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EuqaristÐec
ArqÐzontac thn parousÐash thc ergasÐac aut c ja  jela na euqarist sw ìlouc ekeÐnouc pou
me bo jhsan me di�forouc trìpouc. Ston d�skalì mou Lèktora A.I. Del  ( Genikì tm ma
- PoluteqneÐo Kr thc) an kei h pr¸th jèsh. QwrÐc thn kajod ghsh kai ta sqìlia tou den
ja up rqe aut  h ergasÐa. Gia autì kaj¸c kai thn genikìterh sumpar�stas  tou kat� thn
di�rkeia twn metaptuqiak¸n spoud¸n mou tou ofeÐlw èna meg�lo euqarist¸.

An�logec euqaristÐec ofeÐlw kai ston ereunht  N. Kamp�nh (InstitoÔto Upologistik¸n
Majhmatik¸n - 'Idruma TeqnologÐac kai 'Ereunac) o opoÐoc prìteine to jèma aut c thc er-
gasÐac.

Tic euqaristÐec mou ekfr�zw proc to InstitoÔto Upologistik¸n Majhmatik¸n tou ITE
gia thn oikonomik  upost rixh, kaj¸c kai th di�jesh twn aparaÐthtwn upologistik¸n mèswn
gia thn pragmatopoÐhsh twn arijmhtik¸n peiram�twn thc paroÔsac ergasÐac.

Tèloc euqarist¸ thn oikogènei� mou kai ìlouc touc fÐlouc gia thn upost rhx  touc kai
idiaÐtera touc G. Arampatz , P. BabÔlh kai S. Bol�nh.
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Kef�laio 1

Eisagwg 

Oi roèc neroÔ me eleÔjerh epif�neia k�tw apì thn epÐdrash thc barÔthtac apoteloÔn mia
meg�lh kl�sh problhm�twn episthmonikoÔ kai praktikoÔ endiafèrontoc. Fusik� fainìmena
ìpwc plhmmÔrec, kat�rreush fragm�twn, di�dosh kum�twn se potamoÔc kai par�ktiec perio-
qèc apasqoloÔn ed¸ kai arket� qrìnia thn episthmonik  koinìthta lìgo tou meg�lou prak-
tikoÔ endiafèrontoc pou parousi�zoun. KÔrioc stìqoc aut c thc ergasÐac eÐnai h dhmiourgÐa
upologistik¸n mejìdwn oi opoÐec ja prosomoi¸noun ta parap�nw fainìmena. To pr¸to b ma
gia thn dhmiourgÐa tètoiwn mejìdwn eÐnai h eÔresh enìc kat�llhlou majhmatikoÔ montèlou
to opoÐo na perigr�fei to fusikì fainìmeno. Gia fainìmena ro c reust¸n ta majhmatik� mon-
tèla apoteloÔntai apì sust mata merik¸n diaforik¸n exis¸sewn me arqikèc kai sunoriakèc
sunj kec. To epìmeno b ma eÐnai h kataskeu  kai epilog  kat�llhlwn arijmhtik¸n mejìdwn
gia thn epÐlush aut¸n.

Mèqri stigm c gia thn prosomoÐwsh fainomènwn, ta opoÐa orismèna apì aut� ja mac
apasqol soun kai sthn paroÔsa ergasÐa, ìpwc anarrÐqhsh kÔmatoc sthn akt , plhmmÔ-
ra akt¸n kai jraÔsh kumatism¸n, èqoun anaptuqjeÐ kai qrhsimopoioÔntai eurèwc di�foroi
epiqeirhsiakoÐ k¸dikec. MerikoÐ apì autoÔc eÐnai: HEC-RAS [3] o opoÐoc basÐzetai stic
exis¸seic St. Venant mÐac di�stashc, TELEMAC-2D [2], [1] o opoÐoc basÐzetai stic ex-
is¸seic rhq¸n ud�twn dÔo diast�sewn kai oi opoÐec epilÔontai me peperasmèna stoiqeÐa kai
LISFLOOD-FP [1] ìpou oi exis¸seic rhq¸n ud�twn dÔo diast�sewn epilÔontai me peperas-
mènec diaforèc. Se akadhmäikì epÐpedo oi arijmhtikèc mèjodoi pou èqoun qrhsimopoihjeÐ
eÐnai mèjodoi peperasmènwn diafor¸n, peperasmènwn stoiqeÐwn [47] kai ta teleutaÐa qrìnia
mèjodoi peperasmènwn ìgkwn.

To pl rec majhmatikì montèlo pou perigr�fei thn ro  twn reust¸n eÐnai oi exis¸seic
Navier-Stokes. H duskolÐa ìmwc qrhsimopoÐhs c tou ègkeitai sthn Ôparxh tou eleÔjerou
sunìrou. Gia na odhghjoÔme se èna montèlo pou eÐnai eÔkola epilÔsimo arijmhtik� k�noume
thn paradoq  ìti to b�joc tou neroÔ eÐnai mikrì se sqèsh me thn kampulìthta thc eleÔjerhc
epif�neiac. 'Etsi odhgoÔmaste se èna sÔsthma mh grammik¸n merik¸n diaforik¸n exis¸sewn
uperbolikoÔ tÔpou, tic exis¸seic rhq¸n ud�twn. Par� tic aplopoi seic pou gÐnontai sthn ex-
agwg  twn exis¸sewn rhq¸n ud�twn, h arijmhtik  epÐlus  touc paramènei èna endiafèrwn kai
dÔskolo prìblhma kai autì giatÐ lìgw thc uperbolikìtht�c touc epidèqontai asuneqeÐc lÔseic
oi opoÐec èqoun fusikì nìhma kai onom�zontai kroustik� kÔmata (shock waves). Ta kroustik�
kÔmata eÐnai asunèqeiec thc ro c kai apaitoÔn idiaÐterh metaqeÐrish sthn arijmhtik  epÐlush.
Gia to lìgo autì gia thn arijmhtik  epÐlush twn exis¸sewn rhq¸n ud�twn apaiteÐtai h qr sh
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sqhm�twn pou anaptÔqjhkan gia thn arijmhtik  epÐlush twn exis¸sewn thc sumpÐeshc ro c
kai onom�zontai shock capturing schemes.

H kataskeu  kai qr sh miac opoiasd pote arijmhtik c mejìdou, ìpwc gia par�deigma
mia klassik  mèjodoc peperasmènwn diafor¸n ìpou oi par�gwgoi proseggÐzontai me ken-
trikèc perasmènec diaforèc, ja upolìgize lanjasmènh taqÔthta kai jèsh tou kÔmatoc se
sugkekrimèno qrìno. EpÐshc ja parousÐaze mh fusikèc arijmhtikèc talant¸seic sto kÔma
tÔpou shock. Pollèc prosp�jeiec èginan gia èna axioshmeÐwto qronikì di�sthma gia ton
swstì upologismì twn kum�twn tÔpou shock. T¸ra eÐnai plèon gnwstì ìti gia ton swstì
upologismì touc prèpei na qrhsimopoihjeÐ mia sunthrhtik  arijmhtik  mèjodoc, dhlad  mia
mèjodoc h opoÐa ja diathreÐ posìthtec ìpwc h m�za h orm  kai h enèrgeia. 'Ontwc 40 qrìnia
prin oi Lax kai Wendroff [27] apèdeixan majhmatik� ìti an mia sunthrhtik  arijmhtik  mèjodoc
sugklÐnei tìte sugklÐnei sth swst  lÔsh twn exis¸sewn. Pio prìsfata oi Hou kaiLeFloch
[22] apèdeixan èna sumplhrwmatikì je¸rhma sÔmfwna me to opoÐo an qrhsimopoieÐtai mia mh-
sunthrhtik  arijmhtik  mèjodoc, tìte ja upologisteÐ l�joc lÔsh e�n aut  perièqei kroustikì
kÔma.

Ta sq mata peperasmènwn diafor¸n eÐnai sÔnhjec na qrhsimopoioÔntai sth mÐa kai dÔo
diast�seic sta montèla anarrÐqhshc makr¸n kumatism¸n. O Liu [31] montelopoÐhse thn di-
adikasÐa thc anarrÐqhshc plhmmurÐzontac kai stegn¸nontac ta geitonik� keli� ìpou sumbaÐ-
noun oi allagèc sth st�jmh tou neroÔ. Oi Titov kai Synolakis [43] epèkteinan to miac di�s-
tashc montèlo touc, se dÔo diast�seic mèsw enìc qwrizomènou sq matoc kai qrhsimopoi¸ntac
teqnikèc tÔpou Neumann gia thn exagwg  thc taqÔthtac tou kinoÔmenou sunìrou. Oi mèjodoi
peperasmènwn stoiqeÐwn eÐnai epÐshc mia dhmofil c prosèggish sth montelopoÐhsh ro¸n dÔo
diast�sewn, lìgo tou eÔkamptou sq matoc diakrhtopoÐhshc. Oi Gopalakrishnan, Tung [20]
kai Zelt [48] anèptuxan montèla anarrÐqhshc makr¸n kumatism¸n basismèna se Eulerian kai
Lagrangian sq mata, antÐstoiqa.

'Otan èqoume na antimetwpÐsoume asunèqeiec ro c h diat rhsh ìgkou eÐnai èna shmantikì
jèma gia ta mh sunthrhtik� montèla gia tic mh grammikèc exis¸seic rhq¸n ud�twn. H mèjodoc
peperasmènwn ìgkwn èqei to pleonèkthma ìti lÔnei thn oloklhrwtik  morf  twn mh grammik¸n
exis¸sewn rhq¸n ud�twn wc èna pl rec sunthrhtikì sq ma. Ta arijmhtik� sq mata tÔpou
Godunov me ènan epilut  Riemann èqoun thn ikanìthta na upologÐzoun swst� tic asunèqeiec.
O Dodd [17] melèthse probl mata gèneshc, anarrÐqhshc kai uperp dhshc tou kÔmatoc, se
mia di�stash, qrhsimopoi¸ntac èna tÔpou Roe epilut  Riemann kai analÔontac to prìblhma
tou kinoÔmenou sunìrou jewr¸ntac èna el�qisto b�joc neroÔ stic steganèc perioqèc. O
Hu kai �lloi [23] parousÐasan èna parìmoio montèlo me èna tÔpou Godunov, upwind sq ma
kai ton Harten, Lax, kai van Leer (HLL) proseggistikì epilut  Riemann. O Bocchini kai
�lloi [6] ef�rmosan thn mèjodo peperasmènwn ìgkwn se dÔo diast�seic qrhsimopoi¸ntac
thn stajmhmènh mèjodo ro c gia ton akrib  epilut  Riemann. Oi Hubbard kai Dodd [24]
epèkteinan thn mèjodo tou Dodd [17] se dÔo diast�seic qrhsimopoi¸ntac ènan algìrijmo
prosarmozìmenou plègmatoc en¸ oi Bradford kai Sanders [5] dhmioÔrghsan èna parìmoio
montèlo all� qrhsimopoÐhsan mia qarakthristik  mèjodo gia ton entopismì tou kinoÔmenou
sunìrou.

H arijmhtik  mèjodoc pou anaptÔssetai kai qrhsimopoieÐtai sthn paroÔsa ergasÐa eÐnai
mia mèjodoc peperasmènwn ìgkwn tÔpou upwind, h opoÐa basÐzetai sthn mèjodo tou Godunov
[19], pou eÐnai sunthrhtik  kai upologÐzei swst�, tic asunèqeiec sth lÔsh, wc proc thn
taqÔthta kai th jèsh. Oi upwind mèjodoi qrhsimopoioÔn thn plhroforÐa kateÔjunshc thc
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di�doshc tou kÔmatoc sthn kataskeu  twn arijmhtik¸n algorÐjmwn. H doulei� tou Godunov
genikeÔei thn doulei� pou eÐqe gÐnei nwrÐtera apì touc Courant, Isaacson kai Rees [14] oi
opoÐoi pr¸toi qrhsimopoÐhsan thn prosèggish autoÔ tou tÔpou dhmiourg¸ntac èna pr¸thc
t�xhc sto q¸ro upwind sq ma. H mèjodoc tou Godunov petuqaÐnei to upwind lÔnontac
topik�, probl mata tÔpou Riemann. H mèjodoc upologÐzei thn akrib  lÔsh tou probl matoc
Riemann k�ti pou thn k�nei idiaÐtera dÔsqrhsth. Sth sunèqeia dÔo peraitèrw exelÐxeic
èkanan thn parap�nw mèjodo pio elkustik : (a) h genÐkeush thc mejìdou apì thn pr¸th
t�xh akrÐbeiac sthn deÔterh apì ton van Leer [45] kai �llouc, kai (b) h an�ptuxh nèwn
proseggistik¸n epilut¸n Riemann apì ton Roe [40], apì touc Osher kai Solomon [37] kai
argìtera apì �llouc bl. [45] gia leptomèreiec. H mèjodoc pou qrhsimopoieÐtai sthn paroÔsa
ergasÐa basÐzetai se aut  tou Roe [40].

Me th qr sh tou montèlou rhq¸n ud�twn basikìc stìqoc mac eÐnai h melèth thc gèneshc
kai di�doshc makr¸n kumatism¸n kai h anarrÐqhs  touc se akt . H jewrÐa twn makr¸n
kumatism¸n eÐnai mia proseggistik  jewrÐa efarmìsimh se kÔmata mikroÔ sqetikoÔ b�jouc (o
lìgoc tou b�jouc tou neroÔ wc prìc to m koc kÔmatoc), gia ta opoÐa h k�jeth sunist¸sa
thc epit�qunshc twn swmatidÐwn tou neroÔ eÐnai as manth, sugkrinìmenh me thn barutik 
epit�qunsh, kai h kampulìthta thc troqi�c twn swmatidÐwn tou neroÔ eÐnai mikr . Sunep¸c,
k�jeth kÐnhsh twn swmatidÐwn tou neroÔ den èqei epÐdrash sthn katanom  thc pÐeshc. Sthn
kathgorÐa twn makr¸n kumatism¸n an koun kai ta Tsunamis. Ta Tsunamis eÐnai kÔmata ta
opoÐa mporoÔn na proklhjoÔn apì upojal�ssiouc seismoÔc, apì katolisj seic kai genik�
metakin seic thc topografÐac   apì upojal�ssia èkrhxh hfaisteÐou. Ta Tsunamis ta opoÐa
diasqÐzoun ènan wkeanì kai proskroÔoun se par�ktia perioq  makri� apì thn perioq  gèneshc
tou kumatismoÔ onom�zontai makrin� Tsunamis en¸ aut� pou periorÐzontai kont� sthn phg 
touc onom�zontai topik� Tsunamis. Ston wkeanì to m koc kÔmatoc enìc Tsunami eÐnai
perÐpou 100 − 400km me mèso b�joc ston wkeanì ta 4km. Gia autì to lìgo h prosèggish
twn makr¸n kumatism¸n dikaiologeÐtai gia thn melèth aut¸n twn fainomènwn kai h jewrÐa twn
rhq¸n ud�twn odhgeÐ se mia taqÔthta di�doshc touc c =

√
gh ìpou h eÐnai to b�joc tou neroÔ

kai g eÐnai h epit�qunsh thc barÔthtac. Mia tupik  taqÔthta di�doshc eÐnai 700km/h. Prèpei
na anaferjeÐ ìti to Ôyoc enìc tètoiou kÔmatoc ston bajÔ wkeanì eÐnai perÐpou 1m ìtan ìmwc
proseggÐzoun thn akt  ìpou to b�joc tou neroÔ mei¸netai, to Ôyoc tou kÔmatoc aux�nei
dramatik� prokal¸ntac ètsi katastrofèc kat� thn prìskrous  tou sthn akt . 'Enac �lloc
qarakthrismìc pou ja mporoÔsame na d¸soume eÐnai ìti èna Tsunami eÐnai ènac memonomènoc
mh jrabìmenoc makr c kumatismìc.

O ìroc jraÔsh kÔmatoc (wave breaking) qrhsimopoieÐtai gia thn perigraf  thc met�bashc
enìc omaloÔ kÔmatoc se kat�stash metwpik c asunèqeiac [38]. H jraÔsh ofeÐletai sthn up-
erbolikìthta twn kum�twn ta opoÐa gÐnontai polÔ meg�la kaj¸c to b�joc tou neroÔ mei¸netai
kai dhmiourgeÐtai ast�jeia kaj¸c h taqÔthta sthn korf  tou kÔmatoc gÐnetai megalÔterh apì
aut n sth b�sh. JraÔsh twn kum�twn sthn akt  den emfanÐzetai p�nta. KaÐrio rìlo paÐzoun
to pl�toc tou kÔmatoc se sqèsh me to b�joc tou neroÔ kai h klÐsh thc akt c. Up�rqei
dhlad  perÐptwsh na èqoume mìno apl  anarrÐqhsh tou kumatismoÔ.

H diadikasÐa thc anarrÐqhshc se mia keklimènh paralÐa eÐnai èna polÔploko fainìmeno
to opoÐo perilamb�nei, thn �nodo tou kÔmatoc sthn paralÐa, thn an�klash tou kÔmatoc,
thn diadikasÐa trab gmatoc tou kÔmatoc ìpou to nerì gÐnetai stadiak� rhqìtero kai �llec
diadikasÐec oi opoÐec den èqoun gÐnei akìma pl rwc katanohtèc. 'Ena shmantikì komm�ti stouc
upologismoÔc twn parap�nw didikasi¸n apoteleÐ o upologismìc thc jèshc thc aktogramm c
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kai autì giatÐ perilamb�nei èna kinoÔmeno sÔnoro an�mesa se treÐc diaforetikèc f�seic :
ugrì, aèra kai stereì. Sta perissìtera arijmhtik� probl mata, pou aforoÔn udrodunamik 
anoiqt c j�lassac, to reustì katalab�nei èna stajerì pedÐo. Sta probl mata anarrÐqhshc
autì den eÐnai stajerì all� metab�lletai me ton qrìno kat� ènan �gnwsto trìpo kaj¸c to
kÔma anarriq�tai kai sth sunèqeia metatopÐzetai apì thn paralÐa.

H paroÔsa ergasÐa èqei organwjeÐ wc ex c : Sto deÔtero kef�laio parousi�zetai mia
jewrhtik  prosèggish twn exis¸sewn r qwn ud�twn se mia di�stash. Sto trÐto kef�laio
paratÐjetai to arijmhtikì sq ma pou qrhsimopoieÐtai kaj¸c kai h diakritopoÐhsh pou efar-
mìzetai stouc phgaÐouc ìrouc. Sto tètarto kef�laio parousi�zontai ta apotelèsmata tou
sq matoc se mia di�stash gia sugkekrimèna probl mata pou melet�ne kurÐwc thn anarrÐqhsh
tou kÔmatoc sthn akt . SÔgkrish me peiramatik� dedomèna gÐnetai ìpou autì eÐnai efiktì. Sto
pèmpto kef�laio gÐnetai epèktash stic dÔo diast�seic kai parousi�zetai tìso to arijmhtikì
sq ma ìso kai h diakritopoÐhsh gia ton phgaÐo ìro kai sto teleutaÐo kef�laio paratÐjon-
tai apotelèsmata problhm�twn gia tic dÔo diast�seic ta opoÐa melet�ne thn anarrÐqhsh tou
kÔmatoc.

Arijmhtik� sq mata tou tÔpou pou perigr�fontai sthn paroÔsa ergasÐa den èqoun e-
farmosteÐ gia thn lÔsh problhm�twn autoÔ tou tÔpou (apì ìso gnwrÐzoume mèqri t¸ra) me
exaÐresh thn ergasÐa twn LeVeque-George [28] gia lÐga Benchmark probl mata kai twn polÔ
prìsfatwn ergasi¸n [39],[46],[12] stic opoÐec merik¸c kai se mia di�stash lÔnontai parìmoia
probl mata. Basikìc mac stìqoc eÐnai h efarmog , beltÐwsh kai melèth thc sumperifor�c
thc sugkekrimènhc mejìdou se mia all� kai dÔo diast�seic sta parap�nw probl mata all�
kai gia deutèrou bajmoÔ sq mata sto q¸ro.
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Kef�laio 2

Majhmatikì Montèlo

Oi exis¸seic Navier-Stokes efodiasmènec me sunoriakèc sunj kec eleÔjerou sunìrou apoteloÔn
jewrhtik� to basikì majhmatikì montèlo gia thn perigraf  kai prosomoÐwsh plhmmurik¸n
kum�twn. To parap�nw majhmatikì montèlo eÐnai idiaÐtera polÔploko kai apaiteÐ mia epÐponh
kai qronobìra diadikasÐa arijmhtik c epÐlushc. Sthn ergasÐa aut  ja qrhsimopoihjoÔn, wc
enallaktikì majhmatikì montèlo, oi exis¸seic twn rhq¸n ud�twn efodiasmènec me kat�llhlec
arqikèc kai sunoriakèc sunj kec. EÐnai gnwstì ìti oi exis¸seic twn rhq¸n ud�twn katal -
goun se èna apotelesmatikì arijmhtikì montèlo diathr¸ntac par�llhla thn posotik /poiotik 
axiopistÐa sthn perigraf  thc di�doshc.

2.1 Paragwg  twn exis¸sewn rhq¸n ud�twn
Oi exis¸seic rhq¸n ud�twn apoteloÔn èna sÔsthma mh grammik¸n uperbolik¸n merik¸n di-
aforik¸n exis¸sewn pou perigr�foun th metabol  sto qrìno tou b�jouc tou reustoÔ kai
thc orizìntiac orm c thc ro c (se mèsec timèc). Par�gontai apì touc nìmouc diat rhshc thc
m�zac kai thc orm c. Gia na ex�goume tic exis¸seic sthn mÐa di�stash jewroÔme to reustì se
èna kan�li monadiaÐou pl�touc kai upojètoume ìti h katakìrufh taqÔthta tou reustoÔ eÐnai
as manth kai h orizìntia taqÔthta u(x, t) eÐnai stajer  se k�je diatom  tou kanalÐou (Sq.
2.1.1).

b (x)

u(x, t)
h(x, t)

x

Sq ma 2.1.1 Ro  me eleÔjero sÔnoro upì thn epÐdrash thc barÔthtac.
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2.1.1 Diat rhsh m�zac
JewroÔme ìti to reustì eÐnai asumpÐesto, d ladh h puknìtht� tou, r, eÐnai stajer . AntÐjeta
epitrèpoume to b�joc tou neroÔ h na auxomei¸netai kai eÐnai mia �gnwsth posìthta pou
jèloume na kajorÐsoume. Sthn perioq  [x1, x2] mporoÔme na kajorÐsoume ìti,

rujmìc metabol c m�zac = kajarì posì ìgkou ro c pou dièrqetai apì thn perioq  x1, x2.

H sunolÐkh m�za an�mesa se dÔo shmeÐa x1, x2 tou sq matoc (2.1.1) eÐnai :
∫ x2

x1

ρh(x, t)dx.

'Ara o rujmìc metabol c thc m�zac sto qrìno t dÐnetai wc

d

dt

∫ x2

x1

ρh(x, t)dx.

O ìgkoc thc ro c (mass flux ) brÐsketai oloklhr¸nontac thn puknìthta thc orm c katakìr-
ufa, dhlad 

∫ h+b

B
ρu(x, t)dy = ρu(x, t)

∫ h+b

b
dy = ρu(x, t)h(x, t).

Sunep¸c, o sunolikìc ìgkoc ro c pou dièrqetai apì thn perioq  x1 eÐnai (ρuh)|x1 kai apì
thn perioq  x2 eÐnai (ρuh)|x2 . Epomènwc h oloklhrwtik  morf  tou nìmou diat rhshc thc
m�zac ja eÐnai

d

dt

∫ x2

x1

h(x, t)dx = (uh)|x1 − (uh)|x2 . (2.1)

Oloklhr¸nontac thn parap�nw sqèsh wc proc to qrìno t, sto qronikì di�sthma [t, t + ∆t]
kai jewr¸ntac ìti oi sunart seic h(x, t) kai u(x, t) eÐnai paragwgÐshmec brÐskoume

∫ t+∆t

t

∫ x2

x1

∂h

∂t
+

∂(uh)

∂x
dxdt = 0,

opìte h diaforik  morf  thc diat rhshc thc m�zac eÐnai

∂h

∂t
+

∂(uh)

∂x
= 0. (2.2)

2.1.2 Diat rhsh orm c
Ousiastik� h diat rhsh thc orm c prokÔptei apì ton deÔtero nìmo tou Newton, dhlad  sthn
perioq  [x1, x2] prèpei na isqÔei ìti

rujmìc metabol c orm c = eformìsimh dÔnamh,
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sthn kateÔjunsh x (efìson anaferìmaste sth mia di�stash). O rujmìc metabol c thc orm c
eÐnai h olik  par�gwgoc thc taqÔthtac dhlad  :

D

Dt

∫ x2

x1

∫ h+b

h
ρudydx =

d

dt

∫ x2

x1

∫ h+b

h
ρu dydx +

∫ x2

x1

∫ h+B

h
ρ
∂u2

∂x
dydx =

d

dt

∫ x2

x1

ρhu dx + (ρhu2)|x2 − (ρhu2)|x1 .

EpÐshc h dÔnamh pou efarmìzetai sthn kateÔjunsh x eÐnai to �jroisma thc dÔnamhc pou
anaptÔssetai lìgw thc pÐeshc pou efarmìzetai apì ta �kra kai thc dÔnamhc thc pÐeshc apì
ton pujmèna.
H dÔnamh thc pÐeshc apì ta �kra eÐnai:

g
[∫ h+b

b
ρ(y − h− b)dy

]x2

x1

=
[
−1

2
gρh2

]x2

x1

,

h dÔnamh thc pÐeshc apì ton pujmèna eÐnai :

−g
∫ x2

x1

ρh
db

dx
dx,

�ra h sunolÐkh dÔnamh pou efarmìzetai sthn kateÔjunsh tou x eÐnai:

[
−1

2
gρh2

]x2

x1

− g
∫ x2

x1

ρh
db

dx
dx,

ìpou g eÐnai h epit�qunsh thc barÔthtac. Sunep¸c, h oloklhrwtik  morf  diat rhshc thc
orm c èqei thn morf :

d

dt

∫ x2

x1

hu dx + (hu2)x2 − (hu2)x1 =
[
−1

2
gh2

]x2

x1

− g
∫ x2

x1

h
db

dx
dx. (2.3)

Upojètontac ìpwc prohgoÔmena ìti oi metablhtèc h(x, t) kai u(x, t) eÐnai paragwgÐsimec kai
akolouj¸ntac thn Ðdia diadikasÐa pou efarmìsthke gia thn diat rhsh thc m�zac paÐrnoume
thn diaforik  morf  thc diat rhshc thc orm c,

∂(hu)

∂t
+

∂(hu2 + 1
2
gh2)

∂x
= −ghbx. (2.4)

Sunolik� mporoÔme na gr�youme

d

dt

∫ x2

x1

q(x, t) dx + f(q(x2, t))− f(q(x1, t)) =
∫ x2

x1

R dx (2.5)

gia thn oloklhrwtik  morf  kai

qt + f(q)x = R (2.6)
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gia thn diaforik , ìpou

q =
[

h
hu

]
, f =

[
hu

hu2 + 1
2
gh2

]
,R =

[
0

−ghbx

]
.

Sthn perÐptwsh thc Ôparxhc trib c o phgaÐoc ìroc diaforopoieÐtai kai paÐrnei thn morf 

R =
[

0
−ghbx − ghSf

]
,

ìpou Sf anaparist� thn dÔnamh thc trib c kai mporeÐ na upologisteÐ qrhsimopoi¸ntac thn
sqèsh

Sf = n2
m

u|u|
h4/3

,

ìpou nm eÐnai o suntelest c tou Manning kai lamb�nei sun jwc empeirikèc timèc thc t�xhc
10−2. O ìroc trib c eÐnai �kamptoc ìroc.

'Ena basikì qarakthristikì twn mh grammik¸n nìmwn diat rhshc eÐnai ìti akìma kai sthn
perÐptwsh pou ta arqik� dedomèna eÐnai omal�, asunèqeiec mporeÐ na emfanistoÔn sth lÔsh, se
k�poia qronik  stigm . 'Ara gia thn epÐlush touc prèpei na lhfjeÐ upìyhn ìti gia na ex�goume
thn diaforik  morf  touc upojèsame paragwgisimìthta twn posot twn u, h. Sunep¸c, h
diaforik  morf  (2.6) den isqÔei gia lÔseic oi opoÐec perièqoun asunèqeiec, parìlo pou isqÔei
gia tic perioqèc ìpou h lÔsh eÐnai omal . H oloklhrwtik  morf  ìmwc isqÔei akìma kai e�n
h q eÐnai asuneq c. Mia lÔsh h opoÐa ikanopoieÐ ton oloklhrwtikì nìmo diat rhshc eÐnai mia
asjen c lÔsh tou nìmou diat rhshc (2.6).

Orismìc 2.1.1 H sun�rthsh q(x, t) onom�zetai asjen c lÔsh tou nìmou diat rhshc (2.6)
me dosmèna arqik� dedomèna q(x, 0) e�n gia ìlec tic sunart seic φ ∈ C1

0 isqÔei ìti
∫ ∞

0

∫ ∞

−∞
[qφt + f(q)φx]dxdt = −

∫ ∞

0
q(x, 0)φ(x, 0)dx,

ìpou C1
0 eÐnai to sÔnolo twn sunart sewn pou eÐnai suneq¸c paragwgÐsimec kai èqoun sumpag 

forèa [30].
To sÔsthma twn merik¸n diaforik¸n exis¸sewn eÐnai uperbolikì efìson o Iakwbianìc

pÐnakac tou sust matoc f′(q) eÐnai diagwniopoi simoc me pragmatikèc idiotimèc. Gia tic ex-
is¸seic rhq¸n ud�twn o Iakwbianìc pÐnakac eÐnai

f′(q) =
∂f

∂q
=

[
0 1

−u2 + gh 2u

]
(2.7)

kai èqei idiotimèc λ1 = u − c, λ2 = u + c oi opoÐec eÐnai pragmatikèc, me c =
√

gh na eÐnai h
sqetik  taqÔthta kÔmatoc - reustoÔ. Ta antÐstoiqa idiodianÔsmata eÐnai

r1 =
[

1
u− c

]
, r2 =

[
1

u + c

]
. (2.8)

'Ara to sÔsthma twn (2.2) (2.4) eÐnai uperbolikì. Sthn perÐptwsh ìmwc thc emf�nishc
steganoÔ, h opoÐa melet�tai sthn par�grafo 2.4 h mia apì tic dÔo idiotimèc (an�loga thn
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pleur� sthn opoÐa emfanÐzetai to steganì) mhdenÐzetai. Wc apotèlesma autoÔ eÐnai to
sÔsthma na q�nei thn uperbolikìtht� tou.

