 28 < 2N2. Auty n anaimon
eCaopalidel ot urtapyxouv touddyiotov N Sradopetikd x ta oroia da rmapdyouv v
idua f(y), akdpa k1 av n nepiodog r mMAnowadet 1o N/2. Auty) n Sadikaocia yia myv
€UPEODT) TNG MEPLOdoU, £Xel WG eENG:

1. Ipoctoipaoce 2 puntpoa pe L qubits otnv apX1Kr T0U§ KATAoTtaor.

2k —1
10) (2.30)

v 21

2. E@dppooe tov povadiaio petaoxnpatiopo Usnou opidet ug fo v (2) = a® pod N:

2Ll 1 2Ll 1

\/Q—LZ’*’” 0) = Z!l‘ | fan(z)) (2.31)

3. Epappooe tov QFT 010 mpoto pnipwo:

2Ll 1 oLl_1 [ol

1 oL
757 210 | Uasle) = 50 2 { e |17 22

y=0 y=0
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4. Kdve pa p€rpnorn oo TPpeTo UNnIpao yia va Bpeig 1o y.

5. Bpeg tnv niepiodo g ouvaptnong, r, Kataokeualoviag ouvexopeva KAdopata
yla 1o 2% Av amotuyel auto 1o Prjpa enéotpeye oto Pripa 1.
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Kepaliawo 3

YAonoinorn aAyopiOpwv oe
ocuotnpata Cavity QED

Ot aAyopiBpot ou avadépapie, oty ouoia eivat odnyieg mou e§nyouv oot pe-
TAOXNHIATIONOoL TIPETIEL VA £PAPIIO0TOUV O €va ouotnua aro qubits mpokeaévou
va vdoronOel évag adyopiOpog. H mpooappootikdtnta towv KBAVIK®V ouotnpd-
TV EMIPEMEL P1d ITOAU PEYAAn moKiAia and rmbaveg MmelpapatikeG UAOIOoelg
1OV KBaviikev aAdyopiBpev. Ta teAsutaia xpovia undpxel £VIiovn £PEUVNTIKY Spa-
oTtNPOTNTA OT0 0Xe61a0PO KAl TNV AVAITTUSH OUCTNHATOV TTOU EIMTIPEITOUV TO va
X€lplotoupe qubits, pdypa nou eivatl kat 1o {NTovPevo yida v Kataokeun diatd-
gewv 1ou Sa Popouv va eKTEAE00UV e UPNATL) rmotdtnta KBaviikoug aAyopiopoug.
Autég 01 texVikeG ouprieptAiapBavouy tig nayideg 1oviav [68] 145, 169], Tov ITupnviko
Mayvnuko Zuvioviopo [48], gpetovika cuvothpata([70],[71]), tnv KBavukr HAe-
ktpoduvapiky oe KukAdopata circuit QED[49],[50],[51] kat féBata to cavity QED.
®a avapépoupe 10 G o1 alyoptOpot Grover kat Shor priopouv va uvloron6ouv
oe microwave QED, akoloubwvtag duo epyaoieg tov opadav tou Serge Haroche
(Grover)[35] kat tou Marlan O. Scully (Shor) [34]. To npwto npdypa mou xpetade-
1Al va avapEPOULE Yid va OUVEXIOOUNE, €lval To YEYOVOG OT1 OTa ouotrjpata cavity
QED éxoupe Vv eAeubepia ermAoyhg PeEtaiy ATOPIKGOV KATAOTACERDV 1] KATAOTATEDV
NG KOWAOTNTAG Otav MPETEL va opiooupe «tt eivatl to qubitr otn ouykekppévn 61d-
1adn. AUTO TO YEYOVOG EMMITPEIEL TTOAAEG TTAPAAAAYEG KA1 TPOIIOITOOE1S Ol OITOiEg
navia yivovtat ota opla rou YE1el 1 MEPAPATIKE §1atadn KAt ol Arattoelg 10U
alAyopiBpou. Ymdpyel pia peydAn KAnpovopuld MeEPapatiKQV TEXVIKQOV TT0U £X0UV
varttuxBel otg datadeig cavity QED mou pag ermtpérnouv va Snpiioupyoupe evay-
KaAlopéveg Kataotdoelg kKatd BouAnon [72], va da§dyoupe KBavuikég Metprioeig
Mn-Katdppeuong [73], [74] xkat va yepiddpaote pe e§aipetikn akpiBela tg kata-
OTA0E1S KAl TOV ATOP®V KAl TOV NMEdi®V T®V KOWAOTTOV XPNOTHOIOIOVIAS TEXVIKEG
mou avadépovial avadutika ota [6, [7].
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3.1 YAomnoinon tou Grover

H peyaldutepn mpokAnorn mou avipereni{oupe otnv vlornoinon tou alyopibpou
tou Grover eivat 1o va kabopiocoupe pia oe1pd MAAPOV Kat aAAnAsmdpdce®v rmou
9a amotedéoouv tov TEAEOTr) «pAVIn, O OMOiog otV oucia eival pla ImuAn con-
ditional phase (1] cuxvotepa Quantum Phase Gate) mou avaotpédel 10 MAATOG
rmbavotntag ng embupnig kataotaong. H sAeuBepia emdoyrg tou kataAAnAou
HETAoXNPATIOPOU TIPOKEEVOU va ermteuxOet ) 1oo6uvapn diepyaocia otov aAyo-
p1Opo tou Grover OTI®G TOV YPAWYAUE OTr OXEOT) pag mpoteivel 0Tt PIopouie
va Bpoupe pla €KPpaon IoU va PIopet va vAornoindei oto cavity QED pe ) xpn-
on arm\®v replotpodav (pe ) Borbeia twv {wvov Ramsey) katl e0TEPIKOV MINYOV
Hikpokupate®v. Ta qubits mou xpnotpomnolovvial oe autn tr dStadikaoia ivat uo
atopa o KUKAKEG kataotaoelg Rydberg A; kat A; mou mpostopddovial o Ka-
TAAANAnN datadn kat e§épxoviat amno Evav eoupvo rou toug Sivel ) duvatotnta va
€XOUV OUYKEKPIPEVEG TAXUTNTEG, OUVEN®OG va eAeyxOel o xpovog aAAnAenidpaong
mou 9a £xouv He TV KOWotta, eve £ival TiposTotaciiéva oty depedwdn Kata-
otaor] toug. Ia va yepiotovpe kKaABe dtopo Xwplotd, Xpeladetal va opicouple ola
(UOIKT] KATAOTAoT TOV AtopeV avilotol et ota Aoyikar |0) xat |1).

I'a to atopo A;, 1 kataotaon |g) opidetat wg |0) kat n kataoctaon |e) g |1). Ka-
Ywg o1 maApoli npénet va Spdoouv tautdoxpova Kat ota SU0 Atopd, Ol KATAOTACELS
|0) kat |1) yia to Ay mpénet va opiotouv pe S1apopetikd TPOIo yia va aropeu-
X0ouv opaApata otov XEPIoPO0 TRV ATOP®V. ZUVETWG, 1] XP10N £VOG XAHUNAOTEPOU
evepyelakou eruredou i) yia to Aoyiko |1) tou As kat to |g) yua o Adoyiko |0) av-
Tpetenidel autd to npoBAnua. Ipérnet €86 va tovicoupe 6t i Kataotaon |i) dev
opiel éva atopo TPV ermmedwv addd npokettal yla €va erinedo eKtO0g§ oUVIOVL-
OHOU € 11 ouXvotnta g aktivoBodiag mou ouvinpel n KOOI, ON®G PATVETAL
oto oxfjpa [3.1I1 H ardovotepn meputtoon oty oroia 0 alyopiBpog propet va
81e€axBel, amattei 2 qubits n = 2, ouvenwg autr) ) nepinwon Avvet to apdderypa
TV TE00APKV KAPTHV ITOU £idapie otnv aviiotolyn UIoevotnta T0U IPONyoUEVOU
qu)aAa{O\ﬂ divovtag 1é00ep1g KAtaotdaoeg:

0)=(100 0)"
=(0 10 o)i .
2)=(0 0 1 0)
3)=(0 00 1)

O1 muAeg Hadamard eivat mmuAeg evog qubit mou pmopouv va uAorownBouv pe 1
Xpron nadpev /2, onote 9a acyoAnboupe Kupiwg pe v UAOIOINon TeV TEAECTOV
avaxrdaong (I;) xkat dayxvong [y, Kabwg propoupe va xelpiotoupe kabe dtopo

ITa n = 2 onv ouoia o adydpiBpog Grover eivat o aAyopiOpog Deutsch-Jozsa
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Zxnpa 3.1: Avuotoiia v Aoykdv Karaotacemv ota 2 droua yia tov ayiopduo Grover.

Sexwplotd, nipénet va Bpouiie 100duUvayieg eKPpAcelg yia tov tedeotr) () tou Grover
rou Ya KAVoUuV TI1§ anattoupeveg replotpodeg oe kKabe qubit. H anattoupevn gpovia
nePLotpoPrig Kabe qubit e§aptdatal amd tov «pavirpy rmou J€Aoupe va KATAOKEUA-
coupe, orote opidoupe g yovieg # kat O katd tg ornoieg Ya neplotpépetal kabe
qubit akoAouBoviag v napakdte ouvpBaon: Xin ouvéxela opidoupe Tov tedeot)

[Meplotpodég yia: | 61 | Oy
|0) T
1) 0|
2) |0
3) 010

Mivakag 3.1: Opioudg g ywviag meplotpodng yia v UAOmoINon IOV anallOUUEV®U
1e/1€0TOV-UAVTO».

X;(0) (6rou o deking j SnAmvet oe oo arno ta SV dtopa epappogetat o TeAeotr|g),
He Vv KAgl0ot EKppaot :

o 10 —>cosg|0j)+ising|1j>
X;(0) : { 11,) — ising 10,) + cosg 11;) o

H &paon g rmuAng Hadamard mptv kat petd ) nipadn X; pag divel to petaoyn-
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HaTopo:

H 1008Uvann ékppaon yla toug 1edeotég [, Xpnoponomviag ) oupaon yoviov
OIS TNV MEPLYPAYANE OTOV TTivaKa Kkat n xpnon wmg KBavukng ITuAng $aong
tou opidetat amnod tov povadiaio mivaka,

1 00 O
lopa = 8 (1) (1) 8 : (3.4)
000 -1
propet topa va ypaget ot popor
I = Iopa|Z1(61)Hq][Z2(62)Hs] (3.5)

Eivatl evxkolo va dsioupe ot n 6pdon tou tedeot tng KBavuikng IMUuAng ®aong
(Igrc) propet va d1e§axBet eite petd eite mpv TG MEPIOTPOPES TOV ATOPAV, OUT®G
WOTE:
lopaZ1(01)][Z2(02)] = [Z1(61)][Z2(62)) Iqpc (3.6)
Tuvenng, o tedeotrg Sidxuong Iy propoet va gpagtei 9étoviag ; = m kat b = 7
WG
[HyZ,(7)] [HaZa(7)] Lgpe (38.7)

Xp1no1porolwviag Tig OUVIOUEUOES:

Pi(0) = H; X;(—0) (3.9)

propoupe va avaypdyoupe tov tedeotr) tou Grover, Q «G:
Q = SlgpcHIgpcP (3.10)

H x)e10t0U TUTIOU eKPPAOETS Yia Tig ouviopevoelg S;, F; eivat:

] 105) = 5 (= 105) = [15))
% { 1) = 25 (0;) = 11,) ety

0.
pj . | J> (3.12)
|15)

%
%
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O mivakag tou tedeotn) «paviny (1) €xel ) popdr

o5 (01+62) 0 0 0
0 e 20=02) g 0
I, = . . 00 . (3.13)
0 0 0 —eslitl2)

Xpno1pomomviag Tov TIivaka OA®V TOV TEAE0T®OV OGS TOUG avapEPAlIE TIPLV, JTT0-
pouUlE va ypayoupe tov tedeotr) Grover og:

e~ 31 01402)  _o—3i01-02)  _p3i(01-02)  o3i(01+62)
0 1 e 3i014602)  o—gi(01-02)  _ 3i(01-02)  o5i(B1+62) 5.14)
- 2 _6—%i(91+92) _6—%i(91—92) 6%1(91—92) 6%7;(014-92) :
e 3i014602)  _ —gi(01-02) _ 3i(0102) _ ,5i(61+62)

OpoAoyoupévag, TO o AMAltNTIKO KOPPATL TG UAOTIoiNong £€Xel va KAVEL PE TV
vdornoinon tng KBavuikng I[MuAng ddaong. T'a va yivel autdg o petacxnpatiopog,
Potabdnke 1 «OUYKPOUOT) TV HU0 atOpeV (1] 100G o 00otd 1) eAeyXOpevn aAAn-
Aentibpaot| toug) péow g adAnAenidpaong van der Vaals rtou urtoBonBdatat aro
NV KOWotnta ornote autd anatteitat. ['a va kataddBoupe nog akpBwg rpaypa-
tomoteital n aAAnAenidpaon, 9a pedetrjooupe v aAAnAenidpaor) 10U ouCTPATOG
avaAvtika. H Xapdtoviavr) aAAnAeniidpaong mou neptypdadet tnv aAAnAenidpaon
petadu 6Uo atdp®y pe 1o edio g Koodtntag oty eikova aAAnlemnidpaong, eivat

H =g Z (efiéthSvjf 4 eiétdsv;r) (3.15)

7=1,2

oriou S) = |e;)(g;] ka1 S5 = |g;)(e;| ne |g;) xat [e;), (j = 1,2) o1 Sepehbderg xat
dleyeppéveg KATaoTtAoEelg TOU atopou j avtiototxa. Av 9ewpriooupie ot Bplokopacte
oV neploxn dwaoropdg, Sndadr ot & >> g, dev undpyxel aviaddayn evépyelag
HETAdU TV AtOP®V KAl TG KOWOTTAG, OUVEN®S Td ATOPa HUITopouv va ddAnle-
mdpdcouv dpeoa petadu toug. H armotedeopatikn XapiAtoviavr) mou meptypadet
autr) v aAAnAenidpaon 6idstat ano ) ox€on[75]:

H =\ LZ (&) e;laa — |g;){g;lata) + (Sfﬁ; + S}SJ)] (3.16)
j=1,2

érou \ = ¢? /4. Ot mipatot 8Uo 6pot meptypddouv g petatortioeslg Stark rou e-
ninppeadovial 1ov aplbpo eeIovieov, eve ol 6U0 tedeutaiol 0pol EPLYPAPOUV TNV
avtaddayn evépyelag petasu duo atopwv. Av n KolAdtnta eivat apyiKd otV Katd-
otaorn Kevou, 1 XapAtoviavr) yivetat (BA Kegp. 19 [14]):

Hepp= A LZ lej) (ej] + <5’f35 + 5’132*)] (3.17)

=1,2
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\ /
\ j I Alo ,7 D
1
B P‘I Iorc I‘_J Iorc lfs
. ) b,
v A

Interaction time
Rotations produced by classical |controlled by atom

speed (~few m/s)

external microwave sources

Zxnpa 3.2: Ilepauanxn 6wdraln yia mv viomnoinon tou ajyopiduou wou Grover. Ta a-
oua 1 xat 2 diépyovtar ano v KorAotnia ue g idleg 1axUtnieg, OUOSG O OlAPOPETIKES
(katakopupeg) 9éoeig Kat umoketvtal otoug uetaocxnuatiopovs S, P, H ano efotepikég mnyéc
UKPOKUUAT®OUV, eV aiAndemibpouv 6U0 eopEg péoa ot Kotlotnta peow uro6ondoUpsvov
aifinidsmdpaocswv van der Vaals.

¥ autr) v €KAot O TIPOTOG OPOG TIEPIYPAPEL T petatoriion Lamb eve o eutepog
0pog TNV avtadlayr) evépyelag petady twv 6Uo atopev nou urnoBondatatl aro v
kootnta. 'Otav o xpovog alAnAenidpaong (rmou onwg eirape kabopidetat amo 1g
Ta)UINIEg TRV ATOP®V) eMMAEYETAl OUTRG WOTe Al = 7, 10 ouotnua ugiotatal to
HETAoXNUATIONO :
91)192) = |91)|92)
|g1)]i2) = |g1) li2)
lex)]g2) = lex)]g2)
le1)]iz) = —lex)]ia)

(3.18)

H &wadikacia autr) aviiotoixel otnv vdonoinon tng KBavukng [MTuAng daong. A-
VAPEPOVIAG HEPIKA ATIO TA TIEPAPATIKA XAPAKINPIOTIKA TOU TEIPAPNATOG, TIPETTEL
va tovicoupe §avd ot n KolAotnta Bpioketatl otV KAtaotaor Kevou, He ) deppo-
kpaoia tng va ewvat 7' = 1.3K, rou onpaivel 0t undpyet PEoog aptOpog Sepikav
pwtoviov 0,7. Tpoxrepévou va YPuxOel mepattépm n Koldotnta, pa pebodog eivat
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va otalei pia akoAouBia aro dropa otn SepeAd1nrdn Katdotaon yia va arnoppopr|oet
autd 1a Seppikd eOTOVIA Katl va €Xel teAkd 1 kowotnta 17 = 0.12 gpetovia [76]. O
OUVTEAEOTHG TTOLOTNTAS TG KOWATNTAG 0T ev Adye meipapa frav Q = 3 x 10%), pe
) otaBepd oueudng atdpou-tiediou va etvat /21 = 50k H z xai 6 /2m = 200k H z,
6nAabdr] kavomolettal n anaitnon g nePloXns 61a0TopaAg OMMG AUt MEPLYPAPE-
tat oty e&iowon TIPOKE1£VOU Va UMAPXEL O anapattnrog Xpovog (2.5 x 107 4s)
yla va dpaocet dUo @opég 1 adAnAenibpaon rou vdorotet ) KBavukn ITudn ®a-
ong, 9a mpérnet ta dropa va Xouv taxuteg g tadn v ~ 40m/s. O ouvoAkog
Xpovog aAAnAenidpaong pe tov ermbupnto tpomo g Kootntag eivat 120us, 6n-
Aadn oAU PIKPOTEPOG ATIO TOV XPOVO {®NG £VOG PROTOVIOU PEoa O Pla KOOt Ta
He Q = 3 x 108, ou eivat nepinou 1ms.

3.1.1 EvaAAaxrtiki vAomnoinon tng Kéaviikng nuAng @aong

H mpoxkAnon mou 9€tel n vdomoinorn tng KBavilkhg muUAng @aong 2 qubits, €xet
0dnynoet oe 61APopeg TIPOTACELS HPE AUTO TO OKOTIO. Idlaitepo evdiadépov €xel 1)
POTaAocT) rmou rapouctddetat oto [77], értou ot ouyypageig reptypdpouv pia diatadn
TOU TIpaypatorolel tv muAn kat divouv eva rnapddsiypa pe tov alyoptOpo tou
Grover. Av oupBoAicOUlE TO HETACXNHATIONO IOU IIPOKAAEl 1] KBAVIIKY] TTUAN

@dong 6o qubit pe (), propoUpE va Tov YpAyouHe otn Hopdn:
Qnlas, Ba) = exp[inday 10p,1] o1, Ba2) (3.19)

orou ta |ag) kat |5y) oupBodidouv g Kataotdoelg Baong |0) 1) 1) twv qubits 1 xat
2 avtiototxa. H xAetotr) popor) wou ), eivat:

@y = 101,02)(01, 02| + |01, 12) (01, 12|+

Z. (3.20)
+|14, 09) (11, 02| + |1y, 1) (14, 19|

Xpnowonowwviag tg oxéoetg [0)(0] = (1+0.)/2 kat [1)(1| = (1 — 0.)/2, n avana-
paotaor) mivaka tou (), eivat:

1 )
QU = [112 — Z (1 — 6”7) (11[2 — 110'22 — 021[2 + 0'210'22) (3.21)

H nepimwon mou pag svbiagépet eivat yua 7 = m. Z1o oxfpa (3.3, neptypdgetat
n npotewvopevn Stdtadn. Mia KolAotnta rmou urnootnpidet Vo cuyvotnteg vy Kat
Ve, EVO OE AUTH TV Tepinwon n katdotaon tou nedlou g kootag |0) xat |1)
avarnapilotd ta Aoyikda bits avtiotoixa. Av ot ouyvotnteg kevou Rabi rmou ouvééovrat
1€ TIS OUXVOTNTES TTOU UTOOTNPIidovIatl armo 11§ OUXVOTNTEG NG KOWOTNTAG V1 KAl Vo
elvat g; Kat gs Kat £XOUPE ATTOOUVIOVIORO A TET010 WOTE Wy = Vo KAl Whe = Vo + A,
1OTE 1 {nToupEevr) TUAn propel va udoronBeil pe Eva ATopo TPV EMITES®V apX1KA
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Ixnpa 3.3: Zvomua plov emmnédov yia mu evadiaxtky viomnoinon g k6avtukng TuAng
eaong yia évo qubits[77].

ot 9epedidn tou katdotaon (86 |¢)) kabBOg autd mepvast and v Koo ta,
otav: a) O arnocuvioviopog A = gs.

B) O xpovog aAAnAenipaong atopou-KOWAOTNTAG £1val TETO10G WOTE G T = V2.
TNV MEPITIOOT TTIOU 1] KOWAOTNTA £XEL £va POTOVIO 0 KABEva arto toug dUo Tporoug
g, 1 anotedeopatiky Xapdtoviavy) yla v adAnldenidpaon pe 11§ pooeyyioelg
dumoAou kat otpedpopeEvou KUpAtog sivat:

H=Hy+ Hi1 (3.22)
010U
Ho = hidlan + fivnabas + hwpe|b) (0] + hiwge|a)(al (3.23)
Kat
M, = higy <d1|b> (c] + allc) <b|) + higs <d2|a)(b| + ablby (a|) (3.24)
Av T1G TpOITOTIOI|00UE OtV €1KOVa aAAnlenidpaong, raipvoupe:
iHgt iHgt
Hr=e & Hien = H{+ Hy (3.25)

E@ooov o1 poveg KATtaoTtdoelg IOU EMITPEIIOVIAL Yid TO OUCTNHA ATtopou-Tiedlou
eival autég mou Slatnpouv TV EVEPYELD KAl TO GUVOAIKO aplOpo dieyépoewnv tou
ouUCTPATOG, 01 POVEG ETITPEITIEG Katdotdoetg etvat ot |a, 0,0),|b,0, 1) xat |c, 1,1),
omtdte ot 6pot H; kat Hy Sa yivouv:

Hl - hgl <d1‘b> <C‘€7iAt + &11"0> <b‘€iAt)
= hg1 (|b, 0, 1><C, 1, 1|€*iAt + ‘C, 1, 1) (b, 0, 1|eiAt>

(3.26)
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Kdat

Hy = hgy (azla) (b] + a6} (o]
= hga (1a,0,0)(b,0, 1] + 5,0, 1){a, 0,0])

(3.27)

Av opilooupie 11§ VIUPEVEG KATAOTACELG TIOU AVIIOTOLXOUV OTOV TPOTITO0 TG KOWAOTNTAG
ou urootnpidet t ouyvotnta Vs, ©G:

+) = = (10.0,0) +1,0,1)

1 (3.28)
—)=—=(|a,0,0) —[0,0,1
- 7 (la,0,0) —16,0,1))
propoupe va Savaypdyoupe v €ékdppaon ya myv Hs og:
Hy = hgs ([4)(+] = [=)(=1), (3.29)

n ortoia €xet Wotpég hgs kat —hgs. Tpdgoviag ) Xapdtoviavry) Hy oty eikova
aAAnAemidpaong pe v Hy mpokuItet ott:

hg: —i(A —i(A—
Hip = —= (|[4){c, 1, 1|e %A+t | V(e 1, 1] "A-92)

e, 1, 1) (el S — e, 1 1) (el
Av 9¢ooupe go = A 101 N MAPANAve £KPEACT] ArAOIolEital ©g:

h .
Hiy = "2 (14) (e, 1, 1]e 22 — =) (e, 1, 1]

V2 ’ (3.31)

+e, 1, 1) (+]e™ 2 — |, 1, 1)(—])

YrioB£toviag 011 0 artocuvtoviopog €ival PeyaAog, PHITOPOUHE A0 AUt TV €KAot
Va ayvorjcoulE TOUG OPOUG TIOU £X0UV HEYAAN oUXVOTNTIA OT0 EKOETIKO TOUG, OTTOTE

h
Hi = =% (|=)e, 1,1] + Je, 1, 1){—]) (3.32)

V2

H ouyvotnta Rabi petall tov smmédov |—) kat |c, 1,1) eivat g1/v/2, mpdypa to
ortoio onpaivel ot av ermAg§oupe v arAndemnidpaon €0l GOtE ¢1T = V27, 9a
IAPOUHE TO PETACXHATIONO

le,1,1) = —|c, 1,1) (3.33)

Auto onpaivet 6t n napandve Sadikaoia divel v kBavukn mUAn eaong Q.



66 YAonoinon aAyopiOpwv oc cuotipata Cavity QED

3.2 YAomnoinon tou KBavtuikou Metaocxnpatiopou Fou-
rier

Mia mapopola mpooeyylon Onesg auty) IToU avaAUodpe yld ToV eVAAAAKTIKO TPOIT0
vldornoinong g kKBavukng nuAng @Aaocng, mpotddnke ano toug 1d10ug ouyypadeig
oto [34], pokepévou va meprypdwouv pia Siatadn mou va uAorotel v «kapdia»
10U aAyopiBpou tou Shor, 6nAadn tov KBavtikd Metaoynpatiopo Fourier, o ortoiog
onwg e1dape eivatl apKeTd Mo anattnTtikog ooov apopd 1o nmAnbog twv qubits mou
artattei. Yrobétoviag ou 9¢doupe va dpdooupe tov Q.F.T. oe pa katdotaon |a)
yla v oroia 27 < a < 2‘1_1 101 Ya naipvape:

2q—1

1 )
Norr = NGt E e2miac/2 | c) (3.34)
c=0

[Tpoxkepévou va mpaypatortiowBei o adyopiOpog eival emapKrEG va mePypaAyous
Vv Asttoupyia tng muAng evog qubit kat v kBavtikr UAn @aong yua 2 qubits.
O1 muAeg evog qubit onwg eidape kat mpiv eivatl oAU eUkoAo va vAoronBouv Ka-
90g eivat rieplotpodég ou vAoroouvial pe peyddn akpiBela otig dratageg Cavity
Q.E.D.

Up.s = cos(0)I — cos(¢) sin(h) 6, — isin(¢) sin(8)d, (3.35)

IMa 6vo qubits j kat k, n kBavuky UAnN @aong yla n = 7 6idetat pe tov aviiotoixo

TPOTI0 NG @g:

QEF =104,0;)(0;, 0| + 105, 1)(0;, 1x|+ 3.36)
+|1j70k><1j70k|+eiﬂ|1j71k><1j71k| '

[Tpokepévou va mpaypatononBet o Q.F.T. yua ¢ = 3, xpewadetat va yivouv ot
HETaoXNPATionol:
AgBo1 Bog A1 B2 As, (3.37)

omou pe A; = Uy jyr/2 oupBoAidoune Tig TiUAeg evidg qubit kat pe By, = Qrjox—5 TS
mudeg kKBavtikng @dong ya 2 qubits. H povadiaia rmuAn yua éva qubit propet va
vloronOel epappodoviag Eva KAAooKO redio og €va Atopo 2 ermnedev, 0dnymviag
otn XapAtoviavy :

H = ? (e7"]a)(b] + e |b){al) (3.38)

2Av 98Aape va anetkovelooupe Tv Kataotaon [9) = [1,0,0, 1) 9a xpeiaépaoctav 4 qubits, apou
24 <9 <23
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gz A2
q1 @;‘ Al
o | Bos —{ Boi — Ao |
Zxfpa 3.4: K6avtrkd kikAwua mov vfonowi tov QFT yia ¢ = 3. Me A; = Urjyz/o

avamaplotovpe Tig mufeg evog qubit, sve ue B, = Q. 2k avanaplotovue g K6avTKeS
nufleg eaong yia 2 qubits.

‘Orou |a) etvat ) Sieyeppévn katdotaon kat |b) n Yepedivdng. O tedeotr)§ XPOVIKIG
e¢€A€ng Tou ouotrpatog givat:

Us(t) = exp {—%Ht}

= cos(2t/2) (la){a| + |b)(b]) — isin(Q2t/2) (e_i¢’|a><b| + €'|b) (a])

(3.39)

LV naparndve £§10®or), 0 HETaoXNHATIOROG TTOU TEPLYPAPETAL Eval Pid TTUATL EVOG
qubit pe 0 = % Bewpnviag v KBAvVIKn MUAN @dong, Kabog eival anapaitnto
va yivouv mapandve aro pia ImUAeg ylda v MEPUTI®OT Orou ¢ = 3, da mpéErnet
va €§etdooupe v MEPIMI®OT NG XPHONG £VOS ATOROU TPV erurnédwv oe Sidtadn
V, éneg gawetat oo oxfpa [3.5. H petdBaon [b) — |a) eivar eviedog extog
OUVIOVIOHOU g To Tediou g Kodtntag, eve 1 [b) — |¢) eivat oueuypévn 6viag
oe rieploxn Sraomopdg. H amotedeopatikr Xapidtoviavy) 1ou ouothpatog 6idetat

|¢) ————
|@) ————
Wy, /
@,
|b) ————

Zxfipa 3.5: '‘Awpo oe &uatan V. H uetabaon |b) — |a) givar eviedag extég ouvtoviopou
ue mu koLdmia, evo N |b) — |¢) unootnpiletar ue ovleuln Sraomopdg.

aro 1 oxéon) :

hg® ot ta
Hepr = N (aa'|c)(c| — a'alb)(b]) (3.40)
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orou A = wy, — v givatl o arnoouvioviopog. Yob£toviag ®g apX 1K Kataotaot) T0U
ouotruatog rnediou-atopou v

1

T0Te TO IMEPACHA TOU ATOPOU PEoa O Pid KOWOTNTa avilotolXel oe addayn @aong
n = g*7/A tou épou |1,b), SnAady:

1 .
5 (10, @) +10,b) + |1, a) + €™|1,b)) (3.42)

®¢tovtag KataAAnAeg TIHEG Y1 TOV Artoouvioviopo A kat to Xxpovo aAAnAemnibpaong
T, HITOPOUHE va UAOTTIO)COUNE TV {nToupevn UAn ya 7 = 7. Ermotpépovtag otnv
uvloroinon tou aAyopibpoug yia q=3, MPoKeIEVOU va UAoron0ouv ot IUAEG TTOU
artattouvtat (Byg, Boz, B12), Karo1og 9a oreptotav 0Tt anattouviatl tpetg S1adpopett-
Kol turnotl atopev. 'Eva and ta Kupla mAeovektpata g xprong atopev Rydberg,
eival n 1Ikavotnta va XPnotonolovpe Td ATOPIKA TOUG UTIoETidrieda epappodoviag
€va eEWTEPIKO PAYVNTIKO 1edio, OUVEN®G, aipoviag tov EKPUAIOPO Katl dnuioup-
YOVIAg 11§ KatdAAnAeg arnootdoelg Petady 1OV ATOPIKOV EMITES®V, IIPOKEIEVOU VA
gxoupe «3 dapopetika atopar. a napddeiypa, Xpnotponoiwviag £va eEOIEPIKO
BPayvnuko nedio, PIOPOUHE vd EMTUXOUHE T0 S1Aypappd EVEPYEIAKWY EIMITEO®V
TOU OXNATOg H 9epediodng katdotaon |b) tev atopev avuotoikei oto |1)
£VO 01 Kataotdoeig |a;) oto |0). Me autdv tov Kopyo Tpdro Propovpe va eipaote
BéBatol 6t o1 petaBaoelg |b) — |a;) eival oe ocuvtoviopd povo pe v Kolotnta @
n oroia urootnpidel ) ocuxvotnIa ¥;, Ve Ol TIUAEG evog qubit A; = Ufr /4,72 TIOU
PAYHATOoloUvVIal arnd KAAookd nedia ouxvotntag v; KAvouv ToUg avayKaioug
petaoxnpatiopoug. Ot maApot U jr /2,0 XPNO1H0TIO0UVIdAl yia va «avarodoyupioouvs
TG KATtaotaoelg |a;) kat |b) mpv 1o dtopo i £10€A0et otv Ko dtnta Kat eivat ana-
paitrot, kKabeg o1 Kataotaocelg £XOuv 0plotet va aviototouv ot pev |b) oto |1), ot
8¢ |a;) oto |0). To oxfjpa anekovidetat oto

O1 xpovol adAnAemnibpaong 7, n otabepd oUleUtng g Katl Ol ArrooUVIOVIOHOL §;
erMAEyOVIaAl WOTE ;’j—jk = 7/27F, I61aitepa 600V apopd 10 Xpovo aAdndenidpaong
KAt TG otabepég oUuleutng, ermAéyovial ®ote Kabmg T0 ATOHO 7 va MEPVAEL PEoA ATtd
v kootnta C}, va petapépet v KAtaotaot] ToU otV KOAotnta Kat va Byaivet
ot Yepediddn Katdotaon, oUTeSG MOTE I «IMANPOPOPIia» va HEVEL OTIS KOIAOTITEG.
H avdyveon tng katdotaong arattel pia 1ptada atopev mPosIotacpievey otnv
OepeAd10dn kKatdotaon Kal 0€ CUVIOVIOUO M€ TNV KABe KOAOINTdA, OUTOG GOTE AV
éva atopo £§€A0e1 otnv Seped1mOn KATAoTAoT) TO AMOTEAEOA VA CUPITEPAVOUE OTL
eivat 0, evo av e§€Abetl ot Sieyepuévn katdotaon va avuotoixei oto 1. Autq 1
dataln propet Sewpnukd va vdoronOei yia n qubits. Zto enmdpevo Kedpdadaio
Sa doupe Mg PMOPOUE va eMeKIEiVvOUPE T Xp1on tov Kolottev, griaxvoviag
edalpetika poviéda yla dddeg spappoyég, ouprniepldapBavopévng tng KBavukng
[Tpoowpeinong.



3.2 YAonoinon tou KBavtikou Metaocxnpatiopou Fourier 69

0, o,

WS m=1
)
—
m=0 F=1
la)
—
v, . 4 ! 0,=206, v, A h wr vy !
- m=-1
J.)
" ¢] v, Vv,
|b) F=0

OO

Ixnpa 3.6: Arouikd enineda umo v enibpaon ou puayvniikov nebiov. Ia Kdde dtouo n
eueardng kataotaon |b) avuoroiyei oo |1) kain |a;) oo |0).

Exfipa 3.7: Ipdtaon nepauaticnc diaralng yia tov ajyopduo tov K6avtikov Metaoynua-
niopov Fourier yia 3 qubits.
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YAonoinon aAyopiOpwv oc cuotipata Cavity QED




Kegpalawo 4

YAonoinon K6avtirkav nuldwv os
OUOTOlY1EG OULEUYREV®OV
KOMAOTI TV

Zinv neptypadn g MEPAPATIKEG UAomoinong tou aAyopifpou tou Shor, oulntn-
OQpE TO IS £va OUCTNHA TPIWV KOOIV Sa propouce va xpnotponoindei yia
va npaypatortonfouv ot anapaitnteg rmuAeg oty nepimwon v dvo qubits. Ot
(POTOVIKEG KOWAOTNTEG UITOoTHP1dav S1aPOPETIKEG OUXVOTITEG, TTPOKEIEVOU va aA-
AnAermdpouv pe oUyKeEKplPEva Atopa KAOe (opd, ylid va yivouv ol amapaitnieg
nuleg ota qubits. EmmAéov, dev anatrjoape va unapyet duvatdotnta petapopag
TOU mediou amo T pia KolAotnta oty aAAn, aAAd amdd va empenetal n 61€Aeuon
TV atOpeV Kabwg Kat 1) pubpion g taxutIag tOV AtoPeV OOTE VA ETNTUYXAVETAL
N akp18r|g UAoIToinon tng ermbuuntng nMUAng pEowm g aAAnAenipacng Toug 1E 10
nedio g Ko otntag.

[Tépa amod v 1¥éa 1wv KBavuikewv Yrodoyiotov, o Feynman oe pwa epyacia
Tou 10 1982 mpoteve katl v 16éa 1ov «KBavukwv [Ipocopoiwtov(Quantum Si-
mulators) [21],[36].[78],[79], n oroia ouvictatat oto yeyovog Ot 11 oupIepipopd
MOAUTIAOK®V KBAVIIK®V OUCTNHUAT®V yia ta oroia eivat aduvatn 1 mpooopoimon
P& KAOOO1KOUG UTIOAOY10TEG, PItopei va pedetnBel xpnotpornowwviag adda kBavti-
KA OUCTHATd Otd OTioia €XOUHE TIEPIO0O0TEPO £AeyX0. Me autdv tov TPOTio £yive
eppaveg ot etvat duvatog o rPoodloplonog TG cuPIEP1Popds d1aPop®V atvope-
VOV TIoU €X0ouv eAAur] de@pnuikn €§ynorn, onwg ot KBavikeg petaBaoelg @aong
ot Puokn Ztepedag Kataotaong kat to poviédo Hubbard. ITwo nipéogparta, €ytvav
POOTIAOEIEG Y1a TNV TEPLYPAPT] EERTIKOV QUOK®V Je@plav tng Puoikng Yyniaov
Evepyelov, ontwg to poviédo Thirring rou ripoBA£ret v EMavaKavovikonoinon g
padag [80, [81].

I'a v vAoroinon teov KBaviikev ITpocopoiatav £X0uv XPnotorotn0st onuka
mAéypata ota omnoia eival evoepatwpéva yuxpa atopa (optical lattices trapping
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cold atoms)[82,183],184, 185], nayideg 10viwv [45, 186, 87, 188, 189] kabwg kat dratageig
[MTupnvikou Mayvntukou Zuvtoviopou[90, 91]. H 18¢a tng Xprjong ouleuypévav Kot-
AotttV KAOe pia €K TOV OMOIEV £XE1 EVOOUATOPEVO €va ouotnpd dU0 emMIEdnv 0g
KBavtiko IIpooopoiwtr), apX1iKda PotddnKe yia tr PEAET] @AIVOPEVOV OTIOG Ol He-
1aBaoeig Mott kat povtéda spin XY [37]. AkoAdouBnoav pedéteg tov Siaypappdtov
(A0NG TOU CUCTHHATOS KAl EPAPHOYEG TTOU APopOoUcaV ThV IMPOCOUEIDOT] «EEOTIKMW»
pawopevav g Puoikng Lrepedag Katdotaong [92, 93] 94], 95, [96), (97, [98].

Teleutaia, pedéteg ouotowv Jaynes-Cummings pe anoleieg £€Xouv epdavi-
otel, otig onoieg peAetdral to poviedo Jaynes-Cummings-Hubbard ektog otatikng
100pportiag, Kabwg Kal 1 «ermbimon» EAVOPEVOV TOV AMTOTEAEOPAT®OV ATTO TV Kad-
TA0TA0N 100PEOITIAG OTNV MPAYHATIKY Katdotaor tou cuotnpatog [99, [100] [101],
102}, [103|, [104].

Autr) 1 EKMMANKTIKI] KAVOUPLA ITPOOITIIKY| S1EYEIPE EVIOVO £PEUVITIKO evOlade-
POV KAl 08fjynoe otnv MEPAPATIKE] [TPO0S0 CUYKEKPIIEVROV S1aTdSemV, Tou urto-
POUV va £€X0UV KAl ®G ANOTEPO oKoro tov KBaviikod Yroloyiotry. H mo ouvapnia-
OUIKY) TIPO0O0G £Xel ermteuxOel KUpiwg ot melpapata circuit QED [105].

Y& auto 1o tedeutaio repddato Sa peletriooupe Vv amin nepimoon 6Uo ou-
{euypévav koot tev Kat a e§epeuvriooupe ) duvatotnta UAOTIOiNonNg KBAVIIKGOV

aAyopibpev pe ) xpron avtng mg diataing.

