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EuqaristÐec

Jermèc euqaristÐec ofeÐlw ston Kajhght  k. Iw�nnh Sarid�kh gia thn polÔpleurh sumbol 
tou sthn ekpìnhsh thc paroÔsac metaptuqiak c diatrib c. Me thn ploÔsia empeirÐa tou, thn
kajod ghsh tou kai to dhmiourgikì tou sqoliasmì, sunèballe ousiastik� sto sqediasmì, thn
an�lush kai axiolìghsh twn apotelesm�twn thc melèthc.

EuqaristÐec epÐshc ofeÐlw:

Stouc Kajhghtèc tou GenikoÔ Tm matoc Anaplhr¸tria Kajhg tria k. PapadopoÔlou
'Elena kai ton EpÐkouro Kajhght  k. 'Ellhna Dhmosjènh, gia th summetoq  touc sthn trimel 
epitrop  kai tic upodeÐxeic touc kat� thn ekpìnhsh thc diatrib c.

Stouc kajhghtèc tou GenikoÔ Tm matoc tou tomèa Majhmatik¸n ,to proswpikì thc pru-
taneÐac kai tou ErgasthrÐou Efarmosmènwn Majhmatik¸n kai Hlektronik¸n Upologist¸n
tou PoluteqneÐou Kr thc, kaj¸c kai stouc metaptuqiakoÔc foithtèc tou tm matoc gia th
sunergasÐa kai sumpar�stash touc.

Tèloc ja  jela na euqarist sw to sÔzugo mou kai touc goneÐc mou gia thn katanìhsh kai
upost rixh touc.
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Kef�laio 1

Basikèc Epanalhptikèc Mèjodoi gia
thn epÐlush susthm�twn Ax = b

1.1 Eisagwg 

Oi klassikèc epanalhptikèc mejìdoi gia thn epÐlush enìc grammikoÔ sust matoc alge-
brik¸n exis¸sewnAx = b eÐnai mèjodoi pou xekinoÔn apì mia arqik  ektÐmhshx(0) kai par�goun
me thn bo jeia enìc epanalhptikoÔ algorÐjmou mia beltiwmènh prosèggishx(k+1) sth lÔsh x,
apì thn prohgoÔmenh prosèggish x(k), mia diadikasÐa h opoÐa termatÐzetai kat� boÔlhsh. P�-
nw se aut  th logik  èqoun protajeÐ kat� kairoÔc, xekin¸ntac apì ta tèlh tou19ou ai¸na,
di�forec mèjodoi oi opoÐec an koun sthn kathgorÐa twn legìmenwn èmmeswn   epanalh-
ptik¸n. Mia kathgorÐa tètoiwn mejìdwn mporeÐ na paraqjeÐdiasp¸ntac ton pÐnaka A tou
grammikoÔ sust matoc.
Pio sugkekrimèna, èstw

Ax = b, A ∈ Cn,n, b ∈ Cn (1.1)

to proc epÐlush sÔsthma, migadikì genik�, me A omalì   antistrèyimo pÐnaka dhlad det(A) 6=
0. JewroÔme mia di�spash tou pÐnaka A:

A=M-N (1.2)

me periorismoÔc:

a)O pÐnakac M pou onom�zetai (pror)rujmist c na eÐnai antistrèyimoc (dhlad  up�rqei o
M−1), kai

b)'Ena grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwn M na lÔnetai me polÔ ligìterec
pr�xeic apì to arqikì sÔsthma me pÐnaka suntelest¸n agn¸stwn tou A.
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E�n loipìn A = M −N , tìte h exÐswsh Ax = b eÐnai isodÔnamh me thn :

Mx=Nx+b (1.3)

  isodÔnama me thn

x = Tx + c ìpou T := M−1N kai c := M−1b (1.4)

Oi parap�nw exis¸seic stajeroÔ shmeÐou par�goun thn epanalhptik  diadikasÐa:

x(k+1) = Tx(k) + c, k = 0, 1, 2, . . . (1.5)

me x(0)εCn tuqaÐo. O pÐnakac T ston algìrijmo eÐnai gnwstìc wc epanalhptikìc pÐnakac
tou algorÐjmou   thc epanalhptik c mejìdou.

O parap�nw algìrijmoc par�gei mia akoloujÐa dianusm�twn{x(k)}∞k=0 h opoÐa sugklÐnei
sth lÔsh x = A−1b tou grammikoÔ sust matoc an h akoloujÐa eÐnai sugklÐnousa. Pr�gmati,
èstw ìti h akoloujÐa eÐnai sugklÐnousa kai sugklÐnei sto y. Tìte an p�roume ta ìria thc
parap�nw sqèshc gia k −→∞ èqoume:

limk−→∞x(k+1) = limk−→∞Tx(k) + limk−→∞c

= T (limk−→∞x(k)) + c

IsodÔnama:

y = Ty + c

y = M−1Ny + c

My = Ny + b

(M −N)y = b

Ay = b

y = A−1b

Opìte h lÔsh tou sust matoc eÐnai y ≡ x afoÔ det(A) 6= 0 .
To er¸thma ìmwc pou dhmiourgeÐtai eÐnaipìte h epanalhptik  mèjodoc sugklÐnei.

JEWRHMA 1.1 (SÔgklish epanalhptik c mejìdou)

AnagkaÐa kai ikan  sunj kh gia th sÔgklish thc akoloujÐac twn paragìmenwn apì ton
algìrijmo dianusm�twn sth lÔsh x = A−1b tou sust matoc Ax = b eÐnai h :

r(T)<1

ìpou ρ(T ) eÐnai h fasmatik  aktÐna tou pÐnaka T kai isoÔtai: ρ(T ) := maxi|λi| me l tic
idiotimèc tou pÐnaka T.
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Apìdeixh

Katarq n eis�goume to di�nusma−sf�lma sthn k epan�lhyh orÐzontac:

e(k) = x(k) − x (1.6)

Afair¸ntac thn (1.4) apì thn (1.5) èqoume:

x(k+1) − x = T (x(k) − x)

Me b�sh th sqèsh (1.6) h parap�nw sqèsh gÐnetai:

ek+1 = Tek, k = 0, 1, 2, . . .

me e(0)εCn opoiod pote.
'Apo apl  epagwg  brÐskoume ìti

e(k) = T ke(0), k = 0, 1, 2, . . . (1.7)

me e(0) ∈ Cn opoiod pote.

'Efìson epizhtoÔme na èqoume sÔgklish, limk−→∞x(k) = A−1b gia opoiod pote x(0)   isodÔ-
nama limk−→∞e(k) = 0 gia opoiod pote e(0), parathroÔme ìti an sth jèsh tou e(0) sthn sqèsh
(1.7) jèsoume diadoqik� ta dianÔsmata st lecej, j = 1(1)n, tou monadiaÐou pÐnaka I, paÐrnoume
wc e(k) tic antÐstoiqec st lec tou pÐnaka T k. Epeid  de jèloume na èqoume limk−→∞e(k) = 0

gia opoiod pote e(0) èpetai ìti oriak� oi st lec touT k ja teÐnoun sto mhdenikì di�nusma   ìti
limk−→∞T k = 0. Apì [32] Je¸rhma 1.10 h teleÔtaia isìthta isqÔei an kai mìno e�n ρ(T ) <

1, pou apoteleÐ thn anagkaÐa kai ikan  sunj kh gia na sugklÐnei o algìrijmoc(1.5) sth lÔsh
tou sust matoc.

−−−♦−−−

PORISMA 1.1
Mia ikan  sunj kh gia th sÔgklish tou algorÐjmou (1.5) sth lÔsh tou sust matoc eÐnai h

‖T‖ < 1

ìpou ‖.‖ mia opoiod pote fusik  nìrma.
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Apìdeixh

Lìgw thc gn¸sthc sqèshc ρ(T ) ≤ ‖T‖ kai tou parap�nw jewr matoc (1.1) h apìdeixh
eÐnai profan c.

−−−♦−−−

PORISMA 1.2

An gia k�poia fusik  norm kai gia k�poio jetikì akèraio k gia ton epanalhptikì pÐnaka
T tou algorÐjmou (1.5) isqÔei ìti ‖T k‖ < 1, tìte o algìrijmoc sugklÐnei.

Apìdeixh

Epeid  ρk(T ) = ρ(T k) ≤ ‖T k‖ < 1 èpetai ìti ρ(T ) < 1. 'Ara o algìrijmoc mac sugklÐnei.

−−−♦−−−

Ja prèpei na tonisjeÐ ìti sthn pr�xh ki efìson oi diadoqik� paragìmenoi ìroi thc akolou-
jÐac twn dianusm�twn apì ton algìrijmo (1.5) sthn perÐptwsh thc sÔgklishc teÐnoun sth
lÔsh, sto ìrio jespÐzontai k�poia krit ria stamat matoc twn epanal yewn.

To pr¸to krit rio termatismoÔ paÐzei to rìlo touapìlutou sf�lmatoc kai eÐnai to ex c:

‖x(k+1) − x(k)‖ ≤ ε

ìpou to x(k+1) mporeÐ na jewrhjeÐ h akrib c lÔsh kai to x(k) h proseggistik .
ènw to deÔtero krit rio termatismoÔ paÐzei to rìlo tousqetikoÔ sfalmatìc kai eÐnai

to ex c:

‖x(k+1) − x(k)‖
‖x(k+1)‖ ≤ ε

ORISMOS
'Estw A,BεCn,n. An gia k�poio jetikì akèraio k kai gia mia fusik norm eÐnai ‖Ak‖ < 1, tìte
h posìthta

R(Ak) = −ln(‖Ak‖ 1
k ) =

−ln‖Ak‖
k

kaleÐtai mèsh taqÔthta sÔgklishc gia k epanal yeic. An ‖Bk‖ < 1 kai R(Ak) <

R(Bk), tìte o B eÐnai epanalhptik� taqÔteroc tou A gia k epanal yeic.
O parap�nw orismìc èqei idiaÐterh shmasÐa sto ìrio, ìtan dhlad  k −→ ∞. Tìte, kai

k�tw apì tic proôpojèseic tou orismoÔ, mporeÐ na apodeiqteÐ [34] ìti

R∞(A) = −limk−→∞R(Ak) = −lnρ(A)
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To teleÔtaio sumpèrasma sthn perÐptwsh sugklinous¸n epanalhptik¸n mejìdwn ermhneÔ-
tai wc ex c :

� 'Oso mikrìterh eÐnai h fasmatik  aktÐna tou epanalhptikoÔ pÐnaka tìso taqÔte-
ra (asumptwtik�) h akoloujÐa {x(k)}∞k=0 sugklÐnei sth lÔsh tou sust matoc. Sthn
pr�xh to asumptwtik� shmaÐnei gia meg�lec timèc touk.�

Tèloc met� thn an�lush pou prohghj ke, to sumpèrasma sto opoÐo katal gei kaneÐc se ìti
afor� thn epilog  tou (pro)rujmist  pÐnaka M sthn exÐswsh(1.2) eÐnai ìti pèra apì touc dÔo
periorismoÔc pou prèpei na plhroÔntai, prèpei akìmh o M na epilègetai ètsi ¸ste afenìc men
ρ(T ) ≡ ρ(M−1N) < 1 kai afetèrou de h ρ(T ) na eÐnai ìso to dunatìn mikrìterh. Oi parap�nw
parathr seic, pou mìlic èginan sqetik� me thn epilog  tou M kajistoÔn Ðswc fanerì ìti aut 
den eÐnai p�nta tìso eÔkolh. Sth sunèqeia ja asqolhjoÔme me tic klassikèc peript¸seic
epilog c tou M kai parapèra an�ptuxh twn antÐstoiqwn epanalhptikwn mejìdwn.

1.2 Klassikèc Epanalhptikèc Mèjodoi

Oi klassikèc epanalhptikèc mèjodoi basÐzontai sthn akìloujh di�spash tou pÐnaka A tou
grammikoÔ sust matoc Ax = b twn suntelest¸n twn agn¸stwn

A=D-L-U (1.8)

ìpou D = diag(A) = diag(a11, a22 . . . ann), dhlad  diag¸nioc pÐnakac me diag¸nia stoiqeÐa ta
antÐstoiqa tou A, L austhr� k�tw trigwnikìc kai U austhr� �nw trigwnikìc. H di�spash
aut  orÐzetai monos manta.

Sqhmatik� h diasp�sh tou pÐnaka faÐnetai wc ex c:
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-L

D

-U

Sq ma1.Di�spash tou pÐnaka A

An�loga me ton (pro)rujmist  pou qrhsimopoioÔme par�goume diaforetikèc klassikèc
epanalhptikèc mejìdouc. Apì tic pio gnwstèc mejìdouc eÐnai oi :

1.2.1 Mèjodoc Jacobi

Sth mèjodo Jacobi o (pro)rujmist c pÐnakac eÐnai o M = D en¸ o N = L + U .
S�o,ti afor� thn ikanopoÐhsh twn basik¸n periorism¸n pou aforoÔn sto rujmist  pÐnaka M
diapist¸noume ta akìlouja:

a) o pÐnakac M eÐnai antistrèyimoc an kai mìno e�ndet(M) = det(D) = a11a22 . . . ann 6= 0.
Epomènwc h mèjodoc tou Jacobi mporeÐ na oristeÐ an kai mìno e�n aii 6= 0 ,i = 1(1)n.

b) to grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwnM = D eÐnai polÔ oikonomikìtero
se pr�xeic gia na lujeÐ, apaiteÐ mìno n diairèseic, apì ìti eÐnai èna sÔsthma me pÐnaka sunte-
lest¸n agn¸stwn A pou apaiteÐO(n3) pr�xeic me th mèjodo apaloif c Gauss.

To epanalhptikì b ma thc mejìdou Jacobi dÐdetai apì tic sqèseic:

x(k+1) = D−1(L + U)x(k) + D−1b

 

x(k+1) = Txk + c, T = D−1(L + U), c = D−1b
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gia k = 0, 1, 2, . . . kai x(0)εCn opoiod pote. An jel soume na broÔme thn opoiad pote
sunist¸sa tou nèou dianÔsmatoc x(k+1) sthn k + 1 epan�lhyh sa sun�rthsh gnwst¸n sunist-
ws¸n tou palaioÔ x(k)   kai tou nèou dianÔsmatoc pollaplasi�zoume kai ta dÔo mèlh thc
parap�nw isìthtac epÐ D, opìte prokÔptei

Dx(k+1) = (L + U)x(k) + b

Ektel¸ntac tic pr�xeic kai sta dÔo mèlh, exis¸nontac tic i-ostec sunist¸sec twn dianus-
m�twn twn dÔo mel¸n kai lÔnwnt�c wc proc thn i-ost  sunist¸sa x

(k+1)
i tou x(k+1) paÐrnoume

amèswc ìti

x
(k+1)
i =

(bi −
∑n

j=1,j 6=i aijx
(k)
j )

aii

, i = 1(1)n.

Profan¸c h mèjodoc Jacobi sugklÐnei e�n kai mìno e�n

ρ(T ) = ρ(M−1N) = ρ(D−1(L + U)) < 1

.

1.2.2 Mèjodoc Gauss-Seidel

Sthn perÐptwsh thc mejìdou Gauss-Seidel o (pro) rujmist c eÐnai o M = D − L ènw
N = U . Gia na up�rqei h mèjodoc ja prèpei na up�rqei o antÐstrofoc touD−L. Autìc eÐnai
antistrèyimoc an kai mìno èan det(D − L) 6= 0 dhlad  an aii 6= 0, i = 1(1)n, ìpwc akrib¸c
kai sth mèjodo Jacobi. EpÐshc èna sÔsthma me pÐnaka suntelest¸n agn¸stwnD − L, lÔne-
tai me proc ta emprìc antikatast�seic pou apaÐtei pr�xeic pl joucO(n2) kai epomènwc eÐnai
oikonomikìtero sthn epÐlush tou apì èna sÔsthma me pÐnaka suntelest¸n A. 'Oso gia ton
deÔtero periorismì se ìti afor� ton pÐnaka M ikanopoieÐtai efìson ikanopoieÐtai o pr¸toc
periorismìc thc antistreyimìthtac.

H mèjodoc Gauss-Seidel eÐnai epomènwc h akìloujh:

x(k+1) = (D − L)−1Ux(k) + (D − L)−1b, k = 0, 1, 2, . . . ,

 

x(k+1) = Txk + c, T = (D − L)−1U, c = (D − L)−1b

me x(0) ∈ Cn opoiod pote.
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'Opwc kai sth mèjodo tou Jacobi ètsi kai s' aut n th mèjodo gia na sugklÐnei ja prèpei
ρ(T ) = ρ(M−1N) = ρ((D − L)−1U) < 1.

An ektelèsoume, ìpwc kai prohgoumènwc, tic pr�xeic kai sta dÔo mèlh kai exis¸soume tic
i-ostec sunist¸sec twn dianusm�twn twn dÔo mel¸n kai lÔsoume wc proc thni-ost  sunist¸sa
x

(k+1)
i tou x(k+1) èqoume ìti:

x
(k+1)
i =

(bi −
∑i−1

j=1 aijx
(k+1)
j −∑n

j=i+1 aijx
(k)
j )

aii

, i = 1(1)n.

MporoÔme na parathr soume loipìn, ìti h mèjodoc twnGauss-Seidel brÐskei tic sunist¸s-
ec thc k + 1 epan�lhyhc qrhsimopoi¸ntac ìlec tic epìmenec sunist¸sec thc prohgoÔmenhc
epan�lhyhc kai ìlec tic prohgoÔmenec sunist¸sec thc trèqousac epan�lhyhc se antÐjesh me
th mèjodo Jacobi, ìpou oi sunist¸sec thc k + 1 epan�lhyhc brÐskontai mìno apì ekeÐnec thc
k epan�lhyhc. Me �lla lìgia h mèjodocGauss-Seidel qrhsimopoieÐ k�je gnwst  plhroforÐa,
dhlad  ìlec tic pio prìsfatec diajèsimec sunist¸sec, en¸ h mèjodocJacobi agnoeÐ prìsfatec
plhroforÐec.