ParathroÔme ìti oi idiotimèc λ1, λ2 mporoÔn na l�boun opoiod pote prìshmo, exart¸menec
apì thn taqÔthta u se sqèsh me to c. Sthn jewrÐa rhq¸n ud�twn o arijmìc

Fr =
|u|
c

onom�zetai arijmìc tou Froude. 'Otan Fr > 1 h ro  onom�zetai uperkrÐsimh en¸ ìtan
Fr < 1 onom�zetai upokrÐsimh. Sthn perÐptwsh ìpou h ro  eÐnai upokrÐsimh, Fr < 1 ⇒
|u| < c, gnwrÐzoume ìti h posìthta c perièqei thn barutik  dÔnamh kai sthn prokeimènh
perÐptwsh oi dun�meic barÔthtac uperisqÔoun twn dun�mewn adr�neiac. Parathr¸ntac tic
idiotimèc λ1 = u − c, λ2 = u + c blèpoume ìti λ1 < 0 en¸ h deÔterh idiotim  mporeÐ na l�bei
opoiod pote prìshmo. 'Ara h fusik  plhroforÐa diadÐdetai kai proc tic dÔo kateujÔnseic.
Sthn uperkrÐsimh ro  Fr > 1 ⇒ |u| > c, oi dun�meic adr�neiac uperisqÔoun aut¸n thc
barÔthtac, en¸ oi idiotimèc èqoun p�nta to Ðdio prìshmo, �ra h fusik  plhroforÐa ro c
diadÐdetai proc mia kateÔjunsh.

2.2 Prìblhma Riemann
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Sq ma 2.2.1. 'Olec oi dunatèc lÔseic sto prìblhma Riemann gia tic exis¸seic rhq¸n
ud�twn miac di�stashc.(a) kÔma araÐwshc - shock, (b) shock - kÔma araÐwshc, (g) kÔma

araÐwshc - kÔma araÐwshc, (d) shock - shock

To basikì prìblhma pou qrhsimopoieÐtai sthn kataskeu  arijmhtik¸n mejìdwn gia sust mata
uperbolikoÔ tÔpou eÐnai to prìblhma Riemann to opoÐo prokÔptei jewr¸ntac ton omogen 
nìmo diat rhshc me sugkekrimènec arqikèc sunj kec,

qt + f(q)x = 0,

q(x, 0) =
{

ql αν x < 0
qr αν x > 0

. (2.9)
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Ed¸ jewroÔme ton nìmo diat rhshc miac di�stashc (2.6) qwrÐc phgaÐo ìro, me arqikèc sunj kec

ql =
[

hl

hlul

]
, qr =

[
hr

hrur

]
.

Up�rqoun tèsseric dunatèc lÔseic pou mporoÔn na prokÔyoun kat� thn epÐlush tou probl -
matoc Riemann, [30], [45]. K�je perÐptwsh apoteleÐtai apì dÔo kÔmata
(1) kÔma araÐwshc - shock (kroustikì kÔma),

(2) shock - kÔma araÐwshc,

(3) kÔma araÐwshc - kÔma araÐwshc,

(4) shock - shock.

H lÔsh enìc uperbolikoÔ sust matoc m exis¸sewn apoteleÐtai apì m kÔmata ta opoÐa kinoÔn-
tai me diaforetikèc taqÔthtec kai parathroÔme epallhlÐa aut¸n. Sthn mh grammik  perÐptwsh
ta kÔmata allhlepidroÔn metaxÔ touc kai epÐshc paramorf¸nontai xeqwrist�, odhg¸ntac èt-
si se probl mata ta opoÐa eÐnai polÔ dÔskolo   den mporoÔn na lujoÔn analutik�. Gia
tic exis¸seic rhq¸n ud�twn se mia di�stash, h lÔsh tou probl matoc Riemann apoteleÐtai
apì dÔo kÔmata (opoiod pote sunduasmì kÔmatwn araÐwshc kai kum�twn tÔpou shock) (sq.
2.2.1). Ta kÔmata aut� diadÐdontai me taqÔthta λ1 gia to aristerì kai λ2 gia to dexÐ ta opoÐa
onom�zontai 1-kÔma kai 2-kÔma antÐstoiqa. LÔnontac to parap�nw prìblhma prokÔptoun dÔo
oikogèneiec kampul¸n p�nw stic opoÐec h lÔsh aplopoieÐtai kai isqÔei ìti dx/dt = λ1 gia thn
pr¸th oikogèneia kai dx/dt = λ2 gia thn deÔterh oikogèneia twn qarakthristik¸n kampul¸n
[30]. Parak�tw melet�me tic peript¸seic ìpou h lÔsh tou probl matoc Riemann eÐnai èna
kÔma araÐwshc   èna kÔma tÔpou shock. Sth sunèqeia ja k�noume mia sÔntomh an�lush fain-
omènwn pou ja mac eÐnai qr sima gia thn katanìhsh twn pijan¸n morf¸n thc lÔshc kai ja
ex�goume sunj kec pou prèpei na ikanopoioÔntai.

2.2.1 KÔmata araÐwshc
Ed¸ melet�me thn perÐptwsh ìpou dÔo katast�seic sundèontai mèsw mÐac omal c met�bashc
h opoÐa onom�zetai kÔma araÐwshc. Genik� èna kÔma araÐwshc èqei thn morf  pou apeikonÐzei
to sq ma (2.2.2), me λ(ql) = ul − cl kai λ(qr) = ur − cr.

x

t

ql qr

λ(ql) λ(qr)

Sq ma 2.2.2. KÔma araÐwshc.
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EÐnai èna omalì kÔma ìpou ìlec oi posìthtec ro c metab�llontai suneq¸c kat� m koc autoÔ.
Oi qarakthristikèc oi opoÐec brÐskontai sta sÔnora tou kÔmatoc onom�zontai kefal  kai
our� tou kÔmatoc araÐwshc kai isqÔei ìti

dx

dt
= ul − cl

kai

dx

dt
= ur − cr

gia thn kefal  kai thn our� antÐstoiqa.
P�nta h lÔsh enìc probl matoc Riemann paramènei stajer  p�nw stic eujeÐec thc morf c

x = εt, ε ∈ R .

'Ara èna kÔma araÐwshc to opoÐo en¸nei tic katast�seic ql,qr èqei epÐshc thn Ðdia idiìthta.
'Ara h lÔsh èqei thn morf  :

q(x, t) =





ql x ≤ ε1t
W(x/t) ε1t < x < ε2t,
qr x ≥ ε2t

ìpou W omal  sun�rthsh me W(ε1) = ql kai W(ε2) = qr , dhlad  èna kÔma araÐwshc eÐnai mia
suneq c lÔsh. ParagwgÐzontac thn q(x, t) = W(x/t) sto q¸ro kai sto qrìno lamb�noume

qx(x, t) =
1

t
W′(x/t), (2.10)

qt(x, t) = − x

t2
W′(x/t). (2.11)

Akìma k�je uperbolik  exÐswsh mporeÐ na grafeÐ sth morf  qt + f′(q)qx = 0 ìpou f′(q) o
Iakwbianìc pÐnakac, kai antikajist¸ntac tic sqèseic (2.10) (2.11) prokÔptei ìti

f′(W(ε))W′(ε) = εW′(ε). (2.12)

Apì thn parap�nw sqèsh parathroÔme ìti h sun�rthsh W′ eÐnai an�logh me èna idiodi�nusma
tou IakwbianoÔ pÐnaka kai ε h antÐstoiqh idiotim , dhlad 

W′(ε) = α(ε)rp(W(ε)), (2.13)

ε = λp(W(ε)), (2.14)

ìpou p = 1, 2 gia tic exis¸seic rhq¸n ud�twn. EpÐshc apaiteÐtai monìtonh aÔxhsh thc
metablht c ε = x/t kaj¸c h sun�rthsh W(ε) metab�lletai apì thn tim  ql sthn tim  qr,
all� monotonÐa thc ε apì thn (2.14) shmaÐnei monotonÐa thc idiotim c λp(W), �ra

λp(ql) < λp(qr). (2.15)
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Arqik� ja prèpei na kajorÐsoume thn sun�rthsh W(ε). ParagwgÐzontac thn (2.14) wc
proc ε lamb�noume

1 = ∇λp(W(ε)) ·W′(ε)

kai me antikat�stash sthn (2.13)

α(ε) =
1

∇λp(W(ε)) · rp(W(ε))
.

'Ara prokÔptei

W′(ε) =
rp(W(ε))

∇λp(W(ε)) · rp(W(ε))
, ε1 ≤ ε ≤ ε2 (2.16)

h parap�nw sqèsh ìmwc eÐnai èna sÔsthma sun jwn diaforik¸n exis¸sewn me arqikèc sunj kec

W(ε1) = ql me ε1 = λp(ql), ε2 = λp(qr).

Efìson èqoume jewr sei to ql wc arqik  sunj kh prèpei na broÔme tic katast�seic pou
mporoÔn na sundejoÔn me to ql me èna kÔma araÐwshc.

LÔnontac to sÔsthma (2.13) gia thn pr¸th idiotim 

λ1(W) = u−
√

gh, r1(W) = (1, λ1)
T

lamb�noume
√

gh =
1

3

(
2
√

ghl + ul − x

t

)
,

u =
1

3

(
2
√

ghl + ul + 2
x

t

)
.

'Ara mporoÔme na gr�youme gia to 1-kÔma araÐwshc

u− ul = 2(
√

ghl −
√

gh). (2.17)

EÐdame ìti gia na up�rqei èna kÔma araÐwshc prèpei na ikanopoieÐtai h sqèsh (2.15). E�n to
ql sundèetai me to qr me èna 1-kÔma araÐwshc tìte prèpei na isqÔei ìti

ul −
√

ghl < ur −
√

ghr.

Jètwntac u = ur kai h = hr sthn (2.17), kai me antikat�stash sthn parap�nw prokÔptei ìti

hr < hl (2.18)

kai epÐshc brÐskoume apì thn (2.17) thn deÔterh sunj kh pou prèpei na ikanopoieÐ h qr

ur > ul. (2.19)
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Efarmìzontac thn Ðdia diadikasÐa gia thn deÔterh idiotim  lamb�noume to 2-kÔma araÐwshc
pou sundèei tic arqikèc katast�seic.

√
gh =

1

3

(
2
√

ghl − ul +
x

t

)
,

u =
1

3

(
−2

√
ghl + ul + 2

x

t

)
.

AntÐstoiqa mporoÔme na gr�youme

u− ul = −2(
√

ghl −
√

gh) (2.20)

kai prèpei na isqÔei ìti

hr > hl, (2.21)
ur > ul. (2.22)

ParathroÔme ìti e�n oi katast�seic ql, qr sundèontai me èna kÔma araÐwshc, isqÔei p�nta
ur > ul. 'Otan ìmwc isqÔei ìti ur < ul tìte sundèontai me èna kÔma tÔpou shock .

H sqèsh (2.17) ousiastik� perigr�fei mia kampÔlh. ParathroÔme ìti mporeÐ na grafeÐ wc

u + 2
√

gh = ul + 2
√

qhl

'Ara an jèsoume w1(q) = u + 2
√

gh blèpoume ìti h sun�rthsh èqei thn Ðdia tim  p�nw se ìla
ta shmeÐa thc kampÔlhc. H w1(q) onom�zetai Riemann analloÐwth thc pr¸thc oikogèneiac
  alli¸c 1-Riemann analloÐwth kai èqei thn idiìthta na paramènei stajer  kat� m koc tou
kÔmatoc. Gia thn deÔterh idiotim  èqoume antÐstoiqa w2(q) = u − 2

√
gh thn 2-Riemann

analloÐwth.
Genik� mporoÔme na poÔme ìti mia p-Riemann analloÐwth eÐnai mÐa omal  sun�rthsh w : RN →
R h opoÐa ikanopoieÐ

< rp(q),∇w(q)) >= 0 ∀q ∈ RN .

2.3 Asunèqeiec kai h sunj kh Rankine-Hugoniot

Sthn prohgoÔmenh enìthta anafèrjhke ìti h oloklhrwtik  morf  twn nìmwn diat rhshc (2.5)
epidè-
qetai asunèqeiec sth lÔsh   alli¸c shocks. Gia na ex�goume thn diaforik  morf  touc upo-
jèsame omalìthta thc lÔshc. Efìson oi merikèc diaforikèc exis¸seic perièqoun parag¸gouc
oi opoÐec den orÐzontai se mia asunèqeia, ja prèpei h lÔsh kat� m koc mÐac asunèqeiac na
ikanopoieÐ thn pio jemeli¸dh morf  tou nìmou diat rhshc, thn oloklhrwtik . 'Estw mia a-
sunèqeia h opoÐa diadÐdetai me taqÔthta s kai kineÐtai ìpwc sto sq ma (2.3.1) ìpou èqoume
esti�sei se mia mikr  perioq  gÔro apì thn asunèqeia [x1, x1 + ∆x] kai se èna mikrì qronikì
di�sthma [t1, t1 + ∆t] ìpou h taqÔthta di�doshc thc asunèqeiac eÐnai ousiastik� stajer . H
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perioq  [x1, x1 + ∆x]× [t1, t1 + ∆t] qwrÐzetai apì to shock se dÔo perioqèc ìpou se k�je mia
h lÔsh q eÐnai stajer  me timèc ql, qr. 'Efarmìzontac thn (2.5) èqoume :

∫ x1+∆x

x1

q(x, t1 + ∆t)dx−
∫ x1+∆x

x1

q(x, t1)dx =

∫ t1+∆t

t1
f(q(x1, t))dt−

∫ t1+∆t

t1
f(q(x1 + ∆x, t))dt

kai efìson h q eÐnai ousiastik� stajer  kat� m koc k�je akm c h parap�nw exÐswsh paÐrnei
thn morf 

∆xqr −∆xql = ∆tf(ql)−∆tf(qr) + O(∆t2) (2.23)

An h taqÔthta tou shock eÐnai s, tìte ∆x = −s∆t gia (s < 0). Qrhsimopoi¸ntac aut  th
sqèsh diair¸ntac me −∆t kai paÐrnontac ∆t → 0 lamb�noume th sunj kh

s(qr − ql) = f(qr)− f(ql) (2.24)

h opoÐa kaleÐtai sunj kh Rankine - Hugoniot. H lÔsh h opoÐa ikanopoieÐ thn oloklhrwtik 
morf , �ra kai thn diaforik  ìtan eÐnai omal  kai ikanopoieÐ thn sunj kh Rankine-Hugoniot
kat� m koc thc asunèqeiac onom�zetai ajen c lÔsh tou nìmou diat rhshc ìpwc orÐsthke
kai sto kef�laio 2.1. Epitrèpontac asuneqeÐc lÔseic oi oi opoÐec ikanopoioÔn thn (2.5), h
monadikìthta thc lÔshc den exasfalÐzetai p�nta kai suqn� �llec sunj kec prèpei na proste-
joÔn. Autèc basÐzontai kurÐwc se fusikèc parathr seic kai paÐrnoun thn morf  entropik c
sun�rthshc.

q = q l

q = q r

t = t + ∆t

t 1

x x = x + ∆x

Shock me taxythta s

Sq ma 2.3.1. H sunj kh Rankine-Hugoniot kajorÐzetai oloklhr¸nontac se mia
apeiroel�qisth orjog¸nia perioq  sto epÐpedo x− t

2.3.1 KÔmata tÔpou Shock

Ed¸ jewroÔme ìti h lÔsh tou probl matoc Riemann apoteleÐtai apì èna kÔma shock . Ar-
qÐzoume jewr¸ntac to sÔsthma twn exis¸sewn rhq¸n ud�twn qt + f(q)x = 0 ìpou q =
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(h, hu) ∈ Rm Stajeropoi¸ntac to ql upologÐzoume ìlec tic pijanèc katast�seic pou m-
poreÐ na sundèontai me to ql me èna kÔma shock. Se aut n thn perÐptwsh oi ql,q prèpei na
ikanopoioÔn thn sunj kh Rankine-Hugoniot

f(q)− f(ql) = s(q− ql). (2.25)

H parap�nw sqèsh dÐnei èna sÔsthma m exis¸sewn me m + 1 agn¸stouc. Pio sugkekrimèna
gia tic exis¸seic rhq¸n ud�twn ìpou m = 2 lamb�noume :

s(h− hl) = hu− hlul,

s(hu− hlul) =
((hu)2

h
+

1

2
gh2

)
−

((hlul)
2

hl

+
1

2
gh2

l

)
.

DÔo exis¸seic me treÐc agn¸stouc �ra anamènoume ìti ja broÔme mia parametrik  oikogèneia
lÔsewn. LÔnontac thn pr¸th exÐswsh wc proc s kai antikajist¸ntac sthn deÔterh èqoume:

hu =
hlulh

hl

± h(h− hl)

√
g

2

(h + hl)

hhl

. (2.26)

Jewr¸ntac ìti h = hl(1 + ε) èqoume:

q = ql + ε

[
hl

hlul − (1− ε)hl

√
g
2

2+ε
1+ε

hl

]
, (2.27)

kai

q = ql + ε

[
hl

hlul + (1− ε)hl

√
g
2

2+ε
1+ε

hl

]
. (2.28)

H pr¸th oikogèneia mporoÔme na doÔme ìti susqetÐzetai me thn pr¸th idiotim  λ1 = u −√
gh, afoÔ paragwgÐzontac thn (2.27) wc proc ε kai af nontac ε → 0 lamb�noume to pr¸to

idiodi�nusma. Akìma apì thn (2.26) mporoÔme na gr�youme

u− ul = −(h− hl)

√
g

2

h + hl

hhl

. (2.29)

AntÐstoiqa gia thn deÔterh oikogèneia me thn idiotim  λ1 = u +
√

gh kai gr�foume

u− ul = (h− hl)

√
g

2

h + hl

hhl

. (2.30)

EpÐshc gnwrÐzoume apì thn prohgoÔmenh enìthta ìti efìson duo katast�seic ql,qr en¸nontai
me èna kÔma shock, tìte h sunj kh pou prèpei na isqÔei gia to qr eÐnai,

ur < ul. (2.31)

Efarmìzontac thn parap�nw sunj kh sthn sqèsh (2.29) paÐrnoume gia to 1-shock thn sqèsh

hr < hl, (2.32)

en¸ an thn efarmìsoume sthn sqèsh (2.30), gia to 2-shock dÐnei,

hr > hl. (2.33)
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2.3.2 Sunj kec EntropÐac
Oi sunj kec entropÐac mac diasfalÐzoun ìti to prìblhma èqei monadik  asjen  lÔsh h opoÐa
eÐnai fusik� swst  kai mporeÐ na efarmostoÔn ap' eujeÐac sthn asjen  lÔsh twn uperbolik¸n
exis¸sewn, gia na elègxoume an mia lÔsh eÐnai fusik� apodekt .

Ed¸ exet�zoume sunj kec oi opoÐec susqetÐzontai me thn qarakthristik  dom , kai epiken-
trwnìmaste kurÐwc stouc bajmwtoÔc nìmouc diat rhshc. Gia k�poia sust mata exi¸sewn h
eÔresh kat�llhlwn sunjhk¸n paramènei anoiqtì prìblhma. Mia emfan c sunj kh h opoÐa
parathreÐtai sto sq ma (2.3.2 a) eÐnai ìti oi qarakthristikèc kampÔlec prèpei na phgaÐnoun
prìc to shock kaj¸c o qrìnoc aux�nei. Mia asunèqeia me qarakthristikèc pou feÔgoun apì
aut  (2.3.2 b) eÐnai astaj c se diatar�xeic. E�n omalopoi soume elafr¸c ta arqik� dedomèna
  prosjèsoume ix¸dec sto sÔsthma ja prokalèsoume thn dom  h opoÐa faÐnetai sto sq ma
(2.3.3) Ta parap�nw dÐnoun thn pr¸th morf  thc sunj khc.

ur

ul

0 x
x

x=st

t

0

x=st

0

ur

ul

0

Sq ma 2.3.2. KÔmata shock : ikanopoieÐtai h entropÐa (arister�),den ikanopoieÐtai (dexi�).

ul

ur

0 0

Sq ma 2.3.3. KÔma araÐwshc.

Sunj kh EntropÐac (Lax). 'Enac bajmwtìc nìmoc diat rhshc o opoÐoc eÐnai kurtìc,
dhlad  h sun�rthsh ro c èqei thn idiìthta ìti h f ′′(q) den all�zei prìshmo, me asunèqeia h
opoÐa diadÐdetai me taqÔthta s, lème ìti ikanopoieÐ thn sunj kh entropÐac tou Lax e�n

f ′(ql) > s > f ′(qr), (2.34)
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me f ′(q) na eÐnai h qarakthristik  taqÔthta. Efìson h f eÐnai kurt , h taqÔthta s apì thn
(2.22) prèpei na brÐsketai an�mesa sta f ′(ql), f

′(qr) opìte h sunj kh (2.32) an�getai sthn
f ′(ql) > f ′(qr) kai epeid  h f eÐnai kurt  arkeÐ na isqÔei ìti ql > qr.

Mia �llh morf  thc sunj khc entropÐac basÐzetai sthn ex�plwsh twn qarakthristik¸n
kai sthn dhmiourgÐa kÔmatoc araÐwshc. E�n h q(x, t) eÐnai aÔxousa sun�rthsh tou x se
k�poia perioq , tìte oi qarakthristikèc kampÔlec diaskorpÐzontai e�n f ′′ > 0. O rujmìc
diaskìrpishc mporeÐ na posotikopoihjeÐ kai dÐnei thn parak�tw sunj kh h opoÐa ofeÐletai
ston Oleinik.

Sunj kh EntropÐac (Oleinik) H q(x, t) eÐnai entropik  lÔsh se èna bajmwtì nìmo di-
at rhshc qt + f(qx) = 0 me f ′′ > 0 e�n up�rqei stajer� E > 0 tètoia ¸ste gia k�je
α > 0, t > 0 kai x ∈ R

q(x + α, t)− q(x, t)

α
<

E

t
(2.35)

Gia mia asunèqeia h opoÐa diadÐdetai me stajerèc katast�seic arister� kai dexi� apì aut n
(ql, qr) h sunj kh (2.10) ikanopoieÐtai mìno e�n qr − ql ≤ 0 to opoÐo odhgeÐ sthn (2.9).

Mia genÐkeush thc sunj khc entropÐac tou Lax gia sust mata exis¸sewn eÐnai h ex c.

Sunj kh EntropÐac (Lax). Mia asunèqeia pou diaqwrÐzei thc katast�seic ql, qr kai di-
adÐdetai me taqÔthta s ikanopoieÐ thn sunj kh entropÐac tou Lax e�n up�rqei deÐkthc p ètsi
¸ste

λp(ql) > s > λp(qr), (2.36)

ètsi ¸ste h p oikogèneia twn qarakthristik¸n na proskroÔei sthn asunèqeia en¸ oi upìloipec
na diastaur¸nontai me aut n, dhlad 

λj(ql) < s kai λj(qr) < s gia j < p,

λj(ql) > s kai λj(qr) > s gia j > p. (2.37)

Ston parap�nw orismì upojètoume ìti oi idiotimèc eÐnai diatetagmènec ètsi ¸ste λ1 < λ2 <
. . . < λm. H parap�nw sunj kh mporeÐ na deiqjeÐ ìti eÐnai swst  mìno gia austhr� uperbo-
likoÔc nìmoc diat rhshc. Mia �llh prosèggish gia tic sunj kec entropÐac eÐnai orÐzontac
sunart seic entropÐac. Aut  h prosèggish efarmìzetai kurÐwc sta sust mata exis¸sewn.
Gia perissìterec leptomèreiec bl. [30].

2.4 Emf�nish Stegan¸n
Sta prohgoÔmena kef�laia lÔsame to prìblhma Riemann gia thn perÐptwsh ìpou to b�joc
tou neroÔ èqei pantoÔ jetik  tim . Stic steganèc perioqèc to b�joc tou neroÔ èqei profan¸c
tim  mhdèn kai eÐnai mia apìluta apodekt  fusik  kat�stash. S' aut  thn perÐptwsh jewroÔme
ugrèc perioqèc oi opoÐec sunoreÔoun me steganì kai lÔnoume tic exis¸seic rhq¸n ud�twn p�nw
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sto sÔnoro ugroÔ/steganoÔ. H pio apl  perÐptwsh eÐnai aut  tou sq matoc (2.4.1) h opoÐa
eÐnai mia idiaÐterh perÐptwsh tou probl matoc Riemann.

H emf�nish stegan¸n mporeÐ na prokÔyei eÐte apì thn arq , lìgo twn arqik¸n dedomènwn,
eÐte wc apotèlesma thc allhlepÐdrashc duo ugr¸n katast�sewn. Ed¸ ja asqol joume me
thn perÐptwsh emf�nishc stegan¸n sthn dexi�   thn arister  pleur�, lìgo twn arqik¸n
dedomènwn.

Sthn perÐptwsh thc mh emf�nishc stegan¸n, gia tic exis¸shc thc miac di�stashc, eÐdame
ìti up�rqoun p�nta dÔo oikogèneiec kum�twn, dhlad  tèssereic dunatèc lÔseic. Opoiad pote
prosp�jeia qrhsimopoÐhshc twn parap�nw gia thn perÐptwsh thc emf�nishc stegan¸n ja
apotÔqei giatÐ h dom  thc lÔshc eÐnai diaforetik . Pio sugkekrimèna, èqoume mìno èna kÔma
kaj¸c h idiotim  sto steganì gÐnetai mhdèn, dhlad  λ1 = u− c = 0, ìtan èqoume steganì apì
arister� kai λ2 = u + c = 0 ìtan èqoume apo dexi�. To kÔma autì ja eÐnai kÔma araÐwshc
kaj¸c sÔmfwna me thn parak�tw prìtash den mporeÐ na eÐnai shock.
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Sq ma 2.4.1. To prìblhma Riemann gia to opoÐo den up�rqei nerì se èna apì ta dedomèna.

Prìtash 2.4.1 'Ena kÔma shock den mporeÐ na eÐnai geitonikì me stegan  perioq  [45].

'Estw èna prìblhma Riemann gia tic exis¸seic rhq¸n ud�twn miac di�stashc me arqikèc
sunj kec

ql =
[

hl

hlul

]
, qr = q0 =

[
h0

h0u0

]

ètsi ¸ste ql na eÐnai ta dedomèna gia thn ugr  perioq  me hl > 0 kai q0 gia to steganì, me
h0 = 0. Upojètoume ìti oi dÔo autèc katast�seic sundèontai me èna kÔma shock, taqÔthtac
s. Tìte ja isqÔei h sunj kh Rankine - Hugoniot sÔmfwna me thn opoÐa

hlul = h0u0 + s(hl − h0),

hlu
2
l +

1

2
gh2

l = h0u
2
0 +

1

2
gh2

0 + s(hlul − h0u0).

Apì thn pr¸th exÐswsh lamb�noume ìti s = ul to opoÐo shmaÐnei ìti h taqÔthta tou shock
eÐnai Ðsh me thn taqÔthta pÐsw apì autì. Me antikat�stash sthn deÔterh exÐswsh dÐnei hl = 0
to opoÐo eÐnai �topo.
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2.4.1 Steganì apì dexi�
H perÐptwsh aut  apeikonÐzetai sto sq ma (2.4.2 a) kai to prìblhma Riemann èqei arqik�
dedomèna

q(x, 0) =
{

ql x < 0,
q0 x > 0

'Opwc blèpoume kai sto sq ma,to anamenìmeno dexÐ kÔma pou antistoiqeÐ sthn idiotim  λ2 =
u + c den up�rqei. Autì eÐnai fusik� swstì efìson den up�rqei nerì, ètsi ¸ste to kÔma
na diadwjeÐ. H lÔsh apoteleÐtai mìno apì èna kÔma araÐwshc pou antistoiqeÐ sthn idiotim 
λ1 = u − c. To shmeÐo tou kÔmatoc pou apeikonÐzetai me diakekommènh gramm  onom�zetai
ugrì/steganì mètwpo kai eÐnai autì to opoÐo ja melet soume. Gia thn kefal  tou kÔmatoc
gnwrÐzoume ìti dx/dt = sl = ul − cl. Gia to mètwpo tou kÔmatoc èstw cc h sqetik  taqÔthta
kai uc h taqÔthta kat� m koc thc qarakthristik c me taqÔthta s∗. Tìte ja prèpei na isqÔei
ìti dx/dt = s∗ = uc − cc. Sundèontac ta uc, cc me ta dedomèna sthn arister  pleur� kai
qrhsimopoi¸ntac thn pr¸th Riemann analloÐwth w1 = u + 2c, c =

√
gh èqoume ìti

uc + 2cc = ul + 2cl.

'Omwc kat� m koc tou met¸pou èqoume ìti hc = 0 kai �ra cc = 0, opìte h taqÔthta tou
met¸pou ja eÐnai

s∗ = uc = ul + 2cl. (2.38)

'Ara h lÔsh ja èqei thn morf 

q(x, t) =





ql x/t ≤ ul − cl

qlfan ul − cl ≤ x/t ≤ ul + 2cl

q0 ul + 2cl ≤ x/t
(2.39)

ìpou qlfan dÐnetai sthn par�grafo 2.2.1 kai ikanopoieÐ thn sqèsh (2.17).
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s=ul−cl s=ul+2cl
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Sq ma 2.4.2. DÔo peript¸seic ìpou oi lÔseic tou probl matoc Riemann perièqoun steganì.
(a) To steganì brÐsketai apì dexi�. (b) To steganì brÐsketai apì arister�.
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2.4.2 Steganì apì arister�
Gia thn emf�nish steganoÔ apì arister� ta arqik� dedomèna tou probl matoc Riemann èqoun
thn morf 

q(x, 0) =
{

q0 x < 0
qr x > 0

kai h akrib c lÔsh apeikonÐzetai sto sq ma (2.4.2 b). ParathroÔme ìti leÐpei to kÔma thc
pr¸thc oikogèneiac, pou sqetÐzetai me thn idiotim  λ1 = u − c kai ìti h lÔsh apoteleÐtai
apì èna kÔma araÐwshc pou antistoiqeÐ sthn idiotim  λ2 = u + c. ParathroÔme ìti h our�
tou kÔmatoc eÐnai t¸ra to ugrì/seganì mètwpo. AntÐstoiqa me prin h taqÔthta tou met¸pou
upologÐzetai wc

s∗ = ur − 2cr (2.40)

kai h olik  lÔsh dÐnetai apì

q(x, t) =





q0 x/t ≤ s∗
qrfan s∗ ≤ x/t ≤ ur + cr

q0 ur + cr ≤ x/t
(2.41)

ìpou qrfan dÐnetai sthn par�grafo 2.2.1 kai ikanopoieÐ thn sqèsh (2.20).

2.5 St�simec katast�seic
Sthn idiaÐterh perÐptwsh ìpou to ugrì brÐsketai se isorropÐa (qt = 0), dhlad  h taqÔthta
tou sust matoc eÐnai tautotik� mhdèn   èqei mia stajer  tim , èqoume st�simh lÔsh. Sthn
perÐptwsh ìpou u ≡ 0 èqoume:

qt + f(q)x = R ⇒ f(q)x = R

ìpou
q =

[
h
0

]
, f =

[
0

1
2
gh2

]
, R =

[
0

−ghbx

]

'Ara

ht = 0,

(
1

2
gh2)x = −ghbx,

opìte

ht = 0,

hhx = −hbx.