4.1 Avuvapikiy oto poviédo 830 oculeuypévov KotlAo-
TV

To povtédo Jaynes-Cummings yla tv neptypadpn tng ailAnAenidpaong evog a-
TOpoU HU0 ermIEd®V e €va POVOXPOUATIKO nAskrpopayvnuko nedio, eibape ot
neptypadetat ano ) Xapdtoviavn :

A 1 R L L o
Hyc = Shwos + hwa'a + hg (646 + 6_a") (4.1)

Av Sewprjooupe éva ouvotnua 6U0 Adelwv Koot tav, KABE Pia €K 1OV OTOiGV
unootnpidel pla ouxvotnta w;, ol oroieg £€xouv ouleuxOel (X HPe TO0 va @Epoupe
T1IG KOWAOTTEG KOVIA OUTOG MOTE VA EMKAAUMTIOVTAl Ol TPOIol TAAAVI®OONS Toug) Sa
erutpénetat oro nedio mg korotnrag C va petagpépetat ot Cy, pe pubpo J, ondte
£€xoupe pia XapAtoviavn g popePns:

H = hwyalay + Fwsilas + J (a{aQ + a;al) 4.2)
Ebdw®, oupBoAidoupe pe a; , &;r TOUG TeAeotég Snpoupyiag Kal Kataotpodrg tov

patoviov kat pe J v apdpetpo (1) pubpod) petanndnong tou nediou arod m pa
KOWAONTA otV AAAn. Agidet va avapépoupie 0Tl AUty 1 IAPAPETPOG petanndnong
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Cavity 1

Ixnpa 4.1: Zvomua §vo ouleuyusvav KotAotiov aAAnAemiSpOUtov Ue dToua.

oU @G pubnog, £xetl draotaocelg ouyvotntag [106],[107], opidetal og n erukaAuyn
TV edlov TV 6U0 KOWoTTeV KAl eival avaAoyog He v oot Ia :

JOC/dFl?l (77—7?1) 'ﬁg (F—’Fg) (43)

‘Orou 4; (7 — 7;) eival 1o Sravuopatko nedio g Katavopng tou Kabe tporou,
7 10 Siavuopa 9éong evog onueiou péoa otv kKoldtnta Kat 7; eivat éva onpeio
avapopdg péoa oe Kabs Kolotnta. YIob£toviag ot wy = Wy = W E| Hropoupe va
opiooupe TG TTOOOTNTEG

~ 1
A1 —_ —= (dl + &2)
X \? (4.4)
AQZE(&Q—&Z),
o1 ortoieg pag odnyouv otnv ediowon :
H field = hwa ATA; + hwea A A, (4.5)

O1 véeg oUuXVOTTES W2 = W £ J AVTOTOX0UV OTOUG avtioTolXoUg TPOITOUS TAAAGV-
T®ONG EVOG PNYXAVIKOU OUCTIIATOG ITOU artoteAeital and 6uo oudeuypéva edatrpia.
H yevikn) nepinmoon e§etddetatl avadutukd oto [106]. Eivatl eukoldo va sraAnbsvoet
Kaveig ot autoi ol «areviomopévor delocalised tpomotl tadaviwong tou nediou,

I%e autr) v expuAiopévn nepimeon o napdyoviag petanrdnong rneptopidetal Sempnukd amo
mv upn |J| < w/2
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UTIOKOUOUV OTIG PETAOETIKEG OXE0E1S PTTOLOVIK®V TeEAeoT®V (Onwg aAAwote Sa mepi-
peve kavelg), dnAadn ot:

[Ai,Alq —1,i=1.2, .. (4.6)

YrioBétoviag 011 kKaBe KOAOTNTA TOPA £XEL OTO E0MTEPIKO NG £va otabepo ouotnpa
6uo etumédbwv, n ouvodikn XapiAtoviavr Tou cuotipatog Sa divetatl og:

H=Hyca+ Hy o+ J (i +alar)

- hwoo ; it . At Ata o oaTa
H = Z [% +wjdla; +g (ajaj+ + a}@-—)] +J (a{ag + a;a1>
j=12

(4.7)

Autn ) XapAtoviavr nieptypadetl mirpwg v adAnAenidpaon tou cuotnpatog. ‘O-
G €ivat epgaveg, o OUVOAIKOG aplBpog dieyépoenv datnpeitat. Oa peletriooupe
11 SUVANIKL) TOU CUCTNHATOS Yid TNV MEPITOOoN NG piag dieyepong. X' authv v
nepineorn Ye@POoUe T YEVIKY KATAOTAOT] TOU CUOTHIATOS

[¥(t)) = a(t)|g1g210) + b(t)]|g19201) + c(t)|e19200) 4 d(t)]g1e200) (4.8)

Ot ipwrtot Yo dpot oe KABe ket meptypdPouv v Katdotaon v atopev 1 kat 2
avtiototxa, eve ot tedeutaiol 2 €xouv v MANPopopia g KATdoTaong TOV KOAOTH-
v 1 kat 2. H xpovikr) e§€A€n autng g Katdotaong yla pia 81€yepon pe ) xprion
TV ATEVIOITOPEVRV TPOTI®V TaAdviwong, idetatl ano v e§iowon Schrodinger pe
) XPIOn TOV AMEVIOMOREVOV Tponev (7 = 1,2):

(4.9)

H e§lowon Schrodinger xpnotiponoioviag toug maparndve AreVIoriopuévous 1po-
oug Hivet:

() = e oy 0)cos ) + - (Gay0) ~ 95,(0) ) s (1)

Oé] 5
7 Q (4.10)
; ) (4 j .
B (0) = 5, 0) cos(130) = - (F5,0) — gay)) sin 1)
J
'Orou Séoape
Q 2
v = <—]> + ¢ xat 4.11)
J 2 g °

Q1,2 =AxJ 4.12)
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Xpnowponowwviag 1 oxXEon K1 €va VEO OUVOAO TEAECTOV Y1d va TIEPIYPAWOUHE
TOUG ATOPIKOUG OUAAOYIKOUG TPOTIOUG, Ol 01toiot opidovratl pe ) ox€on

. 1
S1y = 7 (014 + 024)
R 1 (4.13)

elpaote o 9éon va avaypdawoupe v nAnpn XapAtoviavy) 10U OUCTHHATOS Ot
popon:
H= Z [U)QS]‘+S]', + ijA;Aj +g (Aij+ + A;S],>:| (414)
j=1,2
[Tpoxeaévou va H1epeuvCOUNE TV TIEPIOXT] TIAPAPEIP®V TTOU 11AG ETTPETIETAL
va xpnowpornownBei avt n Sidradn wote va vdoronBet n ermbupnt) kKBavuk: mu-
An, Popoupe va XP1 OO |00UPE AVAAUTIKEG P1eOOO0UG Kal UTIOAOYIOTIKEG, Ol
ortoieg mapouoiadoviat ota enoOpevd.

4.2 AvaAutikrn pEOodog

H nopor) mg eSiowong potdget pe ) popen g oxéong [4.1 Ipayhar,
propoule va entaAnBevooupe 0Tl av Se@pricoupe ) Xapdtoviavn aAAnAenipaong

= [0 (A5 + 418,)] .15

7j=1,2

KAl YPAWOUHE T Hopdrn] tng oty e1KOva aAAnAenidpaong oe oxEon e Tov 0po

j=1,2

10Te €X0Upe pla rapopola dtadikaoia oav autr) Iou KAvape yla va meptypayoupe
NV XPoVIKY e§EAEN plag katdotaong yia to poviédo Jaynes-Cummings. Ipaypartt,
epooov [[:[0, H 1} , N Xapitoviavr] aAAnAenidpaong oty eikova addnldenidpaong Sa
EXEL ) NOPOr)

~ AL A

Hi=g (AISl_e_mlt + A;Sg_e‘m?t + Hermitian Conjugate) (4.17)

Auty n popdn pag Oeixvel Ot KABe 0pog g XAMATOVIAVIG TAAAVIOVETIAL OTNV
avtiotolxn ouxvotnta {2;, ®OTOoO0, AUty 1 popdn dev erutpénetl ty ekdbapn ma-
patfpnon g PETAPOPAg g KAtaotaong Hetadu tov 6Uo atdpev, Imou eival Kat
10 Bao1KO XapaKtnplotko yla v ermbupnty) rmuAn onweg £idape Kat ot oudninon
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yla tov aAyopipo Grover [75]. TIpokepévou va mApoUPe AUty TV EKPPAOCT)], OTO
[108] akoAoubeitat n Stadikaocia rou mpoteivetat amo 1o [109] yia v e§ayoyn tng
evepyng XapAtoviavrg ToU CUOTHATog, TToU arAorotel ) XapAtoviavr) Xepig va
analeipetl v aAAnAenidpaon atopou-niediou. H «evepyr) (effective) XapAtoviavr
opidetatl amo ) XPOVIKY MAPAY®YO TOU HEOOU (XPOVIKA) TEAEOTY] XPOVIKIG £EAENG :

z’%% = Ho U(L) (4.18)

H xpovikd péon tpr) evog tedeotn @ opidetat wg:

O(t) = /_OO ft—t)Oo)dt (4.19)

H ocuvaptnon f(t — t'), eGuninpetei 10 okormod g arnalolprg v ypryopa talav-
TOUPEVRV OP®V IOU TIEPIEXOVIAL OTOUG TEAEOTEG, Aettoupywviag &g «Babumepato
@iAtpo» yia ) Sadikaocia g eUpeong G XPOVIKA péong Tpng g XapAtovia-
vr'] H ouykpion pe v e§iowon Schrodinger i%U (t) = HU () yia tov tedeotr
€6EAENG y1a tov oroio Hev raipvoupe ) PEON TIHT) TOU, Pag EMMTPENEL vd YPAWOoUE
NV evepyr) XapAtoviavy) ©g Piid OElpd TV H 1 Kai U. AnaAeipoviag Toug 6poug oy
elval mapanave amno devtepng Tadng ya 1o H 7 O auto TO avdrtuypda, naipvoupe

v EKPpaAon :

Hepr = Hi(t) + % { [?—L(t), 0, (t)] . [ﬁ,(z), 0,(t) } (4.20)

Avtikadiotovtag 1o U 1(t) ano v éxppaon mou IIPOEPXETAL A6 TO AVAITTUYHd OE
opoug tou H;(t) yia tov tedeotr) xpovikrg e§€Agng U (t), maipvoupe:

. 1 [t .
Up(t) = ;/ H(tdt' (4.21)
to

O dpeoog urtodoylopodg autou Tou 0AoKANp®patog yia tr Xaptitoviavy) aAAnAeri-
dpaong pag odnyet oto povadiaio tedeotr) g popPrg:

: (ms | AL, i

Vt)=g o % — Herm. Con].) (4.22)

2Aev 9a opicoupe KATIOW GUYKPIPEV ouvdpTnon 66, AmAd 9a Xpnolomnolcoupe Tig 1516TTeg
autng g CUVAPTNONG Y1d TNV ArtaAoipn] TV YP1yopd TaAaVIOUPEVOV OpGV.
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AxkoAouboviag autr) 1 61adikaoia MPOKEIEVOU va TIPOKUYEL 1 EKPPAOCT] Yid TNV

evepyr) XaptAtoviavy), TIPEMel va urtodoyicoupe to petabém: [7:[ (1), V(t)] :
~ ~ 292 A A A 29 o
[H[(t),V(t)] - [A151+7A151—} + = |:A2
1

, 1 1 P& Ata
+g2edt [ — 4 — {A151+, AQSQ_] + (4.23)
Ql QQ

4 1 1 o
_'_2621Jt — 4 |:AS ATS,:|
g Qo 2024, 101
H popor tng eSiowong dev prnopet va avtipetermotel avaAutikd MANP®S, OroTe
9a mpémnetl va KAVOUPE CUYKEKPIIEVEG TIPOOEYYIOELG Y1d TNV EITIAUOT T1G.

4.2.1 TIIeproxrn uypndou pudpol petannydnong

Apxkd Aoutdv, ag Je@prjooUPE TV MEPIMI®ON OMoU £€XOUPE £vav IMOAU peydldo
pubpod petarydnong J >> {A, g}. Ot duo tedeutaiotl 6pot tadavigvovrat pe ou-
xvointa 2J. 'Onwg €ytve oe 6An 1 Sadikaoia mou akodoubrjoayie yla va mapoupe
autn ) oX€on, o1 0pot Tou gpgavidouv 1o §2; 1 J Exouv pundevikr] Xpovikn péon
T, ondte analeipovial. ZUvenwg, 1 EKPPAoT yia v evepyn XapAtoviavy) ﬁe rf
Sa 6i1betat arno ) oxéon:

A~ 92 A A AL A 92 A A AL A

Hepp = L |48, A{SI_} + L [A252+, ALS, (4.24)

0 Q

Autn) 1 popdn dev mePlypAdel Artd TOV TPOII0 HE TOV Oroio 1 81€yepon Tou ou-
otpatog petarnda areubeiag ard to éva dropo oto dddo. H xpovikn €§€AE€n
TOU OUOTAHATOS pag ermBAAAEL va XP1OIHIOTIOI0oUHE T XAPIATOVIavy otV £1KOva
Schrodinger. Metd ano apketég mpdelg Sa mapoupe 1o arnotéAeopa:

aAAnAenidpaot) AroCUVIOVICHOU HETASY ATOH®V KAl AIEVIOIOPEVOV TPON®V ToU rediou
N

Ve

2 2
~ A~ g A A AL A
H =My + >~ o (Adlle) tel = AlAilg), (9]) +
ij=1 """ (4.25)
g2
9192

petagpopd Katdotaong X0pig HecoAdbnon tov nediov 1oV Koot TV

+—L T (61460 + Gasbr1_)

O 6pog I;TO AVTIOTOXEL 0TV EVEPYELT TRV ATIEVIOITIOPEVOV TPONOV TOV ATOPROV KAl
TV nediev Kat eivat o 0pog mou ypayape otnyv §i0wor) O 8eutepog 0pog
nePLypAdet tv aAAnAenidpaot artoouvioviopou PeTady OV atOP®V KAl TV ATEV-
TOTIOPEV®V TPOTIOV TV Nedinv. 'Onwg ouldnirjoape o MPONYOUHEVEG MEPIITIVOELS
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Probability amplitudes for the large hopping case:
A =0.1g,wy =1000,g =510 °w,,J =10g

1.0

— Cavity 1

— Atom 1
7 \ — Cavity 2

0.8 1
/ \x —  Atom 2

Probability
o
o

T

I
'S
T

0.2

\
/‘/ \\'\
o DA A A DAL AL DeododoD0000000 000 AALAN AN AAAAMMANL
'%.O 0.2 0.4 0.6 0.8 1.0
Time scaled by period T=2r/GJ

IZxnpa 4.2: [Iiam mdavitniag mou aviiotoyouv otn SIEYEP0N EVOC OUYKEKOIUEVOU TOOTIOU
1 AtOUOU WG OUVAPTNON TOU XPOVOU yla TNV TEPITI®OON Ueydiou puduou pustanndnong, umo-
9étovtag ou 1o ovomua Eexivone and mu kataotaon |eg00). Eéw, J = 10g, A = 0.1g kar
w = 1000g, evw o xpovog eivar oe povadeg %

AaAANAermdpAoe®v aroouvioviopoy, dev Urtdpxel avialdayn evépyelag Petasy ato-
Hev kat edilov, 0peg ta atopa epgavidouv petatortion Stark. O tedeutaiog 6pog
elval mou mep1ypdget Vv PETaPopd KATAoTaong HETady TV atopmv Xopig 81€yep-
on ota mnedia oV koottav. Oétoviag G = ¢?/Q1y kal xpnowonoidviag Tig
e&lomoetg kivnong 4.9} naipvoupe I oxéon:

a(t) = e W=ER [4(0) sin(Jt) — b(0) cos(Jt)]

b(t) = e (@GN [_ig(0) cos(Jt) + ib(0) sin(Jt)] (4.26)
c(t) = e~ {COtEN [0(0) cos(GIt) — id(0) sin(GJt)] '
d(t) = e {WoFER [ (0) sin(GJt) + d(0) cos(G.Jt)]

'Onwg eivat epdaveg, 1 KATAOTACH PETAPEPETAL ATIO TO £€va ATOPO Oto dAAo pe
pubuo GJ, omou
g g9
G = = (4.27)
0% A+ (A=)

Mia katdAAnAn ermdoyr) mapapérp@yv yld autr) TV IEPUTaon UPniou pubpou
petanndnong etvat va 9¢ooupe J = 10g,A = 0.1g,g = 5.103w,. @étoviag v
apx1kn Kataotaon tou cuotpatog omy [1(0)) = |eg00) xkat xpnowponoidvrag v
MARpn popdr] g XapAtoviavrg yla T XPOVIKn e6EAEN tou ouotrpatog, AapBa-
voupe ta rmAdtn rmbavotntag yla ) petabaon g di€yepong and to ‘Atopo 1 oto
‘Atopo 2, kaBng Kat ta avriotolka midtn rmbavotntag yua ) petdBaon g d1€yep-
ong OToUug TPOITOUS TAAAvVI®ong tou mnediou. AUt ol rbavotnteg aneikovi¢ovrat
OUVAPTNOEL TOU XPOVOU OTr) YPAQIKL] ITApAcTaon)
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H ypagkr napdotaon deixvel Eekabapa Ot otnVv rnepinworn vyniou pubpou
petanndénong ewioviov, n diéyepon £xel MoAU peyaldutepn mbavotnta va PBpebet
oe éva aro 1a dtopa, rmapd ota mnedia 1@V Kowlottewv. H onuacia autou tou
yeyovotog 9a @avei exkdBapa otav Sa €xoupe va peAeTiooupe pia un 18avikr)
Kolotta onwg Ya doupe apyotepa. Autr n apoibaia aviaddayr katdotaong,
oupBaivet pe ouxvotnta GJ énwg ripoBAénet ) avadutiky) Avor [4.26]

®<toviag 11§ apOPNTIKEG TIPEG Y1a TIS ITAPAPETPOUS AUTHS TG MEPIITIOONG OtV
ék@ppaon tng rnocotrtag G.J priopovpe va uroAoylooupe ot 1 riepiodog petdBaong
g Kataotaong aro 1o Atopo 1 oto ‘Atopo 2 Sa eivar:

e 2m 2m 2w
LH = ~7 = ~ 2 = 92
GJ oo (A+J)(A=J) J (4.28)
2m(A2 — J%)  2mJ , e
= ~ ,apou oyxvet ot A << J
2] 72

4.2.2 TIeplox1] PEYAAOU ANOCUVIOVICHOU

H oupniepipopd tou poviedou Jaynes-Cummings otnv reployr] LEyAAou arnoouvto-
VIOP0U pag o8nyel oto va eAEYEOUE TO KATA ITO0OV UITAPXEL EVO1aPEPOUCA PUOTKT)
Kal 0g auty] TV MEPLoXI] Mapapérpev. Axkoloubwvtag v ida dadikaocia onwg
Kal yld v NePinmeorn uynlou pubpou petani)dénong, MPEMel KAt TAAl va UTIOAO-
ylooupe v evepyr) Xapdtoviavr). Adye® tou 01t Sempoupe OTL O AITOOUVIOVIONOG
elvatl oAU peyadutepog aro 1) otabepd oUeuing atopou-niediou Kat tou pubpou
petardnong, 6nAadn A > {J, g}, ot 6pot rou tadaviovoviat pe pubpoug 2 1 €y
anaAeipovral ot 61a61Kaoia UTIOAOY1OPOU TOU XPOVIKOU PECOU OpOoU. ZUVEM®S 1)
evepyn Xapdtoviavr) otnv ewkova Schrodinger yivetat:

2 2 2
v PA (o + T (i i) e s
W= Hot Y oo (asalle)tel — aala); (0]) + 56 5 (AbAx — AL ) (6ne +02:) +
j=1
2
J .. SN
+ ﬁ (0'1+0'27 + 0'2+0'1,)
(4.29)

O tedeutaiog 6pog AUTHG NG EKPPAong ivat o id1og ou unoAoyioape yia tv
MEPUTTOON PEYAAoU pubpou petanndnong Kat reptypddet tnv dpeorn adAnenidpa-
on TV Atopev. Qotdoo, TIApATNPOUHE 0Tl 01 0pOo1 TG petatorong Stark eivat Sia-
(POpeTIKOl. TNV rmponyoupevr neintwon Kabe dtopo priopouoe va aAAnAsrudpdoet
1€ TOUG ATTIEVIOITIOIEVOUS TPOTIOUG TOU OUVOAIKOU TIEdiou, O0pwg topa, Kabng Bpt-
OKOPAOTE OV MEPLOXI] AITOOUVIOVIOHOU, 1] petatormorn xepidetat oe duo opoug. O
MPWTOG 0PO0G Teptypddet trv aAAnAenidpaon kKabBe atdopou pe v Koot otnv
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Probability amplitudes for the large detuning case.
wy =1000,g=5+10"%w,,A =10g,J =29/5

1.0

— Excitation in Atom 1
Excitation in Atom 2
0sl Excitation in Cavity 1| |
' Excitation in Cavity 2
)
206
Q
o
a
(]
°
2
=04
£
<
0.2
0 gl RS T i n ma

Time in units of period T=7A? /(¢* J)

IZxfpa 4.3: [IAdm mdavotniag mou aviiotoLouv atn SIEYE0N eVOC OUYKEKOIUEVOU TOOTIOU
IOV atOU®U 1] TOV TEOIOV WG OUVAPTNON TOU XPOV0U, Yl TTapapETpous OTnL TEPLOXT) ATtOOUV-
TOVIOpOU, UTOdETOVTag Ot N apXikn kKatdaotaon tou cuotruatog sivatn |eg00). Ot mapdauetpot

givar A = 10g, g = 5.10 3wy, J = (2/5)g, evo 0 xpovog ivar oe kKAiuaka o %ﬁ—?
ortoia PBpiloketal, eve 0 HeUTEPOG T PETATOION AOY® TOU ATEVIOTIOPEVOU Tediou
Kat lvatl oAU PIKPOTEPOG A0 TOV MPWTO, OIOTE Y1d PEYAAEG TIPEG ATIOOUVIOVL-
OHOU UIopoue va Tov ayvorjooupe. ‘Ocov apopd tig €§1000e1g Kivnong 9a £xouv
akplBag tnv i161a popdr| pe g Zuvenmg priopouvpe va ernainbsvooupe 1o
YEYOVOG OTtL Hev UTIAPYXEL PNETAPOPA EVEPYELAG HETASU TV TPOM@V Tou rediou Kat
TOV ATOPOV KAOKOG KAl OTL Pid S1€yePoT PETAPEPETAL TIEPLOOIKA ATIO TO £€va ATOPO
oto aAAo pe otabepo pubpo, ico pe GJ. Akoloubwviag tnv ibia Siabikaoia mou
akolouBrOnke yla v eupeon g replodou petadopdg g H1€yepong ano to €-
va ATopo oto dAAo otnv mepinmteorn vPnAou pubpou petanndnong eewioviov, adld
TALOV JE TIS OUVONKEG TNG TIEPLOXIG ATTOCUVTIOVIOHOU, 1 Bpiokoupe OTt 1) riepiodog
oautrv tv nieploxn Sa eivar:
AN
Thisp ~ gQ_J (4.30)
Ot anattfjoeig g nePLoxig arnoouvioviopou etvat A > {J, g}, ondte pia kadn
ermdoyr) napapétpev Sa sivat g = 5 X 1073wy, A = 10g, J = (2/5)g. Znv ewoéva
[4.3] napouoiadoupe ta apOpnukd arotedéopata yia autiy v nepintoorn. Mro-
poupe va S1armot®ooue 0Tl KAl 08 aUTHV TV MEPITI®OT), 1] rmbavotnta petabaong
NG KATAOTAONG OTOUG TPOITOUG TOoU mediou eivatl mdpa MoAU PIKP, OMOG KAl OtV
MEPUTTOOT UYPNAoU pubpou petant)dnong.
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QOoT1600 0 XPOVOG TTOU aratieital yia va yivel autr] 1 HETapopd KATaoTaong aro
10 atopo 1 oto dtopo 2 eival Katd oAU auSnPévog, PEMVOVTAS TV ArtOKP10T] TOU
ouotnuatog. Ilapatnpoupe ot 1 repiodog petdBaong g KATAOTAONG ATIO TO €va
datopo oto dAAo sivar T’ = ’;QAJ . ®<toviag H1aPopeTIKEG TIHEG YA TIG TTAPAPETPOUG,
rnapatnprnoape (xwpig va to deixvoupe edw) Ot yia pikpég tipég tou A, énwg ava-
pévetal dAA®oTe, UTIAPXEL Pia PeYdAn mlavotnta n Katdotaon va MEPACEl OTOUG
1poroug tou rnediou, Opwg Kabwg audavetal o arocuvioviopog (pe ta g kat J ota-
9epd), mapatnprioape ot edayiotoroleitat. Autod e§nyeitat anod 1o yeyovog Ot 1)
HETapopd g KATACTAONG A0 TOUG CUAAOYIKOUG ATOHIKOUG TPOIIOUG OTOUS TPO-
roug tou mediou, amattel éva onpavilko Moo €VEPYELAG, OIOTE OINV MEPITIOON
ArtooUVIOVIoHoU oxebov eCaleipetat.

4.2.3 Ilepintwory CUVIOVIOHOU

H tedeutaia ieploxr) mou Sa diepeuvriooupie ival 1 MEPIMTIOON TTOU O1 ATIEVIOITIOHE-
VOl TPOTTol ToU Tediou gival o€ CUVIOVIOHO € TOUG ATIEVIOITIOHREVOUS GUAAOYIKOUG
ATOHUIKOUG TPOTIOUG. ZAUTH TNV MEPIMI®OOoT Ta ATopa avidAAdoouv evEpyeld OX1 d-
peoa petady toug, aAAd PEO® TV ATTEVIOTTIOUEV®V TPOIOV ToU rediou, o aviibeon
pe tig duo mponyoupeveg nieputtioelg. [Ipokelpévou va UoAoyiocoupe v evepyr)
Xapdtoviavn oty eikova Schrodinger, topa analeipoupie ToUG 6POUG TTOU TEPLE-
Xouv ouyxvotnteg 2J kat €2;. H Xapidtoviavn yla autr) v nepinteor), PIopet va
artoderxOet ot eivat:

2 A
H = Hy+g (A;SQ, + Ags%) + Qg—Ql [AIAJ{ (le) (€] + e}y le]) —

—~ALA1 (19}, (gl + 19)(0]) = (G150 + 60161

(4.31)

O 6eUtepog 6pog TEPyPAPEL TV aviaddayr) eVEPYElag PETASU TWV CUVIOVIOHEV®V,
ATIEVIOTUOPEVRV TPOTIOV TV ATOPOV KAl TRV r[sﬁicov.gg Kat 1212. O tpitog 06pog 1IE-
pypdoet tv aAAnAenibpaon arnocuvioviopou Petady TV POV SH Kat 1211 KaBwg
gival oAU amnocuvioviopévol. ErmumAéov mapatnpoupe pia petatoruon Stark tov
atdépev, 1 ornota €§aptatal IwPaA arnod v Katdotaor Tou Al, €V® 0 TeAeutaiog 6pog
MEPIYPAPEL TNV APECT] PETAPOPA EVEPYELAG PETASU TV ATOP®OV, XWPIG TN PMECOAA-
Bnon tou mediou. Ta auty v nepimwon ot e§lomoelg Kivnong da dooouv v
akp18r] ocuprnepipopd tou cuotpatog. Kabag n aAAnAenidpaon amoouvioviclou
propei va ayvonBet (% < g) yla xpévoug pikpotepoug ano 2/ g%, avapévou-
Pe pa ouprieptpopd rmapodpa pe Vv mePaot) evog atopiou oudeuypévou o pia
rolAowta. H Sadopd €b6a eivat mAéov 611 10 poAo tou mebiou (ng rmaAldg nepintw-
ong), A0V TOV £XEL TO ATIEVIOITIOPEVO Tedi0 1212, €V TO AVIIOTO1X0 10XUEL KAl yid Ta
atopa pe tov 5’2. Av Seswpriocoupe ot o1 Tporot tou rediou yia ¢t = 0 Sev mepiExouv
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Probability amplitudes for the resonant case.

10 wy =1000,A =10g,9 =5.10 *wy,J=10g

Excitation in Atom 1 ]|
Excitation in Atom 2
Excitation in Cavity 1|
Excitation in Cavity 2

0.8F /

o
o
T

o
>
~—_ _
//

Amplitude Probability

0.2

80 02 0.4 0.6 o8 1o
Time scaled by period T=2r/g

IZxnpa 4.4: [Iiam mdavitniag mou aviiotolyouv otn SIEYEP0N EVOC OUYKEKOIUEVOU TOOTIOU

IOV atouev 1 IOV TESIOV ©¢ oUVAPTNON TOU XPOV0oU, yia TAPAUETPOUS OTNV TEPLOXT] OUL-

ToVIoUOU, UTodETovtag Ot N apxikn Kkataotaon tou cvotiuatog eivar n |eg00). Ze avtr v

nepintwon, g = 5.10 3wy, A = 10g,, J = 10g, eve o xpovog skppaletal ouvapTiost g

ePL0d0U 2?”

Bieyepon (o;(0) = 0), tdte 1 e&EAEN OV atopkev tporney Ja eivat:

Bi(t) = e*i(“’0+92/ﬂl)t/81 0)

Bo(t) = e—i(wo+g2/92)tﬁ2(0) oS {(g n g_g%) t} (4.32)

H ouleudn tou tpodrou 5’1, P& aroouvtoviopo, oto nedio kpatdetl tov mAnduopod tou
otabepo, eved) 0O ATOUIKOG TPOTIOG Sg talaviovetal e pubpo mepirou g (kabag o
0p0g ;2_95 etvatl apeAntéog) Adym g petadopdg tng 61€yepong PETasy tov 1212 Kat S’g.
H Stapopd @daong petadu toug eivat:

0= —+ — (4.33)

Av £xoupe ouvtoviond, outeg wote (2, = 0 xkat ¢2/Q; < 1 auty n dagopd @dong
etvat oxedov pndév, ouvenmg ot U0 ATTEVIOTTIOPEVOL TPOITOl TAAAVI®VOVIAL PE OXE-
806v ioeg ouyvotnteg. Oftoviag g apxikég ouvlnkeg a(0) = 0,b(0) = 0,d(0) = 0
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Bpiokoupe oOtt:

ic(0)

a(t) =b(t) = —Te*i“’ot sin(gt)
c(t) = c(0)e 0" cos® <%t) (4.34)
d(t) = c(0)e” ™" sin? (%)

Zuvenaog 1 petapopd ing S1€yepong amnod 1o €va ATopPo 0to AAA0 PEC® AUTOU TOU
HNXaviopou, eival TToAU 10 YP1yopPn 0€ 0XEo1 He T1§ AAAeg HU0 TEPUTTIROELS, KAO®OG
n mepiobog tou @awopévou eivat miéov T = 27/g. Qotdoo aut n CNUAVUKY
auinon otV «aroKpPlon» TOU CUCTHATOS £PXETAL HE TO0 KOOTOG tng £KOeor|g Tou
otnv anooupgevia (decoherence) rmou ermBdadletr 1o meplBadldov oe P 18AVIKEG
KO1AOTITEG.

IMa g aplOpPnTKEG IPOCOPOINOELS, XPNOTHOTIOW|OA}E Yid TS TTAPAPETPOUS TOU
npoBAnpatog tig tpés: g = 5.10 3wy, A = 10g, J = 10g. Autd 10 GUVOAO TIHGV
KAAUTTIEL TI§ ATTATTOE1S AUTH NG MEPIMTOONG KAl OM®G £ival EUKOAO va H1amotw-
oel Kavelg Kat and 1g avadutikég Auoelg, o eawvopevo éxetl niepiobo Tr = 27/g.
EmBeBaidvetal emiong pe ) ypadiky] mapaotaon 10 yeyovog ot audavetat
n mbavotnta n SiEyepon va petapepbel anod ta atopa oto medio 1wV KOOIV
oe avtibeon e TS IPONYOUNEVES TIHEG TIapapétpev. Autd egnyeitat av AdBoupe
UTIOY1V OTL TTAE0V 01 CUAAOY1KOL TPOTTOL TV atopeVv aAAnAsrudpouv pe ToUg arev-
TOTTIOPEVOUG TPOITOUG T®V KOMAOTHTMV.

4.3 Auvapiki ToU oUCTHHATOG §U0 OUEUYHEVOV KO-
A0TTOV MAPOoUciad ANWAELOV.

Emotpépoviag oe peaA1oTiKEG CUVONKEG, OTIONG £Y1VE OAPEG KA1 OTO AVIIOTOIXO NEPOG
TOU TIP®WTOU KepaAaiou, Hev eipaocte oe 9€on va ayvornooupe MANPKG TO ATIOTEAE-
opd TOV AMEAEOV Tou ouotnpatog. 'Exoupe avagépel vopitepa 1o yeyovog Ott
av 9éloupe va mpaypatorow)ooue autnV Vv nepapatky diatadn Sa mpémnet va
eSaopadiocoupe 611 9a XPNOTHOIO|O0UE EITE TNV TEPLOXT] HEYAAOU pubpoU peta-
ndnong, £ite Vv MePLOXT] HEYAAOU ATTOCUVIOVIOHOU ITPOKEPIEVOU Vd ATIOPUYOUHE
10 va petabel n 6ieyepon amod ta datopa ota nedia, oUtwg wote va anodpeuxOel 1)
£0T® va pelndel n enibpaon g avanopeuking d1adikaoiag Ing aroocuppeviag tou
OUOTIHATOSG AOY® TOV ATIVAEIDV TOU.

H master equation yia autoé 1o ouotnpa, mAéov Sa mpErnet va ePrnePEXel TEAEOTEG
ou da mePypAPpOUV TOV TPOIO HE TOV OO0 01 KOWAOTNTIEG XAVOUV P®TOVIA KAO®g
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aAAnldermdpouv pe 1o iep1Baldov toug. Ba MPETEL OUVENIOG va £XEL T LOPOT :

(Lla1] + L[as]) =

IR

(4.35)

a g apldPnTKEG IIPOCOPOIWOELS 11AG XPNOTOITO|CAIE TO OUVOAO TEAEOTWV Ka-
1appeuong

Ol = &1 V2K

A (4.36)
CQ == dg 2K

Zuykpivoviag Tig eEKPPACELS Yla TiS TTIEPLOS0UG TOU (PATVOPEVOU HETAPOPAS TG ATO-
HknAGg kataotaong 17y pe tov T (yia tnv nepinmmon uypndou pubpou petanndnong
Kal GUVTIOVIOHOU avtiotola) Propoupe va Bpoupe ekppalovidg ToUG GUvVapTroet
G otaBepdg ouleuing atdopou-nediou g @G:

Ton  Jon , . . .
—— >~ —— >> 1 yla Vv neploxr uyndou pubpou petanndnong (4.37)

Tr g
Auto onpaivetl ot n aAAnAsmibpaon ¢ AUl TV MEPLOXI] ATIALTEL XPOVO TIEPITIOU
J X Tx. 'Ocov apopd tnVv IMePLOXI] ATTIOCUVIOVIOHOU, AV OUYKPivoule Vv repiodo
petagpopdg tng S1€yepong Pe autnv g IePloXng uvywndou pubpou petanndnong,
Sa Bpoupe ot sivat:
2

Tdisp _ Adisp (438)

TR ngisp
Xpnowpomnowviag ta i61a oUvodda ApAPEIP®V Yid TG TPEIS TIEPIOXEG PE AUTA TIOU
XPNOHOTIO| oA e OtV 18AVIKI) MEPIMI®OT), £XOUE :

e Ileploxr) vyndou pubpou petanydnong (LH): g = 5 x 103wy, J = 10g,
A= Olg, TLH = 27TJ/(92)

e Tlepiloxr} UynAou amoouvioviopoy (disp): g = 5.103wy, J = 2/5g, A = 10g,
sz’sp = 27TA2/92J
e Tlepioxn ouvtoviopoy (R): g = 5.10 3wy, J = 2/5g, A = 10g, Tr = 27/g
Auto onpaivel ot yla tg aplOpnukeg TPéG mou ermAéiape, av eKPPACOUNE TG
EP1060UG TV TPV TIEPLOXMOV OUVAPTAOEL NG TIEPLOO0U NG TIEPLOXIS OUVIOVIGHOU
TRk, Sa éxoupe:
TLH ~ 10 x TR

(4.39)
Tyisp ~ 100 x Tg
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Probability Amplitudes - Resonant case Probability Amplitudes - Resonant case Probability Amplitudes - Resonant case

) J=10g, A=10g, g=5.10"w, ) J=10g, A=10g, g=5.10"w, N J=10g , A=10g, g=5.10"w,
\ /| — Atom 1 dissipative \ " | — Atom 1dissipative ", | — Atom 1 dissipative
\\ /v | — Atom 2 dissipative \ | — Atom 2 dissipative + | — Atom 2 dissipative
o8l | ] -~ Atom 1 ideal osl | ; \|-- Atom1ideal 08 V|-~ Atom1ideal
\ Atom 1 ideal \ © - Atom1ideal ~ Atom 1 ideal
£ \ H kg =10 H B i/g = 10.0
Rog | 2 o9 Zos
8 \ s s !
: \ \ < c 0 \
2 \ \ 2 \ 2 N |
Tod | / \ Zoa “ 204 N \
g \ ] \ g . \ H ro
/ \ \ | ~
02| l 02| \ X 02| ! i —
Y - |
g3 5% 1o o83 =53 T 75 30 45 o5 1o 5 30
Time (T=2r/g) Time (T=2x/g) Time (T'=2r/g)
’ . , . ’ ,
IZxnpa 4.5: Ilgpioxn ovv- Zxnpa 4.6: Ilepoyn ovv- Zxnpa 4.7: Ilepioyn ouv-
, , ,
oviopou ue k = 0.1g TOVIOUOU UE K = ¢ toviopou pe k = 10g
Large Hopping with dissipation ) Large Hopping with dissipation Large Hopping with dissipation
—— Atom 1 dissipative %, Atom 1 dissipative - — Atom 1 dissipative
Atom 2 dissipative \ Atom 2 dissipative —  Atom 2 dissipative
- Atom 1ideal osl | - Atom 1 ideal -~ Atom 1 ideal
- Atom 1 ideal 4 - Atom 1 ideal 1-- Atom1ideal
z Cavity 1 . | Cavity 1 > — Cavity 1
3 Cavity 2 H 1 Cavity 2 z — Cavity 2
3 Bosl | - ] ;
H £ y 4
5 £ VAR ( ‘
H Soa N/ B "\ k/g=10.0 [
° ] \ § ; \
X,
02 / 02
A
Time (1—5eG) %80 05 To 5 2.0 8% e 1o 15 2.0
Time (T=2r/(GJ)) Time (T=2r/(GJ))

Zxnpa 4.8: Ilepoxn vyn-
Aov puduov uetanndnong
uek =0.1g

Zxnpa 4.9: Ilepoxn vyn-
Aou puduovu uestamrdbnong
uek =1g

Zxnpa 4.10: [Igpoxn v-
ynAov puduov uetamnodn-
ong ue k = 10g

Probability Amplitudes -

Large Detuning

N Probability Amplitudes - Large Detuning N Probability Amplitudes - Large Detuning
7
by —— Atom 1 dissipative ", m [ Atom 1 dissipative "\ o [ Atom 1 dissipative
\, A | —  Atom 2 dissipative % | — Atom 2 dissipative " £ #H | —  Atom 2 dissipative
o8l {3 Y -~ Atom 1 ideal / -~ Atom 1 ideal W osl 4 / / -~ Atom 1 ideal
. / - Atom 1 ideal // -~ Atom 1 ideal i { / - - Atom 1 ideal
. : | / : - .
> /‘J \ / ) ! ! \ ) ! A\ ‘/ I \ I L /
5 / kjg=0.1% ! Vowfg=1 0] Lo v klg=10 ' ¢
506 / \ ) Vo \ ) ! ] o
S { \ \J \f \ o/
g / \ L \y 1 \/ v
£ i y / B 0 v
3 ¥ / / K | |
So4 /1 { | j & A
g ' [ I 4 H I !
8 [ i P I A /
02| 02| "‘ ' i 02|
\ ‘\
8% 05 o g %0 8% o3 10 T3 30 85 3 o 13 30
Time (T=2x/(G.J)) Time (T'=2n/(GJ)) Time (T=2x/(G.J))

Ixnpa 4.11: [Igptoxn amo-

Ixnpa 4.12: [Iepioxn amo-
ovvtoviopou ue kK = 0.1g

Ixnpa 4.13: IIepoxn ano-
ouvtoviouoU ue k = lg

ouvvtoviouov ue k = 10g

Autn] n ouykplon pag Seixvel Sekabapa MAEOV OTL 1] TIEPLOXI] CUVIOVIOHOU €Xel
T PKpotepn mepiodo. H pikpr) autr mepiodog tng, g EIMIPENEL PEV VA oUVInPel
ApPXKA TP1O0OTEPES TAAAVIDOELS, ®OTO00, KAB®G 1 d1Eyeporn petabaivel ota nedia,
pewwvetatl 1 mbavotnta va petagepdel 1 H1€yepon amo eva atopo os dAAo, Kabwg
egediooetal 0 Xpovog. i OUVEXELA KAVOULE TS YPAPIKEG TTAPAOTACELS TV MAATOV
rmbavotntag petaBaong twv dieyepoewv, deixvoviag ) ouprepipopd tou 18avikou



86 YAomnoinon kBavtik®OV MUAGV OE CUCTOLYiEG CULEUYHEVOV KOLAOTHTOV

OUOTIPATOG KAl TOU CUOTHHATOS PE ATMAElEG. Ao TG YPAPIKES TTAPACTACELS
4.7], mapatnpouUpe OTl 10 CUCTNA OTHV MEPIITIOOT CUVIOVIOHOU £1val EUAAMTO OtV
anooupdevia ou rpokalei 1o nep1Baidov, onwg npoBAémnet kat n Yewpia, KAO®G
n 61éyeporn petabaivel 0Toug TPOTIOUG ToU TIEdiou.