1.2.3 Mèjodo thc Diadoqik c Uperqal�rwshc -Successive over-

relaxation method (SOR)

Sth sugkekrimènh mèjodo orÐzoume wc rujmist  ton pÐnaka

Mω = 1
ω
(D − ωL), ω ∈ C\{0} (1.9)

kai

Nω = 1
ω
[(1− ω)D + ωU ], ω ∈ C\{0} (1.10)

'Etsi eÐnai eÔkolo na brejeÐ ìti h SOR mèjodoc eÐnai h akìloujh:

x(k+1) = Lωx(k) + cω, k = 0, 1, 2, ... (1.11)

me x(0) ∈ Cn opoiod pote,

Lω = (D − ωL)−1[(1− ω)D + ωU ](1.12)

kai

cω = ω(D − ωL)−1b (1.13)
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EÐnai eÔkolo na faneÐ, ìti gia ω = 1 h mèjodoc aplopoieÐtai se ekeÐnh twnGauss-Seidel.
H analutik  èkfrash thc opoiasd pote sunist¸sac tou dianÔsmatìcx(k+1) dÐnetai apì thn

parak�tw sqèsh :

x
(k+1)
i = (1− ω)x

(k)
i + ω

(bi−
Pi−1

j=1 aijx
(k+1)
j −Pn

j=i+1 aijx
(k)
j )

aii
i = 1(1)n. (1.14)

MporoÔme na parathr soume ìti opoiad pote sunist¸sa thc nèac epan�lhyhc dÐnetai sa
barukentrikìc ìroc thc Ðdiac sunist¸sac thc prohgoÔmenhc epan�lhyhc kai thc sunist¸sac
pou ja brÐskame an efarmìzame gia thn eÔresh thc antÐstoiqhc sunist¸sac th mèjodo twn
Gauss-Seidel.

JEWRHMA 1.3.2.1(Kahan)

AnagkaÐa sunj kh gia thn sÔgklish thc SOR eÐnai:

|ω − 1| < 1, ω ∈ C =⇒ ω ∈ (0, 2), ω ∈ R. (1.15)

Prin thn apìdeixh tou parap�nw jewr matoc qr simo ja  tan na anafèroume to parak�tw
l mma.

LHMMA

'Estw A ∈ Cn,n kai èstw λi, i = 1(1)n oi idiotimèc tou. IsqÔoun oi parak�tw sqèseic :

∑n
i λi =

∑n
i aii,

∏n
i=1 λi = det(A). (1.16)

Apìdeixh

Oi idiotimèc tou A eÐnai rÐzec thc poluwnumik c exÐswshcdet(A− λI) = 0. An h orÐzousa
anaptuqjeÐ pl rwc brÐsketai èna polu¸numo bajmoÔn wc proc l, opìte h prohgoÔmenh exÐsw-
sh èqei th genik  morf 

det(A− λI) = cnλn + cn−1λ
n−1 + . . . + c1λ + c0 = 0, (1.17)

Opìte apì thn morf  tou pÐnakaA−λI, eÐnai eÔkolo na parathr soume ìticn = (−1)n, cn−1 =

(−1)n−1
∑n

i aii kai c0 = det(A), ìpou h teleutaÐa isìthta prokÔptei an jèsoume stic dÔo apì
ta arister� apì to mhdèn ekfr�seic thc parap�nw sqèshc (1.17) λ = 0. GnwrÐzoume epÐshc
apì touc tÔpouc tou Newton dhlad 

∑n
i λi = − cn−1

cn
kai

∏n
i=1 λi = (−1)n c0

cn
. . An t¸ra

stic dÔo isìthtec pou mìlic proèkuyan antikatast soume tic timèc twn suntelest¸ncn, cn−1, c0

eÔkola prokÔptei h sqèsh (1.14) pou jèlame na apodeÐxoume.
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−−−♦−−−
Apìdeixh (jewr matoc)

An λi ∈ σ(Lω), i = 1(1)n, eÐnai oi n idiotimèc tou epanalhptikoÔ pÐnaka thc mejìdouSOR,
tìte

∏n
i=1 λi = det(Lω) me b�sh to parap�nw l mma. Antikajist¸ntac toLω apì ton tÔpo

(1.10) èqoume ìti :∏n
i=1 λi = detLω = det((D − ωL)−1[(1 − ω)D + ωU ]) = det(D − ωL)−1det((1 − ω)D +

ωU) = 1
detD

(1− ω)ndetD = (1− ω)n, (1.16)

Epeid  eÐnai |∏n
i=1 λi| =

∏n
i=1 |λi| kai gia th sÔgklish thc SOR mejìdou prèpei na isqÔei

|λi| < 1, i = 1(1)n, prokÔptei ìti h anisìthta
∏n

i=1 |λi| < 1 apoteleÐ mia anagkaÐa sunj kh
gia th sÔgklish. Qrhsimopoi¸ntac thn parap�nw sqèsh (1.16) katal goume ìti ja prèpei na
isqÔei

|ω−1| < 1 kai me aplèc pr�xeic katal goume kai sto deÔtero sumpèrasma tou jewr matoc
dhladh ω ∈ (0, 2).

−−−♦−−−

JEWRHMA 1.3.2.2(Ostrowski-Reich)

'Estw ènac pÐnakac B tetragwnikìc n × n sthn morf  B = D−1(L + U) ìpou L,U eÐnai
antÐstoiqa austhr� k�tw kai �nw trigwnikoÐ pÐnakec. E�n

Lω := (D − ωL)−1{(1− ω)D + ωU}
tìte gia k�je w isqÔei:

ρ(Lω) ≥ |ω − 1|
Apìdeixh

'Estw φ(λ) := det(λI−Lω) to qarakthristikì polu¸numo tou pÐnakaLω. GnwrÐzontac ìti∏n
i=1 λi = det(Lω), gia λ = 0 det(λI −Lω) = det(−Lω) =

∏n
i=1(−λi). AfoÔ o pÐnakac L eÐnai

austhr� k�tw trigwnikìc, tìte h orÐzousa tou pÐnakaI − ωL isoÔtai me thn mon�da.
Opìte epeid  det(D − ωL) 6= 0:
Lω = (D − ωL)−1 [(1− ω) D + ωU ]

= [D (I − ωD−1L)]
−1

[(1− ω) D + ωU ]

= (I − ωD−1L)
−1

D−1 [(1− ω) D + ωU ]

= (I − ωD−1L)
−1

[(1− ω) I + ωD−1U ]
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kai to qarakthristikì polu¸numo tou pÐnakaLω eÐnai :
φ (λ) = det (I − ωD−1L) det (λI − Lω)

= det (I − ωD−1L) det
{

λI − (I − ωD−1L)
−1

[(1− ω) I + ωD−1U ]
}

= det [λ (I − ωD−1L)− (1− ω) I − ωD−1U ]

= det [(λ + ω − 1) I − ωλD−1L− ωD−1U ]

  isodÔnama

φ(λ) = det(I − ωL)det(λI − Lω) = det{(λ + ω − 1)I − ωλL− ωU}
Gia λ = 0 paÐrnoume thn stajer� m tou qarakthristikoÔ poluwnÔmou pou eÐnai to ginìmeno

twn arnhtik¸n idiotim¸n tou Lω. Opìte :

µ =
n∏

i=1

(−λi(ω)) = det{(ω − 1)I − ωU} = (ω − 1)n

'Etsi ,

ρ(Lω) = max1≤i≤n|λi(ω)| ≥ (|ω − 1|N)
1
N = |ω − 1|

− − −♦−−−

Tèloc, h bèltisth epilog  tou w eÐnai ekeÐnh pou k�nei th fasmatik  aktÐna Lω, ìso
to dunatìn mikrìterh. Kentrikì loipìn shmeÐo thc uperqal�rwshc eÐnai o kajorismìc tou
bèltistou w.

1.2.4 Teqnik  thc Parekbol c Extrapolation

H extrapolation eÐnai mia teqnik , pou mac bohj�ei na genikeÔsoume mia epanalhptik  mèjo-
do me skopì na petÔqoume, an eÐnai dunatìn, thn taqÔterh sÔgklish thc mejìdou aut c. Aut 
h teqnik  ekfr�zetai me th qrhsimopoÐhsh orismènwn epitaquntik¸n paramètrwn.

Sugkekrimèna èstwA = M−N kai T = M−1N o epanalhptikìc pÐnakac k�poiac klassik c
epanalhptik c mejìdou tìte orÐzoume mia nèa di�spash wc:

A = Mε −Nε

ìpou Mε := 1
ε
M .

kai Nε := 1
ε
[(1− ε)M + εN ]

ε ∈ C\0 par�metroc pou kaleÐtai par�metroc thc parekbol c (extrapolation).
Me b�sh th parap�nw di�spash to nèo epanalhptikì sq ma ja eÐnai to parak�tw
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x(k+1) = Tεx
(k) + cε, k = 0, 1, 2, . . .

me x(0) ∈ Cn opoiod pote, ìpou

Tε = M−1
ε Nε = (1− ε)I + εT, cε := εc.

EÐnai fanerì ìti gia ε = 1, Mε ≡ M , Tε ≡ T kai cε := εc periorizìmaste sto arqikì
algìrijmo.

Oi idiotimèc twn pin�kwn Tε kai T sundèontai me th sqèsh :

µ = 1− ε + ελ, λεσ(T ), µεσ(Tε)

H extrapolation mèjodoc tou Jacobi eÐnai h :

x(k+1) = [(1− ε)I + εD−1(L + U)]x(k) + εD−1b me m = 0, 1, 2, . . . ,

me x(0) tuqaÐo gnwstì di�nusma.

  antÐstoiqa

x
(k+1)
i = (1 − ε)x

(k)
i + ε

aii
(bi −

∑n
j=1 aijx

(k)
j ) me i = 1(1)n, k = 0, 1, 2, . . . kai me x

(0)
i

aujaÐreta gnwstoÔc arijmoÔc.
AntÐstoiqa h extrapolation thc mejìdou twnGauss-Seidel antistoiqeÐ sth parak�tw morf :

x(k+1) = [(1− ε)I + ε(D − L)−1(U)]x(k) + ε(D − L)−1b me k = 0, 1, 2, . . . ,

me x(0) tuqaÐo gnwstì di�nusma.

  antÐstoiqa

x
(k+1)
i = (1 − ε)x

(k)
i + 1

aii
[εbi −

∑i−1
j=1 aijx

(k+1)
j + (1 − ε)

∑i−1
j=1 aijx

(k)
j − ε

∑n
j=i+1 aijx

(k)
j ] me

i = 1(1)n, k = 0, 1, 2, . . . kai me x
(0)
i tuqaÐouc gnwstoÔc arijmoÔc.

Tèloc h extrapolation thc mejìdou SOR antistoiqeÐ sth parak�tw morf :

x(k+1) = {(1− ε)I + ε(D − ωL)−1[(1−ω)D +ωU ]}x(k) + εω(D−ωL)−1b me k = 0, 1, 2, . . . ,

SHMEIWSH

O pÐnakac thc AOR dÐnetai apì thn parak�tw sqèsh :

Lr,ω = (1− ε)(D−ωL)−1(D−ωL) + εLω = (D−ωL)−1[(1− ε)(D−ωL)+ ε((1−ω)D +ωU)]
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= (D − ωL)−1[(1− r)D − (ω − r)L + rU ]

ìpou r = εω onom�zetai acceleration par�metroc en¸ h par�metroc w eÐnai hoverrelaxation

par�metroc.
'Etsi h accelerated overrelaxation (AOR) mèjodoc mporeÐ na dhlwjeÐ wc ex c:

x(k+1) = Lr,ωx(k) + cr,ω, k = 0, 1, 2

ìpou cr,ω = ω(D − ωL)−1b x0 ∈ Cn aujaÐreto.

1.3 Block Epanalhptikèc Mèjodoi

Se aut  thn perÐptwsh jewroÔme p�li to grammikì sÔsthmaAx = b kai gia thn epÐlush
tou diaqwrÐzoume ton pÐnaka A

A =




A1,1 A1,2 . . . A1,p

A2,1 A2,2 . . . A2,p

... ...
AN,1 AN,2 . . . Ap,p




se mia p × p block morf . Basik  proôpìjesh eÐnai ìti ta diag¸nia blocks (up-
opÐnakec) prèpei na eÐnai tetragwnikoÐ pÐnakec. EÐnai fanerì ìti an Ai,i, i = 1(1)p eÐnai
diag¸nioi upopÐnakec diast�sewn ni × ni, i = 1(1)p ja prèpei na isqÔei ìti

∑p
i=1 ni = n.

H di�spash tou pÐnaka A eÐnai thc Ðdiac morf c me th sqèsh(1.8) me th basik  diafor� ìti o
pÐnakac D den eÐnai gnwstocD = diag(A), all� o block diag¸nioc D = diag(A11, A22, . . . App).
Oi pÐnakec L kai U orÐzontai p�li wc austhr� k�tw trigwnikìc kai austhr� �nw trigwnikìc
antÐstoiqa, ètsi ¸ste h di�spash (1.8) na eÐnai monos manta orismènh kai na exart�tai mìno
apì ton diaqwrismì se blocks tou pÐnaka A. O basikìc periorismìc s' ìlec tic epanalhptikèc
mejìdouc eÐnai ìti o pÐnakacD na eÐnai antistrèyimoc. EÐnai fanerì pwc to teleutaÐo sumbaÐnei
an kai mìno e�n oi block upopÐnakec Ai,i, i = 1(1)p eÐnai antistrèyimoi, opìte ja isqÔei ìti
D−1 = diag(A−1

11 , A−1
22 , . . . A−1

pp ). To gegonìc ìti o D plhreÐ kai th deÔterh proôpìjesh eÐnai
fanerì giatÐ to grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwnD sthn pragmatikìthta
p sust mata me pÐnakec suntelest¸n Ai,i, i = 1(1)p lÔnetai oikonomikìtera apì èna pÐnaka
suntelest¸n agn¸stwn A.

Gia thn efarmog  twn epanalhptik¸n mejìdwn gÐnetai ènac block diaqwrismìc tìso sto
�gnwsto di�nusma x ìso kai sto gnwstì di�nusma b ètsi ¸ste :
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x = [xT
1 xT

2 . . . xT
p ]T , b = [bT

1 bT
2 . . . bT

p ]T (1.17)

Oi mèjodoi ja èqoun thn Ðdia genik  morf  me thn mình diafor� ìti oi pÐnakecL,D,U ja
orÐzontai ìpwc anafèrjhkame prohgoumènwc. Sthn sunèqeia dÐnoume thn morf  twn mejìdwn
wc proc thn i− ost  block gramm .

Gia th block Jacobi mèjodo èqoume:

Aiix
(k+1)
i = bi −

p∑

j=1,j 6=i

Aijx
(k)
j , i = 1(1)p, k = 0, 1, 2...

 

x
(k+1)
i = A−1

ii (bi −
p∑

j=1,j 6=i

Aijx
(k)
j ), i = 1(1)p, k = 0, 1, 2...

An�loga gia thn block Gauss-Seidel mèjodo èqoume:

Aiix
(k+1)
i = bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j , i = 1(1)p, k = 0, 1, 2...

 

x
(k+1)
i = A−1

ii (bi −
i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j ), i = 1(1)p, k = 0, 1, 2...

Tèloc gia thn block SOR isqÔei :

Aiix
(k+1)
i = (1− ω)Aiix

(k)
i + ω(bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j ) i = 1(1)p, k = 0, 1, 2...

 

x
(k+1)
i = (1− ω)x

(k)
i + ωA−1

ii (bi −
i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j ) i = 1(1)p, k = 0, 1, 2...

Ja jèlame tèloc na epishm�noume ìti h jewrÐa pou anaptÔqjhke gia ticpoint epanalhptikèc
mèjodoi isqÔei kai stic antÐstoiqec epanalhptikècblock mèjodoi me el�qistec tropopoi seic.



Kef�laio 2

Mèjodoc thc Diadoqik c
Uperqal�rwshc -SOR se p-cyclic

pÐnakec

2.1 Eisagwg -Orismìc p-cyclic pin�kwn

'Estw to proc epÐlush sÔsthma

Ax = b (2.1)

ìpou o pÐnakac A = [ai,j] eÐnai tetragwnikìc n× n ,n ≥ 2 kai eÐnai thc parak�tw morf c :

A =




A1,1 A1,2 . . . A1,N

A2,1 A2,2 . . . A2,N

... ...
AN,1 AN,2 . . . AN,N




(2.2)

ìpou ta diag¸nia blocks Ai,i eÐnai ni × ni tetragwnikoÐ pÐnakec me 1 ≤ i ≤ N .

JewroÔme ìti oi block diag¸nioi pÐnakecAi,i eÐnai antistrèyimoi, ètsi ¸ste oblock diag¸nioc
pÐnakac D
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D =




A1,1

A2,2

. . .
AN,N




(2.3)

pou par�getai apì ton pÐnaka A eÐnai kai autìc antistrèyimoc. Profan¸c on× n pÐnakac
B pou orÐzetai wc ex c :

B := I −D−1A = I −D−1(D − L− U) = D−1(L + U) (2.4)

eÐnai o block Jacobi pÐnakac tou A.
IdiaÐtero endiafèron parousi�zoun oi parak�tw pÐnakec

A1 =




A1,1 O O . . . O A1,p

A2,1 A2,2 O . . . O O
... . . . . . . ...
... . . . . . . ...
... . . . . . . ...
O O O . . . Ap,p−1 Ap,p




(2.5)

kai

A2 =




A1,1 A1,2

A2,1 A2,2 A2,3

. . . . . . . . .
. . . . . . AN−1,N

AN,N−1 AN,N




(2.6)

ìpou o A2 eÐnai ènac block tridiag¸nioc pÐnakac. Oi parap�nw ìmwc pÐnakec b�sei thc
sqèshc (2.4) par�goun touc antÐstoiqouc block Jacobi pÐnakec sthn ex c morf :

B′
1 =




O O O . . . O B1

B2 O O . . . O O

O B3 O . . . O O
... . . . . . . ...
... . . . . . . ...
O O O . . . Bp O




(2.7)
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ìpou B1 = −A−1
1,1A1,p kai Bj = −A−1

j,j Aj,j−1, 2 ≤ j ≤ p

B2 =




O B1,2

B2,1 O B2,3

. . . . . . . . .
. . . . . . BN−1,N

BN,N−1 O




(2.8)

O pÐnakacB1 eÐnai pÐnakac an kei sthn kathgorÐa twnweakly cyclic of index p pou orÐzontai
wc ex c:.