Apì thn pr¸th exÐswsh èqoume ìti h = h(x) + k ìpou k stajerìc arijmìc en¸ apì thn thn
deÔterh èqoume h(hx + bx) = 0. An h = 0 tìte ja paÐrname thn tautotik  lÔsh, �ra ja prèpei
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na isqÔei ìti hx = −bx. Oloklhr¸nontac lamb�noume h(x, t) = −b(x, t) + D(t). Apì thn
pr¸th exÐswsh ìmwc èqoume ex�gei ìti h h eÐnai sun�rthsh mìno tou x, �ra gia na isqÔei h
parap�nw ja prèpei h(x) = −b(x) + D ìpou D ènac stajerìc arijmìc. Anadiat�sontac thn
parap�nw, prokÔptei ìti

D = h(x) + b(x),

u(x, t) ≡ 0

Dhlad  parathroÔme ìti anex�rthta apì to qrìno h lÔsh paramènei stajer .
Sthn perÐptwsh ìpou h taqÔthta èqei k�poia tim  all� paramènei stajer , dhlad  hu ≡

stajer�, èqoume:

(hu)x = 0 ⇒
hxu + hux = 0

kai apì thn deÔterh exÐswsh

u2h + (
1

2
gh2)x + ghbx = 0 ⇒

u(2uxh + uhx) + ghhx + ghbx = 0 ⇒
uux + ghx + gbx = 0 ⇒

(
u2

2
)x + g(h + b)x = 0.

'Ara ja prèpei na isqÔei ìti :

hu = c1

(
u2

2
)x + g(h + b)x = c2

ìpou c1, c2 stajerèc.

2.6 Sumper�smata
Apì thn parap�nw melèth katal goume sto ìti jèloume na kataskeu�soume arijmhtik� sq -
mata tètoia ¸ste

1. Na eÐnai sunthrhtik� (diat rhsh posot twn)

2. Na upologÐzoun swst� tic asunèqeiec (jèsh, taqÔthta)

3. Na upologÐzoun entropikèc lÔseic (fusik� monadik  lÔsh)

4. Na upologÐzoun swst� (jèsh, taqÔthta) ugr�/stegan� mètwpa

5. Na upologÐzoun st�simec katast�seic qwrÐc na prosjètoun arijmhtikèc diataraqèc
(well-balanced) ston Ðdio bajmì akrÐbeiac.

6. Na diathroÔn thn jetikìthta thc tim c tou b�jouc (h) (positivity preserving)
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Kef�laio 3

Arijmhtikì sq ma

3.1 Sunthrhtikèc mèjodoi peperasmènwn ìgkwn
H emf�nish asuneqei¸n se nìmouc diat rhshc èqei fusikì nìhma, gia par�deigma udraulik�
�lmata (hydraulic jumps) kai metwpik� kÔmata (bores) , apì upologistik  skopi� ìmwc eÐnai
mia dusqèreia pou apokleÐei thn qrhsimopoÐhsh poll¸n mejìdwn. H qr sh miac opoiasd pote
mejìdou mporeÐ na odhg sei eÐte sthn emf�nish talant¸sewn kont� stic asunèqeiec, eÐte
sthn metafor� aut¸n me lanjasmènh taqÔthta eÐte ston lanjasmèno upologismì touc. Gia
na apofeuqjoÔn oi parap�nw duskolÐec prèpei h mèjodoc pou ja qrhsimopoi jei na upologÐzei
swst� thn jèsh kai thn taqÔthta twn asunèqeiwn (shock capturing). H arijmhtik  mèjodoc
pou qrhsimopoieÐtai ed¸ eÐnai mia mèjodoc peperasmènwn ìgkwn, me thn arijmhtik  lÔsh na
proseggÐzei thn mèsh tim  thc akriboÔc lÔshc se k�je diakrÐto upologistikì kelÐ, kai eÐnai
kat�llhlh gia uperbolik� sust mata mia kai qeirÐzetai kat�llhla thn emf�nish asuneqei¸n.

Mia akìma dusqèreia h opoÐa parathr tai eÐnai ìti me thn epilog  miac opoiad pote
mejìdou h lÔsh up�rqei perÐptwsh na sugklÐnei se mia entel¸c l�joc lÔsh [29]. ApodeiknÔetai
ìti mporoÔme na jèsoume mia apl  sunj kh sto arijmhtikì sq ma ètsi ¸ste na diasfalÐsoume
ìti den sugklÐnei se mh apodekt  lÔsh. Aut  h apaÐthsh eÐnai ìti h mèjodoc ja prèpei na eÐnai
se sunthrhtik  morf . Lamb�nontac thn oloklhrwtik  morf  twn nìmwn diat rhshc (2.5)
kai paraleÐpontac proswrin� ton phgaÐo ìro mporoÔme na gr�youme,

d

dt

∫ x2

x1

q(x, t)dx = −[f(q(x2, t))− f(q(x1, t))].

OrÐzontac mia diamèrish sto q¸ro ∆ = {x1, x2, . . . , xi, . . . , xn} me qwrikì b ma ∆x, dhlad 
xi+1 = xi + ∆x, efarmìzontac thn parap�nw sqèsh sto upologistikì kelÐ Ci = [xi− 1

2
, xi+ 1

2
],

me xi± 1
2

= xi ± 1
2
∆x kai oloklhr¸nontac sto qronikì di�sthma τn = [tn, tn+1] me qronikì

b ma ∆tn = tn+1 − tn paÐrnoume
∫

Ci

q(x, tn+1)dx =
∫

Ci

q(x, tn)dx−
∫

τn
[f(q(xi+ 1

2
, t))− f(q(xi− 1

2
, t))]dt,

to opoÐo gr�fetai

Qn+1
i = Qn

i −
∆tn

∆x

[
Fn

i+ 1
2
− Fn

i− 1
2

]
, (3.1)
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ìpou

Qn
i =

1

∆x

∫

Ci

q(x, tn)dx (3.2)

eÐnai o mèsoc ìroc thc lÔshc se k�je qwrikì kelÐ th qronik  stigm  tn kai

Fn
i± 1

2
=

1

∆tn

∫

τn
f(q(xi± 1

2
))dt (3.3)

eÐnai o qronikìc mèsoc ìroc thc ro c sta sÔnora tou kelioÔ sto qronikì di�sthma τn.
'Olec oi mèjodoi thc morf c (3.1) eÐnai �mesec mèjodoi dhlad  gia ton upologismì thc tim c
Qn+1

i qrhsimopoioÔntai mìno timèc tou prohgoÔmenou qronikoÔ b matoc. ParathroÔme ìti
ajroÐzontac th lÔsh se ìlo to di�sthma upologismoÔ [α, β], h lÔsh all�zei mìno lìgo thc
diafor�c thc ro c sta �kra tou diast matoc (sÔnoro).

∆x
N∑

i=1

Qn+1
i = ∆x

N∑

i=1

Qn
i +

∆tn

∆x
(Fn

N+1/2 − Fn
1−1/2).

Oi parap�nw mèjodoi onom�zontai sunthrhtikèc kai sugklÐnoun swst� sthn asjen  lÔsh ìpwc
mporeÐ na apodeiqjeÐ sÔmfwna me to parak�tw je¸rhma, en¸ mia mèjodoc h opoÐa ex�getai
apì thn diaforik  morf  twn nìmwn diat rhshc suqn� apotugq�nei sthn swst  sÔgklish
[30].

Je¸rhma (Lax and Wendroff [27]) 3.1.1 'Estw mia akoloujÐa apì plègmata pou èqoun
deÐktec l = 1, 2, . . . , me ∆xl → 0 kai ∆tl → 0 kaj¸c l → ∞. 'Estw ìti Ul(x, t) eÐnai h
arijmhtik  prosèggish upologismènh me mia sunep  kai sunthrhtik  mèjodo sto l plègma.
Upojètoume ìti Ul sugklÐnei se mia sun�rthsh u kaj¸c l → ∞ upì thn ènnoia pou orÐzetai
parak�tw. Tìte h u(x, t) eÐnai asjen c lÔsh tou nìmou diat rhshc.

JewroÔme ìti èqoume sÔgklish thc Ul sth u upì thn parak�tw ènnoia:
P�nw se k�je fragmèno sÔnolo Ω = [a, b]× [0, T ] sto epÐpedo x− t,

∫ T

0

∫ b

a
|Ul(x, t)− u(x, t)|dxdt → 0 καθως l →∞.

H parap�nw sqèsh eÐnai h 1-nìrma opìte mporoÔme apl� na gr�youme

‖Ul − u‖1,Ω → 0 καθως l →∞.

xi−12 xi+1
2

Qi

Qi−1
Qi+1

Fi−12 Fi+1
2

Sq ma 3.1.1 Upologistikì kelÐ gia thn mèjodo peperasmènwn ìgkwn.
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3.2 Mèjodoi tÔpou Godunov

Qrhsimopoi¸ntac mia mèjodo thc morf c (3.1) apaiteÐtai mia kat�llhla epilegmènh arijmhtik 
ro  (3.3). Anafèretai ed¸ h mèjodoc tou Godunov [19], pou par�gei mia kl�sh mejìdwn pou
antimetwpÐzei epituq¸c tic arijmhtikèc duskolÐec twn uperbolik¸n nìmwn diat rhshc. Oi
mèjodoi tÔpou Godunov eÐnai tÔpou upwind mèjodoi oi opoÐec lÔnoun èna prìblhma Riemann

qt + f′(q)qx = 0

q(x, 0) =
{

ql x < 0
qr x > 0

(3.4)

se k�je �kro twn qwrik¸n keli¸n xi± 1
2

gia k�je qronikì b ma. Upojètontac ìti h lÔsh
mac eÐnai kat� tm mata stajer , èqontac thn tim  Qi se k�je upologistikì kelÐ, blèpoume
th sqèsh me to prìblhma Riemann. Sto shmeÐo xi− 1

2
up�rqei asunèqeia me ql = Qi−1 kai

qr = Qi. Sthn mèjodo tou Godunov oi arijmhtikèc roèc pou qrhsimopoioÔntai sto sq ma
(3.1) brÐskontai apotim¸ntac thn pragmatik  sun�rthsh ro c sthn lÔsh tou probl matoc
Riemann (2.9) sto xi− 1

2
me arqikèc sunj kec

q(x, tn) =

{
Qn

i−1 x < xi− 1
2

Qn
i x > xi− 1

2

. (3.5)

'Opwc eÐdame, oi lÔseic pou prokÔptoun apì èna prìblhma Riemann gia tic exis¸seic rhq¸n
ud�twn eÐnai eÐte shocks, eÐte kÔmata araÐwshc(rarefactions), eÐte kai ta dÔo, kai h morf 
thc lÔshc exart�tai apì ta arqik� dedomèna ql, qr. Sto tèloc k�je qronikoÔ b matoc ta
dedomèna suntÐjwntai kai h diadikasÐa epanalamb�netai.

3.2.1 Grammik� probl mata
Exet�zoume arqik� thn perÐptwsh twn grammik¸n uperbolik¸n problhm�twn, giatÐ suqn�
proseggistikoÐ epilutèc Riemann (oi opoÐoi ja anaferjoÔn parak�tw) basÐzontai se lÔseic
enìc grammikopoihmènou Riemann probl matoc dhlad  tou (2.9) me f(q) = Aq, A ∈ Rm×m.
Genik� èna grammikì prìblhma èqei thn morf 

qt + Aqx = R, (3.6)

q(x, 0) = q0(x).

O pÐnakac A gia na eÐnai diagwniopoi simoc prèpei na gr�fetai wc

A = XLX−1,

ìpou L = diag(λ1, . . . , λm) o pÐnakac twn idiotim¸n kai X = [r1, . . . , rm] o pÐnakac twn
idiodianusm�twn. Gia na lÔsoume èna grammikì prìblhma, arqik� qwrÐc ton phgaÐo ìro (R = 0
), �rkeÐ na to lÔsoume gia tic qarakthristikèc metablhtèc, dhlad  jètoume w = X−1q opìte

qt + Aqx = 0 ⇒
X−1qt + LX−1qx = 0 ⇒
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wt + Lwx = 0 (3.7)

ìpou w eÐnai to di�nusma twn legìmenwn qarakthristik¸n metablht¸n. Efìson o L eÐnai
diag¸nioc h (3.7) eÐnai èna sÔsthma m bajmwt¸n exis¸sewn metafor�c,

(wp)t + λp(wp)x = 0, p = 1, . . . , m (3.8)

'Ara h arqik  morf  k�je qarakthristik c metablht c apl� metafèretai me taqÔthta Ðsh me
thn antÐstoiqh idiotim  tou pÐnaka A. Sth sunèqeia phgaÐnontac pÐsw, stic sunthrhtikèc
metablhtèc, blèpoume ìti h lÔsh apoteleÐtai apì mia upèrjesh ìlwn twn idiodianusm�twn tou
A. Dhlad 

q = Xw, ìpou wp(x, t) = wp(x− λpt, 0). (3.9)

Sunep¸c,

q(x, t) =
m∑

p=1

wp(x− λpt, 0)rp. (3.10)

Jewr¸ntac èna grammikì prìblhma Riemann thc morf c

qt + Aqx = 0

q(x, 0) =
{

Qi−1 x < 0
Qi x > 0.

(3.11)

MporoÔme na gr�youme ta Qi−1, Qi san grammikì sundiasmì twn idiodianusm�twn tou A,

Qi −Qi−1 =
m∑

p=1

αprp =
m∑

p=1

Wp,

me suntelestèc α = X−1∆Qi−1/2 kai Wp to p kÔma sth lÔsh. H mèjodoc tou Godunov
orÐzetai jètwntac

Fi−1/2 = f(Q↓
i−1/2) = AQ↓

i−1/2,

ìpou Q↓
i−1/2 eÐnai h lÔsh tou probl matoc Riemann sto xi−1/2 [30]

Q↓
i−1/2 = Qi−1 +

∑

p:λp<0

(Wp)i−1/2 = Qi −
∑

p:λp>0

(Wp)i−1/2. (3.12)

H arijmhtik  sun�rthsh ro c sto i− 1/2 dÐnetai wc

Fi−1/2 = AQi−1 +
m∑

p=1

(αpλ
−
p rp)i−1/2 (3.13)

= AQi +
m∑

p=1

(αpλ
+
p rp)i−1/2 (3.14)
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ìpou λ− = min(λ, 0), λ+ = max(λ, 0), 'Ara apì thn (3.1) prokÔptei ìti

Qn+1
i = Qn

i −
∆t

∆x

[
Fn

i+ 1
2
− Fn

i− 1
2

]
,

Fn
i−1/2 = AQn

i −A+(Qn
i −Qn

i−1),

Fn
i+1/2 = AQn

i + A−(Qn
i+1 −Qn

i )

me A+ = Xdiag(λ+
p )X−1, A− = Xdiag(λ−p )X−1.

3.3 O proseggistikìc epilut c Riemann tou Roe

'Opwc proanafèrjhke sthn mèjodo tou Godunov apaiteÐtai se k�je qwrikì kelÐ h akrib c
epÐlush enìc Riemann probl matoc to opoÐo eÐnai dapanhrì gia mh grammik� sust mata up-
erbolik¸n diaforik¸n exis¸sewn. Prèpei na parathrhjeÐ ìti gia thn eÔresh thc arijmhtik c
ro c qrhsimopoieÐtai mìno h lÔsh sto shmeÐo xi−1/2, bl. (3.12), epomènwc h eÔresh ìlhc thc
lÔshc tou probl matoc Riemann peritteÔei. Sthn pr�xh eÐnai sun jwc pio apotelesmatikì h
qrhsimopoÐhsh proseggistik¸n epilut¸n Riemann gia ton upologismì thc arijmhtik c ro c
Fi−1/2. Mia eurèwc diadedomènh epilog  eÐnai aut  tou epilut  tou Roe [40] . H genik 
idèa eÐnai na kajorÐsoume thn q(x, t) lÔnontac antÐ tou mh grammikoÔ sust matoc èna gram-
mikopoihmèno sÔsthma nìmwn diat rhshc stajer¸n suntelest¸n. Pio sugkekrimèna lÔnoume
èna tropopoihmèno sÔsthma nìmwn diat rhshc, antikajist¸ntac ton mh grammikì Iakwbianì
pÐnaka f′(q) me èna stajerì, diagwniopoi simo f′(q) = Â, ìpou f′(q) = ∂f

∂q . O pÐnakac Â
onom�zetai pÐnakac tou Roe kai epilègetai na ikanopoieÐ touc parak�tw periorismoÔc.

[1 ] Âi−1/2(Qi −Qi−1) = f(Qi)− f(Qi−1),

[2 ] Âi−1/2 eÐnai diagwniopoi shmoc me pragmatikèc idiotimèc,

[3 ] Âi−1/2 → f′(q) omoiìmorfa kaj¸c Qi−1,Qi → q,

gia Âi−1/2 = Â(Qi−1,Qi). Sthn idiaÐterh perÐptwsh ìpou ta Qi,Qi−1sundèontai me èna shock
tìte apaitoÔme h proseggistik  Riemann lÔsh na tautÐzetai me thn pragmatik . Autì apor-
rèei apì to gegonìc ìti ikanopoieÐtai h sunj kh Rankine-Hugoniot,

f(qr)− f(ql) = s(qr − ql)

kai mazÐ me ton periorismì [1] èqoume

Âi−1/2(qr − ql) = f(qr)− f(ql) = s(qr − ql),

dhlad  prèpei qr − ql na eÐnai idiodi�nusma tou Â me idiotim  s. Sunep¸c h proseggistik 
lÔsh apoteleÐtai apì mia asunèqeia h opoÐa diadÐdetai me taqÔthta s. O deÔteroc periorismìc
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katoqur¸nei ìti to prìblhma qt + Âqx = 0 eÐnai uperbolÐko kai epilÔsimo kai o trÐtoc peri-
orismìc eggu�tai th sunèpeia, dhlad  ìti h mèjodoc dÐnei th swst  lÔsh se omalèc perioqèc.

Gia tic exis¸seic rhq¸n ud�twn miac di�stashc o pÐnakac Â mporeÐ na upologisteÐ [30],[45]
kai eÐnai apl� o Iakwbianìc pÐnakac (2.7) apotimhmènoc stic mèsec timèc

ĥi−1/2 =
hi + hi−1

2
, ûi−1/2 =

ui−1

√
hi−1 + ui

√
hi√

hi−1 +
√

hi

. (3.15)

Oi proseggistikèc idiotimèc   alli¸c taqÔthtec tou Roe eÐnai

(λ̂1)i−1/2 = ûi−1/2 −
√

gĥi−1/2, (λ̂2)i−1/2 = ûi−1/2 +
√

gĥi−1/2, (3.16)

me antÐstoiqa idiodianÔsmata

r̂1 =
[

1
û− ĉ

]
, r̂2 =

[
1

û + ĉ

]
, (3.17)

ìpou ĉ =
√

g hi+hi−1

2
. 'Omoia me thn prohgoÔmenh diadikasÐa (par�grafoc 3.2) mporoÔme na

upologÐsoume tic arijmhtikèc roèc wc,

Fn
i−1/2 = ÂQn

i − Â
+
(Qn

i −Qn
i−1), (3.18)

Fn
i+1/2 = ÂQn

i + Â
−
(Qn

i+1 −Qn
i ), (3.19)

  alli¸c mporoÔme na gr�youme

Fn
i−1/2 =

1

2
[f(Qi−1) + f(Qi)]−

1

2
|Â|(Qi −Qi−1), (3.20)

me |Â| = Â
+−Â

−
, ìpou Â

+
= X̂diag(λ̂+

p )X̂
−1

kai Â
−

= X̂diag(λ̂−p )X̂
−1

me X̂ = [r̂1, . . . , r̂p].

3.3.1 F-wave parousÐash thc mejìdou
H mèjodoc pou parousi�sthke parap�nw mporeÐ na grafeÐ me trìpo o opoÐoc ja apodeiqjeÐ
idiaÐtera qr simoc ìtan prostejoÔn phgaÐoi ìroi stic exis¸seic, oi opoÐoi qrei�zontai gia na
qeiristoÔme gia par�deigma ton ìro thc topografÐac. 'Eqoume deÐxei ìti mia asunèqeia mporeÐ
na grafeÐ wc:

Qi −Qi−1 =
m∑

p=1

(Wp)i−1/2

tìte se èna grammikì prìblhma   se èna mh grammikì to opoÐo èqei grammikopoihjeÐ topik�,
qrhsimopoi¸ntac ton pÐnaka tou Roe Âi−1/2. Ta kÔmata Wp lamb�nontai ekfr�zontac to
∆Qi−1/2 = Qi − Qi−1 san grammikì sundiasmì twn idiodianusm�twn tou pÐnaka. Dhlad 
(Wp)i−1/2 = (α̂p)i−1/2(r̂p)i−1/2 gia ta b�rh (α̂p)i−1/2 pou ìpwc kai sthn par�grafo 3.2 eÐnai
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oi lÔseic tou sust matoc α̂i−1/2 = X̂
−1

∆Qi−1/2. Enallaktik� mporoÔme na gr�youme thn
asunèqeia tou f(Q) wc grammikì sundiasmì twn idiodianusm�twn tou pÐnaka

f(Qi)− f(Qi−1) =
m∑

p=1

(βp)i−1/2(rp)i−1/2 ≡
m∑

p=1

(Zp)i−1/2.

Efìson o pÐnakac A ikanopoieÐ ton periorismì (1), tìte èqoume ìti

f(Qi)− f(Qi−1) = Âi−1/2(Qi −Qi−1) =
m∑

p=1

(λ̂pWp)i−1/2 =
m∑

p=1

(Zp)i−1/2.

'Ara, ex�goume eÔkola ìti (Zp)i−1/2 = (λ̂pWp)i−1/2. Ta dianÔsmata Zp onom�zontai f-kÔmata.
EpÐshc gia touc grammikopoihmènouc epilutèc Riemann ja isqÔei ìti :

(Zp)i−1/2 = sgn((λ̂p)i−1/2)|(λ̂p)i−1/2|(Wp)i−1/2

kai apì thn (3.18) ja isqÔei ìti

Fn
i−1/2 = f(Qi)−

m∑

p=1

(α̂pλ̂
+
p r̂p)i−1/2

= f(Qi)−
m∑

p=1

1

2

(
1 + sgn((λ̂p)i−1/2)

)
|(λ̂p)i−1/2|(Wp)i−1/2

= f(Qi)−
m∑

p=1

(
1 + sgn((λ̂p)i−1/2)

)
(Zp)i−1/2, (3.21)

  alli¸c apì thn (3.20) mporoÔme na gr�youme

Fn
i−1/2 =

1

2
(Fn

i−1 + Fn
i )− 1

2

m∑

p=1

[
|λ̂p|α̂pr̂p

]
i−1/2

=
1

2
(Fn

i−1 + Fn
i )− 1

2

m∑

p=1

sgn((λ̂p)i−1/2)(Zp)i−1/2. (3.22)

3.3.2 CFL sunj kh
Ed¸ den ja epikentrwjoÔme sthn an�lush thc sunèpeiac kai thc eust�jeiac thc mejìdou.
K�ti tètoio mporeÐ na brejeÐ sta [30],[29]. Ja anaferjoÔme mìno sthn sunj kh CFL h opoÐa
eÐnai mia anagkaÐa sunj kh eust�jeiac pou prèpei na ikanopoieÐtai apì ìlec tic mejìdouc
peperasmènwn ìgkwn kai peperasmènwn diafor¸n ètsi ¸ste na eÐnai eustajeÐc kai na sugklÐ-
noun sthn akrib  lÔsh thc exÐswshc kaj¸c to plègma ekleptÔnetai. Gia na diatup¸soume thn
parap�nw sunj kh prèpei pr¸ta na kajorÐsoume thn ènnoia tou pedÐou ex�rthshc. LÔnontac
to grammikì prìblhma (3.6) sthn par�grafo 3.2.1 parathr same ìti h lÔsh se èna shmeÐo
(X,T ) exart�tai mìno apì tic arqikèc timèc sta m shmeÐa, X−λpT, p = 1, . . . , m. To sÔnolo
twn shmeÐwn aut¸n

D(X,T ) = {X − λpT : p = 1, . . . , m} (3.23)
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onom�zetai pedÐo ex�rthshc tou shmeÐou (X,T ) (Sq. 3.3.1 (a) ). H tim  twn arqik¸n dedomèn-
wn se �lla shmeÐa den epirre�zei thn tim  thc lÔshc sto shmeÐo (X, T ).

AntÐstoiqa mporoÔme na kajorÐsoume kai to arijmhtikì pedÐo ex�rthshc wc to sÔnolo
twn shmeÐwn ìpou ta arqik� arijmhtik� dedomèna mporoÔn na epirre�soun thn lÔsh se èna
shmeÐo (X, T ). H sugkekrimènh mèjodoc pou qrhsimopoioÔme gnwrÐzoume ìti eÐnai �mesh kai
ìti gia ton upologismì tou Qn+1

i qrei�zontai ta shmeÐa Qn
i−1,Q

n
i ,Qn

i+1. Gia par�deigma apì
to Sq ma 3.3.1 (b) parathroÔme ìti to pedÐo ex�rthshc tou shmeÐou (X, T ) = (xi, t

2) eÐnai
mìno ta arqik� dedomèna sto di�sthma X − 2∆x ≤ x ≤ X + 2∆x.

(X, T)

X−λ1T X−λ2T X−λ3T xi−12 xi+1
2

xi+3
2

xi−32

Q2
i

Q1
i

Q0
iQ0

i−1 Q0
i+1 Q0

i+2Q0
i−2

Q1
i−1 Q1

i+1

(α) (β)

Sq ma 3.3.1 (a) PedÐo ex�rthshc tou shmeÐou (X, T ) gia èna uperbolikì sÔsthma tri¸n
exis¸sewn me λ1 < 0 < λ2 < λ3 (b) Arijmhtikì pedÐo ex�rthshc gia mia �mesh, tri¸n

shmeÐwn, peperasmènwn ìgkwn mèjodo.

CFL sunj kh 1 Mia arijmhtik  mèjodoc sugklÐnei mìno e�n to arijmhtikì pedÐo ex�rthshc
perièqei to pragmatikì pedÐo ex�rthshc thc merik c diaforik c exÐswshc , toul�qiston sto
ìrio kaj¸c ∆t kai ∆x teÐnoun sto mhdèn.

Apì thn parap�nw sunj kh odhgoÔmaste sthn sqèsh

ν =
∆tn

∆x
max

p
|λn

p | ≤ 1. (3.24)

O arijmìc ν onom�zetai arijmìc CFL   arijmìc Courant. Sunep¸c, dosmènou tou arijmoÔ
Courant mporoÔme na kajorÐsoume to qronikì b ma ∆tn apì th sqèsh (3.24). Prèpei na
tonisteÐ ìti h sunj kh CFL eÐnai anagkaÐa sunj kh gia eust�jeia (kai �ra gia sÔgklish)
all� den eÐnai ikan .

3.3.3 Entropik  diìrjwsh (Entropy Fix)

'Opwc anafèrjhke kai sto prohgoÔmeno kef�laio, to gegonìc ìti qrhsimopoioÔme ton oloklhrwtikì
nìmo diat rhshc gia na ex�goume th genik  morf  thc arijmhtik c mejìdou mac epitrèpei thn
emf�nish asuneqei¸n, den mac exasfalÐzei ìmwc ìti h lÔsh pou ja p�roume ja eÐnai h fusik�
swst  (entropik ), efìson mporoÔme na èqoume parap�nw apì mia asjen c lÔseic. Sunep¸c
h arijmhtik  mèjodoc h opoÐa eÐnai basismènh ston oloklhrwtikì nìmo diat rhshc up�rqei
perÐptwsh na sugklÐnei se mia asjen  lÔsh h opoÐa parabi�zei tic sunj kec entropÐac. 'Ara
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suqn� apaiteÐtai mia entropik  diìrjwsh. Gia na kajorÐsoume th diìrjwsh qrei�zetai na
melet soume ton epilut  Riemann tou Roe pou qrhsimopoioÔme.

Efìson qrhsimopoioÔme proseggistikì epilut , h pragmatik  lÔsh se èna prìblhma Rie-
mann, h opoÐa apoteleÐtai apì m kÔmata (opoiod pote sunduasmì kum�twn araÐwshc kai
shock ) antikajÐstatai apì m asunèqeiec, topik� se k�je kelÐ, oi opoÐec mporeÐ na proseg-
gÐzoun eÐte shock eÐte kÔma araÐwshc. H deÔterh perÐptwsh eÐnai aut  pou parabi�zei thn
entropÐa. Up�rqei perÐptwsh ìmwc h antikat�stash tou omaloÔ kÔmatoc araÐwshc apì to
shock pou parabi�zei thn entropÐa na mhn ephre�zei thn arijmhtik  lÔsh. Autì sumbaÐnei
giatÐ ta kÔmata pou prokÔptoun apì thn epÐlush enìc probl matoc Riemann sto mètwpo
k�je kelioÔ ajroÐzontai sta geitonik� keli�. 'Ara e�n kai oi dÔo lÔseic par�goun to Ðdio
�jroisma tìte den ephre�zetai h sunolik  lÔsh. H mình perÐptwsh pou exaireÐtai eÐnai aut 
tou uperhqhtikoÔ kÔmatoc araÐwshc.
Uperhqhtikì kÔma araÐwshc eÐnai èna kÔma araÐwshc gia to opoÐo isqÔei λp < 0 sta
arister� tou kÔmatoc kai λp > 0 sta dexi� tou kÔmatoc. H dom  autoÔ tou kÔmatoc èqei to
qarakthristikì ìti epikalÔptei to mètwpo tou kelioÔ.

Gia tic exis¸seic rhq¸n ud�twn, sthn lÔsh tou probl matoc Riemann up�rqei èna endi�me-
so st�dio Q̂m an�mesa sta Qi−1,Qi. Opìte upologÐzontac tic qarakthristikèc taqÔthtec e�n
λi−1 < 0 < λm tìte to 1-kÔma eÐnai uperhqhtikì kÔma araÐwshc. E�n λm < 0 < λi tìte to
2-kÔma eÐnai uperhqhtikì kÔma araÐwshc. Gia apl� sust mata ìpwc eÐnai oi exis¸seic rhq¸n
ud�twn mporeÐ na upologisteÐ [30] h pragmatik  endi�mesh kat�stash Qi−1/2 pou eÐnai lÔsh
enìc probl matoc Riemann sto xi−1/2 ìtan èna apì ta dÔo kÔmata eÐnai uperhqhtikì kÔma
araÐwshc. Gia genik� ìmwc sust mata, den eÐnai eÔkolo na brèjei.

'Enac �lloc trìpoc gia ton èlegqo thc Ôparxhc uperhqhtikoÔ kÔmatoc kai thn qrhsi-
mopoÐhsh diìrjwshc, eÐnai elègqontac ìti o ìroc ix¸douc sthn arijmhtik  ro  Fi−1/2 eÐnai
polÔ mikrìc. S' aut n thn perÐptwsh perimènoume h idiotim  λ̂p

i−1/2 na eÐnai kont� sto mhdèn.
Tìte o antÐstoiqoc ìroc sthn ro  eÐnai kont� sto mhdèn. 'Ara mia diìrjwsh entropÐac eÐnai na
aux soume to ix¸dec tropopoi¸ntac thn arijmhtik  ro . H diìrjwsh aut  onom�zetai diìr-
jwsh entropÐac tou Harten [21] kai anadiatup¸nontai oi idiotimèc qwrÐc potè na plhsi�zoun
kont� sto mhdèn. Pio sugkekrimèna oi idiotimèc |λ̂p

i−1/2| sthn (3.16) antikajÐstantai apì thn
tim  φδ(λ̂

p
i−1/2) ìpou φδ(λ) gia èna kajorismèno arijmì δ eÐnai h sun�rthsh:

φδ(λ) =

{ |λ| |λ| ≥ δ
λ2+δ2

2δ
|λ| < δ

. (3.25)

'O arijmìc δ mporeÐ na upologisteÐ [16] sÔmfwna me ton parak�tw trìpo.