O1 apBpnTIKEG MPOCOPOINCELS Yid TNV MEPIMT®OT UPnAou pubpou petarnt)-
dnong pag divouv g ypapikés rapaotaoeig [4.844.10L Ze autég gaiverat 6t to
ovotnpa ermdelkvUel KAAUTEPN ATIOKP10N KABMG auddvetal o pubuog Am@AEIQV.
'Onwg avapevotav, UIdpxel ONPAvVIKY mlavotnta va mepdcet 1 81€yeporn amno 1o
éva dtopo oto aAdo, akopa Kat yia £ = 1, mapd 1o yeyovog Ot eivat onpaviika 1o
«apyr) 6tadikaoia o oxEon Pe Vv MEPIUTIOOT CUVIOVIOHOU.

‘Ocov adopd Vv MePLoXr] AMOCUVIOVIOROU, ATto TS YPAPIKEG ITAPACTACELS TTOU
MIPOEKUYPAV Y1d AUTH) Ao TS aplOPnTIKEG IIPOCONOIWOElS Kal spdavidoviatl otg
EIKOVEG IapAtnPEOUE TO ATTOTEAE0UA TTIOU €XEL 1] UEYAAN XPOVIKY KAi-
HaKa ToU @Aatvopévou. ZUYKEKPIHEVA, TO YEYOVOG OTL 1 YPAPIKY TIAapdotacn tng
[4.9]ya v neproxr) uynAou pubpov petarménong pe £ = 1 powadet pe ) ypaeikm
[apactaot) g reptloxng arroocuvioviopou @. 11 ya £ = 0.1, pag unodeikviet 6 1)
TEP1OXN] UYNAOU pubpou petan)dnong anokpivetal eppaveg KaAutepa o OUOTY-
pata pe anwldeleg, kabng ivat o ypryopn dwadikacia kat to ocvotnpa ektibetat
yla Atyotepo Xpovo oto Tiep1BAaAAov.

Zinv emopevn evotnta 9a uroAoyicoupe akpiB®g Io10 £ival T0 ArOTEAECHA TOV
aneAs1®v oe pia 61atagn mou UAorolel TV arapaitntn Pn-TorKr) ITUAr eVayKaAtl-
opou (rmUAn 2 qubits) péo® autou Tou pnyaviopou. Auto Sa yivel oto mAaiolo g
neptypadrng g vAoroinong tou adyopibpou Deutsch-Jozsa.

4.4 IIpdtaon yia tnv uldormnoinon tou alyopiOpou Deutsch-
Jozsa oe £€va cuotnpa 800 ouleuypévev Kotlo-
TATOV.

Zta nponyoupeva anodei§ape avalutikd Kat aplOpnukda ) Suvapikn tou ouoth-
patog 6Uo ouleuypévav Koot tov Kabng adAnAermdpouv pe otabepd atopa Kat
oty 18avikn repintwon aAAd Kat oty repintoon anwdelov. Adilet va avapépoupie
OTlL autr| 1 ouyKekppévn datadn Sa prnopouvoe va npaypatonowOel pe ) Xpnon
POIOVIKOV KPUOTAAAGV TIOU TIEPIEXOUV TeXvnTd datopa (quantum dots), kabng kat
pe dwatdderg circuit QED[105, [110]

[Tpoxkepévou va e§etdooupe noco arodotika da puropouoe va Xpnotporotn et
autog 0 PNXaviopog yla tnv vdoroinon pia mudng CNOT, mou ev yével anattet
BN torikeg aAAnAerudpdoelg ONG Auteg Tou pelstdape £86®, Ya eKUpProoupe Tov
beiktn motontag tou cuotpatog [16] yia kabs pia amo tg Ipelg MEPUTTOOELS,
uttofEtoviag ot Hev uTdpxel auBOPUNTN EKTIONUTT] TOU ATOPOU OTO CUCTNHA 1Ag
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F (pidealu pdissipative) =Tr [ V PidPdis\/ pzd:| (440)

Amo v ponyoupevn avaluot] pag yvepiloupe Ot to ouotnpa Propei va vlormot-
foet pa udn SW AP, n onoia @otooo dev eival kaBoAikr) ruAn. Avtibeta n mUAn
VSW AP mou oto ouotmpud pag vdoroteitat yia xpovoug T'/4 sivat pia kabodikn)
muAn [111], umo v évvola Otl P T XP1or aUTrg Kal EVOg PINXAViGHoU TIou va oi-
VEL TIUAEG €vog qubit, €xoupie ) Suvatdta va apoupe O1o1o KBAVIKO KUKA®UA
ermBupouvpe.

Ia v vAoroinon Aowov evog aAyopiBpou da xpelaotovupe KAl pila ITUAL e-
vog qubit. Zug Swatddeig cavity QED eivat edkodo va vAorownOei n muAn X pe
) Xprjon rmadpev T, eve 1 muAn H uvlornoteitat pe tn xprion nadpov /2 a-
IO £§WTEPIKEG KAAOOIKEG TNYEG OE OUVIOVIOHO HE TS 18100UXVOTNTEG TOV ATOUGV.
O petaoxnpatiopog g udng VSWAP omv mudn CNOT mou anattei o ad-
yop1Opog Deutsch-Jozsa amnewkovidetal otnv eikova Xpnoponoiwviag tnv
avartapaotaon mivaka g vVSW AP

1 0 0 0
1yi 1
VEWAP=| ) iti i1 0, (4.41)
2 2 2772
0 0 0 1
KabmG Katl Tig avarnapaotdaoelg towv udav H, Q)
01
(V)
(4.42)

=51 4)

HIopoUle va eMAAnBeUcoupe 0Tl OVIOG TO KUKAOUA NG eivat 1wooduvapo pe
v rudn CNOT'. Zuvenog 1o KUKA@PA 1ou vdortotet tov aiyopidpo da eivat autd
g ewovag [4.15] 'Ocov agopd v avayveon oV ArotedecdataVv UIopoUHE va
axkoloubrjcoupe Vv texVvikn shelving rou 6ivetr agidrmota anotedéopatal69].
'Onwg €idape kAt otnv mPonyoupevn €votntd, OtV IEPLOXI UWPnAou pubpou
petanndénong Kat UPnAou AT0CUVIOVIOHOU TO OUCTNHA TAPAPEVEL CUPPOVO Yid
peyaloug XpoOvoug, aKOpd KAl OTtav UMApXEl Peydlog pubuog anwieinv (K >~ g).
Zuvenwg, eivatr dSuvatdv KATO10G va UAOITOU)0EL TV anapaitnty Wn-TorKn ItUAn
TOUAQX10TOV PEPIKEG POPES TIPLV TV ITANPN ATTIOOCUP(®VIA TOU GUOTHIATOS.
[Tpokepévou va urodoyicoupe tov deiktr rmotdtnrag g udng vV SWAP yua
KAaBe meployxn), Ya mpemel va opicoupe 10 ermBupntd Xpoviko diaotnpa mou Sa
TIPETEL VA APrjo0UpE T0 ouotna va adAndermubpd, 6nAadn to 1/4 tng nepiodou g
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CNOT

SWAP SWAP

IZxApa 4.14: K6avurd kUkAoua mou anaikovilel Toug UETAoXNUATIOUOUS TIOU anattovvial
yia v vionoinon g tuing CNOT ypnowonowwvtag ug nuieg vV SW AP, X, H.

|0>1 N

jo-1)

2

Zxnpa 4.15: Ancucovion tov kbavitkov kukiouarog ou ajlyopiduov Deutsch-Jozsa.

aAAnAemnidpaong oe kAOe mepinoon Kat va e§eAi§oupe O0ToXaA0TIKA TNV MEPIMTTOOT)
ANM®AEOV yia va AdBoupie Tov mivaka ITUKVOTNTAG TOU €KEIVI) Tr OTLyJI], O OIoiog
9a etvat pyissipative (1'/4), Xpnoponowwviag tmv Master Equation tng e§iowong

H 18avikn) nepimeoon 9a pag dwoet évav rivaka murvetntag pigear(71/4), o oroi-
0G OtV IepUTtRon pag da eivat o mivaxkag mukvotntag g PEyota eVvayKaAiopévng
Katdotaong w. ZUVEN®OG, Ol AITAITOUEVEG XPOVIKEG OTIYHEG ITOU TTPETIEL
va ermAESOUHE Yid TG ITApAPETPOUS Pag o€ KABE meploxr) rou avapépayie, da eivat:

TLH/4 = 7TJ/2(92)
Tuisp/4 = TA*/26° T (4.43)
Tr/4=7/2g

Ot ap1BunuKEg MPOoOpPoIRoelg, pag divouv tnv rmotdtnta g mudng VSWAP
Vv €§APTNOT NG OIoiag oUVAPTHOEL TOU PUBPOU AMIWAEIROV K ATIEIKOVI{OUpE OTn
YPAPIKI) ITapAoTaot) [TapatnpouUpe 0Tl 1 TOTOTNTA OV TIEPITTOCT GUVIOVI-
opou nédtet paydaia kabwg augavetat 10 K, TO Oroio AITI0AOYEiTAl A6 TV UPNATL)
anooup@eVvia Tou CUCTHLATOS OTNV MEPLOXI] OUVIOVIOHOU, AOY® NG HEC0AABnong
1OV edinV TOV KOWA0TTOV ot S1adikacia tng petadopdg tng AtoP1KG KATAoTAong
ATo 1O €va ATopo oto AAAo.
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Fidelity versus « rate

0.8
— Resonant

0.7 — Dispersive i
— Large Hopping

Fidelity
o o o o
w > ul [2)]

o
N
T

0.1}

0 2 4 6 8 10
 rate (times of coupling rate g)

0.0

Zxfpa 4.16: MTiotomra g nuing VSW AP ouvaptioet o K, Ue T0 K EKTEYOATUEVO OE
oxéon pUe 10 pUOUO OULEUENS g TOV KOLAOTHIOV yia TNv TEPIOXN UYnAou amoouvtoviouou
(e yoapui, g = 5103wy, J = 2/59, A = 109, Tuisp/4 = wA?/2¢2J), mv meproxr
ouvtoviouoy (kékkwn yoauun, g = 5.10 3wy, J = 10g, A = 10g, Tr/4 = 7/29) kar
mu meptoxn vpnAol puduol ustamdnong (modown yoauun, g = 5 x 1073wy, J = 10g,
A =01g, Try/4 =7J/(29°)).

®a avapévape v MePoXr] UPNAOU aroouvioviopou va 6ivel UPnAotepeg TIHES
TOTOTNTAG, WOTOOO HE H1d TT0 TIPOCEKTIKI] PATIA TIAPATPOUHE OTL O ATIAITOUHEVOG
XpOvog yia v vdornoinon tng ruAng vV SW AP oe auth) tnv mepimtwor), eivat moAu
PEYaAUTEPOG ATTO TOV AVTIOTO1X0 XPOVO OtV MEPLoXr] UPnAou pubpou petanndnong
eatoviov (Tys, ~ 1077,y). Auté onuatvel 6T otnv Meploxr vypnlou pubpou peta-
dnong PETOViOV, T0 cUuoTnpa gival eKTeO1IEVO otV arocuppavia mou ermBdaiAest
10 TIEPIBAAAOV Y1a HPIKPOTEPOUSG XPOVOUG, orote Hivel pe Siadopd 11§ UWPNAOTEPES
TIPEG V1A TO OUVIEAEOTI) TTIOTOTHTAG.
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Kegpaliawo 5
EniAoyog

Ye autr) 1 petantuyiakn 61atpiBr] KAvape [Pid avaokoOnnorn eV o ONHAvVIIK®OV
dewpnukov mtuxev mg KBaviikng HAektpoduvapikng o @OTOVIKEG KOWAOTNTES,
eoualoviag Kuping otig Kootnteg KBavuikng HAsktpobuvapikng rmou Aettoupyouv
OtV MEP10XT] TOV PIKPOKUPAT®V. 'Oneg eidape, eivatl dSuvatdov xprnoponoiwviag tg
Baowkég apyég rmou epappoddoviat oto cavity QED va enekteivoupe ) Xprjon toug
Katl oe dAAeg Siatagelg, ouprieptAapBavoévey Kal 1oV ZUOCTOXEIRV LULEUYHEVOV
Kolottav.

Apxikd avaduoape 1og PIopouv va Xpnotpornoinouv cuotnpata ave§dptn-
1ov Koot)tev pe Siadopetikoug 1ponoug oote va udomoinfouv AAyopiBpot tng
KBavtikrg [TAnpogopiag.

Lt ouvéxela aoXoAnbnkape pe v avadutiky KAl aplOpnukn erniduon tou
PoviéAdou §U0 OULEUYHEVOV KOWAOTHT®V, TO0O Yid TNV 18avikn nepirtwon (k = 0,7 =
0), 600 ka1 yia v mepinteon pe anoieieg g Koowmtag (k # 0) kat dei§ape nog
Hropei auto to cuotnpa va xpnowonoinOei yia tnv vdoroinorn mg iuAng CNOT,
Ve doape Kal v meptypadn] ToU TPOIou UAOIToinong tou aiyopifpou Deutsch-
Jozsa.

O1 apxés g KBavukng HAektpoduvapikng oe Kollotnteg €xouv mpoodata e-
niektaBdel kat oe AAdeg melpapatikeg ekdoxEG, onwg to circuit QED, 1o omnoio oko-
MEVOUE VA €§EPEUVI|OOUNE AETTIOPEP®OS OTO HEAAOV.

®a Jédape va onpeldooupe 0Tl 01 APIOPNTIKEG TTPOCOPEINOELS TOV AVOIKIQOV
KBavtikev Zuotnpdtev fav pila anod Ti§ onpavilKoTeEPES TITUXES aUThg tng datpt-
Brig xat Sa amnoteAéoet ) faon yla ortotadnote peAdoviikr) epyaocia rmou Sa agopa
T PEALT IO MEPUTAOK®V CUOTNHAT®V TTOU Ya BpioKouv epappoyeg oty UAoroi-
non KBavuikov AdyopiOpev. Emiong Sa peletrjooupe S1aPOPETIKEG TIEIPAPATIKEG
mAatpoppeg, cupneplAapBavopévay tov Zuotoyiov Kupatodnyov ((waveguide ar-
rays) Kai OUYKEKPIEVEG UAororoelg Tou circuit QED.
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ITapaptnpa A. YITOAOYLOTLKEG
Texvirég KBavtirng Ontikng

1 YmnolAoyiotikd nmakéta yua tnv Kéavtikn Ontiki)

Mia amo T1g o ONPAavilKEG MIUXEG OV rmapouod 81atpiBn niav 1 EKIEVHS EVAOXO0-
Anon pe apBPnTKEG TIPOCOHIEINCELS. YTIOAOTIOTIKA TaKETd onwg 1 Mathematica
PIopouv oe oAU peydldo Babpd va 1kavoror)oouyv TG IEPLooOTEPES AVAYKEG, O-
P®S KaBOooV IPOKELTAl Yid Pld «apyr)» YA®OOod IIPOypaPATIONoU, EMOTPATEUTKE
n Mwooa Avoiktou Kodika Python n oroia ta tedeutaia xpovia £xet kabiepmbet
OTOUG KUKAOUG TOV MPOYPAPHATIOIOV Yid aplOpPnTIKEG IMIPOOMOHPEINCELS KAl Y1a TTOA-
Aég dAAeg epappoyeg, Kabwg sival apKetd eUEAIKTN KAl £xouv avartuxBel TtoAAd
MAKETA TI0U TNV KAVOUV ePAPAAL Pe EPITOPIKA TTaketa onwg n MatLab.

[Tpokelpévou va XP1ooIo)ooUpE €va aglomoto Kat agloAoynpévo TAKETO,
avatpegape oto rtakeéto QuTiP[112] 1o oroio ivatl pia culAoyr| Ao POUTiveg TTOU
Xpnotornotouviat ouxva otnv K8avtikr Omtikr). ®a mapouoidocoupe €va PEPOG TRV
MPOYPAPHIAT®V TOU CUVIASAHE e T XP1 0T TOU £V AOY® IMAKETOU, TIPOKETHEVOU va
avadeifoupe TNy Aot ta 10U KOd1KA, KaB®OG Kal HEPIKEG OX1 KAl TOOO TETPTIIEVES
AeTIOPEPELEG V1A TO TIRG Xprotporno)fnke np Mathematica.

2 Asntopépeleg yua tov KOdika tng Mathematica

H wavotunta §1a¢popeVv UTIoAOY10TIK®OV MAKET®V va §1e§ayouv anotedeopatika apio-
HNTIKOUG UTIOAOY10H0UG, 08 CUVOUAOHO 1€ TOV KAB1EPOPEVO TPOTIO XPT10NG TIIVAK®OV
otnv KBavropnxavikn yia tmv €Kppaoct TeEAE0TOV Kal KAtaotdoenV, Kafiotd apKetd
€UKOAT 1) S1epeUivnOn XAPAKINPIOTIKGOV Yia IToAUTAoka ouotrjpata. H Mathemati-
ca £xe1 oplopéva nmpoBAnpata va Xeiplotel PeEyAAoug Mmivakeg OTav autoi EPIEXOUV
APKETA PNdevikA KAt £X0UV peyaleg 51a0TA0Elg OTIRG TIX. Ol TEAEOTEG dnpoupylag-
KAtaotpodr§ yid TI0AAd poIovid.

Apxira, xpewadetal va opiooupe opwg pa Bdon tev diavuopdieov ota omoi-
a Sa dpdaocoupe toug tedeotég ou Sa xprnowporonBouv. Ze auvtr ) Sadikacia
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9a deifoupe éva yevikd 0evdplo yia Vv MEPIMIOOn TV 6U0 KOOIV OMws TO
doudéyape apxka yla va 1o enainbevooupe pe dAAa UMTOAOY10TIKA TTAKETA.

Basis[n_,i_]: = Normal[SparseArray[{i+ 1,1} — 1,{n, 1}]];
e = Basis[2,1];g = Basis|2,0];
fln_]: =Basis[Ne +1,n —1];
- T T T T.
sigmap =e.g ;sigmam=g.e';sigmaz =e.e —g.g ;
Destroy|[n_|: = SparseArray[{Band[{1,2}] — Sgrt[Range[n — 1]|}, {n,n}]
Id[n_]: = IdentityMatrix[n];
(1)

L& autég 1§ ypappeég opioape pua ouvapton Basis[n_,i_|, n omoia &npioup-
yet ta Savuopata Baong yia évav xopo n dtaotdoenv. Xpnotponoimviag auvtr) )
ouvdptnorn opioape Tig KAtaotdoeig |e) Kat |g). AuUtdg 0 APECOG TPOTIOG OPITHOU
IOV KATAOTAOlaK®V Sl1avuopdiov yia dtopa duo erumnedwv, dev pmopel va xpnot-
porownBel yla tnv rnepimeon mou undpyxouv roAdég dieyépoeig (V) oto ouotnpua,
OmoTE opioape Pe €vav H1aPOPETIKO TPOTO TI§ KATAOTACEIS TG KOWAOTNTAG, HE TN
xpnon 6niadr) g f[n_|, yia va propovpe va yevikeuooupe av 1o ermbupovpe ot
ouvéxela. O 0plopog TRV ATOUIKAOV TEAECTWV 0,4, 0_ KAl 03, AKOAOUBeital amno tov
0P10110 TOU TEAE0TH] KATAOTPOPHS U, VR XP1NOIHOIIOI)OAE KAl 11d OUVIOHEUOT] Yid
10 povadiaio mivaka. I'a va opicoupe 10 TAVUOTIKO YIVOHEVO XPTOTHOTIOI0UHE TNV
evioAr) KroneckerProduct oote va xeipiotoupie toug 4 Xopoug tou opilovial arno
10 ouotnpa uno éleyyo. Ia nmapddetypa, n kataotaon |ggl0) Sa ypagetat wg:

ggl0 = KroneckerProductlg, g, f[2], f[1]];

O teleotng 04 » dnA@vetat &g:

sp2 = KroneckerProduct[Id[2], sigmap, Id[Ne + 1], Id[Ne + 1]];

10 ortoio SnAwvel Eekabapa Ot 1 6PAOCT) TOU TEAEOTH) ITEP1OPILETAL OTOV UTTOX®PO TOU
atopou 2. Kpathvriag autég 11§ Bacikeég apxEG KATd vou, PUIOPOUE va 0piooupe
1 XaplAtoviavy Kat petd, opidoviag pia apy1Kr KAatdotaorn ToU oUOTHHAtog, va
XPNOPoIorjcoupe v eviodr] Expml...] yia va pedetrjooupe ) xpovikr) e§€A1En
10U CUOTHATOG £pappodoviag To povadiaio tedeotr) XpOoviKAG eEEAENG.
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3 Kodikag tng Python

H pedé g Suvapikng 10U ouoTratog mou egetaoayie, £yive apxika ot Mathe-
matica kat ot ouvéxela pe ) Xpnon g Python. Xtuig akoAouBeg oedibeg apou-
o1adope PEPIKA TIPOYPAPHATA TIOU 81VOUV OPIOPEVES ATTO TIG YPAPIKES TTAPACTACELS
autng g datpBng.

Jaynes Cummings model with dissipation using master equation or
quantum trajectories
# —#+— coding: utf-8 —x-
#
# Vacuum Rabi oscillations in the Jaynes-Cummings model with dissipation
#

from qutip import =«
from pylab import =x

def run():

# Configure parameters

wc = 10000 # cavity frequency

wa = 10000 # atom frequency

g = 0.001lxwc # coupling strength

kappa = 0.2xg # cavity dissipation rate

gamma = 0 # atom dissipation rate
N = 2 # for two possible states of the field
use_rwa = True

# intial state for the system cavity-atom
psi0 = tensor (basis(N,0), basis(2,1)) # start with an excited atom

# Hamiltonian operators
a = tensor (destroy(N), geye(2))
sm = tensor (geye (N), destroy(2))

if use_rwa:
# use the rotating wave approxiation

H = wc * a.dag() » a + wa » sm.dag() * sm + g * (a.dag() = sm + a * sm.dag())
else:
H = wc » a.dag() * a + wa * sm.dag() » sm + g * (a.dag() + a) * (sm + sm.dag())

# collapse operators for non-unitary dynamics
c_op_list = []

n_th_a = 0.0 # zero temperature

rate = kappa * (1 + n_th_a)

if rate > 0.0:
c_op_list.append(sqrt (rate) = a)

rate = kappa * n_th_a
if rate > 0.0:
c_op_list.append (sqgrt (rate) = a.dag())

rate = gamma
if rate > 0.0:
c_op_list.append(sqgrt (rate) = sm)

# evolve and calculate expectation values
tlist = linspace (0,5*pi/g,1000)
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if

output = mesolve(H, psiO, tlist, c_op_list, [a.dag() * a, sm.dag() +* sm])

# plot the results

plot (tlist/ (gxpi), output.expect[0])

plot (tlist/ (gxpi), output.expect[1l])

legend(("Cavity", "Atom_excited_state"))

xlabel (' Time’)

ylabel (’ Occupation_probability’)

title (' Vacuum_Rabi,_oscillations_for_a damped cavity_using _master_equation’)
show ()

name__=='_main__ " :

run ()
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Two coupled cavities without dissipation for large hopping case.

from qutip import =x
from pylab import =

def run{():

# Define constants

G =5

omega_atom = 1000

detuning = 0.1%G

omega_field = omega_atom + detuning

J = 10xG

N = 2 # number of possible states for cavity 1
timestep=2000

Define basis. In total we have 4 Hilbert space dimensions to describe the system.

then compute the operators for the full Hilbert space and use them to

#
#
# choose an order for composite system: Al1-A2-C1-C2
#
# construct the hamiltonian.

#

# cavity operators in full hilbert space
al = tensor([geye(2), geye(2), destroy(N), geye(N)])
a2 = tensor([geye(2), geye(2), geye(N), destroy(N)])

# atomic operators in full hilbert space Cl1-Al-C2-A2
e=basis (2,0)
g=basis(2,1)
fl=basis (N, 0)
f2=basis (N, 1)

ele = tensor ([exdag(e), geye(2), geye(N), geye(N)])
e2e = tensor([geye(2), exdag(e), geye(N), geye(N)])
spl = tensor ([sigmap(), geye(2), geye(N), geye(N)])
sml = tensor([sigmam(), geye(2), geye(N), geye(N)])
sp2 = tensor([geye(2), sigmap(), geye(N), geye(N)])
sm2 = tensor([geye(2), sigmam(), geye(N), geye(N)])

# Write the Hamiltonians in 4 seperate terms to avoid mistakes.

H1 = omega_atom * (ele + e2e)

H2 omega_field » (al.dag()=*al + a2.dag()*a2)

H3 G * (al = spl + al.dag() = sml) + G » (a2 x sp2 + a2.dag() * sm2)
H4 = J x (al.dag() = a2 + al % a2.dag())

H = Hl + H2 + H3 + H4

#Time evolution of the system
gg01 tensor([g, g, f1, f2])
ggl0 = tensor([g, g, f2, 11)
eg00 = tensor([e, g, f1l, f1]
ge00 = tensor([g, e, fl, f1]

)
)
psil=eg00 #initially excitation in atom 1

# evolve and calculate expectation values
Gkap=abs (G**2/ ((detuning + J)* (detuning - J))
T=pi/ (Gkap=J)

tlist = linspace(0,T,timestep)

output = mesolve (H, psiO, tlist, [1, [])
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# plot the results

if

plot (tlist/T, expect(al.dag()xal, output.states))
plot (tlist/T, expect (sml.dag() * sml, output.states))
plot (tlist/T, expect (a2.dag()=*a2, output.states))
plot (tlist/T, expect (sm2.dag() % sm2, output.states))

legend(("Cavity, 1", "Atom,1","Cavity, 2", "Atom_2"))

xlabel (' Time_scaled_by, period $T=2\pi_/G_J$")

ylabel (' Probability’)

title ('Probability, amplitudes_for _the_large_hopping case:_\n_$\Delta=0.1g, \omega_0
=1000, ,g=5x10"{-3}\omega_0,_J=10g$")

show ()

name___=='_ _main__ ' :
run ()



3 Kodikag tng Python

Fidelity versus ~ for large hopping

# Calculate the fidelity of a system of two coupled cavities under dissipation
from qutip import =
from pylab import =x

#collapse operators for non-unitary dynamics
def rho_compute (Ham,psi0O,tlist, kappa_max, kappalist, cavl, cav2,rho_ideal):

#fid _list=zeros ((len (kappalist)))

rho_dis_list= []

index=0

for kappa in kappalist:
c_op_list = []
c_op_list.append(sgrt (kappa) =* cavl)
c_op_list.append(sqgrt (kappa) * cav2)
dissipative = mesolve (Ham, psiO, tlist, c_op_list, [])
rho_dissipative = dissipative.states
rho_dissipative_final=rho_dissipative[-1]
rho_dis_list.append(rho_dissipative_final)
index +=1

return rho_dis_list

# Define constants

G=5

omega_atom = 1000

detuning = 0.1%G

omega_field = omega_atom - detuning

J = 10%G

kappa_max = 10xG # cavity dissipation rate
kappalist = linspace (0, kappa_max, 10)

gamma = 0.0 # atom dissipation rate

N = 1 # number of excitations

# cavity operators in full hilbert space
al = tensor([geye(2), geye(2), destroy(N+1l), geye(N+1l)])
az = tensor([geye(2), geye(2), geye(N+1l), destroy (N+1)])

# atomic operators in full hilbert space Cl1-Al-C2-A2
e=basis (2,0)

g=basis(2,1)

fl=basis (N+1,0)

#f2=basis (N+1,1)

eg00=tensor(e,qg, fl,fl)

ge00=tensor (g,e, f1,fl)

ele = tensor([exdag(e), geye(2), geye(N+1l), geye(N+1l)])
e2e = tensor([geye(2), exdag(e), geye(N+1l), geye(N+1l)])
glg = tensor([g*xdag(g), geye(2), geye(N+1l), geye(N+1l)])
g2g = tensor ([geye(2), gxdag(g), geye(N+1l), geye (N+1l)])
spl = tensor([sigmap(), geye(2), geye(N+1l), geye (N+1)1])
sml = tensor([sigmam(), geye(2), geye(N+1l), geye(N+1)])
sp2 = tensor([geye(2), sigmap(), geye(N+1l), geye(N+1)])
sm2 = tensor([geye(2), sigmam(), geye (N+1l), geye (N+1l)])
szl = tensor([sigmaz (), geye(2), geye(N+1l), geye(N+1)])
sz2 = tensor([geye(2), sigmaz (), geye(N+1l), geye (N+1l)])
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# Define the Hamiltonian terms

H1 = omega_atom * (ele + e2e)

H2 = omega_field % (al.dag()=*al + a2.dag()*a2)

H3 = G x (al » spl + al.dag() * sml) + G % (a2 % sp2 + a2.dag() * sm2)
H4 = J x (al.dag() x= a2 + al % a2.dag())

H = H1 + H2 + H3 + H4

psi0 = tensor([e, g, f1, f1])

#Set the time interval for the evolution of the system
Gkap=abs (G**2/ ( (detuning + J)* (detuning - J))

T=pi/ (Gkap=*J)

tlist = linspace(0,T/4,500)

#Calculate the density matrix for the ideal case
ideal=(eg00-ge00) /sqgrt (2)

#psi_ideal_list = ideal.states
#psi_ideal=psi_ideal_ list[-1]

rho_ideal = ket2dm(ideal)

#nl_ideal= expect (sml.dag()  sml,ideal.states)
#n2_ideal= expect (sm2.dag() » sm2,ideal.states)
#pfl_ideal = expect (al.dag() * al, ideal.states)
#pf2_ideal = expect (a2.dag() * a2, ideal.states)

#Use the rho_compute function to calculate the density operators at t=T
rho_list=rho_compute (H,psi0, tlist, kappa_max, kappalist,al, a2, rho_ideal)
flist=[]
for i in range (0,10):

flist.append(fidelity (rho_ideal,rho_list([i])
output_data = vstack ((kappalist/G, flist))
file_data_store(’large_hopping.dat’, output_data.T, numtype="real")

plot (kappalist, flist)
show ()



IIapaptnpa B. Oswprntira epyaleia
KB8avtikng Onmtirng

1 Appovikoeg Talaviwty§ pe @oppaAiopo Dirac

Z1nv KAQOO1KI] PNXAVIKY €va oopatidlo padag m Kivoupevo péoa oe SUVAPIKO NG
popong V(x) = k2%, 9a tadavidvetal pe ouxvotnIa W = \/g Omou K 1 otaBepa
g 6uvapng emavagpopag. H xapidtoviavr) autoly tou povodidotatou appovikou
Tadavietr), arotedeitat and dUo H1arPItoUg OPOUG EVEPYELAG, Yid TNV KIVITIKY KAt

T Suvapikn evépyela, onote YpAPoUeE :
2 2
P me?

H=T+V =
+ 2m 2

(1)
OTI0U 1] 0OpPH] ToU ocepatdiou (otov afova twv = (p,) opidetat arno ) oxéon m%. v
KBavtopnyaviky, 1 KAAoolKr) opur avtkadiotatal and Tov tedeotr) P, = —ih(%,
ortote n XapAtoviavy Sa yivet:

2 2

~ D mw<_,

0= 2
2m+ 5 T 2)

A6 kaBapd adyeBpikng Aroyng, napatnpove 0Tl 0 autr) v £§lowon €xoupe 6Uo
1eAe0TéG va gpdavidovial pe 10 TEIPAY®VO Toug, MPAypa 1o oroio pag odnyet oto
Va Mapayovionotjooupe v eiomon, oote va eival ypapuiky og mpog p, Kat .
'Exovtag auto katd vou, optoupe 6U0 vEOUg TeEAECTEG:

a= @<§+2px> &)

“ V' 2h (a: mw) @

To ouvolo twv e§lowoenV [3|kat [4] eprypdget toug tedeotég «avabiBaong» Kat «kata-
BiBaong» 1) o Hpapatikg, «drpIoUPYiag» Katl «KataotpoPr)s» TV KATAOTACE®V TOU
appovikou tadaviet). To {guydpt e§lowoe@v IoOU KAVEL TV avtiotpodpn dadikacia
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yla v €Kppact g oppng Kat tng 9€ong ouvaptroel 1@V tedeotdv dnpioupylag-
Kataotpodrg, eKPppaletal og:

5= % (a+al) )
B = % (a-a) ©)
@)

H Xapdtoviavy g e§ionong[2] mou exppddetat pie t) Xprion tov TEAeotov dnjitoup-
ylag Kat kataotpong, Sa eivat mmAéov

~ R
i 7“ (%J n aTA) 8)

Eivat apketd amdo va 6ei§el kavelg ot 1 petabetiky) ox€orn Petady 1oV TEAEOTOV
elvat [a, aT] = 1, 6nou xpnowponojoape ) petabetiky) oxéon [p.,z] = —ih.
Me ) Xp1ion g PETaBeTKNG 0XE0NG TV TEAEOT®V, HUITOPOUHE va YPAWOUE TV
e§lowon [8] ot popoer:

~ hw o hw (& N hew i
H = o> (anr + aTa> = 5 (anr —aa + QaTa> = 5 (1 + 2aTa> (9)
Eivatl apketd onpavukoé o autod to onpeio va dei§oupe akpiBog ) §pdon toug otav
gival og popdr mMvakev, Kabwg eivatl pia oAu xproan diadikaocia oe aplOPNTIKEG
epappoyeg: Ipwta art’ 6Aa xpetdletat va Sekabapiooupie 0Tt 01 1610KATACTACELS TOU
tadaviet) ¥, = |n), eivat opfokavovikég, paypa nou dnAaovet 1 oxéon :

<7”LI’7”L> = 5n’,n (10)

Te autd 1o oupBoAiond, n nooonta (n’ |aT|n> eivatl éva pnrpootoiyeio. Mropoupe
va 6ei§oupe 6t autd ta pnrpootoixeia ival pun-pndevikd dtav apopouv Kataotd-
0€1G TOU aPHOVIKOU TaAaviwtn 1ou SiadEpouv Katd £va eminedo, oUTnG OOTE:

('[a'n) = vVn + 10—ni (11)
<n/|a|n> = \/5571’:71—1 (12)

Av ypayoupe 0Aa ta pnipootoixeia yia 11g S1adpopeTikeG KATAOTACELS TOU APHOVL-
KoU taAavietn (av untobécoupe ot £xel N kataotdoelg), 9a ndpoupe €vav mivaka
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mg HOPPNG:

0 v1 0 0 0
0 0 vV2 0 0

a=|0 0 0 (13)
0 0 .. VN-1
0 0 0 0 0
0 0 0 0 0
Vi 0 0 0 0

al= * V2 0 (14)

0o -

0 0 0 N_—1 0

'Onwg meppévape, Ol avarapactdaoelg os IVAKeg TOV teAeot®v dnpoupylag Kat
KataotpoPng £ival avaotpodot mivakeg, 1o oroio pag §1eukoAuvel ota aplOunuka
npoBAnpata, Kabmg Propoupe va opicoupe pOvo €vav amod autoug. Av KATO10G
110ele va opioel Tov mmivaka 1ou tedeotr] Kataotpodrg o) Mathematica, Sa éypage:

Destroy|n_|:=SparseArray[{Band[{l,2}] — Sgrt[Range[n—1]]}, {n,n}|
IV mPAaypatikotnId, autog O TPOTI0G OpPlojou mivakev oty Mathematica ei-
val KAl O IO AITOTEAECPATIKOG OTAV TTPOKELTAL Yld ITivakeg Pe MOAAd pndevika
otoixeia[113].

Emotpépoviag ot petabetikn dAdysBpa tou appovikou tadaviotr], Sa mpémnet
va TOVICOUpE TNV avaykn va opilotel aAAog évag TeAeotr)g TIOU epgaviletal ouve-
X®S oTa TIPOBATIATA TIOU EUTTITIOUV otn «d1katodooia» T0U apPoVIKOU TaAAVI®TY.
Avagepopaote otov tedeotr] apibunong, tov onoio opiloupe He ) oxXEon :

~

N =4ad'a (15)

Ta tov tedeotr) apibunong, propoupe eUkoAa va Sei§oupie Ot o1 petabetikég oxé-
01§ TV d Kat a' 8i6oviat ano TG ERPPAOEIG:

[N,a] -3 (16)
[Kr,a*] — 3 (17)

To ipoBAnpa TOU APHOVIKOU TAAAVIMTI] £XEL LOVO Evav TIPOPAVH] TIEPIOPIONO. AUTOG
0 TIEPLOPIOPOG aPopd TO YEYOVOG OTL Urdapxel povo pia depediddng katdotaon
EVEPYELAG, PE Pla KUPATOOUVAPTNOL IOU TV MePlypddel. Oa meptypdypoupe )
6tadikaoia utoAoylopou autrg g evépyelag g JepeAd1wdoug Katdotaong Kal g
avtiotolXng KUPATooUvApTnong, TMIPOKEIHNEVOU va €§NYOOUHE AKP1BOG O Tl Pag
XPNOHIEVEL O POPHAAITHIOG TOU APHOVIKOU TAAAVIRTL).
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IMa va e§ayoupe v KUPATOoUVAPTNOn KAl TNV T TG EVEPYELAS TOU PLOVOod1d-
OTATOU APHOVIKOU TAAAVIMTL], SEKIVARE aro v eiowon Scrodinger.

. 1

He, = hw (a*a - 5) Vo = Eniby, (18)

Apwviag aro aplotepd 1oV d, aipvoupe:
a
eve AapBavovtag uroytv 1§ PETaOeTIKEG OXEOETG,
[af,a] =1 aa’ = ala + 1 (20)
rnaipvoupe v §iowon
a
hw <(1 +aa')a + 5) Yy, = Epathy (21)

[Tapayovtoroimviag tov 0po a, oto MP®OTO PEAOG NG IIPONOYyoUHEVnG oxEong Bpt-
OKOUME 0Tl

Fiw ((1 + aal) + %) (arhy) = B, (an) (22)

O 6pog hwaty, propel va apaipebel k1 ard ta Vo péAn, erurpériovidg pag va
ypayoupe tig 6100016 :

hw (a*a + %) (a)y) = (B, — hw) (a1by,) (23)
1
hw (d*d + 5) Yoot = En 1t (24)

Auth) ) tedeutaia e§iowon deixvel ot n ¥, = ay, eival pa véa 18roouvaptnon,
pe 18oupn evépyeiag (E, — hw). Me apopoto tpono, propet va anodeiydei 6t o
tedeotrig @ Spoviag otnv 1locuvaptnon ¥, dnptoupyel pia véa 181oouvapTnon Yy 1
pe 8oevépyeia (E, + hw). T BBAoypadia, eival ouxvo va avapepopaocte ot
«OKAAQ» TOU APPOVIKOU TAAAVI®TL) Y1d VA §NYT)OOULE T XP1H 0T TOV 0PV «TEAECTNG
avaBiBaong» kat «tedeotng kataBibaong».