ORISMOS

'Enac n × n pÐnakac A onom�zetai weakly cyclic of index p e�n up�rqei metajetikìc
pÐnakac P tètoioc ¸ste o PAP T na eÐnai thc morf c :

PAP T =




O O O . . . O A1,p

A2,1 O O . . . O O

O A3,2 O . . . O O
... . . . . . . ...
... . . . . . . ...
O O O . . . Ap,p−1 O




(2.9)

ìpou oi diag¸nioi pÐnakec eÐnai tetragwnikoÐ mhdenikoÐ pÐnakec.
An�loga mporoÔme na broÔme èna kat�llhlo metajetikì pÐnakaP ¸ste o pÐnakac B2 na

eÐnai weakly cyclic of index 2 [32]. Me autìn ton trìpo katal goume loipìn na orÐsoume touc
p-cyclic.

ORISMOS

E�n o pÐnakac B block Jacobi thc sqèshc (2.4) tou pÐnaka A eÐnaiweakly cyclic of index

p tìte o pÐnakac A kaleÐtai p- cyclic .

ORISMOS

E�n ènac pÐnakac A thc morf c (2.2) me di�spash A = D(I − L − U) eÐnai p- cyclic ,
tìte o pÐnakac A eÐnai consistently ordered e�n ìlec oi idiotimèc tou pÐnaka
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B(a) = aL + a−(p−1)U (2.10)

paragìmeno apì ton Jacobi pÐnaka B = L + U , eÐnai anex�rthtec tou a, me a 6= 0. Tìte
epÐshc o pÐnakac B lègetai consistently ordered.

Sthn perÐptwsh tou B1 pÐnaka o B1(a) me b�sh thn parap�nw sqèsh ja eÐnai :

B′
1(a) =




O O O . . . O a−(p−1)B1

aB2 O O . . . O O

O aB3 O . . . O O
... . . . . . . ...
... . . . . . . ...
O O O . . . aBp O




(2.11)

K�nontac touc polaplasiasmoÔc twn block pÐn�kwn k�talhgoume ìti Bp
1(α) = Bp

1 . Opìte
oi idiotimèc tou pÐnakaB1 eÐnai anex�rthtec tou a dhlad  o pÐnakacA1 eÐnai consistently ordered

p-cyclic.
Gia na apodeÐxoume ìti oi idiotimèc tou pÐnakaB2(a) eÐnai anex�rthtec tou a akoloujoÔme

thn èxhc diadikasÐa :

B2(a)x = λx (2.12)

ìpou x di�nusma tou pÐnaka B2(a). Antikajist¸ntac sthn parap�nw sqèsh ton pÐnaka
B2(a) h èqoume:

αBj,j−1Xj−1 +
1

α
Bj,j+1Xj+1 = λXj, j = 1, 1 . . . N (2.13)

me B1,0 kai BN,N+1 mhdenikoÐ pÐnakec. Jètwntac Zj = 1
αj−1 Xj j = 1, 1 . . . N h sqèsh

paÐrnei thn morfh :

αBj,j−1Zj−1 + Bj,j+1Zj+1 = λZj, j = 1, 1 . . . N (2.14)

ParathroÔme loipìn ìti oi idiotimèc tou pÐnaka B2(a) eÐnai anex�rthtec tou a ìpote o
pÐnakac A2 eÐnai consistently ordered 2-cyclic.

To parak�tw je¸rhma eÐnai èna apì ta basikìtera gia thn eÔresh idiotim¸n enìc pÐnaka.
(34)

JEWRHMA Romanovsky

'Estw o tetragwnikìc pÐnakac A weakly cyclic of index k tìte:

φ(λ) = det(tI − A) = tm
r∏

i=1

(tk − σk
i ) (2.15)
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me σi thn idiotim  tou pÐnaka A kai m + rk = n.[34]

Tèloc up�rqei mia basik  sqèsh gia toucconsistently ordered,weakly cyclic matrix of index

p.

JEWRHMA 2.1

'Estw B = L + U na eÐnai ènac consistently ordered,weakly cyclic matrix of index p. Tìte
gia k�je stajerì a,b,g isqÔei:

det{γI − αL− βU} = det{γI − (α(p−1)β)1/p(L + U)} (2.16)

Apìdeixh

'Opwc eÐnai gnwstì gia opoiad pote stajer� a,b,g isqÔei:

det{γI − (αL + βU)} =
n∏

i=1

(γ − σi) (2.17)

det{γI − (α(p−1)β)1/p(L + U)} =
n∏

i=1

(γ − τi) (2.18)

ìpou ta σi , τi eÐnai antÐstoiqa oi idiotimèc twn pin�kwnαL + βU kai (α(p−1)β)1/p(L + U).
ArkeÐ loipìn na deÐxoume ìti ta sÔnola

{σ}n
i=1

kai
{τ}n

i=1

eÐnai Ðdia.
E�n a   b eÐnai mhdèn, tìte oαL + βU eÐnai austhr� trigwnikìc, to opoÐo shmaÐnei ìti k�je

σi eÐnai mhdèn. S' aut n thn perÐptwsh eÐnai profanèc ìti taτi eÐnai mhdèn, �ra ta dÔo sÔnola
eÐnai Ðsa .

E�n a kai b eÐnai diaforetik� tou mhdenìc orÐzw :

(α/β)
1
p := ν

Tìte mporoÔme na ta gr�youme:

αL + βU = (αp−1β)
1
p [νL + ν−(p−1)U ]



20 Mèjodoc thc Diadoqik c Uperqal�rwshc -SOR se p-cyclic pÐnakec

AfoÔ o pÐnakac B = L + U eÐnai consistently ordered,weakly cyclic matrix of index p tìte
oi idiotimèc tou pÐnaka νL + ν−(p−1)U eÐnai anex�rthta tou n gia ν 6= 0. 'Etsi gia ν = 1 ta
dÔo sÔnola eÐnai Ðsa. 'Ara gia opoiad pote a,b ta dÔo sÔnola eÐnai Ðsa , apodeiknÔontac to
je¸rhma.

Mia genÐkeush tou parap�nw jewr matoc eÐnai to parak�tw l mma:

LHMMA Gia opoiad pote stajerèc a,b,g,d me α 6= 0 kai me thn proôpìjesh ìti U2 = 0

isqÔei:

det{γI − αL− βU − γLU} = det{γI − αL− α−1(αβ + γδ)U} (2.19)

Apìdeixh

AfoÔ o U2 = 0 eÐnai fanerì ìti :

(I +
δ

α
U)(I − δ

α
U) = I (2.20)

Opìte :

γI − αL− βU − γLU = γI − αL− βU − γLU − α−1βδU2

= γI − αL(I + α−1δU)− βU(I + α−1δU)

= γI − (αL + βU)(I + α−1δU)

= γI − (αL + βU)(I − α−1δU)
−1

= [γI − αL− α−1(αβ + γδ)U ](I − α−1δU)
−1

'Omwc det(I − α−1δU) = 1, �ra h apìdeixh oloklhr¸jhke.
Tèloc ènac pÐnakac p-cyclic consistently ordered mpìrei na diameristeÐ stouc antÐstoiqouc

q-cyclic consistently ordered pÐnakèc.
'Estw o p-cyclic pÐnakac :




I O O O · · · O O C

A B O O · · · O O O

O A B O · · · O O O
... ... ... ... ... ... ... ...
O O O O · · · O A B




ìpou O dhl¸nei ton 2× 2 mhdenikì pÐnaka.
ènac antÐstoiqoc 2-cyclic pÐnakac eÐnai:
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


I O O O · · · O O C

A B O O · · · O O O

O A B O · · · O O O

O O A B · · · O O O

O O O A B · · · O O

O O O O A B · · · O
... ... ... ... ... ... ... ...
O O O O · · · O A B




en¸ ènac antÐstoiqoc 3-cyclic pÐnakac :




I O O O · · · O O C

A B O O · · · O O O

O A B O · · · O O O

O O A B · · · O O O

O O O A B · · · O O

O O O O A B · · · O
... ... ... ... ... ... ...
O O O O O O A B O

O O O O O O O A B




2.2 Mèjodoc thc Diadoqik c Uperqal�rwshc -SOR se
p-cyclic pÐnakec

'Estw ìti o pÐnakac A tou sust matocAx = b eÐnai ènac p-cyclic sthn morf  (2.5). Dhlad 

A =




A1,1 O O . . . O A1,p

A2,1 A2,2 O . . . O O
... . . . . . . ...
... . . . . . . ...
... . . . . . . ...
O O O . . . Ap,p−1 Ap,p




(2.21)

Tìte oi pÐnakec D,L kai U thc di�spashc:

A=D-L-U
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paÐrnoun thn morf  :

D :=




A1,1

A2,2

. . .
Ap,p




, (2.22)

L := −




O O O . . . O O

A2,1 O O . . . O O
... . . . . . . ...
... . . . . . . ...
... . . . . . . ...
O O O . . . Ap,p−1 O




(2.23)

U := −




O O . . . A1,p

O O O . . . O O
... . . . . . . ...
... . . . . . . ...
... . . . . . . ...
O O O . . . O O




(2.24)

me Ai,i tetragwnikoÐ antistrèyimoi pÐnakec.
'Efarmìzontac th mèjodo thc diadoqik c uperqal�rwshc :

x(k+1) = Lωx(k) + cω, k = 0, 1, 2, ...,

me x(0) ∈ Cn opoiod pote, kai

Lω = (D − ωL)−1[(1− ω)D + ωU ]

ìpou w ∈ (0, 2).
Gia na lÔsoume to prìblhma Ax = b jewroÔme ton antÐstoiqo block Jacobi pÐnaka B pou

dÐnetai wc ex c:

B := D−1(L + U)
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B =




O O O . . . O T1

T2 O O . . . O O

O T3 O . . . O O
... . . . . . . ...
... . . . . . . ...
O O O . . . Tp O




(2.25)

ìpou Bj := −A−1
jj Ajk, k = p gia j = 1, k = j − 1 gia j = 2(1)p

E�n loipìn o pÐnakac suntelest¸n A eÐnai consistently ordered p-cyclic pÐnakac tìte
up�rqei mia basik  sqèsh pou sundèei tic idiotimèc tou pÐnaka thc SOR me tic idiotimèc tou
pÐnaka tou Jacobi.

JEWRHMA 2.2

O pÐnakac A eÐnai consistently ordered p-cyclic pÐnakac. E�n l eÐnai mia idiotim  tou
pÐnaka thc SOR kai m ikanopoieÐ th sqèsh :

(λ + ω − 1)p = λp−1ωpµp (2.26)

tìte m eÐnai mia idiotim  tou pÐnaka tou block Jacobi. AntÐstrofa an m idiotim  tou pÐnaka
tou Jacobi kai l ikanopoieÐ thn parap�nw sqèsh tìte l eÐnai idiotim  tou pÐnaka thcSOR Lω.

Apìdeixh

Oi idiotimèc tou pÐnaka thc SOR Lω eÐnai oi rÐzec tou qarakthristikoÔ poluwnÔmou

φ(λ) = det(λI − Lω) = 0 (2.27)

O pÐnakac (I − ωL) eÐnai antistrèyimoc kai det(I − ωL) = 1 ìpwc kai sthn apìdeixh tou
Jewr matoc 1.322. Opìte to qarakthristikì polu¸numo paÐrnei thn parak�tw morf :

φ(λ) := det(I − ωL)det(λI − Lω) = det(λ + ω − 1)I − ωλL− ωU (2.28)

B�sei tou Jewr matoc 2.1

φ(λ) = det{(λ + ω − 1)I − λ
(p−1)

p ω(L + U)} (2.29)

AfoÔ o pÐnakac A eÐnai p-cyclic pÐnakac apì thn upìjesh �ra o pÐnakac tou Jacobi opìte
kai o λ(p−1)/pω(L + U) pÐnakac eÐnai weakly cyclic of index p .
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Efarmìzontac to je¸rhma tou Romanovsky to qarakthristikì polu¸numo gÐnetai:

φ(λ) = (λ + ω − 1)m

r∏
i=1

{(λ + ω − 1)p − λp−1ωpµp
i } (2.30)

me µi eÐnai mh mhdenik� an r ≥ 1.
An m idiotim  tou Jacobi pÐnaka kai l ikanopoieÐ thn sqèsh (2.15), tìte ènac apì touc

ìrouc tou qarakthristikoÔ poluwnÔmou f(l) thc sqèshc(2.20) mhdenÐzetai apodeiknÔontac ìti
h tÐmh l eÐnai mia idiotim  tou Lω.

AntÐstrofa, èstw ω 6= 0 kai èstw l mia mh mhdenik  idiotim  tou pÐnaka Lω, ètsi ¸ste
toul�qiston ènac apì touc ìrouc thc sqèseic(2.20) na mhdenÐzetai. E�nµ 6= 0, kai m ikanopoieÐ
thn sqèsh (2.15) , tìte (l + ω − 1) 6= 0). 'Ara,

(λ + ω − 1)p = λp−1ωpµp
i

gia k�poia i,1 ≤ i ≤ r, me µi mh mhdenikì. Apì thn parap�nw sqèsh kai th sqèsh (2.15)

èqoume:

λp−1ωp(µp − µp
i ) = 0

afoÔ ta l,w eÐnai mh mhdenik�, tìte µp = µp
i . PaÐrnontac tic pth rÐzec èqoume ìti:

µ = µie
2πr/p

,
ìpou r eÐnai ènac mh mhdenikìc akèraioc arijmìc ikanopoi¸ntac thn sqèsh0 ≤ r ≤ p. All�

epeid  o pÐnakac tou Jacobi eÐnai weakly cyclic apodeiknÔetai apì to je¸rhma touRomanovsky

o m eÐnai idiotim  tou pÐnaka Jacobi. Gia na teleÐwsoume thn apìdeixh, e�n ω 6= 0 , l eÐnai mia
mh mhdenik  idiotim  tou pÐnakaLω kai µ = 0 ,tìte ja prèpei na deÐxoume ìti kai toµ = 0 eÐnai
mia idiotim  tou pÐnaka Jacobi. All� me autèc tic upojèseic, apì thn sqèsh (2.19) eÐnai fanerì
ìti φ(λ) = detB = 0 apodeiknÔontac ìti µ = 0 eÐnai idiotim  tou pÐnaka Jacobi.

−−−♦−−−

H epilog  tou ω = 1 eÐnai tètoia ¸ste to L1 na mac dÐnei ton block Gauss-Seidel pÐnaka .

PORISMA

'Estw o pÐnakac A na eÐnai ènac consistently ordered p-cyclic pÐnakac me antistrèyima ta
diag¸nia blocks Ai,i, 1 6= i 6= N . E�n m eÐnai mia idiotim  tou block Jacobi pÐnaka B, tìte µp

eÐnai mia idiotim  tou L1. E�n l eÐnai mh mhdenik  idiotim  touL1 kai λ = µp, tìte m eÐnai mia
idiotim  tou B. Profan¸c loipìn, sthn perÐptwsh aut  isqÔei



2.3 Bèltisth par�metroc uperqal�rwshc 25

ρ(L1) = ρ(B)p ≤ 1 (2.31)

kai wc epakìloujo h mèjodoc Gauss-Seidel sugklÐnei (dhlad  ρ(L1) ≤ 1) e�n kai mìno
e�n h mèjodoc Jacobi sugklÐnei. 'Otan de oi mèjodoi sugklÐnoun tìte h mèjodoc Gauss-Seidel

sugklÐnei p forèc pio gr gora apì thn mèjodo Jacobi afoÔ :

R∞(L1) = pR∞(B) (2.32)

2.3 Bèltisth par�metroc uperqal�rwshc

JewroÔme ton pÐnaka A thc morf c (2.2) pou eÐnai consistently ordered p-cyclic matrix

me touc block diag¸nia upopÐnakec Ai,i me 1 ≤ i ≤ N antistrèyimouc kai upojètoume ìti o
antÐstoiqoc block Jacobi pÐnakac B na sugklÐnei. Skopìc mac eÐnai na prosdiorÐsoume th
bèltisth tim  ωb thc paramètrou w pou elaqistopoieÐ thn fasmatik  aktÐna dhlad  :

ρ(Lωb
) = minω∈Rρ(Lω) (2.33)

To prìblhma eÔreshc thc bèltisth tim cωb thc paramètrou w den eÐnai p�nta eÔkolo. Gia
sugkekrimènouc pÐnakec pou oi idiotimèc tou pÐnaka touBp, ìpou B eÐnai o pÐnakac tou Jacobi

eÐnai pragmatikèc mh mhdenikèc kai jetikèc èqei brejeÐ[34] ìti h bèltisth par�metroc uperqal�r-
wshc ωb eÐnai monadik  kai eÐnai akrib¸c kajorismènh wc h monadik  jetik  pragmatik  rÐza
pou eÐnai mikrìterh tou p/(p− 1) thc exÐswshc

(ρ(B)ωb)
p = [pp(p− 1)1−p](ωb − 1) (2.34)

ìpou ρ(B) eÐnai h fasmatik  aktÐna tou antÐstoiqoublock Jacobi pÐnaka. EmeÐc gia lìgouc
plhrìthtac, ja apodeÐxoume ìti sthn perÐptwsh p = 2 h bèltisth par�metroc ωb paÐrnei thn
tim  :

ωb =
2

1 +
√

1− ρ2(B)
= 1 + (

ρ(B)

1 +
√

1− ρ2(B)
)2 (2.35)

TonÐzoume ìti h parap�nw bèltisth idiotim  kajorÐsthke pr¸ta apì tonYoung [38].