δi+1/2 = max [0, λ̂i+1/2 − λi, λi+1 − λ̂i+1/2],

δi−1/2 = max [0, λ̂i−1/2 − λi−1, λi − λ̂i−1/2].

3.3.4 PhgaÐoi ìroi
Mèqri stigm c jewroÔsame to omogenèc sÔsthma qt + f(q)x = 0. ìmwc stic perissìterec
pragmatikèc efarmogèc up�rqei kai h topografÐa tou bujoÔ, h opoÐa prosjètei phgaÐouc
ìrouc stic exis¸seic rhq¸n ud�twn. Dhlad  èqoume na antimetwpÐsoume thn

qt + f(q)x = R(q).
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Gènika prèpei na eÐmaste prosektikoÐ me thn diakritopoÐhsh tou phgaÐou ìrou kai stìqoc mac
eÐnai na apotrèyoume th dhmiourgÐa mh fusik¸n arijmhtik¸n talant¸sewn, pou ofeÐlontai
s' aut n ètsi ¸ste kat� thn Ôparxh isorropÐac na èqoume st�simh lÔsh (par�grafoc 2.5).
Up�rqoun duo trìpoi prosèggishc tou phgaÐou ìrou gia sq mata tÔpou Godunov.

Qn+1
i = Qn

i −
∆tn

∆x

[
Fn

i+ 1
2
− Fn

i− 1
2

]
+ ∆tnRn

i

(1) Kat� shmeÐo, ìpou o phgaÐoc ìroc upologÐzetai stouc kìmbouc, dhlad  wc

Rn
i ≈ ∆xR(qn

i )

(2) Upwind prosèggish, dhlad  wc

Rn
i ≈

∆x

2

(
R−

i+1/2 + R+
i−1/2

)
.

Ed¸ qrhsimopoieÐtai o deÔteroc trìpoc, afoÔ h kat� shmeÐo prosèggish den upologÐzei
ikanopoihtik� tic st�simec katast�seic thc paragr�fou 2.5.

Gia na upologÐsoume ton arijmhtikì phgaÐo ìro prob�lloume ton phgaÐo ìro sta id-
iodianÔsmata tou pÐnaka tou Roe [9] kai lamb�noume tic upwind proseggÐseic me Ri =
R+

i−1/2 + R−
i+1/2 ìpou

R+
i−1/2 = Â

+
Â
−1

Ri−1/2

=
1

2
(Â + |Â|)Â−1

Ri−1/2

=
1

2
(I + |Â|Â−1

)Ri−1/2

=
1

2
(X̂(I + L̂

−1|L̂|)X̂−1
)Ri−1/2 (3.26)

kai

R−
i+1/2 =

1

2
(I− |Â|Â−1

)Ri+1/2

=
1

2
(X̂(I− L̂

−1|L̂|)X̂−1
)Ri+1/2 (3.27)

XanagurÐzontac ston trìpo graf c qrhsimopoi¸ntac ta f-kÔmata, enswmat¸noume plèon
sthn diafor� twn ro¸n kai ton phgaÐo ìro, dhlad ,

f(Qi)− f(Qi−1)−∆xRi−1/2 =
m∑

p=1

(Zp)i−1/2 (3.28)

'Opou Ri−1/2 eÐnai mia diakritopoÐhsh tou phgaÐou ìrou. Efìson o pÐnakac Ai−1/2 ikanopoieÐ
thn sunj kh tou Roe gnwrÐzoume ìti (Zp)i−1/2 = (λ̂pWp)i−1/2 = (βprp)i−1/2. H (3.26)
gr�fetai

Ri−1/2 =
1

∆x

m∑

p=1

β̂prpi−1/2, (3.29)
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kai brÐskoume ta b�rh b lÔnontac to sÔsthma b̂ = X̂
−1

R, opìte lamb�noume

β̂1 =
ĉ∆b

2
, β̂2 = − ĉ∆b

2
. (3.30)

Gia tic exis¸seic rhq¸n ud�twn prokÔptei ìti

Ri−1/2 =
[

0
1
2
g(hi + hi−1)(bi − bi−1)

]
(3.31)

Me antikat�stash tou (3.31) sthn (3.26) kai (3.27) kai ektel¸ntac tic pr�xeic prokÔptei ìti

R+
i−1/2 =

1

2

m∑

p=1

[
β̂pr̂p(1 + sgn(λ̂p))

]
i−1/2

, (3.32)

R−
i+1/2 =

1

2

m∑

p=1

[
β̂pr̂p(1− sgn(λ̂p))

]
i+1/2

. (3.33)

Sthn perÐptwsh ìpou jèloume na sumperil�boume sto arijmhtikì sq ma kai thn trib ,
shmaÐnei ìti ston phgaÐo ìro prostÐjetai o ìroc trib c (o opoÐoc eÐnai m�lista ènac �kamptoc
ìroc)

S =
[

0
−ghSf

]

ton opoÐo kai diakritopoioÔme shmeiak�, me èmmeso   hmÐ-�meso trìpo, gia na apofeuqjoÔn oi
talant¸seic ìtan o suntelest c trib c eÐnai meg�loc, lìgo thc èlleiyhc qwrik¸n parag¸gwn
ston ìro. 'Ara mporoÔme na gr�youme to sq ma wc ex c.

Qn+1
i =

Qn
i − (∆tn/∆x)(Fn

i+1/2 − Fn
i−1/2)− (∆tn/∆x)Rn

i −∆tnθSn
i

1− (1− θ)∆tnSn
i /Q

n
i

(3.34)

ìpou to θ eÐnai o bajmìc amesìthtac gia ton ìro thc trib c: θ = 1 antistoiqeÐ se mia entel¸c
èmmesh qr sh en¸ θ = 0 se mia entel¸c �mesh [8].

3.3.5 C-idiìthta
JewroÔme th lÔsh twn exis¸sewn rhq¸n ud�twn se kat�stash hremÐac ìpwc deÐxame sthn
par�grafo 2.5. Dhlad 

u(x, t) = 0 και h(x, t) = D − b(x, t).

Gia thn sugkekrimènh stajer  kat�stash qt = 0, �ra h sun�rthsh ro c kai o phgaÐoc ìroc
brÐskontai se isorropÐa.

f(q)x = R

Sunep¸c èna akribèc arijmhtikì sq ma ja prèpei na krat�ei epÐshc se isorropÐa thn ari-
jmhtik  ro  me thn prosèggish tou phgaÐou ìrou.

Fi+1/2 − Fi−1/2 = Ri

E�n to arijmhtikì sq ma den ikanopoieÐ thn C-idiìthta tìte mporeÐ na prokeÐyoun talant¸seic
sta arijmhtik� apotelèsmata.

39



Orismìc 3.3.1 'Ena arijmhtikì sq ma lème ìti ikanopoieÐ thn C-idiìthta e�n lÔnei akrib¸c
tic stajerèc katast�seic, ìpou to ugrì brÐsketai se isorropÐa, dhlad 

u ≡ 0, h ≡ D − b. (3.35)

'Opou D eÐnai stajer� tètoia ¸ste D > max {b(x), x ∈ [0, L]}.

Je¸rhma 3.3.1 'Estw èna arijmhtikì sq ma thc morf c (3.34) qwrÐc ton ìro trib c kai
ìti h lÔsh gia to prìblhma se isorropÐa (3.35) eÐnai thc morf c

Q̂i =
[

h(xi)
h(xi)u(xi)

]
(3.36)

'Ean gia k�je i isqÔei ìti

Ai+1/2(Q̂i+1 − Q̂i) = F(Q̂i+1)− F(Q̂i), (3.37)

Ai+1/2(Q̂i+1 − Q̂i) = Ri+1/2, (3.38)

tìte to arijmhtikì sq ma ikanopoieÐ thn C-idiìthta.

H apìdeixh dÐnetai sto [11].
Gia na deÐxoume ìti to arijmhtikì sq ma tou Roe pou qrhsimopoioÔme ikanopoieÐ thn C-

idiìthta arkeÐ sÔmfwna me to parap�nw je¸rhma na deÐxoume ìti isqÔoun oi sqèseic (3.37),
(3.38) gia Ai+1/2 = Âi+1/2ton pÐnaka tou Roe kai me Q̂i th lÔsh gia to prìblhma se isorropÐa.
GnwrÐzoume ìti isqÔei h sunj kh tou Roe dhl

Âi+1/2(Q̂i+1 − Q̂i) = F(Q̂i+1)− F(Q̂i),

�ra arkeÐ na apodeÐxoume ìti isqÔei h (3.38)

Âi+1/2(Q̂i+1 − Q̂i) =
[

0 1
−(ûi+1/2)

2 + (ĉi+1/2)
2 ûi+1/2

] [
∆ĥi+1/2

∆(ĥû)i+1/2

]

=
[

0
(ĉi+1/2)

2(ĥi+1 − ĥi)

]

=
[

0
(ĉi+1/2)

2(D − bi+1 −D + bi)

]

=
[

0
−(ĉi+1/2)

2(b̂i+1 − b̂i)

]
= Ri+1/2.

'Ara to sq ma tou Roe dÐnei ikanopoihtik  lÔsh, qwrÐc kamÐa tropopoÐhsh sthn perÐptwsh
pou up�rqei isorropÐa kai D > max {b(x), x ∈ [0, L]} dhlad  ìtan den emfanÐzontai stegan�
(Sq. 3.3.2). Sthn perÐptwsh pou emfanÐzontai, o proseggistikìc epilut c Riemann tou Roe
apotugq�nei ston upologismì kai parousi�zetai arnhtikì b�joc sto upologistikì kelÐ ìpou
up�rqei steganì [30]. 'Ara prèpei na efarmosteÐ, ènac idiaÐteroc qeirismìc ètsi ¸ste to sq ma
na diathreÐ thn kat�stash isorropÐac.
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Sq ma 3.3.2. LÔsh tou sq matoc tou Roe se isorropÐa, gia qrìno t = 1000sec. B�joc
(arister�) kai taqÔthta (dexi�).

Sto sq ma (3.3.2) parousi�zetai èna arijmhtikì par�deigma to opoÐo efarmìzetai proc apìdeix-
h tou ìti to sq ma krat�ei isorropÐa. ParathroÔme ìti o pujmènac èqei Ôyoc 3m apì to 1m
ewc ta 100m kai to nerì èqei b�joc 5m me mhdenik  taqÔthta. P�ra thn asunèqeia pou Ô-
parqei sto bujì blèpoume ìti den up�rqoun arijmhtikèc talant¸seic sth lÔsh kai diathr tai
h st�simh kat�stash kaj¸c t →∞.

3.4 Antimet¸pish ugr¸n/stegan¸n katast�sewn
'Opwc anafèrjhke kai sthn prohgoÔmenh enìthta o epilut c tou Roe apotugq�nei kat� thn
emf�nish stegan¸n sto bujì lìgo thc pijan c parousÐashc arnhtikoÔ b�jouc sto kelÐ ìpou
emfanÐzetai to steganì. 'Ara qrei�zetai mia idiaÐterh antimet¸pish ètsi ¸ste na apofeuqjeÐ
h mh fusik  emf�nish arnhtikoÔ b�jouc. Gia na bebai¸soume ìti to arijmhtikì sq ma mporeÐ
na antapokrijeÐ swst� sthn
emf�nish stegan¸n eÐnai logikì pr¸ta na bebai¸soume ìti lÔnei swst� stajerèc katast�seic
oi opoÐec perièqoun steganì.

Orismìc 3.4.1 'Ena arijmhtikì sq ma lème ìti ikanopoieÐ thn genikìterh morf  thc C-
idiìthtac e�n lÔnei akrib¸c tic stajerèc katast�seic thc morf c

u ≡ 0, h(x) =

{
D − b(x) an b(x) < D
0 alli¸c , (3.39)

ìpou D stajer�.

Profan¸c to Je¸rhma 3.3.1 isqÔei gia thn parap�nw genikeumènh morf  thc C-idiìthtac.
Par' ìla aut� ìmwc den ikanopoieÐtai, gia to sq ma tou Roe h idiìthta (3.37). 'Estw mia
stajer  kat�stash thc morf c (3.38). Jewr¸ntac èna ugrì kelÐ Ii kai dÐpla se autì èna
steganì Ii+1 èqoume

Ai+1/2(Qi+1 −Qi) =
[

0
(cn

i+1/2)
2(hn

i+1 − hn
i )

]
=

[
0

(cn
i+1/2)

2(b(xi)−D)

]
6= Ri+1/2.
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H tropopoÐhsh h opoÐa gÐnetai ston phgaÐo ìro ètsi ¸ste na uperboÔme to parap�nw prìblhma
eÐnai h ex c [11]:

Ri+1/2 =





[
0

−(cn
i+1/2)

2hn
i

]
, an hn

i < b(xi+1)− b(xi),
[

0
(cn

i+1/2)
2hn

i+1

]
, an hn

i+1 < b(xi)− b(xi+1),
[

0
−(cn

i+1/2)
2(b(xi+1)− b(xi))

]
, alli¸c

(3.40)

'Otan o bujìc anadÔetai se èna kelÐ, o phgaÐoc ìroc epanaprosdiorÐzetai sto kelÐ ìpou
up�rqei steganì ètsi ¸ste na apofeuqjeÐ h emf�nish plast¸n dun�mewn pÐeshc. Me thn
parap�nw antimet¸pish o epilut c tou Roe krat�ei isorropÐa kai sthn perÐptwsh emf�nishc
stegan¸n (Sq 3.4.1).
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Sq ma 3.4.1. LÔsh tou sq matoc tou Roe se isorropÐa, gia qrìno t = 1000sec. B�joc
(arister�) kai taqÔthta (dexi�).

Parìlo pou h parap�nw diakritopoÐhsh gia ton phgaÐo ìro epitrèpei thn an�dush bujoÔ
gia reust� se hremÐa prèpei na gÐnoun perissìterec diorj¸seic sto arijmhtikì sq ma gia
thn perÐptwsh reustoÔ se kÐnhsh, (u 6= 0) alli¸c up�rqei perÐptwsh to reustì na k�nei
uperp dhsh. Sto [9] oi katast�seic an�dushc bujoÔ, antimetwpÐzontai jètwntac thn sunj kh

un
i+1 = 0 (3.41)

sto ugrì kelÐ, gia na prosomoi¸soume thn metakÐnhsh tou reustoÔ kat� m koc tou steganoÔ
kelioÔ.

Sto [18] anafèretai ìti me thn parap�nw antimet¸pish den prosomoi¸netai swst� h kÐnhsh.
Oi taqÔthtec pou upologÐzontai sto mètwpo tou kÔmatoc eÐnai mikrìterec apì autèc pou
paÐrnoume peiramatik�. To parap�nw sf�lma epirre�zei idiaÐtera sthn perÐptwsh ìpou to
nerì proqwr�ei se steganì kelÐ auxanìmenou b�jouc. H beltistopoÐhsh h opoÐa proteÐnetai
eÐnai: h parap�nw diìrjwsh efarmìzetai mìno an to nerì rèei proc topografÐa auxanìmenou
b�jouc, dhlad 

sgn(un
i ) = sgn(bi+1 − bi). (3.42)
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Aut  h diìrjwsh belti¸nei tic taqÔthtec pou upologÐzontai sto mètwpo metaxÔ ugroÔ kai
steganoÔ kelioÔ, all� arnhtikèc timèc b�jouc emfanÐzontai sta stegan� keli�.

3.4.1 Diìrjwsh
Sto [11] proteÐnetai mia diaforopoÐhsh tou sq matoc tou Roe basismènh sthn diapÐstwsh ìti
h sunj kh (3.40) eÐnai fusikì na efarmosteÐ mìno sto mètwpo kai ìqi se ìlo to bregmèno
kelÐ. 'Ara prèpei na antimetwpisteÐ wc eswterik  sunoriak  sunj kh tou probl matoc. Gia
thn akrÐbeia to mètwpo an�mesa sta dÔo keli� eÐnai èna eleÔjero sÔnoro. Gia na efarmosteÐ
autì proteÐnetai h parak�tw diadikasÐa: 'Estw ìti èqoume mia kat�stash ìpou o bujìc
anadÔetai sto xi+1/2 sto qrìno tn, Ii eÐnai to bremèno kelÐ kai Ii+1 eÐnai to steganì. Dhlad 

Qn
i+1 = [0, 0]T

• UpologÐzetai o tropopoihmènoc phgaÐoc ìroc.

• Mia nèa kat�stash Q̃
n

i orÐzetai wc

Q̃
n

i =
[
hn

i

0

]
(3.43)

• Qn+1
i kai Qn+1

i+1 upologÐzontai qrhsimopoi¸ntac to sq ma (3.1), tic arijmhtikèc roèc
(3.20), kai ton tropopoihmèno phgaÐo ìro, apotimhmèna stic katast�seic Q̃

n

i , Qn
i+1 .

OmoÐwc douleÔoume kai sthn perÐptwsh ìpou to Ii kelÐ eÐnai steganì kai to Ii+1 ugrì, en¸
ìtan den up�rqei an�dush bujoÔ to sq ma tou Roe qrhsimopoieÐtai qwrÐc kamÐa tropopoÐhsh.

H monadik  diaforopoÐhsh pou eis�goume sth diìrjwsh se sqèsh me to [11] eÐnai ìti
efarmìzetai ìqi se k�je perÐptwsh pou sunoreÔei èna steganì me èna ugrì kelÐ all� mìno
sthn perÐptwsh ìpou to reustì kineÐtai proc thn topografÐa. Gia par�deigma an sto i kelÐ h
taqÔthta èqei jetikì prìshmo, h diìrjwsh ja efarmosteÐ mìno sthn perÐptwsh pou to kelÐ
i + 1 eÐnai steganì. An to i − 1 eÐnai steganì den ja efarmosteÐ. Gia na epibebai¸soume
ìti h parap�nw diìrjwsh sto sq ma tou Roe dÐnei akrib  apotelèsmata efarmìzoume dÔo
probl mata dokim c pou parousi�zontai stic epìmenec duo paragr�fouc [11].

3.4.2 Prìblhma 1. Diat rhsh M�zac
O skìpoc autoÔ tou probl matoc eÐnai na epibebai¸soume ìti h m�za diathr tai, ìtan efar-
mìzoume thn diìrjwsh kat� thn emf�nish stegan¸n. JewroÔme èna kan�li me topografÐa

b(x) =
{

0, 0 ≤ x < 30
0.6 30 ≤ x ≤ 40

kai se autì efarmìzoume èna ideatì prìblhma kat�rreushc fr�gmatoc. To fr�gma topo-
jeteÐtai sta 15.5 m kai oi arqikèc sunj kec gia to b�joc tou neroÔ eÐnai:

h(x, 0) =
{

0.4, 0 ≤ x < 15.5
0, 15.5 ≤ x ≤ 40
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Oi sunoriakèc sunj kec pou efarmìzoume sto x = 0 eÐnai an�klashc kai gia x = 40 èqoume
sunoriakèc sunj kec eleÔjerhc ro c.
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Sq ma 3.4.2. Oi arqikèc sunj kec tou probl matoc (arister�) kai lÔsh met� apì qrìno
t=1000 sec. (dexi�)
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Sq ma 3.4.3. Me th diìrjwsh (3.4.1) kai qwrÐc entropik  diìrjwsh (mplè), me entropik 
diìrjwsh (roz) (arister�), qwrÐc th diìrjwsh (3.4.1) (dexi�) gia qrìno t = 10sec
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Sq ma 3.4.4. Diat rhsh m�zac
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Sta parap�nw graf mata blèpoume th lÔsh se qrìno t = 10 deuterìlepta. H lÔsh dÐnetai
tìso gia thn perÐptwsh ìpou efarmìzetai h diìrjwsh thc paragr�fou 3.4.1 ìso kai thn
perÐptwsh pou to sq ma tou Roe efarmìzetai qwrÐc diìrjwsh. ParathroÔme uperp dhsh tou
neroÔ ìtan den efarmìzetai h diìrjwsh (dexi�), en¸ me th qr sh thc blèpoume thn di�dosh
enoc kÔmatoc (shock), to opoiì dhmiourgeÐtai ìtan to nerì ”qtup sei” ston toÐqo. EpÐshc
blèpoume thn diafor� an�mesa sth lÔsh qrhsimopoiopoi¸ntac thn sunj kh entropÐac, kai
sthn mh entropÐkh lÔsh. Sto sq ma 3.4.4 faÐnetai h qronik  metabol  tou sf�lmatoc m�zac,
ìpou:

sf�lma m�zac(%) =
mn −mI

mI

ìpou mn eÐnai h m�za sto qrìno tn kai mI h m�za sto qrìno t0. H diat rhsh m�zac pou
prokÔptei eÐnai thc t�xhc tou 10−15.

3.4.3 Prìblhma 2. Shock p�nw se èna stèreo toÐqo

Se autì to arijmhtikì peÐrama jewroÔme mia st lh neroÔ Ôyouc 1m h opoÐa kineÐtai proc èna
katakìrufo toÐqo me taqÔthta 10m/s. To kan�li èqei m koc 12 mètra kai o bujìc dÐnetai apì
thn sun�rthsh

b(x) =
{

0, 0 ≤ x < 10
10, 10 ≤ x ≤ 12.

Oi arqikèc sunj kec dÐnontai apì:

h(x, 0) =
{

1, 0 ≤ x < 10,
0, 10 ≤ x ≤ 12

, hu(x, 0) =
{

10, 0 ≤ x < 10,
0, 10 ≤ x < 12

Gia tic sunoriakèc sunj kec jewroÔme, sto x = 0 h(0, t) = 1, hu(0, t) = 10. en¸ gia
x = 12 jewroÔme sunoriakèc sunj kec eleÔjerhc ro c. Ed¸ ∆x = 0.05, CFL = 0.9.
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Sq ma 3.4.5. Arqikèc sunj kec gia to b�joc h (arister�) kai thn taqÔthta u (dexi�) (t = 0)
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Sq ma 3.4.6. H lÔsh se qrìno t = 1 gia b�joc kai taqÔthta qrhsimopoi¸ntac diìrjwsh.

To parap�nw arijmhtikì par�deigma èqei wc stìqo na deÐxei ìti p�ra tic akraÐec katast�seic
bujoÔ kai to gegonìc thc Ôparxhc arqik c taqÔthtac sto nerì pou perib�llei thn topografÐa,
o epilÔthc tou Roe me thn qr sh thc diìrjwshc thc paragr�fou 3.4.1 sumperifèretai swst�.
SugkrÐnontac ta arijmhtik� apotelèsmata me aut� pou antistoiqoÔn sthn akrib  lÔsh [11],
parathroÔme swst  sumperifor� qwrÐc uperp dhsh tou neroÔ me mìno mia mikr  diat�raxh
kont� sto kÔma pou diadÐdetai, to opoÐo eÐnai kÔma tÔpou shock.

3.5 Arijmhtik� sq mata uyhlìterhc t�xhc
Ta klasik� sq mata deÔterhc qwrik c t�xhc, gia par�deigma to klasikì sq ma twn Lax-
Wendroff, parousi�zoun arijmhtik  diaspor� [30],[45] kai emfanÐzoun mh fusikèc talant¸seic
kont� stic asunèqeiec. Autì ofeÐletai sto gegonìc ìti ta deÔterhc t�xhc arijmhtik� sq mata
den ikanopoioÔn thn idiìthta thc legìmenhc meÐwshc thc olik c kÔmanshc (Total Variation
Diminishing) [21], h opoÐa analÔetai sthn amèswc epìmenh enìthta. Gia autìn ton lìgo
kataskeu�zoume èna arijmhtikì sq ma to opoÐo ikanopoieÐ thn TVD idiìthta qrhsimopoi¸ntac
èna deÔterhc t�xhc sq ma stic omalèc perioqèc thc lÔshc kai prosjètontac ìrouc arijmhtik c
di�qushc (apìsbeshc) kont� stic asunèqeiec. Aut� ta sq mata ta onom�zoume sq mata
uyhl c an�lushc (high resolution), ta opoÐa eÐnai toul�qiston deÔterhc t�xhc stic omalèc
lÔseic kai elaqistopoioÔn tic talant¸seic kont� stic asunèqeiec.

3.5.1 MeÐwsh thc olik c kÔmanshc (TVD)

'Estw o bajmwtìc nìmoc diat rhshc

qt + f(q)x = 0 (3.44)

o opoÐoc mporeÐ na proseggisteÐ arijmhtik� qrhsimopoi¸ntac to sunthrhtikì sq ma

qn+1
i = qn

i −
∆t

∆x
(fn

i+1/2 − fn
i−1/2).
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H akrib c lÔsh enìc bajmwtoÔ nìmou diat rhshc èqei olik  kÔmansh

TV (q) =
∫
|qx|dx.

Gia bajmwtoÔc nìmouc diat rhshc h parap�nw idiìthta mporeÐ na qrhsimopoihjeÐ gia na e-
laqistopoihjoÔn oi talant¸seic pou parousi�zontai sta arijmhtik� sq mata. Dustuq¸c aut 
h idiìthta den èqei pl rwc apodeiqjeÐ gia sust mata exis¸sewn ìmwc ta krit ria sqedismoÔ,
basismèna se aut n, mporoÔn na qrhsimopoihjoÔn gia ell�twsh twn talant¸sewn. O Harten
[21] apèdeixe ìti èna arijmhtikì sq ma ikanopoieÐ thn TVD idiìthta an isqÔei

TV (qn+1) ≤ TV (qn),

ìpou
TV (qn+1) =

∑

i

|qn+1
i+1 − qn+1

i |.

Gia bajmwtoÔc nìmouc diat rhshc, an èna arijmhtikì sq ma ikanopoieÐ thn TVD idiìthta
tìte den emfanÐzontai talant¸seic sta arijmhtik� apotelèsmata. 'Enac trìpoc gia na di-
apist¸soume an èna arijmhtikì sq ma eÐnai TVD prokÔptei apì to parak�tw je¸rhma tou
Harten.

Je¸rhma tou Harten [21] 3.5.1 'Estw mia genik  mèjodoc thc morf c

qn+1
i = qn

i + Dn
i (qn

i+1 − qn
i )− Cn

i−1(q
n
i − qn

i−1)

ìpou oi suntelestèc Dn
i , Cn

i−1 èqoun k�poiec aujaÐretec timèc ( oi opoÐec mporeÐ na exart¸ntai
kai apì to qn, dhlad  h mèjodoc na eÐnai mh grammik ). Tìte

TV (qn+1) ≤ TV (qn)

arkeÐ na ikanopoioÔntai oi anisìthtec:

Cn
i−1 ≥ 0, Di ≥ 0, 0 ≤ Ci + Di ≤ 1

gia k�je i.

3.5.2 Slope-Limiting

xi xi+1xi−1

Sq ma 3.5.1. Anapar�stash thc lÔshc kat� tm mata stajer  (sumpag  gramm ) kai kat�
tm mata grammik  (diakekommènh gramm ).
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'Enac trìpoc gia na l�boume èna uyhl c an�lushc sq ma eÐnai qrhsimopoi¸ntac mia gewmetrik 
prosèggish. Mèqri t¸ra jewroÔsame thn prosèggish thc lÔshc kat� tm mata grammik  se
k�je kelÐ kai lamb�name mia mèjodo pr¸thc t�xhc sto q¸ro. Gia petÔqoume deÔterhc t�xhc
akrÐbeia arkeÐ na jewr soume mia grammik  prosèggish thc lÔshc se k�je kelÐ. Mia ekten c
perigraf  gÐnetai sto biblÐo tou LeVeque [30]. Gia na l�boume mia slope -limiter (oriojèth-
klÐsh) mèjodo prèpei na akolouj soume thn ex c diadikasÐa:

1. Qrhsimopoi¸ntac ta arijmhtik� dedomèna qn
i kataskeu�zoume kat� tm mata grammikèc

sunart seic thc morf c:

q̃n(x, tn) = qn
i + σn

i (x− xi), xi−1/2 < x < xi+1/2

kai σn
i = ∆iq

∆x
eÐnai h klÐsh sto i kelÐ h opoÐa kataskeu�zetai me b�sh ta arijmhtik�

dedomèna (Sq. 3.5.1).

2. UpologÐzoume thn akrib  lÔsh enìc genikeumènou probl matoc Riemann gia thn (3.44)
qrhsimopoi¸ntac thn kat� tm mata grammik  sun�rthsh.

3. UpologÐzetai o mèsoc ìroc thc akrib c lÔshc

qn+1
i =

1

∆x

∫ xi+1/2

xi−1/2

q̃n(x, tn+1)dx

ètsi ¸ste na p�roume tic nèec proseggÐseic qn+1
i

Gia par�deigma jewr¸ntac thn bajmwt  exÐswsh metafor�c qt + uqx = 0 h opoÐa gnwrÐ-
zoume ìti èqei akrib  lÔsh q(x, t) = q(x− ut, 0). KataskeÔazontac thn grammik  sun�rthsh
tou b matoc 1. lamb�noume thn akrib  lÔsh q̃n(x, tn+1) = q̃n(x − u∆t, tn) kai sth sunèqeia
oloklhr¸nontac ìpwc sto b ma 3. èqoume

qn+1
i = qn

i −
u∆t

∆x
(qn

i − qn
i−1)−

1

2

u∆t

∆x
(∆x− u∆t)(σn

i − σn
i−1) (3.45)

To epìmeno b ma eÐnai na dialèxoume tic klÐseic ètsi ¸ste to sq ma (3.45) na eÐnai deÔterhc
t�xhc kai na ikanopoieÐ thn TVD idiìthta. Dialègontac σn

i = 0 lamb�noume to sq ma upwind
en¸ me σn

i = 1
∆x

(qn
i+1 − qn

i ) to sq ma Lax - Wendroff. Sthn pr¸th perÐptwsh to sq ma eÐnai
pr¸thc t�xhc kai sthn deÔterh den ikanopoieÐ thn TVD idiìthta. Gia na isqÔoun kai ta dÔo
arkeÐ na epilèxoume

σn
i =

1

∆x
minmod(qn

i+1 − qn
i , qn

i − qn
i−1)

ìpou minmod(a, b) = 1
2
(sgn(a)+ sgn(b))min(|a|, |b|). Den ja epektajoÔme perissìtero stouc

oriojètec klÐshc kai anafèrontai perissìtero gia thn plhrìthta tou keimènou.