'Ewg tOpa mpEnet va ewvat oadeg 10 YEYOVOg OTL 0 TEAEOTHS KATAOTPOPNS @ HUIT0-
pel va xpnotponotnOel yia va PEI®oeL TNV EVEPYELAKT 1810T1I] Pag 1810KATAOTAOS.
Yrobétoupe v vnapdn piag deueAiddoug karaotaong oty oroia €Xoupe t) Xa-
HNAOTEPT EVEPYEIAKT] TIHI). AUTO PAG UTIOXPEWDVEL va SNA®OOUPE OTL O TEAEOTHG
Kataotpodng, dpwvtag ¢’ authv v Katdotaor), pag oivet

iy = 0 (25)
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Etlpaote mAéov oe 9¢on va urodoyicoupe v KUPATooUuvAaptnon yia 1) depeAiodn
Katdotaon. Egpoécov

A LT (P 3 N TN N 26)
“= 2h v mw/) 2h v mw 0T

0 0p10110G pag yua 1o ayy = 0 ararttet

Ifmw [ . h 0 B
% (l’+ m@) ’Q/J() =0 (27)

H Avon yla auvtjv v kupatoouvaptnon eivat 'kaouotavig popdng:

_ 22mw

o = Age” 2 (28)

orou 1 otabepd Kavovikoroinong Ay Bpioketal amo v aritnorn Kavovikoroinong
(1o|psio) = 1 6u eivar:

Ao = ¢ = (29)

mh

[Tpoxkepiévou va urtodoyiooupe v 1810evépyela yia TV KUPATOOUVAPTN o1 g de-
peAiwdoug kataotaong Yy, TO POVO MPAYHA ITOU AMOMEVEL va yivel gival 1o va
Badoupe v ediowon oV e&iowon Schrodinger yla tov povodiactato ap-
poviko tadaviot). H ediowon e§iowon Schrodinger pag divel ot:

2 72 2 32 2
(_h_d_ + = :U2> Yo = <—h (2m_w + 4x2<mw>2> + $2) Yo (30)

2mda? 2 2m \ h 2h 2
hw  mw? 5,  mw?
= _ =E 31
< 5 5 T + 5 T Yo 0%o (31)
Tuvenwg, N T g evépyelag g depedindoug kataotaong Fy ivat:
hw
Ey = > (32)

O1 pn SepeAd1ddelg KataoTAoelg TOU APOVIKOU TaAAvVIeTr), ovopalovial SleyspUeveS
Kataotaoelg. Eekivoviag amnod 1) depedindn Katdotaon, PIopoue va «@Tiagoupe
T1g Oleyeppéveg Kataotdaoelg, dpaviag otn depedindn tov tedeotn dnuoupyiag. T'a
Vv Pt dleyeppévyn Katdotaorn, Spoupe ot JepeAiddn KAtdotaor) Tov TEAEOT)
dnuioupyiag al otnv e€iowon e&iowon Schrodinger :

1 .
alhw (@Ta + 5) Yy = a' Eyip, = @' Hapy, (33)

At )
hew (a*a*a + %) b = Enaten, = at B, (34)
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Me ) Xprion NG HETABETIKLG OXEONG [d, &T} = 1, xat Alyeg nipddetlg, propovpe va
detoupe ou:
af

Al
hw (a* (aa’ —1) + 5) Yn = (hw (a'aa’ —a') + %) U = Epa'y,  (35)

ot
hw ((aa* —1)a'+ %) Py, = (hw (ala—1) + %) 'y, = E,al, (36)

hw (a*a + %) (a',) = (B + hw) (a'ey,) (37)

Eivat §ekdbapo twpa ot n 1610evépyela g n-00trg KATAOTAONG TOU TAAAVI®T)
61betat amno ) oxéon:
1

E, = hw (n+§ , (38)
OTIOU £ivatl POPavEg OTL £XOUNE XPN OO0 0E1 TOV TEAEOTY) apiBpnong nMPoKetpeé-
VOU va Tapoujie Ti§ 1810Tipég Tou 0pou afd = N Kat ouvendg v 1810evépyela ToU
n-ootou erurédou. ‘Ewg tdpa éxoupe Sei€et 611 o1 tedeotég @ kat a9 §pouv TAvim
OtV KAtdotaot) ¥, 1e TPOI0 TET010 WOTE :

an = Anp1¥nia (39)
qu/]n = An—lwn—l (40)

Ot otaBepég kavovikonoinong vrodoyidoviatl 9étoviag v anaitnon (n|n) = (n —
Iln—1) = 1 ra1 [d, dd“ﬂ = 1. Egooov n kataotaon ay, = |n + 1) emiong anatteitat
va £1val KavOVIKOTIOIEVT), PITOPOUHE VA YPAWOUHE OTL:

|Ani1 P (@t nlafn) =1 (41)
H e&iowon propel va ypagptel og:
Al (@la’) = [Apn *(n] (a'a + 1) n) = [Aua[*(n + )(nfn) =1 (42)

ZUVEN®Gg, epOoOv amairtoupe 10 A, 1 va sival mpaypatkog aplOpog, 1 Kavoviko-
roinon pag éivel 1o anotédsopa:

A = ! (43)
R/
Zuvenwg, PIopoupe va YpAWyoule OttL:
1
In+1) = a'n) <> [aTn) = vn + 1jn + 1) (44)

n+1
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Me mtapopot 1porto, artodeIKvUETal OtTL:

jan) = v/aln) (45)

Eivat apketda xpriowpo va Bydaloupe pua oxéon nou va pag divel ) n-ootr] KAtd-
otaon Ypnoponoiovrag tn Sepedindn kataotaor [0):

n) = (&2; 0) “6)

Kdat

iy = @0 VRFIE)T s
a'ln) = N 0) = ] 0) = v/ (n+1)|n) (47)

‘Ocov agopd T popen g KUPATOOUVAPTONG N-00ToU £rurtedou ToU TaAaviet),
9a akoAoubricoupe apopola dadikaoia, dpmvrag tov tedeotr) Snuoupyiag a otnv
Kupatoouvaptnon g Jepediwdoug otabpng Yy rou anodeiape oy 28] Tpoket-
HEVOU va arAoTiojooue 10 UPB0AIoHN0, 9a XP1NOIOTIO)COULE P1d VEA XOPIKY)
petabAntr, n omnoia Sa eivar:
mw
e=(52)e (48)

7h

Me tn) Xprjon autrg g VEag XOPKNG PETaBANtrg &, prmopovupe va avaypdyoupe
Vv EKPPaor yla tov tedeotrn) dnpoupyiag, og:

@) D)

'Etot, ) ékppaon g e§iowong 28 Sa yivet:

52

Yo(§) = Ape™ 2 (50)

OTT0U 1] 0TaBePA KAVOVIKOTIOINONG £XE1 T®PA Yivel

Ap = (l) (61)
™

Eexwvovtag and ) Jepediodn Katdotaon Kat Xproponowoveag v egiowor [46] yia
va e§aoPpaliooupe Otl 10 AnotéAeopd pag £ival KAVOVIKOTIOUEVO, TIAIPVOUNE TV
akoAoubia KUPATooUVaPTHOERDV

%o (52)
Py = aley (53)
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s = =it = %(aﬂ)% (54)
_ L L a2, = -1 ahy?
Vs Nk (o % \/g(a) b= (a') g (55)
1 o
Yy = ﬁ(aT) Yo (56)

Topa, xprowponotwviag v €KAot yld TV KUPATtoouvdaptnorn g depedindoug

KATAoTaong He ) Xpnon tng petaBAntig & Sa ypayoupe v ékppaocn yua tg
MPWIEG 5 KATAOTACELG TOU APHIOVIKOU TAAAVIRTY).

2

Wo = Age™ T (57)
. 1 1 0 _& 1 _& 1
Uy = alg = W_Z (f - 8_§) Age™ 2 E%Aoe 2 = E%wﬂ (58)
) 1, ..2 1 1 0 1 _&
Yo = aleh, = Q(CLT) Py = 77 (5 — 8_§> TQAOG 2 = 59
1
- vt
oot — L (ay3y, L 1(_2>1 2
vs = e = (@) o = o5 (6 - 7 ) (€ 20 = 0
1 1
=% (8¢ —12) 4y
— oty = = (a1’ L1 3
Y5 = a'Py = 5l (a ) Yo = \/m \/3—2 (325 160£” + 1205) Yo (62)

Eivatl evkolo va 61armotooetl Kaveig 0Tt 01 OUVAPTHOElS eivatl evaAddg aptieg Kat
TIEPITIEG, EVM 1] POPPI] TOV KUPATOOUVAPTIOE®V UTTOPEL va eKPpactel pe tn Bpron
v rodveovupev Hermite H,(§) ¢tol wote:

1
vV 2rn!

eV 1 SNAWTIKN €KPpaoh TV MoAuevupev Hermite sivat

Un (&) = alhn_1(€) = H,(€)ho(€) (63)

dn 2 2 dn —2
Hn(g):(%et +2t5> = (=1)" ﬁdgnef (64)
t=0
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Av 9éAdape va ypdyoupe Vv €KPPAon yid TV KUPATOOUVAPTN O] TOU aploviKoU
TAAQVI®TY OTO APX1KO CUCTHA CUVIETAYHEV®V, 9d MPETIEL VA AVIIKATACT|COUHE TO
¢ and ) oxéon [48ow oxéon [50| yia va rapoupe ) oxéon:

1 MW _mw 2 mw
V) =\ g\ T <\/?7> (69)

Xpnowonowwvtag t Mathematica, aipvoupe 10 oxrpa (1, oto ormoio gaivoviat

01 YPAPIKEG MAPACTACELS Yid TG 5 IPMTEG KUPATOOUVAPTIOELS TOU PLovod1doTatou
’ I3 ’ 2

APHOVIKOU TaAaviety), Kabwg Kat 1o Suvapiko V = %

€5 — 160€3 + 120€) v

) %o

Ixnpa 1: Ot mévie mo@IeC KUUATOOUVAPTNOEIS TO UOVOSIAOTATOU ApPUOVIKOU Taiavioty) kat

Y
0 Suvauud V. = 5.

2 H swkova Schrodinger

Eivat eukolo va arodeifoupie 0Tl 01 Péon Tr €vOG PETPHOIHI0U peyéboug O bev
aAddadel 6tav epappodetal oe auto €vag povadiaiog petaoxnpatiopog U rmou adAadet
Vv BdAon Tou ocuoTHPATOG

O— 0 =00U", (66)
eve ta Stavuopata Paong yivovat:
=Y =U
[¥) = [¢) = Uly) .

W] — (| = U (|
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H aMlayr Baong and autr) mou opidet to Siavuopa |1) o aut) tou davuopatog
[Y"), yivetal pe tov ak6Aoubo tporno:

(W[Op) = (W|UTTOUU|Y) = (¢'|0'|¢) (68)

ZuvrOwg, otav e§edicooupie Xpovikd pla kataotaon §ev akodouboupe Katd ypappa
auty ) Sabikaoia. H xpoviky) e§€Agn tou apyikou diavuopatog [psi(0)) ypagpetat

®G: )
(1)) = e [1(0)) (69)

AuTto eival dpeoo anotédeopa g eSionong Schrodinger kat ta petpriola peyedn
b6ev aAAddouv oto Xpovo. AUTO TIPAKTIKA ONHAiveEL OTL AV Yid TO PEIPTOI0 PEYEDog
2 9éAoupie va unodoyiooupe ) PEOT) TIL) O XPOVO ¢, TIPETIEL VA UTIOAOYICOUHE TV
noootnta

(t) = ((1)|2]yt) (70)

®a rpérnetl Aowtdv va mApoUnE 10 T G 6e60PEVO KAl va XPr OO |COUHE TI§
KATaotdoelg oto Xpovo t. Autr 1 6tadikaoia UrtoAoylopou ToV PEO®V TIHOV £VOG
pey€boug eivat mou 6idetal amo v ewkova Schrédinger picture. Asv gival duvatov
va akoAoubrjcoupe v i61a dadikaoia yia to povadiaio petacynpatiopo U (t) g
Xpovikrg €§€A€ng. Av axkolouBouoape 1 Sadikaocia v £§1000e@V Sa
naipvape 1o anotédsoua:

#(t) = (0), (71)

mou SnAovel 0Tl 1] p€on T NG HETProtng rnocotntag v addadel kabag ege-
Alooetatl o xpdvog, oav 1o cUotnua va €Peve otdaoipo. Xuvhbwg oupBoliloupe Tig
TIOCOTITEG TIOU £ival EKTEPPAOCHEVEG Oty e1kOva Schrodinger e tov deiktn S, ).
|1s(t)), ou onuaivel 6t auty) eival pla kataotaon oty eikéva Schrédinger, 6rou
o1 Kataotaoelg e§eAdicoovial aAAd o1 PEIPTOIESG TTOCOTNTEG OX1.

3 Ewova Heisenberg

Yrobétoviag topa ot urdpxet Xpovikn e§€AEn Oxt povo oty katdotaon addda
KAl OTIG HPETPOUHEVEG TIOOOTNTEG, AAAA 1€ TETO10 TPOTI0 MOOTE va TApoupe To 1610
antotédeopa rou Ya naipvape kat oty ewkova Schrodinger, 9a xpetaotoupe tv
ewkova Heisenberg. Ag oupBolicoupe pia katdaotaorn otnv eikova Heisenberg g
[y (t)). Twa va v unodoyicoupe av n KAtaotaoy pag apXikda Hrav oy eikova
Schroédinger, rpérnet va ) petaocxnpaticovpe cupdeva pe ) oxéon:

W (t)) = STs(t)) (72)

ortou N
A -Ht
ST — 67’ h (73)



3 Ewkova Heisenberg 111

Autn n ékPppaon eival mapopola Pe tn XPovike) e§€AEH Plag Kataotaong otV e1kova
Schrodinger.

s (1)) = e [15(0)) (74)

Avuxabiotovrag oty ékPpaor) tou |1y (t)) 9a mapoupe ) oxéorn

[ () = Stws(t)) = e ¥ [ps(t)) = 7 e |s(0)) = [¥s(0))  (75)

Zuvenwg, ol Kataotdoelg oty eikova Heisenberg oe omowadnrnote otypn ¢, eivat
ioeg pe g kataotdoelg oty ewkova Schrodinger ya ¢ = 0. YroBétoviag to-
pa 6t Y€Aoupe va HETAoXNPATICOUHE €va HETPTIOO peyebog Os aro v £1KoOva
Schrodinger oto 1610 péyebog mg ewkovag Heisenberg O H, 9d TO KAvVAllE XPNO110-
nolwvrag tov povadiaio tedeoty) St oupdeVa JE Td MAPAKATR.

OH = S’TOAS‘SA' = ei%ése*i% (76)

Me autov tov 1porio, eivat §8Kdeapo OTl TTAE0V, OTL AKOUA K1 av T OS dev e€apta-
Tat SNA®TIKA aro 1o XPovo, 1o Oy egaptatatl amno 1o XPOvo, CUVEN®S CUVHOKG O
ypagpoups wg OH( ). TIporeévou va PeAET)OOUHE T XPOVIKY £§EAE TOU O u(t),
UTI0AOY1{OUHE TNV XPOVIKI] TOU TTAPAYRYO

dOy(t) d /R A —ift/h

= — | Lose i L:| —
dt dt [

_ d idt/h| A —iHt/h iHt/h A d —iHt/h| _

Tt [6 }Ose e 0s g [6 }_

_ iﬁeiﬁt/h + 6th/hOS (_%ﬁ) e—th/h _

ﬁ . (77)
1 A . N .5 7 o~
_ ﬁOH(t) . eth/hose—th/h <_ﬁH) _
— L HOu) — LoumE =L (7,04()] &
- A H A H - B y YH
dOp(t) i1,
d  h [H’OH(t)}

Mua 6uaitepn e€aipeon tedeotmdv mou eivat 16101 kat ov ewkéva Heisenberg xkat
otnv e1kova Schrodinger, eival ot XapiAtoviaveg. 'Onwg eival eUkoAo va damotw-
O£l Kaveig

HH<t) _ eth/hHse—th/h _ eth/he—th/hHS _ HS (78)
‘Ocov adopd 1 péon Tpn peyebwv os autég tig SUo e1kOveg, PITOpoUE va ypa-
youpe:

(Wu ()| On ()| 0u () = (s (t)|e TG ge =My (1)) =

. (79)
= (Ys(t)|Osls(t))
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H napandve ékppaon deixvel 0T 1 pé€on tir) evog PETPHotpou peyéboug, etvat idia
Kat otig 6o ekdveg. Mia xprioman Stadikaocia otnv nepinton Xpovoesaptnpiavav
Xapdtoviavev, €ival 0 UTIOAOYI010G NG XPOVIKNG €EEAENG NG HEONS TIUNG VOGS
neyéboug. YroBétovrag ot eetddoupie 1o p€yebog O xat 9¢Adoupe va urtodoyiocoupe
) péon T tou oty eikova Schrodinger, Sa ypayoupe:

O(t) = (¥ ()[04 (t)) (80)
Yrodoyidovtag ) XPOVIKY ApAy®yo aipvoupe:
d—=—— d N
Z0(t) = = [(®IO(®)] = -
d{¥(t)] » A d[y(t))
SO ) + w(nI0T

Topa, Savaypagdoviag t xpovoe§aptnuévn Schrodinger wg:

A — L ie0) & 5001 = Wl &2
Erotpépoviag otnv £Kppact) yia ] XPOVIKY napdywyo, [79] éxoune ot
CO() = ) HOWL) ~ + (| OR(D) =
— (o) [7,0] jw(e) - &3
o

4 Ewova AAAnAeniSpaong

H exkova aAAnAemnidpaong eivat pia evéidpeon e1KOvaA, UTTO TNV £€vvold OTL 1 XPOVIKY)
€CEAEN TOV KATAOTACE®V, PETAPEPETAL CHUEPIKAG» OTA PETPOUPEVA UEYED.

Fevikd, mporeévou va petadepboupe otnv ekova adAnlenidpaong, mpémnet
va daxwproovpetn XapAtoviavy) mou pedetape, oe 6Uo pepn: To eAetbepo pépog
H éo) mou eival 10 arpBrg emAUcIpo PéPog g XaplAtoviavrg Katl 10 PEPOS g
aMAnlenidpaong VS, onwg akpBog avipetenidoviat ta npoBAnpata pe i) Sewpia
Statapayxwv. Zuvenwg, n XapiAtoviavr) propei va daxwplotel og:

Hy=HY + Vg (84)
Zin ouvéyela opidoupe 1o povadiaio tedeotn

~ . 77(0)
Sf = eiflst/n (85)
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Apovtag autdv tov tedeotr), opidetat n eikova adAnAenibpaong kat Sa Xpnotponot-
fooupe tov Seiktn [ (Interaction), cUpP®vVA 1€ TOUG KAVOVEG:

N . ~(0)
[0r(1)) = Stlws(t)) = s |y (1)) (86)
O1(t) = §i0s8y = et Oge= 1St/ (87)

Eekvovtag ano tov optopd tou Py (t) kal napaywyidoviag og mpog to Xpovo, 9a
TIAPOUNE P1d EKPPAOT] Y1d T XPOVIKI) TOU e§€AEN:

d 2PN O, d
ln(t) = THO s () + 7| (6)) =

1 1 70 . N 1 70 N
= AP Wi (0) = 2B AP + V| [0s(t)) = =t s [s (1)) =

_ _%ez‘HéO)t/hVSefiHéo)t/heiflgo)t/h|ws(t» o

]

d N
Sn(0) = 2 Vin(0) <

() = Vi) (1)
(88)
Aut) 1 ékppaorn egival avaloyn pe mv e§iowon Schrodinger, opeog oty ekova
aAAndemnidpaong, rmou pag ermrpénetl onwg eidape eravelAnppéva oto Keipevo pag
Va aviPEtRIidoupe Xpovoetaptopeva rmpoBArjpara.
e 0Tl adopd T XPOVIKY £§€A8n evog tedeotry otnv ekova adAndemnibpaong,
Eekvape amno ) oxéon:

A - 77(0) A - 77(0)
O](t) — e'LHSO t/hOsef'LHSO t/h (89)

[Mapaywyidoviag g mpog 1o Xpovo Kat ota duUo 11€An, Sa éxoupe:

d A U2 iBOunA il h (0
EOl(t) — i_iHé )6 Hg t/hOSe Hg t/hHé) —
T ~(0) A i A
=7 a0, - EOIHéO) (90)
- [i.0]

Zinv ewkova adAnAenibpaong n Xaptdtoviavr H éo) yivetat:

~

H}O) _ 6¢H§°>t/hHé0)e—iﬁ§°)t/h _ ﬁéO)eiﬁgo)t/he—ng”t/h _ ﬁéo) 91)
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)

ZUVEN®G, 1 f]}o) eivat i61a pe v H éo Kal I aAVIIKATAOTACT 0TI OXE0T) a pag

dwoet:
d - l
—0,=—
at ' h
Zuvoyidovtag, Ya mperet va tovicoupe 6Tt oty e1kOva aAAnAeribpaong, n XPOviK)
eCEAEN TV Kataotdoswv KuBepvatal aro tov 6po V' ng ouvoAikrg XapAtoviavng,

EVR 1 XPOVIKY &AM v peyebaov anod tov 0po HO.

[131}0) 7 0}] 92)

5 Auwadiraocicg pe anwieieg oc cavity QED

To povtédo Jaynes-Cummings KAvel pia o1 pr) aAAd oAU onpaviiky) unobson
0Tl 1] KOW\OTNTa £ival TEAela armopovePEVn amno 1o rieptBadAov tng (6nAadn ~ = 0),
dev unapyouv deppikég kataotdoelg péoa oty kolotnta (n:h = 0) kabmg kat ot
bev undpyet kaBodou auBopuntn eknoprt) (v = 0)

Autd ta opla, euotkd Kat eivat xprioa yia va anodei§oupe toug vOpoug rmou
6iémouv autég 11§ puoikeg Siadikaoieg Ttou ocupBaivouv 1€oa oto aA6 AUto oUOTn-
Ba, @otoco 1 duon £xel VOPOUG ITOU 1A AIayopeUouV aKOPUA KAl VA (pAVIAOTOUHE
otl 9a prnopovoape va EIMTUXOUNE AUTEG TIG 10aVIKEG TIHEG O €va Tieipapa.

Ot Sewpnuikég npooeyyioelg yia v eniAuon tou mpoBArpatog evog Avotktou
ovatnuarog rieptypagovtat e§aiota and toug Carmichael[25], [26] kat Scully[14].
Agev gival okonog auvtrg tng d1atpBrig va peAetnBel otnv nmAnpn £€Ktaor) g n da-
dikaoia anddedng twv pebddeV rmou Xpnotponolovvial otig MapaArdve avapopEg,
®otooo Ya doupe TG PaoiKEG MTUXEG TV PeBOdmV yla va ylvel Katavontog o on-
Haviikog poAog g aAAnAemnidpaong tou ep1BAAAOVTIOG OTO POVIEAO 1AG.

O kUplog AGyog yla tnv KaB1Ep®orn autou Tou OXetkd véou mediou 1ou 1te-
prypagetat pe tov titho Avowkta K6avtika Zvotnuata (Open Quantum Systems)
etvat 1o yeyovog ot otav AapBdavoupe unioyty éva ouotnpa rnou aAAnAerudpd pe 1o
niepBaddov tou, o xwpog Hilbert mmou mepiéxetl 0An v anartovpevr) nmAnpodopia
yla IV meplypadr) ToU CUCTNHATOS £XEl T00eg TTIOAAEG Slaotdoelg TTou da fTav av-
Spoeniveg aduvato va pedetnBei n oupnepipopd cuotnuatev ou dev Bpiokoviat
napd oe €va Iapa oAU MEPLOPIOPEVO UTIOOUVOAO PEAAIOTIKGOV OEVAPi®V, OTOG yid
napdadetypa o «Zuvtoviopévog ®Oopiopdg (Resonance Fluorescence» mou mept-
ypdagetat oto [14]. EmrmAéov, n neptypadr] tov @aivopéveav rmou ocupBaivouv dev
HIopel va mpaypatoronBei pe ) Xprion KUPAtoouvapTHOERDV TTOU OIWS SEPOULE
EPLypAdouv KabapEég Kataotdoelg, aAAd Sa mpETmel va XP1O1O0TIO)COULIE T XPO-
VIKY] €§€AEN TOV MIVAK®V ITUKVOTNTAG Y1d VA [Tapatnpriooune v uroBadpion evog
Avoiktou Zuotrpatog. O Aoyog eivatl ot oe aviibeon pe 6oa €xoupe det €ng TOPA,
N XPOViKY] €& Tou ouotrjpatog rpoodiopidetat amod pun avaotpePipeg Stadikaoi-
£G, 1] pe aAAa Aoyla Sradikaoieg mou ouprieplAapBavouv pn-povadlaioug TeAEoTEg
, TIOU Hag AariayopeuouVv vd XPNOolHOoTo)ooupe avadutikeg pebodoug. Ta oge-
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An NG avdarmtudng autou Tou QopHaAlopou, eivatl §ekdbapa av orertel Kaveig Ot
1A ONPEPIVA UTIOAOYIOTIKA OUCTHATA PaAG ETUTPEIOUV VA KAVOUHE MPOCOUEIRNOELS
KAVOVTAG XP1 0T AUTOU TOU (POPUAAIOHO0U, TIOU £10AYAYEL TNV £Vvold TOV «YTIepTefle-
ot (Superoperators), 6nAadr) 1eAect®V TTOU BPOUV e TEAEOTEG KAl TOV «TEAL0TOV
Katappevuong» ToU MEPLYPAPOUV TV KATAOTPOPIKY| EMPPOT] TOU IeEPBAAAOVTOG O
éva KAE10TO ouotnpa. Zta akodouBa 9a dwooupe pla «CUPITIEOHEVIP TIEPYPAPT)
g npoogyyilong g «<Master Equation» 1) eAAnvioti «Apxouoag ESicoong kabwg
Kat g «MeBobou tov KB8avukevTpoxiovr (Quantum Trajectories Method) kat
Sa oupnieptddBoupe Ta apOPNTIKA anoteAféopata yid PEPIKA amia napadeiypata
TIOU TIPOEKUYPAV 1€ TH XPTON TOU TIAKETOU avolktou Aoylopikou QuTiP[112], mmou
doulevet pe ) yAwooa nipoypappatiopou Python. O8nyoug oe auty ) dadikacia
artotéAecav ot 51aAéSerg tou kabnyntr) Carmichael oto Singapore School of Physics
tov Iouvio tou 2012, kabwg kat ta [25],[26].

51 H Lindblad Master Equation

O mivakag ITUKRVOTNTAG EVOG CUCTHIATOG TIEPIEXEL OAT TI) XP1O1nN TTANpodpopia 6oov
agopd T OTATIOTIKI KATAVOI) €VOg OUOTatog (Kabapr) 1) PeKTr) KAtaotaon) Kat
opiletal ©g:

P=> Pultn)(¥n] (93)

ortou P, €lval n KAacoikr] mbavotnta o cuotniad va BEIoKETAl otV KATAoTaon
|psin). H Baowkr) pébobog yia va ypdwet kaveig 11g e§1000e1g Kivniong evog ouotr)-
patog S rou aAAnAerubpd pe pia Seapevr) Seppotntag (Onwg sivat to rep1Baidov)
R eivat 1o va enekteivel v évvola ToUu 0pou «ZUOTNPA», OUTOG MOTE VA CUNIIEPL-
AdBel o KA£10TO cuotnua, 1o meplBaAddov Kat v aAAnAemnibpaor toug. Auto 10
ouvduaopévo cuotnpa mou PUropet va Sewpnbel KAE10TO0 KaBwSG KAl 1 XPOVIKY] TOU
€¢€AEn propel va nieprypaget anod myv e§iowon :
p=—7[H,p (94
h
ornou topa n Xapdtoviavy H, riepiéxet 1ig mAnpodopieg yia 1o apyiké cvotnpa (tnv
Ko1Aotnta), To rep1Baidov kat v aAAnAenibpaor) toug, UroBEToviag 0Tl OPIoHEVOL
aro ToUg AIEPoUg TPOIToUS TaAAVI®ong rmou ermdouv péoa otr de§apevr Seppo-
Tag 10U 0pidet To TieP1BAAAov, Prtopouv va culeuxBoUV e TOUG TPOTTOUG TAAAVIOONG
ou urnootnpidet np KoWodtnta, pe ) pecoddabnon tou pubpou x tng Kootntag. 'E-
XOVTag auTéG TG EVVOlEG KATA VoU, HImopoupe va ypdyoupe v Xapdtoviavyy H
ot popon:
H=Hg+ Hp+ Hgsg (95)
Ot opot Hg kat Hpi eivat ot XapiAtoviavég ToU OUOTNHATOS KAl TOU TteplBAAAov-
106 avtiototya (System, Reservoir), eve o 6pog Hgr mepiéxet tnv aAAnlenibpaon



116 IMapaptnpa B. Oswpntika epyaieia K6aviikrng Ontikig

petagy toug. Av o mivakag rurvotntag p(t) meptypaget v e5EASn tou KAEIOTOU
ouotpatog addd kat tou riepidaddoviog, otov xopo Hilbert (S @ R) priopoupe va
IAPOUHE TOV «avNYHEVO THivaka MUKVOTNTag» ToU ouothpatog pgs(t), uroAoyidov-
TAG TO PEPIKO 1XVOG TOU TIivaKd ITUKVOTNTAG TOU OUVOAIKOU OUCTHHATOG, TIAV® 0TI
KATAOTACELG TOU TIEP1BAAAOVTOG.

ps(t) = Trrp(t) (96)

Av petatpéyoupe v e€ionon Schrodinger otnv ewkdéva adAnAenidpaong, ya va
Sepoptwboulie TOUG YPIYOPA IEPIOTPEPOHIEVOUS OPOUG, O TPOTTOITOIEVOG TTIVAKAS
ITUKvVOTNTag yivetat:

p(t) = ei/ﬁ)(Hs-i-HR)tp(t)e—i/ﬁ)(Hs-&-HR)t (97)
Tevikd, n aAAnAenidpaorn petadyu OUOTINATOS KAt IMEPIBAAAOVTOG IEPTYPAPETAL ATIO
ma xpovoegaptnuévn Xapitoviavy) Hgg(t), ) oroia 6ibetat ano ) oxéon:

Hgp(t) = e/MUHsHHR o o o=i/M (st HR)t ©8)

LUVEN®G, NIIOPOUHE va ypayoupe v e§iowon Schrodinger wg:

j(t) =~ [Hsn(T), 5(0) (99)

OAoKAnp®voOVIag autr) v €§l00or), £XOUHE HUITOPOTA Pag Hia oAokAnpodiadopt-
K1) e§lowon n oroia propel va uroAoyiotel ermavaAnmukd, Sivoviag Kabe @opa
uWNAOTEPNG TAENG MPOoEYYioeS.

?

(0= 50) ~ & [ [ftsnt). 0] at (100

Avukabiotoviag auty) v EKppact) tou p(t) IPOREPEVOU va KAVOUHE 1ia @opd 1)
dabikaoia auvtig g eiowong, naipvoupe:

o) = 3 [Asn(®.50)] ~ 35 [ [t [Asn®).)]Ja¢ oy

Avutr) n ékPpaon pag map€xel pia mANpn EKPGEAOCT) MoU MEPLYPAPEL TO oUOTNHIA AV
uTtoAoy100ei TIOAAEG POoPEG, KaBmG Sev €xel yivel kamotla rpoogyylorn. Qotdoo, pro-
POUHE va KAVOUE KATOlEG IIPOCEYYIOES yia va v arornorjooupe: Ilpota arr
o0Aa mpérnet va unobéooupe ot ya ¢ = 0 (6nAadr) dtav «avoiyouper v adAnleri-
b6paon), 6ev untdpyxel cUOXETION AvApleod OTo cUoTnia Kat 1o TiepBaAiov. AnAadn,
0Tl 0 OUVOUAOPEVOG TTIVAKAG ITUKVOTITAG PIopet va ypadtel og:

p(0) = ps(0)Ro (102)
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orou Ry eivatl o apX1Kog mivakag mukvotntag tou repiBailoviog. Yrodoyidovrag
10 1{XVOG TOU TAV® aro 10 reptBadAov, £Xoupe:

ta (310) == ton [snt0. 00)]) -
t (103)

— 5 [ e ([Asnto). [Fsn(®). )] ) ar

®£ToVtag TIS apX1KESG OUVONKEG TOU TMPOBATIATOS OUT®OG WOTE vad HUITOPOUHE va d-
YVO1j0OUHE TOV TIPWIO OPO AUTNG TNG EKPPAOTG, YPAPOULE:

t

pis(t) = =35 | trw ([sn(0). [Frn(t), 0] ] ) (104)

H mpotn mpooéyytlon mou kdvape o autd to rmpoBAnpa, niav to yeyovog Ot 1o
ouotnua Kat to rieptBaddov dev £Xouv ouoyEtion apXika (dev eivat «evaykaAiopévar
). Tevikd, kabwg repvd o Xpovog, 9a apxioouv va £€Xouv evaykaAlopo petady toug,
®OTOO0O0 OTI§ MEPIO00TEPES TEPUTINOELS, AUTH 1 OUOXETION HETASU TOU CUOTIATOS
Katl tou meplBaAdoviog eival mapa oAU acBevh)g KAl 0 oUvOUACHEVOG TIvaKAG
TUKVOTNtag propet va ypagtel og:

p(t) = p5<t)R0 + @) (HSR) (105)

Twpa eival n ouypr) ya va KAvoupe v Ipatr «coBapr)» Pooeyylor oto poBAnua
Hag, oty oroia Sa avapepopaocte g rpootyyion Born». To nepiBaldov propet
va YepnBOel TIOAU PeyaAUtepo Ao 10 oUCTHA, OUTOS OOTE Ol AAAAYEG TOU OUOTH)-
patog dev 9a ennppedcouv 10 TepBaAdov, Kt £tol 10 mep1BAAAov da peivel otnv
1d1a apxky katdotaon. H 6evtepn unobeon ng npoogyylong Born amattei anod 1o
ouotnua kat 1o replBaidov va napapeivouv draxwplopéva oe OAn ) didpkrela g
aAAnlenidpaor|g Toug n onoia dikatodoyeitat ano v urnodeon tng «acBevoug al-
AnAenidpaor)g» toug. Zuvoyiloviag v npoogyylon Born pnopoupe va ypdywoupe
ou:

p(t) ~ p(t) @ pr (106)

H enopevn onpaviikr mpoogyylon avadépetat ot BBAoypadia og «npooeyyion
Markov» kat Sewpel 0Tl 1 XPOVIKY KATPAKA NG PUYIG £VOS PXTOVIOU OTO TEPl-
BaAdov (ag tnv ovopdooupe Tg), €ival ITOAU PIKPOTEPT] ATIO TV PIKPOTEPT] XPOVIKI)
KAlpaka g 6UVapKng TOU CUCTHATOG, 1] OTToia cuvoyiletal wg:

TS > TR (107)

H mpooéyyion Markov os mpotn patd @aivetat apketd Xovdpoedng. Qotooco,
dnAwvel éva mdpa 1moAU onpaviko yeyovog: Ilapa 1o yeyovog ot n mapefidovoa
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e€eMién tou ovotnuatog amotunwvetal oto mepBdaifov uséow g ouleulrg Toug, &-
nnppeafoviag kar ™ peAfovikn eEEMEN ou, av 1o Jewpnoovue ToAU ueyadio, ot
affayeg ou mepi6aiiovtog Adyw tou ouotnuarog dev «mlovuy yla oAU, T0 OToio
agaipel 10 xapaKImplotKo Mg Uunung ano 1o mepibaiiov. Ta va katavorjcou-
pe 10 g 1 mpoogyylon Markov ennppedadel v pébodo mou axkorouboupe, Sa
ypawoupe ) Xapdtoviavry aAAnAenidpaong og:

Hgsp = hZSiRi (108)

orou s; Kat R; eivat ot tedeotég tou xopou Hilbert yia to cuotnpa kat to rieptBaiiov
avtiotoya. I'pdgoviag to ouotnpa otnyv €1IKOva aAANAenidpaong Kat eEKTteAQVIAG TNV
npoogyylon Born mpoxkurttet:

- Z/Ot Trr ([éi(t)]"%i(t), [gj(t/)éj(t'),ﬁs(t')RoH)dt’ (109)

ZUvenwg, autn 1 e§lomong PIopet va ypapei og:
Z/ AR;(R; (') +B<Rj(t’)Ri(t)>R)dt’ (110)

orou ta A xat B 6i6ovtat ano tg oxéoeig:

A = 54005, )7s(t) — 5
B — s(t)5,()5:(0) — 5:()5s(t)5,(t) .

To amotédeopa tou rePBAAAOVIOG eival EPNPaveg OTOUG OPOUG :

i(t)ps(t')5:(t)

(B R r = Tri (RoRa(t) Ry (1))

- - N 5 (112)
(B () i) = Tre (Ro Ry (1) (1))
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Avarnapdotaon J1ag Kataotaong apibunong oto X0po TV @ACE®Y . .
Avarnapdotacr 010 XOPOo IOV PACE®V Yid Pld oUP(®VE KATAoTaoT).

Evepyelakd enineda tou atopou PETd Tov 0plopo Tou pEcou g dia-
popdg tev Fy kat . og onpeio pndevikng evépyetag. H 16100uxvo-
ta petaBaong Tou atopou €xel oUPBoAloTEl pe wy. . . . . . . . .
Atopikn avaotpodn yla Kataotdoelg apibunong pe S1adopetko a-
PIOUO N POTOVIDV. . . . v v v v v e e e e e e e e e e e e e e e

Atopwkn avaotpopryyaan =10 . . .. .00 oL
ATOPIKI] AVAOTPOPT) VI 72 =90 . © v v v v v e e e e e e e e e e e e

AaXOP1OP0OG TOV EVEPYEIAK®V EMIMEO®V TOV YUHVAOV KATAoTtAoe®V (a-
plotepd) Adyw tng aAAnAemidpaong pe 1o medio Katl o1 «<VTUPEVEG Ka-
Taotaoetg (6e€1d). . . . . . e

Evépyeieg tov vivpévev kataotdoeov |1, +), |2, £) xat |3, ), ouvap-
TAOE1 TOU ATTOGUVIOVIOHOU. . . . .« o v v e v e e e e e e e e e

detoypadia tng KoWotntag nou xpnotponowOnke oto [61] mpwv v
TOTI00£TN 01 TOU TIAVK KATOMIPoU. Areikoviletal ) mopeia g 6€oung
TRV ATOPEV PE T0 BEAOG, VO 01 TEOOEPTS UTTOO0XEG XP1OHOTIOI0UVTAl
yla TV €YKAtdotaon ToU AV KATOTTIPOU. . . . .« o« « o o o o o . .

1.10 Avarapdotaon v KUpleov mapapétpev piag didtaing cavity QED .

1.11 AttoAeleg pag KOWOTNtag mou IePLEXEL vV Katdotaon apibpunong

|15) pe £ = 10 ka1t péoo apBPo Jeppkov atoviev 7y, = 0, xpnot-
pormoioviag trv pebodo apBpnuikng emidvong tng Master Equation
(mpdovn ypappr) Kat 1@V KBAVIIKGV TPOX10V (UTTAE ypappn).

1.12To poviédo Jaynes-Cummings o€ piia KOWAOTNTIA PE ATIOAEIEG XPTO1-

pornowvtag v npoogyyton 1ov Kéavuxkov Tpoxiov yia ny.,; = 1000
wo=w =1000,9g =100,k =10. . . . . . .. ...

i
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4.1

Avarnapdotaor evog qubit oty katdotaon |0) (KORKvn ypappn), pe
xpnon g opaipag Bloch. Ot povadiaiol petaoxnpatiopoi petaxt-
VOUV TV KOKKIVI] YpaHn o S1aopeTiKa Onpeia oty emeaveld g
opaipag x®pig va addowwvouv 10 pfkog mg. H sikdva éyive pe
Xpnon tou Qubits on the Bloch Sphere . . . . . . .. ... ... ..

AAyopiBpog Deutsch-Jozsa . . . . . . . ..o Lo
BeAtiopévn éxkdoorn) tou adyopibpou Deutsch-Jozsal23] . . . . . . .
Feoperpikn anoddedn tou adyopibpouv tou Grover . . . . . . . . . ..
[TAdtn rmbavotntag yla tig t€ooeplg Kataotdoelg oe unepbeorn. . . . .
[TAdtn rmBbavotntag petd v epappoyr) ToU TeEAE0Tr) avaotpodrg . .
[MTAdtn mBavotntag petd v epappoyr] tou tedeotr| didxuong

Avarntapdaotaon tou KBaviikou AdyopiBpou nou anekovidet tov KBav-
KO Metaoxnpatiopo Fourier yan qubits . . . . . . . .. oL L.

Avtiotoryia tov Aoy1K@V KATtaotdoemv otd 2 dtopd yld Tov ayAopiBpo
GIOVer. . . . . . . . . e e e e e e e e e e

[Mepapatikn 6iatadn yua v vdornoinon tou alyopibpou tou Grover.
Ta atopa 1 kat 2 §iépxovial anod v KolAotnta pe g idieg tayun-
TG, OPWOG O HLAPOPETIKEG (KaTtakOpupeg) FE0e1g KAl UTTOKEIVIAL OTOUG
petaoxnpatopoug S, P, H anod e§otepikeg nnyeg PKPOKUPAT®OV, EVR
aAAnAemipouv HU0 POopPEG Péoa otnVv KOAOTNTA PEo® uttoBonBoulie-
vav adAnAermbpdocwv vander Vaals. . . . . . . . . ... ... L.

Zyompa pev emmnedmv yia v evaAAaKTtiKr UAOToinorn ng KBavti-
KI)G IMUANG @aong ywa dvo qubits[77]. . . . . . . . ... ... ...

KBavtuikd kUrAepa 1ou uvdorotel tov QFT yua ¢ = 3. Me A; =
Unr/a.r/2 avanapiotovpe Tig muleg evog qubit, eve ne Bji = Qrjor—
avanaplotovpe TG KBavikeg rmudeg gaong yla 2 qubits. . . . . . . .
Atopo oe &atagn V. H petdBaon |b) — |a) eival eviedog extog
OUVIOVIOHOU He Thv KolAotnta, eve 1 |b) — |¢) urnoownpidetatl pe
OUCEU&N B1A0TIOPAG. .« v v v v v e e e e e e e e e e e e e e
Atopikd emineda uno v enidpaor) tou payvhuikou rniediou. T'a kabe
dtopo n depedindng katdotaon |b) avuotoet oto |1) xat n |a;) oto

10), o e e

[Ipotaon mepapatikng dataing ya tov adyopidpo tou KBaviikou
Metaoxnpatiopou Fourier yia 3 qubits. . . . . . . . ..o L.