Sto je¸rhma (2.2) apodeÐxame ìti h sqèsh pou sundèei tic idiotimècλ ∈ σ(Lω) tou pÐnaka
thc SOR me tic idiotimèc µ ∈ σ(B) tou pÐnaka tou Jacobi dÐnetai apì ton parak�tw tÔpo :
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(λ + ω − 1)p = λp−1ωpµp

sthn perÐptwsh pou p = 2 h parap�nw sqèsh gÐnetai :

(λ + ω − 1)2 = λω2µ2

λ2 + 2λ(ω − 1) + (ω − 1)2 = λω2µ2

λ2 + 2λ(ω − 1)− λω2µ2 + (ω − 1)2 = 0

λ2 + λ[2(ω − 1)− ω2µ2] + (ω − 1)2 = 0

H teleutaÐa exÐswsh èqei diakrÐnousa

∆ = (2(ω − 1)− ω2µ2)2 − 4(ω − 1)2 = ω2µ2[ω2µ2 − 4(ω − 1)] (2.36)

Opìte oi idiotimèc ja dÐnontai apì thn sqèsh :

λ± =
ω2µ2 − 2(ω − 1)±

√
ω2µ2[ω2µ2 − 4(ω − 1)]

2
(2.37)

LHMMA 2.1

'Estw

λ± =
ω2µ2 − 2(ω − 1)±

√
ω2µ2[ω2µ2 − 4(ω − 1)]

2

oi dÔo rÐzec thc exÐswshc
(λ + ω − 1)2 = λω2µ2

tìte e�n ∆ ≥ 0 kai 0 < ω ≤ 1 h λ+ eÐnai aÔxousa sun�rthsh wc proc µ2 kai h λ− eÐnai
fjÐnousa sun�rthsh wc proc µ2.

Apìdeixh

H idiotim  λ+ dÐnetai apì thn sqèsh :

λ+(µ) =
ω2µ2 − 2(ω − 1) +

√
ω4µ4 − 4ω2µ2(ω − 1)

2

Jètw µ2 = u ìpote h parap�nw sqèsh gÐnetai :
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λ+(u) =
ω2u− 2(ω − 1) +

√
ω4u2 − 4ω2u(ω − 1)

2

dλ+

du
=

ω2

2
+

2ω4u− 4ω2(ω − 1)

2
√

ω4u2 − 4ω2u(ω − 1)

Dhlad  :
dλ+

dµ2
=

ω2

2
+

2ω4µ2 − 4ω2(ω − 1)

2
√

ω4µ4 − 4ω2µ2(ω − 1)

Opìte dλ+

dµ2 > 0 �ra h idiotim  λ+ eÐnai aÔxousa sun�rthsh wc proc µ2

Me an�logo trìpo apodeiknÔoume ìti h λ− eÐnai fjÐnousa sun�rthsh wc proc µ2

−−−♦−−−

JewroÔme A èna 2-cyclic consistently ordered pÐnaka me touc block diag¸niouc upopÐnakec
antistrèyimouc kai upojètoume ìti o antÐstoiqoc block Jacobi B pÐnakac eqei pragmatikèc
idiotimèc kai sugklÐnei dhlad  0 < ρ(B) < 1 . Dhl¸noume wc µ̄ = ρ(B). Oi idiotimèc tou
pÐnaka thc SOR ja dÐnontai apì thn sqèsh (λ + ω− 1)2 = λω2µ2. Sthn parap�nw perÐptwsh,
dhlad  ∆ ≥ 0 , h fasmatik  aktÐna tou pÐnaka thc SOR ja dÐnetai apì thn sqèsh :

ρ(Lω) = |ωµ̄2 − 2(ω − 1) +
√

ω4µ̄4 − 4ω2µ̄2(ω − 1)

2
| (2.38)

LHMMA 2.2

E�n ∆ < 0 tìte h fasmatik  aktÐna tou pÐnaka thc SOR ja dÐnetai apì thn sqèsh :

ρ(Lω) = |ω − 1| (2.39)

Apìdeixh

λ± =
ω2µ2 − 2(ω − 1)± i

√
ω2µ2[ω2µ2 − 4(ω − 1)]

2

λ± =

√
((ω2µ2 − 2(ω − 1))2

4
+

(ω2µ2[ω2µ2 − 4(ω − 1)])2

4
= |ω − 1|

'Ara
ρ(Lω) = |ω − 1|

− − −♦−−−
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Wc t¸ra anaferj kame gia tic idiotimèc tou pÐnaka thcSOR wc proc µ2. Ja melet soume
loipìn stic parap�nw peript¸seic gia thn fasmatik  aktÐna tou pÐnaka thcSOR kai wc proc
thn par�metro w.

JewroÔme ω(µ2) ≡ ω2µ2 − 4(ω − 1)

H diakrÐnousa tou parap�nw triwnÔmou ja dÐnetai apì thn sqèsh:

∆ = 16− 16µ2

'Ara

ω± =
4± 4

√
1− µ2

2µ2
=

2µ2

µ2(1±
√

1− µ2)
=

2

1±
√

1− µ2
(2.40)

LHMMA 2.3

'Estw oi dÔo pragmatikèc rÐzec λ± =
ω2µ2−2(ω−1)±

√
ω2µ2[ω2µ2−4(ω−1)]

2
ìtan ∆ ≥ 0. Tìte

λ± ≥ 0 kai h λ+ eÐnai gnhsÐwc fjÐnousa wc proc w en¸ h λ− eÐnai gnhsÐwc fjÐnousa wc proc
w sto di�sthma (0, 1) kai gnhsÐwc aÔxousa sto di�sthma (1, 2) .

Apìdeixh

H idiotim  λ+ mporeÐ na grafteÐ sthn morf 

λ+ =
1

4
(µω +

√
ω2µ2 − 4ω + 4)

2
(2.41)

ParagwgÐzontac thn èqoume :

dλ+

dω
=

1

2
√

ω2µ2 − 4ω + 4
(µω +

√
ω2µ2 − 4ω + 4)(µ

√
ω2µ2 − 4ω + 4− (2− µ2ω)) (2.42)

Oi duo pr¸toi par�gontec thc parap�nw exÐswshc eÐnai jetikoÐ en¸ o trÐtoc eÐnai arnhtikìc
giatÐ :

sign(µ
√

ω2µ2 − 4ω + 4−(2−µ2ω)) = sign((µ
√

ω2µ2 − 4ω + 4)2−(2−µ2ω)2) = sign(µ2−1) = −1

'Ara loipìn h par�gwgoc eÐnai arnhtik  opìte h idiotim λ+ eÐnai fjÐnousa wc proc w.
H λ− idiotim  mporeÐ na grafteÐ wc :

λ− =
1

4
(µω −

√
ω2µ2 − 4ω + 4)

2
(2.43)

ParagwgÐzontac thn parap�nw sqèsh èqoume :

dλ−

dω
=

1

2
√

ω2µ2 − 4ω + 4
(µω −

√
ω2µ2 − 4ω + 4)(µ

√
ω2µ2 − 4ω + 4− (2 + µ2ω)) (2.44)
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O pr¸toc kai o trÐtoc ìroc eÐnai jetikoÐ en¸ o deÔteroc mporeÐ na grafteÐ wc ex c :

µω −
√

ω2µ2 − 4ω + 4 =
4(ω − 1)

(µω +
√

ω2µ2 − 4ω + 4)

Opìte h par�gwgoc eÐnai arnhtik  gia ω < 1 en¸ eÐnai jetikoÐ gia ω > 1. 'Ara h λ− eÐnai
gnhsÐwc fjÐnousa wc proc w sto di�sthma (0, 1) kai gnhsÐwc aÔxousa sto di�sthma (1, 2) .

Basizìmenoi sto parap�nw l mma ja parousi�soume thn sumperifor� twn idiotim¸nλ±

kaj¸c to w dianÔei to di�sthma (0, 2).
PERIPTWSH I 0 < ω < 1

Oi idiotimèc λ± fjÐnoun proc to mhdèn.

PERIPTWSH II ω = 1

Tìte h idiotim  λ+ = µ2 en¸ λ− = 0

PERIPTWSH III 1 < ω ≤ 2

1+
√

1−µ2

Se aut  thn perÐptwsh h λ+ mei¸netai en¸ h idiotim  λ− aux�netai.

PERIPTWSH IV ω = 2

1+
√

1−µ2

Tìte h λ+ gÐnetai Ðsh me thn λ−

PERIPTWSH V 2

1+
√

1−µ2
< ω < 2

Oi idiotimèc λ± eÐnai migadikèc kai briskontai p�nw se kÔkloω − 1

JEWRHMA 2.3

To mètro thc mègisthc kat� mètro idiotim cLω dÐnetai apì to λ(µn) ≡ λ(µ̄) me µ1 < µ2... <

µn kai dÐnetai apì :

ρ(Lω) = |ωµ2
n − 2(ω − 1) +

√
ω4µ4

n − 4ω2µ2
n(ω − 1)

2
| (2.45)

Apìdeixh

An ω ≥ 2

1+
√

1−µ2
n

tìte ìlec oi idiotimèc tou pÐnaka thcSOR ja brÐskontai p�nw ston kÔklo
ω − 1 kai ja èqoun mètro Ðso me |ω − 1|.

An ω ≤ 2

1+
√

1−µ2
n

arkeÐ na deÐxoume ìti to mètro thc λ(µn) eÐnai megalÔtero apì to ω − 1

to mètro twn migadik¸n idiotim¸n kai meg�lutero apì to mètro twn upoloÐpwn pragmatik¸n
idiotim¸n tou Lω.
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Gia thn pr¸th perÐptwsh èstw dÔo idiotimèc thc exÐswshcλ+(µn), λ−(µn) ja isqÔei

λ+(µn)λ−(µn) = (ω − 1)2

|λ+(µn)λ−(µn)| = (ω − 1)2

'Omwc λ+ > λ− 'Ara

λ+(µn) ≥ |ω − 1| = ω − 1

Gia thn perÐptwsh ω ≤ 2

1+
√

1−µ2
n

h apìdeixh eÐnai sunèpeia tou L mmatoc 2.1.
Eidikìtera gia touc p-cyclic pÐnakec isqÔoun ta parak�tw jewr mata (34):

JEWRHMA 2.4

'Estw o pÐnakac A thc morf c (2.2) pou eÐnai consistently ordered p-cyclic matrix me touc
block diag¸nia upopÐnakecAi,i me 1 ≤ i ≤ p antistrèyimouc. E�n ìlec oi idiotimèc eic sthnp−th

dÔnamh tou block Jacobi pÐnaka eÐnai pragmatikèc, jetikèc mh mhdenikèc kai 0 ≤ ρ(B) < 1,
tìte h bèltisth paramètroc ωb dÐnetai apì thn sqèsh (2.34) kai isqÔoun

1.ρ(Lωb
) = (ωb − 1)(p− 1) (2.46)

2.ρ(Lω) > ρ(Lωb
), ω 6= ωb (2.47)

JEWRHMA 2.5

'Estw o pÐnakac A thc morf c (2.2) pou eÐnai consistently ordered p-cyclic matrix me touc
block diag¸nia upopÐnakec Ai,i me 1 ≤ i ≤ p antistrèyimouc. EpÐshc èstw ìlec oi idiotimèc eic
sthn p − th dÔnamh tou block Jacobi pÐnaka eÐnai pragmatikèc, jetikèc mh mhdenikèc kai
0 ≤ ρ(B) < 1. An ρ(B) → 1− tìte :

R∞(Lωb
) ∼ (

2p

p− 1
)1/2[R∞(L1)]

1/2 (2.48)



Kef�laio 3

Bèltisth kuklik  diamèrish gia thn
mèjodo thc Diadoqik c
Uperqal�rwshc -SOR se p-cyclic

pÐnakec

Sto kef�laio autì ja exet�soume poia eÐnai h kalÔterh diamèrish enìcp-cyclic pÐnaka A
se q − cyclic morf  me 2 ≤ q ≤ p ¸ste na broÔme thn bèltisth SOR mèjodo gia thn lÔsh tou
sust matoc Ax = b.

3.1 Eisagwg 

Apì ta prohgoÔmena kef�laia anafèrame ìti gia thn lÔsh tou grammikoÔ sust matoc:

Ax = (D − L− U)x = b (3.1)

ìpou A ∈ Cn,n eÐnai ènac p− cyclic block pÐnakac thc morf c :

A =




A1,1 O O . . . O A1,p

A2,1 A2,2 O . . . O O
... . . . . . . ...
... . . . . . . ...
... . . . . . . ...
O O O . . . Ap,p−1 Ap,p




(3.2)
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me diag¸nio D := diag(A11, A22, ...App), ìpou oi block pÐnakec Ai,i eÐnai tetragwnikoÐ kai anti-
strèyimoi kai oi L,U austhr� p�nw kai k�tw trigwnikoÐ pÐnakec antÐstoiqa. To epanalhptikì
b ma thc mèjodou thc diadoqik c uperqal�rwshcSOR eÐnai :

x(m+1) = Lωx(m) + ω(D − ωL)−1b (3.3)

Lω := (D − ωL)−1[(1− ω)D + ωU ], (3.4)

me x(0) arqikì kai par�metro uperqal�rwshcω ∈ (0, 2).
Gia th sÔgklish thc mejìdou aut c aparaÐthth kai epark c sunj kh eÐnaiρ(Lω) < 1 kai

ìso mikrìterh eÐnai h fasmatik  aktÐna tìso poio gr gora sugklÐnei h mèjodoc aut . Opìte
to prìblhma gia ton kajorismì tou bèltistou w, dhlad  ìtan elaqistopoeÐtai toρ(Lω) eÐnai
ousi¸douc shmasÐac.

Oi Markham, Neumann kai o Plemmons[23]  tan oi pr¸toi pou skèfthkan to prìblhma
thc diamèrishc enìc 3 − cyclic pÐnaka A s�ena pÐnaka 2 − cyclic gia thn eÔresh thc bèltisthc
SOR. Basizìmenoi sta bèltista apotelèsmata pou pètuqe o Kredell[21] gia p = 2 kai oi
Niethammer, de Pillis kai Varga[23] gia p = 3 sthn perÐptwsh pou oi fasmatikèc aktÐnec twn
block Jacobi pin�kwn σ(J2

2 ) kai σ(J3
3 ) eÐnai arnhtikèc kai parathr¸ntac ìtiσ(J3

3 )\{0} ≡ σ(J2
2 ),

katèlhxan ìti h bèltisth 2 − cyclic SOR  tan kalÔterh apì thn bèltisth 3 − cyclic SOR

. ParakinoÔmenoi kai basizìmenoi sta parap�nw apotelèsmata oi Gal�nhc ,Qatzhd moc kai
NoÔtsoc[11] diatÔpwsan k�ti genikìtero, ìti ènac pÐnakac A sep-cyclic morf  diamerizìmenoc
se [(p+1)/2]-cyclic morf  (ìpou [x] dhl¸nei to akèraio mèroc tou pragmatikoÔ arijmoÔ toux)
apofèrei kalÔterh bèltisthSOR. 'Etsi katèlhxan ìti h diamèrish enìc pÐnaka A se2− cyclic

morf  eÐnai polÔ kalÔterh apì thn arqikh mac p− cyclic morf . Argìtera o Pierce katèlhxe
epÐshc s�ena polÔ kalì apotèlesma : DiamerÐzontac ènan p-cyclic pÐnaka A s�ena q − cyclic

pÐnaka me q < p diapÐstwse ìti apaitoÔntai ta Ðdia akrib¸c arijmhtik� gia mÐa epan�lhyh
eÐte gia mÐa p − cyclic eÐte gia mÐa q − cyclic SOR. Oi Pierce , Qatzhd moc kai Plemmons

[26] basizìmenh sthn ergasÐa tou Pierce ap�nthsan sthn er¸thsh thc austhr c meÐwshc thc
bèltisthc fasmatik c aktÐnac thc q − cyclic SOR lamb�nontac to apì thn diamèrish thc q-

cyclic morf c apì ton arqikì p− cyclic morf  gia ìlec tic timèc tou q = 2(1)p. Eidikìtera
èdeixan ìti ìtan to f�sma σ(Jp

p ) eÐnai jetikì kai k�tw apì thn upìjesh ìti ρ(Jp) < 1

ρ2 < ρ3 < ... < ρp−1 < ρp < 1 (3.5)

kaj¸c kai gia to f�sma σ(Jp
p ) pou eÐnai arnhtikì kai qwrÐc kanèna periorismì gia toρ(Jp),

ìti up�rqei monadikì k ∈ 2, ...p tètoio ¸ste

(
k + 1

k − 1
)(k+1)/p ≤ ρ(Jp) < (

k

k − 2
)k/p (3.6)



3.1 Eisagwg  33

tètoio ¸ste

ρ2 < ρ3 < ... < ρk < 1 < ρ(L(ωq)) (3.7)

me q = k + 1(1)p.

Skopìc mac sto kef�laio aÔtì eÐnai na parajèsoume ta basik� jewr mata pou apèdeix-
an oi Gal�nhc kai Qatzhd moc [9] gia thn eÔresh thc bèltisthc diamèrishc, thc paramètrou
uperqal�rwshc kai thc fasmatik c aktÐnac sthn epanalhptik  mèjodo SOR enìc p-cyclic

consistently ordered pÐnaka me thn upìjesh ìti σ(Jp
p ) ⊂ R \ {[1,∞]}. Oi parap�nw apèdeixan

ìti h 2-cyclic SOR den eÐnai p�nta h bèltisth SOR.
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3.2 Jewr mata gia thn eÔresh thc bèltisthc diamèri-
shc,paramètrou uperqal�rwshc kai fasmatik c ak-
tÐnac sthn SOR mèjodo gia p-cyclic pÐnaka.

JEWRHMA 3.2.1 (thc kalÔterhc diamèrishc)

'Estw A p-cyclic consistently ordered pÐnakac (3.2), T o antÐstoiqoc block Jacobi tou sust -
matoc (3.1) kai σ(T p) ⊂ [−αp, βp] me −αp, βp ∈ σ(T p) ìpou 0 ≤ β ≤ 1 kai 0 ≤ α ≤ ∞. Upo-
jètoume ìti o pÐnakac A diamerÐzetai se èna q-cyclic consistently ordered pÐnaka me 2 ≤ q < p

kai dhl¸noume wc ωq, ρq thn par�metroc uperqal�rwshc kai thn fasmatik  aktÐna tou pÐnaka
thc bèltisthc q-cyclic SOR antÐstoiqa. Tìte isqÔoun ta èxhc :

∗ (I) E�n

0 ≤ α

β
<

p− 2

p
, (3.8)

tìte up�rqei monadikìc akèraioc l ∈ {2, 3, . . . , p−1} pou ikanopoieÐ thn parak�tw sqèsh:

(
l − 2

l
)

l
p ≤ a

β
< (

l − 1

l + 1
)

(l+1)
p (3.9)

tètoioc ¸ste

ρl < ρl−1 < ... < ρ2 < 1 (3.10)

kai

ρl+1 < ρl+2 < ... < ρp < 1 (3.11)

Epipleìn, gia k�je β ∈ (0, 1) antistoiqeÐ mia monadik  tim  tou a,

αl,l+1 := α(β) ∈ [(
l − 2

l
)

l
p β, (

l − 1

l + 1
)

(l+1)
p β]

dosmènh apì thn sqèsh :

αl,l+1 = (
2ρ1/l − (1 + ρ)βp/l

1− ρ
)

l
p (3.12)

ìpou r eÐnai h monadik  rÐza sto di�sthma (0, 1) thc exÐswshc :
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βp(l + ρ)l+1 − (l + 1)l+1ρ = 0, (3.13)

tètoio ¸ste:

ρl < ρl+1 για (
l − 2

l
)

l
p β ≤ α < αl,l+1, (3.14)

ρl = ρl+1 για α = αl,l+1, (3.15)

ρl > ρl+1 για αl,l+1 < α < (
l − 1

l + 1
)

(l+1)
p β. (3.16)

Apì ta parap�nw loipìn sumperaÐnoume ìti gia thn pr¸th perÐptwsh hl − cyclic SOR

dÐnei thn bèltisthSOR, sthn deuter  perÐptwsh eÐte h l − cyclic SOR eÐte h l + 1− cyclic

SOR dÐnoun thn bèltisth SOR mèjodo kai sthn trÐth perÐptwsh h l + 1− cyclic SOR

dÐnei thn bèltisth SOR .