3.5.3 Flux-Limiting

Mia �llh prosèggish pou mporoÔme na qrhsimopoi soume gia na kataskeu�soume èna uyhl c
an�lushc sq ma eÐnai qrhsimopoi¸ntac oriojètec ro c (flux - limiting). Autèc oi mèjodoi
kataskeu�zoun arijmhtikèc roèc thc morf c:

fTV D
i+1/2 = fFO

i+1/2 + Φn
i+1/2(f

SO
i+1/2 − fFO

i+1/2), (3.46)
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ìpou fSO
i+1/2 eÐnai mia arijmhtik  ro  deÔterhc t�xhc, fFO

i+1/2 eÐnai mia arijmhtik  ro  pr¸thc
t�xhc kai Φn

i+1/2eÐnai ènac kat�llhloc oriojèthc. O oriojèthc dialègetai ètsi ¸ste e�n ta
dedomèna eÐnai omal�, tìte lamb�nei thn tim  1 to opoÐo diathreÐ th arijmhtik  ro  sth deÔterh
t�xh, en¸ e�n ta dedomèna eÐnai kont� se asunèqeia lamb�nei thn tim  0 kai h arijmhtik  ro 
gÐnetai pr¸thc t�xhc. 'Enac trìpoc mètrhshc thc omolìthtac twn dedomènwn eÐnai melet¸ntac
ton lìgo twn diadoqik¸n klÐsewn,

θn
i+1/2 =

qn
I+1 − qn

I

qn
i+1 − qn

i

, I = i− sgn(λn
i+1/2) (3.47)

ìpou λ eÐnai h taqÔthta tou kÔmatoc. 'Ara dialègoume h sun�rthsh Φn
i+1/2 na eÐnai sun�rthsh

tou θ. Dhlad  Φn
i+1/2 = Φ(θn

i+1/2). MerikoÐ apì touc oriojètec Φ pou mporoÔme na qrhsi-
mopoi soume eÐnai:

Flux-limiter Φ(θ)
Minmod max (0, min (1, θ))

Roe’s Superbee max (0, min (2θ, 1), min (θ, 2))

van Leer |θ|+θ
1+|θ|

van Albada θ2+θ
1+θ2

PÐnakac 3.1

Sthn perÐptwsh pou jèloume na kataskeu�soume èna uyhl c an�lushc sq ma gia èna
sÔsthma akoloujoÔme thn Ðdia diadikasÐa pou eÐdame kai sthn bajmwt  perÐptwsh kataskeu�zontac
arijmhtik  ro  thc morf c:

FTV D
i+1/2 = FFO

i+1/2 + Φn
i+1/2(F

SO
i+1/2 − FFO

i+1/2). (3.48)

To sq ma tou Roe pou èqoume analÔsei mèqri stigm c, (3.1) me arijmhtik  ro  (3.20), eÐnai
pr¸thc t�xhc akrÐbeiac wc proc to q¸ro. Gia na gÐnei uyhl c an�lushc qreiazìmaste èna
deÔterhc t�xhc sq ma. Autì pou qrhsimopoioÔme gia na p�roume ìrouc deÔterhc t�xhc eÐnai
to sq ma twn Lax -Wendroff, me arijmhtik  ro :

Fi−1/2 =
1

2
(I− ∆t

∆x
|A|)|A|∆Qi−1/2.

Sth sunèqeia jètwntac ìpou A = Â kai qrhsimopoi¸ntac gia touc ìrouc pr¸thc t�xhc thn
(3.20), mporoÔme na upologÐsoume apì thn (3.48) thn arijmhtik  ro  tou Roe

Fn
i+1/2 =

1

2
(Fn

i+1 + Fn
i )− 1

2
(X|L|LX−1)n

i+1/2∆Qn
i+1/2, (3.49)

ìpou
L = diag

(
1− Φ(θ̂p)(1− ∆t

∆x
|λ̂p|)

)
.
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'Enac pio sumpag c trìpoc graf c gia thn (3.49) prokÔptei analÔont�c thn

Fn
i+1/2 =

1

2
(Fn

i+1 + Fn
i )− 1

2

m∑

p=1

[
α̂p|λ̂p|(1− Φ(θ̂p)(1− |ν̂p|))r̂p

]
i+1/2

=
1

2
(Fn

i+1 + Fn
i )− 1

2

m∑

p=1

|λ̂p|Wp(1− Φ(θ̂p)(1− |ν̂p|))i+1/2

=
1

2
(Fn

i+1 + Fn
i )− 1

2

m∑

p=1

sgn(λ̂p)Zp(1− Φ(θ̂p)(1− |ν̂p|))i+1/2, (3.50)

ìpou
θ̂p =

(α̂p)I+1/2

(α̂p)i+1/2

, I =

{
i− 1 λ̂p > 0

i + 1 λ̂p < 0
, ν̂p =

∆t

∆x
λ̂p.

O lìgoc θ̂p =
(α̂p)I+1/2

(α̂p)i+1/2
eÐnai èna mètro thc omalìthtac twn dedomènwn kont� sto mètwpo

xi+1/2. 'Otan ta dedomèna eÐnai omal� perimènoume θn
i+1/2 ≈ 1 en¸ kont� se asunèqeia to θn

i+1/2

ja eÐnai makri� apì to 1.
H tim  thc sun�rthshc φ(θ), ìpwc proanafèrjhke, exart�tai apì thn omalìthta twn

dedomènwn. 'Etsi ìtan up�rqei omalìthta dhlad  θ = 1 ja prèpei φ(θ) = 1 to opoÐo dÐnei
thn mèjodo Lax - Wendroff en¸ stic asunèqeiec φ(θ) = 0 pou dÐnei thn mèjodo upwind.
Dialègontac ton kat�llhlo oriojèth, mporoÔme na katall xoume se diaforetikèc mejìdouc.
Gia par�deigma dialègontac gia k�je θ, φ(θ) ≡ 0, katal goume sthn upwind mèjodo. An
gia k�je θ, φ(θ) ≡ 1 prokÔptei h mèjodoc Lax-Wendroff kai an φ(θ) ≡ θ h mèjodoc Beam-
Warming. 'Olec autèc oi mèjodoi ja deÐxoume sthn sunèqeia ìti den ikanopoioÔn thn TVD
idiìthta. Gia na p�roume èna sq ma uyhl c an�lushc arkeÐ na dialèxoume ènan oriojèth apì
ton pÐnaka 3.1.

Sthn perÐptwsh pou èqoume phgaÐo ìro, ìpwc deÐxame, prèpei na up�rqei isorropÐa me tic
arijmhtikèc roèc ètsi ¸ste na ikanopoieÐtai h C-property. Gia autì to lìgo proseggÐzoume
ton phgaÐo ìro antÐstoiqa me tic arijmhtikèc roèc [25],

Ri = RTV D
i+1/2 + RTV D

i−1/2

ìpou
RTV D

i+1/2 = RFO
i+1/2 + Φ(RSO

i+1/2 −RFO
i+1/2)

ìpou gia thn prosèggish pr¸thc t�xhc qrhsimopoioÔme to (3.33) kai gia thn prosèggish
deÔterhc t�xhc qrhsimopoioÔme thn Lax-Wendroff arijmhtik  ro ,

RSO
i+1/2 =

1

2

[
X(I− ∆t

∆x
L−1L2)X−1R

]
i+1/2

'Ara prokÔptei ìti

R±
i+1/2 =

1

2

[
X̂(I± L̂

−1|L̂|L̂)X−1R
]
i+1/2

kai me ekèlesh twn pr�xewn mporeÐ na grafeÐ se morf  f-kum�twn, dhlad ,

R±
i+1/2 =

1

2

m∑

p=1

[
β̂pr̂p(1± sgn(λ̂p)(1− Φ(θ̂p)(1− |ν̂p|)))

]
i+1/2

(3.51)
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3.5.4 TVD oriojètec
'Opwc anafèrjhke stic dÔo prohgoÔmenec paragr�fouc, èna qarakthristikì pou jèloume
na èqei h mèjodoc pou qrhsimopoioÔme eÐnai na ikanopoieÐ thn TVD idiìthta, gia autìn to
lìgo qrhsimopoioÔme touc oriojètec. Gia na apodeÐxoume algebrik� ìti h mèjodoc pou qrhsi-
mopoioÔme (me thn qr sh k�poiou oriojèth) ikanopoieÐ thn TVD idiìthta arkeÐ na qrhsi-
mopoi soume to je¸rhma 3.5.1. Gia par�deigma gia thn exÐswsh metafor�c qt + uqx =
0, u > 0 qrhsimopoi¸ntac to je¸rhma 3.5.1 kai ènan opoiod pote oriojèth φ(θ) mporoÔme na
apodeÐxoume [30] ìti gia na epitÔqoume mia TVD mèjodo arkeÐ na isqÔei ìti

0 ≤ φ(θ) ≤ minmod(2, 2θ). (3.52)

H sqèsh (3.42) orÐzei thn TVD perioq  ston �xona twn φ − θ kai h kampÔlh φ(θ) prèpei
na brÐsketai entìc aut c thc perioq c ( sq. 3.5.2(a) ). To sq ma autì epÐshc deÐqnei tic
sunart seic φ(θ) twn mejìdwn Lax - Wendroff, Beam - Warming, Fromm. 'Olec autèc oi
sunart seic xepernoÔn thn perioq  TVD �ra oi parap�nw mèjodoi den eÐnai TVD.

GnwrÐzoume ìti gia tic mejìdouc deÔterhc t�xhc prèpei na isqÔei φ(1) = 1. EpÐshc brèjhke
ìti eÐnai protimìtero h φ na eÐnai ènac kurtìc sundiasmìc twn φ = 1 (Lax-Wendroff) kai
φ = θ (Beam-Warming). Jewr¸ntac touc parap�nw periorismoÔc paÐrnoume thn deÔterhc
t�xhc TVD perioq  tou Sweby (sq. 3.5.2(b) ). Oi uyhl c an�lushc oriojètec parathroÔme
ìti brÐskontai mèsa sthn perioq  Sweby [41].
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Sq ma 3.5.2 (a) H mplè perioq  deÐqnei poÔ prèpei na brÐskontai oi sunart seic φ(θ) ètsi
¸ste oi mèjodoi na eÐnai TVD. Oi deÔterhc t�xhc grammikèc mèjodoi faÐnetai ìti den eÐnai
TVD. (b) Oi oriojètec gia deÔterhc t�xhc TVD mejìdouc oi opoÐoi brÐskontai mèsa sthn

perioq  Sweby .
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3.6 Sunoriakèc sunj kec

Q
1

Q
2

Q
N Q

N+1
Q

N+2
Q

0Q
−1 …

x=a x=b

Sq ma 3.6.1 To upologistikì qwrÐo [a, b] me ta fantastik� keli� sta �kra.

Mèqri stigm c èqoume melet sei thn mèjodo tou Roe gia ton upologismì thc mèshc lÔshc
se k�je upologistikì kelÐ Qn+1

i gnwrÐzame tic timèc tou prohgoÔmenou qronikoÔ b matoc
sta geitonik� keli� Qn+1

i−1 , Qn+1
i+1 kai Ðswc kai makrÔtera, efìson qreiazìntousan gia na up-

ologÐsoume tic arijmhtikèc roèc Fn
i−1/2 kai Fn

i+1/2. Sthn pr�xh, p�nta upologÐzoume p�nw se
èna peperasmèno sÔnolo apì upologistik� keli� to opoÐa sqhmatÐzoun mia fragmènh peri-
oq . Sta pr¸ta kai teleutaÐa keli� den èqoume thn apaitoÔmenh geitonik  plhroforÐa pou
qrei�zetai. AntÐ gia autì èqoume k�poiec fusikèc sunoriakèc sunj kec oi opoÐec prèpei na
qrhsimopoihjoÔn gia thn eÔresh thc lÔshc se aut� ta keli�. An�loga me to prìblhma kai
thn mèjodo pou èqoume efarmìzoume k�je for� kai tic kat�llhlec sunoriakèc sunj kec. Gia
thn efarmog  twn sunoriak¸n sunjhk¸n autì pou akoloujeÐtai sthn paroÔsa ergasÐa eÐnai
h prosèggish me fantastik� keli� [29].

EpekteÐnoume to upologistikì qwrÐo kai sumperilamb�noume orismèna epiplèon keli� se
k�je �kro, ta legìmena fantastik� keli�, ìpou oi tim  thc lÔshc eÐnai prokajorismènh apì
thn arq  k�je qronikoÔ b matoc me k�poio trìpo pou exart�tai apì thn sunoriak  sunj kh
kai Ðswc kai thn eswterik  lÔsh. Sthn eikìna (3.6.1) faÐnetai èna plègma me dÔo fantastik�
keli� se k�je sÔnoro. 'Estw gia par�deigma ìti to fusikì qwrÐo enìc probl matoc eÐnai [a, b]
kai diaireÐtai se keli� C1, C2, . . . , CN me x1 = a, xN+1 = b ètsi ¸ste ∆x = (b− a)/N. Qrhsi-
mopoi¸ntac mia mèjodo ìpou gia ton upologismì thc Fn

i−1/2 apaitoÔntai mìno ta Qn
i−1, Qn

i tìte
qreiazìmaste èna mìno fantastikì kelÐ se k�je �kro. To fantastikì kelÐ C0 = (a−∆x, a)
mac epitrèpei na upologÐsoume thn ro  Fn

1/2 sto aristerì sÔnoro en¸ to fantastikì kelÐ
CN = (b, b + ∆x) qrhsimopoieÐtai gia ton upologismì thc Fn

N+1/2 sto x = b. Me mia flux-
limiter mèjodo qreiazìmaste duo fantastik� keli� se k�je sÔnoro. Oi sunoriakèc sunj kec
pou efarmìzontai sthn paroÔsa ergasÐa, an�loga to prìblhma pou epilÔoume k�je for� eÐnai
sunoriakèc sunj kec an�klashc kai sunoriakèc sunj kec eleÔjerhc ro c.

Sthn mèjodo tou Roe pou qrhsimopoioÔme, efìson efarmìzoume thn taktik  twn fan-
tastik¸n keli¸n gia na upologÐsoume thn tim  thc lÔshc sto teleutaÐo upologistikì kelÐ
CN qrei�zetai na gnwrÐzoume thn tim  thc lÔshc sto CN+1 efìson h mèjodoc eÐnai pr¸thc
t�xhc kai thn tim  sto CN+2 efìson eÐnai deÔterhc t�xhc. Efìson efarmìzoume sunoriakèc
sunj kec eleÔjerhc ro c oi timèc pou dÐnoume sta fantastik� keli� ex�gontai apì autèc twn
eswterik¸n keli¸n. Sthn sugkekrimènh perÐptwsh jètoume

Qn
N+1 = Qn

N , Qn
N+2 = Qn

N

sthn arq  k�je qronikoÔ b matoc.
Sthn perÐptwsh pou qrhsimopoioÔme sunoriakèc sunj kec an�klashc jewroÔme ìti to

kÔma anakl�tai sta �kra tou sunìrou san na qtupoÔse p�nw se èna stèreo toÐqo. Se aut n
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thn perÐptwsh oi timèc pou dÐnoume sta fantastik� keli� se k�je qronikì b ma kajorÐzontai
wc ex c:

Qn
N+1 : hn

N+1 = hN , (hu)N+1 = −(hu)N

Qn
N+2 : hn

N+2 = hN , (hu)N+2 = −(hu)N

Autì dÐnei thn aparaÐthth summetrÐa sthn arq  k�je qronikoÔ b matoc.

3.7 Sq ma kentrik¸n diafor¸n
Se aut n thn par�grafo stìqoc mac eÐnai h parousÐash enìc sq matoc kentrik¸n diafor¸n
[26] to opoÐo qrhsimopoieÐtai se praktikèc efarmogèc kai h sÔgkrish apotelesm�twn, gia
di�fora probl mata an�mesa sto sq ma kentrik¸n diafor¸n kai sto sq ma tou Roe.

Oi exis¸seic rhq¸n ud�twn gnwrÐzoume ìti eÐnai oi ex c:

ht + (hu)x = 0

(hu)t + (
1

2
gh2 + hu2) = −ghBx − ghSf .

MporoÔme ìmwc na tic gr�youme isodÔnama kai sthn morf  [26]

ht + (hu)x = 0,

ut + uux = −g(h + B)x − gSf .

Sthn prokeimènh perÐptwsh h perigraf  thc anarrÐqhshc tou kÔmatoc sthn akt  epit�ssei
thn epèktash thc lÔshc se perioqèc me polÔ mikrì h kai kaj¸c to h eÐnai ston paronomast 
tou ìrou trib c, o ìroc autìc gÐnetai tìso meg�loc pou epidr� apostajeropoihtik� sthn
arijmhtik  lÔsh. Enallaktik  perigraf  thc diadikasÐac apwlei¸n enèrgeiac sth ro  pou na
èqei kai thn epijumht  idiìthta na prokaleÐ entonìterh apìsbesh stic diakum�nseic thc ro c
me uyhl  suqnìthta eÐnai majhmatik� dunat  me thn antikat�stash tou tetragwnikoÔ ìrou
me ton ìro thc di�qushc pou apoteleÐ thn ousÐa thc parabolik c exÐswshc. Sunep¸c h telik 
morf  twn exis¸sewn ja eÐnai:

ht + (hu)x = 0

ut + uux = −g(h + B)x + Euxx.

O suntelest c E thc di�qushc thc orm c apoteleÐ mia par�metro bajmonìmhshc tou montèlou
kai kajorÐzetai me trìpo ¸ste h enèrgeia tou sust matoc na exelÐssetai fusiologÐka kai na
apofeÔgontai oi arijmhtikèc ast�jeiec. Endiafèron epÐshc parousi�zei to ìrio metaxÔ akt c
kai ud�tinhc m�zac (aktogramm ) to opoÐo suneq¸c metab�lletai. Sthn prokeimènh perÐptwsh
to ìrio autì kajorÐzetai apì èna arijmì o opoÐoc dÐnei to el�qisto b�joc tou neroÔ ètsi ¸ste
h perÐoqh na jewreÐtai bremènh. H tim  aut  k�tw apì thn opoÐa to b�joc tou neroÔ jewreÐtai
mhdenikì onom�zetai thres.

H diakritopoÐhsh twn exis¸sewn gÐnetai p�nw se èna plègma (sq. 3.7.1) me shmeÐa xi =
(i − 1)∆x ìpou ∆x to qwrikì b ma. Piì sugkekrimèna upologÐzoume tic timèc u(xi, t

n) sta
shmeÐa xi kai tic timèc h(xi, t

n) sta mèsa twn diasthm�twn [xi−1, xi] me i = 1, 2, . . . , m. To
parap�nw plègma onom�zetai plègma epikaluptìmenhc di�taxhc (staggered grid).

53



0 2 4 6 8 10
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

xi−1 xi−1
2

xi xi+ 1
2
xi+1

Sq ma 3.7.1 To plègma p�nw sto opoÐo upologÐzontai oi timèc b�jouc kai taqÔthtac.

Gia na ex�goume to arijmhtikì sq ma gÐnetai prosèggish twn parag¸gwn wc proc to qrìno
kai to di�sthma me peperasmènec diaforèc kai ètsi katal goume sto

hn+1
i − hn

i

∆t
=

hn
i + hn

i+1

2∆x
un

i+1 −
hn

i + hn
i−1

2∆x
un

i (3.53)

un+1
i − un

i

∆t
= −un

i

un
i+1 − un

i−1

2∆x
− g

hn
i + Bn

i − hn
i−1 −Bn

i−1

∆x
+ E

un
i+1 − 2un

i + un
i−1

∆x2
(3.54)

Perissìterec plhroforÐec gia to sq ma kai thn qrhsimopoÐhs  tou mporoÔn na brejoÔn sto
[26].
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Kef�laio 4

Arijmhtik� apotelèsmata se mia
di�stash

4.1 SÔgkrish tou TVD sq matoc tou Roe me to sq ma
kentrik¸n diafor¸n tou [26]

4.1.1 Prìblhma 1
To pr¸to prìblhma perigr�fei thn gènesh kai anarrÐqhsh sthn akt  mh grammik¸n kum�twn
ta opoÐa ofeÐlontai se diataraq  thc topografÐac tou pujmèna (gia par�deigma lìgw upo-
jal�ssiou seismoÔ). JewroÔme ìti sto dexÐ �kro tou pedÐou up�rqei plagi� klÐshc 1 : 10 en¸
sto aristerì �kro prokaleÐtai katakìrufh metakÐnhsh tou pujmèna se qrìno 20 deuterìlep-
ta, kat� 3 mètra. To di�sthma tou pedÐou eÐnai 400 mètra. Kai sta dÔo arijmhtik� sq mata to
qwrikì b ma eÐnai stajerì kai èqei tim  ∆x = 4 mètra. Sta parak�tw sq mata parousi�zon-
tai qarakthristik� stigmiìtupa thc exèlixhc kai twn dÔo sqhm�twn. Gia to sq ma kentrik¸n
diafor¸n h metabol  tou qrìnou eÐnai stajer  kat� 0.2 deuterìlepta en¸ gia to sq ma tou
Roe eÐnai metabal¸menh kai exart¸menh apì thn sunj kh cfl ìpou ed¸ cfl = 0.9
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Sq ma 4.1.1 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 60 deuterìlepta.
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Sq ma 4.1.2 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 60 deuterìlepta.
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Sq ma 4.1.3 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 80 deuterìlepta.
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Sq ma 4.1.4 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 80 deuterìlepta.
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H basik  diafor� an�mesa sta dÔo arijmhtik� sq mata eÐnai h parousÐa talant¸sewn sth
lÔsh pou paÐrnoume apì to kentrikì sq ma diafor¸n, oi opoÐec prokaloÔntai p�nw apì ton
asuneq  pujmèna all� kai sto mètwpo tou kÔmatoc kat� thn anarrÐqhs  tou sthn akt ,
oi opoÐec sthn sunèqeia diadÐdontai alli¸nontac thn arijmhtik  lÔsh. H emf�nish aut¸n
twn talant¸sewn eÐnai anamenìmenh kaj¸c to sq ma kentrik¸n diafor¸n den eÐnai shock
capturing, se antÐjesh me to sq ma tou Roe pou dÐnei pio omal  lÔsh.

4.1.2 Prìblhma 2

Se autì to prìblhma h topografÐa tou bujoÔ paramènei Ðdia me aut  tou probl matoc 1
ektìc apì thn morfologÐa tou pujmèna. Ed¸ anadÔetai èna mikrìtero, trigwnikì komm�ti tou
pujmèna sta 20 deuterìlepta kai mèqri ta 2 mètra. H klÐsh thc plagi�c paramènei h Ðdia ìpwc
kai ìla ta megèjh eÐnai ìmoia me ta proanaferjènta.
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Sq ma 4.1.5 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 40 deuterìlepta.
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Sq ma 4.1.6 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 40 deuterìlepta.
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Sq ma 4.1.7 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 80 deuterìlepta.
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Sq ma 4.1.8 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 80 deuterìlepta.

Parathr¸ntac tic lÔseic kai stic dÔo qronikèc stigmèc blèpoume ìti eÐnai arket� kont� se
sqèsh me to prohgoÔmeno prìblhma. Autì sumbaÐnei lìgo tou mikrìterou megèjouc kai thc
omalìterhc kataskeu c thc anaduìmenhc m�zac. Parìla aut� blèpoume ìti to sq ma tou Roe
suneqÐzei na dÐnei omalìterec lÔseic qwrÐc talant¸seic sto b�joc.

4.1.3 Prìblhma 3

To trÐto prìblhma eÐnai èna prìblhma katolÐsjhshc. H topografÐa tou probl matoc apoteleÐ-
tai apì dÔo plagÐec dexi� kai arister� tou pedÐou me klÐsh 1 : 10. H katolÐsjhsh sumbaÐnei
sthn arister  pleur� gia qrìno 20 deuterolèptwn. H diamèrish anèrqetai sta 300 upologis-
tik� keli� me qwrikì b ma ∆x = 2 mètra. To qronikì b ma gia to sq ma kentrik¸n diafor¸n
eÐnai 0.02 deuterìlepta en¸ ìpwc kai prÐn, gia to sq ma tou Roe eÐnai metabalìmeno me cfl =
0.9
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Sq ma 4.1.9 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 10 deuterìlepta.
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Sq ma 4.1.10 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 10 deuterìlepta.
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Sq ma 4.1.11 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 40 deuterìlepta.
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Sq ma 4.1.12 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 40 deuterìlepta.
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Sq ma 4.1.12 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe kai twn
kentrik¸n diafor¸n se qrìno t = 100 deuterìlepta.

0 100 200 300 400 500 600
0

2

4

6

8

10

12

x (m.)

h+
b 

(m
.)

kent. diafores [26]
bytos
Roe

0 100 200 300 400 500 600
−12

−10

−8

−6

−4

−2

0

2

4

6

x (m.)

u 
(m

./s
ec

.)

kent. diafores [26]
Roe

Sq ma 4.1.13 To b�joc (arister�) kai h taqÔthta (dexi�) gia ta sq mata tou Roe uyhl c
an�lushc qrhsimopoi¸ntac ton oriojèth minmod kai twn kentrik¸n diafor¸n se qrìno

t = 100 deuterìlepta.
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Melet¸ntac kai sugkrÐnontac tic arijmhtikèc lÔseic tou sq matoc kentrik¸n diafor¸n me
to sq ma tou Roe, parathroÔme ìti kat� thn anarrÐqhsh tou kÔmatoc sthn kinoÔmenh akt 
to sq ma kentrik¸n diafor¸n parousi�zei talant¸seic se sqèsh me to sq ma tou Roe (Sq.
4.1.12) ìpwc kai sta prohgoÔmena dÔo paradeÐgmata. Sth sunèqeia to kÔma metatopÐzetai
proc ta pÐsw kai dhmiourgeÐtai èna mètwpo to opoÐo taxideÔei proc thn keklimènh paralÐa
(Sq. 4.1.10). H diafor� an�mesa sta dÔo sq mata eÐnai ìti h lÔsh tou sq matoc kentrik¸n
diafor¸n èqei parousi�sei mia mh fusiologik  uperp dhsh p�nw sthn kinoÔmenh topografÐa.
Tèloc sto qronikì stigmiìtupo twn 100sec (Sq. 4.1.13) parathroÔme ìti èqei dhmiourghjeÐ
mia asunèqeia kont� sthn akt  gÔrw apì thn opoÐa to kentrikì sq ma diafor¸n emfanÐzei
talant¸seic.

4.2 SÔgkrish arijmhtik¸n apotelesm�twn me analu-
tikèc lÔseic kai peiramatik� dedomèna

Stic epìmenec paragr�fouc ektÐjontai ta apotelèsmata twn problhm�twn Benchmark 1 kai
Benchmark 3 ta opoÐa parousi�sthkan sto 3o Diejnèc sunèdrio gia makroÔc kumatismoÔc kai
montèla anarrÐqhshc. Ta probl mata aut� eÐnai miac di�stashc kai skopì èqoun na deÐxoun
thn sumperifor� tou neroÔ sthn akt  lìgo thc eisagwg c kÔmatoc me kateÔjunsh proc thn
akt  gia to prìblhma 1 kai thn antÐstoiqh sumperifor� lìgo katolÐsjhshc tou pujmèna gia to
prìblhma 3. Ta arqik� dedomèna kai oi analutikèc lÔseic mporoÔn na brejoÔn sthn istoselÐ-
da tou sunedrÐou http://www.cee.cornell.edu/longwave. Akìma exet�zoume thn anarrÐqhsh
memonwmènou kÔmatoc (solitary wave) sthn akt  kai diaqwrÐzoume thn perÐptwsh ìpou to kÔ-
ma jraÔetai kat� thn �nodo   thn k�jodo sthn keklimènh epif�neia, kai thn perÐptwsh thc
apl c anarrÐqhshc eformìzontac ta probl mata pou antistoiqoÔn sta peir�mata tou [42] kai
sugkrÐnoume ta arijmhtik� apotelèsmata me ta peiramatik� dedomèna.

4.2.1 Benchmark 1: AnarrÐqhsh kÔmatoc Tsunami se keklimènh
paralÐa

To pr¸to Benchmark prìblhma apoteleÐtai apì mia keklimènh paralÐa b(x, t) = −x me arqik�
st�simo nerì kai aktogramm  sto x = 0. Eis�getai èna kÔma, pou èqei for� prìc thn paralÐa,
me anÔywsh apì thn kat�stash isorropÐac η(x, 0). Ta arqik� dedomèna dÐnontai apì to x = 0
e¸c x = 50000 mètra an� 50 mètra. EpÐshc parèqetai kai h analutik  lÔsh gia to b�joc kai
thn taqÔthta se qrìnouc t = 160 deuterìlepta, t = 175 deuterìlepta t = 220 deuterìlepta.
H paragwg  twn arqik¸n dedomènwn kai thc analutik c lÔsh gia to prìblhma autì mporeÐ
na brejeÐ sto [10].

Sta apotelèsmata pou paratÐjontai sugkrÐnoume thn analutik  lÔsh me thn arijmhtik ,
tou sq matoc pou perigr�fhke sto kef�laio 3. UpologÐzetai to b�joc kai h taqÔthta sto
di�sthma x ∈ [−500, 50000] mètra. QrhsimopoieÐtai omoiìmorfh diamèrish kai o arijmìc twn
upologistik¸n keli¸n eÐnai 5050 dhlad  dx = 10 mètra me cfl = 0.9.

61



100 200 300 400 500 600 700 800
−80

−60

−40

−20

0

20

40

60

80
akribhs
prwths taxhs
bythos

200 300 400 500 600 700 800
−80

−60

−40

−20

0

20

40

60

80
akribhs
prwths taxhs

Sq ma 4.2.1. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 160 deuterìlepta,
gia perioq  kont� sthn akt  kai me pr¸thc t�xhc akrÐbeia.
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Sq ma 4.2.2. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 160 deuterìlepta,
gia to uyhl c t�xhc akrÐbeiac sq ma me oriojèth minmod.
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Sq ma 4.2.3. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 175 deuterìlepta,
gia akrÐbeia pr¸thc t�xhc.
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Sq ma 4.2.4. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 175 deuterìlepta,
gia uyhl c t�xhc akrÐbeiac sq ma me oriojèth minmod.
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Sq ma 4.2.5. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 220 deuterìlepta
kai akrÐbeia pr¸thc t�xhc.
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Sq ma 4.2.5b. To b�joc se qrìno t = 220 deuterìlepta qrhsimopoi¸ntac qwrÐc diìrjwsh
ugroÔ steganoÔ tou (arister�) kai qrhsimopoi¸ntac aut  thc paragr�fou 3.4.1 (dexi�).
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Sq ma 4.2.6. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 220 deuterìlepta
kai uyhl c t�xhc akrÐbeiac sq ma me oriojèth minmod.

Parathr¸ntac ta apotelèsmata kai sugkrÐnontac me thn akrib  lÔsh blèpoume ìti h megalÔter-
h apìklish thc arijmhtik c lÔshc apì thn akrib  brÐsketai kurÐwc kont� sthn akt  gia autì
kai esti�zoume s' aut . SugkrÐnontac ta apotelèsmata tou sq matoc pr¸thc t�xhc kai autoÔ
thc uyhl c an�lushc me ton oriojèth minmod blèpoume ìti epitugq�noume kalÔterh prosèg-
gish me to sq ma uyhl c an�lushc èqoume ìmwc polÔ mikrèc talant¸seic. AxÐzei epÐshc na
shmeiwjeÐ ìti qrhsimopoi¸ntac to sq ma tou Roe, qwrÐc thn qr sh thc eidik c antimet¸pishc
pou efarmìzetai stic katast�seic ugroÔ/steganoÔ, to nerì skarfal¸nei p�nw sthn pl�gia
xepern¸ntac thn pragmatik  lÔsh. Kaj¸c aux�noume ta shmeÐa tou upologistikoÔ plègmatoc
parathroÔme ìti h lÔsh plhsi�zei ìlo kai piì kont� sthn pragmatik  ìpwc faÐnetai kai sto
sq ma 4.2.7 upologismènh se qrìno t = 220 deuterolèptwn kai me to sq ma pr¸thc t�xhc.
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Sq ma 4.2.7. To b�joc (arister�) kai h taqÔthta (dexi�) gia qrìno t = 220 deut. kai gia
diaforetikì qwrikì b ma. (a) To maÔro antistoiqeÐ se dx = 10.1 mètra (b) To mplè se

dx = 5.05 mètra (g) To m¸b se dx = 2.525 mètra (d) To gal�zio se dx = 1.633 mèra kai me
kìkkino sqedi�zetai h akrib c lÔsh.
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Sq ma 4.2.8 H jèsh thc aktogramm c sto qrìno gia suss¸reush 1000 shmeÐwn kont� sthn
akt  (arister�) kai gia suss¸reush 5000 shmeÐwn kont� sthn akt .