Zuompa 6Uo ouleuyPEveV KOoTATOV aAANAeiSp®viev Pe dtoud.
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Abstract

Cavity QED systems have been proved to be excellent platforms for the implementation
of quantum information processing algorihms. In this thesis we review the major results
in this field and conclude by proposing how to implement the Deutch-Josza in a system
of two evanescently coupled cavities. In the first part we review the physics of both the
ideal and dissipative cases of a two-level-atom coupled to an optical cavity mode. We
analyze in detail the corresponding Jaynes-Cummings model and derive the dynamics of
the system in the presence of dissipation using both the Master Equation and the
Quantum Trajectories approach. We then proceed with a presentation of the
Deutsch-Jozsa, Grover and Shor search algorithms and review in detail some early
results regarding their implementation using flying Rydberg atoms in open microwave
cavities. We extend our study to novel systems by analyzing the quantum dynamics of a
system of two evanescently coupled optical cavities, each interacting with atomic
emitters. This is done for different regimes of interactions (dispersive, resonant and
strongly coupled) using both the Schrédinger and the Master equation approach. We
conclude with a proposal for the implementation of Deutsch-Jozsa algorithm in the
presence of significant cavity losses and analyze the robustness for different regimes by
calculating the fidelity of the basic entangling gate of the algorithm.



[TepiAnyn

'Exet ywvel arnodekto ot ta ouotpata kollotmtev KBéavuikng HAektpoduvapikng
AartoteAoUV IMOAU KAAEG MAATPOPIESG Yia TV UAOTIO| 01 aAyopldpuev KBaviukng
nAnpogopiag. e avtn ) Sutdopatiky S1atpiBr) KAVOUHE AVACKOT 0T TV
ONPAVTIKOTEP®V ATIOTEAEOPATOV O AUTO T0 £PEUVNTIKO Medio KAl KAtaAryoupe
nipoteivovtag pa péBodo udomoinong tou aiyopibpou Deutsch-Jozsa oe éva ouotnpa §uo
0ULEUYPEVOV KOWAOTHT®OV. XTO IMIPWTIO0 PEPOS KAVOUHE AVAOKOIN 0T NG 10aVIKNG
epinteong Kabwg Kat g MePinteong He anmAeleg yla éva ouotnpa evog atopiou §uo
ermed@v OUEUYHEVOU 1€ €vav TPOTII0 TAAAVI®ONG TG OMMTIKIG KolAotntag. AvaAuoupe
Aertopepwg 1o poviédo Jaynes-Cummings kat Bpiokoupie 11§ e§1000e1g g SUVANIKEG TOU
OUOTIATOG TIAPOUsia art®AL1®V Xprnoonoioviag v Master Equation, aAAd kat 1
Me£6060 KBavuikmv Tpoxidv. Zuvexiloupie PETEmeta pe tyv Iapouoiaor) 1oV KBAVIIKOV
aAyopibuwv avalnnong Deutsch-Jozsa, Grover kat Shor kat mapouotddoupe avaAuTika
600 aro 11§ apX1KEG TPOTACELS TIOU APOPOUV TV UAOITOINO01] TOUG XP1O10TIOVIAS
uttdpeva atopa Rydberg oe avoikiég KoAotnteg piKpoKUpAtov. Enexkteivoupie ) peAétn
pag avaAvoviag ) SUVAPIKY CURNEPIPOPA EVOG VEOU CUOTHIATOS U0 OULEUYHEVGOV
KOO T®V, KABe pia ek twv oroiwv aAAnderudpd pe dtopa Sexwplota. Autr 1 pedénn
yivetal yla 6iagpopeg nieploxég aAAnlemnidpaong (reploxr) arroocuvioviopou, CUVIOVIGHOoU
KAl 10XUpng oUleudng), xproonoioveag Kat ty e§iowon Schrodinger kat tnv Master
Equation. KataArjyoupe, nmapouoiddoviag pia Kaivoupyla Ipotact) UAOTOinong tou
alyopiBpou Deutsch-Jozsa kat avaAluoupe v arnoteAeopatikotta g VAooinong tovu,
apPOUCia ONHAVIIKGOV AMIOAEI®V, uTtodoyiloviag tny mmototnta (fidelity) tng Baoikng
MUANG evayKaA1opou Tou aiyopibpou.
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Introduction - Motivation

Indisputably, one of the most important scientific fields developed during the
20" century, was the field of Quantum Mechanics [1} 2 [3 4] [5]. We are endowed
with a set of the basic rules that govern our Universe and we have actually
managed to teach ourselves how to use these rules in different fields of Science
and Technology to construct many of the modern devices of our everyday life;
these include the electronical systems of our cars and our mobile phones, to the
state-of-the-art super-clusters of computers.

In the early days of Quantum Mechanics, the term "Gedankenexperimenten”
(thought experiments) was established, in order to describe an idealised situation
that could help us understand the problems that emerged. Probably the most
famous case of this sort of examples, is the famous "Schrodinger’s cat".E] An-
other famous Gedanken experiment regarding the situation of having a photon
in a box, was used in the famous public correspondence between Niels Bohr
and Albert Einstein. In their correspondence, the main argument regards the
violation of energy-time uncertainty principle, in the case when a photon that is
trapped in a box with a shutter, is allowed to exit the shutter, at a specific time
instant.

Interestingly, it was the idea of the photon in a box that gave rise to the
modern Cavity Quantum Electrodynamics (Cavity QED) [6, [7], which in twist of
fate later allowed the first experimental realization of the Schrédinger’s cat. It all
started by Purcell in 1946[8], in the study of one of the most mysterious effects
that came along with the photoelectric effect. The study of the factors that affect
the spontaneous emission rate and the quantization of the electromagnetic field
[9], opened the road for lasers, masers and a whole new era in Modern Physics,
enriching the field of Quantum Optics [10} (11} (12} (13} (14, [15] and offering
a solid testbed for the emerging field of Quantum Information and Quantum
Computation [16, (17, [18], 19, 20, 21, 22}, 23], [24].

The primary objective of the current thesis is to give a short introduction on

L Actually Schrodinger being "shocked" about the possibility of a system being in a superposition
of states, trying to reject this scenario, used the example of the cat as "reductio ad absurdum" ie.
stating that it is ridiculous to suppose a physical system could be in such a state.
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aspects of Cavity QED and demonstrate how those systems can be used in order
to implement certain Quantum Algorithms.

In Chapter 1, we describe the quantization of the electromagnetic field and
the Jaynes-Cummings model [25, [26], that describes the simplest, ideal, case of
light-matter interaction when both the atom and the field are fully quantized. We
continue by giving a short description of cavity QED systems following mainly
[7] and discussing the primary features of lossy cavity QED system as laid out
in [27], [28| 29]. In Chapter 2 we will give the outline of the notion of Quantum
Computation and describe the class of search algorithms, namely Deutsch-Jozsa
algorithm [22, 30, 23], Grover’s search algorithm [31], [32] [33, [34] and Shor’s
factoring algorthm|[35]. In Chapter 3, we present in detail the implementation of
Grover’s search algorithm and Shor’s factoring algorithm, following the approach
of two early papers from M.O. Scully [36] and the Haroche group[37].

In Chapter 4, we briefly touch the novel field of Coupled Cavity Arrays
Jor quantum information and simulation applications [21], 138}, [39]. After briefly
introducing the field, we propose a new protocol on implementing quantum
computation in small scale arrays comprised of pairs of coupled resonators. We
specifically discuss a case to implement the Deutch-Josza algortihm and study
the robustness of the implementation against experimental errors due to the
finite lifetime of the photonic excitations in the arrays. This is done using both
numerical and analytical techniques.

The present thesis primarily focuses on aspects of microwave QED and its
applications on Quantum Information Processing as explored by the Haroche
group in ENS in Paris. Equivalently important and thorough work has been
performed by other experimental groups working on optical QED, among which,
the groups of J. Kimble [40],[41],[42, [43] and D. Meschede [44],[45].[46]. Apart
from optical and cavity QED, there have been great advancements regarding
the implementation of Quantum Computation in other experimental platforms
supplied by ion traps [47, 48l [49], Nuclear Magnetic Resonance [50] and last
but not least, from the superconducting circuit community and the Yale and
E.T.H. groups, regarding a new kind of experimental demonstration of Jaynes
Cummings model, which has led to the establishment of the field of circuit QED
[511], [52], [53]. In future work we would like to explore this novel direction.

We would like to add that, during the writing of this thesis, which took place
in the period between August 2012 - December 2012, it was announced that
"The Nobel Prize in Physics 2012 is awarded jointly to Serge Haroche and David J.
Wineland "for ground-breaking experimental methods that enable measuring and
manipulation of individual quantum systems”.



Chapter 1

Introduction to Cavity Q.E.D.

1.1 Quantization of the electromagnetic field

In the simple case of the harmonic oscillator, we describe ideally the case of a
particle of mass m moving under action of an harmonic potential in a 1D confined
space. Starting from the notion of electromagnetic fields as waves, we will derive
the equivalent expression that includes the correspondent quantities in their
quantum mechanical form, which is the reason that we refer to this process as
the quantization of the electromagnetic field. The equations of electromagnetism
in free space, read:

V-8B =

Gxp- 0B

L . o (1.1)
. oD

Vi = -2

where B = Moﬁ , D = EOE , o and €y are the magnetic permeabillity and
electric permittivity of free space and pp€ep = C%

Maxwell’s equation have the characteristic of gauge invariance when no
sources are present. This actually enables us to choose a suitable gauge which
depends on the field we wish to study. A convenient choice of gauge for problems
in quantum optics is the Coulomb gauge, in which we substitute both the electric

The derivation for the quantization of the EM field, is virtually described in any textbook of
quantum mechanics, though we consider the treatments described in [2] ,[4] and [12] to be quite
extensive and didactic.
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E and magnetic B fields by expressions derived from a new vector potential A (rt)
as follows:

. oA

E=_"= 1.2
BT (1.2)

B=VxA (1.3)

with the Coulomb gauge condition

V-A=0 (1.4)

Substituting the expression for B from into the set of equations we
find that A (7, t) satisfies the wave equation :

Sy o 1 824 (7, 1)
V2A(Ft) = = —— 12 1.5
(7:1) 2 ot? (1.5
Since wave-equation holds, we are able to separate the vector potential into
two complex terms:

A7 t) = AD (7 1) + A (7, 1) (1.6)
where A (7,t) contains all amplitudes which vary as e ™! for w > 0,
AG) (7,t) contains all amplitudes which vary as ¢! and A = (ff(*))

Now, we choose to restrict our discussion to a discrete set of variables rather
than the whole continuum, namely, describe the electromagnetic field restricted
to a certain definite volume of space and expand the vector potential in terms of
a discrete set of orthogonal mode functions:

AR () = eyl (e (1.7)
k

where the Fourier coefficients ¢, are constant for a free field. The set of vector
mode functions () which correspond to the frequency w; will satisfy the
equation

§2 1 ) () =

provided the volume contains no refracting material. The mode functions are
also required to satisfy the transversality condition

V - iip(7) = 0 (1.9)

The mode functions form a complete orthonormal set, which is stated by the
expression
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/ T (F) i (F)dF = O (1.10)
J

Those mode functions are defined by the boundary conditions of the physical
volume under consideration, which will prove to be of crucial importance in what
follows. If we consider the plane wave mode functions appropriate to a cubical
volume of side L, we may write them us:

3 .

iy () = L™2eW exp [zk } (1.11)

where é®) is the unit polarization vector. The mode index k describes several
discrete variables, the polarization index (A = 1,2) and the three Cartesian
components of the propagation vector k take the values

2mn 2m™n 2mn
Z k, = Y k,=—"2=
LY L’ L

k, = y Mg, Ny, n, = 0,x£1,£2, ... (1.12)
Regarding the transversality condition the polarization vector é™ is
required to be perpendicular to k, so we may rewrite the vector potential in the

form:
h . .
N [akﬁk (7) e~ + ol () e“"’“t} (1.13)
- 2WE

The corresponding form for the electric field now becomes:

(7, t) Z\/ 2 - akuk (7) e~ - al ity (7) ei“”“t] (1.14)

In classical electromagnetlc theory these Fourier amplitudes are complex
numbers. Since photons are bosons, i.e. they are ruled by the commutator
relations that are described in the 1D harmonic oscillator, it is easy to choose ay
and &L to be mutually adjoint operators.

The dynamical behaviour of the electric-field amplitudes may then be de-
scribed by an ensemble of independent harmonic oscillators obeying the boson
commutation relations:

lag, ] = |aal.] =0, |ax, al,| = G (1.15)

The quantum states of each mode may now be discussed independently of
one another. The state in each mode may be described by a state vector |V), of
the Hilbert state appropriate to that mode. The states of the entire field are then
defined as the tensor product space of the Hilbert spaces for all the modes.



4 Introduction to Cavity Q.E.D.

The Hamiltonian for the electromagnetic field is given by [15]

1 -, —

Using the expression for E and the equivalent expression for H and
making use of the transversality and orthonormality conditions, the Hamiltonian
can be reduced to the form

1
H=>" hu (akaL + 5) (1.17)
k

Therefore we have argued that the energy of the electromagnetic field is
nothing more than the sum of the number of photons in each mode, plus %hwk
representing the energy of the vacuum fluctuations in each mode.

Before getting an insight into the applications of the above procedure, it is
useful to give the relations for the so-called field field quadratures. As it is quite
easy to show, the canonical variables X, and X, represent the canonical position

and momentum respectively.
A h
Xy =1/— (a+al
1=y, (@) (1.18)
Xy = iv2hw (@ — af)

Using the quadratures and considering a single mode plane wave we may
right the expression for the electric field as:

. 1 (hw\ 2 7. - . .
E(rt) = 3 <2_50) Ek [Xl sin (kf— wt) — Xy cos(kr — wt)] (1.19)

The canonical variables X 1 and XQ are the amplitudes of the quadratures
into which the EM field can be decomposed.

1.2 Quantum states of the electromagnetic Field

The quantization of the electromagnetic field, namely the explicit expression of
the Hamiltonian of the field in terms of operators, gives rise to the exploration of
the eigenvalues of the Hamiltonian, regarding the energy levels and the respective
wave functions.
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1.2.1 Fock States

The Hamiltonian 7/ has the eigenvalues hwy (nk + 1) where n; is a natural
number. The elgenstates are written as |n;) and are known as number or Fock
states. They are eigenstates of the number operator N, = dkakT

&T&klnk> = nkﬁk (1.20)

The ground state of the harmonic oscillator in which we usually refer to as
vacuum state is defined by

axl0) = 0 = [0)a! (1.21)

which means that the expectation values of creation and annihilation operators
vanish at this state.

Acting the Hamiltonian that we previously derived on the vacuum state, we
obtain the relation:

(0| H|0) = Zhwk (1.22)

The above equation is quite intriguing. There is no explicit upper bound to
the frequencies in the sum over the electromagnetic field modes, therefore the
energy of the ground state is infinite. This infinite value of the zero-point energy
(ZPE) is not the only case of "peculiar" infinities in quantum electrodynamics.
The renormalization procedure manages to deal with most of these cases. In fact,
the vacuum energy and fluctuations is responsible for a big variety of observable
effects, like Cassimir effect and Lamb shift. In modern gauge field theory, the
notion of "Fermi-sea”’, describing the vacuum as an entity which is everything
than empty, with millions of particles being created and annihilated at the same
time, describes exactly the point made out by equation Another important
detail that should be noted is the fact that the vacuum state, like all stationary
states of the field, is an eigenstate of the Hamiltonian but not the electric and
magnetic field operators. In the vacuum state therefore the electric and magnetic
fields do not have definite values. We may easily calculate the mean value for
electric and magnetic field for the vacuum state to be zero, but they do not have
a definite value. Actually, they fluctuate about their mean values of zero for the
case of a single mode of the field. Extensive discussion on the issues arising from
the strange properties of the vacuum state may be found in the books [13] and
[10]. Regarding the names we used for operators ¢ and a' now it is clear that
given a Fock state |n) with n photons, creation operator "adds" a photon leading
to the state |n + 1), while annihilation operator "removes" a photon, leading to
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the state |n — 1), with the respective normalization constants:

dk |’I”Lk> = /N |nk — 1> s CAL;L |nk) = \/ng + 1 |nk + 1> (123)

Starting from the vacuum state, it is obvious that in order to get the system into
the state |ny), we should act the creation operator n times, therefore:

N
(@)

vV nk'

The Fock states are orthonormal and complete, which is stated by the relations:

|nk> = |0>,7l/€ :0,1,2,... (1.24)

<nk’mk> = 6nm (1.25)

o0

> e (ng] =1 (1.26)

nE=0
While the number states form a useful representation for high-energy photons,
e.g. y-rays where the number of photons is very small, they are not the most
suitable representation for optical fields where the total number of photons is
large. Moreover, though they can produced experimentally, eg. when an atom
interacts with an electromagnetic field in a high quality optical resonator (cavity)
and emits a single photon, it is not possible to create many photons in the very
same cavity. We usually say that Fock states are the states in which the quantum
character manifests more than in every other representation of light.

Xo

\@\

X

Figure 1.1: Optical phase space representation for a Fock state.

In the optical phase space representation, using as axes the canonical co-
ordinates in natural units, we are able to visualize the properties of the Fock
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states. Since canonical coordinates, as they were defined in equations [1.1§|
do not commute, we say that the system is not well localized in optical phase
space. Moreover, one is possible to verify that the Fock states maximize the
phase uncertainty, so that A¢ = 2.

1.2.2 Coherent States

Coherent states are superpositions of Fock states |n). They are denoted by |«) and
we need to be careful when dealing with the action of creation and annihilation
operators on them. One could consider different possible superpositions but the
coherent state is of particular importance in practical applications. Coherent
states describe with great accuracy, states of CW monochromatic lasers above
threshold and wave packets formed by coherent states describe very well states
of pulsed lasers.

Probably the most practical way of introducing coherent states is the one
deduced by Glauber in [54] and Sudarshan in [55] which also justifies the fact
that they are also called Glauber-Sudarshan states. We will consider a single
mode, so that we will get rid of index k. First of all, we need to define the
displacement operator:

D(a) = elod!—o"a) (1.27)

The Baker-Haussdorf formula for two operators A and B such that [A4, [A, B]] =
[B, [A, B]] = 0, reads:
ArB _ LA Be—[A,B]/z (1.28)
Using the above formula for the expression we introduced for the displacement
operator, we obtain:

D (o) = e~lal’/2g0dl —aa (1.29)

The proof of the Baker-Haussdorf formula employs the following identity, valid
for arbitrary operators:

ia A A B A lA, B
Using the above identity we derive:
DY (a)aD (o) = a+ o
(@) aD (@) 1.51)

The above expressions explain why 15(&) is called displacement operator. We
are now in position to define coherent state |«), as displaced vacuum state |0).

la) = D () |0) (1.32)
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Another approach on defining the coherent states relies on the following
property:

= a|0)
. . (1.33)
(@) D () |0)
= aD'(a) |a)
We thus, conclude the equations:
ala) = ala) (1.34)
(ala’ = o (a] (1.35)

The above equations mean that coherent states are eigenstates of the annihilation
operator. Since operator a is not hermitian, its eigenvalues are complex. Contrary
to the Fock states that contain finite and fixed number of photons, coherent
states are superpositions of Fock states with arbitrary photon numbers. To prove
this property, we will make use of the fact that |n) @ = v/n + 1(n + 1|a) = a(n|a)
and equation which leads us to:

(nlala) = Vn+ 1(n + 1ja) = a(n|a) =
(n|a) = ﬁ(n — o) = (1.36)
(nfa) = —={0]a)

\/E

Using the equation [1.29| the expansion of the exponential and the property
a|0) = 0, we get the relation:

(0la) = (0|D(a)|0) = exp (— |af? /2) (1.37)

Therefore the coherent states have the following Fock-states representation:

N (] o) = 2 n (1.38)
g!ﬂl Z\/—!

Supposing we want to calculate the probability of having n photons, it is easy
to show that this probability follows the poissonian distribution:

2n
«
pe = Il ) = 1 exp [’ (1.39)
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B AX,

2'¢%

X1

Figure 1.2: Optical phase space representation for a coherent state.

In order to obtain the mean number of photons we may use the number
operator, therefore we obtain:

i = (a|nla) = (a]dfala) = o (a| a]a) = a*a (o] a) = |af (1.40)

Regarding the orthogonality of coherent states, let’s suppose we have two
coherent states, namely « and (3. Their scalar product is

2 2
o 1 o]

(B ) = (0| D'(B)D(a) |0) = exp [—

This means that coherent states are not orthogonal, therefore we may calculate
that the state overlap is:

(8] &)|* = exp [~|a — B[] (1.42)

1.2.3 Thermal states

Fock states and coherent states are pure states, in the sense that they are
adequately described by their state vectors and their density matrix p which is
defined by the equation:

p= > i) (wil, (1.43)

has the property that p? = 1, which denotes that they are indeed pure states.
A statistical mixture can be represented only by its density matrix. The typical
example of a mixed state is the case of the so-called thermal states. Introducing
the notion of thermal states, which correspond very well to the states of radiating
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black body, one is able to describe adequately thermal light, i.e. the light that
is unavoidably present due to the black-body radiation. Recalling the partition

function Z from statistical physics and defining § = kBLT we may write:
e—gam :
= = (1 — e ) ePaa 1.44
p=——=( ) (1.44)
The mean number of photons in such state is defined by
— —Bhw = —Bhwn e—ﬁﬁw
therefore, we are able to rewrite p as:
_ ! o\ (1.46)
F=a\a+1 ’
The photon number distribution for a thermal state is given by the relation
_! n\ (1.47)
= a7 +1 ’

which means that their distribution is geometric. Another important characteris-
tic of thermal states, that makes clear the fact that they are chaotic, is the the
order of the variance of the number of photons, which signifies the fluctuation of
the number of photons in a thermal state.

(An)* = n? — 72 (1.48)
The calculation for n? gives us:

m_i nn’ nﬂ_;xixiixn n =207+ (1.49)
n+1 (R +1) de" de <= |"770 '

Therefore we find that indeed the variance of the number of photons in a thermal
state is of the order of the mean value, which signifies very strong fluctuations,

since
(An) =n*+7n (1.50)

1.3 The Jaynes-Cummings model

The simplest case of light-matter interaction is the case of a two-level atom
interacting with a single mode of the quantized field. In the following, we discuss
the basic mathematical techniques that are used to derive the fully quantized
version of the field-matter interaction model, the Jaynes-Cummings model.
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1.3.1 Photon-atom interaction

The fully quantized version of the Rabi model, which may be found analytically
presented in [11], considers a two-level atom with states | g) for the ground state
and |e) for the excited state, interacting with a single mode field of the form:

~ hew

E="7¢,—. (& + dT) sin(kz) (1.51)

€0V

With @ we denote the arbitrary directioned polarization vector. Denoting with d
the dipole moment operator, the atom-field Hamiltonian may be written as:

H=-d-E (1.52)
Setting g = —,/ mﬂv -sin(kz), then the Hamiltonian may be written in the form:

HD = dg(a + ah) (1.53)

It should be pointed out that g is a number, while |g) is a state of the system!
It will prove useful for what follows to define at this point the operators describing
the atomic transitions. Since we are talking for a two-level atom there should
be an operator describing the transition of the atom from state |g) to state |e),
which we denote as 6, and from state |e) to |g), which will be denoted as 7_.
Therefore we set:

oy = le) (gl
a_=lg) (el (1.54)
3 = |e) (e| = |g) {9

Operator 73 is called atomic inversion operator and its average value mea-
sures the atomic population inversion W (¢) as its name implies. The operators
described in obey the rules of Pauli matrices algebra, therefore the following

commutation relations hold and this can be easily verified setting |g) = < (1) )

and |e) = ( (1) ) or by just using their definition as it is described in|1.54}

1.55
(65,64] = 25 (155

The only non-zero elements of the dipole moment operator are non-zero, since
(e|d|e) = (g|d|g) = 0, therefore we can show that

d=dl|g) le| +d"|e) (g| =do_ +d*6,. =d(6-+64) (1.56)
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where we have set (¢|d|g) = d and we supposed that d is a real number. Thus,
setting \ = d—hg, the Hamiltonian may be written in the form:

HD = a6, +6_)(a + ah) (1.57)

If we define as a zero-energy level the middle between the energy levels as in
figure then the Hamiltonian of the free atom may be written as:

Hy =

1 . . .
5 (Ee - Eg> 03 = 57:%000'3 (158)

where w, denotes the atomic transition frequency (also denoted with w,, in many
textbooks. The Hamiltonian of the free field after changing the energy zero point

le) E, = 1w
th .............................................. E=0
9) )= —%hw

Figure 1.3: Atom energy levels after setting the zero energy level in the middle of the two
levels £, and E.. The atomic transition frequency is denoted with wy

level, may be written as:
Hp = hwa'a (1.59)

The total Hamiltonian that describes the interaction of the two-level atom with
the single mode electromagnetic field, takes the form:

W a s 1
H=Hs+Hp+H" = 5hwods + hwa'a + hA (64 +6_) (a+a')  (1.60)

In the case of the free field, as it is known, the time evolution of the creation and
annihilation operators is described by the relations

a(t) = a(0)e ™" (1.61)
it f(0)e ! (1.62)

The time evolution for the raising and lowering operators of the atom are:

64(t) = 64 (0)eF 0! (1.63)
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Considering the time evolution of the total Hamiltonian of the system, we
need to take under consideration the following proportions:

a,Jr& ~ ei(wofw)t
&,&T ~ efi(wofw)t
(1.64)

6_+&T ~ 61(w0+w)t

G b ~ e Hwotw)t

Supposing that wy ~ w which in fact means that the frequency of the single-mode
field is almost equal to the eigen-frequency of the atom, the last two terms do not
conserve energy! The term &, a' corresponds to the emission of a photon while
an atom raises from its ground state to the excited, while the term ¢_a describes
the absorption of a photon while the atom transits from its excited state to the
ground state. Taking under consideration the Rotating Wave Approximation,
the quantities that are proportionate to the terms wy + w are equal to 0 since
they oscillate much faster than the terms with the quantity wy — w, therefore the
Hamiltonian takes the form:

!
H = 5 hwods + hwa'a + A (644 + 6_a") (1.65)

In literature, the equation [1.65|is referred to as Jaynes-Cummings model. The
original paper was published in 1963 [25], while an exquisite topical review may
be found in [26]. Having obtained the Hamiltonian, what remains to be done is
to study the dynamics of the system. First of all, we will define two constants of
motion, Pe which in fact counts the electrons that are involved in the process of
the interaction and Ne which is the number of excitations. Those constants are
defined by the relation:

Pg = le) (e| +1g) (gl =1, [H, Pg] =0 (1.66)
N, = aa + |e) (e], [H Ne] ~0 (1.67)

Looking into equation we observe that we can split the Hamiltonian H it
into two commuting parts,

i, :the—l-ﬁ(%—w) p, (1.68)
Hyp = —hA + b\ (646 + 6_4) (1.69)

so that the for the two terms holds the relation [I:II, I:IH} = 0. The first term

contributes only some phase terms, while the second terms contains the dynamics
of the problem. The quantity A = wy; — w is called detuning and obviously
signifies the difference between the frequency of the single mode field and the
eigenfrequency of the two-level atom.
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Jaynes Cummings model in the resonant case

Supposing we have a system having initially the atom in its excited state |e) and
the field in the state |n), so this initial state may be written as |i) = |e)|n) and the
initial energy is E; = hw + nfw. State |i) is coupled to the state |f) = |g) |n + 1),
since we supposed there are only two atomic levels. The final state |f) has energy
Ey = —%hw + (n + 1)hw and it is obvious (as it was expected) that the two states
have equal energies. We want to obtain an equation describing explicitly the
time-dependence of this system, so we will write down the state vector and solve
the Schrodinger equation. The state vector [¢(t)) is

[W(t)) = Ci(t) i) + Cr(t) [ f) (1.70)

where C;(0) = 1 since the atom at ¢ = 0 is in the initial state and C;(0) = 0. The
use of the H; term of the Hamiltonian n the Schrédinger equation reads:

dly(t))

h
T

= Hy |yp(t)) < (1.71)

Therefore we end up with the system of differential equations

Ci = —iMn +1C;

) (1.72)
If we eliminate C'y we obtain the equation:
Ci+ N (n+1)C; =0 (1.73)

and by substitution in the system of differential equations we find that
Cf(t) = —isin(A\tvn + 1) (1.74)
Therefore the solution of the problem is:
(1)) = cos(Atv/n 4 1) |e) |n) —isin(Atv/n + 1) |g) |n + 1) (1.75)
Therefore, the probability of finding our system in state |i) is:
Pi(t) = |Ci(t)|* = cos>(Mtv/n + 1) (1.76)
while the probability of finding the system in state |f) is:

Ps(t) = |Cy(t))* = sin’(\tv/n + 1) (1.77)
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The atomic inversion is calculated as
W(t) = (¥()] o3 |¥(1))
= P(t) — Ps(t) (1.78)
= cos(2AtvVn + 1)

We are in position to define the quantum electrodynamic analogue of Rabi
frecuency, as Q(n) = 2A\y/n + 1, thus the atomic inversion may be written in the
form:

W (t) = cos[Q(n)t] (1.79)
As it is clear from both equation and figure the atomic inversion for a

W(t).0

0.5

t (arb. units)

2.0

Number of photons
n=>5
n=10

e n= 20

-1.0

Figure 1.4: Atomic inversion for number states with different number of n

field that is initially in a number state is periodical, just like in the semiclassical
case of Rabi model. Though, there are some striking differences. In the quantum
electrodynamic case, there are Rabi oscillations even for the case when n = 0 ie
the vacuum state. Those are called vaccum Rabi oscillations and do not have
a classical analogue. They are arising from the spontaneous absorption and
re-emission of a photon, an effect that originates from the Purcell effect [8] and
may be observed in high Q cavities sustaining those fields as we will see later. It
may be counter-intuitive the fact that number states, the more quantum states
of light manifestate this almost classical behaviour. In fact we would expect this
kind of periodicity to be present when having initially a coherent field. Examining
this case, let’s suppose that the atom is initially in a superposition of its ground
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and excited state, thus:

1%(0)) atom = Cyl9) + Ce l€) (1.80)

If the field is in a superposition of number states

) fierd = ZC In) (1.81)
then we may write down the initial state of the system as:
WJ(O)) = |,¢)(0)>atom ® |w(0)>field (182)

The solution of Schrédinger equation in this case yields:

i{C’C cos(Atvn + 1) —iCyChpq sin(Atvn + 1)] |e) +

+[—iC.Cp_1 sin(Atv/n) + C,C,, (cos Atv/n)] [g)} [n)

In general, this is an entangled state. For the case that the atom is initially in
the excited state where C, = 1 and C; = 0 we may write down the solution as:

[(8)) = l1g(1)) |g) + [e(1)) le) (1.84)

where |1),(t)) and |¢.(t)) are the field components that are given by the relations:

(1.83)

|,(1) :—ZZC sin(Atvn+1) [n+ 1),

(1.85)
|9, (2) Z C, cos(Atvn + 1) |n)
Now, the atomic inversion is
W(t) = (b(t)| o3 [(¢))
= (Ve(t)] [Ye(t)) = (g ()] [y (2))
(1.86)

- Z 1C,)? cos(2Mtv/n + 1)
n=0

| 2

and supposing we have a coherent state, so that C,, = ¢~ 2 j—% the inversion

finally becomes

Zﬁ—n cos(2Atvn + 1) (1.87)

n!
n=0
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Figure 1.5: Atomic inversion for n = 10

m\,w(t) .

0.5
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Figure 1.6: Atomic inversion for i = 5

The difference from [I.79]becomes obvious if we plot[1.87] which is done in figures
and[1.6] First of all we observe that Rabi oscillations are collapsing and
reviving, though they do not fully recover to the initial amplitude. Using bigger
time intervals it is possible to observe this sequence of collapses and revivals,
with the revivals becoming more and more indistinguishable as time increases.
This is probably the main difference of the Jaynes-Cummings model with the
semiclassical Rabi model. In order to explain this difference we should find an
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expression for the collapse. The average number of photons is 7 = |a|?, thus the
dominant Rabi frequency is

Q(n) =22V/n+ 1~ 220, 7> 1 (1.88)

Though, there will be a spectrum of secondary frequencies as a result of the
width of probabilities \Cn|2 around 7, in the region 7 + An, for example the
frequencies in the region from Q(n — An) to (72 + An). The collapse time ¢, may
be approximated by the energy-time uncertainty relation:

t[Qn+ An) —Q(n— An)] ~ 1 (1.89)

where the width of frequencies is responsible for the phase difference in Rabi
oscillations. For a coherent state we know that An = /i, therefore:

Q(n£vVn) ~2\/a+Va

1
=92 n|ll1l+t — (1.90)
Wi (1257

=20/ + )\

So, we may obtain that ¢, = % which is a quantity that doesn’t depend on the
average photon number. A more rigorous estimation [11] of the collapse time

gives us the expression
t, = — (1.91)

Regarding the revival time, with a similar procedure we find it to be

121N

How to create a Schrodinger cat: The dispersive regime.

We define the dispersive regime as the set of cavity frequencies that satisfy the
requirement:
A= (w—uwy), A|A] > A (1.93)

When the detuning is very large compared to the coupling constant, the coupling
between the atom and the field cannot induce transitions, but still the coupling
will renormalize the energies of the system. Doing perturbation theory in the
parameter \/A we can verify that the effective dispersive Hamiltonian is:

. 1 )\2 )\2
Hdisp = _5 (th + h_A> 6z + (FMJJ — h—A6z) dTCAL (1.94)
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This expression points out the fact that the effective cavity frequency now
depends on the atom state and equivalently the atomic energy splitting depends
on the number of photons inside the cavity. The term proportional to (62&7&) is
referred to in literature as ac Stark shift, while the vacuum shift of the atomic
energy splitting (6.\?/hA) is called the Lamb shift.

Another approach on dealing with the dispersive regime, is returning to the
term of relation that contains the dynamics of the problem and take the
effective Hamiltonian.

H.pp=hx (616 +6-a") (1.95)
where y = AA—Q. Supposing the initial state of the system is a Fock state,
[4(0)) = lg)|n) (1.96)
the time-evolution of the system leads us to the equation
_iHegt ivn
[¥(t)) = €™ 7 [1h(0)) = eX™|g)In) (1.97)

We therefore obtain a phase factor that cannot be measured or give us any more
information. Supposing that instead of a Fock state we have a coherent state |«),
the time evolution of the system will lead to the equation

(1)) = e |e) |ae™") (1.98)

We see that in the case of the field being a coherent state, we have the amplitude
of the system state rotated in the phase space by the angle x¢, while the direction
of the state vector depends on the atom state |¢). Supposing now that our atom
is prepared in a superposition of states |¢g) and |e), so that

_ lg) +e?le)
’¢atom> - \/§

(1.99)

the initial state of the atom becomes

11(0)) = [tatom)| ) (1.100)

The time evolution of this version of the system yields:

p(E)) = e | (0)) = — (lg)|ce™) + e "X = e) o)) (1.101)

V2

The above equation clearly states that the time evolution in the far off-resonant
case leads to an entanglement between the atom and the field. Choosing time to
be xt = 7 (in which we usually refer to as a 7 pulse) we find that:

‘w (i>> - % (I)]ic) — iee)|—ia)) (1.102)
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The states |g)|ia) and |—ia) are separated by 180° in the phase space and they
are called maximally distinguishable states. The magnitude of || defines whether
they are macroscopically or mesoscopically distinguishable. The above process
is used to prepare Scrddinger cat states. Another configuration that is widely
used in experiments involves another energy level of the atom that is far from the
levels |e) and |g), so that Ey < E,, which let us suppose it is |f) and that the
transition |f) <> |g) is not supported in the experimental setup. This property
doesn’t allow the time evolution of the state |f)|a), so if we prepare the atom in
a superposition of |f) and |g), this will lead to the time-evolution of the term
containing the term |g) and will just contribute a phase factor ¢. The analytical
time evolution of this configuration yields:

|9 (0)) = [Watom)|a) =225 W (1)) = (|g)|ae™) + €| f)|a))  (1.108)
Setting the interaction time to be such that xt = 7 we obtain:

#(3))-

which is another way to obtain a Schrédinger cat state.

(Ig)1—a) + e[ f)]a)) (1.104)

N —

1.3.2 Dressed states approach

There is a wide variety of ways to obtain the solution of the Jaynes-Cummings
model and getting an insight on its importance to light-matter interaction. Solving
the time-dependent Schrédinger equation is not the only one. As we previously
discussed, during the interaction of a two-level atom with a single-mode field
there are two possible states of the system, ie. |g)|n + 1) and |e)|n). We may use
these states, also called bare states since they don’t include an explicit limitation
on the photon number as a basis to solve the dynamics of the problem in a more
subtle manner. The fact that we are talking about states of an atom coupled to a
field through the Jaynes-Cummings Hamiltonian, led to the term dressed states
of the atom or Jaynes-Cummings doublet. The reason for introducing a new basis
is the fact that through this process we obtain an expression that contains in
simple terms, the eigenstates of the system. We start from the bare states of the
system:

[¥1n) = l€) n)

e
1.105
o) = 19) [ + 1) (1,109
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Those states are orthogonal and writing down the Hamiltonian (1.65| matrix
elements Hl-(;) = (Yin| H |1;,), we obtain:

A (n 1
Hl(l) =h {nw + 5%]

A (n 1
HY =n {(n + 1w — w0

HY =mxvn+1=H(1

which leads us to a Hamiltonian of the form

} (1.106)

1
7 — nw + 5 hwo Axvn + 1 (1.107)

AMWn+1 (n+41)w — two
In figure we show the energy split between the bare states |¢1,,),|19,) and

Energies versus detuning for the n=1,2,3 dressed state doublets
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the dressed states |n, +),|n, —) due to the interaction of the atom with the field,
which is often referred to as the Jaynes-Cummings splitting. The expression of the
the Hamiltonian involves only states that have a difference by +1 in the photon
number, thus for a given n its eigenvalues become:

Bi(n) = (n + %) s + B, (A) (1.108)
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where

Qu(A) = /A2 +4X2(n+ 1), (A = wy — w) (1.109)

is the Rabi frequency which now includes the detuning. In figure we show
the dependence of the dressed-states energy level with the detuning, for three
different doublets. This expression for the Rabi frequency, enables us to write
down a more general expression to describe the system, the dressed states:

\nﬂ—m%®)wm+m( )wm
(1.110)

i) = =sin (5 ) o) + cos (5 o

where ®,, is the mixture angle that intuitively describes the contribution of each
of the basis vectors to the superposition of states and are defined as:

®, = tan~"! (@) ~ tan-t (QnT(O)>

(0 [2u(A) - A
sin 5 )~ —Q-Qn(A) (1.111)

o (3) - 22052

Dressed states enable us to describe the dynamics of the system, for any initial
state of it. Supposing we have a field in an initial state that is a superposition of
other states, interacting with a two-level atom prepared in its excited state, the
initial state of the atom-field system may be written as:

[ (0)) = ¢4(0)) le)
=Y Culn)le)

= Z Cn |¢1n>

Using equation [1.110|to express |t/1,,) in terms of dressed states |n, +) we obtain:

[Y15,) = cos ((I) ) |n, +) — sin (q; > In, —) (1.113)

Therefore the atom-field system state, is expressed by the wave function:

|tar (0) ZCn [cos( ) In,+) — sin ((I;") \n,—}] (1.114)

(1.112)
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and the evolution of this system is described by the equation:

[Pag () = e #E - 4p,p (0)) =

(I)n PB4 (n)t . (I)n _iE_(n)t
= ZC’n {cos (7) In,+) -e” i —sin <7> n,—)e & }

(1.115)

1.4 Cavity QED experiments

So far we have discussed the theoretical model that describes the simplest light-
matter interaction scenario, ie a two level atom interacting with a single mode
quantized field. Like in most cases, theory predicts a lot of interesting results
that have to be disproved or verified in the laboratory, in order to adopt, modify
or completely reject a certain theoretical model.

Cavities or microcavities are the devices with the help of which we have
managed to verify a plethora of phenomena of Quantum PhysicsE] The simplicity
of the system, being not much different than a "photon box” combined with the
detailed and remarkable work made from experimental groups around the world
leaded by S. Haroche, J. Kimble, D. Meschede, G. Rempe and H. Walther [56],[57]
and others, has added to the know-how of preparing, controlling and manipulating
atoms in such states that we can use them as qubits in order to implement
quantum algorithms using these setups.

Of course Cavity QED is not the sole candidate for the implementation of full
scale algorithms. In fact, as we will see in the following chapters, there are lots
of factors that restrict those systems from being ideal for quantum algorithms.
The most prominent of those factors is decoherence, due to the interaction of a
cavity-like setup with the environment [29]. In the last decade there has been a
new generation of nanostructures where the predictions of Cavity QED could be
tested in very different conditions in a solid state environment. These include
Photonic crystals embeded with Quantum Dots and more recently Circuit QED.
The latter technology exhibiting very low loss rates, is one of the most promising
techniques regarding achieving the goal of creating a Quantum Computer.

