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ABSTRACT

This paper provides sufficient conditions for the Input-to-
State Stability property of simple uncertain vehicular-traffic
network models under the effect of a Pl-regulator. Local
stability properties for vehicular-traffic networks under the
effect of PI-regulator control are studied as well: the region
of attraction of a locally exponentially stable equilibrium
point is estimated by means of Lyapunov functions.
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1. INTRODUCTION

There are a number of relatively simple controlled processes
within vehicular-traffic networks or water networks, which
share the following characteristics:

. The kernel of the process is some sort of
“reservoir” (e.g. an urban road network, a freeway stretch, a
water reservoir or basin) which accumulates inflows and
outflows; the reservoir features a limited storage capacity.

° There is a controllable but constrained inflow; the
inflow may be released at some distance from the reservoir,
in which case it reaches the reservoir with a corresponding
time-delay.

. There may be additional uncontrollable inflows.

o The outflow depends on the reservoir storage in a
nonlinear way; there may be some modeling uncertainty in
the related function.

. The control goal is to operate the system near a
pre-specified storage level.

Examples of such controlled processes include local
freeway ramp metering [12], gating control of urban
network parts [8], merging traffic control [13], variable
speed limit control on freeways [3], water level and water
flow control [10,11]. In some cases, these elementary
systems may be interconnected to form bigger composite

systems, as, e.g., in the cases of multiple urban network
parts [1] or irrigation networks [2].

The mentioned characteristics indicate that these
elementary processes may be modeled as discrete-time time-
delayed constrained nonlinear first-order systems. A PI-type
regulator is usually employed for system control in practice;
whereby the regulator parameters are selected after model
linearization around the desired set-value, using classical
linear sample-data concepts. It should be noted that, in the
case of traffic systems, the nonlinear function connecting
the outflow with the reservoir storage is typically a concave
uni-modal function featuring a maximum, which usually
corresponds to the desired operation state. Although these
systems are usually operating reasonably well in practice, it
is interesting to have a second look at them from a nonlinear
analysis point of view. Specifically, we are interested in
deriving local and global stability results for the PI-
controlled nonlinear models, which is the main scope of this
paper. Eventually, we are interested in deriving nonlinear
stabilizers and, finally, in considering control of bigger
composite systems.

Consider the following 1-dimensional discrete-time
control system, which is representative for all examples of
elementary practical systems mentioned earlier:

x* :x—f(d,x)+min(u+v,a—x)

x€[0,a],u €[byiy>bmax1-d €D, ve R,
where D <R is a compact set, a >0, 0<h
constants and f eCO(Dx[O,a];‘R) satisfies

0< f(d,x)<x forall (d,x)e Dx[0,a]. (2)

System (1) describes the time evolution of a traffic (or
water) system, where x €[0,a] is the current number of

(M

max

<bp. are

min

vehicles (storage) in the network, f(d,x) is the (uncertain)
outflow function, a >0 is the capacity of the network and
ve R, is the input that reflects the uncontrollable inflow.
System (1) under assumption (2) is a well-defined control
which x" €[0,a] for all

system satisfies



(x,u,d,v) €[0,a]x[b IxDxR, .
the control problem, we assume that:
(H1) There exists (x",u",v") € (0,a)% (Byin>Prax)

such that f(d,x")=u"+v" <a-x" forall deD .

min > Pmax In order to state

xR

+

In other words, x"e(0,4) is an equilibrium point for

system (1) with v=v" and u=u". The PI regulator is the
dynamic feedback law given by the equation:

w(e) =mar{p, i, mily 1t = 1)~ (3(0) 3¢~ 1) ey (x(0) ")
(3)

where k,k, are constants. The closed-loop system (1) with
(3) is described by the 3-dimensional discrete-time system:

x* =x—f(d,x)+min(u+v,a—x)

yi=x , w=u “4)
u= max(bmn , min(w— ky(x—y)-k, (x -x" ), Dinax ))
with state space S =[0,a]* xR (i.e.,

(x,y,w) €[0,a]x[0,a]xR ) and inputs (v,d) e R, xD . The

point (x*,x*,u*) e (0,a)*x(b ) is an equilibrium

min » max
point of system (4). In this work, we answer the following
questions concerning the PI regulator:

1) What are the conditions that guarantee the (global)
Input-to-State Stability (ISS) property with respect to the
external input v uniformly in d € D for system (4)?

2) What are the conditions that guarantee local

exponential stability for (x*,x*,u*) e (0,a)* x(b

min ’ max )

in the disturbance-free case, i.e., when f(d,x) is

independent of d € D and v=v"?
3) What is the region of attraction when the
equilibrium  point  (x*,x*,u*) € (0,a)* X (b -bax) 1S
locally exponentially stable in the disturbance-free case?