Parathr¸ntac epÐshc ta apotelèsmata gia qrìno t = 220 kai gia diaforetikèc qwrikèc di-
amerÐseic, kai sugkrÐnontac ta me apotelèsmata �llwn mejìdwn ìpwc gia par�deigma sto [28]
ìpou antÐ gia ta idiodianÔsmata kai tic taqÔthtec tou Roe qr simopoioÔntai oi taqÔthtec tou
Einfeldt me idiaÐterh tropopoÐhsh gia thn apìtreyh emf�nishc stegan¸n kai thn diaqeÐrish
phgaÐwn ìrwn. Blèpoume ìti parìlo pou den gÐnetai suss¸reush twn shmeÐwn kont� sthn
akt  sthn sugkekrimènh perÐptwsh ta apotelèsmata eÐnai polÔ ikanopoihtik�. Sto sq ma
4.2.8 parathroÔme thn jèsh thc aktogramm c sto qrìno upologismènh susswreÔontac 1000
shmeÐa kai 5000 shmeÐa antÐstoiqa kont� sthn akt . ParathroÔme ìti ìsa perissìtera shmeÐ-
a susswreutoÔn kont� sthn akt  tìso ta arijmhtik� apotelèsmata plhsi�zoun aut� thc
analutik c lÔshc.

4.2.2 AnarrÐqhsh memonomènwn kum�twn
To par¸n prìblhma efarmìzetai, ìpwc proanafèrjhke, gia thn melèth thc anarrÐqhshc mem-
onomènwn kum�twn sthn akt , all� kai gia thn melèth memonomènwn kum�twn pou ufÐstantai
jraÔsh, eÐte kat� thn �nodo (run-up) eÐte kat� thn k�jodo (run-down). Autèc oi efar-
mogèc twn memonomènwn kum�twn Ðswc na mhn eÐnai kai oi pio kat�llhlec gia tic exis¸seic
rhq¸n ud�twn oi opoÐec den perièqoun ìrouc diaspor�c. Autèc oi peript¸seic ìmwc eÐnai
mia kal  phg  peiramatik¸n dedomènwn gia ton èlegqo thc ikanìthtac tou parìntoc ari-
jmhtikoÔ sq matoc na prosomoi¸nei ta krit ria jraÔshc wc diadidìmenec asunèqeiec (bores)
  wc st�sima udraulik� �lmata (hydraulic jumps) kai na diathreÐ ton ìgko kat� m koc twn
asuneqei¸n. SÔmfwna me thn an�lush tou [42] èqoume jraÔsh tou kÔmatoc kat� thn k�jodo
tou apì thn keklimènh paralÐa ìtan H/d > 0.044, ìpou H eÐnai to mègisto pl�toc tou mem-
onomènou kÔmatoc se qrìno t = 0 kai d eÐnai to b�joc tou neroÔ ìtan autì brÐsketai se
hremÐa. AntÐstoiqa prokÔptei jraÔsh tou kÔmatoc kat� thn �nodì tou sthn paralÐa ìtan
H/d > 0.055. Pio sugkekrimèna gia to prìblhma autì jewroÔme èna memonwmèno kÔma me
kèntro sto x = X1 se qrìno t = 0 kai katatom  epif�neiac

η(x, 0) =
H

d
sec h2γ(x−X1)
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ìpou γ =
√

3H/4d kai arqik  taqÔthta

u(x, 0) =
√

gη(x, 0).

H paralÐa eÐnai èna epÐpedo me klÐsh 1 : 19.85 �ra o bujìc ja èqei thn morf 

b(x) =
{−x tan β x ≤ cot β
−1 x > cot β.

To memonomèno kÔma topojeteÐtai sto shmeÐo X1 to opoÐo brÐsketai se apìstash Ðsh me to
misì m koc tou kÔmatoc, apì thn �krh thc keklimènhc epif�neiac X0. Ed¸ exet�zoume treÐc
peript¸seic kum�twn. 'Otan den sumbaÐnei jraÔsh me H/d = 0.019, ìtan sumbaÐnei kat� thn
k�jodo me H/d = 0.04, kai me H/d = 0.28 ìpou parathreÐtai isqur  jraÔsh tìso kat� thn
�nodo ìso kai kat� thn k�jodo. Se k�je perÐptwsh to b�joc se kat�stash isorropÐac d
eÐnai 1m. Sto sq ma 4.2.9. blèpoume tic arqikèc sunj kec tou probl matoc.

H

X
0

d

X
1

β

Sq ma 4.2.9 Dom  arqik¸n sunjhk¸n gia to prìblhma thc anarrÐqhshc tou memonwmènou
kÔmatoc.

Sthn pr¸th perÐptwsh ìpwc anafèrjhke exet�zoume thn apl  anarrÐqhsh tou kÔmatoc
qwrÐc na sumbaÐnei jraÔsh. Ed¸ isqÔei ìti H/d = 0.019, h sunj kh cfl = 0.9 kai to b ma thc
qwrik c diamèrishc dx = 0.055m kai suntelest  trib c Nm = 0.01. Parak�tw paratÐjontai
stigmiìtupa thc lÔshc gia di�forec qronikèc stigmèc kai gÐnetai sÔgkrish me ta peiramatik�
dedomèna. Ta parak�tw apotelèsmata èqoun prokÔyei apì to sq ma pr¸thc t�xhc.
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Sq ma 4.2.10 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to memonomèno
kÔma me H/d = 0.019 gia touc adi�statouc qrìnouc t

√
g/d = 25 (arister�) kai

t
√

g/d = 40(dexi�).
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Sq ma 4.2.11 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.019 gia touc adi�statouc qrìnouc t

√
g/d = 55 (arister�) kai t

√
g/d = 70 (dexi�).

Sto sq ma 4.2.10 blèpoume th di�dosh tou kÔmatoc mèqri na ft�sei sthn akt  en¸ sto sq ma
4.2.11 blèpoume thn mègisth �nodo tou kÔmatoc to opoÐo den èqei ” sp�sei ” (arister�) kai
thn mègisth k�jodo (dexi�). SÔmfwna me thn an�lush tou [42], gia kÔmata ta opoÐa den
ufÐstantai jraÔsh mporoÔme na upologÐsoume jewrhtik� thn mègisth tim  thc anarrÐqhshc
tou kÔmatoc kai ton qrìno gia ton opoÐo aut  sumbaÐnei. Pio sugkekrimèna

tmax =
1

c
(X1 + X0 − 0.366

γ
) (4.1)

eÐnai o qrìnoc ìpou sumbaÐnei h mègisth anarrÐqhsh kai

R

d
= 2.831(cot β)

1
2

(H

d

) 1
2 (4.2)

eÐnai h mègisth anarrÐqhsh. UpologÐzontac thn parap�nw isìthta gia ta dedomèna tou
sugkekrimènou probl matoc brÐskoume ìti h mègisth anarrÐqhsh ja eÐnai 0.087 mètra kai
parathr¸ntac ta apotelèsmata blèpoume polÔ kal  prosèggish.

H epìmenh perÐptwsh afor� thn sumperifor� tou kÔmatoc to opoÐo sp�ei elafr¸c kat�
thn k�jodo me H/d = 0.04. 'Opwc kai prin paratÐjontai qronik� stigmiìtupa thc arijmhtik c
lÔshc kai pio sugkekrimèna thc eleÔjerhc epif�neiac ta opoÐa sugkrÐnontai me ta peiramatik�
dedomèna. H sunj kh cfl = 0.9 kai to b ma thc qwrik c diamèrishc dx = 0.055m. Prèpei na
anaferjeÐ ìti sto par¸n prìblhma qrhsimopoieÐtai trib  me Nm = 0.01 kai ìti ta arijmhtik�
apotelèsmata pou lamb�noume eÐnai deÔterhc t�xhc qrhsimopoi¸ntac ton oriojèth minmod.
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Sq ma 4.2.12 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
h/d = 0.04 gia touc adi�statouc qrìnouc t

√
g/d = 20 (arister�) kai t

√
g/d = 26 (dexi�).
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Sq ma 4.2.13 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.04 gia touc adi�statouc qrìnouc t

√
g/d = 32 (arister�) kai t

√
g/d = 38 (dexi�).

−5 0 5 10 15 20
−0.05

0

0.05

0.1

0.15

0.2

x (m.)

h 
(m

.)

arithmhtikh lysh
bythos
peiramatika

−5 0 5 10 15 20
−0.05

0

0.05

0.1

0.15

0.2

x (m.)

h 
(m

.)

arithmhtikh lysh
bythos
peiramatika

Sq ma 4.2.14 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.04 gia touc adi�statouc qrìnouc t

√
g/d = 44 (arister�) kai t

√
g/d = 50 (dexi�).
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Sq ma 4.2.15 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.04 gia touc adi�statouc qrìnouc t

√
g/d = 56 (arister�) kai t

√
g/d = 62 (dexi�).

Sta stigmiìtupa tou sq matoc 4.2.12 faÐnetai ìti to kÔma plhsi�zei thn aktogramm  en¸ sto
dexÐ stigmiìtupo tou sq matoc 4.2.13 to kÔma arqÐzei na anarriq�tai sthn akt  kai shmei¸nei
thn mègisth anarrÐqhsh gia adi�stato qrìno 50. Akìma parathroÔme ìti kat� thn k�jodo
tou kÔmatoc den emfanÐzontai talant¸seic oi opoÐec prokÔptoun se lÔseic pou basÐzontai
se sq mata peperasmènwn stoiqeÐwn [48] en¸ h mègisth k�jodoc pou sumbaÐnei se qrìno 62
sumfwneÐ me ta peiramatik� dedomèna.

Tèloc to kÔma me to megalÔtero pl�toc H/d = 0.28 eÐnai autì pou parousi�zei jraÔsh
tìso kat� thn �nodo ìso kai kat� thn k�jodo. AntÐstoiqa me ta dÔo prohgoÔmena probl mata
cfl = 0.9, dx = 0.055m,Nm = 0.01.

−10 −5 0 5 10 15 20
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

x (m.)

h 
(m

.)

arithmhtikh lysh
bythos
peiramatika

−10 −5 0 5 10 15 20
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

x (m.)

h 
(m

.)

arithmhtikh lysh
bythos
peiramatika

Sq ma 4.2.16 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.28 gia touc adi�statouc qrìnouc t

√
g/d = 10 (arister�) kai t

√
g/d = 15 (dexi�).
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Sq ma 4.2.17 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.28 gia touc adi�statouc qrìnouc t

√
g/d = 20 (arister�) kai t

√
g/d = 25 (dexi�).
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Sq ma 4.2.18 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.28 gia touc adi�statouc qrìnouc t

√
g/d = 30 (arister�) kai t

√
g/d = 45 (dexi�).
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Sq ma 4.2.19 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.28 gia touc adi�statouc qrìnouc t

√
g/d = 55 (arister�) kai t

√
g/d = 60 (dexi�).
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Sq ma 4.2.20 SÔgkrish peiramatik¸n dedomènwn kai arijmhtik c lÔshc gia to kÔma me
H/d = 0.28 gia touc adi�statouc qrìnouc t

√
g/d = 70 (arister�) kai t

√
g/d = 80 (dexi�).

Sta parap�nw apotelèsmata faÐnetai analutik� h poreÐa tou kÔmatoc. ParathroÔme
ìti to mètwpo tou kÔmatoc gÐnetai apìtomo nwrÐtera apì ìti ta peiramatik� dedomèna. Autì
ofeÐletai sto meg�lo Ôyoc tou kÔmatoc kai sthn adunamÐa twn mh grammik¸n exis¸sewn rhq¸n
ud�twn, pou den perilamb�noun ìrouc diaspor�c ètsi ¸ste na isorropÐsoun tic mh grammikèc
epidr�seic. To kÔma sÔmfwna me ta peiramatik� dedomèna jraÔetai se adi�stato qrìno 20.
To arijmhtikì montèlo prosomei¸nei to jrauìmeno kÔma san mia asunèqeia (bore) kai apo-
jhkeÔei to nerì pou qÔnetai apì to jrauìmeno kÔma pÐsw apì to k�jeto mètwpo. Autì èqei wc
apotèlesma, h upologÐsimh asunèqeia (bore), na eÐnai elafr¸c pio mprost� apì to peiramatikì
kÔma. Lìgo thc diat rhshc thc m�zac to upologistikì profÐl anak�mptei ìtan h jraÔsh sta-
mat�ei se adi�stato qrìno 25. H sumfwnÐa peiramatik¸n kai upologistik¸n apotelesm�twn
paramènei mèqri kai to qrìno thc mègisthc anarrÐqhshc (t(g/h)1/2 = 45). AsumfwnÐa ar-
qÐzei na faÐnetai gÔrw sto 55 kaj¸c h taqÔthta tou met¸pou aux�netai dhmiourg¸ntac èna
jrauìmeno kÔma kont� sthn gramm  thc kat�stashc hremÐac. To montèlo peperasmènou ìgkou
pou exet�zoume proseggÐzei to jrauìmeno kÔma wc èna udraulikì �lma kai diathreÐ ton ìgko
ro c pÐsw apì autì. H sumfwnÐa twn dedomènwn arqÐzei ek nèou ìtan stamat�ei h jraÔsh,
sto tèloc thc diadikasÐac kajìdou. H di�dosh thc asunèqeiac (bore) me èna sqedìn k�jeto
mètwpo deÐqnei thn ikanìthta tou sq matoc peperasmènou ìgkou na upologÐzei tic asunèqeiec.
To sf�lma diat rhshc m�zac % den xepern�ei to 10−3%. En katakleÐdi, to par¸n arijmhtikì
montèlo parèqei kal  prosèggish twn jrauìmenwn kumatism¸n wc diadidìmenec asunèqeiec
(bores)   st�sima udraulik� �lmata kai deÐqnei polÔ kal  ikanìthta sto na diathreÐ ton ìgko
kaj' ìlh thn di�rkeia thc anarrÐqhshc kai thc kajìdou.
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4.2.3 Kat�rreush fr�gmatoc kai di�dosh me trigwnikì empìdio

38 m.

15.5 m. 10 m. 6 m.

0.4 m.

0.75 m.

Sq ma 4.2.21 GewmetrÐa tou peiramatikoÔ montèlou sthn proswmeÐwsh kat�rreushc
f�gmatoc kai di�doshc p�nw se trigwnikì empìdio me eleÔjero sÔnoro.

38 m.

15.5 m. 10 m. 6 m.

0.4 m.

0.75 m.

Sq ma 4.2.22 GewmetrÐa tou peiramatikoÔ montèlou sthn proswmeÐwsh kat�rreushc
f�gmatoc kai di�doshc p�nw se trigwnikì empìdio me merik¸c ugrì kan�li.

38 m.

15.5 m. 10 m. 6 m.

0.4 m.

0.75 m.

Sq ma 4.2.23 GewmetrÐa tou peiramatikoÔ montèlou sthn proswmeÐwsh kat�rreushc
f�gmatoc kai di�doshc p�nw se trigwnikì empìdio me merik¸c ugrì kan�li kai me sunj kec

an�klashc.

Se autì to par�deigma exet�zontai treic peript¸seic exèlixhc tou kÔmatoc, pou prokÔptei apì
thn kat�rreush fr�gmatoc, p�nw se topografÐa me trigwnikì empìdio [9],[36]. H gewmetrÐa
tou kanalioÔ faÐnetai sto sq ma 4.2.21. Pio sugkekrimèna mia dexamen  me nerì b�jouc 0.75
mètra sundèetai me èna orjog¸nio kan�li. To sunolikì m koc eÐnai 38 mètra. To fr�gma
topojeteÐtai sta x = 15.5 mètra kai èna trigwnikì empìdio pl�touc 6 mètrwn kai Ôyouc 0.4
mètrwn, topojeteÐtai 13 mètra met� thn dexamen . Oi klÐseic tou trig¸nou eÐnai summetrikèc.
Oi arqikèc sunj kec diafèroun �naloga me thn perÐptwsh pou exet�zoume.
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(1) Sthn pr¸th perÐptwsh to kan�li eÐnai stegnì pantoÔ kai oi sunoriakèc sunj kec pou
efarmìzontai eÐnai gia x = 0 sunoriakèc sunj kec an�klashc kai gia x = 38 sunoriakèc
sunj kec eleÔjerhc ro c (Sq. 4.2.21).

(2) Sthn deÔterh perÐptwsh to kan�li eÐnai merik¸c ugrì kai h st�jmh tou neroÔ pou
brÐsketai met� to trigwnikì empìdio, eÐnai x = 0.15 mètra. Oi sunoriakèc sunj kec sto
x = 0 eÐnai sunj kec an�klashc kai sto x = 38 up�rqei toÐqoc Ôyouc 0.15 mètrwn (Sq.
4.2.22).

(3) H trÐth perÐptwsh eÐnai ìmoia me thn deÔterh me th diafor� ìti sto x = 38 èqoume
sunoriakèc sunj kec an�klashc (Sq. 4.2.23).

O suntelest c trib c tou Manning eÐnai 0.0125 gia ìlec tic parap�nw peript¸seic. Ta
apotelèsmata pou parateÐjontai eÐnai tìso h qronÐkh exèlixh tou fainomènou se qrìno 10
deuterolèptwn, upologismènh me to sq ma tou Roe pr¸thc t�xhc kai me to sq ma uyhl c
an�lushc, all� kai to Ôyoc tou neroÔ to opoÐo èqei metrhjeÐ se tèssera shmeÐa (pÔlec) kat�
m koc tou kanalioÔ. H pr¸th pÔlh (G10) brÐsketai 10 mètra met� to fr�gma, h deÔterh
(G11) 11 mètra met� to fr�gma, h trÐth (G13) 13 mètra kai h teleutaÐa (G20) 20 mètra met�
to fr�gma.
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Sq ma 4.2.24. SÔgkrish arijmhtik¸n kai peiramatik¸n apotelesm�twn gia tic pÔlec
G10, G11, G13, G20 mèqri qrìno t = 40 deuterìlepta gia thn pr¸th perÐptwsh
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Sq ma 4.2.25. Arijmhtik  lÔsh se qrìno t = 10 deuterìlepta gia thn pr¸th perÐptwsh.
SÔgkrish an�mesa sto sq ma tou Roe pr¸thc t�xhc kai s' autì thc uyhl c akrÐbeiac me

oriojèth minmod.
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Sq ma 4.2.26. SÔgkrish arijmhtik¸n kai peiramatik¸n apotelesm�twn gia tic pÔlec
G10, G11, G13, G20 mèqri qrìno t = 40 deuterìlepta gia thn deÔterh perÐptwsh.
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Sq ma 4.2.27. Arijmhtik  lÔsh se qrìno t = 10 deuterìlepta gia thn deÔterh perÐptwsh.
SÔgkrish an�mesa sto sq ma tou Roe pr¸thc t�xhc kai s' autì thc uyhl c akrÐbeiac me

oriojèth minmod.
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Sq ma 4.2.28. SÔgkrish arijmhtik¸n kai peiramatik¸n apotelesm�twn gia tic pÔlec
G10, G11, G13, G20 mèqri qrìno t = 40 deuterìlepta gia thn trÐth perÐptwsh
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Sq ma 4.2.29. Arijmhtik  lÔsh se qrìno t = 10 deuterìlepta gia thn trÐth perÐptwsh.
SÔgkrish an�mesa sto sq ma tou Roe pr¸thc t�xhc kai s' autì thc uyhl c akrÐbeiac me

oriojèth minmod.

Parathr¸ntac ta apotelèsmata stic pÔlec G10 kai G11 oi opoÐec eÐnai topojethmènec prin to
trigwnikì empìdio blèpoume kai stic treic peript¸seic ìti h prìbleyh tou qrìnou thc �fixhc
tou kÔmatoc ìpwc kai tou b�jouc eÐnai kal . To shmeÐo G13 brÐsketai sthn koruf  tou
trig¸nou kai �ra eÐnai èna krÐsimo shmeÐo. ParathreÐtai ìti h met�bash apì ugrì se steganì
kai to antÐjeto eÐnai swst . SugkrÐsima apotelèsmata mporoÔn na brejoÔn sta [36], [9].

4.2.4 Benchmark 3: Gènesh kai anarrÐqhsh kÔmatoc Tsunami
lìgw katolÐsjhshc

Sto trÐto prìblhma Benchmark [32] mac zhteÐtai na upologÐsoume thn eleÔjerh epif�neia kai
thn anarrÐqhsh tou kÔmatoc pou prokaleÐtai lìgo thc katol sjhshc maz�c tou bÔjou. O
bÔjoc ìpwc kai prÐn eÐnai mia keklimènh paralÐa p�nw sthn opoÐa kineÐtai mia m�za pou èqei
to sq ma sun�rthshc Gauss. To di�sthma upologismoÔ eÐnai apì x = 0 e¸c x = 130 mètra.
Ta upologistik� keli� eÐnai 1300 kai qrhsimopoieÐtai cfl = 0.9. O bujìc mporeÐ na perigrafeÐ
wc:

h(x, t) = H(x) + h0(x, t)

ìpou
H(x) = −x tan β

kai

h0(x, t) = δ exp

[
−

(
2

√
xµ2

δ tan β
−

√
g

δ
µt

)2
]

ìpou to δ eÐnai to mègisto p�qoc thc epif�neiac pou glistr�ei metrimèno k�jeta ston �xona
twn x. H posìthta µ = p�qoc/m koc thc epif�neiac pou olisjaÐnei kai β eÐnai h klÐsh thc
paralÐac. H m�za kineÐtai me stajer  epit�qunsh. Perissìterec plhroforÐec mporoÔn na
brejoun sto [32].

Gia to sugkekrimèno prìblhma upologÐzoume dÔo peript¸seic. Sthn pr¸th perÐptwsh
tan β

µ
= 10 ⇒ µ = 0.01 dhlad  h kinoÔmenh m�za eÐnai polÔ lept  kai sthn deÔterh tan β

µ
= 1 ⇒

µ = 0.1. H gwnÐa kai stic dÔo peript¸seic eÐnai β = 5.70, en¸ sugkrÐnoume me tic analutikèc

76



lÔseic, oi opoÐec proèrqontai apì tic grammikèc exis¸seic rhq¸n ud�twn [32], gia thn pr¸th
perÐptwsh, stouc qrìnouc: t′ =

√
g
δ
µt = 0.5, 1.0, 1.5
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Sq ma 4.2.30. Akrib c kai upologistik  lÔsh gia µ = 0.01 kai qrìno t′ = 0.5 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
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Sq ma 4.2.31. Akrib c kai upologistik  lÔsh gia µ = 0.01 kai qrìno t′ = 1.0 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
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Sq ma 4.2.32. Akrib c kai upologistik  lÔsh gia µ = 0.01 kai qrìno t′ = 1.5 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
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kai gia thn deÔterh perÐptwsh t′ =
√

g
δ
µt = 0.5, 1.0, 2.5, 4.5
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Sq ma 4.2.33. Akrib c kai upologistik  lÔsh gia µ = 0.1 kai qrìno t′ = 0.5 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
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Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
Sq ma 4.2.34. Akrib c kai upologistik  lÔsh gia µ = 0.1 kai qrìno t′ = 1.0 deuterìlepta.
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Sq ma 4.2.35. Akrib c kai upologistik  lÔsh gia µ = 0.1 kai qrìno t′ = 2.5 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.
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Sq ma 4.2.36. Akrib c kai upologistik  lÔsh gia µ = 0.1 kai qrìno t′ = 4.5 deuterìlepta.
Pr¸thc t�xhc (arister�), uyhl c an�lushc (dexi�) qrhsimopoi¸ntac ton oriojèth minmod.

Parathr¸ntac ta qronik� stigmiìtupa thc lÔshc blèpoume ìti gia touc arqikoÔc qrìnouc
èqoume mia polÔ kal  prosèggish thc lÔshc. 'Omwc met� to pr¸to deuterìlepto arqÐzei
mia apìklish an�mesa sthn arijmhtik  kai analutik  lÔsh. Autì eÐnai idiaÐtera emfanèc
sthn deÔterh perÐptwsh ìpou h metakinoÔmenh m�za èqei megalÔtero p�qoc (µ = 0.1). H
parap�nw sumperifor� eÐnai anamenìmenh diìti h analutik  lÔsh prokÔptei apì thn epÐlush
twn grammik¸n exis¸sewn rhq¸n ud�twn en¸ ta arijmhtik� apotelèsmata pou parousi�zontai
prokÔptoun apì tic mh grammikèc exis¸seic rhq¸n ud�twn.

4.2.5 AnarrÐqhsh kÔmatoc proerqìmenou apì orizìntia metakÐnhsh
toÐqou

To teleutaÐo prìblhma pou melet�me gia thn apl  anarrÐqhsh kÔmatoc eÐnai autì to opoÐo
proèrqetai apì to peÐrama to opoÐo perigr�fetai sto [13]. Pio sugkekrimèna ja qrhsimopoi -
soume ta peiramatik� dedomèna, ta opoÐa metroÔntai se mia kataskeu  h opoÐa perièqei èna
kinoÔmeno toÐqo o opoÐoc spr¸qnei to nerì katap�nw se mia keklimènh paralÐa, gia thn
sÔgkris  touc me ta arijmhtik� apotelèsmata.

Se èna kan�li m kouc 7 mètrwn jewroÔme topografÐa bujoÔ

b(x) =
{

0.00125x + 0.01, 0 ≤ x ≤ 4
0.015 + 0.162(x− 4), 4 ≤ x ≤ 7.

'Ena kÔma prokaleÐtai apì thn orizìntia metatìpish tou toÐqou o opoÐoc topojeteÐtai sto
x = 0, me skopì thn mètrish thc anarrÐqhs c tou. Gia autì to skopì topojetoÔntai pènte
kan�lia mètrhshc sta x1 = 1x2 = 4, x3 = 4.7, x4 = 5.3, x5 = 5.8 mètra. O toÐqoc arqÐzei
na kineÐtai se qrìno t = 0 deuterìlepta me stajer  taqÔthta 0.58m/s gia 0.5 deuterìlepta
stamat¸ntac xafnik� sta x = 0.29 mètra. To arqikì b�joc tou neroÔ se isorropÐa eÐnai
d = 0.25 mètra. Perissìterec plhroforÐec gia thn kataskeu  tou probl matoc mporoÔn na
brejoÔn sto [39]. Ta apotelèsmata lamb�nontai qrhsimopoi¸ntac 700 keli�, h sunj kh cfl
eÐnai 0.9 kai o suntelest c trib c eÐnai n = 0.015s/m3.
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Sq ma 4.2.37 SÔgkrish peiramatik¸n metr sewn (kìkkino) ma arijmhtik� apotelèsmata se
qrìnouc t = 0.5s (mplè), t = 2.15s (gal�zio), t = 2.5s (mwb), t = 2.85s (kÐtrino) kai

t = 3.05s (maÔro).

Parathr¸ntac ta apotelèsmata blèpoume ìti o kinoÔmenoc toÐqoc par�gei èna kÔma, pou
brÐsketai arqik� se hremÐa, to opoÐo diadÐdetai proc thn akt . Mìlic ft�sei sthn keklimènh
epif�neia anarriq�tai ìso to epitrèpei h adr�neia kai sthn sunèqeia trabiètai proc ta pÐsw
dhmiourg¸ntac èna deÔtero mètwpo to opoÐo diadÐdetai sthn antÐjeth kateÔjunsh tou pr¸tou.
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Kef�laio 5

Epèktash stic dÔo diast�seic

Stic dÔo qwrikèc diast�seic oi exis¸seic rhq¸n ud�twn me thn topografÐa wc phgaÐo ìro
èqoun thn morf 

qt + f(q)x + g(q)y = R(q, x, y), (5.1)

ìpou

q =




h
hu
hv


 , f(q) =




hu
hu2 + 1

2
gh2

huv


 , g(q) =




hv
huv

hv2 + 1
2
gh2


 ,

kai o phgaÐoc ìroc èqei thn morf 

R = R1 + R2, (5.2)

me

R1 =




0
−ghbx(x, y)

0


 , R2 =




0
0

−ghby(x, y)


 .

Oi Iak¸bianoi pÐnakec t¸ra ja eÐnai dÔo kai mporoÔn eÔkola na upologistoÔn dÐnontac

f′(q) = A =




0 1 0
c2 − u2 2u 0
−uv v u


 , g′(q) = B =




0 0 1
−uv v u

c2 − v2 0 2v


 . (5.3)

Oi idiotimèc twn dÔo pin�kwn dÐnontai antÐstoiqa apì

λF
1 = u− c, λF

2 = u, λF
3 = u + c, (5.4)

kai

λG
1 = v − c, λG

2 = v, λG
3 = v + c. (5.5)
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Ta idiodianÔsmata tou pÐnaka A eÐnai

rF
1 =




1
u− c

v


 , rF

2 =




0
0
c


 , rF

3 =




1
u + c

v


 , (5.6)

kai aut� tou pÐnaka B

rG
1 =




1
u

v − c


 , rG

2 =




0
−c
0


 , rG

3 =




1
u

v + c


 . (5.7)

To prìblhma Riemann gia tic exis¸seic se dÔo diast�seic apokt�ei plèon thn morf 

qt + f(q)x + g(q)y = 0,

q(x, 0) =
{

ql αν x < 0,
qr αν x > 0

,

ìpou t¸ra

ql =




hl

hlul

hlvl


 , qr =




hr

hrur

hrvr


 .

5.1 Arijmhtikì sq ma
'Opwc kai sth mia di�stash h posìthta Qn

ij anaparist� th mèsh tim  thc lÔshc p�nw sto
upologistikì kelÐ Ci,j = [xi−1/2, xi+1/2]× [yj−1/2, yj+1/2] se qrìno tn, dhlad 

Qn
ij ≈

1

∆x∆y

∫ yj+1/2

yj−1/2

∫ xj+1/2

xj−1/2

q(x, y, tn) dxdy, (5.8)

ìpou ∆x = xi+1/2 − xi−1/2 kai ∆y = yj+1/2 − yj−1/2. Efìson èqoume jewr sei ìti h perioq 
sthn opoÐa upologÐzoume thn lÔsh eÐnai orjog¸nia o nìmoc diat rhshc ja èqei thn morf 

d

dt

∫ ∫

Cij

q(x, y, t)dxdy =
∫ yj+1/2

yj−1/2

f(q(xi+1/2, y, t))dy −
∫ yj+1/2

yj−1/2

f(q(xi−1/2, y, t))dy +

∫ xi+1/2

xi−1/2

g(q(x, yj+1/2, t))dx−
∫ xi+1/2

xi−1/2

g(q(x, yj−1/2, t))dx, (5.9)

oloklhr¸nontac thn parap�nw sqèsh apì tn e¸c tn+1 kai diair¸ntac me ∆x∆y odhgoÔmaste
sto sq ma

Qn+1
ij = Qn

ij −
∆tn

∆x
[Fn

i+1/2,j − Fn
i−1/2,j]−

∆tn

∆y
[Gn

i,j+1/2 −Gn
i,j−1/2], (5.10)

ìpou

Fn
i±1/2,j =

1

∆tn∆y

∫ tn+1

tn

∫ yj+1/2

yj−1/2

f(q(xi±1/2, y, t)) dydt (5.11)
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eÐnai h arijmhtik  ro  wc proc thn dieÔjunsh tou �xona twn x kai

Gn
i,j±1/2 =

1

∆tn∆x

∫ tn+1

tn

∫ xi+1/2

xi−1/2

g(q(x, yj±1/2, t)) dxdt (5.12)

h arijmhtik  ro  wc proc twn �xona twn y.