2This remarkable work has led to the recognition of the founders of the field with the Nobelprize
in Physics in 2012.
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1.4.1 Tailoring spontaneous emission rates and atomic ener-
gies in confined space

Purcell’s formula [8] for the spontaneous emission rate modification of a dipole
in a cavity versus the case in free space, reads:
1—‘Cavity o pc(w()) 27TQ o /\03

= = = 1.116
Ffree Pf (WO) chw()g Q 477-2‘/0 ( )

where ['cqity, ['free are the spontaneous emission rates inside the cavity and in
free space respectively, p.(wy), ps(wy) are the densities of states for the cavity
and the free space for the frequency wy, () is the cavity quality factor, )\ is the
wavelength of the radiation in free space and V., is the volume of the cavity.

Initially, cavities had been used in order to observe the modification of the
spontaneous emission rate. For V o~ Xg, the spontaneous emission rate is
increased by a factor almost equal to Q. Though, if the cavity is detuned, the
decay-rate will decrease. The first observation of enhanced atomic spontaneous
emission in a resonant cavity was published by Goy et al in 1983 [9], in whose
experiment Rydberg atoms of sodium excited in the 23s state where injected in a
niobium superconducting cavity resonant in 340 GHz. The cooling of the cavity
had the advantage of suppressing the thermal field inside the cavity. Regarding
optical transitions, in which the thermal-field is totally suppressed, the first
experiments were conducted by Feld and collaborators in 1987 [58],[59] and in
those was demonstrated the enhancement of spontaneous transitions in optical
cavities.

As far as atomic energy shifts are concerned, the polarization of the atom by
the non-resonant parts of the broadband electromagnetic field causes energy
shifts, the Lamb shift being the most prominent one. Lamb shift may be described
as being the result of the emission and re-absorption of virtual photons, so taking
under consideration the fact that the real emission rate may be modified in
confined space, the same should apply for those "virtual” photons, whereas the
radiation energy shift results from vacuum fluctuations and is analogous to the
result of Casimir effect [60].

1.4.2 Microwave cavities and the strong coupling regime

Selecting the appropriate region in which the phenomena under investigation
are to be explored, gives two prominent candidates, ie. microwave frequencies
and optical frequencies. In what follows we will deal mainly with microwave
frequencies, though a very good review regarding optical cavity QED. may be
found by Englert et al|56] Cavities should be imagined as a very small laser
tube, with high reflectivity mirrors and dimensions such that the spontaneous
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emission rate is modified for the desired frequencies. At microwave frequencies
and low temperatures, the main technique of cavity QED involves high reflecting
superconducting mirrors (niobium) able to impose to a single photon to bounce
roughly 10'° times back and forth inside the cavity, before eventually getting out
of it. Microwave photons are particularly difficult to detect, so the detection of
the cavity field state is deduced from the resulting interaction on probe atoms.
In optical QED configuration, the inverse process can also be used, namely the
state of the field is used to deduce the atomic state.

Figure 1.9: Photograph of the cavity assembly used in [61]] with the top mirror removed.
The atomic beam path is visualized by the arrow. The four posts are used to mount the
upper mirror.

The flux of the atoms is controlled mainly by selecting their velocities or by
using a chopping the atom beam using shutters.

In order to observe the effects described earlier, the atom field coupling
constant g, must be larger than the atom and cavity relaxation rates 7, ' and 7, *
and much larger than the reciprocal of the atom-cavity interaction time. These
conditions summarize the idea of the strong coupling regime. The strong coupling
between the cavity and the atom implies that even a single photon inside the
cavity is able to induce strong non-linear effects to the atom, as well as that a
single atom in a cavity, is enough to sustain a laser oscillation. A parameter used
to characterize the atom-cavity coupling is the cooperativity, which is defined as:

C=— (1.117)
Ky

where g is the atom-cavity coupling parameter, « is the dissipation rate and -y is
the spontaneous emission rate, as it is shown in figure
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Figure 1.10: Representation of a the main characteristics of cavity QED configuration

In [61] the fabrication of a state of the art superconducting cavity is described
in detail. In this cavity the quality factor for the desired frequency (51.1 GHz)
is Q = 4.2 x 109, allowing photon storage time 7, = 130ms. For this setup,
using the relation () = “=* we can calculate the rate of loss x of the cavity to be
k = 1,26Hz. Previous experimental setups for the microwave region, were using
cavities with a quality factor of the order of Q = 310° for the same frequency
(51.1 GHz)[62].

Regarding the enhancement of the spontaneous emission rate when the
atomic transition is resonant with the cavity , we can calculate using Fermi’s

golden rule (see for example [1]) that

3Q (A3 c
l—wzgionant — Ff?“664_7§22 (VO) with )\0 = 27{; (1.118)

while for an atom off-resonant with the cavity

Poﬂresonant -7 3 )\_(35 with \n = 27‘(‘E (1.119)
cav — L free 16Q7T2 vV 0 — w .

These relations resemble to Purcell’s initial formula for the enhancement
of spontaneous emission rate. In order to have a reference of what are some
typical values for the set of (g, k,7) we refer to [62] and [40], where we find:

(g,k,7) /2™ = (120, 40,5.2) MHz with C' = 69 for optical

1.120
(9,K,7) /2m = (25,0.36,0.005) kHz with C' = 3.4 x 10 for microwave ( )
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1.5 Cavity QED with lossy cavities

1.5.1 The empty cavity case

Using the techniques developed in [Appendix B. Theoretical tools for cavity QED|
we consider a cavity sustaining a frequency w,, while its field is ruled by the
action of creation and annihilation operators, a'and a. Its environment (the
reservoir) is a collection of harmonic oscillators with frequencies w;, while each
mode of it is controlled by operators f}and 7;. Supposing that the cavity mode
couples to the j reservoir oscillating mode via a coupling strength of «;, the
Hamiltonians in the rotating wave approximation, neglecting the contribution of
vacuum fluctuations will be:

Hg = hw.a'a
Hp =Y hw;il#;
J

(1.121)
Hsp=> h (H;afj. + h.c> -y (af* v an)
J

Using the general derivation of the master equation, we can identify the terms
for the specific problem to be:

S1 =a

S9 :dT

R i (1.122)
1 =

Ry=T

Moving to the interaction picture, the expressions for the above operators,
become:
51 = de—zwct

§2 = é’[eiwct
- X 1.12
Ry = I'feiwet ( &
RQ = fe_iwct
The reservoir correlation functions, under the Markov approximation are given
by the relations:

(C(HT(t)) =0
(CH6TH(E) =0 (1.124)
TTOT(t)) = kid (t —t') '
IO ) =k (@+1)0(t —t)
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we -1
In the above expressions, 1 = (erkT — 1) , k is the decay rate of the cavity,

k is the Boltzmann constant and 7' is the so-called bath temperature. In this
specific case, the temperature 7" used, is the temperature of the environment of
the cavity.

Using these correlation functions we obtain the master equation for the
density matrix in the interaction picture as:

p=—rn(aa'p—a'pa) —r(n+1)(alap—apa’) + h.c. (1.125)

Further manipulation of this equation can allow us to seperate terms containing
the term 7, so the master equation becomes:

p(t) = —r (a'ap + pa'a — 2apa’) — 2km (aa'p + a'ap — a'pa — apa’)  (1.126)
At the limit of zero temperature, n = 0, the equation becomes:
p=—r(a'ap+ pata — 2apa') (1.127)

Essentially, numerical simulations that calculate the time evolution of a
dissipating system using the master equation approach, converge to solving
a system of differential equations with dimensions that depend mainly on the
number of fock states that initially exist in the cavity.

Following the set of values as it was presented in we can plot the time
evolution of a state that consists of one excitation in a cavity, setting the values
to be: (g,k,7) = (1000, 10, 1), therefore keeping the requirements of the strong
coupling regime.

1.5.2 Monte Carlo - Quantum Trajectory method

Another method of dealing numerically with the problem of a lossy cavity, is
stochastically evolving the system in time and perform Monte Carlo simulation.
In the case of a lossy cavity, we will descibe an example to give the outline of the
method, supposing a cavity with loss rate « is coupled to a reservoir at 7' = 0.
We begin writing down the master equation of the system, is given by:

dp T K
— =Lp=——+ = (2apa’ —a'ap — pa'a 1.128
o = Lp=—5+35 (2ap p—pa‘a) (1.128)
Manipulating this expression in order to separate the reversible coherent part of
the dynamics from the total dynamics, we obtain:

dp

= Lop +  (2apal — alap — pa'a) (1.129)
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16 Decay of a Fock state in a leaky cavity
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Figure 1.11: Decay of the Fock state |15) in a leaky cavity with k = 10, using the master
equation approach (green line) and quantum trajectories (blue line).

The formal solution of the Master equation is given by
p(t) = e p(0) (1.130)
We can rewrite the Lindblad superoperator £ as
L=T+(L-T) (1.131)
where the effect of the super-operator 7 on density matrix is given by:
T = CpCt (1.132)

Operator C is referred to as the collapse operator [29],163]. Essentially it describes
how the environment destroys the coherence within the cavity, leading the cavity
field to collapse irreversibly. Its use, provides us with a non-unitary operation
that gradually destroys the cavity field. It is proportional to the cavity annihilation
operator and is given by the relation:

C = V2ka (1.133)
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Now, we can use an identity for the super-operators

T2

00 X Tk
elbtad)z — Z a” / dzy, / dxp_q-- / (65(171’“)865(”’“*1)5- . -Se[’“) dxy
k=079 0

0
(1.134)

in order to find an expression for the density matrix at a time t

p(t) = e“p(0) = elTHEDlp(0) =

tm to

:i / it / dty s / (S(t =ty )T S — t 1) - - TS(t)p(0)] dts
Y ’ ’ (1.135)

where we have defined S as S = ¢/*~7)*, The above expansion is valid for

every 7. However, for this particular choice of 7 = C’pé’T, the terms in the
expansion of p(7") have a unique physical significance. Probability for a perfect
photo-detector installed in such a way so that it will detect all the photons that
leak out from the cavity during a time interval [0, ¢] to record exactly m events,
one in each of the infinitesimal time interval times [t,,, t,, + dt,,] € [0, 1] is given
by:

D (1o ta o s [0,8]) = T [S (= ) TS (t — tms) ... ST(t1)p(0)]  (1.136)

In the above equation, p(0) is the initial state of the cavity mode. We can define
a non-normalized, conditional density matrix p.(t) of the system, conditioned on
the measurement record defined above, by:

pe(t) = St — t)TS(tm — tim—1) ... TS(t1)p(0) (1.137)
This definition enables us to write down that
Pm (t1,t2, oot [0,8]) = T [pe(t)] (1.138)

If we have a normalized, conditional density matrix p.(¢) of the system, it is
related to the non-normalized density matrix by the relation:

0
Tr (D)

Using these relations one can write the unconditioned density matrix p(t) as:

pe(t) (1.139)

to

t tm
p(t) = Z/dtm/dtm_l.../dtlpm (t1,tay - - tm; [0,1]) pe(t) (1.140)
m=07p 0

0
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After this mathematical discussion, we should point out the physical meaning.
The conditional density operator p.(f)) can be interpreted as the actual state
of the system, if we know the photo-detection history exactly. To obtain the
unconditional density matrix p(t), we need to perform an ensemble average of
these conditional density matrix weighted by the probabilities of recording the
corresponding history of detection. The way to find the dynamics is to perform
numerical simulation, which is referred to as Quantum Trajectory Simulation.
To perform the numerical simulation with a finite time step At, one generates
a random number 7 on the unit interval. The probability to detect a photon,
which essentially is given by the expectation value of the collapse operator in this
interval [t,t + dt|, while keeping track of the previous detection history, is:

pe =T [T pc(t)] (1.141)

The density matrix is then evolved forward deciding on the outcome of the
comparison of a random number (let’s say r) with the product p.At. For the case
r < p.At, a photo detection occured and the resulting state will be given by:

pe(t + At) = Tp(t)At (1.142)
In the opposite case, no photon was detected, thus the resulting state is given by:
pe(t + At) = S(At)p.(t) (1.143)

The meaning of the term "trajectory” should be now obvious. It states the random
outcome of an event. After repeating this process for a series of random numbers
r, we sum over them to get the output from the cavity and then normalize the
result so that the trace of the normalised density matrix is equal to 1. This way of
evolving stochastically a density matrix is also called stochastic master equation.

However, for an N-dimensional system, the density matrix contains N?
elements, which makes it a demanding computational task. An easier way of
obtaining the dynamics of the system is to solve the stochastic Schrodinger
equation, which of course does not give the exact correct result, though it is a
good approximation of the process. From the discussion of stochastic master
equation, we know that we can write S = el£=T)t. To find the effect of this
super-operator on a density matrix p, we first find:

[(L=T)tlp=(Lp)t = (Tp)t

it
_ _% [Ho, p) + st (2apa’ — atap — pata) —t (Tp)

it 1.144
- _% [Ho, p) + t (2apa’ — atap — pata) —t (Tp) — ¢ (Tp) 1 14Y

H
= [(z_fj — m&*d) t,p}
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\{aocuum Rabi oscillations for a damped cavity using master equation
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Figure 1.12: Jaynes Cummings model in a leaky cavity using the master equation. The
parameters used here, are: wg = w = 10000, g = 10 4w, k = 0.2g.

Therefore, the effect of the super-operator can be written as:
S(t)p = N(t)pNT(t) (1.145)

where the operator N (t) is given by:

N(t) = exp [(% — K&Td) t} (1.146)

Using the definition of the density matrix for a pure state, and the above relation
we can write:

p(t) = [0 (1)) (W (1) = Np(O)N () = N ()[4 (0)) (& (0)| N (1) (1.147)

Therefore, we can also write the time evolution of [¢(t)) as:

) = S0l = oxp | (52— wata) | oy 1149
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Denoting the effective Hamiltonian as

- - NP
Hepr = Hy— —C'C
" AO 2 (1.149)
= Hy —ihka'a
we can finally write
e
(1)) = exp [%t] 14(0)) (1.150)

In first sight, this may seem like a really hard way of deriving the Schrédinger
equation. Though, since the Hamiltonian ’}:le ¢ contains non-unitary dynamics,
this is not the same case. To numerically solve the stochastic Schrédinger
equation we need a random number generator to obtain a number 7 and perform
the comparison that will yield the trajectory, evolving the state in two different
ways. Therefore the complexity is of order O(N), in contrast to O(N?) for the
evolution of the stochastic Master equation. The photo-detection probability and
the rules for evolving the state, in terms of the conditional state |¢)(t)) are given
by the following equations:

DPe = <¢c(t)|éTé|¢c(t)> (1.151)

Next we compare the product p.At with r. For r < p.At, then there is a photo-
detection, therefore the state is evolved as:

‘@c(t + At)> = Clo () VAL (1.152)
If > p.At, then there is no photo-detection, thus the state is evolved as:

Gt + A8)) = N(ADh:(D)) (1159
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Chapter 2

Quantum Computation and
Algorithms

In the last three decades, computers have changed our everyday lives. The
main characteristic that established them in our everyday routines, was the
power to perform repetitive tasks in a very small amount of time, therefore they
were initially used to perform tasks as Signal Processing, Signal Encryption and
thus Code Breaking, process of all kinds of data; from experimental data and
numerical simulations to geo-informational data and military applications. One
would say that Physics and Computer Science walk in parallel, hand by hand,
and evolve almost simultaneously taking advantage of the new breakthroughs
that come up every now and then in each field.

The first introduction of the notion of field of "Quantum Computation” is
usually attributed to Richard Feynman in his 1982 paper [21], where he attempted
to simulate quantum mechanics on classical machines. Actually, David Deutsch
had circulated a preprint of his paper proposing a test of the many-universes
interpretation in 1978 which was not published untill 1985 [22], while Benioff in
1980 [20] published the first model for a computer based on quantum mechanical
components. Unlike Feynmann, Benioff did the exact opposite: he tried to use
quantum physics to simulate a classical computer.

The central idea behind "Quantum Computation" was to replace the O’s and
1’s that are used in semiconductor devices stating a circuit’s state regarding
whether it is "on" or "off", by the superposition or entangled states of |0)’s and
|1)’s which emerge in Quantum Mechanics.

After this statement that focused the attention of the scientific community
to this emerging field, there have been splendid papers describing the abstract
notion and functionality of a quantum computer. References for those may be
found in the classical textbook of Nielsen and Chuang, Quantum Computation
and Quantum Information [16], as well as in [24].
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In the following we will briefly describe the main gates that are used in order
to make use of the new resources that arise with the application of Quantum
Mechanics to Computer Science, ie. the Quantum Gates which exhibit the
principles that are used in order to perform Quantum Computational tasks,
regardless of the system that is to be used for implementation.

Later we will describe three quantum algorithms that are of fundamental
importance. Deutsch-Jozsa algorithm describes the process that is performed in
a quantum system in order to specify whether a coin that is tossed, is biased
or unbiased. It is of practical as well as of historical value to refer to it, since
it was the first algorithm that made use of the new resources introduced in
the begin of Quantum Computation Field. Grover’s search algorithm is used in
order to perform reverse search in a database, replacing the resource demanding
classical algorithms and making computation times remarkably shorter. The
wide variety of its applications makes it of fundamental importance in Encryption
and Code Breaking applications. Shor’s algorithm is probably dealing with one
of the fundamental problems of number theory; search of the prime factors of a
number. It is of a milestone importance since the problem of finding the prime
factors of a number, is considered to be an index to the level of advancement
of our civilization and the need for an efficient and fast algorithm has been of
active mathematical interest for almost 2,000 years and is used in a variety of
applications.

2.1 Quantum Bits and Gates

Creating quantum algorithms requires first specifying which is going to be the
elementary piece of information that is going to be processed. In classical
computation, this quantity is defined by the state of the circuit ie. whether
the circuit is on (1) or off (0), enabling us to have a straightforward basis
of communication with the circuit and thus command it to perform certain
operations that are defined using classical gates.

In quantum computation, things are a little counter-intuitive. Having lots of
physical systems that have many different quantum states, we need to define
in each system what is going to be our |0) or |1), which frivolously guides us to
the logical assumption that we need a two state system. This is a good start
and the frivolity of this deduction, will not become a hardle until later on this
discussion.

In Chapter 1 (Introduction to Cavity Q.E.D) we discussed what happens in
the simple case of light-matter interaction and went through the two-level system
model. Since the first steps of quantum computation, cavity QED seemed a to
be a splendid candidate for creating quantum gates, involving two level systems
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and the possibility to perform measurements and deduce the state of the system.
Thus, in cavity QED we can make use of the |e) state to symbolize |1) and |g) to
symbolize |0).

Having a new physical resource that comes with the heritage of its quantum
nature, we are able to make use of it and perform various operations, much
different than in Classical Computation, which in Computer Science language
we call gates. We should point out the fact that a qubit can be visualised with
the notion of the Bloch-sphere. Bloch-sphere is a sphere that represents the
evolution of a state under unitary operations.

Figure 2.1: Bloch-sphere representation of the operation performed by Pauli X gate. A ket
|0) (green line) is rotated by 7 over the x axis without modification of its length.

Reviewing the basic operations involved during the various stages of a quan-
tum computation algorithm and describing their main features, is what follows.
We will present them regarding the number of qubits involved and will briefly
discuss the operations those gates represent in physical terms.
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2.1.1 One qubit operations

In order to build a quantum algorithm, the qubits should undergo unitary
trasnformations. Single qubit operations essentially perform rotations of the
state vector on the surface of the Bloch sphere.

Gate Name Matrix
01
1 0

Pauli X

PauliY

Pauli Z

Hadamard

Sl
[\
—_

|
—_

Phase

1
0

s[efblaf e

o0l

1
1 0 e

Table 2.1: One qubit gates

Pauli-X gate performs a rotation over the x axis by 7. Essentially, it is the
quantum NOT gate, since it maps |0) to |1) and vice versa. Its operation is
visualized in figure [2.1]

Pauli Y gate, performs a rotation over the y axis by 7, mapping eg. |0) to i|1)
and |1) to —i|0).

Pauli Z gate, represents a rotation over the z axis by 7. Rotations performed
around z-axis, change the phase of the qubit, ie. the angle ¢ on the Bloch
sphere. Pauli Z gate, leaves the basis state |0) unchanged and maps |1) to —|1).
Hadamard gate is one of the most important gates . In terms of Bloch-sphere
representation, it performs a rotation over the x and z axes by 7. This actually

means that the basis state |0) is mapped to the state % and ketl to the
0)—1)

75 » creating the maximally entangled states. Phase gate S, leaves |0)
unchanged and changes the phase of |1) to ¢2 |1). It belongs to the family of
the phase shift gates, that leave the basis state |0) unaltered and map |1) to
¢”|1), which doesn't alter the probability of measuring |0) or |1), but essentially
is equivalent to tracing a horizontal circle on the Bloch sphere for # radians.
For the phase gate (S) it is = 7. Note, that Pauli-Z gate, is the case for phase
shift gate, for § = 7. One more usual case for the phase shift gate is the { gate,

state

where 6 = 7. It leaves |0) unchanged and changes the phase of |1) to eT|1). In
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Table we present the symbols, names and matrix representations of the most
important single-qubit operations.

2.1.2 Two qubit operations

Two qubit operations are fundamental for the functionality of any algorithm. In
classical computation, we use certain gates in order to state for example "If A is
true, then do B". In quantum computation, things are a little more complicated,
since there are certain limitations regarding the processes that are involved
in quantum algorithms in order to avoid destroying the quantum information.
More details on those limitations may be found in the classical textbook of Nielsen
and Chuang [16] and in John Preskill’s lecture notes. It will suffice to say that
copying a quantum state is prohibited (also known as the no-cloning theorem),
thus we should create reversible operations that do not destroy the quantum
states involved in the operations. Thankfully, reversible computing had been a
matter of debate long before the rise of quantum computation and it proved to
help overcome what seemed to be an insurmountable obstacle. Another feature
that is not allowed, is loops over the circuit, so we say that quantum algorithms
are acyclic.

The first two qubit gate we will present is the control-NOT gate, also referred
to as C-NOT gate. It involves two input qubits, which perform certain roles as
control and target qubits respectively. The operation performed by CNOT gate is
lc) |t) — |¢) |t & ¢), where of course |c) is the control qubit and |t) is the target
qubit. The @ symbol states modulo 2, which means that if the control qubit is 1),
the target qubit is flipped, otherwise it is left alone.

SWAP gate, performs the operation explicitly stated by its name; it swaps two
qubits. This may seem quite simple, though is will prove later that it is quite
useful. Controled Z gate, is similar to CNOT gate, though instead of performing
the NOT operation, it performs a Z operation on the target qubit if it is found
on state |1), else it leaves it the same. Generalising we may construct any
Controlled-U gate, where U is any unitary transformation. One more example is
the Controlled-Phase gate, that works exactly the same way as CNOT, and C-U
gates, but it performs a phase operation on the target qubit should it be in state
1), taking it to 4|1), thus changing its phase by 7.

2.1.3 Three qubit operations

The requirement for reversible processes demands the replacement of the classical
logical gates which in general are irreversible, from reversible quantum gates as
it was stated earlier as well.


http://www.theory.caltech.edu/people/preskill/ph229/index.html#lecture
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Gate Name Matrix

1 0 0 0

- Control NOT 0100

—— 00 01
| 0010 |

1 0 0 0

e 0010

1 SWAP 010 0

00 01

1 00 O

01 0 O

Controlled Z 001 0
00 0 -1
1 0 0 0 |

Controlled -Phase 0100

0010

00 0 ¢

Table 2.2: Two qubit gates

A logic gate L is reversible if, for any outup y, there is a unique input x such
that applying L(z) = y. If a gate L is reversible, there is an inverse gate L’ which
maps y to x for which L'(y) = xz. From common logic gates, NOT is reversible.
The common AND gate for instance, is not reversible. However there is a way to
compute an arbitrary function. Two outstanding examples are the Toffoli gate
and the Fredkin gate which are described below.

Toffoli gate, also CCNOT gate, was suggested by Tomasso Toffoli in 1980 and
is a universal reversible logic gate, which means that any arbitrary function may
be built using only Toffoli gates. It uses three input qubits (let’s say |a), |b), |¢)
and it maps them to |a),|b) and |c) XOR (Ja) AND |b)). As it was shown later, a
Toffoli gate may be constructed using 5 two-qubit quantum gates [64].

Fredkin gate, is another universal reversible logic gate. As it is shown in
Table it swaps the last two qubits if the control qubit is |1).

2.2 Deutsch-Jozsa algorithm

Having described and defined the basic elements of a quantum algorithm, it
is time to describe the first quantum algorithm that we will deal with in this
thesis. We refer to Deutsch-Jozsa algorithm. The problem it solves is not a really
intriguing problem, though through it, the power of quantum computation was
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Gate Name Matrix
1 0 00 0 0 0 07
0O1.000O0O0OO0
001 00O0O0O0
—— Toffoli Gat 0O 001 0O0O0O0
D OTOT ate 00001000
0O 00 0O0OT1TTQO0TO0
0O 00 O0O0OO0OO0T1
L 000000 1 0]
1 0 00 OO0 0 07
01 00O0O0O0TGO
0O010O0O0O0O0
- 0O 0010O0O0O0
Fredkin (Control Swap)
- 0 000O1TO0O0TGO
—X— 0O 00O0O0OO0OT1TF® O
0O 000O0OT1TUO0T1
| 00000 O0O0 1]
Table 2.3: Three qubit gates
made clear.

The problem: Supposing we have a function f(z) taking as an input z = 0
or x = 1 and maps it to 0, 1, we want to know if f has a constant value or not.

A simple example to get grip on the problem is to imagine having a coin and
we want to know if it is false ie. it has on both sides heads or tails. The original
publication by Deutsch [22] described a non-deterministic algorithm, which gave
the correct answer with a % chance. Deutsch’s algorithm improvement came
in 1992 in what we now know as "Deutsch-Jozsa algorithm”[30]. Later, it was
improved by Artur Ekert, Richard Cleve and Michele Mosca [23]

0y —2—[Fe Ho A=
Uy
[77]
1) 2l

Figure 2.2: Deutsch-Jozsa algorithm

The algorithm begins taking as input the n + 1 state [0)®"|1). That is, the
first n qubits are each in the state |0) and the final qubit is |1). A Hadamard gate
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is applied to each qubit to obtain the state

LS (o) — 1) @.1)

The U, gate, is the heart of the system. It maps the state |x)|y) to |z)|y & f(z)).
Applying U; gives the state

2"—1

WZ\ — 1 f(2))) 2.2)

For each z, f(z) = 0 or 1, thus we may write

2n—1
7 5!

At this point, the auxiliary qubit initially prepared in state |1) may be ignored.
Applying a Hadamard transformation to each qubit we obtain

|3: (10y — 1)) (2.3)

1 an_1 2m_1 1 on_q1 [on_1
2N (LY@ vy o e
on x:O( 1) y;( 1)"y) = 2”; [;( 1)) (~1) ]|y) (2.4)

where z -y = 2oyo ® x1y1 D - - - Tn—1Yn—1 is the sum of the bitwise product. Finally
we examine the probability of measuring |0)®"

2" —1

2% Z (—1)/®
=0
which evaluates to 1 if f(x) is constant and O if f(z) is balanced.

It’s worth mentioning that even for the simple case we have one qubit, we
also need the auxiliary qubit. This is the cost of reversible computation, that
requires extra input in order to perform the computational task.

The improvement of Deutsch-Jozsa algorithm that was contributed by Ekert
et al [23], used as an auxiliary qubit the state |0) — |1) and removed the need for
the Hadamard transformation on it.

The preparation of the input qubits into the superposition, is that enables us
to make use of the feature of quantum computation called quantum parallelism.
In this given example, the algorithm itarates just once to give the outcome, since
the use of the Hadamard gate creates a superposition of states |0) and |1), thus
enabling us to simultaneously treat the input qubits and obtain the outcome of
the unitary operation. Deutsh-Jozsa alogorithm was the first example where the
feature of quantum parallelism was used and it was made clear that this feature
would change the classical way of designing algorithms.

2
(2.5)
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0) —#*—1H="] (HE A=
Us

0) = [1)

Figure 2.3: Improved version of Deutsch-Jozsa algorithm [23]

2.3 Grover’s search algorithm

Deutsch’s algorithm gave birth to new perspectives regarding the possible prob-
lems that were able to be solved using quantum algorithms. In previous section
we used a unitary transformation Uy in order to place the enquiry of whether
our function was balanced or constant. The same idea, for a purpose of advanced
complexity was used in one of the most promising quantum algorithms; Grover’s
search algorithm.

The problem: Given an unsorted database of size N = 2", find the item
labeled with <.

A practical example is the reverse telephone registry search ie. if one knows
the telephone number and wishes to find using the telephone registry, to which
individual it corresponds. This is a demanding computational task. Classically,
if we examine £ records in the registry, then we have a probability % to find
the item labeled with 7. The best classical algorithm requires on average O(n/2)
iterations in order to locate the desired item.

Grover’s algorithm [31],[32]is essentially an extension to Deutsch-Jozsa al-
gorithm. The basic idea is creating a function that will operate as an "oracle",
that points out the desired object. Thus, for each object we need a different
function, in order to complete the algorithm successfully. Grover’s algorithm is
also deterministic, which means that will always give the correct result, while the
number of the repeats required, as we will see is significantly less than that of
the classical algorithms, which makes it one of the most interesting algorithms
in the field of Quantum Computation.

We should first discuss certain properties of the oracle operation that is
performed in Grover’s algorithm. A good intuitive interpretation of the function
of the algorithm was given in 1999 by Jozsa [34]. This function is unitary, as
every function that is involved during quantum computation algorithms. It is
defined by the relation:

=) ifx# %o
Loy |7) = { o) ifx =% (2.6)

For simplicity we will use the symbolism /; to identify the oracle that locates the
element 7 from the database. As it may be seen from its definition, the operator
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I, inverts the element |7). We may prove that
U - I|T> Ut = ]U\T> 2.7

and also
—I,=1,. (2.8)

One more usefull form of the oracle operator is:
I.=1,—2|7) (7| (2.9)

where [, is the identity matrix with dimesnions n. If we use |0) in the above
expression we obtain:
Iy = I, — 2|0)(0] (2.10)

which is called diffusion operator.
The steps of the algorithm for locating an item are as follows:

1. Create a superposition of all the items in the list

2. Apply the oracle operator in order to identify the desired object by inverting
its amplitude.

3. Apply the diffusion operator in order to amplify the probability amplitude
of the desired state.

The geometrical proof of the functionality of the Grover algorithm will give us
insight on how the algorithm works and why the operators I, and [, have the
above form [18].

Consider the plane spanned by |s’) and |w), where |s’) is a ket in the subspace
perpendicular to |w). We will consider the first iteration, acting on the initial ket
|s). Since |w) is one of the basis vectors in |s) the overlap is

N -1
/_
15 N

In geometric terms, the angle §/2 between |s) and |s’) is given by:

1
sinf/2 = —
/ VN
The operator U, is a reflection at the hyperplane orthogonal to |w) for vectors
in the plane spanned by |s') and |w); i.e. it acts as a reflection across |s’). The
operatorU; is a reflection through |s). Therefore, the state vector remains in the
plane spanned by |s’) and |w) after each application of the operators U, and U,,
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o2 '|s>
UL Is)

Figure 2.4: Geometric Proof of the function of Grover’s algorithm

and it is straightforward to check that the operator U,U,, of each Grover iteration
step rotates the state vector by an angle of ¢ = 2 arcsin \/Lﬁ

We need to stop when the state vector passes close to |w); after this, subse-
quent iterations rotate the state vector "away” from |w), reducing the probability

of obtaining the correct answer. The exact probability of measuring the correct

answer is: ]
)
- 16
S ((r+2> )

where "r” is the (integer) number of Grover iterations. The earliest time that we
get a near-optimal measurement is therefore r ~ %ﬁ.

After describing how the oracle leads us to the desired result, we are ready to
describe the process which allows us to obtain the desired result. First of all,
we need to prepare our system in a superposition of all possible states which
should be described in an appropriate basis. On this superposition of states, we
act the oracle for element 7 i.e. [, which inverts the amplitude of the desired
state. The operation of the algorithm makes use of quantum parallelism feature,
which demands entanglement. In order to entangle two (or more qubits) we
use a Hadamard gate. The following step is to apply the diffusion operator
Iy = I — 2|0)(0|, in order to amplify the state that was inverted by operator I,
and finally apply one more Hadamard gate in order to read the outcome of the
algorithm.

Therefore, Grover’s algorithm is essentially a repetition of the unitary trans-
formation

Q= —HI,HI, 2.11)

J, = I —2|7)(r| and H = ][] H; is the product
i=1
of Hadamard gates acting on the i-th qubit. This expression of Grover’s

where Iy = I — 2/0)(0
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algorithm|[34] transformation is equivalent to the original form [31],[32]
QYF = —I,HI,H (2.12)

The explicit expression of the transformation performed by a Hadamard gate
is
1
H, — ‘O>@ - V2 (’O>z + ’1>1) 2.13)
‘1>i — \/Lg (|0>z - ‘1>z)

In fact, Grover’s algorithm can make use of any unitary transformation instead
of Hadamard gate, which in the worst case causes a constant slowdown in the
number of iterations the algorithm needs to converge to the wanted state [33],
thus it may be expressed in the general form

Q=-UlL,U 'L 2.14)

The simplest case of use of Grover’s algorithm:

Let’s imagine the simple problem where we have four coloured cards (Red,
Green, Blue and Yellow) that are hidden and we want to locate the green card for
example.

Classically this problem requires on average 2.25 trials in order to locate the
wanted card, though Grover’s algorithm promises that we can locate it in one
step.

First of all we need to define a suitable basis for our problem. This basis can
be expressed as:

Y)=10)=(1000)
Gy =)=(0 10 O)L 215
By=12)=(0 0 1 0)
Ry=13)=(0 0 0 1)

After defining the basis we need to create a superposition |V) of all the states
of the basis, as:
0) +11) +12) +13)
V4

Since we want to find the green card, we define the respective oracle as

W) = (2.16)

I =1, —2|G) (G| (2.17)
whereas the diffusion operator /; is defined as

Io=1,—2|0) (U] (2.18)
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Figure 2.5: Probability Figure 2.6: Probability am- Figure 2.7: Probability
amplitudes of the four plitudes after applying the in- amplitudes after applying
states in the superposition version operator the diffusion operator.

2.4

Shor’s Algorithm

Encryption and decryption has been as old as the need for protecting sensitive
information. During World War II, it was made quite clear that in order to gain
advantage in a certain period, intelligence efficiency and the ability of monitoring
enemy communications would be crucial for the outcome of the War. Encrypting
information and making sure that only the desired target will be able to decipher
the message is of grave importance today as well. The RSA algorithm (see
for extra details [65]), on which modern encryption methods are based upon,
uses three steps: Key generation, encryption and decryption. The process of
generating the keys, encrypting and decrypting a message let’s say M, between
two individuals (let’s say Alice and Bob) is as follows:

1.

Choose two distinct prime numbers p and q. For security purposes the
integers p and q should be chosen at random and should be of similar
bit-length.

Compute n = pq

Compute ¢(n) = (p — 1)(¢ — 1) where ¢ is Euler’s totient function

Choose an integer e such that 1 < e < ¢(n) and greatest common divisor
of (e,¢(n)) = 1 (coprimes). ¢ is released as the public key exponent

Determine d as: d = e !(mod ¢(n)). d is kept as the private key exponent.
During the encryption the following procedure happens:

. Alice transmits her public key (n,e) to Bob and keeps the private key secret.

. Bob then wishes to send a message M to Alice, so he first turns message

M into an integer m, such that 0 < m < n by using an agreed protocol, and
then computes the ciphertext ¢ corresponding to ¢ = m*(mod n)
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8. Having decrypted the message, Bob transmits the message c to Alice. Alice
can recover m from c via computing m = c¢%(mod n) and using the agreed
protocol to convert it to M.

It is clear that the power of RSA algorithm is based on the fact that there are
no classical algorithms efficient enough to factorize large prime numbers, since
the best classical algorithm for a b-bit number n (larger than 100 digits) is

for the general number field sieve algorithm, O (exp ((%b)l/ ’ (log b)% 3)>(sub_

exponential). Shor’s algorithm takes only O(b?) time (polynomial) and O(b) space
on b-bit number inputs. The efficiency of Shor’s algorithm is due to the efficiency
of the Quantum Fourier Transform as we will shortly discuss.

Number Theory provides us with a shortcut for factorizing large numbers. It
involves the period of a certain function. We will give a simple example, to see
how this method works.

Let’s say that we want to factorize 15.

1. Find a coprime of 15 (let’s say 11).

2. Divide 11 by 15 to get O with a remainder of 11

3. Square the remainder, getting 121.

4. Divide 121 by 15 to get 8 with a remainder of 1.

5. Cube 11 to get 1331.

6. Divide 1331 by 15, to get 88 with a remainder of 11.

e We observe that the remainders 11 and 1 alternate with a period 2.
So, we say that the period of 11 with respect to being divided by 15 is 2

7. Knowing the period (2) we raise 11 to the power given by its period to obtain
112 = 121.

8. Take the square root of v/121 = 11.
9. Subtract and add 1 to get the pair of numbers 10 and 12.

10. Find the greatest common divisor of pairs (10,15) = 5 and (12,15) = 3
(using Euclidean algorithm).

This process is quite long for the given example, though, for very large
numbers, the power of Quantum Fourier Transform for period finding makes the
difference. Before describing this sub-routine of Shor’s algorithm let’s give the


http://mathworld.wolfram.com/NumberFieldSieve.html

2.4 Shor’s Algorithm 49

general form of the algorithm. The problem: Given an odd (even numbers have
the trivial divisor of two), composite number /V, find an integer d strictly between
1 and N that divides N. The solution:

1. Run a primality test in order to verify that NV is indeed a composite number
and not a prime number.

Pick a random number a < N
Compute ged(a, N) using Euclidean algorithm

If gcd(a, N) # 1 then there is a nontrivial factor of N, so we are done.

S

Otherwise, use the period finding sub-routine to find r, the period of the
following function:

f(x) =a® mod N

ie. the order r of a in (Zy)”, which is the smallest positive integer r for
which f(z +7r) = f(x) or f(z +7r) =a*"" mod N = a® mod N.

6. If r is odd, go back to step 1.

7. If /Ja = —1( mod N) go back to step 1.

0]

. gcd(y/a+ 1, N) is a nontrivial factor if N and we are done.

2.4.1 The Quantum Fourier Transform

The importance of Quantum Fourier Transform in quantum computation, makes
it enough to define a whole set of problems that can be solved by using it.
Such problems, apart from Shor’s algorithm, are the quantum phase estimation
algorithm that allows the estimation of the eigenvalues of a unitary operator and
the hidden subgroup problem[66],[67].

Quantum Fourier Transform is the quantum analog of Discrete Fourier
Transform. Classical DFT takes acts on a vector in C, (o, 21,9, ...,xy—1) and
maps it to a vector (yo, y1, Y2, ..., ynv—1) according to the formula:

1 .
Yr = ﬁ Z ijjk (2.19)

Remembering Euler’s identity ¢/™ + 1 = 0 we set w to be the primitive N-th root of
2mi

unity, ie: w = e~
Similarly, QFT transforms a vector

V) = aolY) + ar]h) + ..an—1|)
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by applying a DFT on its amplitudes, giving us:

V) = BolY) + Balv) + ...0n—1]¥) (2.20)

Given a random state vector [1))

277.71

) =Y ag|z) 2.21)

=0
where n is the number of qubits, QF'T|¢)) is defined as:

on— 1271, 1 2

) a e zy
¥') = QFT) = ZZ (2.22)
=0 y=0
Rewriting the previous summation setting M, = e?™#y/2" we find that

gn—1lgn—1 2mi on—1 son—1
ZZ ) \/27 Z (Z Mmyax) ) 2.23)

=0 y=0

Thus the QFT transformation matrix is composed from the elements ), and we
can calculate it to be:

1 1 1 1 e 1
1w w? w3 - w1
1 |1 w? Wl Wb o W2(N-1)
Fy = ﬁ 1 3 Wb W0 . W3V =1) (2.24)
1 w]\.lfl u)2(1'\f71) C‘)3(1.\/71) L CL)(fo)(z\fq)

A circuit implementing QFT is presented in 2.8

2.4.2 Finding the period of a function using QFT

The implementation of Shor’s algorithm, as it is stated by the problem itself,
requires customized circuits for each problem. In the general case for a number
N and the random a, we require two registers (input and output) consisting of L
qubits, so that NV 2 < 2L < 2N?2. This requirement ensures that there are at least
N different x, which produce the same f(y), even as the period r approaches N/2.
The procedure for finding the period is a s follows:
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|xn> |y1
!l’n71> ] w/2 \y2>
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|71) — —{ B jant |9n)

Figure 2.8: Quantum circuit representing the Quantum Fourier Transform for n qubits.
Image rebuilt using |Qcircuit from Wikipedia

1. Prepare 2 L-qubit registries in the initial state

2L 1

0) (2.25)

v

. Apply the unitary transformation U; that defines f, y(z) = ¢” mod N

oL 1 oL 1

\/2—LZ|~T 0) — Z| | fan () (2.26)

. Apply the QFT to the first register:

21 oL_1 foL_1
1 ol
—= > o) | fan(2)) = 5f T ) | | f(x)  (2.27)
2L Z 2L g %

. Make a measurement on the first register obtaining .