As expected, the answers to the above questions are
related. The notion of ISS for discrete-time systems was

studied in [5] and this notion is adopted here, although the
system that we study (namely system (4)) evolves in a

restricted state space (in S =[0,a]* xR ) and not in R> (all
the results in [5] are for discrete-time systems evolving in
R"). When the ISS property is applied to system (4) with

v=v", then it becomes identical to the notion of the Robust
Global Asymptotic Stability (see [6]).

All proofs are omitted due to space limitation. The proofs
can be found in [7].

Notation. R, =[0,4+). By C %(4;Q), we denote the
class of continuous functions on 4 < R”, which take values
in QcR". By C*(4;Q), where k=1 is an integer, we
denote the class of functions on 4 < R” with continuous

derivatives of order &, which take values in Q < R”™ .

2. LOCAL RESULTS

This section is devoted to the analysis of local exponential
stability for the disturbance-free version of the closed-loop
system (1) with (3). The local stability analysis of the
disturbance-free version of the closed-loop system (1) with
(3) is equivalent to the stability analysis of the system:

x" =x—f(x)+min(w+v",a—x)

wh = P(w+ of (x)—omin(w+v",a—x) —kz(x—x*)) )

(x,w) €[0,a]xR
where f e Cl([O,a];‘R) satisfies (H1), o =k, +k, and

P(x)= max( bin » min( X,b 0 )), forall xeR. (6)
Indeed, it should be noticed that the solution
(x(2), y(¢),w(t)) of (4) satisfies equations (5) for ¢ >1, since
the following equations hold for # >1:
Wt +1) = y(@)— f((0) +min(w(t) +v", a— y(1))
w(t+1) = Fn(t) + o () —ominga(t) +",a— 10—k, (1(0) —x"))

The equilibrium point (x*, u*) of (5) is in the interior of

(x,w)e[0,alxR:w+x<a—v",
mm—(1 O-)W+Of(x) O-V kz(x x)<bmax

(recall (H1); notice that the right hand side of (5) is
continuously differentiable on the interior of the previously

mentioned region), and therefore it follows that (x*,u*) is
locally exponentially stable iff all roots of the equation

P =Q2= ()=o) + (1= f'(x) =0 +k) =0 (7)
are strictly inside the unit ball (see Chapter 5 in [14],
Chapter 4 in [9] and the necessary extensions to the case of

local exponential stability). In other words, one of the
following conditions is equivalent to local exponential

stability of the equilibrium point (x*,u") of (5):
Q-f'(x")-0) <4(-f'(x")—o+ky) < 4
‘2 ) - o" <2 and

(complex

roots) or

‘2—f 1(3‘*)—(# —1<1-f'(x")—o+k, Sw (real roots).

In order to give an estimation of the region of attraction
of the equilibrium point (x*,u") of (5), we need to perform
a Lyapunov analysis. The following function

V(x,w):= ‘x—x*‘+M‘w+v* —f)+(1-g)x—x"),
for all (x,w)e[0,a]xR ®)
where M >1 and ge®R with | g| <1 are constants to be

determined, was selected to be a candidate Lyapunov
function for (5). An estimate of the region of attraction

Ac[0,a]xR of (x*,u") is the sublevel set
=W el0,alxRV (x,w)<plcd (9



where p >0
V(x",w") <V (x,w) holds for all (x,w)eQ, (see Chapter

4 in [9] and [4]). Proposition 2.1 gives an estimate of the
region of attraction for certain values of &, %, .

is a constant, for which the inequality

Proposition 2.1: Suppose that the equilibrium point

(x*,u”) of (5) is locally exponentially stable. Moreover,
o+/'(x")
2

suppose that ‘kz —qz ‘ <q1—d —1)2, where q= €(0,2)

and o=k +k,. Let n>0 be a constant for which

maxﬂf’ * :xe[O,a],‘x—x*‘Sn}: and  such
that <L, for all xe€[0,a] with ‘x—x*‘<f7,
where L= (Il_q| _1)2 _‘kz _ ‘ . Define
Jal +1=Jt -]
p=min(7,G,,G,) (10)
O e M_M nd
1+L+‘q—_ f’(x*j 411~ ‘kz — \
G mir(bmax—u*,u* i .Consider
1-2g+/x") :
af Ll (120 q DS )

the solution (x(¢),w(?)) €[0,a]xR of (5) with initial
(x(0),w(0)) e Q2. Then

lim (x(£), w(t)) = (x*,u").

Proposition 2.1 provides a conservative estimation of the
region of attraction for only a subset of all pairs of values of
ky,k,, for which (x*,u")
exponentially stable. In order to obtain a less conservative
estimation of the region of attraction, we can also use the
following Proposition 2.2, which delivers a different region
of attraction. Thus the overall estimation of the region of
attraction corresponds to the union of the regions of
attraction resulting from each proposition.