5.1.1 H mèjodoc tou Godunov stic 2 diast�seic

Fi−12 ,j Fi+1
2 ,j

Gi,j−12

Gi,j+1
2

xixi−12 xi+1
2

xi+3
2

xi−32

yi

yi−12

yi+1
2

yi+3
2

yi−32

∆x

∆y

Sq ma 5.1.1 To plègma gia tic dÔo diast�seic.

Mia epèktash thc mejìdou tou Godunov stic dÔo diast�seic (h opoÐa anaptÔqjhke sthn
par�grafo 3.2 gia th mia di�stash) lamb�netai lÔnontac to prìblhma Riemann se k�je
pleur� tou upologistikoÔ kelioÔ Cij (sq. 5.1.1). Oi arijmhtikèc roèc se aut  thn perÐptwsh
ja èqoun thn morf 

Fi−1/2,j = f(Q↓
i−1/2,j) (5.13)

Gi,j−1/2 = g(Q↓
i,j−1/2) (5.14)

ìpou Q↓
i−1/2,j eÐnai h lÔsh tou probl matoc Riemann gia thn exÐswsh qt + f(q)x = 0 me

arqikèc timèc Qij, Qi−1,j sto (i− 1/2, j) kai Q↓
i,j−1/2 eÐnai h lÔsh tou probl matoc Riemann

gia thn qt + g(q)y = 0 me arqik� dedomèna Qij, Qi,j−1 sto shmeÐo (i, j − 1/2).
Gia èna grammikì sÔsthma exis¸sewn me f(q) = Aq kai g(q) = Bq orÐzoume touc

pÐnakec idiodianusm�twn wc XF kai XG gia touc pÐnakec A kai B antÐstoiqa. EpÐshc oi
pÐnakec pou perièqoun tic idiotimèc eÐnai oi Lx kai Ly. Akolouj¸ntac thn Ðdia diadikasÐa pou
parousi�sthke sthn par�grafo 3.2.1 lamb�noume thn fusik  genÐkeush thc arijmhtik c ro c
thc miac di�stashc

Fi−1/2,j = A+Qi−1,j + A−Qij, (5.15)

Gi,j−1/2 = B+Qi,j−1 + B−Qij, (5.16)

ìpou

A± = XF (LF )±(XF )−1, B± = XG(LG)±(XG)−1. (5.17)
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5.1.2 O proseggistikìc epilut c Riemann tou Roe se dÔo diast�-
seic

'Opwc kai sth mia di�stash mporoÔme na qrhsimopoi soume ènan proseggistikì epilut  Rie-
mann sth jèsh thc akrib c lÔshc Riemann gia ton upologismì twn arijmhtik¸n ro¸n
Fi−1/2,j, Gi,j−1/2. 'Opwc kai prohgoumènwc se k�je qwrikì kelÐ, ja lÔsoume èna tropopoih-
mèno sÔsthma nìmwn diat rhshc antikajist¸ntac touc mh grammikoÔc IakwbianoÔc pÐnakec
f′(q) kai g′(q) me touc stajeroÔc diagwniopoi simouc Â kai B̂ antÐstoiqa. Dhlad  f(q) = Âq

kai g(q) = B̂q. Oi pÐnakec Â kai B̂ prèpei na ikanopoioÔn touc periorismoÔc

(1) Âi−1/2,j(Qij −Qi−1,j) = f(Qij)− f(Qi−1,j),

(2) Âi−1/2,j eÐnai diagwniopoi simoc me pragmatikèc idiotimèc,

(3) Âi−1/2,j → f′(q) omoiìmorfa kaj¸c Qi−1,j,Qij → q

kai antÐstoiqa

(4) B̂i,j−1/2(Qij −Qi,j−1) = g(Qij)− g(Qi,j−1),

(5) B̂i,j−1/2 eÐnai diagwniopoi simoc me pragmatikèc idiotimèc,

(6) B̂i,j−1/2 → g′(q) omoiìmorfa kaj¸c Qi,j−1,Qij → q,

me Âi−1/2,j = Â(Qi−1,j −Qij) kai B̂i,j−1/2 = B̂(Qi,j−1 −Qij).

Gia tic exis¸seic rhq¸n ud�twn oi pÐnakec Âi±1/2,j kai B̂i,j±1/2 eÐnai oi IakwbianoÐ pÐnakec
(5.2) upologismènoi stic mèsec timèc

ûi±1/2,j =

√
hi±1,jui±1,j +

√
hijuij√

hi±1,j +
√

hij

, v̂i,j±1/2 =

√
hi,j±1vi,j±1 +

√
hijvij√

hi,j±1 +
√

hij

(5.18)

kai

ĥi±1/2,j =
1

2
(hi±1,j + hij), ĥi,j±1/2 =

1

2
(hi,j±1 + hij), (5.19)

[29],[45], oi proseggistikèc idiotimèc pou antistoiqoÔn ston pÐnaka Â eÐnai

λ̂F
1 = û− ĉ, λ̂F

2 = û, λ̂F
3 = û + ĉ, (5.20)

me antÐstoiqa idiodianÔsmata

r̂F
1 =




1
û− ĉ

v̂


 , r̂F

2 =




0
0
1


 , r̂F

3 =




1
û + ĉ

v̂


 . (5.21)

Oi idiotimèc kai ta idiodianÔsmata tou pÐnaka B̂ eÐnai

λ̂G
1 = v̂ − ĉ, λ̂G

2 = v̂, λ̂F
3 = v̂ + ĉ, (5.22)
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me antÐstoiqa idiodianÔsmata

r̂G
1 =




1
û

v̂ − ĉ


 , r̂G

2 =




0
1
0


 , r̂G

3 =




1
û

v̂ + ĉ


 . (5.23)

Oi arijmhtikèc roèc ja eÐnai:

Fn
i+1/2,j =

1

2
(Fn

i+1,j + Fn
ij)−

1

2

m∑

p=1

[
α̂F

p |λ̂F
p |r̂F

p

]
i+1/2,j

, (5.24)

Gn
i,j+1/2 =

1

2
(Gn

i,j+1 + Gn
ij)−

1

2

m∑

p=1

[
α̂G

p |λ̂G
p |r̂G

p

]
i,j+1/2

, (5.25)

ìpou α̂i+1/2,j = (XF )−1∆Qi+1/2,j kai α̂i,j+1/2 = (XG)−1∆Qi,j+1/2 me XF o pÐnakac twn idio-
dianusm�twn tou Â kai XG o pÐnakac twn idiodianusm�twn tou B̂.

5.1.3 PhgaÐoi ìroi
Gia thn prosèggish tou phgaÐou ìrou epÐshc diakritopoioÔme xeqwrist� wc proc k�je qwrik 
kateÔjunsh th sqèsh R = R1 +R2. 'Opwc kai sth mia di�stash prob�loume ton ìro R1 sta
idiodianÔsmata tou pÐnaka Â kai ton ìro R2 sta idiodianÔsmata tou pÐnaka B̂ ètsi ¸ste na
l�boume:

R1
ij = R1−

i+1/2,j + R1+
i−1/2,j, R2

ij = R2−
i,j+1/2 + R2+

i,j−1/2, (5.26)

ìpou

R1±
i+1/2,j =

1

2

m∑

p=1

[
β̂F

p r̂F
p (1± sgn(λ̂F

p ))
]
i+1/2,j

, (5.27)

R2±
i,j+1/2 =

1

2

m∑

p=1

[
β̂G

p r̂G
p (1± sgn(λ̂G

p ))
]
i,j+1/2

, (5.28)

kai oi timèc βp eÐnai oi suntelestèc pou prokÔptoun apì thn probol  tou phgaÐou ìrou sta
idiodianÔsmata tou pÐnaka tou Roe, ìpwc akrib¸c upologÐsthkan kai sthn par�grafo 3.3.4.
Gia tic exis¸seic rhq¸n ud�twn se dÔo diast�seic èqoume

β̂F
1 =

ĉ∆b

2
, β̂F

2 = 0, β̂F
3 = − ĉ∆b

2
, (5.29)

ìpou ∆b = bi+1,j − bij kai

β̂G
1 =

ĉ∆b

2
, β̂G

2 = 0, β̂G
3 = − ĉ∆b

2
, (5.30)

ìpou ∆b = bi,j+1 − bij.
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'Otan sumperilamb�noume sto sq ma kai thn trib , dhlad  ìtan prosteÐjetai ston phgaÐo
ìro o ìroc trib c S = S1 + S2 me

S1 =




0
−ghSf

0


 , S2 =




0
0

−ghSg


 ,

ìpou

Sf = n2
m

u
√

u2 + v2

h4/3
, Sg = n2

m

v
√

u2 + v2

h4/3
,

ton opoÐo kai diakritopoioÔme shmeiak�, to sq ma mporeÐ na grafeÐ wc:

Qn+1
ij =

Qn
ij − (∆tn/∆x)(∆F + R1

ij)− (∆tn/∆y)(∆G + R2
ij)−∆tnθSn

ij

1− (1− θ)∆tnSn
ij/Q

n
ij

, (5.31)

me ∆F = Fn
i+1/2,j−Fn

i−1/2,j kai ∆G = Gn
i,j+1/2−Gn

i,j−1/2 ìpou to θ eÐnai o bajmìc amesìthtac
gia ton ìro thc trib c: θ = 1 antistoiqeÐ se mia entel¸c èmmesh qr sh en¸ θ = 0 se mia
entel¸c �mesh [8].

5.2 C-idiìthta
H C-idiìthta h opoÐa suzht jhke sto kef�laio 3 mporeÐ na epektajeÐ stic dÔo diast�seic.
Jewr¸ntac tic exis¸seic rhq¸n ud�twn se kat�stash hremÐac, dhlad 

u(x, y, t) ≡ 0, v(x, y, t) ≡ 0 και h(x, y, t) = D − b ∀(x, y, t)

oi sunart seic arijmhtik c ro c kai oi phgaÐoi ìroi isorropoÔn

f(q)x + g(q)y = R.

Sthn perÐptwsh thc miac di�stashc eÐqame duo ìrouc pou jèlame na isorrop soume en¸ t¸ra
up�rqoun treic. Gia autì to lìgo xanagr�foume ton phgaÐo ìro sthn morf  (5.2) kai di-
aqwrÐzoume thn exÐswsh se dÔo mèrh:

f(q)x = R1 και g(q)y = R2.

Gia na l�boume thn parap�nw sunj kh arijmhtik� to sq ma prèpei na isorropeÐ tic arijmhtikèc
roèc me tic proseggÐseic twn phgaÐwn ìrwn

Fi+1/2,j − Fi−1/2,j = R1
ij και Gi,j+1/2 −Gi,j−1/2 = R2

ij. (5.32)

'Otan den ikanopoieÐtai h C-idiìthta tìte mh fusikèc arijmhtikèc talant¸seic up�rqei perÐptwsh
na emfanistoÔn sta arijmhtik� apotelèsmata. MporoÔme na apodeÐxoume ìpwc kai sth mia
di�stash (par�grafo 3.3.5) ìti to sq ma tou Roe pou qrhsimopoioÔme ikanopoieÐ thn prokeÐ-
menh idiìthta. Sto sq ma 5.2.1 parousi�zetai parousi�zetai èna arijmhtikì par�deigma gia
na deiqjeÐ ìti sq ma ikanopoieÐ thn C-idiìthta. Se èna kan�li m kouc 75 mètrwn kai pl�touc
30 mètrwn topojetoÔntai trÐa boun� me topografÐa h opoÐa perigr�fetai sta [7],[9]. To b�joc
tou neroÔ kajorÐzetai sta 2 mètra kai èqei mhdenik  taqÔthta. 'Opwc parathroÔme kai sto
sq ma 5.2.1 to nerì paramènei akÐnhto kaj¸c t → ∞ pr�gma pou shmaÐnei ìti kai stic dÔo
diast�seic to sq ma tou Roe ikanopoieÐ thn C-idiìthta.
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Sq ma 5.2.1 LÔsh tou sq matoc tou Roe se isorropÐa, gia qrìno t = 1000 deuterìlepta.
B�joc (arister�) kai di�gramma taqut twn (dexi�).

5.3 Antimet¸pish emf�nishc stegan¸n

'Opwc èqei anaferjeÐ kai sthn enìthta 3.4 o epilut c tou Roe apotugq�nei kat� thn emf�nish
stegan¸n sto bujì kai ètsi qrei�zetai idiaÐteroc qeirismìc. Arqik� melet¸ntac thn perÐptwsh
thc stajer c kat�stashc me emf�nish stegan¸n gÐnetai h epèktash thc tropopoÐhshc tou
phgaÐou ìrou (3.39) stic dÔo diast�seic ètsi ¸ste na isqÔei h genikìterh morf  thc C-
idiìthtac dhlad  sÔmfwna me thn (3.38) èna arijmhtikì sq ma stic dÔo diast�seic lème ìti
ikanopoieÐ thn genikeumènh morf  thc C-idiìthtac e�n lÔnei akrib¸c tic stajerèc katast�seic
thc morf c

u ≡ 0, v ≡ 0, h(x, y) =

{
D − b(x, y) an b < D
0 alli¸c (5.33)

me D stajer�. 'Ara apì thn (3.39) o phgaÐoc ìroc ja èqei thn morf :

Rn
i+1/2,j =








0
−(cn

i+1/2,j)
2hn

ij

0


 , an hn

ij < b(xi+1,j)− b(xij),




0
(cn

i+1/2,j)
2hn

i+1,j

0


 , an hn

i+1,j < b(xij)− b(xi+1,j),




0
−(cn

i+1/2,j)
2(b(xi+1,j)− b(xij))

0


 , diaforetik�

(5.34)
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kai

Rn
i,j+1/2 =








0
0

−(cn
i,j+1/2)

2hn
ij


 , an hn

ij < b(xi,j+1)− b(xij),




0
0

(cn
i,j+1/2)

2hn
i,j+1


 , an hn

i,j+1 < b(xij)− b(xi,j+1),




0
0

−(cn
i,j+1/2)

2(b(xi,j+1)− b(xij))


 , diaforetik�.

. (5.35)

H parap�nw diìrjwsh odhgeÐ sto na kratiètai h isorropÐa kai me emf�nish stegan¸n (sq.
5.3.1) all� den eparkeÐ ìtan èqoume kÐnhsh tou reustoÔ. Sto parak�tw arijmhtikì par�deigma
èqoume jewr sei èna kan�li m kouc 1.5 mètrwn kai Ðdiou pl�touc. Sto kèntro autoÔ tou
kanalioÔ èqei topojethjeÐ mia st lh me m koc 0.5 mètra kai Ðdio pl�toc kai Ôyoc. ParathroÔme
ìti par� thn asunèqeia pou emfanÐzei h topografÐa to nerì paramènei akÐnhto kaj¸c t →∞.
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Sq ma 5.3.1 LÔsh tou sq matoc tou Roe se isorropÐa, gia qrìno t = 1000 deuterìlepta.
B�joc (arister�) kai di�gramma taqut twn (dexi�).

5.3.1 Diìrjwsh
EpekteÐnoume ed¸ stic 2 diast�seic th diìrjwsh pou parousi�sthke sto kef�laio 3.4. Pio
sugkekrimèna efarmìzoume thn parak�tw diadikasÐa. 'Estw ìti briskìmaste sto kelÐ Cij.

• UpologÐzetai o tropopoihmènoc phgaÐoc ìroc (5.34) (5.35)

• Elègqoume ta tèssera diplan� keli� Ci+1,j, Ci−1,j, Ci,j+1, Ci,j−1 gia na exakrib¸soume
an up�rqei sqèsh ugroÔ/steganoÔ.

– Sthn perÐptwsh thc Ôparxhc tètoiac sqèshc sthn kateÔjunsh tou �xona twn x
(èstw me to kelÐ Ci+1,j) jewroÔme mia nèa parodik  kat�stash

Q̂
n

ij =




hn
ij

0
hn

ijv
n
ij


 (5.36)
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∗ UpologÐzoume thn arijmhtik  ro  Fn
i+ 1

2
,j kai touc phgaÐouc ìrouc R1±

i+ 1
2
,j

apo-

timhmènouc stic katast�seic Q̂
n

ij, Qn
i+1,j

∗ XanadÐnoume sto Qn
ij thn tim  pou eÐqe prin apì thn allag .

– Sthn perÐptwsh thc Ôparxhc sqèshc ugroÔ/steganoÔ sthn kateÔjunsh tou �xona
twn y (èstw sto Ci,j+1) jewroÔme mia nèa parodik  kat�stash

Q̂
n

ij =




hn
ij

hn
iju

n
ij

0


 (5.37)

∗ UpologÐzoume thn arijmhtik  ro  Gn
i,j+ 1

2
kai touc phgaÐouc ìrouc R2±

i,j+ 1
2

apo-

timhmènouc stic katast�seic Q̂
n

ij, Qn
i,j+1

∗ XanadÐnoume sto Qn
ij thn tim  pou eÐqe prin apì thn allag .

• UpologÐzoume thn nèa tim  Qn+1
ij

'Opwc kai sth mia di�stash h diìrjwsh efarmìzetai mìno sthn perÐptwsh ìpou to reustì ka-
teujÔnetai proc thn topografÐa. Gia na epibebai¸soume thn isqÔ thc parap�nw tropopoÐhshc
efarmìzoume ta probl mata dokim c thc pragr�fou (3.4) gia tic dÔo diast�seic.

5.3.2 Prìblhma 1. Diat rhsh M�zac
'Opwc anafèrjhke kai sto kef�laio 3.4.1 skìpoc autoÔ tou probl matoc eÐnai na epibebai¸-
soume thn diat rhsh m�zac kai na deiqjeÐ ìti den gÐnetai uperp dhsh tou ugroÔ se akraÐec
katast�seic topografÐac. JewroÔme èna kan�li m kouc 40 mètrwn, ìpou h topografÐa mporÐ
na perigrafeÐ wc:

b(x, y) =
{

0, x ∈ [0 30), y ∈ [0 40]
0.6, x ∈ [30 40], y ∈ [0 40]

kai se autì efarmìzoume èna ideatì prìblhma kat�rreushc fr�gmatoc. To fr�gma topo-
jeteÐtai sta 15.5m kai oi arqikèc sunj kec eÐnai

h(x, y, 0) =
{

0.4, x ∈ [0 15.5), y ∈ [0 40]
0, x ∈ [15.5 40], y ∈ [0 40]

, u(x, y, 0) ≡ 0, v(x, y, 0) ≡ 0.
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Sq ma 5.3.1 Oi arqikèc sunj kec tou probl matoc (arister�) kai h lÔsh met� apì qrìno
t = 1000 deuterìlepta (dexi�).

Sq ma 5.3.2 LÔsh gia qrìno t = 10 deuterìlepta me thn diìrjwsh thc paragr�fou 3.5.1
(arister�) kai qwrÐc thn diìrjwsh (dexi�).
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Sq ma 5.3.3 Diat rhsh m�zac.

To arijmhtikì sq ma efarmìzetai me dx = 0.4, dy = 0.667 kai me cfl = 0.9 mèqri na
epèljei hremÐa. Parathr¸ntac ta apotelèsmata blèpoume ìti to sq ma qwrÐc thn diìrjwsh
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parousi�zei mh fusik  uperp dhsh tou ugroÔ kai ìti to sf�lma m�zac

sf�lma m�zac(%) =
mn −mI

mI

brÐsketai sto 10−13%, ìpou mn eÐnai h m�za sto qrìno tn kai mI h m�za sto qrìno t0.

5.3.3 Prìblhma 2. Shock p�nw se èna stèreo toÐqo
Skopìc kai autoÔ tou probl matoc dokim c eÐnai na deiqjeÐ ìti h lÔsh pou prokÔptei apì
to arijmhtikì sq ma,par' ìlh thn Ôparxh akraÐwn katast�sewn sthn topografi� oi opoÐec
perib�llontai apì nerì, eÐnai swst . JewroÔme mia st lh neroÔ Ôyouc 1m h opoÐa kineÐtai
proc èna katakìrufo toÐqo me taqÔthta 10m/s. To kan�li èqei diast�seic [0 12]× [0 12] kai
o bujìc èqei thn morf 

b(x, y) =
{

0, x ∈ [0 10), y ∈ [0 12]
10, x ∈ [10 12], y ∈ [0 12]

,

en¸ oi arqikèc sunj kec eÐnai

h(x, y, 0) =
{

1, x ∈ [0 10), y ∈ [0 12]
0, x ∈ [10 12], y ∈ [0 12]

,

hu(x, y, 0) =
{

10, x ∈ [0 10), y ∈ [0 12]
0, x ∈ [10 12], y ∈ [0 12]

, hv(x, y, 0) ≡ 0.

Sq ma 5.3.3 Arqikèc sunj kec (arister�) kai lÔsh gia qrìno t = 1 deuterìlepto (dexi�).

Melet¸ntac ta apotelèsmata blèpoume ìti den parathreÐtai uperp dhsh tou ugroÔ kat� thn
di�dosh tou kÔmatoc, par� to ìti up�rqei akraÐa kat�stash bujoÔ pou perib�lletai apì nerì
me arqik  taqÔthta. Autì pou parathreÐtai eÐnai mia mikr  diat�raxh kont� sto kÔma to opoÐo
eÐnai tÔpou shock.
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5.4 Arijmhtik� sq mata uyhlìterhc t�xhc
Akolouj¸ntac thn Ðdia diadikasÐa pou efarmìsthke sthn par�grafo 3.5 kataskeu�zoume
èna sq ma uyhl c an�lushc to opoÐo eÐnai toul�qiston deÔterhc t�xhc stic omalèc perioqèc
kai elaqistopoieÐ tic talant¸seic kont� stic asunèqeiec. Qrhsimopoi¸ntac flux - limiting
kataskeu�zoume arijmhtikèc roèc thc morf c:

FTV D
i+1/2,j = FFO

i+1/2,j + (Φn
i+1/2,j)

F (FSO
i+1/2,j − FFO

i+1/2,j), (5.38)

GTV D
i,j+1/2 = GFO

i,j+1/2 + (Φn
i,j+1/2)

G(GSO
i,j+1/2 −GFO

i,j+1/2), (5.39)

ìpou

(Φi+1/2,j)
F = Φ(θF

i+1/2,j), θi+1/2,j =
qn
I+1,j − qn

I,j

qn
i+1,j − qn

ij

, I = i− sgn((λn
i+1/2,j)

F ) (5.40)

kai

(Φi,j+1/2)
G = Φ(θG

i,j+1/2), θi,j+1/2 =
qn
i,J+1 − qn

i,J

qn
i,j+1 − qn

ij

, J = j − sgn((λn
i,j+1/2)

G) (5.41)

kai me FFO,GFO na eÐnai h arijmhtikèc roèc pr¸thc t�xhc akrÐbeiac wc proc to q¸ro (5.24)
kai FSO,GSO na eÐnai h arijmhtikèc roèc twn Lax-Wendroff me

Fn
i−1/2,j =

1

2
(I− ∆t

∆x
|A|)|A|∆Qi−1/2,j

kai

Gn
i,j−1/2 =

1

2
(I− ∆t

∆x
|A|)|A|∆Qi,j−1/2.

Jètwntac A = Â kaiB = B̂ stic parap�nw sqèseic, apì tic (5.24), (5.25) kai qrhsi-
mopoi¸ntac tic (5.40), (5.41) upologÐzoume tic arijmhtikèc roèc tou Roe,

Fn
i+1/2,j =

1

2
(Fn

i+1,j + Fn
ij)−

1

2

m∑

p=1

|λ̂F
p |WF

p (1− Φ(θ̂F
p )(1− |ν̂F

p |))i+1/2,j, (5.42)

Gn
i,j+1/2 =

1

2
(Gn

i,j+1 + Gn
ij)−

1

2

m∑

p=1

|λ̂G
p |WG

p (1− Φ(θ̂G
p )(1− |ν̂G

p |))i+1/2,j, (5.43)

ìpou WF
p = α̂F

p r̂F
p , WG

p = α̂G
p r̂G

p , kai

θ̂p

F
=

(α̂F
p )I+1/2,j

(α̂F
p )i+1/2,j

, I =

{
i− 1 λ̂F

p > 0

i + 1 λ̂F
p < 0,

ν̂F
p =

∆t

∆x
λ̂F

p , (5.44)

θ̂p

G
=

(α̂G
p )i,J+1/2

(α̂G
p )i,j+1/2

, J =

{
j − 1 λ̂G

p > 0

j + 1 λ̂G
p < 0,

ν̂G
p =

∆t

∆x
λ̂G

p , (5.45)

me θ̂F
p na eÐnai to mètro thc omalìthtac twn dedomènwn kont� sto shmeÐo xi+1/2,j kai θ̂p

G
to

mètro thc omalìthtac kont� sto shmeÐo xi,j+1/2.
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Sthn perÐptwsh Ôparxhc phgaÐou ìrou gia na up�rqei isorropÐa me tic arijmhtikèc roèc
gr�foume:

R1
ij = R1,TV D

i+1/2,j + R1,TV D
i−1/2,j, (5.46)

R2
ij = R2,TV D

i,j+1/2 + R2,TV D
i,j−1/2, (5.47)

ìpou

R1,TV D
i+1/2,j = R1,FO

i+1/2,j + Φ(R1,SO
i+1/2,j −R1,FO

i+1/2,j), (5.48)

R2,TV D
i,j+1/2 = R2,FO

i,j+1/2 + Φ(R2,SO
i,j+1/2 −R2,FO

i,j+1/2). (5.49)

Gia touc ìrouc pr¸thc t�xhc qrhsimopoioÔme tic sqèseic (5.27) (5.28) kai gia touc ìrouc
deÔterhc t�xhc thn arijmhtik  prosèggish tou phgaÐou ìrou twn Lax-Wendroff:

R1,SO
i+1/2,j =

1

2
[X̂

F
(I− ∆t

∆x
(L̂F )−1(L̂F )2)(X̂

F
)−1R1]i+1/2,j, (5.50)

R2,SO
i,j+1/2 =

1

2
[X̂

G
(I− ∆t

∆y
(L̂G)−1(L̂G)2)(X̂

G
)−1R2]i,j+1/2. (5.51)

Sunjètwntac ta parap�nw paÐrnoume:

R1,±
i+1/2,j =

1

2

m∑

p=1

[
β̂F

p r̂F
p

(
1± sgn(λ̂F

p )(1− ΦF
p (1− |ν̂F

p |))
)]

, (5.52)

R2,±
i,j+1/2 =

1

2

m∑

p=1

[
β̂G

p r̂G
p

(
1± sgn(λ̂G

p )(1− ΦG
p (1− |ν̂G

p |))
)]

. (5.53)

Ta β̂p eÐnai oi suntelestèc pou prokeÐptoun apì thn probol  tou phgaÐou ìrou sta idio-
dianÔsmata twn pin�kwn Â, B̂ (par�grafoc 3.3.4) kai èqoun tic timèc

β̂F
1 =

ĉ∆bF

2
, β̂F

2 = 0, β̂F
3 = − ĉ∆bF

2
, (5.54)

β̂G
1 =

ĉ∆bG

2
, β̂G

2 = 0, β̂G
3 = − ĉ∆bG

2
. (5.55)

me ∆bF = bi+1,j − bij kai ∆bG = bi,j+1 − bij.
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Kef�laio 6

Arijmhtik� apotelèsmata se 2
diast�seic

6.1 SÔgkrish tou TVD sq matoc tou Roe me to sq ma
kentrik¸n diafor¸n tou [26]

6.1.1 Prìblhma 1
To pr¸to prìblhma ìpwc kai sth mia di�stash perigr�fei thn gènesh kai anarrÐqhsh sthn
akt  mh grammik¸n kum�twn ta opoÐa ofeÐlontai se metabol  thc topografÐac tou pujmèna.
Pio sugkekrimèna se mia lek�nh ìpou oi dÔo pleurèc èqoun klÐsh 1 : 10 kai oi �llec dÔo eÐnai
katakìrufoi toÐqoi parathreÐtai metabol  thc topografÐac kaj¸c eisèrqetai sto kèntro thc
miac k�jethc pleur�c mia sf na gia qronikì di�sthma 20 deuterolèptwn. H sf na èqei kai
aut  klÐsh 1 : 10, m koc 150 mètra kai pl�toc 125 mètra. 'Olo to qwrÐo eÐnai 500×500 mètra.
H diakritopoÐhsh eÐnai omoiìmorfh kai eÐnai 60× 60. Sta parak�tw sq mata parousi�zontai
qarakthristik� stigmiìtupa thc exèlixhc kai twn dÔo sqhm�twn. Gia to sq ma kentrik¸n
diafor¸n [26] h qronik  exèlixh eÐnai stajer  me dt = 0.4 deuterìlepta en¸ gia to sq ma tou
Roe eÐnai metabalìmenh kai exart�tai apì thn cfl sunj kh, ìpou ed¸ cfl = 0.5
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Sq ma 6.1.1 LÔsh tou prob. 6.1.1 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 10 deuterìlepta
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Sq ma 6.1.2 LÔsh tou prob. 6.1.1 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 20 deuterìlepta
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Sq ma 6.1.3 LÔsh tou prob. 6.1.1 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 30 deuterìlepta.
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Sq ma 6.1.4 LÔsh tou prob. 6.1.1 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 60 deuterìlepta
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Sq ma 6.1.5 LÔsh tou 6.1.1 me to sq ma tou Roe. B�joc (arister�), taqut ta kai
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 10 deuterìlepta.
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Sq ma 6.1.6 LÔsh tou 6.1.1 me to sq ma tou Roe. B�jouc (arister�), taqut ta kai
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 20 deuterìlepta.
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Sq ma 6.1.7 LÔsh tou probl matoc 6.1.1 me to sq ma tou Roe. B�joc (arister�), taqut ta
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 30 deuterìlepta.
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Sq ma 6.1.8 LÔsh tou probl matoc 6.1.1 me to sq ma tou Roe. B�joc (arister�), taqut ta
kai sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 60 deuterìlepta.

x

y

0 50 100 150 200 250 300 350 400 450
0

50

100

150

200

250

300

350

400

450

Sq ma 6.1.9 LÔsh 6.1.1 me to sq ma tou Roeuyhl c an�lushc qrhsimopoi¸ntac ton
oriojèth minmod . B�joc (arister�), taqut ta kai sqedi�gramma twn isoôy¸n kampul¸n

(dexi�), gia qrìno t = 60 deuterìlepta.