. Find the period of the function 7 by constructing continued fractions for ;7

In case this step fails return to step 1.


http://en.wikipedia.org/wiki/Quantum_Fourier_transform
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Chapter 3

Implementation of quantum
algorithms on cavity QED systems

The discussed quantum circuits required for quantum algorithms are essentially
guidelines that explain which transformations are required to be performed
on a set of qubits in order to obtain a running algorithm. The versatility of
quantum systems, allows a great variety of possible experimental set-ups that
implement those algorithms. In the past few years there has been intense activity
on designing and developing systems that allow the manipulation of qubits,
which is the key to creating devices that will perform with high fidelity quantum
algorithms.

Those set-ups include ion traps ([68] 47]), Nuclear Magnetic Resonance
systems (NMR) [50], photonic systems ([69],[70]), the promising circuit QED
platform [51],[52],[53] and of course microwave cavity QED. In what follows
we will discuss how the search algorithms that were presented in the previous
chapter are implemented on cavity QED, following the papers of Serge Haroche
[37] on Grover’s algorithm and Marlan O. Scully on Shor’s algorithm [36].

The first thing we need to mention in order to proceed forward, is the fact that
on cavity QED systems we have the freedom of choosing between atomic levels
or cavity states when it comes to defining "what the qubit is". This fact allows
cavity QED systems to be versatile and adjustable to many modifications as long
as those adjustments are allowed by the limitations of the experimental setup.

There is a big heritage of techniques that have been developed in cavity
QED setups that allow us to precisely create entangled states on demand [71],
perform Quantum Non-Demolition (QND) measurements [72], [73] and precisely
manipulate the state of both atoms and cavity-fields using techniques that are
described in detail in [6].
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3.1 Grover’s search algorithm

The challenge regarding the implementation of Grover’s algorithm is setting up
a series of pulses the will perform the oracle operator which is essentially a
conditional phase gate operation that inverts the amplitude of the desired state.

The freedom in the choice of appropriate unitary transformations in order
to perform the equivalent process in Grover’s algorithm as it was expressed in
equation 2.14] suggests that we may search for an expression which can be
implemented in cavity QED systems using simple rotations that can be performed
with high accuracy using Ramsey zones and external microwave sources. The
qubits that are used in this process are two circular Rydberg atoms A; and A,
that are prepared by an oven. They come out with specific velocities, that define
the interaction time with every subsystem of the setup and they are both initially
in their ground states.

In order to handle every atom separately, we need to define in which state of
the two atoms correspond the states |0) and |1).

For A, state |g) is defined as |0) and state |e) as |1). Since the pulses have to
act at the same time on both atoms, states |0) and |1) for A need to be defined
in a different way to avoid errors on the manipulation of each atom. Thus, the
use of the lower energy level |i) to encode |1) for A; and |g) for |0) resolves this
issue.

Figure 3.1: Qubit definition for Grover’s algorithm.

The simplest case in which the algorithm can be performed, involves 2 qubits
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(n=2), thus this case corresponds to the example we discussed in the previous
chapter, giving us four states:

0)=(100 0)"
1)=(0 1 0 o)i 51
2)=(0 0 1 0)
3)=(0 0 0 1)

Hadamard gates are single-qubit gates that can be performed using 7/2
pulses, thus we concentrate on the realization of the [ inversion and diffusion
Iy operations. Since we can handle every atom separately, we have to find
equivalent expressions for the Grover operation (), that will perform rotations in
every single qubit. The required angle of rotation for each qubit will depend on
the kind of oracle that is realized, thus we define the angles 6; and 6, by which
each one of the atoms (qubits) is rotated, using the following convention:

Rotations for: | 8 | 65
|0) T
1) 0|7
|2) T |0
13) 0] 0

Table 3.1: Definition of the angle of rotation for the realization of the oracles.

Next, the operation X;(f) is defined (index j declares on which qubit it is
performed), by the explicit expression:

10;) — cosg 10;) + ising 115)

X;(0) : { |1;) = isin £10;) + cos & |1;) o

The action of one Hadamard operation before and after the operation X, leads
to the operation:

The equivalent expression for the operators [, regarding the convention of
and the use of the quantum phase gate that is defined by the unitary matrix

100 0
010 0

lora =199 1 o (5-4)
000 —1
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may now be written as:
I = Igpa[Z:(61)H4][Z2(02)Hs] (3.5)

It is easy to show that the operation of the quantum phase gate (/gpg) can be
performed either after or before the rotations of the atoms, so that:

Lopa[Z1(01)][Z2(0)] = [Z1(01)][Z2(62)] I gra (3.6)

Thus, the I operator of Grover’s algorithm may be written setting #; = 7 and
0, = 7 as:

[HIZI (71')] [HQZQ(W)] IQPG (37)
Using the abbreviations
Py(0) = H; X;(—9) (3.9)

we may rewrite the Grover operation (()) as:
Q = SlopcHIgpaP (3.10)

The explicit expression for the abbreviations S; and F; are:

0. = 2 (—10.) — |1
s [ 0= HEm—) a11)
1) = =5 (10;) — |1;))
10,) = L (7210, + €'z |1)
L S (3.12)
1) = 5 (e7"205) —e2 [15)
The matrix form of the oracle operator [ is:
¢~ 3(01+02) 0 0 0
0 e 3= g 0
I = 0 0 L (O1—02) 0 (3.13)
0 0 0 —eslitl2)

Using the matrix form of all the operators as we discussed previously we may
write the Grover operation as:

e—%i(eﬁaz) _6—52‘(91—92) _egi(el—@) 6%1‘(91—1—62)
1| e 2i014+62)  o—3i(61—62)  _ i(61—02)  3i(61+62)
Q = 5 _e—%i(elﬂ-ez) _6—51'(91—02) 6%1(91—92) 6%i(91+62) (8'14)

_67%2’(914»02) _67%2'(91792) _eéi(elfez) _e%’i(91+02)
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Admittedly, the most intriguing part of the proposed experiment is the real-
ization of the Quantum Phase Gate. In order to perform this operation, the team
of Haroche made use of the van der Vaals interaction of the two Rydberg atoms,
which is assisted by the cavity. A detailed description of this specific experiment
may be found in [74].

\ H I * ’7 b,
B PI for O lre fS . >7 D,

Interaction time
Rotations produced by classical |controlled by atom

speed (~few m/s)

external microwave sources

Figure 3.2: Experimental setup for the realization of Grover algorithm in cavity QED.
Atoms 1 and 2 cross the cavity with the same velocities but on different positions and
undergo pulses S,H,P_from external microwave sources and interact together twice inside
the cavity via assisted van der Vaals interactions.

The interaction Hamiltonian describing the interaction of two atoms with the
cavity field, in the interaction picture is

Hi=g > (e7™als; +eas)) (3.15)
j=12
where S = |e;)(g;| and S; = |g;)(e;| with |g;) and |e;) (j=1,2) being the
ground and excited states respectively of atoms j. In the case  >> ¢ (dispersive
regime), there is no energy exchange between the atoms and the cavity, thus the
atoms may interact with each other.
The effective Hamiltonian of this interaction is given by
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H; =\ [Z (les) eslaal — lgj)(gslata) + (S5 S5 + S;S;)] (3.16)
j=1,2
where A = ¢g?/d. The first two terms describe the photon number dependent
Stark shifts, while the last two terms describe the energy exchange between the
two atoms.
If the cavity is initially in the vacuum state the Hamiltonian becomes (see for
example Chapter 19 of [14] and [75]):

Hepp= A LZ le;) (e;] + (S}* S S”;S‘j)] (3.17)

i=1,2
In this expression the first term describes the Lamb shift, whereas the second
term the energy exchange between the two atoms assisted by the cavity. When the
interaction time is chosen so that A\t = 7, the system undergoes the transition:

|91)192) = 191)]92)
|g1)[i2) = [g1)]i2) (3.18)
len)]g2) = lex)|g2)
lex)liz) = —lex)|iz)

The process described corresponds to the realization of the quantum phase
gate.

Describing the details of the experiment, we have to note that the cavity is
initially in the vacuum state, its temperature is droped to 1.3K with the mean
number of thermal photons to 0.7. In order to further cool it, a series of atoms in
ground state |g) absorb the residual thermal field, thus providing 7 = 0.12 [76].
In state of the art systems an average thermal photon number of 0.05 is achieved.
The cavity is constructed by superconducting niobium mirrors allowing high Q
values (@ = 3 x 10%), while values of Q in the order of 10'° have been achieved
[61]. The coupling of the atoms to the cavity field is Q2/27 = 50k H z, whereas
the detuning 6 /27 = 200k H z which satisfies the requirements of the dispersive
regime and the H.;y as it is described in equation

In order to obtain sufficient time for two quantum phase gates (atom-cavity
interaction time 2.5 x 10~%) the atoms crossing the cavity should have velocities
~ 40m/s. The total interaction time with the mode is 120us, short compared to
the photon lifetime which is 1ms for a cavity with Q = 3 x 105.

3.1.1 An alternative realization of the quantum phase gate

The challenge for the realization of a two qubit quantum phase gate, has led to
various proposed experiments. Of special interest is the setup proposed in [77],
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where the authors describe a setup that will realize the quantum phase gate
and give an example of how it may be used for the implementation of Grover’s
algorithm.

The transformation performed by a 2-qubit quantum phase gate, may be
written in the form:

Qnlaa, B2) = exp [inda, 10, 1] |, B2) (3.19)

where |a;) and |f:) stands for the the basis states |0) or |1) of the qubits 1
and 2 respectively. The explicit form of @), is:

Qn = 101, 02)(01, 03] + |01, 12) (01, 12|+

] (3.20)
+|11,09) (11, 02| + €1y, 1) (14, 15|

Using the relations |0)(0] = (1 + 0,)/2 and |1)(1| = (1 — 0,)/2, the matrix
representation of @), is:

1 )
Q’? = [1[2 — Z (1 — 6”7) (11[2 — [1O'Z2 — Uz1]2 + O'le'ZQ) (321)

The case we are interested in, is for = 7.

T N
e g
SSURRY . SRR B
A j--.;ji. %)
—— |
L

Figure 3.3: Three level system

Figure describes the proposed setup. A cavity supporting two resonant
frequencies 11 and v, and in this case the photon number states of the cavity |0)
and |1) represent logic O and 1 respectively.

If the vacuum Rabi frequencies associated with the frequencies supported by
the cavity modes 1, and v; are g; and g, and we have a detuning A such that
Waep = V9 and wp. = 5 + A, then a quantum phase gate may be realized when a
three level atom initially in its ground state |c) passes through the cavity so that:
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a) The detuning A = gs.

b) The interaction time of the atom with the cavity is such that ¢;7 = \/§7T.

In the case where the cavity has one photon in each of its modes, the effective
Hamiltonian for the interaction in the dipole and rotating wave approximation is:

H = Ho+ Hy (3.22)

where
Ho = hwralay + hvsddas + Bwpe|b) (B + hwaela)(al (3.23)
Hy = hgy (arlb) (el + alle)(vl) + hgs (asla)(pl + allp)(al) 3.2

Moving to the interaction picture we obtain:

iHgt iHgt

,szei h ’Hle h

=H, + H, (3.25)

Since the only allowed states for the atom-cavity system are those that preserve
the energy and the total number of excitations, the only allowed states are
la,0,0),]b,0,1) and |c, 1, 1), so the terms H; and H, are:

Hy = hg <d1|b> (cle™2 +af c><b|emt)
— hgl (’b, O, 1><C, 17 1‘671'At + ‘C, 1’ 1) <b, 0’ 1|eiAt)

(3.26)

and

Hy = gy (asla) (bl + abjb) al )
= th (’CL, O, O><b, O, 1’ + |b, 0, 1) (a, O, OD

(3.27)

If we define the dressed states that correspond to the field mode supporting
the frequency v», as:

1
) = —= (1a,0,0) +15,0,1))
V2 (3.28)

1
=% (|la,0,0) — [b,0,1))

we may rewrite the expression for H, as:

=)

Hy = hgs (I4) (+] = [=)(=]) (3.29)
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with eigenvalues hg, and —hg,. Writing down the Hamiltonian H; in the interac-
tion picture of H, yields:

h ) )
Hip = 205 (J4)(e, 1, 1] Aot — |y (e, 1, 1|e (B9t

V2 (3.30)
e, 1) (el 8 — e, 1, 1) (|8 7))
If we set g = A, then the above expression simplifies to:
hg —i2At
Hiy=—(|+){c,1,1le =" — |=){(c, 1,1
=5 (e 11— =) e 1,1 51
e, 1) (+He™™ — e, 1, 1))
If the detuning is large, we can ignore the oscillating terms, thus
_ ha
HU___(|_><ca]-71|+|C)171><_|) (3.32)

V2
The Rabi frequency between the levels |—) and |c, 1,1) is g1 /v/2, which means
that selecting the interaction time so that ;7 = V2, gives the transformation

le, 1,1) = —|¢, 1, 1) (3.33)

This means that the above process yields the quantum phase gate ().

3.2 Implementation of the quantum Fourier trans-
form

A similar approach to the alternative described previously for Grover’s algorithm,
was described in [36] in order to describe a setup able to realize the heart of
Shor’s algorithm, ie. the Quantum Fourier Transform. The QFT is in general
more demanding when one considers the number of qubits involved.

Supposing we want to act the quantum Fourier transform operation on a
state |a) for which 27 < a < 297 T| we would obtain:

2q—1

1 )
Norr = 7 3 el 334
c=0

In order to realize the algorithm it is enough to describe the operation of a
one-qubit gate and a quantum phase gate.

'If we wanted to map |9) = |1,0,0, 1) we would require 4 qubits, since 2* < 9 < 23
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One qubit gates are easily realizable in cavity QED setups since they are
rotations precisely performed by Ramsey zones. In terms of Pauli spin matrices
it is written as:

UM = cos(0)I — cos(¢) sin(#)d, — isin(¢) sin(8)a, (3.35)

For two qubits j and k, the quantum phase gate for n = 7 is given similar to

equation [3.20] as:
Q7" =105, 0,)(0;, 01 + 107 1 (05, 1|+ (3.36)
+115, 0e) (L5, Oxf + €7[15, 1) (1, Li|
In order to obtain the QFT for q=3, we need to perform the transformations
AoBo1 Boa A1 B12As (3.37)

where A; = U, /4,7/2 Tepresent the one bit gates and By, = Q. /2k—i Tepresent
the two-qubit quantum phase gates.

g2 AQ
q1 |B12| ‘ﬁ,
@ [ Boa | Bor || Ao

Figure 3.4: Quantum circuit realizing the quantum Fourier transform for g=3. A; =
Us 4,z /2 Tepresent the one bit gates and Bj;, = Q) /2k—j Tepresent the two-qubit quantum
phase gates.

The unitary one-bit gate can be implemented by applying a classical field to a
two-level atom, which results to a Hamiltonian given by:

H = ? (e7*]a)(b| + €*[b)(al) (3.38)

where |a) is the excited state and |b) the ground state. The time evolution
operator of this system is:

Us(t) = exp [—%Ht]

= cos(2t/2) (la)(a] + |b)(b]) — isin(Qt/2) (e_i¢|a>(b| + ei¢|b)<a|)

(3.39)

In the above equation, the transformation described is an one-bit unitary gate
with 6 = £
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Regarding the quantum phase gate, since it is necessary to perform more than
one specific gates for the case of ¢ = 3, one may consider the case of a three level
atom in V' configuration as it shown in 3.5 Transition |b) — |a) is completely off
resonant with the cavity field, while |b) — |c) is dispersively coupled to the cavity.

e} ————
|2y
wbc /
a)ab
|b) ——

Figure 3.5: Atom in V configuration. Transition |b) — |a) is completely off resonant with
the cavity field, while |b) — |c) is dispersively coupled to the cavity.

The effective Hamiltonian of the system is given by:

hg® ~nt At a
Hepr = N (aa'|c)(c| — a'alb)(b]) (3.40)

where A = w, — v is the detuning. Supposing an initial state of the atom-field
system described by

5 (0,a) +10,8) + [1,a) + [1,) 3.41

the passage of the atom through the cavity results in a phase change 1 =
g*7 /A of the term |1, ), ie:

(10, @) +10,0) + |1, a) + €™|1,b)) (3.42)

N | —

Setting appropriate values for detuning A and interaction time 7 allows the
realization of the quantum phase gate for n = 7.

Returning to the realization of Shor’s algorithm for the case of ¢ = 3, in order
to realize the phase gates that are required (By;, By, B12) one would suggest
that three different types of atoms are required. One of the main advantages
of manipulating Rydberg atoms is the capability of making use of their atomic
sublevels by applying an external magnetic field, thus lifting the degeneracy and
allowing the proper level spacings between the atomic levels. For example, using
an external magnetic field we can achieve the atomic level diagram of figure
The ground state |b) of the atoms corresponds to |1) and states |a;) to |0). In this
way we can ensure that the transitions |b) — |a;) are resonant only in cavity i
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which supports the frequency v;, while the one-bit gates A; = jr Ja,m)2 realized by
classical fields of frequency v; perform the necessary transformations. Pulses
Uk /2,0 are used to flip the states |a;) and [b) before atom i enters the cavity and

are essential, since states |b) were defined as |1) and |a;) as |0). The setup is
presented in figure |3.7]

—|al> —
0, o,

m=-—1

OO

Figure 3.6: Atomic levels under the influence of the magnetic field. For each atom the
ground state |b) corresponds to |1) and |a;) to |0).

Figure 3.7: Experimental setup for the realization of QFT for 3 qubits.

The interaction times 7, the coupling constant g and the detunings J; are
chosen so that 69:_1
coupling constants they are chosen so that when atom ¢ passes through cavity
C;, will transfer its coherence to the cavity and leave in the ground state, so that
the QFT is stored in the cavities.

The readout requires a triplet of atoms prepared in the ground state and

resonant to each cavity, in order to measure the field inside the cavity. If one

=7/ —k. Especially, regarding the interaction time and
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atom comes in the ground state the output is O, whereas if it comes in an excited
state it will correspond to 1.

This scheme can be theoretically generalized for any number n of qubits. In
the next chapter, we will discuss how extended cavity QED setups, where on top
of the atom-cavity interaction, the cavities are allowed to interact directly through
photon hoping, can be exceptional models for other applications, including
quantum simulations.
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Chapter 4

Implementing quantum gates in
coupled cavity arrays

Describing an experimental setup for the realization of Shor’s algorithm, we
discussed how a system of three seperate cavities could be used in order to
perform the required two qubit transformations. In that setup, the cavities were
supporting different frequencies, thus interacting with specific atoms each time,
to perform the necessary operations on qubits. Moreover, we didn’t require any
field transfer from one cavity to the other, but required that the cavities allowed
the passage of the atoms, as well as that the atoms had the appropriate velocities
to achieve the desirable interaction time with the cavity they would interact.

In parallel to the developments of implementing QIP with quantum optical
systems, the idea of using quantum systems for quantum simulation attracted
a lot of attention. Quantum Simulations [21],[38],[78].179],[80], is the use of
specifically engineered systems with controllable local interactions, in order to
simulate complex physical phenomena where both classical computers modelling
and experimental attempts fail.

In this way it was shown that is possible, to determine the behaviour of a lot
of phenomena lacking full theoretical explanation, like phase transitions in solid
state physics and quantum magnetism. More recently, there have been efforts in
describing exotic physical theories from high energy physics, like the Thirring
model and the renormalization of mass [81], [82].

The platforms for quantum simulation initially included optical lattices with
cold atoms [83], [84], 185, [86] , ion traps [47, 87, 88| [89] 90], and NMR setups
[91, 92]. The idea of using coupled cavities each containing one two-level-system
(TLS) as a quantum simulator was initially proposed for the study of phenomena
like Mott transitions and XY spin models [39]. This was followed by studies of
the phase diagram of the system and applications in simulating exotic effects in
condensed matter physics have been developed [93], [94], 195, (96, (97, 98] [99] .
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Lately, studies of driven dissipative Jaynes-Cummings arrays have emerged
analyzing the Jaynes-Cummings-Hubbard model out of equilibrium and the
signatures of the underlying many body effects, in the steady states of the system
[100, (101}, 102}, [103| (104, [105].

This fascinating new perspective has stimulated works that encouraged the
experimental progress on specific structures, also for the purpose of performing
quantum computation. The most spectacular development was definately in
Circuit QED platforms [106].

In this final chapter of the present thesis we will study the simple and easier
to experimentally implement case, of a system of two coupled cavities and discuss
a scheme for implementing the quantum phase gate there.

4.1 Quantum dynamics in the two coupled cavities
model

The Jaynes-Cummings model for the description of the interaction of a two-level
atom with a single mode electromagnetic field, is described by the Hamiltonian

A 1 . e o o
HJ*C = 5%00’3 -+ ﬁwaTa + hg (O'+0J + O'fCLT) 4.1)

If we consider a system of two empty cavities, each one of them supporting a
frequency w;, evanescently coupled, this allows the photons from ' to hop to C
and vice versa, then we have a Hamiltonian of the form:

H = hwyalay + Fwsilas + J (a{aQ + a;al) 4.2)

where a; , &j are the annihilation and creation operators for the field modes and
J is the "hopping" parameter that describes how a field state from (', can move to
(5 and vice versa. It’s worth mentioning that the coupling parameter between the
cavities has frequency dimensions [107],[108], is defined as the overlap between
the two fields that are sustained in the cavities and is proportional to the quantity

where u; (7 — 7;) is the vector field distribution of the mode, 7 is a position
vector in the cavity and 7; is a reference position within each cavity. Supposing
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Wl =Wy =w Elwe may define the quantities:

1
Ay = —= (a1 + ag)
\{E (4.4)
Ay = E (a1 — a2)
leading to the equation
,;qfield = hwclAJ{Al + MCQA;AQ (4.5)

The new frequencies w.; 2 = w £ J correspond to the two normal modes of a
mechanical system of two 1D coupled oscillators. The general case is treated in
[107]. One may easily verify that those delocalised field modes, obey the bosonic
operators commutation relations

[Ai,Aﬂ —1,i=12, .. (4.6)

Supposing each cavity now contains a fixed two-level atom, the total hamilto-
nian of the system is given by:

H=Hy c1+Hycot+J (fLJ{dz + &5&1) <

’ hwodjs At - A A RS
H = Z [TJ + wja;aj +g (aj0j+ + a}aj—ﬂ +J (@J{ag - a£a1>

§=1,2

4.7)

This Hamiltonian describes fully the interaction in the two cavities system.
As it is clearly seen, the total number of excitations is conserved. In this case,
we will study the dynamics of the one excitation case for simplicity. In this case
we consider a general state:

[(t)) = a(t)]|g19210) + b(t)]|g19201) + c(t)]|e19200) + d(t)|g1e200) (4.8)

The first two terms in each ket represent the state of atoms 1 and 2 respectively,
whereas the last two represent the cavity field states in cavities 1 and 2. The
time evolution of this one-excitation state is given by the Schrédinger equation
with the use of the delocalised modes (j = 1, 2):

(4.9)

'In this degenerate case the coupling parameter is limited by |J| < w/2
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The Schrédinger equation, using the above delocalised modes gives

j(t) = e~ ilwo =%/t {0@-(0) cos (v;t) + yi
j

(a0~ 95,0 ) sin (030

) O (4.10)
. ) ) . .
B;(t) = e~ w0/ {@(O) cos (v;t) — — (7]5]-(0) — gaj(O)) sin (ujt)]
]
where
2
vj = <%> + g2 4.11)
and we have set
QLQ - A :i: J (412)

Using the relation [4.4] and a new set of operators that describe the atomic modes
defined as:

N 1 R
Sip = 7 (014 + 024)
(4.13)
A 1 . R
Soy = ﬁ (G14 — 021)
we may rewrite the total Hamiltonian of the system in the form:
o 3. S, AT AL 1.9, AT S,
H= 3 [w0Si 85 +weidld; +g (4,85, + 415 )] (4.14)

j=1,2

In order to investigate the region of parameters that will allow us to use the
two coupled cavities setup as a quantum phase gate, we resort to analytical
calculations and numerical simulations, that are presented in the following.

4.2 Analytical treatment

The form of the equation resembles to the form of Indeed, some algebra
can verify that if we consider the interaction Hamiltonian

[:[[ = Z |:g (AijJr + AI§J,>:| (415)
j=1,2
and move to the interaction picture in respect to the term,

j=1,2
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Figure 4.1: Two coupled cavities interacting with fixed atoms.

then, we have a similar procedure like the one we did in order to derive the
state evolution for the Jaynes-Cummings model. Indeed, since [I:IO, H 1] = 0, the

interaction Hamiltonian in the interaction picture takes the form:
7:11 =g (Aigl_e_mlt + fl;gg_e_m?t + Hermitian Conjugate) 4.17)

This form shows that each term of the interaction Hamiltonian oscillates at
the respective frequency (2;, though, this form does not allow a clear overview
of the state transfer between the atoms, which is the basic feature that could
allow the operation of a quantum phase gate. In order to obtain this expression
in Ogden et al follow the process described in to derive the effective
Hamiltonian of the system, which simplifies the Hamiltonian but doesn’t eliminate
the atom-field interaction terms. The effective Hamiltonian is defined from the
time derivative of the time-averaged evolution operator.

~

U(t) = HepU(t) (4.18)

"ot

The time average of an operator O is defined as:

O(t) = /_Oo ft—t)Oo)dt (4.19)

The function f (¢ —t') is real valued and serves the purpose of eliminating the
fast oscillating terms, acting as a ((low-pass filter)). We need to specify that we
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use only its generic properties in order to exclude high-frequency terms in this
time-averaging process, therefore we do not need to explicitly specify its form.
Comparison with the Schrodinger equation i%ff (t) = H;U(t) for the non-time-
averaged evolution operator allows us to write down the effective Hamiltonian
as a series of [ r and U. Discarding the terms of this expansion beyond second

order in respect to H; gives the expression:

Hepr = Hi(t) + % { [7:[1(15), Ul(t)] - [7:[1(25), 0(t) } 4.20)

Replacing U, () by the expression deriving from the expansion in terms of H (1)
of the time evolution operator U (t) yields:

t
Uy (t) = %/t H(t)dt! 4.21)

Directly calculating this integral for the interaction Hamiltonian of equation 4.17
leads us to a unitary operator of the form

R ATS‘ _ —1Qqt ATS‘ _ —1Qat
V(t)=g< e+

— Herm. Conj.) (4.22)

Following the above process, in order to obtain the expression for the effective

Hamiltonian we need to calculate the commutator [7:[ (%), f/(t)} :

2 2 2 R R

#1100, V(0] = 2 [4i81,, A8, ] + 22

1
: 1 1
2 24Jt [~ o

+g-e <Q1 + Qg)

(1 1N T4 s ata
+g2€2 Jt (Q_l —+ Q_2> |:A282+, AJ{Sl_]

|
[A1§1+,A;S2_] n 4.23)

The form of the commutator of equation[4.23|cannot be totally treated analytically,
thus we need to make certain approximations.

4.2.1 Case A: Large intercavity hopping regime

First we consider the case for which J >> {A, g}. The last two terms of the
above expression both oscillate at a frequency of 2.J. As it was done throughout
the derivation of the above expression terms rotating at frequencies proportional
to €2; or J have a zero time average since they oscillate too fast, thus we will keep
only the first two terms.
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Consequently, under the above approximation, the expression obtained for
Heyy is given by

R 2

2
Hopp = g—l A8y, A{Sl_} n (92—2 [A252+, AlS, (4.24)

Yet this form of the Hamiltonian is not useful for studying the system’s quan-
tum dynamics. The evolution of the system imposes the use of the Hamiltonian
in the Schroédinger picture. After some tedious algebra we obtain

dispersive interaction between atoms and delocalized field modes
7\

-~

2

2

~ A g ~AA ALA

W=Ho+ Y o0 (Adlle) (el - AlAlg) (o) +

ij=1""" (4.25)
2

0,0,

transfer of states between atoms without excitation of the field modes

J (61409 + 62,61_)

J/

The term H o corresponds to the energy of the bare atomic and delocalized field
modes and is the term we derived in equation [4.16] The second term describes
the dispersive interaction between atoms and the delocalized field modes. As
we discussed in previous cases where we were studying dispersive interactions
between cavities and single field modes, there is no energy transfer, though the
atoms experience a Stark shift. The final term is the one that describes the
transfer of energy between atoms without excitation of the field modes.

Setting G = ¢/ and using the equations of motion [4.9| and |4.10| we
obtain:

a(t) = e " @=GR [q(0) sin(Jt) — b(0) cos(Jt)]

b(t) = e @GN [_jg(0) cos(Jt) + ib(0) sin(Jt)]

c(t) = e {COtER (¢(0) cos(GIt) — id(0) sin(G Jt)] (4.2
d(t) = e {WotER [_ie(0) sin(GJt) + d(0) cos(GJt)]

Therefore, we expect the probability amplitudes to oscillate with a period
T = % where , ,
g g

G = = 4.27

M (A+J)(A-J) (4.27)

A valid choice of parameters for this large intercavity hopping regime is
J = 10g.A = 0.1g.g = 5.1073w,. Setting the initial state of the system to
11(0)) = |eg00) and using the full Hamiltonian for the time evolution of the
system, we obtain the probabilities for the excitation to pass from Atom 1 to
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Probability amplitudes for the large hopping case:
A =0.1g,w, =1000,g:5x1073w0,J=109
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Figure 4.2: Probability amplitudes corresponding to exciting a specific cavity mode or a
specific atom as a _function of time, for the case of large hopping assuming the system
started from the state |eg00). Here, J = 10g, A = 0.1g and w = 1000g,while the time is
scaled by period T’ = %

Atom 2 and the probability for the excitation to pass to the field modes. Those
probabilities are plotted versus time, in figure [4.2]

The plot clearly shows that in this large hopping case, the excitation has
much higher probability to be found in one of the atoms, than transferring to
the cavity field. The latter will be important for the case where the cavity is lossy
and photons leak to the environment (we study this case later). This atom-atom
excitation exchange happens with a frequency GJ as predicted by the analytical
solution

Setting the values for this case of parameters in the quantity GJ we can
calculate that the period of the oscillation for the probability amplitudes regarding
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the excitation transfer from atom 1 to atom 2, to be:

" 27 2 27
LH= 77 = =2 = 2
GJ Q?Qg J (A+J§(A7J) J (4.28)
om(AZ — J2? 2mJ
— ( ) ~ 27 ,since A << J

g g
4.2.2 Case B: Large Detuning regime

Following the same procedure as in the case of large hopping, we come again
facing the problem of defining the effective Hamiltonian. Since we consider the
detuning to be much bigger than the coupling strength between atom-cavity
and the cavities (ie. A > {J, ¢}, terms rotating at rates {); or {2, need to be
eliminated from the time averaging process. Thus, the effective Hamiltonian in
the Schrédinger picture becomes:

2 2 2
Y PA [ i P (s i\
W=t g, (as81le) el — alaslo); (o) + 5557 (e — ALAL) (612 +60) +
9>

o

(61402— + 02401 )

(4.29)

The last term of this expression is the same as the one we obtained for the
large hopping case and describes the atom-atom interaction. Though, we observe
that the Stark shift terms are altered. In the previous case, each atom would
interact with the delocalised field modes, but now, since the atom-cavity detuning
is much larger than the coupling strength between the cavities the shift splits
into two terms.

The first one describes the interaction of each atom with its cavity field and
the second one describes the interaction of each atom with the delocalised field
modes and is much smaller than the local field effect.

This second term vanishes for large values of detuning. Regarding the
equations of motion, they will have exactly the same form as [4.26] Therefore, we
can verify the fact that there is no state transfer exchange between the field modes
and the atoms and the excitation oscillates between the atoms at a constant rate.

Setting the limits for this case, in order to calculate the period of the probability
amplitudes oscillations, we find that the period is 7' = %

Following the same procedure as in the large hopping case, but taking this
case’s approximation, we find the period to be:

Tdisp >~ — (430)
9
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Probability amplitudes for the large detuning case.
wy =1000,g =5 %10 w,,A =10g,J =2g/5
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Figure 4.3: Probability amplitudes corresponding to exciting a specific cavity mode or a
specific atom as a_function of time, for the case of large detuning, assuming the system
started from the state |eg00). Here we chose A = 10g, g = 5 x 10 3wy, J = 2¢/5,while

2
the time is scaled by period T = ZQAJ

The requirements for the dispersive regime are A > {J, ¢}, thus a valid
choice of parameters that fulfils this requirement and is experimentally viable,
is A =50 x 102wy, g = 5 x 1073wy, J = 2 x 1073w, with wy = 10°. In figure [4.3]
we present the numerical results for this case. We can verfiy that there is very
small probability for the excitation to pass to the field modes, just like in the
large hopping case.

However, the time required for the excitation to transfer from atom 1 to atom 2
is greatly increased, thus compromising the response of the system. We observe
that the period of the state transfer is 1" = ’;QAJQ. Setting different values for the
parameters, we observed (not shown here), that for small values of A, as it is
expected, there is a considerable probability for the excitation to pass to the field
modes, though as detuning increases (with g and J being stable), we observed
that even this probability diminishes. This is explained by the fact that the energy
transfer from atomic modes to field modes requires a considerable amount of
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energy, therefore it is greatly suppressed.

4.2.3 Case C: Resonant interaction regime

The last case we need to investigate is the resonant case, for which we need to
suppose that J = A. The main reason that guides us on this selection is the fact
that with this choice of parameters the terms (); of equation become zero,
which allows only in the last term of this expression to affect the state evolution.
Another reason to expect this behaviour is the fact that for J = A, there is
resonance between the cavity field and the collective field modes, thus allowing
energy transfer between atom and field states, in contrast to the previous two
cases where the direct exchange of energy between the atoms was the dominant
procedure. In order to derive the effective Hamiltonian in the Schrédinger picture,
now we eliminate the terms that contain frequencies 2.J and {2;. The Hamiltonian
for this case is proved to be

2

A = Hytg (A5 + AsSar ) + 55 | AA (Je) (el + [ehyfel) -

AL A1 (19), (9] + 19)2(9]) = (1160 + 62001

(4.31)

The second term describes the energy exchange between the resonant delocalised
atomic and field modes gg and /12. The third term describes dispersive interaction
between modes S”l and 1211 since they are highly detuned. We also observe a
Stark shift of the atoms dependent on the population of 1211, whereas the final
term describes the direct transfer of energy between the atoms, without the
mediation of the cavity field. For this case, the equations of motion will give the
exact behaviour of the system. Since the dispersive interaction may be neglected

(% < g) for times smaller than /g% we expect a behaviour similar to the

case of one atom coupled to one cavity. The difference here is that the role of the
single mode field is assigned to the delocalised field mode (A, and the role of the
atom to the delocalised atom mode (QQ). If the field modes contain at ¢t = 0 no
excitation (a;(0) = 0)the evolution of the atomic modes is:

Bi(t) = efi(wo+92/ﬂ1)tﬁl (0)

By(t) = e—i(wo+g2/ﬂz)tﬁ2<0) o [(g N ;z_j) t} (4.32)

The dispersive coupling of mode S”l to the field keeps its population constant,
A~ 2
while atomic mode S, oscillates at rate almost g (since the term g—; is negligible)

due to the excitation transfer between 1212 and 5’2. The phase difference between
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Probability amplitudes for the resonant case.
wy =1000,A =10g,9 =5.10 *w,,J=10g
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Figure 4.4: Probability amplitudes corresponding to exciting a specific cavity mode or a
specific atom as a _function of time, for the resonant case, assuming the system started
from the state |eg00). In this case, A = 10g, g = 10 3w, J = 10g,while the time is scaled
by period T’ = 2?”

them is )
Ay g
0= —+=— 4.33
> T (4.33)
Taking the exact resonance case so that 2, = 0 and ¢?/Q; < 1 this phase
difference is almost zero, therefore the two delocalised modes oscillate with
approximately same frequencies. Taking the initial conditions a(0) = 0,5(0) =

0,d(0) = 0 we find that:
alt) = b(t) = —@e—w sin(gt)

c(t) = c(0)e 0" cos? (g_t) (4.34)
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The transfer of the atomic state between the atoms through this mechanism
is much faster than any of the two cases we previously described, having a
period T' = 2?”. Though, this significant increase of responsiveness comes with
the cost of exposing the system to decoherence via cavity loss, since the cavity
modes mediate this process. For the numerical simulations we have chosen
the set of parameters: A = 10g, g = 5.1073wy,J = 10g This set of values apply
to the condition of J = A and as it can be seen by figure the period of
the probability amplitudes regarding the atoms is as predicted by the analytical
results 7' = 27”. Moreover, we observe that the probability for the excitation to
pass to the field modes, is greatly increased compared to the dispersive and large
hopping case, which is expected if we consider that in this case, the cavity field
is resonant with the collective cavity field modes.

4.3 Quantum Dynamics in a two cavity system with
dissipation

Returning to realistic situations, as it was made clear in the discussion we made
in the final section of Chapter 1, we are not able to ignore the effect of the
dissipation on our system. We have mentioned earlier the fact that if we want
to realize this experimental setup we will have to make sure that we use the
dispersive regime or the large hopping regime of parameters, in order to avoid, or
at least, reduce the effects of the unavoidable process of decoherence.

The master equation for this system, now has to take under consideration the
fact that both cavities can lose photons via their exchange with the environment.
It will have the form:

dp

= | H
o i[H,p]+

(Llad] + Llas]) =

= —i[H,p] +

NI x

[(2@1/)&{ GG — paawl) + <2a2pa; G0 — pa;ag)]
(4.35)

For our numerical simulations we have used the set of collapse operators
é 1= dl V 2K
ég = d2 V2K
Comparing the expressions for 77y with T, and substituting all the parameters

but g, one may find that:

T J
% ~ 7 5> 1 for the large hopping regime (4.37)
R g

(4.36)
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This means that the large hopping interaction requires almost J x Ty time.
Regarding the dispersive case, if we compare its period to the large hopping case,
we find it is:
Tisp _ Diisp (4.38)
Tr  9Jaisp '
Using the sets of parameters for the three regions as in the non-dissipative case,
we have:

1. Large Hopping regime: g = 5 x 103wy, J = 109, A = 0.1g, Ty = 27J/(g?)
2. Dispersive regime: g = 5.10%wy, J = 2/5g, A = 10g, Tyisp = 27A%/g*J
3. Resonant regime: g = 5.1073wy, J = 2/5g, A = 109, Tg = 27 /g

This means that for our numerical values the periods, expressed via T, are:

TLH ~ 10 x TR (4.39)
Taisp ~ 100 x Tx

Comparing the periods of the three regimes we find that the resonant case
has the smallest period. It’s small period, allows to sustain more oscillations
intitially, though since the excitation passes to the field modes there is a very
small probability over time for the excitation to pass from one atom to the other.
In the following we plot the amplitudes of the probabilities showing the ideal case
and the dispersive case. From figures 4.5 we observe that the system in the
resonant case is susceptible to decoherence, as it is predicted by theory, since
the cavity field modes mediate the process.

The numerical simulation for the large hopping case in figures [4.814.10
shows that this case has better dynamical behaviour when dissipation is taken
under account. As expected, there is significant probability for the excitation to
pass from one atom to another, even for Kk = g, despite the fact that it is a slower
process than the resonant case.

Regarding the dispersive case, from figures we observe the effect
the greater time scale has on the system. Specifically, the fact that figure
for the large hopping case with k = 1 resembles to figure for the dispersive
case for Kk = 0.1, implies that the large hopping regime yields better behaviour in
lossy systems, since it involves faster dynamics.

In the next section we will calculate exactly what is the effect of losses on
implementing the required entangling non-local gates through this mechanism.
This will be done within the description of the implementation of Deutch-Josza
algoritihm in this system.
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4.4 A proposal for Deutsch-Jozsa algorithm in a
two cavity system

In the previous section we derived both analytically and numerically the quantum
dynamics of a system of coupled cavities interacting with fixed atoms both in the
dissipative and in the ideal case. It’'s worth mentioning, that this specific setup
could be realized using photonic crystals doped with quantum dots and circuit
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QEDI[106/ [111].

In order to examine how efficiently this mechanism could be used in order to
realize a CNOT gate, which is performed by non-local interactions like the one of
our case, we will estimate the fidelity of the system [16], for each of the cases,
supposing there is no spontaneous emission rate in our system:

F (pideala pdissipative) =Tr |: \V PidPdis\/ pzd:| (440)

From our previous discussion, we know that our system can implement a SW AP
gate. Though, v SW AP gate which is realized when we choose the time to be
equal to T/ 4 is a universal two qubit gate[112]. In figure we show how
the CNOT gate can be obtained using v SWW AP gates and local pulses. In order
to implement the algorithm we also need a single qubit gate, realizable in the
present setup. In order to implement the X gate, we choose a 7 pulse from
an external classical source tuned with the atom frequency wy, while for the
Hadamard gate we use a 7/2 pulse from a classical source. In the following we
assume those operations can be perfectly performed, since they are fast local
operations realized by controlled external sources tuned to the desirable Rabi
frequencies.