∗ (II) E�n

p− 2

p
≤ α

β
< 1, (3.17)

tìte

ρp < ρp−1 < ... < ρ3 < ρ2 < 1 (3.18)

Opìte h arqik  p− cyclic morf  dÐnei thn bèltisth SOR mèjodo.

∗ (III) E�n

α

β
= 1, (3.19)

ìpou h perÐptwsh α = β = 0 epÐshc perièqetai, tìte

ρp = ρp−1 = ... = ρ3 = ρ2 = βp < 1 (3.20)

Opìte opoiad pote q-cyclic me q = 2(1)p, eÐnai h bèltisth SOR mèjodo.
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∗ (IV ) E�n

1 <
α

β
≤ p

p− 2
, (3.21)

Ta apotelèsmata eÐnai akrib¸c ta Ðdia me thn perÐptwsh (II).

∗ (V ) E�n

p

p− 2
<

α

β
≤ ∞, (3.22)

ìpou α
β

= ∞ antistoiqeÐ sthn perÐptwsh pou α > 0, β = 0 tìte up�rqei monadikìc
akèraioc k ∈ {2, ...p}, tètoioc ¸ste:

(
k + 1

k − 1
)

(k+1)
p < ρ(Jp) ≤ (

k

k − 2
)

k
p (3.23)

kai monadikìc akèraioc l ∈ {2, ..., min(p− 1, k)}, ikanopoi¸ntac thn sqèsh:

(
l + 1

l − 1
)

(l+1)
p <

α

β
≤ (

l

l − 2
)

l
p (3.24)

tètoioc ¸ste :

ρl < ρl−1 < ... < ρ3 < ρ2 < 1, (3.25)

kai

ρl+1 < ρl+2 < ... < ρk−1 < ρk ≤ 1 ≤ ρ(Lωq), (3.26)

me q = k + 1(1)p kai me thn isìthta na isqÔei ìtan ρk ≤ 1 e�n kai mìno e�n k > 2.
Epiplèon gia l = k, h l + 1− cyclic SOR dÐnei thn bèltisth SOR mèjodo. En¸ gia
l < k se k�je α ∈ (0, ((l + 1)/(l − 1))

(l+1)
p , antistoiqeÐ mia monadik  tim  tou b :

βl,l+1 := β(α) ∈ [(
l − 2

l
)

l
p α, (

l − 1

l + 1
)

(l+1)
p α]

dosmènh apì thn sqèsh :

βl,l+1 = (
2ρ1/l − (1− ρ)αp/l

1 + ρ
)

l
p (3.27)

ìpou r eÐnai h monadik  rÐza sto di�sthma (0, 1) thc exÐswshc :
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αp(l − ρ)l+1 − (l + 1)l+1ρ = 0, (3.28)

tètoio ¸ste:

ρl < ρl+1 για (
l − 2

l
)

l
p α ≤ β < βl,l+1, (3.29)

ρl = ρl+1 για β = βl,l+1, (3.30)

ρl > ρl+1 για βl,l+1 < β < (
l − 1

l + 1
)

(l+1)
p α. (3.31)

Sunep¸c gia thn pr¸th perÐptwsh h l − cyclic SOR dÐnei thn bèltisth SOR, sth-
n deuter  perÐptwsh eÐte h l − cyclic SOR eÐte h l + 1− cyclic SOR dÐnoun thn
bèltisth SOR mèjodo kai sthn trÐth perÐptwsh h l + 1− cyclic SOR dÐnei thn bèltisth
SOR.

JEWRHMA 3.2.2 ( bèltistec timèc thc paramètrou thc uperqal�rwshc
kai thc fasmatik c aktÐnac).

K�tw apì tic upojèseic tou Jewr matoc (3.2.1) èstw ωr kai ρr dhl¸noun thn par�metro
thc uperqal�rwshc kai thn fasmatik  aktÐna eÐte thc bèltisthc eÐte opoiad pote bèltisthc
r − cyclic SOR antistoiqÐzontac se mia r − cyclic diamèrish tou A me r ∈ {2, 3, ...p}. Tìte
ωr kai ρr dÐnontai apì tic exis¸seic :

(
(αr + βr)

2
ω)r − (αr + βr)

(βr − αr)
(ω − 1) = 0 (3.32)

kai

ρr =
(αr + βr)

(βr − αr)
(ωr − 1) = (

(αr + βr)

2
ωr)

r, (3.33)

ìpou ωr eÐnai h monadik  jetik  rÐza thc parap�nw exÐswshc sto di�sthma:

(min{1, 1 +
βr − αr

βr + αr

},max{1, 1 +
βr − αr

βr + αr

}) (3.34)

kai

αr =
r − 2

r
β

p
r , βr = β

p
r ⇐⇒ α

β
≤ (

r − 2

r
)

r
p (3.35)
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αr = α
p
r , βr = β

p
r ⇐⇒ (

r − 2

r
)

r
p ≤ α

β
≤ (

r

r − 2
)

r
p (3.36)

αr = α
p
r , βr =

r − 2

r
α

p
r ⇐⇒ (

r

r − 2
)

r
p ≤ α

β
(3.37)

Prin thn apìdeixh twn parap�nw jewrhm�twn qr simo ja  tan na anafèroume
ta parak�tw l mmata.

LHMMA (3.2.1)

H sun�rthsh

y(x) := (
x− 2

x
)x, x ∈ [2,∞), (3.38)

aux�nei aust ra.

Apìdeixh

ParagwgÐzontac thn sun�rthsh lamb�noume :

dy/dx = y(x)z(x), (3.39)

ìpou

z(x) := ln(
x− 2

x
) +

x

x− 2
− 1 (3.40)

ìpou z(x) eÐnai kal� orismènh kai paragwgÐsimh sto di�sthma(2,∞). Opìte eÔkola brÐsk-
oume ìti :

dz/dx =
−4

x(x− 2)
< 0, x ∈ (2,∞), (3.41)

H parap�nw sqèsh dhl¸nei ìti h sun�rthsh z(x) mei¸netai austhr� kai

infx∈(2,∞)z(x) = limx→∞z(x) = 0. (3.42)

Opìte z(x) > 0 kai apì thn sqèsh (3.39) sumperaÐnoume ìti h y(x) aux�nei austhr� s-
to di�sthma (2,∞) paÐrnontac tic jetikèc timèc. Xèrwntac epÐshc ìti h y(x) eÐnai suneq c
sunart shc sto di�sthma [2,∞) kai y(2) = 0 oloklhr¸noume thn apìdeixh.

−−−♦−−−
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PORISMA (3.2.1)

Gia k�je akèraio p ≥ 3 isqÔei :

y(2) < y(3) < ... < y(p− 1) < y(p) (3.43)

me y thn sun�rthsh pou dÐnontai apo thn sqèsh (3.38).

−−−♦−−−

PORISMA (3.2.2)

'Estw p ≥ 3 na eÐnai akèraioc kai a, b na eÐnai jetikèc stajerèc ikanopoi¸ntac thn sqèsh :

α

β
≥ (

p− 2

p
)p (3.44)

me b < 1. Tìte h sun�rthsh

g(x) = 1− x

2
(b

1
x − a

1
x ) (3.45)

orismènh gia ìlouc touc pragmatikoÔc x ∈ [2, p], paÐrnei mìno jetikèc timèc.

Apìdeixh

E�n α ≥ β h egkurìthta tou isqurismoÔ eÐnai faner . Giaα < β(< 1),

g(x) ∼ 2

x
− (1− (

α

β
)

1
x )b

1
x (3.46)

Gia na apodeÐxoume ìti to dexiì mèroc eÐnai jetikì, ìtan0 < b < 1 eÐnai isodÔnamo me to na
apodeÐxoume ìti :

α

β
≥ (

x− 2

x
)x (3.47)

All�

α

β
≥ (

p− 2

p
)p ≥ (

x− 2

x
)x (3.48)

Opìte apodeÐxame ìti h g(x) eÐnai p�nta jetik  me b�sh to prohgoÔmeno l mma.

−−−♦−−−
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LHMMA (3.2.3)

'Estw c kai d diaforetikèc stajerèc me

0 < c < 1, 0 < d (3.49)

Tìte h sun�rthsh

f(ρ) := [(c−d)ρ+(c+d)]ln(
1

2
[(c−d)ρ+(c+d)])+(−clnc+dlnd)ρ+(−clnc−dlnd) ρ ∈ [0, 1],

(3.50)
eÐnai austhr� auxous�, paÐrnontac mìno tic arnhtikèc timèc kai thn tim 0 gia ρ = 1.

Apìdeixh

H sun�rthsh f(ρ) eÐnai kal� orismènh kai dÔo forèc paragwgÐsimh sto di�sthma [0, 1].
EÔkola brÐskoume ìti h par�gwgoc thc eÐnai :

f ′(ρ) := (c− d){1 + ln(
1

2
[(c− d)ρ + (c + d)])}+ (−clnc + dlnd) (3.51)

kai h deÔterh par�gwgoc :

f ′′(ρ) :=
(c− d)2

(c− d)ρ + (c + d)
> 0 για καθε ρ ∈ [0, 1], (3.52)

Sunèpwc apì tic parap�nw dÔo sqèseic sumperaÐnoume ìti h f ′(ρ) aux�nei austhr� gia
ρ ∈ [0, 1].

minρ∈[0,1]f
′(ρ) = f ′(0) ∼ c

d
{1 + ln[

1

2
(1 +

d

c
)]} − {1 + ln[

1

2
(1 +

c

d
)]} (3.53)

minρ∈[0,1]f
′(ρ) = x[1 + ln(

x + 1

2x
)]− [1 + ln(

x + 1

2
)] =: z(x) (3.54)

ìpou èqoume jesei x = c
d
. H sun�rthsh z(x) eÐnai dÔo forèc suneq c kai paragwgÐsimh.

Opìte lamb�nome :

dz

dx
=

x− 1

x + 1
+ ln(

x + 1

2x
) (3.55)

kai

d2z

dx2
∼ x− 1 (3.56)

Opìte, e�n c > d dhlad  x > 1 h deÔterh par�gwgoc thc sun�rthshc z(x) eÐnai jetik  �ra
h dz

dx
aux�netai austhr� ìso aux�netai to x gia x ∈ [1,∞).
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minx∈[1,∞)
dz

dx
=

dz

dx
|x=1 = 0 (3.57)

'Ara h par�gwgoc dz
dx

eÐnai p�nta jetik  sto di�sthma (1,∞) dhl¸nontac ìti h sun�rthsh
z(x) aux�nei austhr� me to x. 'Etsi

minρ∈[0,1]f
′(ρ) = f ′(0) > d infx∈(1,∞)z(x) = 0 (3.58)

E�n c < d dhlad  x < 1 tìte h deÔterh par�gwgoc thc sun�rthshc z(x) eÐnai arnhtik 
opìte h dz

dx
mei¸netai austhr� me to x na mei¸netai sto di�sthma (0, 1] kai

minx∈[0,1]
dz

dx
=

dz

dx
|x=1 = 0 (3.59)

Epomènwc katal goume sthn Ðdia sqèsh ìpwc kai thn(3.58). Ta apotelèsmata thc sqèshc
(3.58) kai to gegonìc ìti h sun�rthsh f ′(ρ) sto di�sthma [0, 1] aux�nei austhr� mac odhgeÐ
sto sumpèrasma ìti h sun�rthsh f(ρ) aux�nei sto di�sthma [0, 1]. Apì thn �llh pleur�

maxρ∈[0,1]f(ρ) = f(1) = 0 (3.60)

pou apodeiknÔei to l mma.

−−−♦−−−

LHMMA (3.2.4)

'Estw h sqèsh

F (x, ρ) := ρ− (1/2[(b
1
x − a

1
x )ρ + (b

1
x + a

1
x )])x = 0, (3.61)

me x, r dosmèna, p ≥ 3 gnwstìc akèraioc, kai a ,b (< 1) jetikèc stajerèc ikanopoi¸ntac
thn sqèsh :

α

β
≥ (

p− 2

p
)p. (3.62)

Tìte h r eÐnai k�la orismènh sun�rthsh toux me ìla ta x ∈ [2, p] kai x mia k�la orismènh
sun�rthsh tou ρ ∈ [0, 1]. Epipleìn h sun�rthsh r mei¸netai austhr� me tox ∈ [2, p].

Apìdeixh
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Fx = −(
1

2
[(b

1
x − a

1
x )ρ + (b

1
x + a

1
x )])x

·{ln(
1

2
[(b

1
x − a

1
x )ρ + (b

1
x + a

1
x )])

1

2
[(−(

1

x2
b

1
x lnb + (

1

x2
a

1
x lna)ρ

+x[+(− 1
x2 )b

1
x lnb− ( 1

x2 )a
1
x lna)]/1

2
[(b

1
x − a

1
x )ρ + (b

1
x + a

1
x )])}

kai

Fρ = 1− (
1

2
[x(b

1
x − a

1
x )ρ + (b

1
x + a

1
x )])x−1 1

2
(b

1
x − a

1
x ),

oi opoÐec sqèseic mporoÔn na graftoÔn b�sh thc sqèshc (3.61):

Fx = −1

2
ρ1− 1

x{[b 1
x − a

1
x )ρ + (b

1
x + a

1
x )]

·{ln(
1

2
[(b

1
x − a

1
x )ρ + (b

1
x + a

1
x )])

+(−b
1
x lnb

1
x + a

1
x lna

1
x )ρ

+(−b
1
x lnb

1
x − a

1
x lna

1
x )}

kai

Fρ = 1− x

2
(b

1
x − a

1
x )ρ1− 1

x

antÐstoiqa. H Fx kai h Fρ eÐnai suneqeÐc sunart seic tou x kai tou r gia ìla ta x ∈ [2, p] kai
ta ρ ∈ [0, 1]. H sun�rthsh Fx ≥ 0 b�sh tou l mmatoc (3.2.3) gia c = b

1
x kai d = a

1
x kai Fρ ≥ 0

b�sh tou l mmatoc (3.2.2).
H par�gwgoc tou r h opoÐa eÐnai suneqeÐc dÐnetai apì ton tÔpo

ρ′ = −Fx

Fρ

≤ 0, (3.63)

me thn isìthta na isqÔei gia ρ = 1. 'Ara h sun�rthsh r meÐwnetai austhr� gia x ∈ [2, p].

−−−♦−−−

Apìdeixh (jewr matoc 3.2.1)
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Apìdeixh (II) perÐptwshc tou jewr matoc 3.2.1

'Estw q pou anafèretai se opoiad pote q-cyclic diamèrish enìc p-cyclic pÐnaka thc morf c
(3.1) kai èstw ìti isqÔei h (II) perÐptwsh tou jewr matoc 3.2.1. GnwrÐzoume ìti

σ(T q
q ) \ {0} ≡ σ(T p

p ) \ {0}, q = 2(1)p. (3.64)

Tìte, e�n −aq
q kai bq

q dhl¸noun tic akraÐec idiotimèc tou T q
q , ìpou aq, bq > 0, tìte ja eÐnai

αq = a
1
q , βq = b

1
q (3.65)

ìpou èqoume jèsei

a = αp, b = βp (3.66)

Sthn dik  mac perÐptwsh èqoume :

p− 2

p
≤ α

β
< 1 (3.67)

sunep�gontac ìti

1 >
αp

βp
≥ (

p− 2

p
)p (3.68)

Apì tic parap�nw sqèseic kai b�sh tou porÐsmatoc (3.2.1) eÔkola sumperaÐnoume ìti :

1 >
αq

βq
≥ (

q − 2

q

q

), q = 2(1)p, (3.69)

  isodÔnama

q − 2

q
≤ αq

βq

< 1, q = 2(1)p, (3.70)

H bèltisth par�metroc uperqal�rwshc thc q-cyclic SOR ja dÐnetai apì tic exis¸seic
(3.32) kai (3.33) me ρ = q kai αr kai βr pou dÐnontai apì thn sqèsh (3.36) ìpou

αr = a
1
q , βr = b

1
q .

Sunep¸c h ωq eÐnai h monadik  jetik  rÐza sto di�sthma

(1, 1 +
b

1
q − a

1
q

b
1
q + a

1
q

)

thc exÐswshc
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(
(a

1
q + b

1
q )

2
ω)q − (a

1
q + b

1
q )

(b
1
q − a

1
q )

(ω − 1) = 0 (3.71)

en¸ h bèltisth fasmatik  aktÐna dÐnetai apì thn sqèsh:

ρq =
(a

1
q + b

1
q )

(b
1
q − a

1
q )

(ωq − 1) = (
(a

1
q + b

1
q )

2
ωq)

q. (3.72)

ParaleÐpontac ton deÐkth {q} apì to ρq gia eukolÐa kai sundu�zontac tic parap�nw dÔo
sqèseic paÐrnoume ìti

ρ = {1

2
[(b

1
q − a

1
q )ρ + (a

1
q + b

1
q )]}q (3.73)

T¸ra b�zoume to sÔnolo twn akeraÐwn {2, 3, ..., p} sto sÔnolo twn pragmatik¸n sto k-
leistì di�sthma [2, p] .