Proposition 2.2: Suppose that the equilibrium point

condition

the parameters is locally

(x*,u*) of (5) is locally exponentially stable. Moreover,
1|1k

by +1=[1=ky|

constant  for which

<77}:—1_|1_k2| and
Tk +1-[l-ky|

suppose that 0<k, <2 and ‘f’(x*)—1+k1‘<
Let n>0 be a

max{|f’(x)—1+k1|:x e[O,a],|x—x*

—|1 k2|

such that |f'(x)- 1+kl|< , for all x<[0,d]

with ‘x—x*‘<77. Define p by means of (10), where

I T
a—v —u —Xx

G= and

mlf{ max — mln)
ky|1—of 1- |1 2| ~ ~
m{k2+1 1=k ke +1[1=c) H{-o)k )
Consider the solution (x(¢),w(t)) €[0,a]xR of (5) with
(x(0),w(0)) €2, Then

G, =

initial condition

lim (x(2),w(1)) = (x*,u").

3. GLOBAL RESULTS

This section is devoted to the study of the (global) Input-to-
State Stability (ISS) of system (4) with respect to the input
ve R, (uncontrollable inflow). More specifically, we study

system (4) under the assumption

x +v +b, . <a (11
We also assume that the uncertain function f(d,x) satisfies
the following assumption:

(H2) There exist constants r< limm—_*u with
a—v =X —bya
O<hki+ky+r<2, A €[0D), ye0l1-4) (i=12),

(L,q,M) e[0,1)x(0,1]x (1,4+0), such that:
(fd.0+x" —a)p-m")<
T =k x—x*)+u*
kLM (x_x*)+ Ab i+
,B+M‘1
Sf(d,x)+x*—a <0
for all (d,x) e Dx[a—v" —b,,,al (12)
P(u* +r(x—x*))—f(d,x)+v*
X—X
l0- PP +r—x )+ d) - (k)2
<A(-x)
forall (d,x)e Dx(x",a-v"=b,; ] (13)
Pl +r(x—x))- f(d.x)+v*
X—X

(1= AP )+ (0~ B (k)

< yzq‘x —x*‘

and
Diyin —(1=2)b

—(1+/1)max( min,a—v* —x)
p+M

max

—Aq <1+

</ and

A 21+

>-A,q and

V(d,x) e Dx[0,x") (14)
where =k +k,+r and P:R — R is defined in (6).



Assumption (H2) is a set of sector-like conditions for the
uncertain function f(d,x). The following result provides

sufficient conditions for the ISS property with respect to the
input v uniformly in d € D for the closed-loop system (4).
Notice that the gain of the input ve R, is linear and is
explicitly given. Moreover, for v=v" we have exponential
convergence with rate which is explicitly estimated.
Theorem 3.1: Let a>0, 0<b,;, <b,.x be constants and
let fe C’ (Dx[O,a];‘J{) be a function satisfying (2) for
which assumptions (HI), (H2) and inequality (11) hold.
Consider system (4) and suppose that

1+mi =4 1-4 <mi =4 , ! pemi =4 (15)
=2y =2y 1—‘1—@ =2

where [ =k +k,+r. Then the following estimate holds
for the solution of (4) corresponding to arbitrary inputs
{d())e D}, and {v(i)e R}, forall t>1:

max(q(x* —x()),x(t)—x" ) <
X M(1+|r|+|k1|+|k2|)Qx(O)—x*‘+‘y(0)—x*‘+‘w(0)—u*

min

)

% q ) *)
+_ J—
[ max o v

where A= max(M Ty |1 —ﬁ|,L,;rE?§(/1i +My; )) and

y =1+ Mk, + ko + M|r|.
Remark 3.2: Theorem 3.1 guarantees the ISS property for
system (4) with respect to the input v e R, uniformly in

d e D. However, since we are most interested in the
component x of the solution of (4), we have provided only
an estimate for x . Similar Sontag-like estimates hold for all
components of the solution of (4).

Remark 3.3: Saturation of traffic systems is a very
important phenomenon, which must be avoided. It is
reasonable to adopt the following definition for the
saturation phenomenon of the traffic system (1) under the
effect of the PI-regulator (3):

“The traffic network becomes
{d@).v(@) e DxR 32, and
(x(O),y(O),w(O))e[O,a]2><‘.R if for every N >1 there
exists > N such that the corresponding solution of (4)
satisfies x(¢)=a.”

saturated for inputs

initial condition

Theorem 3.1 guarantees that:

“for every pair of inputs {d(i) e D}, {v(i) e R}, with
* 1 -

suva(i) -V ‘)<

i>0

(x(0), (0),w(0))e[0,a]* xR, the traffic network cannot

become saturated, provided that the assumptions of
Theorem 3.1 hold.”

A I .
a and for every initial condition
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