The transformation of v/ SW AP gate to CNOT that allows the algorithm, is
shown in figure Using the matrix representation of vV SW AP

1 0 0 0

0 4 1_ i
Vswap=| ) 3Tr 5T @.41)

0 3—-3 3+35 0

0 0 0 1

as well as the ones for the X,H, gates
01
=(10)

(4.42)

()

We can verify that the circuit of [4.14] is indeed equivalent to a CNOT gate.
Therefore, the circuit that implements the algorithm is the one in[4.15 Regarding
the readout of the process, it can be experimentally realised using the shelving
technique [113] that provides reliable readouts. As we saw in the previous
section, in the large hopping and dispersive cases, the system remains coherent
for relatively longer times which indicates that even in the presence of strong
dissipation (equal to the coupling rate), one could implement the required non-
local gate at least a few times before the system eventually decoheres.
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Figure 4.14: Quantum circuit representing the operations required in order to obtain the

CNOT gate using v SW AP gate.
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Figure 4.15: Representation of the quantum circuit for the Deutsch-Jozsa algorithm.

In order to calculate the fidelity of the vV SW AP for each regime, we will
have to define the desirable time interval that the interaction is on, ie. the
1/4 of the period of each case and evolve the lossy case in order to obtain
Pdissipative(1'/4) using the Master Equation of equation @ The ideal case will
yield a density matrix p;qeq(7/4), which in our case is the density matrix of
the maximally entangled state w. Therefore the required times in the
parameter regimes we are assuming, are:

TLH/4 = 7rJ/2(g2)
Tuisp/4 = TA%)2g° T (4.43)
Tr/4=17/2g

The numerical calculations for the fidelity of the VSW AP gate using the
appropriate times , allow us to plot the dependence of the fidelity versus & rate,
which is plotted in

We observe that the fidelity in the resonant case falls rapidly as x increases,
which is justified by the stronger dissipation occuring in the resonant regime
due to the existence of population in the cavity modes. We would expect the
dispersive case to sustain higher fidelity values, though, watching closer we see
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Figure 4.16: Fidelity of v SW AP gate versus k, with k expressed using coupling rate g of
the cavities for the dispersive case (blue line g = 5.10 3wy, J = 2/5g, A = 10g, Taisp/4 =
7rA2/292J), resonant case (red line, g = 5.10 3wy, J = 10g, A = 10g, Tr/4 = 7/2g) and
large hopping case (green line g = 5 x 1073w, J = 10g, A = 0.1g, Tr /4 = ©J/2(g?)).

that the time required for the v SW AP gate in the dispersive case is much larger
than the large hopping case (1g;s, >~ 1077, y). This means that the system in the
latter case is exposed to environment for smaller times, thus the highest fidelity
values.



Chapter 5

Conclusions and Future work

In this thesis we made a detailed overview of the most important theoretical
aspects of cavity QED focusing on the region of microwave QED. As we have
seen throughout the text, it is possible using the basic principles that apply on
single Cavity QED, to extend our discussion on other setups involving arrays of
coupled resonators.

We initially discussed analytically how single cavity systems can be used in
different ways in the implementation of Quantum Information Algorithms and
and reviewed some of the early results in the field.

We then dealt analytically and numerically with the model of two identical
coupled cavities both in the ideal case of zero x,y and in the dissipative case. We
proved that this configuration can be used in order to implement a Quantum
Phase Gate, while we gave an outline of how Deutsch-Jozsa algorithm could be
performed.

Cavity QED ideas have recently been extended in other experimental realiza-
tions, such as Circuit QED. The latter we plan to explore in more detail in future
studies.

We would like to note that numerical simulations of Open Quantum Systems,
an important aspect of this thesis, will provide the background for our future work
in the direction of modelling specific experimental setups. We would like to study
how constant driving the atoms or the field, effects the steady state observables
and explore the possibility for robust QIP there. We will also explore different
platforms including waveguide arrays and specific Circuit QED implementations.
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Appendix A

1 Usefull packages for Quantum Optics

One of the most important aspects of this thesis, was gaining a more extensive
and thorough approach regarding numerical tasks. It might be easier to use
programs like Mathematica and indeed Mathematica was really useful throughout
all this thesis.

During the past few years, there has been a magnificent progress in program-
ming and the way the new generation of programmers work, thus giving rise
to Open Source Software. Apart from commercial packages like Mathematica
or MatLab there has been developed a variety of open source tools that are
widely used. In order to use a reliable and tested package that is focused in
Quantum Optics, we used @uTiP[114] which is a toolbox of frequently used
routines that uses Python programming language. In what follows we will give
some programming details that we consider worth mentioning.

2 Details on Mathematica code

The ability of various mathematical packages to efficiently perform numerical
calculations, combined with the flexibility of Quantum Mechanics to express
operators and vector states in matrix expressions, makes it quite easy for one to
investigate complex setups, like coupled cavity arrays. We will describe the more
important steps of the process we followed, defining numerically the physical
system of two coupled cavities with fixed atoms, which may prove really time
consuming if someone has not an insight on the internal doings of various
packages.

Mathematica has difficulty handling matrices that are defined as normal
arrays and contain lots of zeros. Thus, we will use the following commands to
define the basis vectors and one of creation/annihilation operators.

First of all, we need to set a basis of vectors on which we are going to perform
our operations. In this procedure we performed a general case scenario, rather
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than just restricting ourselves to the one-excitation case, in order to have a more
versatile form for future work:

Basis[n_,i_|: = Normal[SparseArray[{i+ 1,1} — 1,{n,1}]];
e = Basis[2,1];g = Basis|2,0];
fln_]: =Basis[Ne +1,n —1];
- T T T T
sigmap =e.g ;sigmam = g.e ;sigmaz =e.e —g.g ;
Destroy[n_|: = SparseArray[{Band[{l,2}| — Sgrt[Range[n — 1]]}, {n,n}]|
Id[n_]: = IdentityMatrix[nl;

(1)

In those lines we defined a function Basis[n_,i_| that will be able to create the
basis vectors for an n dimensional space. Making use of it we defined the atom
states |e) and |g). This direct way of defining vector states for two level atoms,
cannot be kept for the cavity states for higher values of the excitation number
(N), so we defined with another way (f [n_])the cavity state vectors to keep things
more general. The definition of the ¢, ,6_ and 73 atomic operators is followed
by the annihilation operator a, whereas we used a shorter way for the Identity
Matrix command of Mathematica.

This is all we need to numerically investigate the problem. In order to define
all operators and states, we make use of the command KroneckerProduct which
is the way of handling the four different spaces involved in this procedure. For
example the state |gg10) will be written as

ggl0 = KroneckerProduct|g, g, f[2], f[1]];
The operator ¢ > will be declared as:
sp2 = KroneckerProduct|[Id[2], sigmap, Id[Ne + 1], Id[Ne + 1]];

which clearly states that the action of the operator is confined on the subspace
of Atom 2.

Keeping in mind those basic principles, we are able to set up a Hamiltonian
and then defining some initial state, use the Expml]...] command to study the
time evolution of the system by applying the unitary operator.
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3 Python code used for plots.

The dynamical study of the systems discussed throughout the texte, was initially
done in Mathematica and later was verified using the Python programming
language. In the following pages, we present some of the scripts used during this
thesis.

Jaynes Cummings model with dissipation using master equation or
quantum trajectories
# —x— coding: utf-8 —#-—
#
# Vacuum Rabi oscillations in the Jaynes—-Cummings model with dissipation
#

from qutip import =«
from pylab import =«

def run():

# Configure parameters

wc = 10000 # cavity frequency

wa = 10000 # atom frequency

g = 0.001lxwc # coupling strength

kappa = 0.2xg # cavity dissipation rate

gamma = 0 # atom dissipation rate
N = 2 # for two possible states of the field
use_rwa = True

# intial state for the system cavity-atom
psi0 = tensor (basis(N,0), basis(2,1)) # start with an excited atom

# Hamiltonian operators
a = tensor (destroy (N), geye(2))
sm = tensor (geye (N), destroy(2))

if use_rwa:
# use the rotating wave approxiation

H = wc » a.dag() * a + wa » sm.dag() » sm + g * (a.dag() * sm + a x sm.dag())
else:
H = wc » a.dag() » a + wa » sm.dag() * sm + g * (a.dag() + a) * (sm + sm.dag())

# collapse operators for non-unitary dynamics
c_op_list = []

n_th_a = 0.0 # zero temperature

rate = kappa * (1 + n_th_a)

if rate > 0.0:
c_op_list.append(sqgrt (rate) x a)

rate = kappa * n_th_a
if rate > 0.0:
c_op_list.append(sqgrt (rate) x a.dag())

rate = gamma
if rate > 0.0:
c_op_list.append(sqrt (rate) = sm)

# evolve and calculate expectation values
tlist = linspace(0,5*pi/g,1000)
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if

output = mesolve(H, psiO, tlist, c_op_list, [a.dag() * a, sm.dag() % sm])

# plot the results

plot (tlist/ (gxpi), output.expect[0])

plot (tlist/ (g*pi), output.expect[l])

legend(("Cavity", "Atom_excited_state"))

xlabel (" Time’)

ylabel (' Occupation_probability’)

title (' Vacuum_Rabi_oscillations_for_a_damped_cavity_using_master_equation’)
show ()

_ _name__ =='__main__’:
run ()
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Two coupled cavities without dissipation for large hopping case.

from qutip import =«
from pylab import =«

def run():

# Define constants

G =25

omega_atom = 1000

detuning = 0.1%G

omega_field = omega_atom + detuning

J = 10%G

N = 2 # number of possible states for cavity 1

Define basis. In total we have 4 Hilbert space dimensions to describe the system.

then compute the operators for the full Hilbert space and use them to

#
#
# choose an order for composite system: Al-A2-C1-C2
#
# construct the hamiltonian.

#

# cavity operators in full hilbert space
al = tensor([geye(2), geye(2), destroy(N), geye(N)])
a2 = tensor([geye(2), geye(2), geye(N), destroy(N)])

# atomic operators in full hilbert space C1-Al1-C2-A2
e=basis (2,0)
g=basis (2,1)
fl=basis (N, 0)
f2=basis (N, 1)

ele = tensor([exdag(e), geye(2), geye(N), geye(N)])
e2e = tensor([geye(2), exdag(e), geye(N), geye(N)])
spl = tensor([sigmap(), geye(2), geye(N), geye(N)])
sml = tensor([sigmam(), geye(2), geye(N), geye(N)])
sp2 = tensor([geye(2), sigmap(), geye(N), geye(N)])
sm2 = tensor([geye(2), sigmam(), geye(N), geye(N)])

# Write the Hamiltonians in 4 seperate terms to avoid mistakes.

H1 = omega_atom % (ele + e2e)

H2 = omega_field % (al.dag()=*al + a2.dag()*a2)

H3 G * (al « spl + al.dag() = sml) + G » (a2 x sp2 + a2.dag() * sm2)
H4 = J x (al.dag() » a2 + al % a2.dag())

H = HlL + H2 + H3 + H4

#Time evolution of the system
gg0l = tensor([g, g, f1l, £2])
ggl0 = tensor([g, g, f2, f1])
eg00 = tensor([e, g, f1, £f1])
ge00 = tensor([g, e, f1, f11])

psiO=eg00 #initially excitation in atom 1

# evolve and calculate expectation values
Gkap=abs (Gx*2/ ((detuning + J)« (detuning - J))
T=pi/ (Gkap=J)

tlist = linspace(0,T,1000)

output = mesolve (H, psiO, tlist, [1, [])
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# plot the results

if

name__=='__main

plot (tlist/T, expect(al.dag()xal, output.states))
plot (tlist/T, expect (sml.dag() * sml, output.states))
plot (tlist/T, expect(a2.dag()*a2, output.states))
plot (tlist/T, expect (sm2.dag() % sm2, output.states))

legend(("Cavity,1", "Atom_1","Cavity, 2", "Atom2"))

xlabel (' Time_scaled_by period_$T=2\pi_/G_J$’

ylabel (' Probability’)

title ('Probability_amplitudes_for_the_large_hopping_case:_\n_$\Delta=0.1g, \omega_0
=1000, ,g=5x10"{-3}\omega_0, J=10g$")

show ()

r .

run ()
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Fidelity versus ~ for large hopping

# Calculate the fidelity of a system of two coupled cavities under dissipation
from qutip import x
from pylab import =

#collapse operators for non-unitary dynamics
def rho_compute (Ham,psi0O,tlist, kappa_max, kappalist, cavl, cav2,rho_ideal):

#fid_list=zeros((len (kappalist)))

rho_dis_list= []

index=0

for kappa in kappalist:
c_op_list = []
c_op_list.append(sqrt (kappa) * cavl)
c_op_list.append(sqgrt (kappa) * cav2)
dissipative = mesolve (Ham, psiO, tlist, c_op_list, [1])
rho_dissipative = dissipative.states
rho_dissipative_final=rho_dissipative[-1]
rho_dis_list.append(rho_dissipative_final)
index +=1

return rho_dis_list

# Define constants

G=5

omega_atom = 1000

detuning = 0.1%G

omega_field = omega_atom - detuning

J = 10xG

kappa_max = 10xG # cavity dissipation rate
kappalist = linspace (0, kappa_max, 10)

gamma = 0.0 # atom dissipation rate

N = 1 # number of excitations

# cavity operators in full hilbert space
al = tensor([geye(2), geye(2), destroy(N+1l), geye(N+1l)])
a2 = tensor([geye(2), geye(2), geye(N+1l), destroy (N+1)])

# atomic operators in full hilbert space C1-Al1-C2-A2
e=basis(2,0)

g=basis(2,1)

fl=basis (N+1,0)

#f2=basis (N+1,1)

eg00=tensor (e, g, £f1,fl)

ge00=tensor(g,e, f1, fl)

ele = tensor([exdag(e), geye(2), geye (N+1l), geye (N+1
e2e = tensor([geye(2), exdag(e), geye(N+1l), geye (N+1
glg = tensor([gxdag(g), geye(2), geye(N+1l), geye (N+1
g2g = tensor ([geye(2), gxdag(g), geye(N+1l), geye (N+1

[ ( (
[ ( (
[ ( (
[ ’ ( (
spl = tensor([sigmap (), geye(2), qeye(N+l), geye (N+1
[ ) ( (
[ ( (
[ ( (
[ ( (
[ ( (

sml = tensor([sigmam(), geye(2), geye(N+1l), geye (N+1l
sp2 = tensor([geye(2), sigmap(), geye (N+1l), geye (N+1
sm2 = tensor([geye(2), sigmam(), geye (N+1l), geye (N+1
szl = tensor([sigmaz (), geye(2), geye(N+1l), geye (N+1
sz2 = tensor([geye(2), sigmaz (), geye (N+1l), geye (N+1
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# Define the Hamiltonian terms

H1 = omega_atom * (ele + e2e)

H2 = omega_field % (al.dag()+*al + a2.dag()*a2)

H3 G x (al % spl + al.dag() = sml) + G % (a2 * sp2 + a2.dag() * sm2)
H4 = J x (al.dag() x a2 + al % az2.dag())

H = Hl1 + H2 + H3 + H4

psi0 = tensor([e, g, f1, £f11])

#Set the time interval for the evolution of the system
Gkap=abs (G**2/ ( (detuning + J)* (detuning - J)))

T=pi/ (Gkap*J)

tlist = linspace(0,T/4,500)

#Calculate the density matrix for the ideal case
ideal=(eg00-ge00) /sqgrt (2)

#psi_ideal_list = ideal.states
#psi_ideal=psi_ideal_list[-1]

rho_ideal = ket2dm(ideal)

#nl_ideal= expect (sml.dag() #* sml,ideal.states)
#n2_ideal= expect (sm2.dag() » sm2,ideal.states)
#pfl_ideal = expect (al.dag() * al, ideal.states)
#pf2_ideal = expect (a2.dag() * a2, ideal.states)

#Use the rho_compute function to calculate the density operators at t=T
rho_list=rho_compute (H,psi0,tlist, kappa_max, kappalist,al, a2, rho_ideal)
flist=[]
for i in range (0,10):

flist.append(fidelity (rho_ideal,rho_list([i])
output_data = vstack ((kappalist/G, flist))
file_data_store(’large_hopping.dat’, output_data.T, numtype="real")

plot (kappalist, flist)
show ()



Appendix B. Theoretical tools for
cavity QED

1 Review of the harmonic oscillator

In the following pages we review the basic notions of quantum harmonic oscillator
and build on it according to [3],[4], [5]. presenting the main techniques used
throughout the text and refer to quantum harmonic oscillator.

In classical mechanics, a particle of mass m moving in the potential V' (z) =
kx2 oscillates at a frequency w = \/g where r is the force constant. The
Hamiltonian for this one-dimensional harmonic oscillator consists of two discrete
terms referring to kinetic and potential energy, therefore we can write

2 2
o mw- 4

Lz T 1
om T 3 (1)
where the x-directed particle momentum p, is defined by the relation mfl—f.

In quantum mechanics, the classical momentum is replaced by the operator

H=T+V =

Do = —iha%, therefore the Hamiltonian becomes
) 2
~ mw* .
o=t T 2)
2m 2

From a pure algebraic point of view one may observe that in this equation
we have the two operators appearing as simple squares, which suggests that we
may factor the equation so that it is linear in terms of p, and z. With this in
mind, we define two new operators:
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The set of equations [3| and [4] describes the so-called creation and annihilation
operators of the harmonic oscillator. The inverse set of relations expressing the
position ¥ and momentum p, operators in terms of the creation and annihilation
operators can be expressed as

7= % (a+a) )
B = % (a-a) ©)
@)

The Hamiltonian described by Equation [2| expressed using the creation and
annihilation operators is
~ hw /.. PN
H = o> (aaT + aTa> (8)

and it is straight-forward to show that the commutation relation between the

1.

creation and annihilation operators is [a, a } = 1. where we use the commutation

relation [p,, Z] = —ih. Using this commutation relation we are capable of rewriting
the equation [8 as

A" (e vala) =" (aa —aa +2a'a) = " (14 23a) @
It is important at this point to write explicitly how the creation and anihilation
operators can be used in terms of matrices, since this is a very important
procedure when one needs to perform numerical simulations using programming
languages.
First of all we need to specify that the eigenstates 1, = |n) of the harmonic
oscillator are orthonormal, which is expressed by the relation

(n'[n) = 0w (10)
In this notation (n/|@'|n) is a matrix element. One may show that these matrix el-

ements are non-zero when they involve adjacent states of the harmonic oscillator,
so that

('[a'|n) = vn + 10p—ps1 (11)
(n[aln) = V/ndp=n— (12)
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If we write all the matrix elements for the different states of the harmonic oscillator
with N states, we obtain a matrix of the form

0v1 0 0 0
0 0 v2 0 0
a=| 0 0 0o - (13)
00 N —1
0 0 0 0 0
0 0 0 0 0
Vi 0 0 0 0
a=| * V2 o0 (14)

As it was expected, the matrix representations of creation and annihilation
operators are transpose, which actually allows us to define only one of those
matrices in our numerical applications. For example if we would like to define
the annihilation matrix in Mathematica we can use the command:

Destroy[n_|:=SparseArray[{Band[{1,2}] — Sqgrt[Range[n—1]]},{n,n}]

In fact, this way of defining matrices with lots of zeros in Mathematica, is the
most effective in terms of computational resources as suggested in [115].

Returning to the commutator algebra of the harmonic oscillator, we should
point out the need to define one more operator that appears in the whole spectrum
of the problems that are dealt in this context. Of course, we refer to the number
operator, which is defined by the relation

~

N =d'a (15)

For the number operator, we can easily show the commutation relations for a
=t
and a

[N,a] ——d (16)
[ﬁ,a*] — 4 (17)

The problem of the harmonic oscillator has only one obvious limitation. This
limitation concerns the fact that there is one ground state of energy with a
wavefunction that describes it. We will describe the procedure of calculating this
ground state energy and the corresponding wave-function, in order to explain
what exactly the creation and annihilation operators help us with.
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To derive the ground state wave-function and energy of the one-dimensional
quantum harmonic oscillator, we should start using the Scrédinger equation:

Hip, = hw (a*& + %) Uy, = Epthy (18)

Myltiplying from the left by a we obtain

a
fiw <de + 5) Uy = Epah, (19)
and taking under consideration the commutation relation
[af,a] =1« aa' =ala+1 (20)

we obtain the equation
he ((1 +aat)a + g) b = Enithy, 21)

Factoring out the term ai),, on the left-hand side of the previous equation we
find that

o (14 aa) + 3 ) G@vn) = B, (@) 22

The term hwa, can be subtracted from both sides, allowing us to write the
equations:

1
hw (a*a + 5) (an)y) = (B, — hw) (aaby,) (23)
o (&*a " %) Yt = Enrtbos 24)

This last equation shows that v,,_; = a1, is a new eigenfunction with energy
eigenvalue (FE,, —hw). In a similar way it may be proved that the operator a' acting
on eigenfunction 1, creates a new eigenfunction 1,1 with eigenenergy (E,, + hw).
In bibliography it is quite common to refer to creation and annihilation operators
as '"raising" and "lowering" operators, since as it is obvious the harmonic oscillator
eigenfunctions and eigenenergies could be visualised by a ladder in which those
operators decide whether we should move higher or lower gaining the respective
eigenfunctions and eigenenergies.

It must be clear up to this point that the lowering (annihilation) operator, a
can only be used to reduce the energy eigenvalue of any eigenstate. We assume
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the existence of a "ground state" in which we have the lower possible energy. This
obliges as to state that the lowering operator acting on this state gives

by = 0 (25)

At this point we know everything we need to calculate the wave-function for
the ground state. Since

A L A T W LT A ©26)
“= 2h v mw) 2h o mw 0T

our definition of a1y, = 0 requires

mw [ h O
\/%(“Ma—x) Yo =0 7

The solution for the wave function is of Gaussian form

_ 2 mw

o = Ape” 2 (28)

where the normalization constant A is found by the normalization require-
ment (1|psio) = 1 to be
L mw

Ay = ~h (29)

In order to calculate the eigenenergy for the ground state wave function
the only thing that remains to be done is inserting the equation into the
Schrodinger equation (18| for the 1-D harmonic oscillator. Schrodinger equation
reads:

h? d? mw? —h? [ 2mw mw 2 mw?
(‘%@* 2 xz>%:(% (T*W(ﬁ))* 2 xz)% (30)

(hw mw? ,  mw

2 5 T

so that the value of the ground state energy, L is

2
9172) o = Egty (31)

Ey = > (32)

The non-ground states of the harmonic oscillator are called excited states.

Starting from the ground state, we can construct the excited states by acting on

the the ground state the creation operator. For the first excited state we multiply
the ground state of the harmonic oscillator by a' in the Scrodinger equation:
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1 ~

(AITFMJJ (dT& + 5) ¢n = dTEnwn = ATHwn (33)
/\"‘ R

hw (&Tde + %) UVp = En&Ti/Jn = ATqubn (34)

With the use of the commutation relation [d, &T} = 1, and some algebra we
show that:

Al Al
hw (d* (aa’ —1) + a—) Yn = (hw (ataa’ —a') + %) Uy = Epaly,  (35)
Al
hw ((aa* —1)a'+ “—) Uy, = (hw (ala—1) + %) 'y, = E,aly, (36)
hw (a*a + %) (a',) = (B + hw) (a'e,) (87)

It is clear now that the eigenenergy of the n-th state of the 1-D harmonic oscillator
is given by the equation

E, = hw (n + %) (38)

where it is obvious that we have used the number operator in order to obtain
the eigenvalues of the term a'a = N and therefore the eigenenergy of the n-th
level. So far we have showed that the operators ¢ and a9 act upon the state
¥n,in such a way that:

aPn = Ant1¥nt1 (39)
dTwn = Anflwnfl (40)
The normalization constants are calculated by using the statements that (n|n) =

(n—1|n—1) =1and [a,a%™9] = 1. Since the state ay,, = |n + 1) is also required
to be normalized, we may write:

| A (@' njatn) =1 (41)

Equation may be written as:
Ava[ala’) = [ Aua Pl (@7 + 1) n) = [AyPn+ D) =1 (42)
Therefore, since we require A, | to be a real number, the normalization gives us

the result 1

vn+1

(43)

An+1 =
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Therefore we may write that:

In+1) =

\/_|a n><—> ’aTn>:\/n—|—1|n+1> (44)

In the same way we can prove that

jan) = Viiln) (45)

It is quite useful to derive an expression such that we may obtain the n-th state
|n) using the ground state |0):

In) = %m (46)

and

~t n+1 \/—1 n+1
sty = @) Ve I@)t
a'ln) = 0) = = n+1)n 47)
) = 5100 = e l0) = Vi

Regarding the form of the wave functions of the n-th level of the harmonic
oscillator, we will follow a similar treatment, acting the creation operator a on
the 1)y wave-function of the ground state that was obtained in[28| In order to
simplify the notation, we will introduce a new spatial variable,

With the use of this new spatial variable we can rewrite the expression for the
creation operator in terms of ¢ as:

[\/W \/7837] V2 _6%) 49

so, the expression of equation 28 becomes:

2

Yo(€) = Age™ 7 (50)

where the normalization constant now has become:

Ap= ¢ (l) (61)
™

Starting from the ground state and using the equation to ensure that our
result is normalized, we obtain a sequence of wave-functions:

o (52)
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U1 = aly (53)
o = =ty = — (') o (54)
2 V2
1 1 2 1 . ..3
V3 = EGT% NG (a") " = E(QT) Yo (55)
1 ,.n
Yp = ﬁ(éﬂ) () (56)

Now, using the expression of the ground state wave function using the spatial
variable ¢ [50, we will write the explicit expression of the first five states of the
harmonic oscillator.

o = Age” 2 (57)
1 = ato = %% ( - a%) Ape % = %%Ao@f - }25% 58)

TR P 11 0 > ¢
Py =a'thy = \/2—( ) Yo = \/—\/— (f P \/—2A0€ = 59

e
1 3 1 1 o\ 1

Py = alhy = —=(a') "y = ——=—= ( - —> —(48% = 2)y =
e el a) o0
W = ahps = %( *)4% - \/%%1_6 (166 — 486 +12) o (61)
s =ty = ﬁ( i)y = J%\/% (3267 — 160€° +120) Yy (62)

One may easily observe the fact that the functions are alternately even and odd
functions, whereas the form of the wavefunctions can be expressed as a function
of Hermite polynomials H,,(£) so that

1
vV 2rn!

while the explicit expression for Hermite polynomials is

Vn(€) = a1 (€) = Hy (€)ho(E) (63)

H,(€) = (%e‘t“%&) = (—1) e j;e“ (64)
t=0
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If wish to write the expression for the wave function of the harmonic oscillator
in the original coordinate system, we substitute ¢ from equation in equation

50l to obtain:
1 mw  mw 2 mw
u(@) = e, () o 65
Unle) =\ ey 7R ( h x) (65)

Using Mathematica we obtain figure|1, in which we plot the first five wavefunctions

of the 1D harmonic oscillator and the potential V' = %

€5 — 160€3 + 120€) v

£ — 482 +12) ¢y

Figure 1: The ten first wave functions of the 1D harmonic oscillator and the potential

2
V= % in the dimensionless units.

2 Schrodinger picture

It is easy to prove that the mean values of an observable O do not change under
a unitary transformation U which changes the basis of the system:

O — O =U0U! (66)
whereas state vectors change as:

W) — W) = Ul)
(W = @ = Uty
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Moving to the basis of vector |psi) to the basis of |psi’), is done on the following
way: ) o )
(W|Ol) = (WUTTOUTU) = (/|0']) (68)
Usually, when we evolve a state we don'’t follow this very same process. The
time evolution of an initial state |psi(0)) in time is written as:

(1)) = e F 1 (0)) (69)

This is a direct result of the Schrédinger equation and the observables do not
change in time. This actually means, that if for the observable £ we want to
compute the mean value at time ¢, we need to calculate the quantity:

#(t) = (P(1)|2]et) (70)

This means that we take 7 as given and use the states at time ¢ and this way
of calculating the mean values of the observables is what is included in the
Schrédinger picture.

We are not able to follow the same process to the unitary transformation U (t)
that represents time evolution. If we follow the steps described in equations
we would have got the result

(t) = z(0) (71)

=>

The above equation states that the mean value of the observable does not change
in time, as if the system hasn’t evolved at all in time. We usually denote quantities
in the Schrodinger picture with the label S, eg [15(t)), meaning that this is a
state in Schrodinger picture where the states, but not the observables evolve in
time.

3 Heisenberg picture

Supposing now that there is time evolution not only in the state, but also in the
observables, though, in such a way that we get the same result as the one we
obtained in Schrédinger picture we need to make use of Heisenberg picture. Let’s
denote a state in the Heisenberg picture as |1y (t)). In order to obtain them from
a state initially described in Heisenberg picture, we transform it like:

Wi (t)) = STlvs(t)) (72)
where ) .
St = e (73)
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This expression looks similar to the time-evolution of a state in Schrédinger
picture

e
[¥s(t)) = e 7 [s(0)) (74)
Substituting in the expression for |y (t)) we obtain:

V() = STs(t) = e [Us() = e e w Us(0)) = |vs(0))  (75)
Therefore, the states in the Heisenberg picture at any time ¢ are equal to the
states in the Schrodinger picture at initial time ¢ = 0. X

Supposing now we want to transform an observable Og from the Schrodinger
picture to the same one Oy in the Heisenberg picture, we would do it using the
unitary operator ST as follows:

OH = STOSg = ei%ése*i% (76)
In this way, it is clear that now, even if OS doesn’t depend explicitly on time, O H

is time-dependent, thus we usually denote it as Og(?).
In order to study the time evolution of Oy (t), we calculate its time derivative:

dOH(t) _ d iHt/h A —iHt/h| _
i dt [e Ose } -
_ d iHt/h| A _—iHt/h iHt/h A d —iHt/h| _
= % |:€ i| Ose +e OS% [6 i| =
_ iﬁeim/h + emt/hés (_iﬁ) efth/h _
h h
, . (77)
1 ~ - 7 A e 1 A
_ ﬁOH(t) . eth/hOSe—th/h <_7_:LH) _
— L HOu) - Lony =L 7,04(1)] +
-7 H nH =5 [ vH
dOy(t) 1 [A ~
dt h [H’OH(t)}

An outstanding exception of operators that are the same in both Heisenberg
and Schrodinger pictures, is the Hamiltonian operator H. To make this clear, we
write: R R R R

F[H(t) _ ez‘Ht/hlﬁISe—z‘Ht/h _ eth/he—th/ﬁHS _ F[S (78)

Regarding the expectation values of the observables in those two pictures, we

may write:

(Wn ()| On ()| n (£)) = (s (t)]e TN ge~ UMy o (1)) =

. (79)
= (Ys(t)|Oslbs(t))
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The above expression shows that the expectation values of any observable, are
the same in both pictures. A useful process when dealing with time dependent
Hamiltonians, is the calculation of the time evolution of the expectation value of
an observable.

Supposing we examine the observable O and we need to calculate its expecta-
tion value, while working in the Schrédinger picture:

O(t) = (WO (1) (80)

Taking the time derivative we obtain:

20(t) = < [0 )] =

d
dt dt
(81)
_ d{@()] 5 dl(t))
Now, rewriting the time dependent Schrédinger equation as:
dy(t) i 4 _ L 82
= A1) & W] = 0|+ (82
Returning to the expression for the time derivative, [79, we may write:
d—=—— A A A
Z0() =~ (WOIHOW: (1)) — S (IO (1)) =
= S W) [#,0] @) = (83)
1T~ =
= 5[#.9)

4 Interaction Picture

Interaction picture is an "intermediate" picture, meaning that the time dependence
of the states is only partially moved on the observables.

In general, in order to move to the interaction picture, we need to split the
Hamiltonian under consideration into two parts: the free part H éo) which is the
exactly solvable part of the Hamiltonian and the interacting part VS, just like
when dealing with a perturbation theory problem. Therefore, the Hamiltonian
may be broken like:

Hy=HY + Vg (84)

Next, we introduce the following unitary operator:

~ . 74 (0)
Sh = st/ (85)
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By acting with this operators, we define the interaction picture and we will
use "I" as a label, following the rules:

A . ~(0)
[61(8) = SJlos () = e s (t)) 86)
O1(t) = 5050 = 18110 5= /1 &7)

Starting from the definition of ¥;(¢) and taking the time derivative, will lead
us to an expression for its time evolution:

d | ),y d
Z () = ZHPs(t) + T [ (1)) =

T - () - ~ v O ~
= SHO (1) = T B + V| [0s(8)) = =3¢t hVsls(6)) =

_ _%ez‘HéO)t/hVSefz‘HéO)t/hez‘HgO)t/h|ws(t)> o

d 7~
Dln(t) = VDl (0) ¢
i () = Vi(0) (1)
(88)

The last expression is analogous to the Schrédinger equation, but in the
interaction picture, which allows us as we ve seen throughout the text to tackle
with time-dependent perturbation problems.

Regarding the time evolution of an operator in the interaction picture, we
start from:

A O A O
O[(t) _ ezHSO t/hOSe—zHSO t/h (89)
Taking the time derivative of both sides, we get
d 4 1 A 7 (0), p A (0, A
%O[(t) _ ﬁHéO)€ZHS t/ﬁOSG—ZHS t/hHg)) —
T~ (0) A T A o~
- HY0, - ﬁOIHgO) (90)
O
=5 01
In the interaction picture, H éo) becomes:
H}O) _ 6iH§°>t/hHé0)e—iﬁg°)t/n _ ﬁéO)emg%/ne_mgon/n _ ﬁéo) 91)

Therefore H }0) is the same as H éo) and substitution in yields:
d - T [ ~0) A
~0 :—[H”,O] 92
P LY I (92)
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Summarizing we should point out that in the interaction picture the evolution
of the states is controlled by V', while the evolution of the observables is ruled by

~

HO,

5 Dissipative processes in cavity QED

So far, we have analytically treated all of the systems under consideration making
a silent but quite important hypothesis; that the cavity is perfectly isolated from
the environment x = (, there are no thermal states in the cavity n:h2 = 0 and
that there is no spontaneous emission inside the cavity (y = 0).

Those limits of course are helpful in order to derive the physical processes
that take place in such system, though Nature has laws that would never allow
one to achieve these ideal values in an experiment.

Theoretical work on dissipative processes is formidably described in [27], [28]
and [14]. It is not the purpose of the current thesis to extensively describe the
derivation of the methods discussed in these works, instead we will use their
results to briefly discuss the important role of environment interaction in our
model.

The main reason for the foundation of this relatively new field described by the
title "Open Quantum Systems” is the fact that when taking under consideration a
system interacting with its environment, the Hilbert space that includes all the
necessary information for the description of the model becomes so large, that
analytical description of the differential equations involved is feasible for a very
small subset of realistic situations, for example the Resonant Fluorescence [14].
Moreover, the description of the phenomena taking place cannot be expressed
in terms of wavefunctions (which essentially describe pure states); instead, the
density matrix evolution is what will allow us to keep track of the degradation of
the open system. The reason is that, in contrast to what we have discussed so far,
the evolution of the system is ruled by non-unitary (non-reversible) operations,
which block us from using analytical methods.

The benefits of developing this sort of formalism are quite clear if we con-
sider the fact that contemporary computational systems allow us to perform
simulations making use of this formalism, which introduces the notion of Super-
operators (operators that act on operators) and collapse operators that describe
the dissipative influence of a closed system coupled to its environment.

In what follows, we will give a "compressed" description of the Master Equation
Approach and the Quantum Trajectory method and include the numerical results
derived using the Python open-source package QuTip [114]. In what follows, we
will discuss the main steps of the derivation of the master equation following [27]
and [28] and personal notes from the series of lectures Prof. Carmichael gave in
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Singapore School of Physics on June 2012.

Lindblad Master Equation Approach

The density matrix of a system that contains all the necessary information
regarding the statistical distribution of the system (either pure state, or mixed
state) is defined by the relation:

p= an|1/’n><1/’n| (93)

where p,, is the classical probability that the system is in the quantum state
|psiy,). The standard approach for obtaining the equations of motion of a system
S interacting with a heat reservoir (which is essentially the environment) R, is
to extend the notion of the "System”, so that it includes the closed system, the
reservoir and their interaction. This combined quantum system can be then
considered closed and its time evolution is then described by the equation:

) l

p=—=1[H,p (94)

h

where now the Hamiltonian /, contains the information for the initial closed
system (the cavity), the heat reservoir (the environment) and their interaction,
assuming that some of the infinite modes of the environment can be coupled to
the cavity modes with the mediation of the cavity dissipation rate . Under those
considerations, the Hamiltonian // may be written in the form:

H=Hg+ Hr+ Hgsp (95)

The terms Hg and Hp are the Hamiltonians of the system and the reservoir
respectively, and Hgp carries the interaction between them. If the density matrix
p(t) describes the evolution of both the closed system and the reservoir in the
Hilbert space (S & R), we can obtain the reduced density matrix of the system
ps(t) by calculating the partial trace of the total system density matrix, over the
reservoir states:

ps(t) = Trrp(t) (96)

If we transform the Schrodinger equation into the interaction picture in order to
damp the fast oscillating terms, the modified density matrix becomes:

ﬁ(t) — ei/ﬁ)(Hs-‘rHR)tp(t)e—i/ﬁ)(Hs-‘rHR)t (97)

In general, the interaction between the system and the reservoir is described by
a time-dependent Hamiltonian Hgg(t), which is given by the relation:

ﬁSR(t> — ei/h)(HS+HR)tHSR€7i/h)(HS+HR)t (98)
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Therefore, we can write the Schrédinger equation as:

< (e .

p(t) = == [Asa(T), p(0)] 99)
Integration of this equation will provide us with an integral-differential equation,
which can be iterated repeatedly, giving each time higher order approximations.

?

0= 50) 5 [ [Asnt). 0] ot (100

Substituting this expression of j(t) in order to iterate once this equation, we
obtain:

o) = 1 [Asa).00)] ~ 5 [ [Bsnt®). [t 0]t aon

This expression can provide us with a full expression that describes the system
if it is iterated many times, since there is no approximation made. However, we
can make certain approximations in order to simplify it. First of all, we must
assume that at t = 0 (when the interaction is turned on), there is no correlation
between the system and the reservoir. Therefore, the combined density matrix
may be written as

p(0) = ps(0)Ro (102)

where R, is the initial reservoir density operator. Tracing over the reservoir leads
us to:

. ? = ~
tra (3(6)) = — e ([Hsn(®), 50)] ) -
1 t B _ (103)
— 33 | UTR ([HSR(t)a [HSR(t/)7 ﬁ(t/)H)dt/
0
Setting the initial conditions so that we may discard the first term of this
expression, we have:
: 1 [ N N
ps(t) = ~3 | trm <[HSR(t), [HSR(t’),ﬁ(t’)”>dt’ (104)
0

Our first approximation regarding the problem, has been the fact that the
system and the reservoir (ie. the cavity and its environment) are uncorrelated
(not entangled) initially. In general, as time passes by they will start having
entanglement, though in most cases, this correlation between the system and
the reservoir, is very weak and the combined density matrix can be written as:

p(t) = pg(t)Ro + (@) (HSR) (105)
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Now it is time to state the first "important" approximation in our problem,
which is referred to as Born approximation. The reservoir can be considered
much larger than the system, so that changes in system will not affect the
reservoir, thus the reservoir will stay in the same, initial condition. The second
assumption of Born approximation requires that the system and the environment
remain separable throughout the evolution which is justified by the "weak-
interaction" assumption. In summary, Born approximation declares that:

p(t) = p(t) ® pr (106)

The next important approximation is referred to as Markov approximation and
it assumes that the time-scale of the decay for the environment (let’s say 7r)
is much shorter than the smallest time-scale of the system dynamics, which
summarizes in:

Tg > TR (107)

Markov-approximation may seem crude with a first glance. Though, it states an
important fact: Despite the fact that the past history of the system is imprinted in
the reservoir through the coupling, thus affecting future states of the system again,
if we consider it very large, the changes in the reservoir caused by the system do
not survive for very long, which deprives the reservoir from having “"memory”. To
understand how Markov approximation affects the treatment of our analysis, we
will denote the interaction Hamiltonian as:

HSR = hZSZRZ (108)

where s; and R; are the operators in the Hilbert space of the system and the
reservoir respectively. Moving to the interaction picture and performing Born
approximation yields:

t
ity =->" / Trg ([gi(t)Ri(t), [Ej(t’)Rj(t’),ﬁg(t’)ROH>dt’ (109)
ig V0
Hence, this equation can be written as:
. t ~ ~ ~ ~
ps(t) = — Z/ <A<Ri(t)Rj(t/)>R + B<Rj(t/)Ri(t)>R> dt’ (110)
ij V0
where A and B are given by the relations:

(111)
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The effect of the environment is evident in the terms:

(112)
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