Tìte sÔmfwna me ta parap�nw diapist¸noume ìti oi upojèseic tou l mmatoc(3.2.4) isqÔoun
opìte h sÔnarthsh r eÐnai austhr� fjÐnousa sun�rthsh tou x ∈ [2, p] dhlad  ρp < ρp−1 <

... < ρ3 < ρ2 < 1 to opoÐo apodeiknÔei thn sqèsh (3.18) dhlad  thn deÔterh perÐptwsh tou
jewr matoc .

−−−♦−−−

Apìdeixh (I) perÐptwshc tou jewr matoc 3.2.1

Se aut  thn perÐptwsh ikanopoieÐtai h sqèsh (3.8)   isodÔnama:

0 ≤ αp

βp
< (

p− 2

p
)
p

Apì tic sqèseic (3.65)− (3.66) kai to Pìrisma (3.2.1) kai epeid 

0 = (
2− 2

2
)2

eÔkola katal goume sto sumpèrasma ìti up�rqei ènac akèraiocl ∈ {2, 3, ..., p− 1} tètoioc
¸ste

0 ≤ (
l − 2

l
)l ≤ αl

l

βl
l

=
αp

βp
=

αl+1
l+1

βl+1
l+1

< (
l − 1

l + 1
)l+1 ≤ (

p− 2

p
)p (3.74)

apì ta opoÐa prokÔptei h sqèsh (3.9). Apì thn parap�nw ìmwc sqèsh sunep�getai h ex c
anisìthta:

0 ≤ l − 2

l
≤ αl

βl

,
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pou èqei thn Ðdia morf  me thn sqèsh thc (II) perÐptwshc tou jewr matoc me l antÐ p. To
parap�nw gegonìc mac odhgeÐ sthn isqÔ thc sqèshc (3.10). Apì thn �llh pleur� gia ìla ta
q = l + 1(1)p h an�lush gia thn jetik  perÐptwsh odhgeÐ sthn perÐptwsh (3.11). Apomènei
loipìn na sugkrÐnoume toρl kai to ρl+1 pou eÐnai dhlwmèna sto Je¸rhma3.2.2. Gia thn bèltist 
l-cyclic SOR isqÔei ìti

l − 2

l
≤ αl

βl

< 1

opìte oi sqèseic (3.32) − (3.33) antistoiqoÔn sthn sqèsh (3.36). Me �lla lìgia up�rqei
ωl monadik  rÐza sto di�sthma

(1, 1 +
β

p
l − α

p
l

β
p
l + α

p
l

) (3.75)

thc exÐswshc

(
(α

p
l + β

p
l )

2
ω)l − (α

p
l + β

p
l )

(β
p
l − α

p
l )

(ω − 1) = 0,

ìpou h fasmatik  aktÐna ρl dÐnetai apì thn sqèsh :

ρl =
(α

p
l + β

p
l )

(β
p
l − α

p
l )

(ωl − 1) = (
(α

p
l + β

p
l )

2
ωl)

l

Gia thn bèltist  (l + 1)-cyclic SOR isqÔei ìti

0 ≤ al+1

bl+1

<
l − 1

l + 1

opìte oi sqèseic (3.32)− (3.33) antistoiqoÔn sthn sqèsh (3.35). 'Etsi h par�metroc ωl+1

sto di�sthma (1, l+1
l

) eÐnai rÐza thc exÐswshc :

(β
p

(l+1) ω)l+1 − (l + 1)l+1

ll
(ω − 1) = 0

kai h fasmatik  aktÐna ρl+1 dÐnetai apì thn sqèsh :

ρl+1 = (
l

l + 1
β

p
(l+1) ωl+1)

l+1 = l(ωl+1 − 1).

ExaleÐfontac tic paramètrouc ωl,ωl+1 apì tic sqèseic twn fasmatik¸n aktÐnwn èqoume ìti

ρl = {1

2
[(β

p
l − α

p
l )ρl + (β

p
l + α

p
l )]}l (3.76)

kai

ρl+1 = βp(
l + ρl+1

l + 1
)
l+1

. (3.77)

EpÐshc gia stajerì b e�n
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α

β
= (

αl

βl

)
l
p ∈ [(

l − 2

l
)

l
p

, 1)

kai

α

β
= (

αl+1

βl+1

)
(l+1)

p ∈ [0, (
l − 1

l + 1
)

l+1
p

)

h ρl eÐnai mia austhr� auxanìmenh sun�rthsh tou a ìtan h fasmatik  aktÐna ρl+1 eÐnai
stajerì. Apì thn parap�nw an�lush èqoume ìti gia:

αl

βl

=
l − 2

l
ρl < ρl+1

kaj¸c kai gia

αl+1

βl+1

=
l − 1

l + 1
ρl+1 < ρl

gia

α

β
∈ ((

l − 2

l

l
p

), (
l − 1

l + 1
)

l+1
p )

ìpou up�rqei monadik  tim  tou a dhlwmènh apì thn al,l+1 tètoia ¸ste ρl = ρl+1.Gia na
kajorÐsoume thn fasmatik  aktÐna ρ := ρl = ρl+1 brÐskoume monadik  tim  tou r ∈ (0, 1) pou
ikanopoieÐ thn sqèsh (3.77)

ρ = βp(
l + ρ

l + 1
)l+1 (3.78)

h(ρ) := βp(l + ρ)l+1 − (l + 1)l+1ρ = 0 (3.79)

kai epalhjeÔei tic sqèseic:

h(0) = βp(l + 1)l+1 > 0 (3.80)

h(1) = (l + 1)l+1(βp − 1) < 0 (3.81)

kai

h′(ρ) = (l + 1)βp(l + ρ)l − (l + 1)l+1 (3.82)

∼ βp(l + ρ)l+1 − (l + 1)l(l + ρ) ∼ (l + 1)ρ− (l + ρ) = l(ρ− 1)

ParathroÔme loipìn oti h′(ρ) < 0 gia ìla ta ρ ∈ (0, 1). 'Eqontac loipìn brei to r lÔnoume
thn sqèsh (3.79) wc proc a kai eqoume:
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αl,l+1 = (
2ρ

1
l − (1 + ρ)β

p
l

1− ρ
)

l
p (3.83)

Apì ta parap�nw loipìn kat�lhgoume sthn isqÔ thc(I) perÐptwshc tou jewr matoc 3.2.1

−−−♦−−−

Apìdeixh (III) perÐptwshc tou jewr matoc 3.2

Sthn perÐptwsh pou 0 < α = β < 1 upojètoumai ìti α → β−. Se aut  thn perÐptwsh ta
apotelèsmata thc perÐptwshc (II) efarmìzontai afoÔ gia timèc tou a polÔ kont� sto b ja
eÐnai

1 >
αq

βq

=
α

p
q

β
p
q

> (
p− 2

p
)

p
q ≥ q − 2

q
, q = 2(1)p (3.84)

Opìte h bèltisth tim  tou q ja brejeÐ apì tic sqèseic(3.71), (3.72):

(β
p
q − α

p
q )(

(β
p
q + α

p
q )

2
ω)q − (β

p
q + α

p
q )(ω − 1) = 0 (3.85)

kai

ρq = (
(β

p
q + α

p
q )

2
ωq)

q (3.86)

Gia α → β− h sqèsh (3.85) dÐnei ìrio ωq = 1 gia ìla ta q = 2(1)p kai h sqèsh (3.86) ρq = βp

gia ìla ta q = 2(1)p. 'Ara h fasmatik  aktÐna eÐnai stajer  anex�rthth thc diamèrishc, opìte
opoiad pote q-cyclic me q = 2(1)p eÐnai h bèltisth SOR.

Apìdeixh (IV ) perÐptwshc tou jewr matoc 3.2.1

Gia thn apìdeixh thc (IV ) perÐptwshc tou jewr matoc 3.2 h dia dikasÐa eÐnai an�logh thc
(II) perÐptwshc.

Se aut  thn perÐptwsh

y(x) = (
x

x− 2
)x, x ∈ (2,∞)

Gia x = 2, y(2) = ∞ ìpou y(x) eÐnai h antÐstrofh thc sun�rthshc tou pr¸tou l mmatoc
kai tou porÐsmatoc kai eÐnai austhr� fjÐnousa gia tax ∈ [2,∞)

Opìte,
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1 <
αq

βq

=
α

p
q

β
p
q

≤ (
p

p− 2
)

p
q ≤ q

q − 2
, q = 2(1)p (3.87)

kai h bèltisth par�metroc:

ωq ∈ (1 +
b

l
q − a

l
q

b
l
q + a

l
q

, 1)

H fasmatik  aktÐna dÐnetai apì thn sqèsh (3.73). Opìte ìpwc kai sth perÐptwsh (II) tou
jewr matoc (3.2.1) eÐnai fjÐnousa sun�rthsh �ra ρp < ρp−1 < ... < ρ2 < 1.

Apìdeixh (V ) perÐptwshc tou jewr matoc 3.2.1

Tèloc gia thn apìdeixh thc (V ) perÐptwshc tou jewr matoc 3.2 basizìmenoi sta apotèles-
mata [25] e�n

ρ(T ) = α <
p

p− 2

den eÐnai apotelesmatik  en¸ an

ρ(T ) = α ≥ p

p− 2

h p-cyclic SOR den ja sugklÐnei gia kamÐa tim  tou w.
All� h perÐptwsh thc q-cyclic diamèrishc odhg¸ntac sthn bèltisthSOR den perilamb�ne-

tai. Gia par�deigma gia q = 2 ja eÐnai

(
p

p− 2
)p <

αp

βp
=

α2
2

β2
2

< ∞

h opoÐa sugklÐnei gia thn bèltisth2−cyclic SOR. Opìte eÐnai fanerì ìti sthn perÐptwsh
thc fjÐnousac sun�rthshc ( x

x−2
)x up�rqei monadikìc akèraioc

k ∈ {2, ...p}
tètoioc ¸ste na ikanopoieÐ thn sqèsh (3.23). Gi autì to lìgo gia q = k + 1(1)p h bèltisth

q-SOR den ja sugklÐnei. Gia ìla ta q ∈ {2, ..., min(p − 1, k)} h diadikasÐa apìdeixhc eÐnai
an�logh thc apìdeixhc thc pr¸thc perÐptwshc tou jewr matoc. Me �lla lìgia apaitoÔme thn
Ôparxh enìc monadikoÔ akeraÐou l pou na ikanopoieÐ thn sqèsh (3.24) pou eÐnai k�ti to alhjèc
afoÔ h sun�rthsh ( x

(x−2)
)x eÐnai fjÐnousa. Gia ìla ta q = l + 1(1)k ja isqÔei

(
q

q − 2
)

q
p ≤ (

l + 1

l − 1
)

(l+1)
p

< (
αq

βq

)
q
p =

α

β
(≤ (

l

l − 2
)

l
p

)
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pou deÐqnei ìti isqÔei h sqèsh (3.26). Gia q = 2(1)l h apìdeixh eÐnai an�logh thc (IV )

perÐptwshc tou jewr matoc. Gia l = k h an�lush wc t¸ra mac odhgeÐ sto sumpèrasma ìti h
bèltisth SOR eÐnai h l− cyclic SOR. Gia l < k gia na apofasÐsoume poio apì ta ρl kai ρl+1

eÐnai to mikrìtero, dhl¸noume ìti giaα ∈ (0, ( (l+1)
(l−1))

)
(l+1)

p ) kai gia èna b tètoio ¸ste :

α

β
∈ ((

l + 1

l − 1
)

(l+1)
p , (

l

l − 2
)

l
p )

h fasmatik  aktÐna ρl aux�netai me to b. Gia thn upìloiph apìdeixh akoloujoÔme mia
an�logh apìdeixh ìpwc sthn pr¸th perÐptwsh.

−−−♦−−−
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Bèltisth kuklik  diamèrish gia thn mèjodo thc Diadoqik c Uperqal�rwshc

-SOR se p-cyclic pÐnakec

Ta parap�nw jewr mata ta sunoyÐzoume ston ex c pÐnaka :

PerÐptwsh TIMH tou Timèc tou l kai Epiplèon Diamèrish r

lìgou a/b kai αl,l+1 upìqwroi gia thn
bèltisth

SOR

I (i) 0
(0=a < b < 1) � � 2
(i)(0,(p-2/p) Dhl¸nw to megalÔtero (a)(l − 2)/l)l/pb l

akèraio ≤ a < αl,l+1

l ∈ {2, 3, ..., p− 1} : (b)a = αl,l+1 l,l + 1

((l − 2)/l)l ≤ (a/β)p (c)αl,l+1 < a < l + 1

((l − 1)/l + 1)(l−1/p)β

II [(p− 2/p), 1) � � p

III 1 � � 2, 3, ...p

(0 ≤ a = b < 1

IV (1, p/p− 2] � � p

V (i)(p/p− 2,∞) Dhl¸nw to megalÔtero (A) l = k l

akèraio (B) l < k l

k ∈ {2, 3, ..., p} : (a)((l − 2)/l)l/pa l

((k − 2)/k)k ≤ (1/ap) ≤ β < βl,l+1

l ∈ {2, 3, ..., min(p− 1, k)} : (b) β = βl,l+1 l, l + 1

((l − 2)/l)l ≤ (β/α)p (c)βl,l+1 < β l + 1

< ((l − 1)/l + 1)(l+1)/pa

(ii)∞ � � 2
(a > 0, β = 0)



Kef�laio 4

HERMITE COLLOCATION

MEJODOS gia probl mata
sunoriak¸n tim¸n

4.1 Eisagwg 

H genik  morf  twn problhm�twn sunoriak¸n tim¸n gia suntomÐa dÐnontai apì thn sqèsh:

Lu(x) = f(x), x ∈ Ω (4.1)

ìpou L eÐnai o diaforikìc telest c kai gia tic sunoriakèc timèc h sqèsh eÐnai

Bu(x) = g(x), x ∈ ∂Ω (4.2)

B telest c.
To prìblhma twn sunoriak¸n tim¸n pou ja melet soume emeÐc eÐnai to:

u′′(x) + F (x)u(x) = g(x), x ∈ Ix ≡ [a, b] (4.3)

me periodikèc sunoriakèc sunj kec:

u(a)− z1u(b) = w1 (4.4)

u′(a)− z1u
′(b) = w2 (4.5)

H epilog  thc mejìdou diakritopoÐhshc gia met�bash apo ton suneq  q¸ro sto diakritì
dhlad  thn metatrop  tou probl matoc sunoriak¸n tim¸n se èna grammikì sÔsthmaCa = b eÐ-
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nai h collocation mèjodoc qrhsimopoi¸ntac wc sunart seic b�seic ta kubik�Hermite polu¸nu-
ma.

Sugkekrimèna jewroÔme thn omoiìmorfh diamèrish tou diast matocIx se N upodiast mata
Ij ≡ [xj, xj+1], j = 1, . . . N ta opoÐa par�goun plègma me b ma diakritopoÐhshc m kouch = b−a

N

kai suntetagmènec kìmbwn xm = a + (m − 1)h m = 1, . . . N + 1. Wc sunart seic b�seic
qrhsimopoioÔme ta kubik� Hermite polu¸numa φ2m−1(x) kai φ2m(x) kai h sun�rthsh un(x)

proseggÐzetai apì thn

u(x) ' un(x) =
N+1∑
m=1

[a2m−1φ2m−1(x) + a2mφ2m(x)] (4.6)

Wc mèjodo diakritopoÐhshc ìpwc anafèrame pio p�nw qrhsimopoioÔme thncollocation mè-
jodo kai gia thn epÐlush tou grammikoÔ sust matocCa = b thn epanalhptik  mèjodo SOR.

4.2 Kubik� Hermite Polu¸numa

Se aut  thn perÐptwsh jewroÔme ìti to di�sthmaS perièqei ìlec tic sunart seic pou eÐnai
suneq c sto di�sthma [0, 1] kaj¸c kai h pr¸th touc par�gwgoc eÐnai suneq c sun�rthsh.
Jèloume tèsseric metablhtèc gia k�je di�sthma ,dhlad  sunolik�4N . 'Eqoume dÔo suneqeÐc
sunj kec se k�je eswterikì kìmbo. Oi eleÔjeroi suntelestèc eÐnain = 4N − 2(N − 1) =

2N + 2 = 2(N + 1).
H b�sh twn kubik¸n polu¸numwn apoteleÐtai apì tic dÔo sunart seicφ2m−1(x) kai φ2m(x)

pou orÐzontai se k�je kìmbo xm,m = 1, ..., N + 1 wc ex c:

φ2m−1(x) =





φ(x−xm

hm−1
) , x ∈ Im−1

φ(x−xm

hm
) , x ∈ Im

0 , αλλoυ

(2.2)

φ2m(x) =





hm−1ψ(x−xm

hm−1
) , x ∈ Im−1

hmψ(x−xm

hm
) , x ∈ Im

0 αλλoυ

(2.3)

ìpou φ2m−1(x) kai φ2m(x)(x) eÐnai ta genik� kubik� Hermite kai sto di�sthma [−1, 1]

dÐnontai apì tic sqèseic

φ2m−1(x) =





−2x3 − 3x2 + 1 ,−1 ≤ x ≤ 0

2x3 − 3x2 + 1 , 0 ≤ x ≤ 1

0 , αλλoυ
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Sq ma 4.1: Polu¸numa Hermite

φ2m(x) =





x3 + 2x2 + x ,−1 ≤ x ≤ 0

x3 − 2x2 + x , 0 ≤ x ≤ 1

0 αλλoυ

'Ena �meso sumpèrasma twn parap�nw dieukrinÐsewn pou mporeÐ na epalhjeÔsei kaneÐc
eÐnai ìti h tim  thc proseggistik c lÔshc un(x) gia opoiad pote x sto di�sthma Im mporeÐ na
upologisteÐ

un(x) =
2m+2∑

j=2m−1

ajφj(x), x ∈ Im (4.7)

H parap�nw sqèsh sundiasmènh me tic basikèc proôpojèseic twn kubik¸nHermite poluwnÔmwn
mac:

φ2m−1(xk) = δm,k (4.8)

φ′2m−1(xk) = 0 (4.9)

φ2m(xk) = 0 (4.10)

φ′2m(xk) =
1

h
δm,k (4.11)

ìpou δm,k dhl¸nei to Dèlta tou Kronecker.
sunep�gei ìti:



54 HERMITE COLLOCATION MEJODOS gia probl mata sunoriak¸n tim¸n

a2m−1 = un(xm) (4.12)

a2m+1 = un(xm+1) (4.13)

a2m = hu′n(xm) (4.14)

a2m+2 = hu′n(xm+1) (4.15)

4.3 Collocation mèjodoc

Sthn diakritopoi sh h collocation mèjodoc up�rqei apait¸ntac to upìloipo Lun − f na
mhdenÐzetai sta eswterik� shmeÐa thc diamèrishc tou pedÐou W a < σ2 < σ3... < σn−1 kai
apait¸ntac h proseggistik  lÔshun na ikanopoieÐ tic sunoriakèc sunj kec sta dÔo sunoriak�
collocation shmeÐa σ1 = a, σn = b.