Parathr¸ntac kai sukrÐnontac ta apotelèsmata blèpoume ìti to sq ma kentrik¸n diafor¸n
parousi�zei talant¸seic, ìpwc kai sth mia di�stash, oi opoÐec diadÐdontai kai exapl¸nontai
me to pèrasma tou qrìnou. To sq ma ìpwc èqei anaferjeÐ den eÐnai shock capturing gia autì
to lìgo parousi�zei talant¸seic. Se antÐjesh me to parap�nw, to sq ma tou Roe dÐnei pio
omalèc lÔseic. EpÐshc qrhsimopoi¸ntac to sq ma uyhl c an�lushc blèpoume ìti lamb�noume
ligìterh di�qush sth lÔsh apì to sq ma pr¸thc t�xhc.

6.1.2 Prìblhma 2

Sto deÔtero prìblhma pou parab�lloume diathroÔme thn Ðdia topografÐa me th diafor� ìti
up�rqei èna orjog¸nio empìdio sto kèntro tou qwrÐou kai ìti eisqwreÐ èna hmikÔklio antÐ gia
th sf na gia ta pr¸ta 20 deuterìlepta. 'Olec oi par�metroi twn problhm�twn paramènoun
Ðdiec me to prìblhma 1 kai ìpwc prohgoumènwc parajètoume stigmiìtupa thc lÔshc gia to
b�joc kai tic taqÔthtec.

98



0 50 100 150 200 250 300 350 400 450
0

50

100

150

200

250

300

350

400

450

Sq ma 6.1.10 LÔsh tou prob. 6.1.2 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 10 deuterìlepta
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Sq ma 6.1.11 LÔsh tou prob. 6.1.2 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 10 deuterìlepta
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Sq ma 6.1.12 LÔsh tou prob. 6.1.2 me to sq ma kentrik¸n diafor¸n [26]. B�joc (arister�),
taqut ta kai sqedi�gramma isoôy¸n kampul¸n (dexi�), gia qrìno t = 60 deuterìlepta

99



x

y

0 50 100 150 200 250 300 350 400 450
0

50

100

150

200

250

300

350

400

450

Sq ma 6.1.13 LÔsh tou prob. 6.1.2 me to sq ma tou Roe. B�joc (arister�), taqut ta kai
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 10 deuterìlepta.
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Sq ma 6.1.14 LÔsh tou prob. 6.1.2 me to sq ma tou Roe. B�joc (arister�), taqut ta kai
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 30 deuterìlepta.
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Sq ma 6.1.15 LÔsh tou prob. 6.1.2 me to sq ma tou Roe. B�joc (arister�), taqut ta kai
sqedi�gramma twn isoôy¸n kampul¸n (dexi�), gia qrìno t = 60 deuterìlepta.
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'Opwc kai sthn prohgoÔmenh par�grafo 6.1.1 to sq ma kentrik¸n diafor¸n parousi�zei ta-
lant¸seic sth lÔsh, oi opoÐec diadÐdontai. Se sqèsh me to prìblhma 1 blèpoume ìti up�rqoun
perissìterec, to opoÐo eÐnai fusiologikì efìson o pujmènac parousi�zei megalÔterh asunè-
qeia se sqèsh me ton pujmèna tou prohgoÔmenou probl matoc.

6.2 Kat�rreush fr�gmatoc se kan�li me topografÐa
kai trib 

Sto par¸n prìblhma elègqetai h apìdosh tou sq matoc tou Roe ston upologismì pio real-
istik¸n katast�sewn. To sugkekrimèno prìblhma eÐnai parìmoio me autì pou parousi�zetai
sta [15],[9],[7]. Se èna kan�li m kouc 75 mètrwn kai pl�touc 30 mètrwn topojeteÐtai èna
fr�gma sta 16 mètra me nerì b�jouc 1.875 mètra en¸ to upìloipo kan�li jewreÐtai steganì.
TrÐa boun� topojetoÔntai sto kan�li. Oi arqikèc sunj kec kai h topografÐa tou probl -
matoc faÐnontai sto sq ma 6.2.1 arister�. O arijmìc Manning gia autì to prìblhma orÐzetai
nm = 0.018 kai efarmìzontai sunoriakèc sunj kec an�klashc.

Sq ma 6.2.1 Arqikèc sunj kec (arister�) kai exèlixh tou b�jouc tou neroÔ se qrìno t = 2
deuterìlepta.

Sq ma 6.2.2 Exèlixh tou b�jouc tou neroÔ se qrìno t = 5 deuterìlepta (arister�) kai se
qrìno t = 10 deuterìlepta (dexi�).
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Sq ma 6.2.3 Exèlixh tou b�jouc tou neroÔ se qrìno t = 20 deuterìlepta (arister�) kai se
qrìno t = 30 deuterìlepta (dexi�).

Sq ma 6.2.4 Exèlixh tou b�jouc tou neroÔ se qrìno t = 40 deuterìlepta (arister�) kai se
qrìno t = 50 deuterìlepta (dexi�).
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Sq ma 6.2.5 Exèlixh tou b�jouc tou neroÔ se qrìno t = 400 deuterìlepta (arister�) kai
di�gramma isoôy¸n kampul¸n tou b�jouc kai taqut twn (dexi�).
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Sq ma 6.2.6 Qronik  exèlixh tou sf�lmatoc m�zac kat� ton upologismì.

Sta sq mata 6.2.1 - 6.2.5 parousi�zontai ta arijmhtik� apotelèsmata gia to b�joc tou neroÔ
se di�forouc qrìnouc mèqri na ft�sei to ugrì se isorropÐa. Ta mikrìtera boun� skep�zontai
sqedìn olìklhra apì nerì kat� thn ex�plwsh tou en¸ sto megalÔtero up�rqoun shmeÐa
pou paramènoun stegan� suneq¸c. H sÔgkroush tou met¸pou tou kÔmatoc pr¸ta me to
bounì kai sth sunèqeia me to toÐqoc tou sunìrou èqei thn anamenìmenh fusik  sumperifor�.
EpÐshc parathreÐtai h gènesh stegan¸n sta mikrìtera boun� kaj¸c o qrìnoc exelÐssetai kai
ft�noume se kat�stash isorropÐac. Sto sq ma 6.2.6 parousi�zetai h exèlixh tou sf�lmatoc
thc m�zac ìpwc upologÐzetai sta [9], [15], ìpou eÐnai sta epÐpeda tou 0.02%.

6.3 Benchmark 2 : AnarrÐqhsh kÔmatoc Tsunami se
sÔnjeth paralÐa tri¸n diast�sewn

To 1993 to tsunami sto Okushiri thc IapwnÐac prok�lese poll� anap�nteqa probl mata.
'Ena apì aut� eÐnai h mègisth anarrÐqhsh twn 32 mètrwn pou parathr jhke sto qwriì Monai
sto nhsÐ Okushiri. Autì to Benchmark prìblhma eÐnai èna peÐrama me klÐmaka 1 : 400 thc
anarrÐqhshc sto Monai qrhsimopoi¸ntac mia dexamen , me m koc 206 mètra, b�joc 6 mètra
kai 3.4 mètra pl�toc. TonÐzetai ìti to prìblhma den prosomei¸nei to pragmatikì gegonìc
all� tic peiramatikèc metr seic. Stic parak�tw eikìnec blèpoume thn paraliak  topografÐa
pou qrhsimopoieÐtai sto peÐrama.
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Sq ma 6.3.1 (a) EstÐash kont� sth n so Monai kai (b) estÐash sthn paralÐa.

To eisagìmeno kÔma dÐnetai sthn istoselÐda http://www.cee.cornell.edu/longwave/. Oi suno-
riakèc sunj kec eÐnai sunoriakèc sunj kec an�klashc sto y = 0 kai sto y = 5.488 gia 3.5
mètra ìpwc faÐnetai kai sto sq ma 6.3.1 me tic pio èntonec grammèc. O kÔrioc skopìc autoÔ
tou probl matoc eÐnai h melèth thc qronik c kai qwrik c metabol c thc aktogramm c ìpwc
kai h metabol  thc epif�neiac tou neroÔ se sugkekrimèna shmeÐa kont� sthn akt . To qwrÐo
pou qrhsimopoieÐtai gia thn epÐlush tou probl matoc eÐnai [0, 5.488]× [0, 3.402] me cfl = 0.4
kai dx = dy = 0.014 mètra. Sta graf mata 6.3.2 -6.3.7 paratÐjetai h qronik  exèlixh tou
fainomènou mèqri ta 20 deuterìlepta tìso se trisdi�stath probol  ìso kai se estÐash kon-
t� sthn paralÐa, en¸ sta 6.3.8 - 6.3.10 paratÐjetai to Ôyoc thc epif�neiac tou neroÔ sta
shmeÐa: kan�li1 = [4.521, 1.196] ,kan�li2 = [4.521, 1.696], kan�li3 = [4.521, 2.196]. Sto
sq ma 6.3.2 blèpoume ìti sto qrìno twn 10 deuterolèptwn den èqei gÐnei akìma aisjht  h
eÐsodoc tou kÔmatoc en¸ dÔo deuterìlepta argìtera to nerì arqÐzei na apomakrÐnetai apì
thn akt . Sto sq ma 6.3.3 faÐnetai kajar� h apom�krinsh tou neroÔ sta 14 deuterìlepta.
Sta sq mata 6.3.5 kai 6.3.6 to nerì plhmmurÐzei thn paralÐa en¸ sth sunèqeia blèpoume ìti
p�li apomakrÐnetai.

Sta sq mata 6.3.8 - 6.3.10 ìpwc proanafèrjhke parousi�zetai to Ôyoc thc eleÔjerhc
epif�neiac se sugkekrimèna shmeÐa sunart sei tou qrìnou. Akìma blèpoume thn diaforetik 
sumperifor� thc lÔshc kaj¸c all�zei o suntelest c trib c. Pio sugkekrimèna parathroÔme
apìsbesh sth lÔsh kaj¸c o suntelest c trib c aux�netai. Prèpei na anaferjeÐ ìti ta
dedomèna eisìdou ta opoÐa parèqontai gia to par¸n prìblhma dÐnontai mìno mèqri ta 22.5
deuterìlepta. Sthn peiramatik  prosomoÐwsh tou probl matoc akolouj¸ntai kai �lla kÔ-
mata gia ta opoÐa den parèqontai dedomèna. Gia autì to lìgo parathreÐtai diafor� an�mesa
sthn analutik  kai arijmhtik  lÔsh gia qrìnouc met� ta 22.5 deuterìlepta. Ta arijmhtik�
apotelèsmata tou probl matoc eÐnai sugkrÐsima me aut� pou parousi�zontai sto [28] kai me
aut� pou parousi�sthkan sto 3o diejnèc sunèdrio gia montèla anarrÐqhshc makr¸n kuma-
tism¸n.
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Sq ma 6.3.2. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 10.08 deuterìlepta.

Sq ma 6.3.3. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 12.01 deuterìlepta.

Sq ma 6.3.4. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 14.04 deuterìlepta.
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Sq ma 6.3.5. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 16.09 deuterìlepta.

Sq ma 6.3.6. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 18.02 deuterìlepta.

Sq ma 6.3.7. H lÔsh se trisdi�stath morf  (arister�) kai estiasmènh sthn paralÐa (dexi�)
gia qrìno t = 20.04 deuterìlepta.
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Sq ma 6.3.8 SÔgkrish thc arijmhtik c lÔshc gia to b�joc thc j�lassac me ta peiramatik�
dedomèna gia to kan�li 5. (a) Me diaforetikoÔc suntelestèc trib c, (b) sq mata pr¸thc kai

deÔterhc t�xhc.
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Sq ma 6.3.9 SÔgkrish thc arijmhtik c lÔshc gia to b�joc thc j�lassac me ta peiramatik�
dedomèna gia to kan�li 7. (a) Me diaforetikoÔc suntelestèc trib c, (b) sq mata pr¸thc kai

deÔterhc t�xhc.
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Sq ma 6.3.10 SÔgkrish thc arijmhtik c lÔshc gia to b�joc me ta peiramatik� dedomèna gia
to kan�li 9. (a) Me diaforetikoÔc suntelestèc trib c, (b) sq mata pr¸thc, deÔterhc t�xhc.
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Sq ma 6.3.11 SÔgkrish thc arijmhtik c lÔshc (dexi�) me to antÐstoiqo stigmiìtupo apì to
video tou ergasthrÐou (frame 11).

Sq ma 6.3.12 SÔgkrish thc arijmhtik c lÔshc (dexi�) me to antÐstoiqo stigmiìtupo apì to
video tou ergasthrÐou (frame 26).

Sq ma 6.3.13 SÔgkrish thc arijmhtik c lÔshc (dexi�) me to antÐstoiqo stigmiìtupo apì to
video tou ergasthrÐou (frame 41).
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Sq ma 6.3.14 SÔgkrish thc arijmhtik c lÔshc (dexi�) me to antÐstoiqo stigmiìtupo apì to
video tou ergasthrÐou (frame 56).

6.4 Benchmark 4 : Gènesh kai anarrÐqhsh kÔmatoc
Tsunami lìgw katolÐsjhshc

Autì to prìblhma apaiteÐ thn kataskeu  miac m�zac h opoÐa olisjaÐnei se mia keklimènh
epÐpedh paralÐa klÐshc 1:2 kai sÔgkrish twn arijmhtik¸n apotelesm�twn me ta peiramatik�
dedomèna. Ta peir�mata èqoun ektelesteÐ se mia dexamen  m kouc 104m, pl�touc 3.7m kai
b�jouc 4.6m me mia epÐpedh klÐsh 1:2 na eÐnai topojethmènh sto èna �kro thc dexamen c. H
m�za h opoÐa olisjaÐnei eÐnai mia sf na me diast�seic orizìntiou m kouc b = 0.91m, Ôyouc
a = 0.46m kai pl�touc w = 0.61m. H sf na olisjaÐnei lìgo thc barutik c dÔnamhc kai h
jèsh thc se k�je qronik  stigm  eÐnai gnwst . 'Ena qronikì stigmiìtupo thc kÐnhshc thc
sf nac faÐnetai sthn eikìna 6.4.1.

Sq. 6.4.1 Qronikì stigmiìtupo tou peir�matoc gia to prìblhma Benchmark 4.

'Enac arijmìc apì pÔlec topojeteÐtai se kat�llhlec jèseic ètsi ¸ste na melethjeÐ h di�dosh
twn kum�twn pou dhmiourgoÔntai �lla kai h anarrÐqhsh aut¸n. H dom  tou probl matoc
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faÐnetai sto sq ma 6.4.1. Melet¸ntai duo peript¸seic olÐsjhshc thc sf nac me diafore-
tik  arqik  jèsh aut c. Sthn pr¸th perÐptwsh h apìstash thc sf nac apì thn  remh
epif�neia tou neroÔ eÐnai ∆ = −0.1 kai sthn deÔterh ∆ = −0.025. H diamèrish pou qrhsi-
mopoieÐtai eÐnai dx = 0.05m, dy = 0.037m me cfl = 0.5 kai suntelest  trib c n = 0.025.
Parak�tw parat jontai qronik� stigmiìtupa thc lÔshc mèqri ta 3 deuterìlepta kai ta ari-
jmhtik� apotelèsmata thc epif�neiac tou neroÔ gia tic pÔlec oi opoÐec metr�ne thn di�dosh
tou kÔmatoc kai brÐskontai se jèsh w1 = (1.83, 0), w2 = (1.2446, 0.635) kai gia autèc pou
metr�ne thn anarrÐqhsh kai brÐkontai se jèsh r2 = (0, 0.305), r3 = (0, 0.61). Gia thn pr¸th
perÐptwsh :

Sq ma 6.4.2 H lÔsh se qrìno t = 1s (dexi�) kai t = 1.5s (arister�) me ∆ = −0.1.

Sq ma 6.4.3 H lÔsh se qrìno t = 2s (dexi�) kai t = 2.5s (arister�) me ∆ = −0.1.
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Sq ma 6.4.4 H lÔsh se qrìno t = 3s me ∆ = −0.1.
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Sq ma 6.4.5 Apotelèsmata gia tic pÔlec w1 (arister�) kai w2 (dexi�).
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Sq ma 6.4.6 Apotelèsmata gia tic pÔlec r2 (arister�) kai r3 (dexi�).

kai gia thn deÔterh
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Sq ma 6.4.7 H lÔsh se qrìno t = 1s (dexi�) kai t = 1.5s (arister�) me ∆ = −0.025.

Sq ma 6.4.8 H lÔsh se qrìno t = 2s (dexi�) kai t = 2.5s (arister�) me ∆ = −0.025.

Sq ma 6.4.9 H lÔsh se qrìno t = 3s me ∆ = −0.025.
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Sq ma 6.4.10 Apotelèsmata gia tic pÔlec w1 (arister�) kai w2 (dexi�).
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Sq ma 6.4.11 Apotelèsmata gia tic pÔlec r2 (arister�) kai r3 (dexi�).
Blèpontac ta qronik� stigmiìtupa thc lÔshc parathroÔme ìti kai oi dÔo peript¸seic èqoun
thn Ðdia sumperifor�. Me to pou arqÐzei h metakÐnhsh tou pujmèna dhmiourgoÔntai kÔmata
ìpou to megalÔtero diadÐdetai proc thn j�lassa kai to mikrìtero anarriq�tai sthn keklimèn-
h epif�neia prokal¸ntac sthn sunèqeia pl�giouc kummatismoÔc kont� sthn aktogramm  oi
opoÐoi diaskorpÐzontai. H diafor� an�mesa stic dÔo peript¸seic eÐnai h èntash tou fainomè-
nou. Sthn perÐptwsh ìpou h arqik  jèsh thc kinoÔmenhc m�zac eÐnai bajÔterh parathroÔme
ìti to fainìmeno eÐnai lÐgotero aisjhtì apì thn perÐptwsh ìpou h arqik  jèsh thc m�zac pio
kont� sthn epif�neia tou neroÔ.

Stic dÔo parap�nw peript¸seic parathroÔme ìti èqoume upojal�ssia metakÐnhsh thc to-
pografÐac. To teleutaÐo prìblhma pou exet�zoume eÐnai h perÐptwsh thc katolÐsjhshc enìc
lìfou h opoÐa xekin�ei p�nw apì thn st�jmh thc j�lassac [35]. H klÐsh thc epif�neiac eÐnai
tan θ = 1

10
kai genik� h topografÐa èqei thn morf  :

b(x, y) = h0(x)−G(y)
∆h

4

[
1 + tanh

(
x−xl

Sl

)][
1− tanh

(
x−xr

Sr

)]
[
1 + tanh

(
b cos θ
2∗Sl

)][
1− tanh

(
−b cos θ

2∗Sl

)]

me

h0(x) = −x tan θ, G(y) = exp
[
−

(y − y0

W

)2]
.
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kai ∆h na eÐnai to mègisto k�jeto Ôyoc thc m�zac, xl, xr na eÐnai to aristerì kai dexÐ shmeÐo
antÐstoiqa ìpou arqÐzei h kampulìthta thc m�zac kai b eÐnai to stajerì sto qrìno, m koc thc
m�zac metrhmèno par�llhla sthn keklimènh epif�neia. Akìma Sl, Sr eÐnai ìroi diamìrfwshc
pou elègqoun thn uperbolikìthta tou aristeroÔ kai dexioÔ antÐstoiqa, mèrouc thc m�zac. To
aristerì kai dexÐ sÔnoro kai oi ìroi diamìrfwshc dÐnontai apì:

xl(t) = xc(t)− Sl, xr(t) = xc(t) + Sr

Sl = Sr =
b

2
cos θ

ìpou xc eÐnai h orizìntia jèsh tou kèntrou thc olisj sac m�zac. EpÐshc W eÐnai to pl�toc
thc m�zac ìpou orÐzetai wc h apìstash an�mesa sta shmeÐa ìpou to p�qoc thc m�zac eÐnai to
1% tou olikoÔ p�qouc. H taqÔthta me thn opoÐa kineÐtai h olisj sa m�za exart�tai apì to
posostì tou ìgkou pou brÐsketai p�nw apì thn epif�neia thc j�lassac. Pio sugkekrimèna
h taqÔthta thc m�zac eÐnai

Sv = fsut tanh
t

t0
+ fagt sin θ

me

ut =

√
gb

π(γ − 1)

2Cd

sin θ, t0 = ut
γ + Cm

g(γ − 1) sin θ

ìpou Cm = Cd = 1, γ eÐnai h sugkekrimènh barÔthta tou ulikoÔ thc olisj sac m�zac.
Oi suntelestèc fs kai fa eÐnai to posostì tou ìgkou p�nw kai k�tw apì to nerì antÐs-
toiqa kai fusik� prèpei na brÐskontai an�mesa sto 0 kai 1 me �jroisma p�nta Ðso me 1.
Parak�tw paratÐjontai qronik� stigmiìtupa thc lÔshc opoÐa prokÔptei apì ta arqik� de-
domèna : ∆h/L = 0.08, e = 0.4 µ = 0.01, w = 1.

Sq ma 6.4.12 Arqikèc sunj kec
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Sq ma 6.4.13 Apotelèsmata gia to qrìno t = 2s (arister�) kai t = 4s (dexi�).

Sq ma 6.4.14 Apotelèsmata gia to qrìno t = 6s (arister�) kai t = 8s (dexi�).

Sq ma 6.4.15 Apotelèsmata gia to qrìno t = 10s (arister�) kai t = 12s (dexi�).

Parathr¸ntac ta apotelèsmata blèpoume ìti kaj¸c h kinoÔmenh m�za bujÐzetai dhmiourgeÐtai
èna pr¸to kÔma lìgo anÔywshc tou neroÔ to opoÐo kai taxideÔei proc thn j�lassa. Kaj¸c
h m�za suneqÐzei thn kÐnhsh se bajÔtera ner�, parthroÔme thn dhmiourgÐa enìc deÔterou
megalÔterou kÔmatoc ìpwc kai thn dhmiourgÐa pleurik¸n kum�twn kont� sthn aktogramm  ta
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opoÐa diaskopÐzontai kaj¸c ta makrÔtera kÔmata taxideÔoun makri� apì to y = 0, af nontac
ourèc apì mikrìtera kÔmata pÐsw.
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Kef�laio 7

Sumper�smata

H ergasÐa aut  perigr�fei thn an�ptuxh mejìdwn gia thn arijmhtik  epÐlush tou majh-
matikoÔ montèlou twn exis¸sewn rhq¸n ud�twn, pou wc stìqo èqei thn melèth thc gèneshc
anarrÐqhshc kai di�doshc makr¸n kumatism¸n. GÐnetai exagwg  kai an�lush tìso tou ma-
jhmatikoÔ montèlou pou qrhsimopoieÐtai, ìso kai tou sq matoc pou efarmìzetai gia thn
arijmhtik  epÐlush tou montèlou.H kataskeu  tou arijmhtikoÔ sq matoc gÐnetai me b�sh
ton proseggistikì epilut  Riemann tou Roe, qrhsimopoi¸ntac kat�llhlec diorj¸seic, ìpou
autì apaiteÐtai, ètsi ¸ste na diakrhtopoi soume touc phgaÐouc ìrouc kai na antimetwpÐsoume
thn emf�nish stegan¸n sthn topografÐa. Sthn sunèqeia gÐnetai epèktash tou sq matoc se
deÔterhc t�xhc qwrik  akrÐbeia kai epèktash ìlwn twn parap�nw se dÔo diast�seic. Efar-
mìzetai se pl joc problhm�twn tìso sth mÐa ìso kai stic dÔo diast�seic. Ta arijmhtik�
apotelèsmata sugkrÐnontai eÐte me analutikèc lÔseic eÐte me peiramatik� apotelèsmata ìpou
autì eÐnai dunatì. H mèjodoc pou perigr�fetai qrhsimopoieÐtai gia pr¸th for� se probl mata
gèneshc kai di�doshc makr¸n kumatism¸n.

Prin thn efarmog  tou sq matoc sta probl mata, tìso sth mÐa ìso kai stic dÔo diast�-
seic, parathr same ìti to sq ma tou Roe me thn tropopoÐhsh pou gÐnetai ston phgaÐo ìro
diathreÐ tic st�simec katast�seic, akìma kai sthn perÐptwsh ìpou up�rqei an�dush tou pu-
jmèna kai epitugq�nei kai diat rhsh thc m�zac. Autì shmaÐnei ìti den eis�gontai mh fusikèc
arijmhtikèc talant¸seic sto sq ma ètsi ¸ste na katastrèfetai h arijmhtik  lÔsh.

Ta probl mata miac di�stashc sta opoÐa efarmìsthke to parap�nw sq ma eÐnai prob-
l mata pou meletoÔn thn anarrÐqhsh kai jraÔsh memonomènwn kum�twn, thn anarrÐqhsh
kum�twn lìgo katolÐsjhshc tou pujmèna kai probl mata kat�rreushc fr�gmatoc. Se ì-
la ta probl mata ègine sÔgkrish an�mesa se pr¸thc t�xhc kai deÔterhc t�xhc, qwrik c
akrÐbeiac, apotelèsmata. H sÔgkrish metaxÔ touc èdeixe ìti ta apotelèsmata deÔterhc t�xh-
c eÐnai poiotik�, perissìtero akrib . Sta probl mata apl c anarrÐqhshc kÔmatoc eÐdame
ìti h sumperifor� thc arijmhtik c lÔshc, sugkrinìmenh me thn analutik  lÔsh, eÐnai sw-
st  kai akrib c qwrÐc na gÐnetai eklèptunsh tou upologistikoÔ plègmatoc. Sta probl mata
ìpou melet jhke h anarrÐqhsh kai jraÔsh memonomènwn kumatism¸n, parìlo tou ìti aut�
ta probl mata den eÐnai kai ta pio kat�llhla gia tic exis¸seic rhq¸n ud�twn, oi opoÐec den
perièqoun ìrouc diaspor�c, h sÔgkrish me ta peiramatik� dedomèna pou diajètoume èdeixe ìti
to parìn arijmhtikì sq ma, prosomei¸nei ta krit ria jraÔshc wc diadidìmenec asunèqeic  
wc udraulik� �lmata epituq¸c kai diathreÐ th m�za kaj' ìlh thn di�rkeia thc anarrÐqhsh-
c kai thc kajìdou. Sta probl mata kat�rreushc fr�gmatoc parathr same thn ikanìthta
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tou sq matoc na problèpei to b�joc all� kai thn plhmmÔra kai thn apìsursh tou neroÔ se
swstì qrìno. Tèloc sta probl mata anarrÐqhshc kÔmatoc lìgo katolÐsjhshc tou pujmèna
parathr jhke polÔ kal  prosèggish thc lÔshc, arqik�, en¸ met� apì k�poio qrìno eÐdame
apìklish thc arijmhtik c lÔshc apì thn analutik  gegonìc pou ofeÐletai sto ìti h analutik 
lÔsh proèrqetai apì tic grammikèc exis¸seic rhq¸n ud�twn.

Ta probl mata se duo diast�seic meletoÔn epÐshc thn anarrÐqhsh kÔmatoc Tsunami se
sÔnjetec paralÐec kai thn anarrÐqhsh sthn akt  lìgo katolÐsjhshc. Sto prìblhma thc a-
narrÐqhshc kÔmatoc se paralÐa eÐdame ìti par� thn sÔnjeth topografÐa epitugq�netai kal 
prosèggish tìso tou b�jouc all� kai twn qronik¸n stigm¸n pou to kÔma kataklÐzei thn
paralÐa qwrÐc na gÐnei eklèptunsh tou upologistikoÔ plègmatoc. EÐnai epÐshc emfan c h
apìsursh tou neroÔ pou sumbaÐnei prin thn plhmmÔra tou kÔmatoc. Sta probl mata anar-
rÐqhshc lìgo katolÐsjhshc parathr same ìti h kÐnhsh tou neroÔ upologÐzetai swst� all�
up�rqei asumfwnÐa arijmhtik¸n kai analutik¸n apotelesm�twn met� apì k�poio qrìno, h
opoÐa ofeÐletai pijanìn, stic diast�seic tou upologistikoÔ plègmatoc.

To sq ma tou Roe pou parousi�sthke sthn paroÔsa ergasÐa èdwse k�poia beltiwmèna
apotelèsmata gia tic mh grammikèc exis¸seic rhq¸n ud�twn sth mÐa kai stic dÔo diast�-
seic. 'Opwc kai ta upìloipa sq mata tÔpou Godunov mporeÐ epituq¸c na antapokrijeÐ se
duskolÐec ìpwc asunèqeiec oi opoÐec prokÔptoun stic uperbolikoÔ tÔpou merikèc diaforikèc
exis¸seic, ìpwc oi exis¸seic rhq¸n ud�twn. Me th qr sh upwind ston upologismì twn ph-
gaÐwn ìrwn katorj¸netai h diat rhsh thc isorropÐac kai epiprìsjeta me thn tropopoÐhsh h
opoÐa efarmìsthke epiteÔqjhke ìqi mìno h diat rhsh isorropÐac kat� thn emf�nish akraÐwn
katast�sewn topografÐac all� kai h diat rhsh thc jetikìthtac thc lÔshc se ìlec tic perip-
t¸seic. EpÐshc upologÐzetai swst� h kÐnhsh se akraÐec katast�seic topografÐac qwrÐc na
emfanÐzetai uperp dhsh tou neroÔ ìtan autì den eÐnai fusik� swstì. 'Opwc parathr jhke
kai sta apotelèsmata h kÐnhsh tou neroÔ sthn aktogramm , idiaÐtera stic peript¸seic realis-
tik c topografÐac, eÐnai idiaitèrwc lept  kai h mèjodoc tou Roe, ìpwc kai �llec mèjodoi ìtan
efarmìzontai se domhmèna plègmata, met� thn pr¸th anarrÐqhsh kai thn pr¸th apìsursh tou
neroÔ, dÐnei mÐa mèsh tim  thc lÔshc gia to b�joc tou neroÔ.

Autì ja mporoÔse na eÐnai h b�sh gia peraitèrw èreuna, dhlad  h melèth tou sugkekrimè-
nou sq matoc se mh domhmèna plègmata ìpwc epÐshc kai se diaforetikì tÔpou plègmata
gia par�deigma trigwnismoÔc   polÔgwna ètsi ¸ste na proseggÐzetai kalÔtera h gewmetrÐa
thc topografÐac. 'Enac akìma tomèac mellontik c èreunac eÐnai h beltÐwsh gia ta mètwpa
ugroÔ/steganoÔ (wet/dry fronts) tìso gia th mÐa ìso kai gia tic dÔo diast�seic kai h an�p-
tuxh twn arijmhtik¸n sqhm�twn me uyhlìterh t�xhc akrÐbeia. Sta arijmhtik� sq mata pou
perigr�yame, o qrìnoc ektèleshc touc exart�tai apì to qwrikì b ma pou qrhsimopoioÔme
kai autì lìgo tou periorismoÔ thc CFL sunj khc pou èqoume epib�lei. Ta sq mata aut�
eÐnai �mesa (explicit) ìpote ènac tomèac mellontik c èreunac eÐnai h qr sh èmmeswn (implic-
it) sqhm�twn. Akìma ja mporoÔse na gÐnei qr sh par�llhlwn upologism¸n ètsi ¸ste na
elaqistopoihjeÐ o qrìnoc l yhc twn apotelesm�twn.
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