An�loga gia tic n collocation exis¸seic eÐnai:

Lu(σi) = f(σi), σi ∈ Ω (4.16)

Bu(σi) = g(σi), σi ∈ ∂Ω (4.17)

Sta probl mata twn sunoriak¸n tim¸n wc eswterik� collocation shmeÐa dialègoume ta
Gauss Points pou eÐnai sto di�sthma [−1, 1] oi rÐzec tou Legendre poluwnÔmou deutèrou bajmoÔ
kai dhl¸nontai apì tic sqèseic :

σ2j = xj + hσ (4.18)

σ2j+1 = xj + hσ̄ (4.19)

me

σ =

√
3− 1

2
√

3
(4.20)

kai
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σ̄ =

√
3 + 1

2
√

3
(4.21)

'Etsi qrhsimopoi¸ntac ta parap�nw kai an�loga to prìblhma twn sunoriak¸n dhmiourgeÐtai
o pÐnakac thc collocation C.
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Kef�laio 5

P-Cyclic SOR gia probl mata
sunoriak¸n tim¸n me periodikèc
sunoriakèc sunj kec

5.1 Eisagwg 

Sthn paroÔsa melèth basizìmenh sta jewr mata pou apèdeixan oi Gal�nhc kai Qatzhd moc
kai ta opoÐa parajèsame sto trÐto kef�laio asqolhj kame me thn diamèrish twnp-cyclic pin�k-
wn gia ta probl mata sunoriak¸n tim¸n me periodikèc sunoriakèc sunj kec qrhsimopoi¸ntac
thn mèjodo twn peperasmènwn stoiqeÐwn. Wc prìblhma mac jewr same to2− point prìblhma
sunoriak¸n tim¸n

u′′(x) + F (x)u(x) = g(x), x ∈ Ix ≡ [a, b] (5.1)

me periodikèc sunoriakèc sunj kec:

u(a)− z1u(b) = w1 (5.2)

u′(a)− z2u
′(b) = w2 (5.3)

kai wc mèjodo arijmhtik c epÐlushc tou, thCollocation mèjodo me b�seic taHermite Cubics

polu¸numa .
Ja prèpei na shmeiwjeÐ ìti tètoia probl mata èqoun pollèc kai qr simec efarmogèc ìpwc

gia par�deigma sthn Kbantomhqanik  JewrÐa ,sthn kÐnhsh twn planht¸n kai se pollèc �llec.
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sunj kec

5.2 Orismìc tou Collocation pÐnaka

'Opwc anafèrame kai sto prohgoÔmeno kef�laio h diakritopoÐhsh thcCollocation mèjodou
mporeÐ na epiteuqjeÐ apait¸ntac to upìloipoLun − f na mhdenÐzetai, dhlad  mhdenÐzontac to
upìloipo Rn(x) ≡ u′′n(x)+F (x)un(x)−g(x) sta n−2 = 2N (dÔo se k�je di�sthma) eswterik�
collocation shmeÐa a < σ2 < σ3... < σn−1 kai apait¸ntac h proseggistik  lÔshun na ikanopoieÐ
tic sunoriakèc sunj kec sta dÔo sunoriak� collocation shmeÐa σ1 = a, σn = a. Dhlad ,

u′′n(σk) + F (σk)un(σk) = g(σk), k = 2, ...n− 1 (5.4)

un(σ1)− z1un(σn) = w1 (5.5)

u′n(σ1)− z2u
′
n(σn) = w2 (5.6)

Mia isodÔnamh diatÔpwsh twn parap�nw exis¸sewn eÐnai to grammikì sÔsthma twnn gram-
mik¸n exis¸sewn me agn¸stouc aj, j = 1..n dhlad  to sÔsthma

Ca = b (5.7)

ìpou C eÐnai o n × n collocation pÐnakac, α = [α1 α2...αn]T eÐnai to di�nusma twn agn¸stwn
kai b = [b1 b2...bn]

T to di�nusma tou dexioÔ mèrouc. GnwrÐzontac ìti se k�je upodi�sthma
Ij, j = 1..N antistoiqoÔn dÔo eswterik� collocation shmeÐa σ2j kai σ2j+1 kai sundu�zontac ta
parap�nw mporoÔme eÔkola na diapist¸soume ìti stoqei¸dhc exÐswsh gia toj-osto stoiqeÐo
Ij ja dÐnetai apì :

Cj




α2j−1

α2j

α2j+1

α2j+2


 =

[
g(σ2j)

g(σ2j+1)

]
(5.8)

ìpou Cj eÐnai o stoiqei¸dhc collocation pÐnakac pou dhl¸netai wc ex c:

Cj =




Φ2j
2j−1 Φ2j

2j Φ2j
2j+1 Φ2j

2j+2

Φ2j+1
2j−1 Φ2j+1

2j Φ2j+1
2j+1 Φ2j+1

2j+2


 (5.9)

me Φk
i = φ′′i (σk) + F (σk)φi(σk).

En¸ oi sunoriakèc sunj kec dÐnontai apì th sqèsh:

[
φ1(a) 0

0 φ′2(a)

][
α1

α2

]
−

[
z1φ2N+1(b) 0

0 z2φ
′
2N+2(b)

][
α2N+1

α2N+2

]
=

[
w1

w2

]
. (5.10)
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Oi exis¸seic twn sunoriak¸n sunjhk¸n dÐnontai kai apì th sqèsh :
[

α1

α2

]
− Z

[
α2N+1

α2N+2

]
=

[
w1

hw2

]
(5.11)

ìpou Z = diag(z1, z2). Dialègontac wc eswterik� collocation shmeÐa ta Gauss-points kai
qrhsimopoi¸ntac ta kubik� Hermite polu¸numa lamb�noume ìti:

Cj =
1

h2
[Aj Bj], j = 1, . . . , N (5.12)

ìpou

Aj =

[
c1 + d1h

2F (σ2j) c2 + d2h
2F (σ2j)

c3 + d3h
2F (σ2j+1) c4 + d4h

2F (σ2j+1)

]
(2.17) (5.13)

kai

Bj =

[
c3 + d3h

2F (σ2j) −c4 − d4h
2F (σ2j)

c1 + d1h
2F (σ2j+1) −c2 − d2h

2F (σ2j+1)

]
(2.18) (5.14)

me

c1 = −2
√

3 c2 = −1−
√

3 c3 = 2
√

3 c4 = −1 +
√

3

d1 =
9 + 4

√
3

18
d2 =

3 +
√

3

36
d3 =

9− 4
√

3

18
d4 =

3−√3

36
Ta parap�nw loipìn mac odhgoÔn ston collocation pÐnaka suntelest¸n C sthn block (N +

1)− kuklik  morf  ìpou dÐnetai apì ton tÔpo :

C =
1

h2




h2I O O O · · · O O −h2Z

A1 B1 O O · · · O O O

O A2 B2 O · · · O O O
... ... ... ... ... ... ... ...
O O O O · · · O AN BN




(2.19) (5.15)

ìpou O sumbolÐzoume ton 2× 2 mhdenikì pÐnaka.
EpÐshc gia thn apofug  upologistik¸n laj¸n anti gia to sÔsthmaCa = b qrhsimopoi -

same to isodÔnamo tou

Ĉa = h2b (5.16)

ìpou Ĉ = h2C.
Tèloc apì ta parap�nw me eÔkolouc upìlogismouc mporoÔme na katal xoume sto sumpèras-

ma ìti:
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sunj kec

det(Aj) = det(Bj) (5.17)

kai

det(Bj) 6= 0 (5.18)

ìtan

12[F (σ2j) + F (σ2j+1)] + F (σ2j)F (σ2j+1) 6= −432

pou eÐnai shmantik  sunj kh gia na eÐnai o pÐnakac mac kal� orismènoc.

5.3 Bèltisth diamèrish SOR

Upojètoume ìti èqoume ton parap�nw p × p (p ∈ [2, N + 1]) block diamerismèno pÐnaka Ĉ

kai k�tw apì tic sunj kec thc antistreyimìthtac mporoÔme na ton gr�youme wc ex c:

Ĉ = Dp − Lp − Up (5.19)

ìpou Dp eÐnai o block diag¸nioc pÐnakac me tetragwnikoÔc kai antistrèyimouc block up-
opÐnakec ,Lp eÐnai austhr� k�tw block trigwnikìc pÐnakac kai Up eÐnai austhr� �nw block

trigwnikìc pÐnakac. O deÐkthc p dhl¸nei epÐshc ton deÐkth kuklikìthtac. H antÐstoiqh me ton
pÐnaka Ĉ block SOR epanalhptik  mèjodoc perigr�fetai apì tic parak�tw sqèseic:

x(m+1) = Lω,px
(m) + cω,p,m = 0, 1, ... (5.20)

Lω,p = (Dp − ωLp)
−1[(1− ω)Dp + ωUp] (5.21)

cω,p = ω(Dp − ωLp)
−1h2b (5.22)

me x(0) arqikì, Lω,p na eÐnai o pÐnakac thc SOR epanalhptik c mejìdou kai ω ∈ (0, 2)

na eÐnai h par�metroc thc uperqal�rwshc. GnwrÐzoume apì ta prohgoÔmena kef�laia oti to
krit rio gia ton asumptwtikì rujmì sÔgklishc thc SOR mejìdou eÐnai h fasmatik  aktÐna
ρ(Lω,p) kai h sunj kh ρ(Lω,p) < 1 eÐnai h aparaÐthth kai anagkaÐa sunj kh gia th sÔgklish.

To prìblhma thc eÔreshc thc bèltisthc SOR mejìdou eÐnai isodÔnamo me to prìblhma tou
kajorismoÔ tou deÐkth q ∈ [2, N + 1] tètoio ¸ste:

ρ(Lωq , q) < ρ(Lωp , p) για p 6= q (5.23)
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ìpou ωq kai ωp dhl¸noun antÐstoiqa tic bèltistec paramètrouc uperqal�rwshc twn pin�kwn
Lω,q kai Lω,p thc SOR mejìdou. H lÔsh tou probl matoc exart�tai apì ton kajorismì tou
f�smatoc σ(J N+1

N+1 ) ìpou

JN+1 = D−1
N+1(LN+1 + UN+1) =




O O O O · · · O O Z

R1 O O O · · · O O O

O R2 O O · · · O O O
... ... ... ... ... ... ... ...
O O O O · · · O RN O




(5.24)

eÐnai o consistently ordered weakly cyclic of index N + 1 block Jacobi epanalhptikìc pÐnakac.
Oi upopÐnakec Rj, j = 1, 2, ...N dhl¸nontai apì thn sqèsh :

Rj = −B−1
j Aj (5.25)

ìpou Aj kai Bj eÐnai oi pÐnakec pou èqoume orÐsei sthn prohgoÔmenh enìthta. H fÔsh tou
weakly cyclic Jacobi pÐnaka J N+1

N+1 sunep�gei ìti o pÐnakac J N+1
N+1 eÐnai block diag¸nioc kai

dÐnetai apì thn sqèsh:

J N+1
N+1 = diag(ZRN ...R1, R1ZRN ...R2, ..., RN ...R1Z) (5.26)

kai epeid  oi block diag¸nioi upopÐnakec eÐnai ìmoioi eÐnai fanerì ìti to f�sma touJ N+1
N+1

pÐnaka eÐnai to Ðdio me to f�sma opoiod pote diag¸niou upopÐnaka. Dhladh,

σ(J N+1
N+1 ) = σ(ZS) µε S ≡ RN ...R1 (5.27)

Kal¸ntac th sqèsh det(Aj) = det(Bj) diapist¸noume ìti :

det(S) = 1 (5.28)

me

σ(ZS) = {λ−, λ+} , λ± =
τ ±

√
τ 2 − 4ζ

2
, (3.9) (5.29)

kai

τ = trace(ZS) and ζ = det(Z) = z1z2 (5.30)

EÐnai fanerì loipìn ìti gia na eÐnai pragmatikì to f�sma tou pÐnakaJ N+1
N+1 ja prèpei na

isqÔei:

τ 2 − 4ζ ≥ 0 (5.31)
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sunj kec

JEWRHMA 5.1 (Bèltisthc diamèrishc)

Jewr¸ntac ìti o weakly cyclic Jacobi pÐnakac JN+1 eÐnai tètoioc ¸ste to f�sma tou
pÐnaka J N+1

N+1 na eÐnai pragmatikì tìte h bèltisth par�metroc thc diamèrishcq ∈ [2, N + 1] h
opoÐa qarakthrÐzei thn block SOR mèjodo ja dÐnetai apì ton parak�tw pÐnaka:

PINAKAS BELTISTHS DIAMERISHS
PERIPTWSEIS BELTISTH

I II III IV PARAMETROS q

τ 2 = 4ζ τ < 2 −−− −−− q = 2

τ ≥ 2 −−− −−− SOR den sugklÐnei
ζ > 0 −−− q = 2

τ < 0 ζ < 0 (3.13c) q = N + 1

(3.13d) q = l   l + 1 (3.14)

τ 2 > 4ζ τ = 0 ζ < 0 −−− Opoiod pote q ∈ [2, N + 1]

ζ < 0 (3.13b) q = N + 1

τ > 0 (3.13a) q = l   l + 1 (3.15)

ζ ≥ 0 (3.16) q = 2

(3.17) SOR den sugklÐnei

Apìdeixh

'Eqontac wc basik  proôpìjesh ìti to f�sma tou pÐnakaJ N+1
N+1 eÐnai pragmatikì dhlad 

ìti isqÔei h sunj kh

τ 2 − 4ζ ≥ 0 (5.32)

èqoume tic parak�tw dÔo peript¸seic:

• (I) τ 2 =4z
Sthn perÐptwsh pou isqÔei h parap�nw sunj kh oi idiotimèc ja dÐnontai apì thn sqèsh:

σ(ZS) = {λ−, λ+} (5.33)

ìpou λ = τ/2 me

τ = trace(ZS)
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Opìte to f�sma tou pÐnakaJ N+1
N+1 eÐnai σ(J N+1

N+1 ) = τ/2 kai eÐnai eÐte jetikì eÐte arnhtikì
an�loga me tic periodikèc sunjhkec. 'Otan to f�sma eÐnai jetikì   mhdèn apì to Je¸rhma
2.7 tou [17] sumperaÐnoume ìti to s = 1 opìte h fasmatik  aktÐna dÐnetai apì thn sqèsh:

%(J N+1
N+1 ) <

p− 1− s

p− 2
<

N + 1− 1− 1

N + 1− 2
=

N − 1

N − 1
= 1 (5.34)

Opìte gia σ(J N+1
N+1 ) = τ/2 jetikì   mhdèn h fasmatik  aktÐna eÐnai %(J N+1

N+1 ) < 1 kai h
parap�nw sunj kh isqÔei ìtan 0 ≤ τ < 2. EpÐshc ìtan to f�sma eÐnai arnhtikì dhlad 
τ < 0 tìte

ρ2 < ρ3 < . . . < ρN−1 < ρN (5.35)

h 2 − cyclic eÐnai h bèltisth SOR kai suglÐnei grhgorìtera. 'Ara gia τ < 2 h SOR

sugklÐnei kai h bèltisth SOR eÐnai h 2− cyclic SOR. En¸ gia τ ≥ 2 den sugklÐnei.

• (II) τ 2 >4z
Se aut n thn perÐptwsh oi idiotimèc tou pÐnakaJ N+1

N+1 eÐnai diaforetikèc dhlad  λ− 6= λ+.

Dhl¸noume wc:
α =| λ− | 1

N+1 , β =| λ+ | 1
N+1

kai jètoume tic ex c sunj kec:

0 ≤ α

β
<

N − 1

N + 1
(5.36)

N − 1

N + 1
≤ α

β
< 1 (5.37)

1 ≤ α

β
<

N + 1

N − 1
(5.38)

N + 1

N − 1
≤ α

β
< ∞ (5.39)

Opìte h an�lush mac ja sthriqteÐ stic parap�nw upopeript¸seic.

1. 'Estw ìti to Ðqnoc eÐnai arnhtikì, dhlad τ < 0. Tìte ìtan ζ > 0 to f�sma σ(J N+1
N+1 )

eÐnai arnhtikì. Gia thn apìdeixh ìti to f�sma eÐnai arnhtikì h diadikasÐa eÐnai h
akìloujh:

σ = {λ−, λ+} µε λ± =
τ ±

√
τ 2 − 4ζ

2
(5.40)
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ìpou
τ = trace(ZS)

kai
ζ = det(Z) = ζ1ζ2

'Etsi e�n τ < 0 h idiotim  λ− =
τ−
√

τ2−4ζ

2
eÐnai p�nta arnhtik  .

H idiotim  λ+ =
τ+
√

τ2−4ζ

2
< 0 eÐnai arnhtik  ìtan:

τ ≤ −
√

τ 2 − 4ζ

τ 2 ≥ τ 2 − 4ζ

−4ζ ≤ 0

ζ > 0

Gia autì to lìgo to f�sma σ(J N+1
N+1 ) eÐnai arnhtikì   mhdèn opìte h bèltisthSOR

eÐnai h h 2− cyclic SOR.

Diaforetik� ìtan ζ < 0 èqoume:

α

β
=
| λ− | 1

N+1

| λ+ | 1
N+1

=

∣∣∣∣∣∣

τ−
√

τ2−4ζ

2

τ+
√

τ2−4ζ

2

∣∣∣∣∣∣

1
N+1

> 1

kai apì to Je¸rhma 3.2.1 exasfalÐzoume ìti ìtan isqÔei h sunj kh :

1 <
α

β
≤ p

p− 2
=

N + 1

N − 2 + 1
=

N + 1

N − 1

tìte h N + 1− cyclic SOR eÐnai h bèltisth SOR giatÐ:

ρN+1 < ρN < . . . < ρ3 < ρ2 < ρ1

en¸ ìtan isqÔei h (5.38) sqèsh tìte h bèltisth SOR eÐnai h ìpou l ∈ 2, 3, . . . , N

monadikìc akèraioc pou ikanopoieÐ thn sqèsh:

(
l + 1

l − 1

)l+1

<
(a

b

)N+1

<

(
l

l − 2

)l

2. Sthn perÐptwsh pou τ = 0,λ− = λ+ kai a
b

= 1. Opìte sÔmfwna me to Je¸rhma
3.2.1 h bèltisth SOR eÐnai h q − cyclic me q ∈ [2, N + 1].
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3. Tèloc, upojètoume ìti to Ðqnoc eÐnai jetikì dhlad τ > 0. Tìte, ìtan ζ > 0 isqÔei
ìti:

α

β
=
| λ− | 1

N+1

| λ+ | 1
N+1

=

∣∣∣∣∣∣

τ−
√

τ2−4ζ

2

τ+
√

τ2−4ζ

2

∣∣∣∣∣∣

1
N+1

< 1

kai apì to je¸rhma 3.2.1 sumperaÐnoume ìti h ìtan isqÔei h sunj kh N−1
N+1

≤ α
β

< 1

tìte ρN+1 < ρN < . . . < ρ3 < ρ2 < ρ1 dhlad  h N +1−cyclic SOR eÐnai h bèltisth
en¸ ìtan isqÔei h sunj kh 0 ≤ α

β
< N−1

N+1
tìte up�rqei monadikìc akèraioc arijmìc

ikanopoi¸ntac thn sqèsh :

(
l − 2

l

)l

<
(a

b

)N+1

<

(
l − 1

l + 1

)l

kai h l − cyclic   l + 1− cyclic SOR eÐnai h SOR pou sugklÐnei grhgorìtera.
Sthn perÐptwsh pou ζ ≥ 0 tìte to f�sma σ(J N+1

N+1 ) eÐnai jetikì   mhden. H idiotim 

λ+ =
τ+
√

τ2−4ζ

2
eÐnai p�nta jetik  en¸ h idiotim  λ− =

τ−
√

τ2−4ζ

2
> 0 eÐnai jetik 

ìtan:

τ ≥
√

τ 2 − 4ζ

τ 2 ≥ τ 2 − 4ζ

−4ζ ≤ 0

ζ ≥ 0

.
'Etsi sthn perÐptwsh pou ζ ≥ 0 tìte ìtan

ρ(J N+1
N+1 ) < 1 ↔ τ < 2 & τ − ζ < 1 (5.41)

bèltisth SOR eÐnai h 2− cyclic en¸ ìtan :

τ ≥ 2 η τ − ζ ≥ 1

tìte h SOR den sugklÐnei.

−−−♦−−−
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Kef�laio 6

Probl mata sunoriak¸n tim¸n me
periodikèc sunoriakèc sunj kec gia
stajeroÔc suntelestèc

6.1 Eisagwg 

Sthn melèth aut  asqolhj kame me ta probl mata sunoriak¸n tim¸n me periodikèc suno-
riakèc sunjhkèc pou oi suntelèstec tou eÐnai stajeroÐ suntelestèc. O lìgoc pou asqol-
hj kame me tètoiou eÐdouc probl mata eÐnai to idiaÐtero endiafèron pou parousi�zoun ìpwc gia
par�deigma sto prìblhma dÔo diast�sewn me elleiptikoÔc telestèc pou me touc kat�llhlouc
metasqhmatismoÔc proseggÐzoume thn collocation mèjodo miac di�stashc me stajeroÔc sunte-
lestèc.

Se aut n thn perÐptwsh jètoume F (x) = c opìte to prìblhma mac metatrèpetai sto ex c :

u′′(x) + cu(x) = g(x), xεIx ≡ [a, b] (1.1a)

u(a)− z1u(b) = w1 (1.1b)

u′(a)− z2u
′(b) = w2 (1.1c)

Jètontac loipìn F (x) = F = constant, kai η = F (x)h2 oi antÐstoiqoi pÐnakec Aj kai Bj

twn sqèsewn (5.17) kai (5.18) tou prohgoÔmenou kefalaÐou gÐnontai:

Aj = A =

[
a1(η) a2(η)

a3(η) a4(η)

]

Bj = B =

[
a3(η) −a4(η)

a1(η) −a2(η)

]
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gia j = 1, . . . , N me j = 1, . . . , N me ak(η) = ck + dkη (k = 1, 2, 3, 4) kai ck kai dk pou
dÐnontai apì tic gnwstèc sqèseic.

Pio analutik�, an F (σ2j) = F (σ2j+1) = c oi pÐnakec Aj kai Bj gÐnontai:

Aj = A =

[
c1 + d1h

2c c2 + d2h
2c

c3 + d3h
2c c4 + d4h

2c

]

Bj = B =

[
c3 + d3h

2c −c4 − d4h
2c

c1 + d1h
2c −c2 − d2h

2c

]

me

c1 = −2
√

3 c2 = −1−
√

3 c3 = 2
√

3 c4 = −1 +
√

3

d1 =
9 + 4

√
3

18
d2 =

3 +
√

3

36
d3 =

9− 4
√

3

18
d4 =

3−√3

36

O pÐnakac Rj gÐnetai :

Rj = −B−1
j Aj =

[
1 1

0 1

]

opìte:

S = RN+1
j =

[
1 (N + 1)

0 1

]

kai

ZS =

[
z1 z1(N + 1)

0 z2

]

'Etsi to f�sma dÐnetai apì tic parak�tw sqèseic:

σ(ZS) = {λ−, λ+}, λ± =
τ ±

√
τ 2 − 4ζ

2

me
τ = trace(ZS) = z1 + z2

kai
ζ = det(Z) = z1z2

H diamèrish pou qrhsimopoi same gia ton collocation pÐnaka eÐnai N = 8,N = 2,N = 3 kai
N = 4.

O collocation pÐnakac gia thn diamèrish N = 8:
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Cj =




I O O O · · · O O −h2Z

A B O O · · · O O O

O A B O · · · O O O
... ... ... ... ... ... ... ...
O O O O · · · O A B




ìpou O dhl¸nei ton 2× 2 mhdenikì pÐnaka.
Gia thn diamèrish N = 2:

Cj =




I O O O · · · O O −h2Z

A B O O · · · O O O

O A B O · · · O O O

O O A B · · · O O O

O O O A B · · · O O

O O O O A B · · · O
... ... ... ... ... ... ... ...
O O O O · · · O A B




Gia thn diamèrish N = 3:

Cj =




I O O O · · · O O −h2Z

A B O O · · · O O O

O A B O · · · O O O

O O A B · · · O O O

O O O A B · · · O O

O O O O A B · · · O
... ... ... ... ... ... ...
O O O O O O A B O

O O O O O O O A B




Gia thn diamèrish N = 4:

Cj =




I O O O · · · O O −h2Z

A B O O · · · O O O

O A B O · · · O O O

O O A B · · · O O O

O O O A B · · · O O

O O O O A B · · · O
... ... ... ... ... ... ...
O O O O O O A B O

O O O O O O O A B



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6.2 Arijmhtik� Apotelèsmata

Se aut n thn enìthta ja parajèsoume ta arijmhtik� apotelèsmata gia treic peript¸seic
F = 0,F = 100,F = −1000.

Gia F = 0 ta apotelèsmata parousi�zontai ston parak�tw pÐnaka :

PINAKAS BELTISTHS DIAMERISHS
I II III IV V V I

SUNJHKES SUNORIAKES DIAMERISH FASMATIKH BELTISTH
SUNJHKES AKTINA PARAMETROS q

N = 8 ρ = 0.2234

τ 2 = 4ζ τ < 2 z1 = z2 = 1/2 N = 4 ρ = 0.2094 q = 2

τ = 1, ζ = 1/4 N = 3 ρ = 0.1995 Sq.(a)

N = 2 ρ = 0.1720

τ 2 = 4ζ τ ≥ 2 z1 = z2 = 3 −−− ρ = 1 SOR

τ = 6 ζ = 9 d.sugklÐnei
N = 8 ρ = 0.4286

τ 2 > 4ζ τ < 0,ζ > 0 z1 = −1,z2 = −2 N = 4 ρ = 0.3760 q = 2

τ = −3, ζ = 2 N = 3 ρ = 0.3398 Sq.(c)
N = 2 ρ = 0.2680

N = 8 ρ = 0.1283

τ 2 > 4ζ τ < 0,ζ < 0 z1 = −0.165,z2 = 0.1 N = 4 ρ = 0.1290 q = N + 1

τ = −0.065 N = 3 ρ = 0.1292 Sq.(d)

ζ = −0.0165 N = 2 ρ = 0.1290

N = 8 ρ = 0.03

τ 2 > 4ζ τ = 0,ζ < 0 z1 = 0.03,z2 = −0.03 N = 4 ρ = 0.03 qε[2, N + 1]

τ = 0 N = 3 ρ = 0.03 Sq.(e)
ζ = −0.0009 N = 2 ρ = 0.03

N = 8 ρ = 0.1357

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 0.165,z2 = −0.1 N = 4 ρ = 0.1380 q = N + 1

τ = 0.065 N = 3 ρ = 0.1378 Sq.(f)

ζ = −0.0165 N = 2 ρ = 0.1373

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 1, z2 = 2 −−− ρ = 1 SOR

τ = 3 ζ = 2 d.sugklÐnei

Stic parak�tw grafikèc parast�seic me thn gramm  eÐnai h diamèrishN = 8 ,me thn −.− h
diamèrish N = 2, me tic teleÐec h N = 3 kai me tic −− h diamèrish N = 4.
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'Estw loipìn o weakly cyclic of index N + 1 block Jacobi pÐnakac JN+1 ètsi ¸ste to
f�sma tou pÐnaka J N+1

N+1 na eÐnai pragmatikìc arijmìc tìte èqoume tic ex c peript¸seic:

• PerÐptwsh 1a: z1 = z2 = 1/2 èqoume τ = 1, ζ = 1
4
. Se aut n thn perÐptwsh èqoume

τ 2 = 4ζ kai τ ≤ 2. Gia thn diamèrish N = 8 h fasmatik  aktÐna eÐnai ρ = 0.2234, sthn
diamèrish N = 2 h fasmatk  aktÐna eÐnai ρ = 0.1720, sthn diamèrish N = 3 h fasmatik 
aktÐna eÐnai ρ = 0.1995 kai gia thn diamèrish N = 4 h fasmatik  aktÐna eÐnai ρ = 0.2094.
'Ara h bèltisth par�metroc q eÐnai 2.

• PerÐptwsh 1b: z1 = z2 = 3 tìte τ = 6,ζ = 9.'Etsi τ 2 = 4ζ kai τ ≥ 2. Sthn perÐptwsh
aut  den sugklÐnei h mèjodoc SOR.

• PerÐptwsh 2a: z1 = −1,z2 = −2 èqoume τ = −3,ζ = 2.Antikajist¸ntac ta èqoume ìti
τ 2 > 4ζ,τ ≤ 0 kai ζ ≥ 0. Gia thn diamèrish N = 8 h fasmatik  aktÐna eÐnai ρ = 0.4286,
sthn diamèrish N = 2 h fasmatik  aktÐna eÐnai ρ = 0.2680, sthn diamèrish N = 3 h
fasmatik  aktÐna eÐnai ρ = 0.3398 kai sthn diamèrish N = 4 h fasmatik  aktÐna eÐnai
ρ = 0.3760. 'Etsi h bèltisth SOR eÐnai h 2-cyclic SOR.

• PerÐptwsh 2b: z1 = −0.165, z2 = 0.1 èqoume τ = −0.065,ζ = −0.0165. Antikajist¸n-
tac ta èqoume ìti τ 2 > 4ζ,τ ≤ 0 kai ζ ≤ 0. Gia thn diamèrish N = 8 h fasmatik 
aktÐna eÐnai ρ = 0.1283, sthn diamèrish N = 2 h fasmatik  aktÐna eÐnai ρ = 0.1299,
sthn diamèrish N = 3 h fasmatik  aktÐna eÐnai ρ = 0.1292 kai sthn diamèrish N = 4 h
fasmatik  aktÐna eÐnai ρ = 0.1290. 'Etsi h bèltisth SOR eÐnai h 2− cyclicSOR.

• PerÐptwsh 2c: z1 = 0.03, z2 = −0.03 èqoume τ = 0,ζ = −0.0009. Opìte τ 2 > 4ζ,τ = 0

kai ζ ≤ 0.Stic diamerÐseic N = 8,N = 2,N = 3,N = 4 èqoume thn Ðdia fasmatik  aktÐna
ρ = 0.03 ètsi qε[2, N + 1] eÐnai h bèltisth par�metroc uperqal�rwshc.

• PerÐptwsh 2d: z1 = 0.165, z2 = −0.1 èqoume τ = −0.065,ζ = −0.0165, τ 2 > 4ζ,τ ≥ 0

kai ζ ≤ 0. Gia thn diamèrish N = 8 h fasmatik  aktÐna eÐnai ρ = 0.1357,sthn diamèrish
N = 2 h fasmatik  aktÐna eÐnai ρ = 0.1373,sthn diamèrish N = 3 h fasmatik  aktÐna
eÐnai ρ = 0.1378 kai sthn diamèrish N = 4 h fasmatik  aktÐna eÐnai ρ = 0.1380. 'Etsi h
bèltisth SOR eÐnai h 2-cyclic SOR.

• PerÐptwsh 2e: z1 = 1, z2 = 2 èqoume τ = 3,ζ = 2 kai τ 2 > 4ζ ,τ ≥ 0 kai ζ ≥ 0. Se
aut n thn perÐptwsh h SOR den sugklÐnei.
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Omoi¸c gia F = 100 o antÐstoiqoc pÐnakac eÐnai:

PINAKAS BELTISTHS DIAMERISHS
I II III IV V V I

SUNJHKES SUNORIAKES DIAMERISH FASMATIKH BELTISTH
SUNJHKES AKTINA q

N = 8 ρ = 0.2828

τ 2 = 4ζ τ < 2 z1 = z2 = 1/2 N = 4 ρ = 0.2694 q = 2

τ = 1, ζ = 1/4 N = 3 ρ = 0.2601 Sq.(a)

N = 2 ρ = 0.2379

τ 2 = 4ζ τ ≥ 2 z1 = z2 = 3 −−− ρ = 1 SOR

τ = 6 ζ = 9 d.sugklÐnei
N = 8 ρ = 0.4277

τ 2 > 4ζ τ < 0,ζ > 0 z1 = −1,z2 = −2 N = 4 ρ = 0.3716 q = 2

τ = −3, ζ = 2 N = 3 ρ = 0.3394 Sq.(c)
N = 2 ρ = 0.2680

N = 8 ρ = 0.1283

τ 2 > 4ζ τ < 0,ζ < 0 z1 = −0.165,z2 = 0.1 N = 4 ρ = 0.1318 q = N + 1

τ = −0.065 N = 3 ρ = 0.1337 Sq.(d)

ζ = −0.0165 N = 2 ρ = 0.1300

N = 8 ρ = 0.03

τ 2 > 4ζ τ = 0,ζ < 0 z1 = 0.03,z2 = −0.03 N = 4 ρ = 0.03 qε[2, N + 1]

τ = 0 N = 3 ρ = 0.03 Sq.(e)
ζ = −0.0009 N = 2 ρ = 0.03

N = 8 ρ = 0.1358

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 0.165,z2 = −0.1 N = 4 ρ = 0.1353 q = N + 1

τ = 0.065 N = 3 ρ = 0.1366 Sq.(f)

ζ = −0.0165 N = 2 ρ = 0.1364

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 1, z2 = 2 −−− ρ = 1 SOR

τ = 3 ζ = 2 d.sugklÐnei
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Tèloc ta arijmhtik� apotelèsmata giaF = −1000 eÐnai ta ex c:

PINAKAS BELTISTHS DIAMERISHS
I II III IV V V I

SUNJHKES SUNORIAKES DIAMERISH FASMATIKH BELTI-
SUNJHKES AKTINA STH q

N = 8 ρ = 0.3196

τ 2 = 4ζ τ < 2 z1 = z2 = 1/2 N = 4 ρ = 0.2998 q = 2

τ = 1, ζ = 1/4 N = 3 ρ = 0.2878 Sq.(a)

N = 2 ρ = 0.2540

τ 2 = 4ζ τ ≥ 2 z1 = z2 = 3 −−− ρ = 1 SOR

τ = 6 ζ = 9 d.sugklÐnei
N = 8 ρ = 0.4574

τ 2 > 4ζ τ < 0,ζ > 0 z1 = −1,z2 = −2 N = 4 ρ = 0.3951 q = 2

τ = −3, ζ = 2 N = 3 ρ = 0.3594 Sq.(c)
N = 2 ρ = 0.2820

N = 8 ρ = 0.1275

τ 2 > 4ζ τ < 0,ζ < 0 z1 = −0.165,z2 = 0.1 N = 4 ρ = 0.1380 q = N + 1

τ = −0.065 N = 3 ρ = 0.1284 Sq.(d)

ζ = −0.0165 N = 2 ρ = 0.1291

N = 8 ρ = 0.03

τ 2 > 4ζ τ = 0,ζ < 0 z1 = 0.03,z2 = −0.03 N = 4 ρ = 0.03 qε[2, N + 1]

τ = 0 N = 3 ρ = 0.03 Sq.(e)
ζ = −0.0009 N = 2 ρ = 0.03

N = 8 ρ = 0.1348

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 0.165,z2 = −0.1 N = 4 ρ = 0.1368 q = N + 1

τ = 0.065 N = 3 ρ = 0.1357 Sq.(f)

ζ = −0.0165 N = 2 ρ = 0.1364

τ 2 > 4ζ τ > 0,ζ < 0 z1 = 1, z2 = 2 −−− ρ = 1 SOR

τ = 3 ζ = 2 d.sugklÐnei

Oi grafikèc parast�seic gia F = 0,F = 100 kai F = −1000 eÐnai antÐstoiqa oi
parak�tw